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Royal Institute of Technology, Stockholm as well as streamed online on 2020-05-07
at 14:15.



Abstract

This thesis proposes an experimental method for observing and characterizing
the viscoelastic properties of anisotropic media using high-speed white light
stereo imaging.

The method uses short-time video recordings of a specimen undergoing
forced harmonic motion. The three-dimensional displacement field of the spec-
imen is then resolved using digital image correlation. Measuring for a short time
has multiple advantages: it minimizes the conditioning of the specimen, and
gives meaningful results when true stationary conditions are inaccessible (e.g.
because of relaxation processes, or changes in the environmental conditions that
cannot be accounted for). Moreover, it enables a reduction of the data storage
needs and the computational costs associated with the image acquisition and
processing. To overcome the intrinsic limitations of a Fourier-based approach
for short time records, an optimization algorithm is used to determine the point-
wise amplitude, phase and frequency of the full-field harmonic motion. This
approach maximizes signal-to-noise ratio, is suitable for the identification of
non-linear behaviors and tolerates data records that are non-uniformly spaced
in time (e.g. because of momentary data losses and failure of the image match-
ing algorithms). The measurement accuracy is increased by proposing a method
to extract the frame of reference of the specimen on a per-frame bases, and
express the measured displacement field therein. A cube of melamine foam
and a pantographic sheet have been observed using the proposed method, and
the measured data compared with the outcome of linear viscoelastic numerical
models. The added information obtained about the melamine is believed to
improve the accuracy of the characterization of its viscoelastic behavior, and
the observation of the pantographic sheet represents and absolute first in the
experimental studies of its dynamics.



Sammanfattning

Den här avhandlingen föresl̊ar en experimentell metod för att observera och
karakterisera de viskoelastiska egenskaperna i anisotropa material med hjälp av
höghastighetsbildteknik baserad p̊a vitt ljus och stereoinspelning.

Metoden använder korttids inspelade videosekvenser av ett provobjekt som
genomg̊ar p̊atvingad harmonisk rörelse. Provets tredimensionella förskjutningsfält
beräknas sedan med användning av digital bildkorrelation. Att mäta under
en kort tid har flera fördelar: det minimerar p̊averkan (konditioneringen) av
provet och ger därmed meningsfulla resultat när verkliga stationära förh̊allanden
är otillgängliga (t.ex. p̊a grund av relaxationsprocesser eller förändringar i
miljöförh̊allandena som inte kan kontrolleras). Dessutom möjliggör det en min-
skning av datalagringsbehovet och de omfattande beräkningskostnaderna som
tillkommer med videoinspelning och videobehandling. För att övervinna de
inneboende begränsningarna i ett Fourier-baserat tillvägag̊angssätt för korta
tidsinspelningar, används en optimeringsalgoritm för att bestämma den punk-
tvisa amplituden, fasen och frekvensen för harmonisk rörelse i förskutningsfältet.
Detta tillvägag̊angssätt maximerar signal-till-brusförh̊allandet, är lämplig för
identifiering av icke-linjära beteenden och kan hantera dataposter som är ojämnt
fördelade i tid (t.ex. p̊a grund av kortvariga dataförluster och fel i bildmatch-
ningsalgoritmerna). Mätnoggrannheten i metoden har dessutom förbättrats
genom en metod för att extrahera en referens för provet för varje sekvens och
däri uttrycka det uppmätta förskjutningsfältet. En kub av melaminskum och
en pantografisk struktur har observerats med den föreslagna metoden och deras
data har jämförts med resultat fr̊an linjära viskoelastiska numeriska modeller.
Resultaten fr̊an mätningarna p̊a melamin bidrar till att förbättra noggrannheten
i karaktäriseringen av dess viskoelastiska beteende. För den pantografiska struk-
turen är de presenterade mätningarna de första observationerna som publicerats
med avseende p̊a dess dynamik.
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Division of work in the papers

Paper A
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post-processing and analysis methodology, discussing it together with Cuenca
and Göransson. Manzari wrote the computer implementations of such post-
processing and analysis routines. The results were analyzed and discussed to-
gether with Cuenca, Göransson and Lopez Arteaga. The paper was written by
Manzari with input from Cuenca and Göransson, and underwent an iterative
reviewing process by all the co-authors.

Paper B

Göransson proposed the idea of integrating the method developed by Manzari
with the numerical model developed by Cuenca, Göransson and Mao. Manzari
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oped and wrote the post-processing routines for the experimental data. Cuenca,
Göransson and Mao developed the numerical model, Mao generated numerical
data. Manzari wrote and compiled most of the paper, with the exception of
the numerical data provided by Cuenca, Göransson and Mao. The results were
analyzed and discussed, and the paper iteratively reviewed, together with all
the co-authors.

Paper C

Manzari proposed the idea of observing the sample studied by Laudato with
the high-speed camera system to him available. Manzari designed and built a
suitable experimental setup, and performed the measurements with help from
Laudato. Manzari and Laudato wrote the paper together after Manzari had
post-processed the measured data and generated the figures to be included.
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Paper D
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full-field harmonic deformation measurements to the sample studied by Laudato.
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its computer implementation and generated the numerical data. Manzari post-
processed both the experimental and the numerical data with the methodology
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and the software by him developed. Laudato performed the parameter explo-
ration, iteratively discussing with Manzari. Both authors wrote the paper, each
one contributing in the realm of his domain of competence.
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Chapter 1

Introduction

1.1 Why study materials

“Was man weiß, sieht man erst!”1 wrote Johann Wolfgang von Goethe in 1798
to the readers of the periodical “Propyläen”. Originally aimed at art enthusi-
asts, these words (which may be translated as “We only see what we know!”)
embrace the essence of phenomenological scientific modelling: discovery is an
instrumentally mediated form of perception [15].

This scientific paradigm has accompanied the human kind since its origins,
especially when the forecasting power of models could have immediate repercus-
sions on the quality of life. Astronomy and meteorology would allow (amongst
other things) for safer travels, and better knowledge of materials for sturdier
constructions and improved tools.

Is this reason enough to study materials—to improve life quality? Quieter
and more energy-efficient vehicles, just to name a more current application
of materials science, are surely a good thing! Still, there is another side of
the medal: the phenomenologist who looks and discovers can use first prin-
ciples to assume and deduce, adopting and at the same time inspiring pure
mathematics—the very etymology of the word is the greek “mathēma”, mean-
ing “that which is learnt”.2

The study of materials and its history is then more than an insightful way
of understanding the natural world: it is, in its broadest extent, an exciting
attempt at understanding humanity.

1from Schriften zur Kunst, Propyläen, Einleitung, citing: Gedenkausgabe der Werke,
Briefe und Gespräche, Zürich und Stuttgart 1948 ff, Bd. 13, S. 142

2https://www.etymonline.com/word/mathematic
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CHAPTER 1. INTRODUCTION

1.1.1 Galileo’s mistake: a brief history of elasticity

While human constructions as old as 19000 years have been found by archae-
ologists [60], amongst the first great builders of the history of humankind are
the Egyptians, the Greeks and the Romans. The Egyptians’ minimum empir-
ical knowledge on the strength of materials enabled them to build impressive
pyramids and obelisks. The Greeks developed, with Archimedes, the concept of
statics, and today’s Design Quality Indicator uses rules developed by the Roman
architect Vitruvius to evaluate the design quality of buildings [31].

The very first formalization of what is considered the ancient-most structural
engineering problem is attributed (maybe erroneously?3) to Galileo Galilei:
transverse loading and failure of a cantilever beam. In 1638 Galileo published the
following observations: that bigger, hollow cross-sections could offer the same
resistance to bending as similarly shaped smaller solid-filled cross-sections—a
phenomenon of which nature took advantage as well, considering the hollow
cross-sections of bones or many plant stems. He rightly stated that the relative
strength of a body increases as the body size decreases (an extreme example:
some ants can carry approximately 5000 times their body weight [62]) and he
noticed that a ruler is harder to bend when on an edge, than when laying flat [30,
76]. Despite these remarkable observations, Galileo made (at least) one mistake:
he assumed that the cross-section of the beam in Figure 1.1 would experience
“uniform resistance” (his wording for “uniform tensile stress”), rotating about
point B [76].

In need of engineering data for designing water pipelines at the Palace of
Versailles, the French Abbé Edme Mariotte stumbled upon Galileo’s writings.
Fond of his own bending tests, Mariotte could not find agreement with Galileo’s
results: he managed though to get closer to the correct fracture stresses by
assuming a stress distribution that varies linearly as one moves along the section,
it being zero at the neutral axis. This we know nowadays to be correct, and
Mariotte’s results would have been exact if had chosen the correct arm lengths
for calculating the moments of the tensile stresses [76].

In the same years Hooke, who would eventually become curator of the
experiments of the Royal Society, noticed that within certain limits “ut tensio,
sic vis”, that is a linear relationship exists between the magnitude of a force and
the deformations by it produced [66]. This beautifully simple observation is still
nowadays at the foundations of linear elasticity, so much so that linearly-elastic
materials are also called “Hookeans” or “Hookean materials” [54]. Merging
Mariotte’s idea of a triangular stress distribution which is zero-valued at the
neutral axis and Hooke’s proportionality law, Jacob Bernoulli—not interested
in the load-bearing abilities of beams as much as in their deflection shape—

3https://web.archive.org/web/20060623063248/http://www.memagazine.org/
contents/current/webonly/webex418.html
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1.1. WHY STUDY MATERIALS

Figure 1.1: Galileo’s beam bending experiment [30].

could correctly state that the curvature of the deflection curve is at each point
proportional to the bending moment at the same location. Daniel Bernoulli
would eventually derive the differential equation governing the lateral vibrations
of prismatic bars, and pass it on to Euler for him to integrate it. It is the
foundation of the Euler-Bernoulli beam theory, as it is still in use today [76].

Galileo’s and Mariotte’s approaches (and to an extent Bernoulli’s and Euler’s
as well) started out from a phenomenological observation of the world. They
made then an educated guess regarding the problem solution, not unlike any
mathematician would make an ansatz4, and worked their way until the end of
the problem. For a “first principles” approach we have to wait for two key
players: Claude-Louis Navier and Augustin-Louis Cauchy.

Navier considered a generic elastic body made of particles that are tied to-
gether by molecular (internal) forces, function of the distance between particles
and acting along the lines connecting them. The greatness of Cauchy was that
of introducing the idea of a continuum instead of a body made of discrete
particles: he could then rewrite Navier’s differential equations of equilibrium
with the newly introduced notions of stress and strain, effectively pioneering
continuum mechanics [76].

4https://mathvault.ca/math-glossary/#ansatz
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CHAPTER 1. INTRODUCTION

1.1.2 From static to dynamic problems

The leap from static to dynamic problems was short. Already in 1665 Hooke,
so apt in musical vibrations he claimed could tell how often a fly’s wings would
beat by their sound [42], even theorized about light: “light is a very short
vibrative motion transverse to straight lines of propagation” [40]. Not many
years later Daniel Bernoulli would write to Euler, about his experiments on the
bending beam they were both investigating [29]: “These oscillations arise freely,
and I have determined various conditions, and have performed a great many
beautiful experiments on the position of the knot points and the pitch of the
tone, which agree beautifully with the theory.”

The coupling of structural vibrations with sound probably received its highest
attention when the German physicist (and musician!) Ernst Chladni ran a violin
bow along the edge of a metal plate covered with sand in front of Napoleon [76].
When excited at a resonance frequency, the associated normal vibrational mode
of the plate would displace the sand in such a way it would deposit along
the nodes of that mode—that is where the plate does not vibrate at all (see
Figure 1.2).

Figure 1.2: Chladni figures on a banjo drum head.5

Napoleon was so impressed he suggested the French Academy of Sciences to
propose a prize (eventually won by Sophie Germain6) for whoever would derive
a correct mathematical theory for the vibration of plates [76]. Unlike discrete
systems, which have a countable and finite number of normal vibrational modes,

5By David Politzer, Banjo Drum Physics – sound experiments and simple acoustics demos,
CC BY 4.0.

6Sophie Germain contributed enormously to many fields of mathematics and physics.
Gender prejudice forced her to work independently and to fake being a man in postal cor-
respondence with many famous mathematicians. Gauss, with whom she exchanged many
letters, recommended her for the award of an honorary degree [50].
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1.1. WHY STUDY MATERIALS

the set of modes for a continuous system is countably infinite and this made
the problem not trivial [16].

By exciting and visualizing the lowest energy modes of his plates, Chladni
was showing the world what would be institutionalized as a “stehende Welle”—
a standing wave—by Franz Emil Melde not many years later [55]. Melde and
Chladni were not the first to notice the phenomenon: Chladni was merely re-
peating an experiment Hooke already did with glass plates [41], and even Galileo
had already noticed “a long row of fine streaks parallel and equidistant from one
another” on a brass plate he was repeatedly striking with a chisel [30]. Waves
were being observed not only in elastic media: in 1831 Michael Faraday had
observed standing waves in the liquid contained in a vibrating vessel [72], and
in 1865 James Clerk Maxwell would derive an electromagnetic wave equation,
unifying light and electrical phenomena [53].

1.1.3 Beyond elasticity: viscous effects, augmented laws

A wave equation describes a continuum limit of a network of coupled oscilla-
tors [77]. As such, it expresses the tradings of two energies at play with each
other: kinetic and mechanical potential (i.e. elastic) energy in the case of
Chladni’s plates and Hooke’s physical systems, kinetic and gravitational poten-
tial in the case of Faraday’s ripples in a vessel, magnetic and electric potential
for Maxwell. This energy trade might however not be efficient, nor immedi-
ate. Mariotte already explained the discrepancy between his predictions and
his experimental results with wooden rods from bending tests as being due
to a “time effect”. Upon repetition of the experiment with glass rods, the
discrepancy would diminish [76].

Two phenomena are at play here: viscosity and plasticity. The stress-strain
relation for a purely elastic body, the ideal Hookean linear spring, would in one
dimension be represented as

σ = Eε, (1.1)

σ being its tensile stress, ε the strain (i.e. fractional extension), E a tensile
elastic modulus [28]. The purely elastic body elongates (or compresses) with
no delay as soon as a force is applied proportionally to the magnitude of the
force, and reverts back to the initial configuration when the force goes back to
zero.
The “time effect” of Mariotte, or a strain lagging behind the stress, may be
modelled in one dimension by a stress-strain relation that adds to the Hookean
spring a Newtonian dashpot:

σ = Eε+ ηε̇. (1.2)

A material modelled by such a constitutive equation is called a Kelvin-Voigt
material: η is its viscosity, ε̇ the derivative of the strain with respect to
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CHAPTER 1. INTRODUCTION

time [28]. Once stress is applied, the strain will eventually reach the value
in Equation (1.1), but it will do so after a so-called “retardation time” equal
to η/E. Upon stress unloading, the strain will eventually reach zero as well.
Plasticity, that is the ability of a solid to undergo a permanent deformation,
can be seen as a degenerate form of viscosity where the retardation time is
infinite [5, 46].

The simplicity of these examples is meant to be pedagogical: these basic
building blocks (e.g. the Hookean spring, Newton’s dashpot, Saint-Venant’s
sliding frictional element for plasticity) can be combined in a variety of ways [13,
4] depending on the physical phenomenon one wants to grasp (see [63] as an
example). Acknowledging that “all models are wrong, but some are useful” [10],
particularly relevant for the purposes of this work are two models of elastic
solids: (i) an augmentation of Hooke’s law that introduces damping by adding
frequency dependent, complex valued terms to the classical material modulus
matrix of Hooke’s generalized law [23, 22], and (ii) an enhanced general elastic
theory that uses higher order gradients of strains and velocities in the expressions
of potential and kinetic energies [67, 58, 59].

The power and the beauty of the augmented Hooke’s law is its generality:
being T̃ the Laplace-transformed stress vector associated to the infinitesimal
Laplace-transformed strain state Ẽ, the relation between them can be expressed
as

T̃ = ĤẼ, (1.3)

where Ĥ is a complex, frequency dependent, constitutive, symmetric operator
such that

Ĥ(s) = H0 + H1(s) : (1.4)

H0 is the Hooke’s tensor associated to a fully relaxed material state, and
H1(s) is a frequency-dependent (being s the Laplace variable) “augmentation”,
describing the memory effects of the material and being able to equally model
causal and non-causal behaviors [22].

1.2 Aim of the work

The work is aimed at developing an experimental framework to observe and
characterize anisotropic viscoelastic media using high-speed imaging.

This project originally stems out of the research performed by Göransson and
Cuenca [18], who estimated with Van der Kelen the static elastic properties of
a sample of melamine foam—an anisotropic, viscoelastic material [2, 1]. Their
investigation showed the importance of having access to full-field displacement
data, gathered via a stereo camera system [2, 36]. Estimating the dynamic
elastic properties of anisotropic viscoelastic media with high-speed cameras is
the natural continuation of this endeavour.
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1.3. THESIS OUTLINE

Similarly to the first observations and experiments of Galileo and Hooke,
the work focuses mainly on the observation of reality and the acquisition of
data. The assumptions behind the material models, inspired from previous work
and observations, influence and steer the data acquisition and post-processing
procedures that are proposed here.

1.3 Thesis outline

The thesis consists of two parts: (i) a “kappa”, that is an overview and summary
of the work, and (ii) a selection of papers by the author.

In the overview, Chapter 2, two anisotropic viscoelastic materials are pre-
sented, along with the models chosen to describe their dynamic behavior. In
Chapter 3 the hypotheses behind these models and the physical character-
istics of the materials are exploited to devise a suitable measurement setup
and post-processing routines, working around the constraints imposed by high-
speed white light optical measurement techniques—this constitutes the core
of the work. Chapter 4 shows results deriving from the integration of the ex-
perimentally measured data with numerical models. Chapter 5 concludes the
thesis work by summarizing the main contributions to the field and providing
suggestions for future developments.
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Chapter 2

Two anisotropic viscoelastic
materials: their models

2.1 Open-cell foams

Foams are cellular materials having gas incorporated in a matrix material. A first
classification of solid two-phase foams distinguishes between open- and closed-
cell foams. In the case of open-cell foams only the lineal boundaries between the
cells are present (see Figure 2.1a), while the cells form fully enclosed bubbles
in the case of closed-cell foams (see Figure 2.1b).

(a) Open-cell foam. (b) Cross-section of a slab pro-
duced by gas injection.

Figure 2.1: Aluminium foams.1
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CHAPTER 2. TWO ANISOTROPIC VISCOELASTIC MATERIALS: THEIR
MODELS

Light weight and high damage tolerance, with a matrix that may be flexible
or rigid, easily result in numerous engineering applications of open-cell foams:
acoustic and thermal insulators, mechanical filters, flow-controlling elements,
cores in sandwich-structure composites to name some [38]. Critical for some ap-
plications are the material viscoelastic properties. The creeping of polyurethane
in commercial truck drivers’ and plane pilots’ seats, or in orthopedic chairs and
mattresses comes to mind: the position with respect to the road, cabin or
cockpit changes with time, and the ergonomics is compromised. Hystheresis in
cyclic loading affects the sought-after vibration dampening properties. Polymer
foams are also inherently anisotropic materials, since in many manufacturing
processes the foam sheet rises during the polymerization process [57, 32].

An increased knowledge of the viscoelastic anisotropic behavior of these
materials would benefit designers and final users alike, and is been as such
extensively studied [43, 35, 56, 9]. Still, as of mid-2018, the community involved
in measuring the dynamic viscoelastic properties of poroelastic media finds the
reproducibility of the available experimental methods unsatisfying. Major causes
are identified in material inhomogeneities at different scales, anisotropy, long
memory effects related to the loading conditions history [9].

While there are many modelling frameworks for foams [3], the Biot mod-
elling framework asserts that open-cell foams behave as viscoelastic solids in
the absence of a fluid [6, 7, 8]. This allowed Cuenca, Van der Kelen and
Göransson to perform an inverse estimation of the elastic and anelastic proper-
ties of a melamine foam sample, observed in vacuum and modelled assuming a
frequency-dependent stiffness matrix collinear to the fully relaxed stiffness ma-
trix [19]. The experimental data was gathered using a single-point laser Doppler
vibrometer, providing abundant information in time but limited information in
space. Increasing the amount of spatial information via full-field observations
has given access to information not previously accessible with measurements
relying on single-point observations, and is expected to both reduce the com-
plexity of the inverse estimation procedure and allow for a relaxation of the
collinearity assumption [52].

2.2 Pantographic materials

While not a proper definition, calling pantographic materials “mathematical
dreams” [20] is definitely not an overuse of the expression. They stem in fact
out of an effort to design a simple, yet not trivial, mechanical system where the
strain energy would depend both on the first and the second gradient of the
displacement—effectively yielding a physical realization of a set of mathemati-
cally interesting differential equations [20].

1By CORE-Materials, CC BY-NC-SA 2.0.
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2.2. PANTOGRAPHIC MATERIALS

(a) A pantographic sheet. (b) Detail of the microstructure.

Figure 2.2: A pantographic material of the kind used in this work, 3D renderings.

In the literature they are also addressed as “metamaterials” [20, 21, 45]. The
expression may seem abused, since there is no notion of band-gaps nor negative
indexes in the works referenced so far—a necessary condition for acoustic [37]
and optical [78] metamaterials. The expression embraces instead the definition
of metamaterials used by Pendry, who observed that the radiation-absorbing
properties of the carbon he was working with depended on the physical mi-
crostructure of the material, and not on its chemical properties [65]. This is
also the case for the family of pantographic sheets that figures in this work. At
the microscale, an ordered arrangement of elastic beams (that may be mod-
elled as Euler beams) connected by either hinges or torsional springs; at the
macroscale, a continuum modelled by a higher-grade elastic theory [21].

From an engineering perspective, an interesting property of samples with
the geometry of the kind examined in this work is the possibility to store, from
the first to the ultimate rupture, an amount of energy of the same order of
magnitude of the energy required for the first rupture [33].

The dynamic behavior of such a mechanical system has, to the knowledge
of the author and his collaborators, never been experimentally observed be-
fore [45].
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Chapter 3

Model-driven
phenomenological
observations

3.1 High-speed stereo imaging

3.1.1 Why high-speed stereo imaging?

Despite the impossibility of establishing a universal hierarchy of the senses [51],
“light perception is both the trigger and the controlling sense for many, if not
most, behaviours” [17]. So congenital is the role of sight for humans that
the ability of seeing is idiomatically associated with the ultimate defiance of
skepticism: “seeing is believing”. Lexical definitions though prove the idiom
wrong: not seeing is believing, and that is a basic idea in religion—“we do not
believe what we see; rather, we believe what we do not see.”1 Galileo, Hooke
and the like would not be pleased by such arguments: in search of a better
understanding they would not only observe, but measure.

With that in mind, white light stereo imaging can be considered the super-
powered, digital equivalent of sight. The leap from just observing to measuring
was made official in 1985, when Chu, Ranson, Sutton and Peters demonstrated
the viability of digital image correlation as a measurement technique for experi-
mental mechanics [14]. The technique has since then evolved in many different

1https://web.archive.org/web/20200404202140/https://www.americamagazine.org/
content/the-word/seeing-believing-really

2Müller-Lyer, FC (1889), ”Optische Urteilstäuschungen”; Archiv für Physiologie Suppl.
263–270.
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CHAPTER 3. MODEL-DRIVEN PHENOMENOLOGICAL OBSERVATIONS

(a) The segments seem of
different length...

(b) ...but their length is
the same.

Figure 3.1: Müller-Lyer figures: an optical illusion where the estimation of a
distance is influenced by the relative displacement of the stimulus terminators.2

forms and is an ongoing research subject in itself other than a powerful tool in
many fields [49]. It is easy to appreciate its advantages: it is a non-contact,
non invasive methodology providing full-field information, and arbitrarily large
deformations can be resolved as long as the region of interest is in the frame [75,
44]. It is an appealing tool to resort to whenever full-field information is desired
and the specimen under investigation is difficult to instrument—which is the
case for both the open-cell foams and the pantographic sheets presented in
Chapter 2.

3.1.2 Zooming in: challenges and solutions

No matter the specific implementation, 3D reconstruction from stereo vision
can be broken down into three steps: (i) image acquisition, (ii) camera(s)
calibration, (iii) stereo correspondence [75, 44].

The image acquisition procedure, seemingly trivial in the era of multiple-
camera smartphones, poses stringent constraints regarding the observability of
the phenomena of interest. Observing fast action requires short exposure times
in order to minimize motion blur3, a major contributor to uncertainty in the
displacement estimation procedure [48]. The price to pay for short exposure
times is the high amount of light that needs to be shone on the specimen under
observation, in order to maximize dynamic range—by maximizing the number of
photons that reaches the image sensor, the influence of shot noise4 is minimized.
Whether the specimen temperature is a controlled or an uncontrolled variable,
shining light on it will inevitably elicit temperature changes—a phenomenon

3Research has been conducted to compensate for the effect of motion blur [47] and even
use it as an additional source of information [73].

4Shot noise is noise associated with the particle nature of light, and can be modelled by
a Poisson process. For a large number N of photons the Poisson distribution approaches a
normal distribution, and the signal to noise ratio becomes

√
N assuming shot noise as the

only form of noise present.
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3.1. HIGH-SPEED STEREO IMAGING

that is exacerbated in the case of samples with low heat capacity (e.g. thin foam
struts) or where the efficiency of the heat dissipation mechanisms is low (e.g. in
vacuum). Other image noise sources are either handled by the imaging system
manufacturer, or not contributing significantly at short exposure times [24].

Camera calibration is the act of defining a map between pixel coordinates in
the image plane and 3D space coordinates of the imaged scene. Many toolboxes
exist, and the choice is often determined by obtainable performance, setup time
and ease of use [71]. A number of problems can be implicitly solved during this
process, such as the choice of a projection model, the estimation of the position
of the cameras and the correction of the distortions introduced by the optical
system [27]. In case of complex optical systems such as the one used in this
work (i.e. a stereo microscope) the widely used pinhole camera model has to
be abandoned, and one must resort to more general distortion models [74].

The stereo correspondence problem addresses the issue of finding the same
point (or region) across different frames. In this case as well the availability
of algorithms and implementations is broad, and the choice is driven by the
application and the availability of computational resources [34]. The algorithms
used in experimental mechanics for solving the stereo correspondence problem
are usually correlation-based [75], that is the frames to be matched are split
into observation windows, and the intensity patterns inside the windows are
compared according to a correlation metric in order to find correspondences.5

Let us now assume that the measurement conditions are ideal: a very short
exposure time results in no noticeable motion blur, no conditioning of the sam-
ple happens due to environmental changes and the influence on the load history
can be erased before every new measurement. Many measurement techniques
for the dynamic characterization of elastic materials involve the use of a shaker,
assumed to provide a unidirectional excitation in the form of a time-varying dis-
placement [43, 9]. It is important, especially when intending to observe intrinsic
material deformation, that the frame of reference in which the displacements
of the specimen are expressed is relative to the specimen itself. Such frame
of reference would ideally be defined during the camera calibration procedure
by placing a calibration object coplanar to the face of the sample about to be
observed and accordingly oriented. Still, the calibration object is never truly
coplanar to the face of the specimen nor accurately oriented. The effects of
such misalignment become more pronounced as the amplitude of the displace-
ments to be measured decreases, and may be hard if not impossible to detect
when using distortion models that depart from the pinhole camera model [74].
This issue is addressed by mounting the specimen on a rectangular, (reasonably
enough) indeformable fixture. Figure 3.2 shows a cube of melamine foam on
such a rigid fixture. A seismic load is placed on top of the specimen in order

5The alternative is represented by feature-based algorithms, that is algorithms that match
sparse features instead of finding a dense correspondence map.
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CHAPTER 3. MODEL-DRIVEN PHENOMENOLOGICAL OBSERVATIONS

to enforce a resonant behavior and improve the observability of the deforma-
tion [18, 19, 68].

seismic mass

cube of melamine foam

indeformable fixture
with speckle pattern
for determination of
the frame of reference

indeformable foundation connecting specimen to shaker

electrodynamic shaker

Figure 3.2: A melamine foam specimen, ready to be measured.

Taking care of having both a face of the speckled fixture and the adjacent
face of the observed specimen framed, a geometry map of the indeformable
fixture can be computed for each stereo frame in addition to the sought-after
displacement fields of the specimen. The flatness to machining tolerances of
the faces of the speckled fixture will produce a geometry map that should
lie between two parallel planes, the distance between which should ideally be
equal to the height of the fixture surface roughness profile. RANSAC, a non-
deterministic iterative procedure for model fitting [26, 27], lends itself well
to the task of finding outliers in the reconstructed geometry map. Principal
component analysis [64] is then performed on the inliers to identify the normal
to the best fitting plane, along with the principal axes of the rectangle: these
three orthogonal vectors lie along the directions of the sought-after frame of
reference relative to the specimen.

3.2 Exploiting linear time-invariant dynamics

The ideal scenario depicted in Section 3.1.2 (i.e. no conditioning of the sample
due to environmental changes, no memory effects and unlimited computational
resources) is far away from reality. Significant progress has been made re-
garding the reduction of computational costs, mainly thanks to the porting of
highly optimized algorithms to massively parallel platforms [12], but this by
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3.2. EXPLOITING LINEAR TIME-INVARIANT DYNAMICS

no means implies that the costs are absolutely low nor the computations fast.
This is especially true when comparing both the amount of data generated and
the post-processing times with measurements based on laser Doppler vibrome-
try [70].

One statement that will always be true though, disregarding the effects of
data compression on storage requirements and without making hypotheses on
the image matching algorithms, is that the computational costs scale with the
number of frames to be processed. In other words, at a fixed frame rate, shorter
video recordings will take less space on drives and will be faster to post-process
than longer video recordings. Recording for shorter times also means that the
specimen needs to be illuminated (thus heated up) for less time, minimizing
conditioning effects.

3.2.1 The wonders of LTI systems

Given an ergodic process, the precision of a measured value will be increased by
longer or repeated measurements [25]. Recognizing the advantages of shorter
measurements, the efforts should then be tailored at increasing the measure-
ment accuracy. Elastic materials undergoing small forced oscillations can be
modelled as linear time-invariant (LTI) systems [16]. As such, when the elec-
trodynamic shaker imposes a monochromatic displacement on a specimen, the
specimen vibrates with that same frequency and a non-null displacement am-
plitude at each non-nodal location. Using monochromatic signals has distinct
advantages when investigating supposedly LTI systems: the signal-to-noise ra-
tio is high since all the energy is concentrated (ideally) in one frequency; the
identification of non-linearities is trivial, and so is the calculation of transfer
functions once steady-state conditions have been reached. Questions may be
raised regarding non-linear behaviors at small observation scales—there is no
reason for those to occur if the system behaves linearly at the same locations at
higher excitation amplitudes. This can be shown assuming a generic, infinitely
differentiable potential U(x) (it may well be the potential elastic energy or the
potential gravitational energy of Section 1.1.3) that has a local minimum at
the location x0. Its Taylor expansion around the minimum is

U(x) =

∞∑

n=0

U (n)(x)

n!
(x− x0)n

= U(x0) + U ′(x0)(x− x0) +
1

2!
U ′′(x0)(x− x0)2 + . . . .

(3.1)

The first term of this expansion, U(x0), is constant. The second term of the
expansion is zero, a condition coming from the fact that x0 is a stationary point,
while its third term is positive due to U(x0) being a minimum. Be δ a sufficiently
small value such that for (x− x0) < δ the term 1

2U
′′(x0)(x− x0)2 dominates
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CHAPTER 3. MODEL-DRIVEN PHENOMENOLOGICAL OBSERVATIONS

over the higher order terms, and effectively the curve can be approximated by
a parabola. Being T the kinetic energy of a particle of mass m moving in this
potential with a velocity ẋ such that

∫
ẋ dt < δ, the Lagrangian L is

L = T − U =
1

2
mẋ2 − 1

2
U ′′(x0)(x− x0)2 (3.2)

and using the Euler-Lagrange equation [61]

∂

∂t

(
∂L

∂ẋ

)
=
∂L

∂x
(3.3)

one obtains
mẍ = U ′′(x0)x (3.4)

which is the equation of the harmonic oscillator.

3.2.2 Sinusoid fitting as an alternative to Fourier analysis

Obtaining spectra from short time records limits the achievable frequency res-
olution when performing a discrete Fourier transform [69]. An alternative ap-
proach is then proposed, based on finding the sinusoid that best fits the mea-
sured displacement time record. The frequency, amplitude, phase, bias and
fitting residual are stored for each displacement time record, and can be used
to build up spectra.

3.2.3 Assessing quality

Since no noise model has been assumed, deviations between excitation fre-
quency and frequencies retrieved from the displacement time records effectively
quantify the fitness of the data for use, as long as the LTI assumption holds.

The methodologies discussed in this chapter are extensively described in
Paper A, and have been used to produce all the experimental results presented
in Paper A, Paper B and Paper D. Part of the methodologies have also been
used in Paper D to post-process the outcomes of the numerical simulations.
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Chapter 4

Obtaining material
properties

4.1 Obtaining material properties

The methodologies presented in Chapter 4 stem out of the need of characteriz-
ing the media described in Chapter 2, in particular their dynamic behavior which
is expected to be linear for small oscillations around an equilibrium position. As
such, the post-processing of the experimental data has always happened in con-
junction with numerical simulations based on the models listed in Chapter 2.

4.1.1 Parameter exploration

A manual exploration of the parameter space has been performed for the pan-
tographic sheet, eventually reaching qualitative and quantitative agreement be-
tween the numerical and the experimental data as shown in Paper D. Worth
mentioning is that the authors did not manage to reach any agreement when
neglecting the contributions of the second gradient in the numerical model.

4.1.2 Inverse estimation

For the melamine foam, the parameter estimation happens by means of an
inverse estimation procedure. The approach is based on previous work [2, 1,
19, 18] and the benefits of full field measurements are presented in Paper B,
along with a description of the inverse estimation framework.
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Chapter 5

Conclusions

The present work has been concerned with high-speed stereo imaging for the
purpose of observing and characterizing anisotropic viscoelastic media. In par-
ticular, the dynamic behavior of a pantographic sheet has been successfully
observed and modelled at frequencies up to 200 Hz, and the harmonic motion
of a specimen of melamine foam has been reliably captured at frequencies up
to 360 Hz. These apparently unimpressive feats are a first, to the knowledge of
both the authors and of the scientific community (see e.g. Paper C), and do
not represent the limit achievable by the authors’ team but merely the highest
value observed that has been published so far.

The content of this Part I has been kept implementation-agnostic on pur-
pose: it is the author’s belief that the measuring instruments available should
be used with great awareness of their technological capabilities and limita-
tions, in conjunction with an understanding of the hypotheses standing behind
the mathematical models of the observed phenomena. Maybe overly provoca-
tive, yet definitely to the point is the answer given on a popular question-and-
answer platform to “What are the first few photography books someone should
read?”— “The manual that came with your camera.”1

It is almost immediate then to come up with ideas for future research, other
than effectively carrying out the inverse estimation of the viscoelastic properties
of foam: speed-ups of the global measurement times using other deterministic
signals than monochromatic (e.g. sum of sines), uncertainty analysis on the
existing data and sensitivity of the methods to noise, identification of the con-
ditions that produce linearly independent stress states on the material sample,
studies on spatial homogeneity and resolving power. All of this would still be
possible with the algorithms and software frameworks already available to the
authors. Changing parts of the software toolkit would open even more scenarios:

1https://photo.stackexchange.com/a/777/62694
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CHAPTER 5. CONCLUSIONS

the use of global digital image correlation, for example, which promises much
smoother integration with the finite element meshes used in the numerical mod-
els [39, 79]. With this in mind, the value of the stereo video recordings gathered
during this research project is enormous: they represent a (soon) globally avail-
able dataset, allowing anyone with a computer and a free software toolkit for
computer vision (such as OpenCV [11]) to run analyses.

As a closing remark regarding future work, a quote from a presentation2

given by Sutton himself, the father of digital image correlation for mechanical
measurements [14], comes to mind: “The future? It is impossible to envision
the unimaginable, and wonderful to see it happen.”

2https://web.archive.org/web/20180619073520/http://www.bssm.org/
uploadeddocuments/events/showcase%202015/2014%20showcase%20presentations/
Mike Sutton BSSM Celebration Presentation 2014-Rev 4.pdf
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