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Abstract
A payment is the most fundamental aspect of a trade that involves funds. In
recent years, the development of new payment services has accelerated signif-
icantly as the world has moved further into the digital era. This transition has
led to an increased demand of digital payment solutions that can handle trades
across the world. As trades today can be agreed at any time wherever the payer
and payee are located, the party that mediates payments must at any time to
be available in order to mediate an agreed exchange. This requires the pay-
ment service provider to always have funds available in the required countries
and currencies in order for trades to always be available. This thesis concerns
how a payment service provider can reallocate capital in a cost efficient way
in order for trades to always be available.

Traditionally, the reallocation of capital is done in a rule-based manner,
which discard the cost dimension and thereby only focus on the reallocation
itself. This thesis concerns methods to optimally reallocate capital focusing
on the cost of transferring capital within the network. Where the concerned
methods has the potential of transferring capital in a far more cost efficient
way.

When mathematically formulating the reallocation decisions as an opti-
mization problem, the cost function is formulated as a linear program with
both Boolean and real constraints. This impose non-feasibility of locating the
optimal solution using traditional methods for linear programs, why developed
traditional and more advanced methods were used. The model was evaluated
based on a large number of simulations in comparison with the performance
of a rule-based reallocation system.

The developed model provides a significant cost reduction compared to
the rule-based approach and thereby outperforms the traditional reallocation
system. Future work should focus on expanding the model by broadening
the available transfer options, by increasing the considered uncertainty via a
bayesian treatment and finally by considering all cost aspects of the network.
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Sammanfattning
En betalning är den mest fundamentala aspekten av handel som involverar ka-
pital. De senaste åren har utvecklingen av nya betalmedel ökat drastiskt då
världen fortsatt att utvecklas genom digitaliseringen. Utvecklingen har lett till
en ökad efterfrågan på digitala betalningslösningar som kan hantera handel
över hela världen. Då handel idag kan ske när som helst oberoende av var be-
talaren och betalningsmottagaren befinner sig, måste systemet som genomför
betalningen alltid vara tillgängligt för att kunna förmedla handel mellan olika
parter. Detta kräver att betalningssystemet alltid måste ha medel tillgängligt
i efterfrågade länder och valutor för att handeln ska kunna genomföras. Den
här uppsatsen fokuserar på hur kapital kostnadseffektivt kan omallokeras i ett
betalsystem för att säkerställa att handel alltid är tillgängligt.

Traditionellt har omallokeringen av kapital gjorts på ett regelbaserat sätt,
vilket inte tagit hänsyn till kostnadsdimensionen och därigenom enbart foku-
serat på själva omallokeringen. Den här uppsatsen använder metoder för att
optimalt omallokera kapital baserat på kostnaderna för omallokeringen. Däri-
genom skapas en möjlighet att flytta kapital på ett avsevärt mer kostnadseffek-
tivt sätt.

När omallokeringsbesluten formuleras matematiskt som ett optimerings-
problem är kostnadsfunktionen formulerad som ett linjärt program med både
Booleska och reella begränsningar av variablerna. Detta gör att traditionella
lösningsmetoder för linjära program inte är användningsbara för att finna den
optimala lösningen, varför vidareutveckling av tradtionella metoder tillsam-
mans med mer avancerade metoder använts. Modellen utvärderades baserat
på ett stort antal simuleringar som jämförde dess prestanda med det regelba-
serade systemet.

Den utvecklade modellen presterar en signfikant kostnadsreduktion i jäm-
förelse med det regelbaserade systemet och överträffar därigenom det traditio-
nellt använda systemet. Framtida arbete bör fokusera på att expandera model-
len genom att utöka de potentiella överföringsmöjligheterna, att ta ökad hän-
syn till osäkerhet genom en bayesiansk hantering, samt slutligen att integrera
samtliga kostnadsaspekter i nätverket.
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Chapter 1

Introduction

E-commerce [1] have been steadily growing for the past 10 years in relation to
the percentage of internet users across all ages in the European Union [2]. As
for the year of 2019, 63% of the internet users in the 28 membership states or-
dered goods or services for private use. E-commerce is exemplified by betting,
financial investments, reservations for accommodation and travel, lotteries, in-
formation services or online auctions. As the demand for e-commerce keeps
growing, technical innovations related to financial services (FinTech) such as
online payments have seen a rapid development in recent years. In fact, the
pace of innovation of the FinTech industry has been exponential over the past
years [3]. This development caught the European Commissions attention, re-
sulting in the adoption of an action plan in 2018 to facilitate a competitive
and innovative European FinTech industry. As for the growth of the FinTech
industry, emerging tools such as machine learning, artificial intelligence and
big data analytics have pushed the sector to develop new services and busi-
nesses. The increasing e-commerce is a clear indication of changing customer
behaviour, to which at a larger extent customers order goods or services from
countries outside of their own. As a result, world-wide cross-border payments
for e-commerce is expected to grow more than 15% for the period of 2018-
2023 [4]. Returning to the EU-zone, 35% of e-commerce sellers were from
cross-border EU states in 2019, increasing from 29% in 2014, and 27% of
sellers were from cross-border non-EU states in 2019, increasing from 17% in
2014 [2]. This is transforming the payment landscape, where instant payments
as an industry grows as a response to the change of customers expectations [5].
Instant payments are settled in seconds or minutes, 365 days a year and provide
customers with new additional services which improves customer experience
significantly. Providing customers on both ends of the transaction network

1



2 CHAPTER 1. INTRODUCTION

instant payments increase the complexity of the network as it requires the net-
work to always have liquidity available at the right location when demanded.
On the other hand, it opens up an opportunity where successful handling of
the network, i.e ensuring the right amount of capital is allocated at the right
place at the right time, can result in high customer service and a competi-
tive advantage compared to traditional settlement time. The essential decision
within a network of accounts is thereby the decision of how capital is allo-
cated across different accounts, across different countries. Obviously, holding
a large amount of liquidity in the system would solve the problem, though it
comes at a high cost.

This thesis focuses on the decision of how to allocate capital in a transac-
tion network to ensure fast and reliable payments. The purpose of this thesis is
to find the most cost-efficient way of reallocating capital across accounts and
time. The following research question is examined:

1. How do one model, in an efficient and dynamic way, a network of ac-
counts continuously receiving and transmitting capital while ensuring
reliable pay-outs?

Previous Work and Literature Background
The modeling and optimization of a network involving capital together with
replenishment abilities can be resembled to several other well researched net-
works, for instance, the optimization of ATM networks. Ekinci, Lu and Du-
man [6] model a turkish network of ATMs that addresses both the forecasting
of cash demand as well as the cash replenishment optimization. This is the
only article found that jointly addresses both of these challenges, while others
address the forecasting aspect and optimization aspect separately. The authors
group ATMs into clusters based on location and optimize the replenishment in
the forecasting procedure. This integrated procedure is found to perform better
on the objective of minimizing the cost of cash replenishment. The potential
customer dissatisfaction of not being able to withdraw cash from the ATM
is also considered, which can be related to this thesis’s complexity regarding
Pay-outs.

Castro [7] applies stochastic programming to the optimization task of find-
ing howmuch cash to be disposed in each ATM in an ATM-network. Stochas-
tic programming models are gathered as a general class of optimization prob-
lems that have stochastic model parameters [7], which can be compared to this
thesis complexity in the form of Pay-ins and Pay-outs. The author use histori-
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cal data of the overall amount of money due to ATM-transactions and analyze
three scenarios, two short-term periods of a few days and one mid-term period
of one week. Optimal solutions for these periods are provided by the stochastic
modelling approach. As the author does not attempt to solve the reallocation
within the ATM-network, its applicability to this thesis is lower compared to
Ekinci, Lu and Dumans approach. Though, its stochastic approach of solving
the optimization problem clearly maps well to the Transfer networks stochas-
ticity.

Problem Setting
This project is carried out at Trustly Group AB, a Swedish FinTech com-
pany founded in 2008 providing payment solutions to e-commerce merchants.
Trustly holds and maintains a vast amount of corporate bank accounts to en-
sure fast and reliable Pay-ins and Pay-outs across a global transaction network.
The network of accounts gains its accumulated balance from Pay-ins from a
large number of end user transactions from different banks and accounts across
the world. To ensure fast and reliable Pay-outs, Trustly needs to ensure that a
sufficient balance is maintained at a bank account in order to efficiently serve
the receiving account. To do this, funds continuously need to be moved within
the system in a cost and cash efficient manner. Hence, the decision of how cap-
ital is allocated across the network is fundamental for serving fast and reliable
payments.

Thesis Outline
The outline of the thesis is as follows: Chapter 2 concerns the theoretical back-
ground of Payment Services with a detailed outlay of the specific network
this thesis addresses accompanied by the delimitation’s. Chapter 3 covers the
mathematical background of the related optimization theory, Bayesian infer-
ence and the general mathematical network notation. Chapter 4 provides a
detailed presentation of the data used in this thesis, an initial exploration and
related necessary simplifications. In Chapter 5, the mathematical formulation
of the Transfer networks optimization problem is provided, accompanied by
the algorithms used to solve the problem. Further, the results and discussion
are then covered in Chapter 6. Finally, Chapter 7 presents the thesis’s conclu-
sions and future research.



Chapter 2

Payment Services

A Payment service is any type of service that allows a customer to pay for
goods or services. Historically, physical payments such as cash and checks
have dominated the payment service industry, and still do in large parts of
the world [4]. However, as the internet evolved in the late 20th century, elec-
tronic payments such as Debit and Credit cards gained interest among cus-
tomers. Furthermore, as the mobile phone was invented and technical inno-
vations kept changing society, the development of mobile payments began its
evolution, starting with SMS payments [8]. As the digital evolution rapidly
evolved and the smartphone entered the mobile phones market, customer’s
demand for electronic payments grew. Today, as the FinTech industry rapidly
grows, the number of payment services are more than ever before [3]. One way
of classifying todays payment services is in the following way: Cash, Cheque,
Debit Card, Credit Card, E-Money and Electronic Fund Transfer (EFT). Card
payments and EFTs are services used for E-Commerce purposes, where this
thesis focuses on ETFs. EFT is an electronic transaction that transfers capi-
tal from one bank account to another. The transfer itself does not necessarily
need to transfer the payment from the customers’ bank account to the receivers’
bank account. As long as the customer transfers the payment into a Transfer
network and the seller receives a payment from the Transfer network, the pay-
ment is seen as valid out of a trade perspective.

2.1 Transfer Network
A Transfer network is a network of bank accounts that receives, transfers and
sends payments. The in- and out-going payments to the network are called
Pay-ins and Pay-outs and the transfers within the network are called Internal

4
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transfers. The network of accounts gains its accumulated balance from pay-
ins from end-user transactions from different banks and accounts across the
world. As transferring capital within the network may take time and gener-
ate costs, managing and deciding how capital is allocated across the network
is essential in order to ensure fast and reliable Pay-outs. This means that a
sufficient balance needs to be maintained on a bank account. As Pay-ins and
Pay-outs can affect different accounts at different time, capital continuously
needs movement within the network by Internal transfers in order to ensure
that a sufficient balance is held. Managing the Internal transfers in a cost and
cash efficient manner, taking into consideration the time constraint of Internal
transfers, can thereby both improve the quality of the network, i.e the speed
and reliability of Pay-outs, and decrease the cost of it.

2.2 Network Management
As previously mentioned, one way of ensuring reliable Pay-outs is to hold a
large amount of liquidity in the network. Although it is theoretically possible,
in reality, it would lead to a high cost as the capital could generate greater
benefit elsewhere in a company. This is why managing the network is crucial
for its quality and cost seen from a transfer-flow perspective.

Managing and replenishing a network of places holding capital to ensure
reliable withdrawals in a cost and cash efficient manner is not a new challenge.
For instance, managing networks of Automated Teller Machines (ATM) in
order to forecast and ensure cash availability has previously attracted interest
[6, 7, 9, 10, 11, 12]. An ATM is an electronic machine that provides basic
banking functions, such as cash withdrawals [13]. Optimizing a network of
ATMs while ensuring reliable withdrawals from bank accounts has several
similarities with the above described allocation within the Transfer Network.
For instance, both networks has time constraints regarding the allocation of
capital, both networks has optimization capabilities and both networks has
continuous Pay-outs/withdrawals that increase the complexity of the allocation
decision.

2.3 Network Costs
Holding and transferring capital within the network of accounts creates costs.
There exists different types of costs with varying dependencies between banks.
For instance, making an internal transfer from an account in bank A to an
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account in bank B may generates a cost that depends on both the size and the
speed of the transfer, while carrying out the reversed transfer from B to A
only generate a cost depending on the speed of the transfer. As the network
this thesis accounts for have bank accounts all over the world, a natural type
of cost to consider would be currency exchange costs. However, due to the
limitation of time, currency exchange costs will be discarded. The following
three categories of costs appear in the transfer network:

• Liquidity costs,

• Operational costs,

• Transfer costs.

The first category, Liquidity costs, can be divided into two subgroups: Account
specific interest costs andCost of Capital. The first subgroup, Account specific
interest costs, is generated as capital is allocated on an account. It varies for
different bank accounts though is known and specified for all accounts. The
Account specific interest cost is determined bymultiplying the capital allocated
on an account with a known percentage in the end of the day divided by the
number of days per year. The second subgroup, Cost of Capital, addresses the
cost of the entire capital allocated in the network. It is independent of where
capital is allocated, but rather depends on the total amount of capital allocated
in the entire network. In this way, the Cost of Capital concerns the cost of
financing the networks’ capital which is done by taking on debt or issuing
bonds. Both of these include an interest cost as the capital is lent from external
institutions and investors, generating a liquidity cost. The Cost of Capital will
be treated as a known percentage of the entire capital in the system as further
analysis of it is outside the scope of this thesis.

The second category, Operational costs, is defined as a fixed cost per trans-
action. This category of cost is thereby an overhead cost, meaning that a trans-
fer needs to be approved by a person and made by a transfer system which
thereby generates a cost.

The final category, Transfer costs, is themost complex and dominating one,
excludingCost of Capital as it is essential for the network to exist. It is complex
as it holds several dimensions of costs and it is dominating since continuous
reallocation of capital is needed in order to ensure the network’s reliability.
Transfer costs can be divided into two subcategories: Volume related costs
and Settlement related costs. The Volume related costs refers to costs that
depend on the volume of the transferred capital. It does not always depend no
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the volume, as some banks do not charge extra depending on the volume of the
transfer. Although if it exists, it is calculated as a known percentage times the
volume of the transfer. If it does not exist, the Volume related cost of a transfer
is instead a fixed cost per transaction. The Settlement related costs refers to
costs that depend on the speed and time constraint of the transfer. For instance,
a bank may provide different types of transfer services at varying costs. An
International Express transfer from bank account A, that settles instantly on
bank account B, may cost more than a ’non’-express transfer that settles two
days later. Settlement time is central for this subcategory, and stand for the
time it takes from an initialized transfer of volume X is deducted from bank
account A till the volume has settled on bank account B, i.e its available on
account B. The settlement time itself generates a cost, as capital in transfer
between accounts is not available for use in the Transfer Network and thereby
decrease the available liquidity.

2.4 Network Delimitations
As the Transfer network this thesis addresses holds bank accounts all across the
world, its widely complex as costs, regulations and available transfer time dif-
fer for different regions. Varying bank regulations that affect the network will
not be extensively described as it is outside the scope of this thesis. Instead,
the network is treated as a product that has adapted its account creation due to
regulatory restrictions or customer service reasons. As costs were described
in the previous section, this section puts emphasis on transfer availability. The
latter is an important factor that affects the network as it set time-restrictions
for Internal transfers, meaning that it is only possible to transfer capital be-
tween banks during specified hours. Internal transfers are also time-restricted
as banks are closed during weekends and transfers between banks cannot set-
tle, i.e. it is possible to initialize a transfer from a bank account though the
transfer cannot settle on the receiving bank account. These restrictions lead to
increased forecasting complexity as well as increased management complex-
ity as the management need to account for the unavailability of Internal trans-
fers at certain times. Taking future net flows for accounts into consideration
is thereby important why there is an opportunity to optimize the reallocation
while accounting for future flow uncertainty. Due to the limit of time of this
thesis, the availability hours of transfers are not considered when modelling
the Transfer network.
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2.5 Cash Allocation
As previously accounted for, in order to provide a reliable network with suffi-
cient balance it is fundamental how the internal capital is allocated across the
network. If the allocation is poor and Pay-outs are not reliable, i.e the account
lack sufficient balance, the network does not provide the seller its promised
service, which results in costly penalties. Hence, by optimizing the realloca-
tion decision while accounting for future uncertainty can lower its cost while
upholding its reliability.

The novelty of the study concerns how to optimally allocate capital in a
Transfer network continuously receiving and transmitting Pay-ins and Pay-
outs. This optimization problem is approached in a statistical manner and
solving it constitutes the core of the thesis.



Chapter 3

Mathematical Background

This chapter describes the mathematical background in relation to the Trans-
fer network. The chapter starts with a section on constrained optimization that
elaborate on convex and non-convex optimization, the linear, integer, mixed-
integer and mixed-integer linear programming subcategories, relaxation of an
optimization problem, duality and the Big M method. Algorithms for solv-
ing the different types of optimization problems are presented in the following
chapter. The second section in this chapter addresses probability theory and
especially Bayesian inference, together with the subfield Bayesian Decision
Theory. Finally, the last section presents the Transfer network’s Graph nota-
tion.

3.1 Constrained Optimization
Within the field of mathematical optimization, problems are generally stated
in a maximization or minimization setting. The central figure of the field is the
objective function f(x), which is either maximized or minimized for the vari-
ables x = [x1, x2, ..., xn]T . The objective function can also be referred to as
the loss function or the cost function. From here on and throughout the thesis,
the focus and used nomenclature will be minimization of the cost function.

In parallel with the cost function of a constrained optimization problem,
constraints relating to f(x) are of some form. These constraints can be for-
mulated in different ways depending on the formulation of the problem, where
some types are equality constraints, inequality constraints and integer con-
straints.

Equality constraints are formulated in order to restrict the optimal solution
based on equality. For example, restricting the variable x3 to only take the

9
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value 1, i.e. x3 = 1, or restricting the sum of the variables x1 and x2 to 0,
i.e. x1 + x2 = 0. Inequality constraints applies the same logic, although
with the modification that instead of equality, inequality is used, i.e x3 ≤ 1

or x1 + x2 ≥ 0. The final type, integer constraints, affects the cost function
differently, where the usage of an integer constraint restricts one or several
variables to only take integers, i.e x4 ∈ Z or some subset of integers.

The mathematical minimization formulation of an optimization problem
with three constraints can then be expressed in the following way:

minimize
x

f(x)

subject to x1 + x2 = 0

x3 = 1

x4 ∈ Z.

The optimal solution to a constrained optimization problem constitute the
set of feasible solutions. Note that, so far, the cost functions appearance has
not been specified. It can, depending on the problem, take many forms. For
example, it can be on the linear form f(x) = cTx for some known vector c,
or on the quadratic form f(x) = 1

2
xTQx + cTx for some known real sym-

metric matrixQ and vector c. From here on, the focus will be on optimization
problems on linear form.

3.1.1 Convex and Non-Convex Optimization
One can divide the field of optimization into two main subfields, convex and
non-convex optimization. Where a convex optimization problem possess a
convex cost function, if the objective is minimization, and a convex feasible
set. An example of a convex optimization problem is Linear programming,
where the cost function and all its constraints are linear functions.

A non-convex optimization problem is simply the opposite, i.e the cost
function and its feasible set are non-convex. This subfield imposes far greater
challenges in finding one or several optimal solutions. This is because of the
non-convexity and the implications of mathematically deriving a proof of op-
timality, which is impossible to construct. Algorithms that lead to an optimal
solution in the convex case can, in the non-convex case, get stuck at local min-
imums and thereby not provide an optimal solution. Instead, algorithms and
reformulations that provide ’good enough’ solutions are used which, in the real
world, are ’good enough’. An example of a non-convex optimization problem
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is Integer programming, where all the variables are restricted to only integer
values, i.e x ∈ Z.

3.1.2 Linear Programming
A linear programming problem (LP) is a convex optimization problem in
which the cost function and all its constraints are linear functions. This makes
LP problems easier to solve than non-linear ones, why this problem type has
experienced extensive attention resulting in efficient algorithms providing op-
timal solutions.

A LP problem is in its standard form formulated in the following way:

minimize cTx

subject to Ax ≥ b

x ≥ 0

where cT is an n-dimensional row vector, A is an m × n matrix and b is
anm-dimensional column vector. The c,A and b are all real fixed constants,
while x is an n-dimensional column vector of the real variables to optimized.

A generally good trait of an LP problem is that one can always determine if
there exist a globally optimal solution, if it does not exist any feasible solutions
or if the cost function is unbounded. This is not always the case for other
problem types, why an LP formulation of a problem, if possible, is preferred
compared to other formulations. Note that an LP formulation in standard form
can be reduced to its canonical form by the introduction of slack and surplus
variables. This results in reducing the inequality constraint Ax ≥ b to an
equality constraint Ax = b.

The most prominent algorithm applied to LP problems is the Simplex al-
gorithm, developed by George B. Dantzig around year 1947.

3.1.3 Integer Linear Programming
An Integer Linear programming problem (ILP) is similar to the LP problem,
in which the cost function and its constraints are linear. Although is different
as ILP problem adds a constraint on all of the variables that restrict them to be
integers. The general formulation of an ILP problem is:
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minimize cTx

subject to Ax ≥ b

x ≥ 0

x ∈ Z

with the same logic for c,A and b as in the LP problem. The variables x
will here on be referred to as the decision variables, in which the optimization
is done over the feasible decisions.

As ILP problems introduce the integer constraint on the decision variables,
the solution space of an ILP problem is no longer convex. This makes an ILP
problem non-convex, resulting in difficulties of finding an optimal solution.
Furthermore, ILP problems are a type of decision problems which are referred
to as NP-complete, meaning that the problem cannot be solved in polynomial
time in any known way. This is used as a reference for a problem to be solved
in realistic time. Instead, NP-complete problems are solved approximately by
transforming the NP-complete problem into a solvable problem.

A special case of ILP is the 0-1 ILP, where, the decision variables are
restricted to be binary. This is an important subcategory of the ILP problem,
as it transforms decision variables into yes/no capabilities. In particular, it
opens the opportunity of modelling the Transfer network’s transfer decisions
as yes/no decisions. Although, as it is NP-complete, its solution is intractable.
Furthermore, the 0-1 ILP problem is one of Karp’s 21 NP-complete problems,
which is a set of computationally NP-complete intractable problems.

3.1.4 Mixed Integer Linear Programming
A Mixed Integer Linear Programming problem (MILP) is, in its essence, the
same as an ILP. However with the difference that only some, and not all, of
the variables are restricted to be integers. This means that the non-convexity
issues also applies to a MILP problem. The general formulation of a MILP is
almost identical to the ILP:

minimize cTx

subject to Ax ≥ b

x ≥ 0

x1, x2 ∈ Z
x3, x4, ..., xn ∈ R
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where the difference is the two final constraints as previously explained.
Similarly as for the ILP, the binary 0-1 MILP problem is an important subcat-
egory that inherent similar solution issues as the 0-1 ILP.

Relating the binary MILP optimization formulation to the Transfer net-
work, it is possible to visualize the connection as some integer constrained
variables are used as yes/no decision variables, while some decision variables
are used as transaction volume variables.

As MILP problems are difficult to solve due to the non-convexity, different
techniques of getting around the difficulty have evolved. The most classical
one is the Branch-and-Bound algorithm which, today, exists in various ver-
sions. What connects the versions together is that they use the same starting
approach, that is finding the optimal solution to the LP relaxation of the MILP
problem.

3.1.5 Relaxation of a Mixed Integer Linear Program
The relaxation of an optimization problem is an approximation of the initial
problem in order to create a path of finding an optimal solution. This is done
by simplifying the initially stated problem by not considering some parts of it,
such as integer constraints.

As for the relaxation of a MILP using the Branch-and-bound algorithm,
the initially relaxed formulation of the MILP is done by not considering the
integer constraints and solving it as if it was stated as a LP problem. The re-
laxed solution will, most likely, provide non-integer decision variables which,
according to the initially stated MILP, would not be considered as a feasible
solution. Although, the essence of relaxing an optimization problem is not to
provide a non-feasible solution, but to, in the case of the Branch-and-Bound
algorithm, provide a starting point for the algorithm in its approach of finding
a feasible solution.

3.1.6 Duality
The general formulations of the LP, ILP and MILP problems are also referred
to as the primal problems. In relation to the primal problem, there exist a
problem which is referred to as the dual problem. This is based on the duality
principle, stating that:

An optimization problem may be viewed from either the primal or the dual
problem.
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The dual’s optimal solution provides a lower bound to the primal minimization
problem’s solution. It is important to note, that the optimal decision variables
provided by the dual and the primal problems are not constrained to be equal,
where the difference is called the duality gap. A concrete example of the LP
primal and dual problem is presented below, where the left part is the primal
problem and the right is the dual problem.

Primal Dual
minimize cTx maximize bTy

subject to Ax ≥ b subject to ATy ≤ c

x ≥ 0 y ≥ 0

The dual is created by multiplyingAx ≥ b by the multipliers yT ≥ 0, giving
yTAx ≥ yTb. If yTA ≥ cT , then yTb forms a lower bound for the cost
function cTx. The primal and dual problems are jointly referred to as the
primal-dual pair.

3.1.7 Big-M Method
The Big-M method can be used in two different ways in optimization theory,
where the first usage is in the cost function of a linear optimization problem as
a large penalizing constant, namedM. The second usage, which is relevant for
this thesis and for which this section addresses, is in the constraints. Where
the Big-M constant is used to ensure a binary decision relation between a bi-
nary decision variable and a non binary decision variable. As an example, a
constraint involving the Big-M constant can be used to ensure that a non binary
decision variable, for example the transfer volume, is less than the correspond-
ing binary decision variable times M , i.e a transfer between two accounts is
possible if the transfer volume is less than the condition. Below, this relation
is formalized mathematically.

x1 ≤Mz1

The interpretation of the constraint is, if the transfer amount is x1 and the
corresponding binary decision variable related to the specific transfer path is
z1, then

x1 ≤

{
0 if z1 = 0

M if z1 = 1.
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If the decision variable is further restricted to be non-negative, i.e that the
transfer volume can only be sent in one direction, then the interpretation is:{

x1 = 0 if z1 = 0

x1 ≤M if z1 = 1.

Using the Big-M method in the constraints of an optimization problem in-
cludes the decision of assigning how big the constantM should be. In general,
this is addressed by stating that the constant needs to be big enough. This is a
quite ambiguous statement, since it creates the question:

What is a ’big enough’M constant?

A general answer to this is that a big enough assignment of M depends on
the problem. The constant is required to be at least bigger than the biggest
possibly acceptable real decision variable in the optimization problem. As an
example, if the transfer capacity of a transfer path is 1 000 000, then the related
big-M constant need to at least be bigger than the specified capacity.

As the Big-M constant in the constraint has the big enough complexity, it
also exhibit a to big issue which needs to be addressed. This is the case as
computers has a fixed capacity on its precision when running mathematical
calculations. Thereby, the assigned value ofM simultaneously has to address
both of these issues in order for the optimization to give stable and reliable
optimal solutions.

3.2 Bayesian Inference
In the field of probability theory, there exists two philosophically different ap-
proaches to the concept of probability; namely theFrequentist and theBayesian
approach. In the Frequentist point of view, probability refers to limiting rel-
ative frequencies where probabilities are seen as objective descriptions of the
real world. This property of objectivity renders in a view of parameters as
fixed, unknown constants where statements about true parameters are natural
and useful. For example, an interval estimation such as constructing a 95%
confidence interval of a parameter is a Frequentist way of expressing that at
least 95% of the frequency of the outcomes of the parameter will be within
this interval. Other commonly used techniques for Frequentists are point esti-
mation, hypothesis testing and parametric tests [14].
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However, as computational and algorithmic tools such as computers have
undergone a rapid development in recent years, theBayesian approach to prob-
ability theory have become more commonly adopted, especially in the data
mining and machine learning community [14] [15]. In the Bayesian point of
view, probability express the degree of belief of an event occurring. Probabil-
ities are thereby used to express uncertainty which leads to a different use of
probability theory. Unknown quantities are thereby in the Bayesian paradigm
treated as random variables, why Bayesians construct a probability distribu-
tion for parameters to express their prior belief about the parameter before see-
ing any data. This probability distribution is called the prior distribution and
is denoted p(θ). After the prior distribution is formulated, a statistical model
expressing the belief of the data given the parameter is formulated, which is
called the likelihood and is denoted p(x|θ). In this way of modelling with
the prior and the likelihood, Bayesians are able to incorporate additional in-
formation which would not have been incorporated by only using the data.
The Bayesian paradigm rests on the so-called posterior distribution, which is
the updated belief of the parameter after observing data X1, ..., Xn. By using
Bayes Theorem, the posterior distribution is expressed as

p(θ|x) =
p(x|θ)p(θ)∫
p(x|θ)p(θ)dθ

where the denominator is referred to as the probability of the data, or the evi-
dence: p(x) =

∫
p(x|θ)p(θ)dθ. As can be seen from the integral expression,

the evidence is the marginalisation of the likelihood over the parameter space,
why it can be called the marginal distribution of the data. This distribution is
commonly referred to as the normalizing constant c since it ensures that the
posterior distributions area integrates to one. Inferences are therefore based
on the posterior according to the following proportionality:

p(θ|x) ∝ p(x|θ)p(θ).

If the model is built and inferences are computed via the Bayesian framework,
it is essential to use this information in decision making [15]. However, since
the Bayesian framework treat probabilities as uncertainties, the decision mak-
ing is made under uncertainty. This area of decision making under uncertainty
is called Bayesian Decision Theory and is described in detail in the following
section.
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3.2.1 Bayesian Decision Theory
Within the field of Bayesian inference, there exists a framework namedBayesian
decision theory, which is described in detail by Berger: Statistical decision
theory and Bayesian analysis, Robert: the Bayesian choice, Schervish: Theory
of statistics[16, 17, 18]. In a general setting, decision theory can be described
as an approach of evaluating actions in an environment involving uncertain-
ties. Formalizing this in mathematical terms, imagine you are provided with
data X . X has a distribution that depends on a parameter Θ and you want
to, based on observing X = x, take some action α which belongs to a set
of possible actions ℵ. Apart from the action, an unobserved quantity Y , be-
longing to a set Y , affects the result of your action. You want to somehow
quantify how good/bad the action α is. The incurred loss in relation to action
α and the future outcome Y = y can be formulated as a loss function L(y, α),
L : Y ×ℵ → R. One would like to find some sort of rule for deciding actions
that minimize the loss. Such a rule for deciding actions is called a decision
rule and a deterministic decision rule is a function δ(x), δ : X → ℵ. We can
thereby state the loss function as L(y, δ(x)).

In the Bayesian case, the parameter Θ is treated as belonging to a space Ω.
One introduces the so-called posterior risk function r(δ|x) which is the inte-
gral over the parameter space of the loss function times the probability of the
outcome given the observed data:

r(δ|x) =

∫
Ω

L(y, δ(x))pY |X(y|x)dy.

r(δ|x) is thus the average loss for a decision rule δ given X = x. In order to
minimize the loss, one minimize the posterior risk simultaneously ∀x ∈ X .
Furthermore, the posterior risk function can be expressed as

r(δ|x) =

∫
Ω

L(y, δ(x))pY |X(y|x)dy = E [L(y, δ(x))|X = x]

which provide the interpretation that you want to minimize the expected loss
of a decision function δ given the observed data.

3.3 Graph Notation
Network theory is a part of graph theory, in which the graphs connectivity is
described by its vertices and edges. The graph is described in the following
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compact notation:
G = (V,E)

where G stands for the complete graph, V is the set of vertices and E is the
set of edges. The set of edges corresponds to the connections between the
different vertices in the graph. If a graph has numerical values, it is instead
referred to as a network, which from here on this section cover.

The interpretations and applications of networks are numerous, where some
classical network problems are the shortest path problem, the network flow
problem and the transportation problem. A common divisor between these
problems is that the network is used as a schematic representation of the prob-
lem, see Figure 3.1 for an example.

Figure 3.1: An example of a visual representation of a network with vertices
v and edges e, collected from [19].

Relating the mathematical notations of networks to this thesis problem, the
vertices could be interpreted as the Transfer network’s bank accounts and the
edges as the available transfer path. Following this logic, the network’s set of
vertices would constitute the Transfer network’s set of bank accounts and the
network’s set of edges would constitute its set of transfer paths.
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Data

4.1 Available Data
Three anonymized data-files containing real world data of the Transfer Net-
work is used in order to model the network. The first data file, from here on
referred to as the bank account file, contains the network’s 508 bank accounts
with its associated bank, country, Account ID, currency and other metadata.
The second data file, from here on referred to as the cost file, contains transfer
costs for different types of transfers for 47 banks including associated meta-
data. The third and final data file, from here on referred to as the transaction
file, contains three months of Pay-ins and Pay-outs, approximately 25 million
transactions. Note that there can exist several bank accounts within the same
bank, the same bank can operate in multiple countries, several currencies can
appear in the same bank in the same country and several banks can operate in
the same country. Furthermore, each bank account is restricted to only have
a single currency. A sample of the data provided in the bank account file is
presented in Figure 4.1.

Figure 4.1: Sample from the data file containing the bank accounts.

As previously mentioned, each bank account can transfer capital at differ-
ent costs, but also at different speed, where the transfer time is named Settle-
ment time. There exists five different types of transfers between the bank ac-
counts in the cost file, namely: Domestic, International, International Express,

19



20 CHAPTER 4. DATA

SEPA and SEPA Urgent. Domestic transfers are transactions within the same
country, International and International Express are transactions between dif-
ferent countries with the difference that Express settles faster (the same day,
international non-express the next or second next day). SEPA and SEPA Ur-
gent are unique transaction types linked only to the currency Euro, i.e. a SEPA
or SEPA Urgent transfer between two accounts is only available if both bank
accounts have the currency Euro. A sample of the data provided in the cost
file is presented in Figure 4.2.

Figure 4.2: Sample from cost file containing transaction costs.

The transaction file with the 25 million Pay-ins and Pay-outs contains the
data: amount in Euro, bank account ID and Datestamp, see Figure 4.3.

Figure 4.3: A sample from the transaction file containing the Pay-ins and Pay-
outs.

As this thesis will address the Pay-ins and Pay-outs on a daily basis, the
transaction file needs a pre-processing step before the transaction data is usable
as daily net flows per account. The Pay-ins and Pay-outs are thus grouped per
day per account and summed on a daily basis, resulting in the daily net flow per
account. This is a simplification of the real behaviour of the flow of capital per
account in the network, since the pre-processing step results in that the model
will not consider the bank account’s actual available amount in each time step,
but instead on each day. This pre-processing step results in 92 days of net flow
per account in Euro, see Figure 4.4 .
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Figure 4.4: A sample from the pre-processed transaction data.

4.1.1 Initial Exploration
An important first step when working with different data sets is an initial ex-
ploration in order to get some first basic information about the data. As the
three data sets bank account file, cost file and transaction file hold different
types of data, there is quite likely that, on a general basis, there exists dis-
crepancies between the three data files. This is the case for these three data
sets, where there are discrepancies in the number of banks, bank accounts and
countries. These discrepancies are summarized in Table 4.1, where X stands
for information not provided by the data file.

Table 4.1: Summarized data information

Banks Bank accounts Countries Currencies
Bank accounts file 77 508 26 17

Cost file 47 X 18 X
Transaction file X 91 X X

In order to model the Transfer network, further pre-processing is needed.
This pre-processing step includes mapping the number of bank accounts to-
gether between the Bank account file and the Transaction file, mapping the
transfer cost information of the cost file together with the bank accounts, and
finally addressing missing data.
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4.1.2 Missing Data Handling, Simplifications and Fi-
nal Modelling Data

As there are discrepancies between the different data files, missing data has to
be handled in a structured and motivated way. As an example, if the transac-
tion file contains Pay-ins and Pay-outs for a specific Account ID, the bank ac-
count file contains information about the specific bank account but the cost file
does not provide any information regarding transfer costs from the specified
bank, the data is not complete for the bank account. As a result of the apparent
missing data issues, all bank accounts that does not hold complete data, i.e.
all the required data are not available in the three data files, are cleaned before
the modelling is done and thereby not taken into account.

As the vast majority of the transaction costs are fixed, the network will be
modelled only using fixed transfer costs. This simplification is justified by the
complexity of the different volume related costs, as their functions are of either
staircase type or percentage type, with upper and lower bounds. There are 8
banks out of the 47 in the cost file that distinguishes in this manner. These
banks transaction costs are simplified by using the upper bound of the trans-
action cost as the fixed cost.

After pre-processing the data via the mapping, cleaning and simplification
steps, the final data for the modelling consists of the number of banks, bank
accounts, countries and currencies presented in Table 4.2.

Table 4.2: Modelling data

Banks Bank accounts Countries Currencies
40 82 16 11

Another simplification that affects the modelling is the choice of transfer
type when making an internal transfer between two different countries. As
accounted for in section 2.3, Settlement related costs are costs dependent on
the speed and time of the internal transfer, where the settlement time of the
transfer is the key aspect. For simplicity reasons, this aspect of the Transfer
networks costs is neglected, resulting in modelling the network with instant
transfers, i.e. transfers with settlement time= 0.
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Methods

This chapter covers the methods used to mathematically formulate the Trans-
fer networks reallocation problem, the associated algorithms used to find the
optimal reallocation decisions, the method used to fit probability distributions
to net account flows and finally a simulation driven method of calculating the
expected cost.

5.1 Mathematical Formulation of the Trans-
fer Networks Optimization Problem

As the objective is to find the optimal reallocation decisions based on the cost
of the rebalancing together with the interest costs, to begin with, the cost func-
tion and the constraints related to each bank account will be expressed.

If the initial balance on bank account i is denoted Bi(t), the net daily ac-
count flow is denoted µi(t), the transfer from bank account i to account j is
denoted αij(t) and the reversed transfer is denoted αji(t), the balance of the
following day, assuming daily discrete time steps, is expressed in the following
way:

Bi(t+ 1) = Bi(t) + µi(t)−
∑
j

αij(t) +
∑
j

αji(t)

µi(t) ∈ R, αij(t), αji(t) ≥ 0.

Expressed in words: next day’s balance is equal to yesterdays balance plus
the net daily account flow minus the internal transfers sent from bank account
i to bank account j plus the internal transfers sent to bank account i from bank

23
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account j. The cost function and its related constraint of bank account Bi is
then

CBi = Bi(t+ 1)cIi

Bi(t+ 1) ≥ s

where cIi is the interest percentage cost of bank account Bi and s is an
arbitrarily specified lowest acceptable balance on bank account i the next day.
For convenience, this is set to s = 20000 Euro.

The cost function and related constraints on an internal transfer from bank
account i to bank account j on the other hand is expressed in the following
way:

CTransfer
ij = xijc

F
ij

xij = I{αij(t)>0} =

{
0 if αij(t) = 0

1 if αij(t) > 0.

αij(t), αji(t) ≥ 0

αij(t) ≤Mijxij

where xij is the binary decision variable, cFij is the fixed transfer cost, I is the
indicator function andMij is the big M constraint introduced in section 3.1.7.

As the above expressed cost functions are related to each vertex vi and edge
eij in the Transfer network, the entire networkG is expressed by the set of bank
accounts V = {v1, ..., v82} together with the set of available internal transfer
paths E = {e1,2, ...e82,81}.

With this notation, the overall objective of the network optimization is to
find the set of optimal rebalancing decisions A ∈ ℵ.

5.1.1 Reduced Optimization Formulation
As the Account specific interest costs were not provided in neither of the three
data files, this aspect of the Transfer network is neglected, resulting in a re-
duced optimization formulation. Although, the corresponding constraints are
still applicable in the reduced formulation as they restrain bank accounts from
negative balances.

Thereby, if one recall the general formulation of aMILP optimization prob-
lem from section 3.1.4, the Transfer network G’s optimization problem can
now be expressed in a similar way as a binary 0-1 MILP problem:
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minimize CTransfer = cF
T

x

subject to Mxij ≥ αij, ∀ ij

Bi(t) + µi(t)−
∑
j

αij(t) +
∑
j

αji(t) ≥ 20000, ∀ i, j

x1, x2, ..., xn ∈ {0, 1}
αij(t), αji(t) ≥ 0

µi(t) ∈ R.

(5.1)

5.2 Algorithms
The following algorithms will be used for solving the optimization problem
formulated in equation 5.1: the Simplex method, the Dual Simplex algorithm,
theCutting Planes algorithm, theBranch-and-Bound algorithm and finally the
Branch-and-Cut algorithm.

5.2.1 The Simplex Method
The Simplexmethod is an algorithm specialized in solving LP problemswhich,
in fact, can be shown to have the capability to solve any LP problem. When
solving an LP problem with the Simplex method, the algorithm requires the
problem to be stated in its canonical formwhich, from here on, the LP problem
is assumed to be in. Overall, the methods objective is to solve the m linear
equations ofAx = b.

Initially, a basic feasible solution to the LP problem is found, which is
given by setting the last isolated decision variable equal to its constraint, re-
ferred to as the basic variable, and the rest of the decision variables equal to
zero, referred to as the non-basic variables. The basic variables are jointly
referred to as the basis.

If the basic feasible solution is the optimal solution to the LP problem,
the algorithm finishes. Although, this is often not the case, why the algorithm
continues its procedure by creating new basic variables. This is done bywhat is
called pivoting, which is the fundamental computational aspect of the Simplex
method. This is done by adjusting the numerical value of a non-basic variable
which would improve the minimization or maximization objective of the cost
function. This adjustment is done by Gauss-Jordan elimination.
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By finding the largest, or smallest (depending on the objective), numerical
value of the non-basic variable and adjusting the remaining decision variables
accordingly while taking problem constraints into consideration, a new up-
dated basis is found and the objective is improved. This is named a new basis
as decision variables that previously were regarded as basic or non-basic vari-
ables now can have new numerical values, resulting in a new set of basic and
non-basic variables.

The pivoting is continued until no further improvement of the cost func-
tion is possible, providing the LP problems optimal solution. The complete
flow-chart of the Simplex method is found in Appendix A. In short, the Sim-
plex algorithm (in maximization form) can be described with the following six
steps:

1. Transform the problem to canonical form and all bi ≥ 0.

2. If cj ≤ 0 ∀ j, the basic feasible solution is the optimal solution, terminate
the algorithm. Otherwise, continue to step three.

3. Choose the pivoting column, i.e. the decision variable to introduce to
the basis. Stop if the problem is unbounded.

4. Choose the pivoting row, i.e. the decision variable to to eliminate from
the basis.

5. Replace the basic variable in the pivoting row and re-establish the prob-
lem in canonical form.

6. Repeat from (2).

5.2.2 The Dual Simplex Algorithm
One of the main impacts of the theory regarding duality is on the computa-
tional aspect of LP problems. Solving the dual problem instead of the primal
can be advantageous in parts of the feasible region, resulting in the same op-
timal solution in less solution time.

To start with, the Simplex method and the Dual Simplex algorithm follow
somewhat the same procedure, though with a slight modification. This differ-
ence between the Simplex method and the Dual Simplex algorithm is found in
the pivoting steps, where the Simplex method move from basic feasible solu-
tions to adjacent basic feasible solutions, increasing the cost function in each
iteration. On the contrary, the Dual Simplex algorithm solves the dual prob-
lem, which maintain dual feasibility and terminate when the primal feasibility
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conditions are met. This means, that the Simplex method instead is applied to
the dual problem. This difference results in a change of the selection of which
decision variable that leave and enter the basis. In short, the Dual Simplex
algorithm can be described with the following six steps:

1. Transform the problem to canonical form and all cj ≤ 0.

2. If bi ≥ 0 ∀m, the basic feasible solution is the optimal solution, termi-
nate the algorithm. Otherwise, continue to step three.

3. Choose the pivoting row, i.e. the decision variable to drop from the
basis. Stop if the dual problem is unbounded.

4. Choose the pivoting column, i.e. the decision variable to to enter the
basis

5. Replace the basic variable in the pivoting row and re-establish the prob-
lem in canonical form.

6. Repeat from (2).

5.2.3 Branch-and-Bound for ILP and MILP
The Branch-and-Bound algorithm is essentially an umbrella term for an al-
gorithm applying the strategy of divide and conquer. This strategy rests on
the idea of partitioning an optimization problem’s feasible region into subdi-
visions, which provides more manageable regions in the search of an optimal
solution to the problem. These subdivisions can be further partitioned into
smaller subdivisions after an initial division, and so on.

As there are numerous ways of deciding how these subdivisions are di-
vided, there exists several versions of the Branch-and-Bound algorithm, where
this thesis follows the partitioning that will be explained in this section. To start
with, the algorithm will be introduced in relation to an ILP together with an
example collected from [20], thereafter, it is extended to cover an MILP prob-
lem. This approach is used to provide the reader an overview of the algorithm
as this thesis’s optimization problem is large in terms of the number of deci-
sion variables.

The Branch-and-Bound algorithm is centered around creating an enumeration
tree for the division of the feasible region. When searching for an optimal so-
lution of an ILP, the algorithm starts by finding the optimal solution to the LP
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relaxation of the ILP. If this solution only contain decision variables which are
integers and all constraints are met, the optimal solution to the LP relaxation
is also the optimal solution to the ILP, why the algorithm is finished providing
the optimal solution z0. Although, most likely, the solution to the LP relax-
ation will in one way or another violate some of the ILP’s constraints. As an
example of a typical violation in the solution of the LP relaxation, the integer
constraints on the decision variables are violated as the LP relaxation assumes
real decision variables. If this is the case, i.e. some of the ILP’s constraints
are violated, the optimal solution to the LP relaxation is placed as the root of
the tree.

The following optimization problemwill be used as an example tomanifest
the algorithmic steps, with its feasible region presented Fig 5.1. The optimal
continuous solution in Figure 5.1 stands for the optimal solution provided by
the LP relaxation, the dots are the integer values of x1 and x2 and the shaded
region is the feasible region for the ILP solution.

maximize z = 5x1 + 82

subject to x1 + x2 ≤ 6

5x1 + 9x2 ≤ 45

x1, x2 ≥ 0

x1, x2 ∈ Z+

Figure 5.1: The feasible region L0 of an example ILP, collected from [20].

The optimal solution to the ILP will be denoted z∗, where the optimal
solution of the LP relaxation provide an upper bound on z∗. For the above
introduced example, the optimal solution to the LP relaxation is determined
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to z0 = 41.25. This gives the following upper bound: z∗ ≤ z0 = 41.25. As
the coefficients of the cost function are integers and the ILP demands decision
variables as integers, the upper bound of z∗ can be reduced to z∗ ≤ 41. The
provided optimal solution z0’s decision variables are x1 = 2.25 and x2 = 3.75,
which means that both of the decision variables violate the integer constraint
in the ILP problem. The feasible region L0 will thereby be divided into sub-
regions, and an enumeration tree is created with z0 as the root. The tree’s first
two branches are denoted asL1 andL2, which stand for the two regions created
by the division of the feasible region. In this example, the integer violation of
x2 is addressed first, see Figure 5.2 and 5.3.

Figure 5.2: The enumeration tree after the first branching, collected from [20].

Figure 5.3: The first subdivision of the feasible region, collected from [20].

In this way, the Branch-and-bound algorithm’s overall strategy of divide
and conquer of the initial optimization problem becomes apparent, as the ini-
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tial problem has been divided into two smaller subproblems which are now,
independently, treated as the initial problem.

If the algorithm continues its overall strategy on the L1 subregion, solves
the LP relaxation, taking into consideration the added constraint of x2 ≥ 4,
and divide L1 into L3 and L4, the tree will have the appearance as presented
in Figure 5.4. Note that, as the LP relaxation of the L1 subregion involves
the added constraint of x2 ≥ 4, the motivation behind the Dual Simplex al-
gorithm comes into play, why the Dual Simplex algorithm is used to solve the
subregions LP relaxation problem.

As the subregion L3 cannot contain any feasible solutions to the ILP, the
algorithm stops its evaluation of that branch, which is indicated by the asterisk
(*), and continues its branching on L4.

Figure 5.4: The enumeration tree after the second branching, collected from
[20].

Applying the same logic to the L4 subregion results in the division of L4

into L5 and L6, which results in the subdivided feasible region in Figure 5.5.
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Figure 5.5: The final subdivision of the feasible region, collected from [20].

Following this logic, continuously taking into considerationmore andmore
integer constraints by branching the tree and solving the LP relaxations via the
Dual Simplex algorithm, results in the optimal solution for the L5 subregion
of z = 37. As the decision variables of the optimal solution of L5 are x1 = 1

and x2 = 4, the optimal solution of the LP relaxation is also a solution to the
ILP. With this result, a lower bound of the optimal ILP solution is created:
37 ≤ z∗ ≤ 41. In this way, the branch and bound algorithm has bounded the
optimal solution of the ILP to be within 10% of the true optimum. Exploring
the L6 region results in a new lower bound: 40 ≤ z∗ ≤ 41 with decision
variables as x1 = 0 and x2 = 5. If one would now terminate the algorithm,
one could conclude that the optimal ILP solution will be within 2.5% of the
true optimal solution. But as the L2 subregion still have not experienced any
evaluation, a better solution could be contained within this region.

Exploring the L2 region results in an optimal solution of z = 39 with
integer decision variables as x1 = 3 and x2 = 3, see Figure 5.6 for the final
enumeration tree and the evaluated subdivisions solutions.
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Figure 5.6: The final enumeration tree, collected from [20].

As no further branching is possible, the branch and bound algorithm has,
through the above presented logic, found the ILP’s optimal decision variables.
Note that, by using the Branch-and-bound’s algorithmic logic, the localization
of only necessary computations in the enumeration tree’s branching process
results in a feasible optimal solution within feasible time, resolving the ILP’s
non-feasibility of finding its optimal solution within feasible time.

The complete flow-chart of the Branch-and-bound algorithm for an ILP
can be found in Appendix B.

Extension of the Branch-and-Bound algorithm to MILP problems
Extending the ILP Branch-and-Bound algorithm to MILP problems comes
with only one slight modification when branching the enumeration tree. As
some of the decision variables of the MILP optimization problem are positive
and real, the branching will only be done on the decision variables with inte-
ger constraints. In every other way, the algorithm behaves identically as in the
ILP formulation.
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5.2.4 Branch-and-Cut
TheBranch-and-Cut algorithm is, in a way, simply an extension of theBranch-
and-Bound algorithm. The Branch-and-Cut algorithm starts in the same way
as the Branch-and-Bound algorithm, i.e. it starts by solving the LP relaxation
to the ILP or MILP using the Dual Simplex algorithm. As an optimal solu-
tion is found and there are non-integer decision variables which have integer
constraints in the ILP or MILP, the Branch-and-cut algorithm utilizes cutting
planes that tighten the LP relaxations bounds. The cutting planes is initialized
to locate linear constraints that satisfy all feasible integer constraints that are
violated by the optimal solution found by the LP relaxation. These constraints
are then added to the LP in order for the algorithm to find a "better solution"
with less integer violations.

After this initial step, the Branch-and-Cut algorithm continues with the
Branch-and-Bound algorithm which was described in the previous section. In
all of the branching steps where the Dual Simplex algorithm again is used,
the Branch-and-Cut algorithm utilizes cutting planes for the same reason as
previously explained.

This is the only algorithmic difference between theBranch-and-Bound and
the Branch-and-Cut algorithm, why repeating the methodology is omitted.
Although, one final interesting aspect that is worth pointing out is that by the
usage of cutting planes to tighten the LP relaxations bounds and then running
theDual Simplex algorithm, the advantage of theDual Simplex algorithm over
the Simplex method is even further increased, thanks to the tightening. This
further motivates the usage of the Dual Simplex algorithm in the Branch-and-
Cut algorithm.

5.3 Probability Distribution Fitting of Avail-
able Data

In order to create a probability distribution for each of the 82 bank accounts in
the modelling data, the provided 92 days of real net account flows were used
as fitting data. To this data, the following 11 continuous distributions were fit
in order to retain a distribution of the data: Beta, Chi, Chi Squared, Exponen-
tial, Gamma, Inverse Gaussian, Laplace, Logistic, Log-Normal, Normal and
Uniform. These distributions were handpicked for simplicity reasons and the
evaluation between distributions were based on the sum of the squared errors
between the data and the fitted distributions.
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These fitted probability distributions will be used as the true underlying
distributions and in this way be used as sampling distributions. In theBayesian
case, when uncertainty of the underlying distribution is taken into consider-
ation, these distributions would constitute the likelihood when forming the
posterior, as the true underlying distribution is assumed to be unknown in the
Bayesian case.

5.4 Simulation Driven Approach of Calculat-
ing the Expected cost

If the fitted probability distributions are used as the true underlying distri-
butions, the calculation of the expected cost of an internal transfer could be
estimated with a simulation driven approach. In this case, a large number N
of daily net flows per account distribution would be sampled from the fitted
distributions. With these N sampled days of net flows, the optimization of
the reallocation decisions would thereby be done by running the optimization
model for each of the individually sampled days and then approximate the ex-
pected cost per day by the mean:

Expected cost per day =
1

N

N∑
n=1

COptimal.

Similarly, the expected cost per transfer could be approximated in the same
way though calculating the mean cost per transfer.

As some of the fitted continuous distributions could generate unrealisti-
cally large Pay-ins or Pay-outs samples, a 90% confidence interval of the sam-
pled days based on the total net in-flow or out-flow of capital to the entire
Transfer network is used. This simplification thereby ensures that the op-
timization of the reallocation decisions is performed on realistic samples of
daily net flows per account.

5.4.1 Considering Uncertainty
As an analytically closed form solution of the expected loss in Bayesian deci-
sion theory can be a challenging task to find, the calculation of the expected
loss could also be approached in a simplified manner. Instead of finding the
closed form solution, the calculation would rely on a simulation driven ap-
proach. This means that the expected loss would be calculated by simulating a
large number of losses and then approximate the expected loss by the mean of
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the simulated losses. The individual losses would be calculated by sampling a
large number of samples from the net account flows posterior distributions and
then calculate the resulting cost provided by theMILP optimization model. In
this way, the expected loss provided in section 3.2.1 would be approximated
in the following way:

E [L(y, δ(x))|X = x] =
1

N

N∑
n=1

L(θn, α)

whereN is the number of samples and θn is one day of sampled net account
flow, i.e. one sampled net account flow per bank account.



Chapter 6

Results and Discussion

Three Transfer Network cases are analyzed , where the first case distinguishes
from the two other cases. The first case, named Network case one - without
internal transfers, is used to illustrate how reliable the network is without in-
ternal transfers depending on the starting balance. The second and third cases
relate to each other as Internal transfers are used, although they differ on the
decision of how Internal transfers are decided. The second case, named Net-
work case two - Rule-Based Transfers, follows a rule-based approach of Inter-
nal transfers which is used as a reference case. The third case, named Network
case three - optimized reallocation is used to illustrate the impact of optimiz-
ing the internal transfers in relation to the rule-based approach. For case two
and three, 1000 sampled days of net daily flows are used which, with a 90%
confidence interval, results in 900 days of modelling data.

6.1 Initial Capital Allocation
In order to be able to model the network, each account needs to have a starting
balance. As the prediction of the optimal starting balance is outside the scope
of this thesis, the following approach is used based on the 92 days of net flow
per account created in the pre-processing step. Each individual account’s start-
ing balance is determined as: if the mean of the 92 days of flows is positive,
then the staring balance is the 90% quantile of the 92 days of net flows times
a specified multiple, if the mean instead is negative, then the absolute value of
the 10% quantile is used. If both of these quantiles are equal to zero, then the
minimum of all 92 daily net flows for the account is used as a positive balance
times the multiple (i.e if the minimum is a negative net flow, then the starting
balance is the absolute value of the negative net flow). As a final modification

36
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of the starting balance, no account starts below 0.4 MEUR times the multiple.
This modification is justified by the low cost of allocating this amount in rela-
tion to other accounts’ starting balance. The multiple is an arbitrarily chosen
integer that affects the total allocation of capital in the network, which is used
as it provides a simple way of increasing or decreasing the total allocation.

6.2 NetworkCaseOne -Without Internal Trans-
fers

In order to provide a better understanding of how reliable the network is with-
out internal transfers, the first network case explores the relation between re-
liability and the starting balance multiple.

Using the starting balance logic described in section 6.1, the network re-
ceives on a daily basis net flows of capital. These daily net flows are for the
first network case uniformly sampled from the 92 days of actual net flows.
This means that each account either receives or transmits capital based on the
sampled flow. The sampling of the daily flows is done several days in a row
in order to provide estimates of how many days the network lasts before some
account has a negative balance, i.e how many days the network lasts until one
or more accounts cannot provide Pay-outs. In order to get reliable estimates
of the behaviour of the network, this procedure is repeated 1000 times and
the median of the 1000 samples is used as an estimate of how many days the
network lasts based on the starting balance multiple. Furthermore, a 90% con-
fidence interval of the estimates is added to provide deeper insight about the
behaviour, see Figure 6.1.
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Figure 6.1: Median with 90% confidence interval of 1000 random samples of
daily flows with replacement for summation of negative balance over the entire
network

By visual interpretation of Figure 6.1, one can verify the basic relation
between the starting balance multiple and how many days the network lasts
until a negative balance appear. Summarized, the network lasts more days
when increasing the multiple, i.e. when increasing the initial total allocation.
Figure 6.2 gives further investigation of this relation.

Figure 6.2: Relation between the Starting Balance multiple and how reliable
the Transfer network is in terms of Pay-outs.

The relation between how long the network lasts and the starting balance
seems somewhat linear from Figure 6.2. The total capital allocation in the
transfer network for the three different medians in Figure 6.1 is presented in
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Table 6.1.

Table 6.1: Total capital allocation

Starting balance multiple Total starting allocation [MEUR]
1 69.88
5 327.67

10 641.97

6.3 Network Case Two - Rule-Based Trans-
fers

The rule-based approach of the reallocation decisions is used as a reference
case as it provides a realistic, simplified way of finding the reallocation deci-
sions. This approach does not take cost into consideration, but simply reallo-
cate capital by finding where there is currently excess capital in the Transfer
network after the daily net flows have adjusted the accounts’ starting balances,
where the Starting Balance multiple is set to 1, assuming a Total starting al-
location of approximately 70 million Euro. The rule-based transfers follows
the following rule:

1. For each currency: cur in the Transfer network

2. Find the bank accounts black capital that has below 20000 cur of capital
allocated

3. For each of these bank accounts, transfer the required capital to each
of the bank accounts in black capital from the bank accounts bexcess capital in
the same currency cur that has the most excess capital in relation to the
20000 limit.

Consider the following example of the rule-based approach: the bank ac-
counts A,B and C all hold capital with the currency Euro, where the current
balances are A = −10000, B = 5000, C = 100000 and D = 90000. Fol-
lowing the rule-based approach, two internal transfers will be done in order
to reallocate capital according to the 20000 limit. These internal transfer are:

1. Transfer 30000 Euro to A from C
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2. Transfer 15000 Euro to B from D

where the updated balances will be: A = 20000, B = 20000, C = 70000

and B = 75000. As previously mentioned, the reallocation decisions do not
take cost into consideration, resulting in the usage of more expensive Internal
transfers.

If the rule-based approach is used on the 900 sampled days, the following
statistics of the simulation is provided, see Table 6.2.

Table 6.2: Case two statistics

Transfers Mean cost per transfer Mean amount per transfer
714 2.33 [EUR] 0.49 [MEUR]

If the results of the simulation instead is evaluated per day, the outcome
can be found in Table 6.3, where the corresponding 95% confidence interval
are presented inside the brackets.

Table 6.3: Case two evaluated per day

Mean cost per day Mean transfer amount per day
1.84 [0, 4.01] [EUR] 0.39 [0, 1.86] [MEUR]

Of the 900 days, 392 days required no Internal transfers, 352 days required
1 Internal transfer, 109 days required 2 Internal transfers, 44 days required 3
Internal transfers and 3 days required 4 internal transfers.

6.4 Network Case Three - Optimized Reallo-
cation

As the rule-based transfer case did not take cost into consideration, the binary
0-1 MILP optimization model formulated in equation 5.1 on the other hand op-
timizes its reallocation decisions exactly with the objective of minimizing the
transfer cost. The optimization is done by applying the Branch-and-cut algo-
rithm presented in section 5.2.4 using the same big-M condition for all transfer
paths, where M was set to M = 108. The M -value was set to M = 108 as
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no account would reach a balance of 108 while precision of the calculations
could still be guaranteed. Thereby,M = 108 was a ’Big enough’ constant.

Constructing the networkG with the associated set of 82 bank accounts V
and their related set of transfer paths E results in an optimization model with
1556 variables, whereof 778 variables are the binary 0-1 decision variables
x related to the 778 available transfer paths. These available transfer paths
are the 778 transfer variables αij presented in section 5.1. Similarly as in the
rule-based case, the Starting Balance multiple was set to 1 resulting in a Total
starting allocation of 70 million Euro.

If the Branch-and-cut algorithm is applied to the above presented network
G for the 900 sampled days, the following statistics of the simulation is pro-
vided, see Table 6.4.

Table 6.4: Case three statistics

Transfers Mean cost per transfer Mean amount per transfer
808 0.096 [EUR] 1.24 [MEUR]

Note that, even though the number of internal transfers and themean amount
per transfer increased when applying the binary 0-1MILP optimization model,
the mean cost per transfer decreased to approximately 4% compared to the
rule-based approach, see Table 6.2 and Table 6.4. In other words, the binary
0-1MILP optimizationmodel utilizes 13%more internal transfers with a 218%
larger amount of transferred capital per transfer at a 96% reduction of the cost.

If the binary 0-1 MILP optimization models performance instead was eval-
uated on a daily basis, with its related 95% confidence interval, the overall
performance of the model still outranks the rule-based approach, see Table
6.3 and Table 6.5.

Table 6.5: Case three evaluated per day

Mean cost per day Mean transfer amount per day
0.086 [0, 0.34] [EUR] 1.12 [0, 4.82] [MEUR]

For the 900 days, 392 days required no Internal transfers, 321 days required
1 Internal transfer, 98 days required 2 Internal transfers, 68 days required 3
Internal transfers, 18 days required 4 internal transfers and 3 days required 5
internal transfers.
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6.5 Discussion
The binary 0-1MILP optimizationmodel outperforms the rule-based approach
in the sense that it decreases the cost of Internal transfer by 96%. Although,
it increase the amount of capital moved within the Transfer network together
with an increased total number of transfers for the simulation period of 900
sampled days.

Considerations of discarded Network complexity
As the results of the binary 0-1 MILP optimization model presents a far less
expensive approach than the rule-based approached, the model has its limita-
tions. To begin with, it does not account for neither Account specific interest
costs nor Cost of Capital. For the first subgroup, the Account specific interest
costs are assumed to be of such small size in relation to the overall realloca-
tion cost that it is reasonable to neglect this complexity. Furthermore, in real-
ity, they only exist in a very few number of bank accounts as negative interest
rates is not a common usage in today’s banking world. The Cost of Capital,
on the other hand, could be a significant factor in relation to the reallocation
costs. In general this is set to a fixed percentage of, in the Transfer networks
case, the total amount of the allocated capital. Although, as this subgroup af-
fects the overall cost of the network and not directly the individual reallocation
decisions as this thesis addresses, the Cost of Capital complexity was set aside
in order to address the actual cost of reallocation.

The Operational costs are handled as they are included in the Volume re-
lated costs, since they are a fixed cost per transaction. Since theVolume related
costs are simplified by handling them as a fixed cost per transaction, this rea-
soning fits the overall modelling procedure of the Transfer costs.

Considerations on the sampling strategy
When creating the account probability distributions which are sampled from,
the distributions are only fitted on 92 days of net account flows. Fitting a
distribution using only 92 data points is not preferable, as more data points
could lead to a different best fitted distribution. However, sampling 1000 days
from the fitted distributions and withdrawing the samples within he 90% con-
fidence interval, provided realistic estimates on both the overall in- or out-flow
of capital to the Transfer network as well as on the account specific level of
net daily flows. The modellings implications for the relation between the rule-
base approach and the binary 0-1 MILP optimization model in relation to the
real Transfer network are thus applicable. Note that, the distributions could
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instead be handled in a Bayesian way as the likelihood distribution while as-
signing prior distributions to the fitted likelihood distributions parameters.

Another consideration in regards to the fitting procedure is that the fitted
distributions were restricted to only fitting the Beta, Chi, Chi Squared, Expo-
nential, Gamma, Inverse Gaussian, Laplace, Logistic, Log-Normal, Normal
and Uniform distributions. These 11 distributions were selected as they pro-
vided a large enough variety of distributions while still being simple enough to
handle. One could argue to further restrict the fitting procedure to even fewer
distributions or, in the opposite, argue to fit other types of distributions. Al-
though, as they overall provided realistic samples of daily net flows, they are
treated as a reasonable simplification of the overall true underlying distribu-
tions.

Considerations on the three network cases
As this thesis does not create a model for predicting the optimal balance of a
bank account, a simplified approach of deciding the starting balance was used
in order to give starting point for the three evaluated cases. Network case one,
where no internal transfers were used, was included to provide actual insight
of the relation between the amount of allocated capital and the Transfer net-
work’s reliability. Here, the initial starting balance is the most important factor
of the network’s reliability. For Network case two and three, where internal
transfers were available through different decision models, the initial starting
balance worked as a basic level for the models to run on.

The binary 0-1 MILP optimization model could be formulated in other
ways than the one provided in equation 5.1. As an example, one could for-
mulate a model that penalizes some behaviour of the reallocation decisions as
they, in the real world, might not be available in the same way as the current
model assumes.

Furthermore, theMILP model does not assume any restrictions in regards
to when transfers can be made. For the real Transfer network, different bank
regulatory aspects affect the network, but also technical restrictions might af-
fect the networks availability for internal transfers.

Considerations on the applied methods
The Branch-and-cut algorithm is a combination of the Branch-and-Bound al-
gorithm and cutting planes which provides a guarantee of optimality. The
Branch-and-Bound algorithm itself is slow in comparison to Branch-and-cut,
while only using cutting planes would not provide reliable solutions. As the
Branch-and-cut algorithm utilizes the combination of the two separate ap-
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proaches, their separate defects are trimmed by the combination of the other
algorithm, resulting in the guarantee of optimality for the Branch-and-cut al-
gorithm.



Chapter 7

Conclusions and Future Work

As presented in the previous chapter, modelling the Transfer network as a bi-
nary 0-1 Mixed Integer Linear Programming optimization problem provides
superior cost reductions of Internal transfers compared to a rule-basedmethod.
This modelling procedure provides a cost efficient and dynamic way of mod-
elling a network of accounts receiving and transmitting funds. Thereby, the
thesis provides an answer to the research question presented in Chapter 1. By
formulating the Transfer network as a MILP optimization problem and ap-
plying the Branch-and-cut algorithm, optimal reallocation decisions can be
found, hence it can be concluded that the formulated optimization model is
the preferred choice when reallocating capital within the Transfer network.

Three major areas of improvements are available for future work. The
modelling procedure could increase its capability by broadening the consid-
ered transfer options to cover delayed Internal transfers, i.e. considering trans-
fer options with settlement time larger than zero. A possible way of consider-
ing this increased complexity could be to create duplicates of the network with
daily discrete time steps, thereby enabling the availability of delayed transfer
options and applying the optimization model over subsequent days. On the
contrary, this would decrease the speed of finding the optimal reallocation
decisions while the increased cost reductions of this approach might not be
considered as significant compared to the current formulation.

The second major possible improvement could be to approach probabil-
ity distributions in a Bayesian setting, enabling the model to take uncertainty
of the true underlying distributions into consideration. This would result in a
more probabilistic approach using Bayesian decision theory to find the opti-
mal reallocation decisions. Hence, a more general strategy of the reallocation
decisions could be provided which might result in a more reliable Transfer
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network. On the contrary, the decision of what distributions used in the fitting
procedure could still provide a bias in relation to the true underlying distribu-
tion.

The final major improvement could be to take all costs related to the entire
Transfer network into account. This would give a more holistic perspective of
the Transfer networks cost which could provide different types of optimization
capabilities. As an example, this could result in decreasing the total amount
of capital allocated in the entire network providing far greater cost reductions
than individual reallocation decisions. Although, this would require a different
optimization setup with, for example, several cost functions to optimize over.

In conclusion, the methods used to formulate and optimize the Transfer
network’s reallocation decisions show promising results as the overall and in-
dividual cost of reallocating capital are significantly decreased. More work is
required before applying the model in a real world setting such as in the Trans-
fer network of Trustly Group AB, although as this thesis provides a general
framework of finding optimal reallocation decisions, this should be attainable
accompanied with the suggested improvements.
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Appendix A

Flow chart of the Simplexmethod

The flow chart of the Simplex method is presented in Figure A.1.
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Figure A.1: The Simplex method, collected from [21]



Appendix B

Flow chart of the Branch-and-
Bound algorithm

The flow chart of the Branch-and-Bound algorithm is presented in Figure B.1.
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Figure B.1: The Branch-and-Bound algorithm for a maximization ILP prob-
lem, collected from [20].
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