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Abstract

This thesis is dedicated to asymptotic analysis of determinantal point pro-
cesses originating from random matrix theory and random tiling models. Our
main interest lies in random tilings of planar domains with doubly periodic
weights.

Uniformly distributed random tiling models are known to be a very rich
class of models where many interesting phenomena can be observed. These
models have therefore been under investigation for many years and many
aspects of the models are by now well understood. Random tiling models with
doubly periodic weights are in fact an even richer class of models. However,
these models are much more difficult to analyze and for a thorough study of
their behavior new ideas are needed. This thesis increases the understanding
of random tiling models with doubly periodic weights.

The thesis consists of three papers and two chapters; one introductory
and background chapter and one chapter giving an overview of the papers.

Paper A deals with linear statistics of the thinned Circular Unitary En-
semble and the thinned sine process. The thinning creates a transition from
the Circular Unitary Ensemble respectively sine process to the Poisson pro-
cess. We study a part of these transitions in detail.

In Papers B and C we study random tiling models with doubly periodic
weights. These two papers constitute the main contribution of this thesis.

In Paper B we give a general method how to analyze a large family of
random tiling models. In particular, we provide a double integral formula for
the correlation kernel in terms of a Wiener–Hopf factorization of an associ-
ated matrix-valued function. We also present a recursive method on how to
construct the Wiener–Hopf factorization.

The method developed in Paper B is used in Paper C to analyze the 2×k-
periodic Aztec diamond. More precisely, we derive the correlation kernel for
the Aztec diamond of finite size and give a detailed description of the model
as the size tends to infinity.
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Sammanfattning

Denna avhandling är ägnad åt asymptotisk analys av determinantproces-
ser härstammandes från slumpmatristeori och slumpmässiga plattläggnings-
modeller. Vårt huvudintresse är slumpmässiga plattläggningar av platta om-
råden med dubbelt periodiska vikter.

Likformigt fördelade plattläggningsmodeller är kända för att vara en myc-
ket rik klass av modeller där många intressanta fenomen kan observeras. Dessa
modeller har därför utforskats under många år och numera är många aspekter
av modellerna välutredda. Slumpmässiga plattläggningsmodeller med dubbelt
periodiska vikter är en till och med rikare klass av modeller. Dessa modeller är
dock mycket svårare att analysera och för en genomgående studie av deras be-
teende krävs nya idéer. Denna avhandling ökar förståelsen för slumpmässiga
plattläggningsmodeller med dubbelt periodiska vikter.

Denna avhandling består av tre artiklar och två kapitel; ett introduktions-
och bakgrundskapitel och ett kapitel som ger en översikt av artiklarna.

Artikel A analyserar lineära statistikor av en förtunning av den cirkulära
unitära ensemblen och en förtunning av sinusprocessen. Förtunningen skapar
en övergång från den cirkulära unitära ensemblen respektive sinusprocessen
till Poissonprocessen. Vi analyserar en del av denna övergång i detalj.

I Artiklarna B och C studeras slumpmässiga plattläggningsmodeller med
dubbelt periodiska vikter. Dessa två artiklar utgör huvudbidraget av denna
avhandling.

I Artikel B utvecklar vi en generell metod för att analysera en stor familj
av slumpmässiga plattläggningsmodeller. I synnerhet bestämmer vi en formel
för korrelationskärnan i termer av en dubbelintegral och en Wiener–Hopf
faktorisering av en tillhörande matrisvärd funktion. Vi ger också en rekursiv
metod för att konstruera Wiener–Hopf faktoriseringen.

I Artikel C används metoden som utvecklats i Artikel B för att analysera
den 2 × k-periodiska aztetiska diamanten. Mer exakt så härleder vi korrela-
tionskärnan för den aztetiska diamanten av ändlig storlek och ger en detalje-
rad beskrivning av modellen då storleken går mot oändligheten.
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Part I

Introduction and summary





1 Introduction & background

The aim of this chapter is to give the reader sufficient background in order to read
and understand Papers A–C.

In Section 1.1 we discuss point processes and in particular determinantal point
processes. All papers in this thesis deal with determinantal point processes. We
include three examples of point processes, which are relevant for Paper A.

In Section 1.2 we discuss an example of a discrete determinantal point process,
which is relevant for Papers B and C. In particular Sections 1.2 and 1.3 provide the
relevant background for Paper B.

In Section 1.3 we give a short introduction to Riemann–Hilbert problems, a
technique which is used in Papers A and B. The discussion is centered around the
models discussed in Section 1.2.

In Section 1.4 we discuss random domino tilings of the Aztec diamond, both
with respect to the uniform and non-uniform distributions. The latter is under
investigation in Paper C.

1.1 Determinantal point processes

In this section we discuss determinantal point processes. We give a short general
discussion but the main focus lies on important examples.

As general references on point processes we refer to [6, 12, 13, 31, 33, 45]. The
main references for the theoretical discussion in this section are [13,31].

Definition and first examples
Let E be a complete separable metric space. For our purposes it is sufficient to
consider E as a closed subset of R, C or Z2. Let N (E) be the set of all Borel
measures ξ on E such that ξ(B) ∈ N if B is a bounded Borel set, that is, all
boundedly finite counting measures on E. Define a σ-algebra B(N (E)) on N (E) as
the smallest σ-algebra such that for all bounded Borel sets B the map ξ 7→ ξ(B) is
measurable. A point process on E is a probability measure P onN (E). Equivalently
we say that a point process is a random measure taking values in N (E), that is, a
measurable map ξ from some probability space (Ω,F ,P) to (N (E),B(N (E))).

3



4 CHAPTER 1. INTRODUCTION & BACKGROUND

If ξ ∈ N (E) then there is a sequence of points {xi}i∈I in E, for some index set
I, such that

ξ =
∑
i∈I

δxi , (1.1.1)

([13, Proposition 9.1.III]). Thus, if B is a bounded Borel set then ξ(B) is the
number of xi, i ∈ I, that lie in B and by definition of N (E) the number ξ(B) is
bounded.

If we instead start with a sequence of E-valued random elements {xi}i∈I such
that there are only finitely many xi, i ∈ I, in any bounded Borel set B. Then

ξ(B) = #{xi ∈ B : i ∈ I} =
∑
i∈I

δxi(B), (1.1.2)

defines a point process ([13, Proposition 9.1.X]). This construction will be impor-
tant for our purposes.

We say that a point process is simple if P [ξ : ξ({x}) ≤ 1 ∀x ∈ E] = 1. In view of
(1.1.1) it is clear that a point process is simple if and only xi 6= xj if i 6= j, i, j ∈ I,
for almost all ξ ∈ N (E). When the point process is simple we will often refer to xi
as particles. This thesis concerns only simple point processes.

A natural object of study are the gap probabilities, that is, the probability of
having no points in a bounded Borel set B. Let B be a bounded Borel set of E
and let φ = 1B , the indicator function of B, then

E

[∏
i

(1− φ(xi))
]

= P [ξ(B) = 0] , (1.1.3)

where the product on the left hand side runs over the {xi} in (1.1.1). The right
hand side is called the avoidance function. If the point process is simple then the
point process is determined by the avoidance function on a rich enough class of
Borel sets, for instance all bounded Borel sets B ([13, Theorem 9.2.XII]).

We will be interested of the left hand side of (1.1.3) for more general functions
φ. For instance, if φ = 1 − eλf for a suitable function f and λ ∈ C, then the left
hand side of (1.1.3) is the characteristic function of a the linear statistic X(f), see
(1.1.19). To analyze the left hand side of (1.1.3) for general φ we use so called fac-
torial measures, which motivates the following definition. We assume the factorial
moments are absolutely continuous with respect to some positive Borel measure
µ on E which is finite on bounded sets. That is, assume there is a sequence of
locally integrable functions ρn : En → R for n ≥ 1 such that for all integers
1 ≤ m,n1, . . . , nm ≤ n, such that n1 + · · ·+nm = n and all bounded disjoint Borel
sets Bi, 1 ≤ i ≤ m, it holds that

E

[
m∏
i=1

ξ(Bi)!
(ξ(Bi)− ni)!

]
=
�
B
n1
1 ×···×B

nm
m

ρn(x1, . . . , xn) dµ(x1) . . . dµ(xn). (1.1.4)



1.1. DETERMINANTAL POINT PROCESSES 5

The function ρn, if it exists, is called the n-point correlation function with respect
to µ. The left hand side of (1.1.4) is themth factorial measure (see e.g. [12, Chapter
5]).

There are a few direct consequences of (1.1.4). The expected number of points
in a bounded Borel set B is determined by the 1-point correlation function, namely,

E [ξ(B)] =
�
B

ρ1(x) dµ(x).

If E is discrete, equipped with the counting measure and the point process is simple,
then, by (1.1.4) with Bi = {xi} for some xi ∈ E,

P [particles at x1, . . . , xn] = E

[
n∏
i=1

ξ({xi})
]

= ρn(x1, . . . , xn). (1.1.5)

Note however that (1.1.5) is not true in general.
Under mild conditions on the correlation functions we can express the left hand

side of (1.1.3) in terms of the correlation functions. Namely

E

[∏
i

(1− φ(xi))
]

=
∞∑
n=0

(−1)n

n!

�
En

n∏
j=1

φ(xj)ρn(x1, . . . , xn) dµ(x1) . . . dµ(xn),

(1.1.6)
for all bounded Borel functions φ with bounded support. A sufficient condition
for equation (1.1.6) to hold is, for instance, that for any bounded Borel set B
there is an integrable function g such that ρn(x1, . . . , xn) ≤

∏n
i=1 g(xi) for all

xi ∈ B, i = 1, . . . , n. Moreover, if the equality (1.1.6) holds for a sequence of
locally integrable functions {ρn} and all simple functions φ with bounded support,
then ρn, n = 1, 2, . . . , is the n-point correlation function. For a verification of
(1.1.6) see [31].

It is a natural question to ask when a family of measurable functions {ρn}
defines a point process and if they do, is the point process unique? These questions
were studied by Lenard in [38–40]. However, for the purpose of this thesis these
questions are not relevant and we will therefore not discuss them here. For the
interested reader we refer to the mentioned papers, or to [45, Theorem 1] for an
answer of the first question.

Example 1.1 (The Poisson point process). As a first example we consider the
Poisson point process. The Poisson point process on E with intensity measure Λ
is the point process on E such that for ξ ∈ N (E) and disjoint bounded Borel sets
B1, . . . , Bm, for anym ∈ N, the random variables ξ(B1), . . . , ξ(Bm) are independent
and Poisson distributed with mean Λ(Bi), i = 1, . . . ,m.

Let E = R and let the intensity measure be given by

Λ(B) =
�
B

ρ(x) dx,
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where ρ is a positive locally integrable function called the intensity function.
Let φ be a simple function, that is, φ =

∑m
k=1 ak1Bk for some disjoint bounded

Borel sets Bk and complex numbers ak for k = 1, . . . ,m. Then

E

[∏
i

(1− φ(xi))
]

=
m∏
k=1

E
[
(1− ak)ξ(Bk)

]
,

since ξ(B1), . . . , ξ(Bm) are independent random variables. The kth factor on the
right hand side is the probability generating function of a Poisson distributed ran-
dom variable with mean Λ(Bk) evaluated at 1−ak. So, the right hand side is equal
to

m∏
k=1

e−akΛ(Bk) = e−
∑m

k=1
akΛ(Bk) = e−

�
R φ(x)ρ(x) dx.

Hence

E

[∏
i

(1− φ(xi))
]

=
∞∑
n=0

(−1)n

n!

�
Rn

n∏
k=1

φ(xk)ρ(xk) dx1 . . . dxn, (1.1.7)

which tells us, by the comment under (1.1.6), that the correlation functions exist
and are given by

ρn(x1, . . . , xn) = ρ(x1) . . . ρ(xn).

In the present thesis a special type of point processes is considered, namely
determinantal point processes.

Definition 1.2. A point process with correlation functions ρn is called a determi-
nantal point process if there is a function K : E × E → C such that

ρn(x1, . . . , xn) = det (K(xi, xj))ni,j=1 , (1.1.8)

for all n ≥ 1. The function K is called the correlation kernel.

The correlation kernel contains all information about the point process and
studies of the point process often reduce to studies of the correlation kernel. Note
that the correlation kernel is not unique. For any non-zero function f , the left hand
side of (1.1.8) does not change if we replace the kernel in the right hand side with

f(x)K(x, y)f(y)−1, (1.1.9)

and thus (1.1.9) is also a correlation kernel of the same determinantal point process.
A determinantal point process is always simple.

Example 1.3 (The Circular Unitary Ensemble). In this example we consider the
unitary group U(N) consisting of all unitary N ×N matrices. The unitary group is
a compact group and hence there exists a unique left invariant (which also is right
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invariant) measure with total mass one. This measure is called the Haar measure
and we denote it by µN . The unitary group equipped with the Haar measure is
called the Circular Unitary Ensemble (CUE). The CUE was discussed (among other
matrix ensembles) by Dyson in [20–22]. For a general reference on the subject we
refer to [2] and for the calculations done below we refer to [28,45].

The Haar measure induces a probability measure on the eigenvalues of the ma-
trices in U(N). By the Weyl integration formula the induced measure, the CUE
eigenvalue process, is a determinantal point process. Namely, if f : U(N) → C is
an integrable class function, that is f(V −1MV ) = f(M) for all V,M ∈ U(N), then
�
U(N)

f(M) dµN (M)

= 1
N !(2π)N

�
[−π,π]N

f(diag(eiθ1 , . . . , eiθN ))|∆(eiθ1 , . . . , eiθN )|2 dθ1 . . . dθN ,

(1.1.10)

where

∆(eiθ1 , . . . , eiθN ) =
∏

1≤j<k≤N

(
eiθj − eiθk

)
= det

(
ei(k−1)θj

)n
j,k=1

(1.1.11)

is a Vandermonde determinant. Let φ : T→ C, where T denotes the unit circle, be
a locally integrable function. By (1.1.10) and (1.1.11)

EN

[
N∏
i=1

(
1− φ(eiθi)

)]
= 1
N !(2π)N

�
[−π,π]N

N∏
i=1

(
1− φ(eiθi)

)
× det

(
ei(k−1)θj

)N
j,k=1

det
(

e−i(k−1)θj
)N
k,j=1

dθ1 . . . dθN

=
N∑
n=0

∑
In

(−1)n

N !

�
[−π,π]N

∏
i∈In

φ(eiθi) det
(

1
2π

N∑
`=1

ei(`−1)(θj−θk)

)N
j,k=1

dθ1 . . . dθN ,

(1.1.12)

where the sum runs over all subsets In ⊂ {1, . . . , N} with exactly n elements. For
a fixed n, the terms in the second sum is equal due to symmetry and the number
of terms is

(
N
n

)
. We integrate out the last N − n variables using that for each

1 ≤ m ≤ N , (e.g. [45, Lemma 4])

�
[−π,π]

det
(

1
2π

N∑
`=1

ei(`−1)(θj−θk)

)m
j,k=1

dθm

= (N −m+ 1) det
(

1
2π

N∑
`=1

ei(`−1)(θj−θk)

)m−1

j,k=1

.
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We obtain that

EN

[
N∏
i=1

(
1− φ(eiθi)

)]

=
N∑
n=0

(−1)n

n!

�
[−π,π]n

n∏
i=1

φ(eiθi) det
(

1
2π

N∑
`=1

ei(`−1)(θj−θk)

)n
j,k=1

dθ1 . . . dθn,

(1.1.13)

which is of the form (1.1.6). After a change of variables in (1.1.13) which takes
the domain of integration to the unit circle, it follows from (1.1.6) that the CUE
eigenvalue process is a determinantal point process on T with correlation kernel

K(z, w) = 1
2πi

zNw−N − 1
z − w

. (1.1.14)

Example 1.4 (The sine process). Let E = R. The determinantal point process on
E with correlation kernel, with respect to the Lebesgue measure,

K(x, y) =
{

sin(π(x−y))
π(x−y) , x 6= y

1, x = y,

is called the sine process. This point process exists and is unique. This follows
from [45, Theorem 3], by showing that K defines a locally trace-class, Hermitian,
projection operator on L2(R). That the operator is locally-trace class follows by
Mercer’s theorem. For details we refer to [6, 45].

The sine process behaves fundamentally different from the Poisson point process
on the real line. In the Poisson process the particles behave independently of each
other, while in the sine process the particles are strongly correlated, namely, there
is a strong repulsion between the particles. This difference can be captured by
analyzing so called linear statistics, which we will explain later on.

The sine process appears as the limiting process of the CUE eigenvalue process
on the microscopic scale. We consider the angles of the eigenvalues (the eigenangles)
of the CUE (Example 1.3). The mean distance between the eigenangles is 2π

N . We
scale the space, by multiplying the eigenangles by N

2π , so that the mean distance
is one. This is called the microscopic scale. Here we zoom in at θ0 = 0. However
we could equally well take any other point θ0 ∈ (−π, π). The correlation kernel
corresponding to the eigenangles in the CUE eigenvalue process, the left hand side
of (1.1.15), converges to the sine kernel,

1
N

sin(π(x− y))
sin( πN (x− y)) →

sin(π(x− y))
π(x− y) , (1.1.15)

as N →∞. We will see in Example 1.5 that the above limit implies that the CUE
eigenvalue process tends to the sine process. This means that the CUE eigenvalue
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process lies in the bulk universality class. In fact, a wide class of random matrices
lie in the bulk universality class, meaning that the distribution of the eigenvalues in
the interior of the spectrum converges to the sine process on the microscopic scale.
The sine process is therefore a central object within random matrix theory. In fact,
the bulk universality class goes even beyond random matrices (see [16,35]).

Weak convergence

We will briefly discuss the concept of weak convergence. Let Pn, n = 1, . . . and P
be probability measures defined on N (E). We say that Pn converges weakly to P
as n→∞ if �

f dPn →
�
f dP,

as n → ∞ for all bounded continuous functions f : N (E) → R. Equivalently,
Pn → P weakly as n→∞ if

En

[∏
i

(1− φ(xi))
]
→ E

[∏
i

(1− φ(xi))
]
, (1.1.16)

as n → ∞ for all continuous functions φ with bounded support and such that
0 ≤ φ ≤ 1 and infx∈E(1− φ(x)) > 0 ([13, Proposition 11.1.VIII]). In our examples
bounded support is the same as compact support.

Example 1.5 (The CUE eigenvalue process). In this example we show that the
CUE eigenvalue process converges weakly to the sine process on the microscopic
scale, as claimed in Example 1.4.

Let φ : R→ R be a bounded measurable function with compact support. If N
is big enough so that the support of φ is contained in [−N/2, N/2] and xj = N

2π θj
for j = 1, . . . , N , then, by (1.1.13),

EN

 N∏
j=1

(
1− φ

(
N

2π θj
)) (1.1.17)

=
N∑
n=0

(−1)n

n!

�
Rn

n∏
j=1

φ(xj) det
(

1
N

N∑
`=1

e2πi (`−1)
N (xj−xk)

)n
j,k=1

dx1 . . . dxn

=
N∑
n=0

(−1)n

n!

�
Rn

n∏
j=1

φ(xj) det
(

1
N

sin(π(xj − xk))
sin( πN (xj − xk))

)n
j,k=1

dx1 . . . dxn.

Now,

lim
N→∞

1
N

sin(π(xj − xk))
sin( πN (xj − xk)) = sin(π(xj − xk))

π(xj − xk) ,
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uniformly on compact sets. Recall Hadamard’s inequality,

∣∣∣det (K(xj , xk))nj,k=1

∣∣∣ ≤ n∏
j=1

√√√√ n∑
k=1
|K(xj , xk)|2. (1.1.18)

Since the support of φ is compact, it follows by (1.1.18) that∣∣∣∣∣∣
�
Rn

n∏
j=1

φ(xj) det
(

1
N

sin(π(xj − xk))
sin( πN (xj − xk))

)n
j,k=1

dx1 . . . dxn

∣∣∣∣∣∣ ≤ cnnn2 ,
for some constant c > 0. Thus by Stirling’s formula the sum (1.1.17) converges
absolutely and we can take the limit inside the sum. Since the limit of the kernel
is uniform on compact sets we can take the limit inside the integrals. Hence

lim
N→∞

EN

∏
j

(1− φ(xj))

 = lim
N→∞

EN

 N∏
j=1

(
1− φ

(
N

2π θj
))

=
∞∑
n=0

(−1)n

n!

�
Rn

n∏
j=1

φ(xj) det
(

sin(π(xj − xk))
π(xj − xk)

)n
j,k=1

dx1 . . . dxn

= ESine

∏
j

(1− φ(xj))

 ,
which proves weak convergence.

The discussion of weak convergence simplifies when a point process is determi-
nantal, since, as seen in Example 1.5, the limit (1.1.16) reduces to the limit of the
sequence of correlation kernels. We will not go into in what sense a sequence of
correlation kernels should converge to imply weak convergence of the corresponding
point processes in a general setting. However, for us the question is highly relevant
in the discrete setting, which we discuss below.

The following proposition can be found in [32].

Proposition 1.6. Let E be a closed subset of Cd for some d ∈ N. Let PN , N =
1, 2, . . . be determinantal point processes on E with correlation kernels KN . Assume

(1) KN (x, y)→ K(x, y) as N →∞ for some function K and all (x, y) ∈ E2,

(2) the family {KN} is uniformly bounded on compact subsets of E2,

(3) for any compact C ⊂ E there is a k ∈ N, depending on C but not on N , such
that det [KN (xi, xj)]1≤i,j≤m = 0 if m ≥ k and xi, xj ∈ C.

Then there is a determinantal point process P with correlation kernel K and PN
converges weakly to P.
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Conditions (1) and (2) imply that P exists. The purpose of (3) is to make sure
that we can take the limit inside the summation in (1.1.6) and the condition can
easily be relaxed.

If E is discrete, then (1) implies (2) and (3). The main results in Papers B
and C concern determinantal point processes on Z2. For these point processes it is
therefore sufficient to show pointwise convergence of the correlation kernel to prove
weak convergence of the point process.

Linear statistics and central limit theorems
One way of analyzing point processes is by the means of linear statistics. Consider
a point process on E. For a smooth enough function f : E → R with bounded
support we integrate f against the random measure (1.1.1),

X(f) =
�
E

f dξ =
∑
i∈I

f(xi). (1.1.19)

The random variable X(f) is called a linear statistic. That the support of f is
bounded implies that the sum is finite, but this assumption may in many cases be
relaxed if desired. The amount of smoothness depends on the situation and we will
leave out such a discussion in this section. In this thesis, and in particular in Paper
A, we are interested in central limit theorems (CLTs) for linear statistics.

Example 1.7 (The Poisson point process). Let us return to the Poisson process
on R with intensity function ρ. By letting φ = 1 − eλf in (1.1.7) for λ ∈ C we
obtain the characteristic function of X(f),

E
[
eλX(f)

]
=
∞∑
n=0

(−1)n

n!

�
Rn

n∏
j=1

(
1− eλf(xj)

)
ρ(xj) dx1 . . . dxn (1.1.20)

= e
�
R(eλf(x)−1)ρ(x) dx.

From the characteristic function we get, for instance, that

E [X(f)] =
�
R
f(x)ρ(x) dx and Var [X(f)] =

�
R
f(x)2ρ(x) dx.

We now let the intensity ρ(x) = ρ be constant and consider the behavior as
ρ→∞. From (1.1.20), we obtain

E
[
e
λ√
ρ

(X(f)−E[X(f)])
]

= eλ
2

2
�
R f(x)2 dx

(
1 +O

(
ρ−

1
2

))
.

Hence, when the intensity increases the above proves the CLT
λ
√
ρ

(X(f)− E [X(f)]) D→ N
(

0,
�
R
f(x)2 dx

)
,

as ρ → ∞. That is, the left hand side tends in distribution to a normal random
variable with mean zero and variance

�
R f(x)2 dx as ρ→∞.



12 CHAPTER 1. INTRODUCTION & BACKGROUND

Example 1.8 (The sine process). To obtain the CLT in Example 1.7 we increased
the intensity and for the Poisson point process the intensity can be viewed as a
scaling of the points. In this example we take the latter viewpoint. We obtain a
CLT for the sine process by introducing a scaling parameter L which we take to
infinity.

Let L > 0 and consider the linear statistic

XL(f) =
∑
i∈I

f(xi/L). (1.1.21)

The expected number of (scaled) points in the support of f is | supp(f)|L, but still
the variance remains bounded. In fact

Var [XL(f)]→
�
R
|ω||Ff(ω)|2 dω <∞,

as L→∞, where
Ff(ω) = 1

2π

�
R

e−ixωf(x) dx,

is the Fourier transform of f . Moreover, even though the variance is bounded as
L→∞, the linear statistic X(f) fulfills a CLT, namely

XL(f)− E[XL(f)] D→ N
(

0,
�
R
|ω||Ff(ω)|2 dω

)
, (1.1.22)

as N →∞.
A way to prove the above limit is mentioned both in [3] and [44], for a third

way to prove it we refer to Paper A.

It is remarkable that the limit (1.1.22) even exists, since we do not divide by
a normalizing factor. This type of CLT is in fact common within random matrix
theory. We will see another example below. Such CLT proves a strong rigidity
within the points. In particular, the CLT for a linear statistic of the sine process
is fundamentally different from the CLT for a linear statistic of the Poisson point
process. In the case of the Poisson point process we need to divide by a normalizing
factor, √ρ, which is not necessary in the case of the sine process. In Paper A we
consider a transition between the two types of CLTs.

Example 1.9 (The CUE eigenvalue process). We consider again the CUE eigen-
value process. Let f : T → R be smooth enough, λ ∈ C and denote g = eλf .
We begin as in Example 1.3, but now we apply Andréief’s identity, also known as
the Cauchy-Binet identity (see [31, Proposition 2.10]), after the first equality in
(1.1.12). With φ = 1− g we obtain

E

 N∏
j=1

g(eiθj )

 = det (ĝ(j − k))Nj,k=1 , (1.1.23)
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where the right hand side is a Toeplitz determinant with symbol g and

ĝ(k) = 1
2π

�
[−π,π]

g(eiθ)e−ikθ dθ,

is the kth Fourier coefficient. The left hand side of (1.1.23) is the characteristic
function of the linear statistic X(f). Toeplitz determinants are well studied, and in
particular the Strong Szegő Limit Theorem (e.g. [27]) applies as N →∞, namely

E
[
eλX(f)

]
= exp

(
Nλf̂(0) + λ2

∞∑
k=1
|k||f̂(k)|2 + o(1)

)
.

If follows from (1.1.13), with φ = 1− eλf and K in (1.1.14), that

E [X(f)] =
�
T
f(z)K(z, z) dz = N

2πi

�
T
f(z) dz

z
= Nf̂(0).

We conclude that the CLT

X(f)− E[X(f)] D→ N
(

0, 2
∞∑
k=1
|k||f̂(k)|2

)
,

holds as N → ∞. As in Example 1.8 the above limit is remarkable in the sense
that there is a CLT without any normalization.

The above limit is a limit on the global or macroscopic scale. We saw in Example
1.5 that the CUE eigenvalue process converges to the sine process on the micro-
scopic scale. We will now discuss the intermediate scale, the mesoscopic scale. We
introduce a parameter α ∈ [0, 1] and consider the linear statistic

X(α)(f) =
∑
i∈I

f

(
N1−α

2π θi

)
, (1.1.24)

where f : R → R is a smooth enough function with compact support. This cor-
responds to the macroscopic scale when the parameter α = 1 and the microscopic
scale when α = 0. If α ∈ (0, 1) the scale is the mesoscopic scale which is the scale
we consider in Paper A.

As in Example 1.8 the variance of X(α)(f) is bounded as N →∞, but still there
is a CLT, namely

X(α)(f)− E
[
X(α)(f)

]
D→ N

(
0,
�
R
|ω||Ff(ω)|2 dω

)
, (1.1.25)

as N →∞. The above CLT was proved by Soshnikov in [44].
Note that the above limit is equal to the limit in the CLT for the sine process

(1.1.22). This is in fact not so surprising. As mentioned in Example 1.4 the CUE
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eigenvalue process converges to the sine process at the microscopic scale. It is
therefore reasonable to expect that the two CLTs (1.1.22) and (1.1.25) coincide.
More precisely the correlation kernel corresponding to the mesoscopic scale is given
by

1
N1−α

sin(πNα(x− y))
sin(πNα−1(x− y)) = sin(πNα(x− y))

π(x− y) +O(N3α−2).

If α < 2
3 then the first term on the right hand side is the leading term asN →∞ and

with L = Nα the leading term corresponds to the correlation kernel corresponding
to the linear statistic (1.1.21).

1.2 Determinantal point processes given by products of
determinants

In this section we discuss determinantal point processes given by a product of
determinants. In particular in Papers B and C models of this form is analyzed.

Fix integers n,N ∈ N and let E = {0, . . . , N} × Z. Let Tm : Z2 → R for m =
1, . . . , N be functions, called transition functions, and φj , ψj : Z→ R, j = 1, . . . , n,
be arbitrary functions. Assume there is a probability measure defined on subsets
of E of the form {(m,ujm)}N,nm=0,j=1 ⊂ {0, . . . , N} × Z given by the product

1
Zn,N

det
(
φj(u`0)

)n
j,`=1

N∏
m=1

det
(
Tm(ujm−1, u

`
m)
)n
j,`=1

det
(
ψj(u`N )

)n
j,`=1 , (1.2.1)

where Zn,N is a normalizing factor. By the identification (1.1.2) the measure (1.2.1)
defines a point process. The Eynard-Mehta theorem (e.g. [6]) tells us that a point
process of the form (1.2.1) is a determinantal point process. To state the Eynard-
Mehta theorem we use the notation

Tm ∗ Tm′(x, y) =
∑
z

Tm(x, z)Tm′(z, y), φ ∗ ψ =
∑
x

φ(x)ψ(x)

φ ∗ Tm(x) =
∑
y

φ(x)Tm′(x, y), Tm ∗ ψ(x) =
∑
y

Tm′(x, y)ψ(y),

and Tm,m′(x, y) = Tm+1 ∗ · · · ∗ Tm′(x, y).

Theorem 1.10 (Eynard-Mehta theorem). A point process of the form (1.2.1) is a
determinantal point process and the correlation kernel is given by

K(m,x;m′x′) = −χm>m′Tm,m′(x′, x) +
n∑

i,j=1
φi ∗T0,m(x)

[
G−1]

i,j
Tm′,N ∗ψj(x′),

where G = (φi ∗ T0,N ∗ ψj)ni,j=1 is called the Gram matrix.
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We are often interested in the behavior of K when n,N → ∞. But in general
it is very difficult to extract any meaningful information from the inverse of G.
However, in certain situations there are techniques which allow us to get hold of
the inverse, even in the limit. See for instance below and in particular Paper C.

Point processes of the form (1.2.1) is a member of a special family of point
processes given by a product of determinants on E = Z×X where X is a complete
separable metric space. Under weak assumptions on the transition functions Tm,
and φj , ψj , (1.2.2) still defines a point precess, and the Eynard-Mehta theorem is
still valid, see [31].

Determinantal point processes defined by block Toeplitz minors
In this section we specialize the measure (1.2.1) to point processes for which the
transition functions fulfill a periodicity condition. The content of this and the
next section gives a starting point for an analysis of such point processes and was
developed by Duits and Kuijlaars in [19].

Let E = Z2. Fix the parameters p, n,N,M ∈ N and let Tm : Z2 → R for
m = 1, . . . , N be transition functions fulfilling the periodicity condition

Tm(x+ p, y + p) = Tm(x, y),

for all m and (x, y) ∈ Z2. Consider a probability measure of the form

1
Zn,N

det
(
δj−1(u`0)

)pn
j,`=1

N∏
m=1

det
(
Tm(ujm−1, u

`
m)
)pn
j,`=1

det
(
δpM+j−1(u`N )

)pn
j,`=1 ,

(1.2.2)
on subsets of E of the form ((m,ujm))N,pnm=0,j=1 ⊂ {0, . . . , N} × Z, where Zn,N is a
normalizing factor. The delta functions imposes the boundary conditions {uj0}

pn
j=1 =

{j−1}pnj=1 and {ujN}
pn
j=1 = {pM+j−1}pnj=1. We assume there are p×pmatrix-valued

functions φm, m = 1, . . . , N that are analytic in a common annulus r1 < |z| < r2,
such that for all (x, y) ∈ Z2,

(Tm(px+ i, py + j))p−1
i,j=0 = 1

2πi

�
γ

φm(z)zx−y dz
z
, (1.2.3)

where γ is a circle with radius r ∈ (r1, r2) and oriented counterclockwise. The
matrix φm is called the symbol of the block Toeplitz matrix Tm, m = 1, . . . , N .

The measure (1.2.2) is a special case of (1.2.1). By the Eynard-Mehta theorem
a point process of the form (1.2.2) is a determinantal point process with correlation
kernel

K(m,x;m′x′) = −χm>m′Tm,m′(x′, x)

+
pn∑
i,j=1

T0,m(i− 1, x)
[
G−1]

i,j
Tm′,N (x′, pM + j − 1), (1.2.4)
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whereG = (T0,N (i− 1, pM + j − 1))pni,j=1 is the Grammatrix, and T`,`′ =
∏`′

i=`+1 Ti.
In [19] the authors express the correlation kernel (1.2.4) using matrix-valued

orthogonal polynomials. However, the orthogonality is with respect to a non-
Hermitian bilinear form. Let γ be a circle with radius r ∈ (r1, r2) and φ =∏N
m=1 φm, where φm is the symbol of Tm given in (1.2.3). We consider the bi-

linear form
(P,Q) = 1

2πi

�
γ

P (z)φ(z)Q(z)T dz
zn+M . (1.2.5)

Here P and Q are p× p matrix-valued functions.
Let G−1 = QTP be any factorization of the inverse of the Gram matrix such

that P and Q are invertible. We define the matrix-valued polynomials,
P0(z)
P1(z)

...
Pn−1(z)

 = P


I
zI
...

zn−1I

 and


Q0(z)
Q1(z)

...
Qn−1(z)

 = Q


zn−1I
zn−2I

...
I

 , (1.2.6)

and the bivariate polynomial

Rn(w, z) =
n−1∑
j=0

Qj(w)TPj(z). (1.2.7)

The polynomials above are matrix-valued in the sense that the coefficients are p×p
matrices. It follows from the factorization of G−1, (1.2.6) and the definition of Rn
that

Rn(w, z) =
(
wn−1I, wn−2I, . . . , I

)
Q−1


I
zI
...

zn−1I

 , (1.2.8)

which shows that Rn is independent of the choice of factorization of Q−1.
Before stating the main theorem in this section we want to point out an impor-

tant property of Rn which will be used in Section 1.3. A computation ([19, Propo-
sition 4.5]), using the specific form of G and the connection to the weight in the
bilinear from, shows that

(Pj , Qk) = δj,kI. (1.2.9)

That is, {Pj} and {Qj} are biorthogonal. Note however that Pj and Qj are not
necessarily of degree j. In fact, since the bilinear form (1.2.5) is non-Hermitian
there might not exist polynomials Pj and Qj such that Pj and Qj are of degree
j for j = 1, . . . , n − 1 and such that (1.2.9) holds (see Section 1.3). Since P is
invertible, the set {Pj} forms a basis for the space of matrix-valued polynomials of
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degree ≤ n− 1 and size p× p in the sense that any polynomial Q of degree ≤ n− 1
and size p× p can be written as

Q(z) =
n−1∑
j=0

AjPj(z),

for some p× p matrices Aj , j = 1, . . . , n− 1. It follows from (1.2.9) that Rn is the
unique bivariate polynomial of degree ≤ n− 1 such that

(R(w, · ), Q) = Q(w)T ,

for all matrix-valued polynomials Q of degree ≤ n− 1 and size p× p ([19, Lemma
4.6]).

By applying (1.2.3) and (1.2.8) to (1.2.4) we obtain the following theorem.

Theorem 1.11 ([19] Theorem 4.7). The point process (1.2.2) is a determinantal
point process with correlation kernel

[Kn(m, px+ j,m′, py + j)]p−1
i,j=0 = −χm>m

′

2πi

�
γ

m′−1∏
`=m

φ`(z)
dz

zx−y+1

+ 1
(2πi)2

�
γ

�
γ

N∏
k=m′

φk(z)Rn(z, w)
m−1∏
`=1

φ`(z)
wy

zx+1
dz dw
wM+n ,

where Rn is given by (1.2.7).

If for instance p = 1 and Rn is defined in terms of some classical orthogonal
polynomials for which the asymptotic behavior as the degree tends to infinity is
known, then there is hope to obtain the limit of the kernel in Theorem 1.11 as
n,N → ∞. However, at this stage it is not clear if the above theorem is an
improvement compared with Theorem 1.10 in general. The quantity (1.2.7) is
still a difficult object. In the following section we discuss the possibility to use a
Riemann–Hilbert problem to analyze (1.2.7) and hence the kernel in Theorem 1.11.

1.3 Riemann–Hilbert problems

In this section we will briefly discuss what a Riemann–Hilbert problems is and in
particular discuss an example which connects to the previous section. The dis-
cussion will be far from general as we only intend to review what is necessary for
Papers A–C.

A Riemann–Hilbert problem in its simplest form is the problem of finding a
matrix-valued function Y : C\γ → Cp×p such that

(i) Y is analytic in C\γ,
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+
−

Figure 1.1 – An example of an oriented contour with the + and −-side indicated.

(ii) Y+(z) = Y−(z)JY (z), for z ∈ γ,

(iii) Y (z) = I +O(z−1) as |z| → ∞.

Here γ is a given oriented contour in C (see Figure 1.1 for an example of the
contour), JY is a given jump matrix defined on γ and Y+ and Y− are functions on γ
such that Y+ is the limit of Y from the left (+-side), with respect to the orientation
of γ, and Y− is the limit of Y from the right (−-side).

For our purposes it is enough to consider the situation when γ is a union of
finitely many disjoint smooth curves and JY is analytic in a neighborhood of γ and
the limit is taken pointwise. However, in the literature there is a well-developed
theory in a much wider setting, see for instance [41] and references therein.

In a wide class of problems, it turns out that it is possible to express the quan-
tity of interest in terms of a Riemann–Hilbert problem. A representation in terms
of a Riemann–Hilbert problem is well-suited for asymptotic analysis, see [15, 17].
This is in the same spirit as the fact that many functions have integral representa-
tions and with a classical steepest descent analysis such representations provide a
way of analyzing the function asymptotically. As introductory examples regarding
asymptotic analysis using Riemann–Hilbert problems we refer to [14], for a proof
of the Strong Szegő Limit theorem, and Paper B. Both are simple in the sense that
the analysis does not require the construction of a local parametrix or solution of
an equilibrium problem.

Matrix-valued orthogonal polynomials
As an illustrating example we will discuss matrix-valued polynomials, that is, a
polynomial with matrix coefficients, which are orthogonal with respect to a bilinear
form defined below. That we can express orthogonal polynomials in terms of a
Riemann–Hilbert problem is a classical fact and was discussed by Fokas, Its and
Kitaev in [25].
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We fix an integer p and consider polynomials with p×p matrices as coefficients.
Let γ be a circle centered at zero and oriented counterclockwise and let W be a
matrix-valued weight analytic on a neighborhood of γ. Consider the bilinear form

(P,Q) = 1
2πi

�
γ

P (z)W (z)Q(z)T dz.

Motivated by previous section, we are interested in polynomials orthogonal with
respect to this bilinear form.

In the classical situation when γ is the real line andW is real-valued (scalar), the
bilinear form is positive definite and the orthogonal polynomials can be constructed
by a Gram–Schmidt procedure applied to {zj}∞j=0. In the present situation we can
not rely on Gram–Schmidt.

Proposition 1.12. Let n ∈ N. There is a monic polynomial Pn of degree n and a
polynomial Pn−1 of degree ≤ n− 1 such that

(Pj , z`) = 0,

for all ` < j, for j = n, n − 1, and (Pn−1, z
n−1) = −I, if and only if there is a

solution to the following Riemann–Hilbert problem;
Riemann–Hilbert Problem 1.3.1. Find Y : C\γ → C2p×2p such that

(i) Y is analytic in C\γ,

(ii) Y+(z) = Y−(z)
(
I W (z)
0 I

)
, for z ∈ γ,

(iii) Y (z) = (I +O(z−1))
(
znI 0
0 z−nI

)
as |z| → ∞.

Proof. The proof is standard and can be found for instance in [15,25]. We include
it, as mentioned, as an illustrating example.

Assume first that
Y =

(
Y11 Y12
Y21 Y22

)
is a solution to the Riemann–Hilbert problem 1.3.1. The entries are blocks of size
p× p. Then the jump condition (ii) can be explicitly written as(

Y11+ Y12+
Y21+ Y22+

)
=
(
Y11− Y12− + Y11−W
Y21− Y22− + Y21−W

)
.

From the equality of the upper left block we obtain that Y11 is continuous over
γ and hence an entire function. Moreover, the behavior of Y at infinity (iii) tells
us by Liouville’s Theorem that Y11 = Pn is a polynomial of degree n with leading
coefficient I. In a similar way we get from the lower left block that Y21 = Pn−1 is
a polynomial of degree ≤ n− 1.
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The upper right block gives us the jump of Y12, namely

Y12+ = Y12− + PnW.

This is an additive jump and can be solved by means of the Cauchy operator. The
Cauchy operator C is given by

(CPnW )(z) = 1
2πi

�
γ

Pn(ξ)W (ξ)
ξ − z

dξ. (1.3.1)

The function (1.3.1) is analytic on C\γ. Since Pn andW are analytic in a neighbor-
hood of γ it is clear, by moving the contour of integration slightly, that (CPnW )±,
the limits from left respectively right, are well defined as functions on γ. By
Cauchy’s Theorem

(CPnW )+ − (CPnW )− = PnW,

on γ. This is a special case of the Sokhotski–Plemelj formula. Since Y12 and
CPnW have the same jump and both tend to zero at infinity, Liouville’s Theorem
applied to Y12 − CPnW tells us that Y12 = CPnW . However the behavior of the
Riemann–Hilbert problem at infinity (iii) says that Y12(z) = O(z−(n+1)) as z →∞
while

(CPnW )(z) = −
n−1∑
`=0

1
z`+1

1
2πi

�
γ

Pn(ξ)W (ξ)ξ` dξ +O(z−(n+1)).

Since Y12 = CPnW we conclude that

1
2πi

�
γ

Pn(ξ)W (ξ)ξ` dξ = 0,

for ` = 0, . . . , n−1. That is, Pn is a monic polynomial of degree n with (Pn, z`) = 0
for ` = 0, . . . , n− 1.

A similar computation yields Y22 = CPn−1W and since Y22(z) = z−nI +
O(z−(n+1)) it follows that

(Pn−1, z
`) = 0, ` = 0, . . . , n− 2, and (Pn−1, z

n−1) = −I.

Hence, we have proved one implication.
Now, from the above computations it follows that if Pn and Pn−1 exist with the

properties given in the statement, then

Y =
(
Pn CPnW
Pn−1 CPn−1W

)
, (1.3.2)

solves the Riemann–Hilbert problem.
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With a short standard argument the proof of Proposition 1.12 also implies
uniqueness of the polynomials in the statement of the proposition, if they exist.
Namely, the proof give us the solution of the Riemann–Hilbert problem in terms
of the polynomials, (1.3.2), so uniqueness of Pn and Pn−1 follows from uniqueness
of the solution of the Riemann–Hilbert problem 1.3.1. That a solution of the
Riemann–Hilbert problem 1.3.1 is unique goes as follows; If Y solves the Riemann–
Hilbert problem 1.3.1 then detY solves a scalar Riemann–Hilbert problem with
jump det JY = 1. More precisely, detY is analytic on C\γ and

detY+(z) = detY−(z) detJY (z) = detY−(z), (1.3.3)

for z ∈ γ and detY (z) → 1 as z → ∞. By (1.3.3) detY extends to an analytic
function over γ. Hence, detY extends to an entire function which tends to one as
z → ∞. By Liouville’s Theorem detY (z) = 1 for all z ∈ C. So Y −1 is analytic
wherever Y is analytic. If Ỹ also solves the Riemann–Hilbert problem 1.3.1, then

(Ỹ Y −1)+(z) = Ỹ−(z)JY (z)JY (z)−1Y−(z)−1 = (Ỹ Y −1)−(z).

This tells us, as before, that Ỹ Y −1 extends to an entire function which behaves as
I at infinity. By Liouville’s Theorem Ỹ (z)Y (z)−1 = I for all z ∈ C and hence a
solution of the Riemann–Hilbert problem 1.3.1 is unique.

A Christoffel–Darboux formula
We saw in Section 1.2 that the correlation kernel of determinantal point processes of
the form (1.2.2) could be expressed in terms of matrix-valued biorthogonal polyno-
mials. We use the discussion about matrix-valued orthogonal polynomials above to
express the reproducing kernel (1.2.7) in terms of the solution of a Riemann–Hilbert
problem. This is a Christoffel–Darboux formula for (1.2.7).

Recall that Rn is the unique bivariate polynomial of degree ≤ n− 1, such that

(R(w, · ), Q) = Q(w)T ,

for all matrix-valued polynomials Q of degree ≤ n − 1, where the bilinear form in
the left hand side is defined by (1.2.5). It follows ([18], see also [19, Proposition
4.9]) that

Rn(w, z) = 1
z − w

(0, I)Y −1(w)Y (z)
(
I
0

)
, (1.3.4)

if Y solves the following Riemann–Hilbert problem;
Riemann–Hilbert Problem 1.3.2. Find Y : C\γ → C2p×2p such that

• Y is analytic in C\γ,

• Y+(z) = Y−(z)
(
I

∏N

m=1
φm(z)

zM+n

0 I

)
, for z ∈ γ,
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• Y (z) = (I +O(z−1))
(
znI 0
0 z−nI

)
as |z| → ∞.

Moreover, it follows from the fact that G−1 exists that the Riemann–Hilbert
problem (1.3.2) has a solution. More precisely, that G−1 exists implies that the
polynomials in Proposition 1.12, adapted to this situation, exist, and hence the
Riemann–Hilbert problem has a solution ([19, Lemma 4.8]).

Theorem 1.11 together with (1.3.4) is the starting point of Paper B which leads
to Paper C. The same starting point was also used in the studies of lozenge tilings
of a hexagon with a non-uniform probability measure [7, 8].

1.4 Random domino tilings of the Aztec diamond

The Aztec diamond of size N is a rotated square with stair shaped sides with N
corners on each side, with the interior colored in a chessboard fashion, as indicated
in Figure 1.2 (see Paper B for a more precise definition). A domino is a 2 × 1 or
1 × 2 rectangle and we distinguish the dominoes according to the color inherited
from the Aztec diamond, also indicated in Figure 1.2. A domino tiling of the
Aztec diamond is a covering of the Aztec diamond with dominoes such that no two
dominoes intersect. There is a finite number of possible domino tilings of the Aztec
diamond of size N , namely Z = 2N(N+1)/2 possible ways (see [23,24]).

West

North

South

East

Figure 1.2 – The boundary of the Aztec diamond of size N = 4 together with the
four different tiles and an example of a domino tiling of the Aztec diamond.

In this thesis and in particular in Paper C we are interested in random domino
tilings of the Aztec diamond as the size tends to infinity.

The uniform distribution
The easiest possible probability measure on the space of domino tilings of the Aztec
diamond of size N is the uniform distribution. That is, we define the probability
of a domino tiling of the Aztec diamond to be Z−1, one over the total number of
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possible domino tilings. This model has been studied by a number of authors and
a non-exhausting list of work is [9, 11, 23, 24, 26, 29, 30, 32]. This is the model we
consider below.

As the size of the Aztec diamond tends to infinity we observe remarkable phe-
nomena. At each corner of a sample of a random domino tiling of the Aztec diamond
there is, with high probability as the size tends to infinity, only one type of domino,
as indicated in Figure 1.3. The connected regions at each of the corners consisting
of only one type of domino are called the frozen regions. In Figure 1.3 we see that
we have a frozen region which is colored in red, one in blue and so on. The region
which is not a frozen region is called a rough unfrozen region, or simply the rough
region. In Figure 1.3 the rough region is the part consisting of all four colors, or
dominoes. The frozen and rough region are also known as the solid respectively
liquid region. By looking at Figure 1.3 we may guess that the boundary between
the solid regions and the rough region tends to a circle as the size of the Aztec
diamond tends to infinity. This is in fact a theorem and has been proved by a
number of authors [11,26,29] and is called the arctic circle theorem.

Figure 1.3 – A realization of the tiling of the Aztec diamond with uniform measure
of size 10, 30, 100 respectively 300. The picture is rotated 45◦ compared with
Figure 1.2 and the west, north, east and south domino are colored in yellow, red,
blue respectively green.

There are different approaches to analyzing the present model, which also extend
to non-uniform models. One approach, not used here, is to consider the correspond-
ing dimer model, see below, and use so called Kasteleyn theory. Another approach
is to associate each tiling of the Aztec diamond with N non-intersecting paths on a
directed graph. To each such family of non-intersecting paths we associate points,
or particles, in Z2, which form a point process. This construction of the paths and
the points is spelled out in detail both in Papers B and C, so we refer the reader
to these papers and also to [29]. Instead we take the opportunity to mention a
more intuitive way of associating a point process with random domino tilings of the
Aztec diamond.

Given a tiling we put particles at the midpoints of the white and gray squares
of the west and south dominoes, see Figure 1.4. We put the Aztec diamond in
a coordinate system. Take the coordinate system so that the midpoints of the
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N(N + 1) number of black squares are located at (m, ξ) where 0 ≤ m ≤ 2N with
m ∈ Z even and −N ≤ ξ ≤ −1 with ξ ∈ Z. In this coordinate system the particles
on the white squares lie on points (m, ξ + 1

2 ), where m, ξ ∈ Z and m is odd. We
move the particle which lies on (m, ξ + 1

2 ) to (m, ξ), for m, ξ ∈ Z. In that way we
obtain a point process on E = Z2.

West

North

South

East

Figure 1.4 – Each domino tiling of the Aztec diamond defines a unique point config-
uration. By this map the uniform distributed random domino tilings of the Aztec
diamond induces a determinantal point process. We also consider the point process
restricted to the blue line.

In fact, the particles constructed above coincide with the non-deterministic par-
ticles constructed via the non-intersecting paths in Paper B. These particles form
a determinantal point process. The correlation kernel of the point process corre-
sponding to the uniform measure on domino tilings of the Aztec diamond is given
by

KN (2m+ ε, ξ; 2m′ + ε′, ξ′)

= −12m+ε>2m′+ε′

2πi

�
γint

(
z + 1
z − 1

)m−m′
zξ
′−ξ(1 + z−1)ε−ε

′ dz
z

+ 1
(2πi)2

�
γint

�
γext

wξ
′+N+ε′

zξ+N+ε
(w − 1)m

′−N

(w + 1)m′+ε′
(z + 1)m+ε

(z − 1)m−N
dz dw

z(z − w) , (1.4.1)

for 0 < m,m′ < N , −N ≤ ξ, ξ′ ≤ −1, ε, ε′ ∈ {0, 1}. Here γint is a circle around
zero and one and γext is a circle around γint with −1 in its exterior, both with
counterclockwise orientation. The correlation kernel is given in the coordinates
used in Paper B and can be derived using the techniques developed in the same
paper. See also [31] for the above formula in a slightly different coordinate system.
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The arctic curve

In this section we will discuss the limit of the point process induced by the uniformly
distributed random domino tilings of the Aztec diamond as the size of the Aztec
diamond tends to infinity on the global scale. The following analysis is included as
a warm up exercise for Paper C.

Let

ξ = N

2 (η − 1) + eη + ζ, m = N

2 (χ+ 1) + eχ + κ,

ξ′ = N

2 (η − 1) + eη + ζ ′ and m′ = N

2 (χ+ 1) + eχ + κ′, (1.4.2)

where (χ, η) ∈ (−1, 1)2 is the global coordinate, (κ, ζ), (κ′, ζ ′) ∈ Z2 are the local
coordinates and eη, eχ ∈ [0, 1) are error terms so that the right hand side of each
expressions is in Z.

To analyze the correlation kernel (1.4.1) we define the function

F (z;χ, η) = (η + 1) log z + (χ− 1) log(z − 1)− (χ+ 1) log(z + 1), (1.4.3)

where the logarithm is taken as the principal branch. The function F is central
for the steepest descent analysis of the correlation kernel (1.4.1), see below. In
particular we are interested of the critical points of F , that is, the points z ∈ C
such that F ′(z;χ, η) = 0.

The critical points of F depend on (χ, η) and are the two solutions of the equa-
tion (

z + χ

η − 1

)2
= χ2 + η2 − 1

(η − 1)2 . (1.4.4)

Denote the solutions as z0 and z1. The solutions depend clearly on the location
of (χ, η) ∈ (−1, 1)2. It is clear that either z0, z1 ∈ R or z1 = z0. The limit of
the correlation kernel (1.4.1) is fundamentally different depending on if the critical
points lie on the real line or away from the real line. The different limits reflect in
what type of region (χ, η) is located. In fact, this is taken as a definition of the
frozen and rough region. Namely, we say that (χ, η) ∈ (−1, 1)2 lies in the frozen
region if z1 6= z0 ∈ R and (χ, η) lies in the rough region if z0 ∈ C\R. We denote the
frozen region as Gf and the rough region as GR.

We define the map L : GR → H, where H is the upper half of the complex plane,
as L(χ, η) = z0, where z0 is the unique critical point of F in H. Explicitly,

L(χ, η) = 1
1− η

(
χ+ i

√
1− χ2 − η2

)
. (1.4.5)

In fact L is a homeomorphism with inverse

(
χ
η

)
=

Im
(

2z
z2−1

)
0

Re
(

2z
z2−1

)
1

−1Im
(
z2+1
z2−1

)
Re
(
z2+1
z2−1

) .
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Note that the inverse in the right hand side exists for all z ∈ H. That L is a
homeomorphism tells us that the rough region is simply connected. Moreover, the
map L can be used to obtain the boundary of the rough region, which is called the
arctic curve. However, in this example it follows directly from the definition of the
rough and frozen regions and (1.4.4) or (1.4.5) that

GF = {(χ, η) ∈ (−1, 1)2 : χ2+η2 > 1} and GR = {(χ, η) ∈ (−1, 1)2 : χ2+η2 < 1}.

Hence, the boundary of the rough region is the circle χ2 + η2 = 1. This is a part of
the arctic circle theorem. For the full statement we should show that the boundary
of the rough region in the finite Aztec diamond tends to the arctic circle. We will
not go into this here.

Local correlations

We will now look closer into GR and GF , the rough and smooth regions.

The rough region The behavior in GR is described in the following theorem.

Theorem 1.13. Consider the correlation kernel (1.4.1) with coordinates (1.4.2).
If (χ, η) ∈ GR, then

KN (2m+ ε, ξ; 2m′ + ε′, ξ′)→ 1
2πi

�
γχ,η,κ,κ′

(
z + 1
z − 1

)κ−κ′
(1 + z−1)ε−ε

′
zζ
′−ζ dz

z
,

as N → ∞. Here γχ,η,κ,κ′ is a simple curve going from L(χ, η) to L(χ, η) which
intersects the real line at exactly one point. The intersection occur somewhere in
(1,∞) if 2κ+ ε ≤ 2κ′ + ε′ and in (−1, 0) if 2κ+ ε > 2κ′ + ε′.

Remark 1.14. The proof of Theorem 1.13 uses the explicit formula of the correlation
kernel (1.4.1). However, if we consider random tilings of some other domain, such
formula might not exists, and other means are necessary. Recently, the local limit
in the rough region has been determined by Aggarwal [1] for random lozenge tilings
(see Paper B) of any domain approximating a closed, simply connected subset of
R2 with piecewise smooth, simple boundary.

Before we give a proof of the above theorem we discuss some direct implications
of the result.

First of all, by Proposition 1.6 the above theorem implies that the point pro-
cess associated with the uniformly distributed random domino tilings of the Aztec
diamond converges weakly, in the rough region, to the point process on Z2 with
correlation kernel

K(2κ+ε, ζ; 2κ′+ε′, ζ ′) = 1
2πi

�
γχ,η,κ,κ′

(
z + 1
z − 1

)κ−κ′
(1+z−1)ε−ε

′
zζ
′−ζ dz

z
. (1.4.6)
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Let us now restrict the point process to the line where κ = κ′ = κ0 for some
κ0 ∈ Z and ε = ε′ = 0. Such line is indicated in Figure 1.4 and intersects only
black squares in the Aztec diamond. Along this line the correlation kernel (1.4.6)
reduces to

1
2πi

�
γχ,η,κ,κ

zζ
′−ζ dz

z
= |L(χ, η)|ζ

′−ζ sin (Arg(L(χ, η))(ζ ′ − ζ))
π(ζ ′ − ζ) .

Recall that the pre-factor |L(χ, η)|ζ′−ζ can be removed without changing the point
process, as noted in (1.1.9). Hence, the limiting correlation kernel restricted to
κ = κ′ = κ0 and ε = ε′ = 0 is the discrete sine kernel with density 1

π Arg(L(χ, η)),

Kκ0(ζ, ζ ′) = sin (Arg(L(χ, η))(ζ ′ − ζ))
π(ζ ′ − ζ) .

The density 1
π Arg(L(χ, η)) is the probability of having a particle at (2κ0, ζ0), for

some ζ0 ∈ Z, since, by (1.1.5), it holds that

P [particle at (2κ0, ζ0)] = Kκ0(ζ0, ζ0) = Arg(L(χ, η))
π

.

In terms of the tilings the probability of having a particle at (2κ0, ζ0) is the proba-
bility of the black square with midpoint (2κ0, ζ0) being covered by a west or south
domino.

Proof of Theorem 1.13. The first term on the right hand side in (1.4.1) does not
depend on N , so we focus on the second term. We write the second term as

1
(2πi)2

�
γint

�
γext

eN2 (F (w;χ,η)−F (z;χ,η))G(w;κ′, ζ ′, ε′)
G(z;κ, ζ, ε)

dz dw
z(z − w) , (1.4.7)

where

G(z;κ, ζ, ε) = zeη+ζ
(
z − 1
z + 1

)eχ+κ
(1 + z−1)−ε, (1.4.8)

and F is given by (1.4.3). The expression (1.4.7) is written in a form which is
suitable for a classical steepest descent analysis.

When performing a steepest descent analysis of an integral of the form (1.4.7)
the idea is to deform the contours to go through the critical points of F . The
contribution from (1.4.7) in the limit comes from the residue of (w − z)−1. Such
steepest descent analysis is standard, and we refer to [42] for details.

We deform γint to a curve γ̃int which goes through the critical points L(χ, η)
and L(χ, η), and such that ReF attains its maximal value on γ̃int only at L(χ, η)
and L(χ, η). We deform γext to a curve γ̃ext on which ReF attains its minimal
value only at L(χ, η) and L(χ, η). See Figure 1.5 for a schematic picture of the
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10−1

γext

γint

10−1
z0

z0

γ̃ext

γ̃int

Figure 1.5 – A schematic picture of the deformation of the contrours in the steepest
descent analysis. Here we denote z0 = L(χ, η).

curves. That such curves exist follows by investigating the level curves of ImF . By
deforming the curves as described above (1.4.7) becomes

1
(2πi)2

�
γ̃int

�
γ̃ext

eN2 (F (w;χ,η)−F (z;χ,η))G(w;κ′, ζ ′, ε′)
G(z;κ, ζ, ε)

dz dw
z(z − w) + I, (1.4.9)

where I is the contribution from deforming the contours coming from the residue
of (z−w)−1. The integrand in the double integral in (1.4.9) is exponentially small
away from the critical points, by the choice of the curves. So the only contribution
from the above double integral, as N → ∞ comes from a neighborhood of the
critical points. It follows from a standard argument, where we Taylor expand F
and perform a change of variables, that the contributions from the neighborhoods
of the critical points are of order N− 1

2 . Hence, the leading order term of (1.4.7) as
N →∞ is I.

To summarize,

KN (2m+ ε, ξ; 2m′ + ε′, ξ′)

= −12κ+ε>2κ′+ε′

2πi

�
γint

(
z + 1
z − 1

)κ−κ′
zξ
′−ξ(1 + z−1)ε−ε

′ dz
z

+ I +O
(
N−

1
2

)
.

(1.4.10)

It follows from (1.4.7) and the choice of curves, γ̃int and γ̃ext that

I = 1
2πi

� (
z + 1
z − 1

)κ−κ′
zξ
′−ξ(1 + z−1)ε−ε

′ dz
z
,

where the integral is along a part of γ̃ext and more precisely, along the line segment
going from L(χ, η) to L(χ, η) intersecting (1,∞). By summing up the terms in
(1.4.10) we obtain the result.

The frozen region We will end the discussion of the uniformly distributed ran-
dom domino tiling of the Aztec diamond with a short discussion of the frozen
region.
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Assume (χ, η) ∈ GF and let z0, z1 be the critical points of F . By definition of
the frozen region the critical points are real and distinct. We view, for the moment,
ReF as a function on R. Recall that if ReF has a critical point at z ∈ R then F
has a critical point at z. We note also that

ReF (z;χ, η)→ −∞, as |z| → 0,∞, and ReF (z;χ, η)→∞, as z → ±1.

It follows that z0, z1 ∈ I, where I is one of the four intervals (−∞,−1), (−1, 0),
(0, 1) or (1,∞). In fact, each such interval corresponds to one of the frozen regions,
in the sense that (χ, η) lies in the frozen region in the lower left corner, the green
corner (see Figure 1.3), if and only if the two critical points lie in the interval
(−1, 0), and similar for the other three corners and intervals.

From Figure 1.3 we expect only dominoes of south type in the green corner.
By definition of the particles we therefore expect to find points in the green corner
with high probability. The following proposition confirms this.

Proposition 1.15. Let PN be the point process with correlation kernel (1.4.1).
Consider the coordinates (1.4.2) with (χ, η) ∈ GF and let ε ∈ {0, 1} and −1 <
χ, η < 0. Then

PN [particle at (2m+ ε, ξ)] = 1 +O
(
e−δN

)
,

as N →∞ for some δ > 0.

Proof. The proof is similar to the proof of Theorem 1.13, but easier.
By (1.1.5) and (1.4.1) we have

PN [particle at (2m+ ε, ξ)] = KN (2m+ ε, ξ; 2m+ ε, ξ)

= 1
(2πi)2

�
γint

�
γext

eN2 (F (w;χ,η)−F (z;χ,η))G(w;κ, ζ, ε)
G(z;κ, ζ, ε)

dz dw
z(z − w) , (1.4.11)

where F is given by (1.4.3) and G is given by (1.4.8).
The condition −1 < χ, η < 0 implies that (χ, η) is located in the green corner so

z0, z1 ∈ (−1, 0). Assume z0 < z1. Let γ̃ext be a simple closed smooth curve going
through z1 with 0 and 1 in its interior and such that ReF attain its minimum on
γ̃ext only at z1. Let γ̃int be a simple closed smooth curve going through z0 and
around γ̃ext with −1 in its exterior and such that ReF attain its maximum on γ̃int
only at z0. We deform γint to γ̃int and γext to γ̃ext in (1.4.11) which yields

PN [particle at (2m+ ε, ξ)] = 1
2πi

�
γ̃ext

dz
z

+ 1
(2πi)2

�
γ̃int

�
γ̃ext

eN2 (F (w;χ,η)−F (z;χ,η))G(w;κ, ζ, ε)
G(z;κ, ζ, ε)

dz dw
z(z − w) , (1.4.12)

where the first term on the right hand side comes from the residue of (z−w)−1. The
integrand in the second integral on the right hand side of (1.4.12) is exponentially
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Figure 1.6 – A sample of a domino tiling and the corresponding dimer covering.

small in N , due to the choice of the curves. Hence the second integral tends to zero
as N → ∞ in exponential rate. Since the first integral is one we have proved the
statement.

Non-uniform measures

We will end this section by discussing other probability measures defined on the
domino tilings of the Aztec diamond, which is the main focus of this thesis. We
use a dimer formulation. The following can also be found in Paper C.

Fix an integer N . Consider the subset of Z2

{(x, y) ∈ Z2 : |x− (N − 1
2)|+ |y − (N − 1

2)| ≤ N},

and let G be the graph defined by the above set as vertices and the edges in the
square lattice connecting these points. This is precisely the edges and vertices in
the square lattice which are completely contained in the Aztec diamond, see Figure
1.6. Color each vertex according to the coloring of the Aztec diamond, that is,
color (x, y) in G white if x − N + y is even and black otherwise. The graph G is
bipartite and called the Aztec diamond graph of size N . A dimer covering M of G
is a pairing of the vertices in G where each pair consists of adjacent vertices with
different colors. Such pair, or edge, is called a dimer. Set a weight on each edge in
the graph and let the weight of a dimer covering w(M) be the product of all the
edge-weights corresponding to each dimer inM. We define a probability measure
on the space of all dimer coverings of G by

P(M) = w(M)∑
M′ w(M′) , with w(M) =

∏
dimer∈M

w(dimer), (1.4.13)

where the sum is over all possible dimer coverings of G. See Figure 1.6 for the
connection between domino tilings of the Aztec diamond and dimer coverings of
the Aztec diamond graph.
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Let

w

( )
= ai,j , w ( ) = bi,j , w

( )
= ci,j , and w ( ) = di,j , (1.4.14)

where the black vertex is located at (i, j). Without loss of generality we assume
di,j = 1 . If for some p ∈ Z the weights satisfy the periodicity condition yi,j =
yi+p,j−p for y = a, b, c, then the point process defined through the correspondence
to non-intersecting paths (see Paper B) is of the form (1.2.2). The discussion
in Section 1.2 and 1.3 therefore applies. The above periodicity condition of the
parameters means that the weights are p-periodic in the direction (1,−1). If the
weights are periodic in two linearly independent directions, let say with period p
respectlively k, we say that the weights are doubly periodic.

Figure 1.7 – The Aztec diamond with doubly periodic weights. The first picture
has been analyzed in [10, 19] and the second in Paper C. The last two have not
been analyzed, but the technical tools for the third one are available by Paper C.

When the weights are doubly periodic a new type of region can appear, namely
the smooth unfrozen region, also known as the gas region. In Figure 1.7 we observe
two different types of unfrozen regions, the part which is not present in Figure 1.3 is
the smooth region. As in the case of the uniform measure, when the smooth region
is not present, we define the smooth, rough and frozen region by the behavior in
the limit, see Paper C. The different regions are characterized by the correlation
between points. Namely, the correlation does not decay, decay polynomially re-
spectively exponentially as the distance between the points increases in the frozen,
rough respectively smooth regions, see [34].

It turns out that the complexity of the analysis when the weights are doubly
periodic compared with the situation when they are periodic in only one direction
and constant (one-periodic) in another direction is significant.

For instance, for the uniformly distributed random domino tilings of the Aztec
diamond we can show how the boundary between the different regions in Figure
1.3 tends to the arctic circle, see [30]. This is possible since we can give a definition
of the boundary in a domino tiling of the finite sized Aztec diamond. In a similar
way, we would like to show how the boundaries between the different regions in
Figure 1.7 tends to the arctic curves. However, this turns out to be difficult. In
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particular, it is difficult to define the boundaries between what we interpret as
the rough and smooth regions in Figure 1.7, which is necessary in order to prove
convergence to the arctic curves. This has recently been the subject of investigation
for the two-periodic Aztec diamond (see below) by Beffara, Chhita and Johansson
[4, 5].

Prior to the work in this thesis, an analysis such as the one described for the
uniformly distributed random domino tilings of the Aztec diamond, that is, proving
the local limit, had only been done for the two-periodic Aztec diamond [10,19]. In
the setting above the two-periodic Aztec diamond is the model which is two periodic
in the directions (1, 1) and (1,−1), ai,j = 1 and

b0,N−1 = b−1
1,N−2 = b2,N−1 = b−1

1,N = c1,N = c−1
2,N−1 = c3,N = c−1

2,N+1 = a,

for some parameter a > 0. See the left most picture in Figure 1.7 for a sample. In
comparison to the progress in the uniform setting, for which the local limit has been
determined in a large class of models, as mentioned in Remark 1.14, very little is
known. However, important progress in the doubly periodic setting has definitely
been made in [7, 10,19] as well as Papers B and C.



2 Summary of Results

Summary of Paper A
Mesoscopic fluctuations for the thinned Circular Unitary Ensemble (joint with M.
Duits)
Math. Phys. Anal. Geom. 20:19 (2017).

In Paper A we analyze the thinned CUE and thinned sine process. The processes
depend heavily on the amount of thinning, which, in Paper A, is quantified by CLTs
of linear statistics.

We start by discussing the thinned CUE with thinning parameter γ ∈ (0, 1).
The thinned CUE is constructed by deleting each particle independently of each
other and with probability 1− γ. Let {Bj} be a sequence of independent Bernoulli
random variables with mean γ. We denote the expectation of Bj by EBernoulli, the
expectation of the thinned CUE by E and the expectation of the (non-thinned) CUE
by ECUE. By construction of the thinning and in particular by the independence,
see [13, Chapter 11.3],

E

∏
j

(1− φ(xj))

 = ECUE

EBernoulli
∏

j

(1−Bjφ(xj))


= ECUE

∏
j

EBernoulli [1−Bjφ(xj)]

 = ECUE

∏
j

(1− γφ(xj))

 ,
for all bounded Borel functions with bounded support. It follows by (1.1.6) that
the thinned CUE is a determinantal point process and the correlation kernel Kγ is
given by

Kγ(z, w) = γ

2πi
znw−n − 1
z − w

, (2.0.1)

that is, γ times the correlation kernel for the CUE eigenvalue process, recall (1.1.14).
The above derivation of (2.0.1) is easily generalized to other determinantal point
processes. Above the thinning parameter γ is constant, but we could as well let it
depend on the position of the particles.

33
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By taking γ → 0, thinning typically creates a transition from the point process
(here the CUE) to a Poisson point process ([13, Proposition 11.3.I]). In Paper A
we perform a detailed analysis of the opposite limit, when γ → 1, where we also
see a transition, which is quantified in terms of fluctuations of linear statistics.

Let α ∈ (0, 1) and f : R → R be a sufficiently smooth function with compact
support. We define the linear statistic of the thinned CUE with parameter γ by

X(α,γ)
n (f) =

∑
j

f
(
θjn

1−α) . (2.0.2)

Recall the discussion of linear statistics of the CUE eigenvalue process on the meso-
scopic scale in Example 1.9. Here we ignore the factor 2π which was included in
(1.1.24). Such constant scaling is not important in the analysis and in particular
the limit (1.1.25) is independent of it since the variance in the right hand side is
scale invariant.

We saw in Section 1.1 two fundamentally different types of CLTs. The classical
CLT in Example 1.7 and the type of CLT which is typically observed within random
matrix theory in Example 1.9. In the first situation the variance increases with the
number of points, while in the second the variance remains bounded. Keeping this
in mind we can use the variance of the thinned CUE to explain our results.

The variance of the linear statistic of the thinned CUE, (2.0.2), can be written
as

Var[X(α,γ)
n (f)] = nαγ(1− γ)

2π

� n1−απ

−n1−απ

f(x)2 dx+ γ2 Var[X(α,1)
n (f)]. (2.0.3)

In the variance (2.0.3) one term corresponds to a Poisson process and one term
corresponds to the CUE. More precisely, the first term in the right hand side is,
for big enough n, the variance of a linear statistic of a Poisson process with density
1

2πn
αγ(1 − γ), and the second term is the factor γ2 times the variance of a linear

statistic of the CUE eigenvalue process on the mesoscopic scale. Since the variance
of the CUE remains bounded, the variance of the thinned CUE will be dominated
by the first term in (2.0.3) as n increases, if the thinning parameter γ ∈ (0, 1) does
not depend on n. So the variance will tend to infinity as n→∞ and we expect the
CLT to be of Poisson type. By letting γ = γn vary with n, we obtain a transition
from a CLT of Poisson type to a CLT of CUE type. Namely, if nα(1−γn)→∞ then
the variance tends to infinity and the CLT is of Poisson type and if nα(1−γn)→ 0
then the variance stays bounded and the CLT is of CUE type. This is the content
of the first theorem in Paper A.

Theorem 2.1. Let 0 < α, δ < 1, κ > 0 and set γ = γn = 1− κn−δ. Then for any
f : R→ R with compact support and such that�

R
|Ff(ω)|2(1 + |ω|) dω <∞,

we have
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(1) If α < δ, then, as n→∞,

X(α,γn)
n (f)− E

[
X(α,γn)
n (f)

]
D→ N

(
0,
�
R
|ω||Ff(ω)|2 dω

)
.

(2) If α > δ, then, as n→∞,

(2π) 1
2

κ
1
2
n−(α−δ)/2

(
X(α,γn)
n (f)− E

[
X(α,γn)
n (f)

])
D→ N

(
0,
�
R
f(x)2 dx

)
.

It is interesting to see that the amount of thinning needed for the transition to
occur, depends on the scale, see Figure 2.1.

The above theorem does not tell us what happens when α = δ, that is when
nα(1 − γn) → κ ∈ (0,∞) as n → ∞. This corresponds to the diagonal line in
Figure 2.1. Note that the limit in both regions in Theorem 2.1 tends to a normal
distribution. This is no longer true on the boundary, that is, when α = δ.

Theorem 2.2. Let 0 < α < 1, κ > 0 and set γ = γn = 1 − κn−α. For any
f : R→ R with compact support and such that

�
R
|Ff(ω)|2(1 + |ω|)1+ε dω <∞,

for some ε > 0, we have

X(α,γn)
n (f)− E

[
X(α,γn)
n (f)

]
D→ Lf,κ/2π,σf ,

as n→∞, where σ2
f =

�
R |ω||Ff(ω)|2 dω and Lf,κ/2π,σf is a random variable with

characteristic function

E[expλLf,κ/2π,σf ] = exp
(
σ2
fλ

2/2 + κ

2π

�
R

(
e−λf(x) − 1 + λf(x)

)
dx
)
.

The limiting object in previous theorem is no longer a normal random variable,
but an example of an infinitely divisible law.

The transition at δ = α in Figure 2.1 is in fact continuous in the following
sense. Taking κ → 0 the random variable Lf,κ/2π,σf converges, in distribution,
to the same limit as in (1) of Theorem 2.1. If instead κ → ∞ the random vari-
able (2π)1/2κ−1/2Lf,κ/2π,σf converges, in distribution, to the same limit as in (2)
of Theorem 2.1. So the laws we get for finite κ interpolate between the normal
distributions from the two different regimes in Theorem 2.1.

In Paper A we also prove two theorems analogous to Theorems 2.1 and 2.2 but
with the sine process instead of the CUE eigenvalue process. Specifically we discuss
a transition between the CLT in Example 1.8 and the CLT in Example 1.7.
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(0, 0)

1

1

α

α = δ

Lf,κ,σf

δMicroscopic

Macroscopic

∼ 1 thinning ∼ 1/n thinning

classical CLT

CUE CLT

Figure 2.1 – A αδ-diagram presenting the different regimes. The transition takes
place on the critical line α = δ on which the limiting fluctuations are no longer
Gaussian.

Summary of Paper B
Correlation functions for determinantal processes defined by infinite block Toeplitz
minors (joint with M. Duits)
Adv. Math. 356 (2019), 106766.

In Paper B we discuss the measures of the form (1.2.2) as n→∞. In particular we
give a formula for the correlation kernel in terms of a Wiener–Hopf factorization
of an associated matrix-valued weight. Moreover, we discuss a method to find the
Wiener–Hopf factorization.

We consider a model which is of the form (1.2.2). Let φm, m = 1, . . . , N be
the symbols of the transition matrices (1.2.3) and denote by φ the product of the
symbols of all transition matrices, φ =

∏N
m=1 φm. The main result in Paper B

concerns models for which the product of the symbols fulfill the following factor-
ization. Assume φm for m = 1, . . . , N are analytic and non-singular in an annulus
ρ < |z| < 1/ρ containing the unit circle and the following factorizations hold;

φ(z) = φ+(z)φ−(z) = φ̃−(z)φ̃+(z), (2.0.4)

such that

1. φ±1
+ , φ̃±1

+ are analytic for |z| < 1 and continuous for |z| ≤ 1,
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2. φ±1
− , φ̃±1

− are analytic for |z| > 1 and continuous for |z| ≥ 1,

3. and φ−, φ̃− ∼ IpzM as z →∞.

This is a type of matrix Wiener–Hopf factorization and can equivalently be ex-
pressed in terms of a Riemann–Hilbert problem. The main result in Paper B is the
following theorem.

Theorem 2.3. Consider a model of the form by (1.2.2) such that the product of
the symbols, φ =

∏N
m=1 φm, of the transition matrices admits a factorization of the

type (2.0.4). Then in the limit, as n→∞,

[Kn(m, p(n+ ξ) + j;m′, p(n+ ξ′) + i)]p−1
i,j=0 → [Ktop(m, pξ + j;m′, pξ′ + i)]p−1

i,j=0

where

[Ktop(m, pξ + j;m′, pξ′ + i)]p−1
i,j=0 = −χm>m

′

2πi

�
|z|=1

m∏
`=m′+1

φ`(z)zξ
′−ξ dz

z

+ 1
(2πi)2

�
|w|<|z|

N∏
`=m′+1

φ`(w)φ̃−1
+ (w)φ̃−1

− (z)
m∏
`=1

φ`(z)
wξ
′−M dz dw

zξ−M+1(z − w) ,

ξ, ξ′ ∈ Z, 0 < m,m′ < N.

Remark 2.4. By setting x = n+ ξ and x′ = n+ ξ′ we obtain another point process,
and a similar statement is still true. The formula then involves the factorization
φ = φ+φ−. See Paper B for the full statement.

To prove the above theorem, we solve the Riemann–Hilbert problem (1.3.2) in
terms of the Wiener–Hopf factorization (2.0.4) as n→∞ while N is fixed.

With an explicit Wiener–Hopf factorization the above theorem allows for a
classical steepest descent analysis from which one can draw conclusions concerning
the limiting process as N →∞, in a similar way as in Section 1.4. This is the topic
of Paper C. The question is how to find an explicit Wiener–Hopf factorization,
(2.0.4). We investigate this question for an important family of transition matrices
Tm in (1.2.2).

Let a = (a0, . . . , ap−1) be a p-tuple of positive parameters and set a =
∏p−1
i=0 ai.

Let

M(z;a) =


1 a0 ··· 0
0 1 ··· 0
...

...
. . .

...
0 0 ··· ap−2

ap−1z 0 ··· 1


and

N(z;a) = 1
1− az


1 a0 ···

∏p−2
i=0

ai∏p−1
i=1

aiz 1 ···
∏p−2

i=1
ai

...
...

. . .
...

ap−2ap−1z ap−2ap−1a0z ··· ap−2
ap−1z ap−1a0z ··· 1

,
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where we assume that a < 1 when defining N(z;a). For a p-tuple of positive
parameters b = (b0, . . . , bp−1) we set

B(b) =

 b0 0 ··· 0
0 b1 ··· 0
...

...
. . . ···

0 0 ··· bp−1

.
We discuss the situation when the mth transition matrix Tm = Tφm in (1.2.2)

is a transition matrix with symbol φm, m = 1, . . . , N , and each symbol φm is of
the form

φb,↑(z;a,b) = M(z;a)B(b) or φb,↓(z;a,b) = M(1/z;a)TB(b), (2.0.5)

which corresponds to a p-periodic Bernoulli step up respectively down, or

φg,↑(z;a,b) = N(z;a)B(b) or φg,↓(z;a,b) = N(1/z;a)TB(b), (2.0.6)

which corresponds to a p-periodic geometric step up respectively down. We refer
to Paper B for a motivation of the terminology. With a symbol of the form (2.0.5)
or (2.0.6) the transition matrix Tφm is totally non-negative, that is all minors are
non-negative. In fact these matrices are important building blocks in the charac-
terization of totally non-negative block Toeplitz matrices as discussed in [36,37].

In the situation, when each φm has the above mentioned form, that is (2.0.5)
or (2.0.6), we determine when the Wiener–Hopf factorization exists. Moreover, we
give a recursive method how to obtain the Wiener–Hopf factorization when such
a factorization exists. We refer to Paper B and in particular to Section 4.4 in the
paper for an explanation of the recursive method and how it is used to obtain the
Wiener–Hopf factorization. The existence is given in the following theorem.

Theorem 2.5. Consider φ(z) =
∏N
m=1 φm(z), where each φm is of one of the

forms given in (2.0.5) or (2.0.6) for m = 1, . . . , N . Then φ admits a factorization
of the form (2.0.4) with the desired properties if and only if the winding number of
detφ(z) with respect to the unit circle equals pM .

In the case p = 1 the symbols (2.0.5) and (2.0.6) become

φb,↑/↓(z; a) = 1− az+/−1 or φg,↑/↓(z; a) = 1
1− az+/−1 . (2.0.7)

When each symbol φm, m = 1 . . . , N , is a product of (2.0.7) it is not difficult to find
the Wiener–Hopf factorization (2.0.4), when it exists. Theorem 2.3 then implies
the well known double integral formula for correlation kernel of the Schur process,
introduced in [43]. In fact, that the double integral formula for the Schur process
has been used to analyze many models is a motivation why we believe Theorem 2.3
is an important step towards understanding doubly periodic models. The results
in Paper C are another motivation.
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When p ≥ 1, Theorem 2.5 tells us when Theorem 2.3 is applicable and the
recursive method proposes how to find the Wiener–Hopf factorization. However, it
is still unclear when the recursive method leads to formulas that may be used for
a steepest descent analysis. In the paper we show that the recursive method leads
to a closed formula for the correlation kernel of the two-periodic Aztec diamond.
In addition we give two more examples, one which has not been discussed in the
literature before and one which is covered by Paper C, for which we give a closed
formula for the correlation kernel. Moreover, in Paper C the method developed in
Paper B is used to analyze the 2× k-periodic Aztec diamond.

Summary of Paper C
Domino tiling of the Aztec diamond with doubly periodic weightings
Preprint arXiv: 1911.01250 (2019) (submitted).

We consider random domino tilings of the Aztec diamond with the measure defined
in (1.4.13). We fix a positive integer k and take the weights in (1.4.14) so they fulfill
the periodicity condition yi,j = yi+2,j−2 = yi+k,j+k for all i, j ∈ Z and y = a, b, c.
This model is doubly periodic, it is 2-periodic in the (1,−1) direction and k-periodic
in the (1, 1) direction. In Paper C we investigate a slightly smaller set of weights.
We let αi, βi and γi for i = 1, . . . , k be positive parameters and specify the weights
in (1.4.14) in terms of αi, βi and γi, as indicated in Figure 2.2, in such a way
that the above periodicity condition is fulfilled. For instance bi−1,N+i−2 = αi and
bi,N+i−3 = α−1

i and so on. See Paper C for a more detailed definition. See Figure
2.3 for two samples of random domino tilings with two different choices of the
weights.

We call the model with the weights given above with the extra conditions γi = 1,
i = 1, . . . , k and α1 . . . αk = β1 . . . βk the 2 × k-periodic Aztec diamond. These
slightly restrictive conditions on the weights are natural when the weights are de-
fined on the faces of the graph G (as done in Paper C) instead of directly on the
edges as in (1.4.14).

In the discussion in Section 1.4 the starting point of the analysis of the uni-
formly distributed Aztec diamond is the fact that the associated point process is
determinantal and the correlation kernel is explicitly given by (1.4.1). The first re-
sult in Paper C is the analogous result for the random domino tilings of the Aztec
diamond with weights defined above and indicated in Figure 2.2.

We associate a matrix-valued function Φ with the model, given by

Φ(z) = 1
(1− z−1)k

k∏
m=1

(
γm αmz

−1

α−1
m γ−1

m

)(
1 βmz

−1

β−1
m 1

)
. (2.0.8)

The function Φ is the product of the first 2k symbols φm, m = 1, . . . , 2k, of the
transition matrices in (1.2.2). Then φ =

∏2kN
m=1 φm = ΦN . Recall the purpose of φ

in Theorem 2.3.
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α−1
k−1

β−1
k−1

βk−1γk−1

αk

βk

α−1
k

β−1
kγ−1

k

αk

βkγk

β−1
kγ−1

k

α−1
1

β−1
1γ−1

1

α1

β1γ1

α−1
1

β−1
1γ−1

1

β1γ1

α2

β2γ2

α−1
2

β−1
2γ−1

2

α2

γ2

α−1
3

γ−1
3

Figure 2.2 – The parameter to the left of an vertical edge and below an horizontal
edge is the weight on the edge. These are the weights for which Theorem 2.6 applies.

The following theorem is the first main result in Paper C. It is stated in coor-
dinates such that the points (2km+ r, 2ξ+ i), ξ = −kN2 , . . . ,−1, m = 1, . . . , N − 1,
r = 0, . . . k−1 and i = 0, 1 are precisely the points in Z2 which are contained inside
the boundary of the Aztec diamond (see Paper C for a precise definition of the
coordinate system).

Theorem 2.6. Consider the Aztec diamond of size kN × kN with N even and
doubly periodic weights indicated in Figure 2.2, as defined above, and associated
matrix-valued function (2.0.8). The correlation kernel of the associated determi-
nantal point process is given by

[K(2km, 2ξ + i; 2km′, 2ξ′ + j)]1i,j=0 = −1m>m
′

2πi

�
γ0,1

Φ(z)m−m
′
zξ
′−ξ dz

z

+ 1
(2πi)2

�
γ1

�
γ0,1

wξ
′

zξ+1
(1− z−1) kN2
(1− w−1) kN2

ρ1(w)N2 −m
′

× E(w)
(

1 0
0 0

)
E(w)−1Φ(z)m−N2 dz dw

z − w
,

− kN

2 ≤ ξ, ξ′ ≤ −1, 0 < m,m′ < N, ξ, ξ′,m,m′ ∈ Z.

Here γ1 is a simple closed curve around 1 and with 0 in its exterior and γ0,1 a
simple closed curve around 0 and γ1, both intersect the real line exactly at two
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Figure 2.3 – A realization of random domino tilings of the Aztec diamond with
k = 3 in the first picture and k = 4 in the second picture. The arctic curves are
constructed using the parametrization given in Paper C.

points. Moreover,

Φ(z) = E(z)
(
ρ1(z) 0

0 ρ2(z)

)
E(z)−1

is a diagonalization of (2.0.8) where ρ1 and ρ2 are the eigenvalues of Φ determined
by the inequality |ρ1(z)| > |ρ2(z)|.

The proof of the above theorem uses the techniques developed in Paper B.
In the case when γi = 1, i = 1, . . . , k, and α1 . . . αk = β1 . . . βk the model is

analyzed as the size of the Aztec diamond tends to infinity. This restriction of the
parameters does not seem to be essential for the argument. In fact it seems that
just minor adjustments in the argument would give analogous results also for this
slightly more general setting. In Figure 1.7 the third picture is covered by Theorem
2.6 but α1 . . . αk 6= β1 . . . βk. In that picture we observe a cusp in the boundary
between the rough and frozen regions. Such cusps cannot appear when γm = 1 and
α1 . . . αk = β1 . . . βk.

Using the explicit formula in Theorem 2.6 we analyze the model as N →∞. Let
(χ, η) ∈ (−1, 1) be global coordinates and (κ, ζ), (κ′, ζ ′) ∈ Z2 be local coordinates.
More precisely, let

ξ = kN

4 (η − 1) + eη + ζ, m = N

2 (χ+ 1) + eχ + κ,

ξ′ = kN

4 (η − 1) + eη + ζ ′ and m′ = N

2 (χ+ 1) + eχ + κ′, (2.0.9)
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where eη, eχ ∈ [0, 1) are error terms so that the right hand side of each expression
is in Z.

Below we state the limit of the correlation kernel when (χ, η) is located in the
smooth region. Recall that ρ1 and ρ2 are the eigenvalues of Φ and E is a matrix
consisting of linearly independent eigenvectors.

Theorem 2.7. Consider the same setting as in Theorem 2.6 with the extra condi-
tions γi = 1, i = 1, . . . , k, and α1 . . . αk = β1 . . . βk. Let m,m′, ξ, ξ′ be defined in
(2.0.9) and let K be the correlation kernel in Theorem 2.6. If (χ, η) is located in a
smooth region then

lim
N→∞

[K (2km, 2ξ + i; 2km′, 2ξ′ + j)]1i,j=0

=
[
K

(`)
smooth(2kκ, 2ζ + i; 2kκ′, 2ζ ′ + j)

]1
i,j=0

,

where[
K

(`)
smooth(2kκ, 2ζ + i; 2kκ′, 2ζ ′ + j)

]1
i,j=0

= 1κ≤κ′

2πi

�
γ`

ρ1(z)κ−κ
′
zζ
′−ζE(z)

(
1 0
0 0

)
E(z)−1 dz

z

− 1κ>κ′

2πi

�
γ`

ρ2(z)κ−κ
′
zζ
′−ζE(z)

(
0 0
0 1

)
E(z)−1 dz

z
, κ, κ′, ζ, ζ ′ ∈ Z.

Here γ` is a simple closed curve which only depends on which smooth region (χ, η)
lies in. See the corresponding theorem in Paper C for the details.

In Paper C there is also a similar statement for the limit of the correlation kernel
if (χ, η) is in the rough region, which we omit in this summary.

The proof of Theorem 2.7 consists of a steepest descent analysis, in a similar
way as in the proof of Theorem 1.13. However, the steepest descent analysis is
more involved than the steepest descent analysis performed in Section 1.4, because
it is performed on a Riemann surface. We define the Riemann surface below.

Let
p(z) = ((z − 1)k Tr Φ(z))2 − 4(z − 1)k.

This is a polynomial of degree 2k − 1 whose zeros are the branch points of the
eigenvalues of Φ. It turns out that the zeros are real and fulfill the inequalities

0 = s0 > s1 ≥ s2 > s3 ≥ s4 > · · · > s2k−3 ≥ s2(k−1). (2.0.10)

Let p0 be the polynomial with the same leading coefficient as p and such that
p0(xi) = 0 if and only if xi is a simple zero of p. That is, we divide out the double
zeros of p. Let R be the one-point compactification of the zero set of

Q(z, w) = w2 − p0(z).
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In agreement with the analysis in Section 1.4 we define the function

F (z, w;χ, η) = k

4 (η + 1) log z − k

2 log(z − 1)− χ

2 log ρ(z, w),

where (z, w) ∈ R, (χ, η) is the global coordinate in (2.0.9) and ρ is a function on
R fulfilling the equality

det(ρ(z, w)I − Φ(z)) = 0.

The function F plays the same role as (1.4.3) in the steepest descent analysis
discussed in Section 1.4.

Following the structure of the analysis in Section 1.4, we define a homeomor-
phism (in fact, it is a diffeomorphism) L : GR → R12 going from the rough region
to R12 ⊂ R where R12 is the union of the upper half plane of the upper sheet
of R and the lower half plane of the lower sheet (Figure 2.4). The map L is, in
agreement with the definition of the corresponding map in Section 1.4, defined as
the unique critical point of the map F in R12.

GR

GS

GS

GF A4

A3

A2

A1

B1

B2

C+C−

1+0y1y2y3y4 R12

1−0y1y2y3y4

R12

L

Figure 2.4 – The map L is a diffeomorphism going from GR, the rough region, to
the shaded part of the Riemann surface R. The frozen region is denoted by GF and
the smooth region is denoted by GS . Here yi = (xi, 0) ∈ R. The correspondence
between the points in the left respectively right picture is given in (2.0.11).

We use the map L to understand the global picture. For instance, the special
points on the Riemann surface correspond, under the map L, to special points in
the Aztec diamond. The correspondence is(

0, xi + 1
xi − 1

)
= Ai ↔ (xi, 0), (0,−1) = B1 ↔ (0, 0),

(0, 1) = B2 ↔ (∞,∞) and
(
±1, 2

k

p′(1)
p(1) − 1

)
= C± ↔ 1±. (2.0.11)
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Recall that xi are the zeros of p0, that is, the simple zeros of p. The left hand
side of each equality in (2.0.11) is a point in the Aztec diamond and the right side
is a point in R. The points are indicated in Figure 2.4 and we refer to the paper
for the precise definition. In Figure 2.4 the two smooth regions would touch by
varying the weights if we can vary the weights so that A2 = A3, which, by (2.0.11)
is the same as x2 = x3. However this is not possible according to (2.0.10). In fact,
it is impossible to get two disconnected smooth regions to touch by varying the
parameters (unless we let the parameters vary with N) and similarly we can never
make the smooth regions touch the frozen region.

Since L is a homeomorphism, we obtain the following theorem (see Figure 2.4).

Theorem 2.8. The number of connected smooth regions is the genus of R.

Note also that by construction of R the genus is bounded from above by k− 1.
For a more detailed description of the global picture, including a discussion of

the height function, we refer to the paper.
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Contributions of the author

The results of Papers A and B were obtained through collaboration with M. Duits.
The contributions from the authors where approximately equal in all aspect of the
work. Many ideas where developed during discussions and both took an active role
in the writing.
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