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  Abstract 

The tyre is an essential part of a road vehicle. It is in the contact between road and tyre that 

the forces that create the possibility for the driver to control the vehicle are generated. 

Tyres, however, wear down, which leads to both unhealthy wear particles and disposal of 

old tyres, both of which are harmful to the environment. If one could learn more about 

what causes wear, it might be possible to reduce tyre wear, which would be beneficial 

from both an economic and an ecological point of view. 

 

The aim of this thesis work is to develop a tyre model that can simulate tyre wear and take 

temperature, pressure and vehicle settings into account. 

 

Based on tyre brush theory, a tyre wear model has been developed which includes a 

thermal model, a pressure model and a friction model. Simulations and analysis of 

different cases has been performed. From the results, one can conclude the following: the 

tyre temperature and inflation pressure change with the distance the vehicle travels at the 

beginning and later become steady; higher external temperature will decrease tyre wear 

rate since the inflation pressure increases with the external temperature and the sliding 

friction decreases; higher vehicle speed leads to a higher tyre wear rate; the tyre 

temperature increases with increasing vehicle speed; the amount of tyre wear increases 

linearly with the normal load on the tyre; the tyre wear increases with the slip ratio 

exponentially due to both the siding distance and the sliding friction increasing with the 

slip ratio; the tyre wear increases exponentially with the slip angle. 

 

The complete model can estimate the tyre wear with different vehicle settings and external 

factors. More experiments are needed in the future to validate the complete model. In 

addition, since the heat transfer coefficient is changeable with temperature, the thermal 

model can be improved by introducing dynamic heat transfer coefficients. The Savkoor 

friction model used in the report can also be improved by tuning its parameters using more 

experimental data. 
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Nomenclature 

Notation                    Description                                    Unit           

 
α Slip angle rad 
𝛽 Slip velocity angle rad 
γ Camber angle rad 
𝑀  Overturning moment Nm 
𝑀  Rolling resistance moment Nm 
𝑀  Aligning Moment Nm 
𝑀  Moment caused by lateral force Nm 
𝑀  Moment caused by bristles displacement Nm 
t Time s 
𝑣  Longitudinal velocity m/s 
𝑣  Lateral velocity m/s 
𝑣  Tyre circumferential velocity m/s 
𝑣  Reference velocity m/s 
𝑣  Longitudinal slip velocity m/s 
𝑣  Lateral slip velocity m/s 
𝜔 Angular velocity of wheel rad/s  
ω  Free rolling rotating speed of wheel rad/s 
𝑅  Effective radius of tyre  m 
𝑅  Loaded radius of tyre m  
𝑅  Radius of new tyre m  
𝑅  Radius of used tyre m  
𝑅  Unloaded radius of tyre m  
𝑟  Inner radius of tyre m  
σ Stress kPa  
𝜎  Longitudinal slip - 
𝜎  Lateral slip - 
𝑎  Coefficient of the surface rubber contact percentage  - 
𝑊  Tyre width  m 
𝑓 Sliding friction force N 
𝑓  Rolling resistance force N 
𝐹  Normal load N 
𝜇 Coefficient of friction - 
𝜇  Coefficient of longitudinal static friction - 
𝜇  Coefficient of lateral static friction - 
𝜇  Coefficient of longitudinal sliding friction - 
𝜇  Coefficient of lateral sliding friction - 
𝐵 Stiffness factor - 
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𝐶 Shape factor - 
𝐷 Peak value - 
𝐸 Curvature factor - 
𝑠 Sliding distance m 
l Travel distance m 
𝑆  Horizontal shift m 
𝑆  Vertical shift m 
𝛿  Longitudinal bristle deformation m 
𝛿  Lateral bristle deformation m 
𝑥  Sliding point m 
𝑎 Half of contact zone’s width m 
𝑞 Pressure distribution function kPa/m2 
𝑐  Longitudinal bristle stiffness per unit length N/m2 

𝜀 Tyre strain - 
𝜀  Tyre maximum strain - 
𝑄̇  Hysteresis loss rate J/s 
𝑄  Hysteresis loss heat J 
𝐸 Modulus of elasticity MPa 
ℎ Heat transfer coefficient - 
𝑇  Tyre surface temperature K 
𝑇  Air temperature K 
𝑇  Tyre internal temperature K 
𝜆 Thermal conductivity of material S/m 
𝐴 Contact area m2 
𝑄  Overall heat added kJ 
𝑄  Friction loss kJ 

𝑄  Heat convection kJ 
𝑠  Specific heat capacity of rubber                  J/(K*mol) 
𝑃 Pressure in tyre bar 
𝑉 Volume of tyre m3 
𝑇 Temperature in tyre K 
𝑅 Ideal gas constant                        m3*bar/(K*mol) 
𝑛 Amount of substance of gas (in moles) mol 
𝐾 Archard wear constant - 
𝐻 Hardness N/m2 
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1. Introduction 

1.1 Background 

Approximately 2 billion tyres were produced worldwide in 2016 [1] and tyre production 
is expected to increase steadily and demand is expected to be strong in most countries 
and in developing counties in particular over the next few years. The tyre is an essential 
part of a road vehicle. Traction, braking and steering forces are generated between the 
road and the tyres and control the vehicle’s motion. Tyres, however, wear down, causing 
dispersal of unhealthy wear particles as well as disposal of old tyres, which is harmful to 
the environment. With more knowledge about what causes wear it might be possible to 
reduce tyre wear, which would be beneficial from both an economic and an ecological 
point of view. 

1.2 Aim  

The aim of this thesis work is to develop a tyre model that can simulate tyre wear and 
take temperature, inflation pressure and vehicle characteristics into account. The model 
is then used to investigate how these factors affect tyre wear. To fulfil the aim, the 
following activities will be performed: 
 

  A literature study of the tyre fundamentals to identify the relevant parameters that 
affect tyre wear.  
  An investigation of the causes and classifications of tyre wear. 
  Choose a wear model, a tyre model, and a friction model. Design a thermal model 
and a pressure model, then implement them into the tyre model. 
  An investigation of how these relevant parameters influence tyre wear. 

1.3 Outline of the thesis 

This report describes the basic concepts of tyre wear and investigates how tyre wear is 
influenced. The thesis begins by introducing the background, the aim and the outline of 
the thesis. In Chapter 2, the fundamental knowledge and basic theories about the tyre 
are explained. Chapter 3 explains the causes of tyre wear and wear patterns. In Chapter 
4, the wear model is presented, several existing tyre models are reviewed briefly, and 
three common friction models are discussed. The tyre models and friction models 
chosen are also presented in this chapter. The thermal models and pressure models are 
introduced and analysed in Chapter 5. In Chapter 6, the establishment of the brush 
model and the motivations of input parameters are shown. Chapter 7 contains the 
simulation results and discussions. In Chapter 8, the conclusions drawn from of the 
work and possible future improvements are presented and discussed. 
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2. Tyre fundamentals 

Before introducing tyre wear, it is important to know the tyre fundamentals to better 
understand how tyre wear is generated. This chapter contains a description of the tyre 
constructions, functions, mechanics and rolling resistance. 
 

2.1 Tyre functions  

The tyres are a key component of the vehicle and have several functions. First, the 
tyres carry all the load of the vehicle. Second, the traction force and the braking forces 
are generated through the friction in the longitudinal direction between the tyre and 
the road. Third, through the friction between the tyre and the road in the lateral 
direction the tyres enable the generation of steering forces and provide directional 
stability. Finally, the vertical elasticity of the tyres absorbs impact from road and 
cushions the vehicle over road surface irregularities [3].  
 
According to the tyre functions, tyres should be able to carry heavy loads and be both 
wear-resistant and heat-resistant. Since the tyres cushion the vehicle over 
irregularities in the road surface, they should provide comfortable driving. 
 

2.2 Tyre constructions  

Almost all modern vehicles use radial tyres. The radial tyre has cord plies 
perpendicular to the direction of travel [4], see Figure 2.2.1. Radial tyres also have a 
fast heat transfer rate. They also have a wide tread and a narrow sidewall which 
makes the vehicle’s steering more responsive compare to for example diagonal tyres. 
 

 
Figure 2.2.1 Tyre construction [5]. 
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The tyre construction is made up by different components as shown in Figure 2.2.2.  
 

 

Figure 2.2.2 Tyre components [6]. 

2.3 Tyre kinematics and mechanics  

Before introducing tyre kinematics and mechanics, it is essential to first define a 
coordinate system. Figure 2.3.1 shows the standard SAE coordinate system [7], which 
is used in this report. The forces and moments acting on a tyre are also shown in the 
figure.  

 

Figure 2.3.1 SAE coordinate system with forces and moments acting on tyre [7]. 

 

Three kinds of forces are shown in this coordinate system: longitudinal force 𝐹 ，
lateral force 𝐹  and normal force 𝐹 . 𝐹  and 𝐹  affect the vehicle’s handling 
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directly while normal force 𝐹  varies with the vehicle’s loads. The moments acting 
on the tyre are the overturning moment 𝑀 , the rolling resistance moment 𝑀 , and 
the aligning torque 𝑀 .  

2.4 Tyre forces  

Before introducing the tyre forces, the slip is illustrated since it affects these forces 
significantly. As mentioned earlier, one of the tyre’s functions is to enable traction, 
braking and steering forces to be generated through the friction between the rubber 
and the road. The generation of these forces is discussed in this chapter. Furthermore, 
when tyres roll on the road, resistance forces are generated which need to be 
overcome in order for the vehicle to move forward. This is discussed at the end of this 
chapter. 
 

2.4.1 Slip 

 
Slip is the relative motion between the tyre and the road and can be divided into 
longitudinal slip and lateral slip. Longitudinal slip occurs when the wheel’s rotational 
speed differs from the free rolling speed while lateral slip occurs during cornering. 
 
With regard to longitudinal slip, it represents the value of the speed difference over 
the reference speed. The speed difference is the difference between the wheel’s 
circumferential velocity and the vehicle’s speed. The reference speed can be either the 
tyre circumferential velocity or the vehicle’s speed. In this report, the equation of 
longitudinal slip is calculated as: 
 

 𝜎 =     （2-1） 

  
 
where 𝑣  is the tyre’s circumferential velocity  
 
 𝑣 =  𝜔𝑅  （2-2） 
 
where 𝜔 is the wheel’s angular velocity, Re, is the effective radius of the tyre, as 
shown in Figure 2.4.2. In the Figure, 𝑅  is the loaded radius of the tyre while Ru is 
the unloaded radius of the tyre. 
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Figure 2.4.2 Loaded tyre radius, unloaded tyre radius and effective tyre radius [8]. 

 
The effective tyre radius 𝑅  is defined as 
 

 𝑅 =    （2-3） 

 
where 𝑣  is the longitudinal velocity and 𝜔  is the wheel’s free rolling rotational 
speed. 
 
The slip angle 𝛼, shown in Figure 2.3.1, is the angle between the vehicle’s heading 
direction and tyre travel direction which can be expressed as 

 

 𝑡𝑎𝑛(𝛼) =   (2-4) 

 
where 𝑣  and 𝑣  are the vehicle longitudinal velocity and lateral velocity 
respectively. 
 
When both longitudinal slip and lateral slip exist, this is called combined slip. For 
example, when a vehicle is accelerating and cornering at the same time, the slip is 
combined slip. For combined slip, the maximum braking force or traction force will 
be lower since the cornering force exists.     

 

2.4.2 Longitudinal tyre force 

 
Longitudinal tyre force 𝐹  is generated through the friction between the rubber and 
the road. Longitudinal slip exists when the longitudinal force is generated. It can be 
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seen from Figure 2.4.1 that the longitudinal force produced by the tyre varies with the 
longitudinal slip. Commonly, the brake and traction forces as a function of slip are not 
identical. An example is shown in Figure 2.4.1. As can be seen, the longitudinal forces 
increase sharply with the longitudinal slip to begin with. This is due to the tyre tread’s 
elastic deformation. The longitudinal forces then decrease with the longitudinal slip 
slowly because the tread rubber reaches the distortion limit and begins to slide [3].  
 

 
Figure 2.4.1 The difference between traction force and braking force [3]. 

 

2.4.3 Lateral tyre force 

 
Lateral tyre force 𝐹  is generated through the friction between the rubber and the 
road during the cornering. When 𝐹  is positive, the vehicle is moving to the right 
side, when it is negative, the vehicle is pointing left. 
 
Figure 2.4.3 shows the relationship between the lateral force and the slip angle. As 
can be seen, the lateral force varies with the slip angle. In the elastic range, there is no 
sliding, the lateral force is adhesive force generated from the elastic deformation of 
the tread elements and the curve is linear with the slip angle. In the transitional range, 
the lateral force still increases with the slip angle but with a decreasing slope due to 
the tread elements beginning to slide. The contact zone is divided into an adhesion 
region and a sliding region. The force in the adhesion region is adhesive force and the 
force in the sliding region is sliding force. The total lateral force is the sum of the 
adhesive and sliding forces. After the peak point of the lateral force, it decreases with 
the slip angle. Most of the tread elements are sliding and the range is called frictional 
range. 
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Figure 2.4.3 Lateral force with slip angle [9]. 

 

2.4.4 Rolling resistance 

 
Rolling resistance is the resistant force generated when an object rolls on a surface. 
Through the contact with road, the surface of the tyre is deformed and once the wheel 
rotates, the already compressed part of the tyre will recover. The pressure and the 
shape of tyre recover. Meanwhile, there are energy losses caused by plastic 
deformation and the effect of hysteresis. These two forms of non-elastic effect are the 
causes of rolling resistance. 
 
The rolling resistance work is one part of the tyre’s heat generation, which influences 
the tyre’s temperature changes and indirectly affects tyre wear. In tyres, it is difficult 
to have plastic deformation so the rolling resistance comes mainly from the hysteresis 
effect. The rolling resistance is expressed as 
 
 𝑓 =  𝜇 𝐹  (2-5) 
 
where 𝑓  is the rolling resistance force, 𝜇  is the rolling resistance coefficient. The 
value of 𝜇  under different road conditions can be found in Table 2.1 [10]. 
 

Table 2.1 Rolling resistance coefficients. 

 
Rolling resistance coefficient Condition 

0.001-0.002 Railway steel wheels on steel track 
0.001 Bicycle tyre on wooden track 
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0.002-0.005 Low resistance tubeless tyre 
0.002 Bicycle tyre on concrete 
0.004 Bicycle tyre on asphalt road 
0.005 Dirty tram track 

0.006-0.01 Truck tyre on asphalt 
0.008 Bicycle tyre on rough paved road 

0.01-0.015 Ordinary car tyre on concrete, new 
asphalt 

0.02 Car tyre on tar or asphalt 
0.02 Car tyre on gravel -rolled new 
0.03 Car tyre on cobbles -large worn 

0.04-0.08 Car tyre on solid sand, gravel loose 
worn, medium hard 

0.2-0.4 Car tyre on loose sand 
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3. Tyre wear 

Wear occurs over the whole lifespan of the tyre and is influenced by different kinds of 
circumstances. The circumstance factors that influence tyre wear can be summarized 
as internal and external factors. Internal factors comprise the pressure, temperature 
and the material properties of the tyre. Different kinds of material have different 
properties; some are wear-resistant and some are not, some are heat-resistant and 
some are not. These properties affect tyre wear directly or indirectly.  
 
The external factors can be divided into two parts: the vehicle’s settings and 
environmental factors. Modern vehicles provide different toe angles and camber angle 
choices, which leads to different wear patterns. Wear patterns are introduced in 
Chapter 3.2. Environmental factors include the weather (such as the temperature, 
whether it is raining or not, etc.) and the road conditions. Figure 3.1 shows an 
example of a worn tyre. 
 

 
Figure 3.1 Example of tyre wear [11]. 

 

3.1 Wear classification  

There are three main types of tyre wear: adhesive wear, fatigue wear, and abrasive 
wear. In addition to these three types, chemical wear and erosive wear also occur 
during normal use of a tyre.  
 

3.1.1 Adhesive wear 

Adhesive wear is the result of the relative motion between two surfaces in contact. 
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The adhesive force detaches surface material from the original surface and shifts it to 
the other surface. The process that the tyre surface material transfers to the ground 
should be considered when it comes to tyre wear. 
 

 
Figure 3.1.1 Adhesive wear [12].   

 
The adhesive process of tyre is affected by the ground temperature, the properties of 
the tyre surface material and the road surface material, and the roughness of the 
contact surfaces.  
 

3.1.2 Abrasive wear  

 
Abrasive wear occurs only when there is friction between a softer and a harder surface, 
such as the tyre surface and the road surface. When the tyre works normally, the 
abrasive wear is the most common type of wear. Usually, the abrasive wear has the 
form of two- or three-body abrasive wear, as illustrated in Figure 3.1.2. 
 
 

 
Figure 3.1.2 Abrasive wear [12].   

 
The abrasive wear mechanisms can be divide into four causes: cutting, brittle fracture, 
fatigue by cyclic ploughing, and grain pull-off [12]. The first three occur in the tyre’s 
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abrasive wear. Grain pull-off occurs only in ceramic material and is therefore not 
considered in the tyre’s abrasive wear. 
 
As regards the three main causes of abrasive wear, cutting is the most common 
mechanism behind abrasive wear. Cutting means that some sharp grit or asperity 
removes the material from its original surface and can be divided into small chip 
cutting and big piece cutting. Brittle fracture occurs when the material is so brittle that 
the material is easily cracked. Ploughing is the phenomenon of material deforming 
and moving to the side of the wear groove but not being removed from the surface.  
 

3.1.3 Fatigue wear  

When the tyre rotates on the road, under the cyclic force acting on the surface of the 
tyre the material is expected to show fatigue wear, see Figure 3.1.3. If the cyclic force 
is higher than the material’s fatigue limit, cracks will occur. In fact, fatigue wear 
seldom occurs but once fatigue wear cracks have arisen the tyre will be affected 
significantly. 
 

 

Figure 3.1.3 Fatigue wear [12].   

 

 

 

3.1.4 Chemical wear and erosive wear 

Chemical wear includes a number of reactions, for example oxidation and degradation. 
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Chemical reactions between the tyre surface material (e.g. rubber) and external matter 
cause corrosion. When corrosion occurs, the surface of the tyre becomes uneven. The 
uneven surface increases the risk of other types of wear occurring, such as adhesive 
wear and abrasive wear. When chemical wear occurs, adhesive wear and abrasive 
wear therefore always occur simultaneously. Erosive wear occurs when one kind of 
fluid that contains solid particles runs at a certain speed with respect to another 
surface. In a tyre, this occurs when the road that the tyre is in contact with is full of 
water or covered by ice. Compared with other types of wear, erosive wear is less 
important. 

3.2 Wear patterns 

The wear of a tyre after a long period of use can show several different patterns. The 
wear patterns illustrated in Figure 3.2.1 are due to over-inflation, under-inflation, 
feathered wear, camber wear and chopped wear. These patterns result from improper 
tyre pressure, toe angle and camber angle settings. 
 

 

 

Figure 3.2.1 Wear patterns [13].   

 
In the case of over-inflation, the inflation pressure is higher than normal pressure, 
which makes the contact area with the ground smaller, so that the crown of the tyre 
takes a higher load and wears more. On the other hand, under-inflated tyres have a 
larger contact area with the ground and thereby the shoulder of the tyre takes a higher 
load and wears more. 
 
In feathering, one side of the shoulder of the tyre has a greater amount of wear than 
normal. This is due to a non-zero toe angle. The toe angle is defined as the angle 
between the tyre’s heading and the vehicle’s direction of motion, illustrated in Figure 
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3.2.2. The toe angle is commonly expressed as “toe-in angle” or “toe-out angle”. 
Toe-in is when the front of the wheel is pointing towards the centre line of the vehicle, 
which is an “A” shape”. Toe-out is when the front of the wheel is pointing away from 
the vehicle’s centre line, which is a ‘V” shape’. Both toe-in and toe-out cause uneven 
wear. If the feathered side of the shoulder is the side that is closest to the vehicle, the 
toe angle is positive (toe-in). If the feathered side of shoulder is the outer side of the 
tyre, the toe angle is negative (toe-out). 

 

Figure 3.2.2 Toe-in angle [14].    

 
Camber angle is the angle between the wheel and the vertical axis, as illustrated in 
Figure 3.2.3. If the upper part of the tyre leans inwards the chassis, the camber angle 
is negative. If the tyre leans outwards from the chassis, the camber angle is positive, 
i.e. the camber angle in the figure is positive. Camber wear is also known as one-sided 
shoulder wear, meaning than one side of the shoulder is much more worn compared to 
the other side. 
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Figure 3.2.3 Camber angle [15].    
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4. Wear model, tyre models and friction 

models 

To estimate the amount of tyre wear, this chapter describes a common wear model 
known as the Archard Wear Model that relates to sliding friction. To estimate the 
sliding friction, tyre forces are of importance and a tyre model is thus needed to 
calculate tyre forces. In order to calculate the sliding friction with the tyre forces, a 
proper friction model is needed. Over the past few decades, a great deal of work has 
been done on tyre models. In this chapter, some existing tyre models are reviewed. 
The tyre models include the Fiala model [16], the string model [16], the brush model 
[16], and the magic formula model [16]. Tyre models are commonly divided into four 
types: empirical models, semi-empirical models, simple physical models, and 
complex physical models. Figure 4.1 describes the properties of the four types of tyre 
model. 
 

 
Figure 4.1 Four categories of possible tyre model approaches [16]. 

 
All four types of tyre model can simulate tyre forces. In general, most of the tyre 
models are limited to certain conditions and do not take the pressure and temperature 
changes into account. Some friction models, however, can achieve this. Friction 
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models are used to estimate sliding friction. A complex friction model includes factors 
such as tyre pressure, temperature and sliding velocity and can therefore be used to 
extend the tyre model to simulate tyre wear with the factors that the original tyre 
model does not describe. This chapter begins by introducing the Archard wear model. 
The tyre models are then presented in Section 4.2. Section 4.3 presents three friction 
models and the tyre and friction models are evaluated in Section 4.4. 
 

4.1 Wear model 

The wear model is the model used to estimate the amount of wear. The wear model 
used in the report is Archard’s wear model [17], one of the simplest wear models. The 
general equation is as follows: 
 

 𝑄 =  𝐾  (4-1) 

 
where 𝑄 is the amount of wear, K is a constant, H is the hardness of the softest 
material, 𝐹  is the total normal load and s is the sliding distance. Since the constant K 
is adjustable, hardness H is also a constant, 𝐹 𝑠 can be approximated and regarded as 
the sliding friction work [18]. Sliding friction occurs when two surfaces slide against 
each other. The friction model is introduced in Section 4.3. It is therefore possible to 
transform Equation 4-1 into 
 

 𝑄 =  𝐾  (4-2) 

where W is the sliding friction work. The value of 𝐾 is in the range of 10-8 to 10-2. The 
hardness H is around 100 N/m2. 
 

4.2 Tyre models 

A good tyre model should be able to determine the forces, moments, shape changes 
and contact zone length with given input parameters. There are several models that 
meet the requirements and a selection are described in this section. 
 
As mentioned earlier, tyre models can be divided into four types: empirical, 
semi-empirical, simple physical and complex physical. Empirical models use only 
experimental data whereas semi-empirical models are theoretical models that take the 
experimental data as reference and use the similarity method to prove the mathematic 
equations. Complex physical models are more accurate than simple physical models 
but also need more computational work. 
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4.2.1 Burckhardt tyre model 

 
In 2000, Burckhardt developed a relatively accurate tyre model [19]. The Burckhardt 
tyre model has the advantage that it can be used for combined slip. The model, 
however, assumes that the tyre forces are equal along all directions which is not the 
case in reality. The Burckhardt tyre model describes how the tyre force changes with 
the slip ratio sl and vehicle velocity v. The tyre force equation is  
 
 𝐹 = [𝐶 (1 − 𝑒 ) − 𝐶 𝑠 ]𝑒 (1 − 𝐶 𝐹 ) (4-3) 
 
where 𝐶  is the maximum value of friction, 𝐶  is the shape of the curve, 𝐶  is the 
friction curve difference, 𝐶  is the wetness characteristic value, and 𝐶  is the load 
coefficient [20].  
 

4.2.2 Magic Formula model  

 
The Magic Formula tyre model is the best-known semi-empirical tyre model. It was 
developed by Pacejka and Bakker [16] and is limited to steady-state conditions but 
has relatively high accuracy. The general Magic Formula with pure slip is formulated 
as  
 
 𝑦(𝑥) = 𝐷𝑠𝑖𝑛[𝐶𝑎𝑟𝑐𝑡𝑎𝑛{𝐵𝑥 − 𝐸(𝐵𝑥 − 𝑎𝑟𝑐𝑡𝑎𝑛𝐵𝑥)}] (4-4) 
 𝑌(𝑥) = 𝑦(𝑥) + 𝑆  (4-5) 
  
 
where 𝑌(𝑥) is the output, which can be force, moment or friction coefficient. 𝑥 is the 
input, which is related to the slip. There are several parameters in the formula: these 
are found through experiments and are named. 

 
 
The curve of the Magic Formula with the meaning of these factors is shown in Figure 
4.2.1.  
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Figure 4.2.1. The meaning of Magic Formula tyre model parameters [20]. 

 

4.2.3 Brush model 

 
The brush model is a physical tyre model, which is also one of the simplest and 
practical tyre models. Figure 4.2.2 shows the principle of it. The brush model assumes 
that the tread rubber elements in the contact zone to be small “brush elements [16] 
and it divides the contact patch into an adhesive region and a sliding region and can 
deal with combined-slip problems. 
 
The total longitudinal force and lateral force become the sum of the sliding forces and 
adhesive forces 
 
 𝐹 = 𝐹 + 𝐹  (4-6) 
 𝐹 = 𝐹 + 𝐹  (4-7) 
 
where 𝐹  and 𝐹  are the longitudinal sliding force and lateral sliding force, 𝐹  and 

𝐹  are the longitudinal adhesive force and lateral adhesive force. 
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Figure 4.2.2 Brush model [21]. 

 

4.2.4 String model 

 

The string model is a physical tyre model and is the work of Pacejka [22]. In 1966, 
professor Pacejka studied the transient and steady state behaviours of the tyre. In the 
string model, the contact zone between the rubber and the road is approximated as a 
line without sliding and the lateral force is calculated using the leading contact point. 
The string model is known to have a “delay effect”, which is due to the no-sliding 
assumption so the trailing contact point has a delay but has the same path as the 
leading contact point. The string model is shown in Figure 4.2.3. 
 

 
Figure 4.2.3 String model [23]. 

 

4.3 Friction models 

Basically, the sliding friction between the tyre rubber and the road is dependent on the 
pressure on the contact surface, the rubber properties, temperature and the sliding 
velocity [22]. In this report, pressure and velocity changes are concerned when 
estimating sliding friction since the rubber properties are known and the temperature 
can be calculated from the pressure. The sliding friction is used to estimate heat 
generation, which is discussed in Section 5.1. It is therefore important to choose an 
appropriate coefficient of friction that makes the temperature changes more accurate 
for the tyre. This section gives a review of three useful sliding friction models.  
 

4.3.1 Coulomb model 

 
The Coulomb model is known as the first published friction model and is the most 
popular friction model [24]. The friction force is  
 
 𝑓 = −𝜇𝐹 𝑠𝑔𝑛(𝑣(𝑡))  (4-8) 
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where 𝐹  is the normal load and 𝑣 is the sliding velocity. 
  
The friction force acts in the opposite direction to the motion. The characteristic of the 
Coulomb model is illustrated in Figure 4.3.1.  
 

 
Figure 4.3.1 Coulomb friction characteristic [24]. 

 

As can be seen from Figure 4.3.1 and Equation 4-8, the friction in the Coulomb model 
does not change with sliding velocity. The method is fast and simple but cannot deal 
with velocity-dependent problems and has an error of up to 20% [24]. 

 

4.3.2 Stribeck model 

 
Compared to the Coulomb model, the Stribeck model is a more advanced friction 
model [24]. It was developed based on the Coulomb model and the friction has a more 
complex relationship with the sliding velocity. The error in the Stribeck model is 
relatively small. However, the Stribeck model does not solve pressure-dependent 
problems. The relationship between the sliding friction and the sliding velocity is 
shown in Figure 4.3.2. 
 

 
Figure 4.3.2 Stribeck friction characteristics [24]. 
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4.3.3 Savkoor model 

 
The Savkoor model is a friction model that depends on sliding velocity and pressure 
[19] [25]. The equation of the simplified Savkoor friction coefficient is 
 

 𝜇(𝑝, 𝑣) = ( ) ∙
‖ ‖ (4-9) 

 
where v is the sliding velocity of tyre in m/s, 𝑃  is the reference pressure, P is the 
tyre pressure, and k, 𝜇

0
 and 𝑎𝜇 are constants. 

 

4.4 The choice of friction model and tyre model 

Of the friction models, three have been discussed in this section. The Coulomb model 
is the simplest but has the largest error compared to the other two models. In addition, 
the friction is constant in the Coulomb model, whereas it should change with the 
velocity, so the Coulomb model is not appropriate. 
 
The Stribeck model is a more advanced friction model. It describes the relationship 
between the friction and velocity much better than the Coulomb model. The Stribeck 
model, however, is only compatible with steady state occasions and cannot show the 
relationship between tyre pressure and friction so is not the best choice. 
 
The Savkoor model is summarized and formulated specially for tyres and thus has the 
best accuracy of the three models. Moreover, in addition to velocity, it also includes 
tyre pressure, further increasing its accuracy. 
 
For the tyre model, although the brush model is not the most accurate model, nor the 
simplest, it has overall good performance. The brush model can calculate the sliding 
friction, which is needed in the Archard’s wear model to estimate tyre wear. The brush 
model also has fewer limitations than empirical models and semi-empirical models. It 
can be used in combined slip conditions and also not only in steady-state conditions 
but also in non-steady-state conditions. The brush model is therefore chosen.  
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5. Thermal model and pressure model 

According to the wear model, tyre wear is affected by friction, and friction is affected 
by the inflation pressure changes in the tyre. The tyre temperature are dependent on 
the pressure. From the ideal gas law, it is known that higher temperature makes air 
molecules more active and the pressure is increased by the active air. It is therefore 
essential to consider the temperature changes due to heat generation and dissipation 
since the tyre temperature affects its inflation pressure and also indirectly affects tyre 
wear. In this section, thermal models and pressure models are introduced to discover 
how thermal, pressure factors affect tyre wear.  
 

5.1 Thermal model 

Heat changes lead to temperature changes, so in order to establish a thermal model, it 
is needed to investigate heat generation and dissipation. Heat generation in the tyre 
comes mainly from two sources: the heat loss caused by the hysteresis effect of rubber 
and the sliding friction work.  
 

5.1.1 Heat generation from the hysteresis effect 

 
The hysteresis effect of the tyre has been mentioned in Chapter 2. Rubber is a typical 
material that has hysteresis effect. Owing to the hysteresis effect, the pressure 
distribution along the contact region is not regular and through the cyclic rotation of 
the wheel, the tyre has a continuous energy loss caused by the hysteresis effect. 
 
There are two methods of quantifying the hysteresis loss. The first uses the definition 
of hysteresis. With external loads, the stress and strain have the same frequency but 
have different phase angles [26] The phase angle difference causes the heat loss. The 
hysteresis loss rate equation as 
 

 𝑄̇ = ∫ 𝜎𝑑𝑞 = ∫ 𝜎 𝑑𝑡 (5-1) 

 
where 𝜎 is the stress and 𝜀 is the strain, T is the deformation period, and t is the 
time. Using Equation 5-2, the heat generation per rotation 𝑄  can be calculated as: 
 

 𝑄 = 2𝜋 𝜀 𝑡𝑎𝑛 𝛿 (5-2) 

 
𝑤ℎ𝑒𝑟𝑒 𝜀  is the maximum strain of the tyre, 𝛿 is the rubber deformation angle loss, 
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E is the rubber’s elastic modulus. 
 
The second way of calculating the hysteresis loss is to use the rolling resistance 
coefficient to calculate rolling resistance work. As introduced in Section 2.4, the 
tyre’s rolling resistance is caused mainly by the hysteresis effect and the plastic 
deformation of the tyre. Since the tyre can be considered to be elastic, there is no 
plastic deformation of the tyre. The hysteresis loss is the cause of the rolling 
resistance so it is possible to use the rolling resistance work to estimate hysteresis loss 
[27]. By choosing a proper coefficient value from Table 2-1, the hysteresis loss can be 
calculated using  
 
 𝑄 = 𝑓 𝑙 =  𝜇 𝐹 𝑙 (5-3) 
 
where l is the travel distance. 
 
In this report, the second method is used since using the equations of hysteresis effect 
to calculate the hysteresis losses is more complex. The parameters used in Equation 
5.1 and Equation 5.2 are difficult to determine. The rolling resistance coefficient is 
easy to determine from Table 2.1. Although the second method is less accurate 
compared to the first, it is much easier to use when calculating the hysteresis loss.  
 

5.1.2 Heat generation from sliding friction 

 
When surfaces in contact move against each other, the friction generated between the 
two surfaces converts the kinetic energy into thermal energy. 
 
This part of heat generation uses the sliding force coefficient mentioned in Chapter 4. 
The heat loss due to sliding friction 𝑄  can be calculated by multiplying the sliding 
friction force by the sliding distance.  
 
 𝑄 = 𝑓𝑠 (5-4) 
 
where f is the sliding friction force and s is the sliding distance. 
 

5.1.3 Heat dissipation. 

 
Regarding the heat dissipation, the tyre dissipates heat via contact with any media. 
The tyre is in direct contact with the air and the road so the tyre’s heat dissipates 
through the road and the air. When the air and the road are colder than the tyre, the 
heat flows from tyre to the road and the air. When the temperature of the road and the 
air is higher than that of the tyre, the direction of heat flow changes so the tyre is 
heated. There are three methods of heat dissipation: convection, conduction and 
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radiation. 
 
Considering the process of heat dissipation through air to be convective heat transfer, 
and the tyre is the solid medium and air is the fluid medium. Then the convective heat 
transfer rate 𝑄  can then be described as: 
 
 𝑄 =  ℎ𝐴(𝑇 − 𝑇 ) (5-5) 
 
where h is the convective heat transfer coefficient, A is the contact area, 𝑇  is the 
tyre’s surface temperature and 𝑇  is air temperature. 
 
Simultaneously, heat conduction also occurs in the tyre. The conductive heat transfer 
rate can be expressed as 
 
 𝑄 =  𝜆𝐴(𝑇 − 𝑇 )/𝑑 (5-6) 
  
where 𝜆 is the thermal conductivity constant of the tyre material, 𝑇  is the tyre 
internal temperature and d is the thickness of the tyre. 
 
It can be seen from Equations 5-6 and 5-7 that conductive and convective heat 
transfer rates have similar equations: the values of (𝑇 − 𝑇 ) and (𝑇 − 𝑇 ) are 
similar and the contact area is the same. The only difference between the two 
equations that matters is the values of ℎ and 𝜆/𝑑. For normal air flow, the heat 
transfer coefficient of air ℎ is around 15 W/m2·K. In conductive heat transfer, 𝜆/𝑑 
is around 20 W/m2·K. If a tyre does not rotate, the convective and conductive heat 
transfer rate will be similar. 
 
However, the rotation of a tyre produces an extremely high air flow speed, convection 
becomes forced convection, and the coefficient of heat transfer becomes much higher, 
above 2000 W/m2·k, 100 times greater than the conductivity constant. For this reason, 
the conductive heat transfer can be ignored. 
 
Radiation is the energy dissipated by an object in the form of electromagnetic waves. 
Its heat transfer rate has a similar value to that of conduction. According to what was 
discussed in the last paragraph, radiation is also negligible compared to forced 
convective heat dissipation. 
 

5.1.4 Temperature changes 

 
Since the heat generation and dissipation rates are known, the internal temperature of 
the tyre can be calculated using the specific heat capacity of the rubber. Compared to 
rubber, the gas in the tyre has a much smaller mass and specific heat capacity. When 
calculating the temperature changes, the gas is therefore negligible. Calculation of the 
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temperature changes is based on the rubber’s mass and specific heat capacity. From 
the definition of the specific heat capacity, the temperature difference is   
 

 𝛥𝑇 =
∗

   (5-7) 

 
where s rubber is the specific heat capacity of rubber, and Qr is the overall heat added. 
 
The overall heat added can be expressed as   
 
 𝑄 = 𝑄 + 𝑄 − 𝑄  (5-8) 
 
where 𝑄  is the hysteresis loss, 𝑄  is the heat generation due to sliding friction, and 
𝑄  is the conductive heat dissipation.  

5.2 Pressure model 

Tyre inflation pressure influences sliding friction. As was mentioned in Sections 4.1 
and 5.1. Furthermore, the sliding friction influences tyre wear and heat generation, so 
the tyre’s inflation pressure impacts tyre wear and the tyre’s temperature. 
 
The pressure is influenced by changes in temperature. Assuming that all components 
in the tyre have the same temperature 𝑇, the ideal gas law shows 
 

 𝑃𝑉 = 𝑛𝑅𝑇 (5-9) 
 

 𝑃 =    (5-10) 

where 𝑃 is the inflation pressure, 𝑉 is the volume of the air in the tyre, 𝑅 is the ideal 
gas constant, and 𝑛 is the amount of substance of gas (in moles). 
 
The updated tyre pressure can be calculated according to the changing temperature. 
The volume of the air is assumed to be constant and n and R are constants, so the 
inflation pressure has a positive correlation with the tyre’s internal temperature. The 
inflation pressure P will be used in the equation of friction coefficient. From Equation 
4-9: 
 

𝜇(𝑝, 𝑣) = (
𝑃

𝑃
) ∙

𝜇

1 + 𝑎 ‖𝑣‖
 

 
From the Savkoor friction model, it is possible to estimate the sliding friction force the 
pressure and sliding velocity are known since other parameters are constants. 
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6. Modelling 

In previous chapters, one wear model, some tyre models and friction models have 
been discussed. Archard’s wear model is introduced. Owing to its overall good 
performance, the brush model is chosen as the tyre model. Three friction models were 
discussed and the Savkoor model was chosen since it takes inflation pressure and 
sliding velocity into account. In Chapter 5, the principles of thermal model and 
pressure model were introduced. The objective of this chapter is to establish the 
complete model in which is to be implemented into the simulation software Matlab. In 
order to establish the model, this chapter describes the brush model in more detail, 
derives the equations needed to calculate tyre forces, and explains the parameters used 
in the brush tyre model, the Savkoor friction model, the thermal model, the pressure 
model, and Archard’s wear model. 
 

6.1 Flowchart of the complete model  

The vehicle’s speed in the model is constant, and the distance travelled 𝑙  is set to 
2000 m. The sliding friction work is calculated for every single metre separately, in 
other words the distance step is 1 metre. Using 1 metre as the distance step not only 
saves simulation time but also gives relatively smooth graphs. 
 
The total sliding friction work is the sum of the sliding work for every metre. The 
temperature and inflation pressure change so the state of the tyre is updated for every 
single metre. The flow chart of the complete model is shown in Figure 6.1.1. 
 

 

Figure 6.1.1 Flow chart of the complete model. 

 
The model begins with the input slip. With the given slip, the brush model can 
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calculate the sliding friction. The wear model can then calculate the amount of wear 
for one metre with the given sliding friction. Meanwhile, the thermal model can 
calculate the temperature changes. Next, the pressure model can calculate the inflation 
pressure with the new tyre temperature and the sliding friction coefficient can then be 
determined with the updated inflation pressure. The new sliding friction can be 
determined using the new sliding friction coefficient, so the amount of wear for the 
next one metre can be calculated. The model stops when it reaches the pre-determined 
travel distance.   
 

6.2 The brush model 

 
The brush model is one of the most well-known and simple tyre models and is 
established by assuming that the rubber between the road and tyre carcass to be small 
“brush elements”. Modelling in the brush model is illustrated in Figure 6.2.1.  
 

 
Figure 6.2.1 Brush model [28].  

 
The coordinate system is the SAE coordinate system, which uses the longitudinal 
direction of the tyre as the x-axis, the lateral direction of the tyre as the y-axis, and the 
vertical direction of the tyre as the z-axis. The origin is in the middle of the contact 
zone and the contact zone has a length 2a. 
  
The contact zone can be divided into two regions: the adhesion region and the sliding 
region. In the adhesion zone, the adhesive force is caused by the elastic deformation 
[28]. In the sliding region, the force is the sliding friction. The total force is the sum of 
the adhesive force and the sliding force. 
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In this report, the sliding friction is calculated by using the Savkoor model. To 
calculate the sliding friction, the sliding point 𝑋  is needed. According to the brush 
model, it is necessary to know the equations of the adhesive forces and their 
limitations before deriving the equation of the sliding point 𝑋 . The sliding forces can 
then be formulated using the sliding point 𝑋  and the sliding friction coefficient from 
the friction model. 
 
In Section 6.2.1, the equations of the adhesive forces are derived. The sliding point is 
then calculated in Section 6.2.2. The simplification method is introduced in Section 
6.2.3. The sliding forces are calculated in Section 6.2.4. From Archard’s wear model, 
𝑄 =  𝐾 𝑊 𝐻⁄ . To calculate the amount of wear, the sliding friction work W is needed. 
The sliding friction work is the sliding friction force multiplied by the sliding distance. 
The expression of the sliding distance and the sliding friction work are presented in 
Section 6.2.5. The temperature change and pressure change equations are presented in 
Section 6.2.6 at the end of this chapter. 
 

6.2.1 Adhesive bristle force equations 

 
In this section, the adhesive forces are calculated. For the adhesive region, there is no 
sliding. In order to calculate the adhesive force, the bristle’s deformation is needed. 
The bristle is in contact with the road at position x . Since the carcass is rigid, the 
bristle’s deformation can be derived from the bristles’ position. The bristle’s 
deformation in the longitudinal and lateral directions can be expressed as 
 

 𝛿𝑥𝑠(𝑥) = −
𝑣𝑥−𝑣𝑐

𝑣𝑐
(𝑎 − 𝑥) = −𝜎𝑥(𝑎 − 𝑥) (6-1) 

 𝛿𝑦𝑠(𝑥) = −
𝑣𝑦

𝑣𝑐
(𝑎 − 𝑥) = −𝜎𝑦(𝑎 − 𝑥) (6-2) 

 
where x is the position of bristle, 𝑣  is the tyre surface speed and 𝜎 , 𝜎  are slips in 
the x and y directions that has been described in Chapter 2.4 
 

 𝜎 =   (6-3) 

 𝜎 =   (6-4) 

 
In order to simplify the expression of slip angle, it is possible to use the longitudinal 

slip and the lateral slip. First, from Equation 2.4,  𝑡𝑎𝑛(𝛼) = , here  can be 

rewritten as 
 



29 
 

 =  =  (6-5) 

 
The slip angle can therefore be rewritten as  
 

 𝛼 = 𝑎𝑟𝑐𝑡𝑎𝑛 ( ) (6-6) 

 
The adhesive forces are calculated by integrating the bristle forces: 
 

 𝐹 = ∫ 𝑑 𝐹 (𝑥) = −𝑐 𝜎 ∫ (𝑎 − 𝑥)𝑑𝑥 (6-7) 

 𝐹 = ∫ 𝑑 𝐹 (𝑥) = −𝑐 𝜎 ∫ (𝑎 − 𝑥)𝑑𝑥 (6-8) 

 
where 𝑐  and 𝑐  are the bristles’ stiffnesses in the longitudinal and lateral 
directions. 𝑋  is the sliding point where bristles begin to slide. The sliding point is 
therefore of interest. 
 

6.2.2 Sliding point 

 
To determine the position 𝑋 , the limitations of the adhesive forces must be listed. 
The constraint is that the maximum friction cannot exceed the static friction. The 
friction can be divided into a longitudinal and a lateral part and expressed as 
 

 ( ) + ( ) ≤ 1 (6-9) 

 
where 𝑓  is the longitudinal friction force, 𝑓  is the lateral friction, force , 𝜇  is the 
longitudinal static friction coefficient and 𝜇  is the lateral static friction coefficient. 
The graph of the expression is shown in Figure 6.1.2. The friction is always a point 
inside the ellipse. 

 
Figure 6.1.2 Friction constraint ellipse. 

 
Point a in Figure 6.1.2 is the maximum longitudinal static friction and point b is the 
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maximum lateral static friction. The x axis is the longitudinal direction and the y axis 
is the lateral direction. 
 
The normal load 𝐹  is not evenly distributed: it changes with the longitudinal 
direction. In order to show how the normal load is distributed, the pressure 
distribution 𝑞(𝑥) is used to express the normal load. The derivative of the normal 
load is thus 𝑑𝐹 = 𝑞(𝑥)𝑑𝑥. Inserting Equations 6-1, 6-2, 6-7, and 6-8 into Equation 
6-9, the friction constraint can be expressed as  
 

 (𝑎 − 𝑥) + ≤ 𝑞(𝑥) (6-10) 

 
 The pressure distribution 𝑞(𝑥) used in this report is a popular parabolic function: 
 

 𝑞(𝑥) =  𝑘 ∗ ∗ (1 − ( ) ) (6-11) 

 
where 𝑘  is the pressure distribution constant, which is usually smaller than 1. In this 
report, 𝑘 = 0.75. Insert Equation 6-11 into Equation 6-10, the sliding point can thus 
be expressed as 
 

 𝑋 (𝜎 , 𝜎 ) = + − 𝑎 (6-12)   

 
where 𝑐  and 𝑐  are the stiffness per metre for the bristles. Inserting 𝑋  into the 
adhesive bristle forces in Equations 6-7 and 6-8, the adhesive forces can be 
calculated.  
 

6.2.3 The simplification method 

 
The sliding point 𝑋  was presented in the previous section so it is possible to 
calculate the adhesion force. However, the expression for the adhesive force is too 
complex and needs to be simplified. Jacob Svendenius introduced new parameters 
into the brush model to simplify the procedures for calculating the adhesion forces 
[28]. This is much easier than the original calculation and can also be used in the 
sliding force calculations. The new parameters are presented below. 
 

 𝜎   ≜
 

  (6-13) 

 𝜎   ≜
 

 (6-14) 
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The normalized slip is  
 

 𝜓(𝜎 , 𝜎 ) ≜
。

+
。

 (6-15) 

 
Using Equation 6-15, the sliding point 𝑋  can be rewritten as 
 
 𝑋 = (2𝜓 − 1)𝑎 (6-16) 
 
According to Jacob’s theory, once the longitudinal and lateral slip 𝜎 , 𝜎  are known, 
the value of 𝜓 can be derived. If the bristles’ stiffness is known, the adhesive forces 
shown in Equations 6-7 and 6-8 can be calculated. The adhesive forces can be 
expressed as 
 

 𝐹 = ∫ 𝑐 𝛿 (𝑥)𝑑𝑥   (6-17) 

 𝐹 = ∫ 𝑐 𝛿 (𝑥)𝑑𝑥   (6-18) 

 
Introducing the normalized slip in Equation 6-15 into Equations 6-16 and 6-17, the 
adhesive forces can be written as  
 
 𝐹 =  −2𝑎 𝑐 𝜎 (1 − 𝜓)  (6-19) 

 𝐹 =  −2𝑎 𝑐 𝜎 (1 − 𝜓)  (6-20) 

6.2.4 Sliding forces 

 
The normal force that works on the sliding region 𝐹  has a similar expression to that 
of the adhesive region. By integrating the pressure, 𝐹  can be written as 
  

 𝐹 = ∫ 𝑞(𝑥)𝑑𝑥 = 𝐹 𝜓 (3 − 2𝜓) (6-21) 

 
Using Equation 6-21, the sliding forces can be expressed as 
 

 𝐹 = −𝑐𝑜𝑠 (𝛽)𝜇 𝐹   (6-22) 

 𝐹 = −𝑠𝑖𝑛 (𝛽)𝜇 𝐹  (6-23) 
 
where 𝜇  is the friction coefficient described in Equation 4-10. The slip velocity 
𝑣 = (𝑣 − 𝑣 , 𝑣 ) and the slip velocity angle is denoted as 𝛽 [28]. The slip velocity 
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shows the size of the longitudinal slip and lateral slip. The slips are linear with the slip 
velocity. The slip velocity angle is  
 

 𝛽 = 𝑎𝑟𝑐𝑡𝑎𝑛( ) (6-24) 

 

6.2.5 Sliding friction work 

 
In the brush model, when a wheel rotates one full turns the sliding distance of a bristle 
can be expressed as 
 
 𝑠 = (𝑣 − 𝑣 )𝑡  (6-25) 
 
where 𝑡  is the time that the bristle is in contact with the road: 
 
 𝑡 = 2𝑎 𝑣⁄  (6-26) 
 
The sliding distance can be written as  
 
 𝑠 = 2𝑎(𝑣 − 𝑣 ) 𝑣⁄  (6-27) 
 

From Equation 2-1, the longitudinal slip 𝜎 = , so the sliding distance can be 

rewritten as 
 
 𝑠 = 2𝑎𝜎  (6-28) 
 
As mentioned in Section 6.1, the simulation distance step is 1 metre. The sliding 
distance 𝑠  can thus be formulated as 
 

 𝑠 = 2𝑎𝜎 =  (6-29) 

 
The longitudinal and lateral sliding friction work for one metre’s travel distance is 
 

 𝑤 =  (6-30) 

 𝑤 =  (6-31) 

 
The total sliding friction work is 
 

 𝑊 = ∫ (𝑤 + 𝑤 )𝑑𝑙
 

= ∫ (𝐹 + 𝐹 ) 𝑑𝑙 (6-32) 
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where l is the travel distance, 𝑙  is pre-determined travel distance length. The tyre 
wear amount can be calculated using the sliding friction work shown in Equation 
6-31: 
 

  𝑄  =  𝐾 𝑊 𝐻⁄ = ∫ (𝐹 + 𝐹 ) 𝑑𝑙 (6-33) 

 
Note that the value of the sliding friction work will change with the travel distance 
since the temperature and pressure change with the distance. The temperature change 
and pressure change are described in the next section to see how the sliding friction 
work changes. 
 

6.2.6 Temperature change and pressure change 

 
As described in Section 5.1, the temperature difference can be expressed as  
 

 𝛥𝑇 =
∗

 (6-34) 

 
where 𝑄 = 𝑓 𝑙 =  𝜇 𝐹 𝑙, 𝑄 = 𝑓𝑠 =  𝜇𝐹 𝑠, and 𝑄 =  ℎ𝐴(𝑇 − 𝑇 )𝑡. The 
temperature difference can thus be formulated as 
 

 𝛥𝑇 =
 ( )

∗
 (6-35) 

 
where 𝜇  is the rolling friction coefficient, 𝐹  is the normal load, 𝑙 is the travel 
distance, 𝑊 is the sliding friction work, ℎ is the convective heat transfer coefficient, 
A is the contact area, Ta is the tyre temperature, Tb is the external air temperature, t is 
the time, srubber is the specific heat capacity of rubber, and mrubber is the mass of rubber.  
 
In this report, the temperature is updated every metre, so the temperature difference 
over one metre is needed. From Equation 6-28, 𝑠 = 2𝑎𝜎 𝑣 𝜔⁄ . The travel distance l 
=1m and since the travel speed is constant, the time 𝑡 = 1 𝑣⁄  which lead to that the 
temperature difference for one metre can be formulated as 
 

 𝛥𝑇 =
 

( )

∗
 (6-36) 

 
The updated tyre temperature is thus 
 
 𝑇 = 𝑇 + 𝛥𝑇  (6-37)  
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The pressure model described in Section 5.2 gives 𝑃 =  . The updated pressure is 

thus  
 

 𝑃 =  =
( ) (6-38)  

 
The updated pressure will be used in the friction model. The updated sliding friction 
coefficient is 

 𝜇 = ( ) ∙
‖ ‖

 (6-39) 

 
where v is the sliding velocity of the tyre and the unit is m/s, 𝑃  is the reference 
pressure, k, and 𝜇

0
 and 𝑎𝜇 are constants. The new sliding friction coefficient will be 

used in equations of sliding frictions resulting in that the total sliding friction work 
will be updated and the amount of wear can be calculated. 
 

6.3 The model’s settings 

Before calculating the tyre wear, the models’ settings need to be specified. In addition 
to the fixed constants in the models, there are also several reference values of the 
variables in Chapter 7 that are used for comparison. These reference values are also 
called initial values. The parameters for the brush model, Archard’s wear model, the 
Savkoor model, the thermal model and the pressure model are introduced separately.    
 

6.3.1 Brush model parameters 

 
Introducing a slip angle makes the modelling more complex. If there is a slip angle 
when testing other factors that might influence tyre wear and it will be difficult to 
distinguish which factors affect tyre wear most and how they affect tyre wear. To 
simplify the simulation, it assumed that the vehicle is moving straight ahead except 
for the case when only analysing the slip angle effect on the tyre wear. If the slip 
angle is zero, the lateral velocity 𝑣 = 0, and there is no lateral slippage in the brush 
model.  
 
The initial longitudinal slip is 0.005, which is in the normal slip range. Slip should be 
in the order of 1% when the vehicle is running in a constant speed.  
  
From Figure 2.2.1, the forces can be divided into longitudinal and lateral forces, as 
mentioned above. In most cases, the vehicle is heading straight and the lateral force 
𝐹 = 0. Lateral force includes slide force 𝐹  and adhesion force 𝐹 , both zero. 
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The reference velocity of the vehicle is 60 km/h, which is approximately 16.67 m/s, 
and is a moderate value. The normal load is 3750 N, from assuming the vehicle’s 
mass to be 1529 kg and the loads on all four wheels are equal. The parameters are 
shown in Table 6.1. 
 

Table 6.1 Brush model parameters. 

 Parameter Value Unit 
Reference velocity 𝑣  16.67 m/s 
Longitudinal slip 𝜎  0.005 - 
Lateral slip 𝜎  0 - 
Longitudinal 
bristle stiffness  

𝑐  5x107 N/m2 

Lateral 
bristle stiffness 

𝑐  5x107 N/m2 

Air volume V 0.05 m3 

 

 

6.3.2 Savkoor friction model parameters 

 
From Equation 4-9 it is given 
 

  𝜇(𝑝, 𝑣) = ( ) ∙
‖ ‖  

 
where v is the sliding velocity of the tyre in m/s, 𝑃  is the reference pressure, P is the 
pressure of the tyre, and k, 𝜇

0
 and 𝑎𝜇 are constants. The values of these constants 

can be found in Table 6.2. The values of the constants are derived from empirical data 
[25]. 

Table 6.2 Friction model parameters. 

 Parameter Value Unit 
Model constant  𝜇  1.2 - 
Model constant k 0.08 - 
Model constant 𝑎  0.04 s/m 
Initial tyre pressure  𝑃  2.2476 bar 

 

6.3.3 Thermal model, pressure model and wear model parameters 

 
From Equation 5-9, the parameters needed for thermal model are shown in Table 6.3.  
 

Table 6.3 Thermal model parameters. 

 Parameter Value Unit 
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Initial tyre 
temperature 

T 295 K 

Ideal gas constant 𝑅 8.31x10-5 m3*bar/(mol*K) 

Rubber mass mrubber 7 kg 

Specific heat 
capacity of rubber 

sr 1700 J/kg*K 

Specific heat 
capacity of air 

Ra 1 J/kg*K 

Heat transfer 
coefficient of air 

h 15 W/m2*K 

Conductivity of 
rubber 

𝜆 20 W/m*K 

 

 

6.3.4 Pressure model parameters 

From Equation 6-10, the pressure distribution has the equation of 𝑞(𝑥) =  𝑘 ∗ ∗

(1 − ( ) ). The values of the involved parameters are shown in Table 6.4. 

 

Table 6.4 Pressure model parameters. 

 Parameter Value Unit 
Pressure distribution 
constant 

𝑘  0.75 - 

Initial tyre pressure  𝑃  2.2 bar 
Half contact patch 
length  

a 0.03 m 

Normal load 𝐹  3750 N 
 

6.3.5 Wear model parameters 

From Equation 5-10, Archard wear model is 𝑄 =  𝐾 . The parameters are displayed 

in Table 6.5.  
Table 6.5 Wear model parameters. 

 Parameter Value Unit 

Hardness of rubber H 100 N/m2 

Archard wear 
constant 

K 1.5*10-6 - 
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7. Results and discussion  

The results from the tyre wear simulations are presented in this chapter. Before 
showing the results,  a number of other simulation results are presented to validate 
the complete model. These simulations include how the temperature changes with the 
running distance, how the pressure changes with the changes in temperature, and the 
friction coefficient with the pressure changes and velocity changes. After each figure 
follows a discussion of significant points and explanations of the trends. The results 
are also compared with the reference results with figures to validate the conclusions 
drawn from the results. 
 
Tyre wear is presented with different settings. The settings include the vehicle’s 
velocity, load, external temperature, and slip. In order to show the effect of each 
parameter, these parameters are tested with different values.  

7.1 Temperature and pressure 

7.1.1 Temperature changes 

 
Figure 7.1.1 shows one case of how the temperature of the tyre changes with the 
vehicle’s travel distance. This is a simulation representing that the vehicle is running 
straight ahead at a velocity of 60 km/h. The simulation shows the travel distance of 
the first 2000 metres. The season is winter in this figure and the external temperature 
in this test is 253 K, equivalent to -20 ℃, a common winter temperature in Scandinavia.  
Assume that before the test, the vehicle is in a garage at 22 ℃. The initial temperature 
of the tyre is 295 K, which is higher than the external temperature of 253 K. The y 
axis in Figure 7.1.1 is the tyre temperature, the x axis is the travel distance. Heat will 
flow from the tyre to the external environment to begin with. Assume the heat emitted 
from the tyre will not change the external temperature.  
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Figure 7.1.1 Tyre temperature changes when external temperature is 253 K. 

 

The total heat generation can be expressed as 𝑊 . Equation 5-9 can then be rewritten 
as 
 
 𝑄 = 𝑄 + 𝑄 − 𝑄  (7-1) 
 𝑊 = 𝑄 + 𝑄  (7-2) 
 𝑄 = 𝑊 − 𝑄  (7-3) 
 
From Equation 5-8, the convective heat dissipation 𝑄 =  ℎ𝐴(𝑇 − 𝑇 ). When 
the vehicle is running, the value of temperature difference 𝑇 − 𝑇  becomes 
increasingly smaller due to heat being transferred to the external air. The tyre 
temperature comes increasingly closer to the external temperature and will finally 
reach a balanced value that is higher than the external temperature when the heat 
generated from the tyre equals the heat dissipated from it: 
 
 𝑄 = 𝑊 − 𝑄 = 0 
 𝑄 = 𝑊   (7-4) 
 
From the figure, the balanced temperature is around 258 K. The balanced tyre 
temperature is lower than the initial value but still higher than the external 
temperature and this is reasonable in this case since the tyre always generates heat, 
𝑊 = 𝑄 =  ℎ𝐴(𝑇 − 𝑇 ) > 0 . The convective heat dissipation 𝑄 =
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 ℎ𝐴(𝑇 − 𝑇 ) > 0. Since ℎ  and A are positive, 𝑇 − 𝑇  should be positive, so the 
tyre temperature 𝑇  is higher than the external air temperature 𝑇 , which proves the 
result. 
 
In Figure 7.1.2, the test simulates the tyre temperature changes when the external 
temperature is 295 K. The vehicle is standing still in a garage at 22 ℃ before the test, 
so the initial temperature of the tyre is 295 K, the same value as the external 
temperature. This test can be used to verify the explanation in the previous paragraph. 
At the outset, there is no convection heat transfer because the temperature difference 
is zero. Friction and hysteresis, however, and heat the tyre continuously, 𝑄 = 𝑊 −

𝑄 > 0. The temperature difference 𝑇 − 𝑇  becomes increasingly higher and the 
heat dissipates more. The tyre temperature increases and will keep increasing until 
𝑄 = 𝑊 − 𝑄 = 0, 𝑄 = 𝑊 . 

 

 

Figure 7.1.2 Tyre temperature changes when external temperature is 295 K. 
 

The temperature is steady after 800 metres and the balanced temperature is around 
300 K. This makes sense since the tyre temperature continues to increase before the 
heat generation and heat dissipation are balanced, which is similar to the tyre 
temperature changes when the external temperature is 253 K.  
 
The third tyre temperature graph uses a high external temperature for validation. This 
time, the external temperature is 313 K, or 40 ℃. It is almost the highest temperature 
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that vehicles can meet which can be used for validation. In Figure 7.1.3, the tyre 
temperature shows a similar trend to that in Figure 7.1.2. The balanced temperature is 
approximately 318 K, which is higher than the external temperature as in the two 
graphs discussed above. 
 
From the three graphs the conclusion can be drawn that the tyre temperature changes 
as the vehicle runs and that the temperature will be balanced after a certain travel 
distance. The balanced temperature is higher than the external circumstance due to the 
tyre’s continuous heat generation. 
 

 

Figure 7.1.3 Tyre temperature changes when external temperature is 313 K. 

 

7.1.2 Pressure changes 

 
As described in Equations 5-10 and 5-11, the ideal gas law shows 𝑃𝑉 = 𝑛𝑅𝑇, which 
means  𝑃 =  𝑛𝑅𝑇 𝑉⁄ . Assuming that the volume of air in the tyre is constant when 
the vehicle is running and R and n are constants, the tyre’s inflation pressure P is 
linear with the tyre’s temperature T. It can be seen from Figures 7.1.2 and 7.1.4 that 
with the same vehicle settings and external temperature, the tyre’s pressure and 
temperature show similar trends. 
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Figure 7.1.4 Tyre pressure changes when external temperature is 295 K. 

 
Also, the inflation pressure of the tyre in the figure is approximately 2.2476 bar. This 
value is quite reasonable. From the website [29], most cars weighing around 1500 kg 
have a tyre pressure around 2.2 bar.   
 
To validate that tyre inflation pressure is linear with tyre temperature, the other two 
plots use the same external temperature settings in the temperature change tests shown 
in Figures 7.1.1 and 7.1.3 in the pressure changes tests, i.e.253 K and 313 K 
 
As can be seen from Figure 7.1.5, the pressure changes when the external temperature 
is 253 K are similar to the temperature changes in Figure 7.1.1. The balanced inflation 
pressure is around 1.96 bar. The pressure changes when the external temperature is 
313 K are similar to the temperature changes in Figure 7.1.3, where the balanced 
inflation pressure is around 2.42 bar. From Figure 7.1.4, the balanced inflation 
pressure is approximately 2.285 bar. It can be concluded that the tyre pressure is linear 
with the tyre temperature, the external temperature can influence the tyre inflation 
pressure, with a higher external temperature, the inflation pressure is higher, and with 
a lower external temperature the inflation pressure is lower. This agrees with the data 
given by [30] in Figure 7.1.6,. Although the temperature and pressure units are 
different, the trend in the figure can nonetheless prove the conclusions drawn above.  
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Figure 7.1.5 Tyre pressure changes when external temperature is 253 K and 313 K. 

 

 
Table 7.1.6 Pressure versus temperature [30]. 

 

7.2 Tyre wear 

7.2.1 Tyre wear with different external temperature 

 
The external temperature is the first parameter to be tested to show the effect on tyre 
wear. It is obvious that the external temperature will influence tyre wear. It affects tyre 
inflation pressure and the inflation pressure affects the sliding friction, thus impacting 
the amount of tyre wear. 
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In order to validate the whole Matlab model, a reference wear curve is added to the 
figures used in this section. The reference wear is an empirical model made using the 
wear data given by Dunlop [31]. For normal tyres, the original tread depth is 
approximately 8 mm. With 50,000 km of travel, the depth of the tread will decrease to 
about 2 mm. The amount of wear based on tread depth can be calculated. 
 

Figure 7.2.1 shows a side view of the tyre. The blue line represents the tyre’s radius 
Rn when the tyre is new. The red line shows the radius of the tyre after 50,000 km, Rw. 
The purple line represents the inner radius of the tyre ri. Assuming the tyre is 
cylindrical, the reference wear is 
 
 𝑉  =  𝑎 𝜋𝑊 (𝑅 − 𝑅 ) (7-5) 

 
where 𝑎  is the coefficient that shows how much of the surface rubber is in contact 
with road. The value of 𝑎  is lower than 1. 𝑊  is the width of the tyre. 
 

 

Figure 7.2.1 Side view of the reference wear tyre. 

 
Assuming that in the reference model the amount of wear is linear with the distance 
travelled, the reference wear is a straight line in the figures. The unit of wear amount 
is mm3. As can be seen from Figure 7.2.2, when the external temperature is higher the 
wear will be lower. When the external temperature is higher, the inflation pressure 
will be higher. As discussed in Chapter 5, when the pressure is higher, the coefficient 
of friction will be lower, lower friction work causes lower wear amount. This agrees 
with the result published by [32] and the statement in ‘Appendix a’ of [33]. 
 
In addition, not all the curves are linear except for the empirical wear line. They have 
different curvatures; the curving behaviour is due to the changing coefficient of 
friction since the temperature and pressure are changing. As can be seen from Figure 
7.1.4 and 7.1.5, before 800 m, the pressure is not steady, so the friction coefficient is 
not fixed, and the wear graphs are not linear. After 800 m, the pressure becomes 
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steady, so the coefficient of friction becomes steady, the wear rate becomes steady, so 
wear graphs are linear with distance.  
 

 
Figure 7.2.2 Tyre wear at different external temperatures. 

 

7.2.2 Tyre wear under different loads 

 
It is common for a vehicle to have different loads. When a car has four passengers or 
only a driver, the load is different. For a truck, the weight of goods changes frequently 
and the load is therefore not constant. Generally, the higher the load the higher the 
sliding friction that each tyre generates. According to the wear model described in 
Chapter 4, the amount of wear will be higher. The tyre wear therefore changes with 
different loads; the higher the load the higher the tyre wear. 
 
In this section, the external temperature is 295 K, which is a common temperature in 
summer. The loads used for a single tyre are 3750 N, 3850 N, 3950 N and 4050 N. 
 
From Figure 7.2.3, it is clear that when the load is 3750 N the wear is the smallest and 
when the load is 4050 N the wear is highest. After 600 m, the graphs of wear with 
distance become linear. This result matches the data from [34]. In addition, the 
conclusions agree with the results published by [35] and the result is shown in Figure 
7.2.4. It can be seen from Figure 7.2.4 that the amount of tyre wear increases linearly 
with the loads.  
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Figure 7.2.3 Tyre wear with different loads. 

 

 
Figure 7.2.4 Tyre wear with different loads from another published work [37]. 

 

7.2.3 Tyre wear with different velocities 

 
Before describing the wear with velocity directly, the temperature with velocity is 
introduced since it will be helpful for understanding the relationship between tyre 
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wear and velocity. It is possible to imagine that with a higher speed the tyre will have 
to work hard. The friction loss per unit of time will increase, the rubber tends to reach 
the  heat dissipation limit, and the steady-state temperature will be higher. 
 
In this section, four different speeds are chosen: 30 km/h, 60 km/h, 90 km/h and 120 
km/h. The initial tyre temperature is 295 K. 
 
As shown in Figure 7.2.5, the steady-state temperature at 120 km/h is approximately 
312 K, which is the highest. When the vehicle’s speed is 90 km/h, the steady-state 
temperature is about 304 K. The green line shows the temperature changes when the 
vehicle’s speed is 60 km/h and the steady-state temperature is approximately 300 K. 
The red line shows the temperature change when the vehicle’s speed is 30 km/h at a 
steady-state temperature of about 296 K. It can be concluded from the figure that a 
higher speed leads to a higher steady-state temperature. The results match those 
published in [36]. Figure 7.2.6 shows how tyre temperature change with its speed. As 
can be seen, the tyre’s temperature rises with increasing speed. Although the tyre 
components have different temperatures, they have similar trends. 
 

 
Figure 7.2.5 Tyre temperature change with different speeds. 



47 
 

 

Figure 7.2.6 Temperature rise vs. taxi speed [39]. 

 
Regarding the tyre wear, considering the temperature change tendency above, 
combined with the Savkoor friction model, higher speed results in higher temperature. 
With higher temperature, the pressure inside the tyre increases and the coefficient has 
a negative correlation with the pressure. However, as can be concluded from Figure 
7.2.2, the temperature change due to the vehicle’s speed change has a relatively small 
impact on the total wear amount. Additionally, with a higher velocity the sliding 
velocity is higher and also has a negative correlation with the sliding coefficient. 
Meanwhile the sliding distance is higher. Figure 7.2.7 shows that with higher speed 
the wear is higher. It can therefore be concluded that although the velocity has an 
inverse correlation with friction coefficient and the increased temperature causes 
higher inflation pressure thus lower the friction coefficient, the increasing sliding 
distance has a greater impact on the tyre wear. With higher vehicle velocity the tyre 
has a greater amount of wear. Similar results were presented in [33] and are shown in 
Figure 7.2.8. The amount of tyre wear increases exponentially with the truck’s speed, 
which is the same as the trends in Figure 7.2.7. The difference in the amount of wear 
increases with speed. 
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Figure 7.2.7 Tyre wear at different speeds. 

 

 

Figure 7.2.8 Front tyre wear at truck speed [33]. 

 

7.2.4 Tyre wear with slip ratio 

 
From Equation 6-29, the total sliding distance s is 
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𝑠 =
2𝑎𝜎 𝑣

𝜔
𝑙 

 

where l is the travel distance. The sliding distance 𝑠 is linear with the slip ratio 𝜎 . 

From Equation 6-33, the amount of tyre wear is related to the sliding distance and the 
slip ratio thus indirectly affects the tyre wear. In order to show how the slip ratio 
influences the tyre wear, a simulation representing that the vehicle is accelerating 
straight ahead for 1 km at an initial velocity of 60 km/h without lateral slip is 
presented and the results are shown in Figure 7.2.9. In this simulation, only the slip 
ratio changes and acts as the independent variable on the x-axis. The y-axis shows the 
total amount of tyre wear for 1 km. It is the dependent variable and changes with the 
slip ratio. As can be seen, the tyre wear increases exponentially with the slip ratio. 

 
Figure 7.2.9 Tyre wear with slip ratio. 

 

According to Archard’s wear model, the amount of wear is related to the sliding 
friction work. The sliding friction work equals the sliding friction multiplied by the 
sliding distance. As mentioned above, the sliding distance increases linearly with the 
slip ratio and the sliding force also increases with the slip ratio. The sliding friction 
work thus increases exponentially with the slip ratio and the tyre amount of tyre wear 
increases exponentially with the slip ratio, which proves the results. In Figure 7.2.10 a 
plot from [38] is presented which shows similar trends. 
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Figure 7.2.10 The relationship between slip ratio and amount of wear [38]. 

 

 

7.2.5 Tyre wear with slip angle 

 
From Equation 2-4, the slip angle is expressed as 𝑡𝑎𝑛(𝛼) = 𝑣 𝑣⁄ . This is the angle 
between the longitudinal velocity and the lateral velocity. The tyre wear as a function 
of the slip angle is shown in Figure 7.2.11. The tyre amount of wear is calculated after 
2000 metres, the load on one tyre is 3750 N, and the external temperature is 295 K.  
 

 
Figure 7.2.11 Wear with slip angle. 
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As can be seen from the figure, the slip angle has a great impact on the tyre wear. It 
can be concluded from the graph that the tyre wear has an exponential relationship to 
the slip angle. Figure 7.2.12 is used to validate the results. The graph shows the 
measured data of tyre wear for several tyres. The measurements were made separately 
at a slip angle of 1°, 2°, 3° and 4°. In the figure, the spaces between the slip angles 
are adjusted to make the curve linear and it can be seen that the amount of tyre wear 
increases exponentially with the slip angle, which proves the conclusions drawn 
above. 
 

 
Figure 7.2.12 Wear with slip angle for different tyre types [39]. 
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8. Conclusions and future work  

8.1 Conclusions 

This thesis aims to create a model to simulate and analyse how tyre wear is influenced 
by the external and internal factors of the vehicle. In order to achieve the objective, 
the tyre brush model is extended to be used with the Savkoor friction model, a thermal 
model and a pressure model. The friction model shows that the sliding friction 
coefficient decreases with the sliding velocity of the tyre, which also shows the 
tendency of total heat generation directly. To illustrate how thermal behaviour affects 
tyre wear, a thermal model and pressure model with special assumptions (no air 
volume change, fixed gas specific heat capacity, no gas emission) is introduced into 
the tyre model. 
 
The heat generation comes from the rolling resistance work (hysteresis effect) and 
sliding friction work. The heat dissipation includes forced convective heat transfer, 
conductive heat transfer, and radiation. The forced convective heat transfer is the main 
heat dissipation method. Assume that the volume of air in the tyre does not change, 
the tyre pressure is dependent on temperature. Since the friction coefficient of sliding 
friction changes with tyre pressure, the heat generation changes with tyre inflation 
pressure and the temperature changes and these processes thus form a loop. 
 
The Archard’s wear model is used in this report. The calculation of the sliding 
distance was performed and the reference tyre wear used the tyre wear depth data 
from Dunlop. The empirical amount of wear was derived from calculating the tread 
surface area and tyre radius difference. 
 
With the simulation of different factors’ impact, the results show that thermal 
behaviour, inflation pressure, load, vehicle velocity, etc. influence tyre wear. The 
temperature of the tyre changes at different external temperatures and the inflation 
pressure shows a similar tendency. Basically, higher external temperature leads to 
higher tyre wear. This makes sense since a higher external temperature will increase 
the tyre’s internal temperature and pressure and the tyre’s sliding friction will be 
higher and have higher wear. Regarding the vehicle speed, although higher speed lead 
to higher sliding velocity thus lower the sliding friction according to the Savkoor 
friction model, higher speed increases the sliding distance and the results shows that 
the increased sliding distance has greater impact on the sliding friction work so that 
the tyre wear amount increases with the vehicle’s velocity. According to Archard’s 
wear model, the amount of wear is linear with the sliding friction work. Both the 
sliding friction and the sliding distance increase with the slip and the sliding friction 
work increases exponentially with the slip, so the tyre wear increases exponentially 
with the slip ratio. The amount of tyre wear also increases exponentially with the slip 
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angle. 
8.2 Future work 

In the future, to validate the complete model, more experiments are needed. The 
experimental data can be used to investigate whether the simulation results are of 
practical use for estimating the tyre wear in daily life. In addition, since the heat 
transfer coefficient and the rubber’s specific heat capacity are changeable, the thermal 
model can be improved by introducing dynamic heat transfer coefficients and 
dynamic specific heat capacities. Moreover, the Savkoor friction model used in this 
report is a simplified version; it can be extended to have a higher accuracy with 
tuning.  
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