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SAMMANFATTNING 

Klimatförändringarna är ett allmänt problem som bland annat resulterar i ökad risk för extrema 

hydrologiska händelser. Av dessa extrema händelser är översvämningar bland de mest 

förekommande. För att tackla problemen med översvämningsriskerna används skyddsvallar som en 

av de vanligaste anläggningarna bland olika översvämningsskydd. Vid ett tillräckligt högt flöde kan 

dock den ökade belastningen på skyddsvallen orsaka att skyddsvallen havererar. En skyddsvall kan 

haverera på grund av flera fysikaliska fenomen, varav de vanligaste är inre erosion, otillräcklig 

släntstabilitet samt överspolning. Risken för att en skyddsvall havererar, det vill säga brottrisken, kan 

beräknas med olika metoder. Sannolikhetsbaserade metoder har nyligen växt fram som ett allt 

viktigare tillvägagångssätt. 

Det här examensarbetet handlar om brottsannolikhetsberäkningar för skyddsvallar i syfte att 

kartlägga översvämningsrisker. Arbetet fokuserar på fenomenet med inre erosion i skyddsvallars 

grundläggning. Det praktiska exemplet i examensarbetet studerar nybyggda skyddsvallar utmed den 

italienska floden Paglia längs en flodsträcka om 4,5 km mellan städerna Ciconia och Orvieto Scalo i 

regionen Umbria i centrala Italien. Ur ett hydrogeologiskt perspektiv karaktäriseras regionen av fint 

jordmaterial, med inslag av slutna akviferer. 

Sannolikhetsberäkningar med hjälp av ramverket för Monte Carlo-analys genomfördes för tre olika 

modeller för att beskriva inre erosion i skyddsvallarna till följd av ett 200-årsflöde. De tre olika 

numeriska modellerna kännetecknades av olika grad av komplexitet. Den enklaste modellen 

baserades på en metod av Mazzoleni et al. (2015) och tog endast hänsyn till skyddsvallens porositet. 

Den mellankomplexa modellen var baserad på metoden ifrån Khilar et al. (1985). Den mest komplexa 

modellen var tidsberoende och baserades på metoderna från Sellmeijer et al. (2011) och Scheuermann 

(2005), för att ta hänsyn till de två ömsesidigt beroende fenomenen bakåterosion, så kallad ”piping” 

och läckage, så kallat ”seepage”, vilka tillsammans ger upphov till inre erosion. 

Resultaten visar att graden av komplexitet i den numeriska modellen spelar en viktig roll när det 

gäller brottsannolikheten för skyddsvallars grundläggning. Den enklaste modellen beräknade en lägre 

brottsannolikhet än de andra två modellerna, och den mest komplexa modellen beräknade högst 

brottsannolikhet av de tre modellerna. Vidare visar resultaten på att några parametrar har en stor 

inverkan på brottsannolikheten. Dessa är bland annat partikeldiametern som påverkar 

skjuvhållfastheten i materialet, permeabiliteten, jordlagrets tjocklek under skyddsvallen samt 

strömningsvaraktigheten. Parametern strömningsvaraktighet kan endast beaktas i tidsberoende 

modeller, vilket är en av fördelarna med den mest komplexa modellen i denna studie. 

Förutom de numeriska brottsannolikhetsmodellerna byggdes en tvådimensionell hydraulisk modell 

upp för att kartlägga de resulterande översvämningsriskerna. Tre olika haveriscenarier studerades för 

att representera de tre brottsannolikhetsmodellerna. Dock visade det sig att den enklaste av de tre 

modellerna beräknade så låg brottsannolikhet att det inte var meningsfullt att studera de resulterande 

översvämningsriskerna enligt den enklaste brottsannolikhetsmodellen i den hydrauliska modellen. 

Av de två mer komplexa brottsannolikhetsmodellerna visade det sig att den mest komplexa av de två 

gav mer omfattande haverier i skyddsvallarna och dessutom haverier i flera av skyddsvallarna. Vidare 

gav den mest komplexa modellen upphov till högst vattennivåer bakom de havererade 

skyddsvallarna. Slutligen kan det nämnas att staden Scalo Orvieto är utsatt för en högre 

översvämningsrisk än staden Ciconia enligt resultaten i denna studie. 
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ABSTRACT 

Climate change results to more extreme and frequent flood events that induce extra risk to flood 

protection structures such as levees. Thus, estimation of the probability of levee failure is of utmost 

importance when it comes to structural safety and flood risk assessment. This master thesis focuses 

on the estimation of the probability of levee failure owing to backward erosion at the foundation of 

the levee. For the estimation of the probability of failure three breach models of different complexity 

were developed and site-specified data were used from the Paglia river area and an assessment of the 

results followed. Besides the breach models, a 2-D hydraulic model was also built where breach 

scenarios were used to assess the associated flood risk. The results showed that the complexity of the 

breach model plays significant role to the estimated probability of failure. The simplest model 

estimated the lowest probability, while the complex the highest. Consequently, the associated to the 

complex model flood risk was higher than the other two. 

Keywords 

Levee failure, inner erosion, piping, backward erosion, seepage, probability of failure, fragility curves, 

time-dependent failure, hydraulic modelling, flood risk, flood inundation, HEC-RAS. 
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1 INTRODUCTION 

1.1 Background 

Climate change is affecting the whole world by changes in the hydrological and meteorological 

patterns (NASA Earth Observatory, 2010) and flooding is the most common result of extreme 

precipitation events with great impacts on the environment, economy and humans (European 

Environment Agency, 2017; Pinter, et al., 2016; Kryžanowski, et al., 2014). Levees are one of the most 

common flood mitigation measures amongst with dams, floodplains, floodwalls, etc (CIRIA, 2013). 

As all structures, though, levees are exposed to different types of loads, such as hydraulic, seismic, 

etc., while extreme precipitation events introduce additional load on such structures, posing higher 

risks for failure. An example to this is the extreme precipitation event in Southern Taiwan that 

occurred in August 2009 and led to a levee failure due to slope instability, induced by seepage, and 

foundation failure (Huan, et al., 2014). Therefore, safety of flood structures is of outmost importance, 

when it comes to engineering issues, such as design and maintenance (Jonkman, et al., 2018). 

But even though safety of the structure is considered before and after the design and construction of 

a levee, there is always residual risk and therefore failure cases of such flood protection structures 

have been widely reported, with sometimes devastating consequences (Kryžanowski, et al., 2014). The 

most common failure mechanisms reported are overtopping, internal erosion and slope instability 

(Tung & Mays, 1981; Ojha, et al., 2001; Vorogushyn, et al., 2009). Generally, a levee’s failure 

mechanism is highly related to the flood magnitude and the structure’s overall strength (Mazzoleni, 

et al., 2015). The former is based on the hydrological conditions in the area, while the latter is mainly 

based on soil characteristics, as well as its geometry (Mazzoleni, et al., 2015). Hence, a lot of research 

has been conducted within the field of structural safety assessment, or so-called structural reliability 

analysis. Reliability analysis is the method to assess the prospect of structure failure upon loading 

(Tung & Mays, 1981), commonly performed with the development of fragility curves (Mazzoleni, et 

al., 2015) and can be static or time-dependent (Tung & Mays, 1981). Fragility curves are long-

established functions used to evaluate the reliability of a structure under seismic loading, but 

nowadays are widely used to describe the probability of failure (PoF) of a levee (Vorogushyn, et al., 

2009; Mazzoleni, et al., 2015). 

To develop fragility curves for assessing the failure of a levee system, different types of approaches 

have been established and used. These include the deterministic approach, the numerical, the semi-

probabilistic and the probabilistic. Deterministic methods for estimating the PoF are the single safety 

factor and the partial safety factors (Larsson, 2012). Calculation of safety factors is a long-established 

method in many fields for estimating PoF. For example, in geotechnics, the safety factor methods are 

used to estimate levee slope instability (Duncan, et al., 2014). Numerical methods have also been 

established and are widely used. Such methods are the Finite Element Method (FEM) that is applied 

mainly by computer programs (i.e. SEEP/W, COMSOL). Alamdari et al. (2012) implemented the FV 

method, a FEM method, in order to account for internal erosion due to pipe formation. The results 

were also validated with the Teton dam and considered to be representative (Alamdari, et al., 2012). 

Same approach was also used by Melnikova et al. (2015) for simulating slope instability failure of a 

levee in Netherlands. The aim of the experimental work was the establishment of a sensor-based 

system with the capability of detecting critical conditions in real-time. The results of the full-scale 

experiments showed good representability of the FEM-based analysis module used in the study, while 

the sensors were able to detect areas with slope instability 4 days before the final failure of the levee 

(Melnikova, et al., 2015). Finally, semi-probabilistic (some variables are random and some 

deterministic) and probabilistic approaches (all variables are random) are being also used in PoF 

estimations. These approaches are, lately, gaining in popularity and there is a trend towards the 
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selection of that type of methods when it comes to structural PoF, as they enable the user to consider 

the epistemic (lack of knowledge) and aleatoric (variability of the parameter) uncertainties (Apel, et 

al., 2004; Mazzoleni, et al., 2017). Examples of probabilistic and semi-probabilistic approaches are 

the DS method, FOSM method, the MC simulation, FORM, RMS and SORM (Steenbergen, et al., 

2004; Huang, et al., 2017a; Huang, et al., 2017b). According to Huang et al. (2017a), the FOSM, 

FORM, RMS and SORM methods are characterized as local reliability methods, while the MC and DS 

methods as sampling methods (Huang, et al., 2017b). The studies performed by Huang et al. (2017a) 

and Huang et al. (2017b) concluded that, even though the RMS and SORM methods are better than 

the other local reliability methods, the sampling methods give more accurate results. Mazzoleni et al. 

(2015) also pointed out this difference while performing both FORM and MC methods for assessing 

the PoF of discrete levee reaches in Po river, Italy. The outcome was that the resulting PoF from MC 

simulations was higher than FORM. 

Therefore, most of the research conducted in calculating the PoF of flood defences within a 

probabilistic framework uses mainly sampling methods, especially MC. In example, Oosterlo et al. 

(2018) used a type of DS probabilistic approach to assess PoF of a coastal levee due to overtopping in 

Westkapelle, Netherlands. The model that was built for this purpose considered 15 random variables, 

was able to account for the complex physical variabilities like waves and morphology and it could be 

easily modified to match future standards (Oosterlo, et al., 2018). Alternatively, Apel et al. (2004), 

Apel et al. (2006), Vorogushyn et al. (2009), van Looveren et al. (2016) and many others that chose a 

probabilistic approach to calculate probability of levee failure, all based their calculations on the MC 

method. Apel et al. (2004) and Apel et al. (2006) developed a simple probabilistic model based on the 

MC method to assist the complex deterministic model that was established by the German Research 

Network of Natural Disasters for performing flood risk analysis. The new model was able to assess 

the levee failure, as well as the related uncertainty (Apel, et al., 2004; Apel, et al., 2006). Vorogushyn 

et al. (2009) developed also a probabilistic method for estimating the PoF due to piping and micro-

instability, while accounting for interdependent phenomena. The method was based on MC method 

and was later validated by Voroushyn et al. (2010) and Vorogushyn et al. (2012). Similarly to 

Vorogushyn et al., van Looveren et al. (2016) proposed also a MC-based method to account for more 

than one levee failure mechanisms, that was successfully tested on discrete levee sections in Flanders. 

The model achieved to estimate the PoF for each failure mechanism and the overall PoF, by combining 

also data from site investigations and numerical models (van Looveren, et al., 2016). 

As pointed out earlier, one of the most common levee failure mechanisms is internal erosion. Earlier 

this failure mechanism had not been sufficiently addressed in the literature, but recently a lot of 

scientific work has been put to deeply understand the physical processes that governs piping and 

express them in a mathematical context. Internal erosion can occur either at the levee core or at its 

foundations and describes all the four mechanisms that involve reduction of the soil strength by 

means of detachment and transport of soil particles due to seepage flow through the levee. These 

mechanisms are backward erosion, concentrated leak erosion, suffusion and contact erosion (CIRIA, 

2013; Bonelli, 2013). Backward erosion (or simply “piping”) at the levee foundation (Figure 1), is 

considered the most dominant failure mechanism (Vorogushyn, et al., 2009; van Beek, et al., 2011; 

Bonelli, 2013) and is the mechanism that describes the detachment and movement of the soil particles 

that is triggered by seepage flow. The erosion starts from the back side of the levee (land side) and 

follows the direction towards the river side, hence the name “backward”. As the detachment and 

movement of soil particles progresses, small holes (pipes) start to form and progress (Stephens, 2010; 

Bonelli, 2013; van Beek, 2015). On the contrast, seepage occurs when water starts penetrating the soil 

from the river side and throughout the foundation to the landside. The initiation of this process lies 

on the hydrodynamic conditions, and usually these conditions are expressed by a hydraulic gradient. 

Considering a confined aquifer under the levee, then by hydrodynamic conditions, one refers to the 

hydrodynamic pressure existing in the confined aquifer (permeable layer), which can induce cracks 
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to the overlying layer (impermeable layer), resulting in direct seepage flow, as well as the water level 

in the river during a flood event (Bonelli, 2013). 

 

Figure 1. The left picture describe the phases of piping failure (Bonelli, 2013; Schweckendiek, et al., 2014) while 

the right picture shows the physics that govern piping, where 1=seepage flow described by the Darcy law, 

2=exit of the flow, 3=concentrated flow at the head of the pipe, 4=suspension of soil particles, 5=laminar flow 

in the formed pipe, 6=sediment transport (Robbins & van Beek, 2015). 

Besides the FCs and PoF estimations, flood risk mapping has been a useful and important tool for 

flood risk analysis, management and regional planning, that is broadly used (Merz, et al., 2007; Dias, 

et al., 2014). Furthermore, the EU Floods Directive (Directive 2007/60/EC) enforces the 

implementation of flood hazard maps and flood risk maps of areas that were identified with 

significant flood risk by the preliminary flood risk assessment (European Comission, 2019). Flood 

risk maps are a representation of the flood inundation, that results from a specific flood event with 

certain return period and they give the opportunity to simulate flood inundation, consider structural 

breach scenarios and even estimate the socio-economic impact of a flood in a certain area (Dias, et 

al., 2014). These maps result from 1-D or 2-D hydrodynamic modelling (Merz, et al., 2007). 

This thesis will also focus on the levee failure mechanism backward erosion at the levee foundation 

along with its interdependence with time-dependent seepage. As cited before, the probabilistic 

approach is better for accounting for associated uncertainties and the MC method is widely and 

successfully used, while it gives more accurate results than other probabilistic methods. Thus, in this 

study a MC framework will be used to estimate the PoF due to backward erosion. In order to have a 

more realistic overview and avoid the usage of theoretical values for the parameters that will be 

included in the process, a selection of an area with sufficient information and data was necessary. 

Furthermore, it was also important that the levee system in that area would be newly constructed, so 

that any other kind of physical or anthropogenic erodibility could be reasonably excluded. The area 

that fulfilled these requirements was a discrete area of the Paglia river, located in Central Italy, with 

a levee system that was built in 2016. However, due to the age of the system, no breaching history is 

recorded in the area and thus, no validation related to the representability of the area could arise. For 

minimizing any uncertainty related to the validity of the methods, already validated methods were 

selected from the literature review and used in this study. Finally, since flood risk mapping is 

nowadays important and restricted by laws, it is seen vital to be considered in this thesis. Thus, the 

associated PoF due to backward erosion and due to a certain flood event (200-year flood) will be 

depicted in flood risk maps produced by a 2-D hydrodynamic model. 

1.2 Problem Definition, Research Questions & Objectives 

As mentioned before, according to the European legislation, it is obligatory for the member states to 

analyse the risk of flood occurrence in an area. If that area is prone to flooding and flood management 

structures, such as levees, exist in the area, then the flood risk, which is defined as the product of 
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probability, exposure and vulnerability (Dias, et al., 2014), is higher than before the construction of 

the structures. This is justified by two facts. Firstly, flood management structures actually retain water 

within the water course to protect urban areas during a flood event. In case of a failure then sudden 

flow of water is released towards urban areas with significant socio-economic impacts. Secondly, it is 

common that people feel safer after the construction of a flood protection structure. Therefore, there 

is a tend to build more infrastructure and more people settle, exposing themselves to greater risk 

(Mazzoleni, et al., 2015). 

Consequently, the estimation of the PoF of a flood defence structure is vital and a lot of work has been 

done towards this direction. Some of the work done is based on probabilistic approaches to estimate 

PoF, while some other is based on deterministic or other approaches, with the probabilistic approach 

gaining popularity and being more accurate than other approaches, as explained in the previous 

chapter. But no matter the approach chosen, for the estimation of the PoF due to a failure mechanism, 

such as backward erosion that is going to be considered here, mathematical equations that represent 

the physical processes governing that mechanism are needed. 

In that direction, plenty of research has been conducted and many empirical and theoretical rules 

have been proposed to account for levee backward erosion (piping) at the levee’s foundation and are 

widely being used. The question, though, that arises is: Which of these rules should be used and when? 

Are all of them representative? What is the difference between them? For example, Vrijling’s et al. 

(2010) study, questioned the validity of the widely accepted and used empirical rule proposed by Bligh 

(1910). At this point it must be noted that Bligh’s empirical rule was until recently applied in real case 

levee safety assessments for evaluating the probability of piping (van Beek, et al., 2010). 

Therefore, this MSc thesis is not aiming to propose or develop a new model for accounting for 

backward erosion at a levee’s foundation, since the work that has already been done in that field is 

sufficient. This thesis is targeting on filling a knowledge gap that was spotted during the literature 

review. This knowledge gap is related to the difference between different proposed mathematical 

approaches, proposed for backward erosion. So, the aim of this thesis is to investigate the difference 

between mathematical models that have been previously used and validated, by using a probabilistic 

approach, and the associated difference when it comes to flood risk mapping. These models will be 

characterised by different complexity, while the more complex one will also account for time-

dependent backward erosion. The research questions that will try to be answered, along with the 

objectives of this project are presented below. 

Research questions 

1. How does the complexity of a breach model affect the resulting probability of failure and 

flood inundation? 

2. How to account for time-dependent levee breach due to backward erosion? 

Research Objectives 

• To develop three levee failure models of different complexity by using combinations of 

functions representing levee failure due to backward erosion. 

• To compare the developed models with respect to computing time, resulting probability of 

failure and flood inundation. 

• To implement a time-dependent levee failure model.  
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2 METHODOLOGY 

The concept behind this research, as mentioned before, is to assess the results from different 

complexity piping models, regarding PoF and flood risk (flood inundation). Therefore, the three 

models below are going to be implemented in a probabilistic framework: 

1. a complex model accounting for the interaction between different failure mechanisms that 

can lead to piping (combined probability of failure) and time, 

2. a medium-complexity model that accounts only for one failure mechanism (piping) and 

3. a simple model that accounts for one failure mechanism, but using generalized parameters 

and proposed threshold values to calculate probability failure. 

The rationale behind the selection of the three models is to present three different situations. So, the 

first model (complex) is selected to represent the situation where enough data are available and a 

more complex method for calculating failure is considered, including time-dependence. The second 

model represents a situation where some data exist and a simple method is selected. The last model 

(simple) represents the most common situation, where there is lack of data and therefore a 

generalized method is used with proposed values, thresholds and safety factors obtained from the 

literature. 

The next figure, Figure 2, shows the flow chart of the methodology that will be used in this study and 

applied to the Paglia river in order to achieve the aim and objectives and answer the research 

questions, established in the beginning of this thesis. 

 

Figure 2. Flow chart of the methodology used in this thesis. 

According to the flow chart, two main types of numerical models will be built. A 2D hydraulic model 

and three breach models. Firstly, the set-up of the breach models will take place. The breach models 

will be expressed by three different mathematical equations to estimate the PoF of a levee foundation 

due to backward erosion (from now on just piping) will be implemented. These mathematical 

equations refer to the Limit State Equations (LSEs) that are associated with the difference between 
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the resistance of the levee and the load upon it. The resistance of the structure will also be given by 

different mathematical approaches. Then, the PoF will be calculated by each model in a MC 

framework, as most of the parameters in the models will be stochastic (random) and graphs (fragility 

curves, FCs) that will relate the PoF over a certain load will be produced. Finally, after the set-up of 

the breach models, an already built 2-D hydraulic model of Paglia river will be used in order to 

perform three different breach scenarios. These scenarios will be chosen accordingly in order to 

represent the associated flood risk, resulting from the estimated PoF from each model. 

More detailed explanation of the methodology used in this thesis will follow in the next sub-chapters. 

2.1 Literature Review 

This thesis is based on validated piping and seepage models; therefore, the literature review was a big 

part of the thesis methodology. The purpose of reviewing previous work was to identify the most 

commonly and widely used piping and seepage models that would be used to describe the tree models 

of different complexity. 

2.1.1 Critical hydraulic gradient (resistance equation) 

In general, there have been developed numerous of mathematical expressions to describe piping. 

Followingly, the evolution of the equations developed to describe piping are being represented in 

historical order. 

Bligh (1910) & Lane (1935) 

Bligh (1910) was the first approach for accounting for piping under earth dams and weirs. Bligh’s 

(1910) theory supported that percolated water creeps, leading to head loss, that can be described as a 

proportion of the length of the flow path, the so-called creep length. His theory was based on studies 

of such structures in India. 

The proposed equation estimates the critical hydraulic gradient as follows (Mazzoleni, et al., 2017): 

𝑖𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 =
𝐻𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙

𝐿𝑠

=
1

𝐶𝐵,𝑐𝑟𝑒𝑒𝑝

(1) 

where: 

• Ls: total seepage (creep) length [m] 

• CB,creep: Bligh’s creep coefficient [-] 

The Bligh’s creep coefficient is actually a coefficient related to water percolation and is depending on 

the soil type.  

Bligh’s (1910) equations was until recently used for accounting for piping (Vrijling, 2001; Vorogushyn, 

et al., 2009), but later studies showed that it actually underestimated the situation of piping leading 

to failure of structures (Vrijling, et al., 2011). 

Lane followed Bligh ‘s footsteps and after an investigation of around 200 dams he proposed a new 

rule in 1935 for the estimation of the critical hydraulic gradient. So, the critical hydraulic gradient 

according to Lane (1935) is given by: 
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𝑖𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 =
𝐻𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙

𝐿𝑠,𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 +
1
3

𝐿𝑠,ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙

=
1

𝐶𝐿,𝑐𝑟𝑒𝑒𝑝

(2) 

where: 

• Ls, vertical: vertical seepage length [m] 

• Ls, horizontal: horizontal seepage length [m] 

• CL, creep: Lane’s creep coefficient [-] 

Lane also proposed standardised values of the creep coefficient for different soil types. Bligh’s and 

Lane’s proposed values are shown in Table 1. 

Table 1. Lane’s proposed creep coefficient values for different types of soil (Lane, 1935). 

Soil type Bligh’s Creep Coefficient, CB,creep Lane’s Creep Coefficient, CL,creep 

fine silty sand 18 8.5 

moderate fine sand 15 7 

coarse sand 12 5 

fine gravel 9 4 

course gravel 4 3 

Khilar et al. (1985) 

Khilar et al. (1985) proposed a more advanced empirical rule for calculating the critical (pressure) 

gradient based on experiments conducted by Khilar & Fogler (1983). The expression that describes 

the critical gradient incorporates the critical shear stress and the intrinsic permeability and is shown 

below: 

𝑖𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 =
∆𝑃

∆𝐿
=

𝜏𝑐

2.828
∙ √

𝑛𝑜

𝑘𝑖,𝑜

(3) 

• τc: critical shear stress [dynes/cm2] 

• no: initial soil porosity [-] 

• ki,o: initial intrinsic permeability [m2] 

Sellmeijer (1988) 

Sellmeijer, as part of his doctoral dissertation work, proposed a theoretical equation for accounting 

for the critical hydraulic gradient. The equation is as follows (Sellmeijer, 1988): 

𝑖𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 =
∆𝐻

∆𝐿
=  

𝛾𝑝
′

𝛾𝑤

∙ tan(𝜃) ∙ 𝑐 ∙ (1 − 0.65 ∙ 𝑐0.42) (4𝑎) 

𝑎𝑛𝑑   𝑐 =
√

2𝑑3

𝑘𝑖 ∙ 𝐿
3

 

𝐶𝑑𝑟𝑎𝑔

(4𝑏)
 

where: 
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• γ’p: submerged unit weight of the particles [N/m3] 

• γwater: unit weight of water [N/m3] 

• θ: bedding (friction) angle [deg] 

• d: particle diameter (d65 to d75) [m] 

• ki: intrinsic permeability [m2] 

• Cdrag: drag factor [-] 

Sellmeijer & Koenders (1991) 

In 1991 Sellmeijer and Koenders developed a mathematical model for piping, which was actually a 

revised approach of previous expression. This approach resulted from several experimental works 

and had as an aim to describe more accurately the physical processes that lead to piping, including 

groundwater flow, sand boil formations, as well as the critical conditions behind the levee. 

The new equation is given below: 

𝑖𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 =
∆𝐻

𝐿
=  

𝛾𝑝
′

𝛾𝑤

∙ tan(𝜃) ∙ 𝑐 ∙ (1 − 0.65 ∙ 𝑐0.42) (5𝑎) 

𝑎𝑛𝑑   𝑐 =
1

4
∙ 𝜋 ∙ 𝜂 ∙ √

𝑑3

𝑘𝑖 ∙
1
2 𝐿

3
 (5𝑏) 

where: 

• γ’p: submerged unit weight of the particles [N/m3] 

• γwater: unit weight of water [N/m3] 

• θ: bedding (friction) angle [deg] 

• d: particle diameter (d65 to d75) [m] 

• ki: intrinsic permeability [m2] 

• η: White’s coefficient [-] 

Weijers & Sellmeijer (1993) 

Further investigation on the piping mechanism led Weijers and Sellmeijer to revise the method 

proposed in 1991 to the one below: 

𝑖𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 =
∆𝐻

𝐿
=  𝐹𝐺 ∙ 𝐹𝑅 ∙ 𝐹𝑆 ∙ (0.68 − 0.1 ∙ ln(𝐹𝑆)) (6𝑎) 

and 

𝐹𝐺 = (
𝐷𝑠𝑎𝑛𝑑

𝐿
)

0.28

(
𝐷𝑠𝑎𝑛𝑑

𝐿
)

2.8
−1 (6𝑏) 

𝐹𝑆 = 𝜂 ∙ √
𝑑3

𝑘𝑖 ∙ 𝐿

3

 (6𝑐) 
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𝐹𝑅 =
𝛾𝑝

′

𝛾𝑤

∙ tan(𝜃) (6𝑑) 

Weijers and Sellmeijer (1993) approach has been extensively used not only in research works, such 

as in Vorogushyn et al. (2009), but also in flood assessment practices (Deltares, 2012; Allsop, et al., 

2007; Vrouwenvelder, et al., 2010). 

Terzaghi et al. (1996) 

Terzaghi et al. (1996) also proposed a rather simple mathematical expression, that is also being used 

in safety assessments, such as in the case of reservoir embankments in Dubrava, Croatia (Skopal, et 

al., 2017) and scientific works to investigating piping (i.e. Fleshman & Rice (2014)). It relates the 

critical hydraulic gradient to the fraction of the submerged unit weight of the soil over the unit weight 

of the water. 

𝑖𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 =
𝛾𝑠𝑜𝑖𝑙

′

𝛾𝑤𝑎𝑡𝑒𝑟

(7) 

where: 

• γ’soil: submerged unit weight of the soil [N/m3] 

• γwater: unit weight of water [N/m3] 

Sellmeijer et al. (2011) 

In 2011, Sellmeijer et al. proposed a revised version of the Weijers and Sellmeijer (1993) methodology 

for the consideration of the piping failure mechanism. The revision came from an extended 

experimental work on small-, medium- and large-scale cases, that were in detail explained in van Beek 

et al. (2011) paper. The small-scale experiments performed on nine different sandy soils had the aim 

to identify the parameters that play a significant role on the physical processes that govern piping, 

while the medium- and large-scale experiments were performed with the aim of validating the former 

results. 

𝑖𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 =
∆𝐻

𝐿
=  𝐹𝐺 ∙ 𝐹𝑅 ∙ 𝐹𝑆 (8𝑎) 

and 

𝐹𝑅 = 𝜂 ∙
𝛾𝑝

𝛾𝑤

∙ 𝑡𝑎𝑛(𝜃) ∙ (
𝑅𝐷

𝑅𝐷𝑚

)
0.35

∙ (
𝑈

𝑈𝑚

)
0.13

∙ (
𝐾𝐴𝑆

𝐾𝐴𝑆𝑚

)
−0.02

(8𝑏) 

𝐹𝑆 =
𝑑70

√𝑘𝑖 ∙ 𝐿3
∙ (

𝑑70𝑚

𝑑70

)

0.6

(8𝑐) 

𝐹𝐺 = 0.91 (
𝐷𝑠𝑎𝑛𝑑

𝐿
)

0.28

(
𝐷𝑠𝑎𝑛𝑑

𝐿
)

2.8
−1

+0.04

(8𝑑) 

Sellmeijer et al. (2011) model in the form that is used officially in Netherlands for flood risk 

assessment (Deltares, 2012) was used in this study for representing the complex model when 

accounting for piping. The reason is that this model is the latest model, established and validated in 
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further studies, such as in van Beek et al. (2015) experimental work. Explanation follows in the next 

sub-sections of this chapter. 

Mazzoleni et al. (2015) 

Mazzoleni et al. in 2015 proposed a simple expression for accounting for piping. The critical hydraulic 

gradient was expressed as a function of only porosity, by making assumptions and simplification of 

the Khilar et al. (1985) method describe before. 

𝑖𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 = (
∆𝐻

𝐿
)

𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙
= 0.237

1 − 𝑛

𝑛
(9) 

This expression was set to test in a real-case study in Italy. In this study it was chosen to represent the 

simple model, with a small difference. Instead of 0.237 the number used was 0.242, which is actually 

obtained by following Mazzoleni et al. (2015) methodology and re-calculating the values. This 

methodology was tested in another Italian river, Po river, and validated as it produced good 

representations of the historical levee breaching events in the area (Mazzoleni, et al., 2015). 

2.1.2 Explicitly time-dependent models 

Vorogushyn et al. (2009) 

Vorogushyn et al. (2009) was the first approach to explicitly consider time in the calculation of the 

probability of failure due to piping and micro-instability. Furthermore, it was the first approach 

calculating the probability of failure by taking into consideration the interdependence of the different 

failure processes that lead to the final failure of the structure. 

Vorogushyn et al. (2009) stated that final structure failure due to piping results after some conditions 

are fulfilled, when considering a typical case of a levee on top of a confined aquifer (as in case of Paglia 

river). These were the rapture of the upper clay layer, the under-seepage, the pipe development and 

the piping as a result of a critical hydraulic gradient. This methodology was performed in a MC 

framework and time was explicitly considered for the probability of failure due to pipe development 

and due to seepage. The final probability of failure was calculated by the probability multiplication 

rule that applies to interdependent events. 

This approach has been successfully set to test in later studies conducted by Vorogushyn et al. (2010), 

Vorogushyn et al. (2012) and Tyagunov et al. (2018). The complex model in this study was based on 

this approach for calculating the combined probability of failure of the interdependent phenomena, 

seepage and piping. 

Buijs et al. (2009) 

Buijs et al. (2009) proposed a theoretical time-dependent model for reliability analysis flood defense 

systems, including under-seepage. The concept behind Buijs et al. (2009) methodology to describe 

time-dependent seepage lies on the idea that seepage length L is getting smaller over time due to the 

water-conductive soil layer underneath the levee. Hence, the seepage length at time, ti+1, is equal to 

the seepage at time ti minus the difference in seepage length, ΔLi. The equations are given below: 

𝐿𝑖+1 = 𝐿𝑖 − ∆𝐿𝑖 (10𝑎) 
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and 

∆𝐿𝑖 = 𝑐 ∙ 𝐾 ∙
∆ℎ

𝐿𝑖

𝑡𝑠𝑡𝑜𝑟𝑚 (10𝑏) 

where: 

• c: coefficient [-] 

• K: permeability [m/s] 

• tstorm: storm duration [s] 

• Δh: difference in the hydraulic head [m] 

Although, this is a great step into the time-dependent reliability analysis, more research should be 

done to validate this method. 

Wang et al. (2014) 

In 2014, Wang et al. developed also a model that was explicitly considering time. According to Wang 

et al. (2014) the sediments are transported, while the pipe formation progresses. Then, the length, 

ΔL, of pipe progression for a certain finite time, Δt, is given by the following equation (Wang, et al., 

2014): 

∆𝐿 =
𝐸𝑠

𝑃𝑓 ∙ (1 − 𝑛)
∆𝑡 (11𝑎) 

and 

𝐸𝑠 = 𝐾2(𝜏 − 𝜏𝑐) = 𝐾3(𝑢 − 𝑢𝑐) (11𝑏) 

where: 

• Es: erosion rate [m/s] 

• Pf : portion of the erodible particles [-] 

• n: porosity [-] 

• K2, K3: erosion coefficients (K2 =0.027–0.65, K3 =0.3) [-] 

• τ: seepage shear stress [N/m2] 

• τc: critical seepage shear stress [N/m2] 

• u: seepage velocity [m/s] 

• uc: critical seepage velocity [m/s] 

Chen & Mehrabani (2019) 

Chen & Mehrabani proposed also a time-dependent model for accounting for piping. That model was 

actually a combination of the Weijers & Sellmeijer (1993) piping equation and Buijs et al. (2009) 

seepage length. More specifically, Chen and Mehrabani (2019) set the length of piping in Weijers & 

Sellmeijer (1993) equation equal to the length of the time-varying seepage length calculated by Buijs 

et al. (2009). 
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2.2 Paglia River, Central Italy 

2.2.1 General information 

One of the methods used in this master thesis was the selection of a case study, in order to have a 

more detailed insight with specified data and information. The area that was chosen as a case study 

is Paglia river and its floodplains, located in Central Italy. Paglia river is the resulting water body from 

the confluence of Pagliola and Vascio rivers, as well as a tributary to Tibern (Tevere) river (Cencetti, 

et al., 2017). It has an extent of approximately 49 km in total, from its formation point in the foot of 

Mountain Amiata at about 1000 m a.s.l. in Tuscany till its connection with Tibern (Tevere) river, 8 

km south of Orvieto and at about 100 m a.s.l. (Cencetti, et al., 2017). The entire basin of Paglia river 

covers an area of about 1320 km2 (Cencetti, et al., 2017), with average altitude of 809 m a.s.l. and a 

drainage density of 1.37 km/km2 (Bagnini, et al., 2005) and is depicted in Figure 3. 

 

Figure 3. Paglia river basin. Paglia river is shown in blue, from the confluence of the Pagliola and Vascio creeks 

to the outlet at Tiber (Tevere) river (Cencetti, et al., 2017). 

A river reach of ~4.5 km long was chosen for a more detailed study, located in the Municipality of 

Orvieto, Province of Terni, south-western Umbria region (Figure 4). At the left bank of the river reach 

one can find Ciconia city, while on the right bank Orvieto Scalo city. In that area and in 2015 begun 

detailed geotechnical investigations to characterize the area. The investigations lasted until 2016, 

which was the year when the construction works of the new levee system were finished (Comune di 

Orvieto, 2016).  

The purpose of the construction of the levee system is the protection of the existing urban areas from 

extreme flood events. The initiative of building a new levee system was taken by the Italian authorities, 

in order to enhance the current flood protection system, after the civil and environmental damages 

caused by the flood event occurred in November 2012 (Pattelli, et al., 2014; Comune di Orvieto, 2017). 

Therefore, the dimensioning and construction of the levee system is based on the protection of the 

areas against the 200-year flood (Consorzio di Bonifica, 2013; Comune di Orvieto, 2016; Comune di 

Orvieto, 2017). 
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Therefore, the rationale behind the choice of the study area lies on the existence of detailed 

geometrical and geotechnical data, that were freely and kindly provided for the shake of this study. 

These data are of outmost importance, since they are the main parameters needed to correctly assess 

the stability or the probability of failure of a levee. Also, the flood protection system is newly built and 

hence not yet eroded. 

 

Figure 4. Satellite image of the study area from Google maps. The blue line represents Paglia river, while the 

purple lines show the levee system under investigation. 

2.2.2 Meteorological and hydrological characteristics 

Generally, the area of Umbria region has a Mediterranean climate (Regione Umbria, 2014). The 

average precipitation is approximately 1000 mm, mainly precipitated during the autumn and winter 

seasons, while the average annual temperature in the region is 11 °C (Regione Umbria, 2014). 

Furthermore, historical data and surveys in the region has shown that the area is prone to flooding, 

with more than 100 flood events being recorded in the previous century (Regione Umbria, 2014). 

Regarding the study area, the historic hydrological and meteorological characteristics are being 

summarized and presented shortly in the following paragraph, while the relative figures are presented 

in Appendix IV in this report. 

From the historical hydrographs in the area, the discharge in the Paglia river at the measurement 

point in Orvieto Scalo has drastically increased since 2003, when the first extreme event was 

captured. Since the hydrographs are showing mean monthly measurement, that leads to the 

conclusion that the frequency of occurrence of extreme events in the area has increased (Cencetti, et 

al., 2017). This rise cannot be directly related to a rise in precipitation, since a declining trend has 

been noticed, at least until year 2000, and the recent data are not sufficient enough to give a clear 

view of the situation after. Furthermore, the data from the hydrographs (see Appendix IV) result from 

the entire water basin response to a hydrological event and cannot be justified from only point data 

from one meteorological station. Regarding temperatures in the study area, there is a slight rise in the 

maximum and minimum values. More specifically, the values of the maximum, minimum and average 

annual temperature are ~20°C, ~9°C and ~14 °C, respectively. 
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Flood events 

Regarding the region of Umbria, there have been recorded 10 extreme flood events during the period 

from 2005 until present. From these events, the ones that affected the study area are 4 events that 

occurred in 2008, 2010 and 2012. The later was the most catastrophic ever occurred in the area. It 

resembled a flood return period between 100 and 200 years (Brigante, et al., 2017) and was reported 

that had resulted to a precipitation of 307 mm over 72 hours (259,200 seconds) (Constantini, et al., 

2012), namely to a storm intensity of 4.26 mm/hr. 

Table 2 shows the hydrological data measured in 3 stations located within the study area. The 

locations of the 3 stations are shown in Figure 5. 

Table 2. Cumulative precipitation measured at the meteorological stations in Allerona, Orvieto and Orvieto 

Scalo during the extreme events occurred in the study area, as wells as water levels and maximum discharges 

measured at the Orvieto Scalo gauging station (Berni, et al., 2009; Berni, et al., 2010; Constantini, et al., 

2011; Constantini, et al., 2012). 

Station Year Month 
Cumulative Precipitation (mm) 

Q max (m3/s) H (m) 
Total Average 

Allerona 

2008 December 215.2 234.5 - - 

2010 January 81.8* 180 - - 

2010 November 211.3 195.1 - - 

2012 November 307 285 - - 

Orvieto 

2008 December 251.2 - - - 

2010 January 137.4 - - - 

2010 November 183.3 - - - 

2012 November 228 - - - 

Orvieto 

Scalo 

2008 December 217 216.1 377.8 5.09 

2010 January 126.6 163.5 735.9 6.98 

2010 November 181.9 184.1 946.9 7.88 

2012 November 193 268 >2200 9.68 
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Figure 5. Locations of the meteorological stations of Allerona, Orvieto and Orvieto Scalo. 

Figure 6 represents an aerial photo taken during the flood event in November 2012 and depicts the 

flood inundation and flooded areas at Orvieto Scalo and Ciconia cities. 

 

Figure 6. Aerial photo of the Paglia river at Orvieto Scalo city, capturing the flood event at around 13.00, 

November 2012 (Constantini, et al., 2012). 

Finally, the measurements taken during the flood event of 2012 from several gauging stations located 

in the entire Paglia river basin were used to set-up and calibrate the hydraulic model that was 

developed for the study of Paglia river. 

2.2.3 Geological, hydrogeological and geotechnical characteristics 

Geology and hydrogeology 

In general, the Paglia river basin is located on top of bedrock that is of variable composition and 

origin. The origin is either of sedimentary rocks (northern part of basin) or volcanic rocks (southern 

Ciconia Orvieto 

 Scalo 



 

16 

part of basin) (Cencetti, et al., 2017; Bagnini, et al., 2005; Brigante, et al., 2017). The volcanic rocks 

are permeable and thus, identified as aquifers, while the sedimentary rocks are of low permeability 

(Bagnini, et al., 2005; Cencetti, et al., 2017). More specifically, one can distinguish four main 

geological complexes in the study area: the complex of debris deposits, the complex of lava and 

pyroclastites, the complex of alluvial and fluvio-lacustrine deposits and the marl-arenaceous complex. 

For detailed information about the study area, the geological and hydrogeological maps of the area 

are presented in Appendix II of this report with a short description. These maps were acquired by the 

UmbriaGeo web portal that is developed and managed by SIAT. 

Due to the geological and geomorphological conditions, some locations within the area are prone to 

slope instability. These locations are often characterized by narrow valleys crossed by watercourses 

with important flows and by reliefs with steep slopes occurring on stratified rocks, dip slopes, or on 

land with poor geotechnical characteristics. As a result, landslide events in the region are often 

reported. According to a report conducted by Umbria Region, there have been reported over 47,000 

landslides, covering a total area of about 700 km2 (8.4% of the regional territory) (Regione Umbria, 

2014). The study area is located at the Orvieto Municipality and is characterized by medium to high 

landslide risk. 

Geotechnics 

Field measurements and laboratory tests were conducted to characterize the area with respect to the 

geotechnical conditions. The results from these tests are presented in the form of tables in Appendix 

III in this report. In the same appendix a figure showing the locations of the measurements is also 

included. In general, the area is characterized of fine-grained material, as it can be confirmed from 

the sieve tests and the geological and hydrogeological maps in the area. More specifically, the sieve 

analysis resulted to an average value of 95.85%, 92.45% and 87.675% of the soil material being smaller 

than 2 mm, 0.4 mm and 0.075 mm, respectively. Moreover, according to the soil tests and the 

resulting soil classification, the soils are mainly falling in the category CL and some in the categories 

CH and CL-ML. The plasticity chart corresponding to the results in the study area is given in Figure 

7 below. 

 

Figure 7. Plasticity chart from the Active Standard ASTM D2487 for unified soil classification of fine soils 

with measurements from the study area. The chart was obtained from the Engineering Geology book (Bell, 

2007) and reproduced with field measurements from the study area. 

An explanation of the soil classification into the categories CL, CH and ML stated before is given below 

in Table 3. 
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Table 3. Unified soil classification (Terzaghi, et al., 1996; Bell, 2007). 

Type of soil Dry 

strength 

Dilatancy Toughness Group 

symbol 

Description 

Silts and 

clays (LL < 

50%) 

None to 

slight 

Quick to 

slow 

None ML Inorganic silts and very fine sands, 

rock flour, silty or clayey fine sands 

with slight plasticity. 

Medium to 

high 

None to 

very slow 

Medium CL Inorganic clays of low to medium 

plasticity, gravelly clays, sandy clays, 

silty clays, lean clays. 

Silts and 

clays (LL > 

50%) 

High to 

very high 

None High CH Inorganic clays of high plasticity, fat 

clays. 

Finally, regarding the hydraulic conductivity in the area, the Lefranc in-situ tests performed in the 

area identified low permeability top soil and bottom soil layers, that are mainly consisted of silt and 

clay, and a medium to high permeability medium layer that is mainly consisted of fine silty sand. 

2.2.4 Levee system 

The new levee system was constructed to protect the urban areas of Ciconia and Orvieto Scalo, that 

are more prone to flood risk, since they are located close to the banks of Paglia river. Its design and 

construction were based on the 200-year flood. The general geometrical characteristics of the levee 

system are mentioned below. 

 

Figure 8. General geometry of the new levee system in Paglia river. 

As it can be noticed in Figure 8, the levee is homogeneous levee, meaning that the core of the levee is 

constructed by the same material with same geotechnical characteristics. In the outer toe of the levee 

(land side) a drainage is constructed to control seepage. The levee width was not included in the levee 

design sketch and since it is important in the FC calculations, it was calculated by the following 

equation (Brandimarte, 2017). 
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𝐿𝑙𝑒𝑣𝑒𝑒 = 𝑏𝑐𝑟𝑒𝑠𝑡 + (𝑛𝑖𝑛 + 𝑛𝑜𝑢𝑡) ∙ 𝐻𝑐𝑟𝑒𝑠𝑡 (12) 

where: 

• Llevee: width of the levee [m] 

• bcrest: width of the crest of the levee [m] 

• nin: inner slope of the levee [-] 

• nout: outer slope of the levee [-] 

• Hcrest: height of the levee’s crest [m] 

The following table (Table 4) shows the values of the geometric parameters of the constructed levee 

system in Paglia river. 

Table 4: Geometrical data of the levee system in Paglia river. 

Parameter Symbol Units Value 

width of the levee Llevee meters 11.9 – 12.8 

width of the crest bcrest meters 3.5 

inner slope nin - 3/2 

outer slope nout - 3/2 

height of the levee’s crest Hcrest meters 2.8 – 3.1 

2.2.5 Data 

All the data used in this study are summarized and given in the next table, with a short explanation 

of the method of acquisition and use in this study. Detailed information is given in other subchapters 

included in this report, as well as in the Appendices in the end. 

Table 5. Summary of data used in this study. 

Type of data Method of 

acquisition 

Year of 

acquisition 

Use 

Soil strength Vane test 2015 Calculation of the shear stress (use in 

medium-complexity model). Pocket penetrometer 

test 

2015 

CD soil test 2015 

Soil characteristics Laboratory tests 2015 Use in all models. 

Granulometry Laboratory sieve 

analysis 

2015 Calculation of particle diameter (use in 

complex and medium-complexity 

models). 

Hydraulic permeability Lefranc test 2015 Use in complex model. 

Cross-sectional data Bathymetry 

measurements 

2015 River and floodplains geometry (use in 

hydraulic modelling). 

DEM (TDM) Lidar 2014 River and floodplains geometry (use in 

hydraulic modelling). 

Levee geometry Design in accordance 

to 200-year flood 

2015 Calculation of the length of the levee (use 

in all models). 
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Type of data Method of 

acquisition 

Year of 

acquisition 

Use 

River flow Gauging station 

measurements 

2012 Boundary conditions and calibration of 

the hydraulic model. 

The sieve analysis performed in soil samples taken from the study area were not sufficient in order to 

identified specific grain-size diameters, such as the d50 and d70. Therefore, assumptions on the grain-

size distribution had to be made in order to accomplish the numerical modelling. These are 

summarized in Table 6. 

Table 6. Assumed grain-size distribution of the soil samples in the area for the numerical modelling. 

Particle diameter Units Value / Range 

d90 [m] 0.000075 

d70 [m] 0.00005 – 0.00004 

d60 [m] 0.000045 

d50 [m] 0.00004 – 0.00003 

d10 [m] 0.0000075 

2.3 Breach Modelling 

The breach modelling was performed in a probabilistic MC framework to acquire the FCs. As 

explained before in previous chapters, a FC is a graph that displays the PoF over a certain load, in this 

case the water level or the hydraulic gradient, depending on the method in hand. In order for a 

structure to fail, the load acting upon must exceed its structural strength or bearing capacity. These 

two parameters are usually described as load and resistance equations (REs), respectively. The 

general mathematical form is given below (Vorogushyn, et al., 2009; Vorogushyn, et al., 2010; 

Mazzoleni, et al., 2015): 

𝐿𝑆𝐸 = 𝑅𝐸 − 𝐿𝐸 (13) 

The RE is a function of xn random (stochastic) or deterministic variables that describe the geometrical 

and geotechnical characteristics of the structure, while the load is considered to be the hydrodynamic 

forces applied on the structure and often described by either the hydraulic gradient or the hydraulic 

head. Therefore, the previous equation can be written as follows: 

𝐿𝑆𝐸(𝑥1, 𝑥2, … . , 𝑥𝑛 , 𝛥𝐻) = 𝑅𝐸(𝑥1, 𝑥2, … . , 𝑥𝑛) − 𝛥𝐻 (14) 

The structure is considered to fail when the LE is greater than or equal to the RE. The probability of 

failure was calculated based on the Monte Carlo (MC) simulation. The MC simulation is a probabilistic 

method that uses random variables to produce results, in this case the probability of structure failure. 

The probability of failure according to the MC is given by the following equation (Steenbergen, et al., 

2004; Vorogushyn, et al., 2009; Mazzoleni, et al., 2015; Buijs, et al., 2009): 

𝑃𝑓 =
1

𝑁
∑ 𝑁(𝐿𝑆𝐸(𝑥1, 𝑥2, … , 𝑥𝑛) ≤ 0)

𝑁

𝑖=1

=
𝑁𝑓

𝑁
(15) 

where: 
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• Nf: number of failures (number of times where LSE≤0) [-] 

• N: total number of simulations (in this study 104 simulation were performed) [-] 

In other words, the resulting PoF by the MC simulation is the mean value of the number of times that 

the structure failed over a certain water level (or hydraulic gradient). The LSE and RE equations are 

different for each of the three models used in this study. The variables used in each of them and their 

type (random or deterministic) are summarized in Table 7. 

Table 7. Summary of the input parameters that were used to derive the FCs. 

Parameter Symbol 

[Units] 

Type Mean Range PDF Model 

min max 

Air-filled 

porosity 

nair [-] Random 0.1935 0.168 0.219 Uniform Complex 

Porosity n [-] Random 0.3635 0.304 0.423 Uniform Medium-

complexity, 

Simple 

Viscosity of 

water  

(0°C - 10°C) 

v 

[mm2/s] 

Random 1.5495  1.307 1.792 Uniform Complex, 

Medium-

complexity 

Unit weight 

of water 

(0°C -10°C) 

γw 

[N/m3] 

Random 9805.5 9804 9807 Uniform Complex, 

Medium-

complexity 

Unit weight 

of soil 

particles 

γp or 

γsoil 

[N/m3] 

Random 26759.5 26419 27100 Uniform Complex, 

Medium-

complexity 

Friction 

angle 

φ [deg] Random 29 24 34 Uniform Complex 

Hydraulic 

conductivity 

of permeable 

layer 

K [m/s] Random 0.000792 0.000084 0.0015 Uniform Complex, 

Medium-

complexity 

Levee width L [m] Random 13.45 11.9 15 Uniform All 

Thickness of 

impermeable 

layer 

Dclay [m] Deterministic 3 - - Constant Complex 

Thickness of 

permeable 

layer 

Dsand 

[m] 

Deterministic 2.5 - - Constant Complex 

Particle 

diameter 

(70% – 50%)  

d [mm] Random 0.04 0.03 0.05 Uniform Medium-

complexity 

Particle 

diameter 

(70%) 

d70 

[mm] 

Random 0.045 0.04 0.05 Uniform Complex 

Mean 

particle 

diameter 

(70%) 

d70m 

[mm] 

Deterministic 0.208 - - Constant Complex 
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Parameter Symbol 

[Units] 

Type Mean Range PDF Model 

min max 

Particle 

diameter 

(50% 

d50 

[mm] 

Random 0.035 0.04 0.03 Uniform Medium-

complexity 

Shields 

critical 

parameter 

ϑcritical  

[-] 

Random 0.1675 0.145 0.19 Uniform Medium-

complexity 

Relative 

density 

RD [-] Deterministic 0.8866 - - Constant Complex 

Mean 

relative 

density 

RDm [-] Deterministic 0.725 - - Constant Complex 

White’s drag 

coefficient 

η [-] Random 0.325 0.25 0.4 Uniform Complex 

Gravitational 

acceleration 

g [m/s2] Deterministic 9.81 - - Constant Complex, 

Medium-

complexity 

Storm 

duration 

T [sec] Deterministic 100,000   Constant Medium 

complexity 

Most of the values of the parameters were chosen with respect to the field and laboratory 

measurements done in the area, or the design parameters and varied between the minimum and 

maximum values that resulted from them. These parameters were the: porosity, levee width, 

densities, relative density, unit weight of particles, thickness of permeable and impermeable layers at 

the foundation of the levee. At this point it is necessary to mention that in this study and for both 

permeable and impermeable thickness layers the first approach was to set them as random variables. 

But since the random variation of the thicknesses induced considerable scatter to the model and the 

resulting PoF, it was in the end decided to set these parameters as deterministic variables. This issue 

was also addressed by Vorogushyn et al. (2009). Also, since the flooding periods in Paglia river basin 

occur during spring and autumn, it was considered reasonable to set all the parameters that are 

related to the properties of the water (density, viscosity, etc.) within a range of values that correspond 

to water properties between 0 to 10 Celsius degrees. The parameters that were not provided by the 

field measurements, were defined either by equations found in the literature or by reasonable 

assumption. Information about them are given in the following sections, were the equations for each 

of the models used in this study are described in detail. 

The tool used in this study for the computation of the PoF and the production of the FCs was MATLAB. 

MATLAB is a mathematical computing software developed by MathWorks. It uses programming 

language with a goal to perform iterative analysis. It contains a lot of built-in functions and allows 

matrix and array computations. (MATLAB, 2019) 

2.3.1 Complex model 

In this model, the methodology that was selected and used is the one proposed by Vorogushyn et al. 

(2009). This approach took into consideration multiple mechanisms before the final breakdown of 

the levee foundation due to piping and was the first approach that tried to simulate in a probabilistic 

framework the interaction between failure mechanism. Vorogushyn et al. (2009) considered four 

different interdependent mechanisms, but in this study only two of them were included, seepage and 

piping. 
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Consequently, the complex model is consisted of two LSEs, one for piping and one for seepage. The 

PoF is the overall PoF that corresponds to the combined probability of the two interdependent failure 

mechanisms, seepage and piping. The combined probability is calculated by the multiplication rule 

and the mathematical expression is given below (Vorogushyn, et al., 2009): 

𝑃𝑓,𝑡𝑜𝑡 = 𝑃𝑓,𝑠𝑒𝑒𝑝𝑎𝑔𝑒 ∙ 𝑃𝑓,𝑝𝑖𝑝𝑖𝑛𝑔 (16) 

The LSE for the piping used in this study, on the contrary to the other two models, is defined by 11 

variables. These are the difference in hydraulic head, the thicknesses of the permeable and 

impermeable layers at the foundation of the levee, the particle diameter, the friction angle, the levee 

width, the intrinsic permeability, the relative density, the unit weights of the soil and water, as well as 

the White’s drag coefficient. On the other hand, the LSE for seepage is defined by 6 variables, the 

hydraulic head, the thicknesses of the permeable and impermeable layers, the permeability, the width 

of the levee and the air-filled porosity. 

LSE for piping 

For the complex model the failure due to piping was considered when the hydraulic head was 

exceeding the critical hydraulic head. The LSE equation for the complex model is formulated as 

(Allsop, et al., 2007): 

𝐿𝑆𝐸𝑝𝑖𝑝𝑖𝑛𝑔 = 𝐻𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 − ∆𝐻 (17a) 

∆𝐻 = 𝐻 − 0.3 ∙ 𝐷𝑐𝑙𝑎𝑦 (17b) 

Consequently: 

𝐿𝑆𝐸𝑝𝑖𝑝𝑖𝑛𝑔 = 𝐻𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 − (𝐻(𝑡) − 0.3 ∙ 𝐷𝑐𝑙𝑎𝑦) (18) 

where: 

• H: time-dependent hydraulic head (water level in the river) [m] 

• Dclay: thickness of impermeable permeability layer [m] 

• Hcritical: critical hydraulic head [m] 

For the mathematical description of the resistance of the levee foundation towards piping, the 

Sellmeijer et al. (2011) approach is used, which is actually the revised equation of the Sellmeijer’s first 

mathematical approach on piping (Sellmeijer, 1988). This approach is validated and widely accepted 

for levee stability assessment. The mathematical expression is as follows: 

𝐻𝑐𝑟𝑖𝑡

𝐿
= 𝐹𝑅 ∙ 𝐹𝑆 ∙ 𝐹𝐺 (19) 

or 

𝐻𝑐𝑟𝑖𝑡 = 𝐹𝑅 ∙ 𝐹𝑆 ∙ 𝐹𝐺 ∙ 𝐿 (20) 

where: 

• FR: factor representing resistance to rolling 
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• Fs: factor representing the scale properties 

• FG: geometric factor 

The factors that describe critical gradient are given by the following equations (Sellmeijer, et al., 

2011): 

𝐹𝑅 = 𝜂 ∙
𝛾𝑝

𝛾𝑤

∙ 𝑡𝑎𝑛(𝜃) ∙ (
𝑅𝐷

𝑅𝐷𝑚

)
0.35

∙ (
𝑈

𝑈𝑚

)
0.13

∙ (
𝐾𝐴𝑆

𝐾𝐴𝑆𝑚

)
−0.02

(21) 

𝐹𝑆 =
𝑑70

√𝑘𝑖 ∙ 𝐿3
∙ (

𝑑70𝑚

𝑑70

)

0.6

(22) 

𝐹𝐺 = 0.91 (
𝐷𝑠𝑎𝑛𝑑

𝐿
)

0.28

(
𝐷𝑠𝑎𝑛𝑑

𝐿
)

2.8
−1

+0.04

(23) 

where: 

• Dsand: thickness of the permeable layer [m] 

• L: seepage length (equated to the levee width) [m] 

• γp: unit weight of soil particles [N/m3] 

• γw: unit weight of water [N/m3] 

• θ: friction angle [deg] 

• η: Whites constant (=0.25 – 0.4 (White, 1940; Vorogushyn, et al., 2009)) [-] 

• d70: particle diameter of 70% of the soil particles [m] 

• d70,m: mean particle diameter of 70% of the soil particles (= 0.000208 

(Sellmeijer, et al., 2011)) [m] 

• ki: intrinsic permeability [m2] 

• RD: relative density [-] 

• RDm: mean value for the relative density (=0.725 (Sellmeijer, et al., 2011)) [-] 

• U: uniformity [-] 

• Um: mean value for uniformity (=1.81 (Sellmeijer, et al., 2011)) [-] 

• KAS: roundness of the particles (angularity) [-] 

• KASm: mean value for the angularity (=0.498 (Sellmeijer, et al., 2011)) [-] 

The relative density was defined by the laboratory test performed in the area. At the same time, the 

roundness of particles and the uniformity were excluded from the equation, since there would have 

been a need to assume values that could induce additional error to the outcoming result. In addition, 

the U and KAS parameters caused scatter to the experimental work done by Sellemijer et al. (2011) 

and their effect on piping is still of question (Sellmeijer, et al., 2011). Finally, the method which is 

validated and officially used in Netherlands for flood risk assessment and management (Deltares, 

2012) excludes also these two parameters (U, KAS). So, the final equations describing the three factors 

in the resistance equation (RE), that were used in the complex model for backward erosion are given 

below: 

𝐹𝑆 =
𝑑70

√𝑘𝑖 ∙ 𝐿3
∙ (

𝑑70𝑚

𝑑70

)

0.6

(24) 

𝐹𝐺 = 0.91 (
𝐷𝑠𝑎𝑛𝑑

𝐿
)

0.28

(
𝐷𝑠𝑎𝑛𝑑

𝐿
)

2.8
−1

+0.04

(25) 
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𝐹𝑅 = 𝜂 ∙
𝛾𝑝

𝛾𝑤

∙ 𝑡𝑎𝑛(𝜃) ∙ (
𝑅𝐷

𝑅𝐷𝑚

)
0.35

(26) 

LSE for seepage: 

Failure due to seepage was considered, conservatively, when the seepage length was exceeding the 

length of the levee foundation. Additionally, only seepage in the x-direction was considered 

(horizontal seepage). Therefore, the LSE for seepage is formulated as follows: 

𝐿𝑆𝐸𝑠𝑒𝑒𝑝𝑎𝑔𝑒 = 𝐿𝑙𝑒𝑣𝑒𝑒 − 𝑋(𝑡) (27) 

where: 

• Llevee: total length of the levee [m] 

• X: time-dependent seepage length [m] 

The length of the levee, as calculated by the Equation 1, was found to range between 11.9 and 12.8 m. 

The seepage length in reality is greater than the levee length, since the water in the soil does not follow 

a straight path (Hiscock & Bense, 2014). In addition, during the construction of a levee in reality, it is 

hard to keep this values constant, for obvious reasons. Due to these two facts, the length of the levee 

was set to vary between 11.9 and 15 m in both piping and seepage PoF estimations. 

The time-dependent seepage length is given by the following equation (Brauns, 1999; Scheuermann, 

2005; Vorogushyn, et al., 2009), which is the one-dimensional, transient leakage of homogeneous 

soils equation: 

𝑋(𝑡) = √2 ∙
𝐾

𝑛𝑎𝑖𝑟

∙ ∫ ℎ𝑝(𝑡)𝑑𝑡
𝑇

0

(28𝑎) 

ℎ𝑝(𝑡) = ℎ(𝑡) + 𝐷𝑐𝑙𝑎𝑦 +
𝐷𝑠𝑎𝑛𝑑

2
(28𝑏) 

where: 

• K: hydraulic conductivity [m/s] 

• nair: air-filled porosity [-] 

• h: water level in the river (time-dependent) [m] 

• Dclay: thickness of the impermeable soil layer at the foundation of the levee [m] 

• Dsand: thickness of the permeable soil layer at the foundation of the levee [m] 

• T: duration of a storm event [s] 

Equation 3 is, basically, produced by equating the pore water velocity, given by the Darcy’s law 

(Hiscock & Bense, 2014), with the seepage velocity (Brauns, 1999; Scheuermann, 2005; Vorogushyn, 

et al., 2009), as shown below: 

𝒗𝑫𝒂𝒓𝒄𝒚 =
𝐾

𝑛𝑎

∙
∆𝐻

∆𝑥
=

𝐾

𝑛𝑎

∙ 𝑖 = 𝒗𝒔𝒆𝒆𝒑𝒂𝒈𝒆 =
𝑑𝑥

𝑑𝑡
(29) 

The field data for the study area lacked information about the air-filled porosity. Because of this, a 

need to find a mathematical description for it rose. The air-filled porosity (AFP) is actually the volume 
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of air-filled voids divided by the total volume of the sample (Ruggieri, et al., 2009). Many approaches 

have been proposed for the calculation of the AFP. In this study, the Madejón et al. (2002) approach 

was used and the equation expressing it is as follows (Madejón, et al., 2002): 

𝐴𝐹𝑃 = (1 −
𝜌𝑏𝑢𝑙𝑘

𝜌𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒

) ∙ (1 − 𝑀𝐶) (30) 

where: 

• ρbulk: bulk density of the soil sample [kg/m3] 

• ρparticle: density of the particles [kg/m3] 

• MC: moisture content [-] 

The duration of the storm was selected with regard to the 2012 flood event that occurred in November 

in Paglia river basin and resembled a flood event with return period between 150 and 200 years 

(Brigante, et al., 2017). In addition, it was used for the set-up and calibration of the hydraulic model. 

During that event the water levels at Orvieto gauging station stayed in alarming levels (over 5 m) for 

approximately 27 – 28 hr (Cencetti, et al., 2017). 

2.3.2 Medium-complexity model 

The medium complexity model is based on Khilar et al. (1985) approach for piping. The LSE for the 

medium-complexity model is defined by eight variables, the difference of the hydraulic head, the 

porosity of the levee foundation, the width of the levee, the Shields critical parameter, the soil and 

water unit weights, the intrinsic permeability and the particle diameter. As with the simple model, 

the failure of the levee due to piping was also considered to occur when the hydraulic gradient was 

exceeding the critical hydraulic gradient: 

𝐿𝑆𝐸𝑝𝑖𝑝𝑖𝑛𝑔 = 𝑖𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 − 𝑖 (31) 

The RE is described by the critical pressure gradient. According to Khilar et al. (1985), the critical 

pressure gradient is a function of three parameters. These are the critical shear stress, the porosity 

and the intrinsic permeability. The equation is given below (Khilar, et al., 1985): 

𝑖𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 =
∆𝑃

∆𝐿
=

𝜏𝑐

2.828
∙ √

𝑛

𝑘𝑖

(32) 

To translate the critical pressure gradient to hydraulic gradient one can consider Bernoulli’s equation: 

ΔP = ρw·g·ΔH = γw·ΔH. Then, the previous equation (Eq. 34) can be written as follows: 

𝑖𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 =
∆𝐻

∆𝐿
=

𝜏𝑐

2.828 ∙ 𝛾𝑤

∙ √
𝑛

𝑘𝑖

(33) 

where: 

• τc: critical shear stress [N/m2] 

• γw: unit weight of water [N/m3] 

• n: soil porosity [-] 

• ki: intrinsic permeability [m2] 
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Since the size of particle diameter is smaller than 6mm, the critical shear stress can be calculated by 

the Shields diagram. The Shield’s diagram had been proposed for calculating the critical shear stress 

for particle transport of a river bed, when the flow can be assumed laminar. Further studies, used 

Shield’s approach (i.e. Hoffmans & Van Rijn (2018)) for calculating sediment transport during piping 

progression, as the flow between fine-sized particles is considered also laminar. Therefore, in this 

study the critical shear stress was calculated by the Shields method and the method proposed by Cao 

et al. (2006). 

In accordance to Shield’s method, the critical shear stress, which represents the threshold for particle 

transport to start occurring, is given by the following equation (Shields, et al., 1936): 

𝜏𝑐 = 𝜗𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 ∙ (𝛾𝑠𝑜𝑖𝑙 −  𝛾𝑤) ∙ 𝑑50 (34) 

where: 

• τc: critical shear stress [N/m2] 

• ϑcritical: critical Shields parameter [-] 

• γw: unit weight of water [N/m3] 

• γsoil: unit weight of soil particles [N/m3] 

• d50: particle diameter (50% of the soil particles) [m] 

To calculate the critical Shields parameter, that was used in the medium-complexity model, the 

method proposed by Cao et al. (2006) was applied. According to this method, the critical Shields 

parameter is given by the following equation (Cao, et al., 2006): 

𝜗𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 = 0.1414 ∙ 𝑅−0.2306, 𝑓𝑜𝑟  𝑅 <≈ 6.61 (35) 

𝑅 ≡

𝑑 ∙ √
𝜌𝑠𝑜𝑖𝑙 − 𝜌𝑤

𝜌𝑤
∙ 𝑔 ∙ 𝑑

𝑣
(36)

 

where: 

• R: particle Reynolds number [-] 

• d: particle diameter [m] 

• ρsoil: density of the soil particles [kg/m3] 

• ρw: density of water [kg/m3] 

• ν: kinematic viscosity [m2/s] 

The following diagram is the modified Shields diagram proposed by Cao et al. (2006) and shows the 

critical Shields parameter as a function of the particle diameter. 
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Figure 9. Shields modified diagram. Graph showing the critical Shields parameter over the sample’s particle 

diameter (Cao, et al., 2006). 

Finally, the sieve analysis performed to the samples taken from the study area (see Appendix III) 

showed that around 85 – 90% of the particles in the area have a diameter of 0.075 mm or smaller. In 

order to identify the 50% of the particles diameter (d50), the following graph was consulted (Figure 

10). 

 

Figure 10. Grain size distribution of the loess in the Missouri river basin (Bell, 2007). 

Figure 10 is the result of the sieve analysis performed in the loess of Missouri river basin and shows 

similarities with Paglia river basin. Therefore, it was assumed that the Paglia river basin would have 

a similar grain size distribution. 

2.3.3 Simple model 

The simple model was based on simplified equations and the LSE was defined by three variables, the 

difference of the hydraulic head, the porosity of the levee foundation and the width of the levee. 

Failure of the levee due to piping was considered when the hydraulic gradient was exceeding the 

critical hydraulic gradient. The latter describes the resistance of the levee towards inner erosion. 

Hence, the LSE for piping takes the following form: 

𝐿𝑆𝐸𝑝𝑖𝑝𝑖𝑛𝑔 = 𝑖𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 −
𝛥𝐻

𝐿
(37) 
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The RE for the simple model was based on a methodology proposed by Mazzoleni et al. (2015). 

According to this approach, the critical hydraulic gradient is given by the following equation: 

𝑖𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 = (
∆𝐻

𝐿
)

𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙
= 0.242

1 − 𝑛

𝑛
(38) 

where: 

• n: soil porosity [-] 

The previous equation (Eq. 29) is, basically, based on the equation proposed by Khilar et al. (1985) 

that was explained in the previous section (see 2.3.2 Medium-complexity model), but with several 

assumptions. Therefore, the resulting equation of the critical hydraulic gradient is just a function of 

the soil porosity. The assumptions made for the acquisition of the final equation that was used in this 

model are explained in brief here. Firstly, according to Mazzoleni et al., the critical shear stress is 

given by the following equation: 

𝜏𝑐 = 𝑐 ∙ 𝑑 (39) 

where: 

• c: coefficient [N/m3]  

• d: particle diameter [m] 

The coefficient c in the previous equation was set equal to 500 N/m3, which is a threshold value 

proposed by Ojha et al. (2001), before internal erosion starts to occur (Ojha, et al., 2001; Mazzoleni, 

et al., 2015). Furthermore, the hydraulic permeability was considered to be expressed by the Kozeny 

– Carman equation: 

K =
𝛾𝑤

𝜇
∙

1

𝐶𝐾−𝐶

∙
1

𝑆0
2 ∙

𝑛3

(1 − 𝑛)2
(40) 

where: 

• γw: unit weight of water [N/m3] 

• μ: dynamic viscosity (N·s/m2) 

• CK-C: Kozeny-Carman empirical coefficient (equal to 5 for uniform spheres (Carrier, 2003)) 

• S0: specific surface area per unit volume particles (equal to 6/d for uniform spheres 

(Carrier, 2003)) [m2/m3] 

• n: porosity [-] 

In the previous equation, the Kozeny-Carman empirical coefficient was assumed equal to 5, while the 

specific surface area per unit volume particles was assumed equal to 6/d, considering that the soil 

particles are spheres uniformly shaped (Mazzoleni, et al., 2015; Carrier, 2003) and the intrinsic 

permeability is calculated by the following equation: 

𝑘𝑖 = 𝐾 ∙
𝜇

𝛾𝑤

(41) 
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By substituting Eq. 39 to 41 into Khilar et al. (1985) equation for the critical hydraulic gradient (Eq. 

32), considering also all the assumptions made, Eq. 38 is produced. 

2.4 Hydraulic Modelling 

The next methodological step after the estimation of the PoF by the three breach models was the 

hydraulic modelling, which was selected as a method for the representation of the flood risk in terms 

of inundation maps in case of a levee breach due to piping. The tool used in this study is HEC-RAS, a 

free hydraulic model developed by the US Corps of Engineers that is extensively used in the USA. 

HEC-RAS allows the development of 1-D, 2-D or a combined 1-D/2-D hydraulic model. For Paglia 

river, both 1-D and 2-D models were built and were both performing unsteady flow analysis. The 1-D 

model was built using the bathymetric data, and then was calibrated by the gauging measurements 

(flow measurements) during the 2012 flood event and the manning’s coefficients. Bridges and levees 

were modelled too. However, for the purposes of this study, which is the production of inundation 

maps after a levee failure, only the 2D model was used and thus, only the process of setting up the 2D 

model will be described here. 

The hydraulic modelling method can be divided in two main parts, the set-up of the 2-D model for 

the performance of the unsteady flow analysis and the performance of breach scenarios. Both steps 

will be described in the following sub-sections. 

2.4.1 2D Unsteady flow analysis 

The performance of the 2D unsteady flow analysis in HEC-RAS is supported by a flow algorithm that 

falls under the Computational Fluid Dynamics framework (CFD). This algorithm is based on the 

Finite Volume (FV) method (Brunner, 2016a). In brief, the Finite Volume method is a special 

numerical solution of the finite difference technique (Versteeg & Malalasekera, 2007). Just like every 

CFD code, HEC-RAS algorithm for the 2D computation of the unsteady flow contains three elements, 

the pre-processor, the solver and the post-processor (Versteeg & Malalasekera, 2007). The pre-

processor involves the definition of the computational domain (Versteeg & Malalasekera, 2007), 

which in HEC-RAS is done with the help of the terrain data inserted in the model by RAS Mapper 

(Brunner, 2016a). Then, a division of the domain into sub-domains follows, which is nothing more 

than a production of a mesh of cells, which is performed by HEC-RAS with the Delaunay 

Triangulation method (Brunner, 2016a). The definition of the boundary conditions, as described in 

the previous paragraphs, is also part of the pre-processor. More detailed information about the 2D 

unsteady flow analysis will follow. 

The general conservation (or transport) equation of a variable ω is expressed by the following partial 

differential equation (Versteeg & Malalasekera, 2007): 

𝜕(𝜌𝜔)

𝜕𝑡
+ div(ρUω) = div(Γ∇ω) + Sω (42) 

where: 

• ρ: density of fluid [M/L³] 

• U: velocity of fluid [L/T] 

• ω: general flow variable (i.e. depth of water, WSE etc.) [L] 

• Γ: diffusion coefficient [L²/T] 

• Sω: source of variable ω [M/(L³·T)] 
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The first term on the left side of Equation 33 represents the rate of change of ω, while the second term 

represents the net rate of increase of ω due to convection. On the right side of the same equation, the 

first term represents the net rate of increase of ω due to diffusion and the last term represents the net 

rate of creation or destruction of ω. (Versteeg & Malalasekera, 2007) 

The time-dependent finite volume integration of Equation 33 over a control volume (CV) is as follows 

(Versteeg & Malalasekera, 2007): 

∫ ( ∫
𝜕(𝜌𝜔)

𝜕𝑡
𝑑𝑡

𝑡+∆𝑡

𝑡

) 𝑑𝑉 + ∫ (∫ 𝑛(𝜌𝑢𝜔)𝑑𝐴

 

𝐴

)

𝑡+∆𝑡

𝑡

 𝑑𝑡 =

 

𝐶𝑉

∫ (∫ 𝑛(𝛤 ∇𝜔)𝑑𝐴

 

𝐴

)

𝑡+∆𝑡

𝑡

 𝑑𝑡 + ∫ ( ∫ 𝑆𝜔𝑑𝑉

 

𝐶𝑉

)

𝑡+∆𝑡

𝑡

 𝑑𝑡 (43) 

where: 

• n: unit vector normal to a surface element dA [-] 

• ρ: density of fluid [M/L³] 

• u: velocity of fluid [L/T] 

• ω: general flow variable (i.e. depth of water, WSE etc.) [L] 

• Γ: diffusion coefficient [L²/T] 

• Sω: source of variable ω [M/(L³·T)] 

• V: control volume [L³] 

• A: surface of the control volume [L²] 

• t: time [T] 

• Δt: finite time step [T] 

The equations described above are nothing more than the Navier-Stokes equations that describe fluid 

motion. When it comes to river flow and modelling, though, Adhémar Jean Claude Barré de Saint-

Venant proposed a simplification of the Navier-Stokes approach, the so-called Saint-Venant 

equations or Shallow Water (SW) equations (Brunner, 2016c). The SW equations are based on the 

Navier-Stokes approach, but take into consideration the following assumptions: the horizontal length 

scale is much larger than the vertical one; the flow is incompressible; the pressure is hydrostatic; and 

the density is uniform (Brunner, 2016c). In certain cases of shallow waters, it can be considered that 

the flow is only governed by the barotropic pressure gradient and the friction terms and simplify 

further the SW equations. In the case of Paglia river, though, the full momentum equation was used. 

The SW equations that describe the mass and momentum conservation are given below (Brunner, 

2016c): 

Mass Conservation 

𝜕

𝜕𝑡
∭ 𝑑𝑉

 

𝑉

+ ∬ 𝑈 • 𝑛𝑑𝐴

 

𝐴

+ 𝑆 = 0 (44) 

where: 

• n: unit vector normal to a surface element dA [-] 

• U: U = (u, v) is the velocity vector in x and y directions, respectively [L/T] 

• S: source/sink flux term [L³/T] 

• V: control volume [L³] 

• A: surface of the control volume [L²] 
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Momentum Conservation (in vector form) 

𝜕𝑈

𝜕𝑡
+ 𝑈 • ∇𝑈 = −𝑔∇H + 𝑣𝑡∇2U − 𝑐𝑓𝑈 + 𝑓𝑘 × 𝑈 (45) 

where: 

• U: U = (u, v) is the velocity vector in x and y directions, respectively [L/T] 

• t: time [T] 

• g: is the gravitational acceleration [L/T²] 

• H: water surface elevation [L] 

• vt: horizontal eddy viscosity coefficient [L²/T] 

• cf: bottom friction coefficient [1/T] 

• f: Coriolis parameter [1/T] 

• k: unit vector in the vertical direction [-] 

As stated before, HEC-RAS has a built-in algorithm that intends to solve the SW equations with a 

discretization process, the FV technique. In the next paragraphs, further information regarding the 

theory behind the algorithm and how it performs the calculations will be given. 

As the word implies, discretization is about dividing a larger area into smaller areas. This is performed 

using a sub-grid bathymetry approach (Brunner, 2016c). This approach involves the use of high-

resolution topographic data as a geometry entry while the constructed computational mesh is coarse 

(Brunner, 2016c). This is exactly what was performed in the case of Paglia as well. More specifically, 

for modelling Paglia river, a high-resolution Digital Terrain Model (DTM) (1m x 1m) acquired in 2014 

was used and the constructed computational mesh was composed by 6,010 non-overlapping cells 

having an average area of 6,093 m2 (range: 52 – 18,931 m2). The figure below, Figure 11, shows the 

computational mesh developed for the hydraulic modelling of the study area. 

 

Figure 11. 2D computational mesh produced for Paglia river hydraulic modelling. 

Each cell of the mesh is consisted of certain geometrical characteristics that are defined by three 

properties; the centre, the faces and the faces points (Figure 12). These three properties are related to 

the numerical computations, since the WSE is computed at the cell centres, the velocity at the cells 
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faces, which means that the water propagation in the model occurs through the faces of the cells, and 

the velocity vectors at the faces’ points (Brunner, 2016c). This applies for both the river and the 

floodplains. 

  

Figure 12. Cell properties(left) and cross section of a cell’s face k (right) (Brunner, 2016a) 

Besides the geometry, the model requires the input of boundary and initial conditions in order to get 

the computational process started. The boundary conditions can be external (inflow and outflow 

boundaries) or internal (within the river). For Paglia river 23 boundary conditions where inserted; 

two external, one upstream at the start of the inflow into the river and one downstream at the outflow; 

and 21 along the river. The boundary condition upstream (inflow) was set to be a stage hydrograph, 

whilst downstream boundary condition (outflow) was set to be a flow hydrograph. The flow in 

different sections of the river was defined, also, by flow hydrographs. In the beginning, all the 

boundary conditions were set in accordance to the 2012 flood event measurements for the calibration 

to take place. Then, boundary conditions were set accordingly to match the estimated 200-year flood, 

that is related to historical peak-flow data measurements at the several gauging stations in the area 

and were also used as the initial conditions for the unsteady flow analysis. 

 

Figure 13. Snapshot of the boundary conditions that set the 2D flow area. 
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As the necessary input data have been inserted into the model the computational process begins. 

Regarding the mass conservation equation, it is assumed that the volume V and the cross-sectional 

area A are functions of the water surface elevation H and the mass conservation equation is 

transformed to the following equation (Brunner, 2016c): 

𝑉(𝐻𝑛+1) − 𝑉(𝐻𝑛)

𝛥𝑡
+ ∑ ±𝐴𝑘(𝐻)((1 − 𝜃)(𝑢𝑁)

𝑘

𝑛
+ 𝜃(𝑢𝑁)𝑘

𝑛+1)

 

𝑘

+ 𝑆 = 0 (46) 

where: 

• V: control volume [L³] 

• Δt: time step [T] 

• H: water surface elevation [L] 

• n: superscripts to index time steps [-] 

• k: subscript that denotes the cell’s face k [-] 

• uN: interpolated velocity with the Crank-Nicolson method [L/T] 

• S: source/sink flow [L³/T] 

• A: surface of the control volume [L²] 

• θ: implicit weight factor (set equal to 1) [-] 

Similarly, the momentum equation takes the following form (Brunner, 2016c): 

𝑈𝑛+1 − 𝑈𝑛

𝛥𝑡
= −𝑔 ∑ 𝑐𝑗 ((1 − 𝜃)𝐻𝑗

𝑛 + 𝜃𝐻𝑗
𝑛+1)

 

𝑗

 + 𝑣𝑡 ∑ 𝑑𝑗

 

𝑗

∑ 𝑐𝑗𝑈𝑗
𝑛

 

𝑗

− 𝑐𝑓𝑈𝑛+1 + 𝑓𝑘𝑈 (47) 

where: 

• U: velocity [L/T] 

• Δt: time step [T] 

• g: is the gravitational acceleration [L/T²] 

• H: water surface elevation [L] 

• vt: horizontal eddy viscosity coefficient [L²/T] 

• cf: bottom friction coefficient calculated by Manning’s equation [1/T] 

• f: Coriolis parameter [1/T] 

• k: unit vector in the vertical direction [-] 

• j: subscript that denotes the cell 

• n: superscripts to index time steps [-] 

• θ: implicit weight factor (set equal to 1) [-] 

• cj, dj: vector coefficients depending on cell geometry [-] 

Finally, when it comes to levee failure due to piping, at the time of the breach the water flow through 

the levee is considered to be pressurized and is calculated by an orifice equation (Brunner, 2016c). 

The propagation of the water on the floodplains, though, follows the principles described before. More 

information in detail regarding the theory behind the hydraulic modelling can be found in the HEC-

RAS Reference Manual (Brunner, 2016c). 

Figure 14 shows the calibrated 2D model that was built for Paglia river. 
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Figure 14. Full 2D model of the entire Paglia river within Umbria region. 

2.4.2 Breach scenarios 

HEC-RAS has the ability to model rivers with the surrounding infrastructures (bridges, culverts, 

weirs, levees etc.) and produce inundation maps, with or without structure failure, but it does not give 

the user the possibility to insert, simulate and account for FC data and relate them to the inundation 

maps. Therefore, three scenarios were taken into consideration to represent the differences between 

the different models. The simple model calculated no PoF until a water level of 3.2m, which is the 

maximum height of the general levee system in Paglia river. Hence, it was not considered in the 

hydraulic modelling. Consequently, the three scenarios were built with respect to represent the 

differences only between the medium-complexity and complex models. In all the scenarios the four 

levees that are placed longitudinal to the river were considered, since the purpose is to test the system 

that protects the urban areas from Paglia river, not from its tributaries. Also, the discharge used 

corresponded to the 200-year flood return period, which is the flood the levees were built to 

withstand. The steps that were followed during implementation of the breach scenarios are described 

below. 

Step 1: Identification of Maximum WSE 

The first step in the implementation of breach scenarios was to identify the maximum water levels 

when a 200-year flood event occurs. To do so, the 2D calibrated model was run by an unsteady flow 

analysis, using the estimated flow and stage hydrographs. From the inundation map in RAS Mapper, 

that resulted from the unsteady flow simulations in HEC-RAS, the maximum water levels at each 

structure (levee) were identified. 

Step 2: Identification of the corresponding probability of failure 

Followingly, the estimated maximum WSE at each structure was used to identify the PoF that was 

calculated by each breach model (complex, medium-complexity and simple). 

Step 3: Breach scenarios 

Study 

area 
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Then, for all the breaching scenarios it was assumed that a PoF equal to 50% is high enough to 

consider that the levee will fail. Thus, if the breach model had estimated a PoF equal or greater than 

50% for a specific structure, then that structure was set to breach. 

Step 4: Selection of failure mode and associated breaching parameters 

HEC-RAS has the option of selecting between two failure mechanisms, piping and overtopping. In 

this study piping was considered to be the failure mechanism. The breaching is performed 

automatically by HEC-RAS with user entered data. When piping is selected, the window that is shown 

in Figure 15 appears at the user’s computer screen and breach data need to be entered in order for the 

model to perform computations. 

 

Figure 15. Window for user entered breach plan data in HEC-RAS. 

• Center station: The center station represents the centre line of the breach and was defined 

as the location where the maximum hydraulic load (maximum water levels) was applied on 

the structure. However, sometimes the location was shifted, as the HEC-RAS model was 

being unstable, and it was not able to perform the calculations. 

• Final bottom width: The final bottom width ranged between 100 – 400m with respect to the 

scenarios and is explained further for each scenario. 

• Final bottom elevation: The final bottom elevation of the breach was set to be equal to the 

end of the impermeable foundation of the levee (3 m below surface). 

• Left/Right side slope: Left and right slopes were set casually to 1, since they do not play any 

significant role in the calculations, just the geometry of the breach, which is indifferent to 

the purpose of this study. 

• Breach weir coefficient & piping coefficient: The breach weir and piping coefficient were 

kept as the default values recommended by HEC-RAS manual (Brunner, 2016b), thus 1.44 

and 0.5, respectively. 

• Breach formation time: The breach formation time represents the time at which the breach 

will have the final geometrical characteristics set previously and was assumed to be rather 

short (sudden breach), ranging between 0.1 hour for a formation of 100 m width breach to 
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0.4 hours for a 400 meters width breach, even though the breaching time is not important 

for the purpose of this study. 

• Initial piping elevation: The initial piping elevation was set to be at the beginning of the 

foundation of the levee. 

• Triggering WSE: The triggering WSE was set to be the water level corresponding to a 40% 

probability of failure, since 50% probability was assumed to result to total failure. 

• Breach progression: Finally, the breach progression was set to sine wave in order to 

minimize instability problems caused by rapid flow changes in the model. 

The table below summarizes the scenarios considered to show the difference in the associated flood 

risk that each breach model estimated. 

Table 8. Summary table of the main differences between the breach models in each scenario. 

Breach scenarios Breach models Breach width Structures set to fail 

Scenario 1 Medium-complexity 100 All structures with PoF > 50% 

Complex 100 All structures with PoF > 50% 

Scenario 2 Medium-complexity 100 The structure with the max. PoF 

Complex 400 The structure with the max. PoF 

Scenario 3 Medium-complexity 200 All structure with PoF > 50% 

Complex 200*PoF All structure with PoF > 50% 

Each scenario that was considered in the hydraulic modelling, is explained further below. 

Scenario 1 

In scenario 1 and for representing the difference between the medium-complexity and the complex 

model with respect to the estimated PoF, it was assumed that a 50% or higher PoF leads to levee 

failure. The complex model estimated higher PoF, thus more structures were set to breach. 

Table 9. Selected breach widths for the medium-complexity and complex models in scenario 1. 

Modelled levee Selected breach width in scenario 1 

Medium-complexity model Complex model 

Structure 2 0 100 

Structure 6 0 100 

Structure 11 0 100 

Structure 12 100 100 

Scenario 2 

In scenario 2 it was considered that the structure with the highest calculated PoF will breach, which 

was the same for both models, but in order to distinguish the resulting inundation map between the 

medium-complexity and the complex model, it was assumed a breach of 100m for the medium-

complexity model and a breach of 400m for the complex model. The rationale behind this assumption 

was the fact that the complex model calculates a higher PoF and therefore, considers the area more 

vulnerable. 
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Table 10. Selected breach widths for the medium-complexity and complex models in scenario 2. 

Modelled levee Selected breach width in scenario 2 

Medium-complexity model Complex model 

Structure 2 0 0 

Structure 6 0 0 

Structure 11 0 0 

Structure 12 100 400 

Scenario 3 

In scenario 3 and for the medium-complexity model, a breach of 200 m width at all structures with 

an estimated PoF equal or higher than 50% was considered. The breach width was assumed to be 

related to the estimated maximum PoF. The same was assumed for the complex model, so that all 

structures with PoF equal or higher than 50% were set to breach, but this time the breach width for 

each structure in the complex model was set to be the product of the 200 m times the calculated PoF. 

In other words, it was assumed that the PoF resulted from the medium-complexity model (in that 

case 55.3%) corresponds to a 200 meters breach. The breach width for the complex model was, 

therefore, set as the calculated PoF by the model times 200 meters. Table 11 summarizes the breach 

widths that was chosen for each model and each structure. 

Table 11. Selected breach widths for the medium-complexity and complex models in scenario 3. 

Structure Selected breach width in scenario 3 

Medium-complexity model Complex model 

2 0 349.9 

6 0 267.9 

11 0 208.9 

12 200 360 
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3 RESULTS & DISCUSSION 

3.1 Fragility Curves 

In this section, the PoF due to piping and the FCs that resulted from the numerical modelling 

performed in MATLAB are represented in form of tables and graphs. 

Table 12 shows the estimated PoF for all three breach models for a water level ranging from 0.5 to 5 

meters and Table 13 shows the average time needed for each model to perform 104 simulations and 

produce results. 

Table 12: Calculated probability of failure for each model and for certain water levels 

Probability of failure [%] Water level 

H [m] Complex Medium-complexity Simple 

0 0 0 0.5 

0 0 0 1 

3.99 1.18 0 1.5 

69.62 11.95 0 2 

93.74 29.80 0 2.5 

98.95 48.98 0 3 

100 63.34 0 3.5 

100 73.09 0.17 4 

100 80.03 7.87 4.5 

100 84.88 24.92 5 

Table 13. Average simulation duration for each model to run and produce results. 

Model Complex Medium-complexity Simple 

Simulation duration [min:sec] 38:50.33 00:32.65 00:06.75 

The FCs that resulted from each breach modelling are presented in Figure 16. 

 

Figure 16. FCs resulted from the three breach models. A depicts the FC produced by the simple model, while B 

and C the ones produced by the medium-complexity and the complex models, respectively. 

Overall, the complex model needed more time to perform 104 simulations and compute PoF than the 

other two models. That is reasonable, since the complex model is taking into consideration two failure 

A B C 
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mechanisms and more random variables. Also, the PoF that resulted from the complex model is 

higher than the one estimated by the other two, something that was also reported by Vrijling et al. 

(2011) and van Beek (2015). The medium-complexity model estimated a higher PoF, as well, in 

comparison to the simple. 

Since the simple and medium-complexity models accounted for only piping, assuming that seepage 

conditions are already fulfilled, and the complex model is a result of a combined PoF due to the 

interdependence of two mechanisms (seepage and piping), it raised the curiosity of the author to 

investigate what would be the resulting PoF for each mechanism, if no interdependence is considered. 

Therefore, the distinct PoF was calculated using the methods of Sellmeijer et al. (2011) for piping and 

the Scheuermann (2005) for seepage. The resulted FCs after the splitting of the complex model in two 

parts are presented in Figure 17. 

   

Figure 17. FCs for piping using Sellmeijer et al. (2011) method (left figure) and seepage using Scheuermann 

(2005) method (right figure) calculated distinctively. 

As it can be noticed from the graphs, the estimated PoF due to piping only and the combined PoF are 

very similar, thus it is rational to conclude that the Sellmeijer et al. (2011) method for piping is 

producing higher PoF than the other two models. This have already been pointed out in the literature 

(i.e. Vandenboer et al. (2019)). The model estimated probability of seepage even if the water level at 

the levee is less than half a meter, while piping starts to occur at a water level around 1.3 meters. For 

the same water level, the seepage probability is over 90%, which shows a good representation of the 

interdependence between the two phenomena. At this point it is reminded that seepage is a 

prerequisite for piping to occur. 

A closer look into the methods each breach model used must be taken in order to deeply understand 

the factors that made the estimated PoF to differ so much with respect to each other. To begin with, 

all of the three models have one goal, the goal to express in a mathematical equation the resistance of 

the levee foundation towards erosion by the movement of the soil particles and formation of pipes 

that is caused by seepage flow. At this point, it appears desirable to give some general views and 

definitions regarding critical parameters that define soil properties. These parameters are: the shear 

strength, the permeability, the compressibility and the stress-strain relationship and they vary with 

space and time (Terzaghi, et al., 1996). Shear strength of a soil material is the term that describes the 

resistance of the material towards shear stress and is controlled by mineralogy, type of fluid in the 

pores, type of load, grain size, grain shape and arrangement of particles and voids (Kaliakin, 2017). 

The last three (size, shape and arrangement) determine the soil porosity (Terzaghi, et al., 1996). 

Permeability describes the ease with which the water flows through the soil pores (Terzaghi, et al., 
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1996; Hiscock & Bense, 2014) and thus the ability of the soil layer to transfer water and is related to 

the grain size and the type of fluid (Hiscock & Bense, 2014). Even though there have been 

mathematical equations that estimate the permeability of the soil (i.e. Kozeny-Carman equation), the 

permeability is nowadays defined by laboratory or in-situ tests. Compressibility and stress-strain 

relationship define the soil’s deformation which can be quantified as changes in the soil’s shape and 

size when load acts on it (Hiscock & Bense, 2014; Kaliakin, 2017). Contradictory to permeability, 

compressibility and stress-strain relationship are too complex to be described by an equation and they 

can only be defined by laboratory tests (Terzaghi, et al., 1996). In the Paglia river area, deformation 

test was performed resulting to a very low value (0.58%), which can lead to the assumption that the 

levee foundation soil material is either well-compacted, thus well-graded, or rather dry. 

Now an assessment of if and how the three breach models are considering these important parameters 

described before will follow. 

The simple model expresses this resistance as a function of the porosity, while some assumptions 

about the soil strength have been taken beforehand, but piping is a failure mechanism that is highly 

related to the hydrodynamic and geotechnical characteristics of the area and these characteristics 

cannot be only attributed to the porosity of the soil, which is actually a property that defines the pore 

space of the soil (Bell, 2007). Porosity might be related to the grain size, shape and arrangement in 

the area (Terzaghi, et al., 1996), but a soil’s ability to resist loading cannot be justified by its porosity. 

Important geotechnical parameters related to the specific study area at hand were not taken into 

consideration. These were the critical shear stress (shear stress that can be applied to the levee 

without failure), the permeability (the Kozeny-Carman equation) and the grain size and shape 

(specific surface area) were defined by deterministic values based on assumptions, that do not reflect 

the specific characteristics of the area, but they are rather proposed values resulting from previous 

experimental work on soils with properties not similar to Paglia river. 

Regarding the assumptions included in simple model, first of all, it considered the Kozeny-Carman 

equation for the estimation of the permeability. Within that equation the Kozeny-Carman coefficient 

and the specific surface area that are related to the particle diameter are given values from the 

literature, after the consideration of the soil particles as uniform spheres. The Kozeny-Carman 

coefficient was considered equal to 5 and the specific surface area equal to 6/d. It is a fact, though, 

that in reality neither the soil particles are spheres nor uniform. The assumptions made about the 

grain size distribution result to a uniformity value of 6, so one can say that the particles are well graded 

and therefore not uniform, something that can be justified by the stress-strain test performed in the 

area (resulted to a very low deformation). But since this is only an assumption that needed to be taken 

to compensate for the lack of data about grain size distribution, the uniformity of the soil particles is 

of question and could be also poorly- (uniform) or medium-graded. Regarding, though, their shape, 

according to the soil tests in the study area, the area is, roughly, consisted of 43% of clay, 43% of 

coarse to fine silt, 10% of coarse to fine sand and 4% of fine gravel. Clay has flaky -shaped particles, 

which are far from rounded. Contradictory, sand and gravel particles are rounded-shaped (Terzaghi, 

et al., 1996) and they are often considered as spherical. Silt particles are, usually, considered 

equidimensional (Terzaghi, et al., 1996). So, one can say that the assumption of spheres as particle 

shape could be fulfilled for the case of Paglia river. To conclude, it is not clear if the conditions of 

uniform (poorly-graded) and rounded soil particles are fulfilled for the case study of Paglia river, but 

as Sellmeijet et al. (2011) pointed out, the effect of the shape and uniformity in piping needs further 

investigation and therefore no more focus will be given on the shape and uniformity of the soil 

particles, considering that they are not that important. 

On the other hand, what is of great importance is the critical shear stress, which in the simple model 

was given by the equation τc=c·d and assumed to be equal to a threshold value of 5 dynes/cm2. This 
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value is corresponding to a coefficient value, c, of 500 N/m3 in the SI system (proposed value by Ojha 

et al. (2001) and cited by Mazzoleni et al. (2015)). According to Ojha et al. (2003), coefficient c can 

vary with respect to the particle diameter, d, a factor that again the simple model did not consider. 

The reason behind this lies on the fact that the particles of electrical conductive soils, such as clay and 

silt, which consist a large part of the Paglia soil type, develop electric forces that may affect the value 

of coefficient c (Ojha, et al., 2003). This effect can be neglected in case of low plasticity soils (Ojha, et 

al., 2003). But in the case of Paglia river, the results from the soil tests performed in the area show 

that most of the samples have a medium to high plasticity and such effect should not be neglected. 

Thus, the assumption made about the critical shear stress is considered to have a great impact on the 

model results, since it does not reflect to the actual study area at hand. Therefore, the simple model 

is unable to calculate any PoF for the specific levee system of Paglia river. 

The medium-complexity breach model, which was based on the same method as the simple, used on 

the contrast site-specific geotechnical parameters. These were the critical shear stress, that resulted 

from the particle diameter, along with porosity and intrinsic permeability, which is actually a function 

of the permeability of the soil and the fluid (water) viscosity and is highly related to grain size. The 

viscosity is actually relevant to the type of the fluid, that is also significant when it comes to soil 

strength (Kaliakin, 2017). The consideration of these parameters produced a significant change in the 

estimated PoF, as one can observe in Figure 16. This is an indication of the importance of site specific 

geotechnical information. To point out this difference let’s reflect to the critical shear stress that was 

calculated by the medium-complexity model. So, the critical shear stress used in the medium-

complexity model is given by an equation in the form of τ=c·d. The difference, though, between the 

medium-complexity and simple model is that instead of taking a threshold value for coefficient c, it 

was specified by the Shields method, with c being equal to c = ϑc·(γs-γw). For the case of Paglia river 

and for the assumptions made regarding the grain-size distribution, that gave a maximum value of 

335 N/m3 for the shear stress coefficient in comparison to the 500 N/m3 considered in the simple. 

In contrast, the complex model, takes into consideration many more geotechnical parameters than 

the other two models, since it calculated the combined probability of two interdependent 

mechanisms. When it comes to piping, it considered several parameters related to soil strength. These 

were: the particle diameter, the White’s (drag) coefficient, the friction angle, the relative density and 

the thickness of the soil layers at the levee foundation. The particle diameter, the White’s (drag) 

coefficient and the friction angle are all related to the critical shear stress, as shown in the following 

equation (White, 1940), on which Sellmeijer et al. (2011) method is based: 

𝜏 = 𝜂 ∙
𝜋

6
∙ 𝜌𝑠𝑜𝑖𝑙

′ ∙ 𝑔 ∙ 𝑑 ∙ tan(𝜃) (48) 

where: 

• θ: friction angle [deg] 

• η: White’s coefficient [-] 

• d: particle diameter [m] 

• g: acceleration due to gravity [m/s2] 

• ρ’soil: submerged soil density [kg/m3] 

The relative density is significant when considering soil strength, because it highly effects the friction 

angle, the bearing capacity and deformation of the foundation (Terzaghi, et al., 1996). The intrinsic 

permeability (function of permeability and viscosity) is related to the grain size and thus important 

characteristic parameter of soil strength, as explained before. The thickness of the impermeable layer 

(aquiclude or aquitard), that the other two models did not consider, plays also an important role. 
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Thicker impermeable layer acts like a shield towards seepage and piping. This is because the vertical 

hydraulic gradient becomes smaller when the seepage vertical distance (thickness of the impermeable 

layer) gets larger, and thus, it is more difficult for water to penetrate the impermeable layer all the 

way to the permeable. Therefore, the consideration of the thickness of the underlying layers is 

considered important in the calculation of the PoF. Contradictory, the thickness of the permeable 

layer, it is thought not play a significant role to the piping formation, since it does not induce extra 

pressure to the overlying layer, but it matters when it comes to progression time of piping. A thicker 

confined aquifer transmits more water and therefore during a piping formation more water will start 

moving towards the pipe exit resulting to greater and faster sediment transport. This can be justified 

by the transmissivity and storativity terms of a confined aquifer that are being explained here. 

Transmissivity is the rate at which water is transmitted through a unit width of aquifer and under a 

unit hydraulic gradient (Hiscock & Bense, 2014). Storativity is the volume of water released per unit 

surface area (Hiscock & Bense, 2014). Both equations are given below (Hiscock & Bense, 2014): 

𝑇𝑟𝑎𝑛𝑠𝑚𝑖𝑠𝑠𝑖𝑣𝑖𝑡𝑦 = 𝑇 = 𝐾 ∙ 𝑏 (49) 

𝑆𝑡𝑜𝑟𝑎𝑡𝑖𝑣𝑖𝑡𝑦 = 𝑆 = 𝑆𝑠 ∙ 𝑏 (50) 

where: 

• K: permeability [L/T] 

• Ss: specific storage [L-¹] 

• b: thickness of the aquifer [L] 

When accounting for seepage, time, in terms of storm-duration, and air-filled porosity were also 

included in the complex model, Storm duration is one of the most important hydrological parameters 

for evaluating a storm event, alongside with storm intensity. These two parameters along with the 

type and size of the catchment area affect the response of the area to the storm. Therefore, storm 

duration plays a significant role to the seepage calculations, because the time that the water stays in 

critical levels by producing a large hydraulic gradient affects the occurrence of seepage and thereby 

piping. Consequently, the estimated PoF is related only to the 200-year flood event which this master 

thesis focused on. But a change in the storm duration can cause a change in the resulting PoF. 

Subsequently, the PoF is not constant, but it rather changes over time and it is different for different 

flood events. The correlation between storm duration, precipitation and intensity are given by the 

following equation (Chow, et al., 1988): 

𝑖𝑠𝑡𝑜𝑟𝑚 =
𝑃

𝑇𝑠𝑡𝑜𝑟𝑚

(51) 

As mentioned before many times, porosity is related somewhat to soil strength, but itself describes 

the pore space of the soil that could be either filled with air or water. The pores filled with air can serve 

as seepage flow passage, thus, it is more reasonable to take into consideration the air-filled porosity 

instead of just porosity, when it comes to seepage flow. 

Finally, after consulting senior geotechnical engineers at WSP Sverige company, it was specified that 

for projects related to levee assessment against piping extra attention is given on the grain-size 

distribution, that substantially characterizes the soil strength, along with field investigations. 
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3.2 Sensitivity Analysis 

As was discussed in the previous section, it is believed that some soil parameters have great impact 

on the physics that govern piping and consequently to the calculated PoFs. These are the particle 

dimeter, the critical shear stress, the thickness of the soil layers and the storm duration. To better 

investigate and validate this belief a short sensitivity analysis was performed. The sensitivity analysis 

included changes in the range of the previously mentioned parameters, to lower or/and higher values, 

and the results will be presented and discussed in this section. 

The first analysis will be performed on the critical shear stress coefficient that used in the simple 

model. As it has been mentioned in the previous section, the site-specific data used in the medium-

complexity model indicated a coefficient of maximum 335 N/m3. So, if a number of 335 N/m3 was 

used in the simple model, then the LSE equation describing piping would look like Equation 52 and 

the resulted PoF like Figure 18. 

𝑖𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 = 0.162
1 − 𝑛

𝑛
(52) 

 

Figure 18. Fragility curve produced by the simple model for c=335 N/m3. 

By looking at Figure 18 and comparing it to the PoF estimated by the simple model before (see Figure 

16), when c was considered equal to 500 N/m3, one can notice that the FC is shifted considerably to 

the left, estimating a higher PoF due to piping in comparison to the first estimation. That justifies the 

statement before, that the particle diameter and critical shear stress are important factors related to 

the structural resistance and PoF for a certain area. 

The next test performed was to visualize the effect of the particle diameter in the estimated PoF. For 

this reason, some examples were taken for the medium-complexity and complex models, that 

explicitly considered particle diameter. The later was set to both higher and lower range. The results 

are shown in the figures below. 
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Figure 19. Effect of the particle diameter in the resulting PoF calculated by the medium-complexity model. 

   

Figure 20. Effect of the particle diameter in the resulting PoF calculated by the complex model. 

From Figure 19 and Figure 20, it can be observed that bigger particles (like sand and gravel) have 

greater shear strength and therefore offer more resistance against acting loads. Therefore, the 

resulting PoF entails great changes when different grain sizes are considered. Smaller PoF is 

calculated for larger grain size and vice versa. Another proof lies on a later real-case study in 

Netherlands performed by Aguilar-López et al. (2016), in which the Sellmeijer et al. (2011) model was 

used and the outcome led to a high correlation between the particle diameter and the hydraulic 

conductivity that can affect significantly the PoF, which according to Aguilar-López et al. (2016) was 

overestimated. To this conclusion about PoF overestimation resulted also a small-scale experimental 

study, performed by Vandenboer et al. (2019), that also used Sellmeijer’s updated method. 

The effect of the thickness of the soil layers underneath the levee in the estimation of the PoF by the 

complex model, since only the complex model considered thickness, can be noticed in Figure 21. As 

mentioned before, thicker impermeable layer result to higher soil strength. Thus, a thickness of 4m 

results to lower PoF than when 2m are considered. In contrast, the thickness of permeable layer 

affects slightly the resulting PoF, as it was expected. 

d50=0.01 – 0.03mm d50=0.08 – 0.2mm 

d70=0.01–0.03 mm d70=0.08–0.2 mm 
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Figure 21. Resulting FCs computed by the complex model. Comparison between the resulting PoF, when 

different values of the thickness of the clay (impermeable) and sand (permeable) layers are considered. 

Finally, the effect of storm duration on the resulting PoF is presented in Figure 22. A long-lasting 

flood event (~27.8 hours) resulted to a higher PoF, in comparison to a short flood event (~2.8 hours) 

which resulted to a lower PoF, similar to the one estimated by the medium-complexity model. That 

justifies the belief that the PoF is highly variable over time, since the acting load that is applied on the 

structure varies as well. 

 

Figure 22. Resulting FCs of the PoF calculated by the complex model for a storm duration of 2.8 hours and 

27.8 hours.  

Dclay=2m Dclay=4m 

Dsand=1.5m Dsand=3.5m 

Tstorm= 2.8hr Tstorm= 27.8hr 
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3.3 Inundation Maps 

Below, Table 14 shows the results from the calculations of the WSE that corresponded to a PoF of 

40%, according to the resulting PoF from the breach modelling, as well as the maximum WSE that 

was estimated by HEC-RAS at each levee (structure). It is reminded that the WSE corresponding to 

40% was selected as triggering water level, while a PoF of 50% resulted in levee failure due to piping. 

Table 15 shows the estimated PoF by the medium-complexity and complex breach models for each 

selected structure in the study area. The levee crest elevation remained the same, but longitudinal-

wise, the bottom elevation of the levee fluctuated, therefore the probability of failure changed as well. 

Table 14. Triggering water levels that was used as input parameters in the 2D hydraulic modelling 

corresponding to 40% probability of failure. The maximum WSE is calculated by HEC-RAS and refers to the 

200-year flood. 

Structure 
Bottom elevation 

Pfail 

Triggering WSE Max. 

WSE 

[m] 

medium complex 

max ave min max ave min max ave min 

2 115.2 115 114.8 

40% 

118 117.8 117.6 117 116.8 116.58 117.5 

6 114.55 114.35 114.15 117.31 117.11 116.91 116.33 116.13 115.93 116.2 

11 113.6 113.4 113.2 116.36 116.16 115.96 115.38 115.18 114.98 115.1 

12 112.2 112 111.8 114.96 114.76 114.56 113.98 113.78 113.58 115 

Table 15. Result of the calculated probability of failure for the structures in the study area and for maximum 

water levels that correspond to the 200-year flood. 

Structure 
Crest 

elev. [m] 

Bottom elevation [m] 
Max. 

WSE 

[m] 

Probability of failure [%] 

medium complex 

max ave min min ave max min ave max 

2 118 115.2 115 114.8 117.5 21.77 29.79 37.56 88.22 93.74 96.76 

6 117.35 114.55 114.35 114.15 116.2 3.12 7.57 13.53 20.54 50.83 74.09 

11 116.4 113.6 113.4 113.2 115.1 1.16 4.06 8.95 3.86 28 57.76 

12 115 112.2 112 111.8 115 41.48 48.97 55.3 97.69 98.93 99.53 

Figure 23 shows the resulting 200-year flood inundation maps estimated by the 2D hydraulic model 

built in HEC-RAS when bathymetry and DTM data were used as geometrical entries, respectively. It 

represents the maximum water depth and inundation width in the study area without any structure 

failure. The difference between the two inundation maps is considerable. The reason for the mismatch 

between the two flood inundation maps is related to the geometry data used. The bathymetric data 

are acquired by a different method than the DEM models and even though they can give important 

information about the bottom of the river, they do not give information about the floodplains or the 

ground morphology and consequently they cannot be used for 2D flood mapping. On the other hand, 

DEM models are acquired by LiDAR. This active laser-based method does not penetrate water. Thus, 

it gives no information about the bottom of the river, but it represents very accurately surface 

elevation that is required when it comes to 2D modelling. So, for the purpose of this study, which is 

flood risk mapping, a 2D hydrodynamic model is required in order to represent water flow in both the 

river and the floodplains. Consequently, the DTM geometric data were used instead and that resulted 

to the river being represented as shallower than it is in reality and part of the water volume from the 

200-year flood is being discharged on the floodplains, which means that the actual inundation width 
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is different (smaller in this case). Therefore, in the figure below and for the DTM geometry input water 

can be observed behind the levees, even though none of the levees are breached or overtopped. The 

water found its way around the structures, as they are not continuous. 

 

Figure 23. Inundation maps representing maximum water depth of the 200-year flood and without levee 

breaching, when bathymetry data (left) and DTM data (right) are used. 

The results from the hydraulic modelling and for each scenario are presented below. It is reminded 

that only the medium-complexity and complex model were considered for the hydraulic modelling 

and the inundation mapping. 

Scenario 1 

In Figure 24 one can see the inundation map that represents the flood risk – as in water depth - related 

to the medium-complexity model, where structure 12 breached 100m, while in Figure 25 the map 

related to the complex model, where all four structure breached 100m. 

 

Figure 24. Inundation map representing the medium-complexity model in scenario 1 and 2, where levee 12 

(black line) was set to breach 100 meters. The map shows the maximum water depth in meters. 
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Figure 25. Inundation map representing the complex model in scenario 1, where all levees (black lines) were 

set to breach 100 meters. The map shows the maximum water depth in meters. 

In comparison to the two models in scenario 1, even though the inundation width is similar for both 

models, the complex model results to higher flood risk, as the water levels behind the breached levees 

are generally higher. Since it is difficult to visualize the differences between the medium-complexity 

and the complex model by only looking at the inundation maps, five profiles were drawn in RAS 

Mapper, one in the river reach and four behind the four levees in order to graphically depict water 

depth for both models. The results from the five profiles and for both models are presented in Figure 

26 and Figure 27. 

Figure 26 shows the water depth in the river for the medium-complexity (light blue line) and complex 

models (blue line). The two details in the graph depict clearer the small differences between these two 

models. In the complex model the water level in the river is lower in comparison to the medium-

complexity model and more specifically along the positions where the breached levees are located. 

This happens because some of the water discharges on the floodplains after the breaching of the 

structures. Figure 27 represents the four profiles showing the water depth behind the levees for the 

medium-complexity (light blue lines) and complex models (blue lines). It is clear that the water level 

in the complex model and behind the levee 6 and 11 is greater compared to the medium-complexity. 

The water depth behind structure 12 is quite similar in both models with some slight differences. In 

the first 200 m behind structure 12, the water depth representing the medium-complexity model is 

higher than complex, while after the first 200m the water depth is slightly higher in the complex 

model. This is reasonable and can be explained by the fact that structure 11 faces structure 12 at that 

location and since it breaches too in the complex model, part of the water volume is relieved on the 

left-hand side of the river, when structure 11 fails. Finally, the water depth behind structure 2 is 

unexpectedly higher in the medium-complexity model and for the first 310 m of the structure. Then, 

after 310 m the water depth is lower. This can be explained by the fact that in both models the amount 

of the water in the river is the same, but in the case of the complex model the excessive water of the 

200year flood that is being hold in the river is being discharged on the floodplains when the levees 

breach, while in the medium-complexity model the water cannot be discharged freely and gets its way 

around the structure. 
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Figure 26. Profile showing water depth in the river reach for both complex (blue line) and medium-complexity 

(light blue line) models. The randomly chosen zoomed-in sections on the profile (circled areas) show in more 

detail the water depth in the river. 

 

Figure 27. Profiles showing water depth behind the four levees in scenario 1 for both models. The blue line 

represents the complex model, while the light blue the medium-complexity. 
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Scenario 2 

In scenario 2 it was selected to breach one structure in both models; the structure with the highest 

estimated PoF. That structure in both models was structure 12. The medium-complexity model, 

though, was represented by a breach width of 100 m, while the complex of 400 m in order to show 

the higher vulnerability (higher PoF) of the levee system calculated by the complex model, but in 

another way than in the other two scenarios. The inundation map for the medium-complexity model 

in scenario 2 is depicted in Figure 24, as it is the same with scenario 1. Figure 28 below shows the 

inundation map for the complex model. 

 

Figure 28. Inundation map representing the complex model in scenario 2, where levee 12 (red line) was set to 

breach 400 meters. The map shows the maximum water depth in meters. 

In Figure 29 and Figure 30 the water depths for the complex and medium-complexity models deriving 

from the profiles drawn in RAS Mapper are depicted. More specifically, Figure 29 shows the 

differences in the water depths behind levee 12 that breached (left profile), as well as in the river (right 

profile. In Figure 30 the water depths behind the other three levees are depicted, even though none 

of them breached in scenario 2. 

Again, as in scenario 1, in scenario 2 the water level behind the breached structure 12 and for the 

complex model is higher in comparison to the medium-complexity. This is reasonable, since for the 

complex model the breach width is larger and therefore more water is discharged on the landside at 

the right bank of the river. In addition, it is also noticeable that the water levels downstream are lower 

for the complex model. This occurs because less water is delivered downstream, after a breach 

occurrence upstream, as it has been also pointed out by Mazzoleni et al. (2015). That also means, that 

if a failure occurs upstream the PoF for a structure downstream is reduced, but this is not part of this 

study and will not be exploited. Also, by looking at the profiles in Figure 30, it is identified that the 

water depths behind levee 2 are very similar for both models. In contrast, water depths behind 

structures 6 and 11 are higher in the medium-complexity model compared to those in the complex. 

As explained before, this is reasonable since the water that is carried by the river during a 200-year 
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flood event is the same, but when a larger breach occurs, it results to a greater relief of the water 

volume on the right-hand side floodplain behind the breached structure. Then less water is carried in 

the river or being relieved on the left-hand side floodplains. 

 

Figure 29. Profiles showing water depth behind levee 12 (left) and in the river reach (right) in scenario 2. The 

blue line represents the medium-complexity model, while the light blue line the complex. 

 

Figure 30. Profiles showing water depth behind the four levees in scenario 2 for both models. The blue line 

represents the medium-complexity model, while the light blue the complex. 

Scenario 3 

In scenario 3 Figure 31 and Figure 32 show the resulted inundations maps, depicting the flood risk 

related to the medium-complexity and complex model, respectively. 
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Figure 31. Inundation map representing the medium-complexity model in scenario 3, where levee 12 (red line) 

was set to breach 200 meters. The map shows the maximum water depth in meters. 

 

Figure 32. Inundation map representing the complex model in scenario 3, where all levees (red lines) were set 

to breach [200xPoF] meters. The map shows the maximum water depth in meters. 

Below, Figure 33 represents the water depths in the river modelled in the complex and medium-

complexity models and Figure 34 the water depths behind the levees and for the complex and 

medium-complexity models. The results derived from the profiles drawn in RAS Mapper. 
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Figure 33. Profile showing water depth in the river in scenario 3. The blue line depicts the complex model, 

while the light blue the medium-complexity. 

 

Figure 34. Profiles showing water depth behind the four levees in scenario 3 for both models. The blue line 

represents the medium-complexity model, while the light blue the complex. 
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The results in scenario 3 are similar to those in scenario 1, since the same principle was followed as in 

in both scenarios – the structure with 50% calculated PoF were set to breach. The difference between 

scenario 1 and 3 is that in scenario 3 the breach width did not remain constant for all the structures; 

instead it changed in accordance to the calculated PoF (see subchapter 2.4.2 Breach scenarios for 

more information). 

Generally, the results show that in scenario 3 the medium-complexity model is described by higher 

water depths in the river and lower water depths on the landsides, behind the levees. The opposite 

applies for the complex model. More specifically, the water depths behind structures 6, 11 and 12 are 

distinctly higher in the complex model. This occurs for the same reasons that were discussed in 

scenario 1. The breaching of the structures allows a free flow of the excessive water on the landsides, 

relieving part of the water volume carried by the watercourse. Thus, the water depth in the river is 

less in the complex model. The results regarding structure 2 are similar as in scenario 1, meaning that 

for the first 310 m of the structure the water depth in the medium-complexity model is higher and 

that pattern changes after the 310 m, where the complex model show higher water depths behind the 

structure. The explanation that can be given is the same; the amount of the water carried by the river 

is the same. In the complex model the excessive water volume is relieved by discharging on the 

landsides through the breaches, while in the medium-complexity model finds its way around the 

levee, since the structures are not continuous along the entire river reach. 

 

Overall, the results from the hydraulic modelling indicate that the complex model produces a higher 

flood risk in comparison to the medium-complexity, due to higher water depths at the backside of the 

levees that breached. Also, from scenarios 2 and 3 can be concluded that the wider the breach is, the 

higher the resulting flood risk. This was desired as the purpose was to associate the PoF to flood risk 

and depict the difference between the different complexity models. Furthermore, it seems that the 

right bank side of the river is more susceptible to failure in comparison to the left bank, something 

that was indicated by the breach models too. On top of that, if a breach occurs on the right-hand side 

bank, the flood risk on the left-hand side is being reduced, as well as downstream. Thus, both models 

indicated that the city of Orvieto Scalo is at higher risk than Ciconia. This is also justified by the fact 

that the area of Orvieto Scalo experiences more flooding and the socio-economic damage produced is 

greater, since more infrastructures are flooded. 
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3.4 Uncertainties 

Every model is associated to sources of uncertainty, since it is a simplified representation of reality. 

That also applies to both the breach and hydraulic modelling related to this study and an uncertainty 

analysis of both will follow. 

Uncertainties related to the breach modelling 

Firstly, in all of the models it was assumed that all the parameters are uniformly distributed within a 

certain range that resulted from the in-situ and ex-situ tests performed in the study area. However, 

some other scientific works found in the bibliography selected normal or lognormal distributions (i.e. 

Vorogushyn et al. (2009), Lendering et al. (2018)) for parameters such as the particle diameter (was 

selected to follow a log-normal PDF) or the levee crest height (was selected to follow a normal PDF). 

In general, any choice of distribution would be an assumption, unless the dataset is sufficient so that 

it makes the distribution pattern obvious. But the soil data for Paglia are rather few, and such 

information regarding distribution is not available. Therefore, these assumptions regarding the PDFs 

of the parameters used in the breach modelling is a source of errors. In any case, since the assumption 

of uniform PDFs was taken for all the breach models, this error is considered to be minor and it does 

not affect the achievement of the aim of this master thesis, which is the comparison of different 

complexity models. 

Another source of uncertainty is the assumptions regarding the grain-size distribution and hence the 

particle dimeter. The lack of data about the grain size distribution is significantly inducing errors and 

uncertainties about the compatibility of the results with the study area, because, as it was explained 

before, the particle diameter affects substantially piping and consequently the resulting PoF. Again, 

the error induced is considered not to affect the outcome of this thesis which is comparison between 

models. 

Another uncertainty produced is related to the groundwater flow pattern. In reality seepage length 

and piping length are greater than the length of the levee. This is because seepage and piping are not 

formed in straight line or only horizontally. Groundwater flow is selective and tortuous. Figure 35 

shows the difference between the assumed flow path and the path that groundwater follows in reality. 

The same applies for the creation of pipes, since piping occurs where seepage exists. This results to 

an overestimation of the PoF due to piping. But still it does not affect the aim of the project, because 

in all of the models the levee width was set to fall in the same range. 

 

Figure 35. Macroscopic approach vs microscopic behaviour of groundwater flow. It represents the foundation 

on which the Darcy’s approach is based on (left) in comparison to reality (right) (Hiscock & Bense, 2014). 

Another parameter that differs in reality is the thickness of the soil layers and that is only related to 

the complex model. During the simulations the thicknesses of the permeable and impermeable soil 

layers remained constant, but that does not apply in reality. This can also be noticed from the 
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hydraulic conductivity results, where medium values of the hydraulic conductivity were measured at 

a depth of 1 meter. Consequently, the thickness of the impermeable layer, for example, could be more 

or less than 3 meters in some certain areas, resulting to either lower or higher PoF. Nevertheless, it is 

assumed that the overall PoF, which is an average value, is the same and has not great impact on the 

results of the model. 

Furthermore, all the equations that the models used are based on assumptions in order to become 

simpler and better understood by people, for example Darcy’s law or Shield’s method. On top of that, 

the equations that formulate the LSE are empirical (i.e. Sellmeijer et al. (2011) approach) and that 

means that their compatibility to other case studies could be limited. This can only be answered if 

either levee breach historical data about Paglia river existed or if further research had been conducted. 

At this point, the validity of the models, especially the Khilar’s et al. (1985) and Sellmeijer’s et al. 

(2011) approaches that are based on extended experimental work and are widely used, is not of 

question, unless further studies in the future show the opposite. 

Finally, all the models are calculating piping for a homogenous levee, without taking into 

consideration of the drainage that the levees contain (see design detail in Figure 8). That means that 

the designers of the levee system, considering the high likelihood of seepage in the area, suggested a 

drainage system to collect the seepage flow and prevent failure. Consequently, the seepage might 

occur without piping failure of the levee foundation. Nevertheless, according to WSP’s senior 

consultants, a drainage system can sometimes be a wrong decision if the grain-size chosen is not 

appropriate. So, if the grain-size of the drainage is large and therefore contains large voids then 

sediment transport is not prevented. Sediments of fines will be transported into the drainage, 

resulting to clogging and the system will act as if no drainage was there. 

Uncertainties related to the hydraulic modelling 

To begin with, the 2D HEC-RAS model uses the FV method to calculated water depth. This approach 

contains errors itself related to the discretization process (Juretic, 2004) and linear interpolation 

(Brunner, 2016a). This is not considered to be a problem or to lead to wrong results, since HEC-RAS 

has a built-in error estimator that stops the computation process and returns a message to the user 

when the calculated error exceeds the models specified limit. 

On the contrary, what is believed to produce significant errors in the 2D hydraulic model and the 

resulted inundation maps is the geometrical data used. The 2D model is using terrain data (DTM) of 

high resolution (1m x 1m). The problem, though, is that the DTM does only represents surface and 

since LiDAR laser cannot penetrate water, the water surface in the river is considered to be the bottom 

of the river instead. That results to an underestimation of the volume of the area that consequently 

leads to a more spread inundation width. This can be easily noticed in the left graph depicted in Figure 

36. A way to solve this problem would be to pair the bathymetrical and terrain data. However, in the 

case of Paglia it is considered pointless to do so, since the bathymetrical data contain significant 

errors. One reason could be that the bathymetrical data is of low resolution compared to the DTM. 

Another reason is that when the cross sections were drawn in the 1D model they were drawn wrongly. 

Specifically, instead of being drawn left to right, they were drawn right to left. On top of that, the cross 

section must not intersect (Brunner, 2016a), something that happens in the case of Paglia river 

hydraulic model. These two issues described in this paragraph are depicted in Figure 36 and the 

minus symbol in front of the cross-section number in the same figure is also a proof of backward 

drawing of the cross-sections. 



 

57 

 

Figure 36. Plot of cross section XS -11733 showing incompliance of terrain and bathymetrical data (left) and 

map produced by RAS Mapper with Google Satellite background layer with drawn cross sections and river 

banks showing shifted river banks and intersecting cross sections (right). 

By comparing the 500-year flood inundation map from the hydrological study performed in Paglia 

river basin by the IRPI research institute, and the 200-year flood inundation map from this study 

(Figure 37) when no breach is considered it can be observed that the two maps look similar, with some 

small differences. But even though the flood inundation is overestimated, the overall outcome of the 

breaching scenarios seems to be logical, since after a breach occurrence more water will be found at 

the back of the structure and less in the river since part of the water volume in the river is discharged 

on the landside. 

 

Figure 37. 500-year flood inundation map (IRPI, 2012) (left) in comparison to the 200-year flood inundation 

used in this study (right). 

The 200-year flood period is a prognosis of the future situation, calculated by using a theoretical 

distribution (usually Gumbel or Log-Person III for maximum peak flows) and therefore it is a source 

of uncertainty too, regarding both numerical and hydraulic modelling. 

Finally, the assumptions related to the scenarios about the breach location, breach size and breach 

development influence the results of the inundation maps and therefore they are a source of 

uncertainty that cannot be dealt with and will always be part of the flood mapping. 

  



 

58 

4 CONCLUSION 

This master thesis had the aim to assess the effect of a model’s complexity on the estimation of the 

PoF of a levee due to piping at its foundation for a 200-year flood and the associated flood inundation. 

To accomplish the thesis aim, a simple, a medium-complexity and a time-dependent complex breach 

model were implemented in a Monte Carlo framework. The simple model was chosen to represent a 

common situation that many engineers encounter. That is the case of deficiency of site-specific data 

due to for example a project’s limited budget or when the study area is too large. The medium-

complexity is representative of the situation where some site-specific information exists and the 

complex model was selected to account for all possible parameters, along with time, that are related 

to PoF due to piping, since in that case sufficient data are available. All the data used in this study 

were acquired from the south part of the Paglia river in Italy, where a new levee system is located. 

The results from the breach modelling showed that the complexity of the models has a great impact 

on the estimated PoF. The simple model estimates the lowest PoF, while at the same time the complex 

estimated the highest amongst the three. The main difference between the three models is the number 

of parameters that each model considers. The simple considered only porosity, while the rest 

parameters regarding soil strength were based on assumptions, the medium complexity considered, 

apart from porosity, the critical shear stress and permeability and the complex model considered 

implicitly the critical shear stress and explicitly time, soil permeability thickness of soil layers and the 

relative density. The consideration of several parameters related to soil strength is thought to be 

decisive for the estimated PoF.  

A sensitivity analysis was also performed to investigate the parameters that impact PoF estimation. 

These were the critical shear strength, the particle diameter, the thickness of the soil layers and time 

(storm duration). The impact of the critical shear stress and the grain size distribution on soil strength 

is well known from the literature and was also confirmed by the WSP Sverige experts in geotechnics. 

Additionally, soil characteristics are spatially variable. Consequently, it is considered vital for a safety 

assessment performed in a certain area to consider site-specific data and not general assumptions, as 

it is also suggested by the literature. That implies the importance of geotechnical investigations for 

assessing a levee PoF. 

Even though there is no possibility to validate the models and express which one is more 

representative, since there are no historical breach data in that area, there are some clues that lead to 

the assumption that the simple model is not representative of the actual situation. First of all, the 

designers of the levee system have suggested a drainage at the toe of the levee. A drainage is built as 

a mean of controlling seepage, which is the condition to piping. If there was no or low possibility of 

seepage in the area, then there would have been no reason to raise the cost of the project with a 

construction of a drainage system. Additionally, the permeability tests resulted on medium 

permeability values on the left bank side of the area and at a depth of less than 1 meter, while the 

hydrogeological maps indicate the existence of local aquifers in the same area. The presence of a 

groundwater flow so close to the surface can be alarming for seepage flows and piping. On that 

account, seepage is considered a fact and so is PoF due to piping at the levee foundation, at least in 

some extent. But the simple model does not calculate PoF until the water level reaches 4 meters, but 

in reality, a 4 meters water level would have already caused failure due to levee overtopping. 

Flood risk mapping was also performed for the area. The flood risk maps were associated to the 

medium-complexity and complex models by considering three breach scenarios in HEC-RAS. The 

simple model was not taken into account, since it calculated no PoF for a water level lower than 4 

meters. The outcome from the flood risk mapping resulted to higher risk associated with the complex 
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model, but both models resulted to a higher flood risk for Orvieto Scalo city than Ciconia, since the 

left river bank was estimated to be more prone to flooding. 

Overall, piping models should be used for assisting safety assessment and critical thinking regarding 

the method used and the outcoming results is vital, because as all models they are associated with 

uncertainties.  

More research needs to be done in order to investigate the physical process that govern backward 

erosion. In this way, a better insight will be given on the critical parameters that need to be included 

when one need to account for piping. An application of this study on another area with sufficient 

geotechnical information and breaching historical data would also give the opportunity to better 

understand what is important to consider when piping wants to be investigated, how complex a 

method should be to produce accurate results and if the already established models are transferable 

to other case studies with different soil characteristics than the soils used in the experiments done to 

produce these piping methods. 
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A. I 

APPENDICES 

APPENDIX I: MATLAB SCRIPTS 

Simple model 

%SIMPLE PIPING MODEL 
clear all; 
%RESISTANCE EQUATION (Mazzoleni et al. (2015)) 
n = (0.423-0.304)*rand(10000,1)+0.304; %porosity 
J_critical = 0.242.*((1-n)./n); %critical hydraulic gradient 
%LOAD EQUATION 
H = 0.1:0.001:10.099; %water level in the river 
L = (15-11.9)*rand(10000,1)+11.9; %width of the levee 
J = H./L; %hydraulic gradient 
%LIMIT STATE EQUATION (LSE) / RELIABILITY FUNCTION 
LSE = J_critical - J; 
%PROBABILITY OF FAILURE 
LSE_2 = LSE; 
for i=1:10000 
    for j=1:10000 
        if LSE_2(i,j)<0 
            LSE_2(i,j)=1; 
        else 
            LSE_2(i,j)=0; 
        end 
    end 
end 
failures = LSE_2; 
number_of_fails = sum(failures); 
probability_of_failure = number_of_fails./10000; 
%PLOT OF FRAGILITY CURVE 
plot(H,probability_of_failure) 
xlabel('Water level [meters]') 
ylabel('Probability of piping') 
title('Fragility curve (simplified Khilar method)') 

Medium-complexity model 

%MEDIUM-COMPLEXITY MODEL FOR PIPING 
clear all; 
%RESISTANCE EQUATION (Khilar et al. (1985)) 
d70_50 = (0.00005-0.00003)*rand(10000,1)+0.00003; % 70% - 50% particle diameter [m] 
vis = ((1.7918*10^(-6))-(1.3065*10^(-6)))*rand(10000,1)+(1.3065*10^(-6)); %kinematic viscosity of water [m2/s] 
ga = 9.81; %gravitational acceleration [m/s2] 
gamma_p = (27100-26419)*rand(10000,1)+26419; %specific weight of particles [N/m^3] 
gamma_w = (9807-9804)*rand(10000,1)+9804; %specific weight of water at 0-10 Celcius [N/m^3] 
R = (d70_50 .* (((gamma_p-gamma_w)./gamma_w).*ga.* d70_50).^0.5)./vis; 
thita_critical = 0.1414 .* (R.^(-0.2306)); %critical shields parameter (Cao et al. (2006) method) 
T_shear_critical = thita_critical.*(gamma_p - gamma_w).* d70_50; %critical shear stress [N/m2] 
n = (0.423-0.304)*rand(10000,1)+0.304; %porosity 
K = (0.0015-0.000084)*rand(10000,1)+0.000084; %Hydraulic conductivity [m/s] 
k_intrinsic = (vis./ga).*K; %intrinsic permeability 
J_critical = (T_shear_critical./(2.828.*gamma_w)).*sqrt(n./k_intrinsic); %critical hydraulic gradient 
%LOAD EQUATION 
H = 0.1:0.001:10.099; %water level in the river 
L = (15-11.9)*rand(10000,1)+11.9; %width of the levee 
J = H./L; %hydraulic gradient 
%LIMIT STATE EQUATION (LSE) / RELIABILITY FUNCTION 
LSE = J_critical - J; 
%PROBABILITY OF FAILURE 
LSE_2 = LSE; 
for i=1:10000 
    for j=1:10000 
        if LSE_2(i,j)<0 
            LSE_2(i,j)=1; 
        else 
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            LSE_2(i,j)=0; 
        end 
    end 
end 
failures = LSE_2; 
number_of_fails = sum(failures); 
probability_of_failure = number_of_fails./10000; 
%PLOT OF FRAGILITY CURVE 
plot(H,probability_of_failure) 
xlabel('Water level [m]') 
ylabel('Probability of piping') 
title('Fragility curve (Khilar method)') 

Complex model 

%SEEPAGE & PIPING - COMBINED PROBABILITY 
clear all; 
%PIPING FAILURE 
%RESISTANCE EQUATION 
K = (0.0015-0.000084)*rand(10000,1)+0.000084; %Hydraulic conductivity [m/s] 
vis = ((1.792*10^(-6))-(1.307*10^(-6)))*rand(10000,1)+(1.307*10^(-6)); %kinematic viscosity of water [m2/s] 
ga = 9.81; %gravitational acceleration [m/s2] 
k_intrinsic = (vis./ga).*K; %intrinsic permeability 
D_clay = 3; %thickness of clay/silt [m] 
D_sand = 2.5; %thickness of sand [m] 
time_st = 0.1:10:100000; %Storm duration [sec] 
L = (15-11.9)*rand(10000,10000)+11.9; %width of the levee 
c = (0.28./((( D_sand./L).^2.8)-1))+0.04; 
a = Ds_div_L.^c; 
F_G = 0.91*a; %geometrical shape factor 
White_d_c = (0.4-0.25)*rand(10000,1)+0.25; %White's drag coefficient [-] 
d_70 = (0.00005-0.00004)*rand(10000,1)+0.00004; %70th percentile of the grain diameter of particles [m] 
d_70_m = 0.000208; %mean value of the 70th percentile of the grain diameter of particles [m] (0.15mm-0.43mm, mean = 
0.208mm) 
F_S = d_70.*(((1./(k_intrinsic.*L)).^(1/3))).*((d_70_m./d_70).^0.6); %scale factor - relating particle size and seepage size 
gamma_p = (27100-26419)*rand(10000,1)+26419; %specific weight of particles [N/m^3] 
gamma_w = (9807-9804)*rand(10000,1)+9804; %specific weight of water at 0-10 Celcius [N/m^3] 
thita = (34-24)*rand(10000,1)+24; %friction angle of soil particles in degrees [deg]  
thita_rads = deg2rad(thita); % friction angle in radians [rad] 
tan_thita = tan(thita_rads); 
RD = 0.8866; %relative density = density of substance / density of the reference [-] 
RD_m = 0.725; %relative density - mean value (values = 50%-100% -> mean = 72.5%) 
F_R = White_d_c.*(gamma_p./gamma_w).*tan_thita.*((RD/RD_m).^0.35); %resistance factor 
H_critical = F_R.*F_G.*F_S.*L; %Resistance equation 
%LOAD EQUATION 
H = 0.1:0.0005:5.0999; %water level in the river during a storm event [m] 
%LIMIT STATE EQUATION (LSE) / RELIABILITY FUNCTION 
LSE_piping = H_critical - (H-0.3.*D_clay); 
%PROBABILITY OF FAILURE 
LSE_2_piping = LSE_piping; 
LSE_2_piping(LSE_2_piping>0) = 0; 
LSE_2_piping(LSE_2_piping<0) = 1; 
failures_piping = LSE_2_piping; 
%SEEPAGE FAILURE 
%LOAD EQUATION 
n_air = (0.219-0.168)*rand(10000,1)+0.168; %air-filled porosity [-] 
H_p_time = H + D_clay + (D_sand./2); 
X_time = sqrt(2.*( K./n_air).*(H_p_time.*time_st)); 
%RESISTANCE EQUATION 
L_critical = L; %width of the levee 
%LIMIT STATE EQUATION (LSE) / RELIABILITY FUNCTION 
LSE_seepage = L_critical - X_time; 
%PROBABILITY OF FAILURE 
LSE_2_seepage = LSE_seepage; 
LSE_2_seepage(LSE_2_seepage>0) = 0; 
LSE_2_seepage(LSE_2_seepage<0) = 1; 
failures_seepage = LSE_2_seepage; 
%piping 
number_of_fails_piping = sum(failures_piping); 
probability_of_failure_piping = number_of_fails_piping./10000; %pobability of failure due to piping 
%seepage 
number_of_fails_seepage = sum(failures_seepage); 
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probability_of_failure_seepage = number_of_fails_seepage./10000; %probability of failure due to seepage 
%Probability of failure for interdependent events (Combined probability) 
Combined_probability_of_failure = probability_of_failure_piping.*probability_of_failure_seepage; 
%PLOT OF FRAGILITY CURVE 
plot(H,Combined_probability_of_failure) 
xlabel('Water level [m]') 
ylabel('Combined probability of failure') 
title('Fragility curve (piping & seepage)') 
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APPENDIX II: MAPS 

Hydrogeological Maps of the Study Area 

 

 

Figure App. II-1. Hydrogeological map of carbonate and volcanic domain of the area (source: UmbriaGeo - 

Umbria Region web portal). 



 

A. V 

 

Figure App. II-2. Detailed hydrogeological map of the area (source: UmbriaGeo - Umbria Region web portal). 
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Description of Hydrogeological Maps: 

The complex of debris deposits is characterized by ancient and recent, undifferentiated covering 

deposits. The detrital deposits are mainly constituted by more or less cemented calcareous gravels 

(detritus conoids, morainic deposits). This complex has a high capacity for infiltrating rainwater that 

allows the local supply of small suspended aquifers. It contributes to the recharge of the underlying 

carbonate aquifers and constitutes an excellent hydraulic connection between the carbonate aquifers 

of the mountain ridges and the alluvial ones. 

The complex of lava and pyroclastites, referable to the eruptive manifestations of the northern Vulsino 

apparatus, contains the regional aquifer Vulsino, whose thickness, in the Umbrian territory, varies 

from few tens to few hundred meters. The pyroclastites have a good primary permeability, while the 

lavas have a good secondary permeability, when they are fractured. But, when compacted, they serve 

as local aquitard. For the hydrogeological complex as a whole, an average effective infiltration of about 

250 mm per year has been estimated. 

The alluvial deposits are composed of silt, sand and gravel (alluvial valleys). The fluvio-lacustrine 

deposits, are predominantly composed of clays and sandy-clay, emerge in the valley of the Tiber river. 

This complex accommodates multilayer slopes, of mainly gravel and sand components, supported by 

a poorly permeable substrate. These slopes are of regional importance, since they serve as aquifers of 

the Umbrian and Tiber valleys and are reloaded largely by underground water supplies from adjacent 

carbonate ridges. The poorly permeable deposits of the intramountain basins favour concentrated 

infiltration, where sinkholes are present, playing an important role in the water supply of the 

underlying carbonate aquifers. 

Finally, the marl-arenaceous complex is composed by, sandstones and marls, interbedded with clays 

and calcarenites. The total thickness of the deposits varies from area to area, up to values of thousand 

meters. The complex outcrops extensively in the northern and western part of the region. Overall it is 

devoid of significant aquifers of regional interest, but in places where the calcarenites are fractured 

and/or the sandstones are more weathered, discontinuous local aquifers are found that serve as 

supply to small springs and support the basic flow of seasonal watercourses. Therefore, on a regional 

scale, the complex can be identified as aquiclude. 



 

A. VII 

Geological Map of the Study Area 

 

Figure App. II-3. Geological map of the area with numbers (source: UmbriaGeo - Umbria Region web 

portal). 
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Hazard Map of Landslides 

 

Figure App. II-4. Index of landslide risk in the study area (Regione Umbria, 2014). 

  



 

A. IX 

APPENDIX III: FIELD & LABORATORY MEASUREMENTS 

Table App. III-1. Soil characteristics of the study area. 

 
Bore 

275U-

S2 

275U-

S5 

275U-

S6 

275U-

S11 

275U-

S12 

275U-

S13 
 

Sample C2 C2 C2 C2 C2 C1 

Boring depth 
from [m] 8.5 6.9 8.3 7.5 3 3 

to [m] 9 7.5 8.9 7.8 3.6 3.6 

Natural water content Wn [%] 23.5 15.2 13.9 23.5 24.4 23.7 

Void ratio e [%] 0.67 0.44 0.44 0.63 0.67 0.73 

Porosity n [%] 40.2 30.4 30.7 38.6 40 42.3 

Saturation grade  Sr [%] 96.7 96 85 100 98.6 87.8 

Specific weight, natural γn [kN/m3] 20.01 21.63 20.96 20.04 19.74 19.02 

Specific weight, dry γd [kN/m3] 16.2 18.77 18.4 16.23 15.87 15.38 

Specific weight, saturated 
γsat 

[kN/m3] 
20.14 21.75 21.42 20.04 19.8 19.53 

Specific weight, granular γs [kN/m3] 27.09 26.96 26.57 26.42 26.47 26.67 

Gravel fraction G [%] 0 0 0.1 0 0.1 0.4 

Sand fraction S [%] 0.9 7.1 33.4 1.5 22.9 9.6 

Silt fraction M [%] 29.9 57.1 42.5 27.8 51.2 52 

Clay fraction C [%] 69.3 35.8 24 70.7 25.8 38 

Liquid limit LL [%] 49.9 35.2 26.2 52.8 37.3 33.5 

Plastic limit PL [%] 28 20.9 20 28 19.6 19.4 

Plasticity index IP [%] 21.9 14.3 6.2 24.7 17.7 14.1 

Consistency index IC [%] 1.2 1.4 2 1.2 0.7 0.7 

Classification U.S.C.S. 

(S.I.) 
[-] CL CL CL-ML CH CL CL 

Normal stress σ [kPa] 34 37 10 34 9 15 

Friction angle φ [deg] 24 26 34 25 26 25 

Cohesion coefficient c' [kPa] 34 37 10 34 9 15 

Lateral expansion ε [%] 14.8 2.6 3.6 12.6 6.3 3.8 

Table App. III-2. In-situ hydraulic conductivity measurements of the soils in the study area. Acquisition 

method used was Lefranc tests performed in the area in 2015. 

Borehole Depth [m] K [cm/s] Classification Terzaghi Peck 1948 

S1 0 - 1 0.0000553 low - very low 

S2 
0 - 1 0.0000317 low - very low 

8.5 - 9 0.000000345 impermeable 

S3 
0.75 - 1.8 0.0000285 low - very low 

7.5 - 8.5 0.000000262 impermeable 

S4 
0.2 - 1 0.00000753 very low 

4.5 - 5.5 0.13 high 

S5 
0.15 - 1 0.00000263 very low 

4.5 - 5.5 0.15 high 

S6 
0.2 - 1 0.00000847 very low 

4.5 - 5.5 0.00000144 very low 
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Borehole Depth [m] K [cm/s] Classification Terzaghi Peck 1948 

S7 0 - 1.1 0.0084 medium 

S8 0 - 1 0.000386 low 

S9 
0 - 1.2 0.000032 low - very low 

6 - 6.5 0.0000394 low - very low 

S10 0 - 1 0.0000162 low - very low 

S11 
1.5 - 2 0.0000219 low - very low 

6.5 - 7.5 0.000000139 impermeable 

S12 0 - 1 0.000069 low - very low 

S13 0 - 1 0.000000743 impermeable 

S14 0 - 1 0.039 medium 

Table App. III-3. Granulometric analysis of the soils in the study area (laboratory sieve analysis). 

 diameter of sieve [mm] 

S1 S3 S5 S6 

Passing material [%] 

Sieve 10 2 95.7 93.5 97.9 96.3 

Sieve 42 0.4 91.5 90.6 95.1 92.6 

Sieve 200 0.075 86.5 84.7 90.8 88.7 

 

 

Figure App. III-1. Map depicting the newly built levees (red lines) and the locations of the field measurements. 

 

  



 

A. XI 

APPENDIX IV: METEOROLOGICAL & HYDROLOGICAL DATA 

 

Figure App. IV-1. Hydrograph at the Orvieto Scalo gauging station showing the monthly discharge 

measurements (Cencetti, et al., 2017). 

 

Figure App. IV-2. Hydrograph at the Orvieto Scalo gauging station showing the mean monthly discharge 

measurements (same as in Figure,but with detailed information) (Cencetti, et al., 2017). 



 

A. XII 

 

Figure App. IV-3. Total annual precipitation measurements at the Orvieto meteorological station (Cencetti, et 

al., 2017). 

 

Figure App. IV-4. Annual maximum, minimum and mean temperature measurements at the Orvieto 

meteorological station (Cencetti, et al., 2017). 
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