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Abstract

Continuous-time system identification deals with the problem of building continuous-
time models of dynamical systems from sampled input and output data. In this
field, there are two main approaches: indirect and direct. In the indirect approach,
a suitable discrete-time model is first determined, and then it is transformed into
continuous-time. On the other hand, the direct approach obtains a continuous-time
model directly from the sampled data. In both approaches there exists a dichotomy
between discrete-time data and continuous-time models, which can induce robustness
issues and complications in the theoretical analysis of identification algorithms. These
difficulties are addressed in this thesis.

First, we consider the indirect approach to continuous-time system identification.
For a zero-order hold sampling mechanism, this approach usually leads to a transfer
function estimate with relative degree one, independent of the relative degree of
the strictly proper true system. Inspired by the indirect prediction error method,
we propose an indirect-approach estimator that enforces the desired number of
poles and zeros in the continuous-time transfer function estimate, and show that
the estimator is consistent and asymptotically efficient. A robustification of this
method is also developed, by which the estimates are also guaranteed to deliver
stable models.

In the second part of the thesis, we analyze asymptotic properties of the Simplified
Refined Instrumental Variable method for Continuous-time systems (SRIVC), which
is one of the most popular direct identification methods. This algorithm applies an
adaptive prefiltering to the sampled input and output that requires assumptions
on the intersample behavior of the signals. We present a comprehensive analysis
on the consistency and asymptotic efficiency of the SRIVC estimator while taking
into account the intersample behavior of the input signal. Our results show that the
SRIVC estimator is generically consistent when the intersample behavior of the input
is known exactly and subsequently used in the implementation of the algorithm, and
we give conditions under which consistency is not achieved. In terms of statistical
efficiency, we compute the asymptotic Cramér-Rao lower bound for an output error
model structure with Gaussian noise, and derive the asymptotic covariance of the
SRIVC estimates. We conclude that the SRIVC estimator is asymptotically efficient
under mild conditions, and that this property can be lost if the intersample behavior
of the input is not carefully accounted for in the SRIVC procedure.

Moreover, we propose and analyze the statistical properties of an extension of
SRIVC that is able to deal with input signals that cannot be interpolated exactly
via hold reconstructions. The proposed estimator is generically consistent for any
input reconstructed using zero or first-order-hold devices, and we show that it is
generically consistent for continuous-time multisine inputs as well. Comparisons
with the Maximum Likelihood technique and an analysis of the iterations of the
method are provided, in order to reveal the influence of the intersample behavior of
the output and to propose new robustifications to the SRIVC algorithm.





Sammanfattning

För att skatta tidskontinuerliga modeller finns det tv̊a huvudsakliga metoder:
indirekta och direkta. Indirekta metoder skattar först en tidsdiskret modell som sedan
omvandlas till en tidskontinuerlig. Direkta metoder skattar direkt en tidskontinuerlig
modell fr̊an samplad data. I b̊ada dessa typer av metoder finns en dikotomi mellan
tidsdiskret samplad data och tidskontinuerliga modeller. Denna uppdelning kan
resultera i robusthetsproblem samt försv̊ara teoretiska analyser av de associerade
identifieringsalgoritmerna. S̊adana sv̊arigheter behandlas i den här avhandlingen.

Först studerar vi det indirekta tillvägag̊angssättet. Under antagandet att signaler
är konstanta mellan sampel f̊as oftast en överföringsfunktion med relativt gradtal
ett (oberoende av det relativa gradtalet hos det verkliga systemet). Inspirerat av
den indirekta prediktionsfelsmetoden föresl̊ar vi en estimator av indirekt typ som
säkerställer det önskade antalet poler och nollor i den tidskontinuerliga skattade
överföringsfunktionen. Vidare visar vi att skattaren är konsistent och asymptotiskt
effektiv. En robustifiering av denna metod föresl̊as ocks̊a, i vilken skattningarna
ocks̊a garanteras vara stabila.

I den andra delen av avhandlingen analyserar vi de asymptotiska egenskaperna
hos “Simplified Refined Instrumental Variable method for Continuous-time systems”
(SRIVC), som är en av de mest populära identifieringsmetoderna baserad p̊a ett direkt
tillvägag̊angssätt. Denna algoritm tillämpar en adaptiv förfiltrering p̊a de samplade
input- och outputsignalerna och kräver antaganden om signalernas beteende mellan
sampelpunkter. Vi presenterar en omfattande analys av SRIVC-skattarens konsistens
och asymptotiska effektivitet. V̊ara resultat visar att SRIVC-skattaren är generiskt
konsistent när inputsignalens beteende mellan sampel är exakt känt, och vi detaljerar
förutsättningar för att konsistens inte uppn̊as. Vi beräknar den asymptotiska Cramér-
Rao undre gränsen för en output-error modell med gaussiskt brus, och härleder
den asymptotiska kovariansen hos SRIVC-skattningarna. Vi drar slutsatsen att
SRIVC-skattaren är asymptotiskt effektiv under milda förh̊allanden, och att den
här egenskapen kan g̊a förlorad om inputsignalens beteende mellan sampel inte
noggrant tas i beaktning i SRIVC-proceduren.

Dessutom föresl̊ar och analyserar vi de statistiska egenskaperna för en generaliser-
ing av SRIVC-algoritmen som kan hantera insignaler som inte kan interpoleras exakt
med hjälp av h̊allrekonstruktioner. Den föreslagna skattaren är generellt konsistent
för alla inputsignaler som kan rekonstrueras med hjälp av nollte eller första ordnings
h̊allenheter. Vi visar att den är generiskt konsistent för tidskontinuerliga inputsig-
naler best̊aende av sinussignaler. Vi jämför med Maximum Likelihood-baserade
metoder och analyserar metodens iterationer. Detta ger en insyn i hur beteendet
mellan sampel p̊averkar algoritmen och l̊ater oss föresl̊a nya robustifieringar till
SRIVC-algoritmen.
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Chapter 1

Introduction

Since the second half of the previous century, modern technological systems have
revolutionized most aspects of scientific, economic and social endeavors. A central
feature of such technology is the generation and use of data, which quantifies informa-
tion about the status of processes. In this day and age, data is more ubiquitous than
ever: it is well known that the amount of digital data that is being stored is growing
at astonishing rates [21], and its manipulation is essential in many fields. Despite
the wide access to data, what is truly useful is the knowledge we can extract from it
in order to understand previous behaviors, predict future events, and make better
decisions. For this, a common approach is to use the available data together with
reasonable prior assumptions to construct models, which are useful representations
of the underlying phenomena that drives the data. Through models, it is possible to
understand cause-effect relationships and focus only on the desired properties of
physical phenomena, avoiding excessive complexity but also oversimplifications.

In many areas of science and engineering, one is interested in modeling systems,
which can be understood as entities that manipulate one or several variables to
accomplish a function, thereby yielding observable variables or outputs [53]. The
external stimuli that can be manipulated by the observer are called inputs, while the
ones that cannot be controlled are called disturbances. A system can be dynamic (or
dynamical), that is, it can also depend on internal information (or states) present in
it that represent a summary of the system’s history. In some circumstances, and
subject to suitable simplifications, it is possible to write down the physical laws
that govern the behavior of a dynamical system, thus arriving at a mathematical
model of it. Many times, a more experimental approach is needed, in which the
model is learned from the data collected from the system. The field that studies
how to obtain mathematical models for dynamical systems based on data is called
system identification [31, 70, 115]. Note that mathematical models, either obtained
through physical laws or system identification, are only abstractions of the physical
phenomena and they never fully describe the true systems.

The system identification paradigm consists of at least four steps [70], which can
be reassessed during the process of obtaining a model. First, a data set is needed:
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2 Introduction

the external stimuli that acts on the system of study must be designed, and the
system’s response must be recorded. Hopefully, the conditions under which this
input is applied, and the input itself, must be such that the data becomes maximally
informative. Next, a model structure must be chosen: a set or family of models must
be picked such that the true system has at least one suitable representative inside it.
Afterwards, the “best” model in the set must be determined, given the data at hand.
This is done by selecting an identification method, which is a mapping between the
data and a particular model in the model set. Finally, the model that is obtained
through an identification method must be validated to check if it is suitable for the
intended purpose. Since a model should never be accepted as the true description of
the system, the validation step must only confirm whether the model provides a
good enough description of certain aspects of interest of the system.

Every step of the system identification procedure described above is challenging in
its own way. The model selection step is arguably the most difficult, since it requires
the user to analyze the complexity of the data and combine that information with
prior knowledge and engineering intuition. A trade-off arises between model flexibility
and tractability, as more complex model structures have more degrees of freedom but
also may lead to unnecessarily complicated computations for finding the appropriate
model, and for using it. In addition, more data is needed to fit them with a
prescribed accuracy. Some methods, called non-parametric methods, have been
designed to avoid the selection of the model order by delivering generic curves, plots
or impulse/step responses [69, 88]. If the family of models is instead parameterized
by a finite-dimensional vector that encompasses all models up to a certain order,
the methods that estimate the parameter vector are called parametric methods.

Before selecting a parametric method for system identification, the relationship
of the model with time must be decided. A family of models can take various forms,
such as differential equations, transfer functions, difference equations, or state-space
formulations. A distinction is made between discrete-time and continuous-time
models. In discrete-time modeling, it is assumed that a complete description of
the underlying system can be made by only observing its behavior at specific time
instants, which are usually equally spaced in time. The boom in digital technology
has impulsed development of discrete-time modeling, despite the fact that most
physical processes are continuous-time in nature. On the other hand, continuous-time
modeling consists in deriving mathematical relations that reflect the properties of
the system under study for any moment in time instead of sampled instants of time.

Regarding the choice of identification method, there have been many algorithms
developed both for discrete-time models [11, 70, 114, 115] as well as for continuous-
time models [31, 94, 137]. The identification method (or estimator) that is chosen
should ideally have statistical guarantees, which are usually formulated by assuming
the existence of a true system, that is, the existence of a particular mathematical
model that we assume has generated the collected data. One important property that
good estimators enjoy is consistency, which is related to accuracy and unbiasedness:
an estimator is said to be consistent when the resulting model converges to the
true mathematical description of the system as the number of data points tends to
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infinity. Asymptotic efficiency is another measure of quality of an estimator, that is
related to precision: a consistent estimator is said to be asymptotically efficient when
its asymptotic covariance matrix is the smallest among all consistent estimators.

The dichotomy between sampled data and continuous-time modeling is central
in the development of continuous-time system identification methods. Since usu-
ally only sampled data is retrieved from an identification experiment, it is more
natural to consider time shifts (as in discrete-time system identification) instead
of time derivatives. This argument was adopted to explore an indirect approach
for continuous-time system identification [94], which consists in first estimating a
discrete-time model using data, and later computing its continuous-time equivalent.
Unfortunately such methods are prone to initialization problems, lack of robustness
and overparametrization. A direct approach [142] can be pursued instead, in which
a continuous-time model is directly obtained from the sampled data. The main
shortcoming of direct methods is that they require, in some way or another, the
time derivatives of the input and output signals to be approximated. This problem
is usually solved by introducing continuous-time low-pass filters that are applied to
sampled data by assuming that input and output signals have a known intersample
behavior. The use of continuous-time filters, in conjunction with discrete-time data,
leads to difficulties in how to formally derive statistical properties of these methods
when the effect of the intersample behavior of the signals must be taken into account.

This thesis covers identification methods for continuous-time systems. Our
interest is in deriving and analyzing continuous-time identification methods, for both
indirect and direct approaches, that are theoretically proven to deliver consistent
and asymptotically efficient estimates, while also being robust for small data sets.

1.1 What do continuous-time system identification
methods have to offer?

Despite the wide popularity of discrete-time system identification methods, there are
many reasons why continuous-time system identification techniques may be more
appropriate than discrete-time ones in practical applications. Here we will review
some arguments that support the use of continuous-time methods. Extensive lists of
advantages can be found in, e.g., [29, 31, 33].

Physical insights and less overparametrization

The parameters of physical processes often have a direct interpretation in continuous-
time, whereas in discrete-time, the parameters may not have any physical interpre-
tation. The lack of physical interpretation of discrete-time models can complicate
the validation of the model using expert knowledge, since it is not immediately clear
that the estimated parameters are in line with what is known a priori about the true
system. Furthermore, discrete-time models can in some cases be overparametrized,
depending on the relative degree of the true continuous-time system.
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Figure 1.1: Mass-spring-damper system.

To show these traits, take as an example the mass-spring-damper system in
Figure 1.1. The spring and damper coefficients are r[N/m] and d[Ns/m] respectively,
while the mass has mass m[Kg]. If we wish to model the displacement x(t) that
is produced by an external force u(t), by Newton’s third law we may describe the
system as

x(t) = 1
mp2 + dp+ r

u(t), (1.1)

where p is the differential operator, i.e., py(t) = dy(t)/dt. Now, assume that the
input force is constant between measurements, which are retrieved every h[s]. If the
system shows damped oscillatory responses (i.e., d < 2

√
rm), we can then write the

discrete-time equivalent of the mass-spring-damper system as

x(kh) = qb1 + b0

q2 − 2e− dh
2m cos

(
h
√

r
m −

d2

4m2

)
+ e−

hd
m

u(kh), (1.2)

where

b0 = e−
dh
m + e−

dh
2m

(
d√

4rm− d2
sin
[
h

√
r

m
− d2

4m2

]
− cos

[
h

√
r

m
− d2

4m2
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,

b1 = 1− e− dh
2m
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[
h

√
r

m
− d2

4m2

]
+ d√

4rm− d2
sin
[
h

√
r

m
− d2

4m2

])
,

and q is the forward shift operator, i.e., qx(kh) = x(kh + h). By comparing the
system descriptions (1.1) and (1.2), there are at least two conclusions that can
be obtained. First, as we convert the model from continuous to discrete-time, the
physical meaning of the coefficients is lost. It is more difficult to check if the model
parameters correspond to reasonable values in (1.2), and it is not clear how to
relate the discrete-time system parameter estimates to estimates of m, d and r
separately. Secondly, we see that four parameters must be fitted in (1.2), whereas
only three parameters completely define the continuous-time model in (1.1). If this
mismatch is not accounted for in a discrete-time system identification task, then
the discrete-time estimates will not be as accurate as the ones obtained through
continuous-time system identification methods, since the variance of a model tends
to increase with the number of parameters that needs to be estimated.
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Use of non-uniformly sampled data and time-delay systems

Instead of the derivative operator for continuous-time, dynamical discrete-time
systems are described by using (fixed) temporal displacements of signals. The
displacement is dependent of the sampling period, thus, one continuous-time system
leads to a different discrete-time representation for each sampling period that is
chosen. If non-uniformly sampled data is collected and a linear and time invariant
model is sought, there is no adequate discrete-time model that can be naturally
adjusted to the data without introducing time-variant elements or imposing unknown
intersample behaviors. Identification using such type of data sets is needed for event-
based systems such as the Lebesgue-sampled ones [8], where data is collected only
when the measurements cross certain thresholds. Note that continuous-time models
do not have problems with irregularly sampled data, as they are not tied to a
sampling period.

Moreover, fractional time-delayed systems–that is, systems that have an inherent
time delay that is not a multiple of the sampling period–can be appropriately
estimated in continuous-time, and several recent works have addressed this [18, 20,
52]. The estimation of these delays is not as natural in discrete-time modeling, as
they will manifest themselves as zeros in the discrete-time system description that
can be easily confused with sampling zeros or non-minimum phase zeros.

Robustness

Continuous-time identification methods have an inherent advantage over discrete-
time ones when the sampling frequency is high. This aspect is particularly relevant,
since most modern data acquisition devices can sample inputs and outputs at very
high frequencies, leading to an almost continuous-time description of the signals
of interest. For high sampling frequencies, discrete-time methods using the shift
operator can be ill-conditioned due to the clustering of discrete-time model poles
around the point (1, 0j) of the complex z-plane. As a remedy, the δ operator has been
introduced for discrete-time system modeling and control [79]. On the other hand,
continuous-time system identification can naturally handle high frequency sampling
and may lead to better results as it increases, since the intersample behavior of the
signals can be better approximated.

By a similar reasoning, systems that have poles that cover a wide dynamic range
(i.e., stiff systems) are particularly difficult to model using discrete-time approaches
with a fixed sampling period. The main reason is that it is often difficult to find a
sampling period that can capture the system’s dynamics without any compromise:
numerical conditioning is affected when the sampling period is too small, and high-
frequency spectral content is poorly estimated when the sampling period is too large.
In contrast, reliable continuous-time models can be obtained through fast sampling,
and their parameters do not depend on the sampling period.
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1.2 Related work

There have been many surveys on identification of continuous-time systems [29, 94,
124, 125, 133], as well as books written on the subject [31, 108, 123, 137]. Here, we
will provide a very brief history of the field and mention some contributions that
have marked the direction of research, with focus on the most relevant works related
to this thesis.

One of the first studies on parameter estimation of continuous-time models was
done in 1965 in a pure analog framework [130], in which an adaptive identification
procedure was introduced for continuous-time data that included prefiltering of the
input and output signals with a low-pass analog filter. This algorithm resembles
the work in [103], where integrating steps were proposed. The availability of digital
computers during the mid-nineteen sixties produced a rapid development of discrete-
time control and system identification, as going ‘completely digital’ was now feasible.
Due to the benefits of continuous-time modeling, further developments followed,
now using sampled data. The state-variable-filter (SVF) method for discrete-time
data was introduced in [131], which considers a differential equation to model the
system and filters the discrete-time input and output data (and their derivatives)
with a low pass filter. After the prefiltering step, the parameters are estimated using
standard least squares.

The simplified refined instrumental variable method for continuous-time systems
(SRIVC) was first presented in [142], and it has impulsed the development and prac-
tical use of the direct approach for continuous-time modeling. The SRIVC algorithm
can be viewed as an iterative procedure in which an instrumental variable estimate
is obtained by using prefiltered input-output signals, whose prefilters are updated
in every iteration. An extension of this method, called RIVC, admits colored noise
modeling in a hybrid Box-Jenkins model structure [136]. These iterative algorithms
have led to many contributions, such as extensions to multi-input single-output
continuous-time systems [35] and closed-loop systems [37], as well as procedures that
can handle non-uniformly sampled data for SRIVC [57] and RIVC in a continuous-
time noise modeling framework [17]. Other works have proposed unifications with
the discrete-time versions of SRIVC and RIVC [139], tutorials and toolboxes with
recursive estimation implementations [30, 32, 121] and comparisons with other iden-
tification methods [135]. The consistency of the RIVC method was analyzed in [67],
where an extra filter was introduced for the purpose of discretizing the derivatives
of the input signal. Recently, research has moved towards extending the iterative
instrumental variable procedure to identify time-delayed continuous-time systems,
where special caution must be taken in order to avoid local minima [18–20, 52]. Also,
interesting surveys have been written remarking the advantages of continuous-time
system identification over discrete-time, with focus on the benefits of SRIVC and
the direct approaches in general [29, 33].

Apart from SRIVC-based methods, several other direct identification procedures
for continuous-time systems have been developed. Frequency-domain identification
methods have been studied in, e.g., [89, 91, 92]. In [77], a correlation method was
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introduced and analyzed, with close connections to the frequency-domain algorithms.
The work in [58] pursued an algebraic approach, that consisted in introducing an
operator λ which acts like a prefilter to the input and output signals. An extension
of this idea was presented in [22], where continuous-time Laguerre functions were
chosen as prefilters. As a way to avoid prefiltering, the idea of indirect inference was
introduced in continuous-time system identification in [128], with excellent results
in simulation tests.

In parallel to the direct methods previously described, indirect methods for
continuous-time system identification were developed thanks to the success and
popularity of discrete-time system identification. One of the first indirect methods
can be found in [109], in which a two-step procedure was presented: first, a discrete-
time model was obtained through an eigenvector method for transfer function
estimation, and later, a continuous-time model was derived by solving a set of
equations with the coefficients of the estimated continuous-time model as unknowns.
The problem of the excess of relative degree in the continuous-time models was
acknowledged in that work, and was solved via a generalized least squares approach
over the over-determined set of equations relating the numerator parameters. The
bilinear z transformation for obtaining the continuous-time model from a discrete-
time transfer function estimate was proposed in [104], while [107] extended the
analysis to multivariable systems and different transformations from continuous to
discrete-time. The selection of the sampling period for indirect and direct methods
for continuous-time modeling was studied in [106], and state-space methods were
reviewed in [105]. In [5], it was proposed that by prefiltering the input sequence,
the continuous-time parameters can be uniquely determined and thus a better
conditioning of the model conversion step can be achieved. The contribution in
[93] helped to clarify the shortcomings of indirect methods, in favor of the direct
SRIVC method. Further tests followed in [73], where it was confirmed that the
indirect approach suffers from initialization problems (specially in the output-error
model structure), and that the discrete to continuous-time transformation can be
ill-conditioned and not suitable for systems with relative degree greater than one.

1.3 Thesis outline and contributions

In this section, we provide the outline of the thesis and indicate the contributions
in each chapter.

Chapter 2

In this chapter, we detail the notation used throughout this thesis and review the
main ideas and methods behind the indirect and direct approaches to continuous-
time system identification. The covered material is mostly based on [32, 70, 94]
and [31].
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Chapter 3

In this chapter, we propose an indirect-approach method to continuous-time
system identification that enforces a fixed relative degree in the transfer function
estimate. By relating it to the Indirect PEM method, we show that this estimator
is consistent and asymptotically efficient. Furthermore, to cope with highly noisy
data sets, we develop a refinement of this method that enforces stability on the
model by optimizing over ellipsoidal inner approximations of the stability region
in the parameter space. Extensive numerical simulations are put forward to show
the performance of this estimator when contrasted with other indirect and direct
methods for continuous-time system identification.

This chapter is based on the following publications:

• R. A. González, C. R. Rojas, and J. S. Welsh. An asymptotically optimal
indirect approach to continuous-time system identification. In Proceedings of
the 57th IEEE Conference on Decision and Control (CDC’18), pages 638-643,
2018.

• R. A. González, J. S. Welsh and C. R. Rojas. Enforcing stability through
ellipsoidal inner approximations in the indirect approach for continuous-time
system identification. In Proceedings of the 21st IFAC World Congress (ac-
cepted), 2020.

Chapter 4

This chapter studies the asymptotic properties of the SRIVC estimator for inputs
that are exactly reconstructed with zero or first-order hold devices. It is divided into
two main sections. First, we present a comprehensive analysis on the consistency
of the SRIVC estimator while taking into account the intersample behavior of the
input signal. We show that, under some mild conditions, the SRIVC estimator is
generically consistent and describe the conditions when consistency is not achieved.
Later, we derive the asymptotic Cramér-Rao lower bound for the continuous-time
output error model structure and provide an analysis of the statistical efficiency of
the SRIVC estimator. We prove that the SRIVC estimator is, under mild conditions,
asymptotically efficient for the output error model structure and i.i.d. Gaussian
measurement noise. Monte Carlo simulations are performed to verify the asymptotic
properties we have derived.

The covered material is based on the following publications:

• S. Pan, R. A. González, J. S. Welsh and C. R. Rojas. Consistency analysis
of the simplified refined instrumental variable method for continuous-time
systems. Automatica, March 2020.

• S. Pan, J. S. Welsh, R. A. González and C. R. Rojas. Efficiency analysis of the
simplified refined instrumental variable method for continuous-time systems.
Submitted for publication to Automatica, 2020.
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Chapter 5

In this chapter, we study an SRIVC-type estimator that can handle inputs that
are not necessarily reconstructed by standard hold devices but whose intersample
behavior is known in advance. First, we prove that the proposed estimator yields
generic consistency of the estimated model parameters for continuous-time multisine
input signal excitations. We also provide a computationally efficient algorithm for
computing the regressors under the multisine case, and introduce an extension of the
SRIVC algorithm for arbitrary continuous-time inputs, that is, inputs that are not
necessarily constructed by hold devices. Later, we derive the asymptotic Cramér-Rao
lower bound for the continuous-time output error model structure when the full
continuous-time input signal is known, and formally specify conditions under which
the SRIVC estimator relates to the Maximum Likelihood estimator. Finally, we
study the effect of the hold device for reconstructing the output measurements on
the iterations of the proposed SRIVC-type estimator, and establish connections
between the SRIVC-c iterations, Gauss-Newton iterations, and stability enforcement
procedures based on projected gradient iterations.

An important part of this chapter is based on the following contribution:

• R. A. González, C. R. Rojas, S. Pan and J. S. Welsh. Consistent identification
of continuous-time systems under multisine input signal excitation. Submitted
for publication to Automatica, 2020.

Chapter 6

In Chapter 6, we summarize the main conclusions of the thesis and provide
suggestions for future research directions.

Contributions not included in this thesis
The following contributions have not been included in the thesis:

• R. A. González and C. R. Rojas. A fully Bayesian approach to kernel-based
regularization for impulse response estimation. In Proceedings of the 18th
IFAC Symposium on System Identification, pages 186-191, 2018.

• R. A. González, F. J. Vargas and J. Chen. Necessary and sufficient conditions
for mean square stabilization over MIMO SNR-constrained channels with
colored and spatially correlated additive noises. In IEEE Transactions on
Automatic Control, volume 64, pages 4825-4832, 2019.

• F. J. Vargas and R. A. González. On the existence of a stabilizing solution of
modified algebraic Riccati equations in terms of standard algebraic Riccati
equations and linear matrix inequalities. In IEEE Control Systems Letters,
volume 4, pages 91-96, 2020.
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• R. A. González and C. R. Rojas. Finite sample deviation and variance bounds
for first order autoregressive processes. In Proceedings of the 45th International
Conference on Acoustics, Speech, and Signal Processing (ICASSP), accepted
for publication, 2020.

• R. A. González and C. R. Rojas. A Finite-sample deviation bound for stable
autoregressive processes. In Proceedings of the 2nd Annual Conference on
Learning for Dynamics and Control (L4DC 2020), accepted for publication,
2020.

Author’s contributions
The order of the author names reflects the workload, where the first one has the most
important contribution. In all listed publications, all authors were actively involved
in formulating the problems, developing the solutions, evaluating the results, and
writing the papers.



Chapter 2

Background

The purpose of this chapter is to provide the necessary background material to
understand the contents of this thesis, and to give context to the contributions
herein.

This chapter is structured as follows. In Section 2.1 we define the notation
common to all the subsequent chapters. Section 2.2 describes the system and model
structures that are of interest for this thesis, while Section 2.3 defines the statistical
properties related to the performance of estimators, and discusses several continuous-
time system identification methods. We summarize this chapter in Section 2.4.

2.1 Notation

The imaginary number
√
−1 is written as j. The real and imaginary part of a

complex number z are denoted as Re{z} and Im{z} respectively. All matrices and
vectors are written in bold, and vectors are column vectors, unless transposed.
We write the n-th dimensional (column) vector x with entries x1, x2, . . . , xn as
x = [x1, x2, . . . , xn]>. If A is a matrix, then A> and AH denote its transpose
and Hermitian (complex conjugated transpose) respectively. The Kronecker product
between the matrices A and B is denoted A ⊗ B. The identity matrix of size n
is denoted In, where the subscript can be absent if no ambiguity exists. If A and
B are symmetric matrices, the expression A � B (resp., A � B) means that the
matrix A−B is positive definite (resp., semi-definite). If g(x) is a scalar function of
the vector x, then ∂g(x)/∂x denotes the gradient of the function g with respect to
x, and it is a column vector. If x ∈ Rn, and Q ∈ Rn×n is a positive definite matrix,
then the weighted 2-norm is defined as ‖x‖Q =

√
x>Qx.

If {f(kh)}∞k=0 is a sequence f(0), f(h), . . . , then the operation qf(kh) returns
f(kh + h), with q being called the forward shift operator. The Z-transform and
δ-transform of this sequence are denoted as Z{f(kh)} and T {f(kh)} respectively.
In order to remark the time instant evaluation, we usually employ the notation
{f(tk)}Nk=1 to denote the set of evaluations {f(t1), f(t2), . . . , f(tN )}, where the time
instants {tk}Nk=1 may or may not be evenly spaced, depending on the context. When

11
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the initial or terminal instants are not relevant, we may also use the notation {f(tk)}
or {f(kh)} to denote a sequence ranging in k. Similarly to the discrete-time case,
if {x(t)}t∈(t1,tN ) is a continuous-time signal defined on the open interval (t1, tN ),
then the Heaviside operator p satisfies px(t) = dx(t)/dt. The Laplace transform of
{x(t)}t≥0 is denoted L{x(t)}.

For sequences of random variables {yn} and {rn}, the notation yn = op(rn)
means that yn = xnrn and xn converges to zero in probability as n tends to infinity.
The expressions yn

p−→ y and yn
a.s.−−→ y denote convergence in probability and almost

sure convergence respectively.

2.2 System and model considerations

In this thesis, we will assume that the system to be identified enjoys certain properties.
First, the systems we study are assumed to be linear and time-invariant (LTI). A
system is linear when its output to a linear combination of inputs is equal to the
same linear combination of outputs obtained from the individual inputs. A system
is time-invariant when its output does not depend on the instant of time when
the input was applied. Furthermore, we assume that the systems we encounter are
causal, which means that the output of a system at a given time instant t only
depends on the values of the input up to time t. Although several methods presented
here can be extended to multi-input multi-output (MIMO) systems, we only study
single-input single-output (SISO) systems. We also assume that the systems are
asymptotically stable.

One key aspect when describing dynamical systems is their nature in time. An
asymptotically stable, causal, LTI continuous-time system is a mapping between
a continuous-time input {u(t)} and a continuous-time output {y(t)} that can be
expressed through a linear high-order differential equation of the form

an
dny(t)

dtn + an−1
dn−1y(t)

dtn−1 + · · ·+ a1
dy(t)

dt + y(t) = bm
dmu(t)

dtm + · · ·+ b0u(t), (2.1)

where m and n are non-negative integers such that n ≥ m, and a1, a2, . . . , an are
real numbers such that the polynomial A(s) := ans

n + an−1s
n−1 + · · ·+ a1s+ 1 has

all its (complex) roots in the open left half plane. The difference n−m is the relative
degree of the continuous-time system. When m < n, which is the case studied in
this thesis, we say that the system is strictly proper. In (2.1) we assume that the
input does not have an inherent time-delay.

Sometimes it is convenient to use operator notation to denote the operation of
differentiation. Consequently, we can use the Heaviside operator p to formally write



2.2. System and model considerations 13

the system in (2.1) as1

G(p) = B(p)
A(p)

= bmp
m + bm−1p

m−1 + · · ·+ b0
anpn + an−1pn−1 + · · ·+ a1p+ 1 . (2.2)

We assume that the polynomials A(p) and B(p) are coprime. If G(p) is not viewed
as an operator but as a function of a complex variable s, it is called the transfer
function of the continuous-time system [48], and it is the Laplace transform of the
impulse response of the system (2.1) with initial conditions equal to zero.

The key assumption we use is the notion of a true system, that is, the sys-
tem we intend to describe is in fact of the form (2.2) for certain (real) values of
a1, a2, . . . , an, b0, b1, . . . , bm. We will usually write these true values in a parameter
vector

θ∗ :=
[
a∗1, a∗2, . . . , a∗n∗ , b∗0, b∗1, . . . , b∗m∗

]>
. (2.3)

Following this notation, G∗(p) is the (true) system under study, with B∗(p) and
A∗(p) being the m∗-th order numerator and n∗-th order denominator polynomials
of G∗(p), respectively.

Alternatively, in many cases one can analyze dynamical systems by solely consid-
ering their behavior in certain time instants. A causal LTI discrete-time system is a
mapping between an evenly-sampled discrete-time input {u(tk)} and discrete-time
output {y(tk)} that can be written as a linear recursive equation of the form

y(tk+n) + αn−1y(tk+n−1) + · · ·+ α0y(tk) = βmu(tk+m) + · · ·+ β0u(tk), (2.4)

where, similarly to the above, we can use operator formalism to rewrite the system
as

y(tk) = B(q)
A(q)u(tk)

= βmq
m + βm−1q

m−1 + · · ·+ β0

qn + αn−1qn−1 + · · ·+ α0
u(tk), (2.5)

where H(q) := B(q)/A(q), when not viewed as an operator but as a function of a
complex variable z, is the transfer function of the discrete-time system, and is the
Z-transform of the impulse response of the system (2.4) with initial conditions equal
to zero. The transfer function H(z) is said to be asymptotically stable if and only if
the roots of A(z) are all located in the open unit disk of the complex plane. The
difference n−m is the relative degree of the discrete-time system.

Another convenient way to writing the discrete-time system (2.5) is by using the δ
operator [79]. This operator is particularly useful when rapid sampling is used, since

1For certain methods, we will instead consider a monic denominator of the form A(p) =
pn + an−1pn−1 + · · ·+ a1p+ a0. This decision can be made without loss of generality.
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the parameters of systems in the δ domain are not as statistically ill-conditioned as
the ones in the q domain. In the simplest embodiment2 of the δ operator, the q and
δ operators are linked by the relation

δ = q − 1
h

,

where h is the sampling period. The transform variable in this case is denoted by γ,
and the δ-Transform of a signal {f(kh)} is defined by

T {f(kh)} := h

∞∑
k=0

f(kh)(1 + hγ)−k,

which leads to an alternative description of the discrete-time system (2.5) as S(γ) =
hH(1 + hγ), where H(·) is the discrete-time transfer function in the z-domain.

The goal in continuous-time system identification

The true parameter vector θ∗ of the continuous-time system, together with its
dimension, is generally unknown for the practitioner. Thus, it must be estimated
from data collected in an identification experiment. We seek to find a model of the
continuous-time system G∗(p) of the form (2.2) parameterized by the vector

θ =
[
a1, a2, . . . , an, b0, b1, . . . , bm

]>
(2.6)

that can represent the system faithfully. We explore different methods for obtaining
accurate models for G∗(p), such that there exist statistical guarantees of convergence
to the true parameters as we acquire an increasing number of samples, and a notion
of “asymptotically optimal precision” of our model with respect to the true system,
which we will detail more precisely in Section 2.3.

Intersample behavior assumptions

Depending on the intersample behavior of the discrete-time input {u(tk)}, it may
or may not be possible to obtain an equivalence between the descriptions in (2.1)
and (2.4). By equivalence we mean that, for a continuous-time input that has a
known intersample behavior, we can find a discrete-time representation that delivers
an exact representation of the continuous-time output at the sampling instants.
Since the intersample behavior of the input may not be known, it is common to
base our derivations on an intersample behavior guess or assumption on how a
continuous-time signal is reconstructed from sampled data. From this reconstruction,
we can establish exact relationships between discrete-time and continuous-time

2In Subsection 2.3.2 we mention other definitions of the δ operator, all of which serve as tools
for increasing numerical robustness.
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systems. If the reconstruction matches the true intersample behavior of the signal,
we say that we have assumed the correct intersample behavior.

One typical intersample behavior assumption is provided by a zero-order hold
(ZOH) device. This assumption considers the signal to be constant between consec-
utive samples. That is, for every t, a continuous-time version of a sampled signal
{u(tk)} is reconstructed as

u(t) = u(tk), tk ≤ t < tk+1. (2.7)

For sampled signals with a constant sampling period h, if the input is constant
between samples, an exact relation between continuous-time and discrete-time
systems can be found [12]:

H(z) = z − 1
z
Z
{
L−1

{
G(s)
s

}
t=kh

}
. (2.8)

The zero-order hold assumption can be regarded as an extrapolation using
a polynomial of degree zero [12]. For smooth input signals, it is possible to use
higher-order extrapolations. For example, a first-order hold (FOH) reconstruction
is obtained by computing the line between the two most consecutive samples. A
similar expression relating H(z) and G(s) as in (2.8) can then be obtained [144].

Apart from zero or first-order hold setups, we can also study a band-limited (BL)
setup [92]. In this case, the input is assumed to be a signal that has energy only
on a particular finite band of frequencies, which permits full reconstruction of the
intersample behavior. In general, this setup is considered in an errors-in-variables
framework, where noisy samples of the BL signal are measured [90]. It is also noted
in [90, Chap. 13] that mixing intersample behavior and model assumptions can
greatly impact the performance of the estimation method in use.

The noise model

So far, we have described the true continuous-time system and model transfer
functions that are of interest throughout this text. We shall assume that in general
we do not have access to the signals of true continuous-time system, but to those of
a noisy version of it. Following (2.1) and (2.2), one could consider

y(t) = G∗(p)u(t) + v(t), (2.9)

where {v(t)} is a band-limited continuous-time white noise process. Usually standard
continuous-time white noise, understood as a stochastic process whose spectral
density is constant in all the real frequency line, is not suitable due to its infinite
variance, which carries theoretical and practical problems [6]. In this thesis, we
depart from (2.9) since we assume that only a sampled version of the continuous-time
output is measured. Thus, we instead follow a hybrid modeling approach where a
continuous-time plant model that is contaminated by discrete-time noise needs to
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be estimated from data. This description is quite popular and practical [36, 58, 142]
as we typically only have access to the output at particular instants in time. In
other words, the system we model is of the form

x(t) = B∗(p)
A∗(p)u(t) (2.10a)

y(tk) = x(tk) + v(tk), (2.10b)

where k = 1, . . . , N , with N being the number of samples extracted from an
identification experiment, and v(tk) is assumed to be a zero-mean random process.
In the case when v(tk) is a white noise process, the structure in (2.10) is known as
an Output Error (OE) structure, as the noise source is assumed to be present in the
output measurement only.

Remark 2.1. Another approach in the literature is to view the SISO continuous-
time system as a linear stochastic differential equation, which has a parameterized
model in the state-space form

dx(t) = A(θ)x(t)dt+ B(θ)u(t)dt+ dw(t)
dy(t) = C(θ)x(t)dt+D(θ)u(t)dt+ dv(t),

where A(θ),B(θ),C(θ) and D(θ) are θ-dependent matrices of suitable dimension,
with w(t) and v(t) being Wiener processes of finite incremental covariances, possibly
dependent on θ as well. Issues in sampling such systems were studied in [75], and
identification in this framework was covered in, e.g., [145], where the data was
assumed to be fastly sampled, so that the identified matrices in the δ-domain
approximate well the true continuous-time state-space matrices. A more general
setup, consisting of partially observed nonlinear stochastic differential equations, was
considered in [63]. Other interesting results about identification of linear stochastic
differential equations can be found in [64].

2.3 Continuous-time identification methods

Continuous-time system identification can be undertaken in both time and frequency
domains. In this thesis we focus only on time-domain methods, even though there
is an important body of work dedicated to continuous-time system identification
in the frequency domain. An overview of popular methods for frequency-domain
system identification is presented in [92], in which the frequency-domain Gaussian
Maximum Likelihood estimator is suggested. Estimation of continuous-time power
spectral densities has also been studied from the frequency-domain perspective
in [39].

In continuous-time system identification in the time domain there are two main
approaches, namely the indirect and direct approaches [94]. In the indirect approach,
a discrete-time model is first identified using measured input and output data, and
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then it is transformed into continuous-time form. On the other hand, the direct
approach identifies a continuous-time model straightaway, avoiding discrete-time
intermediate models. In both approaches, point estimators are used for generating
an estimate of θ∗. Before analyzing the indirect and direct approaches in more
detail, we will first present some important asymptotic properties that good point
estimators should enjoy. Afterwards, we will discuss the most popular methods
in each approach. These methods and statistical concepts are important for the
development of this thesis, as we cover both indirect (Ch. 3) and direct approaches
(Chs. 4 and 5), and study their asymptotic properties. Since the methods we study
here are applicable mostly to OE model structures, we focus our attention to this
form only. Extensions of the estimators reviewed here for general model structures
can be readily found in the literature [31, 70, 115].

2.3.1 Properties of estimators
In any parametric continuous-time identification method, a set of noisy input and
output data that was obtained from the true system is used to estimate the true
parameter vector θ∗ in (2.3). A point estimator is a function that maps the observed
data into an estimate θ̂N ∈ Θ of θ∗, where N is the number of input and/or output
data points used to form the estimate, and Θ is the parameter space. Since only
point estimators will be covered in this thesis, we will simply refer to them as
estimators. Their dependence on N will be made explicit in this section only for
clarity purposes.

In order to study the properties of an estimator, it is important to understand
the relationship between θ̂N and θ∗ for an increasing number of data points N .
Since the parameter θ∗ is unknown, it is desired that the estimator enjoys properties
that hold for a large set of possible true parameters. One of these properties is
consistency:

Definition 2.1 (Consistency). An estimator sequence {θ̂N}∞N=1 of a parameter θ∗
is consistent if

θ̂N
a.s.−−→ θ∗ ∀θ∗ ∈ Θ,

as N →∞, where a.s.−−→ denotes almost sure convergence [16].

Remark 2.2. Some authors make the distinction between weak and strong con-
sistency depending on whether the convergence is in probability or almost surely
respectively, and define consistency as the former [65]. We follow the notation
of [115], where consistency is defined almost surely. Also, when analyzing asymptotic
properties we shall frequently use the term estimator instead of the more accurate
but cumbersome term estimator sequence.

Given an identification method, it may be possible that consistency depends on
certain factors of the identification experiment, such as the system or noise model
parameters. In some cases, estimators can be proven to be “almost always consistent”,
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which means that consistency will be achieved for all except (possibly) certain
pathological cases. In that case, such estimator is referred to as being generically
consistent. We provide the precise definition of this property in Definitions 2.2
and 2.3.

Definition 2.2 (Generically true statement [114]). Let Ω be an open set in some
Euclidean space Rn. A statement s, which depends on the elements ρ of Ω, is
generically true with respect to Ω if the set

M = {ρ | ρ ∈ Ω, s is not true}

has Lebesgue measure zero in Ω.

Definition 2.3 (Generic Consistency). An estimator θ̂N of a parameter θ∗ is
generically consistent with respect to a set of possible values of θ∗ ∈ Ω if the
statement s = {θ̂N is consistent} is generically true with respect to Ω.

When assessing the precision of an estimator, the requirement of achieving a
uniformly minimum mean square error is typically too stringent and unrealistic [47].
Therefore, it is common to concentrate on the class of consistent estimators of the
unknown parameter θ∗, and on the asymptotic covariance matrix of those estimators,
which is given by

AsCov(θ̂N ) := lim
N→∞

NE{(θ̂N − θ∗)(θ̂N − θ∗)>}. (2.11)

Our interest is to construct consistent estimators that have the least asymptotic co-
variance possible. To formalize this goal, we first define a property that characterizes
all consistent estimators that have optimal dispersion properties.

Definition 2.4 (Asymptotic Efficiency). A consistent estimator θ̂N is said to be
asymptotically efficient if, for all other estimators θ̃N of θ∗, it holds that

lim
N→∞

NE{(θ̃N − θ∗)(θ̃N − θ∗)>} � lim
N→∞

NE{(θ̂N − θ∗)(θ̂N − θ∗)>},

assuming the limits exist.

One way to show that an estimator is asymptotically efficient is to derive a
lower bound on the asymptotic covariance of any consistent estimator, and later
prove that this bound is achieved for that estimator. It can be shown (see, e.g., [65,
Theorem 2.6. p. 440]) that, under mild conditions, the asymptotic covariance (2.11)
of a consistent estimator is lower bounded in a positive semi-definite sense by

PCR =
[

lim
N→∞

1
N

E
{(

∂ log p(yN ;θ)
∂θ

)(
∂ log p(yN ;θ)

∂θ

)>}∣∣∣∣
θ=θ∗

]−1

, (2.12)

for all values of θ∗, except for a set of Lebesgue measure zero. Here, yN is the vector
of the full data y(t1), . . . , y(tN ), and p(yN ;θ) is the probability density function
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(PDF) of yN , which is parameterized by the vector θ. We call (2.12) the asymptotic
Cramér-Rao lower bound (CRLB) on AsCov(θ̂N ). In (2.12), the expression inside
the inverse is known as the Fisher information matrix per sample.

Thus, if the estimator θ̂N is consistent and its asymptotic covariance coincides
with the CRLB, then the estimator is asymptotically efficient.

2.3.2 Indirect approaches

One approach to identify a continuous-time system is to first estimate the discrete-
time model given the input and output data samples, and then translate this
model into continuous time. This is called the indirect approach, since it relies on
discrete-time system identification techniques instead of immediately obtaining a
continuous-time model using continuous-time system identification methods.

First step: discrete-time system identification

Much has been written regarding the first step of the indirect approach [70, 115].
In the following, we will only focus on the most common methods for performing
discrete-time system identification, which are the Prediction Error Method (PEM)
and the Maximum Likelihood technique (ML). These estimators are closely linked,
as we will see.

Before choosing a method, a discrete-time model structure should be selected.
There are several model selection tools for this, such as AIC [3], BIC [102], MDL [95],
among others. For the first step of the indirect approach, only the number of poles of
the discrete-time model is chosen. That is, the following fully parameterized causal
discrete-time model structure is usually proposed:

H(q) = βn−1q
n−1 + βn−2q

n−2 + · · ·+ β0

qn + αn−1qn−1 + · · ·+ α1q + α0
, (2.13)

where we denote the discrete-time parameter vector as

η :=
[
α0, α1, . . . , αn−1, β0, β1, . . . , βn−1

]>
.

In contrast to the direct approach, in the indirect approach it is convenient to
always estimate a discrete-time transfer function with relative degree equal to one.
This insight is derived from the fact that, when sampling a continuous-time system
through a ZOH, its equivalent discrete-time model will usually have relative degree
equal to one, independent of the relative degree of the underlying continuous-time
system. This claim is more precisely stated in the following proposition.

Proposition 2.1. Consider a transfer function G(s) with relative degree at least
one. The relative degree of the ZOH-equivalent of G(s) is one if and only if g(h) 6= 0,
where g(t) is the step response of G(s) and h is the sampling period.
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Proof. The ZOH-equivalent of G(s), denoted H(z), can be computed by

H(z) = z − 1
z
Z{g(kh)}

= z − 1
z

(
g(h)
z

+ g(2h)
z2 + · · ·

)
= g(h)

z
+ g(2h)− g(h)

z2 + g(3h)− g(2h)
z3 + · · · ,

from which the statement follows.

After deciding the model structure, the estimation method must be chosen. One
widely popular method is the prediction error method. The idea of PEM is to choose
the parameter vector estimate that minimizes a cost function of the prediction
errors—that is, the difference between the observed output data at a certain time
and its predicted value with a certain model, based on past data.

In other words, we shall select the parameter vector that minimizes the cost

VN (η) = 1
N

N∑
k=1

l(ε(tk,η)),

where l(·) is a scalar non-negative function and ε(tk,η) is the prediction error at
time tk, which depends on the discrete-time model parameter vector η. For causal
systems operating in an OE framework, and for a quadratic cost function, we must
minimize

VN (η) = 1
N

N∑
k=1

(
y(tk)− B(q,η)

A(q,η)u(tk)
)2

. (2.14)

Thus, the estimate of the underlying discrete-time system being identified is com-
puted as

η̂N = arg min
η
VN (η).

The PEM estimator is closely linked to the Maximum Likelihood estimator, which
can be equivalently used to obtain a discrete-time model for the indirect approach.
The idea of ML is to describe the observed data set yN := [y(t1), . . . , y(tN )]> as a
realization of a stochastic vector, which has a certain PDF. Then, the ML estimate
is the parameter vector that maximizes the likelihood that the realization should
take the observed values.

More formally, the ML estimator is computed by

η̂N = arg max
η

p(yN ;η)

= arg max
η

log p(yN ;η),
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where the second equality holds because log(·) is monotonically increasing. When
the prediction errors ε(tk,η) are assumed to be zero-mean Gaussian distributed
with variance σ2, then

log p(yN ;η) =
N∑
k=1

log p(ε(tk,η);η, σ2)

= −N2 log(2π)− 1
2 log(σ2)− 1

2σ2

N∑
k=1

ε2(tk,η). (2.15)

Regardless of having a known or unknown noise variance σ2, the ML estimator is
in fact minimizing the quadratic cost in (2.14), which means that this estimator
coincides with the PEM estimator in this case.

The ML and PEM estimators are known to give consistent and asymptotically
efficient estimates under very general conditions. In [10], ML was introduced for
ARMAX models, and its consistency, asymptotic efficiency and normality were stud-
ied. Asymptotic properties of PEM were obtained in [15], and results on asymptotic
accuracy of approximate prediction error methods were developed in [74]. The main
ideas behind the proofs of these properties can be found in [70, Chap. 9].

Second step: Transformation into a continuous-time model

The next step is to transform this discrete-time transfer function into an adequate
continuous-time model. The return from the conventional discrete-time model to a
continuous-time model is not possible without assumptions on the behavior between
the sampling intervals. For example, if it is known that the input has a ZOH
intersample behavior, then the theoretically optimal transformation is the inverse
ZOH mapping, i.e., the inverse of (2.8). For the case when there is no negative
real pole in the discrete-time transfer function, and the angular sampling frequency
is assumed to be larger than twice the largest imaginary part of the continuous-
time transfer function poles, this transformation is unique and straightforward [61].
Usually it is done by taking the matrix logarithm of a partitioned state-space
matrix [12]. In particular, if Ac and Bc are the state transition matrices of the
continuous-time system, and Ad and Bd are their discrete-time counterparts, then[

Ac Bc

0 0

]
= log

([
Ad Bd

0 I

])
. (2.16)

If there is a negative real pole in the discrete-time model, then the partitioned
matrix in the right hand side of (2.16) has at least one negative eigenvalue, which
leads to the transformation not being unique. It can be shown that a discrete-time
model with poles on the negative real axis may be interpreted as a sampled (at
the Nyquist frequency) continuous-time system of a degree equal to the number of
discrete poles, where poles on the negative real axis are counted twice [96]. This



22 Background

δ Approximation of the derivative operator
(1− q−1)/(hq−1) Forward Euler

(1− q−1)/h Backward Euler
(2/h)(1− q−1)/(1 + q−1) Tustin

Table 2.1: Different equivalences between δ and q operators. Each relationship maps
the stability region differently, and causes different frequency distortions. A comparison
of these approximations is provided in, e.g., [12, Ch. 8].

means that if a pole on the negative real axis is obtained, then the continuous-time
system should be sampled faster to overcome missing information due to sampling
at the Nyquist frequency.

If the intersample behavior of the input is not known, then it might be useful
to extract data with small sampling periods. However, this may lead to numerical
issues in the z-domain, as the estimated poles will all be mapped close to the
point (1, 0j) in the z-plane. A possible solution to this problem is provided by
the δ operator [79], which provides an approximation of the derivative operator.
By converting the discrete-time model into a model in the δ-domain, the models
obtained through the δ operator converge to their original continuous-time models
as the sampling time approaches zero [94]. Thus, the model where δ ≈ p can be
a reasonable continuous-time model of the underlying continuous-time system for
fast sampling rates. Note that it is also possible to directly estimate the equivalent
system in the δ-domain, as done in [26].

Remark 2.3. The approximation we use for the derivative leads to different δ
operators, which differ in which frequency bands are more accurately represented.
Different approximations can be found in Table 2.1, as reported in [94].

Benefits and drawbacks

As with any method, the indirect approach has both benefits and drawbacks. On
a positive note, this approach is based on solid theoretical foundations, as most
of the available system identification methods have been investigated in discrete-
time scenarios [70, 115]. Also, even though continuous-time models are ultimately
estimated, no handling of derivatives of inputs or outputs is needed.

There are also reasons why this approach is not always recommended. First, it
may suffer from numerical inaccuracies at fast sampling, and it requires a precise
initialization. Non-uniformly sampled signals also carry a problem, as discrete-time
models would necessarily be time-varying [29]. In addition, it is not possible to easily
select the desired numerator order of the continuous-time model, as the estimated
discrete-time model will generally lead to a continuous-time model with relative
degree equal to one in the case of sampling by a zero-order hold mechanism.
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2.3.3 Direct approaches
In direct continuous-time system identification, a continuous-time model is obtained
directly from the sampled data. Just as for the indirect approach, there are many
procedures that have been developed (see, e.g., [78, 94, 98]). These methods have
achieved remarkable success in many practical applications [31, 137, 141]. Here, we
shall consider methods based on least squares and instrumental variables algorithms.

In the next two subsections, we describe the methods as presented in [32].

State-variable filter method

One of the main problems in the direct approach is how to reconstruct time-
derivatives. If the derivatives of the input and output were known from the identifi-
cation experiment, then estimating the parameters θ∗ could be done by following a
least squares approach to (2.1). This idea gave birth to the state-variable filter (SVF)
method, which was one of the first methods ever developed for continuous-time
system identification [130].

Let us consider the differential equation in (2.1), written in operator form:

anp
ny(t) + · · ·+ a1py(t) + y(t) = bmp

mu(t) + · · ·+ b0u(t). (2.17)

Since only samples of u(t) and y(t) are (approximately) known, the signals piy(t) and
plu(t), for i = 1, . . . n and l = 1, . . . ,m are not directly available. Even if a suitable
intersample behavior were assumed, the high-order derivatives of y(t) and u(t) may
be highly inaccurately known. Thus, instead of this, we apply a continuous-time
low-pass filter F (p) to both sides of (2.17), resulting in

anp
nF (p)y(t) + · · ·+ a1pF (p)y(t) + F (p)y(t)

= bmp
mF (p)u(t) + · · ·+ b0F (p)u(t). (2.18)

The filter F (p) is typically chosen to be a low-pass filter with DC gain equal to one,
of the form

F (p) = λn

(p+ λ)n ,

where λ > 0 is a user-defined breakpoint frequency. From now on, we denote the
filtered reconstructed input F (p)u(t) and filtered reconstructed output F (p)y(t) as
uf (t) and yf (t), and their i-th derivatives as u(i)

f (t) and y
(i)
f (t) respectively.

Note that the filter F (p) must have relative degree greater than or equal to n,
so that the transfer functions piF (p), i = 1, . . . , n, are all causal. This permits the
filtering of the sampled input and output signals through causal continuous-time
filters. Since these signals are only known at specific time instants tk, it is necessary
to assume an intersample behavior of the input and output in order to perform
the continuous-time prefiltering. Once the intersample behavior is assumed, the
(causal) filtering can be done in continuous-time, and the resultant signal can then
be evaluated at tk. If the sampling is done evenly in time and a ZOH or FOH
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assumption is used, then this process can be done fully in discrete-time by applying
the ZOH or FOH equivalents of the continuous-time filters to the discrete-time data.
On the other hand, if non-uniformly sampled data is considered, then an adaptive
ordinary differential equation solver, such as the Dormand-Prince method [25], can
be used to obtain accurate values of the filtered signals [57].

If additive noise is present in the measurements, we can rewrite (2.18) as a
standard linear regression

yf (tk) = ϕ>f (tk)θ + ε(tk), (2.19)

with ϕf (tk) being the regressor vector, which is given by

ϕf (tk) =
[
−y(1)

f (tk), . . . , −y(n)
f (tk), uf (tk), u

(1)
f (tk), . . . , u

(m)
f (tk)

]>
,

while θ is described by (2.6). Now, from N available samples of the input and output
signals observed at times t1, . . . , tN , the SVF method delivers estimates that are
computed by

θ̂LS =
[
N∑
k=1

ϕf (tk)ϕ>f (tk)
]−1 N∑

k=1
ϕf (tk)yf (tk). (2.20)

Remark 2.4. The SVF method is closely related to the generalized Poisson moment
functionals (GPMF) approach, which was developed later [99]. In fact, the minimal-
order GPMF method may be considered as a particular case of the SVF method [34].

The SVF estimator provides a simple way to obtain a first estimate of the
continuous-time system, and thus it can be used as an initialization estimate for
other algorithms [137]. In this method the intersample behaviors of the input and
output must be assumed, and λ is a tuning parameter, which is typically chosen
such that the bandwidth of the system of interest is contained in the pass-band of
F (p). One major drawback of this method is that, unless the additive noise ε(tk)
in (2.19) is white, it is known to be inconsistent. To see this, note that if the true
system has the form (2.10) where {v(tk)} is white noise stochastic process, then we
can write

yf (tk) = ϕ>f (tk)θ∗ + vf (tk), (2.21)
where vf (tk) = F (p)v(tk). Thus, the bias of the SVF estimator is given by

θ̂ − θ∗ =
[
N∑
k=1

ϕf (tk)ϕ>f (tk)
]−1 N∑

k=1
ϕf (tk)vf (tk). (2.22)

As N tends to infinity, under stationarity conditions we can see from (2.22) that
the bias will asymptotically depend on E{ϕf (tk)vf (tk)}. Since ϕf (tk) is a function
of the output measurements y(tk), which in turn depends on the noise signal v(tk)
and its previous values, this expectation is in general different from zero.

One possible solution to the asymptotic bias problem is to use instrumental
variable methods, as we will discuss next.
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Simplified refined instrumental variables

We will first introduce the idea of instrumental variables in the context of continuous-
time system identification, as a prequel to presenting the Simplified Refined In-
strumental Variable method for Continuous-time systems (SRIVC). In the basic
instrumental variable method [132], the parameter vector is estimated by

θ̂ =
[
N∑
k=1

ϕ̂f (tk)ϕ>f (tk)
]−1 N∑

k=1
ϕ̂f (tk)yf (tk), (2.23)

where ϕ̂f (tk) is called the instrument vector or vector of instruments [114]. By
using (2.21), the bias of this estimator satisfies

θ̂ − θ∗ =
[
N∑
k=1

ϕ̂f (tk)ϕ>f (tk)
]−1 N∑

k=1
ϕ̂f (tk)vf (tk). (2.24)

The key idea behind instrumental variables is to choose ϕ̂f (tk) such that the expected
value E{ϕ̂f (tk)vf (tk)} is equal to zero, while yielding consistency if the matrix
E{ϕ̂f (tk)ϕ>f (tk)} is invertible. That is, we should consider instruments that are
correlated with the regressors ϕf (tk), while being uncorrelated with the (prefiltered)
noise sequence vf (tk). One possible instrument vector can be

ϕ̂f (tk) =
[
−x̂(1)

f (tk), −x̂(2)
f (tk), . . . , −x̂(n)

f (tk), uf (tk), . . . , u
(m)
f (tk)

]>
,

where x̂f (tk) is the estimated filtered noise-free sampled output, which is computed
as

x̂f (tk) = F (p)B(p, θ̂LS)
A(p, θ̂LS)

u(tk), (2.25)

with θ̂LS
N denoting the SVF estimate.

Remark 2.5. In (2.25) we have introduced a mixed notation of continuous-time
filters with discrete-time signals that will be used throughout the thesis. If G(p) is
a continuous-time filter, and {x(tk)} is a sampled signal, then G(p)x(tk) implies
that the signal x(tk) is interpolated using either a ZOH or FOH, and the resulting
output of the filter is sampled at tk. Note that the implementation of these filtering
operations can have an important impact on the performance of the estimator. In
particular, if the intersample behavior of the input is not known, a high sampling
frequency is often required for minimizing the effect of incorrect assumptions of the
behavior in between samples [32].

The final step is to choose F (p) properly. For this we can shift our attention
to prediction error methods. For the output error case, PEM tries to minimize a
least-squares criterion of the following error function (cf. (2.14))

ε(tk) = y(tk)− B(p)
A(p)u(tk). (2.26)
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In the continuous-time system identification literature, the expression in (2.26) is
commonly called generalized equation error (GEE) [133]. The GEE can also be
written as

ε(tk) = A(p) 1
A(p)y(tk)−B(p) 1

A(p)u(tk),

or equivalently,

ε(tk) = any
(n)
f (tk) + an−1y

(n−1)
f (tk) + · · ·+ yf (tk)− b0uf (tk)− · · · − bmu(m)

f (tk),
(2.27)

where the continuous-time filter F (p) was chosen as 1/A(p). Unfortunately, this filter
depends on the parameters we are trying to estimate. Thus, instead of a standard
linear regression, we have obtained a pseudo linear regression [118] of the form

yf (tk) = ϕ>f (tk)θ + ε(tk), (2.28)

where pseudo refers to the fact that the parameter vector θ is also present in the
regressor vector ϕf (tk) and the filtered output yf (tk).

One problem with this formulation is that the filter F (p) is not known a priori.
Also, we cannot always assume that the measurement noise in (2.10b) is white;
it is likely that it is in fact colored. These issues are simultaneously solved by
proposing an iterative instrumental variable method, which in its basic embodiment
is called the SRIVC method. To solve the first problem, the SRIVC estimator uses
a previous estimate of the polynomial A(p,θj) to form F (p), which transforms the
pseudo linear regression in (2.28) into a simple linear regression problem. Instead
of least squares, an instrumental variable approach is used to solve the possible
bias problems with colored noise. Once the estimate θj+1 is obtained, it is used to
improve the estimate for F (p), and the process is repeated until a maximum number
of iterations is reached or until the relative error between the previous and current
estimate is smaller than a preset tolerance factor.

Initialization of the SRIVC estimator involves the selection of a suitable initial
prefilter polynomial 1/A(p,θ1). This can be done by obtaining a model estimate
through the SVF method previously described, which requires the specification
of the bandwidth λ. Alternatively, the SRIVC estimator can be initialized with
the continuous-time equivalent of a model estimate provided by an algorithm for
discrete-time model estimation. In particular, the discrete-time version of SRIVC,
SRIV, is the preferred option in [29] for regularly sampled data. Further discussion
on initialization aspects can be found in [140].

A detailed description of the SRIVC estimator can be found in Algorithm 2.1.

Remark 2.6. An extension of the SRIVC algorithm for hybrid Box-Jenkins models,
called RIVC, has been suggested in [142]. An approach where the RIV algorithms
in z, s and δ-domains are unified was presented in [139]. In this thesis, we are
particularly interested in the SRIVC algorithm described above and thus we do not
review these extensions of the method. Regarding the theoretical properties of the
SRIVC method, we leave this discussion for Chapter 4.
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Algorithm 2.1 : Simplified Refined Instrumental Variable method for Continuous-
time systems (SRIVC)

1: Input: {u(tk), y(tk)}Nk=1, model order (n,m), initial vector estimate θ1, tolerance
ε and maximum number of iterations M

2: Using θ1, form the estimated system polynomials A1(p) and B1(p)
3: j ← 1, flag← 1
4: while flag = 1 and j ≤M do
5: if 1/Aj(p) is unstable then
6: for i = 1, . . . , n do
7: if pole pi of 1/Aj(p) is unstable then
8: Re{pi} ← −Re{pi}
9: end if

10: end for
11: Aj(p)←

∏n
i=1(p− pi)/

∏n
i=1(−pi)

12: end if
13: Prefilter the (discrete-time) input {u(tk)}Nk=1 and output {y(tk)}Nk=1 by

continuous-time filters to form

ϕf (tk)← 1
Aj(p)

[
−py(tk), . . . , −pny(tk), u(tk), . . . , pmu(tk)

]>
, (2.29)

ϕ̂f (tk)← 1
Aj(p)

[
−pBj(p)

Aj(p) u(tk), . . . , −p
nBj(p)
Aj(p) u(tk), u(tk), . . . , pmu(tk)

]>
,

(2.30)

yf (tk)← 1
Aj(p)

y(tk) (2.31)

14: Compute the parameter estimate

θj+1 ←

[
N∑
k=1

ϕ̂f (tk)ϕ>f (tk)
]−1 [ N∑

k=1
ϕ̂f (tk)yf (tk)

]
(2.32)

15: if ‖θj+1 − θj‖
‖θj‖

< ε then

16: flag← 0
17: end if
18: j ← j + 1
19: end while
20: Output: θj and its associated model Bj(p)/Aj(p).
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Benefits and drawbacks

There have been interesting works stating the benefits of direct methods for
continuous-time system identification, and in particular instrumental variable meth-
ods [29, 33]. Here we will mention some advantages, and also several difficulties
related to the direct approach.

First, in contrast to most indirect methods, the direct approach can naturally
handle non-uniformly sampled data. This is because a discrete-time model is never
computed, and hence no time-varying models are obtained. This property can be
useful for event-based sampling, as in these situations measurements are obtained
sporadically [9]. Furthermore, the a priori knowledge of the relative degree of the
continuous-time system can be easily incorporated, which leads to more parsimonious
models than the indirect approach. Also, fast sampling usually does not lead to ill-
conditioning. Since these methods do not require a discrete-time equivalent system,
they are not prone to the poor conditioning of model poles converging to the (1, 0j)
point in the z-plane, as explained in Subsection 2.3.2. This also explains why direct
methods usually deliver better results for stiff systems compared to the indirect
approach. Finally, the direct methods are known to be reliable, having more than
40 years of use in practical applications [137].

The main difficulty present in the direct methods is the handling of derivatives,
as they are not immediately available from discrete data points without amplifying
noise [94]. Also, some theoretical aspects such as convergence and influence of the
intersample behaviors are still misinterpreted or not well understood by the system
identification community.

2.4 Summary

In this chapter, we first presented some notation and aspects of linear systems. Later,
essential statistical tools were introduced, and the indirect and direct approaches to
continuous-time system identification were described, underlying their advantages
and shortcomings.

The contents exposed here mark the starting point of the developments presented
in Chapters 3, 4 and 5.



Chapter 3

Asymptotically optimal indirect approach to
continuous-time system identification

In the previous chapter, we described the two main approaches for continuous-time
system identification: indirect and direct. Now, we present a method that improves
on the standard approach to indirect continuous-time system identification, and
analyze its asymptotic properties and robustness.

3.1 Introduction

In today’s predominantly digital era, most system identification algorithms are
studied in discrete-time setups [70, 115]. When the system of interest is continuous-
time in nature instead of discrete-time, one natural approach to identify it is
to first obtain its discrete-time equivalent, and later convert it to continuous-
time. This procedure is called the indirect approach for continuous-time system
identification [94].

Even though the indirect approach seems easy to implement, as there is much
theory and literature concerning discrete-time system identification, it has important
limitations which have favored the use of the direct approaches [29, 137]. Initialization
of the indirect approaches, together with their robustness, have been put into question
in [93]. In [71] and [73], it has been suggested that a careful initialization of the PEM
must be set in order for the indirect approach to give promising results. Another
important problem of the indirect approach is the handling of the relative degree of
the estimate. As shown in Proposition 2.1 and observed in early works on indirect
methods [109], even if a fully parameterized discrete-time model is chosen, the
relative degree of the equivalent continuous-time model is usually one. Such property
is independent of the relative degree of the true continuous-time system, hence, an
unnecessarily complex model structure is being estimated with the indirect approach.
This leads to a loss in accuracy according to the parsimony principle [115, Ch. 11],
which states that, among models that explain the data similarly well, the model that
has the smallest number of independent parameters usually is the most accurate.

29
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This chapter focuses on how to solve issues of relative degree and stability
enforcement in the indirect approach method, and it is based on the works [43]
and [46]. In particular,

• we introduce a method that imposes a desired relative degree in the indirect
approach to continuous-time system identification. For this, we rely on the
Indirect Prediction Error Method (Indirect PEM)[116];

• we show that this procedure leads to consistent and asymptotically efficient
estimates of the true parameter vector for inputs constructed via a zero-order-
hold device;

• we develop a robustification procedure that enforces stability in the estimate.
This is done by constructing ellipsoidal inner approximations of the continuous-
time stability region [54]; and

• we compare the performance of this novel estimator against other indirect and
direct methods for continuous-time system identification.

This chapter is organized as follows. In Section 3.2 the problem is formulated.
Section 3.3 provides an introduction to Indirect PEM as a two-step optimization
tool. In Section 3.4 we derive an estimator that optimally enforces the desired
relative degree for the indirect approach, and determine its properties. We robustify
the novel estimator in Section 3.5. Section 3.6 illustrates the method with extensive
numerical examples. Finally, conclusions are drawn in Section 3.7.

3.2 Problem formulation

Consider an LTI, causal, asymptotically stable, SISO, continuous-time system

x(t) = G∗(p)u(t) (3.1)

= bn−rp
n−r + bn−r−1p

n−r−1 + · · ·+ b1p+ b0
pn + an−1pn−1 + · · ·+ a1p+ a0

u(t),

where r is the relative degree of the system. The numerator and denominator
polynomials of G∗(p) are assumed to be relatively prime and hence no zero-pole
cancellations occur. We denote θ∗ := [bn−r, . . . , b0, an−1, . . . , a0]> as the true
continuous-time system parameter vector.1

Suppose that the input-output signals are sampled with period h and the resulting
output is contaminated by an additive zero-mean white noise sequence {v(kh)} of
variance σ2, as depicted in Figure 3.1. That is,

y(kh) = x(kh) + v(kh), k ∈ N. (3.2)

1This description is a vector permutation of (2.3). This difference in notation is only present
in this chapter, and is used for simplicity of the computations.
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Figure 3.1: System description.

The goal of continuous-time system identification using sampled data is to obtain
a continuous-time transfer function estimate for G∗(p), given N discrete-time input-
output data measurements {u(kh), y(kh)}Nk=1 and knowledge about the physical
characteristics of the system, or the intersample behavior. In this chapter, we assume
that the input is a piece-wise constant signal between samples, i.e., the input has a
zero-order hold (ZOH) behavior [12].

A simple way to obtain a model of G∗(p) is to first identify the ZOH equivalent
model given the input and output data measurements by using standard PEM in the
discrete-time domain, and then return to the continuous-time domain via the ZOH
equivalence relation (2.8). Although this procedure has good statistical properties,
the ZOH can lead to continuous-time models having numerator parameters that
exceed the desired numerator polynomial degrees. This generally is the case when
the relative degree of G∗(p) is greater than one (see Proposition 2.1). The mismatch
in relative degree contributes to poor accuracy and high variance at high frequencies.
One very simple way of treating this issue consists in setting to zero the numerator
coefficients which should be zero, but it is known that this is not statistically
optimal [73]. Our goal is to optimally impose this constraint, which should lead to
a statistically improved estimate of the continuous-time system. To achieve this
goal, we adopt ideas from the Indirect PEM [116] technique, which will be briefly
explained in the next section.

3.3 Indirect PEM

In [116] a variant of the prediction error method was developed, called Indirect PEM.
This method provides an optimal way of reducing the size of the model structure one
considers in PEM, and is presented as follows. Consider two nested model structures
M1 and M2, where M1 ⊂M2, and suppose that we are interested in estimating a
model parameterized by θ in the model structure M1. Given measured data, suppose
that the PEM estimate is relatively easy to obtain using the model parameterized
by α in the structure M2. The idea of Indirect PEM is then to produce an estimate
in M1 using the PEM model parameters in M2 as the “data” for this estimation.

Before describing the procedure, we shall state the assumptions needed for the
model structures M1 and M2 and the data. First, the structures should be nested,
and there should exist a smooth map f : S1 → S2 that links θ with α, where
S1 ⊂ Rdim θ and S2 ⊂ Rdim α, in which the predictors in the PEM formulation are
equal. That is, if ε1(tk,θ) and ε2(tk,α) are the residuals for computing the PEM



32 Asymptotically optimal indirect approach to continuous-time system identification

estimates in model structures M1 and M2 respectively, then

ε2(tk, f(θ)) = ε1(tk,θ).

Note that S2 may be of lower dimension than the complete space Rdim α. Apart
from these assumptions, both model structures M1 and M2 should give parameter
identifiability.

The Indirect PEM procedure consists in two main steps. First, the standard
PEM is applied to the model structure M2, yielding an estimate α̂. Next, we should
check if α̂ ∈ S2. If this is the case, then we simply obtain θ̂, the Indirect PEM
estimate, as

θ̂ = f−1(α̂), (3.3)

where f−1 : S2 → S1 is the inverse function of f . If α̂ /∈ S2, which occurs in
most cases of interest2, then (3.3) cannot be used. In such a case, the following
optimization problem is proposed for finding the estimate θ̂:

θ̂ = arg min
θ

1
2 [α̂− f(θ)]>Σ̂−1

α [α̂− f(θ)] (3.4)

where Σ̂α is a consistent estimate of the covariance matrix of α̂. Note that solv-
ing (3.4) explicitly is not needed, as a single Newton-Raphson iteration of (3.4)
yields an asymptotically efficient estimator [49, Ch. 23].

In terms of statistical performance, it is shown in [116] that Indirect PEM
delivers estimates that have the same asymptotic distribution as the PEM estimates
obtained from the smallest model structure M1. It is computationally fast, and it
has also been observed in [116] that numerical issues and convergence properties
for finite sample size can be better than the results obtained using a direct PEM
estimation.

3.4 Asymptotically optimal enforcement of relative degree

In this section we develop an indirect estimator for the continuous-time parameter
vector θ∗ that renders a transfer function estimate of a desired relative degree r.
For this matter, we first focus on the PEM estimator of the ZOH equivalent model
of G∗(p).

For simplicity, we assume that the correct model order has been found. A model
with structure (2.13) is obtained by PEM, and the covariance matrix of the estimated
discrete-time parameter vector

η̂ =
[
β̂n−1, β̂n−2, . . . , β̂0, α̂n−1, α̂n−2, . . . , α̂0

]>
2In fact, usually we have dimS2 < dimα, which means that S2 has Lebesgue measure zero

over Rdim α [97].
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is also estimated. We know that the continuous-time ZOH equivalent of this model
is in general given by a transfer function with relative degree equal to one, of the
form

Ĝ(s) = b̂n−1s
n−1 + b̂n−2s

n−2 + · · ·+ b̂1s+ b̂0
sn + ân−1sn−1 + · · ·+ â1s+ â0

.

Define
θ̂ =

[
b̂n−1, . . . , b̂0, ân−1, . . . , â0

]>
,

and denote by η∗ ∈ R2n the true discrete-time parameter vector. The parameters in
θ̂ are related to η̂ by the zero-order hold equivalence equations that can be derived
by using (2.8) and comparing coefficients. This relation is a nonlinear mapping
η : θ̂ 7→ η(θ̂) = η̂, which is differentiable almost everywhere, and is bijective if the
sampling frequency (in radians) is greater than twice the largest imaginary part
of the s-domain poles [61]. The main idea of the proposed method is to apply the
Indirect PEM technique to the continuous-time parameter estimates of the indirect
approach. For this, we shall define the smooth mapping f , the subspaces S1 and S2,
compute the covariance matrix estimate Σ̂α, and solve (3.4).

Let S1 = R2n−r+1 consist of vectors of the form [bn−r, . . . , b0, an−1, . . . , a0]>,
and let

S2 = {[bn−1, . . . , b0, an−1, . . . , a0]> ∈ R2n : bn−1 = bn−2 = · · · = bn−r+1 = 0}.

Note that, from Proposition 2.1, the indirect approach estimate will in general
not belong to S2. Provided that the model order is known, the following function
f : S1 → S2 is defined as:

f([bn−r, . . . , b0, an−1, . . . , a0]>) = [0, . . . , 0, bn−r, . . . , b0, an−1, . . . , a0]>.
(3.5)

It can be readily checked that f is smooth and delivers equal predictors in its domain.
Next, we must find an estimate of the covariance matrix of θ̂, the continuous-time
estimate from the indirect approach. For this, we know that an estimate of the
covariance matrix of the discrete-time model parameters η̂ is available through
the PEM implementation in MATLAB [72], and that the following asymptotic
relationship is valid for the covariance matrices of η̂ and θ̂:

Ση̂ = E{(η̂ − η∗)(η̂ − η∗)>}
= E{(η(θ̂)− η(θ∗))(η(θ̂)− η(θ∗))>}
≈ E{J(θ̂ − θ∗)(θ̂ − θ∗)>J>}
= JΣθ̂J>, (3.6)

where J is the Jacobian matrix of η(θ) evaluated at the näıve estimation of θ∗, that
is, throwing away the high order coefficients of the numerator of Ĝ(s) which should
be zero. Note that the standard PEM estimate can also be used for this evaluation,
yielding the same asymptotic relation.
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Given that we derived all the ingredients for the proposed method based on
Indirect PEM, we now need to find an appropriate projection of θ̂ into S1. This is
done by solving the following optimization problem:

θ̃ := arg min
θ

1
2(θ̂ − θ)>Σ−1

θ̂
(θ̂ − θ) (3.7)

s.t.
[
Ir−1 0

]
θ = 0,

where Ir−1 is the identity matrix of dimension r − 1, and Σ−1
θ̂

= J>Σ−1
η̂ J. By

Lagrange multiplier theory, the optimization problem in (3.7) is equivalent to
calculating, for a suitable λ ∈ R2n−r+1,

θ̃ = arg min
θ

1
2(θ̂ − θ)>Σ−1

θ̂
(θ̂ − θ) + λ>

[
Ir−1 0

]
θ.

Partitioning Σθ̂ appropriately (dropping the subindex for simplicity), and differenti-
ating with respect to θ we obtain

θ̃ = θ̂ −

[
Σ11 Σ12

Σ>12 Σ22

][
Ir−1

0

]
λ, (3.8)

which leads to λ = Σ−1
11

[
Ir−1 0

]
θ̂ after the constraints in (3.7) are imposed. If

we denote by C the Cholesky factorization matrix [55] of Σθ̂ (i.e., a lower triangular
matrix with positive diagonal entries such that Σθ̂ = CC>), and C11,C21 and C22
as its partition matrices of appropriate dimensions, we can write (3.8) as

θ̃ = θ̂ −Σθ̂

[
Ir−1

0

]
Σ−1

11

[
Ir−1 0

]
θ̂

= θ̂ −

[
C11 0
C21 C22

][
Ir−1

0

]
C−1

11

[
Ir−1 0

]
θ̂

= C
[
0r−1 0>

0 I2n−r+1

]
C−1θ̂. (3.9)

The proposed estimator (3.9), which we will call the IPEM estimator, can be seen
as an asymptotically optimal L2 approximation to the indirect approach estimate θ̂
that imposes the desired relative degree. Note that this estimator relies on PEM
giving a good initial estimate of the continuous-time model parameters.

Remark 3.1. The relative degree of the continuous-time system is not always
known. In some practical applications, physical knowledge about the system can give
intuition. In addition, statistical measures such as the coefficient of determination [29]
or the Young Information Criterion [134], can be used to estimate the relative degree.
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3.4.1 Properties of IPEM
We present the most important properties of the IPEM estimator (3.9) in the
following theorems.

Theorem 3.1 (Consistency and asymptotic efficiency of IPEM). Consider the
system described by (3.1) and (3.2), where {v(kh)}Nk=1 is a Gaussian white noise
sequence of variance σ2. Assume that the sampling frequency 2π/h is greater than
twice the largest imaginary part of the s-domain poles and there is no delay in
the true continuous-time system.3 Then, (3.9) is a consistent and asymptotically
efficient estimator of the real vector parameter θ∗, provided the discrete-time model
set (with the chosen relative degree) contains the true discrete-time system.

Proof. Under the Gaussian noise assumption, the discrete-time PEM estimate can
be interpreted as the ML estimate. Under the proposed sampling frequency, the
z → s transformation is unique for sufficiently large N [61]. Hence, by the invariance
principle of ML estimators [146], the continuous-time system parameter vector
obtained through the inverse of the ZOH transformation of the PEM estimate is
also a ML estimate.

To prove the theorem, we only need to show that the assumptions in [116] are
satisfied in this scenario, so that we can directly apply the results obtained in [116,
Section 3] . First, note that the model structure given by this procedure contains
the models with the desired relative degree (and the inclusion is proper if r > 1),
with a smooth linear mapping f in (3.5) that can be equivalently described by the
matrix

T :=
[
0(r−1)×(2n−r+1)

I2n−r+1

]
.

Furthermore, provided that the discrete-time model set contains the true system,
both structures give parameter identifiability. Also note that Σθ̂, obtained via (3.6),
is a consistent estimate of the covariance matrix of θ̂. Hence, the results in [116]
follow. Namely, the normalized estimation errors4

√
N(θ̂−θ∗)/σ and

√
N(θ̃−θ∗)/σ

are asymptotically normally distributed with zero means and their asymptotic
covariance matrices satisfy the relation

[AsCov(θ̃)]−1 = T>[AsCov(θ̂)]−1T. (3.10)

Moreover, following the steps in [116, Section 3], the improved PEM estimate is√
N−consistent and has the same asymptotic distribution as the PEM estimate

considering the model structure consisting of models with relative degree at most
r − 1, thereby proving its asymptotic efficiency.

3These conditions can be relaxed, as long as the sampling frequency is such that the z → s
transformation is well defined.

4For simplicity, we discard the enforced zero elements of θ̃ in this analysis. We assume that
the vector θ∗ has the appropriate dimension, where its zero elements have been discarded in the
expression

√
N(θ̃ − θ∗)/σ.
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Theorem 3.2. Consider the indirect approach estimator θ̂ and the proposed esti-
mator θ̃ as described in (3.9). The asymptotic covariances of these estimators satisfy
the following properties:

• lim
N→∞

NE{(θ̃ − θ∗)(θ̂ − θ̃)>} = 0,

•AsCov(θ̃ − θ∗) = AsCov(θ̂ − θ∗)−AsCov(θ̂ − θ̃).

Proof. Both of these claims follow by applying Properties 10.5 and 10.6 from [49,
Chapter 10] to this context.

These properties imply that for sufficiently large sample size, the proposed
estimator can only decrease the covariance of the estimated parameters compared
to the standard indirect approach method. The asymptotic covariances satisfy a
Pythagorean relation, as the PEM estimate is projected orthogonally onto the proper
subspace where θ∗ lies.

Next, we establish that imposing a larger relative degree improves accuracy of
the estimates, provided that the highest relative degree model structure contains
the true system.

Theorem 3.3. Given G∗(s) of order n and relative degree r > 1, consider two
continuous-time candidate models of order n and relative degrees r1 and r2, and
their IPEM parameter vector estimates θ̃r1 and θ̃r2 respectively. If r1 < r2 ≤ r, then
their asymptotic covariance matrices satisfy AsCov(θ̃r2) � AsCov(θ̃r1).

Proof. See Appendix 3.A.

By making use of some asymptotic expressions, it is possible to obtain explicit
theoretical gains in covariance by this method. For analysis purposes only, here we
assume knowledge of the true discrete-time system’s parameter vector η∗.

Theorem 3.4. Consider the estimators θ̂ and θ̃ and their asymptotic covariances
AsCov(θ̂) and AsCov(θ̃) respectively.

1. If AsCov(θ̂) is partitioned as

AsCov(θ̂) =
[

A B
B> D

]
, (3.11)

where A ∈ R(r−1)×(r−1), and D ∈ R(2n−r+1)×(2n−r+1), then the difference
between the asymptotic covariances of the truly non-zero parameters of θ̂ and
θ̃ is given by B>A−1B � 0.

2. If {u(kh)} and {v(kh)} are white noise sequences of variance λ2 and σ2

respectively, then AsCov(θ̂) can be computed explicitly as σ2λ−2(J>SPS>J)−1,
where J is the Jacobian matrix of η(θ) evaluated at θ∗, S ∈ R2n×2n is the
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Sylvester matrix associated with the true discrete-time polynomials A∗(q) and
B∗(q), i.e.,

S =



1 α∗n−1 . . . α∗1 α∗0 0
. . .

. . .
. . .

. . .

0 1 α∗n−1 . . . α∗1 α∗0
0 −β∗n−1 . . . −β∗1 −β∗0 0

. . .
. . .

. . .

0 0 −β∗n−1 . . . −β∗1 −β∗0


, (3.12)

and
P := 1

2π

∫ π

−π

1
|A∗(ejω)|4 Γ(ejω)ΓH(ejω)dω, (3.13)

where Γ(ejω) := [ejω(2n−1), ejω(2n−2), . . . , 1]>.

Proof. See Appendix 3.B.

Theorem 3.4 quantifies the asymptotic gain in accuracy achieved with the
proposed method compared to the standard indirect approach. Intuitively, the
improvement is greater when the variance of the excess high order numerator
coefficients is low, and when these coefficients are highly correlated with the estimates
of the model parameters of interest.

3.5 Robustification: stability enforcement

The IPEM method for continuous-time systems enjoys strong asymptotic statistical
properties as seen in Theorems 3.1–3.4. However, when the number of data points
is low, or when the signal to noise ratio is low, the high order numerator coefficients
in the standard indirect estimate can be far from zero, which produces strong
perturbations in the denominator coefficients of the IPEM estimate. This can lead to
instability even if the standard indirect approach method provides a stable estimate,
as seen in the following motivating example.

Example 3.1. Consider the following continuous-time system:

x(t) = 0.67p+ 0.23
p3 + 1.83p2 + 0.99p+ 0.15u(t)

y(kh) = x(kh) + v(kh),

where {u(kh)} and {v(kh)} are white noise processes, and u(t) is piece-wise constant.
This system is asymptotically stable, with poles in s ≈ −0.97, s ≈ −0.61 and
s ≈ −0.25. The signal-to-noise ratio (SNR) between the noiseless output sequence
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Figure 3.2: Bode Diagrams of the system and models of Example 3.1. True system
(solid, red), PEM estimate (dashed, blue), and indirect PEM estimate (dash-dotted,
green).

and the additive noise is 3[dB], and 500 data points were measured. The standard
indirect approach delivered an asymptotically stable transfer function estimate

Ĝ(s) = −0.57s2 + 1.70s+ 1.72
s3 + 6.81s2 + 4.51s+ 1.16 ,

while the proposed indirect PEM estimator gave

G̃(s) = −2.33s− 4.10
s3 − 12.41s2 − 9.67s− 2.75 .

Bode diagrams of these models can be found in Figure 3.2. The IPEM estimator
delivers an unstable estimate even though both the system and the standard indirect
approach estimates are asymptotically stable.

The goal in this section is to enforce stability in the IPEM estimate. In continuous-
time systems, enforcing stability as a constraint on the parameter space can be
done through the Routh-Hurwitz criterion [48]. However, the stability domain
derived for polynomial orders greater than two is non-convex, which leads to
difficulties in optimization. This difficulty has been dealt with by obtaining convex
bounds in an EM formulation for state-space models [122], or by introducing convex
approximations of the stability region, like polyhedra in a robust control framework
[2], or ellipsoids [54]. In particular, ellipsoidal approximations have been used for
imposing stability in SRIVC in [51], and for closed-loop control design in [23].
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The key idea behind the robustification is to generate a closed convex stability
domain in the space of the parameter coefficients, and to project the standard
indirect approach estimate into the intersection of this domain with the subspace
that yields the correct relative degree. Before presenting the robust IPEM algorithm,
we introduce the techniques used to generate the closed convex stability domain.
Let

D = {s ∈ C : a+ b(s+ s̄) + css̄ < 0} (3.14)
be a given region in the complex plane, where a, b, c ∈ R. We define the vectors
x := [x0, x1, . . . , xn−1]> and x̄ := [x0, x1, . . . , xn−1, xn]> to be the coefficients
of the polynomial x(s) = xns

n + · · ·+ x1s+ x0, where we assume without loss of
generality that xn = 1. The following well-known result relates the location of the
roots of x(s) with a positive-definiteness condition, and is an extension of Hermite’s
stability criterion [87].

Lemma 3.1. ([54, 66]) The roots of the polynomial x(s) lie in D if and only if

H(x̄) =
n∑

i,j=0
xixjHij � 0,

where Hij = H>ji ∈ Rn×n are given constant matrices depending only on D, which
are computed by equating the coefficients of each side of the expression

x̄x̄> − x̃x̃> = aR>l H(x̄)Rl + b(R>l H(x̄)Rr + R>r H(x̄)Rl) + cR>r H(x̄)Rr, (3.15)

where Rl = [In 0n×1], Rr = [0n×1 In], and x̃ ∈ Rn+1 is the vector of coefficients
of the polynomial

x̃(s) =
(

b+ cs√
b2 − ac

)n
x

(
−a+ bs

b+ cs

)
. (3.16)

For the following result, we need to write the matrix H(x̄) as

H(x̄) = (In ⊗ x̄)>H(In ⊗ x̄), (3.17)

where H ∈ Rn(n+1)×n(n+1) is formed by replacing (3.17) in (3.15) and matching
polynomial coefficients. We now present a method for generating stable ellipsoids,
firstly introduced in [54] and here stated in Theorem 3.5.

Theorem 3.5. Let D be a stability region with associated matrix H, and let xC ∈ Rn
describe an n-th order monic polynomial with all its roots in D. Solve the convex
optimization problem

min
P,G,D

trace(P) (3.18)

s.t. (D⊗ In+1)H = H(D⊗ In+1)
(D⊗ In+1)H � In ⊗P + G
D = D> � 0 ∈ Rn×n,

where
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• P is a symmetric block matrix which is partitioned as

P =
[
−P PxC
x>CP 1− x>CPxC

]
,

with P � 0,P ∈ Rn×n.

• G is a symmetric block matrix

G =


0 G>21 · · · G>n1

G21 0 · · · G>n2
...

. . .
...

Gn1 Gn2 · · · 0

 ,

formed by skew-symmetric matrices Gij = −G>ij ∈ R(n+1)×(n+1).

Take P = Popt as the solution of the optimization problem stated above. Then, any
vector x such that (x−xC)>Popt(x−xC) ≤ 1 parameterizes a polynomial x(s) with
all its roots in D.

Proof. See [54].

By setting a = 0, b = 1 and c = 0, Theorem 3.5 provides an efficient procedure
for computing an ellipsoid with center at xC whose interior points represent stable
polynomials. This is a convex constraint, which can be easily included in a convex
optimization problem. Note that xC must describe a stable polynomial. Since the
stability region (in the parameter space) for the polynomial Ã(p) = pn + ãn−1p

n−1 +
· · · + ã1p + ã0 is non-convex for n > 2 [1], we shall approximate this non-convex
stability region by ellipsoids, and solve the minimization problem of indirect PEM
in (3.7) for each convex region. In summary the general procedure we propose is
described in Algorithm 3.1.

Since the system G∗(p) is assumed stable, the method proposed in Algorithm 3.1
enjoys the same asymptotic properties as the IPEM method described in Theorem 3.1.
This is due to the fact that IPEM will provide unstable models with decreasing
probability as the number of data points tends to infinity, and thus, for large
data sets, the proposed algorithm will deliver the same estimate as IPEM in (3.9).
However, it is expected that the robustified method shows greater improvement
against the estimator (3.9) for small data sets, or when the signal to noise ratio is
poor. Note that in step 6 of the algorithm, we need to choose M stable polynomials,
which correspond to the centers of the stable ellipsoids. These polynomials should be
chosen such that the global optimum belongs to at least one ellipsoid. In practice, the
user may choose to reflect the unstable poles obtained from θ̂ (as in, e.g., lines 5-12
of Algorithm 2.1), or may choose the coefficients from any other continuous-time
identification method that provides a stable estimate given the data. In that case,
any consistent method is particularly recommended.
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Algorithm 3.1: Robust IPEM for continuous-time system identification
1: Input: {u(kh), y(kh)}Nk=1, number of poles n, relative degree r, number of

ellipsoids M
2: Compute θ̂ and Σθ̂; the estimate of θ∗ by the standard indirect approach and

its covariance matrix
3: Compute θ̃, by (3.9)
4: if θ̃ describes an unstable model then
5: Compute H by equations (3.15) and (3.17)
6: Pick αi ∈ Rn, i = 1, . . . ,M , all which describe stable polynomials
7: for i = 1 : M do
8: For xC = αi, obtain Pi

opt by solving (3.18)
9: Solve

θ̃i = arg min
θ

1
2(θ̂ − θ)>Σ−1

θ̂
(θ̂ − θ)

s.t.
[
Ir−1 0

]
θ = 0,

(θ −αi)>Pi
opt(θ −αi) ≤ 1

10: end for
11: Compute

θ̃ = arg min
{θ̃i}M

i=1

1
2(θ̂ − θ̃i)>Σ−1

θ̂
(θ̂ − θ̃i)

12: end if
13: Output: θ̃ and its associated model G̃(p) = B̃(p)/Ã(p).

Remark 3.2. In the optimization procedures H must be only computed once, since
it only depends on the number of poles of the model, whose structure is assumed
fixed.

Remark 3.3. The proposed procedure can also be extended to incorporate other
constraints on the model’s poles. For example, if it is known that the true system
does not have poles with real part greater than a∗ < 0, it is only needed to adjust
the parameter a in (3.14), recompute H by using (3.15), (3.16) and (3.17), and
compute the ellipsoids accordingly.

3.6 Monte Carlo simulation studies

We now study the performance of the proposed estimator under a series of experi-
ments. This section is divided into two parts. First, the IPEM estimator in (3.9) is
tested against the standard indirect approach and SRIVC. Later, the improvement
that enforces stability is tested.
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3.6.1 Tests with IPEM

In this subsection, we test IPEM in (3.9) on the Rao-Garnier system [93], which is
a benchmark system for linear continuous-time identification. It is a linear fourth-
order non-minimum phase system with complex poles that has been tested in many
publications (see, e.g., [29, 71, 128]) of continuous-time system identification. The
system is described by the transfer function

G∗(s) = −6400s+ 1600
s4 + 5s3 + 408s2 + 416s+ 1600 . (3.19)

This system is interesting since it has two damped oscillatory modes at 2 and
20[rad/sec] with damping of 0.1 and 0.25 respectively, and it has a non-minimum
phase zero at s = 0.25. It is known that this is a particularly difficult system to
estimate by PEM and Maximum Likelihood methods, since these may converge to
a local minimum if they are not well initialized [71].

Three methods are compared: PEM, IPEM, and SRIVC. Each method is tested
in K different Monte Carlo runs, and they are evaluated according to the average
normalized square error of the system estimate

MSE Ĝ = 1
K

K∑
i=1

‖Ĝi −G∗‖22
‖G∗‖22

,

and the fit measure

Fit = 100
K

K∑
i=1

[
1− ‖ŷ

i − y‖2
‖y − ȳ‖2

]
,

where y is the noise-free output sequence, ŷi is the simulated output sequence of
the i-th estimated model, and ȳ is the average value of {y(kh)}Nk=1.

We run PEM using the MATLAB System Identification Toolbox [72] with the
oe command, and assume that the correct order of the system is known. The
search algorithm for PEM is initialized with the estimate given by the Weighted
Null Space Fitting (WNSF) method5 [28]. We base IPEM on the PEM estimate
previously obtained. The required Jacobian matrix is numerically calculated via finite
differences, and the correct relative degree is imposed. We use the command d2c of
MATLAB in both cases. The SRIVC algorithm is implemented with the CONTSID
toolbox version 7.2 for MATLAB [31, Chapter 9] with default initialization, and it
is set to estimate the model

G(s) = b1s+ b0
s4 + a3s3 + a2s2 + a1s+ a0

.

5PEM initialized with the ZOH equivalent of the SRIVC estimate (as in [73]) was also tested
with similar results.
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Table 3.1: Monte Carlo results for PRBS input of lengths N = 7161 and N = 1533.

h [s] Method MSE Ĝ (7161) Fit (7161) MSE Ĝ (1533) Fit (1533)

0.01
PEM 1.11 · 10−4 98.97 5.88 · 10−4 97.78
IPEM 0.73 · 10−4 99.12 4.03 · 10−4 98.07
SRIVC 0.73 · 10−4 99.12 4.02 · 10−4 98.07

0.05
PEM 2.00 · 10−3 98.97 7.43 · 10−4 97.79
IPEM 1.41 · 10−3 99.11 4.32 · 10−4 98.12
SRIVC 1.40 · 10−3 99.11 4.32 · 10−4 98.12

0.1
PEM 3.28 · 10−3 98.94 1.96 · 10−2 97.74
IPEM 1.91 · 10−3 99.09 1.08 · 10−2 98.03
SRIVC 1.92 · 10−3 99.09 9.99 · 10−3 97.98

Effect of the number of data points and sampling rate

In this study, we design the input as a pseudorandom binary sequence (PRBS) of
amplitude switches between 0 and 2. Two scenarios are analyzed, with different
number of data points. For the first input sequence, the number of stages of the
shift register is ten and the data length of the shortest interval is seven, leading to
a sequence of N = 7161 data points. The second input sequence has nine stages and
the data length of the shortest interval is three, resulting in an input of N = 1533
data points. The noise is a zero-mean Gaussian white noise signal in both cases,
where the variance is set such that the signal-to-noise ratio (SNR) between the
noiseless output sequence and the noise equals 10[dB].

Three Monte Carlo studies are performed with K = 500 runs of different noise
realizations each one, for h = 0.01, 0.05, and 0.1[s]. The results are shown in Table
3.1. The results in that table show that the IPEM estimator statistically improves
the estimates given by PEM, and is a very competitive method against SRIVC, even
for high frequency sampling. IPEM still outperforms PEM under less data points
for every sampling period, which indicates that the asymptotic properties studied
in Section 3.4 can be observed in practical finite data cases as well.

Remark 3.4. In Table 3.1 we have discarded cases where PEM gave estimates
with one pole in the negative real axis. Fortunately this scenario is very uncommon
(9 cases seen in 3000 runs). A similar phenomenon was observed in Table 3.1 for
h = 0.1[s] in SRIVC, where two out of 3000 estimates gave negative fits. These
simulations were not considered either.

Mean and standard deviation of the estimated parameters

As established in Theorem 3.2, IPEM should have (at least asymptotically) a smaller
parameter covariance than that of the standard indirect approach method. To test
this, we obtain the mean and standard deviation of each parameter given by the
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Table 3.2: Estimated parameter value means and standard deviations for each method,
considering h = 0.05[s] and N = 7161.

Method Parameter
True value

b3

0
b2

0
b1

−6400
b0

1600
a3

5
a2

408
a1

416
a0

1600

PEM Mean
Std. Dev.

−0.04
0.96

0.30
11.41

−6403.01
147.13

1601.33
47.85

5.01
0.40

408.16
7.98

416.25
9.27

1600.49
33.29

IPEM Mean
Std. Dev.

0
0

0
0

−6397.25
122.39

1599.79
42.39

4.99
0.32

407.88
7.11

415.84
8.33

1599.27
28.59

SRIVC Mean
Std. Dev.

0
0

0
0

−6399.19
132.05

1600.49
44.21

5.01
0.34

407.99
7.75

416.61
8.98

1599.71
31.1

Monte Carlo study under the same setup as before, with K = 500, h = 0.05[s],
N = 7161, and under the same stopping rule stated in Remark 3.4. The results in
Table 3.2 show that the mean values are similar for all methods (except standard
PEM, which does not estimate the correct model structure), and IPEM provides
the lowest standard deviation for every parameter.

Direct comparison with standard PEM

We now analyze the improvements of the new method over the PEM estimates.
To show the impact of enforcing the correct relative degree, we focus on the Bode
diagrams of the continuous-time models obtained by PEM and IPEM. In Figure 3.3
we plot the frequency response estimates of 100 Monte Carlo runs for h = 0.05[s] and
N = 7161. It is clear that the improvement over PEM is mainly at high frequencies;
this is intuitive, since the relative degree determines the asymptotic slope of the
Bode diagram of magnitude. The proposed method enforces the true asymptotic
slope, leading to an important gain in accuracy in both magnitude and phase.

Also, direct comparison plots between PEM and IPEM are shown in Figure 3.4.
These plots compare the normalized model and parameter error, and the fit of PEM
and IPEM for each Monte Carlo run (500 in total). IPEM outperforms the standard
indirect approach in most Monte Carlo runs, specially in the fit comparison, where
496 out of 500 trials have lead to an increase in fit under PEM refinement.

3.6.2 Tests with the robust IPEM

Next, we test the robustified indirect PEM, which we will call IPEM-s. For the
following simulations, the ellipsoids which yield stability are obtained through
Theorem 3.5 by solving the LMI optimization problem with the CVX package [50] in
MATLAB, using the SeDuMi solver. Two ellipsoids (M = 2) are computed for each
stable estimate, with centers at the (reflected for stability, if necessary) standard
indirect approach estimate, and the reflected IPEM estimate. The SRIVC estimator
is implemented with the default tolerance and initialization method provided in
CONTSID 7.3 [30].
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Figure 3.3: Bode diagrams of 100 estimates of G∗(s) by PEM (green), 100 estimates
of G∗(s) by IPEM (blue), and the true system (red).
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Figure 3.4: Direct comparison plots between PEM and IPEM for 500 Monte Carlo
simulations. The green dots correspond to Monte Carlo simulations where IPEM
outperforms PEM. Red dots represent the opposite, and the dashed blue line is the
separatrix.
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Several considerations are taken regarding the robustness of the indirect methods.
PEM is initialized with the ZOH equivalent of the continuous-time estimate given
by SRIVC. If PEM returns an unstable estimate, we simply reflect the unstable
poles. If the discrete-time estimate from PEM has a pole in the real negative axis,
an n-th order approximation of the (n + 1)-th order continuous-time estimate is
obtained using the balred command in MATLAB.

Remark 3.5. The problems encountered here can be solved by enforcing stability
directly in the discrete-time PEM estimate, proposing a different sampling period,
or different data length. These adjustments are not performed here, in order to
simplify the comparisons.

Rao-Garnier system tests

We first consider the Rao-Garnier system described in (3.19). A PRBS signal of
length N = 1533 is used as input, and the sampling period is set to h = 0.1[s], which
is considered a large sampling period for this system. The additive white noise is
Gaussian, with variance set to be half the variance of the noiseless output.

The box plots of the fit for each method is shown in Fig. 3.5. All fits under 0 are
grouped, and the number of outliers of this kind are recorded in the lower part of
the box plots. In this set of runs, IPEM returned 17 unstable estimates, which are
all denoted as outliers in the box plot. Figure 3.5 shows that by forcing stability in
an optimal manner, IPEM-s is the most robust method against bad outliers while
being comparable to the other estimators in terms of median value.

We also compare the behavior of each estimator in the most challenging runs
for each one. The worst 100 fits and normalized model errors are ordered according
to increasing performance (ascending for fit, and descending for model errors) and
registered in Figure 3.6. Here, unstable estimates by IPEM were bounded by −100 fit,
and the normalized model error was bounded by 80.6 These plots show that in terms
of fit, IPEM-s is the method of choice, and has similar model error performance to
SRIVC for the most challenging runs.

Random systems tests

The IPEM-s estimator is tested on a set of 500 random continuous-time systems
of order 3 and relative degree 2, which are generated with the rss command in
MATLAB. The slowest pole of each continuous-time random system is set to have
real part not larger than −0.2. The input is a unit variance Gaussian white noise of
length N = 500, and the additive noise is also Gaussian and white, with variance
such that the signal-to-noise ratio is equal to 3[dB]. The noisy output is sampled
ten times faster than the fastest pole or zero of the true system.

6Here it is considered that unstable systems have 2-norm equal to infinity. Thus, for plotting
the measure results, we set the values for unstable models at a fixed upper bound.
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Figure 3.5: Fit box plots of IPEM, IPEM-s and the SRIVC method for the Rao-
Garnier system experiment. Crosses in between the horizontal lines are compressed
outliers (fits less than 0).
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Figure 3.6: Performance in each metric of the worst 100 runs per method under the
Rao-Garnier system experiments. IPEM (dotted, blue), IPEM-s (solid, green), and
SRIVC (dashed, red).



48 Asymptotically optimal indirect approach to continuous-time system identification

-20

0

20

40

60

80

100

Figure 3.7: Fit box plots of IPEM, IPEM-s and the SRIVC method for the set of
random systems. Crosses in between the horizontal lines are compressed outliers (fits
less than 0).
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Figure 3.8: Performance in each metric of the worst 100 runs per method under
the set of random systems. IPEM (dotted, blue), IPEM-s (solid, green), and SRIVC
(dashed, red).
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In Fig. 3.7 we present box plots of the fit measure for all methods under study.
In this experiment, 31 estimates by IPEM are unstable, whose fits are set to −100
in the box plot. IPEM-s reduces the number of outliers of IPEM from 33 to 5, and
performs considerably better than SRIVC in terms of robustness. In addition, we
have also determined the performance in the 100 most challenging runs in Figure
3.8. This time, unstable estimates from IPEM are chosen to have fit −100 and
normalized model error equal to 15. From these plots, we find that IPEM-s is the
most robust method in terms of fit and model errors.

3.7 Conclusions

We have proposed a refinement to the standard PEM estimator for indirect continuous-
time system identification that has asymptotically optimal performance, and enforces
the desired relative degree in the estimate. An explicit expression for this estimator
has been found, and its consistency and asymptotic efficiency have been proven.
Afterwards, a robustification procedure has been developed and discussed. By in-
troducing convex inner approximations of the stability region in the indirect PEM
framework, the robustified method guarantees the desired number of poles and
zeros in the continuous-time model, while enforcing stability in the estimate. Due
to its construction, it enjoys optimal asymptotic properties and it is also robust for
short and noisy data set scenarios, where IPEM estimates can be highly inaccurate.
Extensive simulations using both standard benchmarks and random systems have
been put forward with promising results for both proposed methods. These have
shown that the refinement to the standard indirect approach leads to an important
improvement in all the statistical metrics studied, while also being more robust.





Appendix

3.A Proof of Theorem 3.3

Proof. We denote the asymptotic covariance matrix of θ̂ as

AsCov(θ̂) =


P00 P01 P02 P03

P>01 P11 P12 P13

P>02 P>12 P22 P23

P>03 P>13 P>23 P33

 ,

where P00 ∈ R(r1−1)×(r1−1), P11 ∈ R(r2−r1)×(r2−r1), P22 ∈ R(r−r2)×(r−r2) and
P33 ∈ R(2n−r+1)×(2n−r+1). We write AsCov(θ̂) = CC>, where C is the Cholesky
factor of AsCov(θ̂). After some algebra, the asymptotic covariance of θ̃r1 can be
written as

AsCov(θ̃r1) = C
[
0r1−1 0

0 I2n−r1+1

]
C>

=

 P11 P12 P13

P>12 P22 P23

P>13 P>23 P33

−
 P>01

P>02

P>03

P−1
00

[
P01 P02 P03

]
.

Similarly, the asymptotic covariance of θ̃r2 is

AsCov(θ̃r2) =
[

P22 P23

P>23 P33

]
−

[
P>02 P>12

P>03 P>13

][
P00 P01

P>01 P11

]−1 [
P02 P03

P12 P13

]
.

Since we are only interested in the covariance of the truly non-zero parameters
(which is a matrix of size (2n− r + 1)× (2n− r + 1)), we consider the bottom right
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submatrix in each asymptotic covariance7:

AsCov(θ̃r1) = P33 −P>03P−1
00 P03,

AsCov(θ̃r2) = P33 −
[

P>03 P>13

] [ P00 P01

P>01 P11

]−1 [
P03

P13

]
.

Finally, by a matrix inequality related to Schur complements [147, Theorem 2.1]
applied to AsCov(θ̃r2), we conclude that

AsCov(θ̃r1)−AsCov(θ̃r2) =[
P>03 P>13

] [ P00 P01

P>01 P11

]−1 [
P03

P13

]
−P>03P−1

00 P03 � 0,

which shows that by considering a relative degree closer to its true value, the
covariance matrix of the non-zero parameters can only decrease.

3.B Proof of Theorem 3.4

Proof of Statement 1 : To prove the first statement, we note that if the Cholesky
factor of AsCov(θ̂) is denoted by C, then the asymptotic covariance for θ̃ is given
by

AsCov(θ̃) = C
[
0r−1 0
0> I2n−r+1

]
C−1AsCov(θ̂)C−>

[
0r−1 0
0> I2n−r+1

]
C>

= C
[
0r−1 0
0> I2n−r+1

]
C>.

Due to the partition (3.11), we can write C explicitly as

C =
[

A1/2 0
B>A−1/2 (D−B>A−1B)1/2

]
,

which leads to

AsCov(θ̂)−AsCov(θ̃) = C
[
Ir−1 0
0> 02n−r+1

]
C> =

[
A B
B> B>A−1B

]
� 0,

which proves the first statement.

7Here, we permit an abuse of notation, by now naming θ̃r1 and θ̃r2 as the parameter vectors
containing only the truly non-zero parameters.
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Proof of Statement 2 : For the particular case where the input is a white noise random
sequence, the asymptotic covariance of the estimated discrete-time parameter vector
η̂ can be computed by using the formula given in [70, pp. 291], which gives

AsCov(η̂) =

 λ2

2πσ2

∫ π

−π

∂H(ejω,η)
∂η

∣∣∣∣
η=η∗

(
∂H(ejω,η)

∂η

∣∣∣∣
η=η∗

)H

dω

−1

. (3.20)

After some calculation, it can be found that

∂H(ejω,η)
∂η

∣∣∣∣
η=η∗

= 1
A∗2(ejω)

SΓ(ejω),

where S ∈ R2n×2n is the Sylvester matrix associated to the polynomials A∗(q)
and B∗(q) given by (3.12), which is invertible since A∗(q) and B∗(q) are assumed
coprime [114, Lemma A3.1], and Γ(ejω) = [ejω(2n−1), ejω(2n−2), . . . , 1]>. Hence, the
integral in (3.20) can be related to the stationary covariance of the output of a
single-input multi-output LTI model described by Γ(z)/A∗2(z) driven by a white
noise of unit variance, which can be easily computed in a state-space formulation
via solving a Lyapunov equation. This stationary covariance is precisely P in (3.13).
Thus, (3.20) reduces to

AsCov(η̂) = σ2

λ2 (SPS>)−1.

By (3.6), we have

AsCov(θ̂) = σ2

λ2 (J>SPS>J)−1,

which proves the second statement.





Chapter 4

Asymptotic analysis of SRIVC

In the previous chapter, we introduced a novel indirect approach algorithm for
continuous-time system identification and studied its properties. In this chapter, we
will focus our attention on the SRIVC method, which is the most popular direct
method for continuous-time system identification [29]. We present a comprehensive
theoretical analysis of the consistency and asymptotic efficiency of SRIVC and
corroborate our results through extensive simulations.

4.1 Introduction

The Refined Instrumental Variable method for Continuous-time systems (RIVC)
and its simplest embodiment, the Simplified RIVC (SRIVC) [142] are considered
to be the most reliable algorithms in continuous-time system identification [31, 33]
and have been used in practice for almost 40 years. These methods have been
successfully applied in many application areas, such as in semiconductors [38],
distillation columns [35], and environmental modeling [141].

Despite the success that the RIVC and SRIVC algorithms have achieved in
practical applications in recent years [137, 141], there has been a lack of theoretical
support available for them. Most of the discussions with respect to the properties of
these estimators, such as consistency and asymptotic efficiency, are based on empirical
observations [31, 135–137, 143], or are based on well-developed theoretical results in
discrete-time system identification [19, 67, 139] which do not provide a mechanism to
include the intersample behavior of the underlying continuous-time system. Including
knowledge of the signals between measurements is crucial in continuous-time system
identification, as it is known that an incorrect interpolation of the sampled signals can
lead to unsatisfactory estimates of the system parameters [92]. Also, the intersample
behavior of the input and output is commonly used for estimating (prefiltered
versions of) the time derivatives of the signals in direct continuous-time methods.
Since these derivatives are in general unknown to the user, the continuous-time
identification problem can become more difficult than its discrete-time counterpart,
as the discrete-time equivalent of derivatives, time-shifts, are directly available in
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discrete-time frameworks.
The objective of this chapter is to provide the theoretical support in terms of

consistency and asymptotic efficiency for the SRIVC estimator. The results are
based on the works [85] and [86]. In summary, in this chapter,

• we analyze the consistency of SRIVC by incorporating the intersample behavior
of the input. We prove that the SRIVC estimator is generically consistent
under mild conditions in the presence of additive colored noise on the output;

• we show that the SRIVC estimator remains generically consistent if an incorrect
assumption of the intersample behavior is used for generating the filtered
signals in the instrument vector, but is generically not consistent if an incorrect
assumption on the intersample behavior is used for filtering the input signal
in the regressor vector;

• we derive an expression for the asymptotic Cramér-Rao lower bound (CRLB)
and show that the asymptotic covariance of the SRIVC estimates coincides
with the asymptotic CRLB when the intersample behavior of the input signal
in the regressor and instrument vectors matches that of the system input and
the additive noise is white and Gaussian; and

• we confirm our findings through extensive Monte Carlo simulations.

The outline of this chapter is as follows. We first provide an overview of the
related work in Section 4.1.1. The system and model definitions are stated in
Section 4.2. In Sections 4.3 and 4.4 the theoretical results are presented, namely
the consistency and asymptotic efficiency proofs respectively, together with their
related corollaries and remarks. In Section 4.5 we provide simulation results that
support the theoretical analysis, and the chapter is summarized in Section 4.6.

4.1.1 Related work
In the literature, there have been several discussions regarding the statistical prop-
erties of the SRIVC method. Here, we will refer to the most relevant works, and
detail the main differences between them and the results in this thesis.

The consistency analysis in the current chapter has some similarities to the
work in [67] as both analyses are based on the consistency result found in Theorem
4.5 of [114] developed for the discrete-time bootstrapped instrumental variable
method. The work in [67] analyzes the convergence of the RIVC estimator with
an autoregressive noise model. There are, however, a few shortcomings associated
with this analysis. An extra filter is introduced for the purpose of discretizing the
derivatives of the input signal, which is not part of the RIVC implementation. This
extra filter introduces unnecessary complexity into the analysis, and its role can be
replaced by filters that are already part of the algorithm. In addition, due to the
formulation of the proof in [67], non-causal filters may arise since the system and
model are allowed to be parameterized as biproper transfer functions. Furthermore,
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the first step to establish the convergence, and therefore the consistency of the
RIVC algorithm, is to show that the estimator is well-posed [67]. This relies on 1)
the Sylvester matrices constructed from the system and model polynomials being
non-singular, and 2) the expectation of the two filtered input vectors, denoted by
Φ in [67], being non-singular. Firstly, in [67], the non-singularity of the Sylvester
matrix does not comply with their given assumptions. The analysis assumes that
the system and model are parameterized with monic denominator polynomials. It
can be shown that this implicit assumption, together with Assumption A5 in [67]
on the model order, results in the Sylvester matrix constructed from the system
polynomials being singular when the degree of the model denominator is greater
than that of the system. The proof of Theorem 1 in [67] with respect to Assumption
A5 therefore cannot proceed once the Sylvester matrix is singular. Secondly, it is
stated in [67] that proving the non-singularity of Φ relies on the matrix E{UU>}
being non-singular, where U is the vector containing the input samples with sample
size N (see (19) in [67]). We note that E{UU>} has dimension N ×N , while it’s
rank is at most equal to the order of persistence of excitation of the input. Thus,
in the asymptotic case, it is not possible to conclude that Φ is always non-singular
under the persistent excitation assumption given in [67].

Other work related to consistency such as [19] assumes that the model structure
is exactly known and does not take into account the intersample behavior of the input
as part of the analysis. The work in [139] describes a unified Refined Instrumental
Variable approach for estimating discrete or continuous-time transfer functions
characterized by a unified operator that can be interpreted in terms of a backward
shift, derivative or delta operator. This unified approach is suggested to be optimal
in maximum likelihood, prediction error minimization and instrumental variable
terms under the Box–Jenkins model structure for both discrete and continuous-
time [139]. However, only limited theoretical analysis is provided with respect to
the consistency of the estimates by using an incremental implementation of the
algorithm with no explicit mention of the intersample behavior of the signals. By
neglecting the intersample behavior as part of the analysis, the results in [19], [67]
and [139] have overlooked the possibility that the converging point of the estimator
no longer corresponds to the true system parameters when the system input cannot
be interpolated exactly.

With respect to the efficiency analysis of SRIVC or RIVC, the existing literature
[17, 29, 31, 35] have claimed that these estimators are asymptotically efficient with
additive colored noise and white noise on the output respectively. Even though
CRLB expressions for the RIVC and SRIVC estimators exist in the literature,
these expressions have been obtained directly through the results for discrete-
time instrumental variable algorithms developed in [113, 114, 119], and thus have
overlooked the effects of the intersample behavior of the signals in the analysis. In
fact, the CRLB expression stated in [31, p. 105] is dependent on the filtered version
of the sampled noise-free system output, which means that the entries in the existing
CRLB depend on the interpolation of the output signal prior to the continuous-time
filtering operations, e.g., assuming a ZOH reconstruction on the output will yield a
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different CRLB expression than assuming a FOH. Hence, the existing results in the
literature are somewhat ambiguous and do not properly account for the behavior
between samples.

In summary, to the best of the author’s knowledge, formal derivations of the
consistency and asymptotic efficiency of the SRIVC estimator that carefully address
the intersample behavior of the measured signals are not available in the literature.

4.2 System and model setup

Consider an LTI, causal, asymptotically stable, continuous-time system of the form

x(t) = B∗(p)
A∗(p)u(t), (4.1)

where the system numerator and denominator polynomials are assumed coprime
with orders given by m∗ and n∗ respectively, i.e.,

B∗(p) = b∗m∗p
m∗ + b∗m∗−1p

n∗−1 + · · ·+ b∗0

A∗(p) = a∗n∗p
n∗ + a∗n∗−1p

n∗−1 + · · ·+ a∗1p+ 1,

and the system parameter vector is described by (2.3). The output observation
equation of the continuous-time system (4.1) at a sample instant tk is given by

y(tk) = x(tk) + v(tk), (4.2)

where x(tk) is the unobserved, noise-free output, and v(tk) can be described by
a zero-mean stochastic process. The model is parameterized as a proper transfer
function B(p)/A(p) of the form (2.2), where the unknown parameter vector is
given by (2.6). We assume that sampled input values {u(tk)} and noisy output
measurements {y(tk)} are obtained from an identification experiment. In this setup,
the goal is to provide a comprehensive proof of the consistency and asymptotic
efficiency of the SRIVC estimator described in Algorithm 2.1, and to state the
conditions under which these properties are not achieved.

Remark 4.1. In this chapter and Chapter 5 we introduce a notation similar to the
one described in Remark 2.5, this time referring to evaluations of filtered continuous-
time signals. The expression {G(p)x(t)}tk (or [G(p)x(t)]tk in the vector-valued
case) means that the continuous-time signal x(t) is filtered through G(p), and later
sampled at t = tk.

4.3 Consistency analysis

In this section, we develop a theorem that establishes the generic consistency of
the SRIVC estimator, as well as some corollaries and remarks that examine the
consistency under different intersample conditions. Some additional lemmas required
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by the proof of the consistency theorem are presented in the appendix of this chapter.
For simplicity, the analysis is presented for the case of a SISO, LTI, asymptotically
stable system with regularly sampled data.

We next state the main assumptions required in Theorem 4.1 for the SRIVC
estimator to be generically consistent. First, the true system must satisfy the
following assumptions:

Assumption 4.1. The true system B∗(p)/A∗(p) is proper (n∗ ≥ m∗) and asymp-
totically stable with A∗(p) and B∗(p) being coprime.

The input sequence is assumed to be independent of the noise and sufficiently
rich in spectral content, as stated in Assumptions 4.2 and 4.3 respectively:

Assumption 4.2. The input sequence, u(tk), and disturbance, v(ti), are stationary
and mutually independent for all integers k and i.

Assumption 4.3. The input sequence is persistently exciting of order no less than
2n+ 1.

Next, we state a stability assumption on the models obtained by each iteration
of the SRIVC algorithm, which plays a role in the well-posedness of the SRIVC
estimator.

Assumption 4.4. All the zeros of the j-th iteration of the model denominator
estimate Aj(p) have strictly negative real parts, n ≥ m, with Aj(p) and Bj(p) being
coprime.

Unstable zeros in the denominator polynomial may arise when estimating the
parameters of a transfer function. A simple solution is to reflect the unstable zeros
over the imaginary axis by the procedure detailed in lines 5 to 12 of Algorithm 2.1.
Hence, Assumption 4.4 is commonly satisfied in practice.

In order to ensure a unique solution for the model parameters, we must assume
that overparametrization can only occur in the numerator or denominator, but not
in both simultaneously. This condition is formalized in Assumption 4.5.

Assumption 4.5. The degrees n and m of the polynomials in the model satisfy
min(n− n∗,m−m∗) = 0.

Finally, Assumption 4.6 avoids the problem of aliasing and ensures a meaningful
model to be obtained according to the Shannon-Nyquist theorem:

Assumption 4.6. The sampling frequency is more than twice the largest positive
imaginary part of the zeros of Aj(p)A∗(p).

We are ready to present the main theorem on generic consistency of the SRIVC
estimator. For Theorem 4.1, we shall assume that the intersample behavior of the
input is provided by a FOH device, but it can equally be chosen as a ZOH as shown
later in Corollary 4.1. Furthermore, the prefilters for the output (see (2.29) and
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(2.31)) are assumed to be discretized with the same hold as the sampled input, i.e.,
a FOH in Theorem 4.1.

Theorem 4.1 (Generic Consistency of the SRIVC estimator). Consider the SRIVC
estimator described in Algorithm 2.1, and suppose Assumptions 4.1 to 4.6 hold.
Then, for an input reconstructed with a FOH device, the following statements are
true:

1. The matrix E{ϕ̂f (tk)ϕ>f (tk)} is generically non-singular.

2. If the SRIVC iterations converge for all N sufficiently large, then the true
parameter θ∗ is the unique converging point as the sample size tends to infinity.

3. As the sample size approaches infinity, θj+1 converges to θ∗ as N →∞ for
every j ≥ 1.

Proof. We will prove the three statements separately.
Proof of Statement 1 : By substituting

y(tk) = B∗(p)
A∗(p)u(tk) + v(tk)

into (2.29), we can express the regressor vector as

ϕf (tk) = 1
Aj(p)A∗(p)

r(tk)− v(tk), (4.3)

where

r(tk) =
[
−pB∗(p)u(tk), . . . , −pnB∗(p)u(tk), A∗(p)u(tk), . . . , pmA∗(p)u(tk)

]>
and

v(tk) =
[

p

Aj(p)
v(tk), . . . , pn

Aj(p)
v(tk), 0, . . . , 0

]>
. (4.4)

The highest order derivative in r(tk) according to Assumption 4.5 is given by

max(n+m∗, n∗ +m) = n+m−min(n− n∗,m−m∗) = n+m.

The vector r(tk) can then be expressed as a product of an (n+m+ 1)× (n+m+ 1)
Sylvester matrix and a vector containing the derivatives1 of u(tk), i.e.,

r(tk) = S(−B∗(p), A∗(p))udu(tk),
1Recall that each element of r(tk) is multiplied by a low pass continuous-time filter of degree

n+ n∗ in (4.3). The derivatives of the input are prefiltered by 1/(Aj(p)A∗(p)) prior to evaluating
them at t = tk.
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where

S(−B∗(p), A∗(p)) =



0 −b∗m∗ −b∗m∗−1 . . . −b∗0 0

. .
.

. .
.

. .
.

. .
.

−b∗m∗ −b∗m∗−1 . . . −b∗0 0 0
0 a∗n∗ a∗n∗−1 . . . a∗1 1

. .
.

. .
.

. .
.

. .
.

a∗n∗ a∗n∗−1 . . . a∗1 1 0


, (4.5)

where n rows consist of numerator coefficients and m + 1 rows of denominator
coefficients (columns of zeros are padded to the left if necessary), and udu(tk) is
formed by derivatives of the input signal, as

udu(tk) =
[
u(n+m)(tk), u(n+m−1)(tk), . . . , u(tk)

]>
. (4.6)

Note that the matrix (4.5) is written as a permutation of a standard Sylvester
matrix [114, Eq. A3.3]. From now on, the argument p in Sylvester matrices is
omitted for simplicity of notation. We require (4.5) to remain non-singular under
the three possible cases imposed by Assumption 4.5, i.e., 1) the order of the true
system is known exactly, 2) the numerator of the model is overfitted, and 3) the
denominator of the model is overfitted. Under condition 1), the Sylvester matrix
(4.5) is non-singular when B∗(p) and A∗(p) are coprime [114, Lemma A3.1]. Under
condition 2), when the numerator polynomial is overfitted, that is, m−m∗ = l for
l ∈ N, so the first l columns of the top half of (4.5) are filled with zeros. Similarly,
under condition 3), n − n∗ = l for l ∈ N, the first l columns of the bottom half
of (4.5) are filled with zeros. In all three cases, (4.5) does not lose rank since it
is guaranteed that there is at least one non-zero entry in each column due to the
non-monic model denominator assumption. Therefore, S(−B∗, A∗) is non-singular
under Assumption 4.5.

Now, the regressor vector in (4.3) can be written as

ϕf (tk) = S(−B∗, A∗) 1
Aj(p)A∗(p)

udu(tk)− v(tk). (4.7)

Similarly, the instrument vector in (2.30) can be written as

ϕ̂f (tk) = S(−Bj , Aj)
1

A2
j (p)

udu(tk), (4.8)

where S(−Bj , Aj) is an (n+m+ 1)× (n+m+ 1) Sylvester matrix defined in the
same way as (4.5) with a∗1, . . . , a

∗
n∗ , b

∗
0, . . . , b

∗
m∗ replaced by a1, . . . , an, b0, . . . , bm,

which is also non-singular, due to Assumption 4.4.
As N →∞, by the ergodic lemma in [110, Lemma 3.1], the sums in the SRIVC

iterations (2.32) can be replaced by their expectations provided that ϕ̂f (tk),ϕf (tk)
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and yf (tk) are jointly stationary stochastic processes. Substituting (4.7) and (4.8)
into the matrix inverse in (2.32), we obtain

E{ϕ̂f (tk)ϕ>f (tk)} = S(−Bj , Aj)ΦS>(−B∗, A∗)− S(−Bj , Aj)Ψ, (4.9)

where

Φ = E
{

1
A2
j (p)

udu(tk) 1
Aj(p)A∗(p)

u>du(tk)
}
, (4.10)

and

Ψ = E
{

1
A2
j (p)

udu(tk)v>(tk)
}
. (4.11)

Since S(−Bj , Aj) and S(−B∗, A∗) are non-singular, in order for (4.9) to be gener-
ically non-singular, it is sufficient to show that Φ is generically non-singular and
Ψ = 0. The fact that Ψ = 0 is proven in Lemma 4.1 of Appendix 4.A. In that
appendix, we also show that Φ is positive definite when evaluated at the true system
parameters (see Lemma 4.2). Moreover, for a fixed input signal, by Lemma 4.4 in
the same appendix, every entry of Φ is a real analytic function in the joint variables
[a1, . . . , an]. Hence, by Lemma A2.3 of [114] and its corollary, which are stated for
completeness as Lemma 4.6 and Corollary 4.4, we conclude that Φ is generically
non-singular and thus E{ϕ̂f (tk)ϕ>f (tk)} is generically non-singular.
Proof of Statement 2 : Here we show that, upon convergence, the limiting point of
the SRIVC estimator corresponds to the true parameters. Suppose θ̄ is a limiting
point of the iteration in (2.32), and the corresponding polynomials of the model are
given by

B̄(p) = b̄mp
m + b̄m−1p

m−1 + · · ·+ b̄0

Ā(p) = ānp
n + ān−1p

n−1 + · · ·+ ā1p+ 1.

The polynomials B̄(p) and Ā(p) are coprime since θ̄ satisfies the conditions in
Statement 1. The ergodic lemmas in [110, Lemma 3.1] and [114, Lemma A4.3]
permit us to write (2.32), at the converging point θ̄ and as N tends to infinity, as

E{ϕ̂f (tk, θ̄)ϕ>f (tk, θ̄)}−1E{ϕ̂f (tk, θ̄)ε(tk, θ̄)} = 0, (4.12)

where ε(tk, θ̄) is the GEE (2.26) evaluated at the converging point. Since the matrix
inverse in (4.12) is non-singular by Statement 1, the second expectation in (4.12)
must be zero, i.e.,

E{ϕ̂f (tk, θ̄)ε(tk, θ̄)} = 0. (4.13)

Now, the GEE in (2.26), when evaluated at the converging point, can be rearranged
to be

ε(tk, θ̄) = 1
Ā(p)A∗(p)

(Ā(p)B∗(p)− B̄(p)A∗(p))u(tk) + v(tk). (4.14)
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Let Ā(p)B∗(p) − B̄(p)A∗(p) = hrp
r + hr−1p

r−1 + · · · + h0, where r = max(n +
m∗, n∗ +m) = n+m. Then, the GEE can be expressed as

ε(tk, θ̄) = 1
Ā(p)A∗(p)

[
u(n+m)(tk), . . . , u(tk)

]
H + v(tk), (4.15)

where
H :=

[
hn+m, hn+m−1, . . . , h0

]>
. (4.16)

Now, substituting (4.8) for ϕ̂(tk, θ̄) and (4.15) for ε(tk, θ̄) into the expectation
in (4.13), we obtain

E{ϕ̂f (tk, θ̄)ε(tk, θ̄)} = S(−B̄, Ā)Φ̄H + S(−B̄, Ā)Ψ̃, (4.17)

where Φ̄ is (4.10) evaluated at the converging point, and

Ψ̃ = E
{

1
Ā2(p)

udu(tk)v(tk)
}
.

By following the same procedure as the proof of Statement 1, we can show that Φ̄
is generically non-singular and Ψ̃ = 0. Thus, for (4.17) to be zero, we must have
H = 0, implying

Ā(p)B∗(p)− B̄(p)A∗(p) = 0,
or equivalently,

B̄(p)
Ā(p)

= B∗(p)
A∗(p) ,

i.e., θ∗ is the unique limiting point.
Proof of Statement 3. Let θ̄ be the limiting point. Then, as N →∞,

θj+1 − θ̄ = f1(θj)f2(θj),

where
f1(θj) = E{ϕ̂f (tk,θj)ϕ>f (tk,θj)}−1,

and
f2(θj) = E{ϕ̂f (tk,θj)(yf (tk,θj)−ϕ>f (tk,θj)θ̄)}.

To examine how the SRIVC estimate behaves around the limiting point, we can
linearize θj+1 around θ̄ using a first order Taylor series, that is,

θj+1 − θ̄ ≈ f1(θ̄)f2(θ̄) +
(
∂f1(θj)
∂θj

∣∣∣∣
θj=θ̄

f2(θ̄) + f1(θ̄)∂f2(θj)
∂θj

∣∣∣∣
θj=θ̄

)
(θj − θ̄).

At the limiting point, f2(θ̄) = 0 as given by (4.13). Hence,

θj+1 − θ̄ ≈ f1(θ̄)∂f2(θj)
∂θj

∣∣∣∣
θj=θ̄

(θj − θ̄), (4.18)
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where

∂f2(θj)
∂θj

∣∣∣∣
θj=θ̄

= E
{
∂ϕ̂f (tk,θj)

∂θj

∣∣∣∣
θj=θ̄

(yf (tk, θ̄)−ϕ>f (tk, θ̄)θ̄)
}

(4.19a)

+ E
{
ϕ̂f (tk, θ̄)

(
∂yf (tk,θj)

∂θj

∣∣∣∣
θj=θ̄

−
∂ϕ>f (tk,θj)

∂θj

∣∣∣∣
θj=θ̄

θ̄

)}
. (4.19b)

Let Ψ1 and Ψ2 denote the expectations in (4.19a) and (4.19b) respectively. The
expression

yf (tk, θ̄)−ϕ>f (tk, θ̄)θ̄ = yf (tk,θ∗)−ϕ>f (tk,θ∗)θ∗ = v(tk)

can be substituted into (4.19a), and after computing the vector differentiation of
the instrument vector, we can express Ψ1 as E{M(p)u(tk)v(tk)}, where

M(p) = 1
Ā2(p)



2p
2B̄(p)
Ā(p) . . . 2p

n+1B̄(p)
Ā(p) −p . . . −pm+1

...
...

...
...

2p
n+1B̄(p)
Ā(p) . . . 2p

2nB̄(p)
Ā(p) −pn . . . −pn+m

−p . . . −pn 0 . . . 0
...

...
...

...

−pm+1 . . . −pn+m 0 . . . 0


. (4.20)

Similar to the procedure undertaken in Statement 1, every element of Ψ1 can be
expressed as

1
2π

∫ π

−π
G̃(ejω)φuv(ω)dω,

where G̃ represents the FOH equivalent of the transfer function of an entry of the
matrix in (4.20). Since the input and noise are uncorrelated, φuv(ω) = 0 for all
ω ∈ [−π, π]. Thus, Ψ1 = 0.

Now, after some further vector differentiations, Ψ2 can be written as

Ψ2 = −S(−B̄, Ā)E
{

1
Ā2(p)

udu(tk)v̄>(tk)
}
,

where v̄(tk) corresponds to (4.4) evaluated at the converging point. Following the
lines of Lemma 4.1, we find that Ψ2 = 0. Hence, (4.19) is equal to zero. Therefore,
according to (4.18), θj+1 converges to θ∗ as N →∞ for every fixed j ≥ 1, and this
completes the final part of the proof.

Corollary 4.1. Assume that the input sequence is persistently exciting of order no
less than 2n instead of 2n+ 1. When the FOH used in Theorem 4.1 is replaced with
a ZOH device, Statements 1, 2 and 3 in Theorem 4.1 still hold.
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Proof. The proof follows the same procedure as that of Theorem 4.1. In this case,
when the system and model transfer functions are strictly proper, the numerator
degree of the discrete-time transfer function is at most n− 1. Thus, the persistent
excitation order in Assumption 4.3 can be relaxed to 2n according to the reasoning
provided in Remark 4.4 (see Appendix 4.A).

Theorem 4.1 and Corollary 4.1 have established consistency of the SRIVC
estimator when the intersample behavior of the input signals in both the regressor
and instrument vectors as well as the output signal are assumed to be the same
as that of the true system input. Next, Corollary 4.2 examines the effect on the
consistency of the SRIVC estimates when an incorrect intersample behavior is
assumed for 1) the input in the instrument vector, and 2) the input in the regressor
vector, i.e., the model input. In the sequel, the true system input is assumed to have
a FOH intersample behavior.

Corollary 4.2. The SRIVC estimator

1. remains generically consistent if an incorrect assumption (i.e., a ZOH) on the
intersample behavior is used for generating the filtered signals in the instrument
vector ϕ̂f (tk), and

2. is generically not consistent if an incorrect assumption on the intersample
behavior is used for filtering the input signal in the regressor vector ϕf (tk).

Proof. We prove each statement separately.
Proof of Statement 1 : Part 1 of Theorem 4.1 still holds since the only change is
that the FOH discretizations of the first transfer functions in (4.47) and (4.50) are
replaced by their ZOH equivalents, which does not affect the way the analyticity of Φ
is shown. Part 2 in Theorem 4.1 remains unchanged since the incorrect intersample
behavior assumption of the input in the instrument does not affect the formulation
of the equation error in (4.14). For the same reason, Part 3 of Theorem 4.1 also
remains unchanged. Thus, when an incorrect intersample behavior for the input
signal in the instrument vector ϕ̂f (tk) is assumed, the SRIVC estimator remains
generically consistent.
Proof of Statement 2 : Let the input in the regressor vector, denoted by ũ(tk), have
a different intersample behavior than that of the true system input. Part 1 of
Theorem 4.1 remains unchanged; however, we will show that Part 2 of Theorem 4.1
has been affected. Consider the GEE at the limiting solution θ̄:

ε(tk, θ̄) = y(tk)− B̄(p)
Ā(p)

ũ(tk)

= B∗(p)
A∗(p)u(tk) + v(tk)−

(
B̄(p)
Ā(p)

u(tk) + εu(tk)
)

= 1
Ā(p)A∗(p)

(Ā(p)B∗(p)− B̄(p)A∗(p))u(tk) + v(tk)− εu(tk). (4.21)



66 Asymptotic analysis of SRIVC

We have introduced an input-dependent term εu(tk) into the modeled output
in (4.21) to account for the interpolation error. At the limiting point, (4.13) holds.
Substituting (4.8) for ϕ̂f (tk, θ̄) and (4.21) for ε(tk, θ̄) into (4.13), by using the same
definition of H from (4.16) we obtain

E{ϕ̂f (tk, θ̄)ε(tk, θ̄)}=S(−B̄, Ā)Φ̄H− S(−B̄, Ā)E
{

1
Ā2(p)

udu(tk)εu(tk)
}

(4.22)

= 0.

Denote the expectation on the right hand side of (4.22) as Ψ̃u. Since the error εu(tk)
is input dependent, Ψ̃u does not go to zero in general. Note that the matrix Φ̄ is
generically non-singular by Part 1 of Theorem (4.1). Therefore, we can obtain H by
solving

H = [S(−B̄, Ā)Φ̄]−1S(−B̄, Ā)Ψ̃u. (4.23)

Now, define H(p) := hn+mp
n+m + hn+m−1p

n+m−1 + · · ·+ h0. We find that

Ā(p)B∗(p)− B̄(p)A∗(p) = H(p),

which implies
B̄(p)
Ā(p)

= B∗(p)
A∗(p) + H(p)

Ā(p)A∗(p)
. (4.24)

The expression in (4.24) shows that the true parameters are no longer the limiting
solution of the estimator, that is, θ̄ 6= θ∗.

It is implied by (4.13) that the input is uncorrelated with the GEE evaluated
at the converging point. Thus, θj+1 converges to the new limiting point θ̄ in (4.24)
as N → ∞ for every fixed j ≥ 1. Since θ̄ 6= θ∗, we conclude that θj+1 does not
converge to the true parameters θ∗ if an incorrect intersample behavior is assumed
for the input signal in the regressor vector ϕf (tk). Hence, the SRIVC estimator
is generically not consistent when the true system input cannot be interpolated
exactly.

For discretization purposes, the true system input is assumed to have a FOH for
the analysis above. We note that Statement 2 of Corollary 4.2 holds for any input
that cannot be interpolated exactly, as stated in the following remark.

Remark 4.2. When the input to the true system u(t) is a continuous function of
time that cannot be interpolated exactly by a ZOH or FOH device, the SRIVC
estimator is not consistent. This follows from Corollary 4.2.

Note that in situations where the input cannot be interpolated exactly by a ZOH
or FOH device, εu(tk) will be non-zero, and the asymptotic bias on the estimates is
captured by H(p)[Ā(p)A∗(p)]−1 in (4.24). Since the polynomial H(p) is proportional
to the interpolation error εu(tk), which will decrease if the signals are sampled faster,
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this implies that the bias of the estimates will generally decrease with the sampling
period, which is a result that falls in line with practical experience [33].

Next, we examine the effect of the intersample behavior of the sampled output
on the consistency of the SRIVC estimator in the following remark.

Remark 4.3. Consider the GEE ε(tk). At each SRIVC iteration j, ε(tk) can be
expressed as

ε(tk,θj) = Aj(p)
1

Aj−1(p)y(tk)−Bj(p)
1

Aj−1(p)u(tk). (4.25)

Upon convergence, the expression in (4.25) becomes

ε(tk, θ̄) = Ā(p) 1
Ā(p)

y(tk)− B̄(p) 1
Ā(p)

u(tk).

The SRIVC algorithm computes the prefiltered signals (pl/Ā(p))y(tk) = y
(l)
f (tk) for

l = 0, . . . , n (see, e.g., (2.27)), leading to

Ā(p) 1
Ā(p)

y(tk) = any
(n)
f (tk) + an−1y

(n−1)
f (tk) + · · ·+ yf (tk) = y(tk).

This means that the intersample behavior of the measured output y(tk) does not
affect the GEE at the converging point. Thus, it does not influence the consistency
of the SRIVC estimator.

In summary, we have shown that

• the SRIVC estimator is generically consistent under mild assumptions on the
model structure, persistence of excitation of the input, and sampling period;

• the SRIVC estimator is generically consistent even if an incorrect intersample
assumption is used for constructing the instrument vector, but is generically
inconsistent if the regressor vector is constructed with an incorrect intersample
assumption on the input; and

• the intersample behavior of the measured output does not play a role in the
consistency of the SRIVC estimator.

4.4 Efficiency analysis

In this section, we derive the asymptotic Cramér-Rao lower bound (CRLB) for
the continuous-time output error model structure and provide an analysis of the
statistical efficiency of the SRIVC estimator based on sampled data. For this, we
consider the model structure in (4.2) and Assumptions 4.1 to 4.6, but we replace
Assumption 4.5 by a stronger one:

Assumption 4.7. The model order matches the system order, i.e., n = n∗ and
m = m∗.
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4.4.1 Asymptotic Cramér-Rao lower bound
In this subsection, we develop an explicit expression for the asymptotic CRLB for
the continuous-time OE model structure. It is shown that the derived expression is
independent of the intersample behavior of the noise-free system output and hence
it only depends on the intersample behavior of the system input.

Theorem 4.2 (Asymptotic Cramér-Rao Lower Bound). Consider the prediction
error

ε(tk,θ) = y(tk)−
{
B(p)
A(p)u(t)

}
tk

(4.26)

for an unknown parameter vector θ formed using the model coefficients of A(p) and
B(p). Assume the output observations come from an output error model structure

y(tk) =
{
B∗(p)
A∗(p)u(t)

}
tk

+ v(tk),

where v(tk) is an i.i.d. Gaussian noise with variance σ2, and B∗(p) and A∗(p) are
the system polynomials. Then, under Assumptions 4.1, 4.2 and 4.7, the asymptotic
Cramér-Rao lower bound is given by

PCR = σ2E{ψ(tk,θ∗)ψ>(tk,θ∗)}−1, (4.27)

where

ψ(tk,θ∗) =
[
−pB

∗(p)
A∗2(p)u(t), . . . , −p

n∗B∗(p)
A∗2(p) u(t), 1

A∗(p)u(t), . . . , pm∗

A∗(p)u(t)
]>
tk
.

(4.28)

Proof. According to (4.26), the joint PDF of the measured output based on N
samples, denoted by yN , and hence the likelihood of yN when viewed as a function
of unknown parameters θ, is [70, Lemma 5.1]

p(yN ;θ) =
N∏
k=1

p(ε(tk,θ)),

where p(ε(tk,θ)) is the PDF of the prediction error ε(tk,θ). The log-likelihood of
the measurement vector yN is thus (recall (2.15)),

`(θ) : = log p(yN ;θ)

=
N∑
k=1

log p(ε(tk,θ))

= −N2 log(2π)− N

2 log(σ2)− 1
2σ2

N∑
k=1

[
y(tk)−

{
B(p)
A(p)u(t)

}
tk

]2

.
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According to [81, Lemma 3.2], the procedures of linearization and discretization
commute. We can therefore differentiate `(θ) with respect to the continuous-time
parameters and then discretize the transfer functions according to the intersample
behavior of the input signal and the sampling period. Now, differentiating the
log-likelihood function with respect to the denominator coefficients of the model
and then evaluating at the system parameters gives

∂`(θ)
∂ai

∣∣∣∣
θ=θ∗

= − 1
σ2

N∑
k=1

[
y(tk)−

{
B∗(p)
A∗(p)u(t)

}
tk

][{
piB∗(p)
A∗2(p)

u(t)
}
tk

]

= − 1
σ2

N∑
k=1

v(tk)
{
piB∗(p)
A∗2(p)

u(t)
}
tk

,

where i = 1, . . . , n∗. Similarly, differentiating the log-likelihood function with respect
to the numerator coefficients yields

∂`(θ)
∂bi

∣∣∣∣
θ=θ∗

= − 1
σ2

N∑
k=1

[
y(tk)−

{
B∗(p)
A∗(p)u(t)

}
tk

][
−
{

pi

A∗(p)u(t)
}
tk

]

= 1
σ2

N∑
k=1

v(tk)
{

pi

A∗(p)u(t)
}
tk

,

where i = 0, . . . ,m∗. Hence,

∂`(θ)
∂θ

∣∣∣∣
θ=θ∗

= 1
σ2

N∑
k=1

v(tk)ψ(tk,θ∗), (4.29)

where ψ(tk,θ∗) is given by (4.28). Note that the input in (4.28) is treated as a
continuous-time signal and is filtered by continuous-time transfer functions prior to
sampling. Thus, it does not depend on the intersample behavior of the noise-free
system output. The Fisher Information matrix is then given by

IF : = E
{(

∂`(θ)
∂θ

∣∣∣∣
θ=θ∗

)(
∂`(θ)
∂θ

∣∣∣∣
θ=θ∗

)>}

= 1
σ4

N∑
k=1

N∑
s=1

E{v(tk)ψ(tk,θ∗)v(ts)ψ>(ts,θ∗)}

= 1
σ2

N∑
k=1

E{ψ(tk,θ∗)ψ>(tk,θ∗)} (4.30)

where we have used the fact that the sequences {u(tk)} and {v(tk)} are independent
by Assumption 4.2, and that {v(tk)} is a Gaussian i.i.d. random process of variance
σ2. Now, ψ(tk,θ∗) is composed of stationary random processes, hence its ensemble
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average is equal to its time average as sample size approaches infinity [115, Appendix
B.1], i.e.,

E{ψ(tk,θ∗)ψ>(tk,θ∗)} = lim
N→∞

1
N

N∑
l=1

ψ(tl,θ∗)ψ>(tl,θ∗) (4.31)

for every k = 1, . . . , N . Then, thanks to (4.30) and (4.31), the asymptotic Cramér-
Rao lower bound, given by the inverse of the Fisher information matrix per sample,
can be expressed as

PCR =
[

lim
N→∞

1
N

IF

]−1

= σ2E{ψ(tk,θ∗)ψ>(tk,θ∗)}−1,

where ψ(tk,θ∗) is given by (4.28).

The CRLB obtained in Theorem 4.2 suggests that for an estimator to be
asymptotically optimal in terms of its covariance, it should consider the intersample
behavior of the input, and its covariance should not depend on the intersample
behavior of the output as the sample size tends to infinity. The question that remains
is whether the SRIVC estimator satisfies these requisites for optimality. The answer
is given in the next subsection.

4.4.2 Asymptotic distribution of the SRIVC estimates
Here we obtain the asymptotic distribution of the SRIVC estimates for the OE model
structure. For derivation purposes, we introduce a theoretical SRIVC estimator,
which is described in Definition 4.1.

Definition 4.1 (Theoretical SRIVC estimator). Define a theoretical SRIVC estima-
tor given by the same procedure as in Algorithm 2.1 but with the filtered regressor
vector and the filtered output given by

ϕ̊f (tk) :=
[
−
{

p

Aj(p)
B∗(p)
A∗(p)u(t)

}
tk

+ p

Aj(p)
v(tk), . . . ,

−
{

pn

Aj(p)
B∗(p)
A∗(p)u(t)

}
tk

+ pn

Aj(p)
v(tk),

{
1

Aj(p)
u(t)

}
tk

, . . . ,

{
pm

Aj(p)
u(t)

}
tk

]>
(4.32)

and
ẙf (tk) :=

{
1

Aj(p)
B∗(p)
A∗(p)u(t)

}
tk

+ 1
Aj(p)

v(tk) (4.33)

respectively. Note that (4.32) and (4.33) implicitly assume that the measured output
is a continuous-time signal. Thus, this estimator cannot be implemented in practice.
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We are now ready to present the main contribution of this section.

Theorem 4.3 (Asymptotic distribution of the SRIVC estimates). Consider the
SRIVC estimator given in Algorithm 2.1 under the output error model structure,
where the output measurement noise sequence {v(tk)} in (4.2) is an i.i.d. Gaussian
white noise of variance σ2, and the continuous-time input has a ZOH or FOH
intersample behavior that is correctly taken into account in the SRIVC implemen-
tation. Suppose Assumptions 4.1–4.4, 4.6–4.7 hold, and assume that the estimator
is consistent. Let θ̄N be the converging point of the SRIVC estimator for a fixed
sample size N , that is, θ̄N = limj→∞ θ

N
j , which corresponds to model polynomials

Ā(p) and B̄(p). Then, the SRIVC estimate is asymptotically Gaussian distributed,
i.e., √

N(θ̄N − θ∗) dist.−−−→ N (0,PSRIVC) (4.34)

where the asymptotic covariance matrix is

PSRIVC = σ2E{ϕ̃f (tk,θ∗)ϕ̃>f (tk,θ∗)}−1, (4.35)

with ϕ̃f (tk,θ∗) given by

ϕ̃f (tk,θ∗) =
[
−pB

∗(p)
A∗2(p)u(t), . . . , −p

n∗B∗(p)
A∗2(p) u(t), 1

A∗(p)u(t), . . . , pm∗

A∗(p)u(t)
]>
tk
.

(4.36)

Proof. From (2.32), we know that

θ̄N − θ∗ =
[
N∑
k=1

ϕ̂f (tk, θ̄N )ϕ>f (tk, θ̄N )
]−1 [ N∑

k=1
ϕ̂f (tk, θ̄N )y>f (tk, θ̄N )

]
− θ∗

=
[
N∑
k=1

ϕ̂f (tk, θ̄N )ϕ>f (tk, θ̄N )
]−1

[
N∑
k=1

ϕ̂f (tk, θ̄N )(y>f (tk, θ̄N )−ϕ>f (tk, θ̄N )θ∗)
]
. (4.37)

It has been stated in Corollary 4.2 that the intersample behavior of y(tk) assumed in
order to perform the filtering operations in the regressor vector does not affect the
SRIVC estimates at the converging point of the algorithm. Furthermore, it is proven
in Lemma 4.5 (see Appendix 4.B) that the standard SRIVC estimator is equivalent
to the theoretical estimator given in Definition 4.1 at the converging point for a
large sample size. Hence, according to Lemma 4.5, at θ̄N , the filtered regressor and
the filtered output in (4.37) can be replaced by (4.32) and (4.33) evaluated at θ̄N
respectively. Note that the input u(tk) must have the same intersample behavior as
the system input in order to obtain a consistent estimate according to Theorem 4.1.
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The second half of (4.37) can then be expressed as

yf (tk, θ̄N )− ϕ̊>f (tk, θ̄N )θ∗ =
{
A∗(p)
Ā(p)

B∗(p)
A∗(p)u(t)

}
tk

+ A∗(p)
Ā(p)

v(tk)−
{
B∗(p)
Ā(p)

u(t)
}
tk

= A∗(p)
Ā(p)

v(tk).

Therefore, (4.37) simplifies to

θ̄N − θ∗ =
[

1
N

N∑
k=1

ϕ̂f (tk, θ̄N )ϕ̊>f (tk, θ̄N )
]−1 [

1
N

N∑
k=1

ϕ̂f (tk, θ̄N )A
∗(p)
Ā(p)

v(tk)
]
.

The next step consists in analyzing the behavior of the expression above for large
N , similarly to what has been done for obtaining the asymptotic distribution of
discrete-time bootstrapped instrumental variable estimators in [114, Ch. 5]. The
first-order Taylor series expansion of

√
N(θ̄N − θ∗) can be written as

√
N(θ̄N − θ∗)

=
[

1
N

N∑
k=1

ϕ̂f (tk,θ∗)ϕ̊>f (tk,θ∗)
]−1 [

1√
N

N∑
k=1

ϕ̂f (tk, θ̄N )v(tk)
]

(4.38a)

+ ∂

∂θ̄N


[

1
N

N∑
k=1

ϕ̂f (tk, θ̄N )ϕ̊>f (tk, θ̄N )
]−1

∣∣∣∣∣
θ̄N =θ∗

[
1√
N

N∑
k=1

ϕ̂f (tk,θ∗)v(tk)
]
(θ̄N − θ∗)

(4.38b)

+
[

1
N

N∑
k=1

ϕ̂f (tk,θ∗)ϕ̊>f (tk,θ∗)
]−1(

1√
N

N∑
k=1

∂ϕ̂f (tk, θ̄N )
∂θ̄N

∣∣∣∣∣
θ̄N =θ∗

v(tk) (4.38c)

+ 1√
N

N∑
k=1

ϕ̂(tk,θ∗)
∂

∂θ̄N

(
1

Ā(p)

) ∣∣∣∣
θ̄N =θ∗

A∗(p)v(tk)
)

(θ̄N − θ∗) + op(
√
N‖θ̄N − θ∗‖).

(4.38d)
This expression can be rewritten by moving (4.38b)-(4.38d) to the left-hand side
and factorizing by (θ̄N − θ∗), resulting in

√
N

(
I−T

[
1
N

N∑
k=1

ϕ̂f (tk,θ∗)v(tk)
]
−R

[
1
N

N∑
k=1

∂ϕ̂f (tk, θ̄N )
∂θ̄N

∣∣∣∣∣
θ̄N =θ∗

v(tk)
]
(4.39a)

−R
[

1
N

N∑
k=1

ϕ̂(tk,θ∗)
∂

∂θ̄N

(
1

Ā(p)

) ∣∣∣∣
θ̄N =θ∗

A∗(p)v(tk)
])

(θ̄N − θ∗) (4.39b)

=R
[

1√
N

N∑
k=1

ϕ̂f (tk, θ̄N )v(tk)
]

+ op(
√
N‖θ̄N − θ∗‖), (4.39c)
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where I is the identity matrix, T is the gradient of the matrix inverse in (4.38b)
which is a tensor of order 3, and R is the matrix inverse in (4.38c). Note that the
tensor T premultiplies a vector, resulting in a matrix of size (n+m+1)×(n+m+1).

Next, we will examine each term in the parenthesis in (4.39a)-(4.39b) for large
sample size. Since the estimator is assumed to be consistent, the matrix R in (4.39a),
(4.39b) and (4.39c) is non-singular for N sufficiently large. Now, thanks to the fact
that the input and disturbance are stationary, the ergodic lemma in [110, Lemma
3.1] holds for the second term of (4.39a). Thus, this term can be written as

T
[

1
N

N∑
k=1

ϕ̂f (tk,θ∗)v(tk)
]

= TE{ϕ̂f (tk,θ∗)v(tk)}+ op(1)

for a large sample size. The instrument vector ϕ̂f (tk,θ∗) consists of filtered inputs
that are independent of the disturbance v(tk) according to Assumption 4.2. Thus,
by using the same method as in the proof of Theorem 4.1, we can show that
E{ϕ̂f (tk,θ∗)v(tk)} = 0. So, the second term in the parenthesis in (4.38b) is op(1).

In addition, when performing vector differentiation, we obtain

∂ϕ̂f (tk, θ̄N )
∂θ̄N

∣∣∣∣∣
θ̄N =θ∗

= M∗(p)u(tk), (4.40)

where M∗(p) is the matrix (4.20) evaluated at the true parameters. Therefore, for a
large sample size and by the same reasoning, the third term in the parenthesis in
(4.39a) can be written as

R
[

1
N

N∑
k=1

∂ϕ̂f (tk, θ̄N )
∂θ̄N

∣∣∣∣
θ̄N =θ∗

v(tk)
]

= RE{M∗(p)u(tk)v(tk)}+ op(1) = op(1).

Furthermore,
∂

∂θ̄N

(
1

Ā(p)

) ∣∣∣∣
θ̄N =θ∗

= 1
A∗2(p)

[
−p, . . . , −pn∗ , 0, . . . , 0

]
.

Then, for a large sample size, the term in the parenthesis in (4.39b) can be expressed
as

R
[

1
N

N∑
k=1
ϕ̂(tk,θ∗)

∂

∂θ̄N

(
1

Ā(p)

) ∣∣∣∣
θ̄N =θ∗

A∗(p)v(tk)
]

= RE
{
ϕ̂(tk,θ∗)

1
A∗(p)

[
−p, . . . , −pn∗ , 0, . . . , 0

]
v(tk)

}
+ op(1)

= op(1).

Therefore, (4.39) can be equivalently written as

√
N(θ̄N−θ∗)=

[
1
N

N∑
k=1

ϕ̂f (tk,θ∗)ϕ̊>f (tk,θ∗)
]−1[

1√
N

N∑
k=1

ϕ̂f (tk, θ̄N )v(tk)
]
(1+op(1))
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for large sample size. According to [110], as the sample size approaches infinity, we
have

1
N

N∑
k=1

ϕ̂f (tk)ϕ̊>f (tk,θ∗)
w.p.1−−−→ E{ϕ̂f (tk,θ∗)ϕ̊>f (tk,θ∗)}.

Hence, by Lemma A4.3 of [114],[
1
N

N∑
k=1

ϕ̂f (tk,θ∗)ϕ̊>f (tk,θ∗)
]−1

p−−→ E{ϕ̂f (tk,θ∗)ϕ̊>f (tk,θ∗)}−1,

where p−→ denotes convergence in probability [16]. Let ϕ̃f (tk,θ∗) in (4.36) be the
noise-free version of ϕ̊f (tk,θj) given in (4.32) evaluated at θ∗. Then, for large N ,

√
N(θ̄N − θ∗) = E{ϕ̂f (tk,θ∗)ϕ̊>f (tk,θ∗)}−1

[
1√
N

N∑
k=1

ϕ̂f (tk,θ∗)v(tk)
]

+ op(1)

= E{ϕ̂f (tk,θ∗)ϕ̃>f (tk,θ∗)}−1

[
1√
N

N∑
k=1

ϕ̂f (tk,θ∗)v(tk)
]

+ op(1).

Since both ϕ̂f (tk) and v(tk) are stationary and independent, by Lemma A4.1 of [114],

1√
N

N∑
k=1

ϕ̂f (tk,θ∗)v(tk) dist.−−−→ N (0,P),

where

P = lim
N→∞

1
N

N∑
k=1

N∑
s=1

E{[ϕ̂f (tk,θ∗)v(tk)][ϕ̂f (ts,θ∗)v(ts)]>}

= lim
N→∞

1
N

N∑
k=1

N∑
s=1

E{ϕ̂f (tk,θ∗)E{v(tk)v(ts)}ϕ̂>f (ts,θ∗)}

= lim
N→∞

σ2

N

N∑
k=1

E{ϕ̂f (tk,θ∗)ϕ̂>f (tk,θ∗)}

= σ2E{ϕ̂f (tk,θ∗)ϕ̂>f (tk,θ∗)}. (4.41)

Now, by Lemma A4.2 of [114] and its corollary,
√
N(θ̄N − θ∗) dist.−−−→ N (0,PSRIVC),

where

PSRIVC = E{ϕ̂f (tk,θ∗)ϕ̃>f (tk,θ∗)}−1PE{ϕ̃f (tk,θ∗)ϕ̂>f (tk,θ∗)}−1,
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with P given in (4.41). Substituting (4.41) into (4.42), we can express the asymptotic
covariance matrix as

PSRIVC =
σ2E{ϕ̂f (tk,θ∗)ϕ̃>f (tk,θ∗)}−1E{ϕ̂f (tk,θ∗)ϕ̂>f (tk,θ∗)}E{ϕ̃f (tk,θ∗)ϕ̂>f (tk,θ∗)}−1,

(4.42)

where ϕ̃f (tk,θ∗) is given in (4.36).
Note that since the intersample behavior of the input signal in the instrument

vector, in the form of (2.30), is chosen to be exactly the same as that of the
true continuous-time input signal, we have, ϕ̂f (tk,θ∗) = ϕ̃f (tk,θ∗). Then, (4.42)
simplifies to (4.35), concluding the proof.

From Theorems 4.2 and 4.3, we note that (4.36) is equal to (4.28) when the
intersample behavior of the model input matches that of the system input. Hence,
the asymptotic covariance of the SRIVC estimates in (4.35) coincides with the
asymptotic CRLB in (4.27). We therefore conclude that the SRIVC estimator is
asymptotically efficient under the output error model structure.

Corollary 4.3. The SRIVC estimator is not asymptotically efficient if, in the
SRIVC algorithm, the intersample behavior of the input in the filtered instrument
vector in (2.30) does not match that of the system input under the output error
model structure.

Proof. If the intersample behavior of the input in (2.30) does not match that of
the system input in the SRIVC algorithm, then we claim that there does not exist
a constant and nonsingular matrix M such that ϕ̃f (tk,θ∗) = Mϕ̂f (tk,θ∗) with
probability 1. Indeed, since multiplying the instrument vector by a constant and
nonsingular matrix does not affect the SRIVC computations (see, e.g. (2.32) when
ϕ̂f (tk,θ∗) is replaced by Mϕ̂f (tk,θ∗)), the existence of such matrix would imply
that the SRIVC estimator is in fact using ϕ̃f (tk,θ∗) instead of ϕ̂f (tk,θ∗) in its
implementation. This contradicts the assumption of this corollary.

Thus, the proof follows from Lemma A3.9 in [114], which in this case states that

E{ϕ̃f (tk,θ∗)ϕ̃>f (tk,θ∗)}−1 ≺
E{ϕ̂f (tk,θ∗)ϕ̃>f (tk,θ∗)}−1E{ϕ̂f (tk,θ∗)ϕ̂>f (tk,θ∗)}E{ϕ̃f (tk,θ∗)ϕ̂>f (tk,θ∗)}−1.

4.5 Monte Carlo simulation studies

In this section, the asymptotic properties of the SRIVC estimator are tested through
extensive simulations. We divide our experiments in consistency and asymptotic
efficiency tests.
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4.5.1 Consistency tests
Monte Carlo simulations are performed on a second order system to support the
theoretical results developed in Section 4.3. The system is chosen to be

G∗(p) = 1
0.04p2 + 0.2p+ 1 , (4.43)

and the true parameters are given by θ∗ = [a∗1, a∗2, b∗0]> = [0.2, 0.04, 1]>. The sam-
pling period is chosen as h = 0.1[s], and the system input is a random binary signal
uniformly exciting the system from 0[Hz] up to the Nyquist frequency with a ZOH
intersample behavior. The additive noise on the output is an i.i.d. Gaussian sequence
with a variance of 0.1. The consistency of the SRIVC estimator is investigated by
examining the mean and variance of the estimates in a Monte Carlo study as the
sample size N increases. Here, N is adjusted from 50 to 200000 in a logarithmic
scale, where a total of 100 different sample sizes are used. Three hundred Monte
Carlo simulations are performed for each value of N with the mean and variance
of the estimates are empirically calculated. The maximum number of iterations of
the SRIVC algorithm is set to 200, and the relative error bound ε in line 15 of
Algorithm 2.1 is set to 10−7. The mean and variance of the estimated parameters
with respect to an increasing sample size are examined under four different cases by
changing the intersample behavior of the signals when discretizing different filters
in the SRIVC algorithm. These cases include

• setting the intersample behavior of all the signals in the algorithm to that of
u(t), which is a ZOH,

• setting only the intersample behavior of u(tk) in the regressor vector to FOH,

• setting only the intersample behavior of u(tk) in the instrument vector to
FOH, and

• setting only the intersample behavior of y(tk) to FOH.

These cases correspond to the first four instances in Figures 4.1 and 4.2.
In another simulation, a multisine input with angular frequencies (ω1, ω2, ω3, ω4) =

(0.5, 2, 5, 7) [rad/s] is used to excite the true system G∗(p). The noise-free system
output is computed using the sinusoidal steady state response, i.e.,

x(t) =
4∑
i=1
|G∗(jωi)| sin(ωit+ ∠G∗(jωi)).

The experimental conditions and simulation settings are exactly the same as the
random binary signal case. The model input is interpolated using a FOH to approx-
imate the continuous-time signal u(t). The mean and variance of the estimate for
each sample size are calculated to examine the consistency of the SRIVC estimator
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Figure 4.1: Mean of the estimated parameters for an increasing sample size.

in situations when the input cannot be interpolated exactly. This corresponds to
the ‘Sine FOH’ instance in Figs. 4.1 and 4.2.

The mean and variance of the estimated parameters for the five instances are
shown in Figs. 4.1 and 4.2 respectively. The three subplots in both figures correspond
to the parameters in the order of 0.2, 0.04, 1. The true parameters are plotted with
a dotted line in Fig. 4.1. It can be seen in Fig. 4.2 that the variance of the estimates
decreases with an increasing sample size in all cases. More oscillations in the mean
values are observed for small sample sizes, but the estimates eventually converge
to the true parameters after approximately 10000 samples when the intersample
behavior of the model input matches that of the true system input, i.e., instances
‘All ZOH’, ‘Instrument U = FOH’ and ‘Y = FOH’. Together with the decreasing
variance, this provides empirical evidence to the consistency result in Theorem 4.1.
In addition, changing the intersample behavior of the input in the instrument vector
or the output does not affect the consistency of SRIVC, which aligns with Statement
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Figure 4.2: Variance of the estimated parameters for an increasing sample size.

1 of Corollary 4.2 and Remark 4.3 respectively. It can also be seen that when the
model input does not match the true system input, the estimates do not converge
to the true parameters with an increasing sample size. The SRIVC estimator is
not consistent in this case, which has been shown theoretically in Statement 2 of
Corollary 4.2. Furthermore, when a continuous-time signal that is not interpolated
exactly is used as the true system input, SRIVC can also be inconsistent. We
note that the bias on the SRIVC estimates can be reduced if more sophisticated
interpolation methods other than a ZOH or FOH are used to reconstruct the input
signal, as will be seen in Chapter 5. Furthermore, the bias will also decrease with a
decreasing sampling period as shown in Statement 2 of Corollary 4.2.
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4.5.2 Asymptotic efficiency tests

We now confirm the asymptotic efficiency results shown in Section 4.4. To this end,
Monte Carlo simulations are performed with both first and second order systems.

Simulation 1: First order system

The first order system is chosen to be

G∗(p) = 10
0.1p+ 1 ,

and the parameter vector of true parameters is therefore θ∗ = [a∗1, b∗0]> = [0.1, 10]>.
The sampling period is chosen to be h = 0.01[s] and the input is an i.i.d. Gaussian
sequence with a unity variance, which is then interpolated with a ZOH device. The
additive noise on the output is also an i.i.d. Gaussian sequence with a unity variance
and is uncorrelated with the input. The sample size N is set to 2× 105, and 5× 104

Monte Carlo runs are performed with the SRIVC estimator initialized at θ∗. The
maximum number of iterations of the SRIVC algorithm is set to 200, and the relative
error bound ε in line 15 of Algorithm 2.1 is set to 10−12. The covariance of the
asymptotic distribution of the SRIVC estimate given in (4.35) is then approximated
using 5× 104 sets of estimates to be

PSRIVC =
[

(8.0327± 0.0508)× 10−3 0.3996± 0.0021
0.3996± 0.0021 39.8223± 0.2519

]
, (4.44)

where the mean and standard deviation of each covariance entry in (4.44) are
determined using the method outlined in [115, Appendix B.9].

The expectation of two signals filtered by continuous-time transfer functions
can be computed by first converting the continuous-time transfer functions to their
discrete-time ZOH equivalents and then using the method outlined in Section 5
of [112]. The CRLB in (4.27) can then be computed analytically at θ∗ to be

PCR =
[

8.0334× 10−3 0.4010
0.4010 40.0333

]
, (4.45)

where (4.45) is accurate up to four decimal places. The analytical expression of the
CRLB in (4.45) matches well with the approximated covariance matrix in (4.44)
being within the standard deviations.

Now, it has been stated in the existing literature [19, 31, 35, 38] that the SRIVC
estimator is asymptotically efficient with the covariance matrix, and therefore also
the CRLB, defined in the same form as (4.35) but with the filtered regressor given
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by (see e.g. [31, p. 105])

ϕ̃f (tk) = 1
A∗(p)

[
x(1)(tk), . . . , x(n∗)(tk), u(tk), . . . , u(m∗)(tk)

]>
= 1
A∗(p)

[
px(tk), . . . , pn

∗
x(tk), u(tk), . . . , pm

∗
u(tk)

]>
, (4.46)

where x(tk) is the sampled version of the noise-free system output. It can be seen
that (4.46) is different to the filtered regressor defined in (4.36) by Theorem 4.3.
Computing the covariance matrix of the SRIVC estimator of the CRLB expression
using (4.46) will lead to the ambiguous assumption of the intersample behavior of
the noise-free system output x(tk), which is unknown in practice since only sampled
signals are available as measurements. The key difference between the covariance
expressions derived in Section 4.4 and the expressions given in the existing literature
is that the evaluation of the filtered regressor in (4.36) implicitly assumes that the
noise-free system output is a continuous-time signal, whereas (4.46) assumes the
noise-free output x(tk) is interpolated in some manner where a mixed notation
of continuous-time transfer function and sampled data is used [31, p. 96]. For
instance, assuming a ZOH reconstruction for x(tk) during the filtering operations
when computing the covariance matrix from the existing literature [31] will result in

Plit
SRIVC =

[
7.2629× 10−3 0.3813

0.3813 40.0333

]
,

which does not match the covariance matrix approximated using the Monte Carlo
simulations in (4.44).

The covariance matrix approximated through the Monte Carlo runs is plotted
against the number of runs as shown in Figure 4.3. It can be seen that the covariance
matrix obtained in simulation converges to the CRLB derived in this chapter, which
also coincides with the derived covariance matrix of the SRIVC estimates, with an
increasing number of Monte Carlo runs. This provides empirical evidence that the
SRIVC estimator is asymptotically efficient under the output error model structure.
However, the CRLB or the covariance expression in the existing literature does not
match the simulated covariance results.

Simulation 2: Second order system

The second order system is chosen to be the one in (4.43). The input and additive
noise settings as well as the relative error bound and maximum iterations of the
SRIVC algorithm are exactly the same as the settings for the first-order system
simulation. The sampling period is chosen to be h = 0.1[s], the sample size N is
varied from 103 to 2×105 in eight steps, and 104 Monte Carlo runs are performed for
each step with the SRIVC estimator initialized at θ∗. The covariance matrix of the
estimates are then approximated from the distributions generated by the Monte Carlo
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Figure 4.3: Covariance of the first-order transfer function estimates. Note that the
dashed green and dashed blue lines match in the bottom right plot.

runs, and the three diagonal entries are plotted against N in Figure 4.4. In addition to
the CRLB calculated using (4.27), the system parameters are also estimated with the
asymptotically efficient indirect PEM method derived in Chapter 3 for comparison
as shown in Figure 4.4. Furthermore, the fourth instance in Figure 4.4 corresponds
to an SRIVC estimator with a FOH input signal in the filtered instrument vector
with the covariance matrix labeled as P̃SRIVC/N .

It can be observed in Figure 4.4 that the variance of the SRIVC estimates
converges quickly to the CRLB with an increasing sample size, and the small dis-
crepancies are due to the finite sample approximation to the covariance matrix.
The variance of the SRIVC estimates are indistinguishable from that of the asymp-
totically efficient indirect PEM estimates as seen in the upper right windows in
Figure 4.4. These provide empirical evidence to the asymptotic efficiency of the
SRIVC estimator.

On the other hand, when the intersample behavior of the input signal in the
filtered instrument vector does not match the system input in the SRIVC estimator,
a higher variance of the estimates can be observed, which indicates that the estimator
is not efficient in this case. This agrees with Corollary 4.3.
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Figure 4.4: Variance of the second-order transfer function estimates.

4.6 Conclusions

In this chapter, we have analyzed the consistency and asymptotic efficiency of the
SRIVC estimator by taking into account the intersample behavior of the input signal,
and conducted simulations to provide empirical observations to the theoretical results.
The first result of the chapter is that the SRIVC estimator is generically consistent
when the intersample behavior of the continuous-time input, ZOH or FOH, is known
exactly and subsequently used in the implementation of the algorithm. It has been
shown that when the intersample behavior of the input signal in the regressor,
i.e., the model input, does not match that of the true system input, the unique
converging point of the estimator no longer corresponds to the true parameters,
and thus the SRIVC estimator is generically not consistent. On the other hand,
the intersample behavior of both input signal in the instrument vector and output
signal in the regressor vector do not affect the consistency of the estimator.

We have also derived the asymptotic Cramér-Rao lower bound for the continuous-
time output error model structure and provided the asymptotic covariance expression
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of the SRIVC estimator by explicitly incorporating the intersample behavior of the
signals as part of the analysis. The asymptotic CRLB and the covariance expression
derived in this chapter are both different to the results reported in the existing
literature. It has been shown that the asymptotic CRLB is independent of the
intersample behavior of the noise-free system output and hence it only depends
on the intersample behavior of the system input. We conclude that the SRIVC
estimator is asymptotically efficient under the output error model structure, i.e., the
asymptotic covariance expression coincides with the asymptotic CRLB, when the
intersample behavior of the input signal in both the filtered regressor and instrument
vectors matches that of the system input.





Appendix

4.A Supplementary material for consistency results

Lemma 4.1. Under Assumption 4.2, with {u(tk)} assumed to be interpolated by a
FOH device, the matrix Ψ in (4.11) is equal to the null matrix.

Proof. Denote the (i, l)-entry of Ψ as Ψil. Since the last m+ 1 elements of v(tk)
are zero, we have that Ψil = 0 for l = n + 1, n + 2, . . . , n + m + 1. An arbitrary
entry in the first n columns of Ψ can be written as

Ψil = E
{
pn+m+1−i

A2
j (p)

u(tk) pl

Aj(p)
v(tk)

}

= 1
2π

∫ π

−π

B̃i(ejω)
Ã2
j (ejω)

D̃l(e−jω)
Ãj(e−jω)

φuv(ω)dω, (4.47)

where B̃i/Ã2
j and D̃l/Ãj are the FOH equivalents of their respective continuous-

time transfer functions, i = 1, . . . , n + m + 1, l = 1, . . . , n, and φuv(ω) is the
cross-spectrum of u(tk) and v(tk). Since the input and noise are uncorrelated
according to Assumption 4.2, it holds that φuv(ω) = 0. Thus, Ψil = 0 for every
i, l = 1, . . . , n+m+ 1, hence Ψ = 0.

Lemma 4.2. Consider a FOH input reconstruction, and that Assumptions 4.1,4.3
and 4.6 hold. Then, the matrix Φ in (4.10) when evaluated at the true system
parameters is positive definite, i.e.,

Φ∗ := E
{

1
A∗2(p)

udu(tk) 1
A∗2(p)

u>du(tk)
}
� 0. (4.48)

Proof. For an arbitrary vector z ∈ Rn+m+1, we can write

z>Φ∗z = E
{(

Bz(p)
A∗2(p)

u(tk)
)2
}
≥ 0, (4.49)

where Bz(p) is an arbitrary polynomial of degree n + m. In the frequency do-
main, (4.49) can be written as

z>Φ∗z = 1
2π

∫ π

−π

∣∣∣∣ B̃z(ejω)
Ã∗2(ejω)

∣∣∣∣2 dFu(ω),
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where B̃z(ejω) and Ã∗
2(ejω) are the FOH equivalent polynomials of Bz(s)/A∗2(s)

evaluated at z = ejω, and Fu(ω) is the spectral distribution of {u(tk)}. Note that
B̃z(ejω) is a 2n degree polynomial in the variable ejω. We can also write (4.49) as

z>Φ∗z = 1
2π

∫ π

−π
|B̃z(ejω)|2dFũ(ω),

where the support of the spectral distribution function Fũ consists of at least 2n+ 1
points, since filtering u(tk) by 1/Ã∗2(q) gives a signal which is also persistently
exciting of order at least 2n + 1. By the definition of persistence of excitation,
z>Φ∗z = 0 implies that B̃z(ejω) = 0 for all ω ∈ [−π, π] (cf. sufficiency proof of [68,
Theorem 1]). This means that Bz(p)/A∗2(p) gives a sampled model equal to zero at
all sampling instants.

Now, assume that there exists a vector z∗ ∈ Rn+m+1 such that Bz∗ (p)
A∗2(p)u(tk) = 0.

Thus, by linearity, for all z we have
Bz(p)
A∗2(p)

u(tk) = Bz(p) +Bz∗(p)
A∗2(p)

u(tk).

If Bz∗(p) were non-zero, the continuous-time model is not uniquely determined by
the discrete-time model. However, this is not true under the sampling condition of
the statement (see [61]). Thus, it is not possible for a polynomial Bz(p) different
from zero to give a sampled model equal to zero. This means that (4.49) is strictly
positive for any non-zero vector z, which implies that Φ∗ is positive definite.

Remark 4.4. Even though there are n+m+ 1 parameters in the continuous-time
transfer function to be identified, the input needs to be persistently exciting of order
2n + 1 instead of n + m + 1 for a FOH reconstruction of the input. The reason
behind this is that the numerator polynomial Bz(p) gets mapped to a subset of
a larger space, namely a subset of the space of polynomials of degree 2n. Hence,
the singularity of Φ∗ can be obtained by an unfortunate choice of the frequency
lines of {u(tk)}. If the input is persistently exciting of an order less than 2n+ 1, the
frequency lines of the input could match the zeros of B̃z(ejω), leading to z>Φ∗z = 0
when z 6= 0.

Remark 4.5 (A counterexample for the non-singularity of Φ∗). Following the idea
in [61], we can see that the sampling of 1/A∗(p) plays an important role in the
non-singularity of Φ∗ in (4.48). If the sampling period is poorly chosen, the matrix
Φ∗ can be singular. As an example, consider an input reconstructed through a
zero-order hold, n = 2, m = 1, and

A∗(p) = 1
α2 + (π/h)2 p

2 + 2α
α2 + (π/h)2 p+ 1,

where α > 0 and h is the sampling period. We write

z>Φ∗z = (α2 + (π/h)2)2E
{(

Bz(p)
(p2 + 2αp+ α2 + (π/h)2)2u(tk)

)2
}
.
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For the choice z = [0, 1, α, 0]>, we have

z>Φ∗z = (α2 + (π/h)2)2E
{(

p(p+ α)
(p2 + 2αp+ α2 + (π/h)2)2u(tk)

)2
}
.

Denote the transfer function in the expectation above as Ḡ(p). The step response of
this system is

L−1
{
Ḡ(s)
s

}
= h

2π te
−αt sin

(π
h
t
)
.

Evaluating this step function at t = kh, we obtain

L−1
{
Ḡ(s)
s

}
t=kh

= 0, ∀k ∈ N,

from which we conclude that the zero-order hold equivalent of Ḡ(p) is exactly
zero. Hence, z>Φ∗z = 0 but clearly z 6= 0. This implies that Φ∗ is singular. This
counterexample shows that the sampling period is important for the non-singularity
of Φ∗ and therefore of Φ.

Lemma 4.3. Consider the transfer function 1/(anpn + · · · + a1p + 1) and the
denominator of its discrete-time equivalent, written as qn+αn−1q

n−1 + · · ·+α0. The
mapping between the continuous-time parameter vector [a1, . . . , an] and the discrete-
time parameters [α0, . . . , αn−1] is real analytic in {[a1, . . . , an] ∈ Rn : an 6= 0}.

Proof. For an 6= 0, we can write

A′(p) := pn + an−1

an
pn−1 + · · ·+ a1

an
p+ 1

an

= pn + a′n−1p
n−1 + · · ·+ a′1p+ a′0,

where we note that the mapping [a1, a2, . . . , an] → [a′0, a′1, . . . , a′n−1] is real
analytic for an 6= 0. Let the state matrix of the continuous-time system 1/A′(p) be
Ac. The state matrix of the discrete-time equivalent is then Ad = exp(Ach), where
h is the sampling period. The exponential is also (real) analytic in the variables
[a′0, a′1, . . . , a′n−1]. It is known that the coefficients of the characteristic polynomial
Ã(z) = det(zI −Ad) are polynomial expressions in the entries of the matrix Ad

(see e.g., [14]). This implies that {αi}n−1
i=0 are real analytic functions of the entries

of Ad. The lemma then follows from the composition of real analytic functions.

Lemma 4.4. Each entry of Φ in (4.10) is an analytic function of a1, . . . , an for
[a1, . . . , an] ∈ Ω, where Ω denotes the subset of Rn consisting of parameter vectors
[a1, . . . , an] such that Aj(p) has all zeros strictly in the left half-plane.
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Proof. An arbitrary element of Φ can be written as

Φil = E
{
pn+m+1−i

A2
j (p)

u(tk) p
n+m+1−l

Aj(p)A∗(p)
u(tk)

}

= 1
2π

∫ π

−π

B̃i(ejω)
Ã2
j (ejω)

B̃l(e−jω)
Ãj(e−jω)Ã∗(e−jω)

dFu(ω). (4.50)

Denote the denominator of the FOH equivalent of 1/Aj(p) as Ãj(q) := qn +
αn−1q

n−1 + · · · + α0, and Ωd as the subset of Rn consisting of parameter vec-
tors [α0, . . . , αn−1] such that Ãj(q) has all zeros strictly inside the unit circle. By
Lemma 4.3, there is an analytic mapping between [a1, . . . , an] and the discrete-time
parameter vector [α0, . . . , αn−1]. Now, fixing α1, . . . , αn−1 allows us to define a
region Ωd0 ⊂ R where ᾱ0 ∈ Ωd0 implies [ᾱ0, α1, . . . , αn−1] ∈ Ωd. Note that the
integrand in (4.50) is a real analytic function of α0 in Ωd0, and from now on, we
denote this integrand as f(ᾱ0, ω).

Let C be a closed contour in Ωd0 such that ᾱ0 is interior to C. Then,

f(ᾱ0, ω) = 1
2πj

∫
C

f(α0, ω)
α0 − ᾱ0

dα0.

As a result,
Φil(ᾱ0) = 1

2π

∫ π

−π

1
2πj

∫
C

f(α0, ω)
α0 − ᾱ0

dα0dFu(ω).

Since the function being integrated is bounded on [−π, π]×C, the order of integration
can be changed by Fubini’s Theorem [24], which yields

Φil(ᾱ0) = 1
2πj

∫
C

1
α0 − ᾱ0

1
2π

∫ π

−π
f(α0, ω)dFu(ω)dα0

= 1
2πj

∫
C

Φil(α0)
α0 − ᾱ0

dα0,

from which we conclude that Φil(α0) is real analytic in a neighborhood around
α0 = ᾱ0. Repeating this process for every αi, i = 1, . . . , n− 1, we obtain that Φil

is an analytic function of the variables α0, α1, . . . , αn−1 separately. Since Φil is a
continuous function of [α0, . . . , αn−1] in Ωd, Φil is a real analytic function of the
joint variables [α0, . . . , αn−1] by Osgood’s Lemma [13, p. 139]. Hence, each entry
of Φ is a real analytic function of a1, . . . , an for [a1, . . . , an] ∈ Ω.

4.B Supplementary material for efficiency results

Lemma 4.5 (Equivalence between practical and theoretical SRIVC estimators).
Consider the SRIVC iterations in (2.32) for finite N , where we denote by ϕf (tk,θNj ),
ϕ̂f (tk,θNj ) and yf (tk,θNj ) the expressions in (2.29), (2.30) and (2.31) respectively.
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Let the converging point of the iterations be θ̄N := limj→∞ θ
N
j , and assume the

matrix

1
N

N∑
k=1

ϕ̂f (tk, θ̄N )ϕ>f (tk, θ̄N ) (4.51)

is non-singular. Also consider the theoretical SRIVC estimator given in Definition 4.1
at the converging point θ̄N , and further assume that (4.51) remains non-singular
with the filtered regressor replaced by (4.32). Then, there exists an integer N0 such
that the SRIVC estimator given in (2.32) is equivalent to the theoretical SRIVC
estimator given in Definition 4.1 evaluated at the converging point for N > N0, that
is, (2.32) at the converging point can be expressed as

θ̄N =
[
N∑
k=1

ϕ̂f (tk, θ̄N )ϕ̊f (tk, θ̄N )
]−1 [ N∑

k=1
ϕ̂f (tk, θ̄N )ẙf (tk, θ̄N )

]
. (4.52)

Proof. The converging point θ̄N of the SRIVC estimator must satisfy (2.32), i.e.,

θ̄N =
[
N∑
k=1

ϕ̂f (tk, θ̄N )ϕ>f (tk, θ̄N )
]−1 [ N∑

k=1
ϕ̂f (tk, θ̄N )yf (tk, θ̄N )

]
.

Equivalently,

N∑
k=1

ϕ̂f (tk, θ̄N )yf (tk, θ̄N )−
N∑
k=1

ϕ̂f (tk, θ̄N )ϕ>f (tk, θ̄N )θ̄N = 0. (4.53)

Note that

ϕ>f (tk, θ̄N )θ̄N = −ānpn − · · · − ā1p

ānpn + · · ·+ ā1p+ 1y(tk) + B̄(p)
Ā(p)

u(tk),

where the filtering on y(tk) depends on the chosen hold reconstruction. Therefore,
(4.53) reduces to

N∑
k=1

ϕ̂f (tk, θ̄)
(
y(tk)− B̄(p)

Ā(p)
u(tk)

)
= 0. (4.54)

Now, consider the theoretical SRIVC estimator evaluated at the converging point
with the filtered regressor and the filtered output given by (4.32) and (4.33). We
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have

ẙf (tk, θ̄)− ϕ̊>f (tk, θ̄)θ̄ = B∗(p)
Ā(p)A∗(p)

u(tk) + 1
Ā(p)

v(tk) + (ānpn + · · ·+ ā1p)
Ā(p)A∗(p)

u(tk)

+ (ānpn + · · ·+ ā1p)
Ā(p)

v(tk)− B̄(p)
Ā(p)

u(tk)

= Ā(p)B∗(p)
Ā(p)A∗(p)

u(tk) + Ā(p)
Ā(p)

v(tk)− B̄(p)
Ā(p)

u(tk)

= y(tk)− B̄(p)
Ā(p)

u(tk),

which gives the same expression as the standard SRIVC estimator in (4.54). This
means that both estimators solve the same equation for the parameters at the
converging point for every sample size N . Following the proof in Statement 2 of
Theorem 4.1, it can be shown that there is a unique converging point for the SRIVC
estimator as the sample size approaches infinity. Therefore, replacing the filtered
regressor vector and the filtered output in the SRIVC estimator by (4.32) and (4.33)
will result in the same estimate θ̄ for all N sufficiently large.

4.C A result from real analytic function theory

The next lemma from real analytic function theory is of interest for proving generic
consistency.

Lemma 4.6 (Lemma A2.3 of [114]). Let Ω ⊂ Rn be a open connected set, and
x = [x1, . . . , xn]. Consider a function f : Ω→ R such that

1. f(x) is real analytic in xi (i = 1, . . . , n) for x ∈ Ω and

2. there is a point x∗ ∈ Ω such that f(x∗) 6= 0.

Then, the set
M = {x|x ∈ Ω, f(x) = 0}

has zero Lebesgue measure.

Proof. An elementary proof of this result can be found in [80].

Corollary 4.4. Consider the square matrix R(x) ∈ Rn×n as a function of the finite
dimensional vector x which belongs to a domain Ω. Assume that each entry Rij(x)
of R(x) is a real analytic function of x in Ω. If there exists a vector x∗ such that
R(x∗) is nonsingular, then R(x) is generically non-singular with respect to Ω.

Proof. Take f(x) = det(R(x)), which is real analytic in Ω due to composition of
real analytic functions. The corollary follows from Lemma 4.6.



Chapter 5

Extensions of SRIVC

In Chapter 4, the asymptotic properties of the SRIVC estimator were discussed
in detail. These insights can lead to formalize possible extensions of the SRIVC
estimator for the case when full knowledge of the intersample behavior is known in
advance. In this chapter, we show the consistency of an extended SRIVC estimator
based on such knowledge, study its connections to the ML estimator and analyze
its iterations.

5.1 Introduction

Despite decades of practical experiences, the SRIVC estimator is still not fully
understood. In Chapter 4 we have proven the generic consistency of this estimator
for inputs that can be exactly reconstructed with zero or first order holds and stated
conditions on the intersample behavior of the input and output in the instrument
and regressor vectors that ensure this property. Moreover, in that same chapter,
the asymptotic efficiency of this estimator has been proven for the case when the
intersample behavior of the input signal in the SRIVC iterations coincides with that
of the system input. These two results provide theoretical support to the findings in
[139], where it is stated that the refined instrumental variable estimator from which
the SRIVC method is derived uses the optimal instruments in its recursive algorithm,
and therefore it minimizes the prediction error and maximizes the likelihood function
for a Gaussian noise distribution.

One of the shortcomings of the work in [139] is that, due to its generality,
the role of the intersample behavior in the continuous-time system identification
algorithm is not analyzed in detail. The behavior of the signals between samples is of
particular interest in continuous-time identification, due to the inherent continuous-
time filtering of discrete-time signals. In particular, the measured input needs to
be interpolated in some manner in order to simulate a continuous-time model
output. This interpolation must be carefully taken into account, as it has been
discussed in [4] and [101] that assuming the incorrect input intersample behavior
of the underlying data generating process may lead to severe estimation errors. A
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simple motivation example was provided in [101] to illustrate the modeling error
induced in the estimation process when a band-limited input is assumed while the
true system input is reconstructed via a zero-order hold. Thus, it is important
to take into account the intersample behavior of the signals when dealing with
continuous-time estimators, which has been somewhat overlooked in the existing
literature of continuous-time system identification algorithms. We, however, note
that there are some continuous-time identification methods that do not require the
sampled signals to be interpolated. For example, higher order Padé approximation
is used in [22] to approximate a discrete-time filter that produces the same output
as the sampled continuous-time filter output, which avoids the need to reconstruct
the continuous-time input signal, and continuous-time models are identified in [76]
based on second-order statistics.

In the SRIVC method, the user has several choices regarding the intersample
behavior assumptions. More precisely, the intersample behavior of the input in both
filtered regressors and instruments can be chosen, as well as the reconstruction of
the output signal. Usually the output is selected to have a FOH behavior, since it is
argued that it typically gives rise to a satisfactory approximation if the sampling
period is small [19]. It has been noted in [32] that the SRIVC estimator requires
optimal interpolation of the input signal in order for the estimator to be truly
optimal, although simple interpolation (i.e., ZOH or FOH) is commonly used for
the SRIVC implementation [30]. The implications of this statement have only been
studied formally in [85] and [86], which constitute Chapter 4 of this thesis. To the
best of the author’s knowledge, extensions of the statistical properties of the SRIVC
estimator for inputs that are not perfectly interpolated with ZOH and FOH devices
have not been considered in the literature.

In this chapter we incorporate arbitrary intersample behaviors in the SRIVC
framework and analyze the properties of this extended SRIVC estimator, which we
call SRIVC-c. Focus will be put on the consistency of SRIVC-c for continuous-time
multisine inputs, and the effects of the intersample behavior of the output on the
proposed estimator will be analyzed. In summary,

• we present a refinement of the SRIVC method that is shown to yield generic
consistency of the estimated model parameters for continuous-time multisine
input signal excitations;

• we prove that, given knowledge of the continuous-time multisine input signal
and measured output samples, the exact computation of the input regressors is
necessary and sufficient for a generically consistent estimate of the continuous-
time system;

• we propose a computationally efficient algorithm for computing the regressors
under the multisine case, and introduce an extension of the SRIVC algorithm
for arbitrary continuous-time inputs that are not necessarily constructed via
hold devices;
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• we establish the relationship between this estimator and the Maximum Likeli-
hood estimator that considers full intersample knowledge of the input of the
true system;

• we interpret the proposed estimator as a quasi Gauss-Newton step for optimiz-
ing the likelihood function, study the effect of the hold device for reconstructing
the output measurements, and derive ways to robustify the SRIVC-c method;
and

• we exemplify the properties we have derived through extensive Monte Carlo
simulations.

The remainder of this paper is organized as follows. The identification problem is
formulated in Section 5.2. In Section 5.3, the proposed SRIVC-c method is presented
and its generic consistency is proven. The relationship between this method and
the ML estimator, and the analysis of the iterations of SRIVC-c, are studied in
Section 5.4. Section 5.5 illustrates the SRIVC-c method and its properties with
extensive numerical examples. Finally, conclusions are drawn in Section 5.6.

5.2 Preliminaries

Consider an LTI, causal, asymptotically stable, SISO, continuous-time system

x(t) = B∗(p)
A∗(p)u(t), (5.1)

where the numerator and denominator polynomials are coprime and given by

B∗(p) = b∗m∗p
m∗ + b∗m∗−1p

m∗−1 + · · ·+ b∗0,

A∗(p) = a∗n∗p
n∗ + a∗n∗−1p

n∗−1 + · · ·+ a∗1p+ 1.

Suppose that the continuous-time input u(t) is known from t = t1 to t = tN , and
that N noisy measurements of the output x(t) are obtained at the instants {tk}Nk=1.
In other words, the output observations are given by

y(tk) = x(tk) + v(tk), k = 1, . . . , N, (5.2)

where it is assumed that the sampled noise sequence {v(tk)} can be described as a
zero-mean and finite variance random process. To identify the system, we propose
the model structure

G(p) = bmp
m + bm−1p

m−1 + · · ·+ b0
anpn + an−1pn−1 + · · ·+ a1p+ 1 .

The goal is to obtain an adequate model of the continuous-time system given the
knowledge of the output measurements with N samples and the (non-sampled)
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continuous-time input signal. Note that in this framework the input signal is
not limited to hold reconstructions. Hence, the description includes the standard
framework where u(t) is assumed to be obtained via a ZOH or FOH and allows for
more general inputs, such as multisines and band limited signals [100].

The identification of the system G∗(p) can be done by obtaining the data points
{u(tk), y(tk)} and applying a method for continuous-time system identification, such
as in [17], or as in [43, 78, 142] for regular sampling schemes. In most of these
algorithms, however, hold reconstructions of the input and output are assumed, and
they are independent of the exact nature of the signals. In particular, the SRIVC
algorithm uses interpolation of the input and output data in order to compute
filtered regressor and instrument vectors in its iterative estimation procedure. This
reconstruction is usually done by assuming a ZOH or a FOH intersample behavior
of the input and output signals. For inputs that can be described exactly with these
reconstruction schemes, we have shown that the SRIVC estimator is generically
consistent and asymptotically efficient in Chapter 4. However, when the intersample
behavior assumption on the model input does not match that of the system input,
the SRIVC estimator is generically inconsistent. This intersample assumption mis-
match always occurs when the input cannot be described by holds, which is the
case for band limited signals such as multisines. These signals are advantageous
due to their flexibility regarding power spectrum design, time domain averaging
possibilities, simplification of the model validation step and finite sample estimation
performance [100]. For multisine input signals, the complete continuous-time input
signal is known to the practitioner, but the SRIVC procedure only performs simple
interpolations of the input, which impact its consistency regardless of the sampling
period.

5.3 The SRIVC-c method

As shown in Chapter 4, a correct assumption of the intersample behavior of the
input (ZOH or FOH) in the regressor vector ϕ(tk) guarantees generic consistency
under mild conditions. Furthermore, if the instruments also correctly assume the
intersample behavior of the input, the resulting estimator is asymptotically efficient.
The extension of this principle constitutes the main contribution of this chapter.
We propose a method, which we call SRIVC-c, that computes the filtered regressors
and instruments exactly for a wide class of input signals whose intersample behavior
is known and prove its consistency for multisine input excitations.

The generalized equation error for the proposed approach is

ε(tk) = A(p)yf (tk)− {B(p)uf (t)}tk , (5.3)

That is, the predicted output measurement is explicitly calculated by first computing
the underlying continuous-time signal B(p)uf (t) (where uf (t) is the filtered input
A−1(p)u(t)), and later evaluating it at t = tk. The proposed procedure is described
in Algorithm 5.1.



5.3. The SRIVC-c method 95

Algorithm 5.1 : SRIVC-c
1: Input: {u(t)}t∈[t1,tN ], {y(tk)}Nk=1, model order (n,m), initial vector estimate θ1,

tolerance ε and maximum number of iterations M
2: Using θ1, form the estimated system polynomials A1(p) and B1(p)
3: j ← 1, flag← 1
4: while flag = 1 and j ≤M do
5: if 1/Aj(p) is unstable then
6: for i = 1, . . . , n do
7: if pole pi of 1/Aj(p) is unstable then
8: Re{pi} ← −Re{pi}
9: end if

10: end for
11: Aj(p)←

∏n
i=1(p− pi)/

∏n
i=1(−pi)

12: end if
13: Prefilter the continuous-time input {u(t)}t∈[t1,tN ] and discrete-time output

{y(tk)}Nk=1 by continuous-time filters to form

ϕf (tk)←
[ −p
Aj(p)

y(tk), . . . , −pn

Aj(p)
y(tk),

{
u(t)
Aj(p)

}
tk

, . . . ,

{
pmu(t)
Aj(p)

}
tk

]>
,

(5.4)

ϕ̂f (tk)←
[
−pBj(p)
A2
j (p)

u(t), . . . , −p
nBj(p)
A2
j (p)

u(t), 1
Aj(p)

u(t), . . . , pm

Aj(p)
u(t)

]>
tk

(5.5)

14: Compute the parameter estimate

θj+1 ←

[
N∑
k=1

ϕ̂f (tk)ϕ>f (tk)
]−1 [ N∑

k=1
ϕ̂f (tk)yf (tk)

]
(5.6)

15: if ‖θj+1 − θj‖
‖θj‖

< ε then

16: flag← 0
17: end if
18: j ← j + 1
19: end while
20: Output: θj and its associated model Bj(p)/Aj(p).
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The proposed estimator follows the SRIVC procedure described in Algorithm 2.1,
but the intersample behavior of the input in the regressor and instrument vectors is
known and therefore used in the filtering process, instead of interpolating the input
samples with a ZOH or FOH device. Note that the tk in (5.5) follows the notation
described in Remark 4.1.

Remark 5.1. For input signals that are reconstructed exactly through a ZOH or
FOH, the proposed estimator is equivalent to the standard SRIVC estimator. Thus,
for this selection of input signal, the SRIVC-c estimator described in Algorithm 5.1
is generically consistent under Assumptions 4.1 to 4.6 by Theorem 4.1, and it is
asymptotically efficient under Assumptions 4.1–4.4, 4.6–4.7 by Theorem 4.3.

In order to further analyze the asymptotic properties of the proposed estimator,
we first study its consistency for multisine inputs. Later, an extension for arbitrary
input excitations is presented.

5.3.1 Multisine input signal
We consider multisine input signals of the form

u(t) = α0 +
mu∑
l=1

αl cos(ωlt+ ψl), (5.7)

where mu, {αl}mu

l=0, {ωl}
mu

l=0 and {ψl}mu

l=0 are input parameters. The frequencies ωl are
assumed to be positive and distinct, and without loss of generality we assume that αl
is positive as well. It is well known that the stationary output of an asymptotically
stable LTI filter H(s) when u(t) in (5.7) is applied is also a multisine, given by

y(t) = H(0)α0 +
mu∑
l=1

αl|H(jωl)| cos(ωlt+ ψl + ∠H(jωl)). (5.8)

This property of LTI systems provides a natural way to obtain exact values for the
signal evaluations in (5.4) and (5.5) while reducing the computational cost, since
the prefiltering is directly obtained by evaluating (5.8) with the corresponding filter
instead of performing a convolution step. Another advantage of this approach is
that it extends naturally to non-uniformly sampled data. For such type of data
the proposed method is not as computationally intensive as the standard SRIVC
method, since the algorithm only obtains approximations of the filtered output
piA−1

j (p)y(tk), i = 1, . . . , n instead of computing approximations of the filtered
values of both u(tk) and y(tk). The filtered output computations can be carried
out by, e.g., an adaptive Runge-Kutta method (as in [17]), or by any oversampling
technique with intersample behavior assumptions.

We now prove the consistency of the proposed estimator for a multisine input.
The assumptions we consider for this analysis are the following:
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Assumption 5.1. The true system B∗(p)/A∗(p) is proper (n∗ ≥ m∗) and asymp-
totically stable with A∗(p) and B∗(p) being coprime.

Assumption 5.2. The disturbance sequence {v(tk)} is a zero-mean stationary
random process.

Assumption 5.3. The number of sinusoids of the input, mu, satisfies mu ≥
(n+m)/2, and the input offset, α0, is different from zero1.

Assumption 5.4. All the zeros of Aj(p) have strictly negative real parts, n ≥ m,
with Aj(p) and Bj(p) being coprime.

Assumption 5.5. The degrees n and m of the polynomials in the model satisfy
min(n− n∗,m−m∗) = 0.

Comparing these assumptions to Assumptions 4.1 to 4.6, we find that the
persistence of excitation requirement in Assumption 4.3 is now explicit in Assumption
5.3. Instead of persistence of excitation of order 2n+1, we only require a persistently
exciting input of order m + n + 1. This is due to the fact that no discrete-time
equivalent is computed for the input filters in this consistency proof, thus avoiding the
issue pointed out in Remark 4.4. Also, since the input is deterministic, independence
between input and disturbance signals is no longer a necessary condition.

As deterministic inputs will be considered in conjunction with stochastic noise
processes, our analysis uses the standard definition of expectation for quasi-stationary
signals [70, pp. 34], which is

E{g(t)} := lim
N→∞

1
N

N∑
t=1

E{g(t)}.

Theorem 5.1 (Generic consistency of the SRIVC-c estimator for multisines). Con-
sider the SRIVC-c estimator described in Algorithm 5.1 with a fixed sampling period
h, and suppose that Assumptions 5.1 to 5.5 hold. Then, the following statements
are true for a multisine input of the form (5.7):

1. There exists a maximum sampling period h∗ > 0 such that, if h ≤ h∗, the
matrix E{ϕ̂f (tk)ϕ>f (tk)} is generically non-singular.

2. If h ≤ h∗ and the SRIVC-c iterations converge, then the true parameter θ∗ is
the unique converging point as the sample size tends to infinity.

3. As the sample size approaches infinity, θj+1 in (2.32) converges to θ∗ as
N →∞ for every j ≥ 1.

1If no offset is considered, then at least (n+m+ 1)/2 sinusoids are required for our results.
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Proof. The proof of Statement 1 goes as follows. By substituting

y(tk) =
{
B∗(p)
A∗(p)u(t)

}
tk

+ v(tk)

into (5.4), we find that ϕf (tk) = ϕf1(tk) − v(tk), where v(tk) is defined in (4.4),
and

ϕf1(tk) =
[
−p
Aj(p)

{
B∗(p)
A∗(p)u(t)

}
tk

, . . . ,
−pn

Aj(p)

{
B∗(p)
A∗(p)u(t)

}
tk

,

{
u(t)
Aj(p)

}
tk

, . . . ,

{
pmu(t)
Aj(p)

}
tk

]>
.

On the other hand, we also have

ϕ̂f (tk) = S(−Bj , Aj)
[

udu(t)
A2
j (p)

]
tk

,

where
udu(t) =

[
u(n+m)(t), u(n+m−1)(t), . . . , u(t)

]>
, (5.9)

and S(−Bj , Aj) is the Sylvester matrix (written as in (4.5)) associated with the
polynomials −Bj(p) and Aj(p), whose non-singularity follows from the same analysis
done in the proof of Statement 1 of Theorem 4.1, where Assumption 5.4 is used.
With this, we compute

E{ϕ̂f (tk)ϕ>f (tk)}=

S(−Bj , Aj)
(

E
{[

udu(t)
A2
j (p)

]
tk

ϕ>f1(tk)
}
−E

{[
udu(tk)
A2
j (p)

]
tk

v>(tk)
})

. (5.10)

Define Φ and Ψ as the first and second expectations in the right hand side of (5.10)
respectively. To show that E{ϕ̂f (tk)ϕ>f (tk)} is generically non-singular for a small
enough sampling period h, it is sufficient to show that Ψ = 0 and Φ is generically
non-singular for a small enough h. The difference between the analysis done for
Theorem 4.1 and the current proof is that the signals of interest are hybrid in nature:
some are evaluations of continuous-time signals, whereas others are discrete-time
signals interpolated with a reconstruction device, such as a FOH.

The proof that Ψ = 0 can be found in Lemma 5.3 in Appendix 5.A of this
chapter. Regarding the invertibility of Φ, we will conveniently write ϕf1(tk) as
ϕf2(tk) + ∆(tk), where ∆(tk) ∈ Rn+m+1 has entries

∆i(tk) =


{

pi

Aj(p)
x(t)

}
tk

− pi

Aj(p)
x(tk) , i = 1, . . . , n

0 , i = n+ 1, . . . , n+m+ 1,
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and

ϕf2(tk)=
[
−pB∗(p)
Aj(p)A∗(p)

u(t), . . . , −p
nB∗(p)

Aj(p)A∗(p)
u(t), 1

Aj(p)
u(t), . . . , pm

Aj(p)
u(t)

]>
tk

= S(−B∗, A∗)
[

udu(t)
Aj(p)A∗(p)

]
tk

,

with S(−B∗, A∗) being the Sylvester matrix associated with the polynomials −B∗(p)
and A∗(p), which is non-singular since A∗(p) and B∗(p) are coprime. Hence, we can
write the expected value of interest as

E{ϕ̂f (tk)ϕ>f (tk)} =

S(−Bj , Aj)Φ1S>(−B∗, A∗) + S(−Bj , Aj)E
{[

udu(t)
A2
j (p)

]
tk

∆>(tk)
}
, (5.11)

where

Φ1 := E
{[

udu(t)
A2
j (p)

]
tk

[
udu(t)

Aj(p)A∗(p)

]>
tk

}
.

It is shown in Lemma 5.4 in Appendix 5.A that Φ1 is generically non-singular,
which means that the first summand of the right hand side of (5.11) is generically
non-singular.

Finally, as h tends to zero, the infinity norm of the difference between the direct
evaluation of a continuous-time signal and its interpolated counterpart also tends
to zero. Thus, ∆(tk) → 0 as h → 0. This, together with the fact that (generic)
non-singularity of a matrix is preserved under small-enough matrix perturbations
[55, Chap. 6], leads to the first statement of the theorem.

Statements 2 and 3 follow from the same arguments as in the proof of Theorem
4.1 and are therefore omitted, thus completing the proof.

Note that if the commonly used FOH (or ZOH) were chosen as the intersample
behavior of the signals when discretizing the prefilters, the reconstruction of u(t)
would suffer from high frequency distortion, which leads to inaccuracies in the
computation of ϕf (tk) and ϕ̂f (tk). As stated next, an inaccurate computation of
the regressor vector ϕf (tk) causes generic inconsistency of the proposed method
under continuous-time multisine input excitation, whereas the generic consistency is
unaffected by inaccurate computations of the instrument vector ϕ̂f (tk).

Corollary 5.1. Assume that an incorrect intersample behavior in the input signal is
considered in SRIVC-c, but the reconstructed input nevertheless satisfies G(p)u(tk) =
{G(p)u(t)}tk as h→ 0. The SRIVC-c estimator

1. remains generically consistent if an incorrect assumption on the intersample
behavior is used for generating the filtered signals in the instrument vector
ϕ̂f (tk), and
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2. is generically inconsistent if an incorrect assumption on the intersample
behavior is used for filtering the input signal in the regressor vector ϕf (tk).

Proof. Part 1 of this corollary follows from the same logic as in the proof of
Corollary 4.2. Regarding Part 2, Statement 1 of Theorem 5.1 still holds by following
the same steps as before, but this time the vector ∆(tk) will have non-zero elements
in its bottom m + 1 entries. Namely, the i-th component of ∆(tk), with i =
n+ 1, . . . , n+m+ 1, is now

∆i(tk) = pi−n−1

Aj(p)
u(tk)−

{
pi−n−1

Aj(p)
u(t)

}
tk

,

which still satisfies ∆i(tk) → 0 as h → 0 for i = n + 1, . . . , n + m + 1. Thus,
Statement 1 of Theorem 5.1 is valid for this case as well. However, Statement 2 of
Theorem 5.1 does not hold. This fact follows from the same analysis done in the
proof of Statement 3 of Corollary 4.2.

In summary, we have shown that the SRIVC-c method provides generically
consistent estimates when the input is a continuous-time multisine signal. For these
input signals, this estimator overcomes the deficiency of the standard SRIVC method
exposed in Corollary 4.2. Note that a similar procedure to (5.4) and (5.5) could
be proposed for the computation of yf (tk) by exploiting the fact that the noiseless
output also corresponds to a multisine (thus, a more adequate reconstruction scheme
could be designed). However, Remark 4.3 suggests that, as the number of iterations
tends to infinity, the generic consistency of the SRIVC estimator does not depend on
the output reconstruction mechanism. Thus, a more precise filtering of the output
is not needed.

5.3.2 Extension to arbitrary input signals
The previous method is naturally suited for multisine inputs due to the simplicity
of the filtered outputs in a stationary regime, since they are also multisine signals.
By introducing a δ-transform [79] description, the computations in (5.4) and (5.5)
can be generalized for an arbitrary input signal with arbitrary accuracy. For this
procedure only regular sampling is considered here, although extensions to irregular
sampling are also possible.

The proposed algorithm for computing ϕf (tk) and ϕ̂f (tk) at the j-th iteration
of the SRIVC-c method can be found in Algorithm 5.2. The approach consists in
oversampling the (known) continuous-time input signal, consider its ZOH description,
and finally perform a convolution step where the prefilters are expressed in the
δ-domain. The input is oversampled in order to extract as much information as
possible from it without performing the filtering procedures in continuous-time,
in which case the implementation is not suited for digital computers. When the
oversampling period ηh tends to zero, the δ-domain description leads to an exact
simulation of the continuous-time system that is being oversampled. Thus, the
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SRIVC-c method with prefilters computed as in Algorithm 5.2 calculates the filtered
regressor and instrument vectors accurately if the oversampling period ηh is chosen
small as compared to the sampling period. Due to potentially high sampling rates,
the use of the δ-operator is needed to ameliorate rounding errors and ill-conditioning
problems regarding the sensitivity of the coefficients of the prefilters. Note that steps
4 and 5 of Algorithm 5.2 can be easily performed by using the δ-Domain Toolbox in
MATLAB.

Algorithm 5.2 : Computation of instrument and regressor vectors of SRIVC-c
1: Input: {u(t)}t∈[t1,tN ], sampling period h of y(t), parameter estimate θj , over-

sampling factor η � 1
2: Given the sampling period h of y(t), (over)sample u(t) with sampling period ηh
3: Form the prefilters pi/Aj(p) and Bj(p)pl/A2

j (p) for i = 0, . . . ,m; l = 1, . . . , n
4: Compute the Delta transform equivalent (written in terms of the complex

variable γ) of these prefilters by the conversion formula [79]

H(γ) = γ

1 + γηh
T

{
L−1

{
G(s)
s

}
t=kηh

}
,

where T denotes the Delta transform, and H(γ) is the ZOH-equivalent of the
filter G(s) in the δ-domain

5: Calculate the response at instants tk of each filter to the fast-sampled version of
u(t) in the δ-domain

6: Form the instrument and regressor vectors following (5.4) and (5.5).

Remark 5.2. The accuracy of this procedure depends on the over-sampling period
ηh. Via extensive simulations, we have found that sampling at least 100 times
faster than the sampling period of the output is usually enough to provide reliable
estimates.

5.4 Efficiency and iterations analysis of SRIVC-c

The SRIVC-c method detailed above serves as a natural extension of the SRIVC
estimator for situations where the full intersample behavior of the input is known. In
this section, we cover several aspects of this estimator. We first discuss how precise the
SRIVC-c estimator is by relating it to the well-known Maximum Likelihood estimator.
Later, we characterize the influence of the intersample behavior assumption of the
output measurements. Finally, we relate the SRIVC-c iterations to Gauss-Newton
steps and extend its reliability for highly noisy identification scenarios.
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5.4.1 Dependence on the interpolation of the output
measurements and relation to Maximum Likelihood

The asymptotic CRLB for the OE model structure, presented in Theorem 4.2,
depends on the evaluation of filtered continuous-time signals. More precisely, it
depends on the continuous-time signal u(t), and it is not influenced by how the output
signal y(tk) could be possibly reconstructed between samples. The CRLB suggests
that asymptotically optimal estimators should consider (at least asymptotically) the
correct intersample behavior for the input, and should not depend on the intersample
behavior of the output.

In the SRIVC-c method, only the assumption on the output signal’s intersample
behavior can be chosen. This choice is important for constructing the regressor
vector and filtered output (Equations (5.4) and (2.31) respectively). In the standard
SRIVC method, the output is selected to have a FOH behavior since it resembles the
underlying smooth continuous-time output signal if the sampling period is small [19].
Although the iterative procedures of the SRIVC and SRIVC-c estimators depend on
how the output measurements are interpolated, this effect disappears as the number
of iterations tends to infinity, as seen in the following lemma.

Lemma 5.1. Consider the SRIVC-c iterations for finite N . If the iterative procedure
of SRIVC-c converges to θ̄ := limj→∞ θj, and the matrix

1
N

N∑
k=1

ϕ̂f (tk, θ̄)ϕ>f (tk, θ̄) (5.12)

is non-singular, then θ̄ does not depend on the hold mechanism used on y(tk) for
constructing the regressor vector and filtered output.

Proof. The proof follows the same lines as Lemma 4.5 and therefore it is omitted.

Note that the nonsingularity of (5.12) is not guaranteed for finite N , but as
the number of samples tends to infinity, the expression in (5.12) converges to the
expectation E{ϕ̂f (tk, θ̄)ϕ>f (tk, θ̄)} under mild conditions. Thus, the generic non-
singularity of this matrix as N tends to infinity follows from similar arguments to
the ones used for proving Statement 1 of Theorems 4.1 and 5.1. Also, note that an
important byproduct of this result is that, provided the SRIVC-c iterations converge,
the estimate must satisfy (cf. (4.54))

N∑
k=1

ϕ̂f (tk, θ̄)
(
y(tk)−

{
B̄(p)
Ā(p)

u(t)
}
tk

)
= 0. (5.13)

Next, we will study the implications of Lemma 5.1.

Theorem 5.2. Consider the system described by (5.1) and (5.2), and assume
that the correct model structure is chosen. Under Assumption 5.1, if the SRIVC-c
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iterations converge as j →∞, then the converging point is a stationary point of the
likelihood function for i.i.d. Gaussian noise.

Proof. By repeating the derivation of the log-likelihood in the proof of Theorem 4.2,
we have

∂`(θ)
∂θ

= 1
σ2

N∑
k=1

ψ(tk,θ)
(
y(tk)−

{
B(p)
A(p)u(t)

}
tk

)
, (5.14)

where

ψ(tk,θ) =
[
−pB(p)
A2(p)u(t), . . . , −p

nB(p)
A2(p) u(t), 1

A(p)u(t), . . . , pm

A(p)u(t)
]>
tk
. (5.15)

On the other hand, we know that, by repeating the arguments that lead to (4.54)
in Lemma 4.5, the converging point of the SRIVC-c algorithm θ̄ must satisfy (5.13).
Therefore, if the input is exactly reconstructed during the filtering process in (5.5),
then ψ(tk,θ) = ϕ̂f (tk,θ), and thus by comparing (5.14) with (5.13) we find that
the converging point of the SRIVC-c estimator belongs to the set of critical points
of the likelihood function.

We have proven that the SRIVC-c estimator is closely linked to the stationary
points of the likelihood function for the i.i.d. Gaussian noise case.

Remark 5.3. Assume that there exists an N0 such that for all N > N0, the
SRIVC-c iterations converge (i.e., j →∞ in Algorithm 5.1), and that assumptions
for Theorem 4.1 (for the ZOH/FOH case) or Theorem 5.1 (for the multisine case)
are satisfied. Then, as N tends to infinity, the SRIVC-c estimator maximizes the
likelihood function with probability tending to 1. This follows from repeating the
derivations in Section 3 of [111] for continuous-time estimates of an OE model
structure, which show that, provided identifiability and persistence of excitation
conditions are met, the global optimum of the likelihood function is given by the
true parameters.

The convergence of the SRIVC-c iterations will depend on how close the initial
estimate is to the true system parameters. Intuitively, if the initial estimate is
sufficiently close to the global maximum of the likelihood, then the SRIVC-c estimator
is the ML estimator as the iterations of the method tend to infinity (but for finite
N). For a sample size not large enough, the SRIVC-c estimator might not converge
in iterations or may converge to another stationary point of the likelihood function,
if at all. The number of samples needed for convergence of the SRIVC-c iterations
to the ML estimate will also depend on the true system and the realization of the
noise.

5.4.2 Quasi-Gauss-Newton interpretation
The results in Theorem 5.2 and Remark 5.3 show the importance of the initial
estimate of SRIVC-c, and of the iterations themselves. We now study the iterations
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more closely, by extending the analysis done in [126] and [139] for the standard
SRIVC algorithm. In Lemma 5.2 we rewrite the SRIVC-c iterations, and derive the
Gauss-Newton (GN) [84] recursion for finding the ML estimate.

Lemma 5.2. The SRIVC-c iterations can be equivalently written as

θj+1 = θj + (Φ̂>j Φj)−1Φ̂>j ej , (5.16)

where

Φ̂j :=


{
−pBj(p)

A2
j
(p) u(t)

}
t1
, . . . ,

{
−p

nBj(p)
A2

j
(p) u(t)

}
t1
,
{

1
Aj(p)u(t)

}
t1
, . . . ,

{
pm

Aj(p)u(t)
}
t1

...
...

...
...{

−pBj(p)
A2

j
(p) u(t)

}
tN
, . . . ,

{
−p

nBj(p)
A2

j
(p) u(t)

}
tN
,
{

1
Aj(p)u(t)

}
tN
, . . . ,

{
pm

Aj(p)u(t)
}
tN

,
(5.17)

Φj :=


− p
Aj(p)y(t1), . . . , − pn

Aj(p)y(t1),
{

1
Aj(p)u(t)

}
t1
, . . . ,

{
pm

Aj(p)u(t)
}
t1

...
...

...
...

− p
Aj(p)y(tN ), . . . ,− pn

Aj(p)y(tN ),
{

1
Aj(p)u(t)

}
tN
, . . . ,

{
pm

Aj(p)u(t)
}
tN

, (5.18)

and

ej =
[
y(t1)−

{
Bj(p)
Aj(p)

u(t)
}
t1

, . . . , y(tN )−
{
Bj(p)
Aj(p)

u(t)
}
tN

]>
. (5.19)

On the other hand, the GN recursion (with step-size 1) for finding the maximizer
of the likelihood function for the OE model structure with i.i.d. Gaussian noise is
given by

θj+1 = θj + (Φ̂>j Φ̂j)−1Φ̂>j ej , (5.20)

with Φ̂j and ej given by (5.17) and (5.19) respectively.

Proof. See Appendix 5.B.1.

Both recursive formulas of the form (5.16) and (5.20) have been presented
before. First, [126] related these recursions in a discrete-time setting, and later [139]
extended the analysis to a unified time domain, but without carefully analyzing the
intersample behavior for the continuous-time case and therefore focusing only on
input signals that are perfectly interpolated from the discrete-time data by ZOH
or FOH devices. Analogously to what is stated in [139] for the standard SRIVC
algorithm, the iterations in (5.16) are equivalent to the SRIVC-c iterations in (5.6).

The only difference between SRIVC-c and the unitary step-size GN-ML iterations
in (5.20) is the choice of the weighting matrix. The SRIVC-c iterations can be
interpreted as a Quasi-GN method for optimizing the likelihood in the OE structure
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with Gaussian noise. However, the matrix associated with the Hessian, Φ̂>j Φj , is
not positive definite (in fact, it is not symmetric). This can lead to convergence
problems, since the angle between the update and the gradient is not guaranteed
to be acute. Furthermore, contrary to what is stated in [139, Eq. (50)], we do not
find an asymptotic relationship between 1

N (Φ̂>j Φj) and 1
N (Φ̂>j Φ̂j) as j,N → ∞,

because even if the estimates converge to the true value θ∗, the difference between
an element of the first n columns of the noiseless version of Φj and of Φ̂j as j →∞
would be of the form

{
piB∗(p)
A∗2(p)

u(t)
}
tk

− pi

A∗(p)

{
B∗(p)
A∗(p)u(t)

}
tk

which, in general, is different from zero for i = 1, . . . , n. However, the terms will
become equal if the sampling period tends to zero, as shown in Proposition 5.1 in
Appendix 5.B. This implies that as the sampling period is decreased to zero, the
noiseless version of Φj will coincide with Φ̂j . This insight is interesting, because it
means that the SRIVC-c iterations will approach the GN-ML iterations (on average)
for very small sampling periods and same initial point.

In terms of computational complexity, the SRIVC-c iterations are more costly
than GN-ML, because they imply calculating an extra matrix per iteration (Φj). This
can be important when dealing with irregular sampling, as the output filtering must
be performed by solving the underlying differential equation or oversampling, and
both cases produce computational burden. Note that either the SRIVC-c iterations
or the GN-ML iterations can consider irregular sampling with no inherent problems.

On another note, an alternative description of (5.21) and (5.22) can reveal
further differences between the SRIVC-c and GN-ML iterations.

Corollary 5.2. Let θ̃ =
[
ã1, ã2, . . . , ãn, b̃0, b̃1, . . . , b̃m

]>
, Aj(p) = ajnp

n +
ajn−1p

n−1 + · · ·+ aj1p+ 1 and Bj(p) = bjmp
m + bjm−1p

m−1 + · · ·+ bj0. The SRIVC-c
iterations can be equivalently written as

θj+1 − θj = arg min
θ̃∈Rn+m+1

∥∥∥∥∥
[

(aj1 + ã1)pn + · · ·+ (ajn + ãn)p+ 1
Aj(p)

y(tk)

−

{
(bj0 + b̃0)pm + · · ·+ (bjm + b̃m)

Aj(p)
u(t)

}
tk

]
k=1,...,N

∥∥∥∥∥
2

(Φ̂jΦ̂>
j

)

, (5.21)

where ‖x‖2Q is defined as x>Qx, and the notation [f(tk)]k=1,...,N refers to an N-
th dimensional vector of elements f(tk), k = 1, . . . , N . Analogously, the GN-ML
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iterations can also be expressed as

θj+1 − θj = arg min
θ̃∈Rn+m+1

∥∥∥∥∥
[
y(tk) +

{
Bj(p)(ã1p

n + · · ·+ ãnp)
A2
j (p)

u(t)
}
tk

−

{
(bj0 + b̃0)pm + · · ·+ (bjm + b̃m)

Aj(p)
u(t)

}
tk

]
k=1,...,N

∥∥∥∥∥
2

(Φ̂jΦ̂>
j

)

. (5.22)

Proof. The SRIVC-c iterations can be expressed as

θj+1 − θj = arg min
θ̃∈Rn+m+1

∥∥∥Φ̂>j ej − Φ̂>j Φj θ̃
∥∥∥2

2

= arg min
θ̃∈Rn+m+1

∥∥ej −Φj θ̃
∥∥2

(Φ̂jΦ̂>
j

) . (5.23)

Rewriting (5.23) in terms of Aj(p), Bj(p) and θ̃, we obtain (5.21). For the alternative
GN-ML iterations, we consider

θj+1 − θj = arg min
θ̃∈Rn+m+1

∥∥∥ej − Φ̂j θ̃
∥∥∥2

(Φ̂jΦ̂>
j

)

and expand similarly.

Corollary 5.2 provides a way to interpret the effect of the intersample behavior
of the output. First, the SRIVC-c updates seem more natural, as they can be seen
as finding the optimal polynomials Aj+1(p) and Bj+1(p) that minimize∥∥∥∥∥∥

[
Aj+1(p)
Aj(p)

y(tk)−
{
Bj+1(p)
Aj(p)

u(t)
}
tk

]
k=1,...,N

∥∥∥∥∥∥
(Φ̂jΦ̂>

j
)

, (5.24)

which in fact has been noted previously in Remark 4.3 of Chapter 4. However,
in (5.21) and (5.24) the noise present in y(tk) is also being prefiltered, whereas the
noise remains untouched in the GN-ML iterations. On the other hand, the GN-ML
updates in (5.22) do not manipulate the noise in y(tk), but can lead to large updates
if the estimate Aj(p) is poor, because this inaccurate estimate is squared in the
term that updates the denominator polynomial.

5.4.3 Some refinements of the SRIVC-c iterations

Natural refinements of the SRIVC-c iterations arise from the Quasi-GN interpretation
explained in the previous subsection. The goal of these refinements is to guide the
initial estimate smoothly towards the converging point, so that a larger domain of
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attraction can be achieved. One possibility is to introduce a sequence of non-negative
step factors, by which the SRIVC-c iterations can be computed as

θj+1 = θj + γj(Φ̂>j Φj)−1Φ̂>j ej
= (1− γj)θj + γj(Φ̂>j Φj)−1Φ̂>j yj . (5.25)

This refinement can be useful if the initial point is thought to be a rough estimate of
the true parameters, since the initial large updates can be controlled at the expense
of possibly more iterations to achieve the desired tolerance threshold. It also serves
as a way to reduce the ‘correction term’ if stability is lost in the next iteration.
This interpretation has been noted in [117] as part of the analysis of a discrete-time
estimation algorithm for OE model structures.

Remark 5.4. A similar iterative method to (5.25) was proposed in [78], where the
estimates are updated according to the Levenberg-Marquardt algorithm [82]. First,
the instrument matrix Φ̂j is replaced by Φj in (5.20), and a constant matrix is
added to the matrix that is being inverted. After a fixed number of steps, a standard
GN iteration procedure with regularization is used. Although this work has received
some criticism [138], the algorithm can also provide a robust way to obtain an ML
estimate of the system parameters, at least for ZOH signals.

To conclude this analysis, we also link the descent interpretation to the stability
enforcement algorithm proposed in [51] for SRIVC. In that work, it is proposed that
the user should solve the following optimization problem at each iteration:

min
θ∈S
‖Φ̂>j yj − Φ̂>j Φjθ‖22, (5.26)

where

S :=
{

[a1, . . . , an, b0, . . . , bm]> ∈ Rn+m+1 :

bmp
m + bm−1p

m−1 + · · ·+ b0
anpn + an−1pn−1 + · · ·+ a1p+ 1 is stable

}
.

That is, the algorithm in [51] enforces stability by, for each iteration, finding the
parameter vector that is closest to the SRIVC estimate that ensures a stable model.
On the other hand, if we compute a projected GN recursion from (5.16), we obtain

θj+1 = proj
S

(
θj + (Φ̂>j Φj)−1Φ̂>j ej

)
= arg min

θ∈S
‖(Φ̂>j Φj)−1Φ̂>j yj − θ‖2Q, (5.27)

where Q � 0. Note that if Q is chosen as (Φ>j Φ̂jΦ̂>j Φj) in (5.27), we reach (5.26). In
conclusion, the method in [51] can be interpreted as a projected quasi-GN algorithm,
and can be also naturally extended to the SRIVC-c framework.
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5.5 Monte Carlo simulation studies

Via numerical simulations we compare the performance of the standard SRIVC
method with the SRIVC-c method, and show the benefits of including a non-unitary
step size in its implementation. For a multisine input, we examine the consistency of
both methods for different regular sampling periods, and also for irregular sampling.
We also study the consistency of each method under an arbitrary input excitation
for different regular sampling periods. For the tests in Subsections 5.5.1 to 5.5.4, we
consider the system

G∗(p) = 1.25
0.25p2 + 0.7p+ 1 , (5.28)

where the parameters of interest are a∗1 = 0.7, a∗2 = 0.25, and b∗0 = 1.25. Regarding
the implementation of the standard SRIVC method, we have used the srivc
command from the CONTSID toolbox version 7.3 for MATLAB [30], under default
initialization and tolerance settings. That command was set to estimate the best
model among the correct model structure with a FOH as the intersample behavior.

5.5.1 Multisine input: Regular sampling

We first test if the algorithms provide consistent estimates of the parameters
[a1, a2, b0]>. The system in (5.28) is excited with the input

u(t) = sin(0.714t) + sin(1.428t) + sin(2.142t).

The noiseless output is computed analytically by assuming that it corresponds to
the output of the system in a stationary regime, i.e.,

x(t) =
3∑
i=1
|G∗(jωi)| sin(ωit+ ∠G∗(jωi)),

where (ω1, ω2, ω3) = (0.714, 1.428, 2.142)[rad/s]. This output is sampled at h = 0.3[s]
and is contaminated with additive noise, which is set as an i.i.d. Gaussian sequence
of variance 0.1. Sixty different sample sizes are considered, ranging logarithmically
from N = 100 to N = 25500, and 300 Monte Carlo runs are performed for each
value of N .

Figures 5.1 and 5.2 show the sample means and sample mean square errors
(MSEs) of each estimated parameter. The SRIVC-c estimator accurately identifies all
parameters while the standard SRIVC method fails to recover the true parameters
as N increases. The MSEs for the SRIVC-c estimator decrease to zero as expected
for consistency, while at least two out of the three estimated parameters given by the
SRIVC method are biased, which empirically indicates that the SRIVC estimator is
not consistent in this example.
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Figure 5.1: Consistency test using a multisine input under regular output sampling.
Sample means of each estimated parameter for SRIVC-c (red), and standard SRIVC
(blue). The true parameters are in dashed-green.

5.5.2 Multisine input: Different sampling periods

We now study the effect of the intersample behavior on the SRIVC-type estimates.
Under the same input and noise variance as the previous simulation, we test
the performance of each algorithm for a fixed number of output measurements
(N = 2000) with different regular sampling periods. Since the rise time of the system
is approximately 2 seconds, a good choice for the sampling period should be between
0.2 and 0.5 seconds according to the criterion suggested in [12]. In order to cover
fast, normal and slow sampling, we test with sampling periods h ∈ {0.06, 0.2, 0.6}[s].

The sample mean and mean square error of each parameter over 300 Monte Carlo
runs for each sampling period are shown in Table 5.1. On average, the SRIVC-c
estimator delivers the true values of every parameter for all sampling periods in this
study, whereas the SRIVC estimator only performs well when the sampling period
is small. The decline in performance of the SRIVC estimates for larger sampling
periods is due to the severe differences in the FOH implementation of the multisine
compared to the true continuous-time version. For h = 0.6[s], the large sampling
period exaggerates the interpolation error of the input signal in the standard SRIVC
estimator, which severely degrades its performance. This is seen by the order of
magnitude of difference in MSE of the parameters given by the two estimators.
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Figure 5.2: Consistency test using a multisine input under regular output sampling.
Sample MSE of each estimated parameter for SRIVC-c (red), and standard SRIVC
(blue).

Table 5.1: Sample mean and MSE of each parameter, for SRIVC and SRIVC-c, when
h = 0.06, 0.2 and 0.6[s].

Method Param.
(Value) Stats. h = 0.06[s] h = 0.2[s] h = 0.6[s]

a1(0.7) Mean
MSE

0.697
7.0 · 10−5

0.694
9.3 · 10−5

0.668
1.1 · 10−3

SRIVC a2(0.25) Mean
MSE

0.253
1.8 · 10−5

0.251
1.1 · 10−5

0.248
1.6 · 10−5

b0(1.25) Mean
MSE

1.244
1.6 · 10−4

1.251
1.2 · 10−4

1.286
1.5 · 10−3

a1(0.7) Mean
MSE

0.700
6.0 · 10−5

0.699
6.3 · 10−5

0.700
6.7 · 10−5

SRIVC-c a2(0.25) Mean
MSE

0.250
1.1 · 10−5

0.250
1.1 · 10−5

0.250
1.2 · 10−5

b0(1.25) Mean
MSE

1.249
1.3 · 10−4

1.250
1.3 · 10−4

1.250
1.3 · 10−4
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Figure 5.3: Consistency test using a multisine input under irregular output sampling.
Sample means of each estimated parameter using SRIVC-c (red) and standard SRIVC
(blue), with 1 standard deviation, for different sampling intervals. The true parameter
values are in dashed green.

5.5.3 Multisine input: Irregular sampling

We consider the same system described before, with the same input and noise
variance. In this simulation study, 2000 irregularly sampled output measurements
are obtained. The sampling interval is distributed uniformly between hlb and hhb,
where the lower bound is fixed at hlb = 0.05[s], while the upper bound is varied
from 0.1 to 0.6[s]. A total of six Monte Carlo simulations are performed with each
simulation containing 300 runs.

Figure 5.3 shows the mean value of each parameter, with their standard deviation
around this value. As expected, the SRIVC-c estimator provides accurate estimates
for all sampling period ranges in this study. On the other hand, the SRIVC estimator
has a degrading performance as the sampling range increases, which could be
attributed to the approximation errors in the prefilter calculations due to incorrect
assumptions on the intersampling behavior. This observation is in line with the
conclusion after Remark 4.2, that mentions that the bias of the SRIVC estimates
decreases with the sampling period.
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5.5.4 Arbitrary input application: Chirp signals

The next goal is to check whether the algorithms can provide accurate estimates
for arbitrary input signals. Now, the system in (5.28) is excited with an up-chirp
signal, which is a continuous-time signal that increases in frequency with time. These
signals are widely used in signal processing applications such as radar systems and
seismology and have been used for system identification [83, 129]. The chirp signal
used in this example is

u(t) = cos
(
f0

[
f1

f0

] t
Tf

2πt
)
,

where f0 = 0.1[Hz] and f1 = 0.6[Hz], and Tf = 500[s] is the length of one period
of the chirp signal. In this case, we determine the true system output using the
explicit Runge-Kutta formulae RK5(4) [25]. The output is sampled every h = 0.5[s]
with η = 0.001, and the measurement noise has variance 0.05, which corresponds
to approximately 10% of the energy of the noiseless output. We follow Algorithm
5.1 for the implementation of SRIVC-c, and the instrument and regressor vectors
are computed following Algorithm 5.2. The number of periods of the input signal
vary from 1 to 10, which is equivalent to sample sizes ranging from 1000 to 10000,
and 300 Monte Carlo runs are performed for each case. The empirical evidence in
Figure 5.4 suggests that the SRIVC-c estimator can also lead to accurate estimates
for signals that are not described exactly by hold reconstructions nor multisines.

5.5.5 Robust SRIVC-c simulation test

We now show the advantage of using a non-unitary step size in the SRIVC-c
iterations. We consider the Rao-Garnier system described in (3.19), which is excited
by a multisine signal given by the sum of sine waves of angular frequencies ω =
1, 1.9, 2.1, 18, 22[rad/s]. The signal to noise ratio is set to 3[dB], and N = 500 output
measurements were collected, with a sampling period h = 0.03[s].

We test the SRIVC method with FOH intersample behavior assumptions in the
input, SRIVC-c, and the SRIVC-c implementation in (5.25) with γj = 1/j, which is
labeled SRIVC-cr. All methods are initialized with the SVF estimate with cutoff
frequency λ = 25[rad/s]. The tolerance and the maximum number of iterations are
set to 10−5 and 200 respectively. The estimated model is chosen to have five poles
and one zero, and 1000 Monte Carlo runs are performed.

The box plots of the fit for each method are shown in Fig. 5.5. While SRIVC
fails to provide good estimates, both SRIVC-c and its non-unitary step size version
perform well even in this highly noisy and overparametrized scenario. By choosing a
decreasing step size for the SRIVC-c iterations, the number of outliers decreases
compared to the unitary step size implementation. These simulation results confirm
that it is possible to improve the robustness of SRIVC-c by reducing the step size,
at dispense of possibly more iterations needed for convergence.
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Figure 5.4: Consistency test using a chirp input under regular output sampling.
Sample means of each parameter with one standard deviation for SRIVC-c (red) and
standard SRIVC (blue). The true parameter values are in dashed green.
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Figure 5.5: Fit box plots for the Rao-Garnier system. Crosses in between the horizontal
lines are compressed outliers (fits less than zero). Numbers in the SRIVC-c and SRIVC-
cr plots indicate the number of runs that obtained less than zero fit.
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5.6 Conclusions

In this chapter, we have derived an algorithm for continuous-time system identifica-
tion, named SRIVC-c, that is generically consistent for a wide class of input signals
that have a known intersample behavior. This estimator extends the applicability
of the standard SRIVC method to inputs that are not exactly described by hold
devices. We put forward a comprehensive analysis of the generic consistency of this
estimator for multisine inputs, and exposed the relationship between this algorithm
and the Maximum Likelihood method, by showing that it provides an estimate
that is a root of the likelihood equation in the OE model structure under Gaussian
noise. Furthermore, we interpreted the SRIVC-c iterations as a quasi-Gauss-Newton
algorithm, which hinted on how to improve its robustness. Extensive simulations
have confirmed the theoretical findings, and revealed the advantages of the SRIVC-c
estimator over the standard SRIVC method for when the user knows the exact
intersample behavior of the input.



Appendix

5.A Supplementary material for consistency results

Lemma 5.3. Consider u(t) as in (5.7), and v(tk) and udu(tk) as defined in (4.4)
and (5.9) respectively. Under Assumption 5.2, the matrix

Ψ = E
{[

udu(t)
A2
j (p)

]
tk

v>(tk)
}

is equal to the null matrix.

Proof. From the definition of v(tk), we directly obtain that the elements Ψil, with
l ≥ n + 1, are equal to zero. For the other entries of Ψ, we see that an arbitrary
entry of this matrix is of the form

Ψil = E
{{

pn+m+1−iu(t)
A2
j (p)

}
tk

pl

Aj(p)
v(tk)

}
. (5.29)

If we define gi(t) as the inverse Laplace transform of sn+m+1−iA−2
j (s), the first

factor in the expectation in (5.29) can be written as{
pn+m+1−iu(t)

A2
j (p)

}
tk

=
∫ tk

0
gi(tk − τ)u(τ)dτ.

Note that this is a discrete-time signal, as a function of the time measurements
{tk}k∈N. On the other hand, the second factor in (5.29) can be described by

pl

Aj(p)
v(tk) =

k∑
r=1

βk−r,lv(tr).

where {βj,l}k−1
j=0 are the first k values of the impulse response of the FOH discrete-time

115
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equivalent of pl/Aj(p). So, we compute Ψil as

Ψil = E
{∫ tk

0
gi(tk − τ)u(τ)dτ

k∑
r=1

βk−r,lv(tr)
}

= lim
N→∞

1
N

N∑
k=1

k∑
r=1

∫ tk

0
gi(tk − τ)u(τ)βk−r,lE{v(tr)}dτ

= 0,

where we have used the fact that the disturbance signal has zero mean. Thus, every
element Ψil of Ψ is equal to zero, thereby proving the statement.

Lemma 5.4. Under Assumptions 5.1 to 5.5, with u(t) described as in (5.7), the
following matrix is generically non-singular:

Φ̄ := E
{[

udu(t)
Ā2(p)

]
tk

[
u>du(t)

Ā(p)A∗(p)

]
tk

}
.

Proof. Similar to the proof of Statement 1 of Theorem 4.1, we follow an analyticity
argument. We must first prove that

Φ̄∗ := E
{[

udu(t)
A∗2(p)

]
tk

[
u>du(t)
A∗2(p)

]
tk

}
is positive definite. To this end, let z ∈ Rn+m+1. We write

z>Φ̄∗z = E


({

Bz(p)
A∗2(p)

u(t)
}
tk

)2
 ≥ 0.

Since u(t) is a multisine of the form (5.7), we have in stationary regime that

Bz(p)
A∗2(p)

u(t) = α̃0 +
mu∑
l=1

α̃l cos(ωlt+ φ̃l),

where α̃0 = α0Bz(0)/A∗2(0), α̃l = αl|Bz(jωl)/A∗2(jωl)|, and the phases are φ̃l =
φl + ∠Bz(jωl)/A∗2(jωl). Therefore,

z>Φ̄∗z = lim
N→∞

1
N

N∑
k=1

(
α̃0 +

mu∑
l=1

α̃l cos(ωlkh+ φ̃l)
)2

= lim
N→∞

1
N

N∑
k=1

(
α̃2

0 + 2α̃0

mu∑
l=1

α̃l cos(ωlkh+ φ̃l) (5.30a)

+
mu∑
i,l=1

α̃iα̃l cos(ωikh+ φ̃i) cos(ωlkh+ φ̃l)
)
. (5.30b)
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Recall the formula for a geometric series

lim
N→∞

1
N

N∑
k=1

cos(ωk + φ) = Re
{

lim
N→∞

ejφ

N

N∑
k=1

ejωk

}

= Re
{

lim
N→∞

ejφ

N

ejω − ejω(N+1)

1− ejω

}
= 0.

Using this result, and the identity cos(α) cos(β) = [cos(α+ β) + cos(α− β)]/2, the
second term in the sum in (5.30a) is zero, and the term for i 6= l in (5.30b) is a sum
of sinusoids whose sum tends to zero as N tends to infinity, while for i = l constants
appear. Thus,

z>Φ̄∗z = α̃2
0 + 1

2

mu∑
i=1

α̃2
i . (5.31)

This shows that z>Φ̄∗z = 0 occurs if and only if α̃0 = α̃1 = · · · = α̃mu = 0, which
in turn is equivalent to imposing

Bz(0)
A∗2(0)

= 0, Bz(jωi)
A∗2(jωi)

= Bz(−jωi)
A∗2(−jωi)

= 0, i = 1, . . . ,mu.

Since mu ≥ (n+m)/2, the only rational function that satisfies all of these restrictions
is the null transfer function. Thus, Bz(p) = 0 and z = 0. With this, we have shown
that Φ̄∗ is positive definite.

Now we show that the entries of the matrix Φ̄ are real analytic functions of the
real parameter vector [ā1, . . . , ān] in the domain where Ā(p) is a stable polynomial.
We denote this domain as Ω ⊂ Rn. The entries of the matrix Φ̄ are given by

Φ̄il := E
{{

pn+m+1−iu(t)
Ā2(p)

}
tk

{
pn+m+1−lu(t)
Ā(p)A∗(p)

}
tk

}
,

where i, l = 1, 2, . . . , n+m+ 1. By computing the expectation in a similar way to
the derivation of (5.31), we find that

Φ̄il = α̃i0α̃
l
0 + 1

2

mu∑
r=1

α̃irα̃
l
r cos(φ̃ir − φ̃lr),

where

α̃i0 =
{

0, i < n+m+ 1
α0, i = n+m+ 1

, α̃l0 =
{

0, l < n+m+ 1
α0, l = n+m+ 1

,

α̃ir = αr

∣∣∣∣ωn+m+1−i
r

Ā2(jωr)

∣∣∣∣ , φ̃ir = φr + ∠

[
(jωr)n+m+1−i

Ā2(jωr)

]
α̃lr = αr

∣∣∣∣ ωn+m+1−l
r

Ā(jωr)A∗(jωr)

∣∣∣∣ , φ̃lr = φr + ∠

[
(jωr)n+m+1−l

Ā(jωr)A∗(jωr)

]
.
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The coefficient α̃ir can be equivalently expressed as

α̃ir = αr|ωr|n+m+1−i

Re{Ā(jωr)}2 + Im{Ā(jωr)}2

= αr|ωr|n+m+1−i(
1 +

∑
1≤l≤n, l even

ālωlr(−1) l
2

)2

+
( ∑

1≤l≤n, l odd
ālωlr(−1) l−1

2

)2 . (5.32)

From (5.32), we see that the denominator of α̃ir is a multivariate polynomial in the
variables [ā1, . . . , ān], which is strictly positive in Ω, since we know that Ā(p) is a
stable polynomial for any [ā1, . . . , ān] ∈ Ω. This shows that the denominator of α̃ir
is real analytic in Ω, and since the quotient of real analytic functions is real analytic
as long as the denominator does not vanish [62, Proposition 2.2.2], we have that α̃ir
is real analytic in Ω.

Similarly, the coefficient α̃lr can be written as

α̃lr = αr|ωr|n+m+1−l

|A∗(jωr)|
√

Re{Ā(jωr)}2 + Im{Ā(jωr)}2
,

= αr|ωr|n+m+1−l

|A∗(jωr)|
exp

(
−1

2 log
[
Re{Ā(jωr)}2 + Im{Ā(jωr)}2

])
.

Here, the argument of the logarithm is a positive multivariate polynomial in the
variables [ā1, . . . , ān] and is strictly positive in Ω. Furthermore, the natural log-
arithm is a real analytic function on (0,∞) (see, e.g., [120, p. 93]). Thus, by [62,
Proposition 2.2.8], which states that the composition of real analytic functions is
real analytic, we conclude that α̃lr is real analytic in Ω.2

Finally, note that

φir − φlr = π

2 (l − i) + ∠A∗(jωr)− ∠Ā(jωr),

which leads to

cos(φir − φlr) = cos
(π

2 (l − i) + ∠A∗(jωr)
) Re{Ā(jωr)}
|Ā(jωr)|

+ sin
(π

2 (l − i) + ∠A∗(jωr)
) Im{Ā(jωr)}
|Ā(jωr)|

.

The functions Re{Ā(jωr)}/|Ā(jωr)| and Im{Ā(jωr)}/|Ā(jωr)| are real analytic for
any [ā1, . . . , ān] ∈ Ω by the same justification above. Therefore, cos(φir − φlr) is real
analytic for any [ā1, . . . , ān] ∈ Ω. Since any function defined by multiplication and

2Note that the coefficients in A∗(jωr) do not play a role in the analyticity of α̃l
r, since α̃l

r is
viewed as a function of [ā1, . . . , ān] only.
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addition of real analytical functions is real analytic, we conclude that Φ̄il is real
analytic in the variables [ā1, . . . , ān], in the domain Ω.

Hence, by Lemma 4.6 and Corollary 4.4, the matrix Φ̄ is generically non-
singular.

5.B Supplementary material for efficiency and iterations
analysis

5.B.1 Proof of Lemma 5.2
Proof. We can rewrite the SRIVC-c iteration equation in (5.6) as

θj+1 = (Φ̂>j Φj)−1Φ̂>j yj , (5.33)

where Φj and Φ̂j are defined in the statement of Lemma 5.2, and

yj :=
[ 1
Aj(p)

y(t1), . . . , 1
Aj(p)

y(tN )
]>

.

On the other hand, we note that
yj = Φjθj + ej , (5.34)

where the residual ej is precisely (5.19). Replacing (5.34) into (5.33) leads to (5.16).
Now, we shall derive a Gauss-Newton recursion for the ML estimator of θ∗. This
recursion has the form

θj+1 = θj −H−1
j gj , (5.35)

where the gradient gj is given by

gj = ∂

∂θ
log p(yN ;θ)

∣∣∣
θ=θj

= 1
σ2

N∑
k=1

[
y(tk)−

{
Bj(p)
Aj(p)

u(t)
}
tk

]
ψ(tk,θj),

with ψ(tk,θj) being (5.15) with θj instead of θ. The Hessian Hj is estimated as

Hj = E
{

∂2

∂θ∂θ>
log p(yN ;θ)

∣∣∣
θ=θj

}
= −E

{(
∂

∂θ
log p(yN ;θ)

∣∣∣
θ=θj

)(
∂

∂θ
log p(yN ;θ)

∣∣∣
θ=θj

)>}

= − 1
σ4

N∑
k=1

N∑
l=1

ψ(tk,θj)ψ>(tl,θj)E
{({(

B∗(p)
A∗(p) −

Bj(p)
Aj(p)

)
u(t)

}
tk

+ v(tk)
)

×

({(
B∗(p)
A∗(p) −

Bj(p)
Aj(p)

)
u(t)

}
tl

+ v(tl)
)}

≈ − 1
σ2

N∑
k=1

ψ(tk,θj)ψ>(tk,θj).
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Thus, by replacing gj and Hj into (5.35), we obtain (5.22), concluding the proof.

Proposition 5.1. Consider the matrices (5.17) and (5.18) when evaluated at the
true parameters, denoted by Φ̂∗ and Φ∗ respectively. Furthermore, assume that
there is no noise present in Φ∗, and that y(tk) is reconstructed using a ZOH device.
We have that ‖Φ̂∗ −Φ∗‖∞ → 0 as maxk∈{1,...,N}(tk − tk−1)→ 0.

Proof. The difference Φ̂∗ −Φ∗ is a matrix whose non-zero (k, i) entries are of the
form {

piB∗(p)
A∗2(p)

u(t)
}
tk

− pi

A∗(p)

{
B∗(p)
A∗(p)u(t)

}
tk

for i =, 1 . . . , n and k = 1, . . . , N . By denoting x(t) as in (5.1), we find that∣∣∣∣∣
{

pi

A∗(p)x(t)
}
tk

− pi

A∗(p)x(tk)
∣∣∣∣∣ =

∣∣∣∣∫ ∞
0

h(τ)[x(tk − τ)− x̃(tk − τ)]dτ
∣∣∣∣ ,

where hi(τ) is the impulse response of pi/A∗(p), and

x̃(t) :=



...

x(tk−1) if tk−1 ≤ t < tk,

x(tk) if tk ≤ t < tk+1,
...

Thus, we can bound the term ‖Φ̂∗ −Φ∗‖∞ by

‖Φ̂∗ −Φ∗‖∞ = max
k∈{1,...,N}

n∑
i=1

∣∣∣∣∣
{

pi

A∗(p)x(t)
}
tk

− pi

A∗(p)x(tk)
∣∣∣∣∣

≤ max
0≤t≤tN

|x(t)− x̃(t)|
n∑
i=1

∫ ∞
0
|hi(τ)|dτ

≤ max
k∈{1,...,N}

(tk − tk−1) max
t1≤t≤tN

∣∣∣∣dx(t)
dt

∣∣∣∣ n∑
i=1

∫ ∞
0
|hi(τ)|dτ. (5.36)

Since G∗(p) is assumed to be strictly proper, the derivative in (5.36) can be bounded
by a constant times ‖x‖∞. Moreover, the integrals are also finite (and independent
of t), since the transfer functions si/A∗(s) are asymptotically stable. Therefore, if
maxk∈{1,...,N}(tk − tk−1)→ 0 then we have ‖Φ̂∗ −Φ∗‖∞ → 0.

Remark 5.5. It is possible to make Φ̂∗ −Φ∗ exactly equal to zero by choosing the
instrument vector to match exactly with the noiseless version of Φj with θj instead
of θ∗. Although leading to a consistent estimator, this choice of instrument vector is
not optimal in terms of efficiency, and therefore it is not considered in the SRIVC-c
algorithm.



Chapter 6

Summary and future research directions

In this thesis, we have studied several algorithms for continuous-time system identi-
fication. In particular, we have developed and analyzed methods of both indirect
and direct approaches.

In relation to the indirect approach, we investigated their model selection flexi-
bility and robustness in Chapter 3. The first problem rises due to the fact that the
ZOH transformation from discrete-time to continuous-time leads to a relative degree
equal to one, which produces model mismatches if the true continuous-time system
has relative degree greater than one. The second difficulty was encountered after
solving the first problem: if the relative degree information is taken into account,
sometimes the resulting estimate is unstable.

To solve the model selection flexibility issue, we proposed a refinement to the
standard indirect approach by applying ideas from the Indirect PEM estimator
for discrete-time system identification. To obtain a model estimate that has the
correct relative degree, we first obtained the indirect approach estimate, and later
performed an optimization step that projects this estimate into the subspace of all
systems with the desired relative degree. The estimator has an explicit expression in
this case, which we called the IPEM estimator. It was shown that this estimator is
consistent and asymptotically efficient, and the asymptotic gain in precision of the
non-zero parameters was quantified explicitly. Afterwards, we proposed a solution
to the instability issues that this estimator may have. The IPEM framework was
extended to also enforce stability by introducing convex inner approximations of the
stability region that are used as constraints in the IPEM optimization step. This
extension preserves the asymptotic properties of the basic refinement previously
derived, while being robust against noisy estimation problems.

Regarding the direct approach, we first studied the asymptotic properties of the
SRIVC estimator in Chapter 4. Although widely used in practical applications, the
statistical properties of this estimator when taking into account the intersample
behavior of the signals had been somewhat overlooked in the literature. We proved
that the SRIVC estimator is generically consistent when the intersample behavior
of the continuous-time input (ZOH or FOH) is known exactly and subsequently

121



122 Summary and future research directions

used in the implementation of the algorithm. Furthermore, we showed that when
the intersample behavior of the input signal in the regressor does not match that
of the true system input, the SRIVC estimator is no longer generically consistent.
This insight can have profound implications in practice, since it indicates that if the
input is a continuous-time signal not reconstructible through a ZOH or FOH, like a
continuous-time multisine, the SRIVC estimator will be generically inconsistent. On
the other hand, we also showed that the intersample behavior of the input in the
instrument vector does not affect the consistency of the method, and it was seen
that the output intersample behavior does not play a role in the converging point
in the algorithm. In terms of efficiency, we derived the asymptotic Cramér-Rao
lower bound for the continuous-time output error model structure and provided the
asymptotic covariance expression of the SRIVC estimator by explicitly incorporating
the intersample behavior of the signals as part of the analysis. We proved that the
SRIVC estimator is asymptotically efficient under the output error model structure
and Gaussian noise when the intersample behavior of the input signal in both the
filtered regressor and instrument vectors matches that of the system input.

We later derived a procedure that can deal with input signals with arbitrary
(but known) intersample behavior in the SRIVC framework in Chapter 5. For
this, we proposed computing the continuous-time filtering of the instrument and
regressor vectors of the SRIVC algorithm exactly. We showed that this extended
SRIVC algorithm, called SRIVC-c, is generically consistent for multisine inputs.
Afterwards, we established several connections with this estimator and other well-
known procedures. First, we characterized the SRIVC-c estimator in terms of the
equation it satisfies at its converging point, and noted that as more data is collected,
it corresponds to the Maximum-Likelihood estimator when full knowledge of the
input signal is considered in the probabilistic description of the model. Next, we
related the iterations of this method to the Gauss-Newton iterations for maximizing
the likelihood function, and analyzed the differences between these two methods.
The role of the intersample behavior of the output was studied, and a non-unitary
step size was introduced in the SRIVC-c iterations in order to improve the robustness
of the method.

6.1 Future work

We will now discuss possible paths for future work related to the topics studied in
the thesis.

Indirect approach for time-delay systems

The problem of estimating continuous-time systems with time delays is difficult due
to the existence of several local minima in most standard choices of cost functions.
In direct continuous-time system identification, there has been recent interest in
proposing solutions to this problem. The methods presented in [18] and [52] use
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SRIVC to jointly estimate the time-delay and transfer function parameters, while [19]
and [20] explore other recursive Gauss-Newton approaches.

One of the shortcomings of the indirect approach methods is that they do not offer
easy options for estimating continuous-time systems with time-delay. An interesting
idea for future research is to develop a method that can estimate continuous-time
models with fractional time-delay using the indirect approach. Such method could
provide an alternative to the direct methods and be useful for developing discrete-
time time-delayed system identification methods. Possibly the IPEM estimator
studied in Chapter 3 could be extended to this case, thereby also appropriately
enforcing the number of zeros of the continuous-time system and its asymptotic
stability.

Extensions to RIVC

The theoretical analysis in Chapter 4 showed that the SRIVC estimator is consistent
and asymptotically efficient under mild conditions if the intersample behavior of the
input is appropriately taken into account. To the best of the author’s knowledge,
apart from the work in [67] which has several issues (as explained in Section 4.1.1),
formally proving these properties for the RIVC estimator [139], has not been pursued.
Similarly to the SRIVC mechanism, the RIVC has been linked to the Maximum
Likelihood estimator in [139], but limited analysis has been done with respect to the
intersample behavior of the signals. By extending the ideas exposed in Chapters 4
and 5, it might be possible to state conditions for consistency and asymptotic
efficiency for the RIVC estimator.

Bias analysis

Chapters 4 and 5 focused on obtaining asymptotic properties of the SRIVC estimator
and its extension. For finite N , initial conditions of the filters and the signal
reconstruction techniques may introduce biases. A bias analysis for the SVF estimator
was presented in [56], where an upper bound on the estimator error was obtained. A
similar analysis for the SRIVC estimator has not been done yet, due to difficulties in
analyzing the iterations. A bias analysis, even if only feasible for first order systems,
could shed light into the effects of the sampling time, initialization, and initial
conditions of the filters, on the performance of the SRIVC estimator for finite data.
Moreover, a deeper analysis of the bias of the SRIVC method when a wrong hold
mechanism is used for generating the input as a function of the sampling period h
would be of practical interest, and it may proceed from similar techniques to the
ones presented in Chapters 4 and 5.

Exploring event-based sampling schemes

As an alternative to equidistant sampling in time (“Riemann” sampling), Lebesgue
sampling is a type of event-based sampling which consists in sampling the continuous-
time signal whenever it crosses fixed and regularly partitioned thresholds. It has been
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shown that under a minimum variance control law, a Lebesgue sampling scheme
requires less measurements than a periodic sampling scheme, which outlines the
potential of this approach [7, 9].

Continuous-time system identification in Lebesgue-sampled schemes has not yet
been fully explored. Even though SRIVC for irregularly sampled data [57] can be
applied, it does not use the fact that the sampled output is known to be in a specific
bounded interval between sampling instants, which may lead to a loss of optimality.
In [59] and [60], the ML estimate for the parameters of a continuous-time system is
derived in an approximate Lebesgue sampling scheme, which assumes that the output
is in fact oversampled and compared with fixed thresholds in equidistant instants
in time. Several questions remain unsolved, such as extensions to continuous-time
systems in a state-space description (see Remark 2.1), methods and analysis for
exact Lebesgue sampling, input design, and threshold selection.

Continuous-time multi-step least-square methods

Recently, multi-step least-squares methods for discrete-time system identification
such as the Weighted Null-Space Fitting method (WNSF) have been developed and
analyzed [27]. One advantage of the WNSF method is that, contrary to simplified
refined instrumental variables [137], it can provide asymptotically efficient estimates
with only a finite number of least-square steps, and it does not depend on iterations.
The WNSF procedure has also proven useful for settings where the PEM cost function
is highly non-convex, avoiding local minima issues. One interesting line of research
consists in developing a similar procedure to directly estimate continuous-time
systems.
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[112] T. Söderström. Computational methods for evaluating covariance functions.
Technical report, Systems and Control Group, Uppsala University, 2003.
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