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Abstract

Steel is an important structural material in nuclear reactors used for example
in pressure vessels and fast reactor cladding. In reactor environments it has
been observed that ferritic steels are more resistant to swelling than the
austenitic steels typically used. Much effort has been put into developing
basic models of FeCr alloys which can serve as model alloys for describing
ferritic steels. As a result, a number of interatomic potentials for Fe and
FeCr alloys exist today.

For the work in this thesis, basic material properties coming from exper-
iments or ab initio calculations were used to fit interatomic potentials for
Fe, Cr and FeCr implementing both the embedded atom method and the
Finnis-Sinclair formalisms. The potentials were then validated by molecular
dynamic calculations of material properties such as defect formation ener-
gies, migration energies and thermal expansion. Further studies of potential
performance were carried out in simulations of radiation damage cascades
and thermal aging.

The influence of the interatomic potential on the primary defect state
in materials under irradiation was analyzed in a study comparing results
obtained using four different potentials. The objective of the study was to
find correlations between potential properties and the primary damage state
produced in simulations of displacement cascades. The defect evolution and
clustering during different cascade stages were also investigated to try to
gain a better understanding of these processes.
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Chapter 1

Introduction

About 16% of the world’s supply of electricity today comes from nuclear
power [1]. As the world’s energy demand rises, this percentage is expected
to increase. The production of electricity in nuclear power plants has the
advantage that there is no release of greenhouse gases such as carbon dioxide.
We are however left with the problem of how to handle the radioactive waste
produced. The favored way of fuel disposal is to place it in deep geological
repositories built to contain the radioactivity released by the waste. The
geological repositories are associated with some concerns. The radioactivity
of the spent fuel needs to be contained for times of the order of 105 years
before the radioactivity is on a level where it is deemed safe. The repositories
must be constructed to contain the radioactivity for this time, a not so trivial
technical problem.

One of the alternatives to direct disposal of the nuclear waste in geolog-
ical repositories is transmutation, a method now under development. The
concept of transmutation has existed since the 1970s [2] [3]. The idea is
simple in the sense that it uses the same concept as traditional nuclear reac-
tors; the splitting of atoms. The long lived radioactive isotopes such as Np,
Pu, Am and Cm are transformed into more short lived isotopes by changing
the nuclear structure. The storage times of the waste can be reduced by as
much as a factor of 100 in this way, a more feasible timescale seen in the
light of existing technologies.

The concept of transmutation requires some reactor features that are
different from the conventional light water reactors (LWRs) that are most
widely used today for electricity production. Especially of importance for
this thesis is the need for neutrons of higher energy to be able to split the
atoms in the fuel. More energetic neutrons means more damage to structures

1



2 1. Introduction

surrounding the core. This can for example cause swelling and embrittlement
of the steels used for structures in the reactor. Steels not designed to be
radiation resistant can swell, something that seriously impairs the safety of
a reactor. To ensure the safe operation of this type of future reactors and
maintain the aging reactors in use today, it is important to find radiation
resistant materials and to make sure that the limitations of the materials
are known.

The response of a material to irradiation is not easy to predict. It de-
pends on the dose that the material receives but also on the rate at which the
material is exposed to the radiation. The damage usually does not depend
linearly on the dose rate but instead shows a threshold behavior dependent
on the total dose. Once the threshold dose is passed, the mechanical prop-
erties of the steel start to degrade rapidly. For steels not designed to be
radiation resistant, the swelling can be as much as 1% per displacement per
atom (dpa) while for ferritic steels a typical value is 0.2% per dpa. In LWRs,
the dose rate is approximately 2 dpa per year and swelling in the structural
materials are just starting to be seen after some 40 years of running. In fast
reactors, so called because of the high energy or fast neutrons used to fission
nuclei, the dose is a lot higher, ∼ 40 dpa per year, and the threshold for
permanent damage is reached much sooner.

Experiments focused on the study of material behavior under irradiation
is both a lengthy and expensive business. It is also difficult to study the
microscopic evolution of the damage to the material at the atomic level with
a high degree of precision. Instead, computer simulations are employed to
model materials at the atomic levels that cannot be probed experimentally.

This thesis focuses on the modelling of metals and model alloys used
in reactor environment. The modelling starts with ab initio calculations of
basic material properties used for fitting interatomic potentials. The po-
tentials are used in molecular dynamics simulations of the primary damage
caused by neutron irradiation. The further evolution of the damage is stud-
ied with Monte Carlo schemes. This scheme of calculations and simulations
are collectively known as multiscale modelling and covers time scales from
femtoseconds to years and length scales from Ångströms to meters (see fig-
ure 1.1). Chapter 2 describes the damage caused by neutron irradiation on
microscopic and macroscopic level and chapter 3 summarizes the theory be-
hind the methods of multiscale modelling. In chapter 4, the work performed
within the scope of this thesis is presented in the light of the theories dis-
cussed in the previous chapters. Finally, the thesis is summarized and an
outlook for the future work is given.
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Figure 1.1: The length and time scales involved in the different stages of
multiscale modelling.



Chapter 2

Radiation Damage in Metals

Like human defects, those of crystals come in a seemingly endless va-
riety, many dreary and depressing, and a few fascinating.
N. Ashcroft, N. Mermin

The materials in a nuclear reactor exist in a harsh environment where
they are continually bombarded by energetic neutrons. The atoms of the
metal used to construct reactor parts such as the pressure vessel or the fuel
cladding are arranged in crystal structures. The structures are made up
of unit cells repeated in a periodic fashion. When the metal is subjected
to neutron irradiation, the atoms in the crystal structure can be displaced,
knocking atoms out of their places, leaving damage in the form of vacant
lattice positions and atoms in interstitial positions and inducing nuclear
reactions resulting in impurities. These defects and impurities change the
microscopic structure of the metal and thereby macroscopic material prop-
erties and behavior. The following sections will describe the reactions that
take place in metals under neutron irradiation, the primary damage that the
radiation causes and radiation effects arising due to the primary damage.

2.1 Mechanisms

Neutrons incident on a material can interact with the atoms in the lattice
by elastic or inelastic collisions depending on the neutron energy. At low
neutron energies of less than 1 MeV, elastic collisions dominate. In an
elastic collision, the total kinetic energy of the system is conserved. It may
however be redistributed between the neutron and the atom taking part in
the collision and the neutron can transfer energy to the atom causing it
to recoil. In this energy range, (n, γ) reactions can also occur. Here the
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2.2. Primary Damage: Vacancies and Interstitials 5

neutron is absorbed by the nucleus. The nucleus de-excites by emitting a
γ-photon causing the nucleus to recoil.

If the energy transfer to the nucleus is above a certain threshold value,
the atom may be knocked out of its place and can go on to collide with
other atoms in the crystal creating a collision sequence where the atom hit
by the neutron is named the primary knock-on atom (PKA). The size of the
threshold energy depends on the material but for bcc Fe it is in the range
of tens of eV depending on the direction in which the atom is displaced.

At higher energies above 1 MeV, non-elastic processes such as (n, n′),
(n, α) and (n, p) reactions dominate. Both the emitted particle and the
recoiling nucleus can cause displacement of other atoms in the crystal. Nuclei
in the crystal can also be fissioned by neutrons. The ionized fragments can
then collide with surrounding atoms again displacing atoms.

2.2 Primary Damage: Vacancies and Interstitials

The elastic and inelastic collisions between neutrons and atoms leads to
displacements of nuclei as described in the section 2.1 where some or all of
the neutron energy can be transferred to the PKA. The fate of the neutron
then depends on how much energy it has left after the collision and where
it is in the reactor. In the pressure vessel, it can continue to collide with
atoms until its energy is dissipated or it can be absorbed either in the fuel
or in the structural materials of the reactor.

If the energy transferred from the neutron to the PKA is above some
threshold energy called the displacement energy, Ed, the PKA atom will be
knocked out of its position in the crystal structure initiating a displacement
cascade as shown in figure 2.2(a). The displacement cascade results in a
number of vacant lattice positions, vacancies, an equal number of atoms
located in interstitial positions in the crystal, interstitials, and a number of
replaced atoms. Examples of the defect configurations are shown in figure
2.1. A vacancy and an interstitial together make up what is called a Frenkel
pair.

The vacancies and interstitials produced in displacement cascades con-
stitute the primary damage state caused by neutron radiation. The amount
of damage of course depends on the number of displaced atoms. Kinchin
and Pease proposed a simple relationship between the damage energy and
the number of displaced atoms [4]. According to their model, the number
of displaced atoms is given by
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(a) Vacancy (b) 100 dumbbell

(c) 110 dumbbell (d) 111 dumbbell

Figure 2.1: Different types of defects that can arise in a bcc structure due
to neutron irradiation. (a) shows a vacancy which is an empty lattice space
where an atom has been knocked out of its position. Here the vacancy is
represented by the square. (b), (c), and (d) show examples of different kinds
of interstitial configurations.



2.2. Primary Damage: Vacancies and Interstitials 7
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where E is the kinetic energy of the PKA. Below E1, the PKA atom loses
energy by hard-core elastic scattering while above this energy, energy loss
comes from electron excitation only. This estimation makes a number of as-
sumptions and several developments of the model exists. The most widely
used formula in the field of radiation damage is the NRT estimate, an up-
dated version of equation 2.1 by Norgett et al. [5]

Nd =
κ(E − Q̂)

2Ed
=

κÊ

2Ed
; Ê >

2Ed

κ
(2.2)

where κ is the displacement efficiency taken to be 0.8 at all temperatures,
Q̂ is the energy lost by electron excitation and Ê is the damage energy, i.e.
the energy available for atomic displacement. The size of the displacement
threshold energy depends on the material studied. For bcc Fe which is the
focus of this thesis, a standard threshold energy of 40 eV is assumed [5].

The cascade region where most of the interstitials and vacancies are
produced represents a highly disordered state. At high cascade energy, local
melting may be considered to occur. Interstitials and vacancies that are
close enough to each other to interact will recombine directly during the
cascade and the deposited heat will dissipate during the first picoseconds
of the cascade. Recombination will be the fate of most of the point defects
produced during the cascade.

The interstitials that remain after the cascade are those that end up far
enough from vacancies to escape annihilation. These interstitials are created
in collision sequences where atoms are substituted in a chain of replacements
through the crystal transporting them away from the initially vacant lattice
space. In this way vacancies are seen to be concentrated at the center of
the cascade region while interstitials are located in a halo surrounding the
central area of the cascade. The point defects that escape annihilation make
up what is called the primary damage in the crystal, an example of which
can be seen in figure 2.2(b). The evolution of the primary damage is what
determines the changes of micro- and macroscopic properties of the material.

The other reactions that take place in the crystal during neutron irradi-
ations such as (n, α), (n, p) or (n, 2n) result in a number of foreign atoms in
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(a) Peak stage of the cascade.

(b) Final damage state of the cascade.

Figure 2.2: In this figure, different stages of a displacement cascade are
exemplified. In (a) the cascade is seen at the peak stage defined as the time
when the maximum number of defects are produced in the system. Most of
these defects will recombine and disappear. Those that are left make up the
primary damage state seen in (b).
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the material which also affect material properties and influence the behavior
of the vacancies and interstitials during the evolution of the material.

2.3 Primary Damage Evolution

After the recombination stage of the cascade, the resulting point defects will
determine the evolution of the material. At low temperatures, the defects
are immobile and will not be able to migrate in the metal. At temperatures
above the migration energy of the defects, interstitials and vacancies will
start to move in the crystal. Should a vacancy and an interstitial encounter
each other they will annihilate. If instead they encounter another defect
of the same kind they will form clusters. They can also be absorbed at
preexisting sinks such as grain boundaries, dislocations or surfaces. The
interstitial clusters will collapse into dislocation loops as they reach a certain
size. Vacancy clusters can also collapse into vacancy loops. However, they
are more stable and can also form voids in the crystal [6].

The clustering of point defects can be described by standard rate theory
[7]. Here, the concentration of clusters are given by the discrete master
equations

dCj

dt
=

∑

k

w(k; j)Ck −
∑

k

w(j; k)Cj + Gj − Lj (2.3)

where Cj is the concentration of clusters of type j, w(k; j) is the rate per
unit concentration of cluster type k of transitions to a cluster of type j, Gj

is the rate of direct formation of clusters of type j and Lj is the loss rate
of clusters of type j by absorption at sinks, destruction in cascades, etc.
These equations can in principle be solved but this is feasible in a reasonable
time for only a small number of equations. Instead, simplifications and
approximations are introduced giving us the Fokker-Planck equation.

∂Cj(t)

∂t
= − ∂

∂j
{Cj(t)[w(j; j + 1) − w(j; j − 1)]}

+
1

2

∂2

∂j2
{Cj(t)[w(j; j − 1) + w(j; j + 1)]}

(2.4)

The standard rate theory used to derive the Fokker-Planck equation
assumes point defect generation to be homogeneous in space and time which
is not always true. Point defects are produced in cascades and defect clusters
are also seen to be generated directly during cascades so the number of freely



10 2. Radiation Damage in Metals

migrating vacancies and interstitials are not equal to each other. A large
fraction of interstitials end up in mobile clusters while vacancies tend to end
up in immobile configurations and thus there is a production bias in favor
of interstitial mobility [8].

2.3.1 Swelling

The interstitials are more mobile than the vacancies and tend to move to-
wards dislocations, grain boundaries or surfaces where they annihilate. The
vacancies on the other hand remain in the bulk and gather in growing voids
causing the material to swell. The swelling shows a threshold behavior de-
pending on both the total dose and the exposure time. Although the swelling
rate actually decreases with increasing dose rate, the total dose in a fast neu-
tron spectrum is higher than in a thermal spectrum and the threshold for
swelling is reached in a much shorter time.

From the Fokker-Planck equation (equation 2.4), an expression for the
growth rate of a vacancy cluster can be derived [7]

drc

dt
=

Ω

rc
(Zd

i Zc
v − Zd

vZc
i )F (2.5)

where rc is the cluster radius, Ω the atomic volume, Z are the capture
efficiencies of cavities and dislocations and F is a function of total dislocation
and cavity sink strengths, of dose rate and of point defect recombination.
The term (Zd

i Zc
v − Zd

vZc
i ) is called the bias and has to be greater than zero

for the cluster to grow.

The presence of helium in the material increases the swelling mainly due
to internal pressurization of voids. The void growth rate depends on the
thermal emission of vacancies from clusters. Once the cavity has attained
a critical radius it will continue to grow. A larger internal pressure in the
cavity makes it easier for the cavity to attain a critical radius and continue
to grow. The swelling rate can be as large as 1−2% per dpa in a fast neutron
spectrum depending on the temperature and dose rate [9] as can be seen in
figure 2.3.

The dose dependency of the swelling rate can be divided into three stages.
At low doses the material swelling is small. After a threshold dose is at-
tained, the swelling rate increases and then levels out again at higher doses.
Temperature also influences the swelling rate of a material under irradia-
tion [7]. At low temperatures, the swelling will be small since vacancies
are immobile and cannot move together to form clusters. At high temper-
atures, the thermal emission of vacancies from clusters will be high enough
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Figure 2.3: Swelling is shown as a function of the dose received by the ma-
terial. At low doses the swelling is small while after the threshold dose is
reached the swelling rate accelerates. The curves show the swelling behavior
of different alloys. The 15-15Ti alloy is an austenitic steel with fcc struc-
ture with a swelling rate of 1% per dpa in the accelerated swelling phase.
Bcc materials such as FeCr and the EM10 steel (Fe-9Cr-1Mo) have a lower
swelling rate of 0.2% per dpa in the accelerated swelling phase. By adding
Mo to the Fe-9Cr model alloy increases the threshold dose for accelerated
swelling dramatically.

to compete with the influx of vacancies due to irradiation. This leaves the
intermediate temperature regime where the largest swelling rates are seen.
Here the thermal emission of vacancies from cavities is small and recombi-
nation is large while the flow of vacancies to voids is large. The definitions
of low, high or intermediate temperature depends on the material but gen-
erally maximum swelling rates are seen at temperatures of 30 − 50% of the
melting temperature, Tmelt. No swelling is seen at temperatures above 60%
of the melting temperature [10].

2.3.2 Hardening and Embrittlement

The mechanical properties of the material can be greatly affected by ir-
radiation. Initially ductile materials can become hard and brittle and for
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Figure 2.4: The figure shows stress-strain curves for ductile and brittle ma-
terials. The ductile material will deform plastically until it breaks while the
brittle material shows almost no deformation before breaking [11].

materials with a ductile-to-brittle transition, the temperature at which this
transition takes place can shift due to irradiation. These effects have com-
plex dependencies on dose rates, material microstructure and temperature.
Embrittlement is a safety issue as ductile deformation tends to occur over
a longer time giving a slower fracture with a larger chance of discovery (see
figure 2.4).

At temperatures below the ductile-to brittle transition temperature,
(DBTT), the yield stress of a material is larger than the fracture stress.
In this region the fracture will be brittle which means that the material
will break with very little plastic deformation. The yield stress is more
temperature dependent than the fracture stress. As the temperature is
increased, the yield stress will become smaller than the fracture stress and
the fracture mode of the material will become ductile and undergo plastic
deformation before fracturing.

For dislocations to move in a material, they need a certain energy to
overcome barriers and obstacles. By raising the temperature in the material,
the dislocations are given more energy enabling them to pass obstacles in
their way. However, irradiating a material introduces more obstacles and
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Figure 2.5: A general picture of the ductile to brittle transition in bcc met-
als such as ferritic steels. At low temperatures the material experiences
brittle fracture and at high temperatures plastic fracture. In the transition
region, both kinds of fracture are seen. When the material is irradiated,
the transition region is shifted towards higher temperatures as shown by the
arrow.

thus the dislocations need more energy to overcome the barriers. Thus the
temperature at which the material turns from brittle to ductile is raised i.e.
the DBTT is shifted towards higher temperatures as seen in figure 2.5.



Chapter 3

Multiscale Modelling

We all like to congregate at boundary conditions.
Douglas Adams

The most exact way of calculating material properties is to solve the
Schrödinger equation directly. For complex systems such as metals how-
ever, the calculations soon become impossibly complicated and approxima-
tive methods have to be used instead. All approximative methods need some
basis for comparison and development. With ab initio calculations, funda-
mental material properties can be provided as the basis for constructing and
refining such methods.

The modelling of recoil cascades in metals requires the use of interatomic
potentials which approximate the interaction between the atoms. The po-
tentials are constructed by fitting to a combination of empirical and ab initio

data. The potentials are then used in molecular dynamics and Monte Carlo
simulations to study what happens in the material when it is irradiated by
neutrons.

3.1 Ab Initio

To calculate basic properties of intermetallic compounds such as total en-
ergies, bulk and elastic moduli, relative stability of structures, etc ab initio

methods are used. In quantum mechanics we are faced with the problem of
finding a many-body wave function that solves the Schrödinger equation

[

− ~
2

2m
∇2 + V (r)

]

Ψ(r) = EΨ(r). (3.1)

14
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The problem is addressed in methods such as the Hartree-Fock theory but
for large systems the calculations are too time consuming to be practically
viable. Instead we rely on density functional theory (DFT) to overcome the
problem of solving the many-body system.

DFT is a quantum mechanical approach that maps the many-body elec-
tron problem onto a single-body problem by the use of the electron density
n(r) as a key variable from which other observables can be calculated.

DFT was first developed by Thomas and Fermi in the 1920’s. Their
theory was rather inaccurate due to the fact that it neglected electron cor-
relation. The theoretical basis of DFT was developed by Hohenberg and
Kohn [12] who published a theorem proving that a one-to-one mapping ex-
ists between the ground state electron density and the ground state electron
wave function of a many-body system and that the ground state density
minimizes the energy of the system.

The minimization of the energy can be done using a method developed
by Kohn and Sham [13]. The nuclei in a solid are seen as fixed (the Born-
Oppenheimer approximation) and generate a static potential in which the
electrons move. Electronic interactions are represented by an effective po-
tential

veff (r) = v(r) + vH(r) + vxc(r) (3.2)

where v(r) is the external potential coming from the nuclei in the solid and
any other external potential applied to the solid as a whole, vH(r) is the
Hartree potential

vH [n](r) = q2

∫

d3r′
n(r′)

|r − r′| (3.3)

and the last term vxc(r) is the exchange correlation potential. The electronic
density is written

n(r) =

N
∑

i=1

|Ψi(r)|2 (3.4)

Equations 3.2 - 3.4 are known as the Kohn-Sham equations and can in
principle be solved explicitly. However the function for the exchange corre-
lation potential is not known. Several approximations of this function exist.
One of the most common is the local density approximation, LDA. Here,
the energy functional depends only on the electronic density at the point of
evaluation. The local spin-density approximation, LSDA, is a generalization
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of the LDA that includes electronic spin. In the general gradient approxi-
mation GGA, the exchange correlation functional is expressed in terms of
the density and the density gradient at each point.

3.2 Interatomic Potentials

In the previous section, methods of calculating basic properties of a ma-
terial using quantum mechanical methods was discussed. This of course
gives the most exact results but at the expense of long computing times.
For systems with more than 500 atoms or systems with large strain field
distortions, quantum mechanical calculations are not feasible with today’s
computer capacity necessitating a simplified description of the system. Us-
ing approximate methods based on density functional theory, systems with a
number of atoms of the order of 1000000 are possible are possible to model.

The common factor for all atomistic methods of approximation is the
description of how the particles interact in a material. This can be done
by constructing interatomic potentials. Lennard-Jones introduced one of
the first pair potentials in 1924 which gave a good description of the atomic
interactions in noble gases. For the more complex systems of metals however,
it is inadequate. In the 1980s, several methods of many-body potential
construction were introduced for example by Daw and Baskes [14] [15] and
Finnis and Sinclair [16]. The formalisms of relevance to this thesis are
reviewed in the following sections.

3.2.1 The Embedded-Atom Method

The embedded-atom method, EAM, is a semi-empirical method used to
describe metals and alloys [17]. The roots of EAM come from density func-
tional theory (DFT) where each atom in a solid is seen as embedded into
a host consisting of all the other atoms in the system and the energy of an
individual atom can be expressed as a functional of the electronic density
[12].

This functional, whose form is unknown, is a universal function indepen-
dent of the host system. Making the approximation that the energy depends
only on the local electronic density at the site of the atom, the total energy
can be written

Etot =
∑

i

Fi(ρi) (3.5)
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where Fi is the embedding energy function of an atom in the solid, ρi =
∑

j 6=i ρ(rij) is the electronic density at atom i and rij is the interatomic
distance. However, this approximation does not give a correct description
of the solid as it neglects contributions to the energy from gradients in the
electronic density and repulsion between the cores of the atoms. Instead the
energy is expressed as

Etot =
∑

i

Ei =
∑

i





1

2

∑

j 6=i

V (rij) + F (ρi)



 (3.6)

Vij(rij) is a short-range potential that gives the contribution to the energy
coming from the repulsion between the cores of the atoms. The pair potential
is a function of the distance and the energy coming from this term varies
with the radial distance between atoms. The method can be extended to an
alloy system by writing the energy as

Ei =
1

2

∑

j 6=i

Vtitj (rij) + Fti(ρ̄i) (3.7)

where ti represents atom i of type t and

ρ̄i =
∑

j 6=i

ρtj (rij) (3.8)

Having found an expression for the energy of a solid, we are still left
with the problem of finding V and F . In theory, this can be done from first
principles but in practice it turns out to be difficult. Instead the functions
can be found empirically from known properties of the solid or alloy. The
function parameters for the pair potential can be fitted from solid properties
such as lattice constant, cohesive energy or bulk modulus for example. For
an example see section 4.1 where the fitting is described in more detail.

Finally, we are left with the function for the embedding energy. This
energy can be found using the universal expression for the energy as a func-
tion of lattice parameter (equation of state) given by the Rose equation [18].
The equation scales the cohesive energy of the solid to a universal function
as follows

ERose(ā) = −Ecoh(1 + ā) exp(−ā)

ā = α(
r1nn

req
1nn

− 1) (3.9)

α =
√

9BΩ/Ecoh
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where Ecoh is the cohesive energy, B is the bulk modulus, Ω the atomic
volume, r1nn is the distance to the first nearest neighbor and req

1nn the same
distance at equilibrium. Having already chosen and fitted expressions for
the pair energy, the embedding energy can be found from

F (r) = ERose(r) − V (r) (3.10)

The embedding energy is then inverted to a function of density instead of
r using the expression for the electronic density in the solid. An electron
density function for the system is adopted depending on the solid or alloy
that is to be described.

For alloys, the pure elements are fitted to their separate properties. A
cross-wise pair potential is then fitted form the contributions to the energy
coming from the interaction between atoms of different types. No cross-wise
embedding energy needs to be calculated. The energy contribution coming
from the embedding function is density dependent. The density in turn is
a superposition of the separate densities of the atoms surrounding the sites
and can be taken directly from the separate density functions for the pure
elements.

The physical interpretation of the embedding energy term can be related
to the concept of traditional chemical bonding. As more bonds are created,
the total bonding energy will increase. However, the contribution from each
successive bond will be smaller and smaller and the average bonding energy
will decrease. Therefore, to have a physically consistent description of a
material, the curvature of the embedding energy should be positive giving
d2F
dρ2 > 0.

The Cauchy pressure is seen to be directly proportional to the second
derivative of the embedding energy. For some transition metals, the Cauchy
pressure is negative and this would then imply that the bonding in the
material is not correctly described arising from problems with directional
bonding.

The modified embedded-atom method, MEAM, is a method developed
as an extension of the EAM to include directional bonding [19] [20]. Angular
terms are added to the electron density as a correction to the spherically
symmetric electron density used in EAM. The embedding function is chosen
as a simple function of the electron density including angular terms. The pair
potential is then found using the Rose equation in the same manner as for
the embedding function in EAM. The procedure for alloys will be different
from EAM; this time cross-wise terms are also needed for the embedding
function since the electron density now has angular terms.
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3.2.2 The Second Moment Approximation

The second moment approximation bears a close resemblance to EAM but
is based on tight binding theory, thus providing a correlation to the band
structure of the electron energies in a solid [21]. The bonding energy is
taken to be dependent on the density of states (DOS) of the electrons which
in turn is approximated by

√
µ2i, the square root of the second moment of

the DOS on atom i. The expression for the energy of an atom will in this
formalism be

Ei =
1

2

∑

j 6=i

V (rij) − A(
∑

j 6=i

h2
ij(rij))

1/2 (3.11)

Assuming

ρ(r) ≡ h2
ij(r) (3.12)

and

F (ρ̄) ≡ −A(ρ̄)1/2 (3.13)

the expression is seen to be in the same form as the EAM energy expression
although with a modified embedding function. This way of expressing the
energy has been developed by for example Finnis and Sinclair [16].

The negative square root dependence naturally gives a positive second
derivative of the embedding function and is thus consistent with the in-
terpretation of the bonding strength as discussed for the EAM in section
3.2.1.

3.2.3 Two-Band Models

It is well known that the d electrons are responsible for the cohesive energy of
transition metals. Pettifor showed however that the s electrons give a large
contribution to the pressure as well as the bulk modulus [22]. The pressure is
a balance of the repulsive forces of the s electrons and the attractive forces of
the d electrons while the bulk modulus is dominated by contributions from
the s electrons. In the original second moment approximation, the s band
contribution was neglected. The cohesive energy is therefore well reproduced
but for the transition metals, the contribution from the s electrons could be
very important for other material properties.

The two-band models can be included into the EAM model by extending
the embedding part of the energy expression [23] [24]. The total energy is
then written
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Ei =
1

2

∑

j

V (rij) + Fd(ρd) + Fs(ρs) (3.14)

where the density is given by

ρb =
∑

Φb(rij). (3.15)

The embedding energy is given by

Fb(ρb) = Ab
1

√
ρb + Ab

2ρ
2
b + Ab

3ρ
4
b (3.16)

The last two terms are added to reproduce the repulsive force of the d

electrons at small distances where the electron density is high. In this way,
the two-band models retain the simplicity of EAM and FS while giving a
more correct physical description of the materials being modelled.

3.3 Molecular Dynamics

Molecular dynamics (MD) is based on Newton’s classical equations of motion
[25]. The forces between atoms in a system of N particles are described by

fi = mir̈i = −∇ri
V (3.17)

where fi is the force on atom i in the system, mi is the mass of atom i, r̈i

is the acceleration of atom i and V is the potential defined for the atoms in
the system describing their interactions. From this it can be seen that the
foundation of MD rests on a potential that describes atomic interactions as
correctly as possible since all dynamic properties of the solid is calculated
using it.

The motivation for using classical equations of motion can be seen by
looking at the de Broglie wavelength of an atom. The de Broglie wavelength
is given by

λ =
h√

2mEk
(3.18)

where h is Planck’s constant, m is the mass and Ek the kinetic energy.
Calculating the wavelength of an Fe atom at 100 K, this will give λ ∼ 0.1
Ångströms. As the lattice constant of bcc Fe is of the order of Ångströms,
the transition from quantum to Newtonian mechanics is valid. At lower
temperatures or for atoms of smaller mass, the de Broglie wavelength will
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be of the order of Ångströms, and Newtonian mechanics will no longer be
applicable.

To solve the equations of motions for the system, the finite differences
method developed by Alder and Wainwright [26] can be employed. At the
start of the simulation at time t0, each atom is assigned a position and a
random velocity at the temperature T specified for the system. Knowing
these, the positions, velocities and accelerations of the atoms at time t0 + δt
are obtained. From the positions and velocities of the atoms, the forces and
hence the accelerations of the atoms in their new positions can be calculated.
These can be compared to the predicted values and corrected to give the
correct atom trajectories. This procedure is then iterated for as many time
steps as wanted and any variables that are of interest can be calculated
after each time step in what is called a predictor-corrector scheme. Different
variants of predictor-corrector algorithm exists, such as for example those
by Gear [27] and Verlet [28]. The limiting factor in these calculations are
of course time. For efficient computing, the time step δt should be as large
as possible while for the precision of the calculations, δt should be small
enough to minimize errors in the atom trajectories.

When running MD simulations, normally the system is chosen to be con-
tained within a box although other configurations such as spherical systems
exist. To simulate a bulk environment, periodic boundary conditions (PBC)
are normally used. The simulation box is set up with the desired number
of atoms which are given initial positions and velocities. The simulations
can be run with different ensembles. The microcanonical constant or NVE
ensemble or the canonical or constant NVT ensemble are often used. In
the microcanonical ensemble, the number of atoms N, the volume V and
the energy E of the system are constant parameters while in the canonical
ensemble, the temperature T is kept constant instead of the energy. The
ensemble chosen depends of course on the purpose of the simulation. When
the simulation starts and the atoms close to the outer boundaries of the box
begin to move, they may end up in a position outside the simulation box.
With PBC, an atom that exits the box at one surface will enter the system
again at the opposite surface of the box. This reduces the number of images
needed to be saved during the simulation and also conserves the number
density in the simulation box. The influence of PBC on thermodynamic
properties and structures have been shown to be small enough to be ne-
glected [25]. When performing cascade simulations (see section 4.3) the box
has to be large enough to contain the cascade without any self-interaction
at boundary crossing.

When calculating the forces on an atom, the interaction between this
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atom and all other atoms should in principle be calculated. To reduce the
simulation time, a potential cutoff is usually employed. The interactions
with atoms further away than a certain distance are usually set to zero. As
the largest contributions to the force on the atom usually comes from the
closest atom this gives only a small error as long as the cutoff radius is
large enough to include all atoms that are within the interaction range of
the potential.

3.4 The Monte Carlo Method

The Monte Carlo (MC) method was developed at the end of the 2nd world
war at Los Alamos as a way of studying diffusion in fissionable materials
[29]. The name Monte Carlo originates in the fact that random numbers
are so extensively used. The method is based on stochastic methods and
generates a trajectory in phase space for each atom based on sampling from
a chosen statistical ensemble.

A system is regarded as composed of a number of particles or objects of
different kinds. A number of processes or events are defined. The particles
or objects in the system are each associated with one or more of the processes
meaning they can take part in this kind of activity. The rate at which a
certain process occurs for an object in the system is then defined as

ri = νie
−∆Ei/kT (3.19)

where νi is a prefactor associated with process i, ∆Ei is the activation energy
for process i, k is the Boltzmann constant and T is the temperature. If ni

particles or objects are associated with a certain process, then the rate at
which this particular process takes place will be

Ri = niri (3.20)

and the total rate of the system can be written

R =
∑

i

niri (3.21)

The probability of a certain process or event taking place is then given by

pi =
Ri

R
(3.22)

For each MC step, a process or event that will take place is chosen according
to its probability and the particle that will take part in the process or event is
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selected randomly from the number of particles associated with this process
ni.

In the above version of the Monte Carlo method, time is not included
in the simulation. To introduce time, the kinetic Monte Carlo scheme was
constructed. In the residence time algorithm by Young and Elcock [30],
diffusion in the system is due to vacancy jumps, the rate of which are de-
scribed by equation 3.19. The time associated with the process is then given
by the inverse of the rate;

∆τ =
1

∑

niRi
(3.23)

Different versions of the kinetic MC scheme exist such as atomistic ki-
netic Monte Carlo (AKMC) and object kinetic Monte Carlo OKMC de-
pending on the purpose of the simulations [31]. AKMC is run on a rigid
lattice and retains an atomistic level of description of the system. It always
includes a calculation of the total energy of the system making it detailed
but making simulations of larger systems time consuming. OKMC is so
called since it treats what is termed as objects instead of atoms. Objects
can be point defects, point defect clusters, solute atoms or any other system
feature that the simulant wants to include in the system. This way of simu-
lating makes longer time scales feasible. However, only interactions between
objects defined and included in the system can be simulated. Any new pro-
cesses cannot be found using this method. It is often used in conjunction
with MD where the primary damage state of the system is found and used
as input in the OKMC simulations.
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Applications

The work performed within the scope of this thesis has been concerned with
modelling the FeCr system which serves as a model alloy for studying more
complex systems such as those of steel. Ferritic steels, which are steels with
a body-centred cubic (bcc) structure, are a common material used in reactor
environments and knowledge of its behavior under irradiation is crucial for
the upkeep of existing reactors and for the development of new reactor types.
This section will describe applications of some of the theories and models
previously described to the FeCr system.

4.1 Potential Construction

As has been mentioned, the success in modelling a material rests on the
description of the atomic interactions in the system. In this work, potentials
have been constructed within the EAM and FS formalisms. When looking
at the binary alloy FeCr, the expression for the total energy (see equation
3.7) will be

Etot =
∑

iF e

FFe(ρi) +
∑

iCr

FCr(ρi)

+
1

2

∑

iF e,jF e

ΦFe(rij) +
1

2

∑

iF e,jCr

ΦFeCr(rij) (4.1)

+
1

2

∑

iCr ,jCr

ΦCr(rij) +
1

2

∑

iCr ,jF e

ΦFeCr(rij).

From this can be seen that we need to fit pair potentials for the pure elements
Fe and Cr and a mixed potential for FeCr while for the embedding energy,

24
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functions are needed for the pure elements only.

4.1.1 Pair Potentials and Embedding Functions for Fe and

Cr

The potentials fitted for Fe, Cr and FeCr are presented in papers I and
II and examples are shown in figure 4.3. Those in paper I use the EAM
formalism while those in paper II use the FS formalism. In each case, the
pair potentials were chosen as spline functions of the form

V (r) =
n

∑

i=1

ai(r − ri)
3H(ri − r) (4.2)

where H is the Heaviside step function and ri are the knot points of the
spline. The pair potential fitting parameters ai and the spline knot points ri

were fitted to material properties from experiments or ab initio calculations
such as cohesive energy, lattice parameter and elastic moduli. The cohesive
energy is given by the total energy of the system at equilibrium, the lattice
constant can be found using the condition that the first derivative of the total
energy should be zero at equilibrium and the elastic constants are given by
the second derivatives of the total energy. The fitting is performed using
the MERLIN code package developed for multiparametric optimization [32].
Once the pair potentials are fitted for the pure elements, the embedding
functions can be found using the Rose expression (see section 3.2.1).

In the case of Cr, the applicability of the EAM method is not evident.
At low temperatures, Cr is antiferromagnetic and has a negative Cauchy
pressure. However, above the Néel temperature of 311 K, Cr turns para-
magnetic and the Cauchy pressure becomes positive [33]. Here, the elastic
constants are seen to depend linearly on the temperature as shown in figure
4.1. Extrapolating the values of the elastic constants of the paramagnetic
material to 0 K, these can be used to fit the potential for the pure element.
The potential will be valid for paramagnetic Cr only but in the case of ma-
terials used in reactor environments, operation temperatures are well above
the Néel temperature.

To correctly reproduce atomic interactions at small distances, the po-
tentials are stiffened at short range. For the Fe potential in paper I, this
is done after fixing the embedding function which means that the pressure-
volume relation given by the Rose equation is violated. For high densities
resulting from anisotropic compression as in the vicinity of interstitials how-
ever, the material is not expected to be in equilibrium and this relation and



26 4. Applications

100 200 300 400 500 600 700

3.4

3.6

3.8

4.0

4.2

C
11
 [Mbar]

T [K]TNeel = 311 K

AFM PM

Figure 4.1: The figure shows the elastic constant C11 for Cr as a function
of temperature. Notice the sharp cusp at the Néel temperature where Cr
changes from the antiferromagnetic to the paramagnetic phase. Above 450
K, the curve is linear. The function above this temperature is extrapolated
to 0 K and the value used as a fitting parameter for paramagnetic Cr.

the stiffening, though arbitrary, is motivated by being able to fit experi-
mental values for phase stability, correct interstitial stability and thermal
expansion. The potential for pure Cr in paper I is stiffened by fitting to
the thermal expansion of the material. In paper II, the FS approach was
adopted to be able to fit the embedding functions in a consistent way.

4.1.2 Pair potentials for FeCr

Having found expressions for both the pair and the embedding energy of the
pure elements, an expression for the energy of the interaction between two
atoms of different types can be found using equation 4.1. The potential can
then be further adjusted to reproduce relevant material properties.

For the FeCr system, ab initio calculations show that the mixing enthalpy
seen in figure 4.2 is negative at low concentrations of Cr [34]. Different meth-
ods for reproducing the change in mixing enthalpy can be envisioned. For
example, concentration dependent potentials can be fitted giving different
mixing enthalpies as was done in paper I. Here, two potentials were provided,
one fitted to the negative mixing enthalpy of the alloy with 5% Cr and one
fitted to the positive mixing enthalpy at 20% Cr. This method makes it pos-
sible to reproduce the mixing enthalpy and to model the α´ precipitation
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Figure 4.2: the mixing enthalpy of FeCr as a function of Cr content. The
paramagnetic phase is shown in the graph at the top. The mixing enthalpy
is seen to be positive at all Cr concentrations. For the ferromagnetic phase
of the alloy shown in the graph at the bottom, it can be seen that for small
Cr concentrations, the mixing enthalpy becomes negative. In this region, no
formation of the α´ phase should be seen.

occurring at higher Cr concentrations, but working with a set of potentials
is of course more cumbersome than having one potential that can describe
the full range of concentrations of the alloy. A different approach is to em-
ploy the two-band model under development [24] which can reproduce the
mixing enthalpy for all concentrations where the mixing enthalpy can be
reproduced at all concentrations by one potential.

4.2 Verification of Potentials

Having constructed pair potentials and embedding functions for the FeCr
system, they are tested by using them to calculate relevant material and de-
fect properties to see that experimental and ab initio values are reproduced.
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Figure 4.3: Examples of pair potentials produced using EAM. These poten-
tials can be found in paper I.

Below, examples of the calculation of several material and defect properties
of relevance are given. To perform the calculations, molecular dynamics can
be used. The work presented in papers I-IV includes a number of such cal-
culations for different potentials. All of the MD calculations were performed
using the DYMOKA code [35] except in the case of thermal expansion where
the XMD code [36] gave a faster convergence.

4.2.1 Calculations of Material and Defect Properties

Formation Energy

The formation energy of a defect of the kind X in the crystal can be calcu-
lated as

EX
f = NErelaxed

coh (X) − NErelaxed
coh (ref) (4.3)

The first term gives the cohesive energy of the relaxed system including X
while the second term gives the relaxed energy of the reference system, i.e.
without X and N is the number of atoms in the system. X can be defects
such as vacancies or interstitials. A box representing the crystal is set up
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with atoms at positions corresponding to the crystal structure, in our case
bcc. This gives the energy of the reference structure without X included.
The object X is then inserted into the simulation box, the structure is
relaxed and the difference between the energies of the crystal with and
without the defect can be calculated. When performing calculations for an
alloy, the energies should be normalized to the number of atoms of each
type.

Binding Energy

The binding energy between two objects X and Y is given by

EXY
b = NErelaxed

coh (X Y separated) − NErelaxed
coh (X Y together) (4.4)

The first term gives the energy of the system when the two objects X and
Y , though included in the system are positioned far enough from each other
so that they cannot interact. The calculation procedure is the same as for
the formation energies except that X and Y are included in the reference
system.

Substitution Energy

When working with an alloy, the energy of the system changes as the atomic
configuration changes, for example when an atom of type A is replaced or
substituted by an atom of type B. The substitution energy is given by

Esub = NErelaxed
coh (AB) − NErelaxed

coh (ref) (4.5)

where Erelaxed
coh (AB) is the energy of the system where an atom of type A

has been replaced by an atom of type B.

Migration Energy

How defects move in the solid is important since it governs the evolution of
the primary damage state. It also has an impact on how defect clusters are
formed. Clustering is, as we have seen, responsible for macroscopic effects
such as swelling and embrittlement of the material. The migration energy
between two sites in the crystal lattice can be calculated as

EX
m = Erelaxed

coh (saddle point) − Erelaxed
coh (initial position) (4.6)
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where the saddle point is defined as the place along the minimum energy
path between the two positions where the migrating object is in its maximum
energy state. This can be compared to the experiments by calculating the
activation energy measured in diffusivity studies which is given by

EX
A = EV

f + EX
m (4.7)

Thermal Expansion

The thermal expansion of a material is characterized by the thermal expan-
sion coefficient α which is a measure of how the lattice constant changes as
a function of temperature. α is given by

α =
1

a(T )
· da(T )

dT
(4.8)

where T is the temperature a(T ) is the lattice constant as a function of
temperature.

4.2.2 Potential Performance

The potentials presented in papers I and II generally reproduce fitted prop-
erties well. They are also able to reproduce the thermal expansion better
than most potentials found in literature such as those of Simonelli et al.

[37] and Mendelev et al. [38]. The thermal expansion given by the thermal
expansion coefficient α, is related to the third derivative of the total energy.
Thus α can be seen as a measure of the anharmonicity of the potential. The
stiffening performed at short distances for the potentials in paper I corre-
sponds to making the potential more anharmonic giving a larger thermal
expansion. From the potentials in paper II it was seen that changing the
potentials at long range gives the same result but in this case motivated by
the more physical approach of applying the FS formalism in fitting the po-
tentials. As a result of the potential being stiff at short range, the activation
energy for vacancy self-diffusion of the potentials in paper I is higher than
those of other potentials found in the literature although they agree very
well with those reported by Seeger et al. [39]. The correct interstitial con-
figuration is predicted although the absolute value of the formation energies
are higher than those of potentials found in the literature.

The mixing enthalpies of the two mixed potentials in paper I is well
reproduced. Simulations of thermal aging show that precipitation of Cr
clusters takes place when using the potential fitted to the positive mixing
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enthalpy while no precipitation is seen for the potential fitted to the negative
mixing enthalpy. The time and temperature scale of precipitation is seen to
agree with what is found in experimental studies of hardening. The mixed
pair potentials of paper I predicts the mixed 〈110〉 FeCr dumbbell to be
the most stable defect followed by the 〈111〉 Cr-Cr dumbbell and the 〈110〉
Fe-Fe dumbbell. Thus, Cr should tend to end up in defect structures during
displacement cascades.

4.3 Cascades Using Molecular Dynamics

For further studies of the primary damage in material under neutron irradi-
ation, simulations of displacement cascades have been performed using MD
for the potentials presented in paper I. Papers III and IV concern cascade
simulations done using four different potentials found in the literature with
the aim of comparing the defect evolution of the different potentials and to
try to correlate it to the properties of the potential

For all simulations, the simulation box was set up with the atoms in a
bcc configuration where the Cr atoms were initially randomly distributed
when working with the alloy. The NVE ensemble was used and periodic
boundary conditions without temperature control after equilibration were
applied as discussed in section 3.3.

4.3.1 Cascades in FeCr

Analysis of the displacement cascades performed in FeCr alloys using the
potentials of paper I show a general trend of a lower number of produced
defects compared to displacement cascades performed in pure Fe. This is a
result of the high interstitial formation energies of these potentials. It is also
seen that the Cr tends to end up in defect configurations as expected since
the mixed Fe-Cr dumbbell is predicted to be more stable than the pure Fe
dumbbell (see section 4.2.2).

4.3.2 Cascades in Fe

By studying the behavior of defects in cascade simulations using different
potentials, correlations between potential properties and the defect evolu-
tion can be studied as has been done in papers III and IV. Four different
potentials found in [40], [41], [42] and [43] were chosen. With these poten-
tials, a set of displacement cascades were produced using a standardized
simulation procedure so that the results could be compared.
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The analysis of the cascades include calculations of magnitudes such as
the final number of defects, cascade density and volume, the number of sub-
cascades and clustered fractions for both vacancies and interstitials. Con-
trary to expectation it was found that the number of Frenkel pairs produced
in a cascade does not correlate with the threshold energy of the potential.
Instead a correlation between the stiffness of the potential and the number
of defects created in cascades is seen. A high interstitial formation energy
usually means that the potential is stiff giving diluted cascades with small
average cluster sizes for both vacancies and interstitials. The number of final
defects produced by the different potentials were found to be approximately
the same independent of the potential properties. Thus the final number
of defects is largely independent of how the cascade behaves at peak time.
The clustering of the defects were seen to be quite different between the
potentials, but a straightforward correlation between defect properties and
clustering features is difficult to find.



Chapter 5

Summary and Outlook

Before I came here I was confused about this subject. Having listened
to your lecture I am still confused. But on a higher level.
Enrico Fermi

This thesis concerns the field of multiscale modelling, starting from the
level of ab initio, via MD and to Monte Carlo. A modelling scheme is
discussed for the FeCr system, which is a basis point for the modelling of
commercial steels. The FeCr system is described by constructing many-body
interatomic potentials based on ab initio and experimental data governing
the interaction between atoms in the material. The performance of the
potential is then studied using molecular dynamics simulations.

We see that it is possible to construct potentials that reproduce many
important material properties. However, we also find that it is not always
straightforward to find the correlation between the potential description of
microscopic features and the resulting macroscopic details of the material
under irradiation. The development of new two-band potentials that include
the separate contributions of the s and d valence electrons in Fe for example,
are expected to give better physical validity of the potential and thus a better
control over the relationship between the potential and its performance in
simulations.

We are still far from describing a material that resembles the commercial
steels in use today. One step in the direction of real life is to include C into
the matrix as it is a basic constituent of steel influencing many material
properties. Further efforts will go into producing potentials for the ternary
system FeCrC which is close enough to reality to be able to give predictions
of use in constructing the nuclear reactors of the future.
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