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Abstract

Spatial Modulation (SM) is a novel transmission technique for Multiple Input
Multiple Output (MIMO) systems. In SM, a block of information bits is divided
into two, and mapped to constellation symbols and spatial symbols. Spatial
information is carried by the active transmit antenna index for each transmit-
ted block. Generalized Spatial Modulation (GSM) overcomes the single active
transmit antenna constraint of SM, and lets multiples of transmit antennas to
be activated at the same time. This allows GSM to increase the amount of
spatial symbols and the spectral efficiency with respect to SM despite of having
the same number of transmit antennas. However, since the receiver needs the
channel information to detect the transmitted symbols, performance of GSM is
affected significantly under unfavorable channel conditions. In this thesis, an-
tenna selection and bit allocation strategies are presented to improve the error
performance of GSM systems with the Channel State Information (CSI) known
at the receiver.

Since there can be more possible antenna combinations than the amount
that can be utilized, employing an antenna selection strategy is necessary in
GSM systems. In order to improve average Bit Error Rate (BER) of GSM
systems, a novel antenna selection method is proposed. The proposed method
maximizes the Euclidean distance of the selected antenna combinations with the
Channel State Information at the Receiver (CSIR). By making use of statistical
properties of the channel, a heuristic which decreases the search domain for the
antenna selection method is presented.

Another factor translating into bit error performance of communication sys-
tems is bit allocation. The proposed bit allocation strategies aim at minimizing
the Hamming distance for the symbols that are neighboring in Euclidean space
with the given CSI. The first approach for bit allocation utilizes set partitioning
of the signal constellation, the second is based on the Delaunay tessellation of
the signal constellation.

The strategies presented in this thesis for both antenna selection and bit al-
location are analyzed in terms of performance and in computational complexity.
The algorithms for the implementation of each proposed strategy are described
in detail. The BER performance of the proposed algorithms is demonstrated by
Monte Carlo simulations. They are compared in error performance and com-
putational complexity to each other and to the conventional approaches in the
literature.
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Sammanfattning

Spatiell modulation (SM) är en ny transmissionsteknik för Multiple Input Mul-
tiple Output-system (MIMO-system). I SM, delas varje paket av informations-
bitar upp i två delar, som bestämmer konstellationssymboler respektive spatiella
symboler. Den spatiella information bestäms av valet av aktivt antennelement,
för varje datapaket. I generaliserad spatiell modulation (GSM) släpper man
begränsningen att bara använda en sändarantenn och tillåter multipla antenner
att vara aktiva samtidigt. Därmed ger GSM ett större antal spatiella symboler,
vilket ökar spektraleffektiviteten jämfört med SM, trots att antalet antenner är
detsamma. Däremot försämras mottagningsprestanda under dåliga kanalförhål-
landen eftersom kanalinformation krävs för att detektera de sända symbolerna.
I denna avhandling presenteras metoder för antennval och bitallokering, för att
förbättra felprestandan hos GSM-system där kanalinformation är känd vid sän-
daren.

Eftersom det kan finnas fler möjliga antennkombinationer än vad som går att
utnyttja, behövs en strategi för antennval i GSM-system. En ny antennvalsme-
tod föreslås för att förbättra bitfelshalten. Genom att utnyttja radiokanalens
statistiska egenskaper, presenteras en heuristisk metod som minskar sökdomä-
nen för antennvalet.

En annan faktor som påverkar kommunikationssystemens bitfelsprestanda
är bitallokeringen. De föreslagna bitallokeringsmetoderna syftar till att min-
imera Hamming-avståndet mellan symbol som ligger nära varandra i Euklidisk
mening, givet kanalinformationen. Den första bitallokeringsmetoden utnyt-
tjar mängdpartitionering av signalkonstellationen, den andra är baserad på
Delaunay-tessellation av signalkonstellationen.

De föreslagna strategierna för både antennval och bitallokering analyseras
med avseende på prestanda och beräkningskomplexitet. Implementationen av
algoritmerna beskrivs i detalj. Bitfelshalten för det föreslagna algoritmerna illus-
treras med hjälp av Monte Carlo-simuleringar. Jämförelsen innefattar även kon-
ventionella metoder från litteraturen, både för bitfelshalt och beräkningskom-
plexitet.
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Chapter 1

Introduction

The demand for data traffic increases as mobile communications becomes in-
dispensable for most. According to Digital 2019 [2], internet users grow by
an average of one million new users every day. By January 2019, there were
5.11 billion unique mobile users in the world with 2% annual growth rate, and
4.39 billion internet users with 9.1% annual growth rate. As video streaming
services, such as online videos, stream TV, gaming and e-sports tournaments,
became important part of internet activities, data traffic increased exponentially
in recent years. Ericsson’s 2018 Mobility Report shows that the monthly data
consumption is 20 billion gigabytes worldwide [1]. This brings up challenges for
wireless communication to support higher data rates at higher energy efficiency
and to be sustainable.

To find solutions for higher spectral and energy efficiency, Multiple Input
Multiple Output (MIMO) systems have been the very attraction of research for
wireless communication solutions for the last decades. One of the examples of
many offered improvements, Space-Time Block Code (STBC) was proposed as a
technique to increase the reliability of data transmission by transmitting multi-
ple copies of a data stream through a number of transmit antennas. Later, Alam-
outi designed a special STBC for two transmit antenna systems that achieves
rate 1 by transmitting a data stream along with its complex conjugate [3].
Alamouti code can achieve full diversity gain for complex modulation symbols
without sacrificing its data rate.

Bell Laboratories Layer Space-Time (BLAST) was proposed as a transceiver
architecture for providing spatial multiplexing over MIMO systems. Many data
streams are transmitted across a number of transmit antennas simultaneously
in a single frequency band. For detection, the receiver exploits the different
paths the data streams take in a highly scattering environment. The capacity
of the system grows as the number of antennas grows within certain assump-
tions. To eliminate interference caused by multiple users, a detection algorithm,
Vertical-Bell Laboratories Layered Space-Time (V-BLAST) was developed. It
reconstructs the data by detecting the strongest signal, subtracting it from the
received vector, and recursively repeating this operation until all users’ data is
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2 CHAPTER 1. INTRODUCTION

recovered. However, it can not eliminate the Inter-Channel Interference (ICI)
caused by simultaneous use of channels in the same frequency band [21].

Spatial Modulation (SM) was introduced as a novel space modulation scheme
for MIMO systems in 2004 [14]. In SM, symbols are transmitted from a single
antenna at a time. The data stream to be transmitted is divided into two,
one part of the sequence is modulated according to the signal constellation and
the other part is used to determine which transmit antenna to activate (See
Figure 1.1). With the Channel State Information (CSI) known at the receiver,
the active transmit antenna can be detected at the receiver side and it can
be decoded as a part of the data stream that is transmitted. Active antenna
indexing introduces spatial constellation, making the constellation diagram 3-D,
hence, it allows the channel capacity to increase logarithmically with the number
of transmit antennas compared to single antenna systems. Although, for the
same amount of transmit antennas, it is lower than what V-BLAST can offer
for the channel capacity, which is a linear increase with the number of transmit
antennas, SM avoids ICI, since only a single antenna is active for transmission.

MIMO systems, with multiple transmit and receive antennas, aim at dividing
the channel into individual spatially separated channels so that multiple inde-
pendent streams of transmission can be established in parallel [13]. It introduces
spatial multiplexing, and high spectral efficiency is reached due to multiplexing
gain. For example, in Orthogonal Frequency Division Multiplexing (OFDM),
sub-channels are obtained by dividing the transmission bandwidth into orthog-
onal sub-carrier frequencies which are orthogonal to each other at the demodu-
lator. It offers multiplexing in frequency. However, sub-carriers can loose their
orthogonality for various reasons, such as delay spread, frequency offset at the
receiver. Channels may interfere with the adjacent channels which are close in
frequency. Therefore, increased error rate is experienced at the receiver. This
phenomenon is named as ICI. It occurs in the techniques where the multiple
channels are utilized to transmit signals in parallel. In case of V-BLAST, multi-
ple channels are created by the different paths signal takes in between transmit
and receive antennas that are caused by the physical displacement of antennas
in a highly scattering wireless environment. Multiple streams are transmitted
over the same carrier frequency [21]. However, the channel responses of multi
path are often not orthogonal at the receiver, causing each received signal of
a channel to have interference from other paths. To cancel the interference,
many methods were proposed, such as zero forcing [21]. In zero forcing, first,
the strongest signal is detected. Second, it is regenerated and subtracted from
the received signal. Next, the second strongest signal is detected in the remain-
der of the received signal, and the procedure is repeated recursively until the
transmitted signal is fully recovered. The interferers observed at the receiver
signal is considered as noise. Although, zero forcing offers a solution to the
ICI, it requires high processing power, and suffers from cumulative error due to
iterative detection [13].

By allowing the Maximum Likelihood (ML) detector to operate at opti-
mum performance at a single stream decoding complexity, SM results in sim-
pler receiver design. Single active antenna transmission, additionally, results in
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Figure 1.1: Block diagram of a SM system

simpler transmitter design. SM can be implemented by using a single Radio
Frequency (RF) chain. It reduces the cost of production and power consump-
tion due to lower number of power amplifiers. On the other hand, single RF
implementation requires a fast switching operation to be able to operate all
transmit antennas at the symbol rate with low insertion and switching losses
[6].

Even though conventional SM systems do not require the CSI to be known
at the transmitter, utilizing Channel State Information at the Receiver (CSIR)
requires the receiver to estimate the channel response that needs a training
overhead to be implemented. Moreover, the performance of SM depends on
favorable propagation conditions. Spatial constellation is constructed by detec-
tion of active antenna indexing. This detection relies on multiple paths. Since
the channel impulse response is used to detect the active antenna, in other words
the symbols in spatial constellation, the more different the channel impulse re-
sponse vectors are, the easier it is to detect the spatial symbols. Consequently,
poor scattering in the propagation results in higher error probability [6].

Generalized Spatial Modulation (GSM) was proposed to extend SM for any
number of active transmit antennas [23]. It brings array gains and improves
the channel capacity of SM by letting combinations of transmit antennas to
be utilized, resulting in higher number of spatial symbols with the same trans-
mit antenna number. Despite GSM offers further improvement to the channel
capacity, it still suffers from the drawbacks of SM. The critical one is the char-
acterization of the wireless channel, because, with the increased size of spatial
constellation, there are more symbols that are harder to distinguish in unfavor-
able channel conditions. The error performance of GSM decreases significantly,
if a highly scattering environment is not present. The performance deterioration
is a common problem for MIMO systems, which exploit distinguishable channel
impulse responses, in cases of high spatial correlation. Similarly, V-BLAST per-
forms poorly in terms of error rate when highly correlated channels are present.

The literature consists of new techniques proposed to improve the perfor-
mance of space modulation in unfavorable channel conditions. To decrease
the rate of error in spatial symbols, various studies proposed coding of spa-
tial sequence by using Trellis code [15], interleaved codes [8], and low-density
parity check codes [7, 10]. Antenna selection methods for MIMO systems are
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widely discussed in the literature with the purpose of increasing the perfor-
mance. A conventional antenna selection approach, referred to as Euclidean
Distance optimized Antenna Selection (EDAS), was proposed to utilize the best
possible channels in a MIMO system. It focuses on finding the group of channels
which maximizes the minimum Euclidean distance in the group. Similarly, low-
complexity EDAS methods are implemented for SM systems, showing improved
error performance in unfavorable channel conditions [16–18]. Another approach
to exploit the channel conditions was proposed in [22], to detect the channels
prone to error and to assign those with lower order of modulation which leads
lower Bit Error Rate (BER).

A crucial factor in performance of SM systems is bit allocation, since the
number of symbols increases in the constellation. However, bit allocation strate-
gies are not as widely discussed in the literature as antenna selection methods
for SM. Bit allocation remains to be a challenging problem due to the high
complexity solutions and the difficulty of implementing closed-loop communica-
tion systems which require long communication overheads and delays. Adaptive
bit allocation approaches are yet to be implemented in application. To ensure
low BER, bits should be allocated carefully for the symbols in the constella-
tion. Since the spatial constellation is determined by the instantaneous channel
realizations, the CSI should be analyzed for bit allocation that aims to mini-
mize the Hamming distance for the symbols close in the Euclidean distance in
the receiver space. Phase correction methods were proposed for Multiple Input
Single Output (MISO) systems employing SM where the channel response can
be expressed with single magnitude and phase in single receive antenna [4, 11].
The phase shift at the receiver is measured, and the bit allocation of symbols in
channels, which introduce phase shift larger than a certain amount, is corrected
by a counter rotation.

1.1 Research Question and Motivation
This thesis has two main subjects, antenna selection methods for GSM and
bit allocation strategies. In GSM, due to the combinations of transmit anten-
nas, there are more spatial symbols than we can use. Therefore, employing an
antenna selection method in GSM systems is inevitable. To increase the perfor-
mance of the ML receiver, the most distinguishable antenna groups are selected
for transmission.

The first research question is whether there can be better performing antenna
selection methods for GSM systems, and if a low-complexity implementation is
possible. In the first part of the thesis, an antenna selection method for GSM
is proposed. Rather than the metric of minimum Euclidean distance which is
the convention for EDAS approaches, the proposed method uses the metric of
average Euclidean distance of a group. Later, a heuristic for lowering the com-
putational complexity of the antenna selection method is presented by making
use of the statistical properties of channels. The performance of the proposed
methods are presented by Monte-Carlo simulations and compared to the conven-
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tional metric based on minimum Euclidean distance. The performance criterion
for the simulations is BER.

In the second part, bit allocation strategies are explored. The second re-
search question is if a bit allocation strategy improving the BER can be devel-
oped and if low-complexity implementation of the strategy can be realized. For
a well performing bit allocation, the symbols in the receive vector space should
be located, and the positioning of symbols with respect to each other should be
analyzed. For this purpose, by making use of a common mathematical tool, a set
partitioning problem can be formulated. In set partitioning, the goal is grouping
the symbols with their closest neighbors and keeping the relative information
of the groups. The proposed solution offers dividing the symbol space into two
recursively, until the symbols are groups of 2. Resulting groups are bit mapped
with 1 bit difference in the group, ensuring the minimum Hamming distance for
the closest neighbors. An alternative approach for locating the symbols with
respect to each other is obtaining the graph of the symbol space. A well-known
method in computational geometry, Delaunay tessellation is used to connect the
neighboring symbols. The dual of Delaunay tessellation, Voronoi diagram of the
space, is equivalent to the decision regions of the ML detector. Therefore, by
constructing the tessellation, the symbols that can be possibly mistaken for each
other by the ML detector are determined, and bits can be allocated carefully
over the tessellation. Algorithms proposed for both bit allocation strategies are
presented along with their computational cost analysis in the thesis. Through
Monte-Carlo simulations, the performance improvement offered by the proposed
strategies is shown, and it is compared to the performance of conventional GSM
systems and pseudo-Gray coding.

1.2 Methodology
In this thesis, new methods are designed based on the conventional practices in
communications. Interdisciplinary principles are adapted from geometry with
reason-based motivations. Supporting arguments for the method choices are
provided in their respective sections in Chapter 3. The proposed methods are
investigated with quantifiable metrics, and tested numerically. The selection
metrics are based on Euclidean distance. The computational cost of opera-
tions are assigned with the amount of real multiplications required to complete.
Performance of the methods is assessed with BER which is a conventional per-
formance metric for evaluating communications technologies. It corresponds to
the probability of error per transmitted bit that can occur on communication
channel with Average White Gaussian Noise (AWGN).

For the verification of the methods and obtaining performance results, run-
ning computer simulations is chosen. For the simulations, communication chan-
nel is modeled, and conventional and proposed methods are implemented in
MATLAB environment. MATLAB is a software which provides an environment
to use iterative analysis and design tools with a programming language. Monte
Carlo simulation is a method to numerically analyse probabilistic distribution
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of possible outcomes, and it relies on the law of large numbers. For Monte Carlo
simulation, a transmission is simulated until 100 or more error events occur that
is considered as significant number of events. If 106 bits are transmitted and
significant number of error events is not reached, then the observed number of
error events is considered sufficient to assess the corresponding rate due to the
law of large numbers. A case in Monte Carlo simulation is repeated 104 times,
which is the amount that the hardware we use is capable of, to average the
obtained BER over large samples.

1.3 Societal Impact and Sustainability
There has been tremendous growth in the mobile data traffic over the last
decades. Wireless services became an irreplaceable asset for most people. With
more applications implemented in our lives, wireless services have been changing
the way we practice certain tasks, we work, socialize and interact with society.
Whether it is mobile data, streaming services, social networking, or professional
services; cellular networks are required to offer coverage widely, for users at
home, on the move and at work.

Due to the expansion of services, mobile operators are forced to keep up
with the data traffic demand while keeping their costs at minimum. Operators
and researches have been motivated to develop new transmission strategies and
protocols to allow cellular networks to meet with the throughput and spectral
efficiency of the demand. As a result, the Information and Communications
Technology (ICT) industry became a significant source of the global carbon
emission by representing around 2% of total emission [6]. Therefore, the de-
velopment of green and sustainable wireless communications gained necessity.
Conventional approaches of designing transmission strategies and protocols fo-
cused only at reaching maximum spectral efficiency. However, novel techniques
consider performance indicators which include energy efficiency as well, such as
throughput per unit energy. Spectral efficiency versus energy efficiency tradeoff
is an important factor for development of novel techniques.

MIMO systems are recognized with their extensive spectral efficiency advan-
tages. The capacity of MIMO systems is proportional to the number of transmit
and receive antennas under some conditions, and it can be increased linearly
with the number of antennas [21]. However, it requires as many circuits as
the antenna number to be implemented in the hardware, such as power ampli-
fiers, mixers, and RF chains [6]. The increase in the number of circuit elements
introduces additional energy loss to the systems other than the transmission
energy. It makes the transmit power versus circuit power dissipation tradeoff
a crucial point to be considered. Moreover MIMO systems provide higher data
rates compared to single antenna communications at the cost of higher process-
ing complexity at the receiver, strict synchronization requirements among the
transmit antenna.

SM emerged as a single RF MIMO design. It aims at reaching the gains
of MIMO systems by making use of many antenna elements of which only a
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few are activated at any transmission instant, to map additional information to
antenna elements. SM exploits multiple transmit antennas while using a limited
number of RF chains, and improves energy efficiency by requiring less circuit
elements. Additionally, it reduces the cost of the hardware and simplifies the
design. SM is considered as spectral and energy efficient transmission strategy,
since it requires less active antenna given the performance constraints, reducing
both transmit and circuit power consumption. It avoids strict synchronization
requirements, and has relatively less complexity at the receiver.

The proposed strategies in this thesis aim at improving the performance of
SM with low computational complexity approaches, and strengthen SM as a
spectral and energy efficient candidate to compete with conventional MIMO
techniques.

1.4 Outline
In the following of this report, the relative background material and the nec-
essary theoretical information are provided in Chapter 2. In Chapter 3, the
proposed methods and the motivation behind them are explained in detail. The
theoretical derivation and analysis of the methods is presented. The description
of algorithms for the practical implementation is presented explicitly. Computa-
tional analysis of each proposal is calculated. The realization of the Monte-Carlo
simulations are described, and the simulation results are presented in Chapter 4.
The discussion of results and comparisons are provided. Finally, in Chapter 5,
the report is summarized and open problems for future work are discussed.



Chapter 2

Background

In this chapter, the necessary background information for studying GSM sys-
tems is provided. The theory is detailed with the mathematical descriptions of
the systems. Additionally, the existing studies in the literature that are related
with this thesis work are explained along with the discussion of their contribu-
tions. The motivation for how they construct the base for the research questions
of the thesis is given.

2.1 Spatial Modulation
SM, the new transmission approach proposed by Mesleh et al. [14], entirely
avoids ICI thanks to its transmission principle. In SM, one transmit antenna
is activated at a time and the transmit antenna index is used as part of the
information bit block to be transmitted. Information bits are divided into two,
one to be mapped in spatial domain, and the other to be mapped in signal
constellation domain. The bits mapped as spatial constellation are used to
determine which transmit antenna to activate and the respective symbol from
the signal constellation is transmitted by the activated antenna.

SM is often compared to V-BLAST as a competing modulation technique
in terms of overcoming disadvantages of V-BLAST. V-BLAST is one of the
best known modulation schemes that exploits a MIMO system for high spectral
efficiency. However, it comes with the need for certain conditions and resulting
limitations. One of these conditions is that, to be able to recover the transmitted
information fully, the receive antenna number has to be greater or equal to the
transmit antenna number, Nt ≤ Nr. This condition comes from the linear
equation system that the system consists of,

y = Hx + v, (2.1)

whereH is the Nr×Nt channel transfer matrix, y is the received vector, x is the
transmitted vector, and v is an Independent and Identically Distributed (i.i.d.)
wide-sense stationary process, v ∼ CN (0, INr ). Another condition is that the

8



2.1. SPATIAL MODULATION 9

multiplexing gain strongly depends on the spacing of the antennas, because
correlation in channels due to the spacing results in ICI. Some elimination
methods that are implemented in order to avoid ICI are synchronization of
transmit antennas, and ICI reduction algorithms at the receiver [21].

On the other hand, in the proposed system model of SM [14], the received
vector is given as,

y = √ρhjsq + v, (2.2)
where ρ is the average Signal-to-Noise Ratio (SNR), hj is the jth column vector
of the channel matrix H, and j indicates the active transmit antenna. sq is the
transmitted symbol which belongs to the signal constellation. Additional to
the symbol that is transmitted, the activate transmit antenna is detected at
the receiver, and it is combined with the symbol to reconstruct the information
sequence. Spectral efficiency of a communication channel using SM with the
antenna configuration Nt × Nr and the signal constellation M-Ary is given by
η = log2(Nt) + log2(M) bits/s/Hz.

To be able to detect the transmit antenna index, CSIR should be known. In
the first proposal [14], the received vector y is multiplied with each channel path
gain and the channel index resulting with the maximum magnitude is estimated
as the transmit antenna index,

l̃ = arg max
j

| hHj y |, for j = 1 · · ·Nt.

Later, the symbol is estimated with the constellation quantization function,
q̃ = Q(hH

l̃
y).

However, Jeganathan et al. in [9], showed that the detector proposed with
SM is sub-optimal, because the antenna index and symbol transmitted are de-
modulated sequentially, meaning that an error in the first step directly translates
to error in the second step. Additionally, they showed that antenna index de-
tection is only possible for constrained channels. Following, they offered the
optimal detector for SM, which is based on the ML principle,

[ĵ, q̂] = arg max
j,q

pY(y | xjq,H)

= arg min
j,q

‖y−√ρhjsq‖2F .
(2.3)

With the proposed optimal detector, the need for constrained channels is
eliminated. The optimal detection requires joint estimation of antenna indices
and symbols decoupling the sequential detection problem. Finally, a closed form
of union bound for BER is presented for the optimal detector,

Pe,bit ≤ Ex

∑
ĵ,q̂

N(xl,q, xl̂,q̂)P(xl,q → xl̂,q̂)


≤

Nt∑
j=1

M∑
q=1

Nt∑
ĵ=1

M∑
q̂=1

N(xl,q, xl̂,q̂)P(xl,q → xl̂,q̂)
NtM

,

(2.4)
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where N(xl,q, xl̂,q̂) is the Hamming distance between the transmitted symbol
xl,q and the estimated symbol at the receiver xl̂,q̂, and P(xl,q → xl̂,q̂) is the
Pairwise Error Probability (PEP).

2.2 Generalised Spatial Modulation
GSM was first proposed in [23] as an extension of SM. GSM removes the
single active antenna and RF chain constraint of SM and allows to activate any
number of transmit antennas, Nu, at a time. This offers a further improvement
to the spectral efficiency of SM without increasing the transmit antenna number
or the signal constellation size. There are

(
Nt
Nu

)
possible antenna indices that

can be used. However, the size of the spatial constellation must be a power
of 2. Therefore, a sub-set among all the possible antenna combinations with
2blog2 (NtNu)c elements must be selected. log2(Nt) expression in spectral efficiency
of SM is replaced with

⌊
log2

(
Nt
Nu

)⌋
, making the spectral efficiency expression for

GSM η =
⌊
log2

(
Nt
Nu

)⌋
+ log2(M). The received vector y of a GSM system is

given as,
y = √ρh′lsq + v, (2.5)

where l indicates the group of active transmit antennas, l = (l1, l2, . . . lNu) ∈ Φ,
Φ is the set of all group of transmit antennas that can be activated for transmis-
sion. The combined channel vector h′l contains the summation of the channel
vectors, h′l = 1√

Nu

∑Nu
i=1 hli . Younis et al., in [23], provided an analytical calcu-

lation for the upper bound of BER of GSM based on (2.4),

Pe,bit ≤
∑
l,q

∑
l̂,q̂

N(xl,q, xl̂,q̂)I σ2
n

σ2
n+σ2

D
l̂,q̂

(Nr, Nr)

22η , (2.6)

where Ix(a, b) is the regularised incomplete beta function, Ix(a, b) = B(x;a,b)
B(a,b) ,

σ2
n and σ2

Dl̂,q̂
are the variances of the noise and the erroneous detection. They

proposed an optimal selection method for the set of antenna combinations to be
used on the transmitter side, based on the principle of minimizing the average
BER given in (2.6),

Γ̃opt = arg min
Γ

Pe,bit

= arg min
Γ

∑
l,q

∑
l̂,q̂

N(xl,q, xl̂,q̂)
σ2
Dl̂,q̂

,
(2.7)

where Γ is the set of parameters (Nt, Nu,Φ).
For this thesis, a GSM system is implemented as given by (2.5), and the

ML detector given in (2.3) is used on the receiver side. The details of the
implementation is provided in Chapter 4.
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2.3 Euclidean Distance optimized Antenna Se-
lection

The received minimum distance is the performance parameter of commonMIMO
techniques with ML receivers,

d2
min(H) = min

xi,xj∈Φ
xi 6=xj

‖H(xi − xj)‖2F . (2.8)

In MIMO systems, EDAS, which maximizes dmin(H), is a common trans-
mit and receive optimization method to improve the ML receiver performance
bound of the system in the high SNR region [19]. Antenna selection methods
were adapted to SM systems for transmit antenna selection. Initial proposals
considered few special cases of SM, such as Space Shift Keying (SSK). How-
ever, with SSK, system design is simplified and only antenna indices are used
to convey information.

SM systems should be able to utilize both spatial constellation and signal
constellation. Optimization methods only considering SSK improve the perfor-
mance in the spatial constellation, but it is not possible to directly infer that
they improve the performance in the joint constellation. As an approach con-
sidering the use of the joint constellation, Yang et al. proposed a joint transmit
and receive optimization for conventional SM systems, namely adaptive SM [22].
The method evaluates every channel condition and assigns orders of modulation
based on the respective channel condition. A low-complexity modulation order
selection criterion (MOSC) is proposed to select the optimal candidate which
maximizes the minimum received constellation distance,

ψ̄ = arg max
ψ∈Ψ

d2
min,SM (H), (2.9)

where ψ̄ is the optimal transmission candidate and Ψ is the set of all possible
candidates, with the constraint of a fixed average transmission bit rate, m =
1
Nt

∑Nt
k=1mk.

In the letter of Rajashekar et al. [18], low-complexity EDAS and Capacity
Optimized Antenna Selection (COAS) methods are presented to increase the
Symbol Error Rate (SER) performance of the SM system by selecting a number
of transmit antennas, nt ≤ Nt, with better channel condition from a transmit
array. COAS method considers the channel norms, α ≤ CSM ≤ α + log2(nt),
where α = 1

nt

∑nt
i=1 log2(1 + ρ‖h2

i ‖), which makes it unsuitable for normalized
channels and limits the application to only constrained channels. For a low-
complexity EDAS approach, they propose making use of upper triangle form
and QR decomposition of the matrices used in calculations which is a com-
mon practice to decrease computational complexity of matrix operations. They
conclude with simulation results showing that the COAS method outperforms
EDAS. Pillay et al. released their comments and corrections on [18] in their
letter [17]. They show the formulation of low-complexity EDAS in [18] is er-
roneous, and it leads to a degraded performance in simulations. They make
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the correction for the formulation and propose further reduction of complex-
ity for EDAS method. The letter is concluded with showing EDAS, in fact,
outperforms COAS in the simulations.

Another proposal for the complexity reduction for EDAS in SM systems is
made by Ntontin et al. in [16]. It is based on singular value decomposition.
Similar to [18] and [17], a subset of transmit antennas is selected to be used in
the system. For this purpose, they evaluate the minimum Euclidean distance
in signal, spatial and joint constellations separately, and find the subset that
maximizes the minimum of three given metrics,

ψ̄ = arg max
ψ∈Ψ

ED2(ψ)
(H), (2.10)

where,

ED2(ψ)
(H) = min{d2

min,signal(X ), d2
min,spatial(H), d2

min,joint(H,X )}.

They show improved performance in high SNR region in the simulation results
compared to the conventional transmit antenna selection and Maximum Ratio
Combining (MRC). They claim to have lower complexity than exhaustive search
with EDAS. However, the proposed method is still based on exhaustive search,
since it evaluates all the possible candidates. The computational complexity is
decreased in the given metric for EDAS. Additionally, evaluating the metric
only in joint constellation is sufficient, because the union bound for error only
depends on the multiplication of joint terms.

The antenna selection method proposed in this thesis is inspired from the
concepts discussed in this section. It can be considered as another EDAS ap-
proach with a different metric than the conventional one. Further details and a
discussion of the proposed antenna selection method are provided in Chapter 3.

2.4 Delaunay Tessellation
To approach the bit allocation problem, the receive space of symbols must be
inspected. Determining the positions of the symbols with respect to each other
allows estimating the error bound of a GSM system. For this purpose, a geo-
metrical tool, Delaunay tessellation can be utilized. How Delaunay tessellation
is applied to the bit allocation problem is explained in detail in this section.

In various fields of science, decomposition of a space into convex regions
evolved to be the problem of interest and it is shown to be useful. If a space
M is divided into regions of p and S is the set of sites of p, then a region
consists of all points x in M for which the influence of p is the strongest over
all s ∈ S [5]. Here, if we consider our problem, sites correspond to the symbols,
regions correspond to decision regions of an ML receiver, and S is the received
constellation.

Dirichlet and Voronoi were the first to formulate decomposition of a space
concept by measuring the influence by the Euclidean distance. The resulting



2.4. DELAUNAY TESSELLATION 13

0 2 4 6 8 10

(a)

0

1

2

3

4

5

6

7

8

9

0 2 4 6 8 10

(b)

0

1

2

3

4

5

6

7

8

9

Figure 2.1: (a) Delaunay tessellation of a randomly generated set of points in
2-D, (b) Voronoi diagram of the set of points

structure has gotten the standard name of Voronoi diagrams. Voronoi consid-
ered two points that have a common boundary of regions connected as the dual
of this structure. Delaunay, who the dual of the Voronoi diagram has been
named after, defined it formally such that two points are connected, if and only
if they lie on a circle whose interior contains no point of S (See Figures 2.1 and
2.2).

Obtaining the Voronoi diagram of a space is an interesting problem for our
scope, because the decision regions of an ML receiver is given by the Voronoi
diagram of the constellation space. With the structure of the decision regions
known, the performance of the receiver can be assessed and the union bound
for the error probability can be calculated.

Conventional algorithms for constructing the Voronoi diagram, or the De-
launay tessellation, are incremental construction, divide&conquer, and sweep
algorithms [5]. Incremental construction is more feasible for the implementa-
tion of the Delaunay tessellation. The sites are inserted incrementally and the
flip edge procedure is used until none of the edges of the tessellation is invali-
dated by the sites pi. If the circumcircle of a triangle contains any of the sites
pi other than connected sites by the triangle, DTl = [p1, p2, . . . pl], the triangle
conflicts with sites pi and it is no longer a Delaunay triangle. The procedure
continues until there are no more sites left to add and no edge is in conflict with
any site. This algorithm takes O(n2) times to construct the Delaunay tessel-
lation of n points based on randomized insertion. However, this takes flipping
every edge of tessellation into consideration. If the conflicting triangles of a site
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Figure 2.2: (a) A triangulation of 4 points in 2-dimensional space with the
circumcircle and the conflicting site, (b) a triangulation of the same points that
is Delaunay

are determined and registered for flip edge operation, the Delaunay tessellation
can be constructed in expected time O(n logn).

In divide&conquer, the space is split by a line, and divided into 2 subsets of
the same size. The Voronoi diagrams are constructed separately in the subsets
and, later, merged along the split line. If finding the split line and the merging
task can be carried out in O(n) time, then the overall running time of the algo-
rithm is O(n logn). This algorithm is especially suited for the parallelizations
of computations.

Lastly, the sweep algorithm moves a vertical line in the plane and computes
the Voronoi diagrams of the sites as the sites are swept by the line. Before the
sweep starts, the points should be sorted according to their coordinates in the
plane. The edges constructed behind the line are stored in an order, and must
be updated when the line reaches another site. At every crossing, new edges
are constructed in O(logn) time. There are only O(n) events, making the total
run time of the algorithm O(n logn).

To be able to construct the Voronoi diagram or the Delaunay tessellation
in multi-dimensional space, geometric transformations must be utilized. For
the flip-edge algorithm, the conflicting triangles and sites must be determined.
The Delaunay tessellation constructs hyper-tetrahedrons instead of triangles in
multi-dimensional space. Therefore, the circumcircle, or hyper-circumsphere in
the multi-dimensional case, of any given set of points must be calculated. In
the following section, a formulation for this purpose is given and a conflict test
is provided.

2.4.1 A Formula for N-Circumsphere of an N-Simplex
Following the steps of [20], we can derive a conflict test for the application of
Delaunay tessellation in an N -dimensional space. For any given N + 1 points
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in an N -dimensional space, we must be able to determine if any other point lies
within the N -circumsphere defined by the given N + 1 points. To illustrate, in
a 2-dimensional space, 3 points define a triangle and a circle, meaning that 3
vertices of a triangle are connected by a circle, which is called the circumcircle of
the triangle. In 3-dimensions, 4 points define a tetrahedron and a circumsphere.

For higher dimensions, an object enclosed by triangles is called hyper- tetra-
hedrons or N -simplex, and a sphere is called N -sphere. In geometry and linear
algebra, Cayley-Menger matrices are used for calculating the content of an N -
simplex. In 2-dimensions, the content is the area of a triangle, in 3-dimensions,
the content is the volume of a tetrahedron. The coordinates of the circumcentre
and the radius of the N -circumsphere of an N -simplex can be obtained from
the inverse of the Cayley-Menger matrix of the N -simplex, CM ,

CM =


0 1 1 · · · 1
1 0 d1,2 · · · d1,N+1
1 d2,1 0 · · · d2,N+1
...

...
1 dN+1,1 dN+1,2 · · · 0

 (2.11)

CM−1 =


−2R2 α1 α2 · · · αN+1
α1 −(Y1,2 + . . . ) Y1,2 · · · Y1,N+1
α2 Y2,1 −(Y2,1 + . . . ) · · · Y2,N+1
...

...
αN+1 YN+1,1 YN+1,2 · · · −(YN+1,1 + . . . )

 ,
(2.12)

where, di,j is the Euclidean distance in between ith and jth points of the
simplex,di,j = ‖xi − xj‖, [α1, α2, · · ·αN+1] are the barycentric coordinates of
the circumcentre,

∑N
i=1 αi = 1, and R is the circumradius.

The conversion from the barycentric coordinates to the Euclidean coordi-
nates of the circumcentre, xR = [x1, x2 . . . xN ], can be done in following,

xR =
N∑
i=1

αixi. (2.13)

To test if a site p conflicts with an N -simplex, i.e. if the point is in the
N -circumsphere of a given set, the following comparison is made,

‖xR − xp‖ ≤ R. (2.14)

Since the inverse of a n × n matrix requires (n3) operations with the Gauss-
Jordan elimination method, the amount of operations to complete a conflict
test is (N + 1)3 + 2(N + 1) real multiplications.
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2.5 Bit Allocation
There are few studies in the literature focused on bit allocation within SM. In
this section, relative studies and concepts that construct the base for the bit
allocation strategies presented in the thesis, are explained.

2.5.1 Phase Alignment
The existing approaches for bit-to-symbol mapping in SM consider only MISO
systems where the received vector can be represented as a single phasor. When
SM is utilized in MISO systems, it becomes almost like single antenna communi-
cation. Single antenna transmits and single antenna receives. The diversity gain
of MIMO is lost, and only the SSK feature is kept. In [4], the transmit antenna
with minimum magnitude response is selected as the reference antenna. The
rest of the transmit antennas represented with respect to the reference antenna,
with variables αn and βn, where αn is the magnitude ranking of the transmit
antennas from smallest to largest, and βn denotes how much the phase of the
transmit antenna is shifted from the reference antenna in terms of multiples of
π
M . Antenna selection bits are assigned with Gray code according to the sort-
ing αn. The symbols for every respective antenna are assigned with Gray code
that is counter-rotated with the amount of βn. Similar to the conventional SM,
symbols that are transmitted form the same transmit antenna share the same
first logN bits.

Another proposal for negating the phasors in the receive space is pre-scaling
the symbol constellation. It can also be seen as pre-coding. The method pro-
posed in [11], does not offer a bit-to-symbol mapping solution. However, it
shares the phase alignment principle in [4]. After measuring the channel coeffi-
cients at the receiver, the symbol constellation is pre-scaled in a way that the
received constellation from every transmit antenna is in equidistance in phase.
The phase separation leads to an increase in the transmit diversity.

2.5.2 Pseudo Gray coding
Pseudo Gray coding was designed to provide an error protection scheme for
vector quantization of analog signals in communications [24]. It aims to assign
binary indices to symbols, ensuring that the Hamming distance between two
symbols corresponds to the Euclidean distance, and reducing the average quan-
tization distortion caused by reproduced source vectors on noisy channels. In
[24], a noisy channel vector quantizer, Qπ, is given by,

Qπ = D · π−1 · τ · π · C,

where C and D are a coder and a decoder, τ is a noisy channel mapping,
and π−1 is the inverse function of the permutation π. The choice of index
assignment function π does not affect the performance of Qπ on a noiseless
channel. However, to minimize the quantization distortion in a noisy channel,
the permutation function π must be chosen carefully. It is approached as an
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optimization problem where the goal is finding the permutation function which
gives the minimum mean-square distortion, and the cost of a state is related
to its distortion. Though, it is a problem of great complexity. Very large
training sequences must be used and every possible permutation function must
be searched to determine the optimal one.

Finding a globally optimal solution for this problem requires large compu-
tational complexity. To find a locally optimal solution, the binary switching
algorithm which reduces the average quantization distortion in short running
times was proposed in [24]. The binary switching algorithm takes a codebook
and rearranges the indices such that the mean-square distortion is locally min-
imum. The positions of two codevectors are switched iteratively to reduce the
distortion at every step. For this purpose, the cost of each codevector is cal-
culated and the codevectors are sorted in terms of their respective cost. The
codevector with the highest cost is selected to be switched, and the other code-
vector which gives the greatest decrease in the distortion when it is switched is
searched. The algorithm repeats the same operation until there is no decrease
in the distortion, meaning that a local optimal point is reached.



Chapter 3

Methods

In this chapter, the strategies that are proposed within the frame of this thesis
work are explained in detail. Motivation for each approach is provided, and the
performance and computational cost analysis is presented at every section. The
algorithms that are implemented can be found in their respective sections with
detailed descriptions.

3.1 Antenna Selection
In GSM systems, all possible antenna combinations are generally more than we
can utilize. Therefore, it is necessary to employ an antenna selection strategy.
The optimum selection method given in (2.7) requires a regularised incomplete
beta function to be computed for every possible erroneous detection. This makes
the application of such strategy not to be feasible because of the high order of
computational complexity. In this section, we propose a Euclidean distance
based antenna selection method, rather than calculating upper average BER
bound for every possible sub-set. The PEP depends on the Euclidean distances
of the symbols, Q(

√
ρ
2‖h

′
lsq − h′

l̃
sq̃‖F ). To minimize the average BER, the

distances of the symbols from each other should be maximized in Euclidean
space. We define the following cost function to evaluate the candidate sub-sets,

EDi = 1(
n
2
) ∑
l,k∈Φi
l 6=k

‖hl − hk‖F , (3.1)

where n is the number of elements in a sub-set. To maximize the capacity, n is
selected to be n = 2blog2 (NtNu)c, where b·c is the floor operation. On the other
hand, it is always possible to select a smaller set for better channel conditions,
n = 2m, m ≤

⌊
log2

(
Nt
Nu

)⌋
. The optimal sub-set is selected to be the one

maximizing the cost function (3.1),

Φopt = arg max
Φi

EDi. (3.2)

18
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To evaluate the computational complexity of the operations, we use the
amount of floating point operations (flops) a device needs to complete an op-
eration. This can also be referred to as time complexity. Vector summations
and vector multiplications depend on the length of the vector. In (3.1), the
subtraction is Nr−1 operation. The Frobenius norm is 2Nr real multiplications
and Nr − 1 summation, since the channel vectors are complex Nr × 1 vectors.
In a candidate sub-set, these operations are done for every pair in the sub-set,(
n
2
)
times. The evaluation of (3.1) requires

(
n
2
)
× (4Nr − 2) + Nr. For (3.2),

(3.1) must be evaluated for all the candidate sub-sets,
(
N
n

)
, N =

(
Nt
Nu

)
sub-sets,

and compared to each other. However, the Euclidean distance of a pair can
be stored after it is calculated and (3.1) does not have to be repeated for

(
N
n

)
times. After Euclidean distances of

(
N
2
)
pair is calculated, every candidate sub-

set’s cost can be calculated by combining the values. Evaluating (3.2) takes(
N
2
)
(4Nr − 2) +

(
N
n

)
Nr flops.

3.2 Heuristic for Antenna Selection
The antenna selection method given in (3.2) relies on exhaustive search among
all candidate sub-sets. However, it is possible to decrease the size of the search
domain by using the statistical properties of the channel. The sub-sets which
are more likely to result in the maximum cost function can be determined by
making use of only the characteristic of the channel. The proposed heuristic
is developed considering Rayleigh channel models. Although, it doesn’t require
instantaneous CSI to be known for the search domain reduction, the cost func-
tion must be evaluated by using CSI to select the best candidate. The cost
function is evaluated only for the sub-sets which are in reduced search domain.
By this way, the computational complexity of the antenna selection method is
decreased.

The PEP of symbols is given with the magnitude of the error in detection
given the transmitted symbol. By using the system equation, we can write the
PEP as following,

P(xl,q → xl̂,q̂) = P(d(l, q) > d(l̃, s̃))
= P(|v| > √ρ|h′lq − hl̃′q̃|),

(3.3)

where d(l, q) = ‖y−√ρh′lq‖ . Here, v is a white Gaussian noise, v ∼ CN (0, INr ).
The magnitude of the noise is,

|v|2 =
Nr∑
i

|vi|2. (3.4)

It follows a chi-square distribution with Nr degrees of freedom, |v|2 ∼ χ2
Nr

.
In terms of Gamma distribution with scale parametrization, it can be also ex-
pressed as Γ(Nr2 , 2) . The bound of the PEP is set by the antenna selection. If we
assume the channel we are analyzing to be a Rayleigh channel, which has i.i.d.
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entries, hij ∼ CN (0, 1), then the combination of channel vectors in GSM also
follows a Gaussian distribution, h′i = 1√

Nu

∑Nu
n=1 hin , h′i ∼ CN (0, INr ), where

hk is the kth vector of H channel matrix. However, the h′k are not independent
of each other as the hk are. If we want to find out the resulting distribution
of Euclidean distance, we need to follow the operations step by step. The first
step in calculating the Euclidean distance of the channel vectors is subtracting
the vectors from each other. This is not trivial to see, since the distribution of
the resulting random variable depends on the characteristic of the equation.

EDi = 1(
n
2
) ∑
l,k∈Φi
l 6=k

‖h′l − h′k‖F ,

∑
l,k∈Φi
l 6=k

‖h′l − h′k‖F =
(
|h′1 − h′2|2 + |h′1 − h′3|2 + |h′1 − h′4|2 + . . .

)

In Mathai’s representation in [12], it handles the random variables whose
characteristic equation can be written as,

Q(X) = XTAX, AT = A, (3.5)

where X is a p × 1 random vector with E(X) = µ and Cov(X) = Σ > 0.
Q(X) can be represented with U, such that E(U) = 0 and Cov(U) = I, as in,

Q(X) = XTAX = (U + b)T diag(λ1, . . . , λp)(U + b)

=
p∑
j=1

λj(Uj + bj)2,
(3.6)

where λ1, λ2, . . . , λp are the eigenvalues of Σ 1
2TAΣ 1

2 , and bT = (PTΣ− 1
2µ).

P is a p × p orthogonal matrix which diagonalizes Σ 1
2TAΣ 1

2 , and consists of
eigenvectors of Σ 1

2TAΣ 1
2

PTΣ 1
2TAΣ 1

2P = diag(λ1, λ2, . . . , λp), PPT = I. (3.7)

Σ 1
2 represents the symmetric square root of Σ. Note that any decomposition

of the form Σ = BBT can be used instead of Σ 1
2 , where B is p× p and |B| 6= 0.

Selecting a lower triangular matrix is convenient for dealing with practical prob-
lems. Cholesky’s decomposition can be used to obtain triangular decomposition
of matrices.

For our analysis in Rayleigh channel, E(X) = 0 and Σ = I, hence (3.5)
simplifies to,

Q(X) =
p∑
j=1

λj(Uj + bj)2, (3.8)
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andQ(X) is a linear combination of independent central chi-square variables.
The moment generating function of the quadratic form is given by,

MQ(t) = E(etQ) =
∫

x

exp{txTAx− 1
2 (x− µ)TΣ−1(x− µ)}

(2π)p/2|Σ 1
2 |

dx. (3.9)

If the quadratic form Q ∼
∑m
j=1 λjχ

2
rj is given with the positive even integer

degrees of freedom, rj = 2vj , then the moment generating function of Q is
simplified to,

MQ(t) =
m∏
j=1

(1− 2λjt)−vj . (3.10)

The series representation of the distribution in terms of chi-square densities
is given as,

fp(λ; b; y) =
∞∑
k=0

ckf(p+ 2k; y), 0 < y <∞ (3.11)

and the cumulative distribution function (c.d.f) is given as,

Fp(λ; b; y) =
∞∑
k=0

ckF (p+ 2k; y), 0 < y <∞ (3.12)

where f(p; y) is a chi-square distribution and expressed as,

f(p; y) = yp/2−1e−y/2

2p/2Γ(p/2)
, 0 < y <∞. (3.13)

F (p+ 2k; y) is the c.d.f of the chi-square distribution,

F (x; k) =
γ(k2 ,

x
2 )

Γ(k2 )
, (3.14)

where γ(s, t) is the lower incomplete gamma function. For the series represen-
tation for nonsingular case, ck’s can be calculated with the formula,

ck = 1
k

k−1∑
r=0

dk−rcr, k ≥ 1, (3.15)

where c0 is given as,

c0 =


p∏
j=1

(2λj)−
1
2

 exp

−1
2

p∑
j=1

b2j

 , (3.16)

and dk is given as,

dk = 1
2

p∑
j=1

(1− kb2j )(2λj)−k, k ≥ 1. (3.17)
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For the singular case where Cov(X) = Σ is rank r ≤ p and Σ is positive
semi-definite, the formula is in following,

c0 =


r∏
j=1

(2λj)−
1
2

 exp

−
r∑
j=1

b2j
2λ2

j

 , (3.18)

and dk is given as,

dk =
k∑
j=1

(
(−1)k

2(2λj)k
+ 2(−1)k+1k

b2j
(2λj)k+2

)
, k ≥ 1. (3.19)

Example 3.2.1. Let us consider a simple example of Nt = 4, Nu = 2, Nr = 4
and the spatial constellation size of 2 bits. Index i in h′i specifies the index
of column vectors in H which are summed to form h′i. The set of all possible
combinations is in the form of,

Φ(i) = {l1, l2, . . . lnc} = {(1, 2), (1, 3), (1, 4), (2, 3), (2, 4), (3, 4)},

where nc =
(
Nt
Nu

)
, in this case nc = 6. Each of h′i follows CN (0, INr ) as it

is shown above. However, they are not independent vectors, since they share
common elements. For example, h′1 = 1√

2 (h1 + h2) and h′2 = 1√
2 (h1 + h3) are

correlated because they share the vector of h1.
For the sub-sets to be considered, we want to have 4 elements in each sub-set

because the spatial constellation size is 2 bits. Let’s assume we want to calculate
the Euclidean distance sum of the sub-set φ1(i) = {(1, 2), (1, 3), (1, 4), (2, 3)}.
Then, (3.1) for φ1 is,

ED1 = 1(
n
2
) (|h′1 − h′2|2 + |h′1 − h′3|2 + |h′1 − h′4|2 + . . .

)
ED1 = 1

6(|h1+h2−(h1+h3)|2+|h1+h2−(h1+h4)|2+|h1+h2−(h2+h3)|2+. . . )

ED1 = 1
6
(
|h2 − h3|2 + |h2 − h4|2 + |h1 − h3|2 + . . .

)

ED1 = 1
6((|h2|2 − 2|h2h3|+ |h3|2) + (|h2|2 − 2|h2h4|+ |h4|2)

+ (|h1|2 − 2|h1h3|+ |h3|2) + . . . ).

Since the expression above contains independent complex entries with the same
statistical properties in the vectors of Nr × 1, we can represent the summation
with 2Nr independent quadratic forms,

ED1 = 1
6

2Nr∑
i=1

Qi(X).



3.2. HEURISTIC FOR ANTENNA SELECTION 23

Here, Qi is,

Qi(X) =
(
(X2

2 − 2X2X3 +X2
3 ) + (X2

2 − 2X2X4 +X2
4 ) + (X2

1 − 2X1X3 +X2
3 ) . . .

)
,

where X ∼ N(0,Σ), and Σ = I. If we express Qi in the form of the representa-
tion explained above, Qi(X) = XTAX, the matrix A is,

A =


3 −2 −2 1
−2 4 0 −2
−2 0 4 −2
1 −2 −2 3


|Σ 1

2TAΣ 1
2 − λI| = |A− λI| = 0⇒ ρ(λ1, . . . , λ4) = (0, 2, 4, 8).

Qi(X) =
p∑
i=1

λiU
2
i = 2U2

1 + 4U2
2 + 8U2

3

E(U) = 0, Cov(U) = I. Now, we do not have cross terms in Qi(U), i.e. we
diagonalized the matrix A.

Q =
2Nr∑
i=1

Qi(X) ∼
p∑
i=1

λiχ
2
2Nr

The coefficients for the series representation can be calculated by (3.16),
(3.15), (3.17),

d1 = 0.2188, d2 = 0.0957, d3 = 0.0419, . . .
c0 = 0.0442, c1 = 0.0097, c2 = 0.0032, c3 = 9.4930× 10−4, . . .

As one can see, many of the candidate sub-sets have the same representation
and distribution, since they are represented with the same matrix A. For exam-
ple, φ2(i) = {(1, 2), (1, 3), (1, 4), (2, 4)}, or φ3(i) = {(1, 2), (1, 3), (1, 4), (3, 4)}, or
φ4(i) = {(1, 2), (1, 3), (2, 3), (2, 4)}. There is only one other representation that
is different from the one we computed above, for example the representation of
the sub-set φ6(i) = {(1, 2), (1, 3), (2, 4), (3, 4)}. The representation of φ6 can be
given with the matrix A6 and Σ = I,

A6 =


4 0 0 −4
0 4 −4 0
0 −4 4 0
−4 0 0 4


Eigenvalues can be found as,

|Σ 1
2TA6Σ 1

2 − λI| = |A6 − λI| = 0⇒ ρ(λ1, . . . , λ4) = (0, 0, 8, 8).



24 CHAPTER 3. METHODS

With the moment generating function given in (3.10), we can calculate the
means of the candidate sub-sets we analyzed. If we refer to the first example as
Type 1 and the later one as Type 2, E(QType1(X)) < E(QType2(X)). It means
that for repeated events, the sub-set Type 2 results in a higher average Euclidean
distance sum. The purpose of the heuristic is determining sub-sets which are
likely to give higher results for (3.1) and utilizing the antenna selection method
for only those sub-sets. However, it is not necessary to analyze the probabilistic
distribution of each set to find the ones with higher mean, and evaluate the
mean of sets individually. In Algorithm 1, we propose a simpler approach in
this heuristic. The analysis in this section is provided as a proof of that the
strategy employed in Algorithm 1 is capable of selecting the sub-sets with higher
mean.

We implement a basic counting principle. The differences in the given set
of active transmit antenna indices are counted, l = (l1, l2, . . . lNu) ∈ φ. For the
ML detector to perform better, we aim to have uncorrelated elements so that
they are distinct at the receiver side. As the differences increase, h′l are less
correlated and the matrix A becomes sparse. In other words, we pick the sets
with sparse matrix A which are more likely to have their elements dispersed in
the Euclidean space, hence increasing the probability of high average Euclidean
distance sum.

Example 3.2.2. Let us have an example of counting principle introduced in
Algorithm 1 with the sets given in the previous example. Type 1 and Type 2
sets are,

φ1(i) = {(1, 2), (1, 3), (1, 4), (2, 3)},
φ2(i) = {(1, 2), (1, 3), (2, 4), (3, 4)}.

Each element of a set is taken and compared to the other elements of the set
in terms of how many shared antenna indices they have. If φ1(1) and φ1(2) are
compared, antenna index 1 is found as shared. Both φ1(1) and φ1(2) have 1
element that is not shared. Counting principle attributes 1 for the comparison
of φ1(1) and φ1(2). φ1(1) has differences of 1 with all other elements. It is the
same for φ1(2). When we compare φ1(3) and φ1(4), then the difference is 2,
since they do not share any elements. If the comparison is made for each pair
in φ1, the counting principle results in 7.

Compare : φ1(1), φ1(2)→ 1
φ1(1), φ1(3)→ 1
φ1(1), φ1(4)→ 1
φ1(2), φ1(3)→ 1
φ1(2), φ1(4)→ 1

+ φ1(3), φ1(4)→ 2
7



3.2. HEURISTIC FOR ANTENNA SELECTION 25

Algorithm 1: Antenna Selection Heuristic
input : Number of transmit antennas, Nt, Number of active antennas,

Nu
output: Selected sub-sets, Φ̃
Functions Used in the Algorithm;
Combinations(φ, n): Forms sub-sets of n-combination of a set φ
Differences(li, lj): Counts the differences in the group of indices li, and
lj

Initialization;
L← Combinations({1, 2, · · · , Nt}, Nu)
/* Generate possible transmit antenna indices */

Φ← Combinations(L, 2m)
/* Generate possible sub-sets */

D← 0
/* Create a vector to keep the values calculated for each

sub-set */

Loop;
for φi in Φ do

for j ← 1to 2m − 1 do
for k ← jto 2m do

d← Differences(lj , lk)
Di ← Di + d

end
end

end
L← arg max D
/* Select the indices of sub-sets with maximum differences

count */

Φ̃← Φ(L)
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For φ2, the result is 8.

Compare : φ2(1), φ2(2)→ 1
φ2(1), φ2(3)→ 1
φ2(1), φ2(4)→ 2
φ2(2), φ2(3)→ 2
φ2(2), φ2(4)→ 1

+ φ2(3), φ2(4)→ 1
8

Algorithm 1 concludes that φ2 has less correlated elements within the set, hence
φ2 is more likely to result in higher average Euclidean distance sum. In the
previous example, it has been shown that Type 2 sets have higher mean.

3.3 Set Partitioning aided Bit Allocation
Set partitioning is a grouping problem in mathematics such that every element
of the set is included in a sub-set and only in one sub-set. Bit allocation in large
constellations can be approached as a set partitioning problem of the symbols in
Euclidean space. Symbols that are closer in Euclidean space have higher PEP.
Therefore, Hamming distance of those pairs, N(xl,q, xl̂,q̂), should be minimized
to improve the average BER performance. It is important to locate positioning
of received symbols with respect to each other while determining the closest
pairs. For this purpose, we propose a recursive partitioning of the set. Since
the number of elements in the set, the signal constellation, is a power of two, we
can partition the set recursively into two sub-sets with equal sizes until there
are only two elements in each sub-set. Note that a set partitioning problem can
contain any size and number of sub-sets. In this application, it is suitable and
sufficient to limit the size of the sub-sets to the half of the set, and to partition
only into two sub-sets. The cost function (3.1) is used to evaluate the sub-sets
similarly to the antenna selection method. However, the set is partitioned for
the sub-sets minimizing the average Euclidean distance sum. The partitioning
principle is as following,

[φ̃1, φ̃2] = arg min
φi,φj⊂S

(EDi + EDj), S\φi ≡ φj , (3.20)

where S is the set to be partitioned, and φi, φj are resulting sub-sets. The
notation ·\· denotes the relative complement of sets. It can be also referred
to as subtraction of two sets. Every element of S must be accommodated in
resulting sets, φi, φj , but the sets must not have shared elements. In other
words, union of resulting sets gives the set to be partitioned, φi ∪ φj ≡ S, and
the intersection of the resulting sets is the empty set, φi ∩ φj ≡ ∅.

Here, EDi is calculated not only with the channel vectors, but with the cross
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multiplication of the channel vectors and the symbols,

EDi = 1(
n
2
) ∑
j,k,l,q∈φi

‖xlq − xjk‖F , (3.21)

where n is the number of elements in the set φi, xlq is the joint symbol given
by the channel vector and the signal, xlq = h′lsq.

Algorithm 2: Set Partitioning
input : Set of symbols, Φ
output: Sorted symbols, SetChild
Functions Used in the Algorithm;
Pairwise_Distances(φ): Calculates the Euclidean distance for every
possible pair in the set φ and forms a look-up table.
Partition(φ): Partitions the set φ into two sub-sets with equal number
of elements by evaluating (3.20).
Flip(φi,φj): Flips order of the elements of the given sets, φi,φj to
minimize inter-Euclidean distance of consecutive symbols of φi,φj .
Initialization;
Pairwise_Distances(Φ)
SetParent ← Φ
Loop;
for i← 1 to log2(N)− 1 do

SetChildren ← ∅
for j ← 1 to 2i−1 do

φ1, φ2 ← Partition(SetParent(j))
φ1, φ2 ← Flip(φ1, φ2)
SetChildren ← SetChildren ∪ (φ1, φ2)

end
SetParent ← SetChildren

end

The description of the algorithm which is implemented to solve the set par-
titioning problem is given in Algorithm 2. For initialization, the symbol con-
stellation is assigned as the set to be partitioned, and all the pairwise distances
are calculated and stored, meaning that (3.21) is evaluated

(
N
2
)
times, where N

is the total number of the symbols in the constellation, N = 2η. SetParent
is a register to keep the sets to be partitioned, SetChildren is a register to
keep the sub-sets resulting after the partitioning operation. At each iteration
of the loop, SetChildren is assigned to be SetParent for recursive partitioning.
For example, for i = 1, SetParent = {Φ}, and SetChildren = {φ1, φ2}. For
i = 2, SetParent = {φ1, φ2}, and SetChildren = {φ1, φ2, φ3, φ4}. A tree of parti-
tioned sets as shown in Figure 3.1 is created in this way. Since the partitioning
continues until there are 2 elements in each sub-set, the depth of the tree is
(log2(N)− 1) = (η − 1).
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Figure 3.1: An example of the set partitioning tree obtained by Algorithm 2
with the symbols of 4-QAM in 4× 1 Rayleigh channel

Since we want to have some information about the orientation of the sub-
sets with respect to each other, we sort the elements of the sub-sets accordingly.
To keep the sorting relevant throughout the tree, we add another operation
after each step of partitioning, flipping. In the flip operation, the first and last
elements of the resulting sub-sets are compared to find the elements with the
minimum inter-Euclidean distance. Then, the sorting of the sub-sets flipped
in order to keep the elements with the minimum distance as the consecutive
symbols in between the sub-sets. For example, if we have two sub-sets

φ1 = (x1, x2, x3, x4), φ2 = (x5, x6, x7, x8),

min(|x1−x5|, |x1−x8|, |x4−x5|, |x1−x5|) is evaluated. If the result is |x1−x5|,
φ1 is flipped,

φ̃1 = (x4, x3, x2, x1), φ̃2 = (x5, x6, x7, x8).

If the result is |x4 − x5|, nothing happens, the sorting is already correct,

φ̃1 = (x1, x2, x3, x4), φ̃2 = (x5, x6, x7, x8).

Finally, the output array of the algorithm is assigned with a Gray mapping,
ensuring that the consecutive symbols in Euclidean space determined by the
algorithm have 1 bit change in between. As an example, the output of the
algorithm, which the symbols are bit-mapped along, can be seen in Figure 3.2
for a 4× 1 Rayleigh channel realization with 4-QAM.

Similar to the antenna selection method, the Euclidean distances of the
symbols are calculated once and kept in the memory. For each set partitioning,
these values can be combined to complete the operation. For the evaluation of
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Figure 3.2: The resulting symbol order that is assigned with a Gray mapping
for 4× 1 Rayleigh channel and 4-QAM

pairwise distances,
(
N
2
)
(10Nr + 2) flops are required. For all the set partition-

ing functions called, 2
(
N
N/2
)
comparisons are made. The flip function is called

2η−1 times, and every flip function has 4 comparisons. Overall, evaluating Al-
gorithm 2 costs (

(
N
2
)
(10Nr + 2) + 2

(
N
N/2
)

+ 2η+1).

3.4 Delaunay Tessellation based Bit Allocation
To solve the problem of locating symbols in Euclidean space with respect to
each other, we propose Delaunay tessellation. Since the Voronoi diagram of the
symbol space represents the decision regions of the ML detector, we can utilize
the edges of the Delaunay tessellation for the bit allocation of the constellation.
For the implementation of the Delaunay tessellation, we propose an algorithm,
as given in Algorithm 3, which is a combination of sweeping algorithm and in-
cremental construction that is referred to as sweep-hull algorithm. The space is
swept spherically starting from the center, and as the points fall into the sweep-
ing sphere, they are connected to the tessellation. The order of the dimension
of the Euclidean space, which the algorithm is implemented for, is N = 2Nr in
a Nt ×Nr configuration.

To begin with, the center of the points is found by taking the mean, and the
points are sorted according to their distance to the center. First N + 1 points
are registered as the first triangulation, t1 = (p1, p2, . . . , pN+1). Triangles, ti,
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are kept in the tessellation as T = (t1, t2, t3, . . . ). Since 2η points are connected,
incremental insertion should be repeated (2η−(N+1)) times. When a point pi is
inserted, it is connected with the closest N points, and the new triangulation is
added to the tessellation T. Later, the tessellation T is checked if it is Delaunay
with the flip-edge algorithm. If there are triangles that are not Delaunay, edges
of those triangles are alternated among the neighboring triangles until the entire
T is Delaunay. The conflict test is utilized to detect violating triangles. Since
the computational complexity of the conflict test is O(N2), it would be too
expensive to calculate the N -circumsphere of an N -simplex every time there is
an edge alternated in the flip-edge algorithm. Therefore, coordinates and radius
of every N -circumsphere calculated are stored.

Algorithm 3: Delaunay Tessellation
input : Set of points, P
output: The tessellation of the points, T
Functions Used in the Algorithm;
Sort(P): Sorts the set of points P spherically
Insert(pi): Inserts the point pi into the tessellation and connects it with
the closest N points
Flip_Edge(T): Alternates the edges of triangles until the tessellation T
is Delaunay
Convex_Hull(T): Adds the convex hull to the tessellation T by
connecting the outer points within Delaunay triangles
Initialization;
P← Sort(P)
T← t1 = (p1, p2, . . . )
Loop;
for i← 1 to 2η − (N + 1) do

Ti+1 ← Insert(pN+1+i)
T← Flip_Edge(T)

end
T← Convex_Hull(T)

The illustration of the execution of Algorithm 3 can be seen in Figure 3.3.
For Delaunay tessellation, we cannot determine certain number of flops re-

quired to complete it, because every realization requires different amount of
iterations. The most costly operation is calculating the coordinates of N -
circumspheres. The worst case scenario is that the algorithm calculates N -
circumspheres of all possibleN -simplices. It results in

(2η
N

)
×((N+1)2+N) flops.

For every edge alternated, there are N + 1 comparisons made. As a result, the
worst case computational cost can be stated as

(2η
N

)
((N+1)2 +N)+η2η(N+1).

After the tessellation is obtained, bit allocation is initialized with the trian-
gle which has the smallest perimeter. For each triangulation, a circular piece of
generated η bit Gray mapping is taken. For example, (. . . 00, . . . 01, . . . 11, . . . 10)
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Figure 3.3: An example of the tessellation obtained by Algorithm 3 with the
constellation of 4-QAM in 4× 1 Rayleigh channel

can be a possible 2 bit circulation in a 2 < η bit Gray mapping. Possible bit
sequences, which belong to the selected circulation, with the least Hamming dis-
tances are located on the shorter edges of a triangulation. The longer edges can
accommodate bit sequences with larger Hamming distances, since the shorter
edges are prioritized over longer ones. When all the bit sequences available in
the selected circulation are allocated on a triangulation pair, another circulation
is selected from the available bit sequences of η bit Gray mapping, and the bit
allocation is proceeded with the neighboring triangulation.

Iteratively, the neighboring triangles are explored, and the symbols are as-
signed with the remaining best suited bit sequences. The procedure continues
until the entire tessellation is explored and all the symbols are allocated. Ex-
ploration of the tessellation does not take any considerable computation, since
all the edge and connection information is obtained during establishing the tes-
sellation. It consists of a set of deterministic comparison operations for bit
allocation.



Chapter 4

Results and Discussion

In this chapter, the numerical results for the proposed methods in this thesis are
given, and the discussion of results is provided. To test the proposed methods,
a GSM system is implemented in MATLAB environment as given in (2.5). The
ML detector in (2.3) is used. The signal modulation is picked to be 4-QAM
throughout the simulations. The channel matrix H represents the path gains,
and it is an Nr × Nt flat fading channel matrix. In case of Non-Line of Sight
(NLOS), the channel matrix H is a static Rayleigh fading channel matrix, and
it consists of i.i.d. entries following CN (0, 1). In case of Line of Sight (LOS), the
channel gain is characterized by a Rician distribution, and it presents Rician
fading. The Rician fading channel matrix is generated as follows,

HRic =
√

K

1 +K
1 +

√
1

1 +K
HRay, (4.1)

where K is the Rician fading factor, matrix 1 is a Nr × Nt matrix with all
elements being one, and HRay is a Rayleigh fading channel matrix. The noise
vector v has i.i.d. entries following CN (0, 1). The variance of noise is kept at 1,
and the average SNR is controlled by ρ. The signal is multiplied with √ρ prior
to transmission.

In Monte Carlo simulations, the information sequence length is set to be at
least 106. The results have been obtained for 104 channel realizations at each
SNR value and averaged over. The further detail for obtaining the numerical
results is provided at each section.

4.1 Antenna Selection Strategies
To demonstrate the performance of the antenna selection method proposed in
Section 3.1, Monte Carlo simulations are executed with the implemented GSM
system. Initially, the average BER results are obtained for the case with the
proposed antenna selection method and without any antenna selection method
employed. The case without any antenna selection method is simulated by

32



4.1. ANTENNA SELECTION STRATEGIES 33

randomly selecting the set of antenna groups to be used in the GSM system.
At this step, no bit allocation strategies are employed in the joint constellation.
The symbol constellation is mapped with a Gray mapping. Since, different
groups of antennas are selected for each realization of channel response, it is not
possible to assign a deterministic mapping for the spatial constellation. The
resulting set of groups of antennas must be assigned with a bit mapping to be
used in transmission. Therefore, after the antenna selection method, the set
partitioning aided bit allocation algorithm given in Algorithm 2 is called. It
determines the bit mapping on the spatial constellation.

Figure 4.1: Performance comparison of the proposed antenna selection method

The average BER results are obtained for antenna configurations Nt = 4,
Nu = 2 Nr = 2, 4, and for channel characterizations of Rayleigh model and
Rician model with fading factor of K = 3. The Monte Carlo simulation results
can be seen in Figure 4.1. In 4×2 Rician channel, the antenna selection method
offers 3 dB improvement in SNR for the same BER level. The improvement is
2 dB in 4 × 4 Rician channel. As the number of receive antennas increases,
the gain of antenna selection method decreases, because the resolution at the
receiver side increases. Since the ML detector makes less errors due to the higher
resolution, there is less room for the improvement the antenna selection method
can offer. The same trend can be seen in Rayleigh channel. In 4 × 2 Rayleigh
channel, the gain in SNR is around 1.5 dB, whereas in 4× 4 Rayleigh channel,
it is around 1 dB.

The gain difference in Rayleigh and Rician channel provided by the antenna
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selection method is due to channel responses. Channels are uncorrelated in
Rayleigh fading, meaning that they are easily distinguishable to the receiver so
that the detector makes less errors in spatial indexing. In Rician channel model,
with high K factor, the channel responses are highly correlated which results
in more errors in spatial indexing. The antenna selection method picks the
sub-set of antenna groups that are in distance in Euclidean space. For Rician
channels, it is important to pick those to improve the detector performance.
However, in Rayleigh channel, the antenna selection method cannot improve
the performance as much as in Rician channel, since the antenna groups are
already well-scattered in Rayleigh channel.

Another comparison that is presented in this section is with one of the con-
ventional methods. The EDAS principle given in (2.9) is adapted to the GSM
system. It selects the sub-set of antenna groups that maximizes the minimum
Euclidean distance in the set. On the other side, the proposed antenna selec-
tion method has another metric, it searches for the sub-set that maximizes the
average Euclidean distance in the set. When the resulting sub-sets of the two
methods are compared to each other in a Monte Carlo simulation, it is seen
that the methods select different sub-sets 95% of the time. How the outcome
difference of the methods affects the performance of a GSM system is important
to find out.

Figure 4.2: Performance comparison of proposed antenna selection methods
with the conventional EDAS approach in 5× 4 Rayleigh channel, Nu = 2,η = 2
bits

The simulation results are obtained for two methods separately in Rayleigh
fading with Nt = 5, Nu = 2, Nr = 4. The spatial constellation size is set to be
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Figure 4.3: Performance comparison of the proposed antenna selection methods
with the conventional EDAS approach in 5×4 Rayleigh channel, Nu = 2, η = 3
bits

ηs = 2 bits. Two methods perform almost as good as each other as it can be
seen in the average BER results presented in Figure 4.2. The proposed method
performs slightly better at the low SNR region, the difference being that the
proposed antenna selection method gives 0.041 BER while the conventional
EDAS approach gives 0.045 at 0 dB SNR. In the high SNR region, after 8
dB, the conventional EDAS approach crosses over the BER of the proposed
method. That is due to the metrics of the two methods. The proposed antenna
selection considers the average Euclidean distance sum of the sub-set, which
means that the selected sub-set has lower expected BER. In low SNR, not only
the minimum Euclidean distance of the antenna groups is important, but also
the overall standing of the points. Since the error rate is not dominated by the
pair that is closest, if they stand in larger distance on average, the expectation of
error rate will be lower. In high SNR region, the antenna groups that are further
away from each other are less likely to be mistaken for each other because of
the low level of noise. Therefore, the error bound is dominated by the pair that
is the closest, hence the conventional approach that is based on maximizing the
minimum distance performs better at high SNR region.

The distinction can be seen clearly in Figure 4.2, where the results for Nt =
5, Nu = 2, Nr = 4, η = 2 are presented. The proposed average Euclidean
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distance based antenna selection method performs better than the conventional
maximin approach. SNR gain for the same level of BER is around 0.5 dB.

Another method that is discussed in the Section 3.2 is the heuristic devel-
oped for the antenna selection method. To see how the heuristic affects the
performance of the antenna selection method, first, a comparison of the outputs
of the algorithms is made. The same channel realizations are fed to both the an-
tenna selection method and the heuristic. The resulting sub-sets are compared,
and the number of differences in the sub-sets are counted. When the number
of differences reaches 100 or the number of channel realizations reaches 106, the
simulation is stopped. The number of mismatches is averaged with the number
of channel realizations to obtain the rate of difference.

Figure 4.4: The rate of difference of the heuristic and the antenna selection
method

In Figure 4.4, the results for Nt = 4, 5, 6, Nu = 2, and ηs = 2, 3 bits are
presented. For Nt = 4, Nu = 2, η can be 2 bits at maximum. Therefore, for
Nt = 4, there is one case tested, and the difference rate is observed to be 0. It
means that the heuristic and the antenna selection methods select the same sub-
sets for each channel realizations. For Nt = 5, 6, we can see that the difference
rates change for ηs = 2 and 3 bits. When the spatial constellation size is large,
there are less antenna groups left out from the selected sub-sets. Therefore,
the expectation of the average Euclidean distance sum of the domain assigned
by the heuristic comes closer to the expectation of the left out sub-sets, hence
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Parameters Total Number Reduced Number
Nt = 4, Nu = 2, ηs = 2 bits 15 3
Nt = 5, Nu = 2, ηs = 2 bits 210 70
Nt = 5, Nu = 2, ηs = 3 bits 45 15
Nt = 6, Nu = 2, ηs = 2 bits 1365 270
Nt = 6, Nu = 2, ηs = 3 bits 6435 810
Nt = 6, Nu = 3, ηs = 2 bits 4845 75
Nt = 6, Nu = 3, ηs = 3 bits 125970 780
Nt = 6, Nu = 3, ηs = 4 bits 4845 75

Table 4.1: Table to demonstrate the reduction in the size of the search domain
provided by the heuristic of the antenna selection method

there are more differences in the resulting sub-sets. To illustrate, if the case is
Nt = 5, Nu = 2, ηs = 2 bits, the sub-set should have 4 elements out of 10 possible
antenna groups. It can be possible to select 4 elements that are uncorrelated or
least correlated, so that there is a search domain with a distinctive p.d.f. and a
higher expectation. When ηs = 3 bits, the sub-set should have 8 elements out
of 10. As the number of elements in the sub-sets gets close to the total number
of possible antenna groups, it is not possible to select only the uncorrelated
pairs. The sub-sets must have correlated pairs. Since the number of correlated
pairs are high in all sub-sets, the sub-sets have close expectation values. The
heuristic picks the highest ones for the search domain, but it is not superior to
the others.

Although, the heuristic does not always output the best sub-set, it still re-
sults in one of the good candidates. To observe how the mismatch rate influences
the BER performance of a GSM system with the heuristic, the implementation
is simulated with Nt = 5, Nu = 2, ηs = 2, 3 bits. For η = 2, 3, the difference
rates are around 6 and 26% respectively. The BER results can be seen in Fig-
ure 4.2 and Figure 4.3. The BER performance of the heuristic exactly matches
the performance of the proposed antenna selection method. This outcome is
expected, because the heuristic does not change the principles of the proposed
method, it has the same metric, which is average Euclidean distance sum. It
decreases the search domain for the antenna selection method. Even though
for η = 3, it has a higher differences rate, which means that exhaustive search
and reduced search result in different sub-sets more frequently, the heuristic still
manages to reach the performance of the proposed average Euclidean distance
based antenna selection with exhaustive search.

One thing that is not referred in Section 3.2 is how much the heuristic reduces
the size of the search domain. The answer is not trivial to see, because there
are levels of combinations involved in the selection procedure. A formulation
for the size of search domain is not provided, however we can see how the
heuristic decreases the size with the help on numerical results. In Table 4.1, the
transmit configurations are given with their respective total amount of sub-set
candidates. Next to it, the reduced amount of sub-sets provided by the heuristic
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can be found. It can be concluded that the reduction is greater as the amount
of antenna groups increase. As it is pointed out above, if the size of sub-sets is
close to the total number of antenna groups, there is no sub-set distinctive with
its statistical properties. When the size of sub-sets is smaller, it is possible to
have uncorrelated antenna groups in the sets, and they have larger expectations
compared to the rest of the sets. The sub-sets with the uncorrelated antenna
groups are few. Therefore, the reduction in the search domain is larger.

4.2 Bit Allocation Strategies
In this section, the BER performance results of the bit allocation strategies pro-
posed in this thesis are given. For Monte Carlo simulations, the implementation
of the GSM system includes the antenna selection method. It is not possible
to isolate bit allocation and study it alone, since a GSM system requires some
way of antenna selection to utilize a constellation that has power of 2 elements.
For the simulations, Nt = 4, Nu = 1, 2, and Nr = 2, 4 are selected. The case of
Nu = 1 is basically an SM system. Therefore, in this section, the results cor-
responding to Nu = 1 is referred as SM. Rayleigh fading is set for the channel
realizations. For comparison reasons, deterministic Gray mapping and pseudo
Gray mapping [24] are selected to be simulated as well.

Figure 4.5: Performance comparison of the methods in 4× 2 Rayleigh channel
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In Figure 4.5, the average BER results are presented for the 4× 2 Rayleigh
channel for both SM and GSM. Set partitioning aided bit allocation provides
2 dB gain for the same level of BER for both SM and GSM. However, the
Delaunay tessellation based approach matches the performance of deterministic
Gray mapping for SM, and it performs slightly worse for GSM. When we look
at pseudo Gray mapping, it does not improve the performance. It, similarly,
matches the performance of deterministic mapping for SM, and it is slightly
worse for GSM. Pseudo Gray mapping is not designed to find the global opti-
mum for the bit mapping. It outputs the map, when it finds a local optimum.
The deterministic Gray map is already a local optimum for GSM. Therefore, it
is more probable that the pseudo Gray map stays at the initially fed determin-
istic Gray mapping than finding a better local optimum.

Figure 4.6: Performance comparison of the methods in 4× 4 Rayleigh channel

The average BER results can be found in Figure 4.6 for 4×4 Rayleigh fading.
In this case, set partitioning aided bit allocation offers 1 dB gain. The decrease
in gain is explained by the same given in Section 4.1, the receiver resolution
is higher in this case. The ML detector is performing better, hence there is
less room for improvement in error rate. Delaunay tessellation based bit alloca-
tion provides a slight gain for SM. It performs better than deterministic Gray
mapping, but it does not perform as well as the set partitioning aided bit allo-
cation. Since the set partitioning aided approach requires higher computational
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complexity, it is expected to find the global optimum. However, the Delaunay
tessellation based approach does not reach the performance of the set parti-
tioning aided approach, because it has much lower computational complexity.
It cannot guarantee global optimum, yet it offers local optimum. Similar to
the pseudo Gray mapping, a local optimum other than the deterministic Gray
mapping can be performing worse. Therefore, for some cases, the average BER
performance of the Delaunay tessellation based approach decreases compared
to deterministic mapping.



Chapter 5

Summary and Conclusion

In this thesis, antenna selection and bit allocation strategies have been studied
for GSM. The strategies which have been discussed in the thesis exploit the
CSIR with the purpose of improving the average BER performance of GSM.
The proposed methods make GSM channel adaptive, and they can be utilized
in any channel condition and constellation.

The antenna selection in GSM aims at decreasing the PEP. For the antenna
selection method, the similar approaches and concepts discussed for SM and
MIMO systems in the literature have been explored. An antenna selection
method has been proposed for GSM that is adapting the conventional methods
for SM with the improvements introduced for the selection metrics. Rather
than using the conventional EDAS approach, which is based on the metric of
minimum Euclidean distance of symbols, the proposed antenna selection method
has been based on the metric of average Euclidean distance of symbols with the
aim of reaching a better performance than the convention. The Monte Carlo
simulations showed that the proposed antenna selection method offers up to
3 dB gain in BER performance for GSM systems, and it is a better antenna
selection candidate than the conventional approaches, since it performs better
in low SNR region.

Since the computational complexity of the proposed antenna selection method
is O(NrN2), it can be costly for some applications. To execute the antenna selec-
tion method in lower complexity, a heuristic of the method has been developed.
The heuristic aims at reducing the size of search domain and avoiding exhaus-
tive search. It does not require knowledge of CSI, rather the information of
channel characterization is sufficient to execute the heuristic. The simulations
showed that the heuristic does not give the same output with the proposed
antenna selection method employing exhaustive search, but it exactly matches
the BER performance of exhaustive search in GSM systems. By employing the
heuristic, the same BER performance has been reached with lower computa-
tional complexity. Compared to the conventional approaches, it offers slightly
better performance with lower computational complexity, while the performance
improvement is even larger in some cases.

41
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In the reminder of the thesis, bit allocation strategies have been proposed.
The goal of bit allocation is ensuring the least bit error for a pairwise error
event. The bit allocation problem for the ML detector has been approached with
geometrical tools. To determine the positions of symbol with respect to each
other in the Euclidean space, a set partitioning problem has been formulated.
After locating the pairs that are prone to error, Hamming distance of those
pairs has been minimized. As another approach, Delauney tessellation of the
symbols in the Euclidean space has been proposed. The tessellation connects
the decision regions of the symbols for the ML detector, hence the symbol pairs,
which are prone to error, have been determined. Allocated bits for those pairs
are minimized in Hamming distance.

It has been shown with the average BER results that the proposed bit al-
location methods achieve better performance than conventional methods. Set
partitioning aided bit allocation outperformed deterministic and pseudo Gray
mapping in all cases, offering up to 2 dB gain in SNR. It provides performance
improvement with the computational complexity of O(NrN2), whereas pseudo
Gray coding has O(N3). Delaunay tessellation based bit allocation showed per-
formance improvement in some cases with the complexity of O(N3

rN logN).

5.1 Future Work
During the course of the thesis work, some research questions were identified.
These questions can be focus of future research work. One of the challenge in
the thesis was estimating the error probability of the heuristic for the antenna
selection method during the statistical analysis of it. The error probability
might be an important metric for assessing how much the heuristic deviates
from the antenna selection method and how good it performs. Depending on
the deviation, it might not be feasible to implement practically.

One other future work can be carrying out the statistical analysis of heuristic
for other channel models. In the thesis, it is only presented for Rayleigh channel.
The same can be applied for Rician channel, since the only change would be
correlation matrices of the variables. However, it can be further analyzed for
other fading models.

Another question that is left open is what the optimal number of active
antennas is for GSM with respect to the given number of transmit antennas.
The performance is expected to degrade for the same spectral efficiency as the
number of active antennas increases, since the antenna groups that are used for
transmission become more correlated in set [23]. The diversity of the transmitter
decreases. However, this should be supported with theoretical reasoning, and
proven mathematically.

Lastly, it is important to be able to design a closed loop system for GSM
employing the proposed strategies. Closed loop systems are not widely discussed
in the literature focused on antenna selection or bit allocation, especially for SM
and GSM. For antenna selection and bit allocation strategies to be implemented
in application, a synchronization must be established in between transmitter and
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receiver. If one side determines a set of antenna to use, or a bit mapping, it must
notify the other side to allow communication. However, the synchronization
should be established without large delays and overheads. The best that can be
offered in this thesis is the full feedback of the selected features. For antenna
selection, it requires (NtNu logNt) bits; for bit allocation, it requires (N logN)
bits to be transmitted. If it is possible to synchronize transmitter and receiver
with shorter overhead, or without needing feedback with a different technique
is an open research question.
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