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Abstract

Periodic oscillations underlie many intracellular functions, such as circadian time
keeping, cell cycle control and locomotor pattern generation in nerve cells. These
intracellular oscillations are generated in intricate biochemical reaction networks
involving genes, proteins and other biochemical components. In most cases, robust
oscillations are of pivotal importance for the organism, i.e., the oscillations must
be maintained in the presence of internal and external perturbations.

Model based analysis of robustness in intracellular oscillators has attracted con-
siderable attention in recent years. The analysis has almost exclusively been based
on either complete removal of network components, e.g., single genes, or perturba-
tion of model parameters. In this thesis, a control theoretic approach to analyze
structural robustness of intracellular oscillators is proposed. The method is based
on adding dynamic perturbations to the network interactions. Determination of
the smallest perturbation translating the underlying steady-state into a Hopf bi-
furcation point is used to quantify the robustness. The method can be used to
determine critical substructures within the overall network and to identify specific
network fragilities. Also, an approach to nonlinear model reduction based on the
robustness analysis is proposed.

The proposed robustness analysis method is applied to elucidate mechanisms
underlying robust oscillations in circadian clocks. Circadian clocks, molecular os-
cillators generating 24 hour rhythms in many organisms, are known to display a
striking robustness towards internal and external perturbations. The underlying
networks involve a large number of genes that are transcribed into mRNA which
produce proteins subsequently regulating the activity of other genes, together form-
ing an intricate network with a large number of embedded feedback loops. A often
recurring hypothesis is that the interlocked feedback loop structure of circadian
clocks serves the purpose of robustness. From analysis of several recently published
models of circadian clocks, it is found in this thesis that the robustness of circadian
clocks primarily results from a high gain in a single gene regulatory feedback loop
generating the oscillations. This gain can be elevated by additional feedback loops,
involving either gene regulation or post-translational feedback, but a similar ro-
bustness can be achieved by simply increasing the amplification within the master
feedback loop.
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Chapter 1

Introduction

1.1 Robustness and Living Systems

Robustness, the ability to maintain functionality in the face of alterations in ex-
ternal and internal conditions, is a striking property of living systems (Kitano,
2004a). For billions of years living systems have maintained functionality across
vastly different environmental conditions. Living systems continue to function when
encountering harmful chemicals, viruses and gene mutations, still reproducing, res-
pirating and, as will be emphasized in this thesis, recognizing the 24 hour cycles
of their turning home. The robustness of living systems is ultimately a result of
intricate reaction networks of a multitude of interacting genes, proteins, metabo-
lites and other biochemical components. How does robustness emerge from these
networks? How is robustness attained in living system? Systems biology aims to
contribute to the exploration of such fundamental questions. So does this thesis.

1.2 A Systems Biology Approach

The systems biology field has seen its breakthrough during the last decade. With
improvements in experimental measurement techniques, e.g., (Elbashir et al., 2001;
Schena et al., 1995), and the Human Genome Project, decoding the human DNA
sequence (McPherson et al., 2001), the realization was revived that vast amounts
of data was not equivalent to a comprehension of the workings of living systems.
The link between the biochemical components and the behavior of the living sys-
tem was missing. Systems biology emerged with the promise of filling this gap.
Considering such a broad undertaking, it is no surprise that the term systems bi-
ology is used in a variety of contexts (Henry, 2003). There are many diverging
definitions of systems biology in the literature, see e.g., (Bruggeman and Wester-
hoff, 2007; Cassman, 2005; Ehrenberg et al., 2003; Ideker et al., 2001; Wolkenhauer
and Mesarovic, 2005). There is, however, one feature to the systems biology field
every definition of systems biology agrees on. The fields approach to problem solv-
ing. This approach is in contrast to much of the problem solving efforts in the
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2 Introduction

molecular biology community. Molecular biology research traditionally follows in
the footsteps of Descartes’ reductionism, where an understanding of the whole is
based on investigating how the different components work separately, whereas the
approach of systems biology is to focus on the whole, on the biological function,
and how it arises from the underlying interacting components.

An entertaining and incisive view on the two opposing perspectives can be found
in (Lazebnik, 2002). Here Lazebnik (2002) contrasts the approach of a molecular
biologist to that of an engineer, where the approach of the engineer corresponds to
a systems biologist’s. The molecular biologist and the engineer are faced with the
task of fixing a malfunctioning signaling transduction pathway, a transistor radio.
How do they approach this problem?

The molecular biologist would, according to Lazebnik (2002), begin by request-
ing a whole battery of working radios. From each of these, the molecular biologist
would remove one component. If the radio now failed to work, the removed compo-
nent would be considered “important” for the function of the radio. Finally, there
would be a pile of components categorized as “important”. Fixing the radio would
now be a matter of replacing all these “important” components.

An engineer on the other hand would, according to Lazebnik (2002), start off
by requesting a copy of the circuit diagram. From the wiring of the components
the engineer would narrow down the components critical for the function. On the
basis of the components critical for the function, the engineer would fix the radio,
either by replacing or adjusting already present critical components. To focus on
how the function of a system emerges from components and their interactions, is
to have a systems biology approach to problem solving.

Robustness is a property associated with a particular function. The function
in the case of a radio is to broadcast audio. Robustness then concerns the effect
of disturbances on the particular function. The disturbance of the radio broadcast
when travelling through a tunnel; the disturbance of dropping the radio into the
floor. Whether the individual components in a radio are robust, if each of them
can handle being dropped into the floor, is of less relevance for the function. What
does matter, is whether the function of the radio is robust, if it still broadcast
audio after a fall. Robustness is thus a systems property; a property emerging from
the connections and interactions of the components of a system. Consequently,
the approach of an engineer, the systems biology approach, is a suitable approach
when investigating robustness. Below follows a few consequences of the molecular
biologist’s approach to fix the radio, to further illustrate the need for a systems
perspective on robustness in living systems.

To assess robustness the system should be perturbed. The on/off button is
a component characterized as “important” for the function of the radio by the
molecular biologist. When removed, a radio in an initially silent state will never
work, since it simply cannot be turned on. The on/off button can, however, not be
considered included in the function as such. It only initiates the circuitry underlying
the function, while the circuitry itself is as intact and robust as ever. Biologically,
the corresponding scenario could appear in a signal transduction pathway. Being
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deprived of the initiator molecule, i.e., the on/off button is removed, the function
can easily be restored by adding a new initiator molecule, e.g., a drug.

Robustness concerns the effect of perturbations on the function. Day one re-
moval of parts of the antenna completely silences the broadcast. Day two it does
not. The molecular biologist is forced to investigate what happens day three, four
etc, to be able to assign either the silence of day one or the sound of day two
to accident, and then categorize this part of the antenna as “important” or not.
This “accident” may however be the very reason for the existence of the particular
component. Consider variations in the external environment. Without the antenna
part, bad weather conditions during day one silenced the radio. With the antenna
part, the function is robust towards weather variations. This is an example of ro-
bustness towards external perturbations. In living systems there are many genes
not required during most situations, but providing for robustness of the function in
the face of perturbations.

Redundancy provides for robustness. Suppose the radio has two loudspeakers.
Neither of the loudspeakers are individually “important”, if one of them is removed
the radio still works. However, when both are simultaneously removed, the radio is
silenced. This is an example of robustness due to redundancy. Redundancy appears
to be common in living systems, e.g., humans have two copies of nearly every gene.

Feedback provides for robustness. A red light shines on the radio, and it does not
work. An engineer can realize that fixing this is easy. The red light is information
fed back to the user of the radio, indicating the need for replacing the batteries.
The molecular biologist would be stunned. When removed, the diod giving off
the red light would end up in the pile of “not important” components. What is
obviously “important” though, is a red light coinciding with a non-working radio.
According to all logic, removal of the red light should thus resolve the problem,
and the molecular biologist would try to fix the radio simply by cutting of the wire
to the red light making sure it never shines again. The red light is an example
of robustness provided by the feedback of information. Feedback is an ubiquitous
solution used to provide for robustness in living systems.

This Thesis View on Defining Systems Biology

Notably, considering that this is a thesis in systems biology, no particular defi-
nition of systems biology has yet been favored. The term systems biology was,
according to Wolkenhauer and Mesarovic (2005), coined already in the sixties in
(Mesarovic, 1968). In the original context, systems biology was not the antithesis to
reductionism; systems biology was related to systems- and control theory. In 2005,
almost 40 years later as the systems biology field was in full bloom, Wolkenhauer
and Mesarovic (2005) defined systems biology “not as the application of engineering
principles to biology, but as a merger of systems- and control theory with molecular-
and cell biology”.

This thesis views systems biology as an interdisciplinary field that has outgrown
the boundaries of a mere merger of system- and control theory with molecular- and
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cell biology. The approach of a systems biologist is that of an engineer, a holistic
view to problem solving. What restricts the systems biology field is rather the
problem motivating it. The emerging gap between data and biological function, is at
the core of what systems biology now represents. Upon this revived realization, this
“new” problem, emerged a field oriented specifically at bridging the gap between
data and function. The systems biology field was thus not motivated by finding the
data as such, but by trying to establish a link, given the present information. Like
the engineer relied on information in the circuit diagram when fixing the function
of a radio, the systems biologist relies on the available information of a biochemical
network.

Attempting to bridge the gap between biological data and biological function,
the insufficiency of the data also became obvious. Even more and in particular new
kinds of biological data relating to dynamics was needed. Thus, systems biology
drew attention to and motivated the search for new experimental data, and the
new data in turn further motivated the need for systems biology, and so the iter-
ations continue. To find the new biological data may be the more challenging and
more pivotal part of the iteration, it is the very foundation the bridge should be
constructed on. In the view of this thesis, however, systems biology should not be
defined as a field concerned with constructing the foundation, i.e., with performing
wet-lab experiments to acquire experimental data. Also note that, in the view of
this thesis, it is not sufficient to define systems biology as a field concerned with
gathering or structuring present data. Dynamical mathematical models, describing
and predicting how functions emerge from the interacting parts, are required to
construct a bridge extending all the way from the biochemical building blocks to
functions of living systems.

1.3 Contributions and Outline of the Thesis

The main contributions of this thesis appear in Chapter 3 and 4 and concern ro-
bustness analysis of autonomous periodic oscillations and mechanisms underlying
robust oscillations in circadian clocks, respectively. The outline of the thesis, in
more detail, is as follows.

Chapter 2: Robustness of Biological Functions

Robustness is defined in the sense of robust stability and robust performance of
a biological function. Furthermore, previous works related to robustness of self-
sustained intracellular oscillators are briefly reviewed.

Chapter 3: Robustness Analysis of Biochemical Oscillators using
Structural Perturbations

A control theoretic approach to the analysis of robustness of mathematical models
of self-sustained periodic oscillations is proposed. Robustness in intracellular net-
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works are generally almost exclusively investigated either by complete removal of
components, e.g., single genes, or by perturbing model parameters. In this thesis,
perturbations to the structure of models are considered. Dynamic perturbations
are applied to the network interactions and the smallest relative perturbation qual-
itatively changing the network behavior is determined. Rather than considering
destabilization of the oscillating state as such, perturbations translating the un-
derlying steady-state into a Hopf bifurcation point are considered. The analysis
provides both a quantification of robustness and insights into which specific parts
of a network underlies robustness and fragilities. In addition, the subnetwork sig-
nificant for the existence of the autonomous periodic solution can be unravelled,
and corresponding reduced order models can be derived.

Chapter 4: Robustness of Circadian Clocks

This chapter concerns the elucidation of mechanisms responsible for robust oscil-
lations in circadian clocks. Circadian clocks, molecular oscillators generating 24
hour rhythms in many organisms, are probably the most well studied intracellular
oscillators at the biochemical level. Previous studies have delineated many genes
that are transcribed into mRNA which produce proteins that subsequently regulate
the activity of the genes, together forming an intricate network with a large number
of embedded feedback loops. The interlinked feedback loop network of circadian
clocks is known to be robust towards internal and external perturbations. A single
feedback loop is, however, in principle, sufficient to generate sustained oscillations.
An often recurring hypothesis is that the interlinked gene regulatory feedback loop
structure serves the purpose of robustness. Here it is, however, shown that the
robustness of models of circadian clocks primarily is a result of a high gain in
the gene regulatory feedback loop structure generating the oscillations. This gain
can be elevated by additional feedback loops, involving either gene regulation or
post-translational feedback. These insights into mechanisms responsible for robust
oscillations in circadian clock models, can serve as a guidance in the design of robust
synthetic oscillators.

Chapter 5: Conclusions and Future Work

Here the main results and conclusions are restated. Future work is presented in-
volving extensions of the proposed robustness analysis and application to other
intracellular oscillators.

1.4 List of Publications

This thesis is in part based based on the following contributions.

Book chapter:
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Trané, C. and Jacobsen, E. W. Structural Robustness of Biochemical Net-
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(Eds), MIT Press, 2008 (to appear).

Journal paper:
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for Robustness of Circadian Clocks. Manuscript in preparation.

International conference papers:
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Chapter 2

Robustness of Biological Functions

Robustness, the ability to maintain functionality when faced with internal and
external perturbations, is a key property of living systems. Robustness is in most
cases a system level property, resulting from interactions between a large number of
biochemical components within complex reaction networks. Model based analysis
of biological robustness has received considerable attention in the literature, but
then mainly as a tool for model validation. However, there has also been some
efforts aimed at uncovering design principles underlying robustness of biological
functions. The chapter presents a precise definition of robustness, in the sense of
robust stability and robust performance, and provide a brief overview of previously
proposed approaches to robustness analysis. The focus is on robustness of functions
related to autonomous periodic oscillations.

2.1 Introduction

Robustness is a property allowing a system to preserve functionality when faced
with external and internal perturbations. Living systems have been observed to
cope with a multitude of perturbations and one of the fundamental characteristics
of living systems is that of robustness (Kitano, 2007). Despite the pivotal role of
robustness in living systems, it is neither clear how robustness emerges from the
complex networks of interacting biochemical components composing these systems,
nor is biological robustness precisely defined (Stelling et al., 2004b).

A living system is said to be robust if it can maintain functionality in the face of
external perturbations, such as temperature changes, and internal perturbations,
such as mutations. In most cases, it is an evolutionary advantage to be robust.
However, diseases such as cancer, or the HIV virus, have also evolved robustness to
maintain their functionality (Kitano, 2004b).

Intracellular oscillators are frequently employed to provide for functionality in
living systems, e.g., in circadian clocks, in cell cycle control and in locomotor pat-
tern generation in nerve cells. Maintaining the function of intracellular oscillators
in the face of perturbations, is of major importance for the organism. The robust-
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8 Robustness of Biological Functions

ness of these intracellular oscillators is ultimately emerging from intricate networks
of a large number of interacting genes, proteins, metabolites and other biochemical
components. Models of these intracellular oscillators have been constructed, and
considerable attention has been paid to analysis of their robustness properties, see
e.g., (Barkai and Leibler, 2000; Morohashi et al., 2002; Stelling et al., 2004b; Wag-
ner, 2005a). Models should capture the robustness properties of the real system,
to faithfully represent the system. Hence, robustness analyzes have predominantly
been employed as an indicator of the quality of a model, e.g., (Chen et al., 2005;
Jacobsen and Cedersund, 2008; Kim et al., 2006; Leloup and Goldbeter, 2004; Wolf
et al., 2005). However, analyzes have also been aimed towards discovering design
principles underlying how a network of interacting individual biochemical compo-
nents can result in reliable robust functioning, e.g., (Stelling et al., 2004a; Locke
et al., 2008; Wagner, 2005a).

Though extensively referred to in the literature, biological robustness is often
vaguely defined (Stelling et al., 2004b). A model is often considered to be robust
if sufficiently large and probable perturbations, can be applied while the function-
ality remains. To be robust is, however, usually also to be fragile. A system
evolving robustness towards probable perturbations inevitability becomes fragile
towards less probable perturbations (Csete and Doyle, 2002). Notably as well, is
that many probable perturbations are usually excluded from robustness analyses
of biochemical systems. These probable perturbations include structural changes
in the biochemical network, of which many can not be represented by perturbing
model parameters as is done in most studies.

The outline of the chapter is as follows. Considering that biological robustness
generally is vaguely defined, a precise definition of biological robustness, in the
sense of robust stability and robust performance, is presented. Then follows a brief
overview of previously proposed approaches to robustness analysis. The limitations
of considering parametric perturbations only is discussed, and perturbations assess-
ing structural uncertainty are presented. Finally, model robustness is contrasted to
system robustness.

2.2 Defining Biological Robustness

In order to discuss biological robustness, a clear definition is essential. In the litera-
ture there is, however, no consensus on how to define biological robustness. Gener-
ally, to be robust is defined in vague terms such as: “A biological system is robust
if it continues to function in the face of perturbations” (Wagner, 2005b). These
vague definitions are a result of the fact that the function of the real intracellular
system is non-trivial to delineate (Morohashi et al., 2002).

This chapter presents a working, but not all encompassing, definition of robust-
ness, which will be used in this thesis. Here, robustness is defined as a property of a
biological function. A biological function is defined in the context of the behavior of
a dynamical system. The biological function is hence not defined by the objective
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of a real living system, since such objectives can not easily be defined. Provided
with the definition of a biological function, robustness concerns the effect of well
defined perturbations on the biological function.

2.3 Defining Biological Function

To define robustness as a property of a biological function, one must first define
what is implied by a biological function.

This thesis considers functions produced by biochemical reactions networks,
described by a set of ordinary differential equations, i.e.,

ẋ = f(x(t), p), x ∈ Rn, p ∈ Rm, (2.1)

where x(t) denotes the state variables, e.g., concentrations of biochemical compo-
nents, and p denotes the parameters, e.g., kinetic rate constants.

A biological function is then defined to correspond to a particular stationary be-
havior of (2.1). Local stationary behaviors of interest include stable steady-states,
in which ẋ(t) = 0, and stable limit cycles, in which x(t + T ) = x(t). Maintaining
stable steady-states are typical in homeostatic functions, aimed at maintaining spe-
cific intracellular conditions, and correspond to the typical setpoint control problem
in technical control systems. Contrary to technical systems, sustained oscillations
corresponding to limit cycles are also frequently employed to provide functional-
ity in biological systems. Typical examples include circadian clocks and calcium
signalling.

Stable steady-states and limit cycles correspond to local behaviors. A global
behavior of significant relevance to biological function is the existence of multiple
stable steady-states. Such bistability is employed to provide irreversible switching
between distinct steady-states. One example is apoptosis, programmed cell death,
in which the final death decision corresponds to a bistable switch.

Having defined biological function in the context of dynamical systems, robust-
ness can be defined as the effect of well defined perturbations on the biological
function. It is here important to distinguish between sensitivity and robustness.
Sensitivity concerns the quantitative effects of a given perturbation on the function
properties. Robustness, on the other hand, is a quantification of how large pertur-
bations, within a given class, the system can tolerate. In the latter case, one should
distinguish between robust performance and robust stability, corresponding to the
effect on quantitative and qualitative behavior, respectively.

Robust Stability

Robust stability refers to persistence of the qualitative behavior of the biological
function in the face of perturbations. An analysis of robustness in terms of robust
stability provides a quantification of how large perturbations the model (2.1) can
tolerate, while the the qualitative stationary behavior, i.e., a stable steady-state,
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stable limit cycle or bistability, persists. This thesis concerns robust stability, with
a focus on limit cycle behaviors.

Robust Performance

Robust performance refers to the attainment of a desired quantitative behavior
of a biological function in the face of perturbations. A biological function has
quantifiable function properties, e.g., period, amplitude and phase shift in the case
of a limit cycle. Given a performance specification, such as a period in a certain
range, robust performance provides a quantification of how large perturbations the
model (2.1) can tolerate, while the performance specification is satisfied.

2.4 Defining Perturbations

Robustness was above defined as a property of a biological function, and the bio-
logical function was defined in the context of the behavior of a dynamical system.
However, to properly define robustness as a quantitative property, the perturba-
tions the system should be able to resist also need to be defined. This can either
involve specifying the exact perturbations the function should be able to face, or
defining a certain class of perturbations from which the subset the function can
handle is determined.

Perturbations in Living Systems

Living systems face numerous natural perturbations. A few examples of pertur-
bations, all possible to test in wet-lab experiments, are: light, temperature and
pressure changes, absence or presence of nutrients, toxins and drugs, gene muta-
tions in the form of modified gene product properties as well as knockout mutations
resulting in complete removal of the gene product, transcript knock-down by RNA
interference etc. To systematically perturb real biochemical systems is, however, a
challenging and costly task. Some important issues are: (i) a system can rarely be
separated from the surrounding environment, (ii) applicable perturbations are typ-
ically massive and unspecific, such as a temperature change, (iii) for more specific
perturbations, like knock-down by RNA interference, the size, duration, and effi-
cacy are highly uncertain, (iv) many relevant perturbations cannot be implemented
for ethical reasons.

Perturbing Models

An obvious advantage of having a model of a system function is that perturbations
can be easily be implemented and their impact evaluated at a low cost, and without
ethical complications. The perturbations used to analyze robustness in models of
biochemical network functions are more or less exclusively perturbations of the
model parameters. The strong focus on parametric perturbations may find its
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explanation in the fact that parameters are straightforward to perturb, but also
in the way models of biochemical systems traditionally are constructed. When
components and interactions to be included in the model have been selected, it is
often quite standardized how to model the interactions, e.g., the reaction kinetics.
Thus, the underlying structure of the model equations is from this stage more or
less fixed. Identifying a model is thus a question of identifying the parameters of
the equations. This is not an easy task. Parameters usually cannot be measured
in wet-lab experiments, and measurable parameters are often order-of-magnitude
estimates (Wagner, 2005a). In practice, modeling therefore often comes down to
choosing parameters to obtain a performance of the model that agrees with the
known body of wet-lab experiments. Parameters are hence notably uncertain. But
so is the first step in the modeling process, when the model structure is selected.
There is a usually a high level of structural uncertainty in models of biochemical
systems (Qiao et al., 2007). Hence, one should consider perturbations of the model
structure as well. However, mainly due to the lack of readily available methods
for analysis of structural robustness, robustness of biochemical network models is
commonly defined in terms of parametric perturbations only, see e.g., (Chen et al.,
2005; Cross, 2003; Morohashi et al., 2002; Wilhelm et al., 2004).

2.4.1 Parametric Perturbations

Parametric perturbations ∆p are applied to (2.1) to obtained the perturbed model

ẋ = f(x(t), p + ∆p), x ∈ Rn.

Below parametric perturbations have been subdivided into those considering non-
linear (global) properties and linearized (local) properties of the biological function.

Nonlinear Parametric Perturbations

Models of biochemical systems are generally too complex to allow for any rigorous
analytical studies. The range of parameter perturbations for which the qualitative
behavior of a biological function persists, i.e., robust stability, can however be cal-
culated using numerical bifurcation analysis for the case in which only one or two
parameters are varied. Bifurcation analysis determines regions in the parameter
space where the qualitative behavior of the biological function persists. The transi-
tions between different qualitative behaviors occur at bifurcation points. In the case
of local bifurcation points, the transitions correspond to a qualitative change of the
biological function at a given parameter value. The range over which the parame-
ters can be varied, while the nominal qualitative behavior is maintained, provides a
quantification of the robustness (Dobson, 1992). Bifurcation analysis is frequently
used to assess robust stability in biochemical network models e.g., (Cross, 2003;
Forger and Peskin, 2003; Leloup and Goldbeter, 2004; Ma and Iglesias, 2002; Wong
et al., 2007).
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Robust performance analysis can be approached in two principally different
ways. First, one can define the acceptable performance by defining acceptable
ranges for the performance measures and then determine how large perturbation
the system can tolerate without violating the performance specifications. However,
it is usually not obvious what robust performance specifications to impose on the
properties of a given biological function. As a consequence, robust performance is
usually considered by applying predefined perturbations, evaluating the quantita-
tive impact on the performance of the function and then deciding if the deviations
are within acceptable limits or not. It is often not clear on what basis the size of
the perturbations are chosen, and the ranges typically vary significantly between
different studies. As an example; in the case of individual parameter perturba-
tions for circadian clock models, the size of the chosen perturbation can vary in the
range from 5% to 100% (Becker-Weimann et al., 2004; Locke et al., 2005). In both
Becker-Weimann et al. (2004) and Locke et al. (2005) the result of the parametric
robustness analysis is taken to justify a robustness claim on the model. The ex-
pected range a parameter can vary over in the real system is of course not known.
Still, there is a noteworthy lack of agreement both on how much a single parameter
should be perturbed and on the acceptable variations of the quantitative behavior
of the biological function. Furthermore, in biochemical systems, perturbations can
generally be expected to alter multiple parameters in concert, rather than single
parameters. Examples of multiple nonlinear parametric perturbations of models
can be found in e.g., Zeilinger et al. (2006); where all parameters are varied 5% up
or down and Stelling et al. (2004a); where all parameters are perturbed simultane-
ously according to a normal distribution and within a range corresponding to 100%
variation in each parameter.

Linear Parametric Perturbations

In the case of a linearized model, an approach attempting to find guaranteed levels
of multiple parameter variations for which the qualitative behavior of a biological
function persists, was presented in (Ma and Iglesias, 2002). The basis of the ap-
proach was to formulate how large parametric perturbations the biological function
can tolerate as a real µ problem. The µ-analysis is conceptually similar to a bifur-
cation analysis. Both explicitly can find the largest variation in the parameter(s)
for which the qualitative behavior of the biological function persists. However, as
noted in (Kim et al., 2006), the real µ problem in Ma and Iglesias (2002) was
computational infeasible to solve. Instead, Kim et al. (2006) resort to brute force
optimization of a non-convex problem to find the smallest multiple parameter per-
turbation changing the qualitative behavior.

Linear parametric perturbations are frequently used to assess sensitivity. These
perturbations have an effect on the quantitative behavior of the biological func-
tion. In most cases infinitesimal parametric variations perturbing the quantitative
behavior are used to analyze sensitivity, i.e.,
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S = lim
∆p→0

∆y

∆p
(2.2)

where ∆y is the deviation from the nominal quantitative behavior, e.g., period,
∆p is the infinitesimal perturbation of a parameter value and S is the sensitivity.
Since the biological function, in this thesis, is defined as a stationary behavior, linear
parametric sensitivity (2.2) corresponds to metabolic control analysis (MCA), where
the sensitivity of steady-state properties is investigated. An extension of MCA to
oscillating systems has been proposed in (Ingalls, 2004). Sensitivity is often used
as an indicator of robustness, see e.g., (Wolf et al., 2005). Although somewhat
related, sensitivity should not be confused with robustness, since robustness is a
quantification of how large perturbations the qualitative or quantitative behavior
can tolerate, while sensitivity concerns the quantitative effects of a given (small)
perturbation on the function properties.

2.4.2 Structural Perturbations

Analyzing the robustness of a model by perturbing the parameters only, is in princi-
ple based on the assumption that the underlying model structure in (2.1) is exactly
known and that all relevant perturbations can be represented by changing the model
parameters. However, the structure of essentially all models are uncertain to some
extent due to implicit and explicit model assumptions. Also, the perturbations of
real living systems will often effectively imply that the “correct” model structure
changes, i.e., a model structure that is adequate under nominal conditions may be
inaccurate under perturbed conditions. Thus, it is important to account for struc-
tural perturbations when analyzing the robustness of biochemical network models.
A general structural perturbation of the model (2.1) can be represented by

ẋ = f(x(t), p) + f∆(x(t), z(t), p), x ∈ Rn

ż = g∆(x(t), z(t)), z ∈ Rm.
(2.3)

This type of perturbation is called dynamic structural perturbation, and z(t) de-
notes the states of the perturbation. If no additional dynamic states are introduced
by the perturbation, then f∆(x(t), p) represents a static structural perturbation. A
perturbation to the structure of the system could represent, e.g., a mutation caus-
ing a changed delay in the gene regulation, a change in a protein structure affecting
its transport properties within the cell, or altered reaction kinetics.

In models of biochemical systems there is a high level of structural uncertainty
(Qiao et al., 2007). Biochemical reactions are often modelled according to a pre-
defined structure, such as Michaelis-Menten or Hill kinetic models. The Michaelis-
Menten model is based on the assumption of a constant enzyme-substrate complex
concentration. Structural perturbations can be used to determine the impact of
deviations from such assumptions.
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Nonlinear Structural Perturbations

The by far most frequently employed structural perturbation in models of biochem-
ical networks is the so-called knockout mutation. The knockout mutation is a very
specific perturbation disrupting the expression of a specific gene. One can think of
the knockout perturbation as cutting off a product inflow pipe to a plant, and it is
hence a massive perturbation to the system. Its wide use is motivated by the fact
that it is a perturbation of significance in the real living system and that it basically
is the only perturbation implementable in wet-lab experiments with known effect,
i.e., a gene becomes non-functional.

In a model, a knockout mutation can generally be represented as a parametric
perturbation, i.e., by setting a parameter value describing the rate of the gene ex-
pression to zero. Hence, it is a nonlinear parametric perturbation, but at the same
time it can also be seen as a perturbation to the structure of the model. In the
case of a gene regulatory network, a knockout perturbation results in both removal
of interactions and removal of components. When considering structural robust-
ness solely by knockout mutations, the mechanism underlying a robust function is
thus necessarily linked to some form of redundancy (Wilhelm et al., 2004). Obvi-
ously, when cutting off a product inflow pipe, only redundancy, i.e., an additional
product inflow pipe, can ensure that the plant maintains its function. Knockout
perturbations are not considered in this thesis. The focus here is on how robust-
ness can emerge from existing components and interactions, referred to as dynamic
robustness in Wilhelm et al. (2004).

Another structural perturbation is to alter which component interacts with
which, while the biomolecular components included in the network are intact. That
is, a rewiring of the network. Such perturbations have been employed in specific
networks by Clodong et al. (2007) and Wagner (2005a). These are interesting
perturbations from an evolutionary perspective. However, these perturbations are
not focusing on what makes the current network design robust, but on comparing
the function of the current structure to alternative model structures the current
structure could have evolved from.

Linear Structural Perturbations

The perturbations of focus in this thesis are dynamic perturbations to the struc-
ture of the model (2.3). These perturbations will be presented further in Chapter 3.
Dynamic perturbations to the network structure can, besides altering the present
dynamics, introduce additional dynamics into the model, e.g., a time-delay. The
dynamic network perturbations presented in this thesis are applied at stationar-
ity, i.e., the underlying steady-state remains unchanged. The advantage of this
assumption is that the robustness of the current structure is assessed.
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2.5 Model Robustness and System Robustness

As a final note on robustness of biological functions, the distinction between ro-
bustness of a model and robustness of a system is briefly discussed.

Robustness of a model is, in short, an indicator of the quality of a model. The
robustness of the real system should be captured by the model in order for the
model to be a faithful representation of the real living system. In this context,
robustness analysis is therefore a potential modeling tool, either for discarding
models lacking robustness, for revealing potential weaknesses within models or for
selecting between model alternatives. Note, however, that using robustness as a
measure of goodness of a model should be done with care. For instance, adding
extra parameters to a model will often make the model more robust in the sense of
parametric robustness. However, over-parametrization is obviously not something
that improves a model.

Robustness of a system, on the other hand, concerns the robustness of the func-
tion of real biochemical system as such. To investigate system robustness is thus
to attempt to determine how robust a real system is and elucidate how the in-
teracting biomolecular components result in reliable robust behavior. The use of
robustness analysis for this purpose is scarce, in particular compared to robustness
analysis for model validation, but examples are found in (Locke et al., 2008; Stelling
et al., 2004a; Wagner, 2005a). To analyze the underlying mechanisms and design
principles behind robustness, requires one to make a very critical assumption, the
assumption that the model is at a sufficiently good abstraction level, i.e., at an
abstraction level where the model correctly captures the phenomenon of interest,
and thus can enable conclusions extendable the real system. If, and only if, this
assumption holds, is it possible to make strong claims about the design principles
underlying robustness of the real biological system. On the other hand, modeling
studies are usually performed in a closed loop, alternating between modeling and
wet-lab experiments to generate hypotheses, improve models and validate predic-
tions of the models.

2.6 Discussion and Conclusions

The robustness of living systems is undisputed. However, no generally accepted def-
inition of biological robustness exists nor does there exist a standardized approach
to analyze robustness of models of biochemical reaction networks. Biological ro-
bustness has, in this chapter, been defined as a property of a biological function.
The biological function was in turn defined in the context of the behavior of a
dynamical system. Robustness concerns the effect of perturbations on the biologi-
cal function, either in a quantitative or qualitative sense, corresponding to robust
performance and robust stability, respectively. Robustness is a quantification of
how large perturbations the model, or system, can tolerate. The traditional and
current approach to robustness analysis of biochemical network models is based
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on perturbing the model parameter, i.e., parametric robustness. As argued here,
however, structural perturbations should also be considered. Models of biochem-
ical systems are, in principle, always structurally uncertain, and real biochemical
networks undergo frequent changes effectively implying structural modifications.



Chapter 3

Robustness Analysis of Biochemical
Oscillators using Structural Perturbations

Living systems rely on robust functioning of a number of autonomous periodic
oscillators, such as the circadian clock, cell cycle control and neural oscillations.
Robustness analysis based on mathematical models of the underlying biochemical
networks is important to obtain insight into the mechanisms underlying biological
robustness and to identify specific network fragilities. Furthermore, quantification
of the robustness is an important tool in validation and calibration of biochemical
network models. The traditional approach to robustness analysis of biochemical
network models is based on parametric perturbations. Herein a method based
on adding dynamic perturbations to the direct interactions between the network
components is presented. The focus is on robustness in the sense of persistence
of function, i.e., robust stability. The robustness is quantified by determining the
smallest relative perturbation that translates the underlying unstable steady-state
into a Hopf bifurcation point. By strategic perturbations of specific interactions,
the robustness can be related to the network structure and localized fragilities can
be determined.

3.1 Introduction

The robustness of autonomous periodic oscillations in biochemical systems has re-
ceived significant attention in recent years, e.g., (Barkai and Leibler, 2000; Ingalls,
2004; Kitano, 2004a; Liu et al., 2007; Morohashi et al., 2002; Stelling et al., 2004b;
Wagner, 2005a). In living systems, unlike most technical systems, maintaining
periodic oscillations are of paramount significance. Neural, respiratory, calcium,
cAMP, cell cycle and circadian rhythms, are some examples of biochemical net-
works generating robust periodic oscillations in living systems (Butera et al., 1999;
Chen et al., 2005; Doyle et al., 2006; Kim et al., 2006; Leloup and Goldbeter, 2004;
Wolf et al., 2005). Since living systems reside in a constantly changing environment
and also undergo frequent internal changes, such as gene mutations, the functions

17
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must be robust to various internal and external perturbations. Indeed, it is clear
that robustness is a key property that has largely influenced the evolution of living
systems (Kitano, 2004a). Robustness is important also in the context of disease
states, and the treatment of these. Many disease states are related to lack of ro-
bustness, such as sleep disorders due to failures in the circadian clock. On the other
hand, many severe diseases, such as cancer, are hard to treat primarily because the
corresponding malfunction has developed robustness.

Robustness analysis based on mathematical models of the biochemical networks
underlying sustained oscillations is important both to elucidate the mechanisms pro-
viding for biological robustness and to validate and calibrate models. The latter is
motivated by the fact that models of normal biological functions should reflect the
robustness of living cells to typical biological perturbations. The standard approach
to robustness analysis of biochemical network models for functions corresponding
to sustained oscillations is based on perturbations of the model parameters such
as kinetic rate constants, e.g., , (Chen et al., 2005; Cross, 2003; Morohashi et al.,
2002; Stelling et al., 2004a; Wilhelm et al., 2004). Typically, the parameters are
perturbed individually until the oscillations disappear, and the model is said to be
robust if the model can tolerate relatively large such perturbations. However, there
are several drawbacks with this approach. First, it is based on the assumption
that all biologically relevant perturbations can be expressed in terms of individual
parameter perturbations, which is by no means obvious. Second, while providing
a quantitative measure of the robustness, parametric perturbation analysis usually
yields no insight into the system properties that underly the robustness. Finally,
of relevance to model validation, parametric perturbation analysis is based on the
assumption that there is no uncertainty in the model structure. However, essen-
tially all models involve assumptions that make the model structure uncertain. For
instance, intermediate reaction steps are often left out1 and spatially distributed
phenomena are modelled using perfectly mixed compartments. In fact, the struc-
ture of real biochemical networks also undergo changes, e.g., as genes mutate, and
structural robustness is therefore of relevance also for the real biological system.
Structural issues are seldom addressed in the literature on biological systems. Some
notable exceptions are (Clodong et al., 2007) and (Wagner, 2005a) which consider
the impact of structural changes in specific biochemical networks. In (Schmidt
and Jacobsen, 2004), static perturbations of the network structure were employed
to determine mechanisms underlying sustained oscillations and in (Jacobsen and
Cedersund, 2008) dynamic network perturbations were used to explain the lack of
robustness in a previously proposed model of metabolic oscillations in white blood
cells.

This chapter presents a control theoretic approach to robustness analysis of oscil-
lating biochemical networks taking structural uncertainty into account. Robustness
is considered in the sense of persistence of an autonomous periodic solution, i.e.,

1The classic example is the widely employed Michaelis-Menten kinetics which lump several
reaction steps in enzyme driven reactions.
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robust stability, and in the presence of dynamic perturbations added to the direct
interactions between the network nodes, or components. The method is a further
development and generalization of the results presented in (Schmidt and Jacobsen,
2004) and (Jacobsen and Cedersund, 2008).

The outline of the chapter is as follows. The general problem of analyzing
robustness of limit cycle oscillations is first presented and discussed in light of pre-
vious results. The connection between existence of limit cycles and bifurcations of
steady-states is then discussed, and based on this, an approach based on analyz-
ing the robust instability of the steady-state underlying the limit cycle behavior of
interest is proposed. The robust instability problem is approached by representing
the biochemical network as a feedback system and employing frequency response
techniques to determine instability margins and perturbations that move the net-
work to a Hopf bifurcation point. The robustness analysis is based on linearized
models, and how the determined perturbations can be incorporated into the original
nonlinear model for verification is discussed. A simple and well known biochemical
oscillator, the Goodwin oscillator, will be employed for illustration of the proposed
method.

3.2 Robustness Analysis of Limit Cycles

Of concern is the robustness of biochemical networks described by a set of time-
invariant ordinary differential equations

ẋ = f(x(t), p), x ∈ Rn, p ∈ Rm (3.1)

with an autonomous periodic behavior x(t+T ) = x(t), corresponding to a limit cycle
in state space, for a given value of the parameter vector p. Here the state vector x(t)
typically represents concentrations of the involved biochemical components while
the parameter vector p contains reaction and transport rate constants.

Robustness of the limit cycle here implies persistence of an autonomous periodic
solution when the model (3.1) is subject to perturbations. Note that perturbations
in general will affect the shape of the limit cycle as well as the period of the oscil-
lations, but of concern here is only the existence of a limit cycle as such and not its
quantitative characteristics. The latter would be the subject of robust performance
or sensitivity analysis.

In order to determine the robustness of the limit cycle solution of the model
(3.1), one must first decide on the class of perturbations to consider. The standard
approach is to consider parametric perturbations

ẋ = f(x(t), p + ∆p), x ∈ Rn (3.2)

and determine the smallest size ‖∆p‖2 of the parameter perturbation, within an
allowed set, such that the limit cycle becomes unstable or disappears altogether.

2Usually weighted to reflect relative size.
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For computational reasons, perturbations of individual parameters pi, i.e., single
elements of the parameter vector p, are typically considered. In (Ma and Iglesias,
2002) an approach based on linearization along the limit cycle trajectory and ro-
bust control theory was proposed for considering multiparameter perturbations.
However, as noted in (Kim et al., 2006), the resulting problem is in general compu-
tationally infeasible as the computed perturbations can be arbitrarily conservative,
and they therefore propose a method based on nonlinear optimization techniques.
In principle, the method in (Kim et al., 2006) searches for the smallest multiparam-
eter perturbation ‖∆p‖ that introduces a stable steady-state in the network. This
follows from the fact that the objective function they minimize is proportional to
the average magnitude of the state time-derivatives over a given time horizon. A
similar approach is considered for general dynamic systems in (Dobson, 1993) in
which an iterative search for the bifurcation point closest to the nominal solution
in the parameter space is proposed.

While parametric perturbations may seem an obvious choice for testing the ro-
bustness of a biochemical network model, there are several reasons why other types
of perturbations also should be considered. First, parametric perturbations are
based on the assumption that the model structure is perfectly known and without
uncertainty. However, as any modeller will know, a model structure involves a large
number of assumptions such as simplified reaction kinetics, neglected components,
reactions and intermediate reaction steps, and neglected or simplified descriptions
of transport phenomena. While such assumptions usually are well motivated, it is
important to consider whether they can have a significant impact on the model pre-
dictions. Furthermore, while a certain model structure may be adequate for some
nominal cell conditions, internal and external changes may modify the network
properties such that the “true” model structure effectively changes.

An alternative to perturbing the model parameters, and which addresses the
robustness issues mentioned above, is to perturb the structure of the model

ẋ = f(x(t), p) + f∆(x(t)), x ∈ Rn. (3.3)

Robustness analysis amounts in this case to determination of the smallest ‖f∆‖,
within some allowed class, such that the stable limit cycle becomes unstable or
ceases to exist. With this approach the direct interactions between the network
components3 are explicitly perturbed. Furthermore, direct interactions that do not
exist in the nominal model f may be introduced in the perturbation f∆.

The perturbation in (3.3) is called static since it does not introduce any new
dynamic states. Because mathematical models in general are lumped finite order
approximations of infinite dimensional systems, it is relevant to consider dynamic
perturbations that introduce new states in the model. For instance, dynamic per-
turbations can be used to represent changes in transport properties, e.g., delays,
as well as the impact of changes in the number of significant intermediate reaction
steps. While some readers may consider this to be of little relevance in many cases,

3Two components i and j are said to interact directly if xi affects ẋj and/or xj affects ẋi.
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recall that the main objective of a robustness analysis is to determine if relatively
small perturbations, within the allowed class of perturbations, can qualitatively
change the behavior of the network or model. For instance, if one finds that a
relatively small delay in the transport of a protein between cytoplasm and nucleus,
not explicitly included in the nominal model, has a decisive impact on the behavior
of a network, then this points to an important fragility in the network function, or
a weakness in the model.

A structural dynamic perturbation is given by

ẋ = f(x(t), p) + f∆(x(t), z(t), p), x ∈ Rn

ż = g∆(x(t), z(t)), z ∈ Rm
(3.4)

where z(t) are the states of the perturbation. Robustness analysis now implies
determination of the smallest difference between the perturbed system (3.4), with
f∆, g∆ belonging to some given class, and the nominal system (3.1) such that their
qualitative behaviors differ. The problem here is thus to determine the “smallest”
f∆ and g∆ such that the perturbed system (3.4) does not have a stable limit cycle
for the nominal parameter values.

The problem of determining the smallest, in a norm sense, nonlinear pertur-
bation functions f∆ and g∆ that will change the stability properties of (3.3) and
(3.4), can not be solved in the general case. In fact, to our knowledge there exist
few general results on the robustness of limit cycles in autonomous systems. In
(Jönsson and Megretski, 2005), results on robustness of limit cycles in a special
class of feedback systems, Luré systems, are derived based on linearization along
the nominal trajectory on the limit cycle. Similarly, the approaches in (Ma and
Iglesias, 2002) and (Kim et al., 2006) are based on linearization along the limit
cycle while considering parametric perturbations only.

Below, results from bifurcation theory, on the relationship between bifurcations
of steady-states and the existence of limit cycles in nonlinear systems, are utilized
to translate the original structural robustness problem into a linear feedback control
problem that can be solved using classical results from control theory.

3.3 Hopf Bifurcations and Limit Cycles

Autonomous sustained oscillations, or limit cycles, in a time-invariant dynamic
system on the form (3.1) can always be traced to a bifurcation point in parameter
space (Guckenheimer and Holmes, 1986). When local bifurcations are involved4,
there will always exist a Hopf bifurcation point at which a limit cycle is born at a
point where a steady-state exchanges stability. Simply put, a Hopf bifurcation point
is a steady-state point in state-parameter space at which the Jacobian A = ∂f/∂x
has a pair of purely imaginary eigenvalues that crosses the imaginary axis for small

4Global bifurcations are rarely reported for biochemical networks, except for in bursting nerve
cells.
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parameter variations. More rigorously, the existence of a limit cycle close to such
a steady-state is established by the Hopf bifurcation theorem.

Theorem 1. Hopf (Andronov-Hopf) Bifurcation Theorem. Suppose ẋ = f(x, p)
has an isolated steady-state at xss(p). Let ∂ẋ

∂x |xss(p) = A(p), i.e., the Jacobian at the
steady-state xss(p). Suppose that A(p) has a pair of complex conjugated eigenvalues
λ1,2 = α(p)± iω(p). Suppose the following conditions hold for some p = p0

(i.) α(p0) = 0.

(ii.) ω(p0) = ω0 > 0.

(iii.) ∂α(p)
∂p |p=p0 6= 0 i.e., transversality (strict-crossing).

(iv.) A(p0) has no other eigenvalues with zero real part.

Then the system contains an isolated limit cycle for |p− p0| small.
Proof: see e.g., (Guckenheimer and Holmes, 1986).

Hopf bifurcation points are categorized as being either supercritical or subcrit-
ical, depending on whether the limit cycle born at the steady-state is stable or
unstable, respectively. Whether a specific Hopf point is sub- or supercritical can
be determined based on the first Lyapunov coefficient, e.g., (Kuznetsov, 1998).

According to the Hopf theorem, the birth of a limit cycle is hence associated
with loss of stability of a steady-state solution. This implies again that a limit cycle
usually will coexist with an unstable steady-state. The latter always holds when the
Hopf is supercritical and there are no subsequent multiple limit cycle bifurcations
of the limit cycle. However, as shall be seen for some examples in this thesis, even
in the case of subcritical Hopf points will there usually be an unstable steady-state
coexisting with the limit cycle and the two are connected through a Hopf point.
The reason in this latter case is that the unstable cycle born at the Hopf point will
have to bifurcate to generate a stable limit cycle, and the branch of stable limit
cycles will then usually extend over the branch of unstable steady-states. See e.g.,
Figure 3.21 later in this chapter.

For systems in which an unstable steady-state coexists with the limit cycle,
a perturbation that translates the steady-state into a Hopf bifurcation point will
correspond to removal of a limit cycle. If the induced Hopf is supercritical, the
stable limit cycle will disappear. However, also for cases in which the induced Hopf
is subcritical will the perturbation result in a qualitative change of the network
behavior in the sense that the limit cycle will coexist with a stable steady-state after
the perturbation and hence at best be locally stable. Indeed, it is common when
considering robustness with respect to parameter variations to use the existence of
stable steady-states as a criteria in the robustness analysis, e.g., (Kim et al., 2006;
Leloup and Goldbeter, 2004). However, towards the end of the chapter it is briefly
discussed how the smallest perturbation that translate a subcritical Hopf into a
supercritical one can be computed.
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Note that a basis for the robustness analysis proposed below is that an unstable
steady-state coexist with the stable limit cycle. While this may seem limiting, we
have not seen any model of sustained oscillations in biochemical systems in which
this does not hold at the nominal parameter values.

3.4 Robustness Analysis Based on Inducing Hopf
Bifurcations using Dynamic Structural Perturbations

According to the discussion above, the robustness problem considered in this thesis
can be reduced to determination of perturbations that translate a nominal unstable
steady-state of the network into a Hopf bifurcation point. Thus, for the model

ẋ = f(x(t), p), x ∈ Rn (3.5)

with a stable limit cycle behavior x(t + T ) = x(t) and an unstable steady-state
x(t) = x∗ for the nominal parameter value p = p∗, model perturbations are consid-
ered that translate the steady-state x∗ into a Hopf bifurcation point. Without loss
of generality, x∗ = 0 is assumed. The Taylor expansion of f(x(t), p) at x∗ is then

f(x, p∗) = Ax(t) +
1
2
B(x(t), x(t)) +

1
6
C(x(t), x(t), x(t)) +O(‖x‖4). (3.6)

Note that x(t) now corresponds to deviations from the nominal steady-state. Ac-
cording to the Hopf bifurcation theorem, the existence of a Hopf bifurcation is en-
tirely determined by the properties of the linear term, i.e., the Jacobian A = ∂f/∂x
at x = x∗. The quadratic B(x, x) and cubic C(x, x, x) terms determine if the Hopf
point is sub- or supercritical.

By assumption, the Jacobian A has a pair of eigenvalues in the complex right
half plane at the nominal steady-state and the smallest perturbation of the model,
in some norm sense, that will move the eigenvalues to the imaginary axis is sought.
Since the eigenvalues only depend on the linear term of the Taylor expansion of the
nonlinear model, it suffices to look at the class of linear perturbations. Thus, for
the general case of structural dynamic perturbations the perturbed linear system

ẋ = Ax(t) + B∆x(t) + F∆z(t), x ∈ Rn

ż = G∆z(t) + H∆x(t), z ∈ Rm
(3.7)

is considered, where A, B∆, F∆, G∆ and H∆ are constant matrices of appropriate
dimensions. The robustness problem is now to determine m,B∆, F∆, G∆ and H∆

such that the perturbed system has a pair of eigenvalues at the imaginary axis, with
the remaining eigenvalues in the complex left half plane, and such that the distance
to the nominal system ẋ = Ax(t) is minimized. As shown below, this problem
can be solved by casting it as a linear feedback control problem and employing
frequency response analysis. However, the problem as formulated in (3.7) is not too
meaningful in the context of biochemical networks, since it will be hard to interpret
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the computed perturbations in terms of biological perturbations. Furthermore, if no
restrictions are enforced on the matrices B∆, F∆, G∆ and H∆, then the allowable
class of perturbations will usually be too large to be meaningful in a biological
context. For instance, while a typical biochemical network is sparse in the sense of
relatively few direct interactions between the components, corresponding to a sparse
matrix A, the perturbed model (3.7) will in general contain direct interactions
between all components which is obviously not relevant in the general case. In order
to impose reasonable restrictions on the allowable class of perturbations, consider
first putting the perturbed model (3.7) on input-output form so as to directly see
the effect of the perturbations on the network interactions.

Using Laplace transformation, the perturbed model (3.7) can be written on
input-output form

x = (sI −A)−1

︸ ︷︷ ︸
M(s)

x∆

x∆ = (B∆ + F∆(sI −G∆)−1H∆)︸ ︷︷ ︸
∆(s)

x
(3.8)

where x∆ = B∆x + F∆z. The perturbed model hence corresponds to a closed
feedback loop with loop transfer-function M(s)∆(s) in which M(s) is the nominal
model and ∆(s) is the perturbation, see Figure 3.1.

M

xx
∆

∆

Figure 3.1: The perturbed model as a closed feedback loop with loop transfer-function
M(s)∆(s) in which M(s) is the nominal model and ∆(s) is the perturbation.

Here the nominal M(s) is unstable and the smallest ‖∆‖ such that the closed-
loop is marginally stable with a pair of eigenvalues at the imaginary axis, corre-
sponding to a Hopf point in the corresponding nonlinear system, is sought. Classical
results from robust control theory can now be used to determine ∆ such that the
loop is marginally stable. However, this task is significantly simplified if the loop el-
ements are first broken down to stable subsystems. Thus, the nominal model M(s)
should be rewritten as a feedback system with a stable loop transfer-function.

To rewrite the nominal model as a feedback system with a stable open-loop, the
nominal model corresponding to M(s) is decomposed as follows

ẋ = Ãx(t) + (A− Ã) (x(t) + x∆(t)) . (3.9)
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Here Ã is a diagonal matrix with the diagonal elements of A, corresponding to the
self-dynamics of the components. Since all biochemical component self-degrade and
there usually are no autocatalytic effects in biochemical systems, the self-dynamics
will be stable. That is, the elements of Ã are all negative. Laplace transformation
of (3.9) yields

x = (sI − Ã)−1(A− Ã)︸ ︷︷ ︸
L(s)

(x + x∆) (3.10)

where L(s) is stable. As shown in Figure 3.2, the system (3.10) corresponds to a
feedback loop with L(s) as the loop transfer-function. The corresponding nominal
model is then

M(s) = (I − L(s))−1
L(s). (3.11)

I

L
x

x
∆

∆

Figure 3.2: The perturbed model as a feedback system with a stable open-loop
transfer-function L(s). ∆(s) is the perturbation.

Note that the formulation in (3.10) and Figure 3.2 is a representation of the
perturbed model from which one can easily make interpretations in terms of relative
perturbations of the direct network interactions. In the unperturbed model the
direct interactions are given by L(s). For instance, element Lij(s) gives the effect
of a change in component j on component i in the absence of feedback and indirect
effects through other components. Thus, Lij(s) is non-zero only if there exists a
direct connection from xj to xi. For the perturbed model, the direct interactions
are given by L∆ = L(s) (I + ∆(s)). Thus, ∆(s) can now be interpreted as a relative
perturbation of the direct interactions. Furthermore, if ∆(s) is restricted to be a
diagonal matrix, only existing interactions are perturbed and network connections
that do not exist in the nominal network model are not introduced in the perturbed
model.

Having put the perturbed network model on the form shown in Figure 3.2,
the smallest ∆ that will translate the nominal unstable steady-state into a Hopf
bifurcation point, thereby collapsing a limit cycle into a stable steady-state in the
corresponding nonlinear model, can be determined. The Generalized Nyquist Crite-
rion can be used to to determine the perturbation ∆, with smallest norm ‖∆‖, that
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will make the feedback loop in Figure 3.2 marginally stable with purely imaginary
eigenvalues.

3.4.1 The Generalized Nyquist Stability Criterion for
Biochemical Networks

Consider the linearized network model on feedback form in Figure 3.2. This is a
multivariable feedback loop with loop transfer-function

L∆(s) = L(s) (I + ∆(s)) .

The generalized Nyquist stability criterion is based on the frequency response de-
scription L∆(jω) of the loop transfer-function. See e.g., (Skogestad and Postleth-
waite, 2005).

Theorem 2. Generalized Nyquist Theorem. Let Pol denote the number of unstable
poles in the loop transfer-function L(s). Then the closed-loop system with positive
unity feedback around L(s) is stable if and only if the image of det(I − L(jω)) in
the complex plane for ω ∈ [−∞,∞]

(i) makes Pol anti-clockwise encirclements of the origin, and

(ii) does not pass through the origin.

Since the open-loop system L∆(s) considered here is stable5, i.e., Pol = 0, the
condition is that the image of det(I − L(jω)) should not encircle 0. Any square
matrix L can be written

det(L) =
∏

i

λi(L), λi(1− L) = 1− λi(L)

and the condition becomes that no eigenvalue locus λi(L∆(jω)) for ω ∈ [−∞,∞]
should encircle the point +1 on the positive real line in the complex plane. Since the
nominal closed-loop with ∆(s) = 0 is unstable with two eigenvalues in the right half
plane, it implies that one eigenlocus of the nominal L(jω) encircles the +1 point
once for ω ∈ [0,∞]. The smallest stabilizing perturbation is then the smallest ∆
that perturbs the corresponding eigenlocus of L∆ to the +1 point.

By introducing M = (I − L)−1L, the loop in Figure 3.2 may be written on the
form of Figure 3.1, and a condition for marginal stability becomes

λi (M(jω)∆(jω)) = 1 (3.12)

for some ω and some i. Note that this is a necessary and not sufficient condition
for making the network steady-state marginally stable. The reason is that it cor-
responds to moving some eigenlocus of L∆ to the +1 point, and this may not be

5Only stable perturbations ∆(s) are considered.
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the encircling locus. However, as shown below, it is easy to check if the condition
is sufficient in a specific case. In case it is not, results are provided below on com-
puting a perturbation that is marginally stabilizing and which provides an upper
bound on the smallest stabilizing perturbations.

If ∆ is allowed to be a full complex matrix, then the smallest ∆ at each frequency
that will satisfy (3.12) will have size, see e.g., (Skogestad and Postlethwaite, 2005),

σ̄(∆) =
1

σ̄(M(jω))
.

The smallest size perturbation is then

‖∆min‖ = min
ω

σ̄(∆) = min
ω

1
σ̄(M)

. (3.13)

However, as discussed above, a full ∆ corresponds to introducing interactions be-
tween all network components in the perturbed model and is usually not biologically
relevant.

If ∆ is a diagonal matrix ∆I , it corresponds to relative individual perturbations
of the activities of each component in the network, i.e.,

x∆
i = (1 + ∆I,i)xi.

Here xi and x∆
i denote the unperturbed and perturbed activity of component i,

respectively, and ∆I,i is diagonal element number i of ∆I . For this case, the smallest
‖∆‖ that moves an eigenlocus to +1 can be computed using the structured singular
value µ. See e.g, (Skogestad and Postlethwaite, 2005)

1
µ∆I

(M)
= min

∆I

{σ̄(∆I)|det[I −M∆I ] = 0} (3.14)

where ∆I is a diagonal complex matrix. The corresponding smallest perturbation
is

‖∆min‖ = min
ω

1
µ∆I (M)

. (3.15)

Computations of µ only provide lower and upper bounds on the size of ∆. However,
for the case of a diagonal complex ∆ the bounds are in general tight, e.g., (Skogestad
and Postlethwaite, 2005).

Note that a complex perturbation ∆(jω) at a given frequency in the the fre-
quency domain corresponds to a dynamic perturbation in the time domain. One
advantage of using frequency domain computations is that the dynamics of a sys-
tem then are uniquely determined by the amplification and phase lag at each fre-
quency, and hence the order m of the perturbation does not need to be specified
or computed. Also note that the computations of ∆ are performed frequency by
frequency, and that the smallest stabilizing ∆ corresponds to the minimal ∆ over
all frequencies.
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3.4.2 Perturbing Individual Components and Specific
Interactions

The case with a diagonal ∆ = ∆I considered above is relevant when the overall
robustness of the network limit cycle is of interest. A small ‖∆‖ implies that
some small perturbation in the dynamics of each component will destroy the limit
cycle behavior. However, in order to obtain more detailed information on which
components and specific interactions that are least robust, it is of interest to also
consider more strategic perturbations of specific components and interactions.

i

i

i

L
x

∆

ix
∆

Figure 3.3: Perturbing the activity of a single component i.

Consider first perturbing the activity of a single component i, see Figure 3.3.
Note that Li here is obtained by removing the effect of changes in xi on all xj , j 6= i.
See Appendix A for details on how to derive Li from the original model. The loop
is closed by introducing a perturbed xi. In this case the nominal loop transfer-
function Li(s)6 is a scalar and, provided Li(s) is stable, the condition for marginal
stability of the perturbed system with loop-transfer function L∆,i = Li(1 + ∆i) is
that the frequency response L∆,i(jω) passes through the point +1 on the positive
real axis in the complex plane. The ∆i that satisfies this is at each frequency given
by

∆i(jω) =
1

Li(jω)
− 1. (3.16)

The smallest stabilizing perturbation is obtained by minimizing |∆i(jω)| over all
frequencies

‖∆i,min‖ = min
ω
| 1
Li(jω)

− 1|. (3.17)

It is also of interest to consider perturbing the interaction between two specific
components i and j. The corresponding perturbed feedback loop is shown in Figure
3.4. Here Lij is obtained from the full network by removing the effect of changes
in xj on xi. See Appendix A. The loop is closed by introducing a perturbed xj .
Provided Lij(s) is stable, the perturbation

∆ij(jω) =
1

Lij(jω)
− 1 (3.18)

6Note that Li(s) is not an element of the matrix L(s) used for overall robustness.
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ij
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L
x

∆

jx∆

Figure 3.4: Perturbing the specific interaction between two components i and j.

will make the network steady-state marginally stable. The smallest stabilizing
perturbation is obtained by minimizing |∆ij(jω)| over all frequencies

‖∆ij,min‖ = min
ω
| 1
Lij(jω)

− 1|. (3.19)

In order to illustrate the relevance and interpretations of the proposed robustness
analysis a simple gene regulatory feedback loop model, known as the Goodwin oscil-
lator, is considered below. Application to more complex networks will be presented
in Chapter 4.

3.5 A Case Study: the Goodwin Oscillator

The Goodwin oscillator is a classic model that describes autonomous periodic oscil-
lations in a simple gene regulatory network (Goodwin, 1965). A gene is transcribing
mRNA, with concentration x1, that is translated into protein in the cytoplasm, x2,
subsequently transported back into the nucleus to act as a transcription factor, x3,
regulating the gene expression, see Figure 3.5.

X1
X2 X3

Figure 3.5: The Goodwin oscillator describing autonomous periodic oscillations in a
gene regulatory network. The state x1 corresponds to mRNA, x2 to protein in cytoplasm
and x3 to protein in nucleus. The protein in nucleus acts as a transcription factor for
the gene, thereby closing the feedback loop.
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The Goodwin oscillator can be described by the following set of equations7, see
(Gonze et al., 2005)

ẋ1 = v1
Kn

1
Kn

1 +xn
3
− v2

x1
K2+x1

ẋ2 = k3x1 − v4
x2

K4+x2
+ εx3

ẋ3 = k5x2 − v6
x3

K6+x3
.

(3.20)

For the parameter values v1 = 0.7, K1 = 1, n = 4, v2 = 0.2, K2 = 1, k3 = 0.7,
v4 = 1.2, K4 = 1, k5 = 0.7, ε = 0.01, v6 = 0.7 and K6 = 1, the Goodwin oscillator
generates self-sustained periodic oscillations as shown in Figure 3.6.
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Figure 3.6: Periodic oscillations in the concentration of transcription factor x3 of the
Goodwin oscillator.

The bifurcation diagram for the Goodwin oscillator is shown in Figure 3.7. A
bifurcation diagram shows how the qualitative behavior of the system changes as a
function of a model parameter, the bifurcation parameter. The transitions between
the different qualitative behaviors occur at bifurcation points. In Figure 3.7 the
bifurcation parameter is v1. For v1 = 0.22 there is a Hopf bifurcation point at
which the steady-state exchanges stability and a branch of limit cycles emerge.
The Hopf is supercritical in this case and the limit cycles are hence stable. For
the nominal value of the bifurcation parameter, v1 = 0.7, there is consequently a
stable limit cycle coexisting with an unstable steady-state. The robustness analysis
concerns translating the unstable steady-state into a Hopf bifurcation point into
which the limit cycle collapses, thus resulting in removal of the autonomous periodic
solution for the nominal parameter value v1 = 0.7. Note that in terms of parametric
robustness, the parameter v1 can be changed by 70% without loosing the sustained
oscillations. A parametric robustness analysis, perturbing individual parameter,
reveals that the least robustness is for parameter v6 which can be changed by 35%
without the sustained oscillations disappearing.

7For illustrative purposes an εx3 term has been added to ẋ2.



3.5. A Case Study: the Goodwin Oscillator 31

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

v
1

X
1 [m

R
N

A
]

HB

Figure 3.7: Bifurcation diagram of the Goodwin oscillator. Nominal value of the bi-
furcation parameter is v1 = 0.7. Solid (dashed) lines correspond to (un)stable steady-
states. The filled circles correspond to amplitudes of stable limit cycles. Hopf bifurca-
tions (HB) connect branches of steady-states and limit cycles.

The open-loop network and the recovered closed-loop network of the Goodwin
oscillator are illustrated in Figure 3.8. The arrows connecting the boxes represent
direct interactions between the components, and the robustness analysis consist
in perturbing these interactions. Note that the self-dynamics of the components,
e.g., their degradation, will not be perturbed. Perturbing an interaction, e.g., the
direct effect of component x3 on x1, corresponds to perturbing the dynamic effect
of changes in component x3 on changes in component x1. The change in x1 then
subsequently propagates to affect all other components in the closed-loop network
and some of these changes are fed back to give a secondary change in x3. The
minimal dynamic perturbation that changes the steady-state stability, and hence
the qualitative behavior of the network, is considered next.

Consider first the case in which the direct interactions between two compo-
nents are perturbed. Figure 3.9 illustrates the specific perturbation of the pairwise
interaction between transcription factor x3 and gene activity x1 for the Goodwin
oscillator. The perturbation can represent essentially any change in the dynamic
effect of the transcription factor on the mRNA concentration, e.g., an amplification
or a delay of the effect. The aim is to determine the smallest such perturbation
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X1 X3X2
X3

X1

X2
X1 X2

X3

X3

Figure 3.8: The Goodwin oscillator as an open-loop loop (highlighted) and closed-loop
network (shaded and highlighted).
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X2 X3

∆13

Figure 3.9: Addition of a dynamic per-
turbation to the direct effect of the tran-
scription factor x3 on the gene activity
x1 in the Goodwin oscillator.
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Figure 3.10: Size of stabilizing pertur-
bations as a function of frequency when
perturbing the specific interaction of x3

on x1 for the Goodwin oscillator.

that removes the oscillatory behavior by stabilizing the underlying steady-state.
In terms of the loop transfer-function Lij(s) at the network steady-state, a

marginally stabilizing perturbation at a given frequency will move the Nyquist
curve to the point +1 on the positive real axis at that frequency. The size of
the required perturbation as a function of the frequency, computed from (3.18),
is shown in Figure 3.10. Note that Figure 3.10 shows the inverse of the size of
∆ to highlight the minimum size perturbation. The minimum size perturbation
is ∆min,13 = −0.112 + 0.174j with size |∆min,13| = 0.207 at the frequency ω =
0.345 rad/h corresponding to a period T = 2π/ω = 18 hours.

The upper left of Figure 3.11 shows the nominal Nyquist locus for the loop
transfer-function L13, as well as three cases of marginally stabilizing perturbations
that move the locus to +1 at three specific frequencies. The upper right figure
shows the case with a static (real) perturbation which moves the point at which
the nominal locus crosses the real axis to the +1 point. The size of this relative
perturbation is ‖∆13‖ = 0.43. The lower left figure shows the case with a pure
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Figure 3.11: Nyquist curve for open-loop network L13(jω) for the Goodwin oscillator.
Unperturbed network (solid) and perturbed network (dashed) with different stabilizing
perturbations ∆13.

phase shift of L, corresponding to ∆ introducing a pure time-delay in the loop.
The size of this perturbation is ‖∆13‖ = 2. The lower left figure shows the effect
of the minimum size perturbation with ‖∆13‖ = 0.207 at frequency ω = 0.345.
The frequency response of the three marginally stabilizing perturbations are shown
in Figure 3.12. For the minimum perturbation, a stable transfer-function with
maximum amplitude 0.207 at ω = 0.345 has been fitted according to a procedure
described in Section 3.6.

The smallest stabilizing perturbation of this specific interaction corresponds to a
20% relative change in the effect of the transcription factor on the gene activity. The
minimum perturbation affects both the amplification of changes in the transcription
factor as well as the phase lag of the effect, as can be seen from the Bode diagram
in Figure 3.12.

Figure 3.13 shows the minimum size relative perturbation for all pairwise inter-
actions in the Goodwin oscillator. As can be seen, the interactions that form the
main feedback loop all require the same size perturbations, which is as expected
for a single scalar feedback loop. The local feedback from x3 to x2 require a signif-
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Figure 3.12: Frequency response of the three marginally stabilizing perturbations
shown in Figure 3.11. The static perturbation (dashed-dotted), the time-delay pertur-
bation (dashed) and the minimum size perturbation (solid) fitted to a transfer-function
as described in Section 3.6.
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icantly larger relative perturbation, indicating that this specific interaction has a
relatively small impact on the nominal steady-state instability and hence the limit
cycle oscillation.

∆3

X1
X2 X3

∆3

Figure 3.14: Addition of a perturbation
to the activity of a single component,
x3, for the Goodwin oscillator.
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Figure 3.15: Size of stabilizing pertur-
bation when perturbing the activity of
the transcription factor x3 in the Good-
win oscillator.

Figure 3.14 illustrates the case where the activity of a single component x3

is perturbed by a relative perturbation ∆3. The corresponding dynamic network
perturbation computed according to (3.16) is shown in Figure 3.15. As can be seen,
the required perturbation is almost identical to the one for the specific interaction
from x3 to x1 above. This is also as expected, since the perturbation now only
perturbs the effect of x3 on x2 in addition to the effect of x3 on x2, and the former
interaction was found to be relatively robust to perturbations above.
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Figure 3.16: Minimum size relative perturbation for the activity of all individual com-
ponents in the Goodwin oscillator.

The required perturbations for all individual components are shown in Figure
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3.16, and as can be seen, the required perturbations are about 20% for all compo-
nents when perturbed individually.
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Figure 3.17: Addition of perturbations
to the activity of all components simul-
taneously for the Goodwin oscillator.
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Figure 3.18: Least size stabilizing per-
turbations for simultaneous perturba-
tions of all component activities in the
Goodwin oscillator.

Perturbations affecting the activity of all components simultaneously are illus-
trated in Figure 3.17. The required size of the dynamic network perturbation as a
function of frequency, computed according to (3.14), is shown in Figure 3.18. As
can be seen, the smallest stabilizing perturbation has ||∆|| = 0.072, corresponding
to a 7.2% simultaneous perturbation in the activity (concentration) of all network
components.

3.6 Perturbing the Nonlinear Model

The dynamic network perturbations computed above correspond to linear systems
with the amplification and phase lag given at a single frequency only. In order to
implement the perturbations in the nonlinear model, e.g., to verify their impact on
the network function, they must first be fitted to a system description consisting of
a set of linear differential equations.

Any scalar minimum perturbation ∆min(jω∗) at the single frequency ω∗ can be
fitted to a stable second-order transfer-function. Since only purely dynamic effects
affect the existence of a limit cycle, the steady-state gain of the transfer-function can
always be chosen to be zero such that the steady-state properties of the network are
unaffected by the perturbations. Imposing that the transfer-function also should
be strictly proper, this leads to a third-order transfer-function

∆T (s) = K
−Ts + 1
Ts + 1

τ1s

τ1s + 1
1

τ2s + 1
. (3.21)

Here K adjusts amplification, (−Ts + 1)/(Ts + 1) adjusts phase, τ1s/(τ1s + 1)
provides zero steady-state gain and 1/(τ2s + 1) ensures zero gain at high frequen-
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cies. The parameters K,T, τ1 and τ2 can trivially be chosen to ensure the correct
frequency response at ω∗

∆T (jω∗) = ∆min(jω∗)

and ensure that the norm of ∆T equals the norm of ∆min(jω∗)

max
ω
|∆T (jω)| = |∆min(jω∗)|.

The fitted transfer-function ∆T (s) can be realized as a set of three linear dif-
ferential equations, which can then be combined with the nonlinear differential
equations (3.1). Note that the input to the linear perturbation should be devia-
tions of the network state variables x from their steady-state values, and that the
output of the perturbation system are perturbations added to the state variables
x. Also note that it is not necessary to explicitly include the steady-state values
of the states in the perturbed system, but that these can be computed from the
initial state and the original model.
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Figure 3.19: Bifurcation diagram for the perturbed Goodwin oscillator. The Hopf
bifurcation is now at the nominal value v1 = 0.7. See also the nominal bifurcation
diagram, i.e., prior to the perturbation, in Figure 3.7.

The smallest pairwise perturbation, ∆min,13, transforming the unstable steady-
state into a Hopf bifurcation point for the Goodwin oscillator, was implemented
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in the nonlinear model (3.20) according to the above procedure. The frequency
response of the fitted ∆T to ∆min,13(j0.345) is shown in the Bode diagram in
Figure 3.12. The bifurcation diagram resulting from combining the fitted ∆T and
(3.20) is shown in Figure 3.19. As can be seen, the former unstable steady-state at
v1 = 0.7 of the nominal Goodwin oscillator in Figure 3.7, has been translated into a
Hopf bifurcation point, and the limit cycle has collapsed into the Hopf bifurcation.
The qualitative behavior of the model has changed and the autonomous periodic
solution is removed by the perturbation ∆min,13.
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Figure 3.20: Simulation of the perturbed Goodwin oscillator. Nominal state (solid)
and perturbed state (dashed). After 50 hours the feedback loop is closed, and the
perturbation starts affecting the nonlinear model resulting in dampened oscillations.

A simulation of the perturbed nonlinear Goodwin oscillator is shown in Figure
3.20. For the first 50 hours, the perturbation is not affecting the nonlinear model,
i.e., the feedback loop through the perturbation is not closed. As can be seen,
the perturbation reduces the effect of transcription factor x3 on gene activity x1 by
approximately 10% while advancing the effect about 1 hour. The phase advance can
be seen as a reduction in the delay of the transcription reaction. When closing the
loop with this perturbation, the periodic oscillations dampen out and the system
goes to a stable steady-state.
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3.7 Some Special Cases

The method outlined above results in the minimum size linear network perturba-
tions that in some cases only are necessary, and not sufficient, for removal of the
limit cycle behavior. First, as shown above for the case of simultaneous perturba-
tion to all the activities of network components, the perturbations computed based
on the linear feedback representation of the network only moves one eigenlocus to
the critical point +1, and there is no guarantee that this is the encircling locus.
This corresponds to moving left half plane eigenvalues of the Jacobian to the imag-
inary axis and does not stabilize the steady-state. Second, as also discussed above,
the linear perturbation only ensures the existence of a Hopf bifurcation point, but
this may be either super- or subcritical. In the latter case, a stable limit cycle is
likely to co-exist with the stable steady-state. Below results are derived that can
be used to partly overcome these limitations of the method.

3.7.1 Guaranteed Stabilizing Perturbations

The simultaneous perturbation of all component activities computed from (3.14)
provides the minimum size perturbation that moves a Nyquist eigenlocus of the
network to the critical point +1. This may however, in principle, be any locus and
hence not necessarily the encircling locus related to the steady-state instability.
It is therefore necessary to check whether the perturbation moves the encircling
locus to +1, implying that the steady-state underlying the oscillation is marginally
stabilized by the perturbation. If the perturbation moves some other locus, the
computed size of the perturbation only provides a lower bound on the size of the
perturbation required for stabilization.

To provide an upper bound on the minimum size of the stabilizing perturba-
tion, it is here proposed to compute the perturbation required to perturb a specific
eigenlocus with a given eigendirection to +1. By choosing the eigendirection corre-
sponding to the encircling locus, the perturbation will then be stabilizing but not
necessarily minimal and therefore provides an upper bound.

Consider perturbing the encircling eigenlocus λc (L(jω)) to the point +1 in
the complex plane at a specific frequency ω∗, while preserving the corresponding
eigendirection vc. For the nominal model

L(jω∗)vc(jω∗) = λc(jω∗)vc(jw∗).

Introducing the diagonal perturbation ∆v gives

(I + ∆v)L(jω∗)vc(jω∗) = λ∆
c (jω∗)vc(jw∗)

and enforcing the condition λ∆
c (jω∗) = 1, corresponding to the locus passing +1 at

ω∗, results in

L(jω∗)vc(jω∗) = (I + ∆v)−1vc(jω∗). (3.22)
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Equation (3.22) can be solved element-by-element for ∆v to provide a unique per-
turbation. By determining the smallest σ̄(∆v) over all frequencies, an upper bound,
||∆min||, on the smallest stabilizing perturbation has been obtained.

In the next chapter, focusing on robustness of circadian oscillators, the useful-
ness of this of this upper bound is demonstrated for a case where the perturbation
computed from (3.14) is not stabilizing.

3.7.2 Perturbing a Subcritical Hopf into a Supercritical Hopf

When the least size linear dynamic network perturbation is implemented in a non-
linear model, the resulting Hopf bifurcation can be either super- or subcritical.
Illustrations of sub- and supercritical Hopf bifurcations are shown in Figure 3.21.
At a subcritical Hopf bifurcation an unstable limit cycle emerges from the bifur-
cation point, while at a supercritical Hopf bifurcation a stable limit cycle is born.
As can be seen in Figure 3.21, in the case of a subcritical Hopf bifurcation, there
can be a stable limit cycle coexisting with the stable steady-state close to the Hopf
bifurcation point. Hence, whether the autonomous periodic solution is removed
altogether by a perturbation inducing a Hopf point is dependent on the type of
Hopf bifurcation.

While the existence of a Hopf point as such is completely determined by the
linear part of the model, i.e., the Jacobian, the type of Hopf point depends on the
quadratic and cubic terms of the Taylor expansion in (3.6). In particular, the sign of
the first Lyapunov coefficient determines whether the Hopf is super- or subcritical
and is given by (e.g., Kuznetsov (1998))

l0 = 1
2ω0

Re[〈p, CH(q, q, q̄)〉 − 2〈p,BH(q,A−1
H BH(q, q̄))〉

+〈p,BH(q̄, (2iω0I −AH)−1BH(q, q))〉]

where B(x, x) and C(x, x, x) are the bilinear and cubic terms in the Taylor expan-
sion and q and p are the left and right eigenvectors of the Jacobian A corresponding
to the purely imaginary eigenvalues. The Hopf point is supercritical if l0 < 0 and
subcritical if l0 > 0.

If the Hopf point resulting after a linear perturbation is subcritical, i.e., l0 > 0,
then one may add perturbations to B(x, x) and C(x, x, x) so as to make l0 < 0, cor-
responding to translating the subcritical Hopf into a supercritical Hopf and thereby
removing the stable limit cycle existing at the Hopf point. The proposed approach
is then to determine the smallest relative change in the bilinear and cubic individ-
ual terms of B and C that makes l0 < 0. This can be computed numerically using
perturbation analysis. Note that, similar to the linear perturbations considered
above, the use of relative changes implies that no new nonlinearities are introduced
and that only existing nonlinearities are perturbed. The size of the smallest rela-
tive nonlinear perturbation translating the subcritical Hopf into a supercritical one
provides a measure of the robustness to nonlinear perturbations.
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Figure 3.21: Illustration of a supercritical and a subcritical Hopf bifurcation. Solid
(dashed) lines correspond to (un)stable steady-states. The (un)filled circles correspond
to amplitudes of (un)stable limit cycles. Hopf bifurcations (HB) connect branches
of steady-states and limit cycles. This is a bifurcation diagram for the mammalian
circadian clock model of Leloup and Goldbeter (2003).

As an example, consider the bifurcation diagram in Figure 3.21 for a model
of circadian oscillations in mammals (Leloup and Goldbeter, 2003). The nominal
parameter values correspond to the bifurcation parameter equal to 1.5. The model
is first perturbed using a linear perturbation to move the Hopf point to the nominal
parameter value. As can be seen in Figure 3.22, the bifurcation point is subcritical
both before and after the linear perturbation. The smallest individual bilinear
relative perturbation that makes the first Lyapunov coefficient negative is then
computed, and corresponds to adding a nonlinear perturbation to the differential
equation for state 14

f14,∆ = f14 + 0.2∆x9∆x14

where ∆x denotes deviation from steady-state. The perturbation corresponds to a
30% relative change in this specific nonlinearity at the nominal steady-state, and as
shown in Figure 3.23 it effectively translates the subcritical Hopf into a supercritical
one at the nominal parameter value.
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Figure 3.22: Mammalian circadian clock model of Leloup and Goldbeter (2003) per-
turbed using a linear perturbation to move the Hopf point to the nominal bifurcation
parameter value 1.5. The bifurcation point is subcritical both before and after the linear
perturbation. See also the nominal bifurcation diagram in Figure 3.21.
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Figure 3.23: Mammalian circadian clock model of Leloup and Goldbeter (2003) per-
turbed using a linear and the smallest individual bilinear relative perturbation required
to make the Hopf bifurcation point supercritical, hence removing the autonomous os-
cillations altogether for the nominal parameter value 1.5. See also bifurcation diagrams
for nominal and linearly perturbed models in Figure 3.21 and 3.22, respectively.
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3.8 Robustness Analysis as a Basis for Model Reduction

Dynamic network perturbations applied to the model structure, as considered
above, also provide a means to reduce the order of models for self-sustained os-
cillations in biochemical networks. In principle, any state with a required individ-
ual relative perturbation larger than 1 for stabilization of the network steady-state
can be removed as a state in the model and be replaced by a constant parameter
without affecting stability. This follows from the fact that removing the interac-
tions involving xi, i.e., the effects of changes in state xi, corresponds to a relative
perturbation ∆i = −1. Thus, if the smallest stabilizing |∆min,i| > 1, the pertur-
bation ∆i = −1 will not affect stability. A proposed approach to model reduction,
considered for circadian clock models in the next chapter, is therefore to remove
states corresponding to |∆min,i| > 1. Since the analysis is for individual state per-
turbations, one must check that the limit cycle persists when the perturbations are
combined. A feasible approach is to remove the states one by one according to the
size of ‖∆min,i‖ while monitoring the eigenvalues of the reduced Jacobian.

A significant advantage of the proposed model reduction is that it applies to
nonlinear models and that it preserves the states, i.e., the states of the reduced
model will correspond to biochemical components. In addition, it highlights the
main interactions providing for the function.

3.9 Discussion and Conclusions

In this chapter a control theoretic approach to robustness analysis of autonomous
periodic oscillators has been presented. The robustness considered was robust sta-
bility, i.e., persistence of an autonomous periodic solution, and the perturbations
considered were linear dynamic perturbations applied to the structure of the net-
work underlying the function. The analysis hence complements and contrasts the
classic approach to robustness analysis of biochemical network models, based on
perturbing model parameters. An important difference between the approach pre-
sented in this chapter and parametric perturbations, is that the latter perturbs
all network interactions simultaneously. This follows from the fact that a param-
eter change generally perturbs the network through a change of the steady-state
conditions. The dynamic structural perturbations considered in this thesis can be
applied to specific interactions of the network, leaving the remaining interactions
intact. Hence, specific network fragilities can be determined and the importance
of substructures within the network for the existence of robust oscillations can be
elucidated. In addition, a quantification of the overall robustness of a model is
obtained that is useful for discriminating between alternative models and tuning
models for robustness.





Chapter 4

Robustness of Circadian Clocks

Circadian clocks, molecular oscillators generating 24 hour rhythms in many or-
ganisms, display a striking robustness towards internal and external perturbations.
While a single feedback loop, in principle, is sufficient to generate sustained oscil-
lations, circadian clocks have been shown to involve a much more intricate network
structure with multiple embedded feedback loops. A often recurring hypothesis is
that the presence of these interlocked positive and negative gene regulatory feed-
back loops serves the purpose of robustness. Herein a control systems approach to
analysis of robustness is employed to closer examine the validity of this hypothe-
sis, and to elucidate mechanisms underlying robustness in circadian clocks. The
robustness addressed is robustness in the sense of persistence of an autonomous pe-
riodic solution. Relative dynamic perturbations are added to the direct interactions
between the network components, and the smallest size perturbation that changes
the behavior in a qualitative sense is determined. This provides a quantification
of the structural robustness of the network. Furthermore, the method supports
identification of the specific interactions providing for the robustness and enables
detection of localized network fragilities. Several recently published models of circa-
dian clocks are considered and it is found that the presence of the intact interlocked
gene regulatory feedback loop structure of circadian clocks in most cases only has
a slight effect on the robustness of the oscillator, compared to a reduced structure
sufficient for generating the oscillations. The robustness of the considered circadian
clock models is primarily a result of a strong amplification of circadian frequencies
in the gene regulatory feedback loop generating the oscillations. The remaining net-
work can contribute to the robustness by elevating this loop gain, using additional
feedback loops involving either gene regulation or post-translational feedback, but
a similar robustness can be achieved by simply increasing the strength of the gene
regulation in the primary loop itself.

45
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4.1 Introduction

The circadian clock is a self-sustained 24 hour timekeeping system within most
eukaryotes. It regulates rhythmic behaviors and is known to be robust to external
disturbances, such as temperature changes, and internal perturbations, such as
gene mutations (Hastings et al., 2007; Roenneberg et al., 2005; Young and Kay,
2001). Circadian clocks are often described as interlocked, or intertwined, positive
and negative regulatory feedback loops, since the involved genes are positively and
negatively regulated by their protein products. Several works have hypothesized
that the interlocked gene regulatory feedback loops serve the purpose of robustness,
e.g., (Allada, 2003; Cheng et al., 2001; Imaizumi et al., 2007; Lee et al., 2000; Ueda
et al., 2001; Wagner, 2005a).

Recently published models of circadian clocks in mouse (Becker-Weimann et al.,
2004; Forger and Peskin, 2003; Leloup and Goldbeter, 2003, 2004), Drosophila
(fruit fly) (Leise and Moin, 2007) and Arabidopsis (plant) (Locke et al., 2005,
2006; Zeilinger et al., 2006) are studied here to investigate this hypothesis, and
to elucidate the mechanisms underlying robust oscillations in circadian clocks.

The use of mathematical models to analyze properties of circadian clocks dates
back to the 1950s. For a historical review, see e.g., (Daan, 2000). Early models
were based on single gene regulatory feedback loops with time delays (Pittendrigh
et al., 1958). While these models were sufficient to generate oscillations, genetic
analysis in recent years has revealed that circadian clocks involve a large number of
interacting genes, proteins and other biochemical components forming an intricate
network with a large number of embedded feedback loops. The circadian clock
models investigated in this chapter all incorporate this interlocked gene regulatory
feedback structure.

Robustness is the ability to maintain functionality in the face of external and
internal environmental changes. It is a fundamental property of biological systems
(Kitano, 2007). How robustness emerges from the interactions of individual genes,
proteins and other biochemical components composing circadian clocks is, however,
largely an open question (Stelling et al., 2004a). Robustness can be defined either
in terms of robust performance, relating to quantitative properties of a network
function, or as robust stability, concerning the qualitative persistence of a function.
Robust performance quantifies how large perturbations a property of the function
can tolerate while maintaining the performance specifications. Robustness of the
period, amplitude and phase shift of circadian clocks is considered in Doyle et al.
(2006); Stelling et al. (2004a); Wolf et al. (2005). Robust stability, on the other
hand, quantifies how large perturbations the function, here in the form of sustained
autonomous oscillations, can tolerate without being lost. This is the type of ro-
bustness most commonly considered for models of circadian clocks, e.g., (Forger
and Peskin, 2003; Leloup and Goldbeter, 2003; Wang et al., 2007). In this the-
sis, robustness is also understood in the sense of robust stability, or persistence of
autonomous periodic oscillations.

Apart from a definition of the function and its relevant properties, robustness
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analysis also requires that the perturbations against which the function shall be
robust are defined. The perturbations considered when analyzing the robustness
of circadian clocks are almost exclusively perturbations of the model parameters,
such as kinetic rate constants, e.g., (Hong et al., 2007; Leloup and Goldbeter, 2003;
Stelling et al., 2004a). In this thesis, dynamic perturbations are applied directly
to the network interactions, implying that the model structure is perturbed. The
considered perturbations can, for instance, include perturbing the strength in the
regulation of a gene by a transcription factor, or perturbing the rate or delay of
the transport of a protein between cytoplasm and nucleus. The main idea though,
is not to consider specific such perturbations, but rather to determine the smallest
perturbations within a class of perturbations that modify the qualitative behavior
of the network.

The chapter starts out by providing a brief background on the circadian clock,
followed by a brief review of circadian clock modeling. A detailed analysis of the
model presented in Leloup and Goldbeter (2003) is then presented, based on the
robustness analysis method developed in Chapter 3. The robustness is quantified
and information on how specific parts of the network provide for robustness is
obtained. Based on these results, the mechanisms underlying circadian oscillations
are identified. Essentially, the identified mechanism corresponds to a single gene
regulatory feedback loop. The role of additional gene regulatory feedback loops and
local post-translational feedback loops in providing robustness is then considered.
Based on these findings, it is demonstrated how a model can be tuned for robustness.
Finally, several recently published circadian clock models are analyzed to assess the
contribution of multiple feedback loops for the robustness of these models. The
results for the different models are compared, and some general conclusions are
drawn based on the findings.

4.2 The Circadian Clock

As the Earth turns around its axis, the environment changes and the conditions for
life on the planet are altered. An internal time keeping system introducing the pos-
sibility to anticipate and adjust to these changes, is an evolutionary advantage for
its host. The circadian clock provides this track keeping system of the 24 hour day.
Initially, the circadian clock is thought to have evolved to protect replicating DNA
from high ultraviolet radiation during the daytime when the Earth still lacked its
protecting atmosphere. In fact, the fungus Neurospora still retains this regulation
of replication to the dark. Life forms as diverse as bacteria, fungi, plants, fruit flies,
fish, mice, and humans, all exhibit circadian rhythms. The master circadian clock
in humans is located in two clusters of nerve cells in the suprachiasmatic nuclei in
the hypothalamus in the brain. There are, in addition, running clocks in other tis-
sues as well. Peripheral oscillators have been found in e.g., heart, lung, liver, kidney
and skin (Zanello et al., 2000). The fundamental properties of circadian clocks are
that they have autonomously running rhythms close to 24 hours and that they can
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be entrained, i.e., phase-locked, to the period of the day due to sensitivity to light.
The first circadian gene in a mammalian circadian clock was discovered only

a decade ago (Antoch et al., 1997). Genetic analysis have now identified eight
circadian clock genes and eight additional transcription factors also thought to
have a role in circadian regulation of gene expression (Ueda et al., 2005). This
intense research has resulted in the circadian clock being the by far best understood
biological oscillator (Roenneberg et al., 2005).

In eukaryotes it is established that 5-15% of all genes are rhythmically expressed
with a period of about 24 hours (Duffield, 2003). Recent research has shown circa-
dian baseline oscillations in almost all expressed genes in mammals (Ptitsyn et al.,
2007). In humans, the circadian clock is the conductor of numerous bodily func-
tions. For example it regulates hormone production, blood pressure, body tem-
perature, sleep patterns and the metabolism (Bjarnason et al., 2001; Lowrey and
Takahashi, 2004). Malfunctioning of the circadian clock has been linked to diabetes,
memory and cancer (Hastings et al., 2007; Oishi et al., 2005; Pregueiro et al., 2006;
Sakai et al., 2004). Other example of diseases directly related to circadian rhythms
are the familial advanced sleep-phase syndrome and insomnia. Circadian clocks
adjust slowly to phase-shifts and this causes upsets to the bodily functions when
travelling over time zones, also known as jet lag.

In particular, the connection between circadian clocks and cancer has received
significant attention recently, see e.g., (Hastings et al., 2007). Two discoveries
raising the attention were: the many studies showing that rotating shift workers
have an increased risk of developing cancer, e.g., (Schernhammer et al., 2006; Kubo
et al., 2006) and the cell cycle is highly circadian in mouth (oral mucosa) and
skin (Bjarnason et al., 2001). The circadian clock, regulating the cell cycle, thus
has potentially oncostatic effects (Hastings et al., 2007). Physical destruction of
the master circadian clock in the brain causes accelerated tumor growth in mice
(Filipski et al., 2004). It has also been shown to cause altered sleeping patterns
in mammals (Stetson and Watson-Whitmyre, 1976). Other results indicate that
destruction of the circadian clock in the brain has a protective effect on the induction
of stress (Tataroglu et al., 2004). A scientific field called chronotherapy focuses on
the delivery of medicine in different doses at various times of the day to increase
efficacy and reduce undesirable effects in relation to the circadian rhythm.

In summary, the circadian clock has a major influence on physiological, be-
havioral, cellular, and biochemical activities. Considering the impact of circadian
clocks, their evolved robustness towards both external perturbations, such as tem-
perature changes, and internal perturbations, such as mutations, is an evolutionary
advantage. Robustness of the circadian clock can relate either to robust stability,
i.e., the persistence of the self-sustained oscillations or robust performance, i.e., the
attainment of properties of the function such as period, amplitude and phase. Here,
the focus is on the persistence of the fundamental function, i.e., robust stability of
the autonomous sustained oscillations.
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4.3 Circadian Clock Modeling

Research relating to mathematical models of circadian clocks dates back to the
1950s, and early attempts to explain the observed entrainment properties, i.e.,
the synchronization of the internal clock with the environmental dark-light period
(Daan, 2000). The early models were single feedback loop models including a time
delay (Pittendrigh et al., 1958). Goodwin (1965) proposed a single gene regulatory
feedback loop model of a circadian oscillator, known as the Goodwin oscillator,
which 40 years later still is used to model circadian clocks, e.g., (Ruoff et al., 2005)
and (Wagner, 2005a).

With the recent discovery that the circadian clock in eucaryotes is a multiple
feedback gene regulatory network, several models taking this fact into account have
been proposed. By multiple feedback gene regulatory network is here understood
that the network generating the circadian oscillations involve several genes that are
regulated by transcription factors produced by genes within this network. Some
recently proposed models attempt to include a large number of the known circa-
dian genes and gene variants together with their mRNA and protein products, e.g.,
(Forger and Peskin, 2003) and (Kuczenski et al., 2007). For instance, the model pro-
posed in (Forger and Peskin, 2003) involves 73 different components. Other models
have been developed to capture the most essential mechanistic details, while at
a lower complexity level to facilitate analysis, e.g., (Becker-Weimann et al., 2004;
Leise and Moin, 2007; Leloup and Goldbeter, 2003, 2004; Ruoff et al., 2005). The
iterative process between experiments and modeling is well illustrated by recent
modeling efforts for the Arabidopsis circadian clock. Locke et al. (2005) built a
mathematical model including genes known to be part of the circadian clock. How-
ever, in order for the model to fit experimental data, two hypothetical genes were
added to the model. Based on the predictions of the model, a candidate for one
of these hypothetical genes was later found in new wet-lab experiments by Locke
et al. (2005). Circadian clock models of Arabidopsis have since then been extended
to include even more genes, of which some are still hypothetical (Locke et al., 2006;
Zeilinger et al., 2006).

In all the modeling efforts mentioned above, some form of robustness analysis has
been used as a tool to validate the models. The motivation behind this is that the
models should reflect the high level of robustness observed in real circadian clocks.
The standard robustness analysis is based on perturbing model parameters. Having
validated a model, robustness analysis can play an important role in elucidating
the mechanisms primarily responsible for the biological function and its robustness.
In (Stelling et al., 2004a) parametric robustness analysis is used in an attempt
to unravel the role of various components and reactions in providing circadian
robustness.

The robustness analysis considered in this thesis serves several purposes. First,
a quantification of the robustness to structural perturbations is obtained. Second,
specific network fragilities are identified. For models which display poor robustness
it is important to determine the most significant fragilities in order to gain insight
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Model Publication Organism No. genes No. states

Leloup2003 (Leloup and Goldbeter, 2003) Mammalian 3 16

Leloup2004 (Leloup and Goldbeter, 2004)a Mammalian 3 16

Becker-Weimann (Becker-Weimann et al., 2004)b Mammalian 2 7

Forger (Forger and Peskin, 2003)c Mammalian 5 73

Leise (Leise and Moin, 2007)d Drosophila 3 16

Locke2005 (Locke et al., 2005)e Arabidopsis 4 13

Locke2006 (Locke et al., 2006)f Arabidopsis 5 16

Zeilinger (Zeilinger et al., 2006)g Arabidopsis 6 19

aDifferent parametrization to Leloup2003. Denoted set 2 in Leloup and Goldbeter (2004).
bProposed to investigate the interdependence of positive and negative gene regulation.
cProposed to include detailed experimental data on reactions.
dProposed to emphasis post-translational mechanisms.
eProposed to include and predict experimental results. Denoted model 2 in Locke et al. (2005).
fExtension of Locke2005 to include one additional gene shown to regulate the circadian clock.
Here analyzed under constant dark conditions, i.e., Θlight = 0, see Locke et al. (2006).
gExtension of Locke2005 to include two additional genes shown to regulate the circadian clock.
Denoted PRR7-PRR9Light-Y’ in Zeilinger et al. (2006).

Table 4.1: Circadian clock models considered in this thesis. The models all correspond
to biochemical networks with interlocked gene regulatory feedback loops.

into how the model can be made more robust. Furthermore, even if the model
displays robustness to what is considered biologically probable perturbations, it
may be of interest to detect fragilities to other perturbations in order to understand
how to actively intervene in the network to modify the behavior. As discussed in
Csete and Doyle (2002), any network which is highly robust to some perturbations
is likely to display severe fragilities for other perturbations. Finally, the proposed
robustness analysis provides insight into the mechanisms underlying the robust
functionality of circadian clocks.

Models Considered in This Thesis

For the purpose of uncovering mechanisms underlying robust circadian oscillations,
several recently published models of circadian clocks, listed in Table 4.1, are ana-
lyzed in this thesis. The considered models are all based on known or hypothesized
biochemical processes underlying circadian clocks. This implies that the state vari-
ables represent the main genes and gene products that compose circadian clocks.
Furthermore, all models are in the form of deterministic ordinary differential equa-
tions at the single cell level1 and attempt to incorporate and account for experimen-

1Since individual cells display circadian rhythms, the prevalent idea was for long that circadian
rhythms are generated at the cellular level. Recently, this idea has been challenged and models in
which the collective behavior of many single cells, individually producing dampened oscillation,
is creating the sustained oscillations have been proposed (Bernard et al., 2007; Locke et al., 2008;
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tal data. It is important to note that, while the considered models concern widely
different organisms, the underlying network structure with interlocked gene regu-
latory feedback loops has been observed to be conserved across eukaryotic species
such as mice, Drosophila and Arabidopsis.

Below a detailed account of the results for the mammalian circadian clock model
proposed in Leloup and Goldbeter (2003) will be presented first in order to properly
introduce the robustness analysis employed. Results for the other models will then
be presented in a more compact form and related to the results found for the Leloup
and Goldbeter model.

4.4 The Leloup and Goldbeter Model
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Figure 4.1: Schematic of gene regulatory network of Leloup2003. The numbers refer
to the 16 states in the model, corresponding to mRNAs, proteins and protein com-
plexes in cytoplasm and nucleus. The arrows indicate direct interactions between the
components, resulting from biochemical reactions or transport mechanisms.

The mammalian circadian clock model presented in (Leloup and Goldbeter,
2003) is based on experimental observations of intertwined positive and negative
gene regulatory feedback loops in mice, and involves a total of five genes and their
products. However, only three of the genes are considered to be directly involved in

Tsz-Leung et al., 2007).
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generating the oscillations, while two genes are assumed to be constantly expressed.
The model, hereafter referred to as Leloup2003 and illustrated by the network in
Figure 4.1, hence corresponds to three genes that are feedback regulated; per, cry,
and bmal1. These genes compose the core of the three gene regulatory feedback
loops of the network. The feedback regulation results from the fact that the genes
are translated into mRNA, which in turn are transcribed into proteins that form
complexes and are modified by phosphorylation in the cytoplasm, and then return
to the nucleus to act as transcription factors for the genes. Reactions not including
genes or mRNAs, are termed post-translational reactions. These reactions form
local feedback loops, as can be seen in Figure 4.1. The model Leloup2003 includes
16 states and a total of 52 parameters. The genes themselves are not explicitly
incorporated as states in the model, but their activities are modelled by the corre-
sponding mRNA concentrations. The states hence correspond to the concentrations
of the gene mRNAs and the various proteins and protein complexes. The parame-
ters describe the reaction rate constants and the transport between cytoplasm and
nucleus.

The model Leloup2003 predicts autonomous sustained oscillations with a period
of 23.8 hours in conditions corresponding to continues darkness, which are entrained
by 12 hour light/dark cycles to have a period of 24 hours, see Figure 4.2. The
entrainment is made possible by the fact that the per gene activity is influenced by
light. This thesis concerns robust stability of the autonomous oscillations, which
then also reflects the robustness of the entrained oscillations.
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Figure 4.2: Simulation of Leloup2003. Autonomous oscillations (solid) and entrained
oscillations to 12 hour light/dark cycles (dotted) in the mRNA concentration of the per
gene.

The rhythmic behavior in Leloup2003 emerges for a certain range of parameter
values where the gene regulatory network has a limit cycle attractor. As seen
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from the bifurcation diagram in Figure 4.3, with the per gene transcription rate
constant vsP as bifurcation parameter, the branch of limit cycles emerges as a
result of a destabilization of a steady-state through a Hopf bifurcation. The Hopf
bifurcation points occur for the parameter values vsP = 1.05 and vsP = 1.98, with
the former being supercritical and the latter subcritical. The fact that one of the
Hopf points is subcritical implies that the limit cycle branch extends outside the
branch of unstable steady-states in this case since the unstable cycle born at the
Hopf point subsequently bifurcates into a stable cycle. The nominal parameter
values in Leloup2003 correspond to vsP = 1.5 at which the model has a stable limit
cycle coexisting with an unstable steady-state.
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Figure 4.3: Bifurcation diagram for Leloup2003. The nominal value of the bifurcation
parameter vsP = 1.5. Solid (dashed) lines correspond to (un)stable steady-states. The
(un)filled circles correspond to amplitudes of (un)stable limit cycles. Hopf bifurcations
(HB) connect branches of steady-states and limit cycles.

The circadian clock is known to be robust to external perturbations, such as tem-
perature changes, and internal perturbations, such as gene mutations. In Leloup
and Goldbeter (2004) the robustness of the model Leloup2003 was analyzed by
considering the range of parameter values for which the model produced sustained
oscillations, when each parameter was varied one at a time. This amounts to
considering robust stability in the presence of parametric perturbations. Robust
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stability is the focus also here, but rather than considering alterations of individual
model parameters, dynamic perturbations applied directly to the network interac-
tions will be considered. This corresponds to perturbing the model structure, and
is consequently called structural perturbations. Models of biochemical systems are
in principle always structurally uncertain, and real biochemical networks undergo
changes that also effectively imply structural modifications.

4.5 Robustness Analysis of the Leloup and Goldbeter
Model

An approach to analyze structural robustness of biochemical networks with sus-
tained oscillations, such as circadian clocks, was proposed in Chapter 3. Concepts
from classical and robust control theory were employed to assess robustness in terms
of persistence of an autonomous periodic solution. Here only the essence of the ro-
bustness analysis method is briefly outlined, and the reader is referred to Chapter
3 for details.

The method employed for robustness analysis below is based on adding dynamic
perturbations to the direct interactions between the network components. Perturb-
ing a direct interaction, e.g., the interaction between component A and B, means to
perturb the direct effect of changes in the concentration of component A on the con-
centration of component B or vice versa. Note that by interactions here is implied
how changes transmit through the network. Furthermore, by direct interaction is
implied effects that transmit directly from one component to another. For instance,
in a network with components A, B and C, component A may affect component B
directly as well as indirectly through component C. The latter occurs if A affects
C and C affects B and is termed an indirect interaction. Dynamic perturbations
of direct interactions can include, e.g., perturbing the strength in the regulation
of a gene by a transcription factor, or perturbing the transport rate of a protein
between the cytoplasm and the nucleus. The smallest dynamic perturbation of
the interactions that changes the network stability by inducing a bifurcation, and
hence the qualitative behavior of the network, is determined. Rather than consider-
ing the autonomous periodic solution itself directly, the stability of the underlying
steady-state is considered. In particular, if a perturbation translates the under-
lying steady-state into a Hopf bifurcation point, then this corresponds to a limit
cycle collapsing into the steady-state. A more detailed description of the approach
is provided in Chapter 3. Below different structural perturbations are considered
to quantify the overall robustness, to determine specific network fragilities and to
elucidate the impact of specific network structures in providing for robust circadian
oscillations in the Leloup2003 model.
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Figure 4.4: Leloup2003. Perturbing the interactions of all components simultaneously
and independently.

Overall Robustness

Consider first the robustness for the case that all network interactions are perturbed
simultaneously and independently. See Figure 4.4. As shown in Chapter 3, the size
of the smallest stabilizing perturbation is then, at each frequency, given by

σ̄(∆) =
1

σ̄(M(jω))
(4.1)

where
M = (I − L)−1L, L = (jωI − Ã)−1(A− Ã). (4.2)

Here A is the Jacobian obtained from linearization of the nonlinear model at the
nominal unstable steady-state and Ã is a diagonal matrix with elements equal to
the diagonal elements of A. The smallest size perturbation is then

‖∆min‖ = min
ω

σ̄(∆) = min
ω

1
σ̄(M)

. (4.3)
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Figure 4.5: The least size uncorrelated perturbation of all direct interactions in
Leloup2003 (solid) and Leloup2004 (dashed) resulting in removal of the autonomous
periodic oscillations at the nominal parameter values.

Figure 4.5 shows the result for the Leloup2003 model, and the smallest ‖∆min‖ =
1/53 = 0.02, corresponding to a 2% simultaneous relative change in all network in-
teractions. For comparison, the corresponding result for the model Leloup2004 in
Table 4.1 is also shown in Figure 4.5 and as can be seen this model is significantly
less robust with ‖∆min‖ = 5 · 10−5. Thus, if simultaneous and independent pertur-
bations of all interactions are allowed, Leloup2004 is extremely fragile in that less
than a 0.001% change in the interactions will remove the sustained oscillations. A
direct comparison between the models Leloup2003 and Leloup2004 is of interest
since they both have the same model structure, and only differ in the parameter
values used. The results indicate that the Leloup2003 model is significantly more
robust than the Leloup2004 model.

Perturbing all network interactions simultaneously and independently, and sear-
ching for the worst case combination of perturbations, is probably of little biological
relevance in most cases. Indeed, many relevant perturbations will perturb all in-
teractions simultaneously, but then in a highly specific and correlated fashion. For
instance, perturbing a single model parameter will typically perturb all interactions
simultaneously but completely correlated. An external disturbance, such as a tem-
perature change, can in principle also be included as a model parameter and hence
yield the same correlated effect. Thus, parametric changes will correspond to highly
specific choices of the perturbation matrix ∆. This would suggest that it is more
relevant to consider parametric perturbations, rather than structural perturbations
as considered in this thesis. However, as discussed in Chapter 3 of this thesis, there
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are at least two reasons why structural perturbations are of interest. First, not all
relevant perturbations can be represented by parameter perturbations, e.g., changes
in transport properties and the number of significant reaction steps. Second, struc-
tural perturbations have the advantage of knocking the network locally, thereby
providing mechanistic insight into the sources of robustness and fragility. What is
important though, is to restrict the considered class of structural perturbations to
those that may be biologically relevant. This is considered below.
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Figure 4.6: Leloup2003. Perturbing the activities of all components simultaneously
and correlated such that the effect of a component on all other components is perturbed
by the same ∆.

The biochemical components within a biochemical network will change their
properties more or less continuously in response to changes in the cellular environ-
ment, but also as the result of time (ageing and evolution). For instance, genes
mutate frequently and this can give rise to modified properties of the gene regu-
lation, the productivity of the mRNA or the properties of the protein. Thus, one
should anticipate changes in the activities of the individual components that make
up a network. In terms of structural robustness, this corresponds to considering
perturbations in the effect of component xi on all other components xj by the same
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relative amount. Relating to the robustness analysis above, this corresponds to in-
troducing a correlation between the network perturbations as illustrated in Figure
4.6. In terms of the robustness analysis considered in Chapter 3, it corresponds to a
diagonal, as opposed to full, perturbation matrix ∆ and the smallest perturbation
is then given by

‖∆min‖ = min
ω

1
µ∆I

(M)
(4.4)

where µ∆I is the structured singular value for a complex diagonal ∆I .
The result for simultaneous perturbations of the activities of all components

in Leloup2003 is shown in Figure 4.7. As can be seen, the smallest perturbation
has magnitude ‖∆min‖ = 0.11 at the frequency ω = 0.33 rad/h corresponding to
a period T = 2π/0.33 = 19 hours. This implies that the network can tolerate up
to 11% simultaneous variations in the activities of all network components without
loosing the oscillations. Hence, no severe fragilities are revealed and the model can
be considered to be relatively robust.
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Figure 4.7: The least size correlated perturbation of the activities of all components
simultaneously in Leloup2003 (solid) and Leloup2004 (dashed) resulting in removal of
the autonomous periodic oscillations.

For comparison, Figure 4.7 also shows the overall robustness of Leloup2004,
and it can be seen that Leloup2003 is more than twice as robust as Leloup2004
when considering structural perturbations. The robustness analysis presented in
Leloup and Goldbeter (2004), using single parameter perturbations, did not reveal
any significant difference in robustness between the two models. The parameteri-
zations in both Leloup2003 and Leloup2004 satisfy constraints set by experimental
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observations, and hence both are candidate models for the mammalian circadian
clock. Considering that the overall robustness differ by more than 100% between
Leloup2003 and Leloup2004, dynamic perturbations applied simultaneously to the
activities of all components in the network captures an emerging property of the
network that simulations and single parametric perturbations do not. This also il-
lustrates that quantifying the overall structural robustness can serve as a useful tool
for selecting between model candidates and also in tuning models for robustness.

Robustness of Perturbations of Specific Interactions

Simultaneous perturbation of all network interactions do not provide any informa-
tion as to what parts of the network that are least robust. One reason for this
is that all diagonal elements in the perturbation matrix ∆, determined using the
structured singular value, will have the same size. Thus, no information on the
importance of specific interactions, or substructures, is obtained. To obtain such
information, activities of individual components, as well as specific pairwise inter-
actions, are perturbed next.

By perturbing the direct effect of a single component on all other network com-
ponents, information on how the network handles changes in the properties of
individual components is obtained. For illustration, a perturbation of the direct
effect of component 14, the transcription factor BMAL1, is shown in Figure 4.8.
Here the effect of changes in the concentration of BMAL1 on all the three genes is
perturbed by a relative factor ∆. The aim of the analysis is then to determine the
smallest ∆, allowed to be dynamic, such that a Hopf bifurcation is induced in the
overall network.
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Figure 4.8: Perturbing the direct effect of component 14, corresponding to the tran-
scription factor BMAL1, on all other network components in Leloup2003.
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Figure 4.9: Leloup2003. Size of the smallest relative perturbation that results in a
Hopf bifurcation when applied to the direct effect of a biochemical component on all
other components in the network. Note that the inverse of the size is shown to highlight
small perturbations. Interactions of individual components for which 1/|∆min| < 1 can
be removed without affecting the qualitative behavior of the model.

The smallest size relative perturbation applied to the direct effect of each compo-
nent on all other components, resulting in a stabilization of the nominal steady-state
corresponding to a Hopf bifurcation, is shown for Leloup2003 in Figure 4.9.

By perturbing the specific pairwise direct interactions between two components,
even more detailed information on how different parts of the network handle pertur-
bations can be obtained. In addition, it can be used to determine specific network
fragilities. As an example, the perturbation of the specific pairwise interaction of
components 9 and 14 is illustrated in Figure 4.10. Again, the aim of the robust-
ness analysis is to determine the smallest relative perturbation ∆ such that a Hopf
bifurcation is induced in the network at the nominal parameter values.

The smallest size relative perturbation of the pairwise interactions that results in
stabilization of the steady-state in Leloup2003, corresponding to a Hopf bifurcation,
is shown in Figure 4.11.

The direct effect of component 9, a protein complex in nucleus, on component 14,
BMAL1 transcription factor in nucleus, is found to be the least robust interaction
of the network. The smallest stabilizing perturbation for this interaction has a
magnitude ‖∆min‖ = 0.42, which implies that the network can tolerate up to
42% variations in the effect of component 9 on 14 without loosing the circadian
oscillations. Again, the network does not appear to have any severe fragility.

The impact of the perturbation ∆min from component 9 to component 14 on
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Figure 4.10: Perturbing the pairwise direct interaction between component 9 and
component 14 in Leloup2003.
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behavior of the model.
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Figure 4.12: Leloup2003. Nyquist curve of nominal model (solid) and perturbed model
(dashed) when the network is opened between component 9 and component 14. The
perturbed model corresponds to perturbing the loop gain by the computed minimum
stabilizing perturbation of the direct interaction between component 9 and 14 in Figure
4.11.

the network behavior can be illustrated by the impact on the Nyquist curve of the
open-loop network in Figure 4.12. As can be seen, a perturbation stabilizing the
steady-state by inducing a Hopf bifurcation corresponds to perturbing the Nyquist
curve to the point +1 such that it does not encircle the critical point on the positive
real axis. Note that the computed minimum dynamic network perturbation is given
by its frequency response, i.e., the amplitude and phase, at a single frequency
only. By fitting the frequency response at this frequency to a stable transfer-
function ∆T (s) with ‖∆‖ = ‖∆min‖, as described in Chapter 3, the perturbation
can be incorporated in the full network model. The Nyquist curve for the perturbed
network in Figure 4.12 was obtained in this way.

As described in Chapter 3, the fitted transfer-function can also easily be realized
in the form of a set of linear differential equations. Inserting the differential equa-
tions for the least size perturbation from component 9 on component 14 into the
full nonlinear model Leloup2003, results in the bifurcation diagram in Figure 4.13.
As can be seen, the perturbation moves the Hopf bifurcation point to the nominal
value of vsP = 1.5, and the network behavior has hence changed qualitatively for
the nominal parameter values. Note that, due to a subcritical Hopf bifurcation, a
stable limit cycle coexists with the stable steady-state in this case. To achieve a
complete removal of the limit cycle either a nonlinear perturbation can be added as
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described in Chapter 3, or the linear perturbation ∆ can be increased by a factor
k > 1, until only a stable steady-state behavior exists. For the case of perturbing
the effect of component 9 on 14 in Leloup2003 ∆′ = k∆min with k = 1.02, i.e.,
a 2% increase of linear the perturbation, is sufficient for removing the stable limit
cycle at the nominal parameter values.
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Figure 4.13: Bifurcation diagram for Leloup2003, perturbed by the smallest size sta-
bilizing perturbation of the direct interaction between component 9 and 14, shown in
Figure 4.11. The Hopf bifurcation point has moved to vsP = 1.5 and the qualita-
tive behavior has changed for the nominal parameter values. See Figure 4.3 for the
unperturbed bifurcation diagram.

The impact of the relative perturbation of the direct effect of component 9
on component 14 is illustrated by the nonlinear simulation in Figure 4.14. The
perturbation results in a reduced amplitude by 38% and a phase advance of 0.7
hours. A phase advance can be interpreted as a reduction in the delay of the effect
of component 9.

The least size linear pairwise perturbation changing the qualitative behavior in
Leloup2003 has to be considered as relatively large, i.e., the network is relatively
robust to structural perturbations. As a comparison, in a model of metabolic
oscillations in activated white blood cells, a pairwise direct interaction perturbed
by only 1.5% resulted in a qualitative change in the behavior predicted by the model
(Jacobsen and Cedersund, 2005).
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Figure 4.14: Leloup2003. Simulation of the nominal nonlinear model (solid) and
the perturbed nonlinear model (dashed) where the direct effect of component 9 on
component 14 has been perturbed by the computed minimum stabilizing perturbation.
The impact of the perturbation on the rest of the network is introduced at time 48
hours, resulting in a removal of the limit cycle behavior.

4.6 Robustness Analysis as a Basis for Elucidating Key
Mechanisms and Performing Model Reduction

Perturbing the impact of single components and specific pairwise interactions yields
important information on the least robust substructures of the overall network un-
derlying the circadian oscillations. However, since the least robust substructures
usually will correspond to the interactions mainly responsible for generating the
function, the robustness analysis can be used also as a basis for identification of
mechanisms and reduced order models. For instance, if a small relative perturba-
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tion to the dynamics of a single component changes the qualitative behavior of the
network, this component can be assumed to be a significant part of the mechanism
underlying the oscillations. Or, the other way around, a component for which the
effect can be perturbed by more than 100% without affecting the existence of the
function can be assumed to be of little relevance for the function. For instance if
the effect of an enzyme can be changed by more than 100% without affecting the
function, it corresponds to the situation in which increasing the amount of enzyme
reduces the reaction rate instead of increasing it, and seems biologically improba-
ble. Thus, the robustness analysis based on perturbing individual components and
pairwise interactions provide a useful basis for identifying the main mechanisms un-
derlying a function and for reducing the order of the model. Components requiring
relatively small perturbations for removing the circadian oscillations are probably
part of the main mechanisms, while those requiring a ‖∆‖ > 1 for a qualitative
change in the behavior can be removed from the model. Note that removing the
interactions of a component corresponds to replacing the corresponding state with
a fixed parameter in the model. A similar idea was proposed in (Schmidt and
Jacobsen, 2004), but not based on minimum size perturbations from a robustness
analysis but rather on perturbations at a predefined frequency.

For the Leloup2003 model, consider the minimum relative perturbations of sin-
gle components inducing a Hopf bifurcation in Figure 4.9. The robustness analysis
suggests that the interactions involving all components apart from 1, 4, 8, 9 and 14,
can be removed without loss of the circadian oscillations. The oscillations would
then be generated by interactions between 5 components only, out of a total of 16.
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Figure 4.15: Leloup2003. Highlighted parts of the network correspond to the compo-
nents and interactions identified as the mechanism underlying the oscillations based on
the results in Figures 4.9 and 4.11.
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The minimum size relative perturbations to the direct interactions between
two components, resulting in a Hopf bifurcation, are shown in Figure 4.11. Only
five out of a total of 50 pairwise interactions are found to be significant for the
circadian oscillations. These five pairwise interactions form the feedback loop
1 → 4 → 8 → 9 → 14 → 1, and the components correspond to those identified from
the individual component robustness analysis in Figure 4.9. The subnetwork of
Leloup2003 including only the components and interactions identified as significant
is highlighted in Figure 4.15.
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Figure 4.16: Leloup2003. Simulation of circadian oscillations with the full 16 state
Leloup2003 model (solid) and the corresponding reduced 5 state model (dashed).

It is interesting to note that the components and interactions identified as signif-
icant for the circadian oscillations in Leloup2003, based on the robustness analysis,
correspond to the per gene regulatory feedback loop. The robustness analysis in-
dicates2 that preserving these interactions only should be sufficient for generating
circadian oscillations. To see whether this indication holds, the model was reduced
to contain only the per gene regulatory feedback loop, corresponding to a 5 state
model. Note that the other 11 components in the model were not removed alto-
gether, e.g., by applying knock-out mutations of the bmal1 and cry genes. Rather
their concentrations were set to constant parameters equal to the nominal steady-
state concentrations. This corresponds to silencing the interactions involving these
11 components. In biological terminology this is called constitutive expression.
The 5 state model, hereafter referred to as the reduced Leloup2003 model, gener-
ates circadian oscillations with very similar characteristics to those of the full 16
state model, as can be seen in Figure 4.16. The simulations confirm that the identi-

2Indicates, since the robustness analysis consider removing one interaction at the time, and
not several simultaneously.
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fied per gene regulatory feedback loop is indeed sufficient for autonomous sustained
circadian oscillations.

Model reduction is often of interest, since a reduced model is easier to ana-
lyze and simulate. Note, that the model reduction considered here corresponds to
model reduction with preserved states, i.e., the states of the reduced order model
correspond to individual states in the full model. An advantage of this is that the
biological interpretation of the states is kept in the reduced order model. Note,
however, that the main criterion used for model reduction above was existence of
the function and that the robustness of the full and reduced order models may
differ. Whether this is the case in the Leloup2003 circadian clock, i.e., if a single
gene regulatory feedback loop structure is less robust than the full interlocked gene
regulatory network, will be considered next.

4.7 Determination of Mechanisms Underlying Robustness

As seen above, a single gene regulatory feedback loop is sufficient to generate cir-
cadian oscillations in Leloup2003. The robustness of this loop structure, will now
be compared to the robustness of the intact interlocked gene regulatory feedback
structure of Leloup2003. The main purpose is to obtain some insight into the va-
lidity of the often postulated hypothesis that the existence of multiple intertwined
feedback loops in circadian clocks serve the purpose of robustness.
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Figure 4.17: Robustness to simultaneous and correlated perturbations of all network
interactions in Leloup2003. Full interlocked gene regulatory network (solid) and reduced
5 state single gene regulatory feedback loop structure (dashed).
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Figure 4.18: Leloup2003. Gain and phase in the per feedback loop generating the
oscillations for the full 16 state (solid) and reduced 5 state (dashed) model. The
open-loop is stable in both cases.

Figure 4.17 shows the overall structural robustness measure for the full 16 state
Leloup2003 model and the reduced 5 state model. As can be seen, there is an en-
hanced robustness of about 20% associated with the presence of the full intertwined
gene regulatory feedback loop structure in Leloup2003. The difference in robustness
can be understood by considering the frequency response of the per gene loop with
and without the presence of the remaining network, shown in Figure 4.18. In order
to generate sustained oscillations, given that the open-loop is stable, the amplifica-
tion in the loop should exceed 1 at the frequency where the phase is a multiple of 2π.
This corresponds to the fact that the Nyquist locus must cross the real axis to the
right of the +1 to generate an oscillating instability when the loop is closed. The
corresponding Nyquist curves are shown in Figure 4.19. The frequency responses
in Figure 4.18 show that the gain around the circadian frequency, ωcc = 2π/24, in
the feedback loop corresponding to the per gene loop is significantly higher in the
full network model than in the reduced single loop model. Also, as seen in Figure
4.19, the distance of the Nyquist curve to the +1 point is increased mainly due to
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the increased gain around the circadian frequency. Thus, these results indicate that
the increased robustness in the full network model can be interpreted as an increase
in the loop gain of the per loop due to the presence of other feedback loops. Note
that, in principle, the distance of the Nyquist curve to the +1 point on the real
axis also can be increased by modifying the phase lag of the per loop. However,
this seems less relevant in the case of the circadian clock since the phase lag has a
strong influence on the period of the oscillations.
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Figure 4.19: Leloup2003. Nyquist curve for the per gene regulatory feedback loop
generating the oscillations for the full 16 state (solid) and reduced 5 state (dashed)
model.

When considering the gain of the per loop above, note the difference between
gain and strength, both used to characterize gene expression. The strength of the
gene expression relates to the amount of mRNA produced. The gain on the other
hand concerns the change in gene expression as a result of change in the amount of
transcription factor. Thus, the gain expresses how the total level of mRNA changes
in response to changes in the total level of transcription factor.

The aim is next to determine the specific mechanisms within the full network
that provide for the increased loop gain, and hence the enhanced robustness. Of
particular interest is whether the robustifying mechanisms are related to multiple
gene regulation and ”intertwined positive and negative feedback”, which has previ-
ously been hypothesized as a mechanism for generating robust circadian oscillations
(Cheng et al., 2001). From the results for robustness to individual component per-
turbations in Figure 4.9 it is seen that the apparently most important components
outside the per regulatory loop are components 3 and 12, corresponding to the
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bmal1 gene activity (mRNA concentration) and the corresponding BMAL1 pro-
tein product in cytoplasm. From the network schematic in Figure 4.15 it can be
seen that introducing these two components into the reduced network corresponds
to closing the loop around the bmal1 gene, resulting in a network with two “inter-
twined” gene regulatory loops. Note that both the per loop and the bmal1 loops are
negative control loops in control terminology, since the products of all steady-state
effects in both loops are negative. In the per loop, the PER protein has a negative
steady-state effect on the transcription factor BMAL1 through a sequence of com-
plex binding reactions, while in the bmal1 loop the transcription factor BMAL1
downregulates the bmal1 gene activity. However, in the biology literature this two
loop system would be referred to as an intertwined positive-negative feedback loop
system. The reason being that one would look at the effects of both loops from a
single component in the network, e.g., the per gene, and going through both neg-
ative loops ends up with a total effect which is positive. See e.g., (Plahte et al.,
1995) for a biological definition of the sign of feedback loops in biochemical net-
works. This is of course just a question of definitions, but it is important to be
aware of the differences in the discussion below.
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Figure 4.20: Robustness to simultaneous and correlated perturbations of all network
interactions in Leloup2003. Full interlocked gene regulatory network (solid), reduced 5
state per single gene regulatory feedback loop structure (dashed) and where the two
states 3 and 12 are added to the 5 state per loop (dotted).

If both components 3 and 12 are added to the per loop, then the overall ro-
bustness becomes as shown in Figure 4.20. As can be seen, the robustness with
both the per and bmal1 loops intact is essentially the same as for the complete
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network. Thus, this seems to support that the robustness is due to the existence
of “intertwined positive and negative” gene regulatory loops, or integrated nega-
tive feedback loop in control terminology, as hypothesized in (Cheng et al., 2001).
However, if one considers the impact of pairwise interactions in Figure 4.11 then
it can be seen that interactions involving component 3, the bmal1 gene activity, is
not included among the most important interactions. Rather, the most important
interactions apart from those in the per loop are those between components 12
and 14, corresponding to BMAL1 protein in cytoplasm and nucleus, respectively.
Indeed, adding only component 12 to the per loop corresponds to closing a local
post-translational loop between BMAL1 protein in nucleus and cytoplasm, as can
be seen from Figure 4.15. This loop is a result of forward and reverse transport
of cytoplasmic BMAL1 protein and nuclear BMAL1 protein through the nuclear
membrane. The per, bmal1 and BMAL1 post-translational feedback loops are il-
lustrated in Figure 4.21, where the signs denote the steady-state effects within the
loops. As can be seen from Figure 4.21, the two main gene loops are negative
feedback loops, while the post-translational loop corresponds to a positive feedback
loop at steady-state.
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Figure 4.21: Illustration of the main feedback loops in Leloup2003. The per gene
regulatory loop is combined with the bmal1 regulatory loop and the BMAL1 post-
translational loop. The switches are included to illustrate the analysis in which the
effects of closing various loops are examined.

To investigate the role of the negative bmal1 gene regulatory loop and the post-
translational feedback loop, the feedback loops are opened one at a time by blocking
the corresponding interactions as illustrated in Figure 4.21. The overall robustness
to simultaneous and correlated perturbations of Leloup2003, as a result of blocking
the feedback loops, is shown in Figure 4.22. As can be seen, the negative bmal1 loop
has a small impact on the robustness while the post-translational positive feedback
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loop serves to increase the robustness to the level of the full network. Thus, it can
be concluded that it is the post-translational positive feedback loop, apart from the
per loop, that provides for the robustness of the circadian clock in the Leloup2003
model.

10
−1

10
0

2

3

4

5

6

7

8

9

10

11

12

Frequency [rad/h]

1/
||∆

||

Figure 4.22: Robustness to perturbations of all network components in Leloup2003.
Nominal model (solid), reduced 5 state model (dashed), blocking the negative bmal1
gene regulatory feedback loop (dotted) and blocking the positive post-translational
feedback loop (dashed-dotted). See also Figure 4.21.

Considering the reasoning above, that robustness is enhanced by increasing the
amplification in the Per loop around the circadian frequency, the contribution to
the robustness from the positive post-translational feedback loop is no surprise.
Positive feedback loops are structures that typically provide high amplification.
Thus, a positive feedback loop added to an existing feedback loop will generally
serve to increase the loop-gain in the latter. In contrast, a negative feedback loop
typically serves to reduce amplification, thereby reducing the loop gain. However,
this reasoning holds only in part since the gain of a feedback loop will depend
on its phase lag and hence vary with frequency. To further investigate this, the
contribution of adding feedback around the BMAL1 transcription factor on the per
loop gain was considered. Figure 4.23 shows the relative change in the loop-gain
of the per loop when the negative bmal1 and positive post-translational BMAL1
loops, respectively, are closed. As can be seen, the negative bmal1 loop serves to
reduce the loop gain significantly at low frequencies but provides a slight increase
around the circadian frequency. The reason for the increase is that the negative
feedback in fact turns positive when the phase lag of this loop becomes close to
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2π, and this occurs around the circadian frequency. The positive post-translational
feedback loop, on the other hand, serves to increase the loop gain for all frequencies,
although somewhat less around the circadian frequency than at low frequencies due
to non-zero phase lag. However, from Figure 4.23 it is clear that it is the post-
translational feedback loop that mainly serves to increase the loop gain in the per
loop around the circadian frequency.
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Figure 4.23: Leloup2003. Contribution to the gain in the per gene regulatory feedback
loop generating the circadian oscillations, when adding feedback around the BMAL1
transcription factor. Nominal model (solid), only feedback around bmal1 (dotted) and
only feedback on the positive post-translational BMAL1 loop (dashed-dotted).

The effect of removing specific feedback interactions on the robustness of cir-
cadian rhythms is even more pronounced in the model Leloup2004, as can be seen
from Figure 4.24. In this case, blocking of the negative gene regulation on bmal1
affects the robustness to some extent, but a drastic decrease in robustness of the
circadian clock results when the positive post-translational feedback loop is blocked.

In summary, in both the Leloup2003 and Leloup2004 models a post-translational
feedback loop, involving protein interactions only, is important for the robustness
of the circadian clock. This result is interesting in relation to the results concern-
ing circadian rhythms in cyanobacteria recently presented in Tomita et al. (2005),
in which the circadian oscillations as such result from post-translational protein
interactions only. In eucaryotes, however, the consensus still appears to be that
regulation of genes are required for circadian oscillations. However, as the anal-
ysis results for Leloup2003 and Leloup2004 presented here indicate, regulation of
additional genes may not be required for the robustness of circadian clocks.



74 Robustness of Circadian Clocks

10
−1

10
0

0

50

100

150

200

250

300

350

400

450

Frequency [rad/h]

1/
||∆

||

Figure 4.24: Robustness to perturbations of all network components in the Leloup2004
model. Nominal model (solid), blocking the negative bmal1 feedback loop (dotted) and
blocking the positive post-translational BMAL1 feedback loop (dashed-dotted).

4.8 Tuning the Leloup and Goldbeter Model for
Robustness

Mechanisms underlying robust circadian oscillations in Leloup2003 and Leloup2004
were identified above. Here it is demonstrated how this information can be used to
tune models for increased robustness.

As shown above, the generation of circadian oscillations can be seen to be gen-
erated by a single gene regulatory feedback loop. Additional feedback loops that
provide positive feedback around the circadian frequency serve to increase the am-
plification in this loop, thereby increasing the robustness of the oscillations. In
terms of the Nyquist locus of the loop gain, the robustness is increased by increas-
ing the distance of the loop gain to the +1 point on the positive real axis in the
complex plane. This can be achieved by increasing the amplification, but also by
increasing the phase lag or delay in the loop. However, increasing the delay in the
feedback loop generating the oscillations would result in an increased oscillation
period. Since the system considered here is the circadian clock, and a period time
of 24 hours is a characteristic property of circadian clocks, altering the delay as a
design strategy with the aim of increasing the robustness is excluded. The option
left is then to increase the amplification. Two options for tuning the Leloup2003
model, considered here are then: to directly increase the gain in the per gene reg-
ulatory feedback loop generating the oscillations, or to indirectly increase the gain



4.8. Tuning the Leloup and Goldbeter Model for Robustness 75

in the per feedback loop by increasing the gain in a feedback loop around one of
the components of the per loop. The tuning will be illustrated on the linearized
model first, and then considered for the nonlinear model.

Tuning for Robustness: Direct Approach in the Linear Model

In order to increase the gain in the per gene regulatory feedback, consider in-
troducing a real parameter K such that the amplification from component 14 to
component 1 in the linearized Leloup2003 model is increased by a factor 1+K, see
Figure 4.25. This corresponds to multiplying element A1,14 of the Jacobian A by a
factor 1 + K. As seen from Figure 4.26, the robustness is enhanced for K > 0, i.e.,
when the gain is increased, and reduced for K < 0, i.e., when the gain is reduced.
Also note that the for K < −0.68, the gain in the per gene regulatory feedback
loop is too low for sustained oscillations to occur, i.e., less than one at the critical
frequency where the phase lag is 2π.
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Figure 4.25: Leloup2003. Increasing
the gain by a factor 1 + K in the per
gene regulatory feedback loop in the lin-
earized model.

−1 −0.5 0 0.5 1 1.5 2 2.5 3 3.5 4
0

2

4

6

8

10

12

14

16

18

20

K

||∆
m

in
||

Figure 4.26: Robustness to pertur-
bations of all network components in
Leloup2003 model as a function of the
additional gain K in the per feedback
loop.

Tuning for Robustness: Indirect Approach in the Linear Model

Increasing the gain in the per gene regulatory feedback loop can also be achieved
indirectly by increasing the gain in the bmal1 gene regulatory feedback loop by
a real factor K. This is illustrated in Figure 4.27. As Figure 4.28 shows, the
robustness is enhanced for K > 0, i.e., when the gain is increased, and reduced for
K < 0, i.e., when the gain is reduced.
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Figure 4.27: Leloup2003. Increasing
the gain by a factor 1 + K in the bmal1
gene regulatory feedback loop in the lin-
ear model.
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Figure 4.28: Robustness to pertur-
bations of all network components in
Leloup2003 model as a function of the
additional gain K in the bmal1 feedback
loop.

Tuning for Robustness: Direct Approach in the Nonlinear Model

The above tuning of linearized models for robustness was only for demonstration of
the general idea. However, in practice it is of course tuning of the original nonlinear
model that will be of interest. An approach to achieve this is here attempted,
partly to illustrate the additional difficulties involved in tuning nonlinear models
by altering model parameters.

In an attempt to directly increase the gain in the Per feedback loop the param-
eter vsP , affecting the kinetics of the per gene regulation by BMAL1, was altered.
The results in terms of the overall robustness and per loop gains are shown in Fig-
ure 4.29. The gain in the per gene regulatory feedback loop was evaluated at the
circadian frequency, ωcc = 2π/24. As can be seen, the effect of changing vsP on the
loop gain and robustness is somewhat ambiguous in that the loop gain increases
for increasing vsP until vsP = 1.74, and then decreases if vsP is increased further.
This illustrates the general problem in obtaining specific isolated effects by chang-
ing model parameters, since perturbing a parameter changes the steady-state, and
hence all interactions in the network since all elements of the Jacobian are altered.
However, as can also be seen from Figure 4.29, there is as expected a clear rela-
tion between the achieved loop-gain at the circadian frequency and the resulting
robustness; the maximum robustness is achieved for the maximum loop gain at
vsP = 1.74. It is notable that a more robust model is obtained for vsP , the bifur-
cation parameter in Figure 4.3, closer to the nearest bifurcation point. The Hopf
bifurcation points are at vsP = 1.05 and vsP = 1.98, see Figure 4.3, and the most
robust model is obtained for vsP = 1.74. The distance to the bifurcation point is
often used to quantify robustness towards parametric perturbations (Dobson, 1992;
Leloup and Goldbeter, 2003).

Tuning Leloup2003 for robustness based on altering single parameters resulted
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Figure 4.29: Leloup2003. Robustness to simultaneous and correlated perturbations
of all network interactions (solid) as a function of altering the maximum rate of per
mRNA synthesis, vsP . Also shown is the resulting gain in the Per gene regulatory
feedback loop (dotted).

in slightly improved robustness properties. To improve the robustness even further,
while avoiding the problems related to tuning model parameters, additional state
variables can be added to the model, e.g., states representing phosphorylation steps
acting as positive post-translational feedback loops, to elevate the gain in the per
gene regulatory feedback loop generating the oscillations.

4.9 Summary of Results for the Leloup and Goldbeter
Model

The Leloup2003 model was found to display a high degree of robustness to struc-
tural network perturbations in that the smallest perturbation that would remove
the circadian oscillations corresponds to a more than 10% simultaneous and inde-
pendent change in the activities of all 16 network components.

The analysis of structural robustness of the model also revealed that the circa-
dian oscillations were mainly generated by a single gene regulatory feedback loop
involving the per gene. Furthermore, a single positive feedback loop involving post-
translational protein interactions served to provide robustness of the oscillations by
increasing the per loop gain around the circadian frequency. These results were
emphasized by showing that only the 5 states in the per loop, out of the 16 states
in the full model, were needed to generate the circadian oscillations in the nonlin-
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ear model. Furthermore, by adding a state corresponding to the post-translational
positive feedback, the structural robustness of the reduced 6 state network equaled
that of the full 16 state network.

4.10 Robustness Results for Other Models

Robustness analysis of the remaining models in Table 4.1 are here considered with
the purpose of (1) quantifying the robustness, (2) determining the mechanisms
underlying the circadian oscillations and (3) identifying substructures important
for the robustness.

In order to identify the mechanism underlying circadian oscillations all models
were analyzed similar to the Leloup2003 model above, i.e., by perturbing the ac-
tivity of individual components as well as all specific interactions between two and
two components. The robustness for pairwise interactions, and the specific pairwise
interaction requiring the smallest relative perturbation for a qualitative change in
the network behavior, by inducing a Hopf bifurcation, are shown in Figures 4.30-
4.43. The part of the network identified as generating the circadian oscillations is
highlighted for each model. Gene activities are shown by thick circles while proteins
and protein complexes are shown by thin circles.

Leloup2004 Model

The components and structure of the Leloup2004 model are identical to the Leloup-
2003 model, and the two models differ only in their parameter values. In Leloup
and Goldbeter (2004) it is found that the Leloup2004 model is robust to parametric
variations, and that the model can produce oscillations in the absence of component
4, the PER protein, due to autoregulation on the the bmal1 gene.

The overall structural robustness, i.e., to simultaneous perturbations of all net-
work components, corresponds to ‖∆min‖ = 0.044. Thus, the model can only
tolerate half the variation in the component activities as compared to Leloup2003.
The robustness of the model with respect to perturbations of specific pairwise inter-
actions are given in Figure 4.30. The model is found to be significantly less robust
compared to the Leloup2003 model also for this type of perturbations. Based on
the robustness analysis for pairwise interactions, the substructure in Figure 4.31 is
identified as sufficient to generate the circadian oscillations. Note that, as opposed
to the Leloup2003 model, both the per and bmal1 gene regulatory feedback loops
are required for generating sustained oscillations.

The fact that the PER protein here is identified as required for generating
oscillations may seem to contradict the result in Leloup and Goldbeter (2004).
However, note the assumption made in this thesis is that of abundant PER protein,
such that its concentration can be assumed constant, while Leloup and Goldbeter
(2004) completely removed the protein which is a massive perturbation changing
all network interactions.
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Figure 4.30: Leloup2004 model. Robustness to perturbations of direct pairwise inter-
actions.
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Figure 4.31: Leloup2004 model. Highlighted parts underlie circadian oscillations.
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Becker-Weimann Model

The Becker-Weimann model describes, similar to the Leloup2003 and Leloup2004
models, the circadian clock in mice. In this model, the two genes per and cry
are modelled as a single lumped gene, and the corresponding regulatory loop is
combined with the bmal1 gene regulatory loop. Becker-Weimann et al. (2004)
found that a single feedback loop, corresponding to the per/cry loop, is the prime
mechanism generating the oscillations in their model.

The overall robustness analysis of the model yields that a minimum perturbation
removing the oscillations corresponds to ‖∆min‖ = 0.065, i.e., in the range between
Leloup2003 and Leloup2004. Robustness analysis of specific pairwise interactions
yields the results in Figure 4.32, and as can be seen the only interactions that can
be perturbed to affect the stability are those in the per/cry loop. Thus, this loop
is, in agreement with the findings in Becker-Weimann et al. (2004), identified as the
loop generating the circadian oscillations, as illustrated in Figure 4.33. The impact
of the bmal1 loop on the robustness of the oscillations is considered below.
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Figure 4.32: Becker-Weimann model. Robustness to perturbations of direct pairwise
interactions.

Forger Model

The Forger model for circadian oscillations in mice is highly detailed and contains
a total of 73 biochemical components and 1168 pairwise interactions. The model
Forger has been studied in further detail in (Wilkins et al., 2007). Using para-
metric sensitivity analysis they found that one gene regulatory feedback loop was
responsible for setting the period of oscillations.

The overall robustness of the Forger model corresponds to a minimum Hopf
inducing relative perturbation with size ‖∆‖ = 0.007. Thus, the network displays
poor robustness to simultaneous independent perturbations of all component ac-
tivities. While this partly may be explained by the large number of components,
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Figure 4.34: Forger model. Robustness to perturbations of direct pairwise interactions.

also perturbations of specific pairwise interactions reveal a poor robustness as can
be seen in Figure 4.34. The least robust network connection corresponds to the
interaction between a PER-CRY protein complex and its kinase-bound variant in
the nucleus, and this interaction requires a relative perturbation of less than 6% to
completely remove the circadian oscillations.

By considering the pairwise interactions corresponding to gene regulation by
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transcription factors, it is found that only a single gene, the per2 gene, needs
regulation to maintain circadian oscillations. The corresponding substructure is
illustrated in Figure 4.35. Note that the per2 gene is the same gene involved in the
feedback loop structure generating the oscillations in the Leloup2003, Leloup2004
and Becker-Weimann models.
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Figure 4.35: Forger model. Highlighted parts underlie circadian oscillations.

Leise Model

Leise and Moin (2007) have developed a model for circadian oscillations in Droso-
phila with the aim of emphasizing the role of post-translational mechanisms in
generating circadian oscillations. In (Leise and Moin, 2007) it was shown that
each gene regulatory feedback loop can be removed separately, while maintaining
robust oscillations. Their robustness analysis was based on individual parameter
perturbations.

The overall robustness analysis of the Leise model reveals that the smallest Hopf
inducing perturbation of all components corresponds to ‖∆min‖ = 0.016. The ro-
bustness to pairwise perturbations also reveal a poor robustness in that the smallest
such perturbation corresponds to a relative perturbation of less than 4% in the in-
teraction of two proteins in nucleus. See also Figure 4.36. Based on the robustness
analysis for pairwise perturbations the subnetwork in Figure 4.37 is identified as un-
derlying the circadian oscillations. Interestingly, this gene regulatory feedback loop
involves the gene in Drosophila homologous to the mammalian per gene identified
as instrumental in generating oscillations in the Leloup2003, Leloup2004, Becker-
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Figure 4.36: Leise model. Robustness to perturbations of direct pairwise interactions.
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Figure 4.37: Leise model. Highlighted parts underlie circadian oscillations.

Weimann and Forger models. In addition, note in Figure 4.37 the many protein
interactions that emerge as significant, as was intended by Leise and Moin (2007).

Locke2005 Model

The Locke2005 model attempts to describe the circadian clock network in the plant
Arabidopsis and involves 4 genes of which one is a hypothetical gene included to



84 Robustness of Circadian Clocks

explain experimental observations. The overall robustness analysis yields that the
components can be perturbed with ‖∆min‖ = 0.011 to remove the oscillations.
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Figure 4.38: Locke2005 model. Robustness to perturbations of direct pairwise inter-
actions.
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The robustness to perturbations of pairwise interactions are shown in Figure
4.38, and as can be seen the most significant fragility is for the direct interaction
between components 8 and 9 corresponding to transport of the hypothesized protein
between cytoplasm and nucleus. For this interaction, a relative perturbation of
5% is sufficient to remove the circadian oscillations. Based on the perturbation
of pairwise interactions, it is found that all components but one are required to
generate the circadian oscillations. See also Figure 4.39. The Locke2005 model is
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the only model considered here in which a substructure can not be identified as
sufficient to generate the circadian oscillations.

Locke2006 Model

Locke et al. (2006) extended the Locke2005 model with an additional gene regula-
tory feedback loop to account for experimental results that could not be explained
by the Locke2005 model. The model Locke2006 involves 5 genes and a total of 16
components.
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Figure 4.40: Locke2006 model. Robustness to perturbations of direct pairwise inter-
actions.

In this case, the overall robustness analysis using µ-computations does not yield
a perturbation which marginally stabilizes the steady-state. Closer examination of
the Nyquist plot for the unperturbed model on linear feedback form, as described
in Chapter 3, reveals that in addition to an eigenlocus encircling the +1 point,
there is a another locus close to the +1 point which does not encircle. The smallest
perturbation moving one locus to the +1 point, will in this case move latter locus
to +1 and will therefore not stabilize the underlying steady-state. This problem
was discussed in Chapter 3, and a method for computing a perturbation moving the
encircling locus to +1 was proposed. This method is used in the computations here,
and yields an upper bound on the smallest stabilizing perturbation as ‖∆min‖ ≤
0.07. The perturbations of specific interactions in Figure 4.40 reveal that six such
interactions, corresponding to the feedback loop in Figure 4.41, are generating the
circadian oscillations. Note that the identified loop involves two genes, both being
part of the same loop.

The fact that the Locke2006 model in addition to an encircling Nyquist locus
has another locus close to the critical +1 point indicates that there are two sep-
arate mechanisms that can generate oscillations in the model. Indeed, it is here



86 Robustness of Circadian Clocks

found that the loop 4 → 5 → 6 → 10 → 11 → 12, of which no components are
part of the substructure identified above, generates slightly damped oscillations
that become sustained if the corresponding loop-gain is increased by a factor 1.07.
Thus, the Locke2006 model appears to have capacity for redundant circadian clock
mechanisms, as was also intended in (Locke et al., 2006).
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Figure 4.41: Locke2006 model. Highlighted parts underlie circadian oscillations.

Zeilinger Model

Zeilinger et al. (2006) also extended the Locke2005 model, but with two additional
feedback loops.

0

50

100

150

200

250

300

Biochemical pairwise interaction no.

1/
||∆

||

17→19 19→17

11→13 13→11

12→11 13→1818→17 19→12
1→1

Figure 4.42: Zeilinger model. Robustness to perturbations of direct pairwise interac-
tions.

The overall robustness of this model is significantly less than for the Locke2006
model, with a smallest Hopf inducing perturbation corresponding to ‖∆min‖ =
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0.001, indicating a severe fragility in the model. Indeed, the analysis based on
perturbing pairwise interactions separately yields the results in Figure 4.42. The
smallest Hopf inducing relative perturbation corresponds to ‖∆min‖ = 0.003, i.e.,
a 0.3% perturbation in the interaction resulting from protein transport between
cytoplasm and nucleus. However, in the model this transport rate is so high that
a perturbation in only one direction would correspond to a large accumulation of
proteins and one may therefore question if this perturbation is biologically relevant.
An answer to this is not provided here, but rather it is stressed that the results of
any robustness analysis based on a general class of perturbations always must be
evaluated in terms of the biological relevance.

The subnetwork generating the circadian oscillations in the Zeilinger model,
identified from the pairwise perturbations in Figure 4.42, is shown in Figure 4.43.
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Figure 4.43: Zeilinger model. Highlighted parts underlie circadian oscillations.

Quantifying the Robustness for Full and Reduced Models

In all but one of the circadian clock models in Table 4.1 the mechanism generating
circadian oscillations could be confined to a subnetwork essentially relying on a
single gene regulatory feedback loop, or a single feedback loop involving two genes.
To consider the impact of the remaining network on the robustness of the oscilla-
tions, the overall robustness for simultaneous perturbations of all components are
compared for the full networks and the identified subnetworks in Table 4.2.

Considering the hypothesis that additional feedback loop can serve the purpose
of robustness, particular attention should be paid to two results in Table 4.2. First,
in all but one case there is only a slight increase in robustness associated with the
presence of the full interlocked feedback loop model as compared to the subnet-
work generating the oscillations and involving regulation of only one or two genes.
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Model ||∆min|| ||∆min||
name full model substructure
Leloup2003 0.106 0.085
Leloup2004 0.044 0.031
Becker-Weimann 0.065 0.058
Forger 0.0071 0.0032a

Leise 0.016 0.023
Locke2005 0.011b 0.011b

Locke2006 0.070b 0.038
Zeilinger 0.0011 0.0011

aReduced to regulation on one gene.
bUpper bound resulting from perturbing the encircling locus eigenvector direction, see Chapter 3.

Table 4.2: Robustness to simultaneous perturbations of the activities of all network
components for the full network, the reduced 5 state Leloup2003 model and the sub-
networks in Figures 4.31, 4.33, 4.37, 4.41 and 4.43.

Second, comparing the robustness of different circadian clock models, the robust
models are the ones where the mechanism generating the oscillations is robust in
itself. If the robustness of the substructure is low, so is the robustness of model in-
cluding the entire interlocked feedback loop structure. Hence, the overall robustness
properties of the model is highly dependent on the robustness of the mechanism
generating the oscillations, which corresponds to a single gene regulatory feedback
loop in most cases. In Locke2006 and Zeilinger two genes are involved, but then
forming a single feedback loop.

Gain and Delay in the Substructure Identified as Generating Circadian
Oscillations

As discussed above, the robustness of circadian oscillations can be related to the
gain and phase lag, or delay, in the master feedback loop. To obtain insight into the
distribution of gain and delay in the master loops identified in some of the models
above, the gain and delay in the corresponding component to component interac-
tions are shown in Figure 4.44. The gain and delay were evaluated at the frequency
where the full model was least robust. The distribution provides information on
how the total gain and delay in the loops are divided between gene regulation and
post-translational protein interactions.

The delay in gene expression varies from 14.9 hours in the Locke2006 model to
0.02 hours in the Zeilinger model. Wet-lab experiments in the fungus Neurospora
indicate that the time delay for gene expression is shorter than for post-translational
events in the circadian clock (Dunlap, 1999). This is only the case in the Leloup2003



4.11. Discussion and Conclusions 89

gene 2.28
3.12h

 1.82
4.29h

gene 1.95
 12.82h

  1.09
3.63h

gene 0.06
14.90h

 0.95
1.15h

 0.56
0.03h

 83.4 
0.31h

geneTF  0.49 
13.93h

  11.0 
1.94h

  0.99 
0.28h

 1.24 
3.64h

Leloup2003

Becker-Weimann

Locke2006

Zeilinger

14 1

13

16 1 2 3

13 18 17 19

 0.54
2.54h2

 0.95
0.19h

 0.74
2.07h84

  0.54
11.71h9

  0.81 
3.33h14

  0.59 
2.58h15

 0.16 
0.28h12

 0.99 
0.02h11

gene

gene

Figure 4.44: Gain and delay in the master gene regulatory feedback loop, involving
one or two genes, identified as the mechanism underlying circadian oscillations.

model.
The total gain is quite evenly distributed for the interactions in the Leloup2003

and BeckerWeimann models. In Zeilinger, and especially in Locke2006, some spe-
cific interactions explain a large part of the total gain. Intuitively, an evenly dis-
tributed gain within a feedback loop would seem preferable, assuming that noise is
equally plausible throughout the network, since a large gain also indicates a large
amplification of noise.

4.11 Discussion and Conclusions

In this chapter several recently proposed models of circadian oscillations in organ-
isms ranging from mammals to plants have been analyzed with respect to their
structural robustness. All models consisted of complex network structures involv-
ing several regulated genes and a large number of embedded feedback loops. The
robustness considered was robustness in the sense of persistence of sustained oscil-
lations and in the presence of dynamic perturbations of the network interactions.
For all models, the robustness was quantified by computing the smallest dynamic
network perturbation that would translate the unstable steady-state underlying
the circadian oscillations into a Hopf bifurcation point, thereby collapsing the limit
cycle into a stable steady-state.
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The overall robustness was quantified by considering perturbations of all net-
work components simultaneously. It was demonstrated that such a measure is useful
in discriminating between model candidates and in tuning models for robustness.

By considering perturbations of single components and specific binary interac-
tions, substructures within the networks important for robust oscillations could be
identified. For most models, it was shown that a single regulated gene combined
with protein interactions constituted the main mechanism generating circadian os-
cillations. The presence of the entire interlocked gene regulatory feedback loop
structure resulted in an enhanced robustness in all but one case. However, the
robustness was primarily determined by the circadian gain in the gene regulatory
feedback loop identified as generating the oscillations. Accordingly, a single feed-
back loop with a high gain around the circadian frequency is a design that would
result in a high level of robustness. Additional feedback loops can, however, elevate
the gain in the feedback loop generating the oscillations. Insight into how these
feedback loops, in particular addition of positive post-translational protein feedback
loops, potentially can provide for robustness of an autonomous periodic solution
by elevating a gene regulatory loop-gain gain, was obtained. Negative feedback
regulation on an additional gene, often hypothesized to play an important role in
circadian robustness, was found to have essentially no effect on the robustness. The
obtained insight into the principles underlying robust oscillations in circadian clocks
can in the future serve as guidance in the design of robust synthetic oscillators.

The use of robustness analysis as a basis for model reduction with preserved
states have also been considered in this thesis. For one model, the Leloup2003
model, it was shown that a 5 state reduced model could reproduce well the oscil-
lations in the full 16 state model. Furthermore, a 6 state reduced model could in
addition reproduce the robustness of the oscillations seen in the full model.

While the focus here has been on robustness, in the sense of robust stability,
there are of course many other aspects that have directed the evolution of circadian
clock networks. These include specific performance criteria, such as oscillation
amplitudes and phase shifts, that are crucial for the proper functioning of bodily
functions. Thus, it is likely that many network interactions have been “designed”
for other purposes than robust stability. In fact, it is not unlikely that many of the
interactions identified as unimportant for robustness in the models considered here
play an important role in meeting specific performance criteria.



Chapter 5

Conclusions and Future Work

In this thesis, a control theoretic approach to robustness analysis of autonomous in-
tracellular oscillations has been proposed. In contrast to parametric perturbations,
which is currently the standard approach to analyze the robustness of biochemical
oscillators, the proposed approach is based on perturbing the direct interactions
between the network components. Application to several recently proposed models
of the circadian clock was used to elucidate the mechanisms underlying robust cir-
cadian oscillations. Future work will focus on extending the method to biological
functions other than those related to sustained oscillations, such as steady-state
homeostasis and bistable switches. Furthermore, a similar approach to sensitivity
analysis of metabolic networks and signal transduction pathways will be considered.

Conclusions

The main contribution of this thesis has been the development of a method for
robustness analysis of intracellular oscillators. The robustness analysis has con-
cerned robust stability, i.e., the persistence of an autonomous periodic solution in
the presence of internal and external perturbations. The perturbations considered
were linear dynamic perturbations applied to the network interactions. The method
amounts to perturbing the structure of the underlying dynamic model, and hence
addresses the structural uncertainty present in all models of biochemical systems.
Apart from quantifying the structural robustness, useful for validation and cali-
bration of models, important insight into the key mechanisms underlying robust
oscillations is obtained. Specific network fragilities can be detected and the impact
of network substructures on the existence and robustness of a given function can
be elucidated.

The proposed robustness analysis was applied to several recently proposed mod-
els of the circadian clock in various organisms. The robustness was quantified, spe-
cific network fragilities were identified and the impact of substructures within the
networks were elucidated. The obtained results provide a contribution to ongoing
efforts to understand the purpose behind the presence of interlinked gene regulatory
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feedback loops in the circadian clock. By identifying the substructures underlying
circadian oscillations in several circadian clock models, the robustness properties of
these substructures, generally single gene regulatory feedback loops, were shown to
primarily determine the robustness of the model. The robustness properties were
associated with a high gain in these feedback loops. Additional feedback loops in-
volving either gene regulation or post-translational feedback could elevate the gain
in the gene regulatory feedback loop generating the oscillations, and hence enhance
the robustness.

Future Work

The application of main concern in this thesis has been the circadian clock. Apart
from the fact that robustness of this function is critical to most organisms, it is
also one of the most well described biochemical networks at present. However,
sustained oscillations play a key role also in many other biological functions, and
it is of interest to apply the proposed robustness analysis also to several of those
oscillators for which reasonably detailed mechanistic models are available.

The idea of using structural dynamic perturbation to assess network robust-
ness and identify functional subnetworks is of course not restricted to functions
related to sustained oscillations. Future work will in particular consider extending
the method to analyze the robustness of biological functions related to steady-state
maintenance, i.e., homeostasis, and bistable switches. Similar to biochemical os-
cillators, such functions can also be seen to be lost through a destabilization, or
bifurcation, of the nominal network behavior due to external or internal perturba-
tions.

A problem which has received significant attention in the biochemical literature
is sensitivity analysis, and in particular Metabolic Control Analysis for metabolic
reactions networks. Similar to parametric robustness analysis, this methodology is
based on perturbing model parameters. Again, a drawback of parametric perturba-
tions is that they tend to perturb all network interactions simultaneously and it is
difficult to obtain mechanistic insight on key reaction steps etc. Extending the idea
of using dynamic perturbations, applied directly to specific network interactions, to
sensitivity analysis is therefore of interest. Such a method will not only be relevant
for metabolic networks, but very much so for signal transduction networks for which
it is known that dynamic properties often are critical for a proper functioning.
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Appendix A

Biochemical Network Models on the
Feedback Form

The model of a biochemical network is assumed to be given by a set of ordinary
differential equations

ẋ = f(x(t), p), x ∈ Rn, p ∈ Rm. (A.1)

The concern here is the stability of a steady-state x = x∗ for the nominal
parameter values p = p∗ satisfying f(x∗, p∗) = 0. Linearization about the steady-
state, assuming x∗ = 0 without loss of generality, yields

ẋ = Ax(t). (A.2)

To analyze the robustness of the stability, the system is put on appropriate feedback
form.

Consider first the case in which all interactions between the network components
are lifted out

ẋ = Ãx + (A− Ã)xe (A.3)

where Ã is a diagonal matrix with elements equal to the diagonal of A, and xe

is the effect of other components now considered as external inputs. The original
network is recovered by closing the loop

x = xe. (A.4)

Equations (A.3)-(A.4) thus represent a feedback system with loop transfer-function

L(s) = (sI − Ã)−1(A− Ã). (A.5)

Consider next the case in which only the effect of component xi on all other
components is lifted out in the open-loop system. Introduce the matrix B1i, which
is obtained from the n × n identity matrix by letting element B1i

ii = 0. Similarly,
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let B2i be a 1× n vector with B2i
i = 1 and zeros elsewhere. Then the loop transfer

function is
Li(s) = B2i(I − LB1i)−1LB2iT (A.6)

where L(s) is given by (A.5).
Finally, consider the case in which only the effect of component xj on component

xi is lifted out in the open-loop network. Introduce the matrix Cij with Cij
ij = 1

and all other elements zero. Then, the loop transfer-function is

Lij(s) = B2j(sI −A + CijAT Cij)−1CijAT CijB2jT . (A.7)

The obtained feedback systems can now be analyzed using results from classical
and robust control theory, as demonstrated in Chapter 3 of this thesis.


