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Abstract
Plasticity is usually classified into two distinct categories: Hebbian or homeostatic. Hebbian is driven by correlation in the activity of neurons, while homeostatic relies on a
negative feedback signal to control neuronal activity. Since correlated activity leads to
strengthened synaptic contacts and formation of cell assemblies, Hebbian plasticity is
considered to be the basis of learning and memory. Stronger synapses, on the other hand,
promote stronger correlation. This positive feedback loop can lead to instability and
homeostatic plasticity is thought to play a role of stabilization. The experimentally observed time scales of homeostatic plasticity, however, are too slow to compensate for the
fast Hebbian changes. Therefore, the exact way multiple types of plasticity interact in
the brain remains to be elucidated. In this thesis, we will show that homeostatic plasticity can also have interesting effects on network structure. We will show that homeostatic
structural plasticity has a Hebbian effect on the network level, and it comprises two separate time scales, a faster for learning and a slower for forgetting. Using a model of
classical conditioning task, we will show that this rule can perform pattern completion,
and that network response upon stimulation is gradual, reflecting the strength of the
memory. Furthermore, we will show that networks grown with homeostatic structural
plasticity and a broad distribution of target rates exhibit non-random features similar to
some of those found in cortical networks. These include a broad distribution of in- and
outdegrees, an over-abundance of bidirectional motifs and scaling of synaptic weights
with the number of presynaptic partners. Overall, we will use simulations of spiking
neural networks and mathematical tools to show that there is more to homeostatic plasticity than just controlling network stability. It remains an open question, however, the
extent to which homeostatic plasticity can be accounted for structural features found in
the brain.
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Zusammenfassung
Die Plastizität ist in der Regel in zwei unterschiedliche Kategorien eingeteilt: die Hebbsche oder homöostatisch. Die Hebbsche Plastizität bezieht sich auf die plastische Veränderungen,
die durch eine Korrelation in der neuronalen Aktivität getrieben werden, während
die homöostatische Plastizität sich auf Mechanismen bezieht, die auf ein negatives
Rückkopplungssignal angewiesen sind und die neuronale Aktivität auf bestimmte Zielniveaus kontrollieren. Da die korrelierte Aktivität zu verstärkten synaptischen Kontakten führt und folglich die Versammlungen von stark gekoppelten Neuronen bilden,
wird die Hebbsche Plastizität als die Grundlage für das Lernen und das Gedächtnis
dargestellt. Stärkere Synapsen hingegen können korrelierte Aktivitäten verstärken und
durch diese positive Rückkopplungsschleife kann die Aktivität zur Instabilität führen.
Es wird angenommen, dass die homöostatische Plastizität eine Stabilisierung bewirkt,
aber die Zeitskalen der homöostatischen Plastizität, die in Expermenten beobachten
wurden, sind zu langsam im Vergleich zu denjenigen, eine Kompensierung der schnellen
Hebbian Veränderungen erfordern. Daher bleibt die genaue Art und Weise noch zu
klären, wie mehrere Arten von Plastizität im Gehirn zusammenwirken. In dieser Arbeit
werden wir zeigen, dass die homöostatische Plastizität tatsächlich interessante Effekte
auf die Netzwerkstruktur haben kann, die über die reine Steuerung der neuronalen Aktivität hinausgehen. Wir werden zeigen, dass die homöostatische Strukturplastizität
einen Hebbian Effekt auf der Netzwerkebene hat, der zwei getrennte Zeitskalen umfasst:
eine schnellere für das Lernen und eine langsamere für das Vergessen. Anhand eines
Modells der klassischen Konditionierungsaufgabe werden wir zeigen, dass diese Regel
eine Erklärung für die Musterfertigung liefern kann und, dass die Netzwerkreaktion auf
Stimulation allmählich erfolgt, was die Stärke des Gedächtnisses widerspiegelt. Darüber
hinaus werden wir zeigen, dass Netzwerke, die mit homöostatischer Strukturplastizität
und einer breiten Verteilung von Zielraten gewachsen sind, eine nicht-zufällige Merkmale
aufweisen, die auch in kortikalen Netzwerken zu finden sind. Dazu gehören eine breite
Verteilung von Grad der zukommenden und ausgehenden Verbindungen, eine überfälle
an ’bidirektionalen Motiven’ und die synaptischen Gewichte wird durch die Anzahl der
präsynaptischen Neuronen angepasst. Insgesamt werden wir Simulationen von feuernden neuronalen Netzwerken und mathematische Ansatz zeigen, dass die homöostatische
Plastizität mehr als nur die Kontrolle über die Netzstabilität ist. Es bleibt jedoch eine
offene Frage, inwieweit sich die homöostatische Plastizität auf die Strukturmerkmale im
Gehirn zurückführen lässt.
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Abstrakt
Plasticitet klassificeras oftast som antingen Hebbsk eller homeostatisk. Hebbsk plasticitet drivs av korrelerad aktivitet mellan kopplade neuron, medan homeostatisk plasticitet är ett resultat av en negativ feedbacksignal som beror av neuronaktiviteten. Eftersom korrelerad aktivitet leder till en förstärkning av synapskopplingen, vilket i sin tur
leder till bildandet av cellassembler, antas Hebbsk plasticitet utgöra basen för inlärning
och minne. Starkare synapser ger å andra sidan upphov till en ökad korrelation mellan de
kopplade neuronen. Denna positiva feedback kan ge upphov till instabilitet, och homeostatiskt plasticitet anses därför viktig för att stabilisera systemet. Det experimentellt
observerade tidsförloppet för homeostatisk plasticitet är dock för långsamt för att kompensera för de snabbare Hebbska förändringarna. Därför behöver man undersöka bättre
hur olika former av plasticitet samverkar i hjärnan. I den här avhandlingen visar vi att
homeostatisk plasticitet kan ha intressanta effekter även vad gäller nätverksstrukturen.
Vi visar att homeostatisk strukturell plasticitet leder till liknande effekter som Hebbsk
plasticitet på nätverksnivån, och detta omfattar två separata tidsskalor, en för snabb
inlärning och en för en långsammare glömske-process. Genom att använda en modell
för klassisk betingning visar vi att denna regel kan leda till att minnen återskapas, samt
att nätverkssvaret som uppstår efter en aktivering ökar stegvis, vilket återspeglar hur
starkt minnet är. Dessutom visar vi att för nätverk som bildas under inflytande av
homeostatisk strukturell plasticitet, och där det finns en bred distribution av neuronala
aktivitetsniver, så uppkommer nätverksstrukturer som liknar de man finner i kortikala
nätverk. Detta omfattar en bred distribution av hur många inkommande och utgående
kopplingar neuronen har, samt en överrepresentation av dubbelriktade kopplingar och
av synapsstyrkor som är skalade beroende på antalet presynaptiska neuron. Vi använder
i denna avhandling både simuleringar av spikande neuronnätverk och matematiska angreppsätt för att visa att homeostatisk plasticitet har en betydelse som går bortom
regleringen av nätverksstabiliteten. Det är dock fortfarande en öppen fråga till vilken
grad homeostatisk plasticitet kan förklara förekomsten av de nätverksstrukturer som
man hittar i hjärnan.
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Chapter 1

Introduction

1.1

Plasticity

Brain networks are plastic. Not exclusively during developmental stages, but throughout
adulthood neuronal networks can be rearranged by different types of plastic mechanisms.
There are different ways of classifying plasticity. On Butz et al. (2009b), plastic changes
are classified in three different categories according to the physical transformation taking place. Firstly, functional plasticity refers to mechanisms that change the synaptic
strength of an already existing synaptic contact, which can include change in the number of postsynaptic receptors or in the presynaptic release of transmitters. Secondly,
structural plasticity refers to changes in anatomical connectivity between neurons, which
includes changes in the number of multiple contacts between the same pair of neurons,
as well as creation of new synapses between pairs of neurons that were not previously
connected and deletion of already existing synapses. Finally, neurogenesis refers to
addition of new neurons into already existing networks.
On the other hand, plasticity can also be classified according to the type of activity that
drives the plastic changes. Plasticity that is driven by correlation in firing activity of
neurons is generally known as Hebbian, while plasticity that relies on homeostatically
regulating input or output response of a neuron is known as homeostatic.

1.2

Hebbian plasticity

Plastic changes that are induced by correlation between pre- and postsynaptic activity
are generally known as Hebbian plasticity. In his 1949 book The organization of behavior
1
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(Hebb, 1949), Hebb postulates
When an axon of cell A is near enough to excite cell B or repeatedly or
persistently takes part in firing it, some growth process or metabolic change
takes place in one or both cells such that A’s efficiency, as one of the cells
firing B, is increased.
At the moment it was written, this was only a theoretical statement. Experimental
evidence for its support came only later, with the discovery of long-term potentiation
(LTP) (Bliss and Lømo, 1973) (see Nicoll (2017) for a review on LTP). During LTP
induction, stimulation of neurons with specific paradigms leads to increased synaptic
weights between them. Because the effects of LTP can last for long periods, of many
hours up to days, while induction takes place in a faster time scale, on the order of
seconds to minutes, LTP is assumed to underlie processes of memory and learning. Later,
Bi and Poo (1998) showed that in cultures of dissociated rat hippocampal neurons the
net increase in synaptic weight depended on the exact difference in timing between preand postsynaptic spikes. Furthermore, they showed that in the case when postsynaptic
spike arrived before presynaptic spike, there was actually a reduction on synaptic weight,
or long-term depression (LTD). This type of plasticity, in which the exact timing of preand postsynaptic spikes determines the direction and amount of change in synaptic
weight, is known as spike-timing-dependent plasticity (STDP).
From a mathematical perspective, a Hebbian learning rule should include a term that
considers the correlation between pre- and postsynaptic activity, or a covariance term
(Gerstner and Werner M., 2002). Biologically, this means that there should be a signal
available to neurons that measure the correlation between their own activity and that
of synaptic partners. In the case of spike-timing-dependent plasticity, N-methyl-Daspartate (NMDA) receptor channels are thought to act as correlation detectors. NMDA
receptor channels are permeable to calcium ions, and are normally closed, requiring two
steps for opening. Firing of a presynaptic neuron leads to a temporary opening of these
channels, which however soon become blocked by magnesium ions, not allowing for an
influx of calcium. This magnesium block is only released by an increase in postsynaptic
membrane potential, which happens in the case of postsynaptic neuron firing. In this
way, calcium influx through NMDA receptor channels is only possible in case of pre- and
postsynaptic coincident spikes within a certain time window, and the local intracellular
calcium concentration can be seen as an indicator of pre- and post- correlated activity.
In the case of Hebbian learning, correlated activity leads to increase in synaptic weights,
which in turn leads to higher correlation in neuronal activity. This positive feedback loop
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can lead to unstable dynamics, and compensatory mechanisms on similar time scales
to the Hebbian rule are necessary to avoid runaway activity (Zenke et al., 2013). In
theoretical models, compensation is generally realized with a model of synaptic scaling,
i.e. re-scaling of total input weights of individual neurons in order to keep its input, and
hence its output rate, bounded within certain values. Such a regulation of output firing
rate, a form of homeostatic plasticity, has been by now observed in multiple experiments
(Turrigiano, 2012), but with a time scale of many hours to days. A consensus about
compensatory mechanisms which are fast enough to stabilize changes in weight promoted
by Hebbian learning rules such as STDP remain yet to be reached (Zenke and Gerstner,
2017).

1.3

Homeostatic plasticity

Neural network activity is constantly perturbed by changes in external input, which have
also an effect on network structure through activity driven plasticity. If compensating
mechanisms are not present to ensure the system remains within reasonable operating
points, the network can become unstable and not able to function properly. In this
context, plastic mechanisms that rely on a negative feedback signal to bring neuronal
activity back to a set point are known as homeostatic plasticity. Global forms of homeostatic plasticity present in cortical networks include mechanisms such as synaptic scaling,
changes in neuronal intrinsic excitability and scaling of inhibitory synapses (Turrigiano,
2017).
Synaptic scaling is triggered by a perturbation in neuronal activity, and leads to a
proportional reduction or increase in the synapses of a neuron such that activity is
stabilized again at a certain set point. Synaptic scaling was originally demonstrated
by Turrigiano et al. (1998), and has ever since been observed in multiple experiments
(see Turrigiano (2012) for a review). In 2013, two independent studies (Keck et al.,
2013, Hengen et al., 2013) were finally able to show firing rate homeostasis in vivo,
after sensory deprivation, in the visual cortex of awake rodents. Scaling up and down
of synapses in response to changes in neuronal activity involve complicated signaling
pathways that seem to be calcium-dependent, but the exact chain of molecular events
necessary for synaptic scaling to occur remain to be fully explained (Turrigiano, 2012).
More recently, Torrado Pacheco et al. (2019) showed that the mean firing rate of neurons
in primary visual cortex of freely behaving rodents is mostly stable over long periods,
even if there are short transients in activity caused by changes in the visual input.
Interestingly, they showed that the neurons regulate their activity around set points
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which are cell specific. Similarly, Hengen et al. (2016) had previously reported that
after monocular deprivation, the firing rate of neurons in the visual cortex of freely
behaving rats returned back to each neuron’s own baseline rate. Furthermore, this
happened independently of the neuron’s firing rate before monocular deprivation, which
was broadly distributed over at least two orders of magnitude.

1.4

Structural plasticity

The term structural plasticity refers to plastic changes involving rewiring of neuronal
networks, and not just change in weights of already existing synaptic contacts. It comprises growth and retraction of dendrites and axons, as well as sprouting and deletion
of dendritic spines and axonal boutons. Most of these structural changes occur during periods of development, but some structural rearrangement persists in mammals
throughout adulthood (Holtmaat and Svoboda, 2009, Butz et al., 2009b). In adult
mammals, the large-scale organization of dendritic arbors is relatively stable, but the
processes of spine and bouton sprouting and retraction can be much more dynamic.
Part of the newly created spines retract before ever connecting to axonal terminals, but
some of them connect to boutons and form new synapses (Knott et al., 2006, De Paola
et al., 2006). Most in vivo studies on spine dynamics so far have been conducted on
neocortical areas of mice using two-photon microscopy (Hofer et al., 2009, Zuo et al.,
2005a,b, Xu et al., 2009, Yang et al., 2009). Recently, however, Pfeiffer et al. (2018)
have shown high spine dynamics and turnover rates in vivo also in the hippocampus.
Although the rules governing the growth processes of synaptic elements are not yet
known, there is strong evidence that these processes are activity dependent (Holtmaat
et al., 2006). In an in vivo study on layer 5 neurons located in the binocular zone of
visual cortex from adult mice, Hofer et al. (2009) showed that monocular deprivation
leads to an increase in the rate of spine formation. Zuo et al. (2005b), on the other
hand, observed a decrease on the rate of spine elimination of layer 1 neurons located
in the barrel cortex of mice after sensory deprivation caused by whisker trimming. The
exact way with which activity influences structural plasticity is however not yet known,
and there are experiments showing both increase and decrease in turnover rates due to
changes in activity. In their review, Fauth and Tetzlaff (2016) propose to divide activity
dependent structural plasticity into two groups: (i) Hebbian, which refers to changes in
which high activity leads to creation of new spines and boutons, whereas low activity
leads to deletion of these elements, and (ii) Homeostatic, which refers to changes in
which high activity leads to deletion, whereas low activity leads to creation of spines
and boutons.
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Most structural plasticity studies involve observation of spine dynamics in excitatory
neurons.

There are, however, also evidence showing structural plasticity exists on

synapses involving inhibitory neurons. Keck et al. (2011) found that in the visual cortex of mice there is a baseline turnover rate of spines belonging to inhibitory neurons,
similarly to what had been previously observed on spines from excitatory cells. Furthermore, they found that removal of visual input after retinal lesion leads to a decrease
in the number of inhibitory cell spines, as well as in the number of inhibitory boutons.
More recently, Chen et al. (2015) showed changes in the number of axonal boutons from
inhibitory neurons in motor cortex of awake mice after motor learning. Taken together,
these results indicate inhibitory structural plasticity should also be activity dependent.
Inhibitory structural plasticity is not restricted to neocortical areas. Using organotypic
hippocampal cultures, Schuemann et al. (2013) showed a turnover of inhibitory boutons
also in the dendritic region of hippocampal CA1.
For some time, structural plasticity was considered to occur mainly on developmental
stages, and only recently, with technological development has it been possible to observe
it in adult animals in vivo. The full extent to which mature adult brains do rewire in
non pathological scenarios and the importance of such rewiring in the context of learning
and memory remains yet to be elucidated. Interestingly, however, in his 1894 Croonian
Lecture (Ramón y Cajal (1894), the following section translated in Cowan et al. (2003),
page 68), Santiago Ramón y Cajal suggests the following as a solution for the problem
of acquiring new knowledge and forming new memories in a previously wired brain:
In this way, pre-existing connections between groups of cells could be reinforced by multiplication of the terminal branches of protoplasmic processes
and nervous collaterals. But the pre-existing connections could also be reinforced by the formation of new collaterals and protoplasmic expansions.
The suggestion of “formation of new collaterals and protoplasmic expansions” seems
actually a lot related to what we now call structural plasticity.

1.5

Computational models of structural plasticity

Computational models have been developed with the goal of better understanding how
structural plasticity is implemented in the brain. One of the challenges with creating
such models however is that there is not yet clear evidence about the exact rules governing the growth processes of synaptic elements and creation of synapses. Therefore,
different models have implemented different approaches trying to explain certain aspects

Chapter 1. Introduction

6

of structural plasticity and rewiring in brain networks. Similarly to Hebbian models of
functional synaptic plasticity, some of these models consider structural plasticity to be
driven by a correlation detector signal between pre- and postsynaptic activity (Helias,
2008, Deger et al., 2012). Others (Fauth and van Rossum, 2019, Fauth et al., 2015a,b,
Miner and Triesch, 2016, Spiess et al., 2016, Deger et al., 2018), on the other hand,
consider a constant creation rate, which is not activity dependent, associated with a
weight dependent pruning of synapses.
Another family of models (Butz and van Ooyen, 2013, Butz et al., 2009a, 2014a, Tetzlaff
et al., 2010) considers a structural plasticity rule that phenomenologically implements
homeostasis of firing rate. In these models, neurons have a set of pre- and postsynaptic
elements, corresponding to axonal boutons and dendritic spines. These elements are
combined into pairs of one pre- and one postsynaptic element to form synapses according
to a distance dependence kernel, i.e. synapses are more likely to emerge between neurons
that are closer in space. The number of elements a neuron has is controlled by its
intracellular calcium concentration, which works in the model as an indicator of its
own activity. By choosing appropriate rules for the growth of elements according to
the calcium concentration, it is therefore possible to obtain a model that implements
homeostasis of firing rate. This model contains aspects of previous models by Van Ooyen
et al. (1995) and Dammasch et al. (1986) - which were both developed for studying
rewiring during developmental stages - and it is firstly presented as a version for spiking
neurons on Butz and van Ooyen (2013). The spiking neuron version of the model was
used not only for studying developmental stages of neuronal networks (Tetzlaff et al.,
2010), but also for studying cortical reorganization after retinal lesion (Butz and van
Ooyen, 2013), and after focal stroke (Butz et al., 2009a, 2014a). In these papers, the main
focus was on the homeostatic principles of the rule, and its ability to bring neurons to fire
at certain pre-defined target levels of activity during development or after perturbations
of the network.
In 1989 however, Dammasch (1989) put forward the idea that the compensating algorithm (Dammasch et al., 1986), which is also based on principles of firing rate homeostasis, could actually implement a Hebb-type of associative learning. After describing how
such an implementation of Hebb-type learning rule with the compensating algorithm
could work, he concludes
Thus, as a net effect of stabilization and degeneration of excitatory and
inhibitory connections, the “Hebbian” plasticity emerges as a system phenomenon: Correlated neurons have more mutual excitatory influence than
before, anticorrelated neurons have less.

Chapter 1. Introduction

7

This raises the question if a “Hebbian” plasticity effect could also emerge as a system
phenomenon with the structural plasticity rule presented on Butz and van Ooyen (2013).
In fact, Butz et al. (2014b) showed that networks grown with the homeostatic structural plasticity present larger indices of small-worldness and clustering coefficient than
randomly wired networks. In Butz et al. (2014b), however, the rule also comprises a
distance dependent probability kernel for creation of synapses, which alone would be
expected to increase clustering. Therefore, it is hard to distinguish between the influence of homeostasis and the influence of distance dependency on the observed clustering
effects.

1.6

Objectives

Homeostatic plasticity is usually exclusively associated with assuring network stability
by maintaining neuronal activity bounded within certain target ranges. The goal of
this thesis is to show that homeostatic regulation of firing rates through structural
plasticity can also have other interesting effects on network topology, which include cell
assembly formation upon stimulation and some of the non-random features found in
cortical networks.
In Chapter 2 the idea put forward by Dammasch (1989) will be tested with the model
proposed by Butz and van Ooyen (2013), Diaz-Pier et al. (2016), and we will show
that, upon stimulation, Hebbian plasticity indeed emerges from this homeostatic rule
as a system phenomenon. Furthermore, we will show how this rule can be used for
generating feature specific connectivity in a reduced model for the maturation of the
visual cortex. Chapter 3 shows how perturbation of network activity leads to cell
assembly formation in a model of transcranial brain stimulation. Similarly to what
has been reported experimentally, the effect is larger for stronger and more focused
stimulation, and it can be increased by using repetitive cycles of stimulation followed
by periods of relaxation. Chapter 4 uses the formation of cell assemblies in a case
study of classical conditioning to explore how the Hebbian effect of this rule is different
than that of traditional Hebbian rules. We will show that this rule allows for a gradual
response to stimulation according to the strength of the memory, and that it comprises
two separate time scales, one faster associated with the learning phase and one slower
associated with forgetting. Finally, in Chapter 5 we will learn that even without
specific structured stimulation, networks grown with homeostatic structural plasticity
present some interesting non-random features if the target rate of neurons are drawn
from a broad distribution. These non-random features include broad distribution of
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degrees, an over abundance of bidirectional motifs and synaptic weight scaling with the
number of input partners, similar to what has been found in cortical networks.
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and Hübener, M. (2011). Loss of sensory input causes rapid structural changes of
inhibitory neurons in adult mouse visual cortex. Neuron, 71(5):869–882.
Knott, G. W., Holtmaat, A., Wilbrecht, L., Welker, E., and Svoboda, K. (2006). Spine
growth precedes synapse formation in the adult neocortex in vivo. Nature Neuroscience, 9(9):1117–24.
Miner, D. and Triesch, J. (2016). Plasticity-Driven Self-Organization under Topological
Constraints Accounts for Non-random Features of Cortical Synaptic Wiring. PLOS
Computational Biology, 12(2):e1004759.
Nicoll, R. A. (2017). A Brief History of Long-Term Potentiation. Neuron, 93(2):281–290.
Pfeiffer, T., Poll, S., Bancelin, S., Angibaud, J., Inavalli, V. K., Keppler, K., Mittag,
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Associative properties of structural
plasticity based on firing rate
homeostasis in recurrent neuronal
networks
Júlia V. Gallinaro & Stefan Rotter
Correlation-based Hebbian plasticity is thought to shape neuronal connectivity during development
and learning, whereas homeostatic plasticity would stabilize network activity. Here we investigate
another, new aspect of this dichotomy: Can Hebbian associative properties also emerge as a network
effect from a plasticity rule based on homeostatic principles on the neuronal level? To address this
question, we simulated a recurrent network of leaky integrate-and-fire neurons, in which excitatory
connections are subject to a structural plasticity rule based on firing rate homeostasis. We show that
a subgroup of neurons develop stronger within-group connectivity as a consequence of receiving
stronger external stimulation. In an experimentally well-documented scenario we show that feature
specific connectivity, similar to what has been observed in rodent visual cortex, can emerge from such a
plasticity rule. The experience-dependent structural changes triggered by stimulation are long-lasting
and decay only slowly when the neurons are exposed again to unspecific external inputs.
Network plasticity involves connectivity changes at different levels. Changes in the strength of already existing
synapses are known as functional plasticity, whereas structural changes of axonal or dendritic morphology, as well
as the creation of new and deletion of already existing synapses, is known as structural plasticity. During certain
stages of development, axons and dendrites have been shown to grow and degenerate depending on neuronal
activation1–3. Structural changes, however, are not limited to the extent and shape of neurites, but also include
more subtle alterations in spines and boutons. Spine remodeling on excitatory cells due to neuronal activity has
been observed in vitro using organotypic hippocampal cultures4–6 and in vivo in sensory and in motor cortex
of rodents7–11. Not only changes on postsynaptic spines, but also changes in presynaptic structures have been
reported in organotypic hippocampal slice cultures12–14.
The exact rules governing activity-dependent structural changes, however, are still not understood.
Computational models have tried to shed light on this issue by simulations, showing for example that many
observed features of cortical connectivity could be achieved through the interaction of multiple plasticity mechanisms15,16, and that homeostatic regulation of neuronal activity on multiple time scales is necessary in order to
stabilize Hebbian changes17,18. Homeostatic plasticity, in this context, usually refers to a regulation of neuronal
connectivity that result in stabilization of neuronal activity at a set point. There is growing evidence for homeostatic regulation of cortical connectivity (for a review, see Turrigiano19). More recently, homeostatic regulation of
cortical activity has been demonstrated in vivo in rodent visual cortex20–23. Hebbian plasticity, on the other hand,
is used to describe mechanisms that change connections between two neurons based on the correlation between
their respective activities. Many of these aspects were discussed at a recent conference devoted to the interaction
of Hebbian and homeostatic plasticity24.
But is it the case that the associative principles defining Hebbian learning must rely on pre-post correlations
that are available exclusively at the level of individual synapses? Or could associative learning in networks also
emerge from plasticity rules that are based on homeostatic principles on the level of whole neurons? The latter has
been first proposed by Dammasch25 and, to our knowledge, has not been followed up since then. He proposed
that Hebbian learning could emerge as a network property by using an algorithm based on firing rate homeostasis of individual neurons, with no reference to correlation. The idea that associative learning could also emerge
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from the principle of homeostasis brings an important new aspect into the discussion of integrating Hebbian and
homeostatic plasticity. Experimental data usually describe the effects of plasticity on connectivity, but there are
still many details missing. Therefore, it is currently not an easy task to differentiate between three scenarios how
associative learning might arise: It could emerge from a correlation-based Hebbian learning rule, it might arise as
network effect of a learning rule based on homeostasis, or it could occur as a combination of both.
In this paper, we will explore these questions by testing the idea proposed by Dammasch25, using a reimplementation of his algorithm in a more modern modeling framework. We use a structural plasticity rule based on
firing rate homeostasis recently implemented in NEST26,27 and a recurrent network of leaky integrate-and-fire
(LIF) excitatory and inhibitory neurons. We show that a strongly interconnected assembly of neurons emerges
when these neurons are jointly stimulated with stronger external input. We then test the associative properties
in an experimentally well-documented scenario, employing a simple model for the maturation of circuits in the
primary visual cortex of rodents (V1).
It has been shown that neurons in adult V1 have an increased probability to be synaptically linked to other
neurons that have a similar preference for visual features28. Later, it was demonstrated that this feature-specific
bias in connectivity was not present at the time of eye opening, and it developed only after some weeks of visual
experience29, suggesting that plastic mechanisms would shape the maturation of V1 circuits through visual
experience. Surprisingly, a feature-specific bias in connectivity was also shown to develop after eye opening in
dark-reared mice lacking any visual input30. The idea of activity dependent plastic mechanisms shaping the maturation of these networks, however, was not ruled out. Spontaneous retinal activity is also present on dark-reared
animals31, and plasticity could refine V1 networks based on patterned activity received by pairs of neurons that
share some of these inputs. Moreover, the relationship between connectivity and neuronal response to natural
movies was not as strong for dark-reared mice as for normally reared mice30, suggesting that plastic mechanisms
contribute to the maturation of V1 circuits in an essential way, and the full maturation of feature specific connectivity would depend on visual experience anyway.
Recently, Sadeh et al.32 have shown that a bias for feature specific connectivity can emerge in balanced random
networks of LIF neurons with a synaptic plasticity rule that combines Hebbian and homeostatic mechanisms.
They used, however, a functional plasticity rule, which limits a direct comparison to experimental data on connectivity. Here, we show that feature-specific connectivity can also emerge in a network of LIF neurons with a
structural plasticity rule in which correlations are implicitly evaluated through the random combination of presynaptic and postsynaptic elements in the network, and which does not require that synapses keep track of the
presynaptic activity. Moreover, we observed long-lasting structural after-effects of stimulation. This property is
compatible with the notion of a persistent memory, which is not in every moment reflected by activity.

Methods

Network simulations. We simulate a recurrent network of N = 12500 current-based LIF neurons, of which
NE = 0.8 N are excitatory and NI = 0.2 N are inhibitory. The sub-threshold dynamics of the membrane potential Vi
of neuron i obeys the differential equation
τm

dVi
= − Vi + τm∑ Jij sj(t − d ),
dt
j

(1)

where τm is the membrane time constant. The synaptic weight Jij from a presynaptic neuron j to a postsynaptic
neuron i is the peak amplitude of the postsynaptic potential and depends on the type of the presynaptic neuron.
Excitatory connections have a strength of JE = J = 0.1 mV. Inhibitory connections are stronger by a factor g = 8
such that JI = −gJ = −0.8 mV. A spike train sj(t ) = ∑kδ t − t jk consists of all spikes produced by neuron j. Some
of these neurons represent the external input. The lumped spike train of all external neurons to a given neuron in
the network is modeled as a Poisson process of rate νext, and external input to different neurons is assumed to be
independent. All synapses have a constant transmission delay of d = 1.5 ms. When the membrane potential
reaches the firing threshold Vth = 20 mV, the neuron emits a spike to all postsynaptic neurons and its membrane
potential is reset to Vr = 10 mV and held there for a refractory period of tref = 2 ms.
The indegree is fixed at 0.1NI for inhibitory to inhibitory and inhibitory to excitatory connections, and at 0.1NE
for excitatory to inhibitory synapses. After connections of these types are established they remain unchanged
throughout the simulation. In contrast, excitatory to excitatory (EE) connections are initially absent and emerge
only from the structural plasticity rule. All simulations were conducted using the NEST simulator33,34]. Numerical
values of all parameters of our model are again collected in Table 1.

(

)

Homeostatic structural plasticity (SP).

The SP model used in our work has been recently implemented in NEST27. The implementation combines precursor models by Dammasch35, van Ooyen & van Pelt36
and van Ooyen37. This model has been employed before to study the rewiring of networks after lesion or
stroke26,38,39, the specific properties of small-world networks40, the emergence of critical dynamics in developing
neuronal networks41, and neurogenesis in the adult dentate gyrus42,43. All these models, however, included a
distance-dependent kernel for the formation of new synapses, which is not part of the NEST implementation27
that was used in our present study.
Neuronal activity and synaptic elements. The EE connections in the network are volatile and undergo continuous remodeling, controlled by the SP algorithm. In its first versions, the model had continuous representations
of pre- and postsynaptic densities, which were used for accessing connectivity between two neurons42. Later, it
was adapted to have a discrete number of axonal and dendritic elements, which are combined to form synapses
between neurons38. In the original model, the electrical activity of a neuron is represented by its intracellular
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Parameter

Symbol

Number of neurons

N

Value
12500

Number of excitatory neurons

NE

10000

Number of inhibitory neurons

NI

2500

Incoming excitatory connections per
inhibitory neuron

CE

1000

Incoming inhibitory connections per
neuron

CI

250

Reference weight

J

0.1 mV

Ratio inhibition to excitation

g

8

Excitatory weight

JE

0.1 mV

Inhibitory weight

JI

−0.8 mV

External weight

Jext

0.1 mV

Rate of external input

νext

15 kHz

Membrane time constant

τm

20 ms

Synaptic delay

d

1.5 ms

Threshold potential

Vth

20 mV

Reset potential

Vr

10 mV

Refractory period

tref

2 ms

Table 1. Parameters of the simulation and neuron model.
Parameter

Symbol

Firing rate time constant

τr

Value
10 s

Synaptic elements growth
parameter

β

0.2, 0.625, 2, 6.25, 20

Target rate

ρ

5, 6, 7, 8, 9 Hz

Structural plasticity interval

Δt

100 ms

Table 2. Parameters of the plasticity rule. Numbers in bold are the default values that are used if no
specification is given.
calcium concentration, which is a lowpass filtered version of its time-dependent firing rate. In this paper, we use
the lowpass filtered spike train of neuron i as a measure for its instantaneous firing rate ri
τr

dri(t )
+ ri = si(t ).
dt

(2)

The time constant of the lowpass filter was chosen as τr = 10 s throughout all our simulations.
Excitatory neurons are assigned a target rate ρ and a set of pre- and postsynaptic elements, which can be
interpreted as axonal boutons and dendritic spines, respectively. The number of presynaptic elements, zpre, and
postsynaptic elements, zpost, evolves in dependence of the neuron’s firing rate according to
dz ik(t )
1
= − k (ri(t ) − ρ ), k ∈ {pre, post},
dt
β

(3)

where i is the index of the neuron, and β is a growth parameter. We use a target rate ρ = 8 Hz and growth parameter β = 2 for both pre- and postsynaptic elements of all excitatory neurons, unless stated otherwise.
Previous work on SP has used different functions to describe how these elements change with the neuron’s
activity, such as linear38,41–43, gaussian26,27,39, or logistic40. Since there is currently no direct experimental data
showing how the number of these elements vary with firing rate, we chose a generic linear function to implement
a simple phenomenological model of firing rate homeostasis. We use the same growth rule and the same parameters for both types of elements of all neurons in our network. In the original model26, free elements that are not
engaged in a synapse will decay with a certain rate. In the model considered here, however, free elements do not
decay with time. We did run test simulations considering the decay, and found that our main results were not
altered (see Supplementary material).
At regular intervals Δt = 100 ms, the structural plasticity rules are applied to delete already existing and create
new synaptic contacts. Numerical values of the parameters are summarized in Table 2.
k

Synapse deletion and creation. At regular intervals Δt, when rewiring is scheduled, a neuron may have more or
less pre- and post-synaptic elements than it has actual synapses. In that case, synapses are either deleted or created, in order to match the number of elements to the number of active synaptic contacts. At fixed intervals Δt,
the number of postsynaptic (presynaptic) elements is compared to the number of existing incoming (outgoing)
synapses of each neuron
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Parameter

Symbol

Value

Modulation of external input

μ

0.15

Stimulus orientation

θ

[0°, 180°)

Input preferred orientation

θPO

[0°, 180°)

Time per stimulus

tst

1s

Number of stimuli

Nst

5000

Time post stimulation

tpost

10000 s

Table 3. Parameters of the stimulation protocol.

Δz jpre = z jpre −

∑Cij
i

and Δz ipost = z ipost −

∑Cij,
j

(4)

where C is the matrix containing the number of synapses between presynaptic neurons j and postsynaptic neurons i. If the neuron has more synaptic contacts than synaptic elements (Δzk < 0), synapses are deleted. The |Δz k|
synapses to be deleted are randomly chosen among the existing contacts a neuron has. After a synapse has been
deleted due to a loss of presynaptic (postsynaptic) elements, the corresponding postsynaptic (presynaptic) elements remain available for a new connection. If the neuron has more elements than contacts (Δz k > 0), the
neuron is considered to have Δzk free synaptic elements. All free synaptic elements in the network are randomly
combined into pairs of pre- and postsynaptic elements to form new synapses. The number of synapses formed is
limited by both the total number of pre- and the total number of postsynaptic elements in the full network. Each
newly created synapse has a fixed strength J. Multiple synapses between the same pair of neurons are allowed, but
auto-synapses (self-connection of a neuron onto itself) are not. See Butz & van Ooyen26 and Diaz-Pier et al.27 for
more details on the implementation of the model.

Subgroup stimulation. The networks were first grown without structured input, with all excitatory neurons receiving external Poisson input with the same rate νext. Stimulation was started after 750 s, when enough
EE connections were grown, and, apart from small fluctuations, all neurons fired at their target rate. During the
stimulation period, a subgroup comprising 10% of the excitatory neurons received an increased external input
(1.1νext for 150 s). After stimulation, the external input was set back to its original value (νext) for all excitatory
neurons. Both the activity and the connectivity of the network were monitored for 5500 s.
Visual stimulation protocol.

For the visual cortex simulations, we consider a network similar to the one
described in Sect. Network Simulations. The stimulation only starts after the networks have created enough EE
connections such that the preset firing rate can be maintained. Visual stimulation is simulated by providing the
excitatory neurons with Poisson input the rate of which depends on the orientation of the stimulus, see Sadeh et al.32
for details of the protocol. The baseline firing rate νext is the same as during the growth period, the modulation
depends on the orientation of the visual stimulation θ and the preferred orientation (PO) θPO of the input and a
modulation gain parameter μ
νmod(θ , θPO) = νext[1 + μ cos(2(θ − θPO))].

(5)

Each neuron is assigned a parameter θPO, which is randomly drawn from a uniform distribution on [0°, 180°).
During the stimulation phase, a different θ is randomly drawn from a uniform distribution on the interval [0°,
180°) and presented to all excitatory neurons for a duration of tst = 1 s. We use a modulation μ = 0.15, and the
stimulation protocol consists of presenting a total of Nst = 5000 different stimuli. After the stimulation, the external input to all excitatory neurons is once again set to its initial non-modulated value of νext, and the network is
simulated for another tpost = 10000 s. Numerical values of all parameters regarding the stimulation protocol are
collected in Table 3.

Spike train analysis. The spike count correlation between a pair of neurons i and j was calculated as the
Pearson correlation coefficient
R ij =

cij
cii cjj

,

(6)

where cij is the covariance between spike counts extracted from spike trains xi and xj of two neurons, and cii is
the variance of spike counts extracted from xi. Correlations were calculated from spike trains comprising 20 s of
activity, using bins of size 10 ms.
The irregularity of spike train of neuron i was measured as the coefficient of variation of its inter-spike intervals
CVi =

σi
,
μi

(7)

where μi is the mean and σi is the standard deviation of the inter-spike intervals extracted from the spike train of
neuron i (duration 20 s).
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Figure 1. Structure of grown networks. (A) The network is composed of 80% excitatory and 20% inhibitory LIF
neurons. EE connections are plastic and follow the SP rule. All other connections are static and randomly
created at the beginning of the simulation, such that all neurons have a fixed indegree corresponding to 10% of
the presynaptic population size. (B) Time evolution of average EE connectivity. Dots and bars indicate
mean ± standard deviation across 10 independent simulation runs. Highest standard deviation in the time
series is 2.8 × 10−5. (C) Indegree and outdegree distributions for EE connections after 750 s simulation time. μin,
2
are the mean and the variance of the shown indegree and outdegree distributions, respectively.
σin2, μout and σout
(D) Normalized histogram of the number of synapses per contact between pairs of neurons after 750 s of
simulation. Black dots refer to a Poisson distribution with rate parameter matching the average connectivity of
the simulated network. (E) Raster plot showing 1 s activity of 100 excitatory and 25 inhibitory neurons
(randomly chosen) after 750 s of simulation. (F) Histograms of firing rate, irregularity and pairwise correlation
for all (pairs of) excitatory neurons after the network has reached a statistical equilibrium state (judged “by
eye”). The neurons fire in an asynchronous-irregular (AI) regime. Data were extracted from 20 s of activity, the
bin size used for calculating CC was 10 ms. (B–F) Target rate ρ = 8 Hz and β = 2 for all subplots.

Data availability.

The datasets generated during and analysed during the current study are available from
the corresponding author on reasonable request.

Results

We start by growing recurrent networks of excitatory and inhibitory LIF neurons. All synaptic connections are
static, except for EE connections, which are initially absent and grow according to a structural plasticity rule that
implements firing rate homeostasis (see Methods for more details). Before stimulation, we characterized the
networks formed under the influence of the structural plasticity rule for uniform (untuned) external stimulation.

Grown networks are random in absence of structured input. The target rate is set to ρ = 8 Hz for all

excitatory neurons, which is the expected firing rate of excitatory neurons for the parameter set we are using and
10% EE connectivity. As expected, average EE in- and outdegree increase from 0 until stabilizing at approximately
1000, corresponding to an average EE connectivity of 10% (Fig. 1B and C). The plasticity rule is always active and
individual EE connections are still being created and deleted, but we consider the network to be in equilibrium at
this point, when excitatory neurons fire on average at their target rate.
Since multiple synapses between the same pair of neurons are allowed, we also looked into the distribution of
the number of synapses between pairs of pre- and post-synaptic neurons. Figure 1D shows that this distribution
is roughly a Poisson distribution. If individual contacts can be considered as independent random variables with
a Poisson distribution, the in- and outdegree of individual neurons would also follow a Poisson distribution and
satisfy μ ≈ σ2. Figure 1C shows, however, that the distribution of in- and outdegrees have σ2 < μ. In the SP model,
in- and outdegree distributions change for different distribution of target rates. We also performed simulations in
which target rates were drawn from broader distributions, yielding also broader distributions of in- and outdegree,and the main results of feature specific connectivity were not altered (see Supplementary material). Since a
thorough study of the effect of target rate on degree distributions was beyond the scope of this paper, for simplicity we fixed ρ = 8 Hz for all excitatory neurons.
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Figure 2. Time scale of network growth. (A) Time constant of the growth process (defined in text) extracted
from Fig. 1B plotted against β, for different values of ρ. This plot summarizes the result of 25 simulation runs,
using 5 different values of β and 5 different values of ρ. In each simulation, all excitatory neurons have the same
parameters ρ and β, for both presynaptic and postsynaptic elements. (B) Gain γ = τgrowth/β plotted against ρ.
(C) Time evolution of the average EE connectivity of the 25 simulation runs in (A), rescaled by τgrowth.

For the parameters used on our simulations, an inhibition dominated random network of LIF neurons with
10% connection probability has been shown to have low firing rates, as well as asynchronous and irregular (AI)
spike trains44. Figure 1E shows the activity of the network in equilibrium, after 750 s of simulation. The population
raster plot (Fig. 1E) indicates the network is in an AI state. Pairs of neurons fire with low correlation coefficient
(CC, bin size 10 ms) (Fig. 1F), and individual spike trains have a coefficient of variation (CV) around 0.7 (Fig. 1F).
As expected from the choice of ρ, the firing rate of excitatory neurons has a mean value of 8 Hz in equilibrium
(Fig. 1F). Firing rates, pairwise correlation and irregularity were calculated from spike trains recorded during 20 s
of simulation.
The networks grown according to the SP rule do exhibit some non-random features (see Supplementary
Material). However, we consider these deviations from random networks as small. After 750 s of simulation, networks with a target rate ρ = 8 Hz for all excitatory neurons, and a growth parameter β = 2 for all synaptic elements
have an essentially random structure and an activity that can be classified as AI.

Time constant of growth process depends on target rate and the growth parameter for synaptic elements. We then determined the time scale of network growth. To that end we simulated a network in

which all neurons receive Poisson input with the same rate νext until the equilibrium was reached. We considered
the network to be in equilibrium when connectivity (i.e. in- and outdegree distributions) are stable. In this state,
individual synapses are still plastic and are created, deleted and recreated as the simulation runs. For these simulations, all neurons had the same target firing rate ρ, but we simulated networks with different values set for ρ.
The evolution of EE connectivity is plotted in Fig. 1B. The time scale of that growth process depends on how
fast synaptic elements grow (parameter β), but also on the target rate ρ (β = 2 and ρ = 8 Hz on Fig. 1B). The number of new synapses created in the network depends on the number of available free elements. This number, in
turn, depends on the growth parameter β for the synaptic elements. Therefore, it comes as no surprise that the
network growth also depends on β. The observed relation between the time constant β of network growth and
target rate ρ, however, is not self-explaining, as for networks with fixed incoming inhibitory connections and
fixed external input, the gain in firing rate depends non-linearly on the actual number of incoming excitatory
connections to excitatory neurons44.
To better understand this dependence, we defined a growth time constant τgrowth = s/α, where s is the plateau
value of the connectivity, calculated here as the average connectivity for the last 4 discrete time points in a long
enough simulation, and α is the highest (mostly initial) slope extracted from the connectivity time series. We
then plotted τgrowth against the growth parameter β of synaptic elements, for different values of ρ (Fig. 2A). The
range of parameters considered here spanned more than 3 orders of magnitude, so we used a log-log plot to
represent it. The exponent, however, is 1, indicating a linear dependency between β and τgrowth. Also, the growth
of EE connectivity is faster for simulations with higher ρ, as can be seen in Fig. 2A. The time constant of EE connectivity growth is, therefore, a function of both β and ρ. In order to express this dependency of the growth time
constant on ρ,we extracted the coefficient γ = τgrowth/β from the simulated data (Fig. 2B). Finally we rescaled the
time axis of Fig. 1B by dividing it by τgrowth for given values of β and ρ, obtaining a growth curve in time units of
γ ⋅ β (Fig. 2C).
We found that the growth process is stable throughout at least 3 orders of magnitude of the parameter β. An
even slower process would lead to exceedingly long simulation times, but we have no reason to believe that this
would destabilize the system. A value of β could easily be chosen such that network growth would happen in
hours or days, matching experimental data of structural plasticity. Making the process faster, however, may destabilize the system, as the rate of new contacts created would increase. Apart from mathematical constraints, there
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are also biological limits regarding speed, of course, as a fast system also requires high turnover rates and efficient
transport of proteins and other molecules.
From now on, all simulated networks have a target rate ρ = 8 Hz for all excitatory neurons, all synaptic elements have a growth parameter β = 2.

Associative properties of SP. In his paper, Dammasch25 suggested that the compensation algorithm, on
which this particular SP model26,27 is based, could implement a form of Hebbian learning. This becomes clear
when analyzing the equations by Butz & van Ooyen26 describing the expected change in connectivity induced by
the SP algorithm:
 Δz pre
j
C
for Δz jpre < 0
 i ,j z pre
j


Δz i post
.
ΔCi ,j = Ci ,j post
for Δz i post < 0

zi


Δz jpre Δz i post

for Δz jpre > 0 and Δz i post > 0
 max(∑kΔzkpre , ∑kΔzkpost )

(8)

Please note that we have adapted Eq. 8 from to match the nomenclature used in the present paper. Also,
we only account for the simplest case here, in which only EE connections are plastic, and where the formation
of synapses does not depend on distance. Eq. 8 clearly shows that the connectivity increase happens when two
neurons are simultaneously in a low activity state, implementing Hebbian learning through a covariance rule. On
the other hand, in periods of elevated activity, the connectivity decreases in an unspecific manner, similar to a
weight-dependent synaptic scaling, affecting both pre- and postsynaptic elements.
The associative properties of SP are tested by stimulating a subgroup of neurons and quantifying the changes
in their connectivity. After the network was grown and all excitatory neurons were firing roughly at their target
rate, a subgroup of the excitatory neurons was stimulated with higher external input for a duration of 150 s. Upon
stimulation onset, the instantaneous firing rate of the stimulated subgroup increases (Fig. 3C), pushing the neurons away from their target rate and triggering a rewiring of their dendrites and axons. The connectivity of the
neurons then decays (Fig. 3E) until the instantaneous rate again reaches its target value, and the average connectivity then stabilizes. When specific stimulation stops, and all excitatory neurons receive again un-tuned external
input, the firing rate of the subgroup drops to a level below the set point, as the excitatory amplification by the
recurrent network is now reduced due to the deletion of connections during stimulation. The firing rate below
the set point triggers once again rewiring, and the neurons create new pre- and postsynaptic elements. Since the
effect of specific stimulation on the firing rate of the remaining network is much smaller (Fig. 3C and E), there are
more synaptic elements available from the subgroup, and it is more likely for them to create connections within
the subgroup than with neurons outside of it (Fig. 3B).
The structural plasticity rule is continuously remodeling the network and there are still changes in connectivity even after the firing rate of the subgroup reaches its target (approximately 300 s after the end of specific
stimulation, see Fig. 3C). In this case, however, all neurons are firing on average at their target rate, and rewiring
is slower, as the change in the number of elements is proportional to r(t) − ρ. The higher connectivity that was
formed within the stimulated subgroup lasts for a longer period after activity is back to what it was before stimulation (Fig. 3C and E).
26

SP leads to feature-specific connectivity in a simple model for the maturation of V1. We were
then interested in testing the associative properties in a biologically more realistic scenario. As an example, we
consider a simple model for the maturation of V1, in which different stimuli are presented consecutively, and
neurons respond to them according to their own functional preferences. Once the network was formed and is
in equilibrium, excitatory neurons were driven by external input that was tuned to stimulus orientation to simulate visual experience. Each neuron received external input as a Poissonian spike train, the rate of which was
modulated according to a tuning curve with an input PO (θPO) that was randomly assigned at the beginning of
the simulation. More specifically, the modulation depended on the difference between θPO and the stimulus orientation (SO), which changed randomly at fixed time intervals. According to the stimulation protocol, neurons
receive a slightly higher external input when the presented SO is similar to their input PO, which also entails a
higher output rate (Fig. 4A–C).
Before oriented stimulation, the connectivity between excitatory neurons was random, and in particular, there
was no bias of connectivity with regard to the PO of neurons (Fig. 4D and E left columns). After the presentation of 5000 different stimuli, however, the connectivity pattern of the excitatory neurons change, and neurons
are more likely to connect to neurons with similar PO (Fig. 4D middles column). The connectivity is, therefore,
modulated according to the difference in the POs of pairs of neurons (Fig. 4E middle column). During modulated
stimulation, neurons fire either at a lower or at a higher rate than their target rate, according to the difference
between the SO and their PO. Whenever they fire lower than their target rate, they create synaptic elements. In
contrast, if they fire higher than their target rate, they delete synaptic elements. Neurons with similar PO increase
their number of elements at the same stimulus periods and, therefore, have a higher probability of creating synapses between each other.
Figure 4D and E refer to average connectivity between classes of neurons, and synapses contribute the same
to connectivity irrespective of whether they are established between two different pairs of neurons or between
the same pair. Figure 4F show how the number of synapses between pairs of connected neurons are modulated
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Figure 3. Associative properties of the SP rule. (A) A recurrent network of excitatory and inhibitory neurons
is grown from scratch (see text for details). After it has reached a statistical equilibrium of connectivity, a
subgroup (S) comprising 10% of the excitatory neurons is stimulated with a strong external input for 150 s.
All the other excitatory (E) and inhibitory (I) neurons in the network are still stimulated with the same
external input as during the growth phase. (B) Connectivity matrix before specific stimulation (left), and
after specific stimulation has been off for 500 s (right). Neurons are divided into 50 equally large classes
and colors correspond to average connectivity between classes. Neurons are sorted such that classes 10 to
15 comprise neurons belonging to the stimulated subgroup. (C) The S neurons (green), E neurons (blue),
and I neurons (red) change their firing rates due to a change in external input, but also due to the induced
changes in connectivity. As the firing rates of excitatory neurons are subject to individual homeostatic control,
they are all back to normal after another 150 s once the extra stimulus is turned off. Dots and bars indicate
mean ± standard deviation across 10 independent simulation runs. Highest standard deviation in the time
series is 0.09 Hz. (D) Raster plot for 50 neurons randomly chosen from S, 50 from E, and 50 from I. Shown are
2 s before and after specific stimulation starts (left) and 2 s before and after specific stimulation ends (right).
(E) Average connectivity within the stimulated subgroup (green), among excitatory neurons not belonging to
the subgroup (blue), as well as across populations from non-stimulated excitatory neurons to the stimulated
subgroup (orange) and from the stimulated subgroup to non-stimulated excitatory neurons (purple). Dots and
bars indicate mean ± standard deviation across 10 independent simulation runs. Highest standard deviation
in the time series is 5 × 10−4. The grey horizontal line indicates the average connectivity right before specific
stimulation starts. The black line is an exponential fit to the subgroup to subgroup connectivity, from which
the time constant τ was extracted. The structural association among jointly stimulated neurons induced by
stimulation persists for a very long time. Grey boxes in (C) and (E) indicate the time when external input to the
stimulated subgroup is on.
according to the difference in their respective POs. After visual stimulation, neurons are more likely to create
multiple synapses to other neurons with similar PO, as compared to neurons with different PO. Another aspect to
notice on Fig. 4D and E is the conspicuous drop in average connectivity following the feature-specific stimulation.
One possible explanation for this drop is the non-linearity of the input-output response curve of LIF neurons.
During oriented stimulation the average output is higher, although the average input to the neurons is still the
same as before stimulation. We performed simulations with a static network with 10% connectivity and the same
modulated external input, mimicking visual experience. We found that the average firing rate of the neurons
increased by 1 Hz during stimulation (see Supplementary material). In the network with SP such an increase in
firing rate would lead to a decrease in average connectivity to keep average firing rate at its target value.
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Figure 4. Emergence of feature specific connectivity. (A) Raster plot of the activity of 100 randomly chosen
excitatory neurons during 10 s of stimulation. Neurons are sorted according to their input PO. Every 1 s a new
stimulus orientation is randomly chosen and presented, leading to external inputs to all excitatory neurons
which was modulated according to their respective input PO. (B) Activity of 500 randomly chosen excitatory
neurons for the last 1 s of a stimulation of total duration of 5000 s. Neurons are sorted according to their
respective input PO. (C) Tuning curves averaged across all excitatory neurons using the spikes generated during
the last 20 stimuli. (D) Connectivity matrix, pre- and post-synaptic neurons are sorted according to their PO
and subdivided into 50 equally large classes of similar PO. Colorbar shows average connectivity between classes
accounting for multiple contacts. (E) Mean connection probability, also accounting for multiple contacts,
plotted against the difference between pre and post PO. Pairs of neurons are sorted into 1000 bins, and shown
is the average connectivity for each individual bin. (F) Mean number of synapses plotted against the difference
between pre and post PO. Only contacts between pairs of neurons that contain at least one synapse are
considered. (D–F) Left column: Connectivity at the end of the initial growth phase (t = 750 s). No orientation
bias in connectivity is visible. Middle column: At the end of the stimulation phase (t = 5750 s), connectivity
is strongly modulated according to the difference between pre and post PO. Right column: After 10000 s of
unmodulated input (t = 15750 s), connectivity has still a slight orientation bias. Note that the scales are the same
across columns. (G) First two Fourier components of the connectivity as a function of the difference between
pre and post PO (E). The left axis (purple) shows the time evolution of the first component, and the right axis
(green) shows the time evolution of the DC component. We use non-linear least squares to fit exponential
functions to each time series and extract their time constants, τ1 and τ2, respectively. The grey shaded area
indicates the period of visual stimulation. Dots and bars indicate mean ± standard deviation across 10
independent simulation runs. Highest standard deviation in the time series is 2.6 × 10−4 for the DC component
and 2 × 10−4 for the first component.

Structural changes induced by stimulation decay very slowly. As in the case of subgroup stimulation (Fig. 3E), the network structure formed during visual stimulation persists long after the end of stimulation. After 5000 stimuli, we set the external input to all excitatory neurons back to a uniform value of νext to
see what happens to the SP induced connectivity in absence of any structured stimulation. Even after 10000 s of
non-modulated external input, the connectivity of excitatory neurons is still slightly modulated according to their
PO (Fig. 4D and E right columns).
Figure 4G shows the time evolution of the first Fourier components of the feature connectivity modulation
(Fig. 4E) during network growth, stimulation and post-stimulation phase. As previously observed in Fig. 4D and
E, there is a drop in average connectivity during the visual stimulation phase, which can be seen in this case as
a decrease in the DC component of the modulated signal. Also, during the visual stimulation phase, there is an
increase in the first Fourier component, corresponding to the modulation of the signal that happens simultaneously with the decrease in average connectivity (Fig. 4G).
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After the stimulation phase, when all excitatory neurons receive once again the same non-modulated external
input νext, the average connectivity returns quickly to the value it had before stimulation. The modulation component of the connectivity, on the other hand, decays slowly back to its original value, indicating that there are
different time scales for creating and destroying feature specific connectivity based on the modulation of external
input. We used non-linear least squares to fit an exponential function to the first Fourier component of the modulated signal during and after stimulation and extracted the time constant for both process, shown in Fig. 4G.
As described previously, the process of creating feature specific connectivity is 5 times faster (τ1 ≈ 1000 s) than
destroying it (τ2 ≈ 5000 s). The time series of the Fourier components for multiplicity modulation are qualitatively
very similar to the feature specific modulation (see Supplementary material).

Discussion

In our study, we employed a structural plasticity (SP) rule based on the homeostasis of firing rates26,27 to grow random networks of excitatory and inhibitory neurons. We allowed only EE connections to grow, all other synapses
were static. We showed that in such a configuration an implementation of homeostatic structural plasticity shares
important functional properties with a Hebbian learning rule, with different time scales for the creation and decay
of the newly formed associations. In a generic model of visual cortex, we show that feature-specific connectivity,
similar to what has been observed in V1 of mice, can emerge from the SP model. This feature-specific connectivity persists even after the feature-specific stimulation has been turned off.
The time scales of structural plasticity in the brain cover several orders of magnitude, ranging from minutes45
up to hours or even days4,9,46. Here we show how the SP model can be adjusted to allow investigations stable
through time scales covering at least three orders of magnitude. Minerbi et al.46 continuously imaged cultures of
rat cortical neurons and found that, although the distribution of synaptic sizes was stable over days, individual
synapses were continuously remodeled. In the SP model, individual pre- and postsynaptic elements are remodeled on a fast time scale, whereas the global network structure evolves at a much slower pace. Therefore, average
connectivity and the distributions of in- and outdegrees might be stable, but individual synapses are still plastic,
continuously creating new and deleting existing synapses.
We show in Fig. 2 that the time scale of network growth depends on the growth parameter for the synaptic
elements (β). A thorough study on the influence of all parameters of the growth rule on network remodeling was
beyond the scope of our present study. Therefore, we used the simplest combination of identical linear controllers for both pre- and postsynaptic elements. There is, however, experimental evidence that the growth of axons
is somewhat slower than that of spines47, but the exact rules governing the growth of synaptic elements are still
unknown. The choice of a linear function to implement the homeostatic controller of firing rates is, in any case,
in accordance with empirical studies that demonstrated an increase in the number of newly formed spines on
cortical neurons in adult mice after monocular deprivation9 and after small lesions of the retina48. More recently,
several studies20–22 showed a regulation of firing rate through homeostatic plasticity in the rodent visual cortex
in vivo. Keck et al.20 demonstrated an increase of spine size in vivo after a change of sensory input through a
retinal lesion, indicating a compensatory recovery through functional plasticity, but no change in spine density
after the lesion. This does not completely discard the hypothesis that sensory deprivation could trigger structural
plasticity mechanisms, as the homeostatic regulation of activity is probably the result of an interaction between
functional and structural plasticity. In this specific case, the spine turnover due to structural plasticity as previously observed by Keck et al.48, and an increase of the strength of existing connections together lead to a recovery
of neuronal activity. Regarding presynaptic elements, Canty et al.49 have recently demonstrated axon regrowth
in vivo after ablation, with axonal bouton densities similar to the state before the lesion, in accordance to a putative homeostatic mechanism.
Several known aspects of cortical network structure and dynamics were not reproduced in our simulations,
such as a broad and skewed distribution of firing rates50–52 and synaptic strength53, and a specific motif statistics
for pairs and triplets of neurons54,55. The structure and dynamics observed in cortical neuronal networks, however, emerge from the interplay of multiple plasticity mechanisms. A full account of structural remodeling of
cortical networks should, therefore, include multiple plasticity mechanisms56,57. With such models, however, is
not an easy task to understand what are the effects of individual processes, and what are the effects of combined
mechanisms. On one side, by simulating only one plasticity rule in isolation, we were able to report a very interesting property of a growth rule based on firing rate of homeostasis. On the other side, it must remain open how
SP interacts with other forms of plasticity, and how the above-mentioned property is changed in the presence of
other plastic mechanisms that simultaneously update connectivity in the network.
We have provided support for an idea put forward by Dammasch25: Hebbian plasticity is not necessarily tied
to individual synapses, but can also emerge as a system property. The homeostatic control of structural plasticity
is achieved on the level of whole neurons, and not of individual synapses. In this model, neurons have control
over the number of synaptic elements, which are putative synapses, but not directly over the formation of specific
synapses. The realization of a synaptic contact is, in fact, implemented by randomly wiring available elements.
Thus, Hebbian learning is implemented through the availability and random wiring of free elements in the network. In contrast to traditional rules implementing Hebbian learning at individual synapses, in the SP model it is
not necessary that the neurons keep track of the individual activity of other neurons. Instead, they only need to
keep track of their own activity, and a random wiring scheme implements the correlation dependence. Hebbian
association, therefore, is formed due to neurons controlling their own total input and output, but not the weight
of individual synapses, an idea that may be related to the neurocentric view of learning proposed by Titley et al.58
In their review, Fauth & Tetzlaff59 distinguish two types of structural plasticity rules: (i) Hebbian, if there is an
increase (decrease) of the number of synapses during high (low) activity and (ii) homeostatic, if there is an
increase (decrease) of the number of synapses during low (high) activity. The SP rule is, according to this definition, a specific variant of homeostatic structural plasticity. On the network level, however, it implements a form of
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Hebbian plasticity. The classification proposed by Fauth & Tetzlaff59 takes the rules causing the changes in number
of pre- and postsynaptic elements into consideration. Another possible classification, however, would consider
the effects of the plastic mechanisms on the connectivity. It is actually not an easy task to distinguish these two
options in experiments, since what we observe is the effect on the network, and it may be impossible to know what
were the mechanisms that led to the observed effects.
Another interesting feature implemented by SP in our specific study are the different time scales for establishing and deleting modulated connectivity. If we consider specific non-random connectivity to implement some
sort of memory for previous experiences of the system, this would mean that the system learns faster than it forgets. This appears to happen because the rewiring in the network is triggered by (and depends on) the discrepancy
between the actual activity of the neuron and its target rate. Learning takes place if there is modulated external
input, and the neuronal firing rate is drawn away from its setpoint, leading to strong rewiring. When the external
input is not modulated any more, the neuron’s activity recovers quickly back to its target rate, and the rewiring
then becomes very slow, depending on the amplitude of random fluctuations. In a more theoretical framework,
Fauth et al.60 showed recently that fast learning and slow forgetting can occur in a stochastic model of structural
plasticity. In their model, new synapses are randomly formed with a constant probability, and randomly deleted
with a probability that depends on the number of the existing synapses and the current stimulation. In our simulations, in contrast, both the creation and the deletion of synapses depend on the number of synaptic elements
of each neuron, which in turn depends on its level of activity. Deletion also depends on the number of existing
synaptic contacts between pre- and postsynaptic neurons, due to competition when deleting an existing contact.
Different rules for the growth of synaptic elements could of course lead to different dependencies. These rules
might also influence other properties of the SP model we describe in this paper, such as the capability to form
associations.
Hiratani & Fukai61 demonstrated the formation of cell assemblies of strongly connected cells in a random
recurrent network with short-term depression, log-STDP62 and homeostatic plasticity. Similarly to other computational models17,63, the stronger connectivity is accompanied by sustained activity of neurons, consistent with the
concept of a working memory. Our results, in contrast, show a memory trace in the connectivity of neurons without sustained activity, more consistent with the idea of contextual memories. Another clear difference between
these models concerns the time evolution of average synaptic weights. Hiratani & Fukai61 show an increase in
average synaptic weight throughout the stimulation. In our simulations, the average connectivity decreases during stimulation time due to the homeostatic principles underlying the plasticity rule, and it increases after the
specific stimulation has been turned off. This would imply that immediately after the end of stimulation, connectivity between the stimulated neurons is lower than baseline. Although this seems counter-intuitive, there have
indeed been studies showing perceptual deterioration after trial repetition for subjects tested in a certain task on
the same day64–67, followed by perceptual improvement after 24 and 48 hours67, which would be in agreement to
the observed dynamics of connectivity in our simulations. Experimental data on plasticity usually report values of
connectivity before and after a stimulation, but do not allow insight into the connectivity dynamics. Knowing the
time evolution of these connectivity values during different stimulation protocols could give us important hints
about the exact mechanisms of plastic changes and help constrain the plasticity models.
A straight-forward consequence of homeostatic plasticity is the stabilization of activity in neuronal networks.
This aspect has been thoroughly studied over many years [see19 for a review on homeostatic plasticity for stabilizing neuronal activity]. The synaptic homeostasis hypothesis should be mentioned in this context68. It states that
Hebbian learning during awake states leads to an increase in firing rates, and homeostatic plasticity during sleep
states has the goal to restore activity back to baseline levels. Hengen et al.23 recently showed that the opposite is
the case. They continuously monitored the firing rate of individual visual cortical neurons in freely behaving rats
over several days and showed that homeostasis is actually inhibited by sleep and promoted by wake states. It is
of course possible that homeostatic plasticity has an exclusive role for network stabilization, even if it is active
during wake and not sleep states. In any case, all these aspects taken together suggest that there could be more to
homeostatic plasticity than just stabilizing the network.
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Transcranial direct current stimulation (tDCS) is a variant of noninvasive neuromodulation,
which promises treatment for brain diseases like major depressive disorder. In experiments,
long-lasting aftereffects were observed, suggesting that persistent plastic changes are
induced. The mechanism underlying the emergence of lasting aftereffects, however, remains
elusive. Here we propose a model, which assumes that tDCS triggers a homeostatic response
of the network involving growth and decay of synapses. The cortical tissue exposed to tDCS
is conceived as a recurrent network of excitatory and inhibitory neurons, with synapses
subject to homeostatically regulated structural plasticity. We systematically tested various
aspects of stimulation, including electrode size and montage, as well as stimulation intensity
and duration. Our results suggest that transcranial stimulation perturbs the homeostatic
equilibrium and leads to a pronounced growth response of the network. The stimulated
population eventually eliminates excitatory synapses with the unstimulated population, and
new synapses among stimulated neurons are grown to form a cell assembly. Strong focal
stimulation tends to enhance the connectivity within new cell assemblies, and repetitive
stimulation with well-chosen duty cycles can increase the impact of stimulation even further.
One long-term goal of our work is to help in optimizing the use of tDCS in clinical
applications.
AUTHOR SUMMARY

Noninvasive brain stimulation techniques like tDCS have the potential to directly interfere
with neural activity, but may also trigger activity-dependent plasticity. We propose a model
to study the mechanism of tDCS and persistent aftereffects that may be induced as a
consequence of homeostatic structural plasticity. Based on the idea that tDCS perturbs
the ongoing activity of neurons, our model predicts that the stimulation also triggers a
rearrangement of synapses among stimulated and unstimulated neurons, eventually leading
to network remodeling and cell assembly formation. Focal and strong stimulation leads to
stronger cell assemblies, and so does repetitive stimulation with optimized stimulation
protocols. This is the ﬁrst original work studying possible long-lasting aftereffects of
transcranial stimulation at the mesoscopic neuronal network level using a computational
model.

A computational model of tDCS-triggered cell assembly formation

INTRODUCTION

Somato-dendritic axis:
Imaginary axis linking the soma and
the distral dendrites of a pyramidal
neuron.

PET:
Positron-emission tomography, based
on a radioactive tracer that is
introduced into the body before the
induction of metabolic processes.

MEP/SEP:
The motor evoked potential or
sensory evoked potential is a signal
recorded from muscles or from the
surface of the brain, respectively, as a
result of a stimulus.
BDNF:
Growth factor that acts on certain
neurons. It supports survival of
neurons, growth, and differentiation
of new neurons and synapses.

Network Neuroscience

Transcranial direct current stimulation (tDCS) is a noninvasive brain stimulation technique,
where a weak constant current (1−2 mA) is applied to the brain via large electrodes attached
to the scalp (Edwards et al., 2013). It induces weak electric ﬁelds that are typically not sufﬁcient
to trigger action potentials directly, but can polarize the membrane of neurons by fractions
of millivolts (Joucla & Yvert, 2009), depending on the orientation of the electric ﬁeld vector
relative to the somato-dendritic axis of the neuron (Gluckman et al., 1996; Radman, Ramos,
Brumberg, & Bikson, 2009; Wiethoff, Hamada, & Rothwell, 2014). This membrane potential
deﬂection can inﬂuence spike timing and ﬁring rates of neurons that are part of an active
network (Bikson, Radman, & Datta, 2006; Vöröslakos et al., 2018). Similar to other methods
of neuromodulation, tDCS is claimed to have a potential for alleviating symptoms of certain
brain diseases, such as major depressive disorder (Loo et al., 2012; Nitsche, Boggio, Fregni, &
Pascual-Leone, 2009) or chronic pain (Garcia-Larrea, 2016; Ngernyam et al., 2015).
Although there is a record of promising applications of tDCS, both positive and negative
outcomes have been reported in the literature (Horvath, Forte, & Carter, 2015). Typical issues
are due to insufﬁcient sensitivity of measurements, or large intersubject and intrasubject variability (Wiethoff et al., 2014). Positive evidence includes immediate changes of neural activity
caused by tDCS, observed both in humans and in rodents. Positron emission tomography (PET)
in humans revealed that tDCS can inﬂuence the activity of neurons in different brain regions
(Lang et al., 2005), but the most affected region varies with electrode montage (Kuo et al.,
2013), skull thickness (Opitz, Paulus, Will, Antunes, & Thielscher, 2015), individual geometry
of cortex (Opitz et al., 2015), preexisting lesions (Minjoli et al., 2017), and other aspects. Systematic transcutaneous current stimulation experiments in rats (Vöröslakos et al., 2018) could
establish quantitative relations between the externally applied current, the induced electric
ﬁeld, the associated membrane potential deﬂection, and the resulting ﬁring rate change.
In addition to the instant impact on activity during stimulation, a sustained modulation of
neural activity was also observed in humans after stimulation was turned off. Lasting aftereffects of tDCS, measured as motor evoked potentials (MEP) triggered by transcranial magnetic stimulation (TMS), were ﬁrst reported by Nitsche & Paulus (2000), and later conﬁrmed in
motor cortex (Nitsche & Paulus, 2001) and somatosensory cortex as sensory evoked potentials
(SEP) (Matsunaga, Nitsche, Tsuji, & Rothwell, 2004). Animal studies suggested that the elevated activity and excitability is not due to reverberating networks (Gartside, 1968a). Rather,
changes in synaptic protein synthesis (Gartside, 1968b) point towards increased synaptic plasticity. In turn, blocking either brain-derived neurotrophic factor (BDNF; Fritsch et al., 2010),
NMDA receptors (Nitsche et al., 2003), or calcium channels (Monte-Silva et al., 2013) leads
to a reduction of the stimulation-induced increments of the ﬁeld potential in mice, or MEP
in humans. Recent evidence suggests that multiple forms of plasticity are in fact contributing to tDCS aftereffects. Monte-Silva et al. (2013) observed that fast facilitation, or early-LTP
(e-LTP), was induced after a single tDCS session (13 min ) and lasted for at least 2 hr after
stimulation. In contrast, 26-min stimulation resulted in a reduced MEP amplitude. More interestingly, repetitive tDCS with 20-min pauses interspersed (13 − 20 − 13 min ) resulted in late
facilitation, or late-LTP (l-LTP). An elevated MEP was observed one day after the second stimulation, but not immediately after it. Functional LTP-like plastic changes of existing synapses
were observed in DCS (Ranieri et al., 2012). Given the timescales of l-LTP, structural plasticity
involving network remodeling also seems to play a role for the aftereffects. Structural changes
at a slower timescale, however, can easily be underestimated because of difﬁculties measuring
synapse turnover and changes in neuronal morphology in vivo. In summary, it is likely that both
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Hebbian and homeostatic as well as functional and structural forms of plasticity underlie tDCS
aftereffects.
Quantitative models of network remodeling have previously been described in the literature. Butz, Steenbuck, & van Ooyen (2014) ﬁrst introduced the term homeostatic structural
plasticity with reference to previously published versions of the theory (Butz & van Ooyen,
2013; Butz, van Ooyen, & Wörgötter, 2009; van Ooyen, 2011), which was based on ample
experimental evidence that structural plasticity (Holtmaat & Svoboda, 2009; Oray, Majewska,
& Sur, 2004; Pfeiffer et al., 2018; Trachtenberg et al., 2002) as well as homeostatic regulation
of activity (Keck et al., 2013; Lee et al., 2013; Turrigiano & Nelson, 2004) are constantly taking
place in many brain areas. This homeostatic structural plasticity model was able to provide explanations for cortical reorganization after stroke (Butz et al., 2009) and lesion (Butz-Ostendorf
& van Ooyen, 2017), and for the formation of certain global network features during development (Butz et al., 2014; Gallinaro & Rotter, 2018). In this model, changing the number of
synaptic contacts between two neurons leads to an apparent facilitation or depression of this
speciﬁc connection, and the model may therefore also account for some cases of functional
plasticity. Based on these previous insights it seemed natural to explore the contribution of
homeostatic structural plasticity to the long-lasting aftereffects of transcranial brain stimulation.

Cell assembly:
A group of neurons with enhanced
mutual synaptic connectivity; arises
after repetitive activation.
High-deﬁnition montage:
Instead of using large sponge
electrodes, high-deﬁnition montage
employs smaller gel-based electrodes
to allow for more focal stimulation.

Point neuron:
A simpliﬁed neuron model that only
represents the somatic membrane
potential, disregarding the properties
of spatially extended dendrites and
axons.

In the present work, we hypothesize that employing proper stimulation protocols and
adequate current strengths, tDCS is potent enough to polarize single neurons in a network
(Vöröslakos et al., 2018). Based on this assumption, we assess the effect of such membrane
potential deﬂections on neuronal ﬁring rates. In a neural network model with homeostatic
structural plasticity, we then systematically explore the inﬂuence of various stimulation parameters known from tDCS practice, such as electrode size and montage, stimulation strength, and
repetitive stimulation protocols. Our results suggest that tDCS can indeed induce substantial
network remodeling and cell assembly formation, and focused strong and/or repetitive stimulation with well-chosen duty cycles can effectively boost the connectivity of the cell assemblies
formed. The enhanced cell assembly might contribute to the empirical ﬁnding of profound plastic responses and enhanced therapeutic effects observed in current tDCS applications with a
high-deﬁnition montage (Kuo et al., 2013) and repetitive stimulation (Monte-Silva et al., 2013).
Our analysis also provides explanations for some of the negative results in tDCS practice.
METHODS
Neuron Model

All large-scale simulations of plastic neuronal networks of this study were performed with
the NEST simulator (Linssen et al., 2018). Most were simulated with NEST 2.14, while NEST
2.16 with MPI-based parallel computation was used in the long repetitive protocol to achieve
long simulation times. The linear, current-based leaky integrate-and-ﬁre (LIF) neuron model
was used throughout. The dynamic behavior of this point neuron model is described by the
ordinary differential equation
τm

d
V (t) = −Vi (t) + τm ∑ Jij S j (t − d) + ΔV (t),
dt i
j

(1)

where τm is the membrane time constant. The variable Vi (t) is the membrane potential of
neuron i, with a resting value at 0 mV. ΔV (t) represents a polarization of the membrane
imposed by an external electric ﬁeld. The spike train generated by neuron i is denoted by
Si (t) = ∑ k δ(t − tki ), where tki represents the individual spike times, and d is the synaptic
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Table 1. Parameters of neuron model
τm
tref
V0
Vreset
Vth
10.0 ms 2.0 ms 0.0 mV 10.0 mV 20.0 mV

transmission delay. The entries of the matrix Jij denote the amplitude of the postsynaptic potential that is induced in neuron i upon the arrival of a spike from neuron j. In our model, all
excitatory synapses have the amplitude JE = 0.1 mV, whereas all inhibitory synapses have an
amplitude of J I = −0.8 mV. When the membrane potential Vi (t) reaches the ﬁring threshold,
Vth , an action potential is generated and the membrane potential is reset to Vreset = 10 mV.
All parameters are once more listed in Table 1.
Model of Transcranial DC Stimulation

The electric ﬁeld (EF) induced by tDCS can directly affect the membrane potential of neurons.
Following Vöröslakos et al. (2018), we assumed that a strong enough EF will cause a small but
signiﬁcant membrane potential depolarization or hyperpolarization on some neurons in the
network. The effective membrane potential deﬂection is determined by the orientation of the
electric ﬁeld vector relative to the somato-dendritic axis of the neuron (Gluckman et al., 1996;
Radman et al., 2009; Wiethoff et al., 2014). When the electric ﬁeld is properly aligned with the
axis (apical dendrite closer to anode than soma), the somatic membrane potential is depolarized and the neuronal ﬁring rate is increased. In contrast, if the electric ﬁeld is perpendicular to
the axis, it cannot inﬂuence the activity of this particular neuron. As a consequence, cells with
extended and nonisotropic morphology, such as pyramidal neurons, should generally be more
inﬂuenced by tDCS than the more compact inhibitory interneurons, which is also conﬁrmed by
Vöröslakos et al. (2018). Therefore, we assume only excitatory neurons to be sensitive to tDCS
because of their spatial extent and nonisotropic morphology. We then asked whether such
a polarization could also cause signiﬁcant changes in the ﬁring rate and, as a consequence,
trigger structural plasticity and network remodeling. As our model neurons are actually point
neurons with no spatial extent, we simply imposed an equivalent membrane potential bias ΔV
on the soma of the neuron (Gluckman et al., 1996; Kayyali & Durand, 1991); see Figure 1A.
This membrane potential bias also reﬂects the angle θ between the EF vector and somatodendritic axis of the neuron with a factor cos(θ ); see Figure 1B. The smallest magnitude of a
membrane potential deﬂection reported in tDCS experiments to trigger physiological effects
was in the range of 0.1 mV (Jackson et al., 2016; Vöröslakos et al., 2018).
Relative Strength of Background Activity and tDCS

Poisson process:
Simple statistical model to account
for a barrage of spikes, commonly
used to describe the synaptic inputs
driving a neuron.

The effect of tDCS on a neuron with ongoing activity was assessed with single neuron simulations. The background input impinging onto the neuron was approximated by a spike
train with Poisson statistics and rate νext = 18.1 kHz, coupled to the neuron with synapses
of strength Jext = 0.1 mV. Given the parameters of our neuron model, this ongoing background activity leads to a ﬂuctuating subthreshold membrane potential with a mean value
μ = νext τm Jext = 18.1 mV (Brunel, 2000). Different values of membrane polarization caused
by tDCS (from 0.1 mV to 1.2 mV) were considered in our study, as described above. The ﬁring
rate of each condition was estimated from simulations of 100-s duration.
Network Model

Although there are a variety of EF distributions induced by different tDCS montages, we assume
simple uniform EF distributions in our model of the most affected area (Jackson et al., 2016).
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Figure 1. Modeling the effect of tDCS on cortical networks. (A) It is assumed that transcranial stimulation leads to a weak polarization of
the neuron’s membrane potential (left). For a point neuron, this is achieved by injecting a current of suitable strength into its soma (right). (B)
Firing rate modulation with the angle θ for three different values of ΔVm (dotted lines on C). (C) Firing rate of a neuron, the ongoing activity
of which is modulated by tDCS, for different values of θ and membrane polarization ΔVm . The contour lines correspond to 7 Hz, 8 Hz, and
9 Hz in white, orange, and maroon. (D) Electrode montages used in tDCS. (E) The region of interest subject to tDCS is modeled as a recurrent
network of excitatory and inhibitory neurons. (F) Excitatory-to-excitatory synapses require the combination of a bouton (empty triangle) and
a spine (red dot). The growth rate of both types of synaptic elements depends linearly on ﬁring rate. (G) The network is grown from scratch
before each tDCS stimulation experiment.

This most affected area is modeled as an inhibition-dominated recurrent network (Brunel,
2000), comprising 10, 000 excitatory and 2, 500 inhibitory neurons. All connections involving inhibitory neurons were taken to be static. Excitatory and inhibitory synapses had ﬁxed
synaptic weights of JE = 0.1 mV and J I = −0.8 mV, respectively. All these connections were
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NE
10, 000

Table 2. Parameters of the network model
NI
Γ E− I Γ I − E Γ I − I
JE
JI
2, 500 10%
10%
10% 0.1 mV −0.8 mV

rext
30 kHz

randomly established, with 10% connection probability. In contrast, excitatory-to-excitatory
(E-E) connections were subject to a growth rule called homeostatic structural plasticity (Butz &
van Ooyen, 2013; Diaz-Pier, Naveau, Ostendorf, & Morrison, 2016; Gallinaro & Rotter, 2018).
The network had initially no E-E connections whatsoever, and they were grown according to
the speciﬁed rule during a growth period of 750 s for all simulations in the paper. Each neuron
in the network received Poissonian external input at a rate of rext = 30 kHz. For the parameters chosen here, the network automatically entered an asynchronous-irregular state (Brunel,
2000). In all ﬁgures and simulations, transcranial DC stimulation was only applied after the
end of the growth period. All network parameters are once more listed in Table 2.
Homeostatic Structural Plasticity

Set-point hypothesis:
In the model of homeostatic
structural plasticity, neural ﬁring rate
is actively maintained at a set-point
by adjusting synaptic input and
output.

Connections between excitatory neurons underwent continuous remodeling, governed by ratebased homeostatic structural plasticity, as implemented in NEST (Diaz-Pier et al., 2016). Excitatory synapses were formed by combining a presynaptic element (bouton) and a postsynaptic
element (spine). New synapses can form only if free synaptic elements are available. Pairs of
neurons can form multiple synapses between them, and each individual functional synapse
has the same weight JE = 0.1 mV. It has been observed in experiments that neurite growth
is governed by the concentration of intracellular calcium. It has been hypothesized that there
is a set-point of the calcium concentration, which the neuron strives to reach and stabilize
(Mattson & Kater, 1987; Ramakers et al., 2001). As a consequence, in the model of structural
plasticity we use in our work, growth and deletion of synaptic elements are linked to the timedependent intracellular calcium concentration C (t) = [Ca2+ ] of the neuron in question. In
fact, this variable has been shown to be a good indicator of the neuron’s ﬁring rate (Grewe,
Langer, Kasper, Kampa, & Helmchen, 2010). Whenever the neuron emits a spike, the intracellular calcium concentration experiences an increase by the amount β Ca through calcium inﬂux. Between spikes, the calcium concentration decays exponentially with time constant τCa ,
1
d
C (t) = −
C (t) + β Ca S(t).
dt
τCa

(2)

The synaptic growth rule is as follows. When the ﬁring rate (or calcium concentration) falls
below its set-point, the neuron will grow new synaptic elements and form functional synapses
to compensate for the lack of excitatory input. In contrast, if the ﬁring rate rises above the
set-point, existing synapses are broken up and synaptic elements are removed. The respective
counterparts are added to the pool of free synaptic elements. We adopted a linear growth rule
applying to both presynaptic and postsynaptic elements alike (Gallinaro & Rotter, 2018):


d
1
z(t) = ν 1 − C (t) ,
dt


(3)

where z(t) is the total number of (presynaptic or postsynaptic) elements a neuron has available,
ν is the growth rate, and  is the target level of calcium concentration. In any given moment,
free synaptic elements are randomly combined with matching free synaptic elements of other
neurons, forming new functional synapses. All the parameters deﬁning the structural plasticity
rule are listed in Table 3.
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Table 3. Parameters of the structural plasticity model

0.008

ν
0.004 s−1

τCa
10 s

βCa
0.0001

Protocols of Transcranial DC Stimulation

As suggested by current tDCS practice, many factors are essential to the outcome of a stimulation. For example, the traditional montage of two large sponge electrodes of size 5 cm × 7 cm
induces a diffusive and weak EF. In contrast, high-deﬁnition montage using a small anodal electrode surrounded by several small cathodal electrodes induces a focal and relatively strong EF
for the same stimulation current (Edwards et al., 2013). High-deﬁnition montage induces higher
current densities, affects smaller populations, and possibly opposite ﬁeld polarity at the edge
of the cathodes. This method also exhibits better performance in tDCS practice, as compared
with conventional montage (Kuo et al., 2013). To test these factors in our model we employed
three different scenarios and systematically changed the size of the stimulated focus and the
intensity of the stimulation in all of them. A summary of the parameters used in the different
stimulation protocols described in this section can be found in Table 4.
The ﬁrst protocol we considered was a simpliﬁed scenario, in which only a subgroup of excitatory neurons in a large network was polarized by tDCS according to the above
described protocol, while the remaining neurons were not affected and received only baseline
external input. The focality of the stimulation is quantiﬁed by the percentage of excitatory neurons stimulated f G1 . The more focused a stimulation is, the smaller is the subgroup of neurons
affected by tDCS. The intensity of stimulation, on the other hand, is quantiﬁed by the amount
of polarization. A stronger EF would lead to stronger membrane polarization of the soma of
the model neurons. After a certain stimulation time tstim , tDCS is turned off and the network is
allowed to relax for a period of trelax . Table 4 shows the values of f G1 and ΔV, as well as tstim
and trelax , used for the different ﬁgures.
Uni-group.

Bi-group.
Neurons in biological brains may not be uniformly polarized by stimulation. This
is reﬂected in the bi-group scenario, in which a subgroup of neurons containing a fraction
f G1 of all excitatory neurons is polarized by ΔV1 (similarly to the uni-group scenario), while
the remaining excitatory neurons f G2 are stimulated with the same magnitude, but opposite
polarity ΔV2 . Similarly to the uni-group scenario, after a certain stimulation time tstim , tDCS is
turned off and the network is simulated for a relaxation period trelax . The effect of stimulation
on connectivity IG was calculated as described below.
Tri-group.
We designed yet another protocol, the tri-group scenario, to study the interaction
of two actively stimulated subgroups with an unstimulated background. Two subgroups of
excitatory neurons of the same size f G1 and f G2 are stimulated with the same magnitude, but
different polarity ΔV1 and ΔV2 . The remaining excitatory neurons in the network f G3 remain
unstimulated. The resulting effect of stimulation on connectivity is measured as described
below.

To examine the effects of repetitive on-off stimulation, a certain fraction
f G1 of the excitatory neurons was stimulated in multiple cycles with the uni-group protocol.
Each cycle corresponds to a stimulation period of length t1 followed by a pause of length t2.
Repetitive patterns.
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Table 4. Conﬁgurations of DC stimulation
Figure
Protocol
f G1
ΔV1 [mV]
f G2
2B
uni-group
10%
0.1
90%
2D
uni-group
10%
0.1
90%
3A
tri-group
30%
0.1
30%
3B
bi-group
30%
0.1
70%
4A
bi-group
10%, 30%, 50%, 70%
−1.2, 1.2 1 1 − f G1
4B
uni-group 10%, 30%, 50%, 70%
−1.2, 1.2
1 − f G1
4C
tri-group
10%, 20%, 30%, 40%
−1.2, 1.2
f G1
4I
all
50%
−1.2, 1.2
50%
5D
repetitive
10%
0.1
90%
5E
repetitive
10%
multiple 4
90%
6-on-off
repetitive
10%
0.1
90%
6-alternating1 repetitive
10%
±0.05
90%
6-alternating2 repetitive
10%
±0.1
90%
1 The stimulation intensities are −1.2, −0.8, −0.4, 0.4, 0.8, 1.2 mV

ΔV2 [mV]
0
0
−0.1
−0.1
− ΔV1
0
− ΔV1
−1.2, 1.2
0
0
0
0
0

f G3
−
−
40%
−
−
−
1 − f G1 − f G2
−
−
−
−
−
−

ΔV3 [mV]
−
−
0
−
−
−
0
−
−
−
−
−
−

Growth [ s ]
750
750
750
750
750
750
750
750
750
750
750
750
750

Repetition
no
no
no
no
no
no
no
no
yes2
80
3
3
3

tstim or t1[ s ]
150
150
150
150
150
150
150
150
multiple 3
75
150
150
150

trelax or t2[ s ]
300
300
300
300
5,850
5,850
5,850
5,850
150
150
150
150

2 The

repetition round (n) were matched with n × t1 = 6, 000 s
combinations used are (75, 75), (75, 150), (150, 75), (150, 150), (150, 300), (300, 150) s
4 The stimulation intensities are 0.02, 0.04, 0.06, 0.08, 0.1, 0.2, 0.3, 0.4, 0.5 mV
All results in this study except Figure 4I and Figure 5E are averages from 30 independent simulations.
3 The

The number of cycles nc in each scenario was arranged to achieve a total DC stimulation time
of nc t1 = 6, 000 s.
Repetitive alternating stimulation is similar to the repetitive on-off protocol based on the
uni-group scenario. The difference is that, instead of pausing, neurons are stimulated with
opposite polarity and same magnitude. In Table 4 we compiled a summary of all parameters
for the stimulation protocols considered in our study.
Measurements and Calculations

The ﬁring rate of a neuron was calculated from its spike count, in a 5-s activity
Firing rate.
recording, unless stated otherwise. The mean ﬁring rate of a population was taken to be the
arithmetic mean of ﬁring rates across neurons in the group.
Let ( Aij ) be the n × n connectivity matrix of a network with n neurons.
Its columns correspond to the axons, and its rows correspond to the dendrites of the neurons
involved. The speciﬁc entry Aij of this matrix represents the total number of synapses from the
presynaptic neuron j to the postsynaptic neuron i. The mean connectivity of this network is
then given by Γ(t) = n12 ∑ ij Aij , where t is the observing time point.
Synaptic connectivity.

Time integral of the connectivity.
When comparing the effects of different stimulation scenarios, one cannot simply consider the connectivity of the cell assembly at the end of simulation,
because connectivity typically decays with certain time constants. We used the integrated connectivity change as a robust measure for the accumulated outcome of a stimulation. To account
for the integrals, we ﬁrst ﬁt the connectivity change during the relaxation phase by a sum of
three exponential decay functions:

Γ(t) = A1 exp− t/τ1 + A2 exp− t/τ2 + A3 exp− t/τ3 .

(4)

The parameter Ak is the amplitude of a component that decays with time constant τk . We
then computed the total integral of the connectivity by integrating the sum of exponentials,
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amounting to IG = ∑ k Ak τk (see Figure S2 in the Supporting Information). This way we can
also account for connectivity transients that persist for a very long time, extrapolating beyond
the duration of our simulations.

RESULTS
Immediate Firing Rate Modulation by Transcranial DC Stimulation

We assume that the direct current applied to the brain during transcranial stimulation induces
small deﬂections of the somatic membrane potential of neurons (Vöröslakos et al., 2018) and
study the consequences of this deﬂection on neuronal ﬁring rates. A polarization of the membrane ΔVm in the range between −1.2 mV and 1.2 mV, which is not strong enough to elicit
spikes in a neuron at rest, can nevertheless induce appreciable ﬁring rate changes in a neuron
with ongoing activity. Figures 1B and 1C show how the ﬁring rate of a model neuron driven
by background input is modulated by both the strength of the depolarization and the angle θ
between the electric ﬁeld (EF) and the somato-dendritic axis. Even for a polarization as weak
as ±0.1 mV, which is about the weakest depolarization known to cause observable physiological effects in tDCS experiments (Vöröslakos et al., 2018), the ﬁring rate change was found
to be larger than ±10% (Figure 1B, light gray curve). This suggests very clearly that tDCS can
have an appreciable impact on neuronal activity, even if the stimulation intensity is apparently
subthreshold. As neuronal spiking can affect synaptic connectivity via activity-dependent plasticity, this raises the question whether transcranial stimulation can trigger plastic effects as well.
To ﬁnd an answer to this question, we set up a plastic network representing the tissue most
affected by tDCS (Figures 1E–G) and study the effect of stimulation.

Network Remodeling Triggered by Transcranial DC Stimulation

Different electrode montages are used in tDCS (Figure 1D), and they are thought to trigger
different electric ﬁeld distributions in the whole brain. We only modeled the most affected
region stimulated by the peak current intensity. To explore the homeostatic response of the
network, and the plastic processes associated with it, we ﬁrst considered a simpliﬁed setting.
In the uni-group scenario, only a subset of excitatory neurons in a larger network is stimulated
(blue region in Figure 1E and Figure 2A). As shown in Figure 1F, tDCS disrupts the homeostatic equilibrium of the stimulated neurons by increasing their ﬁring rate, initially leading
to a deletion of synapses between stimulated neurons (see Methods for details of the structural plasticity model). When the stimulation has ceased, the ﬁring rate of stimulated neurons
drops because of a lack of recurrent input (Figure 2B), and the homeostatic process now triggers the formation of new synapses, predominantly among the stimulated neurons (Figure 2C).
Figure 2F illustrates the process of cell assembly formation, similarly to what has been described previously by Gallinaro & Rotter (2018). Before and after the stimulation, assuming
equilibrium in both cases, each neuron receives the same external input and ﬁres at its target
rate (here, 8 Hz). Thus, the total number of input synapses from excitatory neurons will not have
changed through stimulation. What has changed, however, is the source of input synapses:
Before stimulation, input comes from both groups of neurons—to be stimulated (blue) and
background (empty)—without any bias. During stimulation, however, synapses are broken up,
and when stimulation is turned off, the stimulated neurons have more free synaptic elements
to offer. Background neurons, which are only indirectly affected by stimulation and deviate
less from their target rate, can only offer a few synaptic elements to form new connections.
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Figure 2. tDCS triggers the formation of cell assemblies. (A) A subgroup comprising 10% of all excitatory neurons in a larger network is
stimulated by tDCS. (B) Average ﬁring rate of directly stimulated (blue) and unstimulated (gray) excitatory neurons before, during, and after
applying a depolarizing stimulus. (C) Average connectivity among stimulated neurons (blue), among unstimulated neurons (dark gray), and
between neurons belonging to different groups (light gray) upon depolarizing stimulation. (D–E) Similar to (B–C), but for a hyperpolarizing
stimulus. Shaded areas on (B–E) indicate the stimulation period. (F) Illustration explaining the process of structural plasticity that happened
after a depolarizing tDCS. The stimulation triggers the removal of interpopulation synapses, and accelerates the growth of synapses among
stimulated neurons, leading to the formation of cell assemblies.

Since the formation of new synapses is based on the availability of free elements, this leads to
a bias for connections to be formed among stimulated neurons.
A similar process happens for hyperpolarizing DC (Figure 2D and 2E). In this case,
however, the connectivity among stimulated neurons increases during tDCS because of
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hyperpolarization and a resulting drop in ﬁring rate. In summary, any perturbation to the
equilibrium of the network ﬁring rate dynamics, no matter whether it is depolarizing or hyperpolarizing, will trigger an increased synaptic turnover and network remodeling by deleting
between-group synapses and forming new synapses within the stimulated group to form a cell
assembly.

The Effect of Montage, Focality, and Intensity of Transcranial DC Stimulation

Stimulation is able to induce cell assembly formation in the uni-group scenario, as illustrated
in Figure 2. However, neurons affected by tDCS might not be uniformly depolarized or hyperpolarized. Parameters like stimulation montage, focality, or intensity certainly inﬂuence the
degree to which each neuron in the stimulated population is affected, and to what extent its
membrane potential is depolarized or hyperpolarized. Therefore, we investigated two alternative stimulation scenarios that capture some of the complexities of neuron polarization in
real tissue: tri-group stimulation (Figure 3A) and bi-group stimulation (Figure 3B), the details
of which are described in the Methods section. Similarly to the simplest scenario illustrated
in Figure 2, the stimulated neurons again form a cell assembly (Figures 3E and 3F) also under
more general conditions.
We performed a systematic study covering different degrees of stimulation focality and intensity and compared the effects in all three scenarios: the bi-group (Figure 4A), uni-group
(Figure 4B), and tri-group (Figure 4C). Higher stimulus intensity is implemented as a stronger
membrane polarization, which results from a higher tDCS current density. Focality, quantiﬁed
as the percentage of neurons in the network affected by membrane polarization, describes how
focused stimulation is. More focused stimulation should have a polarizing effect on a smaller
percentage of neurons. In each scenario, the connectivity in a newly formed cell assembly
increases with absolute stimulation intensity and decreases with the size of the stimulated
population (Figures 4D–F). We conclude that strong and focused stimulation (like high-deﬁnition
stimulation) leads to stronger effects on the connectivity of the cell assembly. We further compared the effects of bi-group, uni-group, and tri-group scenarios and found that the montage can greatly inﬂuence the outcome. When the polarization is very strong (above 0.8 mV)
and focused, the effect IG1 is much stronger in the uni-group scenario as compared with the
bi-group (Figure 4G) and tri-group (Figure 4H) scenario. But if the stimulus is weak, its effect
in the bi-group scenario is larger than in the uni-group scenario. Therefore, using opposite
polarities for stimulation could slightly boost cell assembly formation, provided the stimulus
is weak. However, for strong and/or focused stimulation, uni-group stimulation leads to more
pronounced cell assemblies.
The application of hyperpolarizing DC to all neurons in the background population can
either amplify or attenuate the effect of the actual depolarizing stimulus. Two aspects might
contribute to this phenomenon. Stimulating the background with reversed polarity increases
the discrepancy of the stimulated group compared with the background (from ΔVm to 2ΔVm ),
but it may reduce the ﬁring because of an activation of inhibitory neurons in the network.
To disentangle the situation, we ﬁxed the sizes of both the stimulated and the unstimulated
group at 50% and then systematically changed the stimulus strength for both G1 and G2 in the
range between −1.2 mV and 1.2 mV. The effect on G1 connectivity for different polarizations
of G1 and G2 is displayed in Figure 4I. The values along the diagonal are very small, as there
is no cell assembly formation when both groups experience the same stimulation. When the
difference in stimulation of the two populations is large irrespective of its sign, the impact on G1

Network Neuroscience

934

A computational model of tDCS-triggered cell assembly formation

Figure 3. Interactions between subpopulations and cell assembly formation in more complex stimulation paradigms. (A) Tri-group scenario:
30% of all neurons in a network (G1) are depolarized by 0.1 mV, another 30% (G2) are hyperpolarized by −0.1 mV, and the rest of 40% receives
no stimulus. (B) Bi-group scenario: 30% (G1) are hyperpolarized by −0.1 mV, and the remaining 70% (G2) are depolarized by 0.1 mV. (C,E)
Group averages of ﬁring rates in G1 (blue) and in G2 (yellow) before, during, and after stimulation. (D,F) Group averages of the connectivity
within G1 (blue), within G2 (yellow), and between G1 and G2 (gray).

connectivity is also large (upper left and bottom right corners). We then checked whether the
relative difference between the polarization of G1 and G2 is sufﬁcient to predict the stimulation
outcome. The white squares in Figure 4I indicate simulations in which the difference between
G1 and G2 polarization is the same (0.8 mV), but the actual connectivities for individual groups
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Figure 4. Comparison of tDCS effects with different electrode montage, as well as stimulus focality and intensity. (A) Bi-group stimulation
scenario. (B) Uni-group stimulation scenario. (C) Tri-group stimulation scenario. (D–F) Integrated G1 cell assembly connectivity (IG1 ) at different
focality and intensity levels for scenarios (A–C). (G,H) Difference between D and E, as well as F and E, respectively. (I) Integrated G1 cell
assembly connectivity integrals (IG1 ) for different stimulation intensity levels for a specialized bi-group scenario, where G1 and G2 comprise
half of the excitatory population, respectively. The white squares correspond to situations where the difference between stimulation intensities
of both groups amounts to 0.8 mV.

are different. The strongest effect was achieved when the polarization of one of the two groups
is 0 mV, which corresponds to the uni-group scenario. This supports the idea that network
effects might inﬂuence the interaction between two groups, and that uni-group stimulation
can achieve better outcomes than alterantive scenarios, provided stimulation is very strong.
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Figure 5. Repetitive stimulation boosts network remodeling. (A) A subnetwork of excitatory neurons (10%) is stimulated with a train of DC
stimuli. Stimulation time is t1 , followed by a pause of duration t2 . (B, C) Average ﬁring rate and connectivity during a train of stimuli. (D) For
the same total stimulation time (6, 000 s), the boosting depends on the exact repetition protocol. (E) The peak connectivity reached depends
on the stimulation intensity; an asymmetric repetitive protocol (t1 = 75 s, t2 = 150 s) was used for all simulations here.

The Effect of Repetitive Transcranial DC Stimulation

Repetitive stimulation was simulated in our model by repeating stimulation of duration t1 in the
uni-group scenario (Figure 2) multiple times, with a pause of duration t2 between successive
stimulation periods (Figures 5A and 5B). The connectivity of the stimulated subpopulation generally increased upon repetition (Figure 5C). Figure 5D summarizes the outcome of different
combinations of t1 and t2 . Compared with long uninterrupted DC stimulus (single stimulation
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cycle with t1 = 6, 000 s), repetitive stimulation (total stimulation time of 6, 000 s distributed over
multiple cycles of shorter duration t1 ) led to higher ﬁnal connectivity. We found that repetitive
stimulation generally potentiated the effect of tDCS on cell assembly connectivity. Figure 5E
demonstrates that after multiple repetitions, the connectivity appears to saturate at a level that
essentially depends on the imposed polarization. As a consequence, a single stimulation with
weak intensity for a very long time does not necessarily lead to high connectivity, while repetitive stimulation at high intensity may lead to (much) higher connectivity (see Figure S1 in the
Supporting Information). In our model we also tried very strong stimulation, repeated for several rounds. This led to a very high assembly connectivity and eventually also to a very high
ﬁring rate of the excitatory population. High ﬁring rates, in turn, induced a strong homeostatic
response of the network and fast deletion of synapses, putting the network in an unfavorable
and somewhat pathological state (data not shown).
Repetitive stimulation can also be performed in cycles of alternating polarities, instead
of a simple on-off protocol. Figure 6 shows the connectivity changes for two stimulation

Figure 6. Comparison of three different scenarios for repetitive DC stimulation. (A) 10% of excitatory neurons were stimulated, using the
same temporal protocol (t1 = 150 s, t2 = 150 s) in each case, but different amplitudes and polarities were employed, as indicated by the
three different curves. (B) Evolution of average connectivity for the different stimulation scenarios; color code matches the stimulus curves in
panel A. (C) Histograms of the connectivity reached after three cycles in the different scenarios extracted from 30 independent depolarizing
simulations; mean values and standard deviations are shown in the inset.
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patterns: on-off, in which periods of depolarizing stimulation are followed by periods of no
stimulation, and alternating, in which periods of depolarization are followed by periods of
hyperpolarization. Simply substituting the off period by stimulation with different polarity
seems to boost cell assembly connectivity (compare light green and dark brown traces in
Figure 6B). However, if the alternating pattern has the same overall amplitude as the on-off
stimulation (compare light brown and green traces in Figure 6B), the effect on cell assembly
connectivity is the same as on the on-off pattern. Figure 6C depicts the ﬁnal connectivity after
three repetitions in 30 independent trials (mean and standard deviation are indicated in the
inset).
DISCUSSION

We explored the plastic changes in network structure that can be induced by transcranial direct
current stimulation (tDCS), exploiting the homeostatic response of synaptic growth and decay.
We demonstrated that weak subthreshold DC stimulation induces changes of neuronal ﬁring
rates and, thus, triggers network remodeling and cell assembly formation. Depolarized neurons ﬁrst reduce the number of excitatory input synapses during stimulation, but then create
new excitatory synapses predominantly with other stimulated neurons after stimulation is off.
Interestingly, hyperpolarization also causes new synapses being formed preferentially among
stimulated neurons. Stimulation triggers a profound and sustainable reorganization of network
connectivity and leads to the formation of cell assemblies. With the help of our model, we explored different parameters of tDCS stimulation and found that strong and focused stimulation
generally enhances the newly formed cell assemblies. We also observed that repetitive stimulation with well-chosen duty cycles can boost the induction of structural changes, and repetitive
stimulation with alternating polarization may induce even higher connectivity changes.
We used network connectivity as a direct readout of stimulation effects, which is possible
in model simulations, but cannot easily be done in experiments. However, the factors that
we found to amplify the overall impact of stimulation are not unheard of in tDCS practice.
Strong and focused stimulation, for example, which results from a high-deﬁnition electrode
montage, does indeed lead to a stronger readout (MEP) and potentiates the therapeutic effects
as compared with a conventional montage (Kuo et al., 2013). While applying the same total
current, a high-deﬁnition montage induces stronger electric ﬁelds in smaller brain volumes
(Edwards et al., 2013). Moreover, a high-deﬁnition montage narrows down the most affected
brain region. We also found in our model that both factors indeed contribute to the induction
of higher connectivity. Moreover, repetitive stimulation can boost connectivity, provided the
duty cycles are chosen right. In fact, it has been demonstrated in experiments (Monte-Silva
et al., 2013) that two 13-min stimulations interrupted by a 20-min pause yields stronger MEP
aftereffects than a single, uninterrupted 26-min stimulation, while a repetition with a 24-h
pause in between could not accumulate the aftereffects at all. In our model, we likewise found
that multiple stimulation episodes with properly chosen pauses can achieve better effects than
a single, uninterrupted stimulation.
Other computational approaches have been employed previously to analyze the neuronscale mechanisms underlying tDCS or DCS. Most notably, Bikson et al. (2006) has explored
several aspects of this: extracellular potassium concentration, polarization of the axonal terminal, action potential timing, and inhibitory neurons. Joucla & Yvert (2009) provided an estimate of membrane potential changes for large axons exposed to an electric ﬁeld, and Aspart,
Ladenbauer, & Obermayer (2016) conceived the inﬂuence of the electric ﬁeld on neuronal
dendrites as external input to the soma. Another computational approach based on modern
neural imaging methods has shed light on the question of how strong the stimulation effects
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Spherical head model:
Standard three-shell head model,
which omits individual features, and
includes the brain, intermediate
skull, and outer-layer scalp.

actually are. Spherical head models were ﬁrst used to estimate the 3-D current ﬂow for any
given electrode montage (Miranda, Lomarev, & Hallett, 2006). Later, fMRI-based modeling
was employed to devise individualized treatment of stroke or depressive patients (Datta et al.,
2009; Ho et al., 2014; Huang et al., 2017). Our present work adopted insight and parameters
from both approaches. In addition, we developed a new and original computational model
to explore the impact of structural plasticity at the level of networks. This provides a bridge
between the level of single neurons and the level of large-scale networks. Although our model
contributes new explanations for some core observations in tDCS practice, there are still important issues left that cannot be appropriately addressed with our highly simpliﬁed model
lacking relevant features of brain geometry. Also, the exact rules of growth and the timescales
involved in homeostatic structural plasticity remain to be elucidated in experiments. To treat
the inﬂuence of tDCS on network dynamics and structural plasticity of multiple brain regions
would require a “network of networks” approach, which is, however, beyond the scope of our
current study.
What are the actual effects of tDCS on network activity and function? Although robust
and sustained effects of tDCS using relatively weak stimulation currents (1–2 mA) have been
demonstrated (Nitsche et al., 2009; Nitsche & Paulus, 2000), Horvath et al. (2015) pointed to
the difﬁculty reproducing positive results. Recently, Vöröslakos et al. (2018) have shown that
the amount of membrane polarization due to tDCS depends on the strength of the applied
current, and that there should be indeed no effect expected for very low intensities. Our simulation results suggest, however, that repetition could boost the impact on connectivity. The
peak connectivity reached after sufﬁciently many repetitions, however, depends on stimulus
intensity. Very weak stimulation cannot achieve high connectivity changes, even if repeated
ad inﬁnitum. Strong stimulation within a safe range could achieve higher connectivity, but too
strong stimulation may lead to unfavorable network dynamics. Our model predicts very clearly
that the accumulated effect achieved by stimulation depends not only on the exact repetition
pattern, but also on stimulation intensity. On the other hand, a quantitative assessment of the
aftereffects is difﬁcult. In our work, the effect of tDCS on the network is quantiﬁed by measuring anatomical connectivity among stimulated and nonstimulated neurons. Such measurement
is currently not possible in experiments, neither in vivo nor in vitro. Transcranial stimulation
perturbs neuronal ﬁring rates transiently and leads to the formation of cell assemblies, which
persist after tDCS has been switched off and neuronal activity is back to baseline. Therefore,
considering the homeostatic nature of structural plasticity, it is actually impossible to measure
the effect of tDCS using simple neuronal activity measures. The question is, what are the effects of altered connectivity on the activity and the function of neuronal networks, and how can
these effects be measured? This is a very interesting question, and the answer is complicated.
Even if newly formed cell assemblies do not affect spontaneous activity as the ﬁring rate of
the neurons may be homeostatically regulated, they might still inﬂuence the evoked responses
of neurons. Interestingly, Horvath et al. (2015) reviewed many tDCS studies and found that
stimulation has a reliable effect only on the MEP amplitude, out of many potential biomarkers
that were tested. The debate about the effects of tDCS on network function should, therefore,
include the measures to quantify the outcome of a stimulation.
Another important issue raised by our work is that the total effect of stimulation might be
too weak for detection. The connectivity changes triggered by a single cycle of polarization
at ΔVm = 0.1mV can only be detected if the full connectome is available for quantiﬁcation.
While possible in simulations, such a scenario is unrealistic in an experimental setting. Our
simulation results suggest, however, that the outcome should increase upon repetitive stimulation and, therefore, possibly becomes easier to measure. The measurement time window of
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tDCS effects adds another puzzle to this question. The connectivity of the stimulated plastic
network undergoes constant changes. During and after stimulation, for instance, total connectivity decreases and increases fast, constituting the homeostatic response. In contrast, the
newly formed cell assembly persists for much longer periods and decays only with a slower
time constant. It is not yet clear, however, which parameters inﬂuence this time constant, and
it might be that different current intensity and electrode size have an impact on it. In fact, Jamil
et al. (2017) recently observed in experiments that the current intensity might interact with
the duration of stimulation needed for the homeostatic reversal of plasticity. If the exact stimulation protocol indeed inﬂuences the timescale of the aftereffect, naively comparing tDCS
effects under different stimulation conditions “before” and “after” does not provide sufﬁcient
information regarding its outcome. In view of this, using a measure that takes the dynamics of
the changes triggered by stimulation into account, such as the IG measure introduced in this
work, could quantify the effects of stimulation much more reliably.
In general, one needs to interpret the results and predictions of our work on network remodeling induced by tDCS with due caution. Our current work, however, could be a ﬁrst
step toward the goal of understanding and optimizing tDCS performance. More experiments
addressing the impact of tDCS in human and in animal brains are deﬁnitely needed, and the
results of our simulation study might indicate some new directions.
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Nebojša Gašparović*, Júlia V. Gallinaro* & Stefan Rotter
March 8, 2020
* These authors contributed equally to this work
Abstract
Neuronal networks in the brain use plastic synaptic connections to encode memories. This plasticity can
manifest itself as a change of synaptic strength, but also by creating new and pruning existing connections.
The process of memory formation is generally associated with Hebbian plasticity, while homeostatic plasticity
is thought to have an ancillary role of stabilizing network dynamics. Here we report that homeostatic plasticity
alone can also lead to the formation of stable memories. We analyze this phenomenon using a new effective
theory of network remodeling, in conjunction with numerical simulations of spiking neural networks. These
recurrent networks exhibit structural plasticity based on firing rate homeostasis, and they are able to effectively
store repeatedly presented patterns and to successfully recall these patterns using incomplete cues. Our analysis
shows that storing memories is fast, governed by the homeostatic drift. In contrast, forgetting is slow, driven
by a diffusion process. Joint stimulation of neurons induces the growth of associative connections between
them, leading to the formation of memory engrams. For most parameter configurations, homeostatic plasticity
induces a specific type of “silent memory”, different from conventional attractor states. Our analysis sheds new
light on the relation between homeostatic and Hebbian plasticity.

1

Introduction

Memories are formed in the brain using cell assemblies that emerge through coordinated synaptic plasticity. Cell
assemblies with strong enough recurrent connections lead to bi-stable firing rates, which allows a network to encode
memories as dynamic attractor states. In most theoretical models of cell assembly formation, the assemblies are
generated by strengthening already existing synaptic contacts according to appropriate synaptic learning rules [29,
45]. It was shown, however, that attractor networks can also emerge through the creation of clusters, where the
connection probability between groups of neurons is increased, leaving the weights of individual synaptic contacts
unchanged [28].
From the viewpoint of plasticity, the creation of clusters through changes in connectivity between cells would
require synaptic rewiring, or structural plasticity. Structural plasticity has been frequently reported in different
areas of the brain, and sprouting and pruning of synaptic contacts was found to be often activity-dependent [22,
30]. Sustained turnover of synapses, though, poses a severe challenge to the idea of memories being stored in
synaptic connections [32]. Recent theoretical work has attempted to address the question, how stable assemblies
can be maintained despite continuous rewiring [10, 11].
The formation of neuronal assemblies or clusters is traditionally attributed to Hebbian plasticity, driven by
the correlation between pre- and postsynaptic neuronal activity on a certain time scale. According to typical
Hebbian rules, a positive correlation in activity leads to an increase in synaptic weight, which in turn increases the
correlation between neuronal firing. This positive feedback loop can result in unbounded growth, runaway activity
and dynamic instability of the network, if additional regulatory mechanisms are not present. In fact, neuronal
networks of the brain are known to employ homeostatic control mechanisms that stabilize neuronal activity [42],
and possibly even regulate the firing rate of individual neurons to specific target levels [19, 39]. However, even
though homeostatic plasticity has been reported in experiments to operate in a range of time scales, they seem to
be generally slower than necessary to compensate the instabilities caused by Hebbian learning rules [46]. All things
considered, the exact roles of Hebbian and homeostatic plasticity, and how these two processes might interact to
form cell assemblies in a robust and stable way remains to be elucidated [25].
Concerning the interplay between Hebbian and homeostatic plasticity, we have recently shown that homeostatic
structural plasticity alone can lead to the formation of assemblies of highly interconnected neurons, and this process
of memory formation has associative properties [12]. Moreover, varying the strength of stimulation and the fraction
of stimulated neurons in combination with repetitive protocols can lead to even stronger assemblies [31]. In both
papers, we used a structural plasticity model based on firing rate homeostasis, which had previously been used to
study synaptic rewiring linked with neurogenesis [6, 7], the role of structural plasticity after focal stroke [3, 5] and
after retinal lesion [2]. This model has also been used to study the emergence of criticality in developing networks
1

[38] and other topological aspects of plastic networks [4]. The memories formed with this model, however, are of a
different nature than the ones found in attractor networks. Firstly, structural plasticity operates at a slower time
scale than functional plasticity, leading to slower assembly formation. Secondly, the formed assemblies represent a
form of “silent” memory that is not in every moment reflected by neuronal activity.
The long-standing discussion about memory engrams has been revived recently. In the past years, it was
possible to identify and manipulate engrams [24], as well as to allocate memories to specific neurons during
classical conditioning tasks [23]. According to these authors [24], an engram is not yet a memory, but the physical
substrate of a potential memory in the brain. Similar to the idea of a memory trace, it should provide the
necessary conditions for a memory to emerge. Normally, the process of engram formation is thought to involve the
strengthening of already existing synaptic connections. Here, we propose that new engrams could also be formed
by an increase in synaptic connectivity and the formation of clusters.
In this paper, we perform numerical simulations of a classical conditioning task in a recurrent network with
structural plasticity based on firing rate homeostasis. We show that the cell assemblies formed share all characteristics of a memory engram. We further explore the properties of the formed engrams and develop a new theory to
explain the mechanisms of memory formation with homeostatic structural plasticity. We show that these networks
are able to effectively store repeatedly presented patterns, and that the formed engrams implement a special type
of silent memory, which normally exists in a quiescent state and can be successfully retrieved based on incomplete
cues.

2

Results
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Figure 1: Formation of memory engrams in a neuronal network with homeostatic structural plasticity. (A) In a
classical conditioning scenario, one conditioned stimulus C1 is paired with the unconditioned stimulus US (“encoding”), and another conditioned stimulus C2 is presented alone. (B) Before the paired stimulation (“baseline”),
the readout neuron responds strongly only upon direct stimulation of the neuronal ensemble corresponding to the
US. After the paired stimulation (“retrieval”), however, a presentation of C1 alone triggers a strong response of
the readout neuron. This is not the case for a presentation of C2 alone. Top: stimulation and retrieval of the
conditioning protocol; middle: firing rate of the readout neuron; bottom: spike train of the readout neuron during
the baseline (left), encoding (middle) and retrieval (right) phase. (C) After encoding, the connectivity matrix indicates that engrams have formed, and we find enhanced connectivity within all three ensembles as a consequence of
repeated stimulation. Bidirectional inter-connectivity across different engrams, however, is only observed for the
pair C1 and US that experienced paired stimulation. (D) The connectivity dynamics shows that engram identity
are strengthened with each stimulus presentation, and they decay during unspecific external stimulation.

2.1

Formation of memory engrams by homeostatic structural plasticity

We simulate a classical conditioning paradigm using a recurrent network. The network is composed of excitatory and inhibitory leaky integrate-and-fire neurons, and the excitatory-to-excitatory connections are subject to
2

structural plasticity regulated by firing rate homeostasis. Three different non-overlapping neuronal ensembles are
sampled randomly from the network. The various stimuli considered here are conceived as increased external input
to one of the specific ensembles, or combinations thereof. As the stimuli are arranged exactly as in behavioral
experiments, we also adopt their terminology “unconditioned stimulus” (US) and “conditioned stimulus” (C1 and
C2). The unconditioned response (UR) is conceived as the activity of a single readout neuron, which receives input
from the ensemble of excitatory neurons associated with the US (Figure 1A, top).
Figure 1B shows the protocol of the conditioning experiment simulated here. During a baseline period, the
engrams representing US, C1 and C2 are stimulated one after the other, but the activity of the US ensemble is high
only upon direct stimulation (Figure 1B, middle). The baseline period is followed by an encoding period, in which
C1 is paired with US, while C2 is always presented in isolation. Simultaneous stimulation of neurons in a recurrent
network with homeostatic structural plasticity can lead to the formation of reinforced ensembles [12], which are
strengthened by repetitive stimulation [31]. After the encoding period, each of the three neuronal ensembles
has increased within-ensemble connectivity, as compared to baseline connectivity. Memory traces, or engrams,
have been formed (Figure 1C). Moreover, the US and C1 engrams also have higher bidirectional across-ensemble
connectivity, representing an association between their corresponding memories.
Between encoding and retrieval, memory traces remain in a dormant state. Due to the homeostatic nature
of network remodeling, the spontaneous activity after encoding is very similar to the activity before encoding,
but specific rewiring of input and output connections have lead to the formation of structural engrams. It turns
out that these “silent memories” are quite persistent, as “forgetting” them is much slower than “learning” them
(see below for a detailed analysis of this phenomenon). Any silent memory can be retrieved with a cue, or in
our case, by presentation of the conditioned stimulus. Stimulation of C1 alone, but not of C2 alone, triggers a
conditioned response (Figure 1B) that is similar to the unconditioned response. Inevitably, stimulation of C1 and
C2 during recall briefly destabilizes the corresponding cell assemblies, as homeostatic plasticity is still ongoing. The
corresponding engrams then go through a reconsolidation period, during which the within-assembly connectivity
grows even higher than before retrieval (Figure 1D, red and green). As a consequence, stored memories get
stronger with each recall. Interestingly, as in our case the retrieval involves stimulation of either C1 or C2 alone,
the connectivity between the US and C1 engrams decreases a bit after the recall (Figure 1D, purple).
Memories and associations are formed by changes in synaptic wiring, triggered by neuronal activity during the
encoding period. They persist in a dormant state and can be reactivated by a retrieval cue that reflects the activity
experienced during encoding. This setting exactly characterizes a memory engram [24]. In the following sections,
we will analyze the process of memory formation further and explore the nature of the formed engrams in more
detail.

2.2

Engrams represent silent memories, not attractors

Learned engrams have a subtle influence on network activity. For a demonstration, we first grow a network under
the influence of homeostatic structural plasticity (see 4.10.1). We then randomly select an ensemble E1 of excitatory
neurons and repeatedly stimulate it. Each stimulation cycle is comprised of a period of 150 s increased input to
E1 and another 150 s relaxation period with no extra input. After 8 such stimulation cycles, the within-engram
connectivity has increased to CE1 E1 ≈ 0.21. At this point, the spontaneous activity of the network exhibits
no apparent difference to the activity before engram encoding (Figure 2A). Due to the homeostatic nature of
structural plasticity, neurons fire on average at their target rate, even though massive rewiring has led to higher
within-engram connectivity. Looking closer, though, reveals a conspicuous change in the second-order properties
of neuronal ensemble activity. We quantify this phenomenon using the overlap mµ (see 4.10.8 for a detailed
explanation of the concept). Figure 2B depicts the time-dependent overlap of spontaneous network activity with
the engram E1 (mE1 ). It also shows the overlap with 10 different random ensembles x (mx ), which are of the
same size as E1 but have no neurons in common with it. The variance of mE1 is slightly larger than that of mx
(Figure 2C). This indicates that the increased connectivity also increases the tendency of neurons belonging to the
same learned engram to synchronize their activity and increase their correlation, in comparison to other pairs of
neurons.
During specific stimulation, the differences between the evoked activity of learned engrams and random ensembles are more pronounced. Figure 2D shows raster plots of network activity during stimulation of E1 before
and after the engram has been encoded. The high recurrent connectivity within the E1 assembly after encoding
amplifies the effect of stimulation, leading to much higher firing rates of E1 neurons. This effect can even be seen
in the population activity of all excitatory neurons in the network (Figure 2F). During stimulation, the increase
in firing rate of engram neurons is accompanied by a suppression of activity of all other excitatory neurons not
belonging to the engram. This is what underlies the conspicuous decrease in the overlap with random ensembles
mx during stimulation (Figure 2E).
How does all this affect the strength of a memory? To answer this question, we looked into evoked activity
at different points in time during stimulation. The within-engram connectivity increases with every stimulation
cycle (Figure 3A), and so does the population activity of excitatory neurons during stimulation (Figure 3B). The
in-degree of excitatory neurons, in contrast, is kept at a fixed level by the homeostatic controller, even after
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Figure 2: Silent memory based on structural engrams. (A–C) The spontaneous activity of neurons belonging to
the engram E1 is hardly distinguishable from the activity of the rest of the network. (A) Raster plot showing
the spontaneous activity of 50 neurons randomly selected from E1 , 100 neurons randomly selected from E2 but
not belonging to E1 , and 50 neurons randomly selected from the pool I of inhibitory neurons. (B) Overlap of
spontaneous network activity with the learned engram E1 (mE1 , orange) and for 10 different random ensembles x
disjoint with E1 (mx , purple). (C) Cumulative distribution of mµ shown in (B). (D–F) The activity evoked upon
stimulation of E1 is higher, if the within-engram connectivity is large enough (CE1 E1 > 0.1) as a consequence of
learning. (D) Same as (A) for evoked activity, the stimulation starts at t = 1 s. The neurons belonging to engram
E1 are stimulated before (top, CE1 E1 ≈ 0.1) and after (bottom, CE1 E1 ≈ 0.21) engram encoding. (E) Overlap with
the learned engram (mE1 , orange) and with random ensembles (mx , purple) during specific stimulation of engram
E1 . (F) Population rate of all excitatory neurons during stimulation of E1 before (black) and after (orange) engram
encoding. (E, F) Solid line and shading depict mean and standard deviation across 10 independent simulation
runs, respectively. In all panels, the bin size for calculating overlaps are 10 ms, and the bin size for calculating
population rates is 100 ms.
engram encoding (Figure 4C). This behavior is well captured by a simple mean-field firing rate model (grey line
in Figure 3B), in which the within-engram connectivity is varied and all the remaining excitatory connections are
adjusted to maintain a fixed in-degree of excitatory neurons.
Engrams exhibit pattern completion to a degree that depends on the strength of the memory. We quantitatively
assess pattern completion by measuring how the overlap of network activity with the engram, mE1 , depends on
partial stimulation. For an unstructured random network, mE1 increases at a certain rate with the fraction of
stimulated neurons (Figure 3C, black line). We speak of “pattern completion”, if mE1 increases with size at a
larger rate than in an unstructured random network. Figure 3C demonstrates very clearly that the degree of
pattern completion associated with a specific engram increases monotonically with the strength of the memory,
that is, with the within-engram connectivity.
The difference in evoked activity between learned engrams and random ensembles of the same size can be taken
as evidence for the existence of a stored memory. To demonstrate the potential of this idea, we employ a simple
readout neuron for this task (Figure 3D). This neuron has the same properties as any other neuron in the network,
and it receives input from a random sample comprising a certain fraction (here 9 %) of all excitatory and the same
fraction of all inhibitory neurons in the network. We encode two engrams in the same network, one being slightly
stronger (CE1 E1 ≈ 0.19, green) than the other one (CE2 E2 ≈ 0.18, orange). We record the firing of the readout
neuron during spontaneous activity, during specific stimulation of the engrams, and during stimulation of random
ensembles. Figure 3E shows a raster plot of the activity of 10 different readout neurons, each of them sampling a
different subset of the network. With the parameters considered here, the activity of a readout neuron is generally
very low, except when a learned memory engram is stimulated. Due to the gradual increase in population activity
with memory strength (Figure 3B), readout neurons respond with higher rates upon the stimulation of stronger
engrams (green).
Homeostatic structural plasticity enables memories based on neuronal ensembles with increased within-ensemble
connectivity, or engrams. Memories are acquired quickly and can persist for a long time. Moreover, the specific
4

network configuration considered here admits a gradual response to the stimulation of an engram according to the
strength of the memory. Mathematically speaking, the engram connectivity lies on line attractor which turns into a
slow manifold, if fluctuations are taken into consideration. This configuration allows the network to simultaneously
learn to recognize a stimulus (“Does the current stimulation corresponds to a known memory?”) and to assess
its confidence of the recognition (“How strong is the memory trace of this pattern?”). Such behavior would be
absolutely impossible in a system that relies on bistable firing rates (attractors) to define engrams. Details of our
analysis will be explained later in section 2.4.

Figure 3: Evoked activity depends on the strength of memories. (A) Starting from a random network grown under
the influence of unstructured stimulation (black dot), we repeatedly stimulate the same ensemble of excitatory
neurons E1 to eventually form an engram. Multiple stimulation cycles increase the recurrent connectivity within
the engram. (B) Population activity of all excitatory neurons upon stimulation of E1 , for different levels of
engram connectivity CE1 E1 . Crosses depict the population rate observed in a simulation. Colors indicate engram
connectivity CE1 E1 , matching the colors used in panels (A) and (C). The grey line outlines the expectation from
a simple mean-field theory. (C) Time-averaged overlap hmE1 i, for different fractions of E1 being stimulated.
The recurrent nature of memory engrams enables them to perform pattern completion. The degree of pattern
completion depends monotonically on engram strength. (D) Two engrams (orange and green) are encoded in a
network. Both engrams have a different strength with regard to their within-engram connectivity (green stronger
than orange). A simple readout neuron receives input from a random sample comprising 9 % of all excitatory
and 9 % of all inhibitory neurons in the network. (E) Raster plot for the activity of 10 different readout neurons
during the stimulation of learned engrams and random ensembles, respectively. Readout neurons are active, when
an encoded engram is stimulated (orange and green), and they generally respond with higher firing rates for
the stronger engram (green). The activity of a readout neuron is low in absence of a stimulus (white), or upon
stimulation of a random ensemble of neurons (purple and blue).

2.3

The mechanism of engram formation

We have shown how homeostatic structural plasticity creates and maintains the memory engrams, and we will
now further elucidate the mechanisms underlying this process. We consider a minimal stimulation protocol [12] to
study the encoding process for a single engram E1 . We perform numerical simulations and develop a dynamical
network theory to explain the emergence of associative (Hebbian) properties. In Figure 4, the results of numerical
simulations are plotted together with the results of our theoretical analysis (see Section 4.6). Upon stimulation, the
firing rate follows the typical homeostatic dynamics [43]. In the initial phase, the network stabilizes at the target
rate (Figure 4A). Upon external stimulation, it transiently responds with a higher firing rate. With a certain delay,
the rate is down-regulated to the set-point. When the stimulus is turned off, the network transiently responds
with a lower firing rate, which is eventually up-regulated to the set-point again.
Firing rate homeostatis is based on the intracellular calcium concentration φi (t) of each neuron i (Figure 4D),
which can be considered as a proxy for the firing rate of the neuron. In our simulations, it is obtained as a low-pass
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Figure 4: Hebbian properties emerge through interaction of selective input and homeostatic control. (A) The
activity of the neuronal network is subject to homeostatic control. For increased external input, it transiently
responds with a higher firing rate. With a certain delay, the rate is down-regulated to the imposed set-point.
When the stimulus is turned off, the network transiently responds with a lower firing rate, which is eventually
up-regulated to the set-point again. The activity is generally characterized by irregular and asynchronous spike
trains. (B) It is assumed that the intracellular calcium concentration follows the spiking dynamics, according to a
first-order low-pass characteristic. Dots correspond to numerical simulations of the system, and solid lines reflect
theoretical predictions from a mean-field model of dynamic network remodeling. (C) Dendritic elements (building
blocks of synapses) are generated until an in-degree of Kin = 1 000 has been reached. It decreases during specific
stimulation, but then recovers after the stimulus has been removed. (D) Synaptic connectivity closely follows the
dynamics of dendritic elements until the recovery phase, when the recurrent connectivity within the stimulated
group E1 overshoots. (E, F) Phase space analysis of the activity. The purple lines represent projections of the
full, high-dimensional dynamics to two-dimensional subspaces: (E) within-engram connectivity vs. across-ensemble
connectivity and (F) within-engram connectivity vs. engram calcium trace. The dynamic flow is represented by the
gray arrows. The steady state of the plastic network is characterized by a line attractor (thick gray line), defined
by a fixed total in-degree and out-degree. The ensemble of stimulated neurons forms a stable engram, and the
strength of the engram is encoded by its position on the line attractor. (G) The overshoot in connectivity can be
explained as follows: After turning off the stimulus, neurons in the recently stimulated group are active below their
target rate (set-point of the homeostatic controller), while other neurons are close to their equilibrium activity.
This leads to a faster creation of recurrent connectivity within the stimulated group, as compared to connections
involving neurons outside it.
filtered version of the spike train Si (t) of the same neuron
τCa φ̇i (t) = (Si (t) − φi (t)),

(1)

with time constant τCa . Each excitatory neuron i uses its own calcium trace φi (t) to control its number of synaptic
elements. Deviations of the instantaneous firing rate (calcium concentration) φi (t) from the target rate νi (the
set-point) trigger either creation or deletion of elements according to
βd ḃi (t) = νi − φi (t)

βa ȧi (t) = νi − φi (t),
6

(2)

where ai (t) and bi (t) are the number of axonal and dendritic elements, respectively. The parameters βa and βd
are the associated growth parameters (see Section 1 for more details).
During the initial growth phase, the number of elements increase to values corresponding to an in-degree
K in = N , which is the number of excitatory inputs to the neuron that are necessary to sustain firing at the target
rate (Figure 4D). Upon stimulation (during the learning phase), the number of connections is down-regulated due
to the transiently increased firing rate of neurons. After the stimulus is turned off, the activity returns to its
set-point. During the growing and learning phases, connectivity closely follows the dynamics of synaptic elements
(Figure 4D), and connectivity is proportional to the number of available synaptic elements (Figure 4D). After
removal of the stimulus, however, in the reconsolidation phase, the recurrent connectivity within the stimulated
group E1 overshoots (Figure 4D), and the average connectivity in the network returns to baseline (Figure 4C).
While recurrent connectivity CE1 E1 of the engram E1 increases, both the connectivity to the rest of network
CE2 E1 and from rest of the network CE1 E2 decrease, keeping the mean input to all neurons fixed. This indicates
that although the network is globally subject to homeostatic control, local changes effectively exhibit associative
features, as already pointed out in [12]. Our theoretical predictions generally match the simulations very well
(Figure 4), with the exception that it predicts a larger overshoot. This discrepancy will only be resolved in
Section 2.4.
Deriving a theoretical framework for the algorithm suggested by [2] poses a great challenge due to the large
number of variables of both continuous (firing rates, calcium trace) and discrete (spike times, number of elements,
connectivity, rewiring step) nature. The dimensionality of the system was effectively reduced by using a mean-field
approach, which conveniently aggregates discrete counting variables into continuous averages.
The number of newly created synaptic elements are denoted as free axonal a+ (t) and free dendritic b+ (t)
elements, while the number of deleted elements is denoted by a− (t) and b− (t). Free axonal elements are paired
with free dendritic elements in a completely random fashion to form synapses. The deletion of dendritic or
axonal elements in neuron i automatically induces the deletion of incoming or outgoing synapses of that neuron,
respectively. We derived a stochastic differential equation (Section 4.4) which describes the time evolution of
connectivity Cij (t) from neuron j to neuron i
!
+
+
ρ0b i (t)ρ0a j (t)
ρa −
dWstructural noise
ρb −
dWspike noise
dCij (t)
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|
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{z
}
|
stochastic noise
deterministic drift

±
In this equation, ρ±
ai (t), ρbi (t) is the rate of creation/deletion of the axonal and dendritic elements of neuron i,
respectively, and ρ(t) is the rate of creation of elements in the whole network. Note that ρ0+ is a corrected version
of ρ+ (see Section 4.4 for details). The stochastic process described by Equation 3 decomposes into a deterministic
drift process and a diffusive noise process. The noise process has two sources. The first derives from the stochastic
nature of the spike trains, and the second is linked with the stochastic nature of axon-dendrite bonding. In this
section, we ignore the noise and discuss only the deterministic part of the equation. This is equivalent to reducing
the spiking dynamics to a firing rate model and, at the same time, coarse-grain the fine structure of connectivity.
Stable steady-state solutions of the system described by Equation 3 represent a hyperplane in the space of
connectivity (see Equation 19 in Section 4.7). The solutions of Equation 3 are (random) network configurations
∗
with a fixed in-degree Kiin and out-degree Kiout such that Ci,j
∝ Kiin Kjout . In the case of only one engram, the
attractor reduces to a half-line (Figure 4E and F, gray line). This also explains how memories are stored in the
network: When a group of neurons is repeatedly stimulated, the network each time diverges from the line attractor
and takes a different path back during reconsolidation. The new position on the line encodes the strength of the
memory CE1 E1 . Furthermore, as the attractor is a skew hyperplane in the space of connectivity, the memory is
distributed across the whole neural network, and not only in recurrent connections among stimulated neurons in
E1 . As a reflection of this, other connectivity parameters (CE2 E2 , CE1 E2 , CE2 E1 , cf. Figure 4D) are also slightly
changed.
To understand why changes in recurrent connectivity CE1 E1 are associative, we note that the creation part of
+
Equation 3 is actually an outer product of ρ+
ai (t) and ρbi (t), similar to a pre-post pair in a typical Hebbian rule.
The main difference to a classical Hebbian rule is that only neurons firing below their target rate are creating
new synapses. The effective rule is depicted in Figure 4G. Only neurons with free axonal or dendritic elements,
respectively, can form a new synapse, and those neurons are mostly the ones with low firing rates. The deletion
−
part of Equation 3 depends linearly on ρ−
ai (t) and ρbi (t), reducing to a simple multiplicative homeostasis. Upon
excitatory stimulation, the homeostatic part is dominant and the number of synaptic elements decreases. After
removal of the stimulus, the Hebbian part takes over, inducing a post-stimulation overshoot in connectivity. This
leads to a peculiar dynamics of first decreasing connectivity and then overshooting, an important signature of this
rule. We summarize this process in an effective rule

∆cij

∝

λ

∆Ii ∆Ij
| {z }

effective Hebbian

− γa

cij (t)∆Ii
| {z }

dendritic homeostasis
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− γd

cij (t)∆Ij ,
| {z }

axonal homeostasis

(4)

where ∆Ii is the average input perturbation of neuron i. The term ∆Ii ∆Ij is explicitly Hebbian with regard to
input perturbations. Equation 4 only holds, however, if the stimulus is presented for a long enough time such that
the calcium concentration tracks the change in activity and connectivity drops.

2.4

Fluctuation-driven decay of engrams

Figure 5: Noisy spiking induces fluctuations that lead to memory decay. (A) The gray histogram shows the
distribution of calcium levels for a single neuron across 5 000 s of simulation. The colored lines result from modeling
the spike train as a Poisson process (red) or a Gamma process (purple), respectively. (B) The rate of creation
or deletion of synaptic elements depends on the difference between the actual firing rate from the target rate
(set-point), for different levels of spiking noise. The negative gain (slope) of the homeostatic controller in presence
of noise is transformed into two separate processes of creation and deletion of synaptic elements. In the presence
of noise (red lines, darker colors correspond to stronger noise), even when the firing rate is on target, residual
fluctuations in the calcium signal induce a constant rewiring of the network, corresponding to a diffusion process.
(C) If noisy spiking and the associated diffusion is included into the model, predictions from a mean-field theory
match the simulation results very well. This concerns the initial decay (yellow), the overshoot (red) and subsequent
slow decay (brown). (D) Change in connectivity during the decay period (brown), for different values of the calcium
time constant and the target rate. We generally observe exponential relaxation as a consequence of a constant
rewiring rate. (E) Time constant of the diffusive decay as a function of the calcium time constant and the target
rate. Lines show our predictions from theory, and dots represent the values extracted from numerical simulations
√
of plastic networks. The decay time τdecay increases with τCa . The memory is generally more stable for small
target rates ν, but collapses for very small rates. This predicts an optimum for low firing rates, at about 3 Hz.
(F, G) Same phase diagrams as shown in Figures 4E and F, but taking noise into consideration. (F) The spiking
noise compromises the stability of the line attractor, which turns into a slow manifold. (G) The relaxation to
the high-entropy connectivity configuration during the decay phase is indeed confined to a constant firing rate
manifold.
The qualitative aspects of memory formation have been explored in Section 2.3. Now we investigate the process
of memory maintenance. A noticeable discrepancy between theory and numerical simulations was pointed out in
Figure 4D. The overshoot is exaggerated and memories last forever. We will now demonstrate that this discrepancy
is resolved when we take the spiking nature ofPneurons into account (Section 4.5).
Neurons use discrete spike trains Si (t) = k δ(t − tik ) for signaling, and we conceive them here as stochastic
point processes. We found that Gamma processes (Section 4.5) can reproduce the first two moments of the spike
train statistics of the simulated networks with sufficient precision. The homeostatic controller in our model uses
the trace of the calcium concentration φi (t) as a proxy for the actual firing rate of the neuron. As the calcium
trace φi (t) is just a filtered version of the stochastic spike train Si (t), it is a stochastic process in its own respect.
In Figure 5A we show the stationary distribution of the time-dependent calcium concentration φi (t). Apparently,
a filtered Gamma process (purple line) provides a better fit to the simulated data than a filtered Poisson process
(red line). The reason is that Gamma processes have an extra degree of freedom to match the irregularity of spike
8

trains (coefficient of variation, here CV ≈ 0.7) as compared to Poisson processes (always CV = 1).
The homeostatic controller strives to stabilize φi (t) at a fixed target value ν, but φi (t) fluctuates (Figure 5A)
due to the random nature of the spiking. These fluctuations result in some degree of random creation and deletion
of connections. Our theory (Section 4.5) reflects this aspect by an effective homeostatic function, which is obtained
by averaging Equation 3 over the spiking noise (Figure 5B, red lines). The shape of this function indicates that
connections are randomly created and deleted even when neurons are firing at their target rate. The larger the
amplitude of the noise, the larger is the asymptotic variance of the process and the amount of spontaneous rewiring
taking place.
We now extend our mean-field model of the rewiring process (see Section 2.3) to account for the spiking
noise. According to the enhanced model, both the overshoot and the decay now match very well with numerical
simulations of plastic networks (Figure 5C). The decay of connectivity following its overshoot is exponential
(Figure 2.4D), and Equation 3 reveals that the homeostasis is multiplicative and that the decay rate should be
constant. The exponential nature of the decay is best understood by inspecting the phase space (Figure 5F and G).
In terms of connectivity, the learning process is qualitatively the same as in the noise-less case (Figure 4E), where
a small perturbation leads to a fast relaxation to the line attractor. In the presence of spiking noise (Figure 5F),
however, the line attractor is deformed into a slow stochastic manifold. The process of memory decay corresponds
to a very slow movement toward the most entropic stable configuration compatible with firing rates clamped at
their target value (Figure 5G). In our case, this leads to a constraint on the in-degree K in = NE . We summarize
the memory decay process by the equation
τ

diffusion
∗
∗
PL [Cij
] −−
−−−→ Cij
= const. × Kiin Kjout =

K in
,
NE

(5)

τ

drift
∗
∗
PL [Cij
] ←−−
−−− Cij
+ Stimulus.

The fast “drift” process of relaxation back toward the slow manifold corresponds to the deterministic part of
Equation 3. In contrast, the slow “diffusion” process of memory decay along the slow manifold corresponds to the
stochastic part of Equation 3. In the equation above, τdrift represents the time scale of the fast drift process, and
τdiffusion is the time scale of the slow diffusion process.
The drift process is strongly non-linear, and its bandwidth is limited by the time constant of the calcium filter
τCa , but also by the growth parameters of the dendritic elements βd and axonal elements βa . The diffusion process,
on the other hand, is essentially constrained to the slow manifold of constant in-degree and firing rate (Section 4.7).
Analytic calculations yielded the relation
r
4πτCa NE c
τdiffusion =
(6)
η 2 ν β1d + β1a
where NE is number of excitatory neurons, c is the average connectivity between excitatory neurons, and η is a
correction factor to account for the slightly reduced irregularity of spike trains. Both size and connectivity of the
network increase the longevity of stored memories. Assuming that neurons rewire at a constant speed, it takes
more time to rewire more elements. There is an interesting interference with the noise process, as memory longevity
√
depends on the time constant of calcium in proportion to τCa (Figure 5 E). On the other hand, the time scale
of learning τdrift is limited by the low-pass characteristics of calcium, represented by τCa . Increasing τCa , which
leads to more persistent memories, will eventually make the system unresponsive and prevent learning. We also
find that the longevity of memories depends as √1ν on the target rate. Therefore, making the target rate small
enough should lead to very persistent memories. This path to very stable memories is not viable, though, because
the average connectivity c implicitly changes with target rate. In Figure 5E longevity of the memory is depicted
as a function of the target rate with corrected connectivity c = c(ν), and we find that for very small target rates
memory longevity tends to zero instead. This suggests that there is an optimal target rate in the range of a few
spikes per second, fully consistent with experimental recordings from cortical neurons [8].
To summarize, the process of forming an engram (“learning”, see Section 2.3) exploits the properties of a line
attractor. Taking spiking noise into account, the structure of the line attractor is deformed into a slow stochastic
manifold. This still allows learning, but introduces controlled “forgetting” as a new feature. Forgetting is not
necessarily an undesirable property of a memory system. In a dynamic environment, it might be an advantage
for the organism to forget non-persistent or unimportant aspects of it. Homeostatic plasticity implements a
mechanism of forgetting with an exponential time profile. Strong memories will be sustained longer, but they will
eventually also be forgotten. In the framework of this model, the only way to keep memories forever is to repeat the
corresponding stimulus from time to time, as illustrated in Figure 1D. If we think of the frequency of occurrence
as a measure of the relevance of a stimulus, this implies that irrelevant memories decay and relevant ones remain.
Memories are stored in a distributed fashion in the slow manifold of the system, instead of being stored in individual
synaptic connections [32]. Forgetting is reflected by a diffusion to the most entropic network configuration along
the slow manifold. As a result, the system performs continuous inference from a persistent stream of information
about the environment. Already stored memories are constantly refreshed in terms of a movement in directions
9

away from the most entropic point of the slow manifold (novel memories define new directions), while diffusion
pushes the system back to the most entropic configuration.

2.5

Network stability and constraints on time constants
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Figure 6: Linear stability of a network with homeostatic structural plasticity. (A) For a wide parameter regime, the
structural evolution of the network has a single fixed point, which is also stable. Three typical types of homeostatic
growth responses are depicted for this configuration: non-oscillatory (left), weakly oscillatory (middle), and strongly
oscillatory (right) network remodeling. (B) All eigenvalues of the linearized system have a negative real part, for
all values of the growth parameters of dendritic (axonal) elements βd and calcium τCa . In the case of fast synaptic
elements (small βd ) or slow calcium (large τCa ), the system exhibits oscillatory responses. Shown are real parts
and imaginary parts of the two “most unstable” eigenvalues, for different values of βd (left column, τCa = 10 s)
and τCa (right column, βd = 2). (C) Phase diagram of the linear response. The black region below the red
line indicates non-oscillatory responses, which corresponds to the configuration τCa ≤ 3βd s. Dots indicate the
parameter configurations shown in panel (A), with matching colors.
So far, we have described the process of forming and maintaining memory engrams based on homeostatic
structural plasticity. We have explained the mechanisms behind the striking associative properties of the system.
Now, we will explore the limits of stability of networks with homeostatic structural plasticity and derive meaningful
parameter regimes for a robust memory system. A homeostatic controller that operates on the basis of firing
rates can be expected to be very stable by construction. Indeed we find that, whenever parameters are assigned
meaningful values, the Jacobian obtained by linearization of the system around the stable mean connectivity
J = J () has only eigenvalues λ with non-positive real parts Re[λ] ≤ 0 (see Section 4.7). As a demonstration,
we consider the real part of the two “most unstable” eigenvalues as a function of two relevant parameters, the
dendritic/axonal growth parameter βd and the calcium time constant τCa (Figure 6B, upper panel). The real part
of these eigenvalues remains negative for any meaningful choice of time constants. It should be noted at this point,
however, that the system under consideration is strongly non-linear, and linear stability alone does not guarantee
global stability. We will discuss an interesting case of non-linear instability in Section 2.6. Oscillatory transients
represent another potential issue in general control systems, and we will now explore the damped oscillatory phase
of activity in more detail.
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In Figure 6A we depict three typical cases of homeostatic growth responses: non-oscillatory (left, green), weakly
oscillatory (middle, blue), and strongly oscillatory (right, red) network remodeling. The imaginary parts of the two
eigenvalues shown in Figure 6B (bottom left), which are actually responsible for the oscillations, become non-zero
when the dendritic and axonal growth parameters are too small (for other parameters, see Section 2.3), and both
creation and deletion of elements are too fast. Oscillations occur, on the other hand, for large values of the calcium
time constant τCa (Figure 6B, bottom right). The system oscillates, if the low-pass filter is too slow as compared
to the turnover of synaptic elements. The combination of βd and τCa that leads to the onset of oscillations can be
derived from the condition Im[λ] = 0. We can further exploit the fact that two oscillatory eigenvalues are complex
conjugates of each other, and that the imaginary part is zero, when the real part bifurcates.
To elucidate the relative importance of the two parameters βd and τCa , we now explore how they together
contribute to the emergence of oscillations (Figure 6C). The effect of parameters on oscillations is a combination of
the two mechanisms discussed above: low-pass filtering and agility of control. We use the bifurcation of the real part
of the least stable eigenvalues as a criterion for the emergence of Im[λ] = 0, which yields the boundary between the
oscillatory and the non-oscillatory region (Figure 6C, red line). The black region of the phase diagram corresponds
to a simple fixed point with no oscillations, the green point corresponds to the case shown in Figure 6A, left. From
Figure 6B, bottom, we conclude that the fastest oscillations are created when βd is very small, as the oscillation
frequency then exhibits a β1d asymptotic dependence. The calcium dependence is a slowly changing function.
The specific case indicated by a red point in Figure 6C corresponds to the dynamics shown in Figure 6A, right.
Although intermediate parameter values result in damped oscillations (Figure 6C, blue dot; Figure 6A, middle),
its amplitude remains relatively small. This link between two parameters can be used to predict a meaningful
range of values for βd . Experimentally reported values for τCa are combined with the heuristic of not exhibiting
strong oscillations.
The analysis outlined in the previous paragraph clearly suggests that, in order to avoid excessive oscillations, the
calcium signal (a proxy for neuronal activity) has to be faster than the process which creates elements. Oscillations
in network growth are completely suppressed, if it is at least tree times faster. Strong oscillations can compromise
non-linear stability, as we will show in Section 2.6. This is a dynamic regime to be strictly avoided by the controller,
for reasons explained later. We assume that the calcium time constant is in the range between 1 s and 10 s, in
line with the values reported for somatic calcium transients in experiments [17, 20, 48, 16]. This indicates that
homeostatic structural plasticity should use element growth parameters smaller than around 0.4. Faster learning
must be based on other types of synaptic plasticity (e.g. spike-timing dependent plasticity, or fast synaptic scaling).
We use this analysis framework now to compute turnover rates (TOR) and compare them to the values typically
found in experiments. In Sections 2.3 and 2.4 we use a calcium time constant of 10 s and a growth parameters for
synaptic elements of βa = βd = 2, which results in TOR of around 18 % per day (see Methods). Interestingly, [40]
measured TOR in the barrel cortex of young mice and found TOR values of around 20 % per day. After sensory
deprivation, the TOR increased to a maximum of around 30 % per day in the barrel cortex (but not elsewhere).
In our model, stimulus-dependent rewiring is strongest in the directly stimulated engram E1 (Figure 4C). This
particular ensemble rewires close to 25 % of its dendritic elements per stimulation cycle.

2.6

Loss of control leads to bursts of high activity

A network the connectivity of which is subject to homeostatic regulation generally exhibits robust linear stability
around the fixed point of connectivity , as explained in detail in Section 4.10.6. But what happens, if the system is
forced far away from its equilibrium? To illustrate the new phenomena arising, we repeat the stimulation protocol
described in Section 2.3 with one stimulated ensemble E1 . However, we now increase both the strength and the
duration of the stimulation (Figure 7A). The network behaves as before during the growth and the stimulation
phase (Figure 7A, upper panel), but during the reconsolidation phase connectivity gets out of control. New
recurrent synapses are formed at a very high rate until excessive feedback of activity triggered by input from the
non-stimulated ensemble causes an explosion of firing rates (Figure 7A bottom panel). The homeostatic response
of the network to such seizure-like activity can only be a brisk decrease in recurrent connectivity. As a consequence,
the activity rE1 quickly drops to zero and the deregulated growth cycle starts all over.
We explore the mechanism underlying this runaway process by plotting the long-term dynamics in a phase plane
spanned by recurrent connectivity CE1 E1 and the activity of the engram rE1 (Figure 7B). A special type of limit
cycle emerges, and we can track it using the input connectivity from the rest of the network to the learned engram
(CE1 E2 , see Figure 7B). The cycle is started when the engram E1 is stimulated with a very strong external input.
As the homeostatic response of the network triggers excessive pruning of its recurrent connections, the population
E1 is completely silenced, rE1 = 0, after the stimulus has been turned off. Then, homeostatic plasticity sets in and
tries to compensate the activity below target by increasing the recurrent excitatory input to the engram E1 . The
growth of intra-ensemble connectivity CE1 E1 is faster than the changes in inter-ensemble connectivity CE1 E2 , as
the growth rate of CE1 E1 is quadratic in the rate rE1 (Figure 4G), but CE1 E2 depends only linearly on it. However,
while there are no recurrent spikes, rE1 = 0, the increase in intra-ensemble connectivity cannot restore the activity
to its target value. As soon as input from the rest of the network via CE1 E2 is strong enough to increase the rate
rE1 to non-zero values, engram neurons very quickly increase their own rate by activating recurrent connectivity
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Figure 7: Non-linear stability of a network with homeostatic structural plasticity. (A) The engram E1 is stimulated with a very strong external input. As the homeostatic response triggers excessive pruning of recurrent
connections, the population E1 is completely silenced after the stimulus is turned off. This, in turn, initiates
a strong compensatory overshoot of connectivity and consecutive runaway population activity. The dotts with
corresponding color show the results of a plastic network simulation, and the solid lines indicate the corresponding
predictions from our theory. The maximum instantaneous rate is set to 100 Hz. (B) The network settles in a
limit cycle of connectivity dynamics. The hysteresis-like behavior is caused by the faster growth of within-engram
connectivity CE1 E1 as compared to connectivity from the non-engram ensemble CE1 E2 . During the initial phase
of the cycle, the increase of CE1 E1 has no effect on the activity of population E1 yet, as its neurons are not active.
Only when the input from population E2 through CE1 E2 gets large enough, the rate rE1 becomes non-zero and
rises to very high values quickly due to already large recurrent CE1 E1 connectivity. (C) The calcium signal φ adds
an additional delay to the cycle. (D) This leads to smoother trajectories when scattering calcium concentration
against connectivity. (E) Connectivity within the stimulated group CE1 E1 plotted against input connectivity from
the non-engram population CE1 E2 . The black line shows configurations with constant in-degree, of which the black
dot represents the most entropic one. The red dot corresponds to critical connectivity, beyond which the limit
cycle behavior is triggered. The limit cycle transients in connectivity space are orthogonal to the line attractor,
indicating that the total in-degree is oscillating and no homeostatic equilibrium can be established.
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CE1 E1 . At this point, however, the network has entered a second attractor of connectivity, coinciding with a
pronounced outbreak of population activity rE1 . The increase in rate is then immediately counteracted by the
homeostatic controller. Due to the seizure-like activity burst, a high amount of calcium is accumulated in all
participating cells. As a consequence, neurons delete many excitatory connections, and the firing rates are driven
back to zero. This hysteresis-like cycle of events is repeated over and over again Figure 7B, even if the stimulus
has meanwhile been turned off. The period of the limit cycle is strongly influenced by the calcium variable, which
lags behind activity (Figure 7C). Replacing activity rE1 by recurrent connectivity CE1 E1 , a somewhat smoother
picture emerges (Figure 7D).
Two aspects are important for the emergence of the limit cycle. Firstly, the specific relation between the time
scales of calcium and synaptic elements gives rise to different types of instabilities (see Figure 6 and Figure 7C
and D). Secondly, the rates of creation and deletion of elements do not have the same bounds. While the rate
1
. This peculiar
with which elements are created ρ+ is limited by β1d ν, the rate of deletion ρ− is limited by β1d τref
asymmetry causes the observed brisk decrease in connectivity after an extreme seizure-like burst of activity. An
appropriate choice of the calcium time constant, in combination with a strict limit on the rate of deletion, might
lead to a system without the (pathological) limit cycle behavior observed in simulations. Finally, we have derived
a criterion for bursts of population activity to arise, related to the loss of stability due to excessive recurrent
connectivity (see Section 2.5, Equation 24). Indeed, a network with fixed in-degrees becomes dynamically unstable,
crit
if its connectivity CE1 E1 exceeds the critical value CE
= (1 + NNE1E2jE ), which for our parameters is at about
1 E1
29 %. The neurons comprising the engram E1 receive too much recurrent input (Figure 7E), and the balance of
excitation and inhibition brakes. In this configuration, only one attractive fixed point exists for high firing rates,
and a population burst is inevitable. In simulations, the stochastic nature of the system tends to elicit population
bursts even earlier, at about 22 % connectivity in our hands. We conclude that 22–29 % connectivity is a region of
bi-stability, with two attractive fixed points coexisting. Early during limit cycle development, the total in-degree
is less than N (the connectivity is in the region below the black line in Figure 7E), and the excitation-inhibition
balance is broken by positive feedback. Later, the limit cycle settles into a configuration, where the total in-degree
exceeds N (the black line is crossed from below in Figure 4E). We have shown before that stable learning leads
to silent memories in the network (Section 2.1 and 2.2), but in the case discussed here, sustained high activity is
at odds with stable homeostatic control of network growth.

3

Discussion

We have demonstrated by numerical simulations and by mathematical analysis that structural plasticity based on
firing rate homeostasis can be used as a mechanism for storing and retrieving memories, based on the emergence
and the decay of memory engrams. The input pattern is defined by stimulation of the corresponding subpopulation
of neurons of the recurrent network. Presentating two patterns concurrently leads to their association by newly
formed synaptic connections, which effectively implements classical conditioning. The memories are dynamic.
They decay if previously learned stimuli are no longer presented, but they get stronger with every single recall.
The memory is not affecting the firing rates during spontaneous activity, but even a weak memory trace can be
identified in the correlation of activity. Memories become visible though as a firing rate increase of a specific
pattern upon external stimulation. The embedding network is able to perform pattern completion, if a partial
cue is presented. Finally, we have devised a simple recognition memory mechanism, in which downstream neurons
respond with a higher firing rate, if any previously learned pattern is stimulated.
Memory engrams emerge, because the homeostatic rule acts as an effective Hebbian rule with associative
properties. This unexpected behavior is achieved by an interaction between the temporal dynamics of homeostatic
control and a network-wide distributed formation of synapses. Memory formation is a fast process, exploiting
degrees of freedom orthogonal to a line attractor as it reacts to the stimulus, and storing memories as positions
on the line attractor. The spiking of neurons introduces noise, which leads to the decay of memory on a slow
time scale through diffusion along the line attractor. In absence of specific stimulation, the network relaxes to
the most entropic configuration of constant average connectivity across all pairs. In contrast, multiple repetitions
of a stimulus pushes the system to states of lower entropy corresponding to stronger memories. The dynamics
of homeostatic networks is, by construction, robust for a wide parameter range. Instabilities occur when the
time scales of creating and deleting synaptic elements are much smaller than the time scales of the calcium trace.
Under these conditions, the network displays damped oscillations, but remains linearly stable. Stability is lost,
though, when the stimulus is too strong. In this case, the compensatory forces lead to limit cycle dynamics with
pathologically large amplitudes.
Experiments involving engram manipulation have increased our current knowledge about memory engrams [24],
and some of these findings are actually in accordance with our model. For example, memory re-consolidation was
disrupted if a protein synthesis inhibitor was administered immediately after the retrieval cue during an auditory
fear conditioning experiment [33]. In our model, engram connectivity initially decreases upon stimulation, and
memories are shortly destabilized and consolidated again after every retrieval. Interfering with plasticity during
or after retrieval could, therefore, also lead to active forgetting. It was also shown in experiments that neurons
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are more likely to be allocated to an engram, if they are more excitable before stimulation [44, 47]. In our
model, more excitable neurons would fire more during stimulation, making them more likely to become part of an
engram. Moreover, our work suggests that decreasing excitability of some neurons soon after stimulation should
also increase the likelihood of them becoming part of the engram. Further research with our model of homeostatic
engram formation should include more specific predictions for comparison with experiments involving engram
manipulation. This would help to better characterize and understand the process of engram formation in the
brain.
High turnover rates of synapses increases the volatility of network structure. This, in turn, poses a grand
challenge to any synaptic theory of memory [32], and it is not yet clear how memories can at all persist in a system
that is constantly rewiring. In our model, this highly desired stability of memories is achieved by storing them
with the help of a slow manifold mechanism. An estimation of turnover rates in our model amounts to about 18 %
per day, which is comparable to the 20 % per day that have been measured in mouse barrel cortex [40]. In general,
however, adult mice have more persistent synapses with much lower turnover rates as low as 4 % per month [30,
49, 21]. This could be accounted for in our model, as increased growth parameters of axonal, βa , and dendritic,
βd , elements would lead to lower values of synaptic turnover rates and, consequently, to more persistent spines
(see Methods). The downside of increasing the growth parameters is that the learning process becomes slower.
The turnover rate of 18 % per day corresponds to a specific value of the parameter βd . In the model, however, it
is conceivable to implement an age-dependent parameter βd . For example, one could have a fast turnover rate in
the beginning and let it become slower with time. This would reflect the idea that the brains of younger animals
are more plastic than the brains of older ones. As animals grow older, synapses would become more persistent.
Similar to certain machine learning strategies (“simulated annealing”), this could be the optimal strategy for an
animal, which first explores a given environment and then exploits the acquired adaptations to thrive in it.
Recently, [10] showed that Hebbian structural plasticity could be the force behind memory consolidation through
a process of stabilization of connectivity, which is based on the existence of an attractive fixed point in the plastic
network structure. In our model, because of the decay of the slow manifold, memories are never permanent, and
it is necessary to provide a repeated stimulus to stabilize them. We would argue, though, that forgetting is an
important aspect of any biological system. In our case, we observe a constant multiplicative decay, if the stimulus
is no longer presented. Furthermore, using a similar structural plasticity model, it was shown that a network can
repair itself after lesion [2]. Together with our results, this suggests that a structural perturbation of engrams (e.g.
by removing connections or deleting neurons) could actually lead to “healing” and preservation of memories. In
the case of unspecific lesions, however, such perturbation might also lead to the formation of “fake” memories, or
to the association of actually unconnected memories.
It appears that the attractor metaphor of persistent activity is not consistent with our model of homeostatic
plasticity. As explained in Section 2.6, homeostatic control tends to delete connections among neurons which are
persistently active, or in extreme cases could even lead to pathological oscillations. In our case (Section 2.2), the
memories formed are a special type of “silent” memories (elsewhere classified as “transient” [37]), very different
from the persistent activity usually considered in working memory tasks (elsewhere classified as “persistent”, or
“dynamic” [37]). The latter type of activity seems to be consistent with Hebbian plasticity models [45, 29, 10],
and one may wonder what is the relation of our model with these alternative models.
One possible way to integrate both types of mechanism in a single network model would be to keep their
characteristic time scales separate. This could be accomplished, for example, by choosing faster time constants
for Hebbian functional plasticity and slower ones for homeostatic structural plasticity. An effective separation of
time scales could also be obtained, if homeostatic structural plasticity would use somatic calcium as a signal, but
not exert any control of the intermediate calcium levels [18]. This would eliminate the need to specify a target
rate in the model, and fast functional plasticity would shape connectivity in the allowed range of values where
neurons have a distribution of firing rates reflecting previous experience. This induces a natural separation of
time scales, where memories encoded by homeostatic plasticity would last much longer than in our case, as only
extreme transients would trigger rewiring. Homeostatic plasticity would perform Bayesian-like inference similar
to structure learning, while functional plasticity would perform fast associative learning, similar to the system
proposed by [13].
We showed that very strong stimulation can damage the network by deleting too many synapses. The compensatory force, which normally guarantees stability, becomes too strong and leads to seizure-like bursts of very
high activity. This pathological behaviour of the overstimulated system could be relevant for the study of brain
diseases, such as epilepsy. The disruption of healthy stable activity is caused by breaking the excitation-inhibition
balance due to the high activity of a subgroup (Figure 7A), and it leads to the development of an abnormal cyclic
connectivity pattern (Figure 7E). Strategies for intervention in this case must take the whole cycle into account,
and not just the phase of extreme activity. Inhibiting neurons during the high-activity phase, for example, could
have an immediate effect, but it would not provide a sustainable solution to the problem of runaway connectivity.
Our results suggest, against intuition, that additional excitation of the highly active neurons could actually terminate the vicious cycle efficiently. It is important to note, however, that our system is not a model of epilepsy, and
as such does not reproduce many features of it [35]. In particular, seizure occurrence is stochastic in nature, and
the limit cycle we describe here implies periodic activity. Furthermore the process in real tissue is accompanied by
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other structural changes such as neuronal death and glia-related reorganization. In any case, our results shed light
into a potential mechanism of pathological overcompensation and could instruct alternative approaches in future
epilepsy research.
René Descartes already proposed a theory of memory, paraphrased in [32]: Putting needles through a linen
cloth would leave traces in the cloth that either stay open, or can more easily be opened again. Richard Semon,
who originally coined the term “engram” in his book [36, 24], proposes that an engram is a “permanent record”
formed after a stimulus impacts an “irritable substance”. Putting these two ideas together, we can think of
Descartes’ needles not to penetrate an inanimate linen cloth, but a living organ, the irritable substance. In this
case, we should expect the formation not of permanent holes, but of scar tissue, which grows further by repeating
this procedure. Therefore, the memory of the system is just a “scar” left by sensory experience. We think that
this is a good metaphor for the type of memories described in this paper, formed by homeostatically controlled
structural plasticity. Interestingly, this model was originally meant as a model for rewiring after lesion [2]. In our
work, however, the “lesion” is imposed by stimulation, which induces phenomena similar to scar formation. The
dynamics of this healing process is very universal, where resources from the whole network are used to fix a local
problem leading to a scar. A perturbation introduces heterogeneity in a previously homogeneous organic substrate.

4
4.1

Methods
Network model

The neuronal network consists of NE = 10 000 excitatory and NI = 2 500 inhibitory current-based leaky integrateand-fire (LIF) neurons. The sub-threshold dynamics of the membrane potential Vi of neuron i obeys the differential
equation
X
dVi
= −Vi + τm
Cij Jij Sj (t − d).
(7)
τm
dt
j
The membrane time constant τm is the same for all neurons. The number of synaptic contacts between a presynaptic
neuron j and a postsynaptic neuron i is denoted by Cij . The synaptic weights of individual contacts Jij is the
peak amplitude of the postsynaptic potential and depends only on the type of the presynaptic neuron. Excitatory
connections have a strength of JE = J = 0.1 mV.PInhibitory connections are stronger by a factor g = 8 such
that JI = −gJ = −0.8 mV. A spike train Sj (t) = k δ(t − tkj ) consists of all spikes produced by neuron j. The
external input to a given neuron in the network is conceived as a Poisson process of rate νext = 15 kHz. The
external input to different neurons is assumed to be independent. All synapses have a constant transmission delay
of d = 1.5 ms. When the membrane potential reaches the firing threshold Vth = 20 mV, the neuron emits a spike
that is transmitted to all postsynaptic neurons. Its membrane potential is then reset to Vr = 10 mV and held there
for a refractory period of tref = 2 ms.
The number of input synapses is fixed at 0.1NI for inhibitory-to-inhibitory and inhibitory-to-excitatory connections, and at 0.1NE for excitatory-to-inhibitory synapses. Once synaptic connections of these three types are
established, they remain unchanged throughout the simulation. In contrast, excitatory-to-excitatory connections
are initially absent and grow only under the control of a structural plasticity rule.

4.2

Plasticity model

Growth and decay of excitatory-to-excitatory (EE) connections follow a known model of structural plasticity
regulated by firing rate homeostasis [2, 12]. In this model, each neuron i has a certain number of synaptic elements
of two kinds available, axonal elements ai (t) and dendritic elements bi (t). These elements are bonded together
to create functional synapses. Synaptic elementsPthat have not yet found a counterpart are called
P free elements,
+
in
out
denoted by a+
= j Cji (t) the outi and bj , respectively. If Ki =
j Cij (t) denotes the in-degree and Ki
out
degree of neuron i, the number of free elements in every moment is given by a+
i (t) = [ai (t) − Ki (t)]+ and


in
b+
i (t) = bi (t) − Ki (t) + , with [x]+ = max(x, 0).
Firing rate homeostasis is implemented by allowing each neuron to individually control the number of its
synaptic elements. We assume that each neuron i maintains a time-dependent estimate of its own firing rate,
using its intracellular calcium concentration φi (t) as a proxy. This variable reflects the spikes Si (t) the neuron has
generated in the past, according to
τCa φ̇i (t) = −φi (t) + Si (t),
(8)
with a time constant of τCa = 10 s for all neurons. This implements a first-order low-pass filter. In this model,
more weight is given to more recent spikes, following a decaying exponential. The calcium trace φi (t) of individual
neurons is used as a control signal for the number of axonal elements ai (t) and dendritic elements bi (t) according
to the homeostatic equations
βd ḃi (t) = νi − φi (t)
βa ȧi (t) = νi − φi (t),
(9)
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where βd is the dendritic and βa is the axonal growth parameter. Both have a value of 2 in our default setup.
The parameter νi is called the target rate. Whenever the firing rate estimate (in fact, the calcium concentration)
is below the target rate, the neuron creates new axonal and dendritic elements, from which new synapses can
be formed. Whenever the estimated firing rate is larger than the target rate, the neuron deletes some of its
−
elements, removing the synapses they form. The (negative) decrements a−
i and bi in the number of synaptic

−
in
elements, respectively, are in each moment given by ai (t) = [ai (t) − Kiout (t)]− and b−
i (t) = bi (t) − Ki (t) − for
[x]− = min(x, 0).
After time intervals of duration ∆Ts , all negative elements are collected, and a−
i of the existing outgoing
connections of neuron i are randomly deleted. Similarly b−
connections
are
randomly
deleted. The deletion
i
of bonded elements of one type frees their counterparts that were previously connected to the deleted element.
Then, all free dendritic |b+ | and axonal elements |a+ | are collected and randomly combined into pairs, creating
n = min(|a+ |, |b+ |) new synaptic connections. This algorithm has originally been devised by [2], an efficient
implementation of it in NEST exists [9] and has been employed for all our simulations.

4.3

Mathematical re-formulation of the algorithm

The algorithm of homeostatically controlled structural plasticity can be expressed as a discrete-time stochastic
process. Rewiring takes place at regular intervals of duration ∆Ts
Trewire = {t0 = 0, t1 = ∆Ts , t2 = 2∆Ts , . . . , tn = nT ∆Ts }.
Between any two rewiring events, for t ∈ (tk , tk + ∆Ts ), the neuron just accumulates synaptic elements
∆Cij (t) = 0
Z
ai (t) =

t

tk
t

bi (t) =

Z

tk

1
(νi − φ(t0 )) dt0
βa
1
(νi − φi (t0 )) dt0
βd

while the already established connectivity remains unchanged. At every rewiring step, the rearrangement of
connectivity is completely random, driven by the probabilities P (∆± Cij (tk ) = c|a(tk ), b(tk ), C(tk−1 )) of creating
or deleting c connections from neuron j to neuron i at time tk , during a time step of duration ∆Ts . This gives rise
to a discrete-time Markov process
Cij (tk ) = Cij (tk−1 ) + ∆+ Cij (tk ) − ∆a− Cij (tk ) − ∆b− Cij (tk ),
for tk ∈ Trewire . Here, we define ∆+ Cij (tk ) as the random variable representing the creation of synapses, while
∆a− Cij (t) and ∆b− Cij (t) are random variables describing the deletion of synapses by removing their corresponding
axonal and dendritic elements, respectively.
We first calculate the probability to create just one new connection p+
ij (tk ) = P (∆+ Cij (tk ) = 1|a(tk ), b(tk ), C(tk−1 )).
We can express this as a process of selecting a presynaptic partner j with probability P (presynaptic neuron =
a+ (tk )

j) = |aj+ (tk )| and then a postsynaptic partner i with probability P (postsynaptic neuron = i) =
connect the pair with the product of both probabilities
p+
ij (tk ) =

b+
i (tk )
|b+ (tk )|
| {z }

We then

a+
j (tk )
|a+ (tk )|
| {z }

×

prob. of choosing a post neuron

b+
i (tk )
|b+ (tk )| .

prob. of choosing a pre neuron

as they are independent random variables. We now have the probability of creating individual connections, but the
full probability of an increment for the whole network is hard to calculate. This is because of statistical dependencies
that arise from the fact that rewiring affects all neurons in the network simultaneously. First, the total number of
new connections is fixed n = min(|a+ |, |b+ |). Second, the number of new connections for a given pair of neurons is
+
bounded by the number of free axonal and dendritic elements in the two neurons, respectively, nij = min(b+
i , aj ).
Finally, we cannot delete more connections than we actually have. This indicates that independent combinations
of individual probabilities cannot be expressed by simple binomial distributions, but a hypergeometric distribution
arises instead. We obtain for the probability of creating c synapses from neuron j to neuron i
P (∆+ Cij (tk ) = c|a(tk ), b(tk ), C(tk−1 )) =



+
b+
i (tk )aj (tk )
c

+

|a+ (tk )||b+ (tk )|−b+
i (tk )aj (tk )
n(tk )−c
.

|a+ (tk )||b+ (tk )|
n(tk )

This probability is easy to understand: We divide the ensemble of all possible new synapses (which has size
+
|a+ ||b+ |) into the ensemble of potential synapses between the pair (i, j) (which has size b+
i aj ) and all the rest. We
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then choose cij < nij (tk ) connections from the preferred ensemble, and the rest of connections from the remaining
pool. This is “sampling without replacement” as there is a fixed number of new connections n(tk ) in each time
step.
−
We can now calculate the probability to delete one connection using axonal “negative” elements as paij (tk ) =
P (∆a− Cij (tk ) = 1|a(tk ), C(tk−1 )). This is the probability to choose one to-be-deleted element from all existing
a− (t )

b− (t )

−

k
k
b
i
i
elements p−a
ij (tk ) = ai (tk ) and pij (tk ) = P (∆b− Cij (tk ) = 1|b(tk ), C(tk−1 )) = bi (tk ) . Out of ai (tk ) candidates
for deletion, we select a−
i (tk ), subject to the condition not to delete more than Cij (tk ) for this particular pair of
neurons. This constraint is reflected by the hypergeometric distribution. The preferred population is represented
by the elements bonded into connections from neurons j to neuron i, and the other population is comprised by all
remaining elements of neuron j. Finally, during rewiring events in Trewire , we obtain for the stochastic evolution
of Cij (tk )

Cij (tk ) = Cij (tk−1 ) + ∆+ Cij (tk ) − ∆a− Cij (tk ) − ∆b− Cij (tk )


+
+
+
+
+
∆+ Cij (tk ) ∼ Hypergeometric ∆+ Cij (tk ) = c|b+
i (tk )aj (tk ), |b ||a |, min(|a |, |b |)

∆a− Cij (tk ) ∼ Hypergeometric ∆+ Cij (tk ) = c|a−
j (tk ), aj (tk ), Cij (tk−1 )

∆b− Cij (tk ) ∼ Hypergeometric ∆+ Cij (tk ) = c|b−
i (tk ), bi (tk ), Cij (tk−1 ) .

(10)

To calculate the total change ∆Cij (tk ) we have to account for all these contributions. The distribution of the total
increment is not simply the convolution of the three distributions given above, as they are not independent. On
the contrary, (negative) decrements occasionally influence (positive) increments, as we first delete connections and
thereby create additional free elements. Therefore, the number of free elements has to be corrected as
X
X
+
+
a0 i (tk ) = a+
∆b− Cli (tk ),
b0 i (tk ) = b+
∆a− Cil (tk ).
i (tk ) +
i (tk ) +
l

l

Equation 10 defines a complicated discrete-time stochastic process, but since we are at this point interested only in
the expected change of connectivity, we can restrict ourselves to the evolution of expectations. We use Es to denote
the (linear) operator of expectation over the structural noise, i.e. over the realizations of the increments/decrements
∆Cij (tk ). We have
!
+
+
a−
b0 i (tk )a0 j (tk )
b−
j (tk )
i (tk )
+ Es [Cij (tk−1 )]
+
.
(11)
Es [∆Cij (tk )] =
bi (tk )
aj (tk )
max(|a0 + (tk )|, |b0 + (tk )|)
Further on in this paper, for notational convenience, we write Cij (tk ) for the expectation Es [Cij (tk )].

4.4

Time-continuous limit

We now switch over to continuous equations, which result from the limit ∆Ts → 0. In this case, we can express
free elements and negative elements as




1
1
±
±
ai (t) =
(νi − φi (t))dt
bi (t) =
(νi − φi (t))dt ,
βa
βd
±
±
which will assign infinitesimally small values to the numbers of free elements and negative elements. Since the
rewiring takes place continuously, the numbers of elements are, up to infinitesimal correction, the same as the
degrees, ai ≈ Kiin and bi ≈ Kiout . We can now define the rates of creation and deletion of axonal elements as
ρa ±
i = limdt→0

a±
i
dt

and dendritic of elements as ρb ±
i = limdt→0
ρa ±
i (t) =

1
[νi − φi (t)]±
βa

b±
i
dt

and we write explicitly

ρb ±
i (t) =

1
[νi − φi (t)]± .
βd

(12)

As noted above, we have omitted here the expectation over the structural noise Es from the notation. We can now
calculate the evolution of connectivity as
!
+
+
ρ0b i (t)ρ0a j (t)
ρa −
ρb −
j (t)
i (t)
Ċij (t) =
− Cij (t)
+
,
(13)
ρ(t)
Kiin (t) Kjout (t)
+

+

where ρ(t) = max(|ρ0 a (t)|, |ρ0 b (t)|). The specific implementation requires that the deletion of elements takes place
first, with the corresponding synaptic partner remaining available as a free element to form new connections. After
an axonal element has been deleted, the previously bonded dendritic element becomes a free element. This requires
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a correction on the rate of free elements
+

ρ0a i (t) =

X ρb − (t)
1
k
Cki (t)
[νi − φi (t)]+ +
βa
Kkin (t)
k

X
ρa −
1
+
k (t)
ρ0b i (t) =
[νi − φi (t)]+ +
Cik (t) out
.
βd
Kk (t)
k

4.5

Spiking noise

P
We assume that spike trains Si (t) = k δ(t − tik ) reflect an asynchronous-irregular state of the network, so they
can be modeled as a stochastic point process. As described in [1, 41], the coefficient of variation of the spike trains
generated by a leaky integrate-and-fire neuron driven by Gaussian white noise current is given by
CV(µ, σ) = 2π(ν0 τm )

2

Z

Vθ −µ
σ
Vr −µ
σ

2

ex dx

Z

x

2

ey (1 + erf(y))2 dy,

−∞

where µ and σ are the parameters of the current input, and τm , Vr and θ are the parameters of the neuron,
respectively. The configuration used here yields CV ≈ 0.7. A good approximation for spike trains of a given rate r
and irregularity CV is obtained with a specific class of renewal processes, so-called Gamma processes. These have
ρ
r
1
(ρt)α−1 e−ρt , with parameters α = CV
an ISI distribution f (t) = H(t) Γ(α)
2 and ρ = CV2 .
In our model, the fluctuating intracellular calcium concentration is a shotnoise, a continuous signal that arises
from a point process through filtering. Here, the point process has a mean rate ν, and the calcium signal is a
t
1 − τCa
convolution with an exponential kernel F (t) = Θ(t) τCa
e
. Campbell’s theorem allows us compute the mean
E[NT ] R t
Var[NT ] R t
2
µCa = T
F (s) ds = ν and the variance σCa =
F (s)2 ds ≈ CV2 2τνCa of the calcium variable. Here
T
0
0
RT
we used the fact that spike count of Gamma process NT = 0 S(t) dt has a mean E[NT ] = νT and a variance

Var[NT ] ≈

2
σISI
T
µ3ISI

=

ν
α,

provided the observation time T is long enough [34]. As a consequence of the Central Limit

2
Theorem, the amplitude distribution of the Calcium signal is approximately Gaussian N (µCa , σCa
), provided the
1
mean spike rate is much larger than the inverse time constant of the calcium signal hri (t)i  τCa
. In other
words, if the mean firing rate is 8 Hz and the calcium constant is τCa = 10 s, there are on average 80 spikes in the
characteristic time interval τCa .
We are actually interested in the equilibrium rates of free and negative elements in Equation 12. These rates are
rectified versions of the shifted calcium trace, and in order to calculate them we resort to the ergodic theorem and to
an adiabatic approximation. The former is a self-averaging property,
according to which the time-averaged variable
R
T

x (t) dt

for a long observation is equal to the equilibrium mean value 0 Ti
= hxi it . The adiabatic property comes from
the fact that spiking dynamics of a network is much faster than network remodeling due to structural plasticity.
At every point in time, plasticity is driven by the average adiabatic rate. This implies that, at every point in time
2
(t)).
t, the structural plasticity sees the equilibrium distribution of the calcium trace Peq (φi (t)) = N (µCa (t), σCa
The right-hand side of Equation 12 becomes


ka
ka
±
±
hρa i (t)i =
h[νi − φi (t)]± i = Rσa
(νi − hri (t)i)
τa
τa


kd
kb
±
±
hρb i (t)i =
h[νi − φi (t)]± i = Rσb
(νi − hri (t)i) .
(14)
τd
τb



 q
µ2
The transfer function for synaptic elements is given by Rσ (µ) = 12 µ + µ erf √µ2σ + π2 σe− 2σ2 , and the
CV2 ν k2

variance of the rate of elements is σx2 = 2τCa iτ 2x . Even if the mean number of free elements is zero, the noise
x
x
will still drive the creation and deletion of elements with rate √σ2π
. Even if homeostatic control manages to drive
all neurons to their target rates, the inherent Calcium fluctuations and the associated uncertainty of firing rate
inference will still induce random rewiring.

4.6

Mean-field approximation of population dynamics

We define population means for variables x ∈ {r, φ, a, b} and neuronal populations Y, Z as
xY (t) =
CY Z (t) =

1 X
xi (t)
NY
i∈Y
XX
1
NY NZ
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i∈Y j∈Z

Cij (t),

where NY is the size of population Y . An individual neuron in population Y typically gets many inputs from
every other neuronal population, which invites use of mean-field approximation due to the central limit theorem.
The resulting currents aggregate to a Gaussian white noise process with mean and variances given as
X
µY (t) = Jτ
CY Z (t)NZ rZ (t − D)τ − gJτ CI rI (t − D) + τ JCE νext ,
Z∈E

σY2

2

(t) = J τ

X

Z∈E

CY Z (t)NZ rZ (t − D)τ + g 2 J 2 τ CI rI (t − D) + τ J 2 CE νext .

The stationary firing rate of a leaky integrate-and-fire neuron driven by input with mean µ and variance σ 2 is [1]
√

τr + τm π

r = f (µ, σ) =

Z

Vr −θ
σ
Vr −µ
σ

!−1

2

eu (1 + erf(u)) du

.

Solving the time-dependent self-consistency problem for multiple interacting plastic populations is a challenging
problem. We suggest here to use an adiabatic approximation, resorting to the fact that the firing rate dynamics
is much faster than the plastic growth processes. Therefore, we employ a first-order perturbation of the static
equilibria [26] to obtain a Wilson-Cowan type of the firing rate dynamics
τdis ṙY (t) = −rY (t) + f (µY (t), σY (t)).

(15)

The relaxation time is set to τdis < τm to account for the fact that population response is generally much faster
than the membrane potential dynamics [14]. The parameter τdis is the only free parameter in this model, but our
results do not depend on its exact value as long as τdis ≤ τm . The heuristic described by Equation 15 results in a
tractable and numerically stable system to be analyzed with standard dynamical system tools.
As the equation is linear, the average number of elements can be computed without approximation
τCa φ̇Y (t) = rY (t) − φY (t).

(16)

As a consequence, the rate of element creation and deletion is also linear
ρb Y (t) =

1
(νY − φY (t))
βd

ρa Y (t) =

1
(νY − φY (t)).
βa

Finally we calculate the average connectivity
+

+

ρ0 (t)ρ0a Z (t)
+ CY,Z (t)
ĊY,Z (t) = b Y
ρ(t)



ρa − (t)
ρb −
Y (t)
+ oZ
i
kY (t)
kY (t)



.

(17)

±
±
±
Here, ρb ±
Y (t) = Rσ (±ρb Y (t)), ρa Y (t) = Rσ (±ρa Y (t)), and ρ(t) is same as before, while the corrected rate for free
elements is
+

ρ0a Y (t) =
+

ρ0b Y (t) =

X ρb − (t)
1
Z
(νY − φY (t)) +
NZ Cpopk ,Y (t)
βd
KZin (t)
Z∈E
X
ρa −
1
k (t)
(νY − φY (t)) +
CY Z (t)NZ out
.
βa
KZ (t)
Z∈E

4.7

Line attractor of the deterministic system
T

We represent the state of the plastic network as a vector y = (φ1 (t), φ2 (t), . . . , C11 (t), C12 (t), . . . , r1 (t), r2 (t), . . . ) ,
the components of which adhere to the calcium dynamics Equation 16, the connectivity dynamics Equation 17,
and the activity dynamics Equation 15. The joint ODE system dy
dt = F(y, t) defines the vector field F. We first
explore the stationary states of the deterministic system (σx = 0), setting the left hand side of all ODEs to zero.
In this case, calcium concentration and excitatory firing rates are fixed at their target values, and inhibitory firing
rates rI∗ can be obtained using the self-consistency Equation 15. Stationary connectivity is calculated from the
condition that the rates of creation and deletion of synaptic elements are zero. This implies that the numbers
of free axonal and dendritic elements are zero, a± = 0 and b± = 0, which in turn implies that a = 1T · C and
b = C · 1. The second condition is that all axonal elements are bonded with a dendritic element, and the total
number of both types of elements are the same |a| = |b|.
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Let us consider the case of two plastic excitatory ensembles E1 and E2 and one static inhibitory population I.
Using the parameter x = CE1 E1 , the stationary state of the deterministic network is a half-line


 ∗ 
ν
φE1


ν
 φ∗E2  

 
 ∗

x
 CE E  

∗
KE1
NE1
 ∗1 1  

− x NE2
 CE E  

NE2
∗

 ∗ 1 2 
KE1
NE1
=
.
−
x
C
(18)
l(x) = 
NE2
NE2 

 E
2 E1 



2
∗
∗
  KE2
 C∗

KE1
N
N
E1
E1
 E2 E2   NE2 − NE2 NE2 + x NE2 
 r∗  

 E1  

ν

 r∗  
E2


ν
rI∗
∗
rI

Here, KY∗ is the mean stationary in-degree, and we assume that the dendritic element growth factor βd is less or
equal to the axonal element growth factor βa . The attractor is a half-line, as a consequence of linear conditions for
element numbers and non-negativity of excitatory connections Cij ≥ 0. This solution can be easily generalized to
a solution for individual connections of NE excitation neurons, or for the case of nE excitatory populations. The
minimal changes of the stationary connectivity matrix C∗ that keep in-degree and out-degree conditions valid are
of the type


..
..
.
.




1 . . . −1




.. . .
..

,
.
.
.




−1 . . .
1


.
..
..
.

where all missing entries are considered to be zero. This transformation defines a half-hyperplane invariant space.
The stationary connectivity can be solved as
|a| = |b|

C[1...n−1],[1...n−1]
C=
aT[1...n−1] − (1T[1...n−1] · C[1...n−1],[1...n−1] )T



(19)

b[1...n−1] − C[1...n−1],[1...n−1] · 1[1...n−1]
bn − |a[1...n−1] | + 1T[1...n−1] · C[1...n−1],[1...n−1] · 1

Note that there is a permutation symmetry, as indices are sorted arbitrarily. The hyperplane for individual neurons
has NE (NE − 3) + 1 dimensions, if there are no self-connections. In the case of nE excitatory populations, the
hyperplane has nE (nE − 2) + 1 dimensions.

4.8

Slow manifold and diffusion to the global fixed point

Now we calculate the stationary state for the stochastic system and assess the geometry and stability of the
underlying phase space. In the case of finite noise, σd > 0, Equation 13 has a globally attractive fixed point,
instead of a hyperplane attractor. The fixed point is given by
+

∗
Ci,j
=

+

ρ0b i ρ0a j

out + ρ − K in )
ρ(ρb −
aj
i Kj
j

Kiin Kjout .

(20)

Here, without loss of generality, we have assumed that the growth rate of dendritic elements is smaller or equal
as compared to axonal elements. We obtain a normalized outer product of the indegree and outdegree vectors,
respectively. In the case of identical dynamics for axonal and dendritic elements, and if all neurons have the same
target rate νi = ν, we obtain the fixed point by plugging in the homogeneous solution
∗
Ci,j
=

K in
= c.
NE

(21)
in

This fixed point depends only on the indegree of neurons. For a two-population system, the fixed point is l( K
NE ),
the lowest-possible point of the half-line attractor. This suggests a special importance for the relic of the lineattractor, which turns into a stochastic slow manifold through the presence of noise. The system relaxes along the
direction of the slow manifold. Therefore, although rates of creation and deletion are the same, upon perturbation
the system follows a fast trajectory off the slow manifold, and it relaxes slowly along the slow manifold towards
the fixed point.
We now calculate the relaxation time for the three-population system to assess the persistence of a memory
trace. To this end, we calculate the Jacobian J = ∂F(y,t)
∂y y=l(x) on the slow manifold, using a linearization of the
vector field F (see Section 4.7). For the stochastic system, the Jakobian J (C∗ ) about the global fixed point is
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J =







−

1
τCa

0
J31
J41
J51
J61
0
0
0

0
1
− τCa
J32
J42
J52
J62
0
0
0

0
0
J33
J43
J53
0
J73
0
0

0
0
J34
J44
0
J64
J74
0
0

0
0
J35
0
J55
J65
0
J85
0

1
τCa

0
0
0
J46
J56
J66
0
J86
0

0
0
0
0
0
J77
J88
J99


0
0 

0 

0 

0 
.
0 

J79 

J89 
J99

0
1
τCa

0
0
0
0
J78
J78
J98
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The Jacobian has a block structure, which corresponds to calcium activity (black rectangle in Equation 22),
connectivity Jc (blue rectangle) and spike activity Jr (red rectangle). The connectivity block around fixed point
is y = l(c) is given by


2
2
2
2
−NE2
NE2
NE2
−NE2


NE1 NE2 −NE1 NE2 −NE1 NE2 NE1 NE2 
,

Jc = c0 

NE1 NE2 −NE1 NE2 −NE1 NE2 NE1 NE2 
where c0 =

η

√

ν
πτCa
3
2cNE



1
βa

+

1
βb



2
−NE1

2
NE1

2
NE1

2
−NE1

. Jacobian entries responsible for interaction between connectivity variables and

calcium activity variables are −J42 = −J52 = J61 =

NE1
2β ,
NE
b

J32 = −J41 = −J51 =

+NE2
. The spike activity terms in the Jacobian are
J62 = − 2NE1
N 2 βb

NE2
2β ,
NE
b

E2
J31 = − nE1N+2N
and
2β
b
E

E


−1 + jEE CE1 E1 NE1
1 
Jr =
 jEE CE2 E1 NE1
τdis
jIE NE1

jEE CE1 E2 NE2

jEI NI

−1 + jEE CE2 E2 NE2

jEI NI

JIE NE1

−1 + jII NI





Here we define the effective interaction of different neuron types neurons as excitatory-to-excitatory jEE =
2
∂f (µE ,σE ) J 2 τ ∂f (µE ,σE )
E ,σE )
E ,σE )
, inhibitory-to-excitatory jEI = −gJτ ∂f (µ
+ JσEτ ∂f (µ
, excitatory-to-inhibitory
Jτ ∂µE + σE
∂σE
∂µE
∂σE
2 2
∂f (µI ,σI )
∂f (µI ,σI )
J 2 τ ∂f (µI ,σI )
I ,σI )
jIE = Jτ ∂µI
+ σI
and inhibitory-to-inhibitory neurons as jII = −gJτ ∂µI
+ g σJI τ ∂f (µ
.
∂σI
∂σI
1
The Jacobian elements which are responsible for influence of connectivity change to rates are J73 = τdis jEE NE1 rE1 ,
1
1
1
jEE NE2 rE2 , J85 = τdis
jEE NE1 rE1 and J86 = τdis
jEE NE2 r2 . These terms are the largest in the Jacobian,
J74 = τdis
but since connectivity changes only through a change of calcium, they will not play an essential role for long-term
stability.
We exploit the block structure of the Jacobian J to separate between connectivity variables, the fast firing
rate and calcium variables. We can solve the connectivity eigenproblem analytically,
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with eigenvalues λ0 = 0 and λ1 = − σa cNE σb .
The persistence of a memory trace in the system with noise is essentially determined by the diffusion to
the global fixed point. In fact, the half-line attractor of the noiseless system turns into a slow manifold of the
noisy system. The eigenvalue λ0 is non-degenerate, and the three-dimensional invariant space defines the central
manifold of the system. The eigenvalue λ1 represents the slowest time scale of the system in the direction of the
slow manifold. It is easy to check that ∂x l(x) = λ1 . This means that the noiseless half-line attractor is exactly
corresponding to the slow manifold of the system. The other eigenvectors have components orthogonal to the slow
manifold. Those are dominated by fast variables, and they relax quickly. As a result, the relaxation dynamics is
dominated by the eigenvalue λ1 , and the relaxation time of the system under consideration is
r
4πτCa NE c
.
τdiffusion =
η 2 ν β1d + β1a
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For the default parameters used here, its value is around 5 000 s, fully in accordance with numerical simulations.
A quantitative measure for the volatility of network structure used in experiments is the turnover ratio (TOR)
+∆Ndeleted
, where the changes ∆Nnew and ∆Ndeleted are
of dendritic spines [40]. It is defined as TOR = ∆Nnew
2Nspines
typically measured per day. For the case when the network plasticity is selectively driven by diffusion, this
quantity corresponds to the eigenvalue λ1 , corresponding to a value around 18 % per day for standard parameters.

4.9

Linear stability analysis

Numerical exploration of the eigenvalues show that for our system there is linear stability for a wide parameter
range. However this system can produce damped oscillations, which may cause problems. We use a reduced
system of only one plastic excitatory population and one static inhibitory population to analyze the influence of
the calcium time constant and element growth. This gives rise to the Jacobian


1
1
− τCa
0
0
τCa


1
0
0
0

− N Eτ
d
.

J1 = 

1
1
1
1
j
cN
−
+
j
cN
j
N
EE
E
EE
E
EI
I

 0
τdis
τdis
τdis
τdis
1
1
1
− τdis + τdis jII NI
0
0
τdis JIE NE
The eigenvalues of J1 have been reduced to radicals using Wolfram Mathematica 12.0, and the complex conjugated eigenvalues λ3/4 responsible for oscillations are plotted in Figure 6.
Although there is linear stability around the global fixed points for wide parameter range, the same is not the
true for all points along the line attractor. The connectivity eigenvalue λ1 is constant on the slow manifold, but if
one population presents large recurrent connectivity, spike activity jumps to a persistent high activity state. We
can track this instability in the Jacobian J (x) along the line attractor l(x). As the recurrent connectivity of the
first ensemble E1 is increased, one of the eigenvalues becomes positive, and its corresponding eigenvector makes
the biggest contributions in the direction of spike activity rE1 and rE2 . Here we use this fact and use the reduced
Jacobian
" ∂F7 (y,t) ∂F7 (y,t) # "
#
−1 + jEE CE1 E1 NE1
jEE CE1 E2 NE2
∂rE1
∂rE2
Jr = ∂F (y,t) ∂F (y,t) =
8
8
jEE CE2 E1 NE1
−1 + jEE CE2 E2 NE2
∂r
∂r
E1

E2

to find the approximate position of this transition on the line attractor. The spiking activity becomes unstable,
when the real part of the second eigenvalue λr2 becomes positive, and at this point the determinant of the Jacobian
changes its sign. We can use this criterion to determine when the system loses linear stability, leading to the
critical value ccrit of connectivity CE1 E1


NE2
,
(24)
ccrit =  1 +
NE1 jE
where jE is effective excitatory excitability jE = Jτ NE df (µ,σ)
dµ . The value ccrit is the upper bound of full stability,
but the system loses stability even below this value, as discussed in our results.

4.10

Network simulations

All simulations have been performed using the neural network simulator NEST 2.16.0 [27].
4.10.1

Grown networks

All numerical stimulation experiments start from grown networks. To this end, we initialize a network with random
connections to and from inhibitory neurons and no excitatory-to-excitatory connections, whatsoever. The latter
are then grown under the control of homeostatic structural plasticity. The controlled variable is the firing rate of
excitatory neurons, the target rate is set to ν = 8 Hz for all neurons. During this initial growth period, excitatory
neurons receive external Poisson input of rate νext = 15 kHz. After a long-enough growth time tgrowth , the network
structure has reached its equilibrium and all neurons fire at their target rate, apart from small fluctuations.
4.10.2

Conditioning paradigm

Non-overlapping neuronal ensembles comprising 10 % of all excitatory neurons each are selected and labeled US,
C1 and C2. Non-plastic connections of weight JE = 0.1 mV are created from all neurons labeled US to a readout
neuron, which has the same properties as all the other neurons in the network. Stimulation is specific for a certain
group of neurons. A stimulation cycle consists of and increased external input rate of 1.4 νext for a period of 2 s,
followed by a relaxation period of 48 s, during which the external input is set back to νext .
The whole protocol consists of 5 different episodes: growth, baseline, encoding, decay and retrieval. During
“baseline” each of the 3 groups is stimulated alone in the order US, C1, C2. The “encoding” episode consists of
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6 stimulation cycles. In 3 out of the 6 cycles, C2 is stimulated alone. In the other 3 cycles, neurons from both
US and C1 are stimulated at the same time. The “decay” episode lasts 100 s, during which no stimulation beyond
νext is applied. During “retrieval”, there are 2 stimulation cycles, C1 alone is followed by C2 alone. Connectivity
is recorded every 1 s. In this protocol, plasticity is always on, and all measurements are performed in the plastic
network. Growth time is tgrowth = 100 s, the remaining time constants are τd = τa = 0.4 s, τCa = 1 s, ∆Ts = 10 ms.
4.10.3

Repeated stimulation

Starting from a grown network, a random neuronal ensemble comprising 10 % of all excitatory neurons in the
network is repeatedly stimulated for 8 cycles. Here, a stimulation cycle consists of a stimulation period of 150 s,
during which the external input to the ensemble neurons is increased to 1.05 νext . It is followed by a relaxation
period of 150 s, during which the external input is set back to νext . During stimulation, the connectivity is recorded
every 15 s. After encoding the engram, plasticity is turned off, and all measurements are now performed in a nonplastic network. Growth time is tgrowth = 500 s, the remaining time constants are τd = τa = 2 s, τCa = 10 s,
∆Ts = 100 ms.
4.10.4

Readout neuron

Two non-overlapping ensembles comprising 10 % of all excitatory neurons each are randomly selected and labeled
A1 and A2 . Starting from a grown network, A1 is stimulated twice. During each stimulation cycle, the external
input to stimulated neurons is increased to 1.1 νext for a time period of 150 s. This is followed by a relaxation
period of 150 s, during which the external input is set back to νext . After a pause of 100 s, A2 is stimulated once
using otherwise the same protocol. Growth time is tgrowth = 500 s, the remaining time constants are τd = τa = 2 s,
τCa = 10 s, ∆Ts = 100 ms.
After the encoding of engrams, plasticity is turned off. A readout neuron is added to the network, which has the
same properties as all other neurons in the network. Non-plastic connections of weight JE = 0.1 mV are created
from a random sample comprising 9 % of all excitatory and 9 % of all inhibitory neurons in the network. Two
new non-overlapping ensembles comprising 10 % of all excitatory neurons each are selected as random patterns A3
and A4 . Neurons in the network are stimulated in the order A3 , A2 , A1 , A4 . During each stimulation cycle, the
external input to neurons in the corresponding group is increased to 1.1 νext for a period of 1 s duration. This is
followed by a non-stimulation period of 4 s, during which external input rate is set back to νext .
4.10.5

Formation and decay of engrams

Starting from a grown network, a subgroup comprising 10 % of all excitatory neurons is randomly selected and
stimulated for 150 s, followed by a prolonged relaxation period of 5 500 s. During stimulation, the external input
to stimulated neurons is increased to 1.1 νext . For all simulations, τd = τa = 2 s, ∆Ts = 100 ms.
The simulations to demonstrate how τdecay changes with τCa were performed with a target rate ν = 8 Hz and
τCa = 2, 4, 8, 16, 32 s. The simulations showing how τtextdecay changes with ν were performed with τCa = 10 s and
ν = 2, 4, 8, 16, 32 Hz. In the simulations performed with ν = 2, 4 Hz, τgrowth = 5 000 s, neurons are stimulated
for 1 500 s, and the relaxation period is 26 000 s. The parameter τdecay is estimated from simulated time series by
performing a least-squares fit of an exponential function to the connectivity values during the decay period, and
extracting the fitted time constant.
4.10.6

Linear stability

Starting from a grown network, a subgroup comprising 10 % of all excitatory neurons is randomly selected and
stimulated for a time period tstim . During stimulation, the external input to stimulated neurons is increased
to 1.1 νext . Stimulation is followed by a period of duration trelax , during which the external input is set back
to νext and the connectivity relaxes back to a new equilibrium. The parameters used are for non-oscillatory
regime: tgrowth = tstim = trelax = 800 s, τd = τa = 2 s, τCa = 5 s, ∆Ts = 1 ms; for the weakly oscillatory regime:
tgrowth = tstim = trelax = 400 s, τd = τa = 0.2 s, τCa = 20 s, ∆Ts = 0.2 ms; and for the strongly oscillatory regime:
tgrowth = tstim = trelax = 200 s, τd = τa = 0.03 s, τCa = 10 s, ∆Ts = 0.2 ms.
4.10.7

Non-Linear stability

Starting from a grown network, a subgroup comprising 10% of all excitatory neurons is randomly selected and
stimulated for 200 s. During stimulation, the external input rate to stimulated neurons is increased to 1.25 νext .
Stimulation is followed by a relaxation time in which external input rate is set back to νext . Growth time tgrowth =
500 s, τd = τa = 2 s, τCa = 10 s, ∆Ts = 0.1 ms. During and after stimulation, connectivity is recorded every 5 s.
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4.10.8

Overlap measure

The similarity between network activity during stimulation, spontaneous and evoked responses is measured by the
corresponding overlaps [15] defined as
X µ
mµ = [N a(1 − a)]−1
(ξi − a)si (t).
(25)
i

The pattern ξ µ is a vector of dimension N . Each entry ξiµ is a binary variable indicating whether or not neuron
i is stimulated by pattern ξ µ , and it has a mean value of a = hξiµ ii . The activity vector si (t) is also composed of
binary variables, which indicate whether or not neuron i is active in a given time bin. In all figures, the bin size
used for calculating overlaps is 10 ms.
4.10.9

Population firing rate

In Figure 3B, the population response of excitatory neurons is estimated for different connectivity values using a
mean-field rate model [1]. We consider a model with three populations, two of which are excitatory (E1 comprises
10 % and E2 comprises 90% of all NE = 10 000 excitatory neurons), and one is inhibitory with NI = 2 500 neurons.
All connectivities involving inhibitory neurons are fixed and set to  = 0.1. For the excitatory-to-excitatory
connections, we systematically vary the connectivity within the E1 population (CE1 E1 ), and calculate the other
values to achieve a constant excitatory in-degree of NE . All other parameters used are unchanged. For the
different values of CE1 E1 we calculate the population rate of excitatory neurons for E1 receiving a larger external
input of 1.05 νext as compared to the E2 and I populations (νext = 15 kHz).
4.10.10

Pattern completion

To address pattern completion, we employ the non-plastic network after engram encoding (see 4.10.3). Different
fractions of the neurons belonging to the engram are stimulated for 10 s, and we calculate the overlap averaged
over the stimulation time hmE1 i. For each fraction of stimulated neurons, 50 different simulations are run, during
which a different subsample of the engram neurons is stimulated.
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Symbol
φ(t)
τCa
S(t)
r(t)
ν
a(t)
b(t)
βd
βa
Cij (t)
E
E1
E2
I
τdrift
τdiffusion
mx (t)
τdis

Table 1: List of symbols
Description
Calcium trace
Calcium time constant
Spike train
Instantaneous firing rate
Target rate
Number of axonal elements
Number of dendritic elements
Dendritic growth parameter
Axonal growth parameter
Number of synaptic connections from neuron j (presynaptic) to neuron i (postsynaptic)
Excitatory neurons
Stimulated excitatory neurons
Non-stimulated excitatory neurons
Inhibitory neurons
Effective time constant of encoding
Effective time constant of forgetting
Overlap of network activity with pattern x
Relaxation time of spiking activity
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Sheena A. Josselyn, Stefan Köhler, and Paul W. Frankland. “Finding the engram”. In: Nature Reviews
Neuroscience 16.9 (Aug. 2015), pp. 521–534. issn: 1471-003X. doi: 10.1038/nrn4000. url: http://www.
nature.com/doifinder/10.1038/nrn4000.

[25]

Tara Keck et al. “Integrating Hebbian and homeostatic plasticity: the current state of the field and future
research directions”. In: Philosophical Transactions of the Royal Society B 372.1715 (Mar. 2017), p. 20160158.
issn: 0962-8436. doi: 10 . 1098 / rstb . 2016 . 0158. url: http : / / rstb . royalsocietypublishing . org /
lookup/doi/10.1098/rstb.2016.0158.

[26]

Erwan Ledoux and Nicolas Brunel. “Dynamics of networks of excitatory and inhibitory neurons in response
to time-dependent inputs”. In: Frontiers in Computational Neuroscience 5 (May 2011). issn: 16625188. doi:
10.3389/fncom.2011.00025.

[27]

Charl Linssen et al. “NEST 2.16.0”. In: (Aug. 2018). doi: 10.5281/ZENODO.1400175. url: https://zenodo.
org/record/1400175#.XWPrKZyxWVM.

[28]

Ashok Litwin-Kumar and Brent Doiron. “Slow dynamics and high variability in balanced cortical networks
with clustered connections”. In: Nature Neuroscience 15.11 (Nov. 2012), pp. 1498–1505. doi: 10.1038/nn.
3220. url: http://www.ncbi.nlm.nih.gov/pubmed/23001062.

[29]

Ashok Litwin-Kumar and Brent Doiron. “Formation and maintenance of neuronal assemblies through synaptic plasticity”. In: Nature Communications 5 (Nov. 2014), p. 5319. doi: 10.1038/ncomms6319. url: http:
//www.ncbi.nlm.nih.gov/pubmed/25395015.

[30]

Yonatan Loewenstein, Uri Yanover, and Simon Rumpel. “Predicting the dynamics of network connectivity
in the neocortex”. In: Journal of Neuroscience 35.36 (Sept. 2015), pp. 12535–12544. issn: 15292401. doi:
10.1523/JNEUROSCI.2917-14.2015.

[31]
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Abstract
Cortical networks have connectivity features that deviate from that of random networks.
These include skewed distributions of synaptic weights Song et al. (2005), in-degrees and
out-degrees of neurons Gal et al. (2017), as well as an over-representation of bidirectional
connections Perin et al. (2011), Song et al. (2005). It is not clear, however, how these
features emerge, and how they relate to network activity and function. In this study, we
explore how non-random connectivity and neuronal activity are related to each other by
simulating the activity-dependent growth of recurrent networks of leaky integrate-andfire (LIF) neurons. Using a structural plasticity rule based on firing rate homeostasis
Butz and van Ooyen (2013), Diaz-Pier et al. (2016), Gallinaro and Rotter (2018), we
generate networks, in which neurons fire at individually specified rates, drawn from
experimentally reported distributions Hromádka et al. (2008). These networks have an
interesting structure that includes non-random features very similar to those of real
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cortical networks. We developed a theory explaining how the firing rate distribution
relates to structural properties of the network, such as its in-degree distribution, or
the abundance of bidirectional connections. Our analysis indicates that some of these
features emerge always in combination with, or as a consequence of other features.
We found that self-consistency analysis of recurrent networks with structural plasticity
developed in this work is a powerful tool for analyzing and understanding the intricate
relationship between the structure of a network and its activity dynamics.

5.1

Introduction

Cortical networks exhibit properties that deviate from what would be expected by randomly wired neurons. Different studies have shown that bidirectional connections, as
well as some three-neuron motifs related to clustering, are significantly over-represented
in such networks Gal et al. (2017), Perin et al. (2011), Song et al. (2005). Furthermore,
in-degrees and out-degrees Gal et al. (2017), as well as synaptic weights Song et al.
(2005) are more broadly distributed than in networks with homogeneous connection
probability.
Theoretical papers have attempted to shed light on these non-random features, and on
the conditions for their emergence. For example, the non-linearity of in vivo inputoutput curves can lead to skewed distribution of firing rates, even if input currents are
Gaussian Roxin et al. (2011). Networks of different topologies can have similar connectivity statistics, and it is hard to differentiate between them, when measuring only
local sub-samples Vegué et al. (2017). Most network topologies studied displayed an
over-representation of bidirectional connections and some three-neuron motifs related
to clustering, similarly to what has been experimentally observed. In fact, it was mathematically proven that an abundance of bidirectional connections will necessarily emerge
in networks with variable connection probabilities Hoffmann and Triesch (2017).
It remains to be elucidated how these non-random features emerge and mutually depend on each other in networks subject to structural plasticity. In contrast to pairwise
STDP, models of triplet STDP Montangie and Gjorgjieva (2019), Pfister and Gerstner
(2006) and voltage-based STDP Clopath et al. (2010) have been shown to support the
formation of bidirectional connections. These models, however, are models of functional
synaptic plasticity, and therefore do not consider synaptic rewiring or the creation of new
synapses, but instead focus on the strength of already existing bidirectional synapses. In
self-organizing neuronal networks that employ multiple plasticity mechanisms including
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structural plasticity, an abundance of bidirectional connections was observed, if distancedependent connectivity profiles were used for the creation of new synapses Miner and
Triesch (2016).
Here we propose a different approach to study the interdependence of non-random features of cortical networks with regard to their structure and dynamics. Based on the idea
of firing rate homeostasis Hengen et al. (2016), Torrado Pacheco et al. (2019), Turrigiano
(2012), we consider here a structural plasticity model where the growth and decay of
synapses is regulated according to neuronal activity Butz and van Ooyen (2013), DiazPier et al. (2016), Gallinaro and Rotter (2018). We specifically constrain the activity of
neurons by randomly assigning them target rates from a gamma distribution Hromádka
et al. (2008). We then let the network self-organize and analyze the connectivity in
equilibrium. Grown networks have a broad distribution of in-degree and out-degree, as
well as abundant bidirectional connections. Furthermore, due to homeostatic control,
the effective synaptic weights scale with the number of pre-synaptic partners as reported
in experiments Barral and Reyes (2016).

5.2
5.2.1

Methods
Neuron and network model

We simulate a recurrent network of N = 12 500 current-based leaky integrate-and-fire
(LIF) neurons, of which NE = 0.8N = 10 000 are excitatory and NI = 0.2N = 2 500 are
inhibitory. The sub-threshold dynamics of the membrane potential Vi of each neuron i
obeys the differential equation
τm

X
dVi
= −Vi + τm
Jij sj (t − d),
dt

(5.1)

j

where τm is the membrane time constant. The synaptic weight Jij from a pre-synaptic
neuron j to a post-synaptic neuron i is the peak amplitude of the post-synaptic potential
and depends on the type of the pre-synaptic neuron. All excitatory connections have an
amplitude of JE = J = 0.1 mV. The amplitude of inhibitory connections is larger by a
P
factor g = 8 such that JI = −gJ = −0.8 mV. A spike train sj (t) = k δ(t − tkj ) consists
of all spikes emitted by neuron j. The lumped spike train of all external input neurons
to a given neuron in the network is conceived as a Poisson process of rate νext = 15 kHz.
External input to different neurons is assumed to be independent. All synapses have
a constant transmission delay of d = 1 ms. When the membrane potential reaches the
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firing threshold Vth = 20 mV, the neuron emits a spike, which is transmitted to all postsynaptic neurons. Its membrane potential is then reset to Vr = 10 mV and held there
for a refractory period of tref = 2 ms.

5.2.2

Plasticity model

All synapses involving inhibitory neurons are randomly established at the beginning of
the simulation with connection probability , all with a fixed weight of JE or JI , respectively. Only excitatory-to-excitatory connections are plastic, according to a structural
plasticity rule based on firing rate homeostasis Butz and van Ooyen (2013), Diaz-Pier
et al. (2016), Gallinaro and Rotter (2018). The instantaneous firing rate ri of neuron i
is a low-pass filtered version of its spike train
τr

dri (t)
+ ri (t) = si (t),
dt

(5.2)

with time constant τr = 10 s.
Excitatory neurons maintain a set of pre-synaptic and post-synaptic elements, which
can be interpreted as axonal boutons and dendritic spines, respectively. The number of
pre-synaptic elements, z pre , and post-synaptic elements, z post , evolves in dependence of
the neuron’s firing rate according to
dzik (t)
= −γ k (ri (t) − ri∗ ),
dt

k ∈ {pre, post},

(5.3)

where γ k is a growth parameter, and ri∗ is a fixed target rate of neuron i. A different
target rate is drawn independently for each neuron from a gamma distribution Hromádka
et al. (2008), with probability density function
p(x) =

xβ−1 −x/θ
e
,
Γ(β)θβ

(5.4)

where β = 2.5 is the shape parameter, θ = 2 the scale parameter, and Γ is the Gamma
function.
At discrete time steps of the simulation ∆SP = 100 ms, all available free synaptic elements are randomly combined into pairs of one pre-synaptic and one post-synaptic
element to form a functional synapse, each with a fixed amplitude JE . If an element
is deleted, the synapse is eliminated, and the partner element is free to form a new
synapse. There are initially no excitatory-to-excitatory connections in the network, but
they are grown according to the structural plasticity rule described above until neurons
are firing on average at their target rates.

Chapter 5. Non-random connectivity of networks subject to homeostatic structural
plasticity

83

For the simulations regarding the scaling of synaptic weights, we consider a scenario
with no correlation between in-degree and out-degree. In order to implement this, the
post-synaptic elements grow according to Equation 5.3, while the pre-synaptic elements
grow according to

dzipre (t)
= γ pre ,
dt

(5.5)

with γ pre = 0.5. In these simulations, at every ∆SP time step there is a decay of free
synaptic elements, such that all synaptic elements not bound to a synapse are deleted.
This is done to avoid a surplus of pre-synaptic elements due to their constant growth.

5.2.3

The hypergeometric random graph model

The networks that emerge as a result of random rewiring under homeostatic control
are widely determined by the in-degrees and out-degrees of neurons. This property
imposes an important additional constraint that can be applied very fruitfully in our
work. We will employ a variant of the well-known configuration model Newman et al.
(2001), Newman (2010) allowing for directed edges, multi-edges and self-loops, as these
are all known features of synaptically coupled neuronal networks. For reasons that are
now explained, we call it the “hypergeometric random graph model”.
The connectivity of a specific graph or network of this type with n nodes is fully characterized by a square connectivity matrix W of size n, with entries from the non-negative
integers. Each matrix element Wij accounts for the number of directed links from node
j to node i. In our context, these links correspond to synapses established between the
pre-synaptic neuron j to the post-synaptic neuron i. The out-degree Xj of node j is
P
P
given by Xj = i Wij , and the in-degree Yi of node i is given by Yi = j Wij . We denote by X the row vector of all out-degrees. Similarly, Y denotes the column vector of all
P
P
P
in-degrees. The total degree Z of matrix W is given by Z = ij Wij = j Xj = i Yi .

Let now M(X, Y ) denote the ensemble of all matrices W of size n that have the same

degree vectors X and Y . Although this ensemble is finite, many dependencies and

induced statistical constraints exist among the matrix elements Wij . Assuming that all
members of the ensemble M(X, Y ) are equal, an explicit expression for the probability

distribution can nevertheless be derived, accounting for all statistical dependencies in

terms of an urn model. This does not only allow a complete statistical characterization
of the ensemble, it also enables an unbiased sampling from the ensemble with straightforward methods.
The probability P (W ) to encounter a specific matrix M ∈ M(X, Y ) can be defined for

each column W1 , W2 , . . . , Wn of the connectivity matrix separately, one after the other.
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Starting with the first column and the unconditional probability P (W1 ), we proceed with
the remaining columns by accounting for the outcome of all columns already visited in
terms of the conditional probabilities P (Wj |W1 , . . . , Wj−1 ). The full distribution is then
given by

P (W ) = P (W1 ) · P (W2 |W1 ) · · · P (Wn |W1 , . . . , Wn−1 ).
As the individual components W1j , W2j , . . . , Wnj of each of these columns arise from random sampling without replacement, their joint conditional distribution is a multivariate
hypergeometric distribution with probabilities

P (Wj |W1 , . . . , Wj−1 ) =

The parameter Yij = Yi −

Pj−1

k=1 Wik



Y1j
W1j




 
Ynj
Y2j
···
·
Wnj
W2j
 
.
Z
Xj

of this probability thereby accounts for the number

of target sites of node i that are still available for accepting an incoming contact from
node j.
Note that any of the columns could be the first visited during the computation of P (W ).
As the joint probability distribution for all entries in the first column is independent
of the entries in all the other columns, the unconditional probabilities can be used to
compute expected values for all entries of the matrix. This yields
E[Wij ] =

Yi Xj
,
Z

and the full expected connectivity matrix is obtained by the normalized outer product
of the vectors X and Y
E[W ] =

YX
.
Z

This is a useful result, as the expected matrix E[W ] can be considered as the prototypical connectivity matrix, representing the ensemble M(X, Y ) in many respects. Note,

however, that E[W ] does not generally have integer entries. Therefore, it is not itself a

member of the ensemble although it satisfies the same constraints on its in-degree and
out-degree.
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Results
Excitatory neurons self-organize into networks with non-random
features

We start with a network, in which all connections involving inhibitory neurons are
created randomly at the beginning of the simulation with connection probability  and
remain unchanged thereafter. Excitatory-to-excitatory connections, on the other hand,
are initially absent and grow under the control of homeostatic structural plasticity. For
each excitatory neuron i, a different target rate ri∗ is drawn from a gamma distribution
similar to the one reported in experiments Hromádka et al. (2008). During the ongoing
simulation, excitatory neurons create their own excitatory synapses until an equilibrium
has been reached. We consider grown networks to be in equilibrium, if all neurons fire
on average at their target rate (Figure 5.1A-B), and if the mean in-degree of excitatory
neurons remains constant (Figure 5.1C). Nevertheless, synapses are continuously deleted
and created due to fluctuations of activity about the target rates. At equilibrium, the
firing is in a asynchronous and irregular state (Figure 5.1D-F).
Grown networks have structural features that distinguish them from random networks
(Erdős-Rényi). Figure 5.2A shows that the in-degrees are broadly distributed, with
a mean of approximately 290. Random networks, in contrast, have binomially distributed in-degrees, which are very narrow in large networks. As axonal and dendritic
elements are subject to exactly the same plasticity dynamics in these networks, indegrees and out-degrees of individual neurons are highly correlated (Figure 5.2A, inset).
As a consequence of having both broad degree distributions and high correlations between in-degrees and out-degrees, these networks also exhibit an over-representation of
bidirectional connections (Figure 5.2B), as compared to Erdős-Rényi networks Hoffmann
and Triesch (2017). The distribution of degrees and the level of over-representation of
bidirectional connections, however, depend on the parameters of the model, such as external input rate and connection probability of synapses involving inhibitory neurons.
In the next section, we will devise a theory to explain all the phenomena pointed out so
far.

5.3.2

Non-random features are determined by the target rate distribution

Let now W be the raw connectivity matrix, where each entry Wij represents the number
of synapses between pre-synaptic neuron j and post-synaptic neuron i. We consider
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Fig 5.1. Plastic network with heterogeneous firing rates in equilibrium. A Histograms of
firing rates for excitatory (blue) and inhibitory (red) neurons after 50 000 s of simulation.
Firing rates of individual neurons are estimated from the spike count over an interval of 20 s.
Dark blue line shows the probability density function of the gamma distribution used for
drawing the target rates. Inset: Simulation firing rate plotted against target rate for each
excitatory neuron. B Neuronal firing rates across time. Firing rates are estimated every
1 000 s, using data from 20 s of simulation. C Time evolution of the excitatory in-degree of
excitatory neurons. In-degrees are estimated every 1 000s of simulation. B and C Gray lines
show data of 50 randomly chosen neurons, and the orange line represents the mean across the
full excitatory population. D–F In equilibrium, neurons fire irregularly and asynchronously
(AI regime). D Raster plot of the spiking activity of 50 randomly chosen excitatory neurons
during 10 s of simulation. E Peri-stimulus time histogram (PSTH) showing population activity
over 10 s of simulation, using bins of size 10 ms. F Statistics of firing activity, using data from
20 s of simulation. Left: Spike count correlation coefficient CC for pairs of neurons, using bins
of size 10 ms. Approximately 0.03% of all correlation coefficients were larger than 0.1. Right:
Coefficient of variation (CV) of inter-spike intervals.

two different weighted connectivity matrices, W µ and W σ . Each entry Wijµ represents
the number of synapses between pre-synaptic neuron j and post-synaptic neuron i,
multiplied by the synaptic strength J, if the pre-synaptic neuron is excitatory and by
−gJ, if it is inhibitory. The entries Wijσ are constructed in the same way, except that
the weighting factors are J 2 and g 2 J 2 , respectively.
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Fig 5.2. Non-random features of self-organized networks. A Histogram of the excitatory
in-degree of excitatory neurons after 50 000 s of simulation. Inset: Out-degree plotted against
in-degree for individual neurons. As exactly the same rule applies to both axonal and dendritic
elements, in-degree and out-degree are the same for each neuron. B Frequency of pairwise
connectivity motifs (unconnected, uni-directional, bi-directional) relative to a random network
with the same number of synapses. There is a strong over-representation of bidirectional
connections and an under-representation of uni-directional connections. Bars show simulation
results. Black cross indicates theoretical expected value of over-representation of bi-directional
connections, as described in the main text. C In-degree of each neuron in the simulation
plotted against the in-degree predicted by the theory described in the main text. D Firing
rate of neurons plotted against their in-degree. As only excitatory-to-excitatory connections
are subject to rewiring, the firing rate monotonically increases with in-degrees. E Influence
of connection probability , relative strength of inhibitory synapses g and external input rate
νext on the mean rate of the inhibitory population νI (left), the mean excitatory in-degree
(middle), and the level of over-representation of bi-directional connections % (right).

The firing rate of individual leaky integrate-and-fire (LIF) neurons in a balanced recurrent network can be estimated by solving the self-consistency equations Brunel (2000)
µ = τm [Jνext + W µ ν],

(5.6)

σ 2 = τm [J 2 νext + W σ ν],
−1

Z Vth −µ
σ
√
2
eu (1 + erf(u)) du,
ν = tref + τm π
Vr −µ
σ

where erf() is the error function and all other parameters are defined in the Methods
section.

10

1
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Assuming that excitatory neurons will eventually fire at their pre-defined target rates
when the network is in equilibrium, the unknowns of these self-consistent equations are
the firing rates of inhibitory neurons, and the raw connectivity matrix W . We face
an under-determined system, and additional constraints must be taken into account to
solve it. As the inhibitory firing rates depend on the equilibrium firing rates of excitatory
neurons, but not on the detailed excitatory-to-excitatory connectivity, we will consider
the inhibitory and the excitatory subpopulations separately.
Initially, all connections involving inhibitory neurons are randomly drawn with a connection probability . Therefore, the expected firing rate of an inhibitory neuron can be
calculated with
µI = τm [Jνext + JNE ν¯E − gJNI νI ],

(5.7)

σI2 = τm [J 2 νext + J 2 NE ν¯E + g 2 J 2 NI νI ],
−1

Z Vth −µI
σI
√
2
νI = tref + τm π V −µ eu (1 + erf(u)) du,
r
I
σI

where ν̄E is the mean of the target rate distribution. Once the mean inhibitory firing
rate νI is calculated, we can solve the excitatory firing rate for each neuron separately
µE = τm [Jνext + W µ νE − gJNI νI ]

(5.8)

2
σE
= τm [J 2 νext + W σ νE + g 2 J 2 NI νI ]

−1
Z Vth −µE
σE
√
2
νE = tref + τm π V −µ
eu (1 + erf(u)) du.
r
E
σE

where µE , σE and νE are vectors containing mean and variance of the input current, as
well as the firing rate of each excitatory neuron, respectively. The matrices W , W µ and
W σ now refer to excitatory-to-excitatory connectivity only.
To introduce additional constraints, we will now make the assumption that the connectivity matrix W is drawn from the hypergeometric random graph ensemble, defined
P
P
by the in-degrees kiin = j Wij and out-degrees kjout = i Wij (see Methods). The
expected matrix W̄ for this ensemble is of rank 1
W̄ =
where k tot =

P

ij

k in (k out )T
,
k tot

Wij is the total degree of the network. For the specific case where, for

each neuron, the same rule is used for the growth of axonal and dendritic elements, the
structural plasticity rule yields networks where the in-degree of each neuron is identical
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to (strongly correlated with) its out-degree, k = k in = k out . This means that the matrix
W̄ , and therefore the whole random graph ensemble, has only nE free parameters.
Therefore, if we know the in-degrees of all neurons in our simulated networks, we can
use the matrix W̄ as an approximation of the unknown connectivity matrix. Estimates
of W µ and W σ can then be obtained by scaling W̄ with J and J 2 respectively, and
the equations above can be numerically solved to find the degree vector k for any given
vector of target rates. In order to numerically solve this high-dimensional system of
non-linear self-consistent equations, we use a highly efficient method that was previously
proposed for a different purpose Merkt et al. (2019). Figure 5.2C–D indicates how well
this approximation describes the in-degrees obtained in simulations of plastic networks.
It was previously shown that an over-abundance of bi-directional connections will necessarily emerge in networks where the matrix P of connection probabilities is symmetric,
but its entries vary in size Hoffmann and Triesch (2017). The expected relative occurrence of reciprocal connections % can then be estimated from the distribution of entries
in the connectivity matrix as % = E[P 2 ]/ E[P ]2 = 1 + V[P ]/ E[P ]2 (approximating P by
W̄ , black cross in Figure 5.2B). According to this result, large values of % emerge for
lower values of the mean in-degree (Figure 5.2E). As the mean in-degree increases, the
hyper-reciprocity decreases, indicating more similarity to an Erdős-Rényi network.

5.3.3

Synaptic weights scale with in-degree

Due to the homeostatic nature of the structural plasticity rule used here, it may be
expected that synaptic weights scale with the in-degree in a similar way as has been
reported in Barral and Reyes (2016). The same target rate can be achieved with many
pre-synaptic partners and weak synapses, or with only a few pre-synaptic partners and
strong synapses. For the model discussed in the previous session, synaptic weights
were kept fixed at a certain value J, and the expected in-degrees of neurons were then
determined for a given set of target rates. We will now invert this procedure and
calculate the expected synaptic strengths J, given a fixed vector of in-degrees, and for
a fixed vector of target rates for excitatory neurons.
The product W µ ν represents, in fact, the total recurrent excitatory input to a neuron in
the network. Rearranging terms, it is possible to write this input as a function of each
neuron’s in-degree and a term ν̄w corresponding to an average firing rate of all neurons
weighted by their respective out-degrees
kk T
W ν = JQν = J tot ν = Jk
k
µ



k
ν
k tot



= Jkν̄w .

(5.9)
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A similar expression is obtained for W σ by multiplying Q with J 2 instead of J. Therefore, out-degrees (in-degrees) are necessary to compute ν̄w . To work around this difficulty, we will now assume that all neurons have approximately the same out-degree. As
a consequence, in-degrees and out-degrees are now uncorrelated. In such a scenario, the
weighted mean ν̄w corresponds to the mean value of the target rate distribution ν̄E and
does not depend on the in-degrees of all other neurons in the network.
With these simplifications, it is now possible to solve Equation 5.8 for individual target
rates and calculate how J would scale with the in-degree (Figure 5.3A left). Fitting the
J vs. k curves on a log-log scale yields a slope of approximately −0.95 for a mean firing

rate of 5 Hz. This yields the scaling law J ≈ k −0.95 .
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Fig 5.3. Synaptic weights scale with the in-degree. A Mean synaptic weight plotted against
the number of pre-synaptic partners, for different values of the firing rate. Left: Prediction
from the theory described in the main text. Inset: Same plot using log-log scale, indicating a
scaling J = kα . Right: Same as left, with simulated data. Each dot corresponds to a single
neuron and depicts the average synaptic weight of its incoming synapses plotted against the
number of its pre-synaptic partners. The figure shows results from 2 simulations: one with
Jmax = 0.4 mV (dots on the bottom) and one with Jmax = 1 mV (dots on the top). Dots are
colored according to the firing rate of neurons calculated from the simulation. Green line shows
the scaling, for a mean firing rate of the excitatory population at 5 Hz. Green cross indicates
the mean synaptic weight plotted against mean number of pre-synaptic partners across all
neurons in each of the simulations. B Influence of the connection probability , the relative
strength of inhibitory synapses g, and the external input rate νext on the scaling exponent α
for a firing rate of 5 Hz.

To test this prediction, we run simulations in which the synapses created by structural
plasticity do not have all the same fixed weight. Instead, each time a new synapse is
created, its weight is randomly drawn from a uniform distribution with minimum Jmin =
0 mV and maximum either Jmax = 0.4 mV or Jmax = 1 mV. This weight remains the
same throughout the simulation, or until the corresponding synapse is deleted. As before,
multiple synapses between the same pair of neurons are allowed, but with different
randomly drawn weights. To account for the uncorrelated in-degrees and out-degrees,
the growth rule of the axonal elements is now constant and does not depend on neuronal
activity. The rule of dendritic elements remains the linear rule described before. The
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right panel of Figure 5.3A depicts how the average weight of incoming connections scales
with the in-degree of neurons in the simulation, according to their firing rate.
For each of the simulations, we calculate the average synaptic weight and the average
number of pre-synaptic partners across the full excitatory population. The values obtained in simulations coincide with the line corresponding to 5 Hz, the mean firing rate
of the population (green line and cross in Figure 5.3A, right). The exponent α depends
on certain parameters of the simulation. In Figure 5.3B we show how, for a firing rate of
5 Hz, the exponent α depends on the connection probability involving inhibitory neurons
, relative strength of inhibitory synapses g, and external input rate νext . Overall, for
the ranges tested here, the exponents always remain between −0.8 and −1.

5.4

Discussion

We used a structural plasticity rule based on firing rate homeostasis to study the selforganized growth of networks of neurons firing at their prescribed target rates. The
target rates were randomly drawn from a gamma distribution Hromádka et al. (2008),
and the grown networks exhibit a broad distribution of in-degrees and out-degrees, as
well as high correlation between in-degrees and out-degrees. Bidirectional connectivity
between pairs of neurons are over-represented as compared to an Erdős-Rényi network,
and effective excitatory synaptic weights J scale with the number of pre-synaptic partners k according to J ∝ k α for exponents α ranging between − 21 and −1.
Measuring the in-degree and out-degree distribution of a network experimentally is not
an easy task, as it requires knowing the number of pre-synaptic and post-synaptic partners of individual neurons. To our knowledge, currently the best estimate has been
obtained with a reconstruction of a full rat cortical column Gal et al. (2017). Distributions were found to be broad, with a mean of approximately 250, similar to the
values found in our grown networks. The mean degree, however, depends on the exact
choice of parameters, and it increases steeply for higher values of the fixed connectivity involving inhibitory neurons. The overall connection probability reported by Gal
et al. (2017), however, is low as compared to the values used in our simulations. Also,
a broad distribution of degrees might lead to instability by preventing the dynamic
balance between excitation and inhibition Landau et al. (2016). In our simulations,
however, only the excitatory-to-excitatory degree distribution is broad, while all degree
distributions involving inhibitory connections are narrow. In this case, the dynamic
excitation-inhibition balance should not be disrupted if the excitatory-to-excitatory degree distribution remains bounded depending on the amount of inhibition in the network.
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Other than broadly distributed, in-degrees and out-degrees of individual neurons are
highly correlated in the networks considered here. Verifying such correlations in real
networks is challenging, however. Interestingly, the Pearson correlation coefficient between in-degrees and out-degrees of individual neurons was found to be the best measure
for inferring network topology from small samples Vegué et al. (2017). The topology that
best described experimental data, however, requires an asymmetric component, which
is not present in our case. Meanwhile, a theory relating degree distribution, firing rate
distribution and correlation between in- and out-degrees in recurrent networks has been
devised Vegué and Roxin (2019). Such a framework could be very useful for the further
analysis of the self-organizing networks grown with structural plasticity, as presented in
our current study.
For the range of parameters explored in our study, it was not possible to obtain values
of hyper-reciprocity above 2. This is still small if compared to a hyper-reciprocity of
5 as reported in real brain tissue Guzman et al. (2016), Song et al. (2005). On the
other hand, values of 3 and below have been obtained when considering connections
between excitatory cells only, and even lower values when comparing the reciprocity
count with random networks with distance dependent connection probability Gal et al.
(2017). Interestingly, both Song et al. (2005) and Guzman et al. (2016) in their experiments did not find any distance-dependence of connection probability for the sample
of neuron pairs taken into consideration. This raises the question if hyper-reciprocity
could have multiple components, such as distance-dependence, which would play a role
in Gal et al. (2017), but not in Song et al. (2005) and Guzman et al. (2016), and specific
connectivity shaped by experience, which would play a role in Song et al. (2005) and
Guzman et al. (2016), but not necessarily in Gal et al. (2017) due to random selections
performed during the reconstruction. If specific connectivity formed by experience is
indeed indicative for the amount of hyper-reciprocity in a network, the age of the animals analyzed should be an interesting factor to consider. In our model, there is no
distance-dependent connectivity, but we have previously shown that specific stimulation indeed leads to increased values of hyper-reciprocity Gallinaro and Rotter (2018).
Another important factor to consider is that hyper-reciprocity could vary according to
brain regions, as Song et al. (2005) and Gal et al. (2017) refer to visual cortex and somatosensory cortex, respectively, while Guzman et al. (2016) analyzed the hippocampal
CA3 network.
Recently, it was shown that in cell cultures synaptic weights scale with the average
in-degree k approximately as

√1
k

Barral and Reyes (2016). In contrast, we show that

homeostatic regulation of firing rate with the parameters used in our simulations would
lead to a scaling of J ≈ k −0.95 . We expect that the observed exponent depends on
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the operating point of neuronal activity, close to −1 for the mean-driven regime and

approaching −0.5 for a more fluctuation-driven regime. If that is the case, an exponent
of −0.5 would only be possible if the mean input current amounts to zero. If plastic-

ity is present exclusively in excitatory-to-excitatory synapses, which is the case in our
simulations, this would only be achieved for very specific parameter choices.
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Chapter 6

Discussion and outlook

6.1

Summary

In this thesis, we have investigated different aspects of networks formed by self organization with a structural plasticity model based on firing rate homeostasis. On the neuronal
level, this is considered a homeostatic rule, since neurons delete excitatory synaptic elements in moments of high activity, and create them in moments of low activity. In
Chapter 2, however, we have seen that on the network level, this rule has actually a
Hebbian effect. Stimulating neurons leads to formation of cell assemblies, which are not
permanent, but slowly disassemble as the network returns to being homogeneously random. On a biologically more realistic scenario, we showed that this rule could account
for specific connectivity found in cortical networks after a period of sensory experience.
The fact that sensory experience can shape network connectivity raises the question if
other perturbations in activity, such as the ones induced by brain stimulation, could also
lead to significant network rewiring and reshaping. Our work presented in Chapter 3
suggests that transcranial direct current stimulation could indeed lead to rewiring of
a neuron that is embedded in a network, even if changes in activity driven by such
stimulation are not strong enough to elicit spiking in a quiescent neuron. In accordance
to current experimental work, our results show that stronger effects could be achieved
by stronger and more focused stimulation. Our model also predicts that a repetitive
protocol for stimulation, i.e. a train of stimulation periods followed by periods of non
stimulation, should also lead to stronger effects than a single long stimulation. This is
an interesting property of this rule, which differentiates it from other Hebbian rules. In
contrast to traditional Hebbian rules, in which cell assemblies are formed when activity
reaches a second stable fixed point, we show in Chapter 4 that with this structural
97
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plasticity rule cell assemblies exist when connectivity reaches a slow manifold after
stimulation. This manifold corresponds to connectivity combinations in which firing
rate lies at target rate, and it defines a line attractor, which allows for graded responses
to stimulation. The system can be described by two separate time scales. During
stimulation, connectivity changes are driven by the difference between mean activity and
target rate. This corresponds to a fast, or drift, time constant. Within the manifold,
on the other hand, mean activity equals target rate and changes in connectivity are
driven by fluctuations only, which corresponds to a slower, or diffusion, time constant.
Similarly to other memory systems, this rule implements a system capable of performing
pattern completion, and we show how it can be used to simulate a classical conditioning
task.
In these first three chapters we showed how clusters and specific connectivity can be
formed with specific stimulation in a recurrent network subject to structural plasticity
based on firing rate homeostasis. Specific stimulation, however, is not the only way of
creating such structures on connectivity. In Chapter 5 we explored non-random features
that emerge in these networks without specific stimulation. Instead of using the same
target rate for all the neurons, such as in the first chapters of the thesis, target rates
are randomly drawn from a firing rate distribution based on experimental evidence from
cortical networks. Using simulations and self consistency analysis we show that plastic
networks with broad distribution of firing rates present a series of non-random features in
their connectivity, such as broad distribution of degrees, high correlation between in- and
out-degrees, an over abundance of bidirectional connections, and synaptic scaling with
number of pre-synaptic partners, similarly to what has been experimentally reported in
different areas of the brain.

6.2

Neuronal target rates

The structural plasticity model studied in this thesis has been proposed by Butz and van
Ooyen (2013), and it is a phenomenological implementation of firing rate homeostasis.
Although homeostatic regulation of firing rates to certain set points has been extensively reported (see Turrigiano (2012) for a review on homeostatic regulation of firing
rate), the exact mechanisms that allow for such regulation remains to be elucidated. In
this context, the idea that neurons have an exact target rate that drives plastic changes
might seem unconventional. In Butz’s plasticity rule, activity is controlled through a
calcium trace variable, which seems reasonable considering that calcium can be used as
an indicator for activity level (Grewe et al., 2010). Considering firing rate distributions
in cortical networks are broad (Buzsáki and Mizuseki, 2014), it would imply different
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neurons have different target levels of calcium concentration. This is not necessarily
simple to implement and there is currently no direct evidence to support such an idea.
Interestingly, however, Hengen et al. (2016) reported that the activity of cortical neurons in freely behaving rats returned to cell specific set points after a perturbation due
to visual deprivation. More recently, Torrado Pacheco et al. (2019) reported findings
regarding activity of neurons in primary visual cortex of freely behaving rats, which are
consistent with a process of active stabilization of individual firing rates. These results
open questions about how such an active stabilization could be implemented, and it
suggests further studies should be conducted to clarify whether a cell specific set point
of activity is really implemented in neurons.

6.3

Inhibitory structural plasticity

Throughout this thesis, we have only considered excitatory-to-excitatory structural plasticity. In Chapter 5, however, we have discussed that the broad distribution of excitatory
in-degrees could lead to a disturbance of the balance between excitation and inhibition
depending on the total amount of inhibition in the network. We have also suggested
that the scaling of synaptic weights with number of pre-synaptic partners should approach experimental values if the total input current to neurons amounted to zero. Total
input current of zero would be possible with either a fine tuning of parameters or inhibitory plasticity. The interaction of excitatory and inhibitory structural plasticity,
therefore, could bring new insights into the results presented in this thesis. But how
should inhibitory structural plasticity be modeled?
Although most experimental studies on structural plasticity refer to observation of spines
of pyramidal cells, which reflect mostly excitatory-to-excitatory plasticity, some studies
do observe structural changes in inhibitory synapses as well. Schuemann et al. (2013),
for example, studied the dynamics of GABAergic boutons in hippocampal CA1, and
found that approximately 20% of inhibitory boutons are not stable, but instead are
constantly appearing and disappearing. In computational studies, inhibitory structural
plasticity has been previously simulated in multiple other studies Tetzlaff et al. (2010),
Butz and van Ooyen (2013), Butz et al. (2014a, 2009, 2014b), Diaz-Pier et al. (2016).
Even if including structural plasticity on inhibitory neurons can be easily implemented
on simulations, knowing the exact rules governing synaptic elements growth can be a
challenge. In the previous chapters, we have always used a linear rule with negative
slope for the excitatory-to-excitatory synapses, in order to phenomenologically implement homeostasis of firing rate. Once inhibitory plasticity is added, though, there are
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more degrees of freedom and therefore more possibilities on how to achieve firing rate
homeostasis.
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Fig 6.1. Networks grown with excitatory and inhibitory structural plasticity. Top: external
input rate νext = 15 kHz. Bottom: νext = 11 kHz. A-C Light lines show values of 50 randomly
chosen neurons. Dark line shows mean across E or I population. Blue refer to excitatory, and
red to inhibitory post-synaptic neurons. A Firing rate as a function of time. B Number of incoming synapses from excitatory pre-synaptic neurons as a function of time. Inset: histogram
of excitatory incoming synapses after 250 s of simulation. C Number of incoming synapses
from inhibitory pre-synaptic neurons as a function of time. Inset: histogram of inhibitory incoming synapses after 250 s of simulation. D Raster plot containing activity of 200 randomly
selected excitatory neurons, during the last 500 ms of activity.

Firing rate homeostasis could be implemented by using a negative slope for elements involved in excitatory synapses, and use a positive slope for elements involved in inhibitory
synapses. This should implement a system where neurons create (delete) excitatory and
delete (create) inhibitory elements when their activity level is low (high). We have performed simulations with this scenario and preliminary results are plotted on Figure 6.1.
All N = 500 neurons have both excitatory and inhibitory dendritic elements, but only a
single type of axonal element. Excitatory neurons (NE = 400) have only excitatory axonal elements, and ihhibitory neurons (NI = 100) have only inhibitory axonal elements.
Excitatory (inhibitory) synapses are formed by combining one excitatory (inhibitory)
axonal element with one excitatory (inhibitory) dendritic element. There are initially
no connections between neurons. Excitatory dendritic and axonal elements grow with
a negative slope, while inhibitory dendritic and axonal elements grow with a positive
slope.
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On one simulation (Figure 6.1 top), we use an external input rate of νext = 15 kHz
per neuron. In this case, firing rate of neurons is initially high, promoting growth of
mostly inhibitory connections. When neurons reach their target rate 50 Hz, they have
very little or none input from excitatory neurons. If, however, a lower external input
νext = 11 kHz is used (Figure 6.1 bottom), neurons have initially a low firing rate, which
leads to creation of mostly excitatory connections. In this case, when neurons reach their
target rate, there is almost no input from inhibitory neurons, leading to synchronized
activity.
It is simplified, however, to assume that external input is constant during wiring of
the network. Moments of higher and lower activity, such as the ones promoted by
bursts, would lead to different in-degrees than the ones in Figure 6.1. And there are of
course many other possibilities on how to simulate synaptic elements’ growth. Different
network structures would result by combining positive or negative, larger or smaller
slopes, for axonal or dendritic elements, as well as for different types of pre-synaptic
neurons (excitatory or inhibitory). Butz and van Ooyen (2013) for example found that
after rewiring promoted by retinal lesion, the network would stabilize at a synchronous
or asynchronous activity state, depending on the combination of rules used for dendritic
and axonal growth. There is clearly a lot to explore about networks with both excitatory
and inhibitory structural plasticity. Further studies should consider different types of
rules for different types of elements, and could help understanding how they interact.

6.4

Structural plasticity in pathological states

Although homeostatic structural plasticity leads to stability of firing rates for a large
range of operating points, this stability is not always guaranteed. As seen in Chapter 4,
after very strong stimulation, network connectivity is not able to set into a configuration
in which target firing rates can be maintained. Instead, there are bursts of high activity
followed by periods of zero rate, in a limit cycle. Perturbations in a homeostatically
regulated system can therefore lead to pathological states of activity, and this can be
relevant for the study of diseases such as epilepsy.
Epilepsy has been associated with different structural changes in neuronal networks, such
as cell death, synaptic rewiring and abnormal neurogenesis, and the exact causal relation
between these alterations and changes in network activity remains to be elucidated. In
the context of structural plasticity, synaptic rewiring due to mossy fiber sprouting is
particularly interesting, considering that the introduction of highly interconnected hubs
leads to a potential seizure-prone circuit (Morgan and Soltesz, 2008, Pernice et al., 2013,
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Fig 6.2. Model of mossy fiber sprouting following lesion, implemented as cell death. A The
network comprises four types of neurons. Granule (GC) and mossy (MC) cells are excitatory,
while basket (BC) and HIPP cells are inhibitory. All connections are static (continuous arrows)
and randomly drawn at the beginning of simulation. Connections within GC population follow
the homeostatic structural plasticity rule (discontinuous arrow). B Connectivity within GC
population across time. After 1 000 s the connectivity has stabilized at a low value. The black
vertical line indicates the lesion, after which there is an increase in GC connectivity, until it
stabilizes again at a larger value. C PSTH of granule cell activity before and after lesion, with
bin size of 100 ms. D Raster plot of 100 randomly chosen granule cells before lesion, and at two
different points after lesion. The periods of raster are marked as boxes on C with matching
colors. After lesion, activity is characterized by moments of highly synchronized activity.

2011). A homeostatic rule would predict that increased rewiring of granule cells would
follow from a drop in their activity. This rewiring could then lead to formation of clusters
and highly correlated activity. In preliminary work, we simulated networks based on the
dentate gyrus in the hippocampus. All connections are static, but connections between
granule cells follow the homeostatic structural plasticity rule. A decrease in activity
of the granule cells, in this simulation triggered by death of a fraction of mossy and
basket cells, leads to increase in connectivity between granule cells similar to mossy fiber
sprouting. Figure 6.2 shows that this rewiring leads to the generation of spontaneous
recurrent epileptiform bursts in the remaining network.
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Other computational works have contributed to the study of epilepsy, showing that
different network topologies can result in epileptic-like activity (Santhakumar et al.,
2005, Dyhrfjeld-Johnsen et al., 2007, Morgan and Soltesz, 2008). But these consider
only static scenarios, before and after network rewiring. Synaptic plasticity has been
used in other epilepsy computational studies, showing the emergence of bursting activity
from strengthened up-regulated excitatory connections after deafferentation (González
et al., 2015, Volman et al., 2011, Fröhlich et al., 2008). Synaptic plasticity, however,
can not account for changing in connectivity. In this context, a model that contains
structural plasticity would make it possible to study the emergence of clusters with
highly interconnected hubs, and could help better understanding the conditions and
requirements that lead to such network rewiring and emergence of highly correlated
activity.

6.5

Functional and structural plasticity

We have seen in this thesis that cell assemblies of strongly connected neurons can be
formed with a structural plasticity rule based on firing rate homeostasis. In most theoretical models of cell assembly formation, on the other hand, assemblies are generated
by functional plasticity (Zenke et al., 2015, Litwin-Kumar and Doiron, 2014). The
assemblies formed by these two different plasticity models, however, are different in
some respects. Firstly, there is a difference in time scales. The time constants involved
with functional plasticity are smaller, and assemblies can therefore be formed faster.
Structural plasticity involves slower changes and longer time scales. As a consequence,
formation of strong cell assemblies requires stimulation for longer periods, or repetitive
stimulation.
Secondly, these models differ on how the formed assembly reflects on network activity.
Assemblies formed with traditional Hebbian functional plasticity rules rely on a second
stable fixed point where the activity of the assembly is high. This is similar to the persistent activity normally considered in working memory tasks (Stokes, 2015). As we have
seen in Chapter 4, assemblies formed with the homeostatic structural plasticity rule lie
on a slow manifold, where the assembly activity is at its target rate. This characterizes
the memories presented throughout this thesis as “silent” memories. Interesting questions then emerge if we think about how these two models would interact, and further
studies could consider networks with both functional and structural plasticity for the
formation of cell assemblies.
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Hebbian versus homeostatic plasticity

A lot of effort has been recently put into understanding the interactions between Hebbian
and homeostatic plasticity (Keck et al., 2017). In this thesis, we have contributed
another interesting aspect to this discussion, which is that a rule based on homeostasis
of firing rate can have a Hebbian effect on the network level. This apparent contradiction
can be better understood if a distinction is made between two different uses of the term
Hebbian. Hebbian may refer to (i) a type of plasticity that is driven by correlation in
activity of neurons, be it between spike trains or firing rate variables, or it may refer
to (ii) a type of plasticity that results in higher connectivity between neurons that have
correlated activity. These definitions might seem the same, specially considering it has
been extensively shown that (i) leads to (ii), however there is a subtle difference as we
will now discuss.
The idea of Hebbian plasticity comes from Hebb’s postulate, which is normally summarized as fire together, wire together. In his 1949 book The Organization of Behavior
(Hebb, 1949) Hebb states that
When an axon of cell A is near enough to excite cell B or repeatedly or
persistently takes part in firing it, some growth process or metabolic change
takes place in one or both cells such that A’s efficiency, as one of the cells
firing B, is increased.
Which implies that pre-synaptic firing has to be involved in post-synaptic firing in order
for plasticity to occur. However, this definition has been later relaxed with the idea of
associativity in the induction of long term potentiation (LTP) (Bliss and Collingridge,
1993). Levy and Steward (1979) demonstrated that LTP results from concurrent stimulation of two groups of cells, even if stimulation of the pre-synaptic group alone would
not lead to firing of the post-synaptic group. This shows that correlation between preand post- activity is important, but not necessarily the pre-synaptic firing has to be
responsible for the post-synaptic firing. Thereafter a lot of effort has been put into
finding mechanisms that can implement a correlation detector, such as through NMDA
channels. Theoretical work has contributed to this discussion by creating models and
showing that to achieve such association of cells, it is necessary to have something like a
covariance rule, which includes multiplication of pre- and post-synaptic neuronal activity (Gerstner and Werner M., 2002). But this comes with caveats: covariance rules alone
can lead to instability and rapid compensatory mechanisms are necessary to stabilize
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network activity (Zenke and Gerstner, 2017). Although there is by now multiple candidates for how the rapid compensatory mechanisms can be implemented, a consensus on
how they work has not yet been reached.
What we have shown throughout this thesis is that local correlation detection between
pairs of neurons is not the only way to implement cell assembly formation. We have
seen in Chapter 4 that a covariance term can also emerge as a byproduct of a plasticity
rule that is actually based on firing rate homeostasis. Going back to the beginning of
this section and to the apparent contradiction of the homeostatic structural plasticity
rule, if Hebbian refers to a type of plasticity that is explicitly driven by correlation in
activity of neurons, relying on a correlation detector, then this rule is not Hebbian. If,
however, it refers to a type of plasticity that results in higher or stronger connectivity
between neurons that have correlated activity, then this rule should be considered a
Hebbian rule.
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