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Abstract

The present work describes the use of atomistic computer simulations in the
area of Condensed Matter Physics, and specifically its application to the
study of two problems: the dynamics of the melting phase transition and the
properties of materials at extreme high pressures and temperatures, problems
which defy experimental measurements and purely analytical calculations.

Both classical Molecular Dynamics (using semi–empirical interaction po-
tentials) and first–principles (ab initio) Molecular Dynamics techniques has
been applied in this study to the calculation of melting curves in a wide range
of pressures for elements such as Xe and H2, the study of the elastic constants
of Fe at the conditions of the Earth’s inner core, and the characterization
of diffusion and defects formation in a generic Lennard–Jones crystal at the
limit of superheating, including the role they play in the triggering of the
melting process itself.
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Chapter 1

Introduction

There are two critical situations in Material Science (in general), and in
Condensed Matter Physics (in particular) where it is exceedingly difficult to
extract useful and reliable information, both by means of experiment and the-
oretical models. They are the dynamics of the solid–liquid phase trans-
formation (melting for short) and the behavior of materials at extreme
high pressures and temperatures, for example inside the Earth’s outer
and inner core.

Experimentalists cannot “look inside” a solid while it is melting, in order
to see the individual changes that critically accumulate until suddenly all the
atoms of the solid “decide” to abandon their positions in a crystalline lattice
and become a liquid. And precisely due to this critical (in the mathematical
sense of the word) nature of the melting process, purely theoretical models
give us limited understanding of it.

Extremely high pressures uncover a similar difficulty: on the experimental
side, the setups needed to reach pressures over 100 GPa, such as the diamond
anvil cell (DAC), rely on applying forces over very small areas, and are
therefore only applicable to very small samples which are difficult to analyze.
On the theoretical approach side, extremely high pressures involve unusually
short intermolecular distances, which in most cases make quantum effects
non–negligible, revealing interesting phenomena such as insulator–metallic
transitions and melting curves with negative slopes (for example in water,
hydrogen and sodium).

In both cases, where experimental and analytical approaches see a bumpy
road, there is now a middle way, which has all the potential to provide a
smooth way ahead.

11



12 CHAPTER 1. INTRODUCTION

Since the last decades, scientists have realized that computers are a re-
ally powerful tool to complement both experimental measurements and the-
oretical models. They allow the implementation of models of unparalleled
complexity over which calculations can be performed. The result of this new
methodology, computer simulation, is, due to the accelerating increase of
computer capabilities each year, the staggering possibility of studying sys-
tems as realistic as ever before.

We can see how this rise of computer simulation has influenced the de-
velopment of the traditional areas of Science. For instance, there is now a
demand for much more detailed theoretical models, and, in turn, the valida-
tion of such models can be much more rigorous. On the other hand, computer
simulation allows us to reach regions hardly accessible by experimental tech-
niques (extreme temperatures and pressures, high energies).

This was the approach followed in this work, which comprises computer
simulation studies of the mechanisms of melting (and a condition commonly
associated with it called superheating) and high–pressure effects on different
materials. Both semi–empirical and first–principles (ab initio) models were
used in this work in the framework of Molecular Dynamics, giving access
to microscopic and macroscopic aspects of the different materials studied,
as well as general insights about the physical principles behind the different
phenomena.



Chapter 2

Atomistic Simulation
Techniques

2.1 Some history

Computer simulation techniques currently used were born as an answer to a
crucial problem in physics: description and calculation of macroscopic prop-
erties of a system composed of interacting particles, which is, in general,
impossible to tackle from the purely theoretical point of view.

More precisely, it was in the study of the simplest of models for liquid
systems, during the fifties, when the computer was beginning to arise as a
fundamental tool, and the foundations of the techniques used nowadays were
developed. In 1953 Metropolis et al [1] performed, on the MANIAC computer
at Los Alamos, the first numeric simulation of a liquid using a novel method
based on the generation of random numbers. This method was known since
then as Monte Carlo simulation, in reference to the famous gambling casinos
in that city.

In 1957 Alder and Wainwright[2] studied the phase diagram of a system
of hard spheres using a Molecular Dynamics simulation, a completely deter-
ministic method (as opposed to the random walk–like Monte Carlo) based
on the integration of Newton’s equations. For this task they used a UNI-
VAC computer and an IBM 704. In this hard spheres model, particles only
interact via elastic collisions, moving freely (without accelerations) between
collisions. Alder and Wainwright soon demonstrated, also using Molecular
Dynamics, that a system of hard spheres can, even without defining attractive
interaction forces in the model, freeze until becoming a stable solid structure.

The first Molecular Dynamics simulation focused in calculating properties
of a real material was performed in 1960 by Vineyard et al [3], for a system

13



14 CHAPTER 2. ATOMISTIC SIMULATION TECHNIQUES

of 500 atoms of copper arranged in a crystalline structure.

Since then, Monte Carlo and Molecular Dynamics techniques have been
widely applied to an impressive number of problems, and in the meantime
being extended with the development of novel, more elegant and efficient
algorithms and implementations. However, the fundamental ideas behind
both techniques remain unaltered since their beginnings.

2.2 General Principles

To fully understand the entire idea of atomistic computer simulation, we
can split it into two conceptual problems: first of all is the issue of how
to describe the movement of individual particles (atoms or molecules) and
their interactions, and second, a general procedure is needed to obtain useful
macroscopic properties from the combination of particle trajectories.

The second problem is already solved in theory, and it involves the for-
malism provided by Statistical Mechanics. This branch of Physics connects
the microscopic description of a system, given by its coordinates (~ri, ~pi) in
phase space (usually ~r is the particle’s position and ~p is the particle’s lin-
ear momentum), with their macroscopic properties, such as temperature,
pressure, entropy and internal energy, which follows the usual rules of Ther-
modynamics and can be measured experimentally. One single point in this
phase space, containing the set of all positions and velocities of all the par-
ticles composing the system at a given instant of time, is more commonly
called a configuration of the system.

Statistical Mechanics gives us the concept of an ensemble, which is a set of
many different configurations of a system, under the constrains of being com-
patible with fixed thermodynamical variables such as volume, temperature,
pressure or total energy. Among the different ensembles one can imagine, the
ones more frequently used in computer simulation are the micro–canonical
or NVE ensemble, which comprises all the configurations compatible with a
fixed number of particles (N), fixed volume (V ) and fixed total energy (E),
the canonical or NVT ensemble, with fixed number of particles, fixed volume
and fixed temperature (T ), and the isothermal–isobaric or NPT ensemble,
with fixed number of particles, fixed pressure (P ) and fixed temperature.

In order to obtain the macroscopic value 〈A〉 of a certain property A we
need to sample and average the value Ai extracted from a single configura-
tion i over a set of many different (uncorrelated) configurations picked from
a given ensemble. The explicit expression for this average will depend on
the applicable ensemble. For example, in the NVT (canonical) ensemble,
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the probability of occurrence for a given configuration is governed by the
Maxwell-Boltzmann distribution. In this case,

〈A〉 =
1

Z

N∑
i=1

Aie
−βEi , (2.1)

where Z is the canonical partition function of the system,

Z =
N∑

i=1

e−βEi , (2.2)

and β = 1/kBT .
If, otherwise, we consider the NVE (micro–canonical) ensemble, every

configuration has the same probability of occurrence. In this case 〈A〉 is
simply given by

〈A〉 =
1

N

N∑
i=1

Ai. (2.3)

In this way, our original problem reduced to the first issue: finding meth-
ods to generate reliable trajectories in phase space, compatibles with a given
ensemble, for our system of interest. Given this, all that remains is to take
statistically significant averages (over as many uncorrelated configurations
as possible) in order to ensure the applicability of the Statistical Mechanics
formalism.

As a straightforward example of the calculation of a macroscopic property,
the temperature of a given system can be obtained from the average value
of the kinetic energy, according to the equipartition theorem, which assigns
an average energy equal to kBT/2 for each quadratic (p2 or q2) degree of
freedom in the system’s Hamiltonian. For a system of point particles in
three dimensions, temperature will be given by

3

2
NkBT = 〈K〉 =

1

2

〈
N∑

i=1

miv
2
i

〉
. (2.4)

Even when rigorously it lacks a physical meaning, in molecular dynamics
it is useful to define an instantaneous temperature T (t) in a completely sim-
ilar way, using the instantaneous value of the kinetic energy (just dropping
the “average” brackets)

3

2
NkBT (t) = K(t) =

1

2

N∑
i=1

miv
2
i . (2.5)
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Another example of thermodynamic property is the pressure of the sys-
tem, which can be obtained from the system’s virial function,

W (~r1, ~r2, . . . , ~rN) =
N∑

i=1

~F total
i · ~ri. (2.6)

Again according to the equipartition theorem, the average value of the
virial can be linked to the temperature, as follows:

〈W 〉 = −3NkBT. (2.7)

If we separate the total force on a given particle i, ~F total
i , into an external

force term plus an interaction force term,

~F total
i = ~f ext

i + ~fi,

we can, in turn, separate the average of the virial in (2.7) as an “internal
virial” term and an “external virial” term. The last term reduces to −3PV ,
where P is the pressure associated with external forces. In this way, the
relation given in (2.7) can be rewritten as〈

N∑
i=1

~ri · ~fi

〉
− 3PV = −3NkBT. (2.8)

This expression allows the direct calculation of the average pressure from
the set of atomic positions and forces, and the system temperature.

2.3 Molecular Dynamics simulation

In this method the configurations (~ri, ~pi) are generated by numerically in-
tegrating the set of dynamical equations for each degree of freedom of the
system. In the usual case of an atomic system interacting via some known
interatomic potential the equations to solve are Newton’s:

mi~̈ri = ~Fi = −∇ri
U(~ri). (2.9)

If we define the kinetic energy of the system as

K =
1

2

N∑
i=1

mi~̇ ir
2, (2.10)

then equations (2.9) make sure that the total energy, given by E = K+U , is a
conserved quantity along any trajectory. Due to this fact, this formulation of
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molecular dynamics can be directly applied to systems in the micro–canonical
ensemble.

Several methods exist to perform the numerical integration of equation
(2.9), the general idea being to transform the differential equations into fi-
nite difference equations. Among these integration methods the Verlet and
Velocity Verlet, together with Beeman and predictor–corrector methods are
the most common in the field of molecular dynamics.

2.4 First–principles Molecular Dynamics

The quality of the results obtained from molecular dynamics simulations is
strongly dependent on the quality of the chosen interatomic potential. To
avoid the arbitrariness of this choice of potential, or simply to treat cases
where no such potential exists, the usual route is the extension known as
first–principles (or ab initio) molecular dynamics.

In this new molecular dynamics scheme, the original system with only
atomic degrees of freedom (in general translational and rotational) is re-
placed with a system composed of ions (atomic nuclei plus core electrons)
and valence electrons, each with degrees of freedom of its own. For each
instant of time, the ground state of the electrons is calculated solving the
Schrödinger equation,

Ĥeφe(~r; ~R) = Ee(~R)φe(~r; ~R), (2.11)

where

Ĥe = −1

2

∑
i

∇2
i −

∑
k,i

Zk

rki

+
∑
i>j

1

rij

(2.12)

in a self–consistent way, where the current ionic coordinates enter as
constant parameters. In other words, the quantum mechanical problem for
the electronic ground state is parametrized, assuming that the ions are fixed
(the Born–Oppenheimer approximation[4]). Once the wavefunctions of the

ground state are known, the inter–ionic forces ~Fi can be obtained from them
(without any need for arbitrary interatomic potentials) and then the ions are
moved according to the usual molecular dynamics procedure, the numerical
integration of equation (2.9).

First–principles molecular dynamics maintains the benefits of classical
molecular dynamics, using a more refined quantum representation of the
interactions between atoms. However, its cost in terms of computational
resources is vastly superior, and therefore the whole procedure is restricted
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to systems composed of a few hundred of particles and a few thousand time
steps.

2.5 Density Functional Theory (DFT)

Most of the implementations of first–principles MD used today do not solve
the Schrödinger equation directly, as shown in the previous section, but are
based instead on the Density Functional Theory (DFT), which arises as a
consequence of the Hohenberg-Kohn theorem[5]. This theorem states that

The electronic density n(r) = ψ(r)∗ψ(r) associated with the
ground state ψ0(r) of a bound system of interacting electrons
under an external potential V (r) determines this potential in a
unique way (except for an additive constant with no further con-
sequence). From here follows that the electronic energy E of the
system is a functional of the density, i.e., E = E [n(r)].

The energy E has a minimum at the ground state ψ0(r), and, in
turn, the energy functional reaches its minimum when n(r) cor-
responds to the density of the ground state, n0(r) = ψ0(r)

∗ψ0(r).

This is clearly an advantage, as we go from a problem in which we have
to solve for each electronic wavefunction, to a problem in which we only need
to solve for the density which minimizes the energy functional.

However, even when this energy functional E [n(r)] is known to exist,
its exact functional form is not known a priori. Furthermore, it should be
extremely complicated. In 1965 Kohn and Sham proposed[6] a functional
form for a set of double–occupied states ψi, given by

E [ψ(r)] = 2
∑

i

∫
ψi

[
− ~2

2m

]
∇2ψid

3r +

∫
Vion(r)n(r)d3r +

+
e2

2

∫
n(r)n(r′)

|r − r′|
d3rd3r′ + EXC [n(r)] + Eion(RI).(2.13)

The approach to follow is to find the wavefunctions ψ(r) which minimize
this functional. These wavefunctions come as solutions of the Kohn-Sham
equations,

[
− ~2

2m
∇2 + Vion(r) + e2

∫
n(r′)

|r − r′|
d3r′ + VXC(r)

]
ψi(r) = εiψi(r), (2.14)



2.5. DENSITY FUNCTIONAL THEORY (DFT) 19

where VXC is given by the functional derivative

VXC =
δEXC [n(r)]

δn(r)
.

In general, E = 〈ψ(r)|H|ψ(r)〉, and then the forces on the ions are given
by

FI =
∂E

∂RI

=
∂

∂RI

〈ψ(r)|H|ψ(r)〉 = 〈ψ(r)| ∂H
∂RI

|ψ(r)〉,

where the right part of the equation can be written because of the Hellmann–
Feynman theorem,[7, 8], which can be applied if we assume a stationary
wavefunction ψ(r).

In practice, the equations for the minimization of the energy functional
are numerically solved, not in coordinate space but in momentum space (or
k–vector space), and the wavefunctions are expressed as series of plane waves,
or other suitable functions of the lattice reciprocal vectors matching the sym-
metry of the system being studied.
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Chapter 3

The Melting Process

Melting is the usual name for the phase transition from solid to liquid. While
it is a fairly common phenomenon in daily life, its complexity at the atomic
level is such that a precise physical explanation of its nature and, above all,
its dynamics, is still lacking. Melting, as a phase transition, is a cooperative
process between the atoms in a system, it involves an spontaneous breaking
of the crystalline structure above a critical temperature called the melting
point (Tm), which from a thermodynamical point of view is such that the
Gibbs free energies G(T, P ) for the solid and liquid phases are equal,

Gsolid(Tm, P ) = Gliquid(Tm, P ) (3.1)

where P is the applied external pressure.
It is well known that if a crystal is heated in a completely homogeneous

way, it can reach temperatures above Tm without melting, a phenomenon
known as superheating. However, there is a critical superheating temperature
TLS above which the crystalline structure cannot survive.

3.1 Atomistic criteria for melting

The “microscopical interpretation” of Tm (and TLS) is not at all clear. A
number of different criteria has been suggested for the meaning of Tm in a
material, the first was due to Lindemann[9]. According to this criterion, the
melting process starts when the amplitude of vibration of each atom from its
position in the crystalline structure becomes so large that it begins to “invade
the space” of its nearest neighbors. Assuming a single frequency of vibration
ν for all atoms (the Einstein approximation) and using the equipartition
theorem from Statistical Mechanics, the melting temperature can be obtained
as

21
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kBTm = 4π2ν2mfa2, (3.2)

where m is the atomic mass, a is the distance between nearest neighbors and
f is Lindemann’s allowed threshold of vibration, such that the mean square
displacement of each atom is given by 〈~r(t)2〉 = fa2.

The Lindemann criterion is a very simplified view of the melting process,
as have been shown, for example, using molecular dynamics simulations. An-
other criterion, due to Born[10], assumes that melting is produced at a point
when the crystal completely loses its resistance to shear stress, becoming
mechanically unstable and then collapsing into a disordered liquid structure.
It is usually assumed that the C44 elastic constant is the first to vanish with
temperature, and in this case the condition for Tm is simply,

C44(Tm) = 0 (3.3)

Molecular dynamics has also shown that the Born criterion is not fulfilled
for the case of a finite crystal, in which the melting process starts at a tem-
perature lower than the one needed to make the shear resistance equal to
zero. In other words, a finite crystal melts due to other causes before the
mechanical instability becomes manifest.

However, it has been shown[11] that, before the conditions described by
the Lindemann and Born criteria can be fulfilled, liquid starts to “nucleate”
inside the crystal exactly at TLS. From this point the growth of the liquid
nucleus is unstoppable and leads to complete melting.

3.2 Two–phase simulations

A common and simple approach to determine the melting point of a substance
using molecular dynamics is the two–phase simulation technique [12]. Its
main idea is the direct simulation of coexistence of the two phases, liquid and
solid, at a given temperature and pressure (NPT ensemble). The simulation
cell is divided into two halves, one is filled with atoms arranged in a solid
structure and the other with atoms from a liquid simulation of the same
system, both at the same density. If we perform NPT molecular dynamics
on this composite system for sufficiently long times, we can find upper and
lower bounds for Tm at the chosen pressure: if the applied temperature is
lower than Tm, the solid phase will start to grow, finally filling the whole
simulation cell (the liquid half freezes). If the temperature is higher than
Tm, the liquid phase fills the cell instead (the solid half melts).
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Figure 3.1: Application of the two–phase method. Figure (a) is the initial
two–phase cell, its left half containing “liquid” atoms and the right half
“solid” atoms (colors indicate diffusion). (b) is the same cell equilibrated for
temperatures below Tm, the whole system is frozen. (c) is the cell equilibrated
at a temperature above Tm, the whole system is molten.

As the application of this technique is rather straightforward, it has been
used extensively on different kinds of materials. Its drawbacks being the
need for large systems (both halves has to be composed of a large enough
number of atoms), and a large amount of simulation steps, which is a common
problem with the melting process.

3.3 Z–method simulations

Another, more recent approach to determine the melting point at high pres-
sures is the Z–method [13] technique, which does not require the coexistence
of two phases. Instead, the idea is to perform micro–canonical (NVE) ensem-
ble simulations on a single solid system at different temperatures in order to
reach a realistic TLS, without any external intervention on the dynamics of
the melting process. As shown in the work cited before, a system in the high
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Figure 3.2: Example of the application of the Z–method to determine the
melting temperature, by simulating points along an isochoric curve in the
NVE (micro–canonical) ensemble. The relation between Tm (lower point of
the Z–shaped curve) and TLS (higher point) is shown for a Lennard–Jones
fcc crystal.

pressure limit being simulated in the NVE ensemble slightly above TLS will
melt, its temperature dropping naturally to Tm at the pressure fixed by the
chosen density. At a fixed volume, the (P, T ) points of the isochoric curve
draw a “Z” shape (hence the name of the method), of which the inflection
at the higher temperature corresponds to TLS and the one at the lower tem-
perature to Tm. By repeating the procedure at different cell volumes it is
possible to obtain points (P, Tm) directly on the melting curve.

The method is as straightforward as the two–phase method, and it re-
quires half as much atoms in the simulation cell. However, it still requires a
large amount of simulation steps to achieve complete melting of the system.

There is clear evidence arising from Z–method molecular dynamics simu-
lations, which shows that Tm and TLS are thermodynamically connected. In
particular, in the limit of high pressures, the ratio of TLS over Tm has been
shown to be

TLS

Tm

= 1 +
ln 2

3
≈ 1.231049 (3.4)

This being a quantitative explanation of the empirical fact that TLS is
often estimated to be 20% higher than Tm.



Chapter 4

Effects of Extreme High
Pressures

In daily life we are used to what is called Standard Temperature and Pressure
(STP) conditions, this is, temperatures around 20 degrees celsius (roughly
300 K) and pressures near 1 atm (roughly 100 kPa). While it is fairly easy
to imagine the effect produced by much higher temperatures on materials,
the effect produced by high pressures (MPa or even GPa) is much difficult
to handle. The situation becomes specially delicate when, as it is often the
case, both high pressures and high temperatures are present.

4.1 The Earth’s Core

One place where this kind of extreme conditions are natural is inside the
Earth’s core. Earth has an inner core, which is solid and composed mainly
of Fe, surrounded by an outer core, which is liquid. Inside the Earth’s inner
core temperatures go from 5000 K to 8000 K, and the pressure approaches
370 GPa. Not only are these conditions impressively difficult to picture, but
also, and more importantly, impractical (if not impossible) to reproduce in
the laboratory. Pressures up to 200 GPa [14] can be reached inside an exper-
imental setup known as the diamond anvil cell (DAC), which consists of two
opposing cone–shaped pieces of diamond “squeezing” a sample of material
between them. As the DAC is based on the principle of applying moderate
forces on extremely small areas (the tips of the diamonds) to generate huge
pressures,

PDAC =
Fmechanical

Atip

, (4.1)

25
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it can only be used to analyze equally small samples, which is a clear
drawback, dictating what kinds of properties can be measured and the errors
one may expect from them.

From a purely theoretical point of view, the situation is as complex as with
the experimentalists. Increasing pressure (and therefore density) reduces the
interatomic distances considerably. For example, the lattice constant for Fe
at room pressure is around 2.87 Å, while at 370 GPa is about 2.35 Å(20%
smaller). This increases the overlap between electronic wavefunctions and
leads to unusually higher quantum repulsion forces between nearest neigh-
bors. As models in Condensed Matter Physics normally assume each atom
with a certain volume “of its own”, and not being “invaded by” the wave-
functions of its neighbors, many approximations break at such pressures.

4.2 High pressures in computer simulations

Computer simulations, on the other hand, make the problem of extreme high
pressures and high temperatures, if not easy, at least tractable. Molecular
dynamics simulations, specially first–principles based MD, do not depend
that much on certain kind of approximations being valid and, in contrast
with DAC experiments, the system sizes accessible to simulation are not so
dependent of pressure. So, in principle, they provide a methodology which
looks promising in exploring high pressure conditions.

Nevertheless, there is always the inherent restrictions on number of parti-
cles imposed by the computational cost of quantum mechanical calculations.
Systems up to few hundred atoms can be simulated over several thousand
molecular dynamics steps, but this is often not enough to acquire reason-
able statistical averages. If we want to overcome these restrictions, we must
look for semi–empirical models providing an account of the interaction forces
between atoms as detailed as possible. In general, semi–empirical models
adjusted only within a narrow range of pressures are not at all expected to
be transferable to pressures outside the original range, but more specialized
potentials can always be constructed, which then may consider high pressures
from the beginning.



4.2. HIGH PRESSURES IN COMPUTER SIMULATIONS 27

For Fe at high pressures, a highly successful semi–empirical model of
interaction, based on the embedded–atom[15] class of potentials, has been
developed [16]. The particular form of the interaction energy for the whole
system is

U = ε
N∑

i=1

[
1

2

∑
j 6=i

(
a

rij

)n

− C
√
ρi

]
(4.2)

where the first term is a pairwise interaction energy and ρi plays the role of a
local density “felt” by atom i due to all the other atoms in the system. This
local density is given by

ρi =
∑
j 6=i

(
a

rij

)m

(4.3)

and the values of the adjustable parameters are a=3.4714Å, ε=0.0173 eV,
C=24.939, n=8.137 and m=4.788.
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Chapter 5

Results

5.1 Study of the critical superheating limit

In the work attached as the first supplement[17], we have studied the mecha-
nism of melting by characterizing a crystal at the critical superheating tem-
perature TLS. The system considered is well–known in molecular dynamics
simulations: a FCC (face–centered cubic) crystal interacting via Lennard–
Jones pair potential, a model often used for inert gases, most notably argon.
Due to the use of pure micro–canonical dynamics (unmodified Newton’s equa-
tions), the value of TLS we could reach applying the Z–method [13] is prob-
ably the highest reached so far in molecular dynamics simulations. Other
methods, as we tested in this work, yield lower values of TLS due to the use
of temperature control algorithms (such as velocity rescaling or the Nosé–
Hoover thermostat) which may introduce spurious effects in the dynamics,
and trigger the melting process at an earlier stage.

In our simulations we considered FCC crystals composed of 500 atoms
(5x5x5 unit cells), 4000 atoms (10x10x10) and 13500 atoms (15x15x15) atoms,
for total simulation times longer than 1 ns. The analysis was focused on the
processes of defect formation and diffusion, which we studied by producing:
(1) histograms for the distance each atom deviated from its ideal position in
the crystalline lattice at different times, and, (2) curves counting the number
of defects at different times.

Our results show that the number of defects sharply increases at the
instant when melting is triggered, as opposed to accumulating gradually,
and also that this suddenly increased number of defects has a clear positive
linear correlation with system size. This last fact suggests a mechanism of
melting not due to the nucleation of liquid inside the crystal, but rather
due to the generation of extended (not localized), percolating defects on the
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Figure 5.1: Relation between temperature and pressure along one of the iso-
chores (Z–shaped curve) considered in the MD simulations performed within
the Z–method.

whole system.
We also provided evidence (linear correlation coefficient ≈ 0.91) suggest-

ing that the initial kinetic energy that has to be provided in order to melt
the crystal can be fitted to an exponential function of the time required to
actually start the melting process melting,

Ekin =
(
12220 + 558.35e−tmelt/τ

)
K · kB (5.1)

where the characteristic time τ = 77.13 picoseconds. Using this fit, and
noting that, for the cases when the crystal does not melt (tmelt →∞), exactly
half of the initial kinetic energy contributes to the temperature due to the
equipartition theorem, we have TLS = 6110 K kB.

5.2 Study of the high–pressure melting curve

of Xe

In the work attached as the second supplement[18], we have calculated the
melting curve of xenon up to 70 GPa, by means of two–phase DFT molec-
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Figure 5.2: Melting curve of Xe up to 90 GPa obtained by first–principles
two–phase MD simulations.

ular dynamics simulations. Although it is known that DFT is incapable of
accounting for dispersion (van der Waals) forces, which are specially funda-
mental in inert gases like xenon at low pressures, this does not affect our high
pressure calculations. The system considered consisted of 216 Xe atoms, 108
atoms for the solid half of the simulation cell and 108 for the liquid half,
simulated in the NVE ensemble for times between 5 and 6 picoseconds (up
to 3000 MD steps), long enough to achieve thermodynamic equilibrium. We
calculated Tm for only two different pressures in the range considered, namely
20 and 70 GPa, and adjusted these to a theoretical curve[19] derived from
the Lindemann approach,

Tm(P ) = 161.4

(
1 +

P

0.26

)0.63

(5.2)

where Tm is given in K and P in GPa. This fitted curve notably agrees
with previous theoretical calculations in all the range of pressures, and with
diamond anvil cell (DAC) experiments up to 40 GPa. Over 40 GPa the
DAC melting curve becomes flat, a fact we assume due to problems in dis-
tinguishing properly the melting transition in the DAC sample. There’s re-



32 CHAPTER 5. RESULTS

Figure 5.3: Relaxation of sheared iron samples at the conditions of the
Earth’s inner core. Figure (A) shows the shear modulus G and (B) shows
the velocity of propagation of shear waves.

cent evidence that DAC data disagrees with shock–compression experiments,
which may support this problem with DAC. Previous interpretations of this
saturation of the DAC melting curve involved 5p − d hybridization of the
orbitals (loss of spherical symmetry) in Xe when subjected to compression.
As this work implicitly considers the possible hybridization in the quantum
mechanical calculation of electronic wavefunctions for valence electrons in
Xe, it rules out those previous claims.

5.3 Study of the low rigidity of Earth’s core

In the work attached as the third supplement[20], we give an explanation to
the interesting fact that Earth’s inner core, composed mainly of solid iron
alloys, has a lower rigidity than measured in crystalline samples of the same
composition. This rigidity (basically the elastic constants), obtained indi-
rectly from measurements of the velocity of propagation of shear waves, was
earlier suggested to arise from liquid inclusions inside the solid inner core.
This explanation brings conceptual difficulties as why these proposed liquid
inclusions are not squeezed out of the inner core by the enormous pressures
present (about 370 GPa). We simulated realistic iron samples, of about 1
million atoms each, synthesized by two different ways, namely, growing a
polycrystal from melt, and creating a polycrystal “from scratch”. This last
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Figure 5.4: Melting curve of H2 up to 200 GPa, obtained by Z–method
molecular dynamics simulations.

method involved mixing different orientations using the so called Voronoi
construction. In our molecular dynamics simulations the interaction poten-
tial between the iron atoms was the embedded–atom potential developed
by Belonoshko et al [16], which has been successful in reproducing complex
properties of high–pressure bulk iron, such as its melting curve.

From these simulations, performed at the conditions of the Earth’s inner
core, T=6700 K and P=360 GPa, we calculated the elastic constants and the
shear wave velocities for each sample, by subjecting them to shear strains up
to 3 percent (to ensure elastic behavior).

Our results show that the introduction of defects and grain boundaries in
our samples clearly lowers the shear modulus G to levels which are consistent
with the measured shear velocities inside the inner core.

5.4 Study of the high-pressure melting curve

of H2

In the work attached as the fourth supplement[21], we have calculated the
melting curve of hydrogen up to 200 GPa. There has been a recent discussion
about the existence of a maximum of this melting curve at extremely high
pressures, above 100 GPa, this is, the melting curve is not monotonically
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increasing for all pressures. This effect is known for ice, and was also observed
in sodium at high pressures. Explanations for this phenomenon involve open
crystal structures (so the solid expands when freezing, as in the case of water)
or changes in the electronic structure, such as metallization or loss of metallic
character.

Our approach to the calculation of the melting curve of hydrogen was,
as in the case of the study of superheating (supplement 1), to perform Z–
method molecular dynamics simulations, this time applying the methodology
to a real material. We also departed from the use of traditional molecular
dynamics with simple interatomic pair potentials and from the full quantum
mechanical, first–principles molecular dynamics, by exploring a third kind of
interaction model: a reactive force field, called ReaxFF, recently developed
by A. van Duin [22]. This force field has been proved successful in describing
numerous properties and chemical reactions of hydrocarbons. The use of this
third kind of interaction model places us in the middle point of a compromise
between accuracy of the interactions and computational efficiency of the cal-
culations, allowing us to simulate a scale of system size and simulation times
quite reasonable for the study of melting.

We considered a simulation cell consisting of 250 H2 molecules, initially
arranged in a hexagonal closed packed (HCP) structure, and performed NVE
(micro–canonical) simulations, for different densities and initial kinetic en-
ergies, in order to obtain several points on the melting curve, sweeping all
the range from 5 GPa to 200 GPa. Total simulation times were close to 17
picoseconds. The melting curve obtained is shown in figure 5.4. This curve
was adjusted with a Kechin [23] functional form,

Tm(P ) = T0(1 + P/a)b exp(−cP ) (5.3)

where P is the applied pressure, Tm(P ) the melting temperature corre-
sponding to that pressure, and the values of the four adjustable parameters
are T0=13.884 K (which corresponds to the melting temperature at zero pres-
sure), a=0.00042279 GPa, b=0.29427 and c=0.0019589 GPa−1. The quality
of this Kechin fit shows that the Z–method yields thermodynamically consis-
tent points on the melting curve, even being able to extrapolate to pressures
not considered in the simulation (the lowest point in pressure is 5 GPa, never-
theless the Tm at zero pressure is reproduced within 1% of the experimental
value). Our curve also shows evidence for a maximum close to 150 GPa,
although the curve saturates very quickly in comparison with experimental
data and first–principles calculations.



Chapter 6

Summary and conclusions

Two kinds of phenomena have been studied in this work, namely the dy-
namics of the melting process, and the effects of extremely high pressures on
materials, such as the ones present in the Earth’s core, all in the framework
of the so called atomistic computer simulation. More specifically, first prin-
ciples (ab initio) and semi–empirical molecular dynamics simulations were
used. The application of these techniques revealed to be specially useful in
these kind of problems, where access to experimental data is increasingly
difficult and the scarce existing data is, most of the time, contradictory.

Insight about the participation of diffusion processes and defects in the
melting dynamics was gained in the characterization of a Lennard–Jones
face–centered cubic crystal at the limit of superheating. Evidence of a linear
correlation between the number of defects right at the limit of superheating
and the size of the system was found, suggesting that the melting process is
activated by the generation of extended, percolating defects, instead of the
formation of a liquid nucleus of critical surface energy. Simulations of the
superheating limit were performed using a novel technique developed recently
by the author’s group.

The melting curve of Xe in a wide range of pressures, calculated via DFT
two–phase molecular dynamics simulations, was found to be consistent with
the corresponding–states theory, while recent claims suggested otherwise.
The curve is in perfect agreement with experimental data at low pressures,
and while high–pressure points deviate with respect to DAC data, they are
consistent with shock-compression experiments, a fact which may support
claims that DAC experiments are systematically erroneous for some materi-
als, where perhaps a solid–solid phase transition is misinterpreted as melting.
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Clear evidence was presented which explains the notoriously low veloci-
ties of shear waves (which are used to indirectly obtain the elastic constants)
measured in the Earth’s inner core. They are low compared with the shear
velocities for a single homogeneous Fe crystal or a polycrystal, but if a more
realistic sample, containing grain boundaries and defects, is considered in-
stead, then the shear wave velocities are found to be consistent with seismic
experimental data. To calculate these shear velocities in our samples we
performed molecular dynamics with an embedded–atom type of interatomic
potential for Fe, recently developed by the author’s group.

The melting curve of H2 was calculated up to 200 GPa, using molecular
dynamics and a recent reactive force field model for the intermolecular and
intramolecular interactions. Our curve is thermodynamically consistent in all
the range of pressures considered, and supports previous experimental and
first–principles evidence of a maximum at pressures around 100 GPa. How-
ever, at really high pressures it is consistently saturated (melting temperature
rather independent of pressure) when compared to two–phase simulations
and extrapolations of DAC experimental data.
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Future work

At present there is ongoing work on the following problems:

• Simulations of the shear effects, induced by the presence of liquid cur-
rents, on the crystalline structure of the Earth’s inner core.

• Multi–phase simulations of melting and stability of different crystal
structures of Fe (BCC, FCC, HCP) at the conditions in the Earth’s
core.

• Realistic simulations of the atom substitution process of yttrium in zir-
conium dioxide. The aim is to determine in a natural way the preferred
sites for this substitution.

There are several possible ways considered in order to continue the devel-
opment of the works presented in this thesis and the ones in the list above:

• DFT molecular dynamics simulations of melting using the Z–method
for reasonable system sizes.

• Explore the methodology developed by D. Alfè et al to correct points
in a semi–empirical melting curve using internal energy differences ex-
tracted from first–principles calculations.

• Non–equilibrium molecular dynamics of shock wave propagation on
different materials.
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