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TRITA-SCI-FOU 2020:08
ISBN 978-91-7873-489-4

c�Pierluigi Morra 2020

Universitetsservice US–AB, Stockholm 2020



Alla mia famiglia.
Penso, quindi sono.

Grazie a loro.

“Study hard what interests you the most in the most undisciplined,
irreverent and original manner possible.”

R. P. Feynman





Modelling and control of turbulent and transitional flows

Pierluigi Morra

Linné FLOW Centre, KTH Royal Institute of Technology, Department of
Engineering Mechanics
SE–100 44 Stockholm, Sweden

Abstract
The dynamics of fluid motion can accurately be described by the Navier–
Stokes equations. Manipulating these equations to reduce their complexity but
preserving their main characteristics has always been a key research activity in
the field of fluid mechanics. E↵ort has been made to provide high-fidelity models
for wall-bounded turbulent flows or reduced-order models for applications such
as drag reduction, lift enhancement, or noise suppression. Model order reduction
has also been employed for studying the dynamics of the Navier-Stokes equations.
In this PhD thesis, the emphasis is on providing computationally inexpensive
methods for industrial applications.

Numerical simulations are performed to tackle model order reduction for
flow control of transitional boundary-layer flows for drag reduction. It is assumed
that localized wall sensors and actuators are available, and that only the time
signals accessible in experiments are provided. Thus, a method to include
unknown high-dimensional input disturbances in a reduced-order model of a
transitional boundary-layer flow is presented. The method is applied for the
design of an optimal controller for drag reduction through delay of transition.
Moreover, the role of the actuator is discussed and a comparison between realistic
actuators and actuators computed using optimization methods is presented.
Here, the emphasis is on the e↵ectiveness of the actuators for the studied flow
control cases.

Numerical simulations are also performed to tackle high-fidelity modeling
in wall-bounded turbulent flows. The accuracy of the resolvent analysis in
predicting the most energetic flow structures in a wall-bounded turbulent flow
is quantified for di↵erent temporal frequencies. A direct comparison between
the predictions from the resolvent analysis and the flow structures identified
in DNS data is presented. Moreover, the beneficial e↵ects attained with the
inclusion of the Reynolds-stresses via an eddy-viscosity model are clarified for
flows with friction Reynolds number up to 1007.

Key words: reduced order modeling, flow control, resolvent analysis, transi-
tional boundary layer, turbulent boundary layer, drag reduction, high-fidelity
wall-turbulence modelling.
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Modellering och kontroll av turbulenta flöden och flöden
med laminär-turbulent omslag

Pierluigi Morra

Linné FLOW Centre, Kungliga Tekniska högskolan, Institutionen för Mekanik
SE-100 44 Stockholm, Sverige

Sammanfattning
Dynamiken av fluiders rörelse kan väl beskrivas med hjälp av Navier-Stokes ekva-
tioner. Att manipulera dessa ekvationer för att minska deras komplexitet utan att
förlora väsentliga egenskaper har alltid varit ett viktigt forskningsomr̊ade inom
strömningsmekanik. Mycket forskning har utförts för att utveckla högkvalitativa
modeller t.ex. för beskrivning av väggbundna turbulenta flöden samt styrlagar
baserad p̊a l̊agordnings modeller för applikationer som motst̊andsminskning,
förhöjning av lyftkraft eller bullerreducering. Modellreduktion har ocks̊a använts
för att studera strömningsdynamiken som beskrivs av Navier-Stokes ekvationer.

Tonvikten av arbetet presenterat i denna doktorsavhandling ligger p̊a ut-
veckling av beräkningsmässigt snabba och e↵ektiva metoder för industriella
tillämpningar. Vi har utfört numeriska simuleringar för att framta reducerade
modeller för strömningsstyrning i syfte att minska motst̊andet i gränsskiktsflöde
genom att fördröja laminär-turbulent omslag. I dessa beräkningar har vi antagit
att lokaliserad väggmätning och styrning är möjlig och att endast inputdata
i form av tidssignaler fr̊an dessa mättningar är tillgängliga. Vi har tagit fram
en metod för att ta hänsyn till det högdimensionella bruset i mätdata i ut-
vecklingen av l̊agordnings modeller för gränsskiktsflöden under inverkan av hög
friströmsturbulens. Metoden har använts för att utforma en optimal styrlag för
motst̊andsminskning i gränsskiktsflöden. Dessutom har vi undersökt aktuatorns
roll och jämfört realistiska aktuatorer med de beräknade med hjälp av optime-
ringsmetoder. Jämförelsen har gjorts med betoning p̊a aktuators e↵ektivitet i
de studerade fallen.

Vi har ocks̊a utfört numeriska simuleringar av väggbundna turbulenta flöden
för att utveckla modeller med hög fidelitet av dessa flöden. Genom resultaten
av dessa simuleringar har vi undersökt noggrannheten av den s̊a kallade “resol-
vent” analysen för prediktering av de mest energiska strukturerna i väggbundna
turbulenta flöden. En direkt jämförelse mellan strukturer identifierade i simu-
leringsdata och de predikterade genom resolvent analysen har presenterats.
Dessutom har vi visat fördelarna med användning av en “eddy-viscosity” modell
för Reynolds-spänningar i resolvent analysen för strömningsfall med friktion
Reynoldstal upp till 1007.

Nyckelord: modellreduktion, strömningskontroll, resolvent analys, laminär-
turbulent omslag, turbulent gränsskikt, motst̊andsminskning, väggturbulens
modellering.
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Preface

This thesis deals with modelling and control of transitional and turbulent
boundary layer flows. A brief introduction of the basic concepts and methods is
presented in the first part. The second part contains seven articles. The papers
are adjusted to comply with the present thesis format for consistency, but their
contents have not been altered as compared with their original counterparts.

Paper 1. K. Sasaki, P. Morra, N. Fabbiane, A. Hanifi, A.V.G. Cava-
lieri & D.S. Henningson, 2018. On the wave-cancelling nature of boundary
layer flow control. Theor. Comput. Fluid Dyn. 32, 593-616.

Paper 2. P. Morra, K. Sasaki, A. Hanifi, A.V.G. Cavalieri & D.S.
Henningson, 2020. A realizable data-driven approach to delay bypass transition
with control theory. J. Fluid. Mech. 883, A33.

Paper 3. K. Sasaki, P. Morra, A. Hanifi, A.V.G. Cavalieri & D.S.
Henningson, 2020. On the role of actuation for the control of streaky structures
in boundary layers. J. Fluid. Mech. 883, A34.

Paper 4. P.P.C. Brito, P. Morra, A.V.G. Cavalieri, T.B. de Araújo,
D.S. Henningson & A. Hanifi, 2020. Experimental control of Tollmien–
Schlichting waves using pressure sensors and plasma actuators. Internal Report.

Paper 5. P. Morra, O. Semeraro, D.S. Henningson & C. Cossu, 2019.
On the relevance of Reynolds stresses in resolvent analyses of turbulent wall-
bounded flows. J. Fluid. Mech. 867, 969-984.

Paper 6. P.A.S. Nogueira, P. Morra, E. Martini, A.V.G. Cavalieri
& D.S. Henningson. Forcing statistics in resolvent analysis: application in
minimal turbulent Couette flow. J. Fluid. Mech. (Submitted).

Paper 7. P. Morra, P.A.S. Nogueira, A.V.G. Cavalieri & D.S. Hen-
ningson. The colour of forcing statistics in resolvent analyses of turbulent
channel flows. J. Fluid. Mech. (Submitted).
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Part I

Overview and summary





Chapter 1

Introduction

Manipulating the Navier-Stokes equations to reduce their complexity and still
achieve meaningful conclusions has always been a key research activity in
fluid mechanics. E↵ort has been made to provide high-fidelity models for wall
turbulence or reduced-order models for applications such as drag reduction, lift
enhancement, or noise suppression. Such e↵ort is welcome in many industrial
areas, among which the transportation industry is an example. The goal to
lower emissions, noise production, fuel consumption, and minimize energy
expenditure is nowadays a central topic in the transportation industry. The new
regulations and incentives intended to mitigate climate change and fulfil the
Sustainable Development Goals are the reason behind the increasing interest
of the transportation industry in engineering solutions towards the design and
production of green and sustainable means of locomotion.

In industry, computationally inexpensive tools are fundamental for the costs
associated with computational power and for the expertise needed to handle
complex and computationally demanding computer simulations. Moreover, in
most cases, only a fraction of the complete computer simulation is really useful
in the design process. It is possible, and it has been the practice, to provide a
simplified version of the model to be solved numerically on a computer, which
can be employed in industrial applications. However, the characterization of
such simplified, or reduced order, model is not in itself a simple task.

Many research e↵orts have been invested in providing systematic methods
to extract the features of interest of a system described by a mathematical model
and compute its reduced order version. The interest in such reduced-order
models is not purely driven by industrial applications. Especially in the context
of fluid mechanics, as a result of the complexity of the Navier–Stokes equations,
a part of research studies has tried to analyze the characteristics of complex
systems through the outcome of such systematic order reducing techniques.
This is the reason for which nowadays there is plenty of elegant model order
reducing techniques which can be employed in applications. Nevertheless, the
usage of these techniques is not straightforward, and care must be taken.

In the context of means of locomotion, the interaction of the fluid, typically
air or water, with the object in motion is of great interest because it defines
the power required for sustaining the motion. Since this interaction takes place
at the surface of the object in motion, the flow in the vicinity of this surface

1



2 1. Introduction

is of interest. This region of the flow is denoted as boundary layer. The flow
in the boundary layer can be generally considered in two ways: laminar or
turbulent. A simple exemplification of the two types of flow can be given with
the visualization of the patterns generated by a droplet of dye in the flow of
a liquid. In a laminar boundary-layer flow a droplet of dye traces a clear line
in the flow while the flow transports the particles containing the pigments of
colour. On the other hand, in a turbulent boundary-layer flow a droplet of dye
quickly imbues the whole boundary layer region. The pigments of colour appear
as they have di↵used in the whole boundary layer region, and the droplet of
dye does not trace a clear pattern while it is transported by the flow. In other
terms, it is commonly said that laminar flow is orderly, whereas turbulent flow is
chaotic. If the boundary-layer flow is turbulent over a surface, there is a region
upstream where the flow is laminar. A turbulent boundary-layer flow is always
present because of a laminar-to-turbulent boundary-layer flow transition. On
the other hand, the laminar boundary-layer flow does not assure the presence
of a turbulent boundary layer downstream: transition to turbulence may not
occur.

The laminar boundary-layer flow is characterized by a lower skin friction,
so less drag, than the turbulent boundary-layer flow. Therefore, a laminar
boundary-layer flow may be preferred if the objective is to lower the energy
expenditure of a mean of locomotion. Nevertheless, sometimes it is not possible
to have such a laminar flow, and the characteristics of a turbulent boundary-layer
flow must be studied. In this thesis, the focus is on transitional and turbulent
boundary-layer flows. The idea is providing computationally inexpensive tools,
requested in industrial applications, to delay laminar-to-turbulent transition or
predict the behaviour of a turbulent flow.

1.1. Contribution

The problem of delaying laminar-to-turbulent transition for the flow over a flat
plate is treated numerically, with the aid of system identification and control
theory tools to generate high-fidelity reduced order models and control the
dynamics, and in a framework realizable in realistic scenarios like wind-tunnel
experiments. An approach to achieve delay of laminar-to-turbulent transition
is presented, with a method to include unknown input disturbances while
employing a high-fidelity model order reduction technique. Flow control is
performed with an active method: actuators are employed, which require a
power source such that energy is injected in the flow. The employed actuators
are a modelization of plasma actuators, which have been extensively studied
for the opportunity of forcing the flow without mechanical parts and with a
wide range of frequencies. Moreover, since the possibility to achieve delay of
transition is strictly dependent on the choice of the actuators, a more e↵ective
actuator is computed numerically, and its performance is compared to that of the
plasma actuator, with the idea of inspiring future technologies. A wind-tunnel
experiment is also performed to compare some of the numerical results.



1.1. Contribution 3

The problem of predicting the behaviour of turbulent flow with a high-
fidelity reduced order model is addressed for a turbulent flow bounded by two
parallel walls. Tools from system identification and model order reduction are
employed to analyze the turbulent flow and compare it with commonly used
predictions methods. The system identification techniques are also employed to
analyze the turbulent flow and further quantify its dynamics.

Thesis structure. In chapter 2 the flow physics is described, the equation
of motion introduced, and the phenomena on which the whole thesis work
focus are briefly characterized. In chapter 3 the control methods, the system
identification and the model order reduction techniques are introduced, and
the main results obtained for the delay of laminar-to-turbulence transition are
summarized; this chapter corresponds to papers 1–4. In chapter 4 the resolvent
analysis, the techniques used to analyze the turbulent wall-bounded flows, and
the eddy-viscosity model used are briefly introduced, and the results summarized;
this chapter corresponds to papers 5–7. The thesis overview concludes with
chapter 5.



Chapter 2

Flow physics

This thesis work focuses on flows which can be described with the continuum
hypothesis. The flows treated are assumed to have constant density and
temperature, and to be at speeds lower than the speed of sound such that the
flow can be treated as incompressible. The fluid is assumed to be Newtonian.
Under these restrictions, the physical principles su�cient to describe the flow are:
(i) Newton’s second law, (ii) Newton’s law of viscosity, which is a constitutive
law which relates shear stresses in a fluid to the rate of distortion of fluid
elements, and (iii) the conservation of mass, which for an incompressible flow
implies that the flux of fluid entering a volume must equal the flux of fluid
leaving the volume at the same time. By putting these three physical principles
together, a partial di↵erential equation which describes the fluid motion can
be obtained: the Navier-Stokes equation. For a thorough derivation of the
Navier–Stokes equation see Batchelor (2000) or Davidson (2015).

2.1. Equation of motion

This work focuses on the dynamics of fluctuations about a steady field of
reference, so the Navier–Stokes equation is introduced in terms of such ref-
erence field and fluctuations. The domain is described with Cartesian co-
ordinates x = (x, y, z)T , which correspond to the streamwise, wall-normal
and spanwise directions. The total velocity and pressure fields can be de-
scribed as the superposition of the reference steady fields and the fluctuations,
utot = U + u and ptot = P + p. Here, U = (U(x), V (x),W (x))T is the
reference steady velocity field, P = P (x) the reference steady pressure field,
u = (u(x, t), v(x, t), w(x, t))T the fluctuation velocity, and p = p(x, t) the
fluctuation pressure; t being the non-dimensional time. Both the reference ve-
locity and the perturbation velocity are subject to the divergence-free condition
r ·U = 0 and r · u = 0, with r = (@x, @y, @z)T such that r2 = r ·r. Then,
the momentum equation in the non-dimensional form reads

@u

@t
+ (U ·r)u+ (u ·r)U = �rp+

1

Re
r2

u+ b+ f + f

ext. (2.1)

Here, the density is included in the pressure term. The non-dimensional
parameter Re = U1L/⌫ is the Reynolds number and represents the ratio of
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2.1. Equation of motion 5

inertial forces over viscous forces in terms of the reference velocity U1, the
reference length L, and the kinematic viscosity of the fluid ⌫.

In case U and P are assumed to be known, as they are reference fields,
equation (2.1) is the evolution equation for the fluctuations. The term b =
�rP +Re�1r2

U � (U ·r)U includes the contribution of reference quantities
only, f = �(u ·r)u the instantaneous Reynolds stresses from the fluctuations,
and f

ext any other body force. Note that if the reference fields coincide with
an equilibrium solution of the Navier–Stokes equation, b = 0 by construction.

2.1.1. From the evolution equation to the input-output representation

The evolution equation (2.1) for the fluctuations, where U and P are assumed
to be known, can be further manipulated to decouple the velocity and pressure
fluctuations. This is possible thanks to the divergence-free constraint (Chorin
& Marsden 1993). Because of the divergence-free constraint the solenoidal part
of the forcing a↵ects solely the velocity fields while the non-solenoidal part of
the forcing a↵ects solely the pressure field. The system dynamics subject to
the divergence-free constraint can be substituted by two other equations: (i)
a linear evolution equation for the velocity fluctuations only with solenoidal
forcing, in which the non-linear feedback is included, and (ii) a Poisson equation
for the pressure fluctuation.

On a grid of Ng points the discretized version of the linear evolution equation
in the velocity fluctuations only with solenoidal forcing reads

@u(t)

@t
= Lu(t) + fs, (2.2)

where u(t) is a 3Ng ⇥ 1 vector whose components are the values of the velocity
fluctuation on the grid points, L is an 3Ng ⇥ 3Ng matrix of coe�cients which
contains all the known terms that multiply the fluctuation velocity, and fs is a
3Ng ⇥ 1 vector whose components are the values of a solenoidal forcing on the
grid points. It is noteworthy that fs here represents the resultant of the sum of
the solenoidal part of all the forcing terms in equation (2.1), so it includes the
non-linear feedback which results from the non-linear terms. Equation (2.2) is
also called state-space representation; the evolving quantity being the “state”.

If the dynamics of infinitesimal perturbations is of interest, the non-linear
terms are neglected and equation (2.2) becomes a set of ODEs. However, since
the term fs in equation (2.2) is the resultant of the sum of the solenoidal part
of all the forcing terms (also external exogenous forcing), the discretized and
linearized Navier–Stokes can be described with equation (2.2).

Sometimes it may be helpful to describe the flow in terms of a linear
combination of functions, or vectors in their discretized counterpart, and solve
the system with respect to these new quantities. Therefore, a new Nq ⇥ 1
unknown vector q may be introduced. This change of unknown does not modify
the structure of equation (2.2), but only the content of the matrices and vectors.
Now, excluding the non-liner term, the linear system describing the dynamics
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of the new state variable q under the action of an input can be written as

@q(t)

@t
= Aq(t) +Bd(t). (2.3)

Here, A is a Nq ⇥Nq matrix which describes the dynamics of q, d(t) a Nd ⇥ 1
vector of inputs, and B a Nq ⇥Nd matrix which characterizes how the inputs
d(t) a↵ect the dynamics of q(t). The term Bd(t) represents a manipulation
of the term fs in equation (2.2) without the non-linear feedback and takes
into account the needed modifcations to move from u to q. The choice of q is
arbitrary and solely based on the user approach in solving the problem. In case
the user chooses to tackle the problem by working directly with the velocity
field q = u, then Bd(t) = fs (without the non-linear terms) and A = L. As a
counterexample, in case the velocity field is expanded in a Fourier series, then
q can be seen as the vector of time coe�cients associated to each Fourier mode
and A and Bd(t) include the modifications necessary to be consistent with the
original linearized version of equation (2.3). Note that equation (2.2) maintains
the non-linearity of the Navier–Stokes in fs, whereas equation (2.3) does not
by construction. Equation (2.3) is introduced for the sake of generalization.

Let y(t), a Ny ⇥ 1 vector, be the output of the system and related to the
state as y(t) = Cq(t), where C is a Ny ⇥ Nq matrix. The output can be
obtained from the solution of equation (2.3) as

y(t) = CeAtq(0) +

Z t

0

CeA(t�⌧)Bd(⌧) d⌧. (2.4)

The Laplace transform can be utilized to rewrite equation (2.4) as

ŷ(s) = C(sI�A)�1q(0) +C(sI�A)�1Bd̂(s), (2.5)

where s is the complex number, I the identity Nq ⇥Nq matrix, and theˆsymbol
represents the Laplace transform of the quantities.

Equations (2.4) and (2.5) are the input-output representation of the system.
Equation (2.4) gives an impulse response description, while equation (2.5) gives a
transfer function description of the system. These two frameworks are employed
in all the studies presented in this thesis.

It is noteworthy that if the evolution of a finite amplitude perturbation is
of interest, the non-linear feedback in fs cannot be neglected. In this case, the
transfer function description can still be employed, even though it is derived
here for a linear system of ODEs. More details are presentd in chapter 4 and in
paper 7.

2.2. Boundary-layer transition to turbulence

The laminar-to-turbulence transition in boundary-layer flows is usually caused
by initially small perturbations of the laminar flow which grow and finally
breakdown. Let U represent the laminar state, implying b = 0, and u being a
perturbation around that state. Without loss of generality, let also f

ext = 0.
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a) b)

c)

Figure 2.1: a) Schematic summary of the routes to turbulence by Saric et al.
(2002). b) Schematic of transition to turbulence in a boundary layer by Davidson
(2015). c) Numerical simulations of transition to turbulence in a laminar
boundary layer (the isolines represent the vorticity) by Rist & Maucher (1994).

The turbulent state is characterized by chaotic motions which occur essentially
because of the term f in equation (2.1). A perturbation of the laminar flow
does not always cause the occurrence of turbulence, and for this case it is
known (Schmid & Henningson 2001) that dropping the term f in equation (2.1)
does not alter the predicted dynamics. In order for f to be neglected, the
perturbation u needs to have certain characteristics.

A perturbation u

0

(x, t
0

) to the laminar flow at t = t
0

has a prescribed
spatial distribution (x dependence) and a prescribed amplitude. The “amplitude”
is here referred to as the scalar quantity ✏ � 0 such that given a norm || || and
a field u it holds ||u|| = ✏. The most common norm in continuum mechanics
is the “energy” norm ||u||2 =

R
⌦

u2 + v2 + w2 d⌦, with ⌦ being the volume
of interest. This is denoted as “energy” norm because it naturally arises in
the computation of the total kinetic energy in a volume. The type of norm
is not important for the present discussion. Given the perturbation u

0

with
amplitude ✏ and prescribed spatial distribution, f has amplitude proportional
to ✏2, since it originates from the non-linear term of the Navier–Stokes equation.
The possible scenarios for the evolution of this small amplitude perturbation
u

0

can be summarized in three cases: (i) the amplitude of u only decays, (ii)
the amplitude of u grows and later decays, and (iii) the amplitude of u grows
only. There is also the possibility that the amplitude decays and then grows,
but this is similar to case (iii) for large enough t > t

0

. In case (i) u
0

does not
lead to turbulence; in case (ii) the amplitude of u can grow enough such that
f becomes non-negligible and transition to turbulence can occur; in case (iii)
the amplitude of u surely grows to a point where f becomes non-negligible and
transition to turbulence occurs.
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These three scenarios may be referred to as the “routes to transition”. Under
the stated assumptions (f is neglected, fext = 0 without loss of generality, and
U and P are fields of a laminar flow such that b = 0) B = 0, and by choosing
to work only with the velocity field such that q = u, C = I, A = L, it follows
from equations (2.4) and (2.5)

u(t) = eLtu(0), û(s) = (sI� L)�1u(0), (2.6)

with t
0

set to t
0

= 0. The evolution of a perturbation u
0

can be explained
by computing the eigenvectors and eigenvalues of L. The eigenvalues of L
are the si for which det(sI � L) = 0, with det() the determinant function.
Any linear combination of the eigenvectors associated with si with positive
real part <{si} > 0 corresponds to initial perturbations u

0

which evolve as in
scenario (iii). In this case the initial amplitude is irrelevant as the growth is
exponential. If L were orthogonal, all its eigenvectors were orthogonal and any
linear combination of eigenvectors associated with si with negative real part
<{si} < 0 would decay as in scenario (i). In this case the eigenvector associated
with si such that <{si} = 0 would show no change in the initial amplitude.
Since L is known to be non-normal (Schmid & Henningson 2001), the amplitude
of perturbations u

0

which correspond to the eigenvectors associated with si
with non-positive real part <{si}  0 can also grow. If the non-normality does
not excite any eigenvector with <{si} > 0, this growth is always followed by a
decay after a finite time. These initial perturbations evolve as in scenario (ii).
For the evolution of scenario (ii), since the amplitude shows a maximum and
the dynamics is linear, to di↵erent initial amplitudes of u

0

correspond di↵erent
maxima. Therefore, in scenario (ii), di↵erently from scenario (iii), the same
u
0

may or may not lead to transition according to its initial amplitude. It is
noteworthy that U is included solely through L, so the properties of L are
defined by the laminar state. It is also noticeable that the evolution of the
perturbation strongly depends on the laminar state through L, and that the
growth mechanism is linear (Schmid & Henningson 2001).

The di↵erent routes to turbulence are summarized schematically in the
figure 2.1a. The initiation of any disturbance u

0

in the flow corresponds to
the “receptivity” stage in figure 2.1a. In this figure only disturbances which
lead to transition are treated, so scenarios (ii) and (iii), and only through the
value of their initial amplitude. Typically, a disturbance with an initial small
amplitude leads to transition only if exponential growth occurs. This implies
that either u

0

is parallel to an unstable eigenvector (<{si} > 0) or “primary
mode”, or (non-normal) “transient growth” occurs and the non-normality of
L excites a “primary mode”. The amplitude of the primary mode grows
until the non-linear terms f are non-negligible. Then, secondary mechanisms
associated with non-linear e↵ects occur and are followed by the breakdown
of the disturbance with the onset of turbulence. A disturbance with finite
amplitude can lead to transition directly via transient growth as in scenario
(ii). The disturbance amplitude shows an algebraic growth in time and reaches
the threshold where f is not negligible, secondary mechanisms occurs and are
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followed by the breakdown of the disturbance with the onset of turbulence.
Finally, for even higher amplitudes of u

0

transient growth may not be observed,
it is bypassed, and the disturbance abruptly presents its breakdown and the
onset of turbulence. Examples of laminar-to-turbulence transition along a flat
plate are presented in the schematic in figure 2.1b, and in the results of the
numerical simulation by Rist & Maucher (1994) in figure 2.1c.

It is noteworthy that since laminar-to-turbulence transition occurs through
an energy amplification mechanism, which is linear, it may be tempting to
manipulate the linearized system to try to avoid the onset of turbulence. This
idea is at the base of many flow control applications, and it is explored also
in this thesis. The perturbations that are taken into account in this thesis
are Tollmien–Schlichting (TS) waves, which are streamwise oscillations of the
streamwise velocity component and are typical “primary modes”, and streaky
structures, which are spanwise fluctuations of the streamwise velocity component
and are typical of bypass transition.

2.3. Turbulent wall-bounded flow

At first sight a turbulent boundary-layer flow, which is a turbulent wall-bounded
flow, may appear as characterized by chaotic motions. Nevertheless, it is known
from experimental flow visualizations that specific patterns appear with a certain
recurrence also in a turbulent boundary-layer flow. These patterns take the
shape of elongated streaky structures of spanwise alternating high and low
streamwise velocity, and were observed for the first time with the visualizations
of Kline et al. (1967), one of which is presented in figure 2.2. Since they are
recurrent, they are referred to as “coherent” structures (or motions). These
structures contain most of the fluctuating energy of this type of flow. Their
spanwise dimension covers many length scales, starting with very small length
scales close to the wall to increasingly larger length scales farther from the wall.

The process responsible for the occurrence of streaks in transitional and
turbulent flows is the lift-up mechanism in which low-energy quasi-streamwise
vortices immersed in a shear flow, which is described by U in the adopted
formulation, induce high-energy streamwise streaks (Mo↵att 1967; Ellingsen &
Palm 1975; Landahl 1980). The energy amplification obtained by the lift-up
mechanism is due to the non-normality of the linearized Navier–Stokes operator,
or the matrix L in equation (2.2). Böberg & Brosa (1988) propose that the
onset of turbulence in wall-bounded flows may be caused by a process in which
the low-energy quasi-streamwise vortices, which lead to the amplification of
high-energy streamwise streaks, are regenerated by non-linear e↵ects associated
to the breakdown of the streaks. A similar self-sustained process is introduced
by Hamilton et al. (1995) to explain the dynamics of bu↵er-layer streaks in the
turbulent regime. Schoppa & Hussain (2002) associate the breakdown of the
streaks to a secondary non-modal energy amplification while Wale↵e (1995a)
and Reddy et al. (1998) to a modal secondary instability. Hwang & Cossu
(2010c, 2011) provide evidence that similar coherent self-sustained processes
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Figure 2.2: Visualization of streaky structure the near-wall region by Kline
et al. (1967).

maintain every streaky structure from the smallest scales to the largest.
The study of these coherent motions is of interest to shed light on the

dynamics behind wall-bounded turbulence. Moreover, such knowledge is key to
build predictive tools for industrial applications, which is the rationale behind
the treatment of this topic in this thesis.



Chapter 3

Flow control for transition delay

The laminar boundary-layer flow is characterized by lower skin friction, so less
drag, than the turbulent boundary-layer flow. Therefore, the laminar boundary-
layer flow may be preferred if the objective is to lower the energy expenditure
of a mean of locomotion.

In industry, computationally inexpensive tools are fundamental for the costs
associated with computational power and for the expertise needed to handle
complex and computationally demanding computer simulations. Moreover, in
most cases, only a fraction of the complete computer simulation is really useful
in the design process. It is possible, and it has been the practice, to provide a
simplified version of the model to be solved numerically on a computer, which
can be employed in industrial applications.

The approach “reduce-then-control” (Anderson & Liu 1989) is employed
here to achieve delay of laminar-to-turbulent transition. The flow control
method employed here is referred to as “active” because the actuators employed
inject energy in the flow. These actuators require a power source to run, so
a time signal which modulates the actuation amplitude is present. This time
signal is computed from measurements of the flow. The relationship between
the measurement signals and the actuation signals is computed with tools from
optimal control. The tools from optimal control employed here are built upon
linear systems, so reduced-order models which describe a linear system are
evaluated. Working with a linear system is possible because the sensors and
actuators are placed in the area of the boundary-layer where the flow is described
with reasonable accuracy by the linearized Navier–Stokes equations (Schmid
& Henningson 2001). Moreover, the sensors and actuators employed here are
always localized in space and located on the wall, such that they describe a
realistic scenario. In fact, in all the numerical experiments performed here, the
actuators and sensors are modelled to mimic the e↵ects of a device which may
be used in a wind-tunnel experiment.

3.1. Linear system

The control techniques employed in this thesis are the linear quadratic Gaussian
regulator (LQG), and the inverse feedforward control (IFFC). The LQG is
nowadays a classic optimal control technique, widely used in applications, and

11
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Figure 3.1: Plant. Computational box: frame of reference x
1

x
2

x
3

, sensors y
and z (black circles), actuators u (white circles), and controller Gyu. Boundary
layer, �

99

, shown on the left wall of the box.

widely studied in literature, whereas the IFFC is an optimal control technique
which requires less computational e↵ort for the design in the “reduce-then-
control” approach. For more details on the LQG see Lewis & Syrmos (1995),
which focuses more on the description of the derivation steps, or Skogestad &
Postlethwaite (2005), which focuses more on its employment in applications.
More details about the IFFC can be found in Devasia (2002).

The linear dynamical system used for the application of control theory
techniques has the same structure of equation (2.3) and here reads

q̇(t) = Aq(t) +Bu(t) +Mdd(t), (3.1)

where q = q(t) is the N ⇥ 1 state vector, q̇ is its time derivative, A the
N ⇥N matrix that defines the system dynamics, B the N ⇥Nu matrix that
characterizes the control inputs, u = u(t) a Nu ⇥ 1 column vector containing
all the input amplitudes u(t)k, Md the N ⇥Nd matrix that characterizes the
disturbance inputs, and d = d(t) a Nd ⇥ 1 column vector containing all the
input amplitudes d(t)k. N is the degree of freedom of the linear system, Nu

the number of control inputs, and Nd the number of disturbance inputs. It is
noteworthy that the linear system described in equation 3.1 is general: it can
describe the linearized Navier–Stokes equations discretized over a domain with
N/3 grid points, or it can describe a reduced order model (ROM) with a state
vector of dimension N ⇥ 1.

It is assumed to have access to two finite sets of measurements: y(t),
Ny ⇥ 1, and z(t), Nz ⇥ 1, where Ny and Nz represent the respective number of
measurements available. It holds

y(t) = Cyq(t), z(t) = Czq(t), (3.2)
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where the Ny ⇥ N matrix Cy and the Nz ⇥ N matrix Cz characterize the
measurements. From now on y(t) and z(t) are referred to as outputs. Equa-
tions (3.1) and (3.2) form a state-space representation of the system.

A di↵erent description of the system can be given by means of transfer
functions (TF), as in equation (2.5). TFs can describe the system as function of
the angular frequency ! only. Here, sensors and actuators are placed on straight
lines along the spanwise direction (figure 3.1), with Nu = Ny = Nz. Since here
the flow is periodic in the spanwsie direction, TFs, inputs and outputs can be
expressed as functions of the spanwise wavenumber � as well. The description
with TFs is obtained by setting the real part of sreads

ŷ(!,�k) = Ĝuy(!,�k)û(!,�k) + Ĝdy(!,�k)d̂(!,�k),

ẑ(!,�k) = Ĝuz(!,�k)û(!,�k) + Ĝdz(!,�k)d̂(!,�k),
(3.3)

where Ĝ = Ĝ(!,�k) are the TFs, ŷ = ŷ(!,�k) and ẑ = ẑ(!,�k) the outputs in
the frequency domain, û = û(!,�k) and d̂ = d̂(!,�k) the inputs in the frequency
domain, and k is used to stress the fact that the number of outputs is finite, so
there is a finite amount of available wavenumbers. From now on all the variables
denoted by a hat symbol are function of (!,�k), and the explicit writing (!,�k)
is dropped.

The description of the system by means of TFs can be translated in the
physical domain by performing the Inverse Fourier Transform to equation (3.3),
similarly to equation (2.4) with zero initial condition, leading to

y(t)k =

Z t

0

N
uX

m=1

Guy
km(t� ⌧)u(⌧)m d⌧ +

Z t

0

N
dX

m=1

Gdy
km(t� ⌧)d(⌧)m d⌧,

z(t)k =

Z t

0

N
uX

m=1

Guz
km(t� ⌧)u(⌧)m d⌧ +

Z t

0

N
dX

m=1

Gdz
km(t� ⌧)d(⌧)m d⌧,

(3.4)

with k the output index, and m the input index. Equation (3.4) can also be
obtained by substituting the solution to equation (3.1), with q(0) = 0, into
equation (3.2). This gives the identities

Guy
km(t� ⌧) = Cy,ke

A(t�⌧)Bm, Gdy
km(t� ⌧) = Cy,ke

A(t�⌧)Md,m,

Guz
km(t� ⌧) = Cz,ke

A(t�⌧)Bm, Gdz
km(t� ⌧) = Cz,ke

A(t�⌧)Md,m,
(3.5)

where Cy,k and Cz,k the k�th row of Cy and Cz, and Bm and Md,m the m�th
column of B and Md.

3.2. Control theory

The present configuration of outputs and inputs together with the convective
nature of the flow make all the control techniques described in this section be
in a feed-forward configuration (Belson et al. 2013).
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The control techniques used in the present work are all based on the
assumption that the input u(t)k is a function of the upstream outputs y(t)m,

u(t)k =

Z t

0

N
yX

m=1

Gyu
km(t� ⌧)y(⌧)m d⌧, (3.6)

with k = 1, 2, . . . , Nu. Gyu
km in equation (3.6) di↵ers from the quantities in

equation (3.4) because it does not describe the open-loop input-output dynamics.
It is designed via control theory for the prescribed closed-loop dynamics. Since
qB is independent of the spanwise direction x

3

, the instantaneous linearized
system dynamics is homogeneous along x

3

. The latter and the fact that the
outputs are all given by the same type of sensor allows dropping the usage of
the index k in (3.6) to have Gyu

m . Then, (3.6) can be rewritten as

u(t)k =

Z t

0

N
yX

m=1

Gyu
m (t� ⌧)y(⌧)m+k�1

d⌧, (3.7)

where for m+k�1 > Ny spanwise periodicity implies the use of m+k�1�Ny.

3.2.1. Linear quadratic Gaussian regulator (LQG)

The technique is based on a linear model, aims at minimizing a quadratic cost
function, and assumes the presence of Gaussian white noise disturbances.

Gaussian white noise is added on the output y(t) in the ROM, which reads
y(t) = Cyq(t) + n(t), with n(t), Ny ⇥ 1, the time modulation of the noise.
d(t) in equation (3.1) is also treated as white noise. There is no addition of
noise on the output z(t) because it represents a reference output to minimize,
whose measurement is not available in reality. The noise on the output y(t)
corresponds to noise in a real available measurement.

The covariance matrices associated with d(t) and n(t) are Vd, Nd ⇥Nd,
and Vn, Ny ⇥Ny, respectively, and are both diagonal and constant because of
the assumption that d(t) and n(t) are white noise disturbances; in particular,
it can be written

Vd = vdI, Vn = vnI, (3.8)

with vd > 0 and vn > 0 real scalars and I the identity matrix.
The technique consists in finding Gyu

m by minimizing a prescribed H
2

-norm
of interest. The disturbances d(t) and n(t) are treated as random variables, so
the objective function of interest is defined as the expected value of an H

2

-norm.
Here, the objective function contains both the reference output z(t) and the
input for the control u(t), which is added to avoid an infinite amplitude of the
input signal, penalizing excessive control action. The objective function reads

J = E
"
lim

T!1
1

T

Z T

0

z(t)TQz(t) + u(t)TRu(t) dt

#
, (3.9)

where the N ⇥N matrices Q and R are design weights. The E[•] represents
the expected value. From now on the matrices Vd, Vn, Q and R are referred
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to as weight matrices or design weights.
In the LQG it is assumed that u(t) is a linear function of the states, but it is

also assumed that not all the states are known at each time instant, so a second
system for state estimation is introduced. The estimation system makes use
of the known outputs to reconstruct the states at each instant of time, and is
designed to minimize the estimation error. Thus, in addition to the minimization
of the objective function (3.9) to compute the input that controls the system,
the estimation introduces a second minimization problem. Generally these two
minimization problems are coupled, but in the LQG they are independent and
solved separately. They consist in the Linear quadratic regulator, which solves
the control problem by assuming full-state information, and the Kalman filter,
which solves the estimation problem by assuming stochastic disturbances on the
outputs. The solution of the LQG is the combination of the two independent
solutions. A thorough description of the steps in the control design which are
briefly described here can be found in Lewis & Syrmos (1995).

The starting dynamical system with actuators, sensors and white noise
reads

q̇(t) = Aq(t) +Bu(t) +Mdd(t),

y(t) = Cyq(t) + n(t),

z(t) = Czq(t).

(3.10)

Since the LQG does not assume the full-state to be known, an estimation of
the original dynamical system based on the known outputs is introduced,

˙̃q(t) = Aq̃(t) +Bu(t)� L(y(t)� ỹ(t)),

ỹ(t) = Cyq̃(t),

z̃(t) = Czq̃(t),

(3.11)

where q̃(t) and ỹ(t) are estimates of q(t) and y(t), and L is an N ⇥ Ny

matrix to be designed. The estimated system accounts for the stochastic
disturbances through the available outputs y(t). Subtracting (3.11) from (3.10)
and substituting y(t) = Cyq(t) and ỹ(t) = Cyq̃(t) gives

ė(t) = (A+ LCy)e(t) +Mdd(t) + Ln(t), (3.12)

with e(t) = q(t) � q̃(t) the estimation error. Eq. (3.12) shows that the
error dynamics is based on the matrix L and is driven by the stochastic
disturbances. Thus, the matrix L should stabilize the error dynamics and
dampen the amplitude of the stochastic disturbance n(t).

Since y(t) is an available measure, the estimated system is deterministic.
Its solution is used to compute the actuation input u(t) = Kq̃(t), with K a
matrix to be designed to solve the control problem. Substituting u(t) = Kq̃(t)
in (3.11) gives

˙̃q(t) = (A+BK)q̃(t)� L(y(t)� ỹ(t)),

ỹ(t) = Cyq̃(t),

z̃(t) = Czq̃(t).

(3.13)



16 3. Flow control for transition delay

The LQG technique consists in computing K and L to solve the control and
the estimation problem, respectively. These two problems are usually coupled
in optimal control. In the LQG technique they are not coupled and result in
the minimization of two di↵erent H

2

-norms (Skogestad & Postlethwaite 2005).
The matrix K results from the linear quadratic regulator problem. It minimizes
the objective function

J = lim
T!1

1

T

Z T

0

(z(t)TQz(t) + u(t)TRu(t)) dt, (3.14)

and results in solving the following algebraic Riccati equation

ATPu +PuA�PuBR�1BTPu +CT
z QCz = 0, (3.15)

where Pu is a positive semi-definite N ⇥N matrix which is the unknown of the
equation. The relationship between K and Pu reads

K = �R�1BTPu. (3.16)

The matrix L results from the Kalman filter. It minimizes the expected value
of the covariance matrix of the error at steady state,

J = lim
t!1Tr(Pe(t)), Pe = E

⇥
e(t)e(t)T

⇤
, (3.17)

with Tr(•) the trace, and results in solving the following algebraic Riccati
equation

PeA
T +APe �PeC

T
y V

�1

n CyPe +MdVdM
T
d = 0, (3.18)

where Pe is a positive semi-definite N ⇥ N matrix and is the unknown of
the equation, and Vd and Vn are the covariance matrices of d(t) and n(t),
respectively. The relationship between L and Pe reads

L = �PeC
T
y V

�1

n . (3.19)

Once both K and L are computed the state-space system based on q̃ gives the
input signal based on the history of the available output y(t),

u(t) = �
Z t

0

Ke(A+BK+LC
y

)(t�⌧)Ly(⌧) d⌧. (3.20)

3.2.2. Inversion feed-forward control (IFFC)

Inversion feed forward control (IFFC) is a technique developed in the frequency
domain, and is based on a system described by TFs (3.3).

The contribution of the disturbance d̂ in the second equation of (3.3) may
also be expressed as

Ĝdz d̂ = Ĝyz ŷ + p̂, (3.21)

where Ĝyz is a TF to design in order to maximize the extraction of information
from ŷ, while p̂ is the residual part of the information in ẑ which is not retrieved
by Ĝyz ŷ. The loss of information, i.e. p̂ 6= 0, may be unavoidable and can
be seen by resorting to the state-space representation. The matrix Cy that
characterizes the output y(t) does not necessarily span the same space spanned
by the matrix that describes the system dynamics A, so the outputs y(t), being
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in a subspace, cannot reconstruct the whole state space. It follows that the only
portion of the signal ẑ(!,�k) which can be obtained from the outputs y(t) is

˜̂z = Ĝuzû+ Ĝyz ŷ, (3.22)

where ˜̂z is an estimate of ẑ.
The objective of the control problem is the annihilation of the output ˜̂z.

Then, a straightforward strategy to solve the problem is imposing ˜̂z = 0, which
is the basic idea behind IFFC. Assuming û = K̂ŷ in (3.22) gives

K̂ = (Ĝuz)�1Ĝyz, (3.23)

where K̂ solves the control problem in the frequency-wavenumber domain. The
result in (3.23) is ill-conditioned in the zeros of Ĝuz, which may lead to spurious
high amplitudes of the input. Moreover, model uncertainties are not considered,
and unstable zeros in Ĝuz would lead to an unstable controller which is rarely
appreciated in practice. Such limitations are addressed in Devasia (2002), where
the TFs, the inputs and the outputs are functions of the angular frequency
! only. Here, the same approach is used with some modification to account
for a system description as function of ! and �k. The technique makes use of
two weights, R̂ and Q̂, which here are taken as constant, and solves the control
problem by minimizing the following prescribed objective function

J =

Z 1

�1

X

k

⇣
ûHR̂û+ ẑHQ̂ẑ

⌘
��k d!, (3.24)

where the superscript H indicates the complex conjugate transpose. The
presence of the objective function turns the nature of the problem into an H

2

optimal control problem, whose solution is given by

K̂ =
(Ĝuz)HQ̂Ĝyz

R̂+ (Ĝuz)HQ̂Ĝuz
. (3.25)

The inverse Fourier transform of K̂ gives Gyu
m as in equation (3.7); only the

causal part of Gyu
m is used for control, since actuation must be decided based

solely on present or past information from the sensors..

3.3. Reduced-order modelling

Both control methods introduced are model-based. The IFFC technique re-
quires the knowledge of two TFs, Ĝzu and Ĝyz. Ĝzu is by definition the Fourier
transform of the output signal resulting from an impulse-response simulation
of the linearized Navier-Stokes, whereas Ĝyz needs to be modelled. The LQG
technique, instead, requires the knowledge of the matrices A, B, Cy, Cz and
Md, which characterize the ROM and need to be modelled.

The techniques used for this modelling are introduced in the remainder of
this section, and are all based on input-output data, which is usually available
in experiments. In input-output data part of the information about the system
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dynamics is lost. However, its usage is a reasonable design choice, since the
control techniques work only with the observable and controllable structures,
whose time evolution is described by input-output signals. In fact, by defini-
tion, the information lost in input-output data is the one associated with the
unobservable and uncontrollable structures.

The present configuration of outputs and inputs together with the con-
vective nature of the flow allow estimating the downstream outputs z(t) from
the upstream outputs y(t). This fact is exploited in the following part of this
section.

3.3.1. Empirical TFs

The estimation of downstream outputs ẑ with upstream outputs ŷ can be
performed by designing a TF Ĝyz. Here, Ĝyz is computed by means of an
identification technique using the information extracted from the output data.
The TF obtained in this way is referred to as empirical TF. Here, the approach
is extended to a flow with spanwise periodicity, i.e. outputs are function of �k

as well. It was shown in Bendat & Piersol (2011) that the optimal frequency
response, in the least square sense, is defined from the auto- and cross-spectra
of the input and output signals

Ĝyz =
Ŝyz

Ŝyy

, (3.26)

where Ŝyy and Ŝyz are respectively the auto- and cross-spectra of the input and

output signals. Both Ŝyy and Ŝyz are computed as the expected values of ŷH ŷ
and ŷH ẑ, which are obtained via the process of ensemble averaging (Bendat
& Piersol 2011). Equation (3.26), sometimes referred to as an Ĥ

1

estimator
(Rocklin et al. 1985), minimizes the error due to noise in the output.

One desirable property of an H
1

estimator is that the prediction error is
linearly uncorrelated to the available output signal (Rocklin et al. 1985; Bendat
& Piersol 2011). Any remaining errors correlated to the available signal are
either due to the presence of noise in the measurements or to spectral leakage,
which is unavoidable because the signal is not exactly periodic in time. Spectral
leakage can be minimized by using long time series, by windowing the signal
for the ensemble averaging, or via the calculation of an improved frequency
response, as outlined in the following section.

3.3.2. Improved frequency response

The method considered here is referred to as improved frequency-response
and consists of improving the accuracy of a TF with an iterative algorithm.
This allows obtaining a more accurate linear approximation of a system and is
particularly interesting when the impulse responses of the disturbances are not
available or unfeasible to collect, as is the case for the free-stream turbulence
or experimental implementations. The method is designed to minimize noise,



3.3. Reduced-order modelling 19

spectral leakage and capture some non-linearity (Schoukens et al. 1998).
The algorithm is initialized with a first-guess TF Ĝyz

0

, which may be, for
instance, the result obtained from equation (3.26). Then, the estimation error,
which is the di↵erence between the signal obtained by using Ĝyz

0

and the
available output ŷ, is computed. The error reads

e(t)k = z(t)k �
Z t

0

X

m

Gyz
0,m(t� ⌧)y(t)md⌧. (3.27)

with Gyz
0,m(t) the inverse Fourier transform of Ĝyz

0

. Then, the TF between the

error and the available output ŷ is computed as Ĝyz
e = Ŝye/Ŝyy, which is used

to update the initial TF as Ĝyz
1

= Ĝyz
0

+ Ĝyz
e . Iterations are performed until

the error TF is minimized.

3.3.3. Eigensystem realization algorithm using TFs

In § 3.2 it was shown that to design the LQG regulator it is necessary to solve
two algebraic Riccati equations, and the computational power required for
their solution grows quickly with the dimensions of the matrix A, which is the
linear time-invariant operator used to describe the linearized system dynamics.
Clearly, for fluid mechanics systems, which in general present numerous degrees
of freedom, the usage of a ROM is preferable (Kim & Bewley 2007).

For the realization of the ROM we use the ERA-POD (Juang & Pappa 1985).
The ERA-POD is based on output signals resulting from impulse responses.
It is necessary to have access to an amount of impulse responses equal to the
number of total inputs of the systems. The signals are written in a Hankel
matrix whose dimensions depend on the total number of inputs and outputs
and on the length of the saved time series, i.e. Nt(Ny +Nz) ⇥Nt(Nu +Nd),
Nt being the number of time samples needed to have a good representation
of the impulse response. In case the disturbance is free-stream turbulence the
number of degrees of freedom used for the implementation of d(t) in the fully
non-linear Navier-Stokes solver is of the order of hundreds. Then, since the
Hankel matrix is decomposed by the Singular Value Decomposition, it is clear
that collecting such a high number of impulse responses results in a heavy
computational problem. Besides, in a practical application it is not possible to
collect the impulse responses from the free-stream turbulence disturbance.

Therefore, in order to reduce the computational power required and to have
a method that can be applied in experiments as well, a di↵erent approach is
proposed. A new set Ny ⇥ 1 of outputs yd(t), which measure the same quantity
as y(t) and z(t), is introduced upstream of y(t), and the outputs generated by
a non-linear Navier-Stokes simulation with free-stream turbulence and without
control action are stored. An impulse response coincides with a TF by definition,
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so the following TFs can be computed as in equation (3.26),

Ĝy
d

y =
Ŝy

d

y

Ŝy
d

y
d

, Ĝy
d

z =
Ŝy

d

z

Ŝy
d

y
d

, (3.28)

and their inverse Fourier transforms can be used as a set of impulse responses
to mimic the presence of free-stream turbulence upstream every control device.
These estimated impulse responses are used in the ERA-POD to model the
impulse responses coming from Mdd(t) in equation (3.1), which represents the
disturbance in the system. The number of impulse responses from the actuators,
which are characterized by Bu(t), is Nu. Nevertheless, only one of these impulse
responses is collected because the other ones can be computed by exploiting the
homogeneity of qB and the periodicity of the flow along the spanwise direction.

Once the whole set of impulse responses is available, it is possible to build
the mentioned Hankel matrix, apply the ERA-POD, and retrieve the ROM
needed for the design of the LQG.

3.4. Transition delay

The “reduce-then-control” approach with the techniques described in § 3.3 and
§ 3.2 are employed to delay boundary-layer laminar-to-turbulent transition
when transition is caused by the exponential growth of TS-waves and when
transition is caused by transient growth of streaky structures.

3.4.1. Tollmien-Schlichting waves

In the case of TS-waves on a flat plate (Sasaki et al. 2018a) the computational box
is such that at the inlet the Reynolds number with respect to the displacement
thickness, Re�⇤ = U1�⇤/⌫ = 1000, which corresponds to a regime where TS-
waves are known to be unstable primary modes. The disturbance is triggered
in the domain with a set of body forces added to the Navier–Stokes, whose
spatial support is such that it models the e↵ect of the speaker on the flat plate.
Each speaker is assumed to be connected to a power source whose amplitude
is modulated with a white-noise like time signal. The speakers are located
upstream of the control devices. The same body force of the speakers is used to
model the actuators. The measurements are provided with shear-stress sensors.
The outcomes of flow control are summarized in Table 3.1. It is shown that the
cost function of the control is reduced by two orders of magnitude, and that the
LQG performs slightly better than the IFFC even though the actuation signal
of the LQG and IFFC are equal. This hints that employing the LQG, even if it
requires more steps in the design may be worth to achieve better performance.
However, the approach is shown to achieve the wanted result.

A case with TS-waves disturbances on a NACA008 wing profile is also used
to test the capabilities of the control method, and it is compared to experiments.
In this case, the computational box is 2D, as in figure 3.2 (left) because the
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MS[u] MS[z]

Uncontrolled - 399
LQG 0.281 0.001
LQG (opt. y

0

) 0.004 0.001
IFFC 0.281 0.002
IFFC (opt. y

0

) 0.004 0.003

Table 3.1: Performance of the closed-loop cases evaluated for a case with TS-
waves disturbances (Sasaki et al. 2018a). Mean square (MS) values of the
actuation signal u and z in time and along the spanwise direction. Opt. y

0

:
actuator moved from the wall to a di↵erent wall-normal position; the new y

0

is
chosen such that the actuation amplitude needed in reduced.

problem is well described by a bi-dimensional domain. The Reynolds number
with respect to the chord is Rec = 5.3⇥ 105. The experiments are carried on a
NACA0008 wing profile with chord length Lc = 0.8m, in a wind tunnel with
reference undisturbed baseflow velocity U1 = 10m/s. Speakers are employed to
generate the disturbance, which results in TS-waves at x/c = 0.1. Microphones
are used as sensors at x/c = 0.3 (y(t)) and x/c = 0.4 (z(t)). The actuator
used is a plasma actuator located at x/c = 0.33. In the numerical simulations
the plasma actuator is modelled by mapping the data retrieved from flat plate
experiments (Kriegseis et al. 2013) to the NACA0008 profile. In figure 3.2
(right) the performance of the control is presented for the experimental and
numerical investigations. The experiments achieve worse performance because
in the computation of the ROM there is noise which is not artificially added
in the DNS. When the TF from the DNS data is modified to match the TF
obtain from experimental data, the prediction of the performance increases.
Moreover, the TF predicted from experimental data do not perfectly match
the experimental measures because the model has an intrinsic error (see p̂ in
equation (3.21)). However, the techniques, given the expected error, show to
achieve the wanted result.

3.4.2. Streaky structures

In the case of streaky disturbances on a flat plate (Morra et al. 2020) the
computational box is such that at the inlet the Reynolds number with respect
to the displacement thickness is Re�⇤ = U1�⇤/⌫ = 300, which corresponds to
a regime where TS-waves are known to be stable, such that their exponential
growth is avoided from the inlet. TS-waves become unstable primary modes
from Re�⇤ = 519.4 (Schmid & Henningson 2001), which is reached downstream
on the flat plate, but the energy of the streaks is high enough to make the
streaks responsible for laminar-to-turbulent transition in the studied case. The
disturbance is triggered in the domain by the superposition of a set of 200
randomly chosen eigenfunctions of the Orr-Sommerfeld Squire spectrum which
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Figure 3.2: Left: simulation of the NACA0008 wing airfoil with TS-waves
disturbance. Right: performance original DNS data and modified DNS data to
match Gyz TF with the experiments.

Figure 3.3: Average skin friction coe�cient Cf . Red dash-dotted line: uncon-
trolled case. Black dotted line: IFFC control method. Black solid line: LQG
control method.

mimic the presence of free-stream turbulence (see Brandt et al. (2004) for
details). The actuators employed mimic ring plasma actuators, and are assumed
to be connected to a power source whose amplitude is modulated from processing
upstream measurement signals. The measurements are provided with shear-
stress sensors. The transition delay achieved is presented in terms of the skin
friction in figure 3.3. A delay �Re ⇡ 1.4⇥ 105 is achieved, which is as large as
that obtained in more idealized studies.

3.4.3. The role of the actuator

For both TS-waves and streaky disturbances on a flat plate, it is shown that
modifications in the shape of the actuator, i.e. its spatial support, or its position
can lead to improved performance.
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Actuator Tu = 3.0% Tu = 3.5%

f = (0, fy, 0)T Jcon/Junc = 0.36 Jcon/Junc = 0.41
f shape-match Jcon/Junc = 0.22 Jcon/Junc = 0.30
f max-growth Jcon/Junc = 0.26 Jcon/Junc = 0.34

Table 3.2: Performance in terms of the cost function for di↵erent actuators.
f = (0, fy, 0)T : actuator mimicking ring-plasma actuator; f shape-mach:
optimization to match a given shape of the disturbance to counteract; f max
growth: optimization to find the forcing which triggers the structures which
have the highest energy growth.

In the case where TS-waves are the disturbance responsible for laminar-to-
turbulent transition, the shape of the actuator is kept fixed, and its position
is moved to the location where the flow is very receptive to perturbations. In
this location a disturbance with a unitary amplitude is amplified more than
a disturbance with the same amplitude located very close to the wall. Thus,
placing the actuator in such a location results in a reduction of the amplitude
of actuation needed. This is summarized in table 3.1, where it is shown that
the actuator centred at a di↵erent y

0

location requires two orders of magnitude
lower amplitude than the actuator located to the wall to obtain similar damping
of the output.

In the case of streaky structures, the location of the actuator is kept fixed,
and its spatial support is modified such that the new actuator is more e↵ective on
average in annihilating the travelling disturbances. The results are summarized
in table 3.2, where it is shown that the optimization of the actuator increases
the reduction as expected.

It is noteworthy that the di↵erences in performance obtained with a change
in the actuator are much bigger than the di↵erences obtained with the two
control methods employed (Sasaki et al. 2020).



Chapter 4

Resolvent analysis of turbulent wall-bounded
flows

In many applications the boundary-layer flow is turbulent. The study of this
type of flow through a direct numerical simulation, which solves the discretized
Navier–Stokes on the geometry of interest without any simplification, is very
computationally demanding, and usually not performed in industrial applica-
tions. Instead, in this case the Navier–Stokes equation is solved with some
modelling to reduce the computational cost. The aim of the modelling is to
obtain the best trade-o↵ between the reduction of the computational cost and
the accuracy of the prediction of the flow. This is the reason for which there
has been a lot of interest in the development of high-fidelity models of wall
turbulence.

In this thesis, the aim is to provide quantitative evidence on the perfor-
mance of resolvent analyses of wall-bounded turbulent flows for large Reynolds
number (up to Re⌧ = 1007). It is here shown that the introduction of an
eddy-viscosity modelling approach for part of the terms which naturally arise in
resolvent analyses of turbulent flows improves the accuracy of the predictions
when compared to nowadays common practice. Moreover, the modelled terms
of the Navier–Stokes are also explicitly computed from DNS data for di↵erent
temporal frequencies and spatial wave-numbers. This sort of characterization is
helpful to understand the dynamics of wall-bounded turbulent flows, which is
beneficial for the design of high-fidelity models.

4.1. Governing equations

4.1.1. Evolution equations for the fluctuation quantities

Here, the Reynolds number Re = (3/2)Ubulkh/⌫ is based on the channel half-
height h, the constant mass-averaged streamwise velocity Ubulk, and the fluid
molecular viscosity ⌫. The domain is described with Cartesian coordinates
x = (x, y, z)T , which correspond to the streamwise, wall-normal and spanwise
directions. The total velocity and pressure fields can be described as the
superposition of the time-averaged fields and the fluctuations, utot = U + u

and ptot = P + p, as in the Reynolds decomposition. Here, U = (U(y), 0, 0)T

is the mean flow in the channel, P = P (x) the time-averaged pressure field,

24
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u = (u(x, t), v(x, t), w(x, t))T the perturbation velocity, and p = p(x, t) the
perturbation pressure; t being the non-dimensional time. Both the mean
flow and the perturbation velocity are subject to the divergence-free condition
r ·U = 0 and r ·u = 0, with r = (@x, @y, @z)T such that r2 = r ·r. Assuming
U and P to be known, the momentum equation (2.1) with no external body
force reads

@u

@t
+ (U ·r)u+ (u ·r)U = �rp+

1

Re
r2

u+ b+ f . (4.1)

In this case b = �rP + Re�1r2

U � (U · r)U includes the contribution of
time-averaged quantities only, and f = �(u ·r)u the instantaneous Reynolds
stresses from the fluctuations. It is noticeable that equation (4.1) has the same
structure of the perturbation equation of a flow linearized about an equilibrium
solution of the N-S equations, in which case b = 0 by construction.

4.1.2. Harmonic and stochastic forcing analysis

Since the mean flow is homogeneous in the wall-parallel directions, the Fourier
transform can be applied along those directions and the same manipulations
to obtain the Orr-Sommerfeld and Squire equations can be performed. Thus,
by introducing q̂ = (v̂(↵, y,�, t), !̂y(↵, y,�, t)) as the vector containing the
wall-normal velocity and vorticity Fourier modes, equation (4.1) can be writ-
ten in terms of q̂(↵, y,�, t)ei(↵x+�z) and f̂(↵, y,�, t)ei(↵x+�z) Fourier modes.
Moreover, by discretizing the wall-normal direction with Ny points, and by

introducing the vectors q̂, 2Ny ⇥ 1, and f̂ , 3Ny ⇥ 1, as the discrete counterparts

of q̂ and f̂ , equation 4.1 reduces to a system similar to equation (2.4)

@q̂

@t
= Aq̂+Bf̂ , (4.2)

where b is not included because the focus of this study is on ↵ 6= 0 and � 6= 0,
and b is constant along the wall-parallel directions. In the discretized domain
the Fourier modes of the fluctuation velocity û(↵, y,�, t)ei(↵x+�z) correspond to
the vector û, 3Ny ⇥ 1, and can be computed as û = Cq̂, whereas q̂ = Dû. Note
that û is here the output of interest according to equations (2.4) or (2.5). The
expressions for the matrices A, B, C, D are given in the Appendix of Paper 7.
For the sake of readability from now on the dependency on the wave-numbers
↵ and � is no more written explicitly.

Since U and P are the time-averaged fields of a turbulent channel flow, the
system described by equation (4.2) is linearly stable (Reynolds & Tiederman
1967), so a finite amplitude forcing can be studied by performing the Fourier
transform in time on equation (4.2). Then, according to equation (2.5) with
zero initial condition, the harmonic forcing f̂ = f̃(!)e�i!t and the harmonic
response û = ũ(!)e�i!t are related by ũ(!) = R(!)f̃(!), with

R(!) = �C(i!I+A)�1B, (4.3)

the 3Ny ⇥ 3Ny matrix form of the resolvent operator (with boundary conditions
ṽ = @ṽ/@y = !̃y = 0, or equivalently ũ = ṽ = w̃ = 0, at y = ±1). Resorting to
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a singular value decomposition (SVD) allows expressing the resolvent matrix
R(!) in terms of its left-singular vectors �i(!), its singular values �i(!), and
its right-singular vectors  i(!), such that

 

H
i W j = �ij , (4.4a)

�

H
i W�j = �ij , (4.4b)

with H the complex conjugate transpose, �ij the Kronecker delta, and W the
positive definite hermitian matrix, 3Ny ⇥ 3Ny, of quadrature weights necessary
to compute the energy norm on the discrete grid of the wall-normal direction.
This decomposition explicitly shows if low rank approximations based on the
singular values �i are applicable.

If instead of harmonic excitation a stochastic and statistically stationary
forcing is considered, the response is also going to be stochastic and statistically
stationary. In this case the Fourier transform in time cannot be applied becauseR1
�1 |û|2 dt < 1 (or

R1
�1 |q̂|2 dt < 1) and

R1
�1 |f̂ |2 dt < 1 do not hold

(Chibbaro & Minier 2014). A quantity that exists and can be computed for
a statistically stationary process is the cross-spectral density (CSD) (Stark &
Woods 1986), which is defined for the vectors û and f̂ as

S(!) = lim
T!1

E
h⇣

1

2⇡

R T
�T û(t)e�i!t dt

⌘⇣
1

2⇡

R T
�T û(t)Hei!t dt

⌘i

2T
, (4.5a)

P(!) = lim
T!1

E
h⇣

1

2⇡

R T
�T f̂(t)e�i!t dt

⌘⇣
1

2⇡

R T
�T f̂(t)Hei!t dt

⌘i

2T
, (4.5b)

where T is the total time, the expectation E [·] is the ensemble average over
di↵erent stochastic realizations, and the cross-spectral densities are the 3Ny ⇥
3Ny matrices S(!) and P(!). The diagonals of S(!) and P(!) contain the
power-spectral density (PSD) of the three velocity and forcing components at
the discrete points of the wall-normal direction for a given angular frequency !
(and the omitted ↵ and �). For the sake of readability, the streamwise, wall-
normal and spanwise components on the diagonal of S(!) and P(!) are from
now on referred to with the Ny ⇥ 1 vectors suu, svv, sww, and puu, pvv, pww.
Then, the premultiplied streamwise kinetic energy spectra can be computed as

↵�ekinuu = ↵�

Z 1

�1
suu(!) d!. (4.6)

Since the system in equation (4.2) is stable, it also holds (Stark & Woods 1986)

S(!) = R(!)P(!)R(!)H , (4.7)

which is the input-output relation of the CSDs. For the sake of readability
from now on the dependency on the angular frequency ! is no more written
explicitly.

Since S and P are CSDs, the Karhunen–Loève decomposition can be
performed, which for quantities in the frequency domain is referred to as
spectral proper orthogonal decomposition (SPOD) (Picard & Delville 2000;
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Towne et al. 2018). The SPOD modes of the matrices S and P correspond to the
3Ny ⇥ 1 eigenvectors ⇠i and ⇣i of the matrix eigenvalue problems SW⇠i = µi⇠i

and PW⇣i = ⌘i⇣i. The eigenvectors are orthogonal in ⇠Hi W⇠j = �ij and
⇣

H
i W⇣j = �ij . Thus, it holds the expansion S =

P
i µi⇠i⇠

H
i and P =

P
i ⌘i⇣i⇣

H
i ,

such that the diagonal of S and P can be written as

diag(S) =
X

i

µi|⇠i|2, (4.8a)

diag(P) =
X

i

⌘i|⇣i|2, (4.8b)

with | · | the absolute value of each entry of the vector.
It is noticeable that since the SPOD modes are orthogonal in the inner

product associated with the energy norm, the ratios µi/
P

i µi and ⌘i/
P

i ⌘i
represent the fraction of power associated with the i-th SPOD mode.

The computation of the left- and right-singular vectors of R allows splitting
the input-output relation S = RPRH into three steps: (i) the projection of P
onto the right-singular vectors  i, which results in a scalar

b2i = diag( H
i WPW i) (4.9)

for each  i, (ii) the amplification or damping of the associated singular values
�i by bi, which results in a scalar ai = �ibi, and (iii) the linear combination of
the left-singular vectors �i weighted with ai such that

diag(S) =
X

i

|�i|2a2i . (4.10)

Since a2i = �2

i b
2

i and �i do not depend on P, it is the coe�cients bi which
quantify the contribution of the forcing P to the output S. Note that if bi = 1
then P ⌘ I.

It is noticeable that S is built upon a solenoidal vector field while P is
built upon a non-solenoidal vector field; in fact, the divergence of the non-linear
forcing term f is non-zero. Moreover, if the flow is incompressible only the
solenoidal part of the forcing a↵ects the velocity field (Chorin & Marsden 1993).
Therefore, if the forcing is written as the sum of a solenoidal and an irrotational
vector field, the irrotational part gives a null response in equation (4.7). This
implies that R is singular. Since the irrotational part of the input results in a
null output, the solenoidal part of P can be retrieved from the velocity field,
and it coincides with LSLH , where

L = �C(i!I+A)D. (4.11)

It should be noted that L is not exactly the inverse of R in equation (4.7)
because R is singular. If the forcing f̂ is known, its solenoidal part can also
be computed as CBf̂ , which can be employed to evaluate the solenoidal part
of P. Resorting to L or CB to compute the solenoidal part of the forcing is
equivalent. A detailed discussion about L and CB is presented in Paper 7.
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4.1.3. Modelling the non-linear forcing terms

The input-output relationship described by equation (4.7) includes the contri-
bution of the non-linear terms, those responsible for the Reynolds stresses, in
the input P. The non-linear terms are usually unknown, and the input P is
modelled. The lack of knowledge about the non-linear terms implies that the
accuracy of these modelling techniques cannot be based on a direct comparison
with them. Instead, the error in the prediction of the velocity field or its statis-
tics is evaluated. Since this work aims at presenting the actual P which appears
in the Navier–Stokes, its direct comparison with a modelled P can be evaluated.
Moreover, P has never been quantified from instantaneous realizations f̂ of a
turbulent channel flow. Thus, a comparison with the results from often used
modelling methods is clearly of interest.

The two modelling approaches discussed in this work are: (i) the assumption
that the non-linear terms are uncorrelated in space P = �⌫I (with �⌫ a normal-
ization scalar, and I the identity), and (ii) the introduction of an eddy-viscosity
⌫t to model a part of the non-linear terms via the Boussinesq expression; in (ii)
the unmodelled part of the non-linear terms is treated as uncorrelated in space.
The two approaches lead to the predictions

SR
⌫

= �⌫RRH , (4.12a)

SR
⌫

t

= �⌫
t

R⌫
t

RH
⌫
t

, (4.12b)

where R⌫
t

is a modified resolvent which includes the eddy-viscosity modelling
(details about the operator are given in Paper 5 or 7), and �⌫

t

a normalization
scalar.

The forcing necessary to obtain the prediction SR
⌫

t

by means of R, such
that SR

⌫

t

= RP⌫
t

RH , can be computed as

P⌫
t

= LSR
⌫

t

LH , (4.13)

which quantifies how the eddy-viscosity approach models P. The e↵ects of
the modelling with P = �⌫I, of the eddy-viscosity approach with P = P⌫

t

,
are compared to the P computed from instantaneous realizations of f̂ via the
coe�cients bi in equation (4.9).

4.2. Colour of forcing statistics

The input-output relationship S = RPRH is a statistical description of the flow,
and describes the flow considered here for di↵erent spanwise and streamwise
wave-numbers and for di↵erent temporal frequencies. The interest for industrial
applications is in S, the velocity field. Since P results from f = �(u · r)u,
it is impossible to predict S without any knowledge about P. Therefore, in a
research project with the aim to help further improve the fidelity of turbulence
modelling, P is of interest. In this thesis, P is quantified for turbulent wall-
bounded flows with moving and fixed walls for di↵erent Reynolds numbers. Its
structure is computed and presented for the first time with the aim to provide
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Figure 4.1: Comparison of the streamwise velocity root-mean-square (rms)
profile ũrms = [suu]1/2 computed by direct numerical simulation (DNS) to
six-modes expansions based on SPOD of the PSD, computed by DNS and six-
modes expansions on resolvent modes; Res-⌫ : S = �⌫RRH (P = �⌫I); Res-⌫t:
S�

⌫

t

= �⌫
t

R⌫
t

RH
⌫
t

. (a) near-wall structures with �x = 450/Re⌧ ,�z = 100/Re⌧
at the peak frequency ! = 4.3 and (b) large-scale structures with �x = 3,�z = 1.5
at the peak frequency ! = 1.4. Note that it holds y = y+/Re⌧ .

a foundation for all the studies which choose to include assumptions about this
non-linear forcing term to facilitate the mathematical treatment. Moreover, the
predictions obtained with an eddy-viscosity approach for including the e↵ects
of P in channel flows are quantified for di↵erent temporal frequencies, such that
the accuracy of the results can be assessed by a quantitative comparison with
DNS data.

4.2.1. Relevance of Reynolds stresses

The relevance of Reynolds stresses in resolvent analyses is discussed for a channel
flow with skin friction Reynolds number Re⌧ = u⌧h/⌫ = 1007, where u⌧ is the
friction velocity. The eddy-viscosity modelling approach is implemented with
the turbulent viscosity taken as in Cess (1958),

⌫t
⌫

=
1

2


1 +

2Re2⌧
9

(1� y2)2(1 + 2y2)2(1� e�Re
⌧

(1�|y|)/A)2
� 1

2

� 1

2
, (4.14)

with the von Kárman constant is  = 0.426 and the constant A = 25.4 as
in Pujals et al. (2009), Hwang & Cossu (2010b). This model is tuned for
Re⌧ = 2000. The eddy viscosity approach is compared with an approach where
P is assumed to be proportional to the identity matrix I.

The model is tested for flow structures with spatial scales typical of near-
wall structures (�z = 100/Re⌧ ,�x = 450/Re⌧ , with � the wave-length) and of
large-scale motions (�z = 1.5,�x = 3). The S from DNS data is expanded on
the first six SPOD modes from RRH and R⌫

t

RH
⌫
t

. The results are presented
in figure 4.1, where it is shown that the eddy-viscosity approach gives a more
accurate result than the assumption P = �⌫I which has been used many times
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a)

b)

c)

d)

Figure 4.2: Solenoidal part of the first SPOD mode of P: ⇣
1

. a) Re⌧ = 179,
near-wall structures, (�x,�z) = (1130/Re⌧ , 113/Re⌧ ). b) Re⌧ = 179, large-
scale structures, (�x,�z) = (4.19, 1.26). c) Re⌧ = 543, near-wall struc-
tures, (�x,�z) = (1137/Re⌧ , 100/Re⌧ ). d) Re⌧ = 543, large-scale structures,
(�x,�z) = (6.28, 1.57). Contours: streamwise component of ⇣

1

. Vectors: span-
wise and wall-normal components of ⇣

1

.

in practice.

4.2.2. Forcing statistics from DNS data

The structure of the cross-spectral densities of the forcing P is quantified from
DNS data for turbulent wall-bounded flows. The technique to compute the
cross-spectral density of P is based on snapshots of DNS data. The forcing
term f is numerically computed at fixed time instants, and the realizations
are used in the Welch method. The Welch method is a technique to estimate
the cross-spectral density for time signals of stochastic variables, which is the
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a) b)

Figure 4.3: E↵ect of the inner layer on the large-scale motion of Re⌧ = 543.
PSD. Symbols: S = RPRH ; triangle: streamwise component; circle: spanwise
component; square: wall-normal component. Black lines: DNS. Red lines:
Sh = RPhRH (left: outer layer), Sy+ = RPy+RH (right, inner layer). Solid
line: streamwise component; dotted line: spanwise component; dashed line:
wall-normal component. Grey area: interval of y where the P is not zero.

case when treating the forcing as stochastic (details about the method can be
found in Bendat & Piersol (2011) or Stoica & Moses (2007)). The accuracy of
the computed P is verified by comparing the input-output relationship RPRH

with the cross-spectral density S computed with the Welch method from DNS
data (more details can be found in Paper 6, Nogueira et al. (2020)): it is shown
that for all the results presented in this thesis the computation is very accurate
(see Paper 6 and 7).

The CSDs are computed for a turbulent Couette flow with Re = Uwh/⌫ =
400, where Uw is the wall velocity, h the box half-height, and ⌫ the molecular
viscosity, and for turbulent channel flows with friction Reynolds number Re⌧ =
179 and Re⌧ = 543. The Couette flow is studied in a domain whose dimensions
are the smallest possible for turbulence to be observed (Hamilton et al. 1995),
the so-called minimal turbulent unit, such that the computational load for
the statistics to converge is minimized and the validity of the technique to
compute P is thoroughly assessed. The channel flows are not studied in minimal
turbulent units but in larger domains where the flow structures can freely
develop (see Paper 7 for more details). In all the studies the wave-numbers
considers represent the structures with the highest energy content.

In all the studies the forcing P is found to have a defined structure which
is recurrent in time, in accordance with speculations based on measurements
of the velocity fields. For the wave-numbers corresponding to streaky motions
in the velocity field, the forcing shows to be a combination of streamwise
vortices and streamwise forcing which counteract each other as in a destructive
interference (in figure 4.2 for the turbulent channel flows). Moreover, for the
case at Re⌧ = 543 it is shown through figure 4.3 that large-scale structures are
mostly independent of small-scale structures, which verifies speculations based
on measurements of the velocity field.



Chapter 5

Conclusions and outlook

This thesis focuses on transitional and turbulent boundary-layer flows. The
aim is to provide computationally inexpensive tools, requested in industrial
applications, to delay laminar-to-turbulent transition or predict the behavior
of a wall-bounded turbulent flow. Model order reduction and control theory
techniques are employed for these purposes.

In the case of transition delay, active control techniques are employed.
The focus is on testing and providing reduced-order models for the design
of controllers. Here, we use a “reduce-then-control” approach for realistic
scenarios such as wind-tunnel experiments. In our studies, sensors and actuators
are located in a region where the boundary-layer flow can be described with
reasonable accuracy by means of the linearized Navier–Stokes equations. Thus,
linear identification and control methods are employed. The model-order
reduction techniques treated are the eigensystem realization algorithm (ERA)
and transfer function estimation from power-spectral density identification
(ETF). The linear quadratic Gaussian (LQG) regulator and the inverse feed-
forward control (IFFC) methods are employed to compute the controllers. LQG
requires a state-space description of the system which can be provided with
ERA, and IFFC requires a transfer function description of the system which
can be obtained with ETF. The “reduce-then-control” approach is tested on the
transitional boundary-layer flow over a flat plate perturbed with tridimensional
stochastic disturbance, where transition occurs because of the breakdown of the
growing Tollmien–Schlichting waves. The objective function is reduced by two
orders of magnitude for all cases. In order to employ the LQG, an approach
based solely on time signals from a finite number of sensors and actuators is
proposed to include unknown disturbances in the reduced order model through
ERA. The proposed approach is tested on the transitional boundary-layer flow
over a flat plate subjected to free-stream turbulence. In this case, transition
occurs because of the breakdown of streaks. Free-stream turbulence is treated as
an unknown stochastic disturbance. The IFFC based on the transfer functions
computed with ETF is also employed for this flow case. The methods suggested
here result to as large transition delay as more idealized approaches used in
the literature. The importance of the choice and location of the actuators is
discussed with a focus on the attainable control performance. It is demonstrated
that a decrease in energy expenditure of the actuation and an improvement of
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the decay of the disturbance amplitude can be obtained altogether by utilizing
actuators whose design is based on an optimization problem.

When the resolvent analysis is employed to predict structures in wall-
bounded turbulent flows, the non-linear term has often been excluded because
of the computational load required for its quantification. An improvement in the
accuracy of the predicted velocity field for turbulent channel flows with friction
Reynolds number up to Re⌧ = 1007 is found when the non-linear forcing term
is adequately included in the analyses. The results are analyzed in terms of the
cross-spectral densities of the velocity for significant energetic structures typical
of near-wall and large-scale motions, and for di↵erent temporal frequencies.
Moreover, the non-linear forcing term is explicitly quantified for a Couette
turbulent flow at bulk Reynolds Re = 400 and turbulent channel flows at
friction Reynolds Re⌧ = 173 and Re⌧ = 543. The quantification is performed
for wave-numbers with significant energy content. The forcing is found to have
a defined structure which is recurrent in time, in accordance to speculations
based on measurements of the velocity fields. It is shown that the forcing
which results in streaky structures is a combination of streamwise vortices and
streamwise forcing which counteract each others as in a destructive interference.
Moreover, for the case at Re⌧ = 543 it is shown that large-scale structures
are mostly independent from small-scale structures, which verifies speculations
based on measurements of the velocity field. Finally, the projections of the
quantified non-linear forcing term onto the right-singular vectors of the resolvent,
i.e. the linear sub-optimal forcing in resolvent analysis, are computed. These
projections are the key parameter to assess the validity of resolvent analyses.
Thus, it is clarified that neglecting the non-linear forcing term, which has been
common practice, can lead to non-negligible errors. This is due to the fact
that the non-linear forcing term has non-negligible projections onto the linear
sub-optimal forcings from the resolvent analysis.

Regarding laminar-to-turbulent transition delay, the research activity should
focus on implementing the presented flow control methods in wind-tunnel
experiments and on realistic wing profiles. These activities are currently being
performed in our group.

Regarding prediction of a wall-bounded turbulent flow resolvent analysis,
an improvement of quantitative predictions of the cross-spectral density could
probably come from a more advanced modelling of the non-linear forcing term
in the linear operator. Also, as the resolvent do mainly model the non-normal
amplification mechanism of the streaks, significant progress could come from an
improved, necessarily non-linear, modelling of the coherent forcing terms which
are related to the regeneration mechanism of the vortices in the self-sustained
processes discussed by Wale↵e (1995a); Hwang & Cossu (2010c, 2011) and
Cossu & Hwang (2017) among others.
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Papers





Summary of the papers

Paper 1

On the wave-cancelling nature of boundary layer flow control

An approach to delay laminar-to-turbulent modal transition is proposed. The
linear quadratic Gaussian (LQG) regulator and the inverse feed-forward control
methods are employed to design the controller for transition delay. The LQG is
designed on a reduced order model built by means of the eigensystem realization
algorithm. The study replicates a realistic scenario, and highlights the region
where the actuation is most e↵ective for TS-waves.

Paper 2

A realizable data-driven approach to delay bypass transition with control theory

An approach to delay laminar-to-turbulent bypass transition is proposed. A
method to build a reduced order model with the eigensystem realization algo-
rithm is proposed for a case where the input disturbance is high dimensional
or unknown, and collecting the impulse responses is not feasible. The linear
quadratic Gaussian regulator and the inverse feed-forward control methods are
employed to design the controller for transition delay. The study replicates
a realistic scenario, and as large transition delay as more idealized cases is
achieved.

Paper 3

On the role of actuation for the control of streaky structures in boundary layers

The importance of the actuator for the control of bypass transition is here ana-
lyzed. Optimal actuators are computed and their e↵ectiveness in counteracting
streaky structures is compared with that of an actuator whose spatial support
is close to a realistic scenario. This is a proof-of-concept to demonstrate the
importance of the choice of the actuator for bypass transition control.

Paper 4

Experimental control of Tollmien–Schlichting waves using pressure sensors and
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plasma actuators

This manuscript shows the successful application of the inverse feed-forward
control (IFFC) technique for the cancellation of Tollmien–Schlichting (TS) waves
in a wind-tunnel experiment, for the boundary-layer flow over a NACA0008
wing profile. Direct numerical simulations (DNS) are also performed and the
results compared to the experiments.

Paper 5

On the relevance of Reynolds stresses in resolvent analyses of turbulent wall-
bounded flows

The ability of linear stochastic response analysis to estimate coherent motions is
investigated in turbulent channel flow at friction Reynolds number Re⌧ = 1007.
Good agreement between the measured spatio-temporal power spectral densities
and those estimated by means of the resolvent is found when the e↵ect of
turbulent Reynolds stresses, modelled with an eddy-viscosity associated with
the turbulent mean flow, is included in the resolvent operator.

Paper 6

Forcing statistics in resolvent analysis: application in minimal turbulent Couette
flow

The cross-spectral density (CSD) of the non-linear forcing term arising as input
in resolvent analyses of turbulent flows is here explicitly quantified for the first
time for turbulent Couette flows at bulk Reynolds number Re = 400, for the
minimal turbulent unit. The identification technique to compute the non-linear
forcing term is here presented and discussed.

Paper 7

The colour of forcing statistics in resolvent analyses of turbulent channel flows

The cross-spectral density (CSD) of the non-linear forcing term arising as input
in resolvent analyses of turbulent flows is here explicitly quantified for the first
time for turbulent channel flows at friction Reynolds numbers Re⌧ = 179 and
Re⌧ = 543.


