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If the scientist had an infinity of time at their disposal,
it would be sufficient to say to them,
“Look, and look carefully.”
Henri Poincaré
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Abstract
Micron to millimetre sized droplets, precisely generated or sustained in controlled environment, have great potential in myriads of engineering applications
functioning as the basic element to assemble metamaterials, deliver drugs, host
surfactant, reduce friction and damp turbulence. The interaction of droplets
from pairwise to collective levels is the most important factor in controlling
these processes, yet little is known about the detailed mechanisms in various
nonideal conditions. The present thesis combines a number of studies aiming
to elucidate the physical principles of droplet interactions and suspension flow
using both high- and low-fidelity numerical simulations.
We first study flow-assisted droplet assembly in microfluidic channels, seeking to harness the droplet interactions to produce photonic bandgap materials.
A novel interface-correction level set/ghost fluid method (ICLS/GFM) is developed to directly simulate liquid droplets under depletion forces. Comparing to
previous methods, ICLS/GFM conserves the global mass of each fluid using a
simple mass-correction scheme, accurately computes the surface tension and
depletion forces under the same framework, and has subsequently been applied
to investigate the droplet clustering observed in a microfluidic experiment. Our
simulations, supported by theoretical derivations, suggest that the observed fast
self-assembly arises from a combination of strong depletion forces, confinementmediated shear alignments of the droplets, and fine-tuned inflow conditions of
the microchannel. However, the interplay of these 3D effects negates a simple
droplet interaction model of parametric dependence, rendering the design of
microfluidic chips for photonic crystal fabrications difficult in practice.
The next objective of the thesis is the implementation of a minimal hybrid
lubrication/granular dynamics (HLGD) model for simulation of dense particle
suspensions. The main ingredients of HLGD include (i) a frame-invariant, shortrange lubrication model for spherical particles, and (ii) a soft-core, stick/slide
frictional contact model activated when particles overlap. Since contact interactions dominate at high particle concentrations, we expect the methodology
to be applicable for probing the jamming of non-spherical particles and the
rheology of foams as well.
Finally, we include two miscellaneous studies concerning the slippage property of liquid-infused surfaces and droplets statistics in a homogeneous turbulent
shear flow. Overall, results of these simulations provide detailed flow visualisations and qualitative dependence of the target functional on various governing
v

parameters, facilitating experimental and theoretical investigations to design
more robust drag-reducing surfaces and predict droplet distributions in emulsions.
Key words: droplets, suspension, multiphase flow, microfluidics, soft matter,
rheology, depletion force, level set, ghost fluid.
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Sammanfattning
Mikro- till millimeter stora droppar, exakt genererade eller hållna i en kontrollerad miljö, har stor potential i många olika tekniska tillämpningar. De
representerar en grundläggande teknik vid uppbyggnad av metamaterial, transport av läkemedel i kroppen, som bärare av ytaktiva medel, vid minskning av
friktion och dämpning av turbulens. Växelverkan mellan droppar från parvis till
kollektivnivå är den viktigaste faktorn för att kontrollera dessa processer; ändå
är lite känt om de detaljerade mekanismerna vid olika icke-ideala förhållanden.
I denna avhandling kombineras ett antal studier som syftar till att belysa de
fysikaliska principerna för dropp-växelverkningar och suspensionsflöden med
numeriska simuleringar av högre och lägre noggrannhet.
Vi studerar först flödesassisterad droppmontering i mikrofluidkanaler och
försöker utnyttja dropp-växelverkningar för att producera fotoniska bandgapmaterial. En ny interface-correction level set/ghost fluid method (ICLS/GFM) är
utvecklad för att direkt simulera vätskedroppar under inverkan av utarmningskrafter. Jämfört med tidigare metoder bevarar ICLS/GFM den totala massan för
varje fluid med hjälp av ett enkelt masskorrigeringsschema, och beräknar exakt
ytspänningen och utarmningskrafterna under samma omständigheter. Detta
tillämpas sedan för att undersöka droppklustring, något som observerats i mikrofluidiska experiment. Våra simuleringar, med stöd av teoretiska härledningar,
antyder att den observerade snabba klustringen uppstår på grund av en kombination av starka utarmningskrafter och inneslutningsförmedlade skjuvkrafter
på dropparna samt finjusterade inflödesförhållanden för mikrokanalen. Men
samspelet mellan dessa 3D-effekter omöjliggör en enkel parameterberoende
dropp-växelverkningsmodell vilket gör att utformningen av mikrofluidiska chips
för fotonisk kristallfabrikation är svår i praktiken.
Nästa fokus i avhandlingen är implementeringen av en minimal hybrid lubrication/granular dynamics (HLGD) för simulering av täta partikelsuspensioner.
Två huvudingredienser i modellen är (i) en referensram-invariant smörjmodell
med kort räckvidd för sfäriska partiklar, och (ii) en stick/slip friktionskontaktmodell med mjuk kärna som aktiveras när partiklar överlappar varandra. Eftersom
kontakt-växelverkningar dominerar fysikaliskt vid höga partikelkoncentrationer,
förväntar vi oss att metodologin också är tillämplig för att undersöka inklämning
av icke-sfäriska partiklar och reologi för skum.
Slutligen inkluderar vi också två studier rörande glidningsegenskaper hos
vätske-bemängda ytor och droppstatistik i ett homogent turbulent skjuvflöde.
vii

Sammantaget ger resultaten av dessa simuleringar detaljerade flödesvisualiseringar,
kvalitativt beroende av målfunktionen på olika reglerande parametrar, underlättar, experimentellt och teoretiskt, utformningen av mer robusta dragreducerande ytor samt förutsäger droppfördelningar i emulsioner.
(Redigerad av Hanno Essén.)

Nyckelord: droppar, suspension, flerfasflöde, mikrofluidik, mjukt material,
reologi, utarmningskraft, nivåuppsättning, spökvätska.
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Preface
This thesis summarizes a selection of studies on droplet interactions and suspension flow that may find applications in microfluidics, soft matter and rheology.
A brief introduction of the basic physical concepts and numerical methods is
presented in Part I, followed by seven journal articles or preprints in Part II,
see below. For consistency, all papers are formatted in the jfm style as the rest
of the thesis. Their contents remain faithful to the original publications.
Paper 1. Z. Ge, J-Ch. Loiseau, O. Tammisola, L. Brandt, 2018. An
efficient mass-preserving interface-correction level set/ghost fluid method for
droplet suspensions under depletion forces. J. Comput. Phys. 353, 435–459.
Paper 2. Z. Ge, O. Tammisola, L. Brandt, 2019. Flow-assisted droplet
assembly in a 3D microfluidic channel. Soft Matter. 15, 3451–3460.
Paper 3. I. Fouxon, Z. Ge, L. Brandt, A. Leshansky, 2017. Integral
representation of channel flow with interacting particles. Phys. Rev. E. 96
(063110).
Paper 4. I. Fouxon, B. Rubinstein, Z. Ge, L. Brandt, A. Leshansky.
The theory of hydrodynamic interaction of two spheres in wall-bounded shear
flow. Under review for Phys. Rev. Fluids.
Paper 5. M.E. Rosti, Z. Ge, S.S. Jain, M.S. Dodd, L. Brandt, 2019.
Droplets in homogeneous shear turbulence. J. Fluid Mech. 876, 962–984.
Paper 6. Z. Ge, H. Holmgren, M. Kronbichler, L. Brandt, G. Kreiss,
2018. Effective slip over partially filled microcavities and its possible failure.
Phys. Rev. Fluids. 3 (054201).
Paper 7. Z. Ge, L. Brandt, 2020. Implementation note on a minimal hybrid
lubrication/granular dynamics model for dense suspensions. Technical Report.
March 2020, Stockholm
Zhouyang Ge
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Part I
Overview

Chapter 1

Introduction

Droplets, one of the most basic forms of fluids, are abundant and ubiquitous in
nature. From the falling rain drops to the rising aerosols, from the deforming
embryo to the rolling tears, micron to millimetre sized droplets are an integral
part of our everyday experience, conditioning and nourishing life.
Droplets are also important in many artificial and engineering applications.
In material science, technicians can now routinely generate large amounts of
droplets in massively parallelised microfluidic channels (Tabeling 2005); these
liquid drops can serve as microcontainers, encapsulating functional substances,
and subsequently be manipulated and scaffolded into larger structures with
desired properties. In life science, droplet-based microfluidic devices have already
been used to automate genome sequencing and, in the future, may enable more
effective drug development by building synthetic test platforms more faithful
to the human body than the conventional Petri dish (Squires & Quake 2005;
Sontheimer-Phelps et al. 2019). In transportation, combustion engines rely
on the breakup of liquid fuels into tiny drops to enhance mixing, improve
combustion efficiency, and reduce pollutant emissions. Even in publications,
printed posters, newsletters or books, including this thesis, would not have the
same quality without the precise control of pico-litre (10−9 mL) ink droplets.
All the above-mentioned processes or technologies depend on the presence
and motion of droplets. Understanding the physics and hydrodynamics of their
interactions in a variety of conditions thus has a great practical importance.
Traditionally, the study of liquid-embedded systems is mostly conducted by experimentalists; fluid mechanics, as most other disciplines of physics, is primarily
an experimental science after all. However, the last few decades have also seen
a phenomenal paradigm shift in many research areas owing to the exponential
growth of computer power and continuous development of numerical algorithms.
Fluid dynamics is now in the vanguard of applying large-scale computations in
resolving natural and engineering problems and is, in turn, pushing the boundary of computer science. Comparing to experimental measurements, computer
simulations are non-invasive and offer the entire information that can be readily
visualised up to model errors and the numerical precision. Physical parameters
can also be freely adjusted to test conditions that are not easy to implement in
lab experiments.
1
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Figure 1.1: (left) Cover photo of the January 2008 issue of Nature Photonics,
showing an artistic rendering of a light beam passing through a 3D photonic
crystal. c Springer Nature. (right) Self-assembly of two to four droplets in a
microfluidic chip; scale bars, 100 µm. Images courtesy of Dr. Bingqing Shen.

Under such motivations, the present work embarks on a number of problems
that originate from material fabrication, surface engineering and fluid transport.
We develop and utilise both high- and low-fidelity numerical models to simulate
the underlying processes with the aims of complementing experimental studies
and elucidating their physical mechanisms. The common ground at the bottom
of these enquiries is that the processes all entail interactions of droplets in an
ambient fluid or are governed by the dynamics near a fluid interface. Their
specific backgrounds are given below (see also Chapter 4).

1.1. Fabricating photonic crystals
Photonic crystals (PhC) are materials patterned with a periodicity in dielectric
constant and show great potential for building sophisticated optical circuitry
that can route, filter, store or suppress optical signals; see Figure 1.1 (left).
They resemble semiconductors in that photons can be manipulated in PhC in
a similar fashion as electrons are controlled in silicon-based semiconductors.
Furthermore, it has been theoretically predicted that PhC can exhibit a complete
photonic bandgap (PBG), i.e. a range of frequencies over which light cannot
propagate in any direction within the material (Yablonovitch 1987). This unique
property provides the basis for numerous optoelectronic applications, including
low-threshold lasers, low-loss waveguides, on-chip optical circuitry and fibre
optics (Meade et al. 1994; Joannopoulos et al. 1997; Rinne et al. 2008).
Despite the theoretical promise, fabricating photonic crystals with 3D
bandgaps remains a practical challenge in the colloidal community (Velev &
Gupta 2009; Sacanna & Pine 2011; Shen et al. 2016). The issue is twofold. On
the one hand, ideal PhC has the structure of a diamond cubic, which can have up
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to 40% bandgap opening (Ho et al. 1990).1 Therefore, for a long time, the holy
grail for photonic researchers has been designing a protocol that can position
colloidal droplets in a diamond lattice with alternating dielectric constants. In
practice, however, diamond crystals are extremely difficult to assemble because
of the large gaps in between; specifically, a diamond cubic of equal spheres
has at most 34% packing fraction, while a face-centered cubic can reach 74%.
This makes PBG hard to achieve in 3D considering its sensitivity to structural
defects. On the other hand, even if one does aim for the diamond structure,
current techniques relying on Brownian motions and “patchy particles” are too
slow to build PhC in the range of visible light (Yi et al. 2013). In some sense,
droplets assembled this way are assembled by chance, which favors anisotropic
structures with a higher rotational entropy (Meng et al. 2010).
In the last six years, an alternative approach has emerged – an approach
based on the experiments of Shen et al. (2014, 2016), which proposes to use
high-throughput microfluidic channels to first produce elementary clusters of
droplets with controlled morphologies (trimers, diamond, tetrahedrons, etc.)
then solidify and stack them into larger photonic crystals with a finite bandgap;
see Figure 1.1 (right). The advantages of this flow-assisted assembly strategy
are the potentially large production rate and robust control. The remaining
questions include (i) why the droplets self-organize into those clusters and,
if we understand that, (ii) how to harness this self-assembly mechanism to
build photonic materials. The new understandings gained during this work are
discussed in Paper 1-4.

1.2. Modelling dense particle suspensions
Dense suspensions are mixtures of particles in a fluid medium where the former
strongly interact via short-range lubrication or non-hydrodynamic forces. There
are a number of practical or theoretical reasons to model such systems, which
are perhaps best described by the following paragraph quoted from the KITP
program on Physics of Dense Suspensions held in the spring of 2018: 2
“Dense, or high-solid-loading, suspensions of particulates in liquids are found
in a range of applications across many industrial sectors and in geophysical flows.
The size range of the particles may vary from the colloidal (say, 10 nm to 10 µm,
where Brownian motion dominates) to the granular (say, 10 µm to 10 mm). At low
solid loading, suspensions are typically fluid-like, but at high loadings, their behavior
is complex and diverse. In particular, a number of flow transitions can occur as
the applied stress or shear rate increases – from solid to flowing, from a low- to
high-viscosity state, or from flowing to jammed. There is great practical interest in
unraveling the origins of these and other non-linear flow phenomena in suspensions
spanning the whole range of particle sizes. Such advances will form the basis of a
predictive science of suspensions in diverse contexts, from cement mixing to advanced
additive manufacturing. At the same time, elucidating the physical basis for such
1 The

percentage corresponds to the portion of frequencies that propagation of light is forbidden.
https://www.kitp.ucsb.edu/activities/suspensions18. Accessed on 2020-01-22.
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behavior will be challenging, and is of great fundamental interest to a large community
of soft matter and statistical physicists interested in non-equilibrium phenomena.”

In partial response to the challenge, we numerically explore dense suspensions under different imposed flow conditions and geometric constraints.
In particular, we study particles in the noncolloidal regime, and ask: How
to minimally characterise the microstructural evolution in an unsteady flow?
How to relate the (complex) suspension viscosity – a quantity that is routinely
measured or calculated – to other microscopic variables such as the particle
diffusivity, suspension fabric or local density fluctuations (Brady & Bossis 1988;
Torquato & Stillinger 2003; Ness et al. 2017)? How sensitive is the dependence of
suspension behaviour on the details of the deformation (i.e. shear or extensional
flow, steady or transient flow, etc.)? And how does the particle geometry affect
the rheology and jamming of a suspension at fixed volume fractions? Solving
these problems requires a numerical methodology that is accurate enough to
test different physical hypotheses and efficient enough to generate data for a
wide range of parameters. The implementation details of one such algorithm is
documented in Paper 7.
Thesis structure. In the remaining of the thesis, we summarize previous studies in the literature to provide an extended overview on droplet interactions and
suspension flow. This is the Part I of the thesis and contains four more chapters.
In Chapter 2, we formulate the equations governing the microhydrodynamics
and spotlight the essential physics for one, two and more particles in various
flow fields or geometries. They are the prerequisites for understanding droplet
interactions in more complicated conditions. In Chapter 3, we introduce two
categories of numerical methodologies that either solve the governing equations directly or approximate the solution in reduced order. Specifically, each
category is divided into several classes, which have further variations and are
mentioned succinctly. These are followed by a short detour in Chapter 4, where
two additional topics studied alongside the main subject are motivated and
described. Finally, Chapter 5 concludes the first part of the thesis, leading us
to Part II, where the original results are collected in the form of papers.

Chapter 2

Microhydrodynamics

This chapter summarizes the mathematical formulation and theoretical basis of
microhydrodynamics and particle interactions. By particle, we loosely mean a
solid or liquid body of micron to millimetre in size, which may also be referred
to as droplet for abuse of language. As preliminaries, most of the contents
below are given without any proof. The interested reader is encouraged to read
Batchelor (1967); Happel & Brenner (1983); Pozrikidis (1992a); Kim & Karrila
(2013); Graham (2018) for greater details.
To begin with, recall the incompressible Navier-Stokes equations
∇ · u = 0,
(2.1a)

∂u
ρ
+ u · ∇u = −∇p + µ∇2 u + f ,
(2.1b)
∂t
relating the flow velocity u with the pressure p in the presence of some force
density f , where ρ and µ are the density and dynamic viscosity of the fluid.
Eqs. (2.1), together with appropriate boundary conditions, govern the dynamics
of a Newtonian fluid that satisfies1


σ = −pI + µ ∇u + (∇u)T ,
(2.2)


where σ is the stress tensor, and I the identity matrix.
Depending on the bounding material, conditions on the velocity or stress
may be prescribed as boundary conditions. In the case of a solid wall, it is
usually the no-slip velocity condition; while in the case of a liquid interface, the
following stress condition shall be satisfied,
(σ+ − σ− ) · n = γκn − ∇γ,

(2.3)

where n denotes the unit normal vector across the liquid interface (from the −
side to the + side), γ the surface tension coefficient, and κ the curvature of the
interface (e.g. κ = 2/a for a sphere of radius a). The above equation states that
both normal and tangential stresses can be discontinuous across an interface.
1 The

present thesis only concerns Newtonian fluids as the solvent, though, combined with
particles, the suspension may exhibit non-Newtonian bulk behaviours. See Section 2.4.
5
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Eq. (2.1b) can be further non-dimensionalized, using the reference length L,
velocity U , time T , pressure P ≡ µU/L, and force density F ≡ P/L scales, into


−1 ∂ û
ˆ
ˆ +∇
ˆ 2 û + fˆ,
Re Sr
+ û · ∇û = −∇p̂
(2.4)
∂ t̂
where the hat signifies dimensionless quantities, and Re and Sr represent the
Reynolds and Strouhal numbers, defined as
Re =

ρU L
,
µ

Sr =

UT
.
L

(2.5)

A capillary number can also be defined to non-dimensionalize the surface tension
appearing in Eq. (2.3),
µU
Ca =
.
(2.6)
γ

2.1. Stokes flow and its symmetries
When both Re and ReSr−1 are small, Eq. (2.4) reduces to the Stokes equation,
− ∇p + µ∇2 u + f = 0,

(2.7)

∇ · σ + f = 0.

(2.8)

or, equivalently

Physically, the Stokes equation describes systems that are characterised by
small length scales or are in slow motions, which are typically encountered in
microfluidic or biological applications. For instance, the Reynolds number based
on a 10 µm droplet traveling at a speed of 10 µm/s in water (ρ = 103 kg/m3 ,
µ = 10−3 Pa·s) is 10−4 ; and if there is no imposed frequency, the Strouhal
number will be 1. Manifestly, both Re  1 and ReSr−1  1.
Mathematically, the removal of the nonlinear term in Eq. (2.1b) dramatically
simplifies the solution. In general, the Stokes flow has the following symmetries
and properties.
1. Linearity, which makes analytical solutions possible in simple cases and
the superposition principle applicable in general. For example, if (u1 , p1 )
is a solution to f = f1 and (u2 , p2 ) is a solution to f = f2 , then
(αu1 + βu2 , αp1 + βp2 ) is a solution to f = αf1 + βf2 .
2. Reversibility, or time reversal symmetry. This is a consequence of the
linearity and entails that, if the forcing changes from f to −f , the flow
should reverse, i.e. (u, p) → (−u, −p). While seemingly redundant,
the reversibility symmetry can be very powerful in making reductio ad
absurdum type-of arguments, see e.g. the classical note of Purcell (1977).
3. Stress equilibrium, which states that any force exerted within the fluid is
transmitted instantaneously to the boundary or, if there is no boundary,
to infinity (Graham 2018).

2.2. Single particle in unbounded Stokes flow
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4. Lorentz reciprocal identity, which relates two solutions, (u0 , σ 0 ) and
(u00 , σ 00 ) (they may differ by boundary conditions), of the Stokes equation
by,

Z 
u0 · (∇ · σ 00 ) − u00 · (∇ · σ 0 ) dV =

Z 
u0 · (σ 00 · n) − u00 · (σ 0 · n) dS,
V

(2.9)

S

where V is some enclosed volume with surface S. This identity is often
useful in analytical calculations.
5. Minimum dissipation principle. This variational principle asserts that the
flow minimizing the energy dissipation rate subject to incompressibility
under certain boundary conditions is the Stokes flow under the same
boundary conditions. Turbulent flow, on the contrary, is very dissipative.

2.2. Single particle in unbounded Stokes flow
When particles are present in a fluid, the coupled dynamics is often significantly
more complex than a single phase Stokes flow. Theoretical analyses are thus
limited to a handful of simple problems. However, even in a simplified condition, analytical solutions often convey beautiful and strikingly useful physical
intuitions that may guide us to understand the physics in more complicated
cases. Below, we list some elementary solutions of the Stokes equation in its
simplest setup, i.e. a single particle in unbounded Stokes flow.
Imagine the force density f in Eq. (2.7) is singularly supported at the origin,
i.e. f (x) = F δ(x), δ being the Dirac delta. This might represent a reasonable
approximation of a small sedimenting particle viewed from a large distance.
Then, the solution of the Stokes equation due to this forcing can be written as
u(x) = G(x) · F ,

(2.10)

where



1
I
xx
+
,
(2.11)
8πµ |x| |x|3
is the free-space Green’s function, also known as the Stokeslet or Oseen tensor.
Now, if the particle has a finite radius a and the background fluid has
a linear velocity u∞ in the absence of the particle, we can perform a Taylor
expansion of G and integrate Eq. (2.10) over the particle surface to obtain a
solution of the following form (in index notation)2
 3 
∂Gij
a
d
(2.12)
ui (x) − u∞
(x)
=
−G
(x)F
+
(x)D
+
O
,
ij
jl
i
j
∂xl
|x|3
G(x) =

where F d denotes the total drag force exerted on the particle by the fluid,
and D is an integral expression representing a force dipole (∼ F h, h being a
separation vector). For purposes of analytical calculations, it is customary to
2 In

this simple example, we require the point x to be far from the particle so that the terms
involving the Green’s function can be taken outside the integral, see Graham (2018).
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F

F

Figure 2.1: Flow fields due a Stokeslet (left) and a stresslet (right) centered at
the origin (red dot). The black arrows display the velocity magnitude, while
their directions are also indicated by the gray arrows. The shapes of the flow
field are both axi- and fore-and-aft symmetric. Note the difference in the velocity
magnitude of the two flows.

decompose D into a traceless symmetric part S, called the stresslet, and an
antisymmetric part R, called the rotlet, viz.
1
S = D S − Tr(D)I,
(2.13a)
3
R = DA ,
(2.13b)
S
A
where Dij = (Dij + Dji )/2 and Dij = (Dij − Dji )/2.
The second term on the right-hand side of Eq. (2.12) can then be expressed
as
∂Gij
ST R
ROT
(2.14)
(x)Djl = Tlij
(x)Sjl + Tlij
(x)Rjl ,
∂xl
where
1 3xi xj xk
ST R
Tijk
(x) = −
,
(2.15a)
8πµ |x|5
1 δjk xi − δij xk
ROT
Tijk
(x) = −
.
(2.15b)
8πµ
|x|3
Eq. (2.12) is the multipole expansion of the disturbance velocity, u − u∞ .
One immediate physical implication is that a forced particle (e.g. a rising bubble)
will generate a disturbance that decays as 1/|x|, while a force-free particle (e.g.
a self-propelled bacterium) has a 1/|x|2 decay thus leaving less trace at the
same distance. See Figure 2.1 for illustrations.3
3 The

rotlet flow is simply a rigid-body rotation centered at the origin.
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Finally, for a sphere of radius a, translating with velocity U and rotating
with angular velocity Ω, its total drag, torque and stresslet are given by the
Faxén’s laws,


a2 2 ∞
d
F = 6πµa (1 + ∇ )u − U ,
(2.16a)
6
T d = 8πµa3 (ω ∞ − Ω),


a2 2
20
3
πµa 1 + ∇ E ∞ ,
S=
3
10

(2.16b)
(2.16c)

where E ∞ = (∇u∞ + (∇u∞ )T )/2 is the rate-of-strain tensor.

2.3. Droplet interactions in shear flow
The preceding section presents the most basic solutions of the Stokes equation in
the presence of one particle. In practice, however, it is rarely the case particles
or droplets exist in isolation. Particles tend to abound; and they often interact
with each other through various types of hydrodynamic or non-hydrodynamic
mechanisms, giving rise to a multitude of phenomena in natural or engineering
applications. For example, soap bubbles are always in a cluster due to the interfacial capillary attraction, while the same underlying principle can be applied to
manipulate droplet motions on a surface to aid liquid handling (Cira et al. 2015).
To offer at least some partial insights on the hydrodynamics, we highlight recent
theoretical developments of droplet interactions in bulk microflow, starting from
the simplest case of two particles immersed in unbounded simple shear flow.
2.3.1. Pair interactions in unbounded flow
Among the early studies of suspension hydrodynamics, Batchelor & Green
(1972a) solved completely the dynamics of two rigid spheres of arbitrary sizes
subject to a background fluid motion whose velocity at infinity is a linear function
of position, i.e. u∞ ∼ E ∞ · x + ω ∞ × x as |x| → ∞. The solution entails
the relative velocity of the two sphere centers and their force dipole strengths
(related to the effective viscosity of the suspension, see Section 2.4), and is
given in terms of several geometric parameters functions of the spheres’ relative
position and size ratio. In the special case of two equal-sized spheres suspended
in simple shear flow, the relative velocity can be integrated numerically to yield a
trajectory map as in Figure 2.2. Here, two types of trajectories can be identified:
(i) an open trajectory where one particle approaches the other particle from
one side, overtakes it, and continues in the same direction to infinity; and (ii) a
closed trajectory where two particles stay bound and rotate around each other
permanently regardless of how far they may separate temporarily. It was noted
by the authors that, under such ideal conditions (e.g. smooth particle surface),
the separatrix between open and closed trajectories encloses an infinite volume.
Furthermore, if the two particles are once aligned in the flow direction, they
will form a closed loop forever.

10
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Figure 2.2: Trajectory map of two equal spheres in unbounded simple shear
flow. The dashed circle indicates the reference sphere, while the solid lines
depict the relative trajectories of the second sphere in all planes of axisymmetry,
which include the shear plane.

Zinchenko (1983, 1984) considered the problem when the two particles are
“fluid spheres”. Specifically, he calculated the scalar parameters introduced in
Batchelor & Green (1972a) for two identical droplets, and showed that they
are functions of the relative position and viscosity ratio, λ, defined as the ratio
between the droplet and the solvent viscosities. For λ = 0.25 to 20, the phase
diagram in simple shear flow has similar topological features to the case of rigid
particles,4 i.e. an open region and a closed region, though its asymptotic limit
depends on the viscosity ratio and short-range non-hydrodynamic interactions.5
For the above analysis to hold for liquid droplets, an additional constraint
must be introduced, i.e. Ca  1. This is usually the case for microfluidic
applications. For instance, recall the case considered in the beginning of Section
2.1, and suppose it is an oil droplet traveling in water under a relatively large
local shear rate of γ̇ = 103 s−1 . The surface tension coefficient would be
around 0.05 N/m, depending on surfactants and the temperature, resulting in
Ca = µ(aγ̇)/γ ∼ 10−4 . Clearly, the capillary number is small enough for the
droplet to remain spherical in the flow.
We note that, in both cases, the relative particle velocity is proportional to
the shear rate of the underlying flow. That is, doubling the shear will result in
twice as fast relative motions between the particles, though the relative velocity
remains much smaller than the absolute velocity in the lab frame (typically
4 Different

types of trajectories were also hypothesized, which may only exist in the case of
liquid drops. See Zinchenko (1984) for details.
5 In the original work of Zinchenko, he used the DLVO theory, which includes the van der
Waals attraction and the electrostatic repulsion, for droplets in close contact. Other type of
forces, such as the depletion attraction (cf. Papers 1 & 2 ), are also possible and may lead to
different pair interactions.
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two orders-of-magnitude smaller). Hence, these are truly slow, but long-range,
interactions.
When particles are at close contact, say the surface gap h  a with a
being the particle radius, the hydrodynamic interaction will be dominated by
the lubrication term. Specifically, the lubrication force diverges as a/h in the
longitudinal direction, and as log(a/h) in the transverse directions (Jeffrey &
Onishi 1984; Jeffrey 1992). Qualitatively, lubrication functions as a dashpot
that prevents incoming particles from colliding and separating particles from
overshooting. These will be further discussed and demonstrated in Section 3.2
and Paper 7.
2.3.2. Pair interactions under weak confinement
When boundaries cannot be neglected in a binary encounter, how will the particle
interactions be modified from the Batchelor & Green (1972a) (BG) solution?
Before answering this question, observe that walls may be mathematically
replaced with carefully chosen reflection images of the original particles such
that the boundary conditions along the walls remain unchanged (Blake 1971;
Liron & Mochon 1976). Therefore, we expect pair interactions in bounded flow
to differ qualitatively from the unbounded ones.
Beginning with the simplest case where only one wall is remotely present,
Fouxon et al. (2019) recently derived the relative velocity of two rigid particles
as a sum of the BG’s velocity and a wall-correction term (Paper 4 ). The solution
is constructed from a boundary integral representation of channel flow using
multipole expansions similar to Eq. (2.12), see Fouxon et al. (2017) (Paper 3 )
for details. Figure 2.3 illustrates the main results. Here, the lines depict the
relative trajectories of the second particle in the shear plane, where the velocity
is in the x direction and increases with z. The wall is located at z = −z0 .
Remarkably, there exist two types of closed trajectories (in blue) and two types
of open trajectories (in red). Close to the origin, a degenerate of the BG-type
closed trajectory is singly connected to an open trajectory at an unstable saddle
point at distance rs from the origin. The latter is not admissible in BG, as the
particles swap their z coordinates after a binary encounter rather than returning
to the original positions. Such open trajectories have been previously termed
“swapping trajectories” and recognized as a wall-induced cross-streamline particle
migration mechanism, explaining the anomalously large self-diffusivity observed
in a dilute suspension measurement (Zarraga & Leighton 2002; Zurita-Gotor
et al. 2007). Our derivation and numerical simulations independently verify this
result.
Extending further away from the reference particle, we identify a new
class of closed trajectories along which the second particle rotates around a
neutral equilibrium center. Note that, despite a distant wall, the trajectories
remain axisymmetric with respect to the z axis. Thus, all points on the circle
x2 + y 2 = rc2 are stationary configurations. Slightly moving away from the
center point, the second particles will revolve perpetually as it is convected

12

2. Microhydrodynamics

Z

rc

2

1

rs

5

10

15

rc

25

X

rc

-2

Figure 2.3: (left) Trajectory map of two equal spheres in simple shear flow
bounded by a distant wall. The distance between the reference particle (located
at the origin) and the wall is z0 = 5 (in units of particle radius, same for
the labels of the plot). rs and rc denote the saddle point and the neutral
equilibrium point, respectively. (right) Schematic illustrations of the stationary
configuration (upper) and the dancing trajectory (lower).

by the flow; hence, we call them the “dancing trajectories” (see Figure 2.3,
right). The positions of these critical points are approximately related to the
wall separation alone. Specifically, rs = (32z03 /15)1/5 and rc ≈ 4z0 . Overall, the
wall is a singular perturbation to the free-space particle interaction.
A few final remarks are in order before we proceed to more confined
geometries. Firstly, in a dilute suspension of inertialess particles in Stokes flow,
up to leading order in the particle-particle and particle-wall separations, the
trajectory of one particle is the same as the fluid streamline resulting from
the rest of the particle(s)/wall(s). Therefore, a comparison of the particle and
fluid velocities has at least a qualitative meaning, or even quantitatively if the
separations are large (Zurita-Gotor et al. 2007).6 This can be more readily seen
from the opposite statement, i.e. if the particle trajectories are available, then
the flow field can be qualitatively constructed using the particles as tracers.
Secondly, the effect of a rigid boundary on particle interactions can sometimes be intuitively predicted by image analyses utilising basic solutions of the
Stokes equation. For example, Zurita-Gotor et al. (2007) performed a relatively
simple analysis to explain the flow reversal pattern (i.e. the swapping trajectories) by calculating the scattering flow. As sketched in Figure 2.4, the wall
6 This,

of course, will be invalid if there are sufficient symmetry-breaking short-range interactions, see e.g. Paper 2.
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Figure 2.4: Schematic of the wall reflection of the stresslet flow (cf. Figure
2.1) induced by one particle and its qualitative effect on the other particle.
Reproduced with permission from Zurita-Gotor et al. (2007), c Cambridge
University Press.

reflection of the stresslet flow (the particles are force-free) produces a vertical
velocity component consistent with what is required for the position swapping
(see Zurita-Gotor et al. (2007) for the detailed calculations). This flow, despite
being very small, is what causes the second particle to be shielded from the first
one.
Thirdly, we note that these observed particle interactions may be superimposed pairwise to infer the collective dynamics of a group of particles in
similar conditions. To illustrate this point, we simulated two rigid particles in a
periodic channel (thus mimicking a 1D crystal) and observed a crossover from
permanent separation of the particle pair (for 0.32 / z0 /H / 0.68, i.e. close
to the mid-channel) to a trapping state (for z0 /H / 0.32 or z0 /H ' 0.68, i.e.
close to the wall), where H is the channel height;7 see Figure 2.5. Qualitatively,
the former results from cross-stream migrations that resemble the BG open
trajectories, while the latter is due to position swappings with neighbouring
particles strongly influenced by the wall. See Beatus et al. (2006); Janssen et al.
(2012); Uspal et al. (2013) for a few more analogous and vivid demonstrations.
2.3.3. Droplet interactions in quasi-two-dimensional geometries
The last two decades has witnessed a boom of studies on hydrodynamic interactions in strongly confined geometries owing to the development of microfluidics
(Cui et al. 2002, 2004; Tlusty 2006; Davit & Peyla 2008; Beatus et al. 2017). At
a first glance, increasing the confinement seems to complicate the problem as the
boundary effects become less negligible, see e.g. Liron & Mochon (1976); Fouxon
et al. (2019). However, by returning to the physical origin of the equations, one
can surprisingly gain a useful insight applicable to a wide range of geometries and
particle sizes (Diamant et al. 2005). Below, we exemplify two such conditions,
7 The computational setup and notations are the same as the case presented before, cf. Figures
2.3 and 2.4.
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Figure 2.5: Evolution of a particle chain under various initial vertical positions
(indicated by the color) in space-time coordinates. The periodic channel has a
height of H = 6 and a length of L = 8, both in units of particle radius. The solid
and dashed lines denote the up- and downstream particles in the two-particle
system, respectively. For 0.32 / z0 /H / 0.68 (only a half plane is shown due
to symmetry), the lines diverge (see the right panel) indicating a permanent
separation.

one in which the interacting droplets are confined between two rigid planes, the
other between free surfaces. The solutions are simplified by focusing on the
far-field interactions and realizing that the problem is quasi-two-dimensional
(q2D).
Consider the flow between two parallel plates where the gap H is much
smaller than the other two dimensions (say x and y); such geometry is commonly
known as the Hele Shaw cell. Then, from the lubrication theory, the velocity of
the flow within the thin layer is approximately prescribed as
u(x, y, z) ≈ −

z(H − z)
∇p(x, y),
2µ

(2.17)

where the vertical components of the velocity and pressure are neglected, though
u remains z-dependent. Hence, the flow is q2D.
Under such conditions, the velocity field is irrotational and satisfies the
boundary conditions of zero normal components at a rigid boundary in the
horizontal plane (Batchelor 1967). That is, a moving droplet (shaped as a
pancake in q2D) shall have zero mass flux through its edge, not no-slip. With
these requirements, it can be shown that the flow created by the drop far from
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Figure 2.6: Flow fields due a moving particle in a Hele-Shaw channel (left) and
in a soap film (right). Both systems are quasi-two-dimensional.

its surface is proportional to
B s (x) ≈ −

αH
µ




I
2xx
−
,
|x|2
|x|4

for |x|  H,

(2.18)

where α is a dimensionless prefactor depending on the confinement (Diamant
2009).
Physically, the above equation describes a 2D mass dipole that displaces
the surrounding fluid as the droplet moves. Mathematically, it is the q2D
Oseen tensor that approximates the far-field velocity due to forcing on a moving
droplet, i.e. u ∼ BF . Specifically, u decays with the distance as 1/|x|2 , which
is faster than the free-space Stokeslet flow, but surprisingly slower than the
flow caused by a moving particle near a single plate (Cui et al. 2004). Heuristic
arguments based on conservation laws have been proposed to explain these
scaling differences, see Diamant (2009) for details.
To see the flow structure more clearly, we plot the dipolar flow resulting
from a horizontal force in Figure 2.6 (left). Here, the most salient feature is the
negative transverse coupling of the droplet motion, i.e. droplets exert “antidrag”
on one another when moving perpendicular to their connecting line (Cui et al.
2004). This pattern, however, can also be reversed if the droplets are driven
by the flow. In that case, droplets lag behind the bulk flow and the net effect
of the dipolar flow is to drag a neighbouring droplet from the behind to the
front, or from the middle to the side; see Beatus et al. (2006) for schematic
illustrations. We note that the magnitude of typical dipolar flow are very small
comparing to the driven flow in a dilute suspension. In the limit of a/H → 0,
where a is the particle radius, the prefactor in Eq. (2.18) is analytically found
to be α = 3/(32π) ≈ 0.030 (Liron & Mochon 1976). The measured value at
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a/H ≈ 0.45 is α ≈ 0.019 (Diamant et al. 2005). However, if the droplet nearly
blocks the entire channel cross-section, the resulting flow will be plug-like and
has a constant velocity (Beatus et al. 2017).
An interesting variation of the aforementioned q2D system is to change
the boundary from solid plates to free surfaces. Physically, this could be
realized by trapping colloidal particles within a soap film using optical tweezers
(Di Leonardo et al. 2008).
The Oseen tensor describing the long-range interactions within such a
system is given as (Di Leonardo et al. 2008; Diamant 2009)



xx
1
f
1
ln( /κr) − 1 I +
, for |x|  H,
(2.19)
B (x) ≈
4πµH
|x|2
where κ−1 is a cutoff length necessitated by the lateral system size or finite
liquid inertia; i.e. the radial velocity component vanishes for |x| ≥ κ−1 .Upon
visualisation of the resulting flow field (Figure 2.6, right), it is obvious that
particle interactions have a much longer range in free-standing liquid films.
Furthermore, the transverse motions remain strongly coupled at distances
where the longitudinal mode has mostly decayed. The slow logarithmic decay
comparing to the dipolar flow in a Hele Shaw cell physically results from the
momentum conservation at the liquid boundaries, as opposed to momentum
absorption by the rigid plates (Diamant 2009). This difference may have
implications to protein transport in biological membranes (Saffman & Delbrück
1975).
Finally, we emphasise that the above analyses are strictly limited to far-field
interactions as a consequence of the dimensionality reduction. To consider
near-field interactions, the full Navier-Stokes or Stokes equations often have to
be solved to accurately resolve the detailed flow fields near the droplet, see e.g.
Zhu & Gallaire (2016); Ge et al. (2019). In general, q2D analyses are applicable
if the system contains a limiting length scale smaller than any other relevant
distances, and if a long time evolution is of interest. 3D calculations, however
inconvenient, cannot be avoided in most other situations.

2.4. Bulk properties and suspension rheology
When the number of particles is large within a suspension, analytical calculations
of their relative motions can quickly become forbidden due to the complexities
of the N -body problem.8 This is because, despite the fact that we know how
to calculate the interaction at the individual level, the collective dynamics are
often in regimes that are far from equilibrium, for which there is no established
theoretical framework to rely on. Even if we are primarily interested in averaged
properties of a suspension, a priori predictions can seldom be made as the
microstructure, i.e. the spatial arrangement of each suspending particle, both
determines and is determined by the bulk motion in a dynamic way (Brady &
8 Theoretically,

N = 3 is the lower bound to break the time reversal symmetry.
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Bossis 1988). Nevertheless, in the following, we will introduce a few macroscopic
properties of particle suspensions and show how they can be related to certain
measurable or computable system parameters. The purpose is to provide a basic
physical understanding and, in particular, the rheological characterisations of a
particulate system.
2.4.1. Sedimentation velocity
For a sedimenting suspension, the average velocity is given by
hU i = hM · F i,

(2.20)

where M is the mobility tensor that relates the overall forcing F , such as
gravity, to the particle velocity U , cf. Eq. (2.10); and h·i denotes an average
over all particles followed by an average over all configurations. Instantaneously,
M depends only on the particle configuration instead of the velocity (Durlofsky
et al. 1987); its diagonal blocks represent the single-body drag coefficients,
while its off-diagonal blocks embody the hydrodynamic interactions between
the particles. In addition, for rigid particles undergoing purely hydrodynamic
interactions, M is symmetric and positive definite due to the dissipative nature
of the system (Graham 2018). This property facilitates the proper inversion
of M to produce the many-body approximation to the resistance matrix as
required in some reduced-order computational models, see Section 3.2.
2.4.2. Diffusion tensor
The N -particle diffusion tensor D can be generalised from the Einstein relation
(Einstein 1905) and is given by
D = kB T M ,

(2.21)

where kB is the Boltzmann constant, T is the temperature, and M is again
the mobility tensor. That is, diffusion and mobility have the same qualitative
meaning for a particulate system.
For non-Brownian suspensions, several particle diffusivities may be defined,
though the motion of a particle is typically not diffusive except at short and
long times (Brady & Bossis 1988). In the short-time limit, the self-diffusivity
D0s can be taken as the diagonal of D per particle and average over all particles;
s
whereas in the long-time limit, the self-diffusivity D∞
is usually defined with
the mean-square displacement, viz.
s
D∞
= lim

t→∞

xi − xi,0 )2 i
,
2t

(2.22)

where xi is the position of particle i at t → ∞, xi,0 is its starting position, and
h·ii is an average over i. Note that self-diffusivities are vectors of the same size
of the dimensionality of the space, d. For an isotropic suspension, it can also be
expressed as a scalar by averaging the components of D s over d.
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2.4.3. Stress tensor
One of the central tasks of rheology is to determine the bulk stress tensor Σ of
a flowing material, expressed as (Batchelor 1970, 1977)


N
Σ = −Π + 2µE ∞ +
SH i + SB i + SA i ,
(2.23)
V
where V is the enclosing volume, N is the number of particles, and S’s denote
the stresslets due to various particle interactions, including the hydrodynamic
(H), Brownian (B), and any other applied (A) forces, as written. Apart from
the viscous stress tensor, −Π + 2µE ∞ , due to the underlying flow, the rest of
the terms in Eq. (2.23) are the particle contribution. In general, these stress
components are all related to the suspension microstructure. In the case of the
hydrodynamic stresslet, it can be computed as
hS H ii = −hRSU · (U − U ∞ ) − RSE : E ∞ ii ,

(2.24)

where RSU and RSE are configuration-dependent resistance matrices that
resemble M −1 . See Section 3.2.1 and Paper 7 for further details.
Suppose that the bulk stress tensor has been determined, then a number
of effective properties characterising the suspension rheology can be readily
extracted. In the following, we define three such quantities in a specific case –
non-Brownian, rigid and neutrally buoyant spheres suspended in a Newtonian
fluid with viscosity µ undergoing a simple shearing motion in the xy plane with
shear rate γ̇.
1. Suspension viscosity ηs = Σxy /(µγ̇).
When particles are added to a fluid, the increase of the suspension
viscosity is linear with the shear rate if there is no other associated
time scale in the system (Hinch 2011). Moreover, dimensional analysis
indicates that there is only one independent variable, the volume fraction
of the particles, φ. For very dilute suspensions (typically up to volume
fraction φ ≈ 0.05), Einstein (1906, 1911) has shown that ηs = 1 +
2.5φ, assuming the particles only perturb the surrounding flow but do
not interact with each other. Including pair interactions, Batchelor &
Green (1972b) calculated the suspension viscosity up to the quadratic
order. For semi-dilute suspensions (up to φ ≈ 0.15) in simple shear
flow, it follows ηs = 1 + 2.5φ + 5φ2 . As the concentration continues
increasing, analytical calculations of the stress tensor become difficult
due to coupled hydrodynamic interactions and contact forces. Plenty of
empirical relationships have been proposed, such as that of Eilers (1941),
ηr = µ[1 + (5φ/4)/(1 − φ/φJ )]2 , where φJ is the jamming fraction. The
latter may depend on the particle shape and friction coefficient. For
example, random close packing of frictionless sphere predicts φJ ≈ 0.64,
while in experiments suspensions usually jam under 60% volume fraction.
See Guazzelli & Pouliquen (2018); Morris (2020) for detailed reviews on
the rheology of dense suspensions.
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2. Particle pressure ηn = −Tr(Σ)/(3µγ̇).
Reminiscent of the osmotic pressure in a molecular fluid, particles
in a suspension can generate an isotropic stress resulting from their
hydrodynamic and other types of interactions (Brady 1993). Defined
as the minus one-third the trace of the first moment of the surface
stress acting on the particle, Jeffrey et al. (1993) derived the analytical
expressions for the cases of one and two particle(s) in linear flow. In the
former case, a Faxén law for the pressure moment is given as S = 4πa3 p∞ ,
where p∞ is the ambient pressure due to the point force, cf. Eq. (2.16).
As the particle concentration increases, ηn tends to diverge similarly to
the suspension viscosity. In simple shear flow, a possible constitutive
relationship is suggested as ηn = [φ/(φJ − φ)]2 (Boyer et al. 2011).
3. Normal stress differences N1 = Σxx − Σyy and N2 = Σyy − Σzz .
When the suspension is non-dilute, normal stresses can deviate
from each other as a result of the anisotropic microstructure or particle
collision. This leads to the definitions of the first and second normal stress
differences as above, where x, y, z denote the flow, velocity-gradient,
and negative vorticity directions, respectively. N1 and N2 are usually
normalized by the modulus of the shear stress, |Σxy |, since they also
diverge as φ → φJ . The exact relationship between N1 or N2 and φ is
unclear. The overall picture is that N1 is mostly of hydrodynamic origin,
while N2 is negative9 and large in magnitude (i.e. |N2 | ' |N1 |) due to
particle collisions, which happen more frequently in the xy plane in the
dense regime (Guazzelli & Pouliquen 2018). See Seto & Giusteri (2018)
for further discussions.

9 Collision

results in a negative normal stress because it is repulsive; the force is in the opposite
direction to the position vector.

Chapter 3

Numerical Methods

The previous chapter depicts the physical pictures of droplet interactions and
suspension flow in a few simplified conditions. In the current chapter, we peek
in the technical details of various numerical methods when theoretical analyses
are insufficient and the full equations have to be simulated to describe the
coupled fluid and particle dynamics. First, we discuss standard Navier-Stokes
solvers along with different interface-tracking/capturing methods. Simulations
adopting these approaches intend to resolve all spatial and temporal scales
within the system, and sometimes qualify as direct numerical simulations (DNS).
Then, we discuss a special class of methods that solves the particle dynamics
without directly computing the flow, thus is much faster but only valid in the
Stokes flow regime. Depending on the level of simplifications, these may fall
under the category of coarse-grained dynamics. In view of the large amount
of numerical methods and the constant development of computational fluid
dynamics (CFD) in the last several decades, the list of methods is by no means
complete. For more comprehensive surveys of available numerical techniques
for multiphase flow problems, see Prosperetti & Tryggvason (2007); Rosti et al.
(2019).

3.1. Interface-resolved one-fluid methods
The incompressible Navier-Stokes equations, Eqs. (2.1), can be solved numerically using the classical projection method (Chorin 1968) by repeatedly executing
the following steps,


1
3
(n)
(n−1)
∗
(n)
,
(3.1a)
u = u + ∆t RU − RU
2
2
∇ · u∗
,
∆t
= u∗ − ∆t∇p(n+1) ,

∇2 p(n+1) =
u(n+1)

(3.1b)
(3.1c)

where
RU(n) = −u(n) · ∇u(n) + ∇2 u(n) + f (n) .
(n) ∗

(n+1)

(3.2)

In the above, superscripts
, , and
denote the discrete time-levels in
step of ∆t; and ρ and µ are assumed to be 1 for simplicity. The flow field, u,
is updated in time via a fractional-step procedure, where the first sub-step,
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Eq. (3.1a), utilises the second-order Adams-Bashforth (AB2) scheme. Other
temporal integration schemes, e.g. the Runge-Kutta (RK) or Crank-Nicolson
(CN) methods, can also be used or mixed-and-used depending on the numerical
stability and desired accuracy. In moderate-Reynolds-number systems, AB2
is typically favored over other schemes as it is easy to implement (comparing
to implicit schemes such as CN) and relatively fast (comparing to high-order
schemes such as third-order RK).
In order to evaluate the spatial derivatives in Eqs. (3.1), the flow domain
should be discretized so that either finite difference or weighted residual methods
can be applied. In essence, finite difference methods express the derivative as a
truncated Taylor series expansion, while weighted residual methods assume that
the solution can be represented analytically and they are usually formulated
as one of the following better-known variants including finite volume, finite
element or spectral methods (Fletcher 1991). Loosely speaking, finite difference
and finite volume schemes are easier to implement on a structured grid; finite
element methods are more flexible on non-Cartesian grids; and spectral methods
have the highest order-of-accuracy.
Depending on the numerical condition and specific implementation, solving
Eqs. (3.1) can be costly. The most computationally intensive part in a projection
method is usually Eq. (3.1b), where a Poisson equation for pressure must be
solved numerically at each time step. Consequently, much work has gone into
developing fast or iterative Poisson solvers that take advantage of fast Fourier
transforms, Gauss elimination or multigrid methods, see Buzbee et al. (1970);
Swarztrauber (1977); Brandt (1977); Wesseling (2000) for some early examples.
The above entails the most basic algorithm for single-phase flow. When
particles or droplets are present, the flow is multiphase and additional equations
need to be introduced to describe the dispersed phase that modifies the underlying flow. Below, we give a brief overview of some interface-tracking/capturing
methods that have been developed along this direction. The common feature of
these methods is that they follow the the motion of finite-size particles without
deforming the original grid where the fluid variables are defined on. Hence, they
can all be referred to as “one-fluid ” methods.

3.1.1. Front-tracking methods
Using discrete marker points to specify and track particle motions, front-tracking
type-of methods are perhaps the most intuitive approach for modelling finite-size
particles and have been used in multiphase flow simulations since the inception of
super computers (Daly 1969; Viecelli 1969; Peskin 1972; Glimm 1982; Unverdi
& Tryggvason 1992; Tryggvason et al. 2001; Pozrikidis 2001; Muradoglu &
Tryggvason 2014). The general methodology is to (i) prescribe the particle
location by distributing a set of Lagrangian points on the particle surface (see
Figure 3.1), (ii) advect them using the local flow velocity, and (iii) update the
fluid properties and compute the extra forces at the updated particle position.
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Figure 3.1: Marker points on a triangular droplet.

In the case of liquid droplets, (ii) and (iii) can be written as
dXl
= u(Xl ),
dt
f = γκnδ(Xl ),

(3.3)

(3.4)
where Xl , l = 1, 2, . . . , NL denote the positions of the Lagrangian points, u
the local flow velocity, f the forcing term, γ the surface tension coefficient, κ
the interface curvature, n the interface normal vector, and δ the Dirac delta
function. Eq. (3.4) corresponds to the normal stress jump condition due to
surface tension, cf. Eq. (2.3). No-slip boundary conditions on solid particles can
be represented in similar ways.
Despite the conceptual simplicity, there are several technical details that
require careful treatment when implementing front-tracking methods. First,
due to deformation, breakup or coalescence of the particle, or simply due to the
non-uniform flow, the Lagrangian points may need to be redistributed, added
or deleted from time to time to ensure numerical stability and accuracy. This is
particularly cumbersome in a parallelised implementation. Second, advection of
the marker points requires interpolation of the velocity field as the moving grid
is generally non-aligned with the background fixed mesh. Third, the internal
boundary conditions (no-slip or surface tension) are to be imposed on the
Eulerian mesh, thus a “spreading” procedure is necessary to feed the particle
dynamics back to the flow. This is usually done with a smeared delta function.
With these in mind, now we describe a specific class of front-tracking
methods.
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Algorithm 1: A multi-direct forcing immersed boundary method for
the coupled Navier-Stokes/Newton-Euler equations.
//time marching

for n = 0, 1, . . . , N do
(n)
(n)
0
u0ijk = uijk , RU0ijk = RUijk , RU−1
ijk = RUijk //fluid variables
(n)

(n)

(n)

Xl0 = Xl , Up0 = Up , Ω0p = Ωp
(n)

//particle motions

(n)

Fp0 = Fp , Tp0 = Tp
//the RK3 loop

for q = 1, 2, 3 do
q−3/2
q−1
q−2 
u∗ijk = uq−1
+ αq RUijk
+ βq RUijk
ijk + ∆t − (αq + βq )∇Pijk
u∗∗,−1
= u∗ijk
ijk
//the mutli-direct forcing loop

for s = 0, 1, . . . , Ns do
//the Lagrangian particle loop

for l = 1, 2, . . . , Nl do
P
Ul∗∗,s−1 = ijk u∗∗,s−1
δp (xijk − Xlq−1 )∆x∆y∆z
ijk
q−1/2,s

Fl
end

q−1/2,s

fijk

=

q−1/2,s−1

= Fl

P

q−1/2,s

l

Fl

+

Upq−1 −Ul∗∗,s−1
∆t

δp (xijk − Xlq−1 )∆Vl //spreading

∗
u∗∗,s
ijk = uijk + ∆tfijk
end
1
∇2 P̃ = (αq +β
∇ · u∗∗,Ns //projection
q )∆t
q−1/2,s

uq = u∗∗,Ns − (αq + βq )∆t∇P̃ //correction
P q−1/2 = P q−3/2 + P̃
//integration of Newton-Euler

Evaluate Fpq and Tpq from the current particle configuration
P q−1/2,Ns
(α +β )∆t
Upq = Upq−1 − ∆t
∆Vl + q 2Vpq (Fpq +Fpq−1 )+. . .
l Fl
Vp
(α +β )∆t

X q = X q−1 + q 2 q (Upq + Upq−1 )
Ωqp =
P q−1
q−1/2,Ns
(α +β )∆t
Ωq−1
×Fl
− ∆t
∆Vl + q 2Ipq (Tpq +Tpq−1 )+. . .
p
l rl
Ip
end
(n+1)

uijk

(n+1)

= u3ijk , RUijk

= RU3ijk

(n+1)
(n+1)
Xl
= Xl3 , Up
= Up3 ,
(n+1)
(n+1)
Fp
= Fp3 , Tp
= Tp3

(n+1)

Ωp

= Ω3p

end

Immersed boundary methods. Pioneered by Peskin (1972), immersed
boundary (IB) methods were originally used for modelling cardiac mechanics
and associated blood flow, and have ever since been continuously modified and
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refined for multiphase flow simulations involving moving boundaries (Fadlun
et al. 2000; Uhlmann 2005; Mittal & Iaccarino 2005; Pinelli et al. 2010; Breugem
2012; Favier et al. 2014). Here, the governing equations for the particle motion
are the Newton-Euler equations,
Z
dUp
mp
= σ · ndA + Fp ,
(3.5a)
dt
s
Z
dΩp
+ Ωp × (Ip Ωp ) = r × (σ · n)dA + Tp ,
Ip
(3.5b)
dt
s
where Up and Ωp denote the translational and angular velocities of particle
p; mp and Ip are its mass and moment-of-inertia tensor in the body frame
(scalar for spheres); and Fp and Tp stand for the total force and torque, such as
collision or electrostatic repulsion, exerted on the particle center-of-mass (the
viscous stress contributions are excluded as they are represented by the integral
terms).
The feedback of the particle on the fluid flow are embedded in a diffuse bodyforcing term, f . Depending on whether it is incorporated into the continuous
equations before or after discretization, IB methods can be broadly divided
into continuous forcing and direct forcing. Regardless of the approach, the
spreading of the Lagrangian force onto the Eulerian mesh is realized with
regularized
Dirac delta functions, which may take different forms as long as
P
ijk δp (xijk − Xl )∆x∆y∆z = 1 is satisfied for all Xl .
To illustrate the overall algorithm, a pseudo code corresponding to the
direct forcing IB method used in Papers 3 & 4 for spherical particles is provided
in Algorithm 1. Here, the code is structured in three nested loops: an outer timemarching loop advancing the unsteady solution, an intermediate third-order
Runge-Kutta (RK3) loop integrating the fluid velocity along with the particle
motion, and an inner loop for multi-direct forcing iterations. The notation is
similar to previous formulations, cf. Eqs. (3.1) and (3.3), with minor omissions
of terms or exceptions, such as the definition of RU (it does not include f in
Algorithm 1). The objective is to give an overall picture of the complexity of
the code. For full details, see Breugem (2012).
3.1.2. Front-capturing methods
Instead of meshing and tracking the moving boundary on a separate grid, an
alternative approach is to capture the particle motion on the same grid at
the expanse of an additional function. Such function may correspond to the
local volume fraction of a dispersed phase, or measure a geometric quantity of
the interface away from the particle. Conceptually, it specifies the multiphase
flow in a full Eulerian manner, and is sometimes referred to as EulerianEulerian methods (front-tracking methods would be called Eulerian-Lagrangian
methods).
Many numerical methods fall under the Eulerian-Eulerian framework. In
the following, we describe three of them (see Figure 3.2). As always, a brief
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Figure 3.2: Comparison of the three front-capturing methods for a 1D droplet
of radius 0.5, centered at x = 1.033. Markers indicate the nodal values of
the representative functions. Dashed lines depict the boundary of the droplet.
(upper) The volume-of-fluid representation, where C = 1 inside the droplet.
(middle) The level set representation, where φ > 0 outside the droplet. (lower)
The phase field representation, where the profile is given by c = 0.5[1−tanh(φ/)],
with  = 0.1.

historical background is given first, followed by the definition of the “frontcapturing” function and its governing equation. We also highlight the major
advantages and disadvantages of each method on a general basis. Finally, when
coupling these front-capturing methods with a flow solver, the internal boundary
conditions need to be imposed near the interface and, in principle, can be treated
in exactly the same way as in front-tracking methods, cf. Eq. (3.4). We skip
these details and refer the reader to Brackbill et al. (1992); Fedkiw et al. (1999);
Lalanne et al. (2015); Popinet (2018); Gibou et al. (2018); Ge et al. (2018) for
further discussions.
Volume-of-fluid methods. First proposed in the 1970s, volume-of-fluid
(VOF) methods were among the oldest interface-capturing methods for modelling
free-surface flow (DeBar 1974; Nichols & Hirt 1975; Hirt & Nichols 1981), and
they remain as being the more popular methods for multiphase flow simulations
within the CFD community (Scardovelli & Zaleski 1999; Popinet 2003; Pilliod
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& Puckett 2004; Xiao et al. 2005; Ii et al. 2012; Aniszewski et al. 2019). The
principle idea is to first introduce a cell-averaged volume fraction, Ck , defined
as
Z
1
Ck =
H(x)dV,
(3.6)
∆Vk Ωk
where ∆Vk is the volume of computational cell k, and H(x) is a phase indicator
function, given as
(
1
if x is in the reference fluid,
H(xk ) =
(3.7)
0
otherwise,
then obtain the temporal variation of the local volume fraction by solving the
following equation,
Z
∂Ck
+
(u · nk )H(x)dS = 0,
(3.8)
∂t
∂Ωk
where nk denote the six normal vectors (in a 3D Cartesian mesh) of surfaces
∂Ωk , and u is the local divergence-free velocity.
Note that, in the above formulations, the total volume of each fluid phase
is conserved by construction. For many engineering calculations, this is the
minimum requirement for a long-time simulation to be meaningful and makes
VOF appealing in a wide range of industrial problems, such as predicting the
impact of ocean waves splashing on the ship hull or designing spray nozzles
to enhance fuel mixing in engines. On the other hand, to correctly capture
the local interface motion, the volume flux in Eq. (3.8) must be calculated
accurately, which requires certain information of the local interface geometry,
such as the normal direction and curvature. This further requirement is not
straightforward knowing only the cell-averaged volume fraction (see Figure 3.2
for a very simplified illustration), therefore, many efforts have been devoted to
developing methods that either reconstruct the interface in an extra step (these
methods are called geometric VOF) or represent the interface in certain ways
such that the volume flux can be computed directly (these methods are called
algebraic VOF). See Mirjalili et al. (2017) for a recent overview of the different
methods.
Level set methods. Another way to model interface evolution is to use
level set (LS) methods (Sethian 1999). Originally devised by Osher & Sethian
(1988), LS methods encompass a broad class of algorithms and numerical schemes
for “front propagation” with curvature-dependent speeds. The mathematical
machinery is rooted in the boundary-value and initial-value partial-differentialequations (PDE) perspectives on moving interfaces.1 Its applications include
geometry, computer vision, fluid mechanics, combustion, tissue growth, path
1 LS

may seem similar to VOF in the sense that both methods are Eulerian and the governing
equations can be written in a similar way. However, the LS embeds the geometry of an
interface, while VOF has the volume embedding. This, together with that LS is Lipschitzcontinuous and VOF is discontinuous, makes the two approaches fundamentally different. See
Figure 3.2.
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optimization, etc. In terms of fluid mechanics, specifically, the last three decades
has witnessed continuous numerical development in applying level set methods
to multiphase flow, see e.g. Mulder et al. (1992); Sussman et al. (1994); Sussman
& Puckett (2000); Enright et al. (2002); Olsson & Kreiss (2005); Marchandise
et al. (2007); Desjardins et al. (2008); Desjardins & Pitsch (2009); Aanjaneya
et al. (2013); Luo et al. (2015); Ge et al. (2018). See also Gibou et al. (2018)
for a recent review.
The level set function, φ, is classically defined as the signed distance to the
interface Γ,
φ(x, t) = sgn(x)|x − xΓ |,
(3.9)
where sgn(x) is a sign function equal to 1 or −1 depending on which side of
the interface the observation point x lies, and xΓ denotes the point on Γ that
has the shortest distance to x. That is, the interface can be parameterized by
φ as Γ = {x | φ(x, t) = 0}. The interface position is then advected according
to the following level set equation,
∂φ
+ F |∇φ| = 0,
(3.10)
∂t
where F is a speed function. From a PDE perspective, the above equation asserts
that the entire level set evolution can be obtained by integrating φ(x, t = 0)
forward in time. In other words, Eq. (3.10) is an initial value problem without
boundary conditions.
Geometrically, the normal and the curvature of the interface can be readily
derived from the level set as below,2
∇φ
,
(3.11a)
n=
|∇φ|
κ = ∇ · n.

(3.11b)

When solving the level set equation for multiphase flow, the most natural
choice for F is the local flow velocity projected in the normal direction, i.e.
F = u · n, reducing Eq. (3.10) to
∂φ
+ u · ∇φ = 0.
(3.12)
∂t
However, any non-uniform flow will distort the LS field, making Eq. (3.9)
invalid after a few advection steps and making the numerical solution unstable.
To remedy this problem, it is customary to perform an infrequent level set
“reinitialization” to reshape φ into a distance function while preserving the
interface location (Sussman et al. 1994). Various techniques have been developed
to do so by using fast marching methods (Sethian 1999) or solving a timedependent Hamilton-Jacobi equation (Sussman & Fatemi 1997; Russo & Smereka
2000). It is also possible to avoid this additional step by modifying F such that
the gradient of φ is always fixed, see e.g. Adalsteinsson & Sethian (1999).
2 Some

authors express the curvature as κ = −∇ · n. This is merely due to different sign
conventions for the level set.
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Algorithm 2: The interface-correction level set/ghost fluid method.
//time marching

for n = 1, 2, . . . , N do
//level set advection

φ1 = φ(n) + ∆t · AD(φ(n) )
φ2 = 43 φ(n) + 14 φ1 + 14 ∆t · AD(φ1 )
φ(n+1) = 13 φ(n) + 23 φ2 + 23 ∆t · AD(φ2 )

Calculate ρ(n+1) , µ(n+1) , n, and κ using φ(n+1)

//correct and reinitialize the level set every Ni steps

if n mod Ni = 0 then
Mass-correction: advect with AD(φ) = (δV /δt)(κδ(φ)/Af )
Reinitialization: advect with AD(φ) = S(φ)(|∇φ| − 1)

end
//flow solver (AB2)
1
RU(n) = −u(n) · ∇u(n) + Re

1
∇ · µ(n+1) (∇u(n) + (∇u(n) )T )
ρ(n+1)

u∗ = u(n) + ∆t 23 RU(n) − 12 RU(n−1)

 ρ0
ρ0
)∇g p̂ + ∆t
∇2 p(n+1) = ∇2g [p]Γ + ∇ · 1 − ρ(n+1)
∇ · u∗ //FastP*-GFM



1
u(n+1) = u∗ − ∆t ρ10 ∇g p(n+1) + ρ(n+1)
− ρ10 ∇g p̂ //correction
(n−1)
(n)

RU
end





= RU

At this point, it is important to mention a critical numerical issue of
classical level set methods. The problem is, even if Eq. (3.12) is solved on
an incompressible velocity field, there is no guarantee that the numerical
solution will conserve the total enclosed volume; in practice, there is often
significant “mass loss”. The reason for this problem is a combination of numerical
dissipation, under-resolution and lack of built-in mass conservation properties in
the numerical scheme. Plenty of methods have thus been proposed to overcome
such issues by using higher-order numerical schemes, coupling the LS with VOF
or lagrangian particles, imposing additional mass constraints, etc. See Ge et al.
(2018) (Paper 1 ) for a brief overview.
Finally, we summarize the numerical algorithm of the interface-correction
level set/ghost fluid method of Paper 1 in Algorithm 2. Here, the level set
field is integrated in time with a total-variation-diminishing third-order RungeKutta scheme; the spatial derivatives, AD, are computed with either fifth-order
upstream-central (HOUC) or weighted essentially non-oscillatory (WENO)
schemes. The mass correction and reinitialization are treated similarly. In the
flow solver, the pressure Poisson equation is split into a constant-coefficient part
and a variable-coefficient part to utilise the fast Fourier transform. The surface
tension is incorporated in the same equation using the ghost fluid method
(denoted by [·]Γ ). The full algorithm is presented in details in Paper 1. Note
the high-level simplicity of the level set method comparing to the immersed
boundary method (Algorithm 1).
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Phase field methods. The last class of methods that we will describe is
derived from theories of capillarity and critical phenomena. Here, by introducing
a so-called order parameter, a single-component fluid with varying density or
a binary fluid with two immiscible components are modelled by a phase field
separated by an interface of finite thickness (Anderson et al. 1998). Historically,
the proposition of a finite-width interface dates back to as early as Poisson
(1831). Since then, various theories have been developed by Maxwell, Gibbs,
Lord Rayleigh, van der Waals, etc.; see e.g. van der Waals (1893); Cahn (1961).
We note that the physical notion of finite width is particularly relevant for fluids
that are near their critical points, or for processes involving moving contact
lines, breakup or coalescence, where a sharp interface description will be faced
with singularities (Zhang & Mohseni 2018; Eggers 1997). For this reason, phase
field methods are also regarded as diffuse interface methods.
Putting aside its physical origin in capillary and kinetic theories, phase field
methods have recently attracted a renewed interest in the numerical modelling of
twophase flow (Jacqmin 1999, 2000; Badalassi et al. 2003; Ding et al. 2007; Shen
& Yang 2010; Dong & Shen 2012; Wang et al. 2015; Kronbichler & Kreiss 2017;
Mirjalili et al. 2020). There are several ways to formulate the governing equation
for the interface evolution. One popular version is the following Cahn-Hilliard
equation,
∂c
+ u · ∇c = m̃∇2 ψ,
(3.13)
∂t
where c is a dimensionless order parameter smoothly varying from +1 in one
fluid to −1 in the other within a thickness of , m̃ is the mobility coefficient,
and ψ is the fluid chemical potential, given as


3σ̃ 2 3
2
ψ=
(c − c) − ∇ c ,
(3.14)
4 2
with σ̃ being the surface tension. Clearly, there is a distinction between phase
field methods and VOF or LS based on the equations alone – the diffusion term
appearing in the transport of phase field within the interfacial region requires
proper boundary conditions on c, whereas VOF or LS are purely hyperbolic, cf.
Eqs. (3.8) and (3.12). This, together with the fourth derivative of c resulting
from the chemical potential expression, both leads to a number of desired
properties and imposes certain numerical constraints of phase field methods.
See Mirjalili et al. (2020) for a recent discussion.
Finally, we note that the interface thickness often loses its physical meaning
in typical engineering twophase flow simulations. For example, the thickness of
a water-oil interface may be estimated from the mean free path of the water/oil
molecules. According to the molecular theory, it is ∼ 3 Å in room environment.
Now, even if we consider a microfluidic flow where the droplet radius is ∼ 3 µm,
there is still a 104 difference in the length scale, meaning that one droplet needs
O(104 ) grid points in each spatial direction – a clearly unrealistic resolution.
Therefore, interface thickness (see Figure 3.2) in phase field simulations bears
only numerical meaning.
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3.2. Meshless particle-based methods
In particle-based methods, the central equation to solve is
dU
(3.15)
= F H + F A,
dt
where m is a generalised mass/moment-of-inertia matrix, U is the particle
translational/rotational velocity vector, and F represents the force/torque
vectors owing to hydrodynamics (denoted with superscript H ) or any applied
interactions (denoted with superscript A ) that may include contact, electrostatic,
van der Waals, or magnetic forces, etc.3 Note that, for N particles in 3D, both
U and F have dimension 6N , while m has size 6N × 6N .
If the particle inertia is negligible, the left-hand side of Eq. (3.15) goes to zero,
resulting in F H ≈ −F A and quasi-static particle dynamics. If the fluid inertia is
also negligible, the Navier-Stokes equations reduce to the Stokes equations and
F H may be obtained without even explicitly solving the fluid motions. In the
following, we examine two such simplified techniques. One is more accurate and
holds for any particulate system in general, albeit computationally expensive.
This is the so-called Stokesian dynamics. The other is derived from the former,
but with additional features to model particle contact; hence, it is better suited
for dense suspensions. We dub it hybrid lubrication/granular dynamics.
m·

3.2.1. Stokesian dynamics
To put it in context, consider the following integral representation of the velocity
field in Stokes flow (Ladyzhenskaya 1963),
N Z
1 X
(3.16)
ui (x) − u∞
(x)
=
−
Gi,j (x, x0 )fj (x0 )dSx0 ,
i
8πµ α=1 Sα
where u∞ (x) is the velocity at position x in the absence of particles, Sα is the
surface of particle α, G(x, x0 ) is the Stokeslet due to a point force at x0 (cf.
Eq. 2.11), f (x0 ) denotes its density, and the summation is over all N particles.
The local velocity u can be obtained numerically by dividing the surface of
each particle into M elements and resolving the linear system of equations for the
force densities f subject to the total force and torque conditions. This approach
belongs to a broad class of boundary integral methods (Pozrikidis 1992b), which
are highly accurate and computationally efficient, since the discretization is
required only on the particle surface instead of in the flow domain, cf. Section
3.1. More specifically, the number of unknowns are NE = (3M + 6)N , i.e.
three components of force density for each element, and six translational and
angular velocity components per particle. The computational time depends on
the algorithm and boundary conditions. In the best case, it is O(NE log NE );
3 In

principle, stochastic forces can also be included in the general formulation, though its
numerical treatments demand special care such that the fluctuation-dissipation theorem is
satisfied.
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while it can be as large as O(NE3 ) if using direct solution methods (Graham
2018).
Now, instead of directly evaluating the integral over all particle surfaces, the
method of Stokesian dynamics (Durlofsky et al. 1987) rewrites the right-hand
side of Eq. (3.16) as a multipole expansion, viz.
N Z
1 X
(3.17)
−
... ≈ uF + uS + uT + uQ + uO ,
8πµ α=1 Sα
where uF , uS , uT , uQ and uO denote the flow due to the total forces, stresslets,
total torques, quadrupoles and octupoles, respectively. The last two moments
are included to account for the finite particle size. They are important both for
reducing the truncation error, which to the leading order scales as O(r−6 ), where
r is the distance between the observation point and the center of a sphere, and
in maintaining the positive definiteness of the mobility matrix (Durlofsky et al.
1987), shown right below by Eq. (3.18). Note that, each particle is associated
with 11 unknown variables (6 velocity components and 5 stresslet components
since the stresslet is symmetric and traceless), which is usually much less than
3M + 6 as required by the boundary integral method.4
Under this approximation, Eq. (3.17) can then be combined with the Faxén’s
formulae for spheres (cf. Eq. 2.16) to obtain a relationship between particle
velocities and forces, written in matrix form as


 H
U − U∞
F
∞
=M ·
,
(3.18)
−E ∞
SH
where M ∞ is the far-field approximation to the so-called “grand mobility”
matrix, which contains the structure of all hydrodynamic interactions per
particle configuration.
Furthermore, the grand mobility matrix may be inverted to obtain the
“grand resistance” matrix R, transforming Eq. (3.18) to
 H


F
U − U∞
,
(3.19)
=R·
−E ∞
SH
where R may be partitioned as
R=



RF U
RSU


RF E
.
RSE

(3.20)

If R is known, the particle velocity can be straightforwardly obtained as
−1
A
∞
U = U ∞ + RF
U · (−F + RF E : E ).

(3.21)

Note that F H has been replaced with −F A .
There is one more crucial step in Stokesian dynamics. In the construction
of M ∞ , lubrication interactions are not fully accounted for due to the omission
4 The

value of M depends on dimension and the particle shape. Typically, M ∼ O(10).
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of higher-order multipole moments (hence the superscript ∞ ). To correctly
include all contributions from the lubrication, R is calculated as
∞
R = (M ∞ )−1 + R2B − R2B
,

(3.22)

∞
where R2B
denotes the far-field parts of lubrication already embedded in M ∞ ,
and the subscript 2B indicates that lubrication is mainly a two-body interaction.
See Durlofsky et al. (1987); Brady & Bossis (1988) for more detailed discussions.
Finally, the solution procedure of Stokesian dynamics can be summarized
as follows.

1. Build the grand mobility matrix M ∞ from the suspension microstructure.
2. Obtain the grand resistance matrix R by inverting M ∞ and adding the
lubrication correction as in Eq. (3.22).
3. Compute the particle velocity according to Eq. (3.21).
4. Update the particle position using a temporal integration scheme, such
as the Euler’s method x(t + ∆t) = x(t) + U ∆t.
5. Go back to Step 1 to continue the time integration unless the desired
time step has been reached.
3.2.2. Hybrid lubrication/granular dynamics
If the particle volume fraction is very high, say φ > 40%, the far-field, many-body
hydrodynamic interaction will be less important than the pairwise, short-range
lubrication force due to particle crowding. This suggests a further simplification
of the mobility matrix by dropping all additional low-moment terms apart from
the lubrication (Ball & Melrose 1997), i.e.
R = R2B .

(3.23)

Specifically, R2B is composed of blocks of second-, third- and fourth-rank tensors
that relate the force, torque and stresslet acting on one particle to its closest
neighbour (Kim & Karrila 2013). In the case of unequal spheres, the results have
been extensively calculated by Jeffrey & Onishi (1984); Jeffrey (1992) using the
twin multipole expansion method. The detailed algebra is rather cumbersome.
Here, we simply note that the components are essentially functions of the
particles’ velocities, size ratio, and surface gap (h). The diverging behaviour
is strongest for the lubrication force in the normal direction (F L,n ∼ 1/h),
whereas in the tangential directions, as well as for the lubrication torque, the
divergence is weaker, ∼ log(1/h). See Paper 7 for the detailed expressions.
While the hydrodynamic interactions have been further truncated, another
mode of interaction needs to be supplemented. For concentrated suspensions,
it is known that lubrication interaction alone is not sufficient to reproduce
certain experimental observations, such as the discontinuous shear thickening
of cornstarch solutions (Morris 2020). On the other hand, granular dynamics,
in which particles interact with each other only via collision and friction forces,
is often adopted for modelling of dense suspensions in dry media (Cundall
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Figure 3.3: Schematic illustration of the hybrid lubrication/granular stick/slide
contact model. (a) Before contact, particles interact only via lubrication. (b)
When particles first overlap, both lubrication and the normal collision are
activated. (c) For sustained contact, particles interact via lubrication, normal
collision and tangential friction forces. At small deformation, the friction is
in static regime (i.e. stick); while at larger displacements, particles enter the
sliding regime. The overlap is exaggerated.

1974; Cundall & Strack 1979; Campbell & Brennen 1985). Plenty of numerical
algorithms have been developed by this community5 , which usually fall under
the name of discrete element methods; see Guo & Curtis (2015) for a recent
review. The hybrid of the two approaches, where both lubrication and granular
dynamics are considered, has recently emerged as a new simulation method
and has led to improved physical understandings of many phenomena in dense
particle suspensions (Trulsson et al. 2012; Seto et al. 2013; Mari et al. 2014;
Cheal & Ness 2018; Ness et al. 2018).
In a hybrid lubrication/granular dynamics (HLGD) method, particles interact via short-range lubrication and contact forces in a pairwise additive fashion6 ,
see Figure 3.3. There are several models to describe frictional contacts between
particles. The currently popular one is the stick/slide friction model employing
springs and dashpots (Luding 2008), which for the case of spheres reads
C
Fi,j
= −kn hij − γn Uij,n − kt ξij ,

(3.24a)

C
Ti,j
= ai kt (nij × ξij ),

(3.24b)

where hij = hij nij denotes the signed normal surface gap between particles
i and j (positive when overlapping), ξij the signed tangential stretch (see
Paper 7 for details, also Figure 3.3 for an illustration), kn the normal spring
constant, γn the damping constant, and kt the tangential spring constant.
5 The

granular flow community broadly concerns the pharmaceutical, chemical, energy, food
handling, mineral processing, powder metallurgy and mining industries.
6 Analytically, a diverging lubrication would prevent particle contact, though that neither
agrees with everyday experience nor holds beyond the continuum limit in the presence of
surface roughness.
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Furthermore, the contact forces need to satisfy the Coulomb’s law of friction,
C
C
i.e. |Ftan
| ≤ µc |Fnor
|, with µc being the friction coefficient.
The above expressions for the contact forces and torques can be directly
added in the resistance matrices (cf. Eq. 3.19) and be solved similarly as in
Stokesian dynamics. From a computational standpoint, the present method
does not require to invert the mobility matrix, and the grand resistance matrix
composed of pair interactions is sparse; hence, it can be solved much faster
numerically. Alternatively, we can also obtain the particle dynamics by explicitly
solving Eq. (3.15); namely, first computing all forces and torques to get the
acceleration, then integrating in time once to obtain the velocity and twice to
update the position. Similar techniques are sometimes called dissipative particle
dynamics or Brownian dynamics, depending on the context (Hoogerbrugge
& Koelman 1992; Groot & Warren 1997). Provided that the particle Stokes
number (similar to the Reynolds number) remains much less than unity, the
latter are equivalent to the quasi-static matrix inversion approach used in
Stokesian dynamics.

Chapter 4

Miscellaneous

In this chapter, we describe two additional topics that were investigated during
the course of the present work. As side projects, they share with the rest
of the thesis in that the flow involved are multiphase and characterised by
relatively small length scales; hence, they can be, and have been, studied using
similar numerical methods. Beyond that, there is no further connection. In the
following, we first give the physical motivation of each problem, then summarize
the overall understanding and research methodology prior to our study. The
new results are reported in Paper 5 & 6.

4.1. Surface effective slippage
The last several decades of development in material science and nanotechnology
has greatly enhanced our ability to probe, pattern, fabricate and modify mechanical structures with chemical treatments in nano-to-micron length scales.
Superhydrophobic surfaces (SHS) (Figure 4.1), which perfectly repel water due
to gas entrapment within the roughness, have been studied extensively in both
natural and laboratory settings (Neinhuis & Barthlott 1997; Onda et al. 1996),
and has led to what was called a “gold rush” to search and design surfaces with
extreme non-wettability (Bocquet & Lauga 2011). Such properties may not
only be utilised to reduce drag in liquid or marine vessel transport (Watanabe
et al. 1999; Ou et al. 2004; Choi & Kim 2006; Lee et al. 2016), but also has
the potential to achieve self-cleaning, anti-fouling or enhanced heat transfer
functionalities (Blossey 2003; Roach et al. 2008). In addition, its alternative –
liquid-infused surfaces (LIS) – which replace the air cushion with a liquid layer,
has also attracted increasing attention due to its robustness (Solomon et al.
2014; Rosenberg et al. 2016; Wexler et al. 2015). Plenty of applications have
been conceived with great excitement.
From the fluid mechanics perspective, questions invoked by these findings
naturally include: (i) what mechanism leads to the drag reduction, and (ii)
how it can be optimised given all the constraints. The constraints involve
surface chemistry, contamination, degradation, fabrication defects, wetting, etc.,
making the problem truly multiscale and multiphysics. Basic research along
this line, including Paper 6, is motivated to resolve at least part of these issues.
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Figure 4.1: (left) Hierarchical structure of a lotus leaf (Nelumbo nucifera).
(right) Patterned micro-pillars. Image adapted with permission from Bocquet
& Lauga (2011), c Springer Nature.

Theoretically, the resistance of a solid surface to fluid flow can be characterised by the slip length, λs , defined as


T
us = λs ∇u + (∇u)
· n,
(4.1)
where u is the flow velocity, us the slip velocity on the solid surface, and n
the normal vector pointing from the solid to the fluid. In the case of a planar
simple shear flow, it can be reduced to
us = λs γ̇,

(4.2)

where γ̇ = ∂u/∂y is the shear rate. In most situations, λs is a constant
material property with a value on the order-of-magnitude of the molecular
interaction range (Thompson & Troian 1997). However, even with a no-slip
boundary condition, many of the aforementioned studies have demonstrated a
large measurable slippage over SHS. Close inspection of the surface structure
suggests that it is the hairy pattern combined with its hydrophobic property
that yields the apparent slip. This is beautifully depicted in Figure 4.1, which
shows the natural meadow-looking roughness on a lotus leaf and an artificial
array of micron-scale pillars.
To quantify the slippage analytically, one can define an effective slip length,
λe , as
ū(H)
λe =
− H,
(4.3)
γ̇
where ū(H) is the average streamwise velocity at a small distance H above
the substrate. Physically, λe is equal to the distance below the surface at
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which the velocity would extrapolate to zero. Under this simple definition,
many studies have been conducted to obtain theoretical expressions of the
effective slip for two-dimensional longitudinal or transverse grooves (Lauga
& Stone 2003; Sbragaglia & Prosperetti 2007; Davis & Lauga 2009; Ng &
Wang 2009; Schönecker et al. 2014; Nizkaya et al. 2014; Crowdy 2017a,b).
The general procedure is to solve the Stokes equations in a periodic domain
subject to a mixture of no-slip and finite-slip boundary conditions. To facilitate
analytical calculations, some simplifications may have to be made, such as a
static interface shape and the pinning of the contact line. In general, different
geometry- and viscosity-ratio dependent expressions for λe have been found on
a configuration-by-configuration basis.
While these solutions are helpful in guiding the optimal surface design,
they neglect an important ingredient – wetting of the fluid. One reason why
superhydrophobic or liquid-infused surfaces are still mostly limited to laboratory
testings at present is the various failure modes, often associated with wetting in
some form. Specifically, SHS is known to be sensitive to external pressure under
which the entrapped bubble can collapse (Bocquet & Lauga 2011); whereas
LIS is prone to shear-driven failures, i.e. drainage of the lubricant from the
surface grooves (Wexler et al. 2015). Therefore, the dynamics is equally, if
not more, important than the static slippage property. Unfortunately, precise
control of wetting in experiments is still very challenging due to sensitivity to
surface conditions and instrument inaccuracies (Liu et al. 2019), let alone the
longstanding theoretical disputes (de Gennes 1985). In light of these difficulties,
numerical studies with controlled parameters in non-ideal situations are expected
to bridge the gap between analytical calculations and experimental findings.
Paper 6 is one such effort.

4.2. Droplets in turbulence
Turbulence is the unsteady flow generated from the Navier-Stokes equations
at large Reynolds numbers. As it prevails in a broad range of length and time
scales, predicting the statistics of droplets or bubbles in turbulence is of great
practical importance (Figure 4.2). Take the size distribution for example. In
the ocean, air bubbles entrained in breaking waves enhance the air-sea gas flux,
affect aerosol production, scavenge biological surfactants and create ambient
noise; knowing their creation mechanism and distribution in size can thus
greatly improve our understanding of the nature and climate (Deane & Stokes
2002). In the atmosphere, vapor condenses on particles and forms droplets; the
droplet size distribution is the defining characteristics of a cloud, controlling
how it interacts with electromagnetic radiation and how fast precipitation will
form (Shaw 2003). In emulsions or colloidal suspensions, the distribution of
the dispersed phase determines the stability, rheology and area available for
physical or chemical processes that occur at the interface (Boxall et al. 2012).
This is directly related to our daily life, as many processed food and cosmetic
products are complex fluids in one way or another.

38

4. Miscellaneous

Figure 4.2: (left) A lab-generated breaking wave crest, showing bubble entrainment. Scale bar, 1 cm. Image adapted with permission from Deane & Stokes
(2002), c Springer Nature. (right) Photo of nimbostratus clouds (precursor of
rain) taken at Karlskrona, Sweden. c Jari Hytönen.

Despite the ubiquity and importance, detailed numerical simulations on
droplet-turbulence interactions are surprisingly scarce. It is not until the last few
years that computational studies start to appear in the literature, e.g. Perlekar
et al. (2012); Skartlien et al. (2013); Komrakova et al. (2015); Scarbolo et al.
(2015); Dodd & Ferrante (2016). Here, the advantages of performing these largescale simulations are dual. On the one hand, interface-resolved, high-resolution
simulations reveal a unprecedented level of details, offering arguably the full
droplet and flow statistics within the afforded system. These results can then
be used as benchmarks to test theoretical scalings and empirical models of the
droplet distribution (Hinze 1955; Deane & Stokes 2002). On the other hand,
as simulation methods for multiphase flow are continuously being developed,
the current results will serve as verification for later simulations. Based on
these reasons, we performed direct numerical simulations of two immiscible
and incompressible fluids in a homogeneous turbulent shear flow under various
relative surface tensions (i.e. Weber numbers) and initial conditions. The choice
of this base flow is rationalised by its natural turbulence sustaining mechanism
and the relevance to the logarithmic layer of wall-bounded turbulent flow, see e.g.
Pumir (1996); Sekimoto et al. (2016). We admit that modelling of turbulence
is difficult even by itself, let alone in the presence of droplets. Nevertheless,
numerical studies like the one we conducted (Paper 5 ) shall provide additional
information to future modellers and shed new lights on the droplet-turbulence
interactions.

Chapter 5

Summary

The investigations presented in this thesis are motivated by the interest in understanding droplet interactions and suspension flow that stems from applications
in material science, microfluidic technology and transport of complex fluids.
The general physical pictures and underlying mathematical formulations are
described in Chapter 2, where we introduce elementary properties of the Stokes
flow and its approximate solutions in the presence of liquid droplets or solid particles in a few simple cases. These are the fundamentals of microhydrodynamics,
essential for developing physical intuitions and making back-of-the-envelope
estimates when faced with complicated engineering problems. Unfortunately,
sometimes a problem may be too complicated to be solved by hand, or we may
simply be misguided by our intuitions. In those cases, numerical simulations
offer a relatively inexpensive means to visualise the fluid motion and serve as
a controllable setup to disentangle the various physical mechanisms at play.
Chapter 3 thus provides a mini-review of some currently popular methods that
can be applied to simulate coupled multiphase systems. This is the main subject
of the present work – we develop methods, implement algorithms and simulate
droplets or particles in fluids to reproduce experiments or verify theories. The
specific aim may differ by applications; what remain the same are a simulationoriented approach to problem solving as well as a curiosity-driven exploration
for new physical principles.
The detailed results of the present work are given in the next part of the
thesis in the format of journal article or technical report. Among them, papers
1–4 entail droplet interactions, papers 5 & 6 are miscellaneous, and paper 7
concerns suspension flow. Separate retrospective summaries of each paper are
given in the beginning of Part II. A “diagrammatic summary” is also provided
in Figure 5.1. Overall, the common limitations of the conducted studies are that
simulations still fall much behind experiments in terms of physical complexity
– which might be justified – and the lack of simple, quantitative models that
can be extracted from the results. In general, our numerical work provides
additional evidences to draw qualitative conclusions, but a new set of simulations
or experiments may have to be performed if precise predictions need to be made
in different situations.
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Figure 5.1: Diagram reporting the different papers in Part II, parameterized by
the number of droplets (N ) that are or could potentially be studied, and by
the distance (indicated by color) to being purely experimental (−1) or purely
theoretical (1); 0 corresponds to purely numerical. The papers are labelled with
short titles. Note that Paper 6 does not have a meaningful definition of N .

Finally, as an outlook, we summarize the lessons learned during all the
projects and name a few open questions worth further investigation:
• Fabricating photonic crystals using flow-assisted droplet assembly could
potentially achieve a moderate bandgap in the infrared range and possibly
be scaled up to meet industrial needs if sufficient engineering efforts
are invested. However, current focus of the photonic community seems
to be shifted to searching for disordered hyperuniform materials that
are easier to make and still possess bandgaps (Ricouvier et al. 2017;
Torquato 2018).
• For multiphase flow simulations, classical level set methods are not mass
conserving, thus many efforts, including the present work, have been
spent to improve the accuracy using different tricks. Despite all the
progress, it remains a challenge to devise a general-purpose solver that can
be applied to any multiphase flow problems without tweaking, given the
large separation of length scales and inherent singularities. In retrospect,
the simulation of droplet assembly in microfluidic environments could
be done with available open-source software instead of inventing a new
method. However, the latter process is rewarding for its own sake, and
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the resulting method may be adapted to study plenty of other unforeseen
applications, such as modelling of tissue/tumor growth, that are not
always suitable using existing free solvers.
• Wetting is important in many practical applications; but assumptions
made in many numerical work are often too crude to be trusted fully.
Careful and rigorous simulations, along with accurate experiments, are
needed to develop better models for processes involving interfaces moving
on solid surfaces.
• Dense particle suspension is an exciting research front, offers an immense
parameter space to explore and concerns both applied and fundamental
questions in disparate disciplines. For example, questions like how
particle geometry affects their jamming at high concentrations; do active
particles jam differently from passive particles and, if so, what controls
the collective sensing; how particle interactions and the medium topology
come into play in long time limits (relevant to certain disease progression,
e.g. Alzheimer’s disease), etc. are all unknown today. Investigating
these problems requires development of new computational models and
collaboration with specialists in different research areas, which may
inspire new pathways to advance life science and biophysics in the future.
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Part II
Papers

Summary of the papers

Paper 1
An efficient mass-preserving interface-correction level set/ghost fluid method
for droplet suspensions under depletion forces
In this first work, we develop, implement and validate an interface-correction
level set/ghost fluid method (ICLS/GFM) for high-fidelity simulations of liquid
droplets in an immiscible carrier fluid. The main novelty is a mass-correction
scheme for global volume conservation. It overcomes the classical “mass loss”
issue of level set methods by constructing a correction-velocity that is easy to
understand, straightforward to program and efficient to compute numerically.
The method works best for droplets that are well-resolved as shown in the paper;
however, additional validations may be required when applying it otherwise
(e.g. atomisation). In the same paper, we also formulate a hydrodynamic model
for surfactant-induced depletion forces between neighbouring drops. Our model
removes the need to simulate suspending nano-scale surfactants, hence further
improving the computational efficiency. Overall, the methodology can be readily
used to study droplet interactions in microfluidic devices, free-surface flows, and
may be extended to simulate multiphase flows in porous media in general.

Paper 2
Flow-assisted droplet assembly in a 3D microfluidic channel
In this paper, we perform a series of simulations using methods developed in
Paper 1 to examine the droplet interactions in increasingly realistic conditions,
mimicking a microfluidic experiment. The main objective is to elucidate the
physical mechanism that leads to the experimentally observed droplet clustering,
which had been explained by a dipolar interaction theory. Contrary to previous
belief, we find that dipolar interactions alone cannot account for the fast droplet
rearrangement; a number of 3D effects, which are hard to model at once, must
be included to faithfully reproduce the observation. This conclusion is supported
by theoretical derivations of particle interactions in Stokes flow (Papers 3 &
4 ), suggesting that designing optimal microfluidic channels to directly produce
large droplet crystals is more of an art than science in practice.
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Summary of the papers

Paper 3
Integral representation of channel flow with interacting particles
In this first part of a two-part theoretical work on droplet interactions, we
consider the far-field interaction of spherical droplets or particles traveling in
the Poiseuille flow. A boundary integral representation of the disturbance flow
is derived, showing that, to leading order, the flow is dipolar and proportional
to a weighted integral of the stress and flow at the particle surface. We tabulate
the dipole moment under various confinement and particle initial positions by
directly simulating a rigid particle in fully-resolved channel flow using a secondorder accurate immersed boundary method. Analytically, we also introduce the
equation of motion that describes hydrodynamic interactions and solve it in the
cases of two and three particles.

Paper 4
The theory of hydrodynamic interaction of two spheres in wall-bounded shear
flow
In the second part of the theoretical investigation on droplet interactions in
shear flow, we revisit the classical work of Batchelor & Green (1972a), where
two spherical particles interact hydrodynamically in a unbounded linear flow.
Using the boundary integral formulation derived in Paper 3, we show that the
inclusion of a distant wall results in qualitatively different particle trajectories,
demonstrative of the wall’s singular perturbation. Specifically, the distance
3/5
at which the wall significantly alters the particles interaction scales as z0 ,
where z0 is the initial distance between the particle and the wall. The phase
portrait of the particle relative paths admits domains of closed (dancing) and
open (swapping) trajectories, apart from those that also exist in unbounded
shear flows. We postulate that the patterns are topologically stable and verify
it by direct numerical simulations of the Navier-Stokes equations. Qualitatively,
the distant wall is the third body that changes the global topology of the phase
portrait of the two-particle interaction.

Paper 5
Droplets in homogeneous shear turbulence
This paper reports a numerical study of liquid droplets immersed in a densityand viscosity-matched fluid (5% volume fraction) in homogeneous shear turbulent flow at a shear Reynolds number equal to 15200. Detailed fluid motions are
visualised, showing intense deformation, breakup and coalesence of the droplets
as the flow evolves. We examine the flow and droplet statistics, including Taylormicroscale Reynolds numbers, turbulent kinetic energy budget, droplet size
distributions, etc., under various surface tensions and initial droplet diameters.
Two main conclusions drawn from the study are (i) the dispersed phase acts as
a sink of the turbulent kinetic energy for the carrier fluid, and (ii) the maximal
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droplet sizes are predicted by the Hinze scaling despite of droplet coalescence
and a mean shear.

Paper 6
Effective slip over partially filled microcavities and its possible failure
In this paper, we combine two simulation methods (phase field and level set) at
separate scales to numerically study the transverse flow over a 2D model liquidinfused surface (LIS). Computationally, we introduce and verify a multiscale
numerical framework for wetting modelling, which solves the Cahn-Hilliard
equations in a local region near the moving contact line within a larger Stokes
system. Physically, we conduct a parametric study of the LIS work performance,
quantified by its effective slip length and potential drainage. Among the many
parameters (the capillary number, viscosity ratio, contact angle, etc.) explored,
we find that the filling fraction is the most sensitive parameter for the effective
slip; the effects of other parameters are generally intertwined but weakened if
the surface groove is not fully filled. In addition, we identify a shear-driven
failure mode associated with the lubricant drainage, which is worse at higher
lubricant viscosities if the lubricant is less viscous than the outer fluid, but
seems to disappear if the lubricant is more viscous. Overall, we expect our study
to serve as a conceptual guide for LIS design and call for further experimental
tests to validate our findings.

Paper 7
Implementation note on a minimal hybrid lubrication/granular dynamics model for
dense suspensions
This report documents the implementation detail of a minimal hybrid lubrication/granular dynamics model intended for simulation of dense (potentially
nonspherical) particle suspensions in shear flows. The method is meshless,
explicit and solves directly the particle dynamics in the overdamped limit by
balancing conservative and dissipative interactions at the pair level. Potential
sources of inaccuracy include omissions of long-range hydrodynamic interactions
and finite particle inertia due to numerical integration. The implementation is
tested for 200 ∼ 500 particles under volume fractions from 40% to 64%, showing
jamming transition, continuous and discontinuous shear thickening that are in
excellent agreement with literature results.

