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Abstract
Disturbances introduced in wall-bounded flows can grow and lead to transition
from laminar to turbulent flow. In order to reduce losses or enhance mixing
in energy systems, a fundamental understanding of the flow stability and transition mechanism is important. In the present thesis, the stability, transition
mechanism and early turbulent evolution of wall-bounded flows are studied.
The stability is investigated by means of linear stability equations and the
transition mechanism and turbulence are studied using direct numerical simulations. Three base flows are considered, the Falkner–Skan boundary layer,
boundary layers subjected to wall suction and the Blasius wall jet. The stability with respect to the exponential growth of waves and the algebraic growth
of optimal streaks is studied for the Falkner–Skan boundary layer. For the
algebraic growth, the optimal initial location, where the optimal disturbance is
introduced in the boundary layer, is found to move downstream with decreased
pressure gradient. A unified transition prediction method incorporating the influences of pressure gradient and free-stream turbulence is suggested. The
algebraic growth of streaks in boundary layers subjected to wall suction is calculated. It is found that the spatial analysis gives larger optimal growth than
temporal theory. Furthermore, it is found that the optimal growth is larger
if the suction begins a distance downstream of the leading edge. Thresholds
for transition of periodic and localized disturbances as well as the spreading of
turbulent spots in the asymptotic suction boundary layer are investigated for
Reynolds number Re = 500, 800 and 1200 based on the displacement thickness
and the free-stream velocity. It is found that the threshold amplitude scales
like Re−1.05 for transition initiated by streamwise vortices and random noise,
like Re−1.3 for oblique transition and like Re−1.5 for the localized disturbance.
The turbulent spot is found to take a bullet-shaped form that becomes more
distinct and increases its spreading rate for higher Reynolds number. The
Blasius wall jet is matched to the measured flow in an experimental wall-jet
facility. Both the linear and nonlinear regime of introduced waves and streaks
are investigated and compared to measurements. It is demonstrated that the
streaks play an important role in the breakdown process where they suppress
pairing and enhance breakdown to turbulence. Furthermore, statistics from
the early turbulent regime are analyzed and reveal a reasonable self-similar
behavior, which is most pronounced with inner scaling in the near-wall region.
Descriptors: Boundary layer, suction, wall jet, streaks, waves, periodic disturbance, localized disturbance, turbulent spot, algebraic growth, exponential
growth, stability, transition thresholds, transition prediction, PSE, DNS.

Preface
This thesis considers the disturbance growth, transition and turbulent evolution of wall-bounded flows. The thesis is divided in two parts, the first part is
a short introduction to the field and a summary of the following papers. The
papers are re-set in the present thesis format and included in the second part
of the thesis.
Paper 1. Levin, 0. & Henningson, D. S. 2003 Exponential vs algebraic
growth and transition prediction in boundary layer flow. Flow, Turbulence and
Combustion 70, 183–210.
Paper 2. Byström, M. G., Levin, 0. & Henningson, D. S. 2005 Optimal
disturbances in suction boundary layers. Submitted in a revised version.
Paper 3. Levin, 0., Chernoray, V. G., Löfdahl, L. & Henningson,
D. S. 2005 A study of the Blasius wall jet. Journal of Fluid Mechanics 539,
313–347.
Paper 4. Levin, 0., Davidsson, E. N. & Henningson, D. S. 2005 Transition thresholds in the asymptotic suction boundary layer. Physics of Fluids,
In press.
Paper 5. Levin, 0. 2005 Turbulent spots in the asymptotic suction boundary
layer.
Paper 6. Levin, 0., Herbst, A. H. & Henningson, D. S. 2005 Early
turbulent evolution of the Blasius wall jet. Submitted.
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Division of work between authors
The first paper deals with the energy growth of eigenmodes and non-modal
optimal disturbances in the Falkner–Skan boundary layer with favorable, zero
and adverse pressure gradients. The numerical codes are based on already
existing codes at KTH Mechanics. The numerical implementations needed for
this work were performed by Ori Levin (OL). The development of the theory
as well as the writing of the manuscript itself were both carried out by OL with
some assistance from Dan Henningson (DH).
The second paper is devoted to the energy growth of non-modal optimal
disturbances in boundary layers subjected to wall suction. The numerical code
for the spatial analysis is the same as for paper 1 with new subroutines for
the base flow. The work was performed by Martin Bystöm (MB) as part of
his Master Thesis with OL as the advisor. The writing was done by MB with
some assistance from OL and DH.
The third paper is a numerical and experimental study of the stability of
the Blasius wall jet. The work is a cooperation between KTH Mechanics and
Thermo and Fluid Dynamics at Chalmers University of Technology (TFD).
The numerical codes for the linear analysis are the same as for paper 1 with
new subroutines for the base flow. The Direct Numerical Simulations were performed with a numerical code, already in use for many research projects. The
code is based on a pseudospectral technique and is developed originally by Anders Lundbladh and DH. The numerical implementations needed for this work
were performed by OL. The experimental work was done by Valery Chernoray
(VC) at TFD. The writing was carried out by OL with some assistance from
VC, Lennart Löfdahl at TFD and DH.
The fourth paper deals with energy thresholds for transition in the asymptotic suction boundary layer disturbed by streamwise vortices, oblique waves
and noise. The numerical code for the temporal simulations is the same as for
paper 3 with minor implementations by OL in order to account for the mass
flux through the wall. The work was performed by OL and Niklas Davidsson
(ND) and the writing was done by OL and ND with some advise from DH.
The fifth paper is on the thresholds for transition of localized disturbances, their breakdown to turbulence and the development of turbulent spots in
the asymptotic suction boundary layer. The numerical code for the temporal
simulations is the same as for paper 4. All the work was carried out by OL
with some advise from DH.
The sixth paper is devoted to the early turbulent evolution of the Blasius
wall jet. The numerical code for the spatial simulation, carried out by OL, is
the same as for paper 3. All the figures and animations were prepared by OL.
The analysis of the statistics was performed by OL and Astrid Herbst (AH).
The writing was done by OL and AH with some advise from DH.
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Part 1

Summary

CHAPTER 1

Introduction
A solid material possesses the property of rigidity, implying that it can withstand moderate shear stress without a permanent deformation. A true fluid,
on the other hand, is by definition a material with no rigidity at all. Subjected
to shear stress, no matter how small this stress may be, a fluid is bound to
continuously deform. The fluids that all of us are most familiar with are water and air. Water is a liquid, while air is a gas, but that distinction is less
important than might be imagined when it comes to fluid dynamics.
A fluid flow is usually defined as either laminar or turbulent. The laminar
flow is characterized by an ordered, layered and predictable motion while the
turbulent state consists of a chaotic, swirly and fluctuating motion. The difference between the two kinds of motions can easily be visualized in the kitchen
while pouring water from the tap. If the tap is opened only a bit, the water
that flows from the faucet is smooth and glassy, because the flow is laminar.
When the tap is opened further, the flow speed increases and the water all of
a sudden becomes white with small bubbles, accompanied by a louder noise.
The jet of water has then become irregular and turbulent and air is mixed into
it. The same phenomenon can be seen in the smoke streaming upward into
still air from a burning cigarette. Immediately above the cigarette, the flow
is laminar. A little higher up, it becomes rippled and diffusive as it becomes
turbulent.
The two above everyday examples illustrate the effect of flow speed and
distance on the cause of turbulence. As the flow velocity or the characteristic
length of the flow problem increases, small disturbances introduced in the flow
amplify and the laminar flow break down to turbulence. This phenomenon is
called transition. There is one more quantity affecting the state of the flow,
namely the viscosity of the fluid. For sufficiently large viscosity, motions that
would cause turbulence are damped out and the flow stays laminar. For example, it is very hard to get the flow from a bottle of sirup to become turbulent
since the viscosity of sirup is very high. Air with its considerably lower viscosity
becomes turbulent very easily.
The basic difference between laminar and turbulent flows was dramatically
demonstrated by Osborne Reynolds in a classical experiment at the hydraulics
laboratory of the Engineering Department at Manchester University. Reynolds
(1883) studied the flow inside a glass tube by injecting ink at the centerline of
the pipe inlet. At low flow rates, the flow stayed laminar and the dye stream
3
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was observed to follow a well-defined straight path inside the tube. As the
flow rate was increased, at some point in the tube, the dye streak broke up
into a turbulent motion and spread throughout the cross section of the tube.
He found that the value of a dimensionless parameter, now called Reynolds
number, Re = U d/ν, where U is the mean velocity of the water through the
tube, d the diameter of the tube and ν the kinematic viscosity of the water,
governs the transition from laminar to turbulent flow. Reynolds made it clear,
however, that there is no single critical value of Re, above which the flow
becomes unstable and transition may occur. The whole matter is much more
complicated and very sensitive to disturbances from the surroundings entering
the pipe inlet. In fact, transition and its triggering mechanisms are even today
not fully understood.
In a laminar flow, the shear stresses are smaller than in a turbulent flow
and as a consequence, the friction drag over the surface of a wing is much lower.
On the other hand, a laminar flow can not stay attached to the upper surface
of a wing as far downstream as a turbulent flow since the pressure increases
downstream. Instead, laminar separation occurs resulting in the formation of
a wake and increased pressure drag. However, for a turbulent flow, separation
is delayed due to the mixing provided of the chaotic motion and the total drag
force decreases. That is also the reason why golf balls have dimples over the
surface, to enforce turbulence and a smaller wake behind it. Due to the excellent
mixing of a turbulent flow, it is required in chemical reactors and combustion
engines. In some applications, it is important to keep the flow laminar and
in others to enforce turbulence. Therefore an increased understanding of the
triggering mechanisms of transition from laminar to turbulent flow and its
foregoing amplification of introduced disturbances is important.
For transition to take place, some part of the flow has to be unstable to introduced disturbances. Such flows usually possess some kind of velocity shear,
like the boundary layer and the free shear layer shown in figure 1.1. The boundary layer is the flow, in the lower part of the figure, over the horizontal flat plate
subjected to a uniform oncoming flow with velocity U0 . Due to viscosity, the
flow velocity varies from zero at the wall to the free-stream velocity a distance
of the boundary layer thickness above the wall. The free shear layer, in the
upper part of the figure, evolves from the difference in the streamwise velocity
below the vertical wall and behind it. The streamwise velocity varies from the
maximum velocity U0 below the shear flow to zero above it. The thickness of
the shear layers grow as the flow develops downstream. The combined flow field
in figure 1.1 and the downstream interaction of the shear layers are defined as
the Blasius wall jet.
The whole transition process consists of three stages: receptivity, disturbance growth and breakdown. In the receptivity stage, disturbances are initiated in the part of the flow where velocity shear is present. Typical sources from
which disturbances can enter the shear flow are free-stream vortical structures,
free-stream turbulence, acoustic waves, and for the case of wall-bounded shear
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Figure 1.1. Wall-bounded and free shear layer flow that together form a wall jet.

flows, surface roughness and vibrations. Once a disturbance is introduced in
the shear flow, it may grow or decay according to the stability characteristics of
the base flow (the undisturbed flow field). When the disturbances are yet weak
compared to the base flow, one can study linearized stability equations to determine the disturbance growth. In fact, the linear mechanisms are responsible
for any disturbance energy growth, while the nonlinear effects only redistribute
energy among different frequencies and scales of the flow (Henningson 1996).
As the disturbances amplify, nonlinear effects start to be important and the
distortion of the base flow begins to be apparent. The disturbances usually
saturate when they have reached a large enough amplitude and a new laminar
base flow, which normally is unstable to new disturbances, is established. In
this stage, the usually rapid final nonlinear breakdown begins, followed by a
multitude of scales and frequencies typical for a turbulent flow.
One way to stabilize a boundary layer and keep it laminar is to apply
suction at the wall. As more suction that is applied the more persistent to
incoming disturbances the boundary layer becomes. But the cost is the energy
required to maintain the suction and an increased friction drag as the shear
stress at the wall increases. If too much suction is applied, the friction drag
can in fact exceed the value for a turbulent boundary layer. The optimal
performance is the balance between retaining the flow laminar while keeping
the energy consumption as low as possible. When uniform suction is used,
the downstream growth of the boundary layer thickness changes and the flow
evolves to a boundary layer with constant thickness, given that it is free from
disturbances. Such a flow is defined as an asymptotic suction boundary layer.
In the present thesis, the disturbance growth, transition mechanism and
early turbulent evolution of wall-bounded flows are studied. Three cases of
base flows are considered:
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(i) The Falkner–Skan boundary layer, which is the boundary layer over a
flat plate with a favorable, zero or adverse streamwise pressure gradient.
This flow is a good approximation to what can be found in parts of
the boundary layer over a wing in flight. Over the front part of a
wing, the pressure decreases downstream and the pressure gradient is
said to be favorable. A short distance behind the leading edge, the
pressure receives its lowest value and the pressure gradient is close to
zero. Downstream, the pressure starts to increase again, what is defined
as an adverse pressure gradient. The case with zero pressure gradient
is also called Blasius boundary layer.
(ii) Boundary layers subjected to wall suction are appropriate flows to study
if you are interested of stabilizing the flow over a wing. Both the semi
suction boundary layer where constant suction is applied a distance
downstream of the leading edge of a flat plate and the asymptotic suction
boundary layer are studied. The latter case is the simplest boundary
layer with wall suction and its flow profile is an analytical solution to
the equations governing incompressible fluid motion.
(iii) The Blasius wall jet is the most unstable flow of the three studied cases.
Laminar wall jets break down very easily with a rapid transition process.
Most applications concern turbulent wall jets where they serve as cooling
of gas turbine blades and combustion chambers and boundary layer
control on wings and flaps to prevent turbulent separation.
In Chapter 2, the growth of weak disturbances are investigated by means
of linearized disturbance equations. Both waves propagating in the direction
of the flow and steady streaks orientated in the streamwise direction are considered. In Chapter 3, the behavior and breakdown of strong disturbances are
studied by the use of direct numerical simulations (DNS) of the Navier–Stokes
equations. The disturbances considered are streamwise propagating waves,
streamwise elongated streaks, oblique waves, random noise and localized disturbances. In Chapter 4, the development of turbulent spots is investigated as
well as turbulence statistics computed with direct numerical simulations. In
Chapter 5, the main conclusions are summarized.

CHAPTER 2

Weak disturbances
2.1. Waves
The prediction of the stability of a given flow and the amplification of weak disturbances have been of interest to the fluid dynamics community for more than
a century. An equation for the evolution of a disturbance, linearized around a
mean velocity were first derived by Reyleigh (1880) for parallel inviscid flow. He
also derived the criterion that for an unstable mode to exist in an inviscid flow,
the mean velocity profile has to possess an inflection point. Fjørtoft (1950)
later derived that a necessary condition for instability is that the inflection
point has to be a maximum (rather than a minimum) of the shear stress. The
traditional stability-analysis technique for viscous flow, independently derived
by Orr (1907) and Sommerfeld (1908), is to solve the eigenvalue problem of the
Orr–Sommerfeld (OS) equation, which is the linearized stability equation based
on the assumption of parallel flow with wave-like disturbances. The unstable
eigenmodes are historically referred to as Tollmien–Schlichting (TS) waves, after the work of Tollmien (1929) and Schlichting (1933), usually taking the form
of exponentially growing two-dimensional waves. In fact, Squire (1933) stated
that parallel shear flows first become unstable to two-dimensional waves at a
value of the Reynolds number that is smaller than any value for which unstable
three-dimensional waves exist. The stability of such waves depends on their
frequency and the Reynolds number of the flow.
The effect of streamwise pressure gradients on the stability of boundary
layers were studied by Pretsch (1941), who carried out stability calculations
of the Falkner–Skan family. It was found that boundary layers subjected to
adverse pressure gradients are more unstable and that accelerated flows are
less unstable to two-dimensional waves than the Blasius boundary layer. The
first successful experimental study of TS-waves was carried out by Schubauer
& Skramstad (1947) who showed that wave disturbances may occur naturally
in a Blasius boundary layer over a flat plate. They also confirmed the strong
influence of the pressure gradient on the stability predicted by theory.
The application of wall suction is dramatically changing the stability of a
boundary layer. Hocking (1975) modified the OS-equation in order to account
for uniform suction. He found the critical Reynolds number (the lowest Reynolds number for unstable modes to exist) to be two orders of magnitude larger
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for the asymptotic suction boundary layer than that for the Blasius boundary
layer.
The streamwise amplitude function of TS-waves in boundary layers has
one large peak in the boundary layer and normally one smaller peak in the
free stream. For wall jets, one more peak can be found. The temporal linear
stability of a wall jet was examined theoretically by Chun & Schwarz (1967)
by solving the OS-equation. The streamwise velocity fluctuation was found to
exhibit two large peaks, one peak on each side of the wall-jet core and one
smaller peak in the ambient flow. Bajura & Szewczyk (1970) performed hotwire measurements in an air wall jet and found that the amplification rate of
the peak in the outer shear layer is larger, and hence, the instability of the wall
jet is controlled by the outer region. By solving the OS-equation, Mele et al.
(1986) clarified the existence of two unstable modes in the wall jet. One mode,
unstable at low disturbance frequencies, shows the highest amplitude close to
the inflection point in the outer region of the wall jet, while the other mode,
unstable at higher frequencies, attains the highest amplitude close to the wall.
They concluded that the inviscid instability in the outer region governs the
large-scale disturbances while the viscous instability governs the small-scale
disturbances in the near-wall region.
The drawback of the assumption of parallel flow in the OS-problem is
that it does not account for the growth of the thickness of a shear layer as
the flow develops downstream. The idea of solving the parabolic evolution of
disturbances in non-parallel boundary layers was first introduced by Floryan &
Saric (1979) and later also by Hall (1983) for steady Görtler vortices. Bertolotti
et al. (1992) developed the method of parabolic evolution of eigenmodes in
boundary layers and derived the parabolized stability equations (PSE). The
method is computationally very fast and has been shown to be in excellent
agreement with DNS and experiments (see e.g. Hanifi 1995).

2.2. Streaks
In low disturbance environments, the transition in boundary layers is usually
preceded by the exponential growth and breakdown of TS-waves. However,
exponential instability involving unstable eigenmodes is not the only transition
scenario. For a sufficiently large disturbance amplitude, algebraic non-modal
growth can lead to so-called bypass transition, not associated with exponential
instabilities. At a moderate or high lever of free-stream turbulence, many experimentalists have observed streaky structures, taking the form of elongated
streamwise structures with narrow spanwise scales and much larger streamwise scales. This type of disturbance is historically denoted as the Klebanoff
mode after the boundary-layer experiments of Klebanoff (1971). More recent
experiments displaying streaky structures in boundary layers, subjected to various levels of free-stream turbulence, have been performed by e.g. Westin et al.
(1994) and Matsubara & Alfredsson (2001).
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Ellingsen & Palm (1975) performed linear stability analysis of inviscid
channel flow. They showed that finite three-dimensional disturbances without streamwise variation can lead to instability, even though the basic velocity
does not possess any inflection point. The instability leads to an increase linearly with time of the streamwise disturbances, producing alternating low and
high velocity streaks. Landahl (1980) demonstrated that all parallel inviscid
shear flows can be unstable to three-dimensional disturbances, which lead to
a growth of the disturbance energy at least as fast as linearly in time. The
physical interpretation of the formation of streaks is the lift-up effect, i.e. that
fluid elements initially retain their horizontal momentum when displaced in the
wall-normal direction, hence causing a streamwise disturbance.
Andersson et al. (1999) solved the linear stability equations for the Blasius boundary layer, taking the non-parallel effects into account, to optimize
the input disturbance at the leading edge giving rise to the largest disturbance
energy gain at the final downstream location. By going to the limit of large
Reynolds number, it was shown that the optimal initial disturbance consists
of streamwise vortices developing into streamwise streaks with zero frequency.
The results agreed remarkably well with experimental data produced by Westin
et al. (1994), irrespective of the absent optimization procedure in the experiments.
Since the asymptotic suction boundary layer is such stable to TS-waves,
the formation and breakdown of streaks are the most likely transition scenario. The first measurements of streaks in a fully developed asymptotic suction boundary layer subjected to free-stream turbulence were performed by
Fransson & Alfredsson (2003). The experimental results were also compared
to the streaks evolving from optimal disturbances calculated by means of linear
stability equations in the temporal framework (Fransson & Corbett 2003). The
algebraic growth was found to be less but of the order of that occurring in the
Blasius boundary layer. On the other hand, algebraically exited disturbances
were shown to persist longer in the asymptotic suction boundary layer.
Wall jets are very unstable to two-dimensional waves and bypass transition
due to breakdown of streaks is not likely. On the other hand, three-dimensional
disturbances are needed, yet of a very small level, for breakdown of the waves
to happen. Therefore, the presence of streaks in the unstable upper shear layer
of the wall jet may enhance transition to turbulence.

2.3. Growth of weak disturbances
Waves and streaks are associated with different scales. Waves propagating in
the downstream direction have a wavelength in the order of the thickness of the
shear layer while streaks usually have much larger streamwise scales. The result
is that the corresponding frequency is much larger for waves than for streaks.
The opposite is true for the associated spanwise scales, which are narrow for
streaks and much larger for waves. Yet, the exponential growth of waves and
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the algebraic growth of streaks can be described by a common set of stability
equations.
2.3.1. Linear disturbance equations
Consider an incompressible wall-bounded flow over a flat plate, such as the
boundary layer and the wall jet illustrated in figure 1.1. Fluid is blown tangentially along a wall and shear layers are growing downstream. When working
with such flows subjected to weak disturbances, the boundary-layer scalings
are appropriate. Thus, the streamwise coordinate x is scaled with an arbitrary
distance l from the leading edge, while the wall-normal and spanwise coordinates
p y and z, respectively, are scaled with the boundary-layer parameter
δ = νl/Ul , where ν is the kinematic viscosity of the fluid and Ul is the undisturbed streamwise velocity in the free stream above the boundary layer and in
the wall jet core, at the location l. In the case of a boundary layer with zero
pressure gradient, the free-stream velocity is constant, thus Ul = U0 , where
U0 is the free-stream velocity at the leading edge. The streamwise velocity
U is scaled with Ul , while the wall-normal and spanwise velocities V and W ,
respectively, are scaled with Ul /Reδ , where Reδ = Ul δ/ν. The pressure P is
scaled with ρUl2 /Re2δ , where ρ is the density of the fluid, and the time t is
scaled with l/Ul .
We want to study the linear stability of the flow at a high Reynolds number. The incompressible Navier–Stokes equations are
 linearized around the
two-dimensional steady base flow U (x, y), V (x, y), 0 to obtain the stability
equations for the spatial evolution of three-dimensional time-dependent
dist
urbances u(x, y, z, t), v(x, y, z, t), w(x, y, z, t), p(x, y, z, t) . The disturbances,
which are scaled as the base flow, are assumed to be periodic in the spanwise
direction and in time and are decomposed into an amplitude function with
weak streamwise variation and a phase function as
Z x


ˆ
f = f (x, y) exp iReδ
α(x) dx + iβz − iωt ,
(2.1)
x0

T

where f = (u, v, w, p) . The complex streamwise wavenumber α captures the
fast wave-like variation of the modes and is therefore scaled with 1/δ but α itself
is assumed to vary slowly with x. The real spanwise wavenumber β and the real
angular frequency ω are scaled in a consistent way with z and t, respectively.
By introducing (2.1) in the linearized Navier–Stokes equations, the parabolized
stability equations can be written

∂ fˆ
= Lfˆ,
(2.2)
∂x
where L is a linear operator. The initial conditions and the boundary conditions
are specified for the disturbance velocities. The boundary conditions are, noslip conditions at the wall and homogeneous conditions far above the wall. The
state equation (2.2) is integrated in the downstream direction from the location
x0 , where initial conditions are specified, to the location x1 . The solution may
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be written in an input-output formulation
fˆ1 = Afˆ0 ,
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(2.3)

where A is a linear operator. The disturbance growth is measured by the
increase of the kinetic disturbance energy E, which depends on x, β, ω and the
Reynolds number of the flow.
2.3.2. Algebraic growth
Consider solutions to (2.2) associated with disturbances with weak streamwise variations. Since the amplitude function captures weak variations, the
streamwise wavenumber is set to zero. We are interested of maximizing the
disturbance energy in the downstream location x1 by optimizing the initial disturbance in the initial location x0 with given initial energy. That is, we want
to maximize the disturbance growth
E(x1 )
.
(2.4)
G(x0 , x1 , β, ω, Reδ ) =
E(x0 )
The optimization procedure is based on the adjoint equation to the state equation (2.2). By taking the inner product between an adjoint state vector g and
the state equation and integrating by parts


∂ fˆ
∂g
g,
− Lfˆ = BT − fˆ,
+ L∗ g ,
(2.5)
∂x
∂x
the adjoint equation follows
∂g
= L∗ g,
(2.6)
−
∂x
where L∗ denotes the adjoint operator to L. The appropriate boundary conditions and initial conditions to the adjoint state equation (2.6) follows from the
boundary terms BT and are specified in paper 1. The adjoint state equation
is integrated in the upstream direction and the solution may be written
∗

g 0 = A∗ g 1 ,

(2.7)

where A denotes the adjoint operator to A. The maximum growth, where the
energy is evaluated as an inner product, can be written
(A∗ Afˆ0 , fˆ0 )
(fˆ , fˆ )
,
(2.8)
Gmax = max 1 1 = max
(fˆ0 , fˆ0 )
(fˆ0 , fˆ0 )
and is attained as the largest eigenvalue of the eigenvalue problem
A∗ Afˆ0 = Gfˆ0 .
(2.9)
The most natural attempt to calculate the optimal initial disturbance and its
associated maximum growth is by power iterations
n+1
n
fˆ0 = A∗ Afˆ0 ,

(2.10)

where the initial disturbance is scaled to the given initial energy in each iteration n. The optimization procedure is valid in the limit of large Reynolds
number. Because of the difference in scales between the streamwise velocity
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and the velocities in the cross-flow plane, the maximum growth is obtained for
initial disturbances with a zero streamwise component resulting in streamwise
streaks with negligible cross-flow components. Furthermore, a growth that are
independent of Reynolds number can be defined as
G=

lim

Reδ →∞

G
Re2δ

(2.11)

2.3.3. Exponential growth
Consider solutions to (2.2) associated with wave-like disturbances, i.e. where α
in the phase function is not equal to zero. As both the amplitude function and
the phase function depend on x, one more equation is required. We require
both the amplitude function and the wavenumber α to change slowly in the
streamwise direction, and specify a normalization condition on the amplitude
function
Z ∞
∂ û
v̂ ∂v̂
ŵ ∂ ŵ 
+
(2.12)
û
2 ∂x + Re2 ∂x dy = 0,
∂x
Re
0
δ
δ
where bars denote complex conjugate. The Reynolds number appears due to
the different scaling of streamwise and cross-flow velocities. Other conditions
are possible and are presented in Bertolotti et al. (1992). The normalization
condition specifies how much growth and sinusoidal variation are represented
by the amplitude function and the phase function, respectively. The initial
condition is taken as the least stable eigenfunction from parallel theory with
corresponding eigenvalue α(x0 ). The exponential growth is maximized in the
sense that the envelope of the most amplified eigenmode is calculated.

2.4. Application to the Falkner–Skan boundary layer
In the first paper, the stability of the Falkner–Skan boundary layer to exponentially growing waves and non-modal streaks is analyzed. A comparison of
the algebraic growth with the exponential growth is performed and a unified
transition prediction method based on available experimental data is suggested.
2.4.1. Comparison of algebraic and exponential growth
Linear stability analysis is performed with the Falkner–Skan boundary layer
as the base flow. The acceleration of the free-stream velocity driven by the
pressure gradient is described by the Hartree parameter βH in the formulation of a similarity solution. The stability of optimal disturbances and exponentially growing waves are examined for three base flows with favorable,
zero and adverse pressure gradients. The corresponding Hartree parameters
are βH = 0.1, 0, −0.1. Figure 2.1 shows the stremwise velocity profiles and
the downstream growth of the boundary layer thickness for the three cases.
The dashed lines show Blasius boundary layer with zero pressure gradient and
therefore also constant free-stream velocity. The solid lines show the accelerated flow with favorable pressure gradient and a thinner boundary layer. The
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Figure 2.1. Downstream development of streamwise velocity
profiles and thickness of the Falkner–Skan boundary layer with
favorable (—), zero (− − −) and adverse (· · ·) pressure gradients.

dotted lines show the decelerated flow with adverse pressure gradient and a
thicker boundary layer.
The initial streamwise location, where the disturbance is introduced in the
boundary layer, has a significant√
impact on the algebraic growth. Figure 2.2(a)
shows the amplification, N = ln G, of the optimal disturbances as a function
of initial location for β = 0.5 and ω = 0. Disturbances introduced closer to
the leading edge, than the optimal initial location, grow with a slower rate,
while disturbances introduced further downstream grow in a larger rate but
do not have distance enough to grow as much before the final location. The
slower growth rate for disturbances introduced close to the leading edge is
due to the influence of the boundary layer thickness. Upstream of the optimal
initial location, which moves downstream with decreased pressure gradient, the
boundary layer is not thick enough for the lift-up effect to cause the optimal
disturbance. The optimization of the initial location has the advantage of
ensuring that the true optimal disturbances are found. Since the adjoint-based
optimization technique optimizes the initial disturbance with respect to the
disturbance energy in the final location and we are interested in the maximum
energy in the whole domain, the true optimum only results when the maximum
energy appears in the final location. The optimization of the initial location
does not only give the optimal growth, it also ensures that the maximum energy
is reached at the final location.
For algebraic growth of optimal disturbances, the optimal initial location
moves downstream with increased spanwise wavenumber and angular frequency
of the disturbance. Furthermore, the optimal spanwise wavenumber increases
with decreased pressure gradient, while the optimal angular frequency is equal
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Figure 2.2. (a) Lines as in figure 2.1. Algebraic amplification
versus initial location for Falkner–Skan flow at Reδ = 1000
with β = 0.5 and ω = 0. (b) Contours of constant algebraic
and exponential amplification for the Blasius boundary layer
at Reδ = 1000. The contour spacing is 0.2 and the peak
values are indicated with crosses. The optimal disturbances
are calculated with the optimal initial locations.
to zero. For exponential growth of modal disturbances, the optimal angular frequency increases with decreased pressure gradient, while the optimal spanwise
wavenumber is equal to zero, as expected according to the Squire’s theorem
(Squire 1933).
In both the algebraic and exponential growth scenarios, the growth increases with increased pressure gradient, although the effect is much more
pronounced for the exponential growth. Therefore, in a comparison of the two
different growth scenarios at Reδ = 1000, the algebraic growth is much larger
for the base flow with a favorable pressure gradient and the exponential growth
is much larger for the base flow with an adverse pressure gradient, while they are
comparable for the Blasius boundary layer. Figure 2.2(b) shows the contours
of constant algebraic and exponential amplification for the Blasius boundary
layer at Reδ = 1000. The optimal disturbances are calculated with the optimal
initial locations. The exponential growth is maximized in the sense that the
most amplified eigenmode is calculated from the lower-branch neutral point to
x1 = 1 or the upper-branch neutral point, if it appears for a lower value.
2.4.2. Transition prediction based on linear theory
In the transition community, the eN -method is a well known transition-prediction tool and has been shown to fairly accurately predict transition for simple
flows. It was developed independently by Smith & Gamberoni (1956) and van
Ingen (1956) and empirically correlates the exponentially growing amplification
of linear eigenmodes with the onset of transition. Transition takes place when

2.4. APPLICATION TO THE FALKNER–SKAN BOUNDARY LAYER

15

the amplitude of the most amplified disturbance reaches eN times its initial amplitude. The eN -method does not account for the receptivity process. However,
Smith & Gamberoni (1956) and van Ingen (1956) reported, after analyzing data
from a large number of low-disturbance experiments, that the amplification between 8 and 11 fairly well describes the onset and end of the transition region.
They also concluded that those values decrease with increasing free-stream turbulence. A modification of the eN -method in order to account for free-stream
turbulence was proposed by Mack (1977). The free-stream turbulence level
T u was correlated to the amplification N by comparing the transition Reynolds number ReT from experimental flat-plate boundary layer data collected
by Dryden (1959) with parallel linear stability theory for the Blasius boundary
layer. Mack (1977) suggested the following relation for the amplification at
transition
N = −8.43 − 2.4 ln T u,
(2.13)

which he claimed is valid in the range 0.1 % < T u < 2 %. For a free-stream
turbulence level less than 0.1 %, he mentioned that the dominant disturbance
source is thought to be wind-tunnel noise rather than turbulence.
Andersson et al. (1999) made an attempt at prediction of bypass transition
due to algebraic growth by correlating the transition Reynolds number and the
free-stream turbulence level
ReT T u = K,
(2.14)
where K should be constant for free-stream turbulence levels in the range
1 % < T u < 5 %. By comparison of different experimental studies, the constant
was chosen as K = 12.
Other empirical transition-prediction correlations involving the effects of
free-stream turbulence and streamwise pressure gradient have been developed.
van Driest & Blumer (1963) postulated that transition occurs when the maximum vorticity Reynolds number reaches a critical value, to be correlated with
the pressure gradient and free-stream turbulence level. In the case of zero pressure gradient, their formula correlated with experiments agrees well with (2.14).
Another example is a model of Abu-Ghannam & Shaw (1980), which gives the
Reynolds number based on the momentum thickness θ, at the start and end
of the transition region. The only inputs to the model are the free-stream turbulence level and the pressure gradient parameter λθ = (θ2 /ν)∂Ul /∂x. More
advanced transition prediction and studies of the transition phenomena itself
can be made by numerical simulations such as the nonlinear PSE technique
(e.g. Hein et al. 1999) and DNS.
The transition model of Andersson et al. (1999) can be complemented with
the addition of base flows with various pressure gradients. The model is based
on three assumptions.
1. Assume that the initial disturbance energy is proportional to the freestream turbulence energy
E(x0 ) ∝ T u2 ,

(2.15)

16

2. WEAK DISTURBANCES

for isotropic
turbulence with the free-stream turbulence level defined as
p
02
T u = u /Ul . Here u0 is the fluctuating streamwise velocity in the
free stream and the overbar denotes the temporal mean.
2. Assume that the initial disturbance grows with the optimal rate
E(x1 ) = GE(x0 ) = GRe2δ E(x0 ).

(2.16)

3. Assume that transition occurs when the final energy reaches a specific
value ET , regardless of the pressure gradient of the base flow
E(x1 ) = ET .

(2.17)

Combining assumptions (2.15–2.17) yields the transition model
k
ReT T u = √ ,
(2.18)
G
where k should be constant. Using the same correlation as Andersson et al.
(1999) and the optimal growth in the Blasius boundary layer gives k = 0.70.
This model differs from the one of Andersson et al. (1999) in the sense that
the growth is optimized over the initial location and the disturbances does not
evolve from the leading edge.
The influence of free-stream turbulence on the generation of TS-waves is
not conclusive. In fact, Boiko et al. (1994) made experiments on the behavior
of controlled TS-waves, introduced by means of a vibrating ribbon, in a boundary layer subjected to T u = 1.5 %. The measured amplification rates for the
waves in the presence of the turbulence generating grid were smaller than for
regular TS-waves, and damping set in further upstream than in the absence
of the turbulence generating grid. Thus, we make the simple assumption that
transition resulting from exponentially growing disturbances occurs at N = 8,
the dashed line in figure 2.3(a), irrespective of the free-stream turbulence level.
Figure 2.3(b) shows the transition Reynolds number based on the results
from the linear stability analysis and the transition model discussed above for
free-stream turbulence. The straight part of the lines represents the transition
Reynolds number for exponentially growing modal disturbances and the curved
part represents bypass transition. For high free-stream turbulence levels, transition occurs as a result of the breakdown of streaky structures and for low
free-stream turbulence levels as a result of exponentially growing disturbances.
The cross-over point occurs where the bypass-transition model predicts a higher
transition Reynolds number than for the exponentially growing disturbances.
According to the model, bypass transition occurs in the Blasius boundary layer
(dashed lines) for a free-stream turbulence level higher than 0.76 %. Similar
results have been found in experiments. Suder et al. (1988) found in their experiment that the bypass mechanism prevailed for free-stream turbulence levels
of 0.65 % and higher. Kosorygin & Polyakov (1990) suggested that TS-waves
and streaks can coexist and interact for free-stream turbulence levels up to
approximately 0.7 %. However, the model does not account for the interaction
between TS-waves and streaks.
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Figure 2.3. (a) Predicted amplification at transition versus
free-stream turbulence level given in percent for algebraic (—)
and exponential (− − −) growth. Model of Mack (1977) (· · ·).
(b) Lines as in figure 2.1. Predicted transition contour in the
ReT -T u plane with the turbulence level given in percent. Experimental data for the Blasius boundary layer from Matsubara & Alfredsson (2001) (M) and Roach & Brierley (1992) (◦).
Numerical data from Yang & Voke (1991) ( ).

2.5. Application to boundary layers with wall suction
In the second paper, a comparison of the algebraic growth of spatially developing streaks in the asymptotic suction boundary layer and the semi suction
boundary layer is done. The difference between spatial and temporal theory is
also considered.
2.5.1. Suction boundary layers
In the boundary-layer experiment of Fransson & Alfredsson (2003), suction was
applied through a plate of porous material. However, the leading-edge part of
the flat plate was made of an impermeable material allowing the boundary layer
to develop and grow downstream until it reaches the porous plate. Downstream
of this position, the flow undergoes an evolution from the Blasius profile towards
that of the asymptotic suction boundary layer, which have a constant boundary
layer thickness. The semi suction boundary layer, where uniform suction is
applied from the distance l downstream of the leading edge of a flat plate
can be calculated with the boundary-layer equations. Figure 2.4 shows the
displacement thickness of the calculated flow compared with measurements
from Fransson & Alfredsson (2003). In order to avoid a discontinues jump in
the suction rate with a corresponding kink in the development of the boundary
layer thickness, the suction is smoothly increased from zero to its full value
over a short distance, see the zoom-up in figure 2.4. On the right-hand side of
figure 2.4, the profile of the asymptotic suction boundary layer is shown. It is
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Figure 2.4. Calculated displacement thickness of the semi
suction boundary layer compared with measurements (•) from
Fransson & Alfredsson (2003). The zoom-up shows the starting position of abruptly (− − −) and smoothly (—) applied
suction. On the right-hand side, the profile of the asymptotic
suction boundary layer is shown.
an analytical solution to the Navier–Stokes equations and can be written as
∗

U (y) = U0 [1 − exp(−y ∗ V0 /ν)] ,

V = −V0 ,

(2.19)

where y is the dimensional wall-normal coordinate and −V0 is the suction
velocity. The analytical solution allows the displacement thickness to be calculated exactly, δ1 = ν/V0 , and the Reynolds number based on the displacement
thickness to be expressed as the velocity ratio, Reδ = U0 /V0 . Thus, for this
1
flow it is natural to use the displacement thickness as the length scale. However,
if we choose l = Reδ δ1 it follows that δ = δ1 and accordingly Reδ = Reδ . In
1
1
the experiment of Fransson & Alfredsson (2003), the suction was applied from
360 mm downstream of the leading edge and the suction Reynolds number was
Reδ1 = 347.
2.5.2. Algebraic growth
Fransson & Corbett (2003) performed temporal stability analysis of the asymptotic suction boundary layer and compared the spanwise scales of optimally
growing streaks with those observed in the experiment of Fransson & Alfredsson
(2003). Here, a twofold improvement is done by performing a spatial stability analysis of the semi suction boundary layer. Fransson & Corbett (2003)
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Figure 2.5. Optimal disturbances in the semi suction boundary layer at Reδ = 347. (a) 0 ≤ x ≤ 2. (b) 0 ≤ x ≤ 6.
1
(c) 0 ≤ x ≤ 10.

found that the optimal disturbance has the spanwise wavenumber β = 0.53.
With spatial analysis, the optimal growth is 16 % higher corresponding to a
disturbance with spanwise wavenumber β = 0.52.
The suction boundary layers are studied over nine streamwise intervals,
starting at x0 = 0 and with suction from x = 1 to the end of the interval. The
length of the interval is varied by changing the end position from x1 = 2 to
x1 = 10 in steps of one. The optimal disturbance at the initial position takes
the form of streamwise aligned vortex pairs, as seen in figure 2.5, which shows
the optimal disturbances in the semi suction boundary layer at Reδ = 347 for
1
three intervals. It can be seen that the vortex cores of the optimal disturbance
move upward and the vortices grow in size when the streamwise interval is
prolonged. Thus, the optimal spanwise wavenumber decreases as the interval
is prolonged. Furthermore, the corresponding optimal growth decreases with
increased interval and the optimal angular frequency is zero.
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Figure 2.6. Comparison of algebraic growth in the asymptotic suction boundary layer (− − −) and the semi suction
boundary layer (—) at Reδ1 = 347. (a, b) 0 ≤ x ≤ 2.
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Figure 2.6 shows a comparison of the optimal growth versus spanwise
wavenumber and streamwise coordinate, with the optimal spanwise wavenumber, between the semi suction boundary layer and the asymptotic suction
boundary layer. It reveals that for the shortest interval, the semi suction
boundary layer gives a 25 % higher optimal growth than for the asymptotic
suction boundary layer. The optimal growth also occurs at a lower spanwise
wavenumber. Studying the growth as function of streamwise coordinate, we
conclude that the reason for the difference in growth is the contribution from
the Blasius profile at the beginning of the interval. However, the differences in
growth and optimal spanwise wavenumber decrease as the interval is prolonged.
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2.6. Application to the Blasius wall jet
In the third paper, the Blasius wall jet is constructed and matched to an
experimental set-up. The stability of the flow to eigenwaves and non-modal
streaks is analyzed and compared to the experiments.
2.6.1. Comparison of linear theory with experiments
Linear stability analysis is performed with the Blasius wall jet as the base
flow. The stability of optimal disturbances and exponential growing waves is
examined and compared to measurements performed in the wall-jet facility at
Chalmers University of Technology. The base flow is matched to the experiment with the maximum outlet velocity U0 = 15.4 m s−1 , corresponding to the
Reynolds number Reδ = 173. Due to growing boundary layers in the experimental nozzle, a virtual slot is placed the distance l = 29 mm upstream of the
experimental nozzle opening and the virtual slot height is b∗ = 2.06 mm corresponding to the non-dimensional value b = 12.3. A comparison of the base
flow with the measured hot-wire data is shown in figure 2.7(a). The agreement increases downstream of the nozzle opening. The largest disagreement
is observed in the upper part of the wall jet. This is due to a jump of the
boundary conditions that occur on the top lip of the nozzle as the flow leaves,
resulting in a kink of the experimental velocity profile. However, with increased
downstream distance, the influence of the nozzle disappears.
The stability analysis reveals a very high instability of the flow to twodimensional eigenmodes and a rather high instability to non-modal streaks.
The waves are triggered by a loudspeaker in the experiment and the frequency
was chosen close to the natural dominating flow frequency, namely 1221 Hz
corresponding to ω = 14.4. Both in the experiment and in the computation,
the most amplified frequency decreases with increased streamwise location.
Figure 2.7(b) shows a comparison of the computed streamwise amplitude distribution and the measurement at the location x = 1.55. The measurement
was performed with three different forcing amplitudes, 0.3 %, 1.1 % and 1.7 %,
measured at x = 1.55, and the agreement in the results between the different
forcing amplitudes indicates the linearity of the disturbance. The disturbance
has a very typical shape and the peak in the shear-layer region is in antiphase
to the peak near the wall. The deviation between the linear stability analysis
and the experiment in the upper part of the wall jet is because the waves in the
experiment are not fully developed eigenmodes so close to the nozzle opening,
however, the agreement improves downstream.
The computed optimal disturbance consists of streamwise vortices developing into streamwise streaks. Between two vortices, the flow is either moving
upward or downward. Where the flow is moving upward between two vortices,
high-momentum fluid is moved up from the jet core, producing a high-velocity
streak in the shear-layer region of the wall jet. In the boundary-layer region,
a weak low-velocity streak is formed below the high-velocity streak, since the
upward motion of fluid there carries low-momentum fluid from the wall region.
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Figure 2.7. Comparison of computations (—) and measurements of the Blasius wall jet at x = 1.55 for Reδ = 173.
The disturbance amplitudes are normalized with their maximum value. (a) Computed and measured (◦) base flow.
(b) Streamwise wave amplitude for ω = 14.4. The disturbance
are triggered in the experiment by a loudspeaker and have the
amplitudes 0.3 % (◦), 1.1 % ( ) and 1.7 % (M). (c) Streamwise
streak amplitude. The optimal disturbance are calculated for
β = 0.211, ω = 0, x0 = 0.403 and x1 = 1.55. The experimental results are taken from three spanwise scales corresponding
to β = 0.176 (◦), β = 0.218 ( ) and β = 0.264 (M).
The opposite motion results, half a wavelength away, where the flow is moving
downward between two vortices, producing a low-velocity streak in the shearlayer region and a weak high-velocity streak in the boundary-layer region. In
figure 2.7(c), the resulting normalized streak from the optimal disturbance,
calculated for β = 0.211, ω = 0, x0 = 0.403 and x1 = 1.55 is compared with
the measured streaks with spanwise scales β = 0.264, 0.218 and 0.176. In the
experiment, the streaks are introduced in the flow by periodically distributed
roughness elements that are located onto the top lip of the nozzle. Both in the
computation and in the experiment, the streak remains very similar for different spanwise wavenumber β. The same is true in the computation for different
initial location, x0 .

CHAPTER 3

Strong disturbances
3.1. Numerical method and disturbance generation
In the present chapter as well as the next one, all simulations of the flows
are performed by solving the Navier–Stokes equations directly. That is, the
equations governing incompressible fluid motion are numerically solved without
any simplifying assumptions. This requires that all the relevant scales of the
flow must by resolved and results in large computational efforts, both in terms
of memory and effective time of the calculation.
The in-house numerical code at KTH Mechanics (Lundbladh et al. 1999)
uses spectral methods to solve the three-dimensional time-dependent incompressible Navier–Stokes equations. All velocities and lengths are scaled by the
free-stream velocity and the displacement thickness at the inlet of the computational box, respectively. The time, frequency and wavenumbers are scaled
correspondingly. The discretization in the streamwise and spanwise directions
makes use of Fourier series expansions, which enforces periodic solutions. The
discretization in the wall-normal direction is represented with Chebyshev polynomial series. A pseudospectral treatment of the nonlinear terms is used. The
time advancement used is a second-order Crank–Nicolson method for the linear terms and a four-step low-storage third-order Runge–Kutta method for the
nonlinear terms. Aliasing errors arising from the evaluation of the convective
terms are removed by dealiasing by padding and truncation using the 3/2-rule
when the FFTs are calculated in the wall-parallel planes. In the wall-normal
direction, it has been found that increasing the resolution is more efficient than
the use of dealiasing.
At the wall, a no-slip boundary condition is specified and at the upper
boundary, a generalized boundary condition is applied in Fourier space with
different coefficients for each wavenumber. The condition represents a potential flow solution decaying away from the upper edge of the computational box.
This condition decreases the required box height by damping the higher frequencies rather than forcing the disturbance velocities to a rapid decay. In the
horizontal directions, periodic boundary conditions are used.
For spatially growing flows such as the Falkner–Skan boundary layer and
the Blasius wall jet, a fringe region (Nordström et al. 1999) is added in the
downstream end of the computational domain to fulfill the necessary periodic
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boundary condition in the streamwise direction, required by the spectral discretization. In this region, the flow is smoothly forced to the desired inflow
solution. When studying parallel flows, such as the asymptotic suction boundary layer with periodic or localized disturbances, the advantage of omitting the
fringe region can be used.
The present numerical implementation provides several possibilities for disturbance generation. Disturbances can be included in the flow by a body force,
by blowing and suction at the wall through non-homogeneous boundary conditions and by adding them in the initial velocity field. When a fringe region is
present, disturbances can be forced in it and thereby be included in the desired
inflow solution.

3.2. DNS of the Blasius wall jet
In the third paper, waves and streaks are introduced in the Blasius wall jet and
the nonlinear interaction and transition process are studied by means of DNS.
3.2.1. Spectral analysis
Waves and streaks from the linear stability calculations (figure 2.7) are excited
in the DNS. The amplitudes, which are chosen to obtain a similar transition
scenario as in the experiment, are prescribed in the beginning of the computational box to 0.1 % and 3 % of the wall-jet core velocity, respectively.
A convenient way to study the nonlinear interaction between the waves
and the streaks is to look at the energy development of the Fourier components
shown in figure 3.1. The velocity components are Fourier transformed in time
and in the spanwise direction and (ω1 , β1 ) denotes the frequency and spanwise
wavenumber, each normalized with the corresponding fundamental frequency
and wavenumber. Thus, the waves and the streaks are represented by (1, 0)
and (0, 1), respectively, and are shown as black solid lines. Before nonlinear
interaction sets in, the modes amplify in agreement with the linear theory as
observed in the beginning of the computational box, where the waves grow
exponentially and the streaks have an algebraic growth. The results from
the PSE are shown as circles and the agreement is excellent. Close to the
nozzle opening, the two-dimensional effects are dominating over the stronger
forced stationary streaks. At about x = 30 to 40, nonlinear effects begin to
be apparent when energy is transferred to the modes (1, 1), (2, 0) and (2, 1).
Further downstream, the streak mode (0, 1) is decaying and a dip in the energy
can be observed at approximately x = 55. At this location, the wave mode (1, 0)
starts to saturate and an abrupt change of the breakdown process happens,
namely, an exponential growth of the streak mode.
Flows such as free shear layers and wall jets can undergo pairing of the
fundamental vortex rollers as a result of a subharmonic instability. In order to
asses whether the pairing mode (1/2, 0) is present in the simulation, the energy
content in this subharmonic frequency is evaluated and shown as the gray line
in figure 3.1. However, since this mode is not forced (in the fringe region),
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Figure 3.1. Energy in different Fourier modes (ω1 , β1 ) from
the DNS. Initially excited wave and streak modes (black solid
lines). Nonlinearly generated modes (dashed and dotted lines).
Pairing mode (gray line) grows up from numerical noise. Results from the PSE (◦) are shown for comparison.
but only grows out of numerical noise, its amplitude is small. Upstream of
the location where nonlinear interactions set in, the amplification rate of the
subharmonic mode is about half of the fundamental one. This is consistent
with linear theory, indicating that an eigenmode is born. At about x = 55, the
amplification rate doubles as a result of nonlinear effects. However, the energy
content in this mode stays at least one magnitude below the exponentially
growing streak mode.
3.2.2. Flow structures
Structures appearing in the flow can be visualized and contribute to an increased understanding of the transition process. In figure 3.2, the streamwise
velocity is visualized, where dark areas display high velocity and white areas
show regions of backflow. Figures 3.2(a–e) show cross-flow slices from streamwise locations indicated in the figure. The high-velocity streak is lifted up from
the shear-layer region forming a mushroom-shaped structure. Such structures
have also been observed by, for example, Wernz & Fasel (1996, 1997) and Gogineni & Shih (1997). Figure 3.2(f ) shows the (x, y)-plane through the middle
of the low-velocity streak (the edges of the cross-flow slices). Counterclockwise
rotating rollers are moving with the wave troughs in the outer shear layer.
Slightly downstream of each shear-layer roll-up, clockwise rotating rollers in
the boundary layer exist, associated with small regions of separated flow. The
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Figure 3.2. Visualization of streamwise velocity with dark
areas displaying high velocity and white areas regions of backflow. (a–e) Cross-flow slices. (f –h) (x, y)-planes corresponding to the edge of the box. The flow is from left to right.
(f ) Streaks and fundamental waves are forced. (g) Streaks,
fundamental and subharmonic waves are forced. (h) Fundamental and subharmonic waves are forced.

breakdown to turbulence start in the mushroom-shaped structure and spreads
through the whole wall jet.
The transition mechanisms can be described by the development of vortical structures in the flow. Figure 3.3 shows the vortical structures from the
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Figure 3.3. Vortex visualization using the same instantaneous data as in figures 3.2(a–f )

same instantaneous data as the visualizations shown in figures 3.2(a–f ). Spanwise rollers are formed in the wave troughs in the outer shear layer and move
downstream. In the boundary layer close to the wall beneath the wave crests,
counter-rotating rollers are formed. In the presence of streaks, the shear-layer
rollers are sinuously modified with the boundary-layer rollers deforming in the
opposite direction. Vortex ribs are formed in the braids of the waves, extending
from the top of the shear-layer roller to beneath the previous one. Such rib vortices have been observed in many experimental and computational studies of
mixing layers (e.g. Bernal & Roshko 1986; Lasheras et al. 1986; Metcalfe et al.
1987; Schoppa et al. 1995). The vortex ribs follow the upward flow between two
neighboring shear-layer rollers and are associated with the mushroom-shaped
structures ejected from the wall jet into the ambient flow. The tail legs of
the vortex ribs, generated one fundamental period earlier, separate and form a
vortex ring around the upcoming vortex ribs and additional counter-rotating
vortex rings are created preceding breakdown to turbulence.
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3.2.3. Subharmonic waves and pairing
The primary instability in inflectional base flows such as free shear layers and
wall jets is a strong inviscid exponential instability resulting in the roll-up
of waves into strong spanwise vortices. These two-dimensional vortices can
experience two different types of secondary instability. For low initial threedimensional excitation, the secondary instability is subharmonic and associated
with vortex pairing, like that observed by Bajura & Catalano (1975). If the
initial three-dimensional excitation is large enough, a three-dimensional secondary instability is predominant, which suppresses the vortex pairing (see e.g.
Metcalfe et al. 1987).
In order to determine the role of pairing in the Blasius wall jet, the subharmonic disturbance is studied. The Orr–Sommerfeld mode with half the
frequency of the fundamental one is forced in the DNS. Apart from the simulation showed in figure 3.2(f ), where streaks and fundamental waves are excited,
two additional simulations are performed, one with streaks, fundamental and
subharmonic waves forced in the flow (figure 3.2g) and the other with only the
fundamental and subharmonic waves and noise in the initial field (figure 3.2h).
When the subharmonic waves are not forced, the pairing mode is weak, as is
also seen in the energy content of the corresponding Fourier mode (1/2, 0) in
figure 3.1. In this case pairing does not occur. On the other hand, when the
subharmonic waves are forced, the pairing mode is stronger and can be seen
as the staggered pattern of the vortex rollers in the outer shear layer. In the
absence of streaks, pairing occurs between rollers in the outer shear layer as
well as in the boundary layer. The pairing originates from the subharmonic
wave displacing one vortex to the low-velocity region and the next to the highvelocity region. The vortex traveling in the high-velocity region overtakes the
slower vortex in the low-velocity region, and pairing appears. However, in
the presence of streaks, pairing is suppressed and breakdown to turbulence is
enhanced.

3.3. DNS of the asymptotic suction boundary layer
The numerical code does not allow for non-zero mean mass flow through the
lower and upper boundaries. However, the wall-normal suction in the asymptotic suction boundary layer can be moved from the boundary condition to the
governing equations. Hence, instead of solving the Navier–Stokes equations for
the wall-normal velocity V with the boundary condition V = −V0 , the same
solution can be obtained by solving for V − V0 with the boundary condition
V = 0.
3.3.1. Energy thresholds for periodic disturbances
In the fourth paper, energy thresholds for bypass transition in the asymptotic
suction boundary layer are studied by means of DNS. The growth and breakdown of streaks triggered by streamwise vortices (SV) and oblique waves (OW)
are investigated as well as the development of random noise (N).
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Three transition scenarios are investigated where the disturbances are introduced in the initial field and allowed to evolve temporally. Because the disturbances are assumed to be periodic in the horizontal directions and the base
flow is parallel, the fringe region can be omitted. In scenario (SV), the initial
flow field consists of two counter-rotating streamwise vortices. These vortices
produce streaks by the lift-up effect as time proceeds. Transition can take place
if the streak amplitude becomes sufficiently large for secondary disturbances
to amplify and break down. In scenario (OW), the initial flow field consists of
two superposed oblique waves with equal and opposite angle to the streamwise
direction. The pair of growing waves interact nonlinearly and streamwise vortices are created. This is essentially a different and quicker way of triggering
growth of streaks, which in turn are subjected to secondary instability. The
streamwise vortices and oblique waves are added in the form
u = û(y) exp(iαx + iβz),

(3.1)

where the amplitude function û(y), with given horizontal wavenumbers (α, β),
is optimized over a specified time period (Corbett & Bottaro 2000; Fransson & Corbett 2003). In scenario (N), the initial flow field consists of threedimensional random noise added to the base flow. The thresholds for transition
are expressed in terms of the energy density of the initial disturbance, thus the
initial disturbance energy E0 divided by the volume
of the computational
box.
The streamwise vortices are optimized for (α, β) = (0, 0.53) over a time
period of 300. The horizontal lengths of the computational box are 2π/β, which
corresponds to one spanwise wavelength of the optimal disturbance. Apart
from the streamwise vortices, the initial condition consists of a small amount
of random noise, which is necessary to set off a secondary instability. The
flow pattern of the simulation for Re = 800 and E0 / = 3 · 10−5 is shown
in figure 3.4(a, b), where the streamwise velocity is visualized in a horizontal
plane (with two box lengths in each direction) at y = 2. As can be seen
in figure 3.4(a) that shows the state at t = 700, a secondary instability has
developed and deforms the streaks in a sinuous manner with a streamwise
wavelength equal to the computational box length. Figure 3.4(b) shows the
breakdown of the streaks at t = 820.
The oblique waves are optimized for (α, β) = (0.265, ±0.265) over a time
period of 75. Hence, they are oriented 45◦ to the free-stream direction. The
horizontal lengths of the computational box are twice as large as for scenario
(SV) in order to fit one streamwise and spanwise wavelength of the oblique
waves. The same random noise as for scenario (SV) is added to the initial
field, although it is not necessary for secondary instability to occur. The flow
pattern of the simulation for Re = 800 and E0 / = 1 · 10−5 is shown in
figure 3.4(c, d), where the size of the horizontal plane at y = 2 is equal to the
horizontal size of the computational box. In the initial stage, the pair of oblique
waves interact with each other and streamwise vortices with half the spanwise
wavelength are created. As a result, two spanwise wavelengths of streaks can
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Figure 3.4. Visualization of periodic disturbances in the asymptotic suction boundary layer for Re = 800 in a horizontal
plane at y = 2 of size: 23.71 × 23.71. Dark and light areas
show regions of high and low streamwise velocity, respectively,
and the flow is from left to right. Scenario (SV) at (a) t = 700
and (b) tT = 820. Scenario (OW) at (c) t = 600 and
(d) tT = 731.
be seen in figure 3.4(c) that shows the state at t = 600. In the presence of the
oblique modes, the secondary instability is of the varicose type with horizontal
wavelengths equal to these of the oblique waves, and thus also of the horizontal
dimensions of the computational box. Figure 3.4(d) shows the breakdown of
the streaks at t = 731.
The Reynolds number based on the mean friction velocity, Reτ , provides a
good measure of when transition to turbulence appears. Transition is defined to
appear when the friction velocity Reynolds number exceeds a certain critical
value. This value is chosen to be 26, 38 and 50 for Reynolds number 500,
800 and 1200, respectively. Examples of the evolution of the friction velocity
Reynolds number are shown in figure 3.5(a), which shows one case from each
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Figure 3.5. Scenarios (N) (dotted lines), (SV) (solid lines)
and (OW) (dashed lines) in the asymptotic suction boundary
layer. (a) Friction velocity Reynolds number versus time for
Re = 800 with initial energies E0 / = 3.4 · 10−4 (N), E0 / =
3 · 10−5 (SV) and E0 / = 1 · 10−5 (OW). (b) Transition time
as a function of initial energy for Reynolds number 500 (5),
800 () and 1200 (4). (c) Energy threshold versus Reynolds
number. Lines are fits to the DNS data indicated by circles.

√
scenario for Re = 800. For the undisturbed base flow Reτ = Re, which
is very close to the initial value in the figure. The friction velocity Reynolds
number changes slowly while the flow is laminar, followed by a rapid growth
as the flow break down and transition occurs.
In order to compare the energy thresholds for the three scenarios, the time
of transition tT for each initial energy density of the simulations carried out
are summarized in figure 3.5(b). The lines connecting the data are extrapolated towards tT → ∞ for the lowest obtained energy that leads to breakdown
before t = 2000 of each case. The figure shows how the time of transition
decreases as the initial energy of the primary disturbance increases. This trend
is less significant for scenario (N) where rather high energies are required to
obtain transition. The most competitive initial disturbance in terms of transition at low energy/short time is the pair of oblique waves. However, the
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Figure 3.6. Contours of wall-normal velocity, at y = 1, of a
localized disturbance consisting of two counter-rotating vortex
pairs with the scales lx = 10, ly = 1.0 and lz = 5.5. Black and
gray lines display positive and negative values, respectively.
obtained energy thresholds must be considered as an upper bound, since only
one disturbance configuration is simulated in each case.
It is difficult to define the energy threshold as a function of Reynolds number for growing boundary layers as the local Reynolds number changes with the
boundary layer thickness. In parallel flows, however, such as the asymptotic
suction boundary layer, the Reynolds number based on the boundary layer
thickness is constant and therefore the procedure to find the energy threshold is straightforward. The energy thresholds for transition, extracted from
figure 3.5(b) (where the lines approach the time 2000), are plotted for their
respective Reynolds number in figure 3.5(c). The values from the DNS are
displayed by circles and the lines represent least square fits of the formula
E0 ∝ Reγ . The obtained energy thresholds for the three transition scenarios
scale with Reynolds number as Re−2.6 (OW), Re−2.1 (SV) and Re−2.1 (N).
3.3.2. Amplitude thresholds for localized disturbances
In the fifth paper, amplitude thresholds for transition from localized disturbances to turbulent spots are studied with DNS. The localized disturbance
is superposed to the asymptotic suction boundary layer in the initial velocity
field. The type of disturbance is centered around a pair of oblique waves, in
the streamwise-spanwise wavenumber plane, consisting of two counter-rotating
vortex pairs, see figure 3.6. In terms of a stream function, it is defined by
ψ = Ax̄ȳ 3 z̄ exp (−x̄2 − ȳ 2 − z̄ 2 ),

(3.2)
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Figure 3.7. A growing localized disturbance in the asymptotic suction boundary layer. Typical vortex structures (green)
are visualized together with their associated velocity normal
to the wall (red indicating upward moving fluid and blue fluid
moving downward). The dark regions at the wall show areas
of increased friction.
where x̄ = x/lx , ȳ = y/ly and z̄ = z/lz . The velocity components are given by
(u, v, w) = (0, −ψz , ψy ) and normalized so that the amplitude A is given by the
maximum absolute value of the wall-normal disturbance velocity. This type of
initial disturbance can be experimentally reproduced with the down-up motion
of a membrane at the wall and has been used in earlier studies of transient
growth and transition in channel flows (Henningson et al. 1993) and boundary
layers (Breuer & Haritonidis 1990; Breuer & Landahl 1990; Bech et al. 1998).
The initial disturbance develops into a hairpin vortex aligned with the
streamwise direction. Its legs are close to the wall at the trailing edge of
the disturbance while the head is located higher up and further downstream.
Between the legs, an upward motion is present. On each side of the head,
counter-rotating structures develop. Figure 3.7 shows an instant of a developing
localized disturbance and the friction distribution at the wall (the figure was
originally prepared for the book ‘KTH in Your Pocket 2005’ and appears on its
cover). The head is detached as a result of vortex stretching and a new head is
formed in its place. This head detachment continues as time proceeds. Spiral
vortices appear at the counter-rotating structures on each side. Later, the flow
pattern becomes complex with many hairpin and spiral vortices characterizing
a young turbulent spot.
Amplitude thresholds for transition from a localized disturbance to a turbulent spot is investigated by a numerous of direct numerical simulations. If
the initial amplitude of the disturbance exceeds a certain threshold value, AT ,
transition occurs. Simulations are carried out with varied initial amplitudes of
the localized disturbance at the Reynolds numbers 500, 800 and 1200. When
evaluating whether transition occurs or not, the disturbance energy, extreme
values of velocity and vorticity components and visual examinations of the
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Figure 3.8. (a) Evolution of disturbance energy at Re =
500 and A = 0.046 (solid line), 0.045 (dashed line) and 0.044
(dotted line). (b) Threshold amplitude as function of Reynolds
number. The circles correspond to the lowest amplitudes from
the DNS that lead to transition. The black line is a least square
fit to the data corresponding to AT = 6.36 · 104 Re−1.54 . The
gray line indicates the critical Reynolds number of 367.
flow field are taken into account. Figure 3.8(a) shows the evolution of the
disturbance energy for three initial amplitudes close to the threshold value at
Re = 500. In this case, transition occurs for the amplitudes A = 0.045 and
0.046 but not for 0.044 for which the disturbance energy and flow extreme
values decay after the initial transient growth.
The circles in figure 3.8(b) summarizes the amplitude thresholds taken
as the lowest amplitudes for which transition is attained in the DNS before
t = 1000 for the three Reynolds numbers. The black line is the least square fit
to the data and for this range of Reynolds numbers, the threshold amplitude is
found to scale as Re−1.5 . An attempt of finding the critical Reynolds number for
transition initiated of the localized disturbance is also carried out. Simulations
are performed with an initial amplitude of the localized disturbance of 0.1 and
varied Reynolds numbers. Relaxation of the localized disturbance appears for
Re = 367 or below. This value is indicated in figure 3.8(b) as the thick gray
line.

CHAPTER 4

Turbulence
4.1. The essence of turbulence
As was mentioned in the Introduction, turbulent flow is characterized by a
chaotic, swirly and fluctuating motion, like the white jet of water from the
kitchen tap. Turbulence is unpredictable in its nature, because a very small
difference in the initial conditions, causes a completely different solution at a
later instant. An example of this sensitivity on initial conditions is the Butterfly Effect, an expression coined after the work by Lorenz (1963), that the flap
of a butterfly’s wings will create a disturbance that in the chaotic motion of
the atmosphere will become amplified and eventually change the weather. As
a result, it is impossible to predict the weather, one can only compute possible outcomes of how the weather will be. That is actually what is done, the
meteorological institutes perform one simulation with initial conditions based
on weather observations, then additional simulations are done with slightly
disturbed initial conditions in order to test the sensitivity and thereof the reliability of the forecast.
If we consider the white turbulent flow from the kitchen tap again, and take
a photograph with a very short shutter time, we will see a picture of all the
fluctuations with lots of small bubbles in it. If we take one more photograph, it
will look different. On the other hand, if we take a photograph with a very long
shutter time, we will see a diffusive smooth picture showing the mean behavior
of the jet of water. Now we do not need to take another photograph, because
it will look the same. In applications one is not usually interested in knowing
all the details about the fluctuations of the flow, but rather satisfied with the
influence of the turbulence on the averaged flow. For this purpose we divide
the total flow into an average and a fluctuating component
ui = Ui + u0i ,

p = P + p0 ,

(4.1)

where Ui denotes the mean velocity and u0i the fluctuation. The index denotes
either one of the three spatial directions. As well as one can take the average
in time, as the photograph taken with a very long shutter time, one can take
the average in either of the spatial directions what ever is convenient for the
particular flow case. In the case of the jet of water, it is convenient to average
in time and in the azimuthal direction, but not in the streamwise or the radial
directions.
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By introducing (4.1) into the Navier–Stokes equations and taking the average, we receive the Reynolds average equations governing the mean flow.
These equations include the effect of the turbulence through the Reynolds
stress u0i u0j , where the line denotes average. Because of this additional stress,
the Reynolds average equations involve more unknowns than equations and can
not be solved directly. This closure problem implies that the Reynolds stress
components have to be modeled and thereof be expressed in the mean flow
variables. However, in the present thesis, the total flow is computed by solving
the Navier–Stokes equations and no modeling is needed.

4.2. Spots in the asymptotic suction boundary layer
In the fifth paper, the development of turbulent spots in the asymptotic suction
boundary layer is studied using DNS. In natural transition, the breakdown to
turbulence typically starts in isolated regions initiated by disturbances present
in the laminar flow. These turbulent spots grow in size as they propagate downstream and merge together to form a fully developed turbulent flow. Turbulent
spots and their development in channel flows and boundary layers have been
investigated extensively both experimentally (Riley & Gad-el-Hak 1985) and
numerically (Mathew & Das 2000). But, until now, nothing has been reported
on turbulent spots in the asymptotic suction boundary layer. However, numerical simulations of turbulent spots in the asymptotic suction boundary layer are
fruitful as the temporal approach allows us to choose a shorter computational
domain than the distance the spot actually propagates.
The turbulent spot is triggered by a localized disturbance that is introduced
in the initial velocity field in the form of two counter-rotating vortex pairs, see
figure 3.6. When it breaks down, the turbulence spreads in the streamwise
and lateral directions as the spot propagates downstream. The growth of its
height is, however, very small. Figures 4.1 and 4.2 show the turbulent spots
in the asymptotic suction boundary layer at Reynolds number 500 and 800,
respectively. The streamwise disturbance velocity in the wall-parallel plane at
y = 1 and the (x, y)-plane along the centerline are visualized with dark and light
regions displaying high and low values, respectively. The length of the planes
is 300 while the width and height show the entire spanwise and wall-normal
extend of the computational box, respectively. A corresponding visualization
of a turbulent spot for Reynolds number 1200 is shown in figure 4.3, where the
length of the planes is 200.
The turbulent spot takes a bullet-shaped form with a rounded leading
edge and a straight trailing edge. This shape becomes more distinct for higher
Reynolds numbers as the scales within the spot get smaller. The interior of
the spot is occupied of turbulent streaky structures. The side views reveal that
the leading edge develops an overhang over the laminar flow and this is typical
for turbulent spots in boundary layers. Beneath this overhang, long streaks
extend from the turbulent region close to the wall. Behind the trailing edge of
the spot, shorter streaks persist followed by a calm wake with accelerated flow.
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(a)

(b)

Figure 4.1. Numerical smoke visualization of a turbulent
spot in the asymptotic suction boundary layer at Re = 500
and t = 1100. Flow is in downward direction and the length
of the planes is 300. Dark and light regions show high and low
streamwise disturbance velocity, respectively. (a) Top view at
y = 1. (b) Side view through the middle of the spot at z = 0.
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(a)

(b)

Figure 4.2. Numerical smoke visualization of a turbulent
spot in the asymptotic suction boundary layer at Re = 800
and t = 900. Flow is in downward direction and the length of
the planes is 300. Dark and light regions show high and low
streamwise disturbance velocity, respectively. (a) Top view at
y = 1. (b) Side view through the middle of the spot at z = 0.
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(a)

(b)
Figure 4.3. Numerical smoke visualization of a turbulent
spot in the asymptotic suction boundary layer at Re = 1200
and t = 500. Flow is from left to right and the length of
the planes is 200. Dark and light regions show high and low
streamwise disturbance velocity, respectively. (a) Top view at
y = 1. (b) Side view through the middle of the spot at z = 0.
The fully developed turbulent spot grows linearly both in length and width.
The leading edge propagates at about 85-90 % of the free-stream velocity while
the trailing edge velocity decreases from slightly bellow 70 % for Re = 500
to slightly bellow 50 % for Re = 1200. The half-width angle increases with
increasing Reynolds number from about 2◦ for Re = 500 to about 4◦ for Re =
1200. However, it seems to level off to a constant value at high Reynolds
numbers. At the time of writing this thesis, an ongoing experiment of turbulent
spots in the asymptotic suction boundary layer at Re = 500 is performed in
the MTL wind-tunnel at KTH Mechanics in Stockholm by Jens Fransson. His
preliminary results indicate slightly larger spreading rates.
To summarize, the turbulent spot in the asymptotic suction boundary layer
bears many similarities to spots in other flows. Its shape and spreading rates are
reminiscent of the turbulent spot in boundary layers subjected to a favorable
pressure gradient. In common with spots in plane Couette flow and plane
Poiseuille flow, the spreading rates are dependent of the Reynolds number.

4.3. Turbulence statistics of the Blasius wall jet
In the sixth paper, the early turbulent evolution of the Blasius wall jet is studied. The investigation is an extension of the simulation presented in paper 3.
The same forcing with two-dimensional waves and streamwise elongated streaks
is done to trigger a natural transition mechanism. However, a four times larger
computational domain is used, allowing the turbulent region of the wall jet to
develop for a longer distance downstream. Statistics of mean flow and turbulent
stresses are sampled for 2200 time units, corresponding to five months of nonstop simulations. The averaged data is then scaled with appropriate scalings
for the inner boundary layer and the outer shear layer to identify self-similar
behavior.
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Figure 4.4. Mean streamwise velocity at x = 170 (solid line),
200 (dashed line), 250 (dashed-dotted line) and 300 (dotted
line). (a) Outer scaling is used. (b) Inner scaling is used.
For the outer scaling, velocities are scaled with the local maximum velocity of the wall jet Um and lengths are scaled with the half-width y1/2 , which is
the distance from the wall where the velocity in the outer region reaches half
the local maximum velocity. The streamwise mean velocity scaled with outer
scaling is shown in figure 4.4(a). The profiles between x = 200 and 300 collapse
reasonably well up to y/y1/2 = 1. Further away from the wall, the profiles deviate from each other owing to a secondary flow. This secondary flow originates
from a start-up vortex that slowly convects downstream and then remains in
the ambient flow in front of the fringe region, which seems to act like a wall on
such large structures. External flows exist for wall jets in experimental facilities
as well, but as the computational box is not as large as the surrounding space
in an experiment, the problem is more prominent. It is possible to avoid the
vortex by specifying the entrainment velocity at the upper boundary as was
done by Dejoan & Leschziner (2005), who used a boundary condition based on
the laminar free plane jet. However, it is chosen not to constrain the turbulent
wall jet by prescribing an entrainment velocity based on laminar theory.
When using
p the inner scaling, velocities are scaled with the friction velocity uτ = ν|∂U (y = 0)/∂y| and lengths are scaled with the wall thickness
η = ν/uτ . Quantities scaled with the inner scaling are conventionally denoted
with a plus (e.g. y + = y/η and uv + = u0 v 0 /u2τ ). Using this notation, the halfwidth corresponds to about 300 plus units, a value that increases with Reynolds
number. Figure 4.4(b) shows the near-wall region of the streamwise mean velocity scaled with inner scaling. Within the viscous sublayer, the profiles follow
a linear law U + = y + , shown as the gray line, up to about y + = 4. Further
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Figure 4.5. Profiles of (a) rms of u0 , (b) rms of v 0 , (c) Reynolds shear stress and (d) turbulence kinetic energy. Lines as
in figure 4.4.
away from the wall, the profiles start to deviate from the linear behavior, earlier
than for a turbulent boundary layer that typically start to deviate for values
y + ≥ 8. Up to about y + = 20, the profiles at x = 250 and 300 collapse well.
Components of the Reynolds stress and the turbulent kinetic energy scaled
with inner scaling are shown in figure 4.5 for the same streamwise positions as
in figure 4.4. The profiles collapse reasonably well for the streamwise positions
x = 200 to 300 indicating that the flow has started to exhibit a self-similar
behavior. It can be noted that the collapse provided with inner scaling is much
better than with outer scaling. The profile at the position x = 170 is, however,
still close to the transitional region and deviates from the other profiles. The
general shape of the profiles agree well with previous studies (e.g. Eriksson
et al. 1998; Dejoan & Leschziner 2005). However, downstream of the position
x = 300, the vortex present in the end of the computational domain causes the
flow to depart from the self-similar behavior and profiles from this region are
therefore not taken into account.

CHAPTER 5

Conclusions
The work presented in this thesis is motivated by the need of an increased
fundamental understanding of the physics of wall-bounded flows. Investigations of the stability, transition mechanism and early turbulent evolution of
wall-bounded flows have therefore been carried out. Three base flows have
been considered, the Falkner–Skan boundary layer subjected to favorable, zero
and adverse pressure gradients, boundary layers subjected to wall suction and
the Blasius wall jet. The stability was investigated by means of linear stability equations valid both for the exponential and algebraic growth scenario.
An adjoint-based optimization technique was used to optimize the algebraic
growth of streaks. The exponential growth of waves was maximized in the
sense that the envelope of the most amplified eigenmode has been calculated.
The transition mechanism and turbulence were studied by direct numerical
simulations.
In the first paper, the stability of the Falkner–Skan boundary layer subjected to favorable, zero and adverse pressure gradients is considered. The
optimization of the algebraic growth was carried out over the initial streamwise location as well as the spanwise wavenumber and the angular frequency.
It it found that the initial streamwise location, where the disturbance is introduced in the boundary layer, has a significant impact on the growth. The
optimal location moves downstream with decreased pressure gradient of the
base flow. In both the algebraic and exponential growth scenarios, the growth
is found to increase with increased pressure gradient, although the effect is
much more pronounced for the exponential growth. Furthermore, a unified
transition prediction method incorporating the influences of pressure gradient
and free-stream turbulence is suggested.
In the second paper, the algebraic growth of streaks in boundary layers
subjected to wall suction is considered. It is found that the spatial analysis gives
larger optimal growth in the asymptotic suction boundary layer than temporal
theory. Furthermore, it is found that the optimal growth is larger for the
semi suction boundary layer, where the suction begins a distance downstream
of the leading edge, than for the asymptotic suction boundary layer. The
upstream part of the boundary layer without suction is responsible for this
increase of the growth as well as the decrease of the corresponding wavenumber.
However, when the streamwise interval for which the optimization is carried
out is prolonged, the differences reduce.
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In the third paper, the Blasius wall jet, which was matched to the measured
flow in an experimental wall-jet facility, is considered. Linear stability analysis
with respect to the growth of two-dimensional waves and streamwise streaks
was performed and compared to the experiments. The flow reveals a high instability to two-dimensional waves and non-modal streaks. Furthermore, the
nonlinear interaction of introduced waves and streaks and the flow structures
preceding the flow breakdown were investigated by means of direct numerical
simulations. It is demonstrated that the streaks play an important role in the
breakdown process, where their growth is transformed from algebraic to exponential as they become part of the secondary instability of the two-dimensional
waves. The role of subharmonic waves and pairing of vortex rollers was also
investigated. However, in the presence of streaks, pairing is suppressed and
breakdown to turbulence is enhanced.
In the fourth paper, energy thresholds for transition to turbulence in the
asymptotic suction boundary layer are considered. The development and breakdown of periodic disturbances were studied with direct numerical simulations.
Transition triggered by streamwise vortices, oblique waves and random noise
were investigated. It is found that the lowest energy threshold is provided
by the oblique wave scenario for the considered Reynolds numbers (Re). The
threshold energy is found to scale like Re−2.6 for oblique transition and like
Re−2.1 for transition initiated by streamwise vortices and random noise. This
indicates that oblique transition has the lowest energy threshold also for larger
Reynolds numbers.
In the fifth paper, thresholds for transition of localized disturbances, their
breakdown to turbulence and the development of turbulent spots in the asymptotic suction boundary layer are considered. The localized disturbance
was introduced in the initial base flow and studied using direct numerical simulations. It is found that the threshold amplitude, defined as the maximum
wall-normal disturbance velocity, scales like Re−1.5 for 500 ≤ Re ≤ 1200. For
Re ≤ 367, the localized disturbance decays after the initial transient growth.
The turbulent spot is found to take a bullet-shaped form with a rounded leading
edge and a straight trailing edge. Long streaks extend upstream evolving from
the disturbed flow in an overhang region. It is found that the spot becomes
more distinct and increases its spreading rate for higher Reynolds number.
In the sixth paper, the early turbulent evolution of the Blasius wall jet is
considered. The direct numerical simulation is an extension of the work presented in paper 3 but a larger computational domain was used. The averaged
data from turbulence statistics was scaled in both inner and outer scaling in
order to identify self-similar behavior. Despite the low Reynolds number and
the short computational domain, in comparison to available experiments, it
was found that the turbulent flow exhibits a reasonable self-similar behavior,
which is most pronounced with inner scaling in the near-wall region.
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