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Abstract

Due to its durability, stretchability, relatively low stiffness and high damping,
rubber is widely used in engineering anti-vibration fields. However, a major deficiency
is that once installed, the mechanical properties of traditional rubber-based devices are
fixed where its adaptability to various loading conditions is poor. An alternative to
traditional rubber materials is magneto-sensitive (MS) rubber. The main components
of MS rubber are a rubber matrix and ferromagnetic particles. Under a magnetic field,
the modulus of MS rubber can be altered rapidly and reversibly. Therefore, compared
with conventional rubber-based devices, the stiffness of MS rubber-based devices can
be adapted to various loading conditions and an enhanced vibration reduction effect
can be achieved.

Measurement results revealed that the mechanical behavior of MS rubber is not
simple. To be specific, the dynamic modulus of MS rubber has a magnetic, frequency,
amplitude and temperature dependency. In order to promote the applications of MS
rubber in the anti-vibration area, models to depict the above properties are needed. The
main goal of this thesis is tomodel themagnetic, frequency, amplitude and temperature
dependence of MS rubber under a continuum mechanics basis. The research results
regarding the constitutive modeling consist of three papers (Paper A, C and D). The
simulation results show a good agreement with the measurement data, which proves
the accuracy and feasibility of the developed model.

In addition to the constitutive models of MS rubber, an investigation of MS rub-
ber application in the vibration isolation system under harmonic and random loading
cases is numerically conducted (Paper B). In order to achieve an enhanced vibration
isolation effect, two control algorithms corresponding to the harmonic and random
loading are developed. Numerical results verify that the vibration isolation effect of
MS rubber vibration isolator is better than the traditional rubber-based isolator.

In this thesis, the model developed for MS rubber deepens the understanding of
how magnetic, frequency, amplitude and temperature affect the mechanical perfor-
mance of MS rubber. Moreover, the research of MS rubber application in vibration
isolators and the corresponding control strategies are helpful for the design of MS
rubber-based anti-vibration devices.

Keywords: Magneto-sensitive rubber, magnetic dependency, frequency depen-
dency, amplitude dependency, temperature dependency, vibration isolation
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Sammanfattning

Tack vare egenskaper som hög utmattningshållfasthet, töjbarhet, låg styvhet och
hög dämpning används gummimaterial i stor utsträckning inom vibrationsisolerings-
fältet. En stor brist är emellertid, när väl gummimaterialet är monterat, är att de me-
kaniska egenskaperna hos traditionella gummibaserade anordningar konstanta och an-
passningsförmågan till olika belastningsförhållanden dålig. Ett alternativ till traditio-
nella gummimaterial är magnetkänsligt (MK) gummi. Huvudkomponenterna i MK
gummi är en gummimix och ferromagnetiska partiklar. Under ett magnetfält kan elas-
ticitets modulen av MK gummi ändras snabbt fram och tillbaka. Jämfört med kon-
ventionella gummibaserade isolatorer kan därför styvheten hos MK gummibaserade
isolatorer anpassas till olika belastningsförhållanden och en förbättrad vibrationsiso-
leringseffekt uppnås.

Mätresultat visar att det mekaniska beteendet hosMS gummi är komplicerat. Mer
specifik, har den dynamiska modulen förMK gummi ett magnet-, frekvens-, amplitud-
och temperaturberoende. För att främja tillämpningen av MK gummi inom vibrations-
isoleringsfältet behövs modeller för att beskriva ovanstående egenskaper. Huvudmålet
med denna avhandling är att modellera magnetiskt-, frekvens-, amplitud- och tempe-
raturberoendet i MS-gummi, baserad på en kontinuummekanisk grund. Forsknings-
resultaten beträffande den konstitutiva modelleringen består av tre artiklar (Artikel
A, C och D). Simuleringsresultaten visar en bra överensstämmelse med mätdata som
bevisar noggrannheten och tillämpningen av den utvecklade modellen.

Förutom den konstitutiva modelleringen av MK gummi genomförs en numerisk
undersökning av MK gummins tillämpning i ett vibrationsisoleringssystem under ett
harmoniskt och stokastiskt belastningsfall (Artikel B). För att uppnå en förbättrad vib-
rationsisolering utvecklas två styralgoritmer för harmonisk och stokastisk belastning.
Numeriska resultat verifierar att MK gummivibrationsisolator överträffar de traditio-
nella gummibaserade isolatorerna.

Den utvecklade modellen av MK gummi i denna avhandling fördjupar förstå-
elsen för hur magnetfält, frekvens, amplitud och temperatur påverkar MK gummits
mekaniska prestanda. Dessutom är forskningsresultaten på MK gummins tillämpning
som vibrationsisolatorer tillsammans med de utvecklade styrstrategierna användbara
för utformning av MK gummibaserade vibrationsisolatorer.

Nyckelord:Magnetkänsligt gummi,magnetfältsberoende, frekvensberoende, amp-
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litudberoende, temperaturberoende, vibrationsisolering.
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Chapter 1

Introduction and objectives

1.1 Introduction

Vibration, a common mechanical phenomenon, is in most cases detrimental. It
may reduce the life of machines, cause damage to buildings and make human being
uncomfortable due to the noises produced. One way to eliminate vibration is to install
anti-vibration devices with a high damping and relatively low stiffness [1]. Normally,
rubber is chosen as thematerial for the anti-vibration devices. However, in engineering
practice, various loading conditions may be encountered. The main drawback of the
traditional rubber-based anti-vibration device is that once installed, the mechanical
properties cannot be altered to adapt to various loading conditions. In consequence,
the anti-vibration effect of the traditional rubber-based devices is limited.

Magneto-sensitive (MS) rubber, a kind of smart material with magnetizable par-
ticles embedded in a rubber matrix, provides a possible solution to the above problem.
Under amagnetic field, themechanical properties ofMS rubber can be changed rapidly
[2]. If MS rubber is utilized to replace the traditional rubber, with a small amount of
external energy supply, the stiffness of the MS rubber-based anti-vibration device can
be changed. By combining this feature with control theory, the stiffness of the device
can be changed dynamically according to the response of the target structure and the
external loading, therefore, a better vibration reduction effect can be achieved.

MS rubber can be divided into isotropic and anisotropic depending on the manu-
facturing process [3]. Under the curing process, if a magnetic field is applied, the par-
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ticles tend to distribute in chains, which results in anisotropic MS rubber. However, if
there is no magnetic field applied, randomly distributed particles lead to isotropic MS
rubber. Compared with anisotropic MS rubber, isotropic MS rubber is not only more
simple to manufacture but also cheaper, which is beneficial for practical engineering
applications. Therefore the research in this thesis is focused on isotropic MS rubber.

To measure the stiffness of MS rubber, the dynamic shear modulus G∗ is studied
and it consists of storage modulus Gstore and loss modulus Gloss by

G∗=Gstore + jGloss. (1.1)

After obtaining the dynamic shear modulus through the measured stress-strain data,
the magnitude of dynamic shear modulus |G∗| and loss factor Gloss/Gstore can be
obtained to quantify the dynamic mechanical properties of MS rubber.

According to the measurements by Lejon and Kari [4], there is a magnetic, fre-
quency, amplitude and temperature dependency ofMS rubber dynamic shear modulus.
Test results of dynamic shear modulus at 293K under three kinds of strain amplitude
(0.0005, 0.0015 and 0.005), four kinds of magnetic field (0, 0.3, 0.55 and 0.8 T) and
frequency covering a range from 200 to 900Hz [4] for MS rubber are shown in Figs.
1.1 to 1.3 . It can be found that the magnitude of the dynamic shear modulus increases
with increasing magnetic field until magnetic saturation is reached. This magnetic
field induced increase of the shear modulus is known as the magnetic dependency of
MS rubber. Similarly, the magnitude of the shear modulus increases with increasing
frequency, which is the frequency dependency of MS rubber. Furthermore, the mag-
nitude of the shear modulus decreases as the amplitude of strain increases, which is
the amplitude dependency of MS rubber. The measured magnitude and loss factor of
the shear modulus at 242, 247, 254, 273, 293 and 306K with 0.0005 strain amplitude
and zero magnetic field are shown in Fig. 1.4 . It can be found that the magnitude of
shear modulus increases dramatically with the decrease of temperature, which is the
temperature dependency of MS rubber.

To accelerate the application of MS rubber in anti-vibration area, an accurate
modeling of its dynamic properties is needed. Initially, Jolly, Carlson, and Muñoz [5]
derived the relation between the magnetic dipole interaction stress and magnetization
strength. The result reveals that the magnetic field inducedmodulus increase is propor-
tional to the square of the magnetization strength. Following this work, constitutive
models which take the magneto-elastic [6, 7] and viscoelastic [8] properties of MS
rubber into account were developed. However, the observed amplitude dependency
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of MS rubber was neglected. Blom and Kari [9] applied a smooth Coulomb friction
model to consider the amplitude dependency which is only valid for one dimensional
case. In addition, the constitutive equations are derived directly from the stress-strain
lawwhere an analysis of energy balance and thermal-dynamic compatibility is lacking.

Unlike the magnetic-dipole based models, Dorfmann and Ogden [10, 11, 12] de-
veloped constitutive models of MS rubber based on a hyperelastic hypothesis. The
main idea is that an augmented free energy, which is a function of the deformation
gradient and the magnetic flux density, exists within MS rubber and the derivative of
the free energy with respect to the deformation gradient results in the corresponding
stress. Following the work of Dorfmann and Ogden [10, 11, 12], constitutive models
emerged. Bustamante [13] extended the initially isotropic model to anisotropic case.
Saxena, Hossain, and Steinmann [14] took the magneto-viscoelasticity into account.
Psarra, Bodelot, and Danas [15] developed a nonlinear constitutive model for a MS
film/substrate block and explored the possibility to control the surface roughness by
magnetic and mechanical field. However, as mentioned, besides magnetic and fre-
quency dependency, there is an amplitude and temperature dependency of MS rubber.
Therefore, a continuum mechanics based constitutive model of MS rubber which in-
corporates the magnetic, frequency, amplitude and temperature dependency is needed.
It is of great importance for the accurate prediction of the mechanical performance of
MS rubber and has a direct impact on reducing the cost of MS rubber-based prod-
uct design. Moreover, the development of anti-vibration devices based on MS rubber
is beneficial to reduce sound and vibration, which aligns with our requirement of an
environmentally and economically friendly society.

1.2 Objectives

The objective of this thesis is twofold. The first one is the constitutive modeling
of MS rubber able to depicts the frequency, magnetic, amplitude and temperature de-
pendency. Specifically, the constitutive model in one-dimensional case corresponding
to the simple shear measurement by Lejon and Kari [4] and constitutive models un-
der a continuum mechanics framework in three-dimensional case will be developed,
respectively. The developed constitutive models set the basis for our second goal, the
numerical investigation of the vibration isolation effect of a MS rubber isolation sys-
tem. The work done in this paper includes the model development of MS rubber,
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Figure 1.1: The magnitude and loss factor of shear modulus with 0.0005 strain ampli-
tude [4].
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Figure 1.2: The magnitude and loss factor of shear modulus with 0.0015 strain ampli-
tude [4].
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Figure 1.3: The magnitude and loss factor of shear modulus with 0.005 strain ampli-
tude [4].
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the design of the control strategy of MS rubber-based vibration isolation system and
the numerical investigation of its vibration reduction effect. The conducted research is
interdisciplinary since it combines constitutive modeling, control strategy and electro-
magnetism theory. The results obtained are helpful for the application of MS rubber
in the noise and vibration area.

1.3 Thesis outline

The constitutive model in this thesis is extended from the one-dimensional case
to the three-dimensional case under a framework of continuum mechanics. Funda-
mentals of continuum mechanics and magnetostatics will be introduced in Chapter 2.
Approaches to model the magnetic, frequency, amplitude and temperature dependency
will be explained in Chapter 3. In Chapter 4, the developed MS rubber vibration iso-
lation system, the corresponding control strategy and the simulation results regarding
the anti-vibration effect will be presented. Chapter 5 summarizes the conclusion and
the possible future work of this thesis. Finally, the abstracts of the appended papers
are contained in Chapter 6.
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Chapter 2

Basis of continuum mechan-
ics and magnetostatics

The aim of this chapter is to introduce the fundamentals of kinematics and stresses
under a continuummechanics framework. Since there is amagnetic dependency ofMS
rubber, a basis of magnetostatics will be presented as well. The content of this chapter
is mainly from Papers C and D. In this thesis, italic letters are used for scalars and
bold face letters are used for tensors (including first, second and fourth order tensors).

2.1 Kinematics and stresses

MS rubber is composed of magnetizable particles and an elastomer matrix. At
a macroscopic level, MS rubber is assumed to be a continuum body [10, 11, 12]. As
shown in Fig. 2.1, the reference configuration is represented by ΩR and a typical point
on ΩR is X . After motion, X moves to x in the current configuration ΩC . The
deformation gradient F connects the reference and current configurations and is

F =
∂x

∂X
. (2.1)

MS rubber is regarded as an incompressible material. However, considering the sub-
sequent possible finite element implementation of the developed constitutive models,
a quasi-incompressible kinematic frame is followed. Therefore, the total deformation
gradient can be decoupled into a volume changing part J1/3I with J= det(F) and a
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volume preserving part F̄ = J−1/3F. The isochoric Cauchy-Green strain C̄ is

C̄ =
(
F̄
)T

F̄. (2.2)

The isochroic Piola strain ē is

ē =
1

2

[
C̄−1 − I

]
. (2.3)

Based on Eq. (2.3), the relative Piola strain ēt(s) = F̄ (t) [ē (s)− ē (t)] F̄T (t) is
defined for the following derivation to obtain the viscoelastic stress.

In addition to the reference and current configuration, an intermediate configura-
tion ΩI is introduced for the elastoplastic branch of the developed model to represent
the amplitude dependency. The total deformation gradient for the elastoplastic ele-
ment is multiplicatively decomposed into an elastic deformation gradient Fe and an
plastic deformation gradient Fp [16, 17, 18]

F = FeFp. (2.4)

Following the isochoric assumption of plasticity, it is obtained

J = det (F) = det (Fe) . (2.5)

The isochoric elastic deformation for the elastoplastic branch is

F̄e = J−1/3Fe (2.6)

and the isochoric elastic right Cauchy-Green strain is

C̄e =
(
F̄e
)T

F̄e, (2.7)

where superscript T represents the transpose operator.
At the quasi-incompressible limit, the hydrostatic stress is determined by the

boundary condition instead of constitutive equations. Therefore, the stresses in this
thesis, unless stated, otherwise, are all deviatoric stresses. The total Cauchy stress σ
consists of a viscoelastic stress σve, an elastoplastic stress σep and a magnetic stress
σmag

σ=σve+σep+σmag. (2.8)

By applying a pull-back operation, the corresponding second Piola-Kirchhoff stresses
in the reference configuration are obtained

Sve = JF−1σveF−T, (2.9)
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Sep = JF−1σepF−T (2.10)

and
Smag = JF−1σmagF−T. (2.11)

Similarly, a pull-back ofσep to the intermediate configuration reaches the correspond-
ing second Piola-Kirchhoff elastoplastic stress Ŝep

Ŝep = J(Fe)
−1
σep(Fe)

−T
. (2.12)

Furthermore, the elastoplastic Mandel stress Σep in the intermediate configuration,
which is often used to describe the plastic behavior is

Σep = CeŜep. (2.13)

In addition to strain and stress, deviatoric operator in the reference (Dev) and current
(dev) configurations are defined

Dev (·) = (·)− (1/3) [(·) : C] C−1 (2.14)

and
dev (·) = (·)− (1/3) [(·) : I] I. (2.15)

2.2 Magneto-static basis

According to Dorfmann and Ogden [10, 11, 12], MS rubber is assumed to be
an electrically neutral insulation material. Therefore, only the magnetic field affects
the mechanical behaviors of MS rubber. The magnetic flux density, magnetic field
intensity and magnetization strength in the reference configuration are BR, HR and
MR, respectively. Parallelly, the magnetic flux density, magnetic field intensity and
magnetization strength in the current configuration are BC, HC and MC, respectively.
It should be noted that BR, HR, MR, BC, HC and MC are all first order tensors.

Normally, B and H are the main variables in magnetostatics and M is the auxil-
iary variable. The field equations of BR and HR in the reference configuration are

DivBR = 0 (2.16)

and
CurlHR = 0, (2.17)

10



Figure 2.1: The reference, intermediate, current configurations and the corresponding
tensors (Paper D).
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where Div (·) and Curl (·) are the divergence and curl operator in the reference configu-
ration, respectively. According to Dorfmann and Ogden [19], for any first order tensor
A, the relation between the divergence in the reference and current configuration is

Div (A) = Jdiv
(
J−1FA

)
(2.18)

and the relation between the curl in the reference and current configuration is

Curl (A) = JF−1curl
(
F−TA

)
. (2.19)

Along with Eqs. (2.16) and (2.17), it can be obtained that

BC = J−1FBR (2.20)

and
HC = F−THR. (2.21)

Since M is an auxiliary variable, similar to HC, the relation between MC and MR is

MC = F−TMR. (2.22)

These magnetic field tensors BR, HR and MR within MS rubber are connected by the
equation

BR = µ0 (HR + MR) , (2.23)

where µ0 = 4π × 10−7 NA−2 is the magnetic permeability in vacuum. Outside MS
rubber, an isotropic magnetic media assumption is postulated. Therefore

BR = µHR, (2.24)

where µ is the magnetic permeability outside MS rubber. Deducing from Eqs. (2.16)
and (2.17), the boundary conditions of BR and MR are

N · [[BR]] = 0 (2.25)

and
N× [[HR]] = 0, (2.26)

where [[·]] denotes the difference of quantities outside and inside the boundary and N

is the normal direction of the boundary surface in the reference configuration.
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2.3 Thermodynamic analysis

Since the constitutivemodel ofMS rubber is under a continuummechanics frame,
a thermodynamic analysis is needed. According toDorfmann andOgden [20], the total
free energy Φ can be decomposed into a mechanical related part Ω and a magnetic
related part 0.5µ−10 J−1BR · (CBR)

Φ=Ω+0.5µ−10 J−1BR · (CBR) . (2.27)

The measurement results by Lejon and Kari [4] revealed that there is a correlation be-
tween the magnetic dependency and the amplitude dependency. To be specific, a larger
strain amplitude leads to a smaller magnetic induced modulus increase. Therefore, the
influence of the magnetic flux density BR should be incorporated into Ω. In addition,
ς is introduced into Ω in order to account for the irreversible inelastic (frequency and
amplitude) behavior. Thus,

Ω = Ω
(
C̄,BR, ς

)
. (2.28)

According to Ref. [14], the corresponding Clausius-Planck inequality of thermody-
namics is

−Φ̇ +
1

2
S : Ċ + HR · ḂR ≥ 0. (2.29)

By Eqs. (2.27), (2.28) and (2.29), it can be obtained that

HR =
∂Ω

∂BR

+
CBR

Jµ0

, (2.30)

S = 2
∂Ω

∂C
+

BR ⊗BR

µ0J
(2.31)

and a dissipation function

−∂Ω

∂ς
ς̇ ≥ 0, (2.32)

where the term µ−10 J−1BR ⊗ BR in Eq. (2.31) is the magnetic stress tensor. The
equivalence of Eq. (2.31) in the current configuration is

σ = 2J−1F
∂Ω

∂C
FT + µ−10 BC ⊗BC, (2.33)

where formula
σmag = µ−10 BC ⊗BC (2.34)

is the magnetic stress tensor in the current configuration.
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Chapter 3

Constitutive modeling

The continuum mechanics and magneto-static background has been introduced
in chapter 2. In this chapter, approaches on how to model the magnetic, frequency,
amplitude and temperature dependency under a continuum mechanics framework is
introduced. The rhelogical model to reflect the magnetic, frequency and amplitude
dependence is shown in Fig. 3.1. A circle with parameters µ0 and BC is used to rep-
resent the magnetic stress tensor as in Eq. (2.34). A diamond shape with parameters
a and b reflects the factional viscoelastic element. A spring Gep in series with a plas-
tic element with parameters Sbounding and Hp is utilized to represent the amplitude
dependency. The content of this chapter is mainly taken from Paper C and Paper D.

From the perspective of the free energy, Ω is decoupled into a viscoelastic part
Ωve and a elastoplastic part Ωep. Based on the measurement results that magnetic
dependency and amplitude dependency are strongly correlated, Ωep is assumed to be
a function of BR. Since the loss factor of the dynamic modulus hardly changes with
respect to the magnetic field, the influence of BR is not included in Ωve. In summary

Ω = Ωve
[
C̄ (t) , ξ

]
+ Ωep

[
C̄ (t) , ζ,BR

]
, (3.1)

where C̄ (t) denotes the memory properties of the inelastic element, and the irre-
versible properties of ς in chapter 2 are represented by ξ and ζ for the viscoelastic
and elastoplastic part, respectively.

14



Figure 3.1: The rheological model to represent the frequency, magnetic and amplitude
dependency of MS rubber (Paper C).
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3.1 Magnetic enhancement

The observed magnetic dependency of MS rubber responds to the contribution
of two kinds of mechanism. The first one is directly related to the increase of the in-
ternal energy after the application of the magnetic field. The second mechanism was
investigated in Ref. [5]. After magnetization, two adjacent particles have an opposite
magnetic charge at the position where they lie close to each other along the direction of
the applied magnetic field. Due to the attractive force between two objects with oppo-
site charges, there is an enhancement in the modulus of the material at a macroscopic
level. The measurement results by Blom and Kari [21] showed that the shear modulus
of MS rubber increases with increasing magnetic field until magnetization saturation
is reached. A hyperbolic tangent typed function is used to reflect this mechanism and
the magnetic saturation property of MS rubber

Gep = Gep0

[
1 + κ1 tanh

(
I4
Is

)]
, (3.2)

Hp = Hp0

[
1 + κ2 tanh

(
I4
Is

)]
(3.3)

and
Sbounding = Sbounding0

[
1 + κ3 tanh

(
I4
Is

)]
, (3.4)

where I4 = BR · BR is the scalar invariant for the magnetic flux density BR in the
reference configuration, and Is is used to represent the magnetic saturation of MS
rubber, which has the same units comparedwith I4. ParametersGep0,Hp0 andSbounding0

are material parameters at zero magnetic field. Symbols κ1, κ2 and κ3 are positive real
values to reflect the magnetic enhancement.

Normally, the magnetic flux density outside MS rubber in the reference configu-
ration is a known value. Due to the magnetization, the magnetic flux density insideMS
rubber is different to that outside MS rubber and needs to be calculated. The method
to determine the magnetic flux density inside MS rubber relies on the boundary con-
ditions and the free energy. The details on how to determine the magnetic flux density
inside MS rubber are introduced in Paper C and Paper D.
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3.2 Frequency dependency

According to Wollscheid and Lion [22], Ωve is assumed to be

Ωve = −
∫ t

0

G (t− s) d

ds
tr [ēt(s)] ds, (3.5)

whereG(t) is the relaxation function and t denotes time. After applying the Colleman-
Noll procedure [23], it can be obtained

Sve(t) = −
∫ t

0

G (t− s) [det C(t)]
−1/3

[
I4 − 1

3
C−1(t)⊗C (t)

]
:

dē (s)

ds
ds

(3.6)
and an internal dissipation

Dint =

∫ t

0

∂2G(t− s)
∂t2

tr [ēt(s)] ds. (3.7)

As proven byWollscheid and Lion [22], since tr [ēt(s)] ≥ 0 always holds, it is required
thatG′′ (t) ≥ 0 andG′ (t) ≤ 0 to guarantee the second law of thermodynamics where
a prime means derivative with respect to t.

Normally, an exponential typed relaxation function based on generalizedMaxwell
element is used to simulate the viscoelastic performance of MS rubber. However, it
is observed that for rubber material, the stress relaxation is very fast at the beginning
followed by an extremely slow process [24]. A drawback of the generalized Maxwell
model is that a large number of elements are needed to depict the stress relaxation prop-
erties of rubber with accuracy. An alternative is to use a power law typed relaxation
function

G (t) =
bt−a

Γ(1− a)
. (3.8)

It can be found that the relaxation function in Eq. (3.8)meets the requirementsG′′ (t) ≥
0 and G′ (t) ≤ 0.

In the case of infinitesimal strain, the stress of this simple fractional derivative
model can be expressed as

dev (σ) = bDa [dev (ε)] , (3.9)

where σ and ε are stress and strain, respectively. According to Ref. [25]∫ ∞
−∞
{Da [dev (ε)]}e−jωtdt = (jω)

adev (ε̂) , (3.10)
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where ε̂ is the Fourier transform of the strain in frequency domain, it can be obtained
that

G∗ = bωa
[
cos
(
a
π

2

)
+ j sin

(
a
π

2

)]
, (3.11)

The magnitude of G∗ is bωa and the loss factor is tan (aπ/2). Therefore, the mag-
nitude of the modulus of the fractional derivative model increases with increasing
frequency while the loss factor is a constant value.

3.3 Amplitude dependency

The amplitude dependency of MS rubber is modeled by a neo-Hookean spring
in series with a plastic model. Specifically, the bounding surface model which was
developed by Dafalias and Popov [26] is utilized for the plastic part. The bounding
surface model is a nonlinear kinematic hardening plastic model which was initially
developed to simulate the mechanical response of artificial graphite under loading.
Due to its outstanding performance to describe the plastic response under irregular
cyclic and multi-axial loading, it is now widely used to depict the plastic behavior of
metals and geo-structures [27, 28].

The free energy for the elastoplastic part is

Ωep =
Gep

2

[
tr
(
C̄e
)
− 3
]
. (3.12)

The reason for choosing only the isochoric elastic Green-Cauchy strain in Eq. (3.12)
is that the deformation from ΩI to ΩC is stress-free. Furthermore, it should be noted
that the expressions for Ωep in Eq. (3.1) and Eq. (3.12) are the same. Ωep in Eq.
(3.1) is described by the isochoric right Cauchy-Green tensor C̄, magnetic field in-
tensity BR and irreversible variables ζ ; while in Eq. (3.12), Ωep is depicted through
the elastic deformation C̄e directly. The corresponding second Piola-Kirchhoff in the
intermediate configuration is

Ŝep = 2
∂Φep

∂Ce
= J−2/3Gep

[
I− 1

3
tr (Ce) (Ce)

−1
]
. (3.13)

Inserting Eq. (2.13) into (3.13), it can be obtained that

Σep = J−2/3Gepdev (Ce) . (3.14)

Unlike other plastic models, the bounding surface model assumes the existence
of an image stress Σ∗. The surface surrounded by Σ∗ forms the bounding surface.
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Mathematically, it expressed as

Ψ (Σ∗,β, Sbounding) = ‖Σ∗ − β‖ − Sbounding = 0, (3.15)

where ‖·‖ is the Hilbert-Schmidt norm, β and Sbounding are the center (normally named
as the back stress) and radius of the bounding surface, respectively. The image stress
Σ∗ is determined by Eq. (3.15) and by the kinematic hardening rule used. In this
thesis, the Mróz kinematic hardening rule [29] is utilized. The idea is that Σ∗ is lo-
cated at the point where the extension of the rate of Σep meets the bounding surface.
Therefore,

Σ∗ = Σep + δm, (3.16)

wherem = Σ̇ep
/∥∥Σ̇ep

∥∥ is the direction of the rate ofΣep and δ is the distance between
Σep and Σ∗. After determining Σ∗, the normal direction n of Σ∗ on the bounding
surface is

n =
∂Ψ

∂Σ∗
=

Σ∗ − β
‖Σ∗ − β‖

. (3.17)

An associated plasticity where the direction of the plastic deformation gradient
rate Dp = Ḟp(Fp)

−1 is parallel with n is postulated [30, 31, 32]. Thus,

Dp = λn, (3.18)

where λ is the plastic multiplier which quantifies the magnitude of Dp. The hardening
rule [33] is

Σ̇ep : n = Hλ (3.19)

and H is the plastic modulus [26]

H = Hp

(
δin

δin − δ

)
, (3.20)

where δin is the discrete memory parameter which stores the largest distance from Σep

to Σ∗ from the last turning point of loading. The evolution law of β is

β̇ =
Hp

H
Σ̇ep. (3.21)

Eqs. (3.14) to (3.21) are the constitutive equations needed to depict the amplitude
dependency of MS rubber. Numerical approaches on how to solve these equations are
introduced in Paper C and Paper D.
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3.4 Temperature dependency

The model developed from Section 3.1 to 3.3 considers the frequency, amplitude
andmagnetic dependency ofMS rubber. Regarding the temperature dependency, mea-
surements revealed that the magnitude and loss factor of the dynamic shear modulus
of MS rubber increase dramatically with the decrease of temperature [4]. Broaden-
ing the attention from MS rubber to general rubber materials, normally it is assumed
that rubber is a thermo-rheological simple material. Therefore the time-temperature
superposition principle can be applied to model the temperature dependency of rub-
ber. In this thesis, the temperature dependency of MS rubber is modeled through the
extension of the viscoelastic and elastoplastic constitutive branches. Specifically, it is
assumed that the viscoelastic part of MS rubber follows the thermal rheological sim-
plicity assumption and the temperature dependence of the elastoplastic part is mod-
eled through the Arrhenius function. Before introducing the temperature dependent
constitutive equations, a rough check of the thermo-rheological simplicity is needed.
According to Rouleau et al. [34], if the Cole-Cole plot (the logarithm of loss mod-
ulus versus the logarithm of storage modulus) for the measurement data at different
temperatures follows a smooth curve, the thermo-rhelogical simplicity is fulfilled. To
check the thermo-rheological simplicity, the Cole-Cole plot of the dynamic shear mod-
ulus measurements of MS rubber conducted by Lejon and Kari [4] under three kinds
of strain amplitude (0.0005, 0.0015, 0.005) and two kinds of magnetic fields (0 and
0.55 T) ranging from 200 to 900Hz at six discrete temperatures (242, 247, 254, 273,
293 and 306K) are shown in Figs. 3.2 to 3.7.

It can be found that the measurement data at 242, 247, 254 and 273K basically
follows the same curve. There is a certain variation for the measurement data at 293K
from the main curve and the data at 306K deviates even more from the main curve.
The modeling of the temperature dependent viscoelastic behavior herein is based on
the time-temperature superposition principle. Therefore, the modeling of the temper-
ature dependent viscoelasticity is limited to temperatures 242, 247, 254 and 273K.
Furthermore, the deviation of the data at 242K under 0.005 strain amplitude is tol-
erated since in addition to the temperature-dependent viscoelasticity, there is still a
temperature-dependent amplitude dependency.

The measurement data of the dynamic shear modulus of MS rubber from 242 to
273K may cover the rubbery, transition and glassy region. Therefore, an extension
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Figure 3.2: The Cole-Cole plot of dynamic shear modulus at 0.0005 strain amplitude
with 0 T under different temperatures (Paper D).
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Figure 3.3: The Cole-Cole plot of dynamic shear modulus at 0.0005 strain amplitude
with 0.55 T under different temperatures (Paper D).
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Figure 3.4: The Cole-Cole plot of dynamic shear modulus at 0.0015 strain amplitude
with 0 T under different temperatures (Paper D).
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Figure 3.5: The Cole-Cole plot of dynamic shear modulus at 0.0015 strain amplitude
with 0.55 T under different temperatures (Paper D).
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Figure 3.6: The Cole-Cole plot of dynamic shear modulus at 0.005 strain amplitude
with 0 T under different temperatures (Paper D).
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Figure 3.7: The Cole-Cole plot of dynamic shear modulus at 0.005 strain amplitude
with 0.55 T under different temperatures (Paper D).
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of the fractional derivative model is needed. A fractional standard linear solid (SLS)
model consisting of a spring G∞ in parallel with a fractional maxwell model with
parameters Gve, a and b is utilized. The rheological model is shown in Fig. 3.8.

Figure 3.8: The rheological model of a fractional derivative element based standard
linear solid element.

From the perspective of the free energy, the viscoelastic free energy can be de-
coupled into an equilibrium part Ωeq and an over-stress part Ωov to consider the tem-
perature dependent viscoelasticity of MS rubber

Ωve = Ωeq + Ωov. (3.22)

Regarding the equilibrium part, a neo-Hookean quasi-incompressible hyperelas-
tic model is used with

Ωeq =
G∞
2

[
tr
(
C̄
)
− 3
]

(3.23)

and the free energy for the over-stress part is

Ωov = −
∫ t

0

GveEa

[
−(t− s)aGve

b

]
d

ds
tr [ēt(s)] ds (3.24)

where the formula

Ea (x) =

∞∑
n=0

xn

Γ (1 + na)
(3.25)
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is the Mittag-Leffler function. As in Eq. (3.7), it can be found that the thermodynamic
compatibility can be guaranteed. Similar to Eqs. (3.2) to (3.4), a magnetic enhance-
ment is included in G∞

G∞=G∞0

[
1 + κ4 tanh

(
I4
Is

)]
. (3.26)

Subsequently, Sve is

Sve(t) = J−2/3G∞Dev(I)−
∫ t

0

GveEa

[
−(t− s)aGve

b

]
P4(t) :

dē (s)

ds
ds (3.27)

where P4(t) = [det C(t)]
−1/3 {I4 − 1/3 [C−1(t)⊗C (t)]}.

The research in Ref. [35] indicates that Gve can be interpreted as the difference
between the shear modulus in the rubbery region and glassy region. For the parameter
identification concern, Gve is set to be infinite at 273K (the reference temperature).
In this case, the fractional SLS model degrades into the fractional Kelvin-Voigt model
and the viscoelastic stress is

Sve(t) = J−2/3G∞Dev(I)− b
∫ t

0

(t− s)
Γ(1− a)

P4(t) :
dē (s)

ds
ds. (3.28)

An horizontal shift factor aT and a vertical shift factor bT is incorporated into Eq.
(3.27) to account the temperature dependency. Accordingly, the stress at temperature
T is

Sve(T, t) =bTJ
−2/3G∞Dev(I)−

bT

∫ t

0

GveEa

[
−((t− s)/aT)

a
Gve

b

]
P4(t) :

dē (s)

ds
ds

(3.29)

The vertical shift factor bT is

bT =
T

T0

[1− ϑ (T − T0)] , (3.30)

where ϑ = 6.6000 × 10−4 K−1 is set for MS rubber according to Kroschwitz [36].
The William-Landel-Ferry (WLF) function is introduced for the horizontal parameter
αT by

αT = 10−
D1(T−T0)

D2+(T−T0) , (3.31)

where D1 and D2 are material parameters to be identified. For more details of the
WLF function, the reader is referred to Ferry [37].
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It should be noted that under infinitesimal strain, the solution in Eq. (3.29) is

dev (σ) =bTG∞dev (ε) +

bTGve

∫ t

0
Ea

{
− [(t− s)/αT ]

a
Gve

b

}
d [dev (ε)]

ds
ds.

(3.32)

After Fourier transformation, the dynamic shear modulus in frequency domainG∗ (ω)

is obtained
G∗ (ω) = bT

{
G∞+

bGve(iωαT )
a

Gve+b(iωαT )
a

}
. (3.33)

The expression of the dynamic modulus in frequency domain can be evaluated in two
extreme cases. The first one is ω → 0which corresponds to the case of rubber material
at the rubbery state. The solution in Eq. (3.33) becomes bTG∞ setting the lower
limit of dynamic shear modulus. The second one is ω → ∞, which corresponds to
the case of rubber material at the glassy state. The solution in Eq. (3.33) becomes
bT (G∞+Gve).

With respect to the temperature dependency of the elastoplastic element, follow-
ing the line of [38], the Arrhenius function is used and the relationship between the
elastoplastic stress between T0 and T is

Σep (T ) = Σep (T0) e(
E
RT −

E
RT0

). (3.34)

3.5 Comparison between simulation and measure-
ment results

The numerical implementation method regarding the constitutive model devel-
oped from Section 3.2 to 3.4 is detailedly introduced in Paper C and Paper D. To
verify the simulation of the magnetic, frequency and amplitude dependence of the
developed model, the measurement results conducted at 293 K under simple shear
deformation with four kinds of magnetic field (0, 0.3, 0.55 and 0.8 T), three levels of
strain amplitude (0.0005, 0.0015 and 0.005) ranging from 200 to 900Hz were utilized.
The nonlinear least square method by the function lsqnonlin in Matlab R© (MATLAB
Release 2015b, The MathWorks, Inc.,Natick, Massachusetts, United States) was used
for the parameter identification. The identified material parameters are a = 0.2997,
b = 0.5313 × 106 N sa m−2, Gep0 = 4.9539 × 106 N m−2, Sbounding0 = 1.6404 ×
104 N m−2 andHp0 = 3.0689× 107 N m−2 with a relative difference of 2.79% when

26



compared with the measurement results. The comparison of the magnitude and loss
factor of the dynamic shear modulus versus frequency between the measurement and
simulation results under zero magnetic field is shown in Fig. 3.9.
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Figure 3.9: Comparison of themagnitude and loss factor of the dynamic shearmodulus
versus frequency between the measurement and simulation results without magnetic
field at different strain amplitudes (0.0005, 0.0015 and 0.0015). Lines and symbols
are the experimental and simulation result, respectively (Paper C).

After identifying the basic material parameters, the magnetic dependent param-
eters were identified. The results are Is = (0.3886 T)

2, κ1 = 0.4053, κ2 = 0 and
κ3 = 0.2947. The relative difference between the simulation and measurement re-
sults is 3.67%. The comparisons of the magnitude and loss factor of the dynamic
shear modulus between the measurement and simulation results versus frequency un-
der four kinds of magnetic field and strain amplitudes are shown in Figs. 3.10 to 3.12.
It can be found that the fit between the measurement and simulation results are of high
accuracy.

Concerning the temperature dependency, measurement results at 242, 247, 249
and 273K are utilized. Since the original used fractional derivative element is ex-
tended to a fractional derivative-based SLS model, new rounds of material parameter
identification are needed. The temperature 273K is selected as the reference temper-
ature. The identified new parameters under zero magnetic field are G∞0 = 6.7584×
106 Nm−2, a = 0.4368, b = 1.4077 × 105 N sa m−2, Hp0 = 0.7828 × 106Nm−2,
Sbounding0 = 7.3780 × 103 Nm−2 and Gep0 = 3.4095 × 106 Nm−2 with a rela-
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Figure 3.10: Comparison of the magnitude and loss factor of the dynamic shear mod-
ulus versus frequency between the measurement and simulation results with strain
amplitude of 0.0005 at different magnetic flux densities. Lines and symbols are the
experimental and simulation result, respectively (Paper C).
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Figure 3.11: Comparison of the magnitude and loss factor of the dynamic shear mod-
ulus versus frequency between the measurement and simulation results with strain
amplitude of 0.0015 at different magnetic flux densities. Lines and symbols are the
experimental and simulation result, respectively (Paper C).
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Figure 3.12: Comparison of the magnitude and loss factor of the dynamic shear mod-
ulus versus frequency between the measurement and simulation results with strain
amplitude of 0.005 at different magnetic flux densities. Lines and symbols are the
experimental and simulation result, respectively (Paper C).

tive error of 4.50% when compared with the measurement results. Subsequently,
the magnetic related parameters are κ1 = 1.6271, κ2 = 0, κ3 =2.2815, κ4 = 0.0268 and
Is = (0.3309T)

2 with a relative error of 5.60%. Finally, the temperature-dependent
material parameters are Gve = 1.9630× 1010Nm−2,D1 = 5.6154,D2 = 89.2400K
and E = 2.7000× 104 Jmol−1.

The dynamic shear modulus magnitude and loss factor under different temper-
atures at different strain amplitudes under 0 and 0.55 T are shown in Figs. 3.13 to
3.18. Measurement results reveal that MS rubber already reaches magnetic satura-
tion at 0.55 T, consequently, comparison between measurement and simulation data at
0.8 T is not shown. The data at 0.3 T lies between the result at 0 and 0.5 T. To keep it
compact, only results at 0 and 0.55 T are displayed. Generally speaking, the trend that
the magnitude of the dynamic shear modulus increases with decreasing temperature is
well captured by the developed model. A possible explanation for the deviation of the
magnitude of the dynamic shear modulus at low temperatures could be that MS rubber
may have already reaches the glassy region. The WLF function is applicable when the
temperatures are around the transition temperature, therefore, a manual shifting of aT
is needed at lower temperatures. The wide fluctuation of the loss factor throughout
all zones corroborates the difficulty to determine the loss factor experimentally. This
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provides a possible explanation for the less satisfactory fit of the loss factor by the
model.

10
8

M
ag

 [
P

a]

242 K

247 K

254 K

273 K

242 K

247 K

254 K

273 K

200 300 400 500 600 700 800 900

Frequency [Hz]

0
0.5
1

lo
ss

 f
ac

to
r

Figure 3.13: The magnitude and loss factor of the dynamic shear modulus versus fre-
quency at 0.0005 strain amplitude and 0 T under different temperatures. Lines and
symbols are the simulation and measurement results, respectively (Paper D).
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Figure 3.14: The magnitude and loss factor of the dynamic shear modulus versus fre-
quency at 0.0005 strain amplitude and 0.55 T magnetic field under different temper-
atures. Lines and symbols are the simulation and measurement results, respectively
(Paper D).
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Figure 3.15: The magnitude and loss factor of the dynamic shear modulus versus fre-
quency at 0.0015 strain amplitude and 0 T magnetic field under different temperatures.
Lines and symbols are the simulation and measurement results, respectively (Paper
D).
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Figure 3.16: The magnitude and loss factor of the dynamic shear modulus versus fre-
quency at 0.0015 strain amplitude and 0.55 T under different temperatures. Lines and
symbols are the simulation and measurement results, respectively (Paper D).
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Figure 3.17: The magnitude and loss factor of the dynamic shear modulus versus fre-
quency at 0.005 strain amplitude and 0 T magnetic field under different temperatures.
Lines and symbols are the simulation and measurement results, respectively (Paper
D).
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Figure 3.18: The magnitude and loss factor of the dynamic shear modulus versus fre-
quency at 0.005 strain amplitude and 0.55 T magnetic field under different tempera-
tures. Lines and symbols are the simulation and measurement results, respectively
(Paper D).
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Chapter 4

Vibration isolation control

The content of this chapter is mainly taken from Paper B. The magnetic depen-
dency of MS rubber makes it attractive for its potential application to the semi-active
vibration control field. MS rubber-based smart vibration absorbers were developed
[39, 40]. The measurement results revealed that by changing the magnetic field ap-
plied, there is a frequency shifting property of theMS rubber-based vibration absorber.
Therefore, an enhanced vibration reduction effect can be achieved. In addition to the
investigation of MS rubber’s application in smart vibration absorbers, researches cor-
responding to the dynamic performance of MS rubber filled smart sandwich beams
were conducted [41, 42, 43, 44]. The conclusion is that by changing the magnetic
field, better dynamic performance is available for MS rubber-based smart sandwich
beams.

Concerning the investigation of MS rubber’s application in vibration isolators,
researches were mainly engaged in the structure seismic isolation by MS rubber iso-
lators and the fuzzy logic controller was used [45, 46, 47]. However, the effect of the
MS rubber mechanical response time with respect to the applied magnetic field on the
effective frequency bandwidth for vibration isolation was not considered. Although
the effectiveness of using MS rubber based vibration isolators to mitigate the energy
transmitted to the foundation were explored [48, 49, 50, 51], the corresponding con-
trol strategy was not clearly developed. In this chapter, the investigation of MS rubber
in the vibration isolation system will be discussed. Two commonly loadings, which
are harmonic loading and random noise are applied to the MS rubber-based vibration
isolation system. The control strategies to change the magnetic field corresponding

34



to the loading applied and vibration isolation effect will be represented. Furthermore,
the limitations of the control strategies will be discussed as well.

4.1 Magneto-sensitive rubber vibration isolation
system

The MS rubber vibration isolation system consists of a mass block mounted on
four MS rubber-based vibration isolators working in shear deformation and connected
to an infinite extended flexible foundation. The schematic diagram is shown in Fig.
4.1. Harmonic force Fext applied at the center of the upper surface of the solid block is
used to simulate the vibration sources such as vibration engines. The force generated
by each MS isolator to the mass block is FMS. The displacement of the solid block
and foundation is u and uf , respectively. The distances between MS isolators in y-
direction and z-direction are 2ly= 0.3 m and 2lz= 0.4 m, respectively. The thickness
of the infinite extended concrete foundation is hf = 0.35 m and the total mass of the
solid block is m. The thickness and cross section area of each MS rubber element
are hMS and A, respectively. The density, Poisson’s ratio and Young’s modulus of the
infinite flexible foundation are ρf = 2300 kg m−3, νf = 0.2 and Ef = (1 + 0.02j) ×
2.6× 1010 N m−2, respectively, where j =

√
−1 is the imaginary unit.

Figure 4.1: Schematic diagram of MS rubber based vibration isolation system (Paper
B).
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For each MS isolator, two MS rubber elements work in shear deformation mode.
The relation between the force FMS and the shear stress τ for each MS rubber isolator
is

FMS = 2Aτ. (4.1)

The relation between the displacement of each MS rubber isolator (u − uf ) and the
shear strain γ is

γ=
u− uf
hMS

. (4.2)

For the first type of vibration isolation problem, the goal is to protect the foun-
dation against an external loading, the dynamic equilibrium equation for this system
is

mü+ 4 · FMS(u− uf) = Fext, (4.3)

where
··

(·) denotes the second derivative with respect to time. The foundation is con-
siderably stiffer compared to MS isolator. Accordingly, it is assumed that uf � u and
the dynamic equilibrium equation can be simplified to

mü+ 4FMS(u) = Fext. (4.4)

By using a Newmark-beta method based on implicit integration [52], the force FMS

transmitted to the foundation can be obtained. For the details of the numerical imple-
mentation method, the reader is referred to Paper B. The foundation displacement uf
can be calculated by

(j2πf)
2
ũf(i) = H(ik)F̃MS(k) (i, k = 1, 2, 3, 4), (4.5)

where f is frequency, (̃·) represents the frequency domain quantities obtained by
Fourier transform of the time domain signal, ũf(i) denotes the foundation displace-
ment on the ith MS rubber isolator in frequency domain. The impact for the force on
the kth point of MS rubber to the acceleration of the foundation on the ith point is re-
flected by the inertance matrix componentH(ik). According to Ref. [53], the inertance
at the transfer point with a distance r to the driving point can be expressed as

H(r) = − j

8Bk2B

[
H

(2)
0 (kBr)− j

2

π
K0(kBr)

]
, (4.6)

whereB = Efh
3
f /12(1− ν2f ) is the bending stiffness of the foundation. The parameter

kB = (ρfhfω
2/B)1/4 is the bending wave number for the foundation. Lastly,H(2)

0 and

36



K0 are the zero order Hankel function of the second kind and the zero order modified
Bessel function of the second kind, respectively.

For the second type of vibration isolation problem, the aim is to protect sensitive
equipment from ground motions. In this case, the excitation force is caused by the
foundation motion and the dynamic equilibrium for the whole system is

mür + 4 · FMS(ur) = −müf , (4.7)

where ur=u−uf is the relative displacement of theMS isolators, uf is the displacement
of the foundation which is known in this case. Therefore, ur can be solved.

4.2 Control strategy under harmonic loading

For an harmonic loading input, the energy flow, which is the time averaged prod-
uct between force and velocity, is used to measure the vibration reduction effect. After
obtaining FMS and ur, the energy flow 〈P 〉 into the foundation can be obtained

〈P 〉= 4

∫ ∞
−∞

S(F̃MS, ṽf)df, (4.8)

where vf=u̇f is the velocity and S(F̃MS, ṽf) is the cross-spectral density between the
force (F̃MS) and the velocity (ṽf ).

Three levels of harmonic forces with a magnitude of 3, 10 and 30N are applied at
the center of the upper surface of the solid block and the frequency ranges from 40 to
120Hz. The mass of the solid block is set tom = 50 kg. The thickness and area of each
MS rubber element are hMS = 0.002 m andA = 0.020×0.020 m2, respectively. The
energy flow into the foundation at zero and saturation magnetic field with harmonic
force 3, 10 and 30N, are presented in Figs. 4.2 to 4.4. It is found that the energy into
the foundation reaches a maximum at a certain frequency. This frequency corresponds
to the resonance frequency of the vibration isolation system.

It is found that at a certain frequency (named coincidence frequency fcoincidence
herein), the energy flow to the foundation at zero and saturation magnetic field cases
is the same. Therefore, a control strategy based on fcoincidence can be developed and the
detail of this strategy is shown in table 4.1.

After applying the coincidence frequency based control strategy, the energy flow
into the foundation is reduced as represented by the line with symbols in Figs. 4.2 to
4.4. The maximum energy flow under zero magnetic field is 2.182 × 10−4, 2.073 ×
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Figure 4.2: Energy flow to the foundation at zero (dashed line), saturation (solid line)
and controlled (line with symbols) magnetic field with force magnitude 3N (Paper
B).
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Figure 4.3: Energy flow to the foundation at zero (dashed line), saturation (solid line)
and controlled (line with symbols) magnetic field with force magnitude 10N (Paper
B).
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Figure 4.4: Energy flow to the foundation at zero (dashed line), saturation (solid line)
and controlled (line with symbols) magnetic field with force magnitude 30N (Paper
B).

Table 4.1: Controlled magnetic field based on coincidence frequency (Paper B).

Criteria of frequency Magnetic field 

coincidencef f Saturation 

coincidencef f Zero 
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10−3 and 1.815 × 10−2 W for force magnitudes 3, 10 and 30 N, respectively. The
corresponding maximum energy flow after applying the control strategy is 1.573 ×
10−4, 1.631× 10−3 and 1.542× 10−2 W. As a consequence, the energy flow into the
foundation is reduced by 27.9% , 21.3% and 15.0%, compared to zero magnetic field
case.

4.3 Control strategy under random loading

For the vibration control under random loading, a fuzzy logic control strategy
is used. The fuzzy logic control algorithm was initially proposed by Zadeh [54] and
after that the research related to its application to control strategies sparked [55, 56,
57, 58]. The characteristic feature of the fuzzy logic control strategy is that the output
signal (command by the fuzzy logical controller) is composed of discrete values such
as zero and one after the if-then rule judgment. Since the judgment process is very
fast, the time delay of the controller can be reduced to the utmost extent. Furthermore,
compared with other control strategies that rely on the accurate mathematical model
of the whole structure, the fuzzy logic control strategy is more robust and has a better
tolerance to the nonlinear behavior and to the uncertainty of the system itself. For
the fuzzy logical control strategy used in MS rubber vibration isolators, the relative
displacement (ur) and velocity (u̇r) of MS rubber isolator are the input signals. The
goal is to reduce the relative motion of the solid block to the foundation. The output
signal is the magnetic field applied to MS rubber isolators. The details for the if-then
rules are described in table 4.2. Physically, it means increasing the dynamic stiffness
of MS isolators when the solid mass moves away from the equilibrium position and
decreasing the dynamic stiffness of MS isolators when the solid mass moves towards
the equilibrium position.

Table 4.2: Controlled magnetic field based on fuzzy logical strategy (Paper B).

r ru u Positive Negative 

Magnetic field Zero Saturation 

The mass of the solid block, the thickness and the cross section area of each MS
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rubber are set tom = 180 kg, hMS = 0.005 m andA = 0.010×0.010 m2, respectively.
Three band-limited Gaussian noise ranges from 5 to 25Hz with root mean square
(RMS) value 0.001, 0.003 and 0.010ms−2 were applied simulating the acceleration at
the foundation. According to Refs. [59, 60], the response time of MS rubber is of the
order of 10ms. To investigate the vibration isolation effect of MS rubber isolator, for
the simplest case, it is assumed that the response time of MS rubber is set to be 10ms.
The purpose is to investigate the vibration isolation effect of MS rubber, therefore, the
response time for the coil to generate the magnetic field and the time required for the
control algorithm to be implemented are not considered.

The responses for the solid block under zero, saturation and controlled magnetic
field by the fuzzy logic controller are presented in Figs. 4.5 to 4.7. The peak and RMS
values of the relative displacement of the solid mass under three kinds of band-limited
Gaussian noise are compared in tables 4.3 and 4.4. It shows that the maximum rela-
tive displacement of the block mass under fuzzy logical control is reduced by 24.1%,
29.4% and 33.0%, respectively, for three kinds of band-limited Gaussian noise, com-
pared to the zero magnetic field case. Consequently, an enhanced vibration isolation
effect is obtained by MS rubber isolator when a fuzzy logic control strategy is applied.
It is worth noting that the advantage of using fuzzy logic control strategies to reduce
vibration can be further demonstrated by MS isolators with larger MS effect.
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Figure 4.5: The relative displacement of the solid block at zero (dashed line), saturation
(dash-dotted line) and fuzzy logical controlled (solid line) magnetic field with RMS
value of 0.001 ms−2 for the band-limited Gaussian noise (Paper B).
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Figure 4.6: The relative displacement of the solid block at zero (dashed line), saturation
(dash-dotted line) and fuzzy logical controlled (solid line) magnetic field with RMS
value of 0.003 ms−2 for the band-limited Gaussian noise (Paper B).
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Figure 4.7: The relative displacement of the solid block at zero (dashed line), saturation
(dash-dotted line) and fuzzy logical controlled (solid line) magnetic field with RMS
value of 0.010 ms−2 for the band-limited Gaussian noise (Paper B).
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Table 4.3: Peak value of the relative displacement [m] under different magnetic fields
(Paper B).

Excitation [ms-2] RMS=0.001 RMS=0.003 RMS=0.010 

Zero magnetic field 0.0137×10-4 0.0408×10-4 0.1758×10-4 

Saturation magnetic field 0.0109×10-4 0.0302×10-4 0.1076×10-4 

Controlled magnetic field 0.0104×10-4 0.0288×10-4 0.1177×10-4 

Table 4.4: RMS value of the relative displacement [m] under different magnetic fields
(Paper B).

Excitation [ms-2] RMS=0.001 RMS=0.003 RMS=0.010 

Zero magnetic field 0.0495×10-5 0.1407×10-5 0.4746×10-5 

Saturation magnetic field 0.0398×10-5 0.1161×10-5 0.3962×10-5 

Controlled magnetic field 0.0379×10-5 0.1075×10-5 0.3875×10-5 
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4.4 Limitation of the control strategies

Due to the amplitude dependency of MS rubber, the coincidence frequency is
73.8, 70.4 and 67.4Hz when the magnitude of the harmonic force is 3, 10 and 30N,
respectively. It means that the coincidence frequency decreases with increasing har-
monic force magnitude. Therefore, the magnitude of the harmonic force is an impor-
tant factor to consider for the achievement of a good vibration reduction effect.

The control commands of the fuzzy logic control strategy should be dense enough
to make the change of the magnetic field sufficient to cope with the changes of the ex-
ternal loading. For example, if the relative displacement of the solid block is sin(2πt),
there are four control instructions to change the magnetic field for the fuzzy logic con-
troller in every period. The details are shown in Fig. 4.8. Thus, the frequency for
the instructions based on fuzzy logic control strategy (finstruction) should be at least
four times larger than the maximum frequency component (fmax) of the input signal.
Mathematically, the relation is

finstruction ≥ 4fmax. (4.9)

Because the response time for MS rubber is at the order of 10ms, it means that
the frequency for the instructions (finstruction) cannot and should not exceed 100Hz
when neglecting the calculation time for the control strategy and the response time for
the coil to generate the magnetic field. According to Eq. (4.9), an improved vibration
isolation effect can only be reflected by the MS vibration isolator using a fuzzy logic
control strategy when the highest component of the frequency for the external load-
ing does not exceed 25Hz. Furthermore, due to the high contribution of the signal
in the vicinity of the resonance frequency to the motion of the solid block, the MS
rubber-based isolator with fuzzy logical control strategy can exhibit a superior vibra-
tion isolation effect compared to the traditional rubber-based isolator only when the
resonance frequency for the system is low (less than 25Hz in this case). Consequently,
the use of MS vibration isolators to reduce vibration in a random excitation case is re-
stricted to the low frequency region. However, for the coincidence frequency-based
magnetic field control strategy, there is no limitation of the frequency component for
the signal and its sole limitation is that it is only valid for periodic loading cases.
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Chapter 5

Summary and outlook

The main contributions of this work are:

• An infinitesimal strain-based one dimensional model under shear deformation,
with magnetic, frequency and amplitude dependency of isotropic MS rubber
is developed. Measurement results are reproduced with high accuracy by the
simulation results. - Paper A

• A highly nonlinear model of MS rubber-based isolation system where the non-
linearity and the magnetic dependency of MS rubber, the mechanical inertance
of the flexible foundation, the size of the MS rubber and the mass of the solid
block are all included is developed. Two control strategies (magnetic field con-
trol based on coincidence frequency and fuzzy logical controller) are devel-
oped. Numerical results show that, compared with traditional rubber-based vi-
bration isolator where stiffness changing is not possible, an enhanced vibration
isolation effect can be achieved by MS rubber isolator. - Paper B

• A three dimensional visco-elastic-plastic constitutive model of isotropic MS
rubber with magnetic, frequency and amplitude dependency under a continuum
mechanics framework is developed. After parameter identification, a good fit
between the simulation and experimental results is achieved. - Paper C

• A three dimensional constitutive model of isotropic MS rubber with magnetic,
frequency, amplitude and temperature dependency under a continuummechan-
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ics framework is developed. A good match between the simulation and exper-
imental results is achieved after parameter identification. - Paper D

5.1 Conclusions

To model the observed magnetic, frequency, amplitude and temperature depen-
dency of isotropic MS rubber, constitutive models from one dimensional to three di-
mensional are developed. By using only a few material parameters, the dynamic mod-
ulus is well reproduced by the model. The work related to the constitutive model of
MS rubber renders very promising for the prediction of the mechanical properties of
MS rubber-based devices where a change of stiffness is needed. Furthermore, the nu-
merical investigation of the vibration control of a MS rubber-based isolation system
will accelerate the possible application of MS rubber in the sound and vibration area.

5.2 Recommendations for future work

• Inverse model of MS rubber based on machine learning and the application of
inverse model to vibration control are worth studying.

• Further extension of the developed constitutive model including the characteri-
zation of the magnetization properties of MS rubber and its implementation in
finite element software will be very meaningful.

• Investigation of how to improve the response speed of MS rubber with respect
to the magnetic field will beneficial to the application of MS rubber in the vi-
bration control area.

• Investigation of the control effect of MS rubber-based tuned mass damper with
the ability to track external loading will be a possible research interest.

• Study of MS rubber’s application in vehicle semi-active suspension system to
reduce shock and vibration combining with control theory and inverse model
will be an interesting research topic.

47



Chapter 6

Summary of appended papers

Paper A - A nonlinear constitutive model by spring, fractional derivative and
modified bounding surface model to represent the amplitude, frequency and the
magnetic dependency for Magneto-sensitive rubber

Bochao Wang and Leif Kari. Journal of Sound and Vibration, 438 (2019) 344–352.
Magneto-sensitive (MS) rubber is a kind of smart material mainly consisting of

magnetizable particles and rubber. Inspired by experimental observation that the shear
modulus for MS rubber is strongly dependent on amplitude, frequency and magnetic
field; while the impact for the magnetic field and strain to the loss factor is relatively
small, a new nonlinear constitutive model for MS rubber is presented. It consists of
a fractional viscoelastic model, an elastic model and a bounding surface model with
parameters sensitive to the magnetic field. To our knowledge, it is the first time that
the bounding surface model is incorporated with the magnetic sensitivity and used to
predict the mechanical properties for MS rubber. After comparison with the measure-
ment results, it is found that the shear modulus and the loss factor derived from the
simulation fit well with the experimental data. This new constitutive model with only
eight parameters can be utilized to describe the amplitude, frequency and the magnetic
field dependence for MS rubber. It provides a possible new way to understand the me-
chanical behavior for MS rubber. More importantly, the constitutive model with an
accurate prediction property for the dynamic performance of MS rubber is of interest
for MS rubber applications in noise and vibration reduction area.
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Paper B - Modeling and vibration control of a smart vibration isolation system
based on magneto-sensitive rubber

Bochao Wang and Leif Kari. Smart Materials and Structures, 28 (2019) 065026
(10pp).

Magneto-sensitive (MS) rubber is a kind of smart material, the shear modulus
of it can be changed rapidly and reversibly by a magnetic field applied. A smart MS
rubber-based isolation system and a nonlinear model based on this MS rubber-based
vibration isolation system are developed in this paper. The influence of the ampli-
tude, frequency and magnetic dependency for MS rubber, the mechanical inertance of
infinite extended foundation, the mass of solid block and the dimension of MS rub-
ber isolators are all considered in this model. The feasibility of two control strategies
aimed at reducing the energy transmitted to the foundation and protecting machine
against foundation motion, respectively, is investigated based on this smart vibration
isolation system. It is found that compared to the traditional passive rubber isolators,
an enhanced vibration isolation effect can be achieved by usingMS rubber isolators af-
ter control strategies applied. Furthermore, the influence of the amplitude dependency
and the response time of MS rubber to the isolation effect is studied. The nonlinear
model established for MS rubber isolation system, the control strategies developed and
the investigation for the amplitude dependency and the response time of MS rubber to
the isolation effect in this paper provide fundamentals for the application of MS rubber
in the field of vibration reduction.

Paper C - A visco-elastic-plastic constitutive model of isotropic magneto-sensitive
rubber with amplitude, frequency and magnetic dependency

Bochao Wang and Leif Kari. Accepted in International Journal of Plasticity, April
2020.

A three-dimensional visco-elastic-plastic constitutivemodel of isotropicmagneto-
sensitive (MS) rubber with amplitude, frequency and magnetic dependency under a
continuum constitutive framework is developed. MS rubber is a kind of smart mate-
rial mainly composed of rubber matrix and magnetizable particles. Under a magnetic
field, there is an increase of its dynamic modulus due to the interaction between the
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magnetic field andMS rubber, which is often referred to as themagnetic dependency of
MS rubber. Experimental results reveal that besides the magnetic dependency, there
is a frequency and amplitude dependency of its dynamic modulus. In specific, the
modulus of MS rubber increases with increasing frequency and dereases with increas-
ing strain amplitude. To depict the above properties and to consider the balance of
energy in continuum mechanics framework, a new constitutive model consisting of
a viscoelastic fractional derivative element, a bounding surface model in series with
a neo-Hookean elastic model with magnetic sensitivity and a magnetic stress tensor
term for MS rubber is proposed. The contribution of this constitutive model is that
by using a free energy based method, with only eight material parameters, the am-
plitude, frequency and magnetic dependency of MS rubber can be reflected. After
parameter identification, the simulation results show a good agreement with those of
measurements. Therefore, by utilizing the model proposed, the ability of approaching
the dynamic behavior of MS rubber-based vibration reduction devices in the design
phase is possible which contributes to the application of MS rubber in noise and vi-
bration reduction area.

Paper D - Constitutive model of magneto-sensitive rubber with amplitude, fre-
quency, magnetic and temperature dependence under a continuum mechanics
basis

Bochao Wang and Leif Kari. To be submitted to International Journal of Engineering
Science.

A three-dimensional nonlinear constitutive model of the amplitude, frequency,
magnetic and temperature-dependentmechanical properties of isotropicmagneto-sensitive
(MS) rubber is developed. The main components of MS rubber is an elastomer ma-
trix and magnetizable particles. When a magnetic field is applied, the modulus of
MS rubber increases, which is known as the magnetic dependence of MS rubber. In
addition to the magnetic dependence, there are frequency, amplitude and temperature
dependencies of MS rubber. Specifically, a higher frequency, a smaller strain ampli-
tude and a lower temperature lead to an increased magnitude of the dynamic modulus.
To represent the above properties and to stimulate the possible application of MS rub-
ber in the anti-vibration area, a continuum mechanic framework based constitutive
model consisting of a fractional standard linear solid (SLS) element, an elastoplastic
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element and a magnetic stress term of MS rubber is developed. The frequency and
amplitude dependencies are depicted by a fractional SLS element and an elastoplastic
element, respectively. A hyperbolic tangent function with a scalar product of magnetic
flux density as an independent variable is introduced to consider the magnetic depen-
dence. Furthermore, the temperature dependence is taken into account by including
the William-Landel-Ferry function and the Arrhenius function to the fractional SLS
element and the elastoplastic element, respectively. The technical innovation of this
constitutive model is that the amplitude, frequency, magnetic and temperature depen-
dent mechanical properties of MS rubber are incorporated into a whole constitutive
model under the continuum mechanics frame and based on the free energy assump-
tion. Comparison between the simulation andmeasurement results in awide frequency
range with different levels of magnetic field, strain amplitude and temperature shows
that the fitting effect of the developed model is very good. Therefore, the constitutive
model proposed in this paper enables the prediction of the mechanical properties of
MS rubber under various operating conditions with high accuracy, which will drive
MS rubber’s application in engineering applications, especially in the area of MS
rubber-based anti-vibration devices.
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