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Abstract
It is the purpose of this thesis to investigate different regional geoid determination
methods with respect to their feasibility for use with a future GOCE satellite-only
Earth Gravity Model (EGM). This includes investigations of various techniques,
which involve different approximations, as well as the expected accuracy. Many,
but not all, of these tasks are tested by means of Synthetic Earth Gravity Models (SEGMs). The study is limited to remove-compute-restore methods using
Helmert condensation and to Sjöberg’s combined approach (method with additive
corrections).
First, a number of modifications of Stokes’ formula are tested with respect to
their compatibility with a GOCE EGM having negligible commission error. It is
concluded that the least squares modification method should be preferred.
Next, two new point-mass SEGMs are constructed in such a way that the resulting models have degree variances representative for the full and topographically
reduced gravity fields, respectively. These SEGMs are then used to test different
methods for modified Stokes’ integration and downward continuation. It is concluded that the combined method requires dense observations, obtained from the
given surface anomalies by interpolation using a reduction for all known density
anomalies, most notably the topography. Examples of other conclusions are that
the downward continuation method of Sjöberg (2003a) performs well numerically.
To be able to test topographic corrections, another SEGM is constructed starting from the reduced point-mass model, to which the topography, bathymetry
and isostatic compensation are added. This model, which is called the Nordic
SEGM, is then applied to test one strict and one more approximate approach to
Helmert’s condensation. One conclusion here is that Helmert’s 1st method with
the condensation layer 21 km below sea level should be preferred to Helmert’s 2nd
condensation strategy.
The thesis ends with a number of investigations of Sjöberg’s combined approach to geoid determination, which include tests using the Nordic SEGM. It is
concluded that the method works well in practice for a region like Scandinavia.
It is finally shown how the combined strategy may preferably be used to estimate
height anomalies directly.
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Chapter 1

Introduction
1.1

Regional Geoid Determination Methods for the
Era of Satellite Gravimetry

Ever since the launch of Sputnik in 1957, satellite gravimetry has been used to
map the long wavelength features of the Earth’s external gravity field. Until
recently, it has been possible to determine potential coefficients up to, say, degree
36; see Seeber (2003) for details. With the launch of the dedicated gravity field
missions CHAMP and GRACE, the determination of the Earth’s gravity field
from space entered a new era. Together with ESA’s gradiometer mission GOCE,
planned for launch in 2006, very high accuracy is expected up to significantly
higher maximum degrees M . Especially for GOCE, which will utilise Satellite
Gradient Gradiometry (SGG) in combination with Satellite to Satellite Tracking
in the high-low mode (SST-hl), a major step forward is expected. According to
the performed simulations (e.g. ESA 1999; Rummel et al. 2000; Oberndorfer et
al. 2000; Ditmar et al. 2003), the geoid commission error for GOCE is expected
to be somewhere around 1 cm for the resolution 100 km, which corresponds to
M = 200. Already today (2004), CHAMP and GRACE have resulted in satelliteonly Earth Gravity Models (EGMs) significant to considerably higher degrees
compared to what was possible before the era of satellite gravimetry. According
to Reigber et al. (2004a), the GRACE results are accurate to a few cm for the
maximum degree M = 100; see also GRACE (2003) and Reigber et al. (2004b).
Some other useful references for the three dedicated gravity field missions are
Balmino (2003), Tapley et al. (2004) and Drinkwater et al. (2003).
However, even if it is assumed that the GOCE mission is successful in that
long wavelength geoid heights can be determined with 1-cm commission error up to
M = 200, this is not sufficient for regional geoid determination. The corresponding
omission error is too high for most geodetic applications. For instance, according
to the degree variance model of Tscherning and Rapp (1974), the global RMS for
the signal variation above M = 200 is 38 cm. Consequently, also a future highaccuracy satellite-only EGM derived from GOCE needs to be combined with other
sources of information to obtain the magic 1-cm geoid. The most important type
of observation is terrestrial or airborne gravity, but also satellite altimetry could
1

contribute to the determination of the higher frequencies. One way to incorporate
more details is, of coarse, to determine a combined type of EGM of the same
type as EGM 96 (Lemoine et al. 1998; see also Rapp and Pavlis 1990), and such
efforts have already been made. The latest combined model EIGEN CG01C was
derived to M = 360 as a combination of CHAMP, GRACE, surface gravity and
altimetry data (Reigber et al. 2004c). This type of global EGM could of also
be extended to higher maximum degrees, perhaps as high as M = 1800, but for
even higher degrees numerical problems arise in the computation of the Legendre
functions (Wenzel 2000). However, the production of such a model is an enormous
undertaking due to the large amount of data to be handled on a global scale. It
is doubtful whether it is worth the effort, especially as the omission error can still
be expected to be larger than 1 cm for most areas of the Earth.
It seems that a better option is to use some regional geoid determination
method, which combines the high quality EGM with other types of information
on a regional or local basis. In this way, very dense gravity anomalies can be
taken advantage of close to the computation point, while the contribution from
the “rest of the world” is provided by the EGM. The leading question of this thesis
is how this type of regional geoid determination should best be done, assuming
that a GOCE satellite-only EGM is available with 1-cm commission error up to
M = 200. To keep things as simple as possible, it is assumed that the only additional observations besides the EGM are pure gravity anomalies and topographic
data from a Digital Terrain Model (DTM). Consequently, no altimetry observations are utilised, which means that the so-called gravimetry-altimetry Boundary
Value Problem (BVP) will not be considered here; see for instance Svensson (1983),
Sansó (1993) and Martinec (1998).
Many different methods for regional geoid and quasigeoid determination have
been proposed during the years, and it is far from clear which one that is most
suitable to use with a high accuracy EGM stemming from GOCE. To some extent, different “schools” have evolved, each preferring its own set of techniques
and philosophy, which makes it more difficult to judge what is the best method
in a certain situation. The methods can be classified in different ways. One fundamental distinction is whether a remove-compute-restore technique is used with
respect to the EGM and the topography, or whether the unreduced surface gravity
anomaly is utilised directly; cf. for instance the theories of Molodensky et al. (1962)
and the combined approach of Sjöberg (2003b). One can also distinguish between
different ways of estimating geoid heights from the gravity anomalies: The three
most common techniques here are to use some modification of Stokes’ formula
(e.g. Molodensky et al. 1962; Wong and Gore 1969; Sjöberg 1991), least squares
collocation (Krarup 1969; Moritz 1980; Tscherning 1985; Sansó and Tscherning
2003) or some kind of point-mass modelling technique; see for instance Denker
et al. (2000). The remove-compute-restore methods also differ with respect to
the topographic reduction that is used. The two most common ones are Helmert
condensation methods (e.g. Vanı́ček and Martinec 1994; Martinec 1998; Sjöberg
2000; Heck 2003) and the Residual Terrain Modelling (RTM) reduction. Some
important references for the latter are Forsberg and Tscherning (1981), Forsberg
(1984a), Tscherning (1985), Forsberg (1997) and Torge (2001). Following Heck
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(2003), we will distinguish between Helmert’s 1st and 2nd condensation methods
(Helmert 1884), which differ in that the condensation layer is placed at 21 km
depth in the former case, while it is located at sea level in the latter. Naturally,
the topographically corrected gravity anomalies are considerably smoother for the
1st compared to the more common 2nd method (Heck ibid.). Another possibility,
which has not been as common, is to use some kind of isostatic reduction; see for
instance Martinec (1998). Otherwise, the methods can be applied on different levels of approximations, using different assumptions, etc. It is not generally agreed
upon which approximations that are allowable and which are not; cf. for instance
Sjöberg (2004) and Forsberg (1997).
It is the main purpose of this thesis to investigate how suitable different regional
geoid determination methods are for use with a high accuracy satellite-only EGM.
This includes investigations of the importance of some common approximations
and comparisons of alternative techniques. The investigations will be limited to
the case the modified Stokes’ formula is applied with a Helmert reduction using
either a remove-compute-restore method or the combined approach of Sjöberg
(2000, 2001a, 2001b, 2003a and 2003b); see also Nahavandchi and Sjöberg (2001).
Another aim is to find out what accuracy that can be expected depending on the
quality of the gravity anomalies, and to improve the tested methods whenever
that is felt necessary. The most important questions to be investigated are the
following:
• Terrestrial gravity observation are usually distributed in inhomogeneous
ways and are often affected by systematic errors (Heck 1990). When a
GOCE model with very high accuracy in the low to medium degrees is
used, it therefore becomes important to use a kernel modification that effectively filters out the long wavelength errors from the gravity anomalies. In
Sjöberg (2003d), the so-called low-degree GOCE-only technique was derived,
which blocks the low degree influence from gravity errors completely; see
also Vanı́ček and Sjöberg (1991). Is this method suitable for a GOCE EGM,
or should some other modification of Stokes’ formula be preferred, like the
unbiased least squares method of Sjöberg (1991), the spheroidal kernel technique (Vanı́ček and Kleusberg 1969) or the spectral combination of Wenzel
(1981)? It might also be asked if it is really necessary to modify Stokes’
formula at all (e.g. Sideris 1994). The use of the original Stokes’ function is
called the standard remove-compute-restore method in this thesis; cf. Ågren
and Sjöberg (2004).
• When the parameters in the unbiased least squares modification method
(Sjöberg 1991) are determined, an ill-conditioned system of equations arises.
In Ellmann (2003, 2004), different regularisation methods (Hansen 1998)
were used to handle this problem. However, one may ask why the problem becomes ill-conditioned or unstable. Furthermore, what are the consequences in practice? These questions are not treated by Ellmann (ibid.), but
are important for the application of the least squares modification methods.
• What accuracy can be expected from a GOCE model with 1-cm commission
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error up to M = 200 for different qualities of the given gravity anomaly
data? In what way do the methods used for modification of Stokes’ formula,
numerical quadrature of Stokes’ integral, downward continuation to sea-level
and topographic corrections affect these error estimates?
• When the remove-compute-restore method is used with a smoothing topographic correction like Helmert’s 1st condensation or the RTM methods,
then the numerical quadrature of the modified Stokes’ integral is performed
on smoother reduced gravity anomalies, compared to when the combined
approach is used. In the latter case, the full surface anomalies are used for
the same purpose. How much larger errors on average can be expected because of this? How much denser observations are required to compensate
for the fact that the quadrature is performed on the full gravity field? Is it
possible to reduce the additional errors for the combined method by pure
interpolation?
• When the remove-compute-restore method is used with the Fast Fourier
Transform (FFT) technique, Stokes’ integration is often performed on the
whole (rectangular) gravity anomaly grid for each computation point (e.g. Schwarz
et al. 1990). How does this practice affect the accuracy, compared to using
the alternative method with integration over a moving spherical cap (see for
instance Sjöberg 1991)? Is it possible to utilise the unbiased least squares
modification method also with a fixed rectangular integration area?
• The downward continuation of surface gravity anomalies to sea level is an illposed problem due to the fact that the attenuation effect makes it unstable
(Martinec 1998). Different methods have been proposed for its solution, for
instance the inversion of Poisson’s equation (Vanı́ček et al. 1996; Martinec
1998) and methods using only the linear term of a Taylor expansion. How
effective are these methods numerically? Under what circumstances is it
necessary to use regularisation methods other than the discretisation of the
problem? How dependent are the results on the type of gravity anomaly (reduced or full) that is downward continued? Sjöberg (2003a) proposed a new
method for downward continuation, which have not been tested. How should
this method best be implemented? How does it relate to other techniques?
• How much better is it numerically to use Helmert’s 1st condensation method,
compared to using the 2nd counterpart? Many more or less approximative
Helmert methods have been proposed, using for instance the planar (flatEarth) approximation and some downward continuation hypothesis. How
large errors are introduced by these approximations in different situations?
• When the geoid is determined by the combined method of Sjöberg (e.g. 2003b),
only one topographic correction is applied, namely the so-called combined
topographic correction. How should this correction be computed in different circumstances? How should it be interpreted? As is shown in Sjöberg
(ibid.), it can be divided into one simple H 2 term and one residual part.
Under what circumstances are the H 2 approximation sufficient?
4

• What is the relation of Sjöberg’s combined approach, including his method
for downward continuation, to the remove-compute-restore Stokes-Helmert
approach, in both its strict and approximate formulations.
One fruitful way to investigate the above questions is to utilise synthetic models of
the Earth’s gravity field, which make it possible to compare the tested techniques
with the “true” values. It is also the purpose of this thesis to construct and
use suitable Synthetic Earth Gravity Models (SEGMs) for the specific purpose of
answering the above questions in the best possible way. In the next section an
introductory discussion to the topic of synthetic models is given, which explains
why it was decided to construct new SEGMs.

1.2

Synthetic Earth Gravity Models

Today many geodesists are working on the construction of Synthetic Earth Gravity Models (SEGMs), which are meant to be used in testing different methods for
geoid and quasigeoid determination. In 1996 the special study group SSG 3.177
was established within the IAG. The main purpose of this group, which has been
chaired by Will Featherstone ever since, is to study the theoretical foundations
and practical procedures necessary to compute SEGMs; see for instance the excellent homepage (http://www.cage.curtin.edu.au/ will/iagssg3177.html) and Featherstone (1999, 2001).
It is obviously important that the used SEGM is realistic, since otherwise it
might be claimed that the failure of a tested method is due only to the inadequacy
of the synthetic model and has nothing to do with the quality of the method itself.
The most ambitious way to construct such a model is to use all available gravity
field observations, geophysical data and other information to construct the most
realistic model possible, both regarding inner composition and generated gravity
field. This is, needless to say, a tremendous task. A relevant question at this point
is whether it is necessary, or even desirable, to choose such a model. The fact that
it becomes so complicated, makes it difficult to fulfil other requirements. For
instance, it is desirable that the model is self-consistent, i.e. it should be possible
to go from the observations to the evaluation quantities in an error-free way (in
case sufficiently dense observations are generated, etc.). Another requirement is
that the model should be realistic over a large portion of the spectrum, also for
the higher degrees. It must also be possible to generate the gravity field quantities
in a reasonable amount of time. Consequently, some kind of compromise has to
be found, so that a model becomes as simple as possible, at the same time as it
generates a gravity field that is realistic in the way required by the tests to be
made; cf. Pail (2000). This also implies that it is doubtful whether it is desirable
to construct a unified SEGM, which can be used for all sorts of applications.
A useful distinction at this point is between source and effects SEGMs (Pail
2000; Kuhn and Featherstone 2003a). In the first case, a mass density model of
some sort is used to generate the synthetic field. One example of such a model
is a suitably chosen distribution of point-masses. An effects model, on the other
hand, is constructed without assuming any kind of density distribution. The
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primary example here is to choose a set of spherical harmonic coefficients, which
is then used to generate different gravity field quantities using spherical harmonic
synthesis.
Much recent work in the field has focused upon constructing pure spherical
harmonic effects models. The first example is provided by Tziavos (1996), who
utilised an existing combined EGM with a comparatively low maximum degree.
In Novak et al. (2001), the EGM 96 coefficients (Lemoine et al. 1998) were supplemented up to degree 2160 by recycling of the degree n = 360 coefficients in such
a way that reasonable degree variances were obtained, approximately coinciding
with GPM98B (Wenzel 2000). One critical problem for the construction of this
type of model is that for high frequencies, overflow and underflow errors occur for
low and high latitudes. Much effort was therefore spent on avoiding such effects by
Clenshaw summation (Holmes and Featherstone 2002; Holmes 2002). As a result,
it became possible to extend the maximum degree to 5400 over Australia and to
degree 2700 globally (Holmes 2002; see also Featherstone 2002). In the SEGM
with coefficients to degree 5400 (Holmes ibid.), the degrees 2 ≤ n ≤ 360 were
taken directly from EGM 96. After that GPM98C (Wenzel 2000) was utilised up
to n = 1800. Finally, the highest degrees were generated by recycling as in Novak
et al. (ibid.), but now the Tscherning and Rapp (1974) degree variance model was
used to scale the coefficients.
In the above SEGMs, no use is made of a density distribution. In Haagmans
(2000), on the other hand, EGM 96 was combined with the potential coefficients
for the topographic, bathymetric and isostatic effects computed from a Digital
Terrain Model (DTM) up to the maximum degree 2160. This type of model may
be called hybrid source-effects SEGMs (Holmes 2002). One problem here is that
EGM 96 already contains the effects in question. Furthermore, the degree variances below and above degree 360 does not coincide with each other. Instead of
modelling the difference in some way, Haagmans (ibid.) solves these problems by
first fitting a straight line to the difference between the logarithms of the degree
variances in the interval 25 ≤ n ≤ 360. The topographic/bathymetric/isostatic
degree variances are then corrected such that the trends of (the logarithm of) the
two spectra coincide better in the common interval. After that, a filter is applied
to accomplish a gradual passage between the two sets of potential coefficients.
One may wonder why the slope of EGM 96 in the above mentioned frequency
range should determine the slope also for the higher degrees. Claessens (2003)
consequently showed that the resulting power in Haagmans model is too low in
the higher frequencies, compared to the degree variances of GPM98B (Wenzel
2000). To remedy this defect, Claessens (2003) suggested a modified, but closely
related, solution to the above mentioned problems, which resulted in a more realistic spectrum.
The other main strategy to construct a synthetic model, namely to use a pure
source model, was chosen by Kuhn and Featherstone (2003b, 2003c). Here mass
density information concerning the topography, bathymetry, crust and mantle was
used to generate the Curtin SEGM (Version 1) by forward gravity field modelling.
The model is represented by a set of spherical harmonic coefficients with the maximum degree M = 1440. It is interesting, since it has been determined completely
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without consideration of the generated gravity field. Only the available knowledge of density anomalies have been utilised. A comparison with EGM 96 shows
quite large discrepancies. It is believed by Kuhn and Featherstone (ibid.) that
the largest differences are caused by that the Curtin SEGM (Version 1) does not
include any density anomalies in the Earth’s core. A similar type of model was
constructed by Pail (2000), who also used a mantle density model from seismic
tomography, but in his case a fractal topography was used with an isostatic compensation.
Another important type of source SEGM is to choose point-masses in such a
way that the external gravity field becomes realistic. Of course one could argue
that these SEGMs should rather be viewed as effects models, but it is customary
to call them source models anyhow; e.g. Featherstone (1999, 2001). Two different
types of point-mass methods can be distinguished, depending on if the pointmasses are placed in optimised or fixed positions (Vermeer 1995). The former
method was used by for instance Barthelmes (1986), Barthelmes et al. (1991) and
Lehmann (1993). Lately, Claessens et al. (2001) estimated 500 free-positioned
point-masses over Western Australia.
Other source models have been constructed on a local scale using a flat-Earth
assumption, which allows the use of rectangular prisms (e.g. Nagy et al. 2000). In
Papp and Benedek (2000) such a model is constructed for the lithosphere over a
part of central Europe, which is then used to study plumb line geometry. Another
example is provided by Dennis and Featherstone (2003), which used this type of
SEGM to study different types of orthometric heights.
This finishes our review of previous efforts to construct synthetic models; see
Featherstone (1999, 2001) and the given references for more information. As
discussed in the last section, in this thesis synthetic models will be used to test
different regional geoid determination methods. In this case, it is not considered
sufficient to use any of the existing SEGMs. The main reasons for this are the
following:
• The SEGMs represented by spherical harmonic expansions are not available to sufficiently high resolutions, even though the Holmes (2002) model
complete to degree 5400 is in the right neighbourhood. To be realistic, the
SEGM should also contain information beyond the Nyquist degree of the
generated grids. It is therefore believed that 5400, which corresponds to 2’
resolution (size), is a bit low.
• All the effects or hybrid source-effects SEGMs presented above aim at representing the full gravity field as good as possible. In regional geoid determination, however, remove-compute-restore methods are often applied with
respect to the topography, which results in a smoother residual or reduced
gravity anomalies. To test different remove-compute-restore methods for
modified Stokes’ integration and downward continuation, it is therefore desirable to have a SEGM for the reduced gravity field. Another alternative
is to have a full-field SEGM, from which a realistic reduced field is obtained
after that a suitable topographic correction has been applied. These requirements are not fulfilled by any of the effects or hybrid source-effects models
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discussed above.
• The existing local SEGMs are able to generate a lot of details, but they
suffer from that the planar flat-Earth approximation is used. Furthermore,
this type of synthetic model does not contain global information, which is
required for the present purpose.
• It is believed that point-mass modelling is a very promising technique. The
point-masses are often used to represent the high-frequency residual signal,
obtained after subtracting the contribution from an EGM, for a certain geographic area; see for instance Claessens et al. (2001) and Denker et al. (2000).
They are are usually byproducts in geoid determination projects and are not
available to the public without further ado. This is one reason for that existing models of this kind are not used in this thesis. Another reason is that
they are determined using gravity anomalies for certain areas, which makes
it difficult to judge the results. For instance, how representative is for instance the gravity field over Western Australia for the field in other areas?
It is therefore felt that it would be feasible to have point-mass models with
realistic degree variances, both for the full and the topographically reduced
fields. To the author’s knowledge no such models are available.
• None of the available models is suitable to test different topographic correction methods. It is further not possible to investigate all steps necessary to
compute a regional geoid model using a single synthetic model. The Curtin
SEGM (Version 1) includes the topography, but is limited by the fact that
it only contains long wavelengths. The situation is the opposite for the local
models, which only contain details over a small area. As it is also important
to test that the methods for topographic corrections do not introduce long
wavelength biases, this is not sufficient for this thesis.
Due to the above reasons, it was decided to construct the following new
SEGMs:
• Two point-mass synthetic models with realistic degree variances for the full
and reduced gravity fields, respectively. The number, position and magnitude of the point-masses are chosen so that the given degree variances are
reproduced as closely as possible. Some ideas concerning how this could be
done is given in Sünkel (1981), but it is the aim of this thesis to develop a
suitable method for this in detail. It is required that the models are able
to generate gravity field quantities up to at least 1’ resolution, which corresponds to the spherical harmonic degree 10800. Obviously, the construction
of this type of model requires that realistic degree variances are chosen in
the first place.
• The Nordic SEGM, which is a combination of the reduced point-mass model
above and the effects of topography, bathymetry and isostatic compensation,
is needed to test different methods for topographic corrections. If a “perfect”
topographic correction is applied with standard values for both the density
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and the simplified isostatic model, then one should arrive at the reduced
point-mass model above. It is required that the topography, bathymetry and
isostatic compensations are modelled on a global basis and that topographic
details up to 1’ resolution are included (again 10800). This model is only
used for tests in the Nordic (Scandinavian) area, which means that the
topography only needs to be modelled in detail in this area. In the future
this type of model should be constructed also for other areas with different
roughness of the topography.
It is also the purpose of this thesis to construct these synthetic models, and to use
them in numerical tests of regional geoid determination methods. It is not the aim
to compare the results from different SEGMs. (As a next step, one could imagine
that different synthetic models are compared to each other; see Section 10.2). To
be able to investigate the accuracy resulting from the combination of a GOCE
EGM and terrestrial gravity, it is further the goal to choose suitable models for
the observation errors, which are then used for numerical simulation.
It should be mentioned that the above SEGMs are assumed to be spherical
in shape except for the topography, which means that a spherically symmetric
normal gravity field may be used. Furthermore, it is assumed that the synthetic
Earth is free of atmosphere and that no tides have to be considered. Thus, the
SEGMs cannot be used for tests of ellipsoidal or atmospheric corrections, nor to
investigate different strategies to handle the permanent tide (e.g. Ekman 1996).
It must finally be emphasised that the SEGMs are constructed under certain
simplifying assumptions, which means that they are not perfect copies of reality.
The author believes that one may nevertheless learn a great deal about geoid
determination techniques by utilising synthetic models. This belief is presumably
shared by many of the geodesists contributing to the special study group SSG
3.177 within the IAG; see Featherstone (1999, 2001). It is important, though, to
be aware of what has been assumed when the results are interpreted.

1.3

The Author’s Investigations

As the point-mass SEGMs will be constructed so that their degree variances resemble those for the full and reduced gravity fields, Chapter 2 starts with a discussion
and evaluation of different sources of information concerning the full and reduced
signal degree variances. Suitable models for the observation noise are also chosen.
After that, Chapter 3 deals with the question what kernel modification method
is most suitable for implementing a future GOCE satellite-only EGM. In this
chapter, the question is investigated by introductory error propagations in the
spectral domain. This technique is also used for a preliminary investigation of the
accuracy achievable with a high accuracy GOCE model and gravity anomalies of
varying quality.
The main purpose of Chapter 4 is to develop the above mentioned technique
for construction of point-mass synthetic models with desirable degree variances.
The method is then tested and used to generate the two basic point-mass models
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that will be applied in later chapters, i.e. the full and reduced point-mass SEGMs.
Additionally, one unrealistically smooth model is developed for a specific purpose.
The constructed point-mass SEGMs are then used in Chapter 5 to test the
numerical quadrature of the modified Stokes’ integration for the remove-computerestore (reduced field) and combined (full field) cases. It is also investigated
how the use of moving spherical integration cap differs from a fixed rectangular
area. After that, the full and reduced point-mass models are applied to test three
downward continuation methods, namely inversion of Poisson’s integral, the gradient method and Sjöberg’s latest method for downward continuation; see Sjöberg
(2003a). What is new here is that synthetic models are used to attack the problem.
Furthermore, Sjöberg’s method has not been tested numerically before.
In Chapter 6 the method used to construct the topographic, bathymetric and
isostatic parts of the Nordic SEGM is first described and tested. Next, these parts
are computed and combined with the reduced point-mass SEGM, which yield
the final Nordic SEGM. The chapter concludes with two small investigations of
different types of heights and gravity anomalies.
The Nordic SEGM is then applied in Chapter 7 to test two different Helmert
remove-compute-restore methods, primarily with regard to the methods used for
topographic correction and downward continuation. All numerical tests with the
Nordic SEGM are made in such a way that all steps necessary in geoid determination are included. This means that the starting point is regional gravity anomalies
at the surface and potential coefficients to degree M = 200. As it is not the purpose to test different kernel modifications here, the same technique is used for all
tests with the Nordic SEGM. The first type of method to be tested is a very strict
application of Helmert’s 1st and 2nd condensation methods, which involves strict
global integration of topographic effects and downward continuation by inversion
of Poisson’s integral (cf. Martinec 1998). The second technique is an approximative method derived in a planar flat-Earth approximation, which also involves a
downward continuation assumption to the effect that the refined Bouguer anomaly
need not be downward continued.
The main goal of Chapters 8 and 9 is to present, discuss and test the combined
approach of Sjöberg. The best way to explain the method used for computation
of the combined topographic correction, is to start from the topic of topographic
corrections to an EGM, which is treated in Chapter 8. In the next chapter it is
then shown how the same theory is applied by Sjöberg (e.g. 2003b) to compute
the combined topographic correction. After that, it is discussed and tested how
this technique should best be understood. Chapter 9 also contains numerical tests
of the combined approach for geoid determination using the Nordic SEGM. It is
finally shown how the combined philosophy can be adopted to the estimation of
height anomalies.
The thesis ends in Chapter 10 with a summary and some suggestions for future
work.
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Chapter 2

Signal and Noise Degree
Variances
2.1

Introduction

As discussed in Section 1.2, two different types of synthetic models will be constructed and used in this thesis. The first type consists of pure point-mass models,
where the point-masses are chosen so that the resulting degree variances resemble
a given curve, and the models of the second type are combinations of point-masses
and topography, bathymetry and isostatic compensation for the real Earth. In the
latter case, the point-mass part is chosen so that the generated degree variances
are realistic for the reduced gravity field, i.e. for the full gravity field minus the
influence from topography, bathymetry and isostatic compensation. In the pure
point-mass case, two different models will be utilised. The first is the reduced-field
point-mass model just mentioned, while the second is a model for the full gravity
field, which will consequently be called the full-field point-mass model.
Since the point-mass models will be chosen so that they have as realistic degree
variances as possible, it naturally becomes important to clearly define what is
meant by realistic, both for the full and reduced fields. Even though it is possible
to speak of local degree variances (cf. Subsection 4.3.4), it is here assumed that
the degree variances are for the global gravity field in the usual sense (Heiskanen
and Moritz 1967). One purpose of this chapter is accordingly to choose as realistic
signal degree variances as possible, which are to be used for the construction of
point-mass models in Chapter 4. Besides this, the degree variances are also utilised
in the error propagation studies performed with different kernel modifications in
Chapter 3.
An important part of this thesis is to use realistic error models, both for
the GOCE satellite-only EGM as well as for the terrestrial gravity data, and
investigate what accuracy that can be obtained using different geoid determination
methods. It is assumed that homogeneous and isotropic covariance functions can
be used to describe the “error fields” in question, which implies that only a set of
noise or error degree variances need to be specified. Another aim of this chapter
is therefore to discuss and choose proper error degree variances, or covariance
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functions, for the GOCE model and the terrestrial gravity anomalies.

2.2

Some Preliminaries

As stated above, the main goal in this chapter is to determine the most realistic
degree variances, or equivalently, the best possible homogeneous and isotropic
covariance function for the gravity and error fields. This information will then be
used for the construction of synthetic models and the simulation of noise. For this
purpose, the fields in question can be considered as (weakly) stationary stochastic
processes on the sphere (e.g. Moritz 1980, Sect. 34). The question whether the
real gravity field may be viewed in this way is a philosophical matter that needs
not bother us at this point; see e.g. Krarup (1969), Jekeli (1978) and Moritz (1980,
Sect. 38) for such discussions. What is important here is to keep in mind that
the resulting synthetic models and simulated noise, which are only realisations of
the stochastic processes in question, are realistic only in the sense that they have
similar global degree variances or covariance functions as the given fields. In this
section a short introduction is given to the relevant theory. The purpose is only
to establish the notation and terminology; see for instance Heiskanen and Moritz
(1967), Moritz (1980), Forsberg (1984b) and Rummel (1997) for further details.
The formulas are given only for the case of the gravity field, but exactly the same
formalism may easily be adopted in the noise case using obvious modifications.
It is assumed that the disturbing potential of the Earth T is given in a point
P by the expansion
T (P ) =


∞ 
n
X
R n+1 X

n=2

rp

Tnm Ynm (P ) =

m=−n


∞ 
X
R n+1
n=2

rp

Tn (P ),

(2.1)

where R is the mean Earth radius, rP is the the distance of P from the origin,
Tnm are coefficients and Ynm are the spherical harmonics of degree n and order
m, defined by

P̄n|m| (sin φP ) cos mλP
m60
Ynm (P ) =
,
(2.2)
P̄nm (sin φP ) sin mλP
m>0
in which P̄nm are the full normalised associated Legendre functions and φ, λ are
spherical polar coordinates. It should also be mentioned that T n (P ) is the so-called
Laplace harmonics of degree n.
The degree variances of the disturbing potential on the sphere r P = R,
1
kn =
4π

ZZ

Tn2 dσ =

n
X

2
Tnm
,

(2.3)

m=−n

σ

constitute the power spectrum for spherical harmonics, which indicate how the
variance (or power) is distributed in the frequency domain in the global mean
square sense. As the covariance function is assumed to be homogeneous and
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isotropic, it can be shown to be related to the degree variances in the following
way:
 2 n+1
∞
X
R
K(P, Q) =
kn
Pn (cosψ),
(2.4)
rp rQ
n=2

where Pn is the Legendre polynomial of degree n and ψ is the spherical distance
between P and Q. If it is assumed that both points are on the mean sphere, the
covariance function is denoted simply by K(ψ). This will be assumed in the rest
of this section. Thus, the covariance function K(ψ) and the degree variances k n
are related to each other by a simple Legendre transform, in the same way as
the power spectral density and autocorrelation functions are related by a Fourier
transform for a weakly stationary stochastic process in one dimension.
Let us now consider a few basic quantities that can be derived from the disturbing potential and which will be used below. In a spherical approximation, the
gravity anomaly can be found using the fundamental equation of physical geodesy,
∆g(P ) −

∂T
∂r

P

−

2
T (P )
rp

(2.5)

which immediately gives the gravity anomaly,

∞ 
X
R n+2 n − 1
∆g(P ) =
Tn (P ),
rp
R
n=2

(2.6)

with the gravity anomaly degree variances and covariance function:
cn =
and
C(ψ) =



n−1
R

∞
X

2

kn

cn Pn (cosψ),

(2.7)

(2.8)

n=2

respectively. The gravity anomaly variance C(0) is denoted by C 0 and is often
used to characterise the local behaviour covariance functions. Another quantity
is the correlation length, ψ1/2 , which is defined as the spherical distance for which
C(ψ1/2 ) = C0 /2. A third is the curvature parameter related to the behaviour of
the covariance function at ψ = 0; see Moritz (1980, Sect. 22).
Starting from the disturbing potential, it is easy to derive degree variances and
covariance functions with the related parameters also for other quantities. Below
the geoid height will be used, which is given by Bruns’ formula,
N=

T (P0 )
γ0

(2.9)

where γ0 is the normal gravity at the ellipsoid and P 0 is a point at sea-level.
To obtain degree variances, it is assumed that sea-level coincides with the mean
sphere rP = R and that normal gravity is constant.
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Let us finally mention a parameter that will be used in the next section to
describe the local, high-frequency behaviour of the covariance function. This is
the horizontal gradient variance G 0 , which is equal to half the variance for the
vertical gradient of the gravity anomaly. It is related to the curvature parameter
of Moritz (1980, Sect. 22) mentioned two paragraphs back.

2.3

Signal Degree Variances

The main goal of this section is to determine degree variances for the full and
reduced gravity fields. As the reduced gravity field is actually defined in terms of
the full counterpart, it seems logical to treat the latter first.

2.3.1

The full gravity field

The question now is how the degree variances for the full gravity field are to
be chosen. This could be an enormous task that will hardly be feasible to carry
through here. Instead the work made by others will be utilised as much as possible.
There are basically two main sources of information available, namely
• Different types of Earth Gravity Models (EGMs) expressed as series of spherical harmonics from degree 2 to M . The so called satellite-only EGM have
been determined exclusively from satellite data, while the combined type
also utilises gravity anomalies as well as satellite altimetry.
• Existing degree variance models expressed in a closed form, which in their
turn have been determined from EGMs plus mean and point gravity anomalies on a more or less global basis.
Especially today, as we are entering the era of the satellite gravity, it seems natural
to take the lowest degrees from an existing satellite-only EGM. After the degree
variances from a combined type of EGM could be utilised. However, the highest
maximum degree for a such an EGM today (2004) is M = 1800 and, due to
numerical problems in the computation Legendre functions (Wenzel 2000), it is
not likely that models with higher M will be determined in the near future. Thus,
as it is crucial to have a degree variance model that goes to very high degrees, it
follows that both types of information must be used: EGMs are taken advantage
of up to a certain threshold. For higher frequencies, a suitable existing degree
variance model takes over. Of coarse we could try to analyse all available gravity
data on a global basis to determine a new degree variance model that is optimal
for the task, but as remarked above, this would lead to far. Hence, it is preferred
to use an existing model. Of coarse we can change the defining parameters in
the models somewhat in order to obtain certain desirable properties, but a full
scale covariance analysis on a global scale is out of the question. Below, three
different degree variance models are investigated, mainly with regard to how they
can model the high degree information. After that, the choice of suitable EGMs
is considered. The degree variances for the full gravity field that will be used in
the rest of the thesis are finally presented.
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The first model to be considered is Kaula’s rule, which has been extensively
used by geodesists over the years. It was originally determined by Kaula (1963,
1966) from analysis of satellite and gravity observations. The version tested here
reads
GM 10−5
,
(2.10)
σnm = σ (Tnm ) =
R n2
where σ(Tnm ) is the degree-order standard deviation for the potential, i.e. the
standard deviation of one potential coefficient T nm . The corresponding gravity
anomaly degree variances cn then become, taking Eq. (2.7) into account,
cn =



n
(n − 1)2 X 2
(n − 1)2
GM 2 10−10
σ
=
(2n
+
1)
.
R2 m=−n nm
R2
R
n4

(2.11)

The question now is how suitable this model is for the modelling high frequencies.
The global root mean square values for the geoid height, gravity anomaly and
the horizontal gradient are presented in Table 2.1 and the corresponding degree
variances are plotted in Figs. 2.1 and 2.2. The gravity anomaly and geoid height
omission (truncation) RMS errors for some maximum degrees M can also be found
in Table 2.2. The latter were computed from the degree variances by starting the
summation at degree M + 1. It can be seen in Table 2.2 that the gravity anomaly
omission RMS values reduce very slowly for increasing M . Table 2.1 also shows
that the horizontal gradient standard deviation is extremely large. It should also
be mentioned that G0 still increases as the summation is extended to higher degrees. Consequently, it is concluded that Kaula’s model contains too much power
in the highest frequencies. This behaviour, which is also illustrated in Fig. 2.2,
disqualifies Kaula’s rule for modelling of high frequency degree variances. It is also
clear that it is not possible to amend the model by changing the parameter(s).
The only way seems to be to consider it as valid on a Bjerhammar sphere within
the Earth, but in this case we end up in the next type of model.
Table 2.1: Global RMS values for the three degree variance models. Maximum
degree in the summation: 1000000.
√
Geoid Height Gravity anomaly Hor. gradient G0
Model
[m]
[mGal]
[E]
Tscherning and Rapp
24.7
42
59
Kaula
26.6
49
10899
Jekeli and Moritz
24.7
43
14
The second model to be tested is the well-known one by Tscherning and Rapp
(1974), which is defined by
(n − 1)
cn = α
(n − 2) (n + B)



2
RB
R2

n+2

n ≥ 3,

(2.12)

where RB = R − DB is the radius of the so-called Bjerhammar sphere, B and
α are defining parameters. In case B is an integer, the corresponding covariance
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Table 2.2: Global RMS values of the omission error for different maximum degrees
M.
Geoid
Tsch/Rapp
0.476
0.228
0.103
0.030
0.010
0.001
0.000

M
180
360
720
1800
3600
10800
21600

height [m]
Kaula Jek/Mor
0.356
0.667
0.178
0.251
0.089
0.053
0.035
0.001
0.018
0.000
0.006
0.000
0.003
0.000

Gravity anomaly [mGal]
Tsch/Rapp Kaula Jek/Mor
29.7
40.8
29.7
25.3
39.1
18.7
20.1
37.4
7.0
12.7
34.9
0.3
7.1
32.9
0.0
1.2
29.6
0.0
0.1
27.2
0.0

6
Tscherning/Rapp
Kaula
Jekeli/Moritz
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Figure 2.1: Degree variances cn for the Tscherning/Rapp, Kaula and Jekeli/Moritz
models up to degree 1000.
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Figure 2.2: Degree variances cn for the Tscherning/Rapp, Kaula and Jekeli/Moritz
models up to degree 10800.
function can be computed in a closed form (Tscherning and Rapp 1974; Moritz
1980). The parameters were determined by Tscherning and Rapp (ibid.) using
the following data as observations in a least squares adjustment:
• Degree variances cn determined by satellite methods from degree 3 to 20
(Rapp 1973).
• The variances C̄0 for the gravity anomaly mean values over 1 ◦ and 5◦ equal
area blocks, computed from 29960 1◦ ×1◦ equi-angular anomalies covering
about 50 % of the Earth’s surface.
• The gravity anomaly variance C0 , which was computed from a set of 2253122
free air point gravity anomalies. It is well known that the free air anomalies
depend on the height (and depth). As some heights were overrepresented
in the above set, the variance was computed as a weighted mean of the
variances for certain height intervals. The weights were then chosen so that
they reflect how large parts of the Earth’s surface that are within the height
intervals in question and not depending on the number of gravity anomalies
in the intervals.
The reason for using variances for two different mean values as well a for the
point value gravity anomalies is that this puts constraints on different parts of
the spectrum. The adjustment process can shortly be described as follows: First,
RB = R was assumed. After that, α and B were both estimated as real numbers.
In the next step B was fixed to the nearest integer and α was determined again.
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In the final step RB was chosen so that the given point value variance C 0 was
reproduced exactly. Numerically, the obtained parameters are α = 425.28 mGal 2 ,
B = 24 and DB = 1225 m.
The Tscherning and Rapp (1974) model was tested in exactly the same way
as Kaula’s rule; see Table 2.1, Table 2.2, Fig. 2.1 and Fig. 2.2. Overall, the model
looks much more realistic, especially in the higher degrees. The global truncation
RMS errors also coincide rather well with what is obtained after the EGM has been
removed from the gravity anomalies in regional geoid determination. However, it
has been objected that the Tscherning and Rapp (1974) model yields too much
power for the highest frequencies, which is reflected in an unrealistically large
horizontal gradient variance G0 . This question is discussed e.g. in Jekeli (1978),
Tscherning (1985) and Moritz (1980, Sect. 23). In Tscherning (1985) it is admitted
that the value for G0 is too high for the areas of the Earth with topography below
500 m, but it is emphasised that it is much too low in areas with high mountains
and ocean trenches. Consequently, the model is nevertheless useful in a global
mean square sense. Another aspect pointed out by Moritz is that the gradient is
highly sensitive to smoothing operations (see Moritz 1980, Sect. 23). This also
makes it difficult to say what exactly is a realistic value for G 0 in itself, as most
observations are smoothed in some way. In any case, besides the fact that the
Tscherning and Rapp (1974) model perhaps generates too much power in the high
frequencies, it is a strong candidate to be used for the present purpose.
Let us finally consider a model with a lower gradient variance G 0 . As the type
of model was suggested by Moritz (1976, 1977) and the parameters were determined by Jekeli (1978), it will be called the Jekeli and Moritz model. The model
consists of a mix between one Tscherning/Rapp part (with different parameters)
and one Poisson model (see Moritz 1980), i.e.
cn = α 1

n−1
n+A



R12
R2

n+2

+ α2

n−1
(n − 2)(n + B)



R22
R2

n+2

(2.13)

Different sets of parameters were determined by Jekeli (1978), using the same type
of input data as Tscherning and Rapp (1974), but with more recently determined
values for some of the parameters. In addition, the geoid height variance and G 0
itself were used as observations. As the main point here is to consider a model with
a lower gradient variance than the Tscherning and Rapp (1974) counterpart, the
model √
labelled 2L was chosen for evaluation (Jekeli 1978), which was estimated
using G0 = 14.1 E as an observation. The same parameters as before are
presented in Table 2.1, Table 2.2, Fig. 2.1 and Fig. 2.2. It can be observed in
Table 2.2 and Fig. 2.2 that the Jekeli and Moritz model contains almost no gravity
anomaly power above degree 1800, which seems unrealistic. This conclusion is
also confirmed by the comparisons with high degree EGMs presented below; see
Fig. 2.5. Therefore, the Jekeli and Moritz model seems ill-suited to take care of
the higher frequencies for the purpose of constructing synthetic models.
To sum up, of the three tested models, the most promising one is Tscherning
and Rapp’s. It yields realistic values for the gravity anomaly truncation RMS
errors, at the same time as the RMS values for the geoid heights are reasonable.
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It can also be argued that the gradient variance is in order; see Forsberg (1984a)
and Tscherning (1985). As it is difficult to say what the true value is for G 0 , it
is believed that it is better to use a value that is a little bit too high. It seems
preferable that the synthetic models do not lead to over-optimistic conclusions
for the regional geoid determination methods to be tested. It should further be
mentioned that the Tscherning and Rapp (1974) model also fits well with the
ultra-high EGMs of Wenzel; see Fig. 2.5 below. Based on the above discussion,
it was decided to choose the Tscherning and Rapp (1974) model to account for
the highest degrees. It is acknowledged that other models have been developed
using more recent data: For instance Jekeli (ibid.) studied different choices of
the parameters in Eq. (2.12) and also considered the Tscherning/Rapp type in
Eq. (2.12). In these investigation also the same value of G 0 as for the Tscherning
and Rapp model were utilised for some of the models. Furthermore, Rapp (1982)
treated the question in another paper. However, it seems like the old Tscherning
and Rapp (1974) model stands up pretty well in the competition and that it is
sufficiently realistic to be used in this thesis.
Now, all degree variance models are rough approximations by necessity, which
follows from that only a few parameters are utilised in their representation. Fortunately, such models need only be taken advantage of for the highest degrees.
For the low and middle parts of the spectrum, it is definitely preferable to take
the degree variances directly from existing EGMs. At present (2004), the most
interesting EGMs for this purpose are the following:
GGM01S (GRACE 2003). This is one of the first satellite-only EGMs stemming from the dedicated gravity field mission GRACE, which was described
shortly in the introduction. It was realised in July 2003 by Dr. B. Tapley
at the Centre for Space Research at the University of Texas. The model
was estimated using 111 days of GRACE data up to the maximum degree
M = 120, even though the degrees above M = 95 should not be regarded as
significant (GRACE 2003). No apriori constraint or other data was utilised
in the processing. GGM01S can be expected to provide accurate degree
variances up to somewhere around degree 95, but not higher. At the time
of its release, the model was arguably the best satellite-only EGM available. Perhaps another GRACE model could have been chosen at the time,
e.g. Reigbar et al. (2003a, 2003b), but it is believed that this would not have
changed the degree variances too much.
EGM 96 (Lemoine et al. 1998). This model was chosen as it is believed that it is
the best and most reliable combined EGM constructed up to now (2004). It
was developed as a collaboration between the National Imagery and Mapping
Agency (NIMA), the NASA Goddard Space Flight Center and the Ohio
State University and was computed using satellite observations from over 20
satellites, satellite altimetry over the oceans and terrestrial gravity on land.
The processing was made as a strict combination of the normal equations
of the EGM 96 satellite-only solution, the direct altimetry observations and
the gravity anomalies to degree 70. For the degrees 71–359 a block diagonal
approach was used (Pavlis 1997), while a numerical quadrature method was
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taken advantage of for degree 360; see Rapp (1986) and Rapp and Pavlis
(1990) for more details. It should be mentioned that apriori information
on the magnitude of the potential coefficients from a degree variance model
have been utilised from degree 71 and up (Pavlis 1997), which might have an
effect on the resulting degree variances. It should be mentioned that many
other combined EGMs have been developed; see for instance Bouman (2000)
and Wenzel (2000). However, it is believed that the quality of EGM 96 has
been well confirmed. Consequently, it may still be viewed as providing the
most accurate information between degree 95 and 360.
GPM98C (Wenzel 2000). There is no principal reason for limiting the combined type of EGM to the maximum degree 360. Gravity data are often
available with significantly higher resolution, at least in the “western” parts
of the world, and satellite altimetry data exist with 2’ resolution over the
oceans. Wenzel (ibid.) used this information to estimate ultra high degree
geopotential models up to the maximum degree M = 1800; see also Wenzel (1998). The first 180 degrees were taken as given directly by EGM 96.
The coefficients of higher degree were then computed by an iterative numerical quadrature procedure (Wenzel 1985). The main reason for limiting the
model to M = 1800 is that the computation of Legendre functions is not
sufficiently accurate for higher degrees (Wenzel 2000). As a pure quadrature approach is utilised, no apriori information is utilised in the processing.
However, it is possible that numerical errors interfere with the results for
the highest degrees (Wenzel 2000). It should also be mentioned that for 22
% of the Earth’s surface, the 30’ gravity anomalies used for the construction of EGM 96 were utilised to generate the 5’×5’ observations, which of
coarse affects the degree variances. In any case, GPM98C provides the most
detailed and reliable information on the spectrum of the gravity field above
degree 360.
Below, the EGMs above are first compared for the frequency bands in which they
overlap. After that, the ultra high degree model GPM98C is compared with two
of the degree variance models that were introduced above.
The degree variances between degree 2 and 180 for GGM01S and EGM 96 are
presented in Fig. 2.3. GPM98C is not included, since it coincides exactly with
EGM 96 in this frequency band. It can be seen that the two spectrums agree
extraordinary well up to about degree 95. After that, the GRACE model starts
to oscillate, which is what could be expected due to the fact that GGM01S should
not be trusted there; see the comments above. From the above results it follows
that the use of apriori information cannot have changed the degree variances
perceptibly for EGM 96, at least not up to degree 95 or so.
A comparison of the Tscherning and Rapp (1974) model with EGM 96 and
GPM98C is shown in Fig. 2.4 for the degrees 160–360. The main thing to notice
here is that the GPM98C curve lies a little lower than the EGM 96 counterpart above degree 180, but this difference becomes very small above degree 260.
However, it is not possible to say that one model is better than the other. Furthermore, it should be noticed that the Tscherning and Rapp (1974) model is
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reasonably good for the frequencies in question.
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Next, the GPM98C model is compared with the Tscherning and Rapp (1974)
and Jekeli/Moritz degree variance models for the high degrees between 180 and
1800. The results, which can be found in Fig. 2.5, show clearly that the Jekeli
and Moritz model contains much too little power in the higher frequencies, exactly
as remarked above. The Tscherning and Rapp (1974) model, on the other hand,
coincides much better with GPM98C, and is therefore judged to be more realistic.
It can further be seen that the degree variances for GPM98C increases somewhat
above degree 1400. This phenomena is commented on in Wenzel (2000). It is
believed that it is caused by aliasing of the power at degrees above 1800. Very
likely also other numerical effects interfere.
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Figure 2.5: Degree variances cn for the Tscherning and Rapp (1974) model and
GPM 98C.
The question now is how the degree variances should be chosen for the full
gravity field that will be used to construct synthetic models in this thesis. It has
already been decided that the Tscherning and Rapp (1974) model is to be preferred
for the highest degrees. Considering the above results, it seems like a good idea is
to use GPM98C up to degree 1500 and rely on the Tscherning and Rapp (1974)
model above that. The reasons for preferring GPM98C for all degrees 2–1500,
and not another EGM for some wavelengths, is that it coincides almost exactly
with GGM01S up to degree 95. After that, it is equal by definition with EGM
96 up to degree 180. Between degree 180–260, GPM98C differs somewhat from
EGM 96, but it is not possible to say which one is best. To keep things simple, it
was therefore decided to prefer GPM98C all the way. The frequencies 1501–1800
were neglected due to the fact that they are likely affected by aliasing and other
numerical errors. The use of 1500 as the cut off degree also provides a smooth
passage to the Tscherning and Rapp (1974) model. Thus, the full-field degree
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variances were chosen as indicated in Table 2.3. The corresponding spectrum is
presented in Subsection 2.3.3; see Tables 2.5, 2.6 and Fig. 2.8, 2.9.
Table 2.3: Definition of the degree variances for the full gravity field, which are
used to construct synthetic models below.
Degrees
2 – 1500

1501 – ∞

Source
GPM98C
Tscherning and Rapp (1974):
R = 6371 km
α = 425.28 mGal2
B = 24
R − RB =1.225 km

It should finally be mentioned that the choice of full-field degree variances
in Table 2.3 coincides reasonably well with Holmes (2002); see the discussion in
Section 1.2. The above investigation gives some additional justification for this
choice, which is not provided in Holmes (ibid.)

2.3.2

The reduced gravity field

The main purpose of this section is to consider the problem of how the degree
variances should be chosen for the topographically reduced gravity field. It should
first be noticed that different reduced fields are obtained depending on which
topographic reduction method that is utilised. For instance, if Helmert’s 2nd condensation method is applied, the reduced field is more rough, compared to when
Helmert’s 1st strategy is preferred with the layer situated 21 km below sea level
(Heck 2003). As the main motivation for introducing degree variances for the reduced field is to study certain numerical properties for the remove-compute-restore
approach, it is preferred to define the reduced field for a reduction that results in
smooth gravity anomalies. Due to this reason, an isostatic reduction is chosen,
which gives small and smooth anomalies (e.g. Heiskanen and Moritz 1967). The
full and reduced fields should be viewed as two representative examples: The full
field is relevant for the combined approach of Sjöberg (2003b), while the reduced
field is representative for the remove-compute-restore method using a smoothing topographic reduction. The degree variances for Helmert’s 2nd condensation
method lies somewhere in between.
The question now is what hypothesis that should be used for the isostatic
compensation. At this point it should again be noted that we are interested in the
reduced field only in the context of the remove-compute-restore scheme. In this
case, also the lower degrees are removed by the subtraction of the contribution
from the EGM. This means that for our purpose it is most important how the
reduced field behaves above the maximum degree M of the EGM, which is an advantage as the high frequencies depend little on the type of isostatic compensation.
This depends on both the attenuation effect of the gravity field and on that the
Earth’s crust can sustain loads of smaller extension (Watts 2001; Turcotte and
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Schubert 1982). Hence, it is not so crucial what isostatic hypothesis is chosen,
which motivates that a simple local Airy-Heiskanen model is preferred (Heiskanen
and Moritz 1967, Sect. 3-4).
Another important point is that the definition of the reduced field requires
that it is specified exactly what density anomalies that are to be removed from
the full field. For instance, if the reduced field is defined as the field obtained
when the influence of all density anomalies in the crust are removed, then it
will have almost no high frequency variations, even though this goal cannot be
reached in practice. Hence, it seems suitable to define the reduced field so that
standard densities are used to remove the influence of the topography and the
water in the oceans. In the same way, the use of a simplified hypothesis for the
isostatic compensation can also be included in the definition. Thus, the following
definition is preferred: The reduced gravity field is obtained from the full field by
subtracting the influence of topography, bathymetry and isostatic compensation
using standard densities for the topographic masses and sea-water in conjunction
with the local Airy-Heiskanen hypothesis in its spherical formulation (e.g. Rummel
et al. 1988) with standard parameters; see Section 6.2 for more details. This
definition implies that the influence of all density anomalies in the topography
as well as of the isostatic model inconsistencies are included in the reduced field,
which seems appropriate, at least for the time being. After all, the reduced field is
supposed to be representative for what is obtained after a smoothing topographic
correction is applied to the surface gravity anomalies. The choice of the hypothesis
of Airy-Heiskanen is rather arbitrary. It should be noticed, though, that it yields
results that are quite close to the RTM reduction (Tscherning and Forsberg 1981;
Forsberg 1984a), especially in the high frequencies most relevant here; cf. the
remark at the end of the last paragraph. Furthermore, Helmert’s 1st method can
also be expected to yield reasonably similar results, as the isostatic effect can be
approximated rather well by a surface layer.
After this philosophical excursion, let us ask what is the main information that
can be used to construct realistic degree variances for the reduced field defined as
above. Two suitable sources of information suggest themselves,
• Use a global DTM to compute the topographic, bathymetric and isostatic
effects using the assumptions in the definition. These effects are then subtracted from the full field as defined in Table 2.3. This type of approach can
be used to obtain degree variances for the low degrees.
• The results from the investigations of the spectral properties of the reduced
gravity field in certain type areas made by Forsberg (1984a, 1984b and 1986)
and others. In Forsberg’ s investigations, the surface gravity anomalies are
reduced for the topography using the RTM reduction and are given with
respect to a higher degree reference field (EGM) with the maximum degree
M = 180. The results are therefore only relevant for the high frequencies.
Of coarse this type of information is not representative in a global mean
square sense, but can nevertheless be used to judge if the high frequency
part of the reduced field is reasonable.
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Below, the first option is used to estimate the reduced field for the low degrees. As
in the last section, a degree variance model is then used for the higher frequencies.
As the Tscherning/Rapp type of model in Eq. (2.12) was found to be most successful for the full gravity field, it is preferred also in the reduced case, of coarse
with different parameter values. The results in Forsberg (ibid.) are then taken
advantage of to check that the defining parameters in the model are reasonable.
These parameters are also chosen in such a way that a good fit between the low
and high degree variances is obtained.
As a first step towards obtaining the degree variances for the reduced field defined as above, the spherical harmonic coefficients for the topographic/bathymetric
isostatic effect were computed up to the maximum degree 720. The involved theory and method is described in detail in Section 6.2 and will not be developed
here. At this point it is sufficient to say that Airy-Heiskanen’s local compensation
with the crust/mantle density difference ∆ρ AH = 600 kg/m3 and compensation
depth DAH = 30 km were used as in Heiskanen and Moritz (1967), but all formulas were strictly derived in a spherical geometry. Furthermore, the standard
densities ρtopo = ρ0 = 2670 kg/m3 and ρwater = 1036 kg/m3 were utilised for the
topography and the oceans, respectively. The Getech 5 (Getech 1995a) DTM,
consisting of global 5’×5’ heights and depths, was first averaged to 15’×15’ resolution. After that spherical harmonic analysis was performed as described in
Colombo (1981), using the so-called point-value formulas. FFT was utilised to
speed up the computations. To counteract the smoothing effect of the mean value
computation, the coefficients were de-smoothed using the inverse of the β n coefficients (Meissl 1971; Pellinen 1966; Katsambalos 1979; Sjöberg 1980a). It is
believed that the last step yields more realistic degree variances. It can easily be
shown that a certain degree variance becomes more independent on the size of
the mean value blocks in case this approximative technique is used. The degree
variances for the topographic/bathymetric/isostatic effect computed in this way
is presented in Fig. 2.6, which also contains the ones for the full gravity field in
Table 2.3. For comparison purposes, the degree variances are also presented for
the topographic/bathymetric effect without compensation and for the case a the
deeper compensation depth DAH = 40 km.
As can be seen in Fig. 2.6, the variance of the uncompensated topography/
bathymetry is extremely large, which is a well-known behaviour. It can further
be seen that the topographic/bathymetric/isostatic effect is larger for the deeper
compensation and that the attenuation effect makes the isostatic compensation
relevant only for the degrees above approximately 400. This result may be used
to motivate that a strictly local compensation is used in this context, which is
not realistic from geophysical point of view. For the higher degrees, the degree
variances for the full field are significantly larger than the ones for the topographic,
bathymetric and isostatic effects. However, due to the fact that variances are
plotted, the difference is not as large as it looks. It can be expected that the
following effects are present in the difference:
• Density variations in the upper mantle, crust and topography.
• Errors in the DTM. It is likely that it is too smooth for those areas of the
25

5

4.5

Full gravity field
Topo/bathy
Topo/bathy/iso 30 km
Topo/bathy/iso 40 km

Topo/bathy

4

2

Degree variance c [mGal ]

3.5

n

3

2.5
Topo/bathy/iso 40 km
2

1.5

1
Full gravity field
Topo/bathy/iso 30 km

0.5

0

0

100

200

300

400
Degree n

500

600

700

Figure 2.6: Degree variances cn for the full gravity field in Table 2.3 and the topography/bathymetry with and without Airy/Heiskanen isostatic compensation.
Earth where not sufficiently dense data are available.
• Errors in the EGM (GPM98C) used for the full field; see Section 2.3.1.
Besides this, different kind of data strategies for filtering, etc., might have
an influence.
Besides this, it should be noticed that the degree variances for the full and reduced
fields are strictly related to each other by (cf. Rummel et al. 1988),
topo/iso
cfull
+ 2cov n (∆gtopo/iso , ∆greduced ) + creduced
,
n = cn
n
topo/iso

(2.14)

where cn
are the degree variances for the topographic, bathymetric and isostatic effects and cov n (∆gtopo/iso , ∆greduced ) are degree covariances between the
quantities inside the parenthesis. The direct comparison between the degree variances thus neglects the degree covariances present, even though the latter can
be expected to be small. This error is avoided in case the degree variances are
computed directly from the potential coefficients of the reduced field, where the
latter is obtained as the difference between the coefficients for the full field and the
coefficients for the topographic, bathymetric and isostatic effects. However, due
to the bad quality of the global DTM and EGM, it cannot be expected that the
reduced-field degree variances estimated in this way are more realistic, especially
not for the higher degrees. At this point, it is simply assumed that the degree
covariances in Eq. (2.14) are zero, so that the reduced field covariances could be
computed as
topo/iso
creduced
= cfull
(2.15)
n
n − cn
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As the reduced degree variances are mainly to be used above the maximum degree of the EGM, which in this thesis is M = 200 (GOCE), it is not absolutely
crucial how the reduced field looks at the degrees below M . Furthermore, if a
Tscherning and Rapp degree variance function, which is calibrated for instance
against the results in Forsberg (ibid.), is utilised for the degrees above M , then
it can be expected that the reduced degree variances behave pretty well for the
higher degrees. However, it is admitted that the situation is not totally satisfying
from a theoretical point of view.
The degree variances computed from the full field and topographic/bathymetric/
isostatic degree variances for the depth 30 km using Eq. (2.15) are illustrated in
Fig. 2.7. The degree variances obtained from a Tscherning and Rapp model (2.12)
with the parameters chosen to α = 256 mGal 2 , B = 4 and R − RB = 5 km are also
shown. It can be seen that the reduced Tscherning/Rapp model fits extremely well
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Figure 2.7: Degree variances cn for the full gravity field, the difference between
the full field and topography/isostasy and the Tscherning/Rapp model for the
reduced field.
with the topographically/isostatically reduced field all the way from degree 180 up
to degree 720. The variances for the higher degrees also agree well on average with
the results of the spectral investigations of the topographically corrected gravity
field in Forsberg (1984a, 1984b and 1986). Some crucial parameters can be found
in Tables 2.5 and 2.6 in the next subsection.
Based on the above reasoning, it was decided to define the reduced degree
variances as in Table 2.4, using the Tscherning/Rapp model from degree 181 and
up.
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Table 2.4: Definition of the degree variances for the reduced gravity field, which
are used to construct synthetic models below.
Degrees
2 – 180

181 – ∞

2.3.3

Source
“Full” minus topographic/isostatic degree variances:
Airy/Heiskanen with depth DAH = 30 km and
∆ρAH = 600 kg/m3 ; see further Section 6.2.
Tscherning/Rapp type with the parameters:
R = 6371 km
α = 256 mGal2
B=4
R − RB =5.0 km

Summary and comparison

In what follows the degree variance models defined in Tables 2.3 and 2.4 will be
used to generate synthetic models (Chapter 4) and in error propagations (Chapter
3). In Table 2.5 the global RMS errors for the full and reduced models are given
and the degree variances are plotted in Figs. 2.8 and 2.9. The omission errors for
some maximum degrees can be found in Table 2.6.
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Figure 2.8: Final degree variances c n for the full and reduced gravity fields.
One conclusion that can be reached by studying Table 2.6 is that approximately
a three times as dense grid is required in case the full gravity field is used for Stokes’
integration and downward continuation, as compared to when only the reduced
field needs to be handled. This follows from that the truncation errors for the full
28

0.5
Full gravity field
Reduced Gravity field
0.45

0.4

2

Degree variance cn [mGal ]

0.35

0.3

0.25

0.2

0.15

0.1

0.05

0

0

500

1000

1500

2000
Degree n

2500

3000

3500

Figure 2.9: Final degree variances c n for the full and reduced gravity fields.

Table 2.5: Global RMS values for the full and reduced degree variance models.
Degree variances
Full
Reduced

Geoid Height
[m]
30.5
30.2

Gravity anomaly
[mGal]
38.2
28.2

Horizontal gradient
[E]
59
11

Table 2.6: Global RMS values of the omission error for some maximum degrees
M.
M
180
360
720
1800
3600
10800
21600

Geoid height [m]
Full
Reduced
0.438
0.320
0.194
0.130
0.092
0.044
0.030
0.006
0.010
0.001
0.001
0.000
0.000
0.000

Gravity anomaly [mGal]
Full
Reduced
27.0
15.5
22.9
11.1
19.0
6.7
12.7
2.0
7.1
0.4
1.2
0.0
0.0
0.0
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field are approximately equal to the ones for the reduced field when M is three
times higher in the former case compared to the latter. Another thing that can
be noticed is that the degree variances are quite rough for the degrees that were
taken from EGMs. However, it is preferable to keep the rough shape. There is
absolutely no reason at all why the curves in question should be smooth. In any
case, the information will be filtered by the construction of point-mass models in
Chapter 4.
It should finally be mentioned that the full and reduced field degree variances
have been constructed according to what is believed to be the best possible way,
considering the information available. However, the chosen definitions are to some
extent arbitrary and it can always be argued that a different strategy should be
used. One crucial assumption was also made, namely that the degree covariances
in Eq. (2.14) were neglected. In any case, in what follows the two degree variance
models (full and reduced) will be assumed to describe the “true” situation. They
should be looked upon as two representative choices, where the full model aims
at describing the unreduced field and the reduced counterpart is relevant for the
remove-compute-restore case when a smoothing topographic reduction is utilised.
The investigations of how the results are affected by the use of different degree
variance models are left for the future (Section 10.2).

2.4

Observation Noise Degree Variances

To be able to investigate how suitable different methods are for use with a GOCE
satellite-only EGM and what accuracy that can be expected in this case, it is
obviously important that realistic error models are utilised. Below, the models
that will be used for GOCE and the terrestrial gravity data are chosen. Even
though these models are not perfect, especially not for the gravity anomalies, it
is still believed that much might be learnt by investigating how different geoid
determination methods behave when they are applied on observations affected by
the simplified type of noise in question.

2.4.1

The GOCE derived EGM

The shape of the noise degree variance curve for the EGM stemming from GOCE
was taken from Fig. 4.1 in ESA (1999). The scale was chosen so that a global
commission RMS-error of 1 cm is obtained for the maximum degree M = 200.
This is a little bit more pessimistic than the value in Table 8.4 in ESA (ibid.),
but is in good agreement with other simulations (e.g. Ditmar et al. 2003); cf. the
discussion in Chapter 1. However, for the present study, the scale of the GOCE
noise degree variance model is not very crucial. What is important is that the
“shape” is reasonable at the same time as the commission error is practically
negligible up to some rather high maximum degree M . These requirements are
fulfilled by the chosen model, which is illustrated in Figs. 2.10 and 2.11. Notice
that these figures also contain information relevant for the gravity anomaly noise
models, which will be explained later.
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The correlation length is 0.1◦ for the reciprocal distance model.
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Figure 2.11: Degree-order standard deviations for GOCE and the three gravity
anomaly noise models with σ = 1 mGal and M N = 3600 for the degrees 0–4000.
The correlation length is 0.1◦ for the reciprocal distance model.
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It is noted that the quality in the GOCE polar gaps are likely to be worse
compared to the rest of the world (Sneeuw and van Gelderen 1997), of coarse
depending on how and to what extent the gaps are filled. This means that the use
of a homogeneous and isotropic error model is not strictly justified. The most correct alternative here would of coarse be to use the full variance-covariance matrix
(properly scaled), obtained from a suitable simulation as in Arabelos and Tscherning (2001). In this case, the variance in a point P can easily be derived by strict
error propagation (e.g. Sjöberg 2004), and no assumptions on homogeneity and
isotropy are needed. However, even though simulated variance-covariance matrices are actually available for the GOCE mission, the required extra work does not
seem worth the effort. As the GOCE error field is almost completely homogeneous
and isotropic (ESA 1999), except for the polar gaps whose influence is well-known,
it is preferred to describe the GOCE errors by a set of degree variances. However,
it should be noticed that this ”global” error model is representative of the situation outside the polar gaps only, where the error field is almost homogeneous and
isotropic (ESA ibid.).

2.4.2

Terrestrial gravity anomalies

Terrestrial gravity data is potentially a good source of information, especially for
the higher frequencies of the gravity field. Unfortunately, the available observations have often been observed during a long time span, using different equipment,
methods and reference frames. As a consequence, terrestrial gravity anomalies are
prone to be affected by various types of systematic errors, which are mainly of
long-wavelength nature. It should also be mentioned that the data type in question is usually heterogeneous: Very dense high quality observations might have
been collected in some geophysically interesting areas, at the same time as the
data are sparse and of diverse quality in other places. It is not certain that the
density reflects the needs in geoid computation. A good review and investigation
of systematic errors in terrestrial gravity is provided by Heck (1990). Besides
inconsistencies in the vertical, horizontal and gravity reference frames, he also investigates the errors introduced by a simplified computation of normal gravity. It
can also be mentioned the lack of accurate heights is often a crucial error source.
On a global scale, the situation is considerably worse, due to the many more factors involved; see Pavlis (2000) for investigations of the long-wavelength errors in
the gravity anomalies in this case.
As mentioned in the introduction, one important purpose of this thesis is
to investigate with what accuracy the geoid can be determined using a GOCE
satellite-only model in combination with terrestrial gravity data. This is accomplished both by performing error propagations in the spectral domain, as well
as by constructing synthetic models with simulated noise added to the observations. In both these cases an error model is needed for the gravity anomalies.
One question that comes to mind at this point is to what extent it is possible to
estimate such information from the gravity anomalies alone. Due to the fact that
it is difficult to separate the gravity field signal from the noise, this is not an easy
task. One way to estimate the error covariance function is developed in Weber and
32

Wenzel (1982), but this method requires that independent data sets are available
for the same area; see also Fan (1989). In this way Weber and Wenzel (ibid.)
estimates the covariance function for an area of the North sea region, using 6’×10’
mean gravity anomalies from many different sources. However, it is not possible
to transfer these results to the land case without further ado. The observation
techniques and the handling of reference frames differ considerably on land and
at sea. For instance, the inconsistencies in the vertical datums are not as likely to
occur at sea, while the variance for good observations can be expected to be lower
on land. In this thesis, no attempts will be made to estimate an error model for
the gravity anomalies. Instead, two basic models with certain desirable properties
are assumed, namely the correlated and uncorrelated models. It is then investigated what estimated geoid heights that can be expected for different methods,
assuming the GOCE model in the last section is used for the errors in the EGM.
Even though the influence of different variances (scaling factors) are treated in
Section 3.4, most tests will be made under the assumption that good gravity data
is available with the error standard deviation σ = 1 mGal. It is believed that a
lot can be learnt by studying this case in detail. As with all tests presented in
this thesis, it has to be remembered what assumptions that were made and that
things are not as easy in the real case.
Let us now turn to the choice of error model for the terrestrial gravity anomalies. Since the quality depends very much on location, the use of a homogeneous
and isotropic covariance function is again questionable. It is further unlikely that
a valid variance-covariance matrix will ever become available up to sufficiently
high degrees. However, in the same way as for GOCE above, a homogeneous and
isotropic “global” error model need only be viewed as representative of the area
over which it is used. This means that we may take the error degree variances
as describing a global field with the same quality as is exemplified by the gravity
anomalies inside the spherical or rectangular area that is used in regional geoid
determination. It should be noticed that the size of the cap limits how much the
estimated geoid heights can be affected by the gravity anomaly errors, but this
fact should not be reflected in the choice of error degree variances. In the error
propagations in Chapter 3, this is automatically taken care of by the truncation
coefficients QL
n ; see e.g. Eq. (3.10)
As mentioned above, two different error degree variance models are used to
represent gravity anomaly errors in this thesis, namely the uncorrelated and correlated models. Besides this, the reciprocal distance covariance function is tested
in connection with the application of the least squares modification method. Let
us assume that all three models have the variance σ 2 = C(0) distributed below the
Nyquist degree (frequency) of the gravity anomaly grid (this is only assumed to
be approximately fulfilled for the reciprocal distance model). Above this degree,
signal degree variances can be utilised to model the presence of high frequency
interpolation errors. As the latter part is equal for all models, it is not introduced
in this section, but will be added in Chapter 3.
In the first error model it is assumed that the observation noise is uncorrelated, which is approximately modelled by band-limited white noise with constant
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degree-order variances
2
σnm,∆g

=

2
σn,∆g

(2.16)

(2n + 1)

up to the Nyquist degree MN ; see Rummel (1997) and Jekeli and Rapp (1980).
The Nyquist degree MN is here defined as π/∆φ, where ∆φ is the block size
of the gravity anomaly grid in question. If it is considered that the number of
potential coefficients between degree 2 and M N is equal to (MN + 1)2 − 4, the
degree variances can be derived as
2
σn,∆g
=

σ2
(2n + 1) ,
(MN + 1)2 − 4

(2.17)

where σ 2 is the given variance, i.e. C(0). It should be noticed that the zero and
first degree terms are not included, which is correct to the extent that the gravity
anomalies are used in the process of fixing the normal gravity field. Since the
normal field is today determined by satellite methods, this is somewhat questionable. However, the question matters little in practice. As can be seen in Figs. 2.10
and 2.11, the resulting degree-order standard deviations for σ = 1 mGal and
MN = 3600 seem optimistic compared to the GOCE-model. The corresponding
covariance function is illustrated in Fig. 2.12. Notice the characteristic side lobes
of the truncation in the frequency domain.
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Figure 2.12: Covariance functions for the three gravity anomaly noise models
with σ = 1 mGal and MN = 3600. The correlation length is 0.1 ◦ in the reciprocal
distance case.
To model the situation when systematic errors are present, it seems wise to
prefer a model that contains more power in the lower part of the spectrum. This is
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the case for the second model, which is the reciprocal distance covariance function
of Moritz (1980); see also Sjöberg (1986). This model has often been used to
model gravity anomaly errors in the application of the least squares modification
of Stokes’ formula; see e.g. Fan (1989), Nahavandchi (1998), Ellmann (2004) and
Hunegnaw (2001). The degree variances for degree two and up are given by
2
= c(1 − µ)µn
σn,∆g

,

0 < µ < 1,

(2.18)

where c and µ are constants. The covariance function can be expressed in a closed
form using the ordinary expression for the reciprocal distance. The result is


1−µ
C(ψ) = c
− (1 − µ) − (1 − µ)µ cos ψ .
(2.19)
1 − 2µ cos ψ + µ2
The model expressed in Eqs. (2.18) and (2.19) is in the form given in Sjöberg
(1986). It differs from Moritz (1980) version only in that the zero and first degrees
are removed. From the closed form (2.19) the parameters c and µ can be computed
for given values of the variance σ 2 and correlation length ψ1/2 . Some numerical
technique is needed to find µ from ψ1/2 . In this thesis Ridder’s method (Press
et al. 1992) was used to find the root in question. After that c is computed as
c = σ 2 /µ2 , which follows from Eq. (2.19).
The degree variances for the reciprocal distance model for the standard deviation σ = 1 mGal and ψ1/2 = 0.1◦ are plotted in Figs. 2.10 and 2.11. The
corresponding covariance function is given in Fig. 2.12. Notice that the model
contains very little variance at the higher degrees, which is unrealistic. It seems
reasonable that the white noise character of the observations is preserved to some
extent. The only way the high-frequency content of the reciprocal distance model
can be increased is through a decrease of the correlation length. Unfortunately
this has the drawback that more and more power is moved beyond the Nyquist
frequency.
To avoid this problem, a third error model is suggested, which will referred to
as the correlated model. The basic requirements on this model are that it should
be able to
• preserve some of the “white” character of the noise, at the same time as the
power is kept below the Nyquist degree,
• yield degree-order standard deviations that are realistic in comparison to
GOCE,
• model the situation when the terrestrial data are affected by long-wavelength
systematic errors that decrease with the degree,
• be used in the simulation of noise using a random number generator in the
construction of synthetic models with observation errors; see Section 4.4.
To meet these requirements, the correlated error model was constructed as a mix
of band-limited white noise and coloured noise, each contributing with half the
total variance, i.e. σ 2 /2. The first part is modelled as band-limited white noise
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in the same way as above, but with half the variance, while the coloured part is
defined using a reciprocal distance function up to the degree M rd in such a way
that the “area” between the reciprocal distance and white noise curves is equal to
the other half of the variance, i.e. σ 2 /2. Thus, the model is given by,

0
if n < 2



 crd (1 − µrd )µn if 2 ≤ n ≤ Mrd
rd
2
σn,∆g
=
(2.20)
σ2
2n+1
if Mrd < n ≤ MN

2
2 (MN +1) −4



0
if n > MN
where the reciprocal distance constants c rd and µrd are chosen so that the “area”
condition is fulfilled,
M
rd 
X
n=2

crd (1

− µrd )µnrd

σ2
2n + 1
−
2 (MN + 1)2 − 4



=

σ2
,
2

(2.21)

and so that the reciprocal distance and band-limited white noise curves agree at
the degree Mrd ,
σ 2 2Mrd + 1
rd
crd (1 − µrd )µM
.
(2.22)
rd = 2
(MN + 1)2 − 4

Notice that the uncorrelated part of this model is provided by band-limited white
noise, while the coloured part is given by the difference between the reciprocal
distance model and the uncorrelated part. Suitable parameters for good gravity
data that contains some systematic errors for a 3’×6’ grid (at latitude 60 ◦ ) could
be Mrd = 1080, MN = 3600 and σ = 1 mGal. In this case the degree-order
standard deviations in Figs. 2.10 and 2.11 are obtained. The covariance function
is plotted in Fig. 2.12. It can be seen in the figures that the correlated model
fulfils the conditions above rather well. The discussion of the last requirement,
namely that the model should be suitable for numerical simulation, is postponed
until Section 4.4.
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Chapter 3

GOCE and the Modification of
Stokes’ Formula
3.1

Introduction

As discussed in Section 1.1, even though GOCE is expected to result in high
accuracy for the long to medium wavelengths, terrestrial gravity data will be
needed to fill in the finest details of the geoid. Using the full-field degree variance
model defined in Table 2.3, a global geoid RMS error of 38 cm is obtained when
the GOCE model is used alone. At this point the question naturally arises: How
should the two sources of information best be combined. In the introduction
in Section 1.1 and Subsection 2.4.1, it was reasonably assumed that the GOCE
mission will give a commission error of 1 cm for the maximum degree M = 200. In
this case, it is unlikely that gravity anomalies can improve the situation for these
degrees. Hence, the most important aspect of a GOCE modification of Stokes’
formula is that the long-wavelength parts of the gravity anomalies are effectively
filtered out; cf. Subsection 2.4.2. Otherwise, systematic errors might spoil the high
accuracy provided by GOCE. Another important property is that the truncation
error should be low. Contrary to the case when a combined type of EGM is
used, a GOCE modification need not consider the errors in the EGM. To avoid
the long-wavelength errors in the gravity anomalies, Sjöberg (2004d) proposed the
low-degree GOCE-only modification; see also Vanı́ček and Sjöberg (1991). This
technique is derived to filter out the gravity anomaly power below degree M + 1
completely. Other methods that might be suitable are the stochastic least squares
modification method of Sjöberg (1984, 1986 and 1991), the spectral combination
technique introduced by Sjöberg (1979, 1980b, 1981) and Wenzel (1981, 1982)
and finally to use the spheroidal Stokes’ kernel (e.g. Vanı́ček and Kleusberg 1987;
Wong and Gore 1969). It is also possible that the modification of Molodensky
et al. (1962) or some hybrid deterministic method could be useful (e.g. Sjöberg
1986; Sjöberg and Featherstone 2004). A good review of a number of deterministic
methods can be found in Featherstone (2003).
One of the purposes of this section is to study the error propagation of the most
important of the above mentioned kernel modifications and compare them with
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the standard remove-compute-restore (r-c-r) method that utilises an unmodified
kernel (e.g. Sideris 1994). The focus is on the aspects that are important when a
kernel modification is used together with a GOCE satellite-only EGM; cf. Ågren
and Sjöberg (2004). Another aim is to introduce the unbiased geoid estimator and
to clarify why the optimal choice of modification parameters becomes unstable for
this estimator. This is important for the application of the least squares method.
A final purpose is to consider the accuracy that can be expected from GOCE
in conjunction with terrestrial gravity; cf. the discussion in Section 1.1. In this
chapter, the last question is only treated in a preliminary fashion by making
error propagations in the spectral domain. More detailed investigations of specific
points are then provided in the following chapters, in which synthetic Earth gravity
models are constructed to test various geoid determination methods.

3.2

The Unbiased Geoid Estimator

Throughout this thesis the so-called unbiased geoid and quasigeoid estimators
will be utilised. The name derives from the fact that the estimator vanish for all
spherical harmonic degrees up to the maximum degree M of the EGM when the
observation errors are zero; see e.g. Sjöberg (1991). Originally the least squares
modification method was derived by Sjöberg (1984) using the biased geoid estimator. The latter, which is investigated for instance by Ellmann (2001) and (2004),
is not treated in the present thesis. Since the unbiased estimator has a simple
remove-compute-restore (r-c-r) form, it is what is usually applied by the geodetic community. As will be shown below and in Chapter 9, it is possible to use
the unbiased estimator also without the remove-compute-restore form, using the
so-called combined approach to topographic corrections. The r-c-r and combined
geoid estimators are presented below.

3.2.1

The remove-compute-restore estimator

It is now assumed that the geoid is computed by means of the unbiased removecompute-restore estimator using some modification of Stokes’ function. Both the
terrestrial gravity anomalies as well as the EGM contributions are corrected for
the direct topographic effect, and the indirect topographic effect is finally added to
the geoid height; see e.g. Forsberg (1984a), Sjöberg (2000) and Martinec (1998) for
details. The topographic reduction method is left unspecified for the time being.
To keep the formulas in this section as simple as possible, no explicit corrections
are introduced for the zero and first degree topographic effects (Sjöberg 2001a);
see Section 7.2.1 for the case when these terms are included. Atmospheric and
ellipsoidal corrections are also implicitly understood. Now, if it is assumed that
only gravity anomalies over a spherical cap σ 0 with radius ψ0 are utilised, the
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unbiased remove-compute-restore estimator becomes:
c
Ñ =
2π

ZZ
σ0

"

S L (ψ) ∆g̃ − δ∆gdir −
+c


M 
X
R n+2 

n=2

rp

∆g̃negm − δ∆gndir



M
X


2  egm
∆g̃n − δ∆gndir + δNI
n−1
n=2

#∗

dσ

(3.1)

where ∆g̃ is the observed terrestrial gravity anomaly at the Earth’s surface, ∆g̃ negm
is the gravity anomaly Laplace harmonic of degree n for the EGM and c = R/(2γ).
Here R is the mean Earth radius and γ is the mean normal gravity at sea level
Furthermore, the direct topographic effect on the surface gravity anomaly is denoted by δ∆gdir , while the indirect effect on the geoid height is given by δN I .
The star ’*’ is used to denote downward continuation to sea level. The modified
Stokes’ function is defined as,
S L (ψ) = S (ψ) −

L
X
2k + 1

2

k=2

sk Pk (cos ψ)

(3.2)

where S(ψ) is the original Stokes’ function, P k (cos ψ) is the Legendre polynomial
of degree k and sk are the modification parameters. The maximum degree of
modification L is taken to be equal to or larger than the maximum degree M of
the EGM. The spectral form of the modified Stokes’ formula with the integration
limited to the cap σ0 is given by (e.g. Sjöberg 1991),
c
2π

ZZ

S L (ψ) X ∗ dσ = c

∞ 
X

n=2

σ0

where X is an arbitrary quantity, Xn

 0
s∗n =
s
 n
0


2
− s∗n − QL
n Xn
n−1

(3.3)

is the corresponding Laplace harmonic,
if
if
if

n<2
2≤n≤L
n>L

(3.4)

The truncation coefficients for the modified Stokes’ kernel, Q L
n , are defined as,
QL
n

=

Zπ

L

S (ψ) Pn (cos ψ) sin ψ dψ = Qn −

ψ0

L
X
2k + 1
k=2

2

sk enk

(3.5)

in which Qn are the truncation coefficients for the original Stokes’ function (Heiskanen and Moritz 1967) and enk are the so-called Paul’s coefficients (Paul 1973).
Using Eq. (3.3), a different version of the unbiased estimator can be derived from
Eq. (3.1), which utilises the remove-compute-restore philosophy only for the to-
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pographic effects,
ZZ
c
S L (ψ) (∆g̃ − δ∆gdir )∗ dσ
Ñ =
2π
σ0

+c

M
X

sn + Q L
n

n=2




∆g̃negm − δ∆gndir + δNI

(3.6)

where the zero and first degree terms have been neglected as was agreed upon
at the beginning of this section. Formally the two estimators in Eqs. (3.1) and
(3.6) are identical, but very likely they differ in practice, since the numerical
operations of Stokes’ quadrature and downward continuation are performed on
different quantities. It is expected that Eq. (3.1) is favourable as the quantity
that is downward continued and then numerically integrated is smaller in this
case. The estimators should not differ too much, though, as the high-frequency
topographic effects are removed and restored in both cases. However, besides
numerical effects, the estimators in Eqs. (3.1) and (3.6) are equivalent and have
exactly the same spectral form, namely
Ñ = c

∞ 
X

n=2



2
∗
L
∆g̃n − δ∆gndir
− sn − Qn
n−1
+c

M
X

QL
n + sn

n=2




∆g̃negm − δ∆gndir + δNI

(3.7)

which can easily be derived taking Eq. (3.3) into account (Sjöberg and Hunegnaw
2000). It is of coarse also possible to decompose the indirect effect δN I into its
spectral components, but this is not needed for the time being.
Random errors ε∆g
and εegm
are now introduced for the errors in the ton
n
pographically corrected Laplace harmonics of the downward continued gravity
anomaly and the EGM, respectively. The errors are assumed to be uncorrelated
and to have zero expectation for all degrees n. The spectral form in Eq. (3.7) then
becomes,
Ñ = c

∞ 
X

n=2



2
∗
L
− sn − Qn
∆gn − δ∆gndir + ε∆g
n
n−1
+c

M
X

QL
n + sn

n=2




∆gn − δ∆gndir + εegm
+ δNI
n

(3.8)

Neglecting the harmonics of degrees zero and one, the true geoid height is
N =c

∞
X

n=2


2 
∆gn − δ∆gndir + δNI
n−1

(3.9)

It is now assumed that the error covariance functions for the (topographically
corrected) terrestrial gravity and the EGM are homogeneous and isotropic. The
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2
2
red
corresponding error degree variances are denoted by σ n,
∆g and σn, egm . Using cn
for the (signal) gravity anomaly degree variances of the topographically reduced
field, the expected global mean square error becomes (Sjöberg 1991)
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If the modification parameters sk are given, the expected global RMS-error can
be computed for the specified values of the signal and noise degree variances. The
2
2
terms containing σn,
∆g and σn, egm are the contributions from the errors in the
terrestrial gravity data and the EGM, respectively, while those parts containing
cred
n represent the bias or truncation error. It is also possible to study the contribution for different frequency bands. Note that no bias is present for the degrees
up to M, which is the reason for Sjöberg (1991) to call the estimators in Eqs. (3.1)
or (3.6) unbiased.

3.2.2

The combined estimator

As was mentioned in the introduction to this section, Sjöberg (2000, 2001a and
2003b) proposed another form of estimator, which does not use the removecompute-restore technique at all. Different paths can be used to derive the socalled unbiased combined estimator, in which only one combined topographic correction is used. To do this, consider Eq. (3.6). In this formula the direct effect is
corrected both inside and outside Stokes’ formula, but the latter part is truncated
at the maximum degree M . It might seem suitable that the part outside Stokes’
formula should not be truncated at M , which leads to,
c
Ñ =
2π

ZZ
σ0

L

∗

S (ψ) (∆g̃ − δ∆gdir ) dσ + c
−c

M
X

n=2

∞
X

n=2

 egm
sn + Q L
n ∆g̃n


dir
s∗n + QL
n δ∆gn + δNI

(3.11)

where the harmonics of degree zero and one are still neglected; see Section 9.2 for
an extension to this case. That the series in question is summed to infinity means
that the same topographical correction is applied as when Stokes’ integration
is performed over the full solid angle σ using the original Stokes’ function (see
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Chapter 9). This is so since obviously
c
2π

ZZ

∗
S (ψ) δ∆gdir
dσ

σ

c
=
2π

ZZ

∗
S L (ψ) δ∆gdir
dσ + c

∞
X

n=2

σ0


dir
s∗n + QL
n δ∆gn

(3.12)

If the linearity of the Stokes’ and downward continuation operators are taken into
account, Eq. (3.11) becomes
c
Ñ =
2π
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δNcomb
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c
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egm
sn + Q L
+ δNcomb
n ∆g̃n

(3.14)

where δNcomb is the combined topographic effect. How the combined topographic
correction can be computed is investigated in Chapters 8 and 9, where the now
neglected zero and first degree effects are also included. The most important thing
to notice here is that the combined estimator has a larger truncation error than
the remove-compute-restore counterpart. If the derivation in the last section is
repeated with the same true value (Eq. 3.9), the following expected global mean
square error is obtained,
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which differs from Eq. (3.10) only in the the degree variances for the full gravity
field cfull
n are used. As was illustrated in Section 2.3, the signal degree variances
are generally smaller for the reduced gravity field, at least in case a suitable
topographic reduction method is utilised. Thus, the combined unbiased estimator
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usually has a larger truncation error than the remove-compute-restore counterpart.
The difference stems from the addition of the high frequency direct effect part
that led to Eq. (3.11). However, it is not evident how much larger the truncation
error becomes for the estimated geoid. This is tested in Subsection 3.4.1. Another
question is how the combined and r-c-r estimators differ numerically; see Chapters
5, 7 and 9 for further investigations of this topic.

3.2.3

The Instability of the Optimum Choice of Parameters for
the Unbiased Estimator

As mentioned in the beginning of Section 3.1, the least squares modification
method was first derived by Sjöberg (1984 and 1986) for the biased estimator,
resulting in the so-called biased least squares modification method. This method
does not give the true value for error-free observations, not even for the degrees
given by the EGM. In order to remedy this defect, Sjöberg (1991) presented the
unbiased estimator presented in the last section, which resulted in the unbiased
least squares modification method. While the biased method was applied successfully by for instance Nahavandchi (1999), Hunegnaw (2001) and Ellmann (2001),
the unbiased version was found to result in a singular system of equations, even
though some confusion arose at this point. More recently, it was shown by Ellmann
(2003 and 2004) that it is possible to find useful solutions also in the unbiased case
by regularising the ill-conditioned system of equations. Ellmann (2003) utilised
Tikhonov regularisation (Tikhonov 1963; Hansen 1998), while Ellmann (2004)
extended the investigation to incorporate also truncated singular value decomposition. However, Ellmann (ibid.) does not consider the fundamental question
why the unbiased method is unstable. It is the purpose of the present subsection
to clarify this. The main focus is on why the ill-conditioned system of equations
arises and on what consequences this has in practice. If a regularisation method is
needed, it is important to understand why (Hansen 1998). Below, it will first be
explained that an instability necessarily arises for all spherical caps σ 0 not equal to
the full unit sphere σ when an unbiased estimator with certain optimum properties
are sought. After that, a few illustrative numerical results are presented.
The easiest way to explain the situation is to start from the unbiased estimator
in its remove-compute-restore form in Eq. (3.1), which is
c
Ñ =
2π

ZZ
σ0

S L (ψ) ∆g̃ − δ∆gdir −
+c

M
X

n=2


M 
X
R n+2 

n=2

rp

∆g̃negm − δ∆gndir


2  egm
∆g̃n − δ∆gndir + δNI
n−1



!∗

dσ

(3.16)

where the modified kernel depends on the modification parameters s 2 , . . . , sL
through
L
X
2n + 1
S L (t) = S(t) −
sn Pn (t),
t = cos ψ
(3.17)
2
n=2
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Notice that the parameters sn only enter in the modified kernel, which is limited to
use inside the cap σ0 with radius ψ0 . This means that all modifications with S L (ψ)
coinciding closely in the interval 0 ≤ ψ < ψ 0 can be considered as practically equal,
no matter how they behave for ψ > ψ0 . It is completely irrelevant how the modified
kernel looks in a region where it is never used. It is clear that many modifications
exist that coincide very little inside the cap and that differs considerably outside it:
This follows from that the second part to the right of Eq. (3.17) is a polynomial in
t of degree L. It is well-known that two polynomials can agree closely in a interval,
at the same time as they depart violently outside it, which is the reason for that a
fitted polynomial of high degree should never be extrapolated outside the points
used for the fitting. Thus, for each behaviour of the kernel inside the cap, there
corresponds a whole set of choices of the modification parameters, whose kernels
differ almost nothing for ψ < ψ0 , at the same time as they depart considerably
for ψ > ψ0 . We may say that all these modifications are practically equal.
Now, from the fact that the estimator (3.16) is formally identical to the spectral
form in Eq. (3.7), i.e.
Ñ = c

∞ 
X

n=2



2
∗
L
− sn − Qn
∆g̃n − δ∆gndir
n−1
+c

M
X

QL
n + sn

n=2




∆g̃negm − δ∆gndir + δNI ,

(3.18)

it follows that exactly the same type of behaviour can be expected for the latter.
Thus, also for Eq. (3.18), a whole set of choices of modification parameters results
in modifications that are practically equal to each other. This is not evident from
Eq. (3.18) directly, at least not for the present author. If the expected global mean
square error in Eq. (3.10) is considered, it follows that exactly the same reasoning
is valid also in this case: Many different parameter choices give practically the
same δ N̄ 2 .
Taking the above reasoning into account, it is not difficult to understand why
the optimum choice of parameters becomes unstable. The method that interests us
most is the least squares modification, in which the parameters are chosen so that
the expected global mean square error in Eq. (3.10) is minimised, but the same
type of reasoning can also be applied to other norms. Now, to find the parameters
in question is a simple optimisation problem, the solution to which is provided
by standard methods from the differential calculus. If the partial derivatives with
respect to each parameter sk are set equal to zero, a system of L − 1 equations
with L − 1 unknowns is obtained:
L
X

akr ŝr = hk ,

k = 2, . . . , L.

(3.19)

r=2

See for instance Sjöberg (1991) for the left and right hand sides. If the solution
results in second derivatives larger than zero, then it provides a minimum and
we are done. As remarked above, it turns out that the system of equations in
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Eq. (3.19) is so ill-conditioned that it often cannot be solved by standard methods.
From the above reasoning, it is clear that this is just what could be expected. Since
a whole set of parameter choices gives estimators that are practically identical,
which also have practically the same mean square error, all choices in an optimum
set will provide useful solutions to Eq. (3.19). This means that the matrix a kr in
Eq. (3.19) has a non-empty (practical) null space that consists of all the parameter
choices in the optimum set.
It follows that the instability is totally harmless. If only one of the solutions
can be found with the “optimum shape” of the modified kernel inside the cap,
then it does not matter at all how it behaves over the rest of the unit sphere.
The estimator, and the expected global mean square error, is totally independent
of the behaviour for ψ > ψ0 . Now, the easiest way to find such a solution is to
use standard truncated singular value decomposition as described in for instance
Bjerhammar (1973), Press et al. (1992) and Hansen (1998). In this method, the
singular values that correspond to the part of the solution that lies in the null
space are set equal to zero, which makes it possible to find the member of the
optimum set with minimum length (L2 -norm). Of coarse, also other numerical
techniques might be used; see Ellmann (2003 and 2004). The important thing
here is that the instability in question is totally harmless. Just find one member
of the optimum set and everything is in order. A word of caution is appropriate,
though. Since any kernel with a specific behaviour for ψ < ψ 0 constitutes a
solution, it becomes crucial that the corresponding modified Stokes’ integration is
never performed outside ψ0 . In this area, the kernel can have almost any funny
shape, which is possible to generate by a polynomial of degree L.
The above conclusions will now be illustrated in practice. The case to be
studied is the unbiased least squares modification method with the same number of parameters as the maximum degree of the GOCE satellite-only EGM,
i.e. M = L = 200. To model the errors, the degree variances for GOCE were
chosen according to Subsection 2.4.1 and the correlated model with σ = 1 mGal
was applied for the errors in the gravity anomalies (Section 2.4.2). It should further be mentioned that the full-field signal degree variances defined in Table 2.3
were used and that the cap radius was chosen to ψ 0 = 3◦ . The truncation coefficients Qn were computed according to Paul (1973) and all summations to infinity
were truncated at degree 21600.
The resulting system of equations in Eq. (3.19) is so ill-conditioned that it cannot be solved by standard methods, like Gaussian elimination. To diagnose the
situation, a standard singular value decomposition was performed using the procedure provided by Press et al.(1992). The singular values w i , sorted in decreasing
order, are presented in Fig. 3.1. Only about 10–15 of them are larger than what
is implied by the floating point precision. Double precision in a Lahey Fortran 95
compiler was utilised with 15–16 digits, which means that the precision in question
is approximately 10−15 . It should also be mentioned that the condition number,
which is defined as wmax /wmin , is equal to 1.2 · 1017 . The situation is clear, the
matrix is singular to working precision, exactly as expected. It should be noticed
that in the numerical case there is no sharp limit between when a matrix should
be called singular or “only” ill-conditioned. Here it is preferred to say that the
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matrix in question is extremely ill-conditioned or singular to working precision.
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Figure 3.1: Singular values for the unbiased least squares modification method.
According to the above reasoning, the ill-conditioned matrix is caused by that
all modifications that are practically equal provide valid solutions to the problem.
The equations (3.19) only conditions the modified kernel S L (ψ) for ψ < ψ0 , which
means that the system has a whole (practical) null-space of solutions. By neglecting all singular values smaller in relation to w max than a limit,
P 2chosen a little larger
than the working precision, the solution with minimum
sr is obtained (Press
et al. 1992). If all singular values are included, another arbitrary member in the
null-space is obtained. Note, however, that also in this case it can be expected
that the modified kernel behaves well for ψ < ψ 0 , even though it possibly behaves
in crazy ways otherwise. To see how the choice of singular value
√ limit (in relation
to wmax ) affects the solution, the expected global RMS error δ N̄ 2 was computed
by Eq. (3.10) (or 3.15) for some different limits. The result is given in Table 3.1.
Table 3.1: Expected global RMS errors for different singular value (SV) limits.
√
SV Limit
Number of SV
δ N̄ 2 [mm]
−2
10 · wmax
3
90.19
10−7 · wmax
6
16.23
−12
10
· wmax
8
16.23
10−17 · wmax
197
16.23
No limit
199 (All)
16.23
It can be noted that the solution is almost independent of the limit. Only if a
very large value is chosen, which leaves only three singular values, the RMS error
46

is affected. It is further remarkable that only 6 singular values are sufficient to
generate a useful solution. Let us now take a look at the corresponding kernels
S L (ψ), which are illustrated in Fig. 3.2. Here the behaviour predicted above is
1500
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−12
Limit: 10
No limit
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Figure 3.2: Modified Stokes’ kernel for the unbiased least squares modification
method using three singular value limits (with respect to w max ).
very clearly illustrated. The three kernels coincide closely for ψ < ψ 0 , but outside
the cap they differ significantly. As the 10 −12 limit is a reasonable choice for the
floating point precision in question, it provides one suitable solution. However, the
solution for all singular values (no limit) is equally useful in practice. In the latter
case, the magnitude of the kernel grows extremely fast outside ψ 0 , but, as argued
above, this is of no practical concern. Another thing that can be observed, is that
the solutions for larger singular value limits are also useful. However, in this case
one starts to throw away useful information, which means that the kernel might
become significantly affected for ψ < ψ 0 . A closeup of Fig. 3.2, shows that the
10−7 solution differ more from the 10−12 and “no limit” results that they differ
from each other. However, as can be seen in Table 3.1, the difference is still so
small that the expected global RMS is not affected on the 0.01 mm level.
To sum up, in this subsection an explanation has been given of the instability
of the optimum choice of parameters for the unbiased least squares modification
method. It was found that the instability is completely harmless, and that truncated singular value decomposition can be use to obtain a useful solution. It seems
suitable to choose the singular value limit according to the number of decimal digits used in the computations, but it is also possible to use all singular values. The
resulting kernels differ insignificantly inside the cap, but they have no similarity
to each other outside the cap. Thus, it seems suitable to end this subsection with
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a
Warning! Never apply the kernel S L (ψ) from the unbiased least
squares modification method outside the radius ψ 0 used to estimate
the modification parameters.

3.3

Comparison of Some Methods for Modifying Stokes’
Formula in the GOCE Era

In this section the fundamental Eq. (3.10) is used to compare different kernel
modifications assuming a GOCE satellite-only EGM is used. As mentioned in
Section 3.1, the main purpose is to evaluate how suitable the methods are for use
with a high-quality GOCE model, considering that the terrestrial gravity data
very likely are affected by long-wavelength systematic errors. It is also the aim
to discuss, and hopefully resolve, some of the problems that arise in this context.
It is assumed that the remove-compute-restore estimator in Eq. (3.1) is used; see
Section 3.4 for similar investigations of the combined estimator.
It will be assumed that the terrestrial gravity anomalies are given in an equal
area grid with Nyquist degree MN = 3600, which corresponds to the block size
3’×6’ in the Nordic area (at the approximate latitude 60 ◦ ). The spherical cap σ0 is
usually taken to have the radius ψ0 = 3◦ . To limit the influence of long-wavelength
errors in the gravity data, the cap should not be too large, while a too small
radius yields a larger truncation error. The chosen value seems like a reasonable
compromise. It is also the radius that will be used in most tests with synthetic
models in the later chapters. However, some tests are also made with ψ 0 = 15◦ .
As the remove-compute-restore technique is utilised in this section, the reducedfield signal degree variances defined in Table 2.4 will be used. Furthermore, the
standard deviation of the gravity anomaly noise will be taken as σ = 1 mGal,
and it is assumed that either the uncorrelated or correlated noise models describe
the noise in question. The correlated model is computed with M rd = 1080 in
Eq. (2.21). Above the Nyquist degree M N , the signal degree variances will be used
to model the presence of high frequency interpolation errors. This is illustrated in
Fig. 3.3 for both the full and reduced fields, even though only the latter is studied
in this section. The full field, which is relevant for the combined approach, is
studied in Section 3.4. The reciprocal distance model is used only as apriori error
model in one test of the least squares modification method. For the errors in the
EGM, the GOCE error degree variances in Subsection 2.4.1 are invariably applied
with the maximum degree M = 200. It should finally be mentioned that the
summations to infinity in Eq. (3.10) will be summed to degree 21600 in practice,
and that the Molodensky truncation coefficients are computed according to Paul
(1973).

3.3.1

The standard remove-compute-restore method

The first modification to be tested is the standard remove-compute-restore (r-c-r)
method (see e.g. Sideris 1994), in which Stokes’ function is not modified at all.
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Figure 3.3: Degree-order standard deviations for the correlated error model extended beyond the Nyquist degree MN = 3600.
All modification parameters are consequently set to zero,
sn = 0,

2 ≤ n ≤ M, M = L

(3.20)

The corresponding expected global RMS-errors are computed by Eq. (3.10) using
both the uncorrelated and the correlated gravity anomaly error models together
with the reduced field degree variances. The results are presented in Table 3.2.
As noted at the end of Subsection 3.2.1, the RMS-errors are presented also for
different frequency bands and for the parts corresponding to the influence of errors
in the gravity anomalies, to the errors in the EGM and to the truncation error
(or bias). By studying Table 3.2 it can be seen that the standard r-c-r method
Table 3.2: Expected global RMS-errors for the standard remove-compute-restore
method. The reduced-field signal degree variances, M = 200 and ψ 0 = 3◦ . Unit:
[mm].
Noise model for ∆g
Degrees
Total
∆g
EGM (GOCE)
Bias

Uncorrelated, σ = 1 mGal
All 2 - M
M+1 - ∞
49.9
5.5
49.6
6.8
5.2
4.4
1.8
1.8
49.4
49.4

Correlated, σ = 1 mGal
All
2 - M M+1 - ∞
103.4 90.3
50.4
90.8
90.3
9.9
1.8
1.8
49.4
49.4

is very sensitive to the presence of correlations in the gravity anomaly data. The
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RMS contribution is large for the degrees up to M = 200, while the situation
improves drastically when the observations are uncorrelated. This behaviour can
be explained as follows. Consider the spectral form of the estimator, which follows
from Eqs. (3.7), (3.5) and (3.20),
Ñ = c

∞ 
X

n=2



2
∆g̃n − δ∆gndir
− Qn
n−1
+c

M
X

n=2



Qn ∆g̃negm − δ∆gndir + δNI

(3.21)

Studying this equation, it is evident that the estimator only takes advantage of the
GOCE model to cover up for what is not present in the gravity anomalies. Thus,
up to degree M = 200 the gravity anomalies are used as much as possible and the
GOCE EGM is only utilised for what is not there due to the limited integration
area. Seen in this light, it is natural that the method requires extremely good
gravity anomalies. It is true that the spectral form in Eq. (3.7) is only strictly
valid for a spherical integration cap, but the behaviour is almost the same when
a fixed, rectangular area is used; see the tests in Subsection 5.2.3.
Considering the well-known fact that gravity data are often affected by systematic errors, it is believed that the correlated noise model is reasonably realistic.
Hence, it is concluded that the simple r-c-r method is not suitable to combine
with a high-accuracy GOCE-model. It is too sensitive to long-wavelength errors
in the terrestrial gravity data. Another problem with the standard r-c-r method
is the significant truncation error. This is usually compensated by that the r-c-r
method is applied with much larger rectangular integration areas, but in this case
long-wavelength errors in the gravity data might influence even more. This is
illustrated in Table 3.3 for the spherical radius ψ = 15 ◦ . The case with a rectangular area is investigated further in Section 5.2.3. Thus, both its sensitivity
Table 3.3: Expected global RMS-errors for the standard remove-compute-restore
method. The reduced-field signal degree variances, M = 200 and ψ 0 = 15◦ . Unit:
[mm].
Noise model for ∆g
Degrees
Total
∆g
EGM (GOCE)
Bias

Uncorrelated, σ = 1 mGal
All 2 - M
M+1 - ∞
22.1
6.5
21.1
7.8
6.4
4.4
1.0
1.0
20.6
20.6

Correlated, σ = 1 mGal
All
2 - M M+1 - ∞
204.7 203.4
23.0
203.7 203.4
10.2
1.0
1.0
20.6
20.6

to long wavelength errors and the large truncation error disqualifies the standard
remove-compute-restore method from being suitable for application with a GOCE
derived EGM.
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3.3.2

The low-degree GOCE-only modification

To block the influence of long-wavelength errors in the gravity anomaly data,
Sjöberg (2003d) proposed the low-degree GOCE-only method, which implies that
the modification parameters sk are chosen so that the gravity anomaly contribution
is exactly zero up to the maximum degree M of the GOCE derived EGM. It follows
from Eqs. (3.5) and (3.10), that this situation is achieved when the following lowdegree GOCE-only conditions are fulfilled:
sn −

L
X
2k + 1
k=2

2

enk sk =

2
− Qn ,
n−1

n = 2, 3, · · · , M

(3.22)

In case M = L, Eq. (3.22) provides us with a system of equations with the same
number of equations as unknowns. However, due to the fact that the unbiased
estimator in Eq. (3.1) yields practically the same geoid height for all choices of s k
for which the modified kernels coincide inside the spherical cap (no matter how
the kernels behaves outside the cap), standard truncated singular value decomposition, or some other numerical technique, needs to be applied to find a solution;
cf. Subsection 3.2.3. As Eq. (3.22) contains the only conditions that are posed on
the parameters, the method in question will be called the pure low-degree GOCEonly modification in this thesis. A hybrid version of the method for the case L > M
is also suggested in Sjöberg (2003d). In this case, the modification parameters are
chosen so that the expected global mean square error in Eq. (3.10) is minimised,
at the same time as the M conditions in Eq. (3.22) are fulfilled. This method
is called the optimum low-degree GOCE-only modification and requires apriori
knowledge of the signal and gravity anomaly error degree variances in Eq. (3.10).
The optimum solution can easily be found using well-known methods from the
differential calculus, utilising Lagrange multipliers to ensure the fulfilment of the
low-degree GOCE-only conditions. The solution is obtained by solving the resulting system of equations by truncated singular value decomposition. Now, using
the same input data and type of table as before, but limiting us to the correlated
noise model for the gravity anomalies, the propagated RMS-values for the pure
and optimum low-degree GOCE-only methods are presented in Table 3.4. Furthermore, the same signal and noise degree variances as applied in the actual error
propagation were used as apriori values for the weighting.
Table 3.4: Expected global RMS-errors for the pure and optimum low-degree
GOCE-only modifications. Correlated noise with σ = 1 mGal is used as error
model for ∆g, reduced-field signal degree variances and ψ 0 = 3◦ Unit: [mm].
Method, Par.
Degrees
Total
∆g
EGM (GOCE)
Bias

Pure, M = L = 200
All
2 - M M+1 - ∞
238.2
1.0
238.0
5.9
0.0
5.9
10.0
1.0
238.0
238.0
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Optimum, M = 200, L = 720
All
2 - M M+1 - L L - ∞
237.5 10.0
237.3
4.9
6.0
0.0
5.4
2.7
10.0
10.0
237.3
237.2
4.1

As can be seen in Table 3.4, the gravity anomaly errors do not influence the
degrees up to M , which means that the GOCE-model is left completely untouched
exactly as required. On the negative side, we see that the basic problem is the huge
truncation error, which does not reduce significantly as additional parameters are
added in the optimum version of the method. It seems impossible to get rid of
the truncation error as long as the GOCE-only condition in Eq. (3.22) must be
strictly fulfilled. Hence, it is concluded that the pure and optimum low-degree
GOCE-only methods are not suitable for the present purpose.

3.3.3

The spheroidal Stokes’ kernel

Considering the results in the last section, it seems best to allow for at least some
low-degree influence of the gravity anomalies. The next technique to be tested is to
use the spheroidal Stokes’ kernel, which will be referred to as the spheroidal kernel
method; see for instance Vanı́ček and Kleusberg (1987), Vanı́ček and Featherstone
(1998) and Vanı́ček and Sjöberg (1991). It is actually claimed that this method
is implicit to the generalised Stokes-Helmert scheme and that it should not be
called a modification at all (e.g. Vanı́ček and Featherstone 1998). This convention
will not be followed in this thesis: Both the standard r-c-r and spheroidal kernel
methods are referred to as kernel modifications. When the maximum degree of
the EGM is larger than the maximum degree of modification, i.e. when M > L,
then this modification is identical to the Wong and Gore (1969) method.
The spheroidal Stokes’ kernel is obtained by choosing the modification parameters as,
2
sn =
,
2 ≤ n ≤ L, L ≤ M
(3.23)
n−1
The limitation that L ≤ M is needed to be able to determine all spherical harmonic degrees satisfactorily: Assume that L > M and that Stokes’ integration is
performed over the full solid angle σ. In this case, L > M means that degrees 2–L
are filtered out completely from the gravity anomalies, while only the degrees 2–M
are supplied by the EGM. Consequently the degrees (M +1)–L are not determined
at all, which is not acceptable.
However, the filter is perfect only for integration over the full solid angle σ.
When the integration is truncated to a cap σ 0 , this is not the case, but it can
nevertheless be expected that the method is insensitive to long-wavelength errors
in the gravity anomalies; cf. Vanı́ček and Featherstone (1998). This makes the
method suitable for use with a GOCE-model. The results from two error propagations, which were made in the same way as before using Eq. (3.10) with the
uncorrelated and correlated error models with M = L = 200, are presented in
Table 3.5. It can be seen that the method filters out the low-frequency errors in
the gravity data effectively, even though a rather small cap with radius ψ 0 = 3◦ is
used. The truncation error is of about the same size as for the standard removecompute-restore method, which means that either a larger cap has to be used or
the method needs to be modified in some way. The results using a larger cap with
radius ψ0 = 15◦ are presented in Table 3.6. It is clear that it is hard to get rid of
the truncation error simply by extending the integration area. Even though the
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Table 3.5: Expected global RMS-errors for the spheroidal kernel method with
M = L = 200. The reduced-field signal degree variances and ψ 0 = 3◦ . Unit:
[mm].
Noise model for ∆g
Degrees
Total
∆g
EGM (GOCE)
Bias

Uncorrelated, σ = 1 mGal
All 2 - M
M+1 - ∞
50.0
7.7
49.4
4.4
0.3
4.3
7.7
7.7
49.2
49.2

Correlated, σ = 1 mGal
All 2 - M M+1 - ∞
50.8
8.1
50.1
10.0
2.4
9.8
7.7
7.7
49.2
49.2

Table 3.6: Expected global RMS-errors for the spheroidal kernel method with
M = L = 200. The reduced-field signal degree variances and ψ 0 = 15◦ . Unit:
[mm].
Noise model for ∆g
Degrees
Total
∆g
EGM (GOCE)
Bias

Uncorrelated, σ = 1 mGal
All 2 - M
M+1 - ∞
26.1
9.5
24.3
4.4
0.1
4.4
9.5
9.5
23.9
23.9

Correlated, σ = 1 mGal
All 2 - M M+1 - ∞
27.7
9.5
26.0
10.2
0.8
10.1
9.5
9.5
23.9
23.9

filtering properties of the spheroidal kernel are nice, the truncation error is still a
limitation.
There remains the second alternative above, namely to use another method.
Several modifications that aim to reduce the truncation error of the spheroidal
kernel method have been suggested. For instance, Vanı́ček and Kleusberg (1987)
combined it with a Molodensky modification (Molodensky et al. 1962) and Featherstone et al. (1998) suggested a hybrid Meissl-Molodensky modified spheroidal
Stokes’ kernel. To limit the extent of the present investigation, these methods are
not considered in this thesis. Instead it is preferred to concentrate on the the least
squares modification of Stokes’ formula.
Before considering these developments, one objection of Featherstone (2003)
against using the pure spheroidal kernel to a high degree L will be mentioned.
Due to the abrupt truncation in the frequency domain implied by Eq. (3.23),
the resulting kernel oscillates more rapidly than the original Stokes’ function, as
is illustrated in Fig. 3.4 for L = 200 and L = 360. According to Featherstone
(2003), this makes the method ill-suited for numerical integration, compared to
when the kernel is smooth. However, the following remarks to this argument are
relevant. First, the oscillation in question has a comparatively low frequency,
compared to the high-frequency variations of the gravity anomalies, unless the
spheroidal Stokes’ kernel is used to very high degrees. Second, since the variation
of the kernel is actually known, the influence of this type of numerical error can be
diminished by interpolating ∆g to a denser grid. This technique will be utilised
for all types of modified Stokes’ integration in the rest of this thesis. It therefore
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seems like the objection in question is not very serious for the spheroidal kernel
method. The large truncation error is more crucial.
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Figure 3.4: The original and spheroidal Stokes’ kernels.

3.3.4

The least squares modification method

Considering the results in the last sections, it is clear that it is important in the
GOCE case to use a modification that filters out the low-degree influence of gravity
anomaly errors. On the other hand, the results from the Section 3.3.2 show that
it must not be required that the filter is perfect (at least as long as the the integration is truncated to a cap σ0 ). It seems best to allow for some long-wavelength
gravity anomaly errors at the same time as the truncation error is sufficiently low.
Naturally, the question arises: How shall we mediate between these requirements.
One way is to construct intelligent hybrid deterministic modifications, like those
summarised in Featherstone (2003) and Sjöberg and Featherstone (2004). One
drawback with this approach is that it is difficult to judge the resulting properties of the modifications in question. For instance, the Vanı́ček and Kleusberg
modification reduces the truncation error at the expense of decreasing the filtering properties (Vanı́ček and Featherstone 1998), compared to the pure spheroidal
kernel. Then the question arises: How much is the truncation error reduced? How
sensitive is the resulting method to long-wavelength errors in the gravity data?
What happens if this method is used together with an EGM that has a significant
commission error? The answers are not evident, at least not to the present author.
Another approach is to use the stochastic (unbiased) least squares modification
of Stokes’ formula (Sjöberg 1984, 1986, 1991 and 2003e), in which the modification
parameters are chosen so that the total expected global mean square error of the
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unbiased geoid estimator in Eq. (3.10) is minimised. Here the choice of deterministic method is replaced by the choice of realistic apriori signal and noise degree
variances. It can be argued that such a model is intuitively more clear than the
former. On the other hand, it can be objected that the true errors for the gravity data are not known (e.g. Featherstone 2003). This question will be discussed
shortly. First, let us study the basic properties of the least squares modification
method using the same error propagation technique as before.
As is shown in Subsection 3.2.3, the least squares solution is derived from
Eq. (3.10) by the methods of the differential calculus. This yields a system of
equations (Sjöberg 1991), which can be solved by truncated singular value decomposition. It is also possible to utilise other numerical methods; see Ellmann (2003
and 2004). The method naturally requires apriori values for the signal and noise
degree variances. Assuming that the correct apriori models are known, the propagated RMS-errors for the uncorrelated and correlated error models are presented
in Table 3.7 for the reduced field case. As can be seen, the improvement is remarkTable 3.7: Expected global RMS-errors for the least squares modification method
with correct apriori error degree variances. The reduced-field signal degree variances, M = L = 200 and ψ0 = 3◦ . Unit: [mm].
True Noise model ∆g
Apriori noise model ∆g
Degrees
Total
∆g
EGM (GOCE)
Bias

Uncorrelated, σ = 1 mGal
Uncorrelated, σ = 1 mGal
All 2 - M
M+1 - ∞
5.0
2.4
4.4
4.7
1.8
4.4
1.6
1.6
0.2
0.2

Correlated, σ = 1 mGal
Correlated, σ = 1 mGal
All 2 - M M+1 - ∞
13.0
7.7
10.5
12.4
7.1
10.2
2.9
2.9
2.5
2.5

able compared to the earlier methods. It is clear that the least squares method
finds a middle road between the filtering and minimum truncation aspects, exactly
as is required by a method suitable for GOCE.
As mentioned above, it might be argued that it is a serious limitation of the
least squares method that apriori values of the signal and noise degree variances
have to be known. As the error degree variances for GOCE will be estimated
quite accurately, the most crucial problem here is that the gravity anomaly degree
variances are not known. However, the least squares method is rather insensitive
to the choice of weights, as is well known from other areas of geodesy. Let us
illustrate this feature by means of some error propagations, in which pessimistic
apriori errors were used. Additionally, the sensitivity of choosing the correct type
of model was also tested. In all these tests it was assumed that the correlated error
model with σ = 1 mGal describes the “true” gravity anomaly errors, which were
used in the error propagations. First the least squares coefficients were computed
using the correct model with the apriori standard deviation σ = 5 mGal. After
that, the uncorrelated model was chosen with the standard deviation σ = 20
mGal, which is sufficiently high to enclose the real error degree variance curve;
cf. Fig. 2.10 and 2.11. The results can be found in Table 3.8.
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Table 3.8: Expected global RMS-errors for the least squares modification method
with pessimistic apriori error degree variances. The reduced-field signal degree
variances, M = L = 200 and ψ0 = 3◦ . Unit: [mm].
True Noise model ∆g
Apriori noise model ∆g
Degrees
Total
∆g
EGM (GOCE)
Bias

Correlated, σ = 1 mGal
Correlated, σ = 5 mGal
All 2 - M M+1 - ∞
19.7
6.5
18.6
10.7
4.0
10.0
5.1
5.1
15.7
15.7

Correlated, σ = 1 mGal
Uncorrelated, σ = 20 mGal
All 2 - M
M+1 - ∞
16.8
6.7
15.4
11.2
5.0
10.0
4.5
4.5
11.8
11.8

The insensitivity to the weighting is clearly illustrated. Even though the results are a little worse, compared to when the correct apriori errors are utilised,
they are still considerably better than for the other modification methods studied
above. Two additional error propagations were made using apriori degree variances computed for the reciprocal distance function described in Section 2.4.2,
using both realistic and pessimistic apriori standard deviations with the correlation length ψ1/2 = 0.1◦ . As can be seen in Table 3.9, it is not so crucial that
the correct type of model is used. Thus, it seems perfectly in order to use the
reciprocal distance covariance function, which is common practice at the Royal
Institute of Technology in Stockholm; cf. the discussion in Subsection 2.4.2. As
can be seen in Figs. 2.10 and 2.11, the correlated and reciprocal error models differ
mainly in the high-frequency part of the spectrum, which can also be seen by that
the corresponding covariance functions do not look like each other for small ψ; see
Fig. 2.12.
It can be observed that the resulting estimators in Tables 3.8 and 3.9 are
insensitive to long-wavelength gravity anomaly errors at the same time as the
truncation error is reasonably low. Thus, it seems suitable in the GOCE case
to use the least squares method with a little pessimistic weights for the gravity
anomalies. The above tests clearly show that the least squares method is a good
alternative even though the apriori error degree variances for the gravity data are
not exactly known. Furthermore, it is not too crucial that the correct type of
model is used.

3.3.5

Spectral combination

It is the purpose of this subsection to compare the unbiased least squares modification method with the so-called spectral least squares combination (by integral
kernel), developed by Sjöberg (1979, 1980b and 1981) and Wenzel (1981, 1982).
This method, which will be referred to by the name spectral combination below, has been applied in the computation of the European geoid EGG97; see for
instance Denker and Torge (1998) and Torge (2001). It can easily be derived starting from the expected global mean square error of the unbiased geoid estimator
in Eq. (3.10). If it is assumed that the spherical cap σ 0 is equal to the whole unit
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Table 3.9: Expected global RMS-errors for the least squares modification method
using the reciprocal distance function as apriori model with and without pessimistic σ. The reduced-field signal degree variances, M = L = 200 and ψ 0 = 3◦ .
Unit: [mm].
True Noise model ∆g
Apriori noise model ∆g
Degrees
Total
∆g
EGM (GOCE)
Bias

Correlated, σ = 1 mGal
Rec. dist., σ = 1 mGal
All 2 - M M+1 - ∞
13.0
7.8
10.4
12.5
7.2
10.2
2.9
2.9
2.2
2.2

Correlated, σ = 1 mGal
Rec. dist., σ = 5 mGal
All 2 - M M+1 - ∞
19.5
6.5
18.4
10.7
4.0
09.9
5.1
5.1
15.5
15.5

sphere σ, then the mean square error becomes for M = L,
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which follows from that the far zone contribution is obviously equal to zero for
the case in question. The modification parameters s n are now chosen so that δ N̄ 2
is minimised. It is easy to verify that the least squares result is
2
σn,
2
∆g
ŝn =
,
2
2
n − 1 σn, ∆g + σn,
egm

2 ≤ n ≤ M,

(3.25)

which is much simpler than the least squares modification solution; see Subsection 3.2.3.
It should be noticed that Eq. (3.25) is the (unbiased) least squares modification
solution for the case gravity data is used all over the globe. Although this is not
realistic, the spectral combination is used in estimator (3.1) anyhow. Since a
truncation error then arises, the spectral combination is obviously not optimal.
The question is how large the truncation error becomes. This was studied by two
error propagations, which were performed using two different cap sizes using the
correlated error model with σ = 1 mGal in both cases. The apriori error degree
variances were chosen to the correct values, i.e. to the same values as was used in
the error propagation.
By studying Table 3.10, it can be seen that a truncation error is introduced for
the small radius ψ0 = 3◦ , but it is not particularly large. If a larger integration area
is utilised, then very good results are obtained, which are comparable with the least
squares counterparts. No results were presented for ψ 0 = 15◦ in Subsection 3.3.4,
but it can be mentioned that the total RMS-value is 12.0 mm, which is only a
little better than in Table 3.10. Thus, for large integration caps, the least squares
modification and spectral combination methods are more or less identical. As the
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Table 3.10: Expected global RMS-errors for the spectral combination method
using the correlated ∆g error model with σ = 1 mGal, M = 200 and the reducedfield signal degree variances. Unit: [mm].
Cap radius ψ0
Degrees
Total
∆g
EGM (GOCE)
Bias

All
18.1
11.1
4.7
13.6

3◦
2 - M M+1 - ∞
6.4
17.0
4.3
10.2
4.7
13.6

All
12.7
11.1
4.7
4.0

15◦
2 - M M+1 - ∞
6.4
11.0
4.3
10.2
4.7
4.0

parameter choice in Eq. (3.25) does not consider the truncation error in any way,
the spectral method can easily be used with a rectangular area, as is preferred
by some geodesists; see for instance Forsberg (1997) and Section 5.2.3. However,
in case a GOCE satellite-only EGM is used, then it should be preferable to use
a smaller cap. In this case, the least square modification method is the one to
prefer, the more so the smaller the cap.

3.3.6

Conclusions

When a GOCE satellite-only EGM, which is expected to be highly accurate up to a
rather high maximum degree, will be combined with terrestrial gravity anomalies,
it is important to apply a modification of Stokes’ formula that is insensitive to
low-degree errors in the gravity anomalies. It is also important that the truncation
error is small. In the error propagations presented in this section, it was found
that none of these requirements are fulfilled by the standard remove-computerestore method, while the low-degree GOCE-only method fails because of its huge
truncation error. The spheroidal kernel method has excellent filtering properties,
but the truncation error is not satisfactory. The method most suitable for GOCE
was found to be the (unbiased) least squares modification of Stokes’ formula. For
large caps this method is almost identical to the spectral combination method,
but the former method should be preferred for smaller integration caps. It was
also demonstrated that the lack of a good apriori error model for the terrestrial
gravity anomalies is not a big problem for a successful application of the method.
In the GOCE case, a reasonably pessimistic error model of the terrestrial data
seems like a good choice in matching various error sources in a least squares sense.
The above tests were all made with a spherical integration cap around the
computation point. Very often, however, the remove-compute-restore approach is
applied using a fixed, rectangular integration area. As no simple spectral form is
available in this case, it cannot be investigated using error propagations as above.
The comparison of the spherical and rectangular strategies therefore needs to wait
until synthetic models have been constructed; see Subsection 5.2.3.
Let us finish this section with a warning. The methods above, which were
found suitable for use together with a GOCE model of high accuracy, filters out
most of the power below degree M from the gravity anomalies. As a consequence,
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the errors of the EGM propagates almost directly into the solution. This is the
other side of the filtering, which makes the methods in question ill-suited to be
used with an EGM of combination type, or a GOCE model with a maximum
degree higher than what is allowed to obtain a commission error at the 1 cm level.
As soon as the commission error is not negligible, then it becomes important to
consider this for the choice of modification. In this case, the least squares and
spectral modifications may easily be adopted, but the spheroidal kernel method
should definitely be avoided.

3.4

Achievable Accuracy from GOCE and Terrestrial
Gravity Data

The main question in the last section was to clarify what modification of Stokes’
formula that is most suitable for use with a GOCE model. In this section, the focus
is shifted to the accuracy that can be obtained with GOCE in combination with
terrestrial gravity. The question is approached by studying error propagations
of the same type as in the last section, which obviously does not tell the full
story. These investigations are nevertheless important as a starting point. A more
detailed picture is then provided by the investigations of different methods using
synthetic models, which are presented in the rest of the thesis. It is assumed
that the only information available is gravity observations with a homogeneous
accuracy in a spherical cap with radius ψ 0 . In the real case, the situation is
obviously more complex. It is for instance likely that satellite altimetry data is
available at sea, but this case is not considered here; cf. Section 1.1.
The section begins by investigating how the use of a combined estimator affects the accuracy, which implies that the full-field degree variances are used. After
that, it is investigated how the geoid height accuracy depends on the quality of
the gravity anomalies, assuming that a GOCE satellite-only EGM is used with
the most successful combination method (the least squares modification). Finally,
a more detailed discussion is given of the shortcomings of the error propagation
technique applied in the present chapter, and in what respects more reliable conclusions can be expected when using Synthetic Earth Gravity Models (SEGMs).

3.4.1

Error propagations using the full-field degree variances

As shown in Subsection 3.2.2, the expected global mean square error for the combined estimator in Eq. (3.15) has to be computed using the full-field degree variances, which implies that the combined estimator has a higher truncation error.
Another difference from the remove-compute-restore estimator, is that the error
model for the gravity anomalies should now be extended beyond the Nyquist degree by means of the full-field degree variance model, as is illustrated in Fig. 3.3.
Naturally, the discretisation errors are larger for the combined estimator. In this
section, the goal is to find out how these differences affects the conclusions in the
last section and more importantly the expected accuracy.
Let us start by presenting the propagated RMS errors for the standard remove-
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compute-restore method, used together with the combined estimator in Eq. (3.14).
It should be noticed that the term “remove-compute-restore” is used in two different senses. First, the estimator in Eq. (3.1) is said to be of remove-computerestore type. Second, the standard remove-compute-restore method refers to how
the modification coefficients sn are chosen; see by Eq. (3.20). Consequently, there
is no contradiction involved in using the standard remove-compute-restore method
with the combined estimator, even though the modification in question is usually
applied in the r-c-r estimator. The same results as in Table 3.2 but using the fullfield degree variances defined in Table 2.3, are now presented in Table 3.11. As can
Table 3.11: Expected global RMS-errors for the standard remove-compute-restore
method. Full-field signal degree variances, 3’×6’ resolution, M = 200 and ψ 0 = 3◦ .
Unit: [mm].
Noise model for ∆g
Degrees
Total
∆g
EGM (GOCE)
Bias

Uncorrelated, σ = 1 mGal
All 2 - M
M+1 - ∞
67.4
5.5
67.1
11.7
5.2
10.5
1.8
1.8
66.3
66.3

Correlated, σ = 1 mGal
All
2 - M M+1 - ∞
112.9 90.3
67.7
91.3
90.3
13.7
1.8
1.8
66.3
66.3

be seen, the truncation error is about four thirds larger than for the reduced-field
case in Table 3.2. Even though this difference is significant, the two results are of
approximately the same size. It should also be noted that the high-frequency gravity anomaly errors are larger now. However, the truncation and long wavelength
gravity anomaly errors are still dominating in exactly the same way as before.
Next, the results from the full-field error propagations for the least squares
modification method with realistic weights are presented in Table 3.12. The main
Table 3.12: Expected global RMS-errors for the least squares modification method
with correct apriori error degree variances. Full-field signal degree variances, M =
L = 200, 3’×6’ resolution and ψ0 = 3◦ . Unit: [mm].
True Noise model ∆g
Apriori noise model ∆g
Degrees
Total
∆g
EGM (GOCE)
Bias

Uncorrelated, σ = 1 mGal
Uncorrelated, σ = 1 mGal
All 2 - M
M+1 - ∞
10.8
2.4
10.5
10.6
1.8
10.5
1.6
1.6
0.2
0.2

Correlated, σ = 1 mGal
Correlated, σ = 1 mGal
All 2 - M M+1 - ∞
16.2
7.9
14.2
15.8
7.4
14.0
2.8
2.8
2.4
2.4

difference from Table 3.7 is that the high-frequency gravity anomaly errors are
larger for the combined estimator. As mentioned above, this depends on that
the strategy illustrated in Fig. 3.3 is used to model the discretisation or sampling errors. According to the above results, it seems like the additional errors (in
e.g. Stokes’ integration) are not large. One can suspect that the model in ques60

tion yields over-optimistic results; see further the discussion in Subsection 3.4.3.
Another observation that can be made is that the truncation error is affected very
little when the least squares method is used. Both in the combined and r-c-r
cases, it is more or less negligible. From the above two error propagations, it can
be pretty well judged how the error propagations differ also for the other modifications. Consequently, no more results are given here. Below the focus will be
entirely on the least squares modification method, which is the modification that
has provided the best results so far.
As concluded above, the main difference between the reduced and full field
propagations for the least squares modification method stems from the fact that
the discretisation errors are larger in the full-field case. Otherwise the results are
in good agreement. If the combined approach is used, then the latter type of error
can be reduced by first making a topographic correction that result in reduced
gravity anomalies, which are assumed smoother than the original ones. In the
next step the observations are interpolated to a denser grid and the topographic
correction is finally reversed, i.e. the masses are put back again. Notice, however,
that this requires that a good Digital Terrain Model (DTM) is available with at
least the same resolution as the new interpolated grid. If such a procedure is
followed, the remaining discretisation errors may be approximately modelled as
follows: the gravity anomaly error degree variances will approximately coincide
with the ones for the reduced case up the new Nyquist degree. For higher degrees,
the full-field degree variances are used to model the remaining part of the old
sampling error. This model is illustrated in Fig. 3.5, where the old and new
Nyquist degrees are 3600 and 10800, respectively. The truncation error will be
exactly the same before and after the interpolation procedure, due to the fact that
all masses are restored at their original position. Provided that the discretisation
errors above the new Nyquist degree are negligible, i.e. that the interpolation is
sufficiently dense, approximately the same errors as in the reduced case can be
expected. As this is the case for interpolating from 3’×6’ to 1’×2’ resolution in the
present situation, no new table is presented; it looks almost exactly like Table 3.7.
Thus, by using the above interpolation procedure on the smooth topographically
reduced gravity anomalies, the combined estimator can be expected to yield more
or less similar accuracy as when the remove-compute-restore estimator is used.
This requires that a method with negligible truncation error is used (like the least
squares modification) and that the interpolated grid is sufficiently dense. Notice,
however, that this also requires that many other assumptions are realistic, which
is very likely not the case; see the discussion in Subsection 3.4.3.

3.4.2

Varying quality of the gravity anomalies

So far it has been assumed that homogeneous high-accuracy gravity anomalies
with the standard deviation σ = 1 mGal are available, which is clearly unrealistic
in many cases. In this section, the same type of error propagations as above are
presented for different standard deviations, assuming the the least squares modification method is used with ψ0 = 3◦ . A grid with 3’×6’ blocks is assumed. The
reduced-field signal degree variances were utilised, which is relevant both for the
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Figure 3.5: Degree-order standard deviations for the correlated error model extended beyond the old Nyquist degree 3600 for the interpolation case described in
the text.
remove-compute-restore and combined estimators, provided that the interpolation
procedure described in Subsection 3.4.1 is taken advantage of in the combined
case. It should finally be mentioned that realistic weights were used. The expected global RMS errors are presented in Fig. 3.6, both for the uncorrelated and
correlated error models.
It is notable that the propagated RMS values depend almost linearly on the
gravity anomaly standard deviation σ. Otherwise, Fig. 3.6 speaks pretty much for
itself. It is believed that the curves are reasonable for somewhat larger standard
deviations σ, of course assuming that the gravity anomaly errors are described
sufficiently well by any of the error models. However, it can be seen in Fig. 3.6
that unrealistically low RMS-errors are obtained for small values of σ. It cannot be
expected that 1–2 mm can be achieved with error-free gravity anomalies, at least
not with the geoid determination techniques in use today (2004). This comment
brings us into the next subsection, where the shortcomings of the error propagation
method are further discussed.

3.4.3

Limitations of the error propagations

In this chapter error propagations in the spectral domain have been utilised to
study the expected accuracy for different modification methods, types of estimators and quality of the gravity anomalies, consistently assuming that a high quality
GOCE satellite-only EGM is available. It is important to take these studies for
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Figure 3.6: Expected global RMS errors for different gravity anomaly standard
deviations σ. The least squares modification method, reduced-field signal degree
variances, GOCE errors with M = L = 200, ψ 0 = 3◦ and 3’×6’ resolution.
what they are. The assumptions involved should be clearly kept in mind. The
most important ones are that
• homogeneous and isotropic covariance functions can be used to describe both
the signal and noise fields.
• The full and reduced field signal degree variances chosen in Section 2.3 are
representative.
• the correlated or uncorrelated gravity anomaly error model is realistic.
• the GOCE satellite-only model has a 1 cm commission RMS error up to
degree 200.
• only gravity anomalies inside a spherical cap around the computation point
are utilised.
• the numerical operations of modified Stokes’ integration and downward continuation do not introduce any other errors than those described by the
simplified models above the Nyquist degree presented in Figs. 3.3 and 3.5.
Concerning downward continuation, it is actually assumed that this step
does not introduce any extra errors at all.
• the applied topographic, atmospheric and ellipsoidal corrections are so accurate that they do not introduce any kind of errors or biases. In the same
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vein, it is assumed that the density of the topographic masses is known and
that no other physical effects are problematic (like the permanent tide).
It is believed that the first four assumptions are not so problematic. It should
be remembered that the signal degree variances describe the global mean square
variation and are accordingly only realistic in that sense. In rough mountains,
it can for instance be expected that the truncation and discretisation (sampling)
errors are larger than here. The error degree variances should be looked upon as
two extreme cases. Hopefully, the real situation is somewhere in between, and
again, if the accuracy is not homogeneous inside the spherical cap, then the error
propagations are not as representative. The assumed error model for GOCE is
believed to be realistic, especially after the success for GRACE (see Reigber et
al. 2004b and Tapley et al. 2004). However, it should also be mentioned that
the propagated RMS values are not too dependent on the accuracy of the GOCE
model, at least not in case the least squares modification method is used. If a
GOCE model with the commission RMS-error of 1 cm up to degree 150 is assumed
instead, the results differ little.
The last three assumptions are more crucial. As has been mentioned several
times before, it is difficult to say exactly how the use of a fixed, rectangular area
affects the results. One good way of treating this question is to use a point-mass
synthetic model, which means that a true value is available for the evaluation.
Such investigations can be found in Subsection 5.2.3. To the author’s knowledge
this question has not been tested before. The assumption that downward continuation does not add anything to the error budget is extremely questionable. This
problem is best described as unstable (e.g. Martinec 1998), which means that highfrequency errors in the gravity anomalies are likely to be magnified when moving
downwards (due to the attenuation effect of the gravity field). Furthermore, it
is not clear that the numerical quadrature of the modified Stokes’ formula does
not introduce extra errors, compared to what is estimated by the simple models
using signal degree variances above the Nyquist degree; see Figs. 3.3 and 3.5. Both
these assumptions will be investigated using synthetic models in Chapter 5. There
remains the last assumption, namely that neither topographic, atmospheric or ellipsoidal corrections introduce any additional errors. This assumption is obviously
important. It is also the most difficult one to investigate. In this thesis, only the
additional errors introduced by improperly applied topographic corrections are
treated, which will occupy us in Chapters 6 to 9.
Let us finish the discussion by noting that the above error propagations are
important as a first start, but it is somewhat uncertain how realistic they are.
For example, it is believed that the RMS-errors of Fig. 3.6 are reasonable down
to a certain threshold, which depends on the regional geoid determination in use.
Hence, for small standard deviations σ, the last two assumptions can be expected
to result in errors also for error-free observations. Many questions remains to be
solved before the obtainable accuracy can be more reliably estimated for low σ.
The above error propagations should be taken for what they are. We will come
back to them in the concluding chapter, where they will be evaluated in view
of the what has been learnt from all tests with Synthetic Earth Gravity Models
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(SEGMs). It is now time to turn to the actual construction of such models.
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Chapter 4

Construction of Point-Mass
Models and Generation of
Noise
4.1

Introduction

The main purpose of this chapter is to construct the full and reduced point-mass
synthetic models, which were mentioned in the introduction (Section 1.2). The
models are designed so that the resulting signal degree variances resemble those
chosen in Section 2.3. Thus, the only criterion for how the point-masses should be
selected is that the synthetic field should have a spectrum or covariance function
that is as realistic as possible on a global scale. The construction of point-mass
models of this type is in line with the work performed by e.g. Novak et al. (2001),
Featherstone (2002) and Holmes (2002) in constructing spherical harmonic effects
models (Section 1.2). In these references, the higher degree coefficients are chosen
at random so that desirable degree variances are obtained. However, spherical
harmonic synthesis is a tricky business. Holmes and Featherstone (2002) and
Holmes (2002) have performed a lot of work to increase the maximum degree
as much as possible; see the discussion in Section 1.2. The idea here is to do
more or less the same thing by choosing point-masses in a random manner instead
of spherical harmonic coefficients. This strategy have several advantages, most
notably that the formulas involved are simple and stable. They can easily be used
to very high degrees. Another good property is that dense point-masses need only
be utilised close to the evaluation area, while the influence from mass anomalies
further away may be modelled more sparsely, which saves a considerable amount
of work. It is further possible to view each point-mass as a mass anomaly, which
gives some physical significance to the point-masses (even though the magnitude
and location of the anomalies in question are not realistic).
However, it should be mentioned that one difference between the present type
of point-mass models and the spherical harmonic effects SEGMs just discussed,
is that the low degree coefficients are taken from existing EGMs in the latter
case. This means that the resulting synthetic fields will resemble the Earth’s
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gravity field in their rough outlines, which is not the case when all point-masses
are chosen at random. This remark takes us to the fundamental question: What
justification may be given for that the simulated synthetic point-mass fields, which
are realistic only with respect to the degree variances, may be used to test different
regional geoid determination methods? According to the numerical experience of
the author, different point-mass models with similar degree variances give almost
the same results in the mean when regional geoid determination methods are
tested. It is a different question whether the signal degree variances in question
are realistic, but it seems like different mass distributions with similar spectra give
about the same conclusions. In any case, this will be assumed for the point-mass
models constructed and used in this thesis. One way to test the assumption would
be to estimate a suitable number of point-masses using gravity anomaly and other
data for a specific region (e.g. Vermeer 1995). The local degree variances (see
Section 4.3.4) for this area can then be used to construct point-mass models of
the present type, which makes it possible to compare how the results are affected.
However, this task is left for the future; see Section 10.2. For now, it is assumed
that the degree variances of the field are the determining factor for the tests of
geoid determination methods. As mentioned above, a similar assumption is used
by many of the synthetic models constructed recently, for instance the spherical
harmonic effects SEGMs cited above. Even though the lower frequencies are more
realistic in these cases, the finest details are simulated with the only criterion that
the resulting SEGM should have certain spectral properties. It should finally be
mentioned that the point-mass models developed in this chapter may not be used
to test topographic corrections. Synthetic models including the real topography
are developed in Chapter 6.
The chapter starts with presenting a number of standard formulas for pointmasses. After that, a practical method is suggested in Section 4.3 for how the
point-masses may be generated using a random number generator to recreate a
given degree variance curve. This technique is then used to create the full and
reduced point-mass models from the signal degree variances chosen in Section 2.3.
It is finally shown in Section 4.4 how observation noise is simulated according to
the error models chosen in Section 2.4.

4.2

Standard Formulas for Point-Masses

Below the standard formulas that are needed in the next section are summarised;
see for instance Sünkel (1981) or Heikinnen (1981) for further details.
As mentioned above, point masses are usually used to model differences from
a normal gravity field, which implies that negative masses are allowed. In this
case, the disturbing potential in P , which is generated by a point-mass in Q with
mass mQ , is given by Newton’s law:
T (P ) =

GmQ
GmQ
=q
lP Q
2 − 2r r cos ψ
rP2 + rQ
P Q
PQ

(4.1)

where G is the gravitational constant, r P and rQ are ordinary spherical polar co67

ordinates and ψP Q is the spherical distance between P and Q. Bruns’ formula can
then be utilise to derive the height anomaly ζ or geoid height N (Eq. 2.9). Using
the boundary condition in Eq. (2.5), which assumes a spherical approximation in
gravity space (cf. Martinec 1998), the corresponding gravity anomaly becomes:
!
rP − rQ cos ψP Q
2
−
∆g(P ) = GmQ
(4.2)
lP Q rp
lP3 Q
The potential coefficients generated by the point-mass in Q are easily derived
from Eq. (4.1), the expansion of the reciprocal distance in an external-type series
of Legendre polynomials,

∞ 
1 X rQ n
1
=
Pn (cos ψP Q )
(4.3)
lP Q
rP n=0 rP
and the addition theorem (Heiskanen and Moritz 1967),
Pn (cos ψP Q ) =

n
X
1
Ynm (P )Ynm (Q)
2n + 1 m=−n

(4.4)

The definition of the fully normalised surface spherical harmonics in Eq. (2.2)
is assumed. Using the following spherical harmonic expansion of the disturbing
potential,

∞ 
n
X
R n+1 X
T (P ) =
Tnm Ynm (P )
(4.5)
rp
m=−n
n=0
the potential coefficients are easily found to be,
GmQ  rQ n 1
Ynm (Q)
Tnm =
R
R
2n + 1

(4.6)

The degree variances for the gravity anomaly then becomes in spherical approximation,
n
(n − 1)2 X 2
G2 (n − 1)2 2  rQ 2n
cn =
T
=
m
(4.7)
R2 m=−n nm
R4 2n + 1 Q R

From Eq. (4.7) it follows that when c n is plotted using a logarithmic scale on the
dependent axis, the power spectrum approaches a straight line when n increases,
whose slope depends on the depth of the point-mass in question. However, it is
also clear from Eq. (4.7) that log cn is not a straight line for low degrees n. The
quantity log(cn (n + 1)/(n − 1)2 ), on the other hand, is approximately so also for
small n. This fact was used by Hipkin (2001) to fit white noise mass layers to
EGM 96. The expression in Eq. (4.7) has been used by Sünkel (1981) and Pail
(2000) to study the spectrum for point-masses at different depths. As an example,
consider a single point-mass at depths d = 3, 12, 50 and 200 km, respectively. If
the corresponding cn are normalised so that the maximum value is equal to 1
mGal2 , the degree variances in Fig. 4.1 are obtained. It can be seen that at each
depth the power is concentrated in a reasonably narrow part of the spectrum, even
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Figure 4.1: Degree variances cn generated by one point-mass at different depths,
normalised so that max(cn ) = 1 mGal2
though the edges are by no means sharp. This is an important property, which
will be taken advantage of in the next section.
Now, assume that P point-masses are used. In this case all quantities above,
except for the degree variances, can be found by summing the expressions for a
single point-mass. For the degree variances, the non-linearity of Eq. (4.7) prevents
such a simple treatment. However, it is easy to derive the corresponding formula
also for the degree variances. Since it will be discussed below, it is presented here;
see Sünkel (1981) for details. Let us use the indices q and r to refer to the pointmasses, where the latter should not be confused with the radius. If the coefficients
in Eq. (4.6) are substituted into Eq. (4.7) and the addition theorem is utilised, the
following expression is derived:
P

cn =

P

 r n  r n
G2 (n − 1)2 X X
q
r
m
m
Pn (cos ψqr )
q r
R4 (2n + 1) q=1 r=1
R
R

(4.8)

The most important thing to notice in Eq. (4.8) is that the degree variances for
several point-masses cannot strictly be obtained by a simple summation, which
is something that should be kept in mind. For many point-masses it might be
cumbersome to evaluate the quadratic form in Eq. (4.8). An efficient computation
technique is given in Sünkel (1981).
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4.3

Construction of Point-Mass Synthetic Models with
Desirable Degree Variances

The main purpose of this section is to suggest and test a method that can be
used to generate synthetic point-mass models with degree variances that resemble
a given spectrum. In this thesis, point-masses are used for two tasks. First, they
are utilised to model the gravity field signal (full or reduced) in the investigations
of Stokes’ integration and downward continuation (Chapter 5). Second, pointmasses are taken advantage of in the later chapters to model the reduced part of
the gravity field only, to which the topography, mass deficiencies in the oceans
and the isostatic compensation are added, which results in the so-called Nordic
SEGM. As the reduced field was defined in Subsection 2.3.2 as the field obtained
after applying an Airy-Heiskanen isostatic reduction with standard parameters and
densities, it follows that the point-masses then models all other density anomalies,
such as isostatic model inconsistencies and density variations in the topography
and elsewhere. However, the depth of the most shallow point-mass limits how high
frequency variations that can be modelled using the point-mass model in question.
As mentioned in the introduction, the synthetic models in this thesis will not
include atmospheric or ellipsoidal effects. It is thus assumed that the Earth is
spherical in shape, except for the topography. Consequently, a spherical symmetric
normal gravity field may be used, whose density depends only on the radius.
Normal gravity at the reference sphere, γ 0 , and at the telluroid, γ, are then given
by
GME
R2
GME
γ=
(R + H ∗ )2

γ0 =

(4.9)
(4.10)

where H ∗ is normal height and ME is the total mass of the synthetic Earth,
assumed to be equal to the GRS 80 value (Moritz 1984).

4.3.1

Basic requirements

Let us start by enumerating some basic requirements that should be fulfilled by
the point-mass synthetic models (cf. Pail 2000):
1. The model should be realistic over a large part of the spectrum, preferably
beyond the Nyquist degree of the grids to be generated, which makes it
possible to study discretisation errors. Notice though that the zero and first
degree effects should not be present, as they vanish by the usual choice of
normal gravity field with mass equal to the mass of the Earth and with origo
in its center of mass (Heiskanen and Moritz 1967).
2. It should be computationally effective, so that gravity field quantities can
be generated within a reasonable amount of time by the computers of today
(2004).
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3. The model should have a transparent physical interpretation, even though
it is not required that the implied density anomalies should be realistic in a
geophysical sense for a certain area.
4. The model should be self-consistent, i.e. different gravity field quantities
should be computed using as few approximations as possible, so that it
is possible to go from the observations to the sought quantities without
errors (under the right circumstances, using an accurate enough method
and sufficiently dense sampling, etc.).
As can be seen from Eq. (4.7) and Fig. 4.1, point-masses at different depths are
required to obtain a realistic spectrum. It therefore seems suitable to use a number
of layers with denser distributions of point-masses for the shallow ones. To fulfil
the second requirement, it is not a good idea to use globally distributed masses
for all layers. Instead global point-masses are utilised only for the deeper layers
that contains few masses, while the distribution is limited to a certain distance
outside the regional grids for the shallow ones. It should also be mentioned that
FFT is not used to speed up the computations (cf. Vermeer 1995), which implies
that the gravity field quantities can be strictly computed at any height. This is
necessary to be able to test downward continuation. The fourth requirement is
easily fulfilled by point-masses, due to the simple and accurate formulas. Notice,
however, that the computation points P should not be situated too close to any
of the point-masses. If so, the field contains unrealistically much high frequency
variations (see Pail 2000), which cannot be modelled with sufficient accuracy using
a reasonable resolution for the involved grids. It should further be noticed that
physical transparency requires that the point-masses are not situated too close to
each other nor to the computation points. Thus, it seems suitable to view each
point-mass as a sphere with a certain radius and density anomaly, which does not
overlap the neighbouring spheres. Furthermore, all computation points should be
situated outside the “point-mass spheres”.
Evidently, many different ways exist to construct point-mass synthetic models
with degree variances resembling a given curve. It should also be added that the
sought method should utilise a random number generator (e.g. Press et al. 1992)
to compute the density anomalies for the point-masses. Below, the method chosen
in this thesis is described and tested. It was chosen so that it results in synthetic
models that fulfil the above requirements as closely as possible.

4.3.2

Method for construction of point-mass models

First, S layers of point-masses are assumed. The layer s is taken to be situated
at depth ds and contain Ps point-masses. As motivated above, each point-mass
is viewed as a sphere with a certain radius and density anomaly. The radius is
taken to be equal to half the depth of the layer in question, i.e. it is chosen to
rs = ds /2 for layer s. It is now assumed that the angular distance between the
point-masses in layer s is equal to 2d s /R in the latitude direction and 2ds /(R cos φ)
in the longitude direction, which means that the point-mass locations are chosen
according to the equal-area principle. A simple geometric reasoning then shows
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that as long as ds < 3000 m, no spheres overlaps in any layer; cf. the illustration
in Fig. 4.2. Furthermore, if the depths are chosen so that d s+1 > 3ds , no spheres
will overlap between the layers, so to speak, as can be seen in Fig. 4.2. If the
computation points are situated at or above sea-level, none of them are situated
within the spheres. Consequently, the third and fourth requirement above are also
fulfilled by the model.
Topography
P

d1
r1
d2
r2

Figure 4.2: Illustration of the principle used to choose point-mass locations.
From Eq. (4.6) it now follows that the potential coefficients for all point masses
are
Tnm

S

P

s=1

t=1

s
G  rs n 1 X X
=
vs
∆ρst Ynm (s, t)
R R
2n + 1

(4.11)

where the density anomaly and volume for point-mass sphere t in layer s are denoted by ∆ρst and vs , respectively. Furthermore, Ynm (s, t) is short for Ynm (φst , λst ).
Notice that the volume vs is constant for all point-masses inside a layer. The corresponding degree variances are
S
Ps X
Pu
S
G2 (n − 1)2 X  rs n X  ru n X
cn = 4
vs
vu
∆ρst ∆ρuv Pn (cos ψstuv )
R (2n + 1) s=1 R
R
u=1
t=1 v=1
(4.12)
In the next step, vs and Ps are rewritten in terms of the layer depth d s . If the
standard expression for the volume of a sphere is taken into account, the volume
becomes
4πrs3
πd3s
vs =
=
(4.13)
3
6
The number of point-masses for layer s can easily be computed, considering that
the distances between the point-masses are equal to 2d s in both the north-south
and east-west directions. Using ∆φ s = 2ds /R and ∆λsi = 2ds /(R cos φsi ), the
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following approximative formula is derived:
Ps =

X 2π
πR X
πR2 X
=
cos φsi =
cos φsi ∆φs
∆λsi
ds
2d2s
i

i

(4.14)

i

where the summation over i is performed over all latitudes φ si of the point-masses
in layer s. It is possible to get rid of the latitude Eq. (4.14) by means of the
integral,
Z π/2
X
cos φsi ∆φs ≈
cos φ dφ = 2
(4.15)
−π/2

i

from which it follows that

Ps ≈

πR2
d2s

(4.16)

The approximation obviously becomes better for smaller depths d s .
From the above equations it is possible to compute the potential coefficients
for given density anomalies and positions of the point-masses, which results in
degree variances by Eq. (4.12). However, the main question here is how to choose
the density anomalies, considering that the locations are given, so that the given
degree variances are approximated as closely as possible. It was here decided
to generate the density anomalies using simulated uncorrelated (white) Gaussian
noise, as described in for instance Press et al. (1992). A different standard deviation can then be used for each layer to obtain degree variances that fit the given
degree variance spectrum. The question now is how the standard deviation σ s
for each layer s should be chosen. To see how the degree variances c n are related
to the variances σs2 , we consider the anomalous point-mass field as a stochastic
process in three-dimensional space, defined as the gravity field generated by a set
of point-masses with random density. More precisely, the density anomaly ∆ρ̃ st
is considered as a random variable with Normal (Gaussian) distribution with zero
mean and variance σs2 , assumed constant for each layer s. Furthermore, the density
for any two point-masses is taken to be uncorrelated. Thus,
E {∆ρ̃st ∆ρ̃uv } = δsu δtv σs2

(4.17)

where E {·} is the expectation operator and δ su is the Kronecker delta. The mean
of the potential coefficients then becomes, taking Eq. (4.11) into account,
E {Tnm } = 0

(4.18)

and the mean of the degree variances c n is derived using Eqs. (4.12), (4.13), (4.16)
and (4.17),
S

c̄n = E {c̃n } =

G2 (n − 1)2 X  rs 2n 2
vs Ps σs2
R4 (2n + 1)
R
s=1

S

π 3 G2 (n − 1)2 X  rs 2n 4 2
=
ds σs
36R2 (2n + 1)
R
s=1
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(4.19)

where the fact that Pn (1) = 1 has been used. Thus, the mean of the degree
variances c̄n are related to the layer variances σ s2 . This means that if the random number generator is applied repeatedly to compute the point-mass density
anomalies using σs , then the mean value of the corresponding degree variances
approach c̄n . However, Eq. (4.19) says nothing of how much the degree variances
cn for a single realisation can be expected to differ from c̄ n
The idea now is to use Eq. (4.19) in a least squares adjustment, in which the s
unknown density variances σs2 are estimated for the given degree variances c given
n
from degree nmin to nmax . The following observation equations are used,
S

cgiven
n

π 3 G2 (n − 1)2 X  rs 2n 4 2
− εn =
ds σs
36R2 (2n + 1)
R
s=1

=

S
X

An,s σs2 ,

s=1

nmin ≤ n ≤ nmax

(4.20)

where An,s are the elements in the design matrix and ε n the residuals. In the
present case, cgiven
are either the full or reduced degree variances chosen in Section
n
2.3. It should be noticed that the relationship (4.19) is linear with respect to the
unknown variances σs2 . Different forms of weighting might be applied, but it is
usually sufficient to take the weight matrix as unity. In this context, the least
squares adjustment should be looked upon as an heuristic device that can be
utilised to find point-mass density variances that result in mean degree variances
(by Eq. 4.19) resembling a given curve. This is also the reason for that no precision
estimates are presented below. The best and most reliable way is to judge the
result graphically. Another thing worth pointing out is that some choices of pointmass layers might give negative variances σ̂ s2 in the adjustment, which looks bad.
However, as will be shown in what follows, this situation can usually be avoided by
another choice of layers (number of layers and depths). To find a good combination
of layers it is helpful to utilise plots like Fig. 4.1, which show how the spectrum
differ for the different depths involved.
When the variances (unknown parameters in the adjustment) have been estimated, the corresponding standard deviations σ̂ s can be used to generate the
density anomalies for each point-mass using the above-mentioned random number
generator for uncorrelated noise with zero mean and Normal distribution; see for
instance Press et al. (1992). It should be pointed out that the reason for choosing
the density anomaly as the fundamental quantity is that it is easier to interpret
than the mass or the mass times the gravitational constant. In this way several
realisations of the point-mass fields can easily be computed. In the mean, the resulting degree variances should approach the given curve. It must be emphasised
that the procedure yield degree variances by Eq. (4.12), whose mean value only
approaches the expected or adjusted degree variances c̄ n = cn − ε̂n as the number
of realisations increases. It is an empirical fact, how much the degree variances
for a single realisation differ from the expected ones, which depends on the distribution of the point-masses in question. If only a few point-masses are utilised,
it can be expected that the degree variances differ more compared to when more
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masses are utilised.
After the density parameters ∆ρst have been determined by the random number generator, gravity field quantities can be computed by standard formulas. It
has to remembered, though, that the point-masses are supposed to constitute a
synthetic model of the Earth’s gravity field. This implies that the zero and first
degree effects have to be removed from the generated quantities, as they cancel by the usual choice of normal gravity field (Heiskanen and Moritz 1967). To
be complete, the formulas that will be applied in this thesis are presented below,
where the zero and first degree effects have been computed using Eqs. (4.5), (4.11)
and the addition theorem (4.4); cf. also Eq. (4.23) below. First, the disturbing
potential is given by

S
Ps
S
Ps 
Gπ X 3 X
1
rs
∆ρst Gπ X 3 X
T (P ) =
ds
−
ds
+ 2 cos ψP st ∆ρst
6
l
6
rP
rP
s=1
t=1 P st
s=1
t=1

(4.21)

q
where lP st = rP2 + rs2 − 2rP rs cos ψP st . The geoid height N or height anomaly
ζ can then be derived by Brun’s formula. The gravity anomaly reads


Ps
S
Gπ X 3 X
rP − rst cos ψP st
2
∆g(P ) =
d
∆ρst
−
6 s=1 s t=1
lP st rP
lP3 st
+

S
Ps
Gπ X 3 X
∆ρst
ds
6
rP2
s=1

(4.22)

t=1

and the potential coefficients for the expansion in Eq. (4.5) computes as
Tnm

S

P

s=1

t=1

s
Gπ 1 X 3  rs n X
=
ds
∆ρst Ynm (s, t)
6R 2n + 1
R

(4.23)

In this thesis, all computation points P as well as point-masses are considered
as having fixed orthometric height/depth, i.e. H P and ds do not not changed after
the anomalous masses have been added. An alternative strategy is to consider
the ellipsoidal (spherical) height h P as non-changing, but, as the sea-level then
changes, this strategy becomes complicated and cumbersome when the topography
and oceans are introduced in Chapter 6. One important question here is how
rP and rs in Eqs. (4.21), (4.22) and (4.23) should be computed, assuming that
the constant orthometric height HP and depth ds are given. The most correct
approach would of coarse be to use an iterative procedure
rP (i) = R + N (i − 1) + HP
rs (i) = R + N (i − 1) − ds

(4.24)
(4.25)

where R = 6371 km is the radius of the reference sphere and N = T /γ is the
geoidal undulation generated by the point-masses with r s and rP as in iteration
i−1. However, this approach is extremely cumbersome in practice. For this reason
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it is preferred to use the spherical approximation of the geoid. Thus, the following
formulas are used in this thesis,
rP = R + H P

(4.26)

rs = R − d s

(4.27)

This method implies that the distance l P st becomes almost correct close to P as
the common geoid height then cancels. For point-masses further away, a small
error is introduced, but since the geoid heights are smaller than 100 m, it can
be expected that the approximation in question is negligible. It corresponds to
the approximation error committed by taking the geoid as an ellipsoid in the real
geoid determination case, which is very small (e.g. Martinec 1998).
Another problem stems from the fact that the above method requires a considerable amount of computational work, especially for the shallow layers. As
mentioned above, the point-mass distribution of the layers should therefore be
limited to a neighbourhood of the area under investigation. This implies that
the distribution is no longer global, which means that the above formulas are not
strictly valid. However, since the influence of shallow point-masses is local, it can
be expected that the gravity field variation in the area in question is of about the
same size as when a global distribution is really used. Thus, the above formulas
are used as if the distribution were global, which gives the standard deviations σ̂ s ,
even though the shallow layers are really limited around the area in question. For
deeper point-masses, which generate the long-wavelengths of the synthetic field,
global coverage is still required. In this thesis, the point-mass layers are divided
into local and global ones, where the former extends 10 times the layer depth d s
outside the area in which gravity anomalies and geoid heights are computed; see
Section 4.3.3 and 4.3.4 for further details.
In this subsection the method that will be used to generate point-mass synthetic models have been described. In the rest of this section, the proposed method
is tested and applied to the degree variances of the full and reduced fields assumed
in Section 2.3.

4.3.3

Estimation of density variances for the full and reduced
fields

The purpose if this and the next subsections is to show how the method developed
in the last subsection was used to construct two point-mass synthetic models: one
for the full gravity field defined in Table 2.3 and one for the reduced counterpart
in Table 2.4. These two models are the main point-mass representations to be
used in the rest of this thesis. In addition, an unrealistically smooth point-mass
model was constructed, which is presented in Subsection 4.3.5. In any case, the
practical procedure starts with that one decides
• how many point-mass layers that are to be used,
• at what depths these layers should be situated and
• which layers are considered local and which are global.
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As should be clear from the last subsection, these three decisions completely determines the number and locations of all point-masses. After that, the density
anomaly variances σs2 are estimated in a least squares adjustment using Eq. (4.20)
as observation equation with unit weighting. However, due to the fact that the
given degree variance for degree 2 is very small, which depends on the way the
ellipsoidal normal gravity field is chosen in the real case (Heiskanen and Moritz
1967), it is suitable to use only degree variances from degree 3 and up in the fitting
process. The estimated variances σ̂ s2 are then substituted into Eq. (4.19), which
yields the expected degree variances c̄ n for the point-mass distribution in question. In this case the implied c̄2 can also be computed, which will be much larger
than the given cgiven
. To see if the choice of point-masses was successful, the c̄ n
2
are then compared with the given degree variances, which is easiest and best to
do in a graphic way; see below. If one is not satisfied with the agreement or if
negative variances were obtained in the adjustment, a new point-mass distribution
is chosen and the process is repeated until satisfaction. After that, the density
anomalies for the point-mass spheres are generated using the random number generator for Gaussian white noise with standard deviation σ̂ s . It is then important
that the degree variances for individual realisations, which may be computed by
Eq. (4.12), agree reasonably well with the expected ones. If not, a new point-mass
distribution has to be chosen, etc.
The procedure described above was used to estimate the density anomaly
variances σs2 for the given reduced and full field degree variances, which were
illustrated in Figs. 2.8 and 2.9. The choice of point-mass distribution and the
estimated density anomaly standard deviations σ̂ s are presented in Table 4.1.
The implied numbers of point-masses in the two cases can also be found. The
Table 4.1: Choice of point-mass layers and the estimated layer variances σ̂ s for
the full and reduced fields.
Layer s
1
2
3
4
5
6
# of masses:

Depth [km]
3
12
50
200
1000
4000

Full field
Distr.
σ̂s [kg/m3 ]
Local
2803.2
Local
667.1
Local
236.4
Global
2.4
Global
8.8
Global
7.2
64109

Reduced field
Depth [km] Distr.
σ̂s [kg/m3 ]
5
Local
517.7
15
Local
398.2
50
Local
191.6
200
Global
14.7
1500
Global
6.6
4000
Global
4.7
30257

choice of point-mass distribution was made by trial and error as described above,
so that the corresponding estimated layer variances σ̂ s2 yield
• a good agreement between cgiven
and c̄n (by Eq. 4.19) and
n
• small differences between individual realisations and c̄ n .
Notice that the most shallow layer is closer to the surface for the full-field than
for the reduced model. To obtain a sufficient amount of high-frequency variations
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it is naturally important that this layer is as shallow as possible. However, for
too shallow layers, the resulting number of point-masses becomes enormous, which
requires FFT to speed up the computation of gravity field quantities by Eqs. (4.21)
to (4.22). As we like to compute these quantities at the surface without any
additional approximations, this road is not open for us. The choice of 3 km
should be looked upon as a compromise, which nevertheless makes it possible
to generate a sufficient amount of details; see below. It is further interesting to
observe that the density anomaly standard deviation for the full-field is almost
equal to standard density for the topography. Otherwise, the σ̂ s decreases with
depth. This depends on that the radius of the point-mass spheres also increases,
which implies that the volume grows as in Eq. (4.13).
As mentioned above, the justification for the construction method in question
lies in how well the implied expected degree variances approximate the given ones.
Furthermore, the degree variances for a single realisation should not differ too
much from the expected variances. The last point is investigated in Subsection
4.3.4. In the rest of this section the first aspect is investigated for the two pointmass stochastic processes, which are given by the point-mass distributions and the
estimated density anomaly variances in Table 4.1. The expected degree variances
c̄n for the full field are plotted in Figs. 4.3, 4.4 and 4.5. The corresponding
information for the reduced case is given in Figs. 4.6, 4.7 and 4.8.
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Figure 4.3: Expected degree variances c̄ n for the full point-mass stochastic process
in relation to the given cn for the degrees 2–36.
It is clear that the agreement between the expected and given degree variances
is good. It should be noticed that the expected curves are smoother compared to
the given ones when the latter stem directly from an EGM. However, it is difficult
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Figure 4.4: Expected degree variances c̄ n for the full point-mass stochastic process
in relation to the given cn for the degrees 2–1000.
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Figure 4.5: Expected degree variances c̄ n for the full point-mass stochastic process
in relation to the given cn for the degrees 2–10800.
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Figure 4.6: Expected degree variances c̄ n for the reduced point-mass stochastic
process in relation to the given cn for the degrees 2–36.
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Figure 4.7: Expected degree variances c̄ n for the reduced point-mass stochastic
process in relation to the given cn for the degrees 2–1000.
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Figure 4.8: Expected degree variances c̄ n for the reduced point-mass stochastic
process in relation to the given cn for the degrees 2–10800.
to judge how well the two curves fit together for the highest degrees and how
important the small differences that exist are. More information on the expected
fields is provided by the expected global RMS values for the geoid height, gravity
anomaly and horizontal gradient, which were computed from c̄ n . The results,
which can be found in Table 4.2, should be compared with the given counterparts
in Table 2.5. The large differences for the geoid height can be explained by that
the degree variance for the real gravity field is small for degree 2, as was remarked
at the beginning of this subsection. In the present case, no ellipsoidal normal field
is used, which means that no special treatment is given to this degree. To be
able to compare the expected and given results, the RMS values were computed
also for the minimum degree 3. From Table 4.2, it can also be seen that the
gradient variance G0 is almost as high as in the given case, which shows that the
full-field point-mass stochastic process seems to generate a reasonable amount of
high frequency variations. This conclusion can also be reached by comparing the
expected omission errors in Table 4.3 with the given ones in Table 2.6. Evidently,
also the omission errors agree well.
From all results presented in this section, it can be concluded that the two
point-mass stochastic processes have expected degree variances that coincide well
with the given ones chosen in Section 2.3. However, this does not say anything
about the agreement of particular realisations. Obviously, it would be useful to
be in possession of some kind of precision measure, which could be derived from
the assumed distribution for the point-mass density anomalies, but this question
is not treated in this thesis. Instead, the degree variances for two realisations,
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Table 4.2: Expected global RMS values for the point-mass stochastic processes
for the full and reduced fields.
Model
Full
Full
Reduced
Reduced

Degrees
n≥2
n≥3
n≥2
n≥3

Geoid Height
[m]
54.2
24.7
45.3
24.4

Gravity anomaly
[mGal]
39
38
29
28

Horizontal gradient
[E]
55
55
13
13

Table 4.3: Expected Global RMS values of the omission error for the full and
reduced point-mass stochastic processes.
M
180
360
720
1800
3600
10800

Geoid height [m]
Full
Reduced
0.449
0.350
0.192
0.127
0.092
0.043
0.031
0.008
0.010
0.001
0.000
0.000

Gravity anomaly [mGal]
Full
Reduced
27.3
16.2
22.9
11.1
19.1
6.9
13.0
2.8
7.1
0.9
1.1
0.2

namely the full and reduced point-mass models, are checked empirically in the
next subsection.

4.3.4

The full and reduced point-mass synthetic models

The main purpose of this section is to present and analyse the full and reduced
point-mass synthetic models, which will be used to test different geoid determination methods in later chapters. Both models are realisations of the corresponding
stochastic processes introduced above. The random number generator for Normally distributed (Gaussian) white noise provided in Press et al. (1992) was used
to compute density anomalies for the point-mass distribution and standard deviations σ̂s in Table 4.1.
As mentioned several times before, it is here considered as an empirical fact
how much the degree variances of a single realisation differ from the expected ones
for the corresponding stochastic processes. Hence, it is important to test how good
the agreement is for the full and reduced point-mass models (realisations). If many
point-masses are used in a layer, which is important to generate c n in a certain part
of the spectrum (see Fig. 4.1), then it seems logical that the different realisations
does not differ too much from each other in this frequency band. For the deepest
layers, on the other hand, only a few masses are utilised, which implies that the low
degree cn can be expected to vary more. Now, one complication arises due to the
fact that the shallow layers are usually local, which means that they only extend
10 times the depth outside the evaluation area, in which gravity field quantities
are to be generated (see below). If the distribution was global for all layers, then
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the degree variances cn for a certain realisation can easily be computed directly
from the generated density anomalies ∆ρ st using Eqs. (4.12) and (4.13). However,
if local layers are used, then the degree variances computed by Eq. (4.12) will
become much too small in the high frequencies mainly generated by the local
layer masses. This means that another technique must be utilised to test how well
the high-frequency degree variances for the full and reduced realisations agree
with the expected values. Below, global degree variances are first used to check
the realisations for the global layers. After that, so-called local empirical degree
variances (Forsberg 1984a, 1984b; Knudsen 1987; Tscherning 1997) are estimated
for the evaluation area, which makes it possible check also the higher frequencies.
In the present cases, only the three deepest layers are global, as is shown in
Table 4.1. The differences between the expected degree variances c̄ n and the global
cn computed by Eq. (4.12) are illustrated in Figs. 4.9 and 4.10 for the full and
reduced point-mass models, respectively. Due to the fact that the point-masses
that generate the higher frequencies are located in local layers, the computed
degree variances can be expected to approach zero quite quickly. As can be seen
in the figures, this is exactly what happens. Above approximately degree 20,
the computed cn are significantly smaller than the expected ones. To see that
everything is in order, the expected degree variances were computed for the three
global layers only. This information can also be found in Figs. 4.9 and 4.10. The
computed cn should coincide as closely as possible with the global layer only c̄ n ,
which is also the case. It can further be observed that the agreement gets better
for higher degrees, which is what could be expected according to the reasoning in
the last paragraph. The largest discrepancies are found below degree 10, which
are not so crucial for regional geoid determination. It is consequently concluded
that everything is in order so far.
Next, the generation of higher frequencies will be checked. As was mentioned
above, this will be accomplished by computing local empirical degree variances for
the evaluation area in question. The determination of such degree variances or
covariance functions is treated in Forsberg (1984a, 1984b), Knudsen (1987) and
Tscherning (1985, 1997). A good definition is provided by Goad et al. (1984),
which is cited in Knudsen (1987)
“A local covariance function is a special case of a global covariance
function where the information content of wavelengths longer than
the extent of the local area has been removed, and the information
outside, but nearby, the area is assumed to vary in a manner similar
to the information within the area.”
Hence, the local covariance function is assumed to homogeneous and isotropic
only over the local area, and it is estimated by first subtracting the low degree
constituents, which cannot be appropriately estimated using data over the limited
evaluation area. It was preferred to use the so-called space domain method in
this thesis, which is carefully described in any of the above references. A short
review of the method is now given. Since it will be possible for us to analyse
gravity anomalies generated at sea-level, this will be assumed. Thus, the following
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Figure 4.9: Global degree variances c n of the realised point-mass model for the
full field in relation to the expected counterparts.
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Figure 4.10: Global degree variances c n of the realised point-mass model for the
reduced field in relation to the expected counterparts.
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quantity,
∆g M (P ) = ∆g(P ) −

M
X

∆gn (P ),

(4.28)

n=2

is analysed. In the first step, the local covariance function is estimated using
mean values over all azimuths and locations by the following numerical integration
technique,
P
M
M
i,j ∆gi ∆gj Ai Aj
M
P
C (ψk ) =
(4.29)
i,j Ai Aj

where Ai is the area of grid block i. It is assumed the summations are taken
over all grid blocks whose center points are separated by a spherical radius in the
interval,
∆ψ
∆ψ
ψk −
≤ ψk < ψk +
(4.30)
2
2
where ∆ψ is the sampling interval. In this way, the local covariance function
is obtained, which can be transformed to the corresponding degree variances in
different ways. It is here preferred to fit a Tscherning and Rapp covariance function
(Eq. 2.12) to the tabulated values, which yields the local empirical gravity anomaly
degree variances cn for the area in question. In the present application, the low
degree harmonics are known without errors, which means that the fitting should
be made using the following expression,
 2 n+2
∞
X
RB
(n − 1)
C(ψ) =
α
Pn (cosψ).
(4.31)
(n − 2) (n + B) R2
n=M +1

A suitable value for the integer parameter is B = 4 (e.g. Tscherning 1997). The
estimation of RB needs to be made as a non-linear iterative adjustment, while the
α occur in a linear way. After α and RB have been estimated, the degree variances
can easily be computed by Eq. (2.12) from degree M + 1 and up.
In the present application, the space domain method was used as implemented
in the GRAVSOFT (Tscherning et al. 1992) programs EMPCOV and COVFIT;
see Tscherning (1997) for details. The evaluation area was taken as the gravity
anomaly area for the Nordic SEGM, which is defined in Table 6.2 and illustrated
in Fig. 6.1 below. Due to the fact that the geocentric radius difference for this area
extends approximately 10◦ in both the North-South and East-West directions, a
maximum degree M = 36 should at least be used in Eq. (4.28). However, as this is
a bare minimum, which cannot be expected to yield reliable results for the lowest
degree variances, it was preferred to use a higher value. Furthermore, if the graphs
for the expected degree variances in the full and reduced cases (Figs. 4.4 and 4.7,
respectively) are studied, it can be seen that the expected curves both have a
local maximum at approximately n = 100. It therefore seems suitable to choose
M = 100, since otherwise a Tscherning/Rapp function (2.12) cannot be assumed
to model the function in question. The estimated local degree variances for the
full and reduced point-mass models (realisations) are presented in Figs. 4.11 and
4.12, respectively, together with the corresponding expected values. As can be
seen, the agreement is good. Notice that the fitting of a Tscherning and Rapp
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covariance function, which has only two defining parameters in case B = 4 is
assumed, results in smooth curves with a certain “look”. It should be mentioned
that also other methods might be used, for instance the non-parametric FFT technique introduced by Forsberg (1984a, 1984b). Comparisons between the space and
frequency domain methods can be found in Forsberg (1984b) and Knudsen (1985).
However, it is believed that the space domain method is sufficient for the present
purpose, especially as the higher degrees can be expected to be modelled quite well
using a Tscherning/Rapp function (2.12). Thus, it is concluded that the proposed
method for generation of point-mass synthetic models with desirable degree variances works well. It has also been confirmed that the synthetic point-mass models
have degree variances that resemble the given full and reduced counterparts in
Section 2.3 over the whole spectrum.
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Figure 4.11: Local degree variances c n of the realised point-mass model for the
full field in relation to the expected counterpart. The gravity anomaly area:
57◦ < φi < 68◦ , 0◦ < λj < 26◦ .
Let us finish this section by presenting the different gravity field quantities
that were generated from the full and reduced field synthetic point-mass models,
which will be used in next chapter in the tests of Stokes’ integration and downward
continuation. Besides potential coefficients T nm with the maximum degree M =
200, the quantities in Table 4.4 were computed in regular grids of point values
using Eqs. (4.21) to (4.23) and Bruns’ formula with either Eq. (4.9) or Eq. (4.10).
The extensions of the gravity anomaly and geoid areas are defined in Table 6.2
and are illustrated in Fig. 6.1. The Digital Terrain Model (DTM) used to compute
surface gravity anomalies and height anomalies was the topography part of the
defining 1’×2’ DTM in Table 6.1. It is consequently assumed that all gravity
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Figure 4.12: Local degree variances c n of the realised point-mass model for the
reduced field in relation to the expected counterpart. The gravity anomaly area:
57◦ < φi < 68◦ , 0◦ < λj < 26◦ .

Table 4.4: Gravity field quantities generated in point-value grids from the full and
reduced point-mass synthetic models.
Quantity
Gravity anomaly
Gravity anomaly
Gravity anomaly
Gravity anomaly
Geoid height
Geoid height
Height anomaly
Height anomaly

Notation
∆g
∆g
∆g
∆g
N
N
ζ
ζ

Location
Surface
Surface
Geoid
Geoid
(Geoid)
(Geoid)
(Surface)
(Surface)
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Resolution
1’×2’
3’×6’
1’×2’
3’×6’
1’×2’
3’×6’
1’×2’
3’×6’

Area
Gravity anomaly
Gravity anomaly
Gravity anomaly
Gravity anomaly
Geoid
Geoid
Geoid
Geoid

observations are given either at the surface or at sea level. No observations from
the bottom of the ocean are thus assumed. It should further be mentioned that the
heights for the 3’×6’ quantities were picked directly from the same 1’×2’ DTM as
used for the denser grids. Some statistics for the 1’×2’ gravity anomaly and geoid
height grids are presented in Tables 4.5 and 4.6, respectively. The RMS values
should be compared with the expected ones in Tables 4.2 and 4.3. Due to the
limited extent of the area, it can only be expected that the results using a higher
degree reference field should coincide with the expected ones. As can be seen, the
agreement in the latter case is remarkable (compare the present RMS-errors with
the first row of Table 4.3).
Table 4.5: Statistics for the gravity anomalies at the geoid from the full and
reduced point-mass synthetic models. Resolution: 1’×2’. The gravity anomaly
area: 57◦ < φi < 68◦ , 0◦ < λj < 26◦ . Unit: [mGal].
Model
Full
Full
Red
Red

Degrees
n≥2
n ≥ 181
n≥2
n ≥ 181

Mean
-20.3
-0.2
-16.9
0.1

Min
-188.5
-149.3
-137.2
-77.7

Max
166.2
151.4
85.9
69.4

StdDev
35.7
27.3
25.9
16.5

RMS
41.1
27.3
31.0
16.5

Table 4.6: Statistics for the geoid heights from the full and reduced point-mass
synthetic models. Resolution: 1’×2’. The geoid area: 61 ◦ < φi < 64◦ , 8◦ < λj <
18◦ . Unit: [m].
Model
Full
Full
Red
Red

Degrees
n≥2
n ≥ 181
n≥2
n ≥ 181

Mean
-24.138
-0.038
-12.430
-0.011

Min
-28.497
-1.382
-19.092
-1.067

Max
-18.264
1.198
-5.927
1.283

StdDev
1.930
0.409
3.182
0.367

RMS
24.215
0.411
12.831
0.367

That the gravity anomaly observations are assumed to be available in regular grids is not realistic. However, as a first step it is believed that the regional
geoid determination methods should be evaluated in this simplified way. These
investigations can then be extended to the case with non-homogeneous observations. One advantage with the technique used to generate point-mass models in
this chapter, is that the simulated quantities need not be located in regular grids.
Thus, it would be an easy matter to generate synthetic gravity anomalies in realistic positions. However, this is considered as outside the scope of the present
thesis and is left for the future; see Section 10.2.
It should finally be mentioned that the full and reduced point-mass models
only constitute realisations of the corresponding stochastic processes. As noted
above, it might be asked how much other realisations differ from the chosen ones.
It might also be questioned how much the results from the tests of geoid determination methods are affected. According to the numerical experience of the author,
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the degree variances for other realisations fit approximately as well as the ones
above. Furthermore, the tests of geoid determination methods show about the
same results, which is the reason for only choosing one realisation for each synthetic model (full, reduced). It is the authors belief that the same conclusions will
be reached in the later chapters in case other realisations were preferred.

4.3.5

A smooth point-mass synthetic model

In the next chapter various numerical questions are investigated. One way to
improve the numerical performance is to use an anomalous density model. To
see how much the numerical errors can (ideally) be reduced by such modelling,
a very smooth synthetic model might be utilised. This type of model can also
used to check the consistency of the methods, i.e. the numerical errors should
reasonably vanish for a sufficiently smooth field. It is the purpose of this section
to present the smooth synthetic point-mass model, which will be needed for one
test in the next chapter. It is defined as the model generated by the pointmasses in the four deepest layers of the reduced-field model; cf: Table 4.1. It
can be looked upon as describing the variation of the field obtained by perfectly
correcting for the density anomalies of the topography, oceans and upper half
of the crust. The corresponding expected gravity anomaly degree variances c̄ n
are illustrated in Fig. 4.13 together with the same quantities for the full and
reduced point-mass stochastic processes. Global RMS-values and omission errors
are given in Tables 4.7 and 4.8. It can be seen that the field is indeed smooth in
comparison. The point-mass realisation of the smooth stochastic process fits well
to the expected curves in the same way as for the full and reduced fields. As the
results presented in the last section show that the proposed method works well,
these results are not presented here.
Table 4.7: Expected global RMS values for the smooth point-mass stochastic
process.
Degrees
n≥2
n≥3

Geoid Height
[m]
45.3
24.4

Gravity anomaly
[mGal]
25
24

Horizontal gradient
[E]
4
4

Table 4.8: Expected Global RMS values of the truncation error for the smooth
point-mass stochastic process.
M
180
360
720
1800

Geoid height [m]
0.272
0.049
0.002
0.000

Gravity anomaly [mGal]
9.9
3.2
0.3
0.0
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Figure 4.13: Expected degree variances c̄ n of the smooth point-mass stochastic
process in relation to the full and reduced counterparts.

4.4

Simulation of Observation Noise

The main purpose of this section is to present the method used to simulate observation noise for the gravity anomalies and the GOCE satellite-only EGM. As
isotropic and homogeneous error models were defined for this purpose in Section
2.4, it only remains to show how the errors in question were computed using a
random number generator. It should be mentioned that the algorithm in Press
et al. (1992) was used to generate uncorrelated Normally distributed (Gaussian)
noise with zero mean and unit standard deviation. The generated errors were then
rescaled by the error model standard deviations according to,
RNG {0, σ} = σ · RNG {0, 1}

(4.32)

where RNG {0, 1} is the output of the random number generator just mentioned.
The procedure used to simulate errors in the potential coefficients of the GOCE
EGM is extremely simple. The error in each potential coefficient is computed as,
 s


2
σn,egm 
ε(Tnm ) = RNG 0,
(4.33)

2n + 1 

which directly follows from the fact that a homogeneous and isotropic covariance
function is utilised.
The gravity anomaly noise according to the uncorrelated error model is computed as discrete white noise, using
ε(∆g) = RNG {0, σ}
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(4.34)

which approximately corresponds to the error degree variances in Eq. (2.16), which
describes band-limited white noise. Things get more complicated for the correlated
error model, which describes coloured noise. As explained in Subsection 2.4.2, this
model consists of two independent parts, namely
• Band-limited white noise with the variance σ 2 /2.
• Coloured noise with error degree variances according to the reciprocal distance covariance function. The difference between these and the white noise
degree variances contributes with the other half of the variance σ 2 /2.
As the two parts are independent, the sum of two simulated errors can be used,


σ
ε(∆g)(P ) = RNG 0, √
2



+

M
rd
X

n
X

n=2 m=−n

RNG {0, σnm,col } Ynm (P )

(4.35)

where Mrd is the maximum degree for the reciprocal distance degree variances
defined in Eq. (2.20) and σnm,col is the degree-order standard deviations of the
coloured part, which follow from Eq. (2.20) and (2.21) as
s
1
σ2
2n + 1
σnm,col = √
crd (1 − µrd )µnrd −
(4.36)
2 (MN + 1)2 − 4
2n + 1
where MN is the Nyquist degree of the grid in question. The first part may
easily be computed as discrete white noise exactly as for the uncorrelated error
model above. The coloured part, on the other hand, requires spherical harmonic
synthesis, but as it is only used to describe the longer wavelengths, the maximum
degree need not be chosen particularly high. Consequently, the synthesis step
presents no major obstacle. The fully normalised associated Legendre functions
can easily be computed using standard recursion formulas (Paul 1978) up to M rd =
1800 (Wenzel 2000).
It should be mentioned that many other methods exists that could be used to
generate coloured noise. One approximative method, which allows the construction of noise up to higher degree variances, is provided by the point-mass model
technique developed in Section 4.3. However, this method requires more work
than simply making a spherical harmonic synthesis according to Eq. (4.35) and is
therefore not preferred here. Otherwise, it might also be feasible to work in planar
geometry and use standard methods from the fields of signal analysis/processing
and time series analysis; see for instance Proakis and Manolakis (1996) and Percival and Walden (1993). Forsberg (1984b) derived an approximative relationship
between the spherical degree variances and the planar power spectral density function, which could be utilised in this case.
Let us finish this section by presenting one realisation of the coloured part,
computed using the degree-order standard deviations in Eq. (4.36) with σ = 1
mGal, Mrd = 1080 and MN = 3600. The simulated errors are plotted in Fig. 4.14
for the geoid area (see Table 6.2 and Fig. 6.1). It should be remembered that the
plotted function is only one part of the correlated error model, which also consists
of a discrete white noise component.
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Figure 4.14: Example of a realisation of the coloured part of the correlated error
model. Unit: [mGal]
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Chapter 5

Numerical Investigations Using
Point-Mass Synthetic Models
5.1

Introduction

In this section a number of numerical investigations are presented of modified
Stokes’ integration and downward continuation, which were made by using the
point-mass synthetic models presented in the last chapter with and without observation noise. The purpose of Section 5.2 is to present and test the method
used in this thesis for the numerical quadrature of Stokes’ integral and to compare
its performance for the remove-compute-restore and combined estimators. Other
aims are to study to what extent the numerical operation in question makes the
error propagations in Chapter 3 unrealistic and to investigate how the results
differ between using a moving, spherical cap and a fixed, rectangular integration
area. Section 5.3 contains investigations of two techniques for downward continuation of gravity anomalies to sea-level, namely inversion of Poisson’s equation
(e.g. Vanı́ček et al. 1996b and Martinec 1998) and the so-called gradient method.
The aim here is to find out how numerically efficient these two techniques are and
how important the expected magnification of high frequency observation errors is
for a reasonably well-behaved area like the Nordic one. The final section deals with
the downward continuation method proposed by Sjöberg (2003a), which is first
derived in a somewhat new way and then tested numerically. Naturally, it is not
possible to treat all aspects of the numerical operations in question. One notable
exclusion is that least squares collocation (Krarup 1969; Moritz 1980; Tscherning 1985; Sansó and Tscherning 2003) is not dealt with; cf. the introduction in
Chapter 1.
In all tests in this chapter the full and reduced point-mass SEGMs are used.
It should be kept in mind that no special treatment is given to the topography,
the oceans or the isostatic compensation. Such investigations are presented in
Chapters 6 to 9. As shown in Section 3.2, the investigations using the reduced
point-mass SEGM is applicable in case the remove-compute-restore method is
used with a smoothing topographic reduction, for instance the RTM or an isostatic reduction. The full point-mass model is then to be used whenever Stokes’
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integration and downward continuation are performed on the uncorrected surface
gravity anomalies (Section 3.2.2). It is admitted that some methods for topographic corrections occupy a position in between these two cases. For instance
Helmert’s second condensation technique does not smooth the data very much
(Heck 2003). However, in this chapter the focus is only on the full and reduced
cases; see Chapter 7 for investigations of Helmert’s 2nd condensation technique.
To test the (imaginary) case when a perfect density model is available for the
crust, the smooth synthetic model in Subsection 4.3.5 is also utilised.
It should be stressed that the full and reduced point-mass synthetic models
were chosen so that their power spectra are reasonably realistic in a mean square
sense over the whole globe. Consequently, the results should be interpreted accordingly. For tough areas, like Himalaya, the Rocky Mountains or the Alps, the
results are probably too optimistic, while the opposite is true for smoother regions.
However, notice that the tests of downward continuation were performed using the
topography for a specific region of the Earth (the Nordic or Scandinavian area),
which means that these tests are not representative in the global mean square
sense. In the future these investigations should be extended also to other types of
terrain; see Section 10.2.
It should finally be mentioned that it is assumed that the crucial factor, which
determines how the tested methods behave numerically, is the degree variances
or covariance function for the field in question; cf. the discussion in Section 4.1.
Below the results are only presented for the full and reduced point-mass models,
which are single realisations of the corresponding stochastic processes. According
to the author’s experience, however, very similar results are obtained in the mean
when other realisations are chosen. As stated in Sect. 4.1, it is assumed that this
makes the results relevant also in the real case for areas with a similar variation of
the gravity field as that specified by the given degree variances. This assumption
should be viewed as a working hypothesis.

5.2

Modified Stokes Integration

As discussed above, the remove-compute-restore and combined estimators in Eqs. (3.1)
and (3.14) differ in that the numerical operations of downward continuation and
modified Stokes’ quadrature are performed on different quantities. To investigate
the numerical errors that are introduced by these operations, it is therefore useful
to rewrite the estimators in the following way, where ∆g red , ∆gf ull , Nred , and Nf ull
are computed using the point-mass synthetic models introduced in the Chapter 4.
The remove-compute-restore estimator becomes,
!∗

ZZ
M 
M
X
X
R n+2
c
2
L
red
Nred =
S (ψ) ∆gred −
∆gn
dσ + c
∆gnred
2π
r
n
−
1
p
n=2
n=2
σ0

(5.1)
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while the combined counterpart is given by,
Nf ull

c
=
2π

ZZ

S L (ψ) ∆gf∗ ull dσ + c

M
X

n=2

σ0


f ull
sn + Q L
n ∆gn

(5.2)

In this section the gravity anomalies are generated at the geoid using the pointmass synthetic models, which means that r p = R and that the downward continuation star ’*’ vanishes. The investigation of the topic of downward continuation
is postponed until Sections 5.3 and 5.4.

5.2.1

Numerical Quadrature of the Modified Stokes’ Integral

The main purpose of this subsection is to present and test the method used for
modified Stokes’ integration and to investigate the performance of the removecompute-restore and combined estimators in this respect. All tests were made
using either Eq. (5.1) or Eq. (5.2), depending on the method to be tested. The
spherical harmonic synthesis was made in standard ways by computing the Legendre functions recursively as described in for instance Paul (1978).
The method applied for the numerical quadrature of Stokes’ integral can be
described as follows: First, bicubic spline interpolation is utilised to obtain denser
gravity anomalies around the computation point. After that, the standard midpoint rule of numerical integration is utilised for the Stokes’ integral part. The
reason for resting content with this simple midpoint technique, is that the previous spline interpolation can easily be made to a dense enough grid that makes
the resulting geoid heights quite insensitive to the numerical integration technique.
Furthermore, the reason for choosing bicubic splines (Press et al. 1992) is that this
type of interpolation yields a smooth surface without peculiarities, at the same
time that it is reasonably fast and practical. As is well known, some special treatment is required of the central grid block due to the (weak) singularity of Stokes’
kernel. Several techniques have been devised for this purpose; see Heiskanen and
Moritz (1967), Strang van Hees (1990), Haagmans (1993) and Novak et al. (2001).
It is here preferred to utilise the technique developed in Haagmans (ibid.), but
formulated directly instead of as a correction to the Heiskanen and Moritz (ibid.)
method. As the central block is obviously very close to the computation point,
the planar approximation is sufficient. Due to this fact, the method in Novak et
al. (2001) can actually be shown to yield almost identical results to the Heiskanen
and Moritz technique (1967). However, in our case the geoid height contribution
from the central block becomes,
R
4πγ0

ZZ

central

=

∆g
S(ψ)∆gdσ ≈
2πγ0

∆g central
2πγ0

∆x/2
Z

∆y/2
Z

−∆x/2 −∆y/2



1
p
dxdy
x2 + y 2




p
p
x log y + x2 + y 2 + y log x + x2 + y 2
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∆x/2

∆y/2

−∆x/2 −∆y/2

(5.3)

where a planar horizontal coordinate system (x, y) with origo in the computation
point is assumed, in which ∆x and ∆y are the block size in the north-south and
east-west directions, respectively. The indefinite integral was taken from Forsberg
(1984). It should further be mentioned that, since no singularity is obtained for
the modification part of the modified Stokes’ kernel in Eq. (3.2), it can be handled
in the same way as the non-central blocks. Since the choice of method for the
central block is not crucial in case spline interpolation to a dense grid is utilised,
no tests of such methods are presented in this thesis.
Let us now turn to the numerical investigations that were made using synthetic
point-mass SEGMs. The focus in this subsection is upon the numerical performance of the process of Stokes’ integration. Consequently, no simulated errors
were added to the observations. In this case, it is suitable to use a kernel modification that minimises the truncation error as efficiently as possible. As the results
of some tests (not presented here) showed that the method that performed best in
this respect was Molodensky’s modification (Molodensky et al. 1962), this technique was chosen. It is derived to minimise the upper limit of the truncation error;
see Sjöberg (1984) for a good presentation. All tests were performed using both
the remove-compute-restore and combined estimators in Eqs. (5.1) and (5.2) with
the maximum degree M of the EGM chosen to 200. It should also be mentioned
that the corresponding degree of modification was used, i.e. M = L = 200, and
that a spherical integration cap with radius ψ = 3 ◦ was utilised. The propagated
global RMS errors for this case can easily be computed by Eqs. (3.10) and (3.15)
in the full and reduced field cases, respectively. The results are given in Table 5.1
for the relevant resolutions; cf. Table 4.4. The discretisation errors were modelled
2
as was illustrated in Fig. 3.3, i.e. the gravity anomaly error degree variances σ n,∆g
were taken as the signal counterparts above the Nyquist degree. Studying this
Table 5.1: Global RMS errors for Molodensky’s modification with the modelling
of discretisation errors in ∆g according to Fig. 3.3. No observation errors, M =
L = 200 and ψ0 = 3◦ . Unit: [mm].
Signal cn
Reduced
Reduced
Full
Full

Resolution
3’×6’
1’×2’
3’×6’
1’×2’

Discretisation RMS
0.1
0.0
9.4
0.0

Truncation RMS
0.0
0.0
0.0
0.0

Total RMS
0.1
0.0
9.4
0.0

table, it can be see that very small errors can be expected according to the error propagation technique of Chapter 3. Only when the combined estimator (full
field) is used with the rough 3’×6’ resolution, significant RMS errors are obtained.
Let us now see if this is the case when the method for Stokes’ integration
presented above is applied to the simulated gravity anomalies. Statistics for the
errors of the geoid heights estimated with the gravity anomalies in a 3’×6’ grid
are given in Table 5.2, both for the combined and remove-compute-restore cases
with and without spline interpolation to a denser grid (resolution 20”×40”). This
type of table will be used in many tests below, in which the estimated quantities
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are compared with the truth from the synthetic model. “StdDev” is the standard
deviation computed with respect to the mean ε̄,
sP
P
2
p=1 (εp − ε̄)
,
(5.4)
StdDev =
P −1
while “RMS” is the Root Mean Square value,
s
PP

2
p=1 εp

RMS =

P

.

(5.5)

In these formulas, εp is the error obtained in point p and P is the number of
evaluation points. It should further be mentioned that the “Min” and “Max”
values are given for the errors themselves. They do consequently not refer to the
mean value.
Table 5.2: Statistics for the geoid height errors from modified Stokes’ integration
using Molodensky’s modification. No noise, 3’×6’ resolution and ψ 0 = 3◦ . Unit:
[mm].
Estimator
r-c-r
Comb
r-c-r
Comb

SEGM
Red
Full
Red
Full

Interp.
None
None
Spline
Spline

Mean
0.0
10.2
0.0
6.7

Min
-16.0
-55.2
-6.5
-55.4

Max
19.8
78.8
7.8
81.8

StdDev
4.6
17.2
1.9
13.6

RMS
4.6
20.0
1.9
15.1

It can be observed in Table 5.2 that the errors are significant for the combined
estimator. If spline interpolation is used, then the RMS value is reduced, but it
is still larger than the global RMS obtained in the error propagation; cf. Table
5.1. The large maximum errors are also remarkable. It is concluded that the the
centimetre geoid cannot be obtained in any sense using the combined estimator
with 3’×6’ resolution for the assumed variation of the full gravity field. Another
conclusion is that the combined results cannot be improved sufficiently by interpolation alone, even though they become significantly better. It can also be seen
that the combined estimator seems to have numerical problems for the lowest
degrees, which results in mean values different from zero, even though the effect
is by no means large. This effect will be further investigated in the numerical
tests of the combined approach in Section 9.4. The results are more promising
in the remove-compute-restore case, which is only what could be expected. Also
in this case, the results improve significantly by the spline interpolation. Thus,
it is concluded that it is worthwhile to carry out this extra operation. From now
on, it is therefore assumed that Stokes’ integration is always made using spline
interpolation to the resolution 20”×40” for the 5x5 most central (original) grid
blocks.
To see how much the results can be improved by a perfect knowledge of the
density anomalies in the crust, one test with the smooth synthetic model together
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with the remove-compute-restore estimator is presented in Table 5.3. This table also contains the results from one test with the combined estimator for the
smooth field. Since Stokes’ integration in the combined method is always applied
on full-field gravity anomalies, this case is not realistic. However, as mentioned in
Section 4.3.5, another purpose of the tests with a smooth model is to show that
everything is in order. It is concluded that the results can be improved somewhat by correcting for deeper density anomalies, but it is nevertheless astonishing
how good results that are obtained already for the reduced point-mass model in
Table 5.2.
Table 5.3: Statistics for geoid height errors from modified Stokes’ integration using
the smooth SEGM. No noise, Molodensky modification, 3’×6’ resolution, ψ 0 = 3◦
and spline interpolation, Unit: [mm].
Estimator
r-c-r
Comb.

Mean
0.0
2.8

Min
-3.5
-4.2

Max
3.5
9.7

StdDev
0.7
2.0

RMS
0.7
3.5

Next, it is tested how much denser observations affect the results. Statistics
for the geoid height errors using the 1’×2’ gravity anomalies in Table 4.4 can
be found in Table 5.4. It is concluded that the remove-compute-restore method
Table 5.4: Statistics for geoid height errors from modified Stokes’ integration using
1’×2’ gravity anomalies. No noise, Molodensky modification and ψ 0 = 3◦ . Unit:
[mm].
Estimator
r-c-r
Comb.

SEGM
Red.
Full

Res.
1’×2’
1’×2’

Mean
0.0
5.7

Min
-3.3
-6.8

Max
3.5
14.2

StdDev
0.9
3.4

RMS
0.9
6.7

is most suitable for numerical integration for any resolution, but the combined
approach yield satisfactory results provided that dense enough observations are
available. In this case 1’×2’ resolution is required. For the synthetic models in
this thesis, which aim at being true in the global mean square sense, at least 9
(3x3) times as many observations are thus required than for the remove-computerestore technique. Since such dense distributions of gravity observations are usually not available, and since it not sufficient to use straightforward interpolation,
it is usually required that the combined approach is modified in such a way that
all available knowledge of density anomalies is utilised. One suitable way is to
take advantage of topographic heights, bathymetry of oceans and lakes and other
density anomalies to reduce the observations before interpolation. After denser
observations have been derived, and the corrected effects have been restored, the
combined approach can be applied in the standard way. This procedure will be
applied and tested in the more elaborate tests of the combined approach in Chapter 9, which were made using a synthetic model that also includes the topography,
bathymetry and isostatic compensation (the Nordic SEGM).
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It should be noticed that it is definitely not a new conclusion that the removecompute-restore method with a smoothing topographic correction is more favourable
numerically than using the unreduced field; see for instance Tscherning and Forsberg (1981), Forsberg (1984a) and Tscherning (1985). However, what is new is
that the above tests were made using synthetic models, which were chosen so that
they are as realistic as possible in a global mean square sense. Thus, the above
results can be interpreted as estimates of the achievable numerical accuracy in
the same sense. It should also be added that very similar results are obtained for
different realisations of the synthetic point-mass models.
By comparing Table 5.1 with Tables 5.2 and 5.4, it can be seen that some
extra errors are introduced by the numerical quadrature of Stokes’ integral, but
the propagated global RMS errors are nevertheless in the right neighbourhood.
In the next subsection, it is investigated how realistic the error propagations are
when observation errors are added.

5.2.2

Comparison with the Error Propagation Results

The main limitations with the error propagation technique utilised in Chapter 3
were discussed in Subsection 3.4.3. One relevant question was how the numerical
operation of modified Stokes’ integration affects the results. The investigations in
the last section are now extended to the case with observation errors using different modifications of Stokes’ formula. The goal is to find out how the numerical
operation in question affects the conclusions in Chapter 3.
The tests were limited to the standard remove-compute-restore and least square
modification methods. Furthermore, only observation noise with the standard deviation σ = 1 mGal was considered, in exactly the same way as in Section 3.3. As
in the last section, a spherical integration cap with ψ 0 = 3◦ and a GOCE model
with M = 200 were assumed. The tests were only made with the resolution 3’×6’.
Noise were added both to the potential coefficients of the EGM, as well as to the
gravity anomalies using the method developed in Sections 2.4 and 4.4. It should
also be mentioned that realistic weights were used in the least squares modification method. The results for the two kernel modifications using the correlated
and uncorrelated error models are presented in Tables 5.5 and 5.6 for the removecompute-restore and combined cases, respectively. The corresponding propagated
global RMS errors in Tables 3.2, 3.7, 3.11 and 3.12 are also presented to the far
right in the tables under the heading “Prop RMS”.
As can be seen, the tests with point-mass synthetic models show approximately the same pattern as the error propagations. In the reduced field case, the
agreement between the two cases is good, while the discrepancies are somewhat
larger for the full field results. It can nevertheless be said that the point-mass
synthetic model tests yield similar conclusions as the error propagations, namely
that the standard remove-compute-restore method is very sensitive to long wavelength errors. The truncation error is also problematic, which is the main cause of
the large RMS errors in the uncorrelated noise case. It is further concluded that
the numerical operation of modified Stokes’ integration does not seem to make
the error propagation results unrealistic. In the reduced-field case, the influence
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Table 5.5: Statistics for geoid height errors from modified Stokes’ integration using
simulated noise for GOCE and the gravity anomalies. The r-c-r estimator, the
reduced point-mass SEGM, 3’×6’ resolution, ψ 0 = 3◦ and σ = 1 mGal. Unit:
[mm].
Modification
Std r-c-r
Std r-c-r
LSMM
LSMM

∆g noise
Uncorr
Corr
Uncorr
Corr

Mean
4.9
-52.9
-0.9
-2.2

Min
-146.8
-264.1
-19.3
-37.6

Max
133.6
156.8
15.6
40.8

StdDev
53.2
81.7
4.7
13.6

RMS
53.4
97.4
4.8
13.8

Prop RMS
49.9
103.4
5.0
13.0

Table 5.6: Statistics for geoid height errors from modified Stokes’ integration using
simulated noise for GOCE and the gravity anomalies. The combined estimator,
the full point-mass SEGM, 3’×6’ resolution, ψ 0 = 3◦ and σ = 1 mGal. Unit:
[mm].
Modification
Std r-c-r
Std r-c-r
LSMM
LSMM

∆g noise
Uncorr
Corr
Uncorr
Corr

Mean
22.8
-35.0
6.1
7.9

Min
-181.2
-258.9
-50.4
-59.3

Max
212.2
190.9
79.4
83.3

StdDev
61.0
84.8
14.0
18.2

RMS
65.1
91.7
15.2
19.9

Prop RMS
67.4
112.9
10.2
16.2

of the operation is hardly discernible, while the discretisation error model illustrated in Fig. 3.3 seems to result in a little too optimistic propagated errors for
the combined estimator.

5.2.3

Gravity Anomalies in a Fixed Rectangular Area Versus a
Moving Spherical Cap

Often when the remove-compute-restore estimator is applied with FFT methods
(e.g. Schwarz et al. 1990 and Forsberg and Sideris 1993), all available observations in a fixed rectangular gravity anomaly grid are utilised for all computation
points. This case cannot be treated with the simple error propagation technique
used in Chapter 3, which requires a spherical integration cap, different for each
computation point. It should be noticed, though, that it is not required by FFT
techniques as such that a rectangular integration area is used; see Featherstone
and Sideris (1998) and Featherstone (2003). However, in view of the fact that
the truncation error is a problem for some of the tested kernel modifications, it
might seem like a good alternative to make use of as many gravity anomalies as
possible for each computation point. The question now is how the use of a rectangular area affects the results from the error propagations in Chapter 3 and the
synthetic model investigations above, which have all utilised spherical caps. It is
the purpose of this section to investigate if a fixed rectangular area is preferable
compared to a spherical cap for some different modifications of Stokes’ formula,
assuming a high quality GOCE EGM is used. The modifications tested are the
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standard remove-compute-restore (Subsection 3.3.1), the spheroidal kernel (Subsection 3.3.3), the least squares modification (Subsection 3.3.4) and the spectral
combination (Subsection 3.3.5) techniques.
As the choice of modification parameters is independent of the cap radius ψ 0
for all methods except the least squares modification, it is straightforward to apply
them with a rectangular area. For the least squares method, on the other hand,
some care is needed to avoid trouble. The problem is related to instability of
the optimum choice of modification parameters for the unbiased estimator, which
was investigated in Subsection 3.2.3. It was concluded that for each choice of the
modified kernel inside the cap, i.e. 0 ◦ ≤ ψ < ψ0 , there corresponds a whole set of
practically equal parameter choices, which coincide inside the cap and differ as they
like for ψ > ψ0 . This does not matter at all, as long as the modified kernel is limited
to use inside the cap. If the cap radius ψ 0 is exceeded, however, very strange results
might show up, which depends on the numerical technique used to single out one of
the solutions in the optimum set; cf. Fig. 3.2. Consequently, it is important when
the least squares modification method is used with a fixed rectangular integration
area, that the modification parameters are estimated using at least the maximum
radius ψmax that can occur for the choice of computation points and the gravity
anomaly grid in question. Otherwise, catastrophic results can be expected. On
the other hand, the radius should not be chosen too large, since this implies that
wrong truncation errors are used in the estimation of modification parameters.
The best choice is therefore to use the maximum radius ψ 0 = ψmax .
Let us now present the results from the tests made using a point-mass SEGM.
Since a fixed rectangular area has usually been used together with the removecompute-restore estimator, the tests were limited to this case. The reduced pointmass model was accordingly utilised for the evaluation. It was further assumed
that a high quality GOCE model was available and that the gravity anomalies
were affected by long wavelength systematic errors. Both GOCE errors and gravity anomaly errors from the correlated model were thus added. The standard
deviation σ = 1 mGal was used for the latter. It should further be mentioned that
all gravity anomalies inside the so-called gravity anomaly area (see Tables 4.4, 6.2
and Fig. 6.1) were utilised in the rectangular case. The least squares parameters
were estimated using the maximum radius ψ 0 = ψmax = 12◦ . Realistic weights
were assumed for both the least squares and spectral combinations. Statistics for
the geoid height errors are presented in Table 5.7 for the four modifications of
Stokes’ formula presented above. For comparison purposes, the results are also
presented for a moving spherical cap with ψ 0 = 3◦ .
It can be observed in Table 5.7 that the standard remove-compute-restore
modification is not able to filter out the long-wavelength errors in the gravity
anomalies, in exactly the same way as before. When the rectangular area is used,
then the truncation error is presumably reduced, but the larger area increases the
influence of the systematic effects by about the same amount. For the spheroidal
kernel, it is clear that the truncation error becomes smaller, but since the rectangular area is not large, the reduction is not pronounced. As before, the best
method is the least squares modification, for which the difference between the two
integration areas is negligible. Notice, however, that a very good GOCE satellite101

Table 5.7: Statistics for geoid height errors from modified Stokes’ integration using
a fixed rectangular area and a spherical cap. GOCE, 3’×6’ resolution, the r-c-r
estimator, the reduced SEGM and the correlated error model with σ = 1 mGal.
Unit: [mm].
Modification
Std r-c-r
Std r-c-r
Spheroidal
Spheroidal
LSMM (Max)
LSMM
Spectral
Spectral

Integr
Rect
ψ 0 = 3◦
Rect
ψ 0 = 3◦
Rect
ψ 0 = 3◦
Rect
ψ 0 = 3◦

Mean
-78.4
-52.9
-3.7
-1.6
-1.9
-2.2
-2.0
-2.2

Min
-192.0
-264.1
-122.2
-184.0
-39.0
-37.6
-40.0
-60.2

Max
65.2
156.8
111.4
130.0
40.4
40.8
47.9
61.0

StdDev
56.5
81.7
39.1
54.2
13.4
13.6
14.0
19.0

RMS
96.6
97.4
39.3
54.2
13.6
13.8
14.2
19.2

only EGM was assumed for the present tests, which implies that the modified
kernel adjusts so that it becomes very small for larger values of the cap radius ψ.
It is possible that different results are obtained in case an EGM with a significant
commission error is utilised. The results from the spectral combination are also
very good, but here one gains more from using the larger rectangular area, which is
only what could expected; cf. the discussion in Subsection 3.3.5. In the latter case
(rectangular area), the results from the least squares and spectral combination
methods are comparable.
To sum up, it can be said that the use of a fixed rectangular area affects the
results approximately as could be expected by studying the error propagations
in Section 3.3. It has also been shown that the least squares modification may
preferably be used with a rectangular integration area, but it is important that the
modification parameters are estimated using the maximum radius ψ 0 = ψmax . It
should finally be emphasised that the above tests were made by assuming a GOCE
model with 1 cm commission error up to the maximum degree M = 200. If a
combined EGM with larger errors is utilised, then the results for the least squares
and spectral modifications can be expected to be affected. The investigations of
this and other cases are left for the future, though.

5.3
5.3.1

Two Techniques for Downward Continuation of
Gravity Anomalies
Introduction

In the discussion of limitations of the error propagations in Subsection 3.4.3, it
was pointed out that it is not realistic to assume that the process of downward
continuation does not add anything to the error budget. The main purpose of this
section is to investigate how important this step is for both the remove-computerestore and combined methods, and to study and compare two techniques that
have been proposed for this purpose, namely the inversion of Poisson’s formula
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and the gradient method. It should be emphasised that it is not the aim to
make a full investigation of the problem; see the references below. The main
contribution here is that the problem is treated numerically using the point-mass
synthetic models developed in Chapter 4. It should of coarse be remembered
what has been assumed in the construction of these models; cf. the discussions in
Sections 4.1 and 5.1. It is thus believed (assumed) that the results using pointmass SEGMs with certain spectral properties are relevant also in reality in case
the used gravity anomalies have a similar roughness. The investigations in this
section are also meant to provide a background to the tests of the new method
proposed by Sjöberg (2003a), which are presented in the next section.
The downward continuation problem has been studied by a long row of geodesists, among whom can be mentioned Bjerhammar (1962, 1963, 1976, 1987),
Heiskanen and Moritz (1967), Sjöberg (1975, 2003a), Sideris (1987), Wang (1988),
Moritz (1968, 1980), Tscherning and Forsberg (1992), Vanı́ček et al. (1996), Sun
and Vanı́ček (1998), Martinec (1996, 1998), Nahavandchi (1998) and Hunegnaw
(2001). The problem is best described as an ill-posed one in the Hadamard sense,
due to the fact that the gravity anomalies at sea level do not depend continuously
on the observations at the Earth’s surface (e.g Martinec 1998). This instability
is caused by the attenuation effect of the gravity field when moving in the opposite direction, i.e. upwards. As a consequence high-frequency observation and
round-off errors are likely to be magnified in the downward continuation. To solve
this problem one or another regularisation technique is needed. It should be noticed that the fact that the gravity anomalies are gridded regularises the problem
(Martinec ibid.), but also other more sophisticated techniques may be required
(Hansen 1998). Another strategy, popular among some geodesists, is to utilise an
assumption concerning the dependence of the surface gravity anomalies on height
(Pellinen 1962; Moritz 1968, 1980). This obviously works as a regularisation of
the problem, but introduces other errors. One such technique is investigated in
7.3.
As mentioned above, the focus in this section is on two methods, namely the
inversion of Poisson’s equation and the gradient methods. The first type of solution was first proposed by Bjerhammar (1962) and has since been used by many,
for instance Vanı́ček et al. (1996) and Martinec (1998). The second method has
mainly been applied for quasigeoid determination according to the downward continuation formulation (Moritz 1966, 1980) of Molodensky’s methods (Molodensky
et al. 1962); see also Sideris (1987). In the present section, however, the latter
method is applied for downward continuation to sea-level. The reason for this is
to find out how important it is in practice to use the theoretically most correct
method (inversion of Poisson’s integral), compared to utilising only the linear term
in the corresponding Taylor expansion. It should be pointed out that a “naive”
approach concerning regularisation is adapted, meaning that Poisson’s equation
will just be inverted using Jacobi iterations (Martinec 1998) on the given observations. It should further be noticed that the above techniques can be applied in
many different ways, using different kernel modifications and so on. In this thesis,
we limit ourselves to one simple version of each of the two methods. However,
before these methods are considered, the downward continuation effect will be
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studied directly for the point-mass SEGMs.

5.3.2

The downward continuation effect

In this section the main goal is to investigate how large the downward continuation
effect is in the remove-compute-restore and combined approaches for the full and
reduced point-mass models and the Nordic topography (see Fig. 6.1 and Table 6.3).
The effect on the gravity anomaly can be computed directly from the synthetic
models and can then be propagated through Stokes’ formula, which yields the
downward continuation effect on the geoid height. One advantage with the method
applied for the generation of point-mass SEGMs is that no approximations are
utilised for the computation of gravity field quantities at different heights. This
implies that they are suitable for all sorts of downward continuation tests.
The downward continuation effect on the gravity anomaly for the combined
estimator in Eq. (5.2) is defined as (Sjöberg 2003a),
comb
= ∆gf∗ ull − ∆gf ull
δ∆gdwc

(5.6)

The corresponding effect for the remove-compute-restore estimator in Eq. (5.1)
obviously becomes,
rcr
M∗
M
δ∆gdwc
= ∆gred
− ∆gred
,
(5.7)
where
M

∆g (P ) = ∆g(P ) −
and


M 
X
R n+2

n=2

∆g M ∗ (P ) = ∆g ∗ (P ) −

rP

M
X

∆gn (P )

∆gn (P ).

(5.8)

(5.9)

n=2

Here ∆g(P ) is the gravity anomaly at the surface computation point P and ∆g ∗ (P )
is the corresponding quantity downward continued to sea-level. Notice that the
effects are defined in such a way that they reflect the corrections needed to downward continue the gravity anomalies in Stokes’ formula. The usual statistics for
the true downward continuation effect on the gravity anomaly is given in Table 5.8 for both the combined (full field) and remove-compute-restore (reduced
field) cases. It can be seen that the effect is large, particularly for the full field
case that is relevant for the combined estimator, but it is definitely significant
also for the reduced field. The large extreme values are also noteworthy. It can
further be mentioned that the effect is of a very high-frequency nature, which can
be seen from plots not presented here. This is only what could be expected. It
should be stressed out that the downward continuation effects in question are for
the full and reduced point-mass fields developed in Chapter 4, which means that
no topographical masses are involved. Thus, it can be expected that the downward continuation effect should have a mean value close to zero, which is also the
case. For the real Earth, the topography, bathymetry and isostatic compensation
introduces some type of dependency on the height; compare for instance Figs. 6.2
and 9.6 below.
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Table 5.8: Statistics for the true downward continuation effect on the gravity
anomaly implied by the synthetic point-mass models. 1’×2’ resolution. Unit:
[mGal].
Est/SEGM
Comb/Full
Comb/Full
Comb/Full
r-c-r/Red
r-c-r/Red
r-c-r/Red

Eval area
Grav anom
Geoid West
Geoid East
Grav anom
Geoid West
Geoid East

Mean
-0.01
0.02
0.01
0.00
0.02
-0.02

Min
-51.22
-48.50
-24.26
-13.78
-10.37
-5.89

Max
47.29
47.29
19.34
11.24
10.82
4.17

StdDev
2.13
4.61
2.24
0.58
1.21
0.57

RMS
2.13
4.61
2.24
0.58
1.21
0.57

Now, no matter how large the downward continuation effect is on the gravity
anomalies, what is really important is how the effect propagates to the estimated
geoid heights. The downward continuation effect on the geoid height is given by,
ZZ
c
est.,L
est.
δNdwc
=
S L (ψ) δ∆gdwc
dσ,
(5.10)
2π
σ0

where “est.” is used to denote the estimator type (combined or remove-computerestore). As can be seen, the effect in question is defined so that it is equal to the
correction needed. It is consequently dependent on which modification of Stokes’
formula that is utilised. In the rest of this chapter the least squares modification
method with ψ0 = 3◦ and M = L = 200 will be assumed. As is explained in
the next section, only the uncorrelated error model is used for the downward
continuation tests. The least squares parameters are accordingly estimated for
the full and reduced cases using GOCE errors and the uncorrelated error model
with σ = 1 mGal. These modification parameters will be used in all tests below,
also when no observation errors are added. The downward continuation effect for
the geoid height, as implied by the point-mass synthetic models, can be found in
Table 5.9.
Table 5.9: Statistics for the true downward continuation effect on the geoid height
implied by the synthetic point-mass models. 3’×6’ resolution and the least squares
modification method. Unit: [mm].
Est/SEGM
Comb/Full
Comb/Full
r-c-r/Red
r-c-r/Red

Eval. area
Geoid West
Geoid East
Geoid West
Geoid East

Mean
0.7
1.1
0.5
-0.2

Min
-131.6
-67.5
-52.1
-28.4

Max
116.4
39.9
46.1
21.5

StdDev
19.3
9.9
9.8
5.6

RMS
19.3
9.9
9.8
5.6

The main conclusion that can be reached by studying Table 5.9, is that the
effect is significant also as judged on its effect on the geoid heights. As before, it
is larger for the combined than for the remove-compute-restore estimator. Obviously, it is more serious to neglect the downward continuation correction in the
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former case. The errors are approximately twice as large for the combined method.
It should be mentioned that the statistics for the effect was computed using geoid
height errors with 3’×6’ resolution, even though the gravity anomaly effects were
sampled using 1’×2’ blocks. The coarser resolution was preferred to save computation time, but it has no notable effect on the statistics. It should finally be pointed
out that the above effects are for the full and reduced point-mass models, which
aim at being realistic in a global mean square sense. The topographic heights,
on the other hand, are from a particular area of the Earth’s surface, namely the
Nordic region; see Fig. 6.1 and Table 6.3. As has been pointed out several times
above, this should be kept in mind when interpreting the results.

5.3.3

Inversion of Poisson’s integral

As mentioned in the introduction, one of the downward continuation methods to be
tested is the inversion of Poisson’s equation using Jacobi iterations (Heiskanen and
Moritz 1967; Vanı́ček et al. 1996; Martinec 1998). It is the aim of this subsection to
present the synthetic model investigations made of this technique. A short review
is also given of the method, using the terminology and formulation in Heiskanen
and Moritz (ibid.). It should be mentioned that the numerical investigations were
limited to one particular version of the method, which is perhaps not optimal,
and that much work remains to be done (Section 10.2). The investigations below
should be looked upon as a first step. It is believed that many interesting synthetic
model investigations remains concerning how Poisson’s integral should best be
inverted and regularised.
Let us start from Poisson’s equation (Kellogg 1929, Section 9.4), which can be
formulated for gravity anomalies using the fact that r · ∆g is an harmonic function
in a spherical approximation,

ZZ
rP2 − R2
R2
∆g ∗ dσ,
(5.11)
∆g(P ) =
4πrP
l3
σ

where
l=

q
rP2 + R2 − 2RrP cos ψ

(5.12)

and rP = R + HP . It is now assumed that the gravity anomalies ∆g ∗ at sea level
are present only inside a spherical cap σ 1 centred around P . To minimise the
truncation error, different methods might be chosen. Here it is preferred to make
the downward continuation by using a higher-degree reference field, both in the
combined and remove-compute-restore cases. It is possible to further decrease the
truncation error by using a Molodensky type of kernel modification (e.g. Vanı́ček et
al. 1996) or to make sure that the kernel works like a high pass filter by applying the
spheroidal Poisson’s kernel (Martinec 1998). As the present investigations should
be looked upon as a first step, it was decided not to test different modifications
here. According to the numerical experience of the author, the truncation error is
sufficiently small in any way, provided a cap as large as ψ 1 = 1◦ is used; see the
tests below. Furthermore, to use a spheroidal kernel like in Martinec (1998) seems
dangerous as far as the inverse problem is concerned. If a long wavelength error
106

is present in ∆g, then there is a risk that it is magnified in unfavourable ways. To
sum up, it is assumed that the gravity anomalies are reduced by the contribution
from an EGM with maximum degree M and the the unmodified Poisson’s kernel
is used. If the following quantities are introduced:
R
rP

(5.13)

q
1 − 2tP cos ψ + t2P ,

(5.14)

tP =
and
D=
then Eq. (5.6) becomes

t2 1 − t2P
∆g (P ) = P
4π
M

 ZZ
σ1

∆g M ∗
dσ,
D3

(5.15)

in which ∆g M and ∆g M ∗ are given by Eqs. (5.8) and (5.9).
It is now assumed that the given reduced gravity anomalies ∆g M are situated
at the surface and are available in a limited rectangular area, while the sought
quantity is the reduced downward continued gravity anomaly at sea level ∆g ∗ .
The solution of the inverse problem can then be obtained by Jacobi iterations
(Heiskanen and Moritz 1967; Martinec 1998; Press et al. 1992). Using that
 ZZ
1 − t2P
1
1=
dσ
(5.16)
4π
D3
σ1

the following iterative formula is easily derived from Eq. (5.15),
 ZZ
1 − t2P
∆g M (P )
∆giM ∗ (Q) − ∆giM ∗ (P )
M∗
−
dσQ
∆gi+1 (P ) =
4π
D3
t2P

(5.17)

σ1

which is formulated for iteration i + 1. For the first iteration ∆g 1M ∗ = ∆g M might
be used. The convergence of this procedure was studied by Martinec (1998). He
concludes that the method certainly converges for the resolution 5’×5’, but it is
questionable if it does for the dense resolution 30”×60”. In any case, the convergence can be expected to be extremely slow for dense grids. It should be pointed
that different methods can be applied to discretise Poisson’s equation. Here the
simple midpoint method is preferred for the grids in question; see Table 4.4. In
the combined case, the downward continued gravity anomaly ∆g ∗ can finally be
computed using Eq. (5.9). Obviously, this step is not needed for the removecompute-restore method, in which the EGM reduced quantity is used inside the
modified Stokes’ formula.
The above method was tested using the point-mass SEGMs, but before the results are presented it is important to define exactly what is meant by a downward
continuation error. The downward continuation error of the gravity anomaly is
here defined so that it reflects the additional errors supplied by downward continuation to the total error budget, as compared to the case the gravity anomalies
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and random errors are given at sea-level, which was the case considered in the
error propagations in Chapter 3 and in the investigations in Section 5.2. Hence,
∗
∗
εcomb
dwc,∆g = (∆g + ε∆g ) − (∆gtrue + ε∆g )

and
M
εrcr
+ ε∆g − εegm
dwc,∆g = ∆g

∗

M∗
− ∆gtrue
+ ε∆g − εegm

(5.18)


(5.19)

for the combined and remove-compute-restore estimators, respectively. Here ε ∆g ,
εegm are random errors and ∆g, ∆g M are the error-free gravity anomalies at the
∗ , ∆g M ∗ are the true downward continued quantities at the geoid.
surface and ∆gtrue
true
In this section the last four quantities are computed using the synthetic model.
For the case of no observation errors, these formulas simplify to
∗
∗
εcomb
dwc,∆g = ∆g − ∆gtrue

(5.20)

M∗
M∗
εrcr
− ∆gtrue
dwc,∆g = ∆g

(5.21)

and
∗ . The first is the true value downward
Notice the difference between ∆g ∗ and ∆gtrue
continued by the method in questions, while the second is the true value for the
downward continued quantity itself (computed from a synthetic model).
The corresponding downward continuation errors propagated to geoid heights
now follow according to,
ZZ
c
εest.,L
=
S L (ψ) εest.
(5.22)
dwc,∆g dσ
dwc,N
2π
σ0

where “est.” is an abbreviation for the type of estimator. As a consequence of these
definitions, neither the numerical errors from the modified Stokes’ integration nor
the influence of the random observation errors show up directly in ε est.,L
dwc,N , which is
appropriate since these error sources have already been studied above. What we
are interested in here is the additional errors caused by the numerical operation of
downward continuation. From Eqs. (5.6), (5.7), (5.10), (5.20), (5.21) and (5.22),
it follows that
ZZ
c
comb,L
∗
εdwc,N =
S L (ψ) ((∆g + ε∆g )∗ − (∆gtrue
+ ε∆g )) dσ
2π
σ0
ZZ
c
=
S L (ψ) ((∆g + ε∆g )∗ − (∆g + ε∆g )) dσ
2π
σ0
ZZ
c
comb,L
comb,L
∗
−
S L ((∆gtrue
− ∆g)) dσ = δNdwc
− δNdwc
(true)
(5.23)
2π
σ0
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and similarly for the remove-compute-restore method,
ZZ
∗

c
rcr,L
M∗
εdwc,N =
S L (ψ) ( ∆g M + ε∆g − εegm − ∆gtrue
+ ε∆g − εegm )dσ
2π
σ
ZZ 0

∗

c
=
S L (ψ) ∆g M + ε∆g − εegm − ∆g M + ε∆g − εegm dσ
2π
σ0
ZZ

c
rcr,L
rcr,L
M∗
−
S L ∆gtrue
− ∆g M dσ = δNdwc
− δNdwc
(true)
(5.24)
2π
σ0

which confirms that the definitions above really provides us with the extra error
introduced by the downward continuation operation. It should be realised that the
above formulas are only useful in case a synthetic model is available. Otherwise,
the true quantities cannot be computed.
Let us now present the results from the tests of the inversion of Poisson’s formula using the method describe above. All tests were made both with and without
random errors added to the observations (GOCE EGM and gravity anomalies).
As mentioned in Subsection 5.3.2, only the uncorrelated error model is used with
σ = 1 mGal. Since the downward continuation effect is larger for higher frequencies, the addition of more power in the lower part of the spectrum should not
change the results too much. This is the reason for limiting us to the uncorrelated
case here. The Jacobi iterations were carried until successive estimates differed
less than 50 µGal. According to tests made by the author, it is not meaningful to
continue further. It should be mentioned that the process converged reasonably
fast for 3’×6’ resolution, but in the 1’×2’ case the convergence was slow. Since no
useful solution was obtained within 24 hours, it was decided to rest content with
the 3’×6’ results for the time being. Very likely, some more sophisticated regularisation technique is required, but such investigations are outside the scope of the
present thesis (Section 10.2). The statistics for the downward continuation errors
on the gravity anomaly are presented in Table 5.10 for the case with observation
errors and in Table 5.11 for the error free case. The former results were computed
using both ψ1 = 1◦ and ψ1 = 4◦ in order to find out if the truncation error is
important when the unmodified Poisson’s kernel is utilised. As can be seen, the
results are almost independent of the cap radius, from which it is concluded that
is sufficient to use the unmodified kernel with the cap size ψ 1 = 1◦ in the present
area.
By studying Tables 5.10 and 5.11, it can be seen that the downward continuation errors are significant, especially for the combined estimator (full field). In this
case the extreme errors are really disturbing. According to the discussion in the
introduction, the main problem with downward continuation is usually claimed to
be that the high-frequency random errors are magnified. This is certainly true for
large altitudes, for instance when satellite gravity field observations are downward
continued. However, it can be concluded by comparing Tables 5.10 and 5.11, that
this magnification is not the main problem in the present case. It seems like the
heights of the Nordic area are not sufficiently high to make this effect significant
for the resolution in question (3’×6’). In the present case, the numerical errors
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Table 5.10: Statistics for the downward continuation error of the gravity anomaly
for the inversion of Poisson’s integral. GOCE-errors, the uncorrelated ∆g error
model with σ = 1 mGal and 3’×6’ resolution. Unit: [mGal].
Est/SEGM
Comb/Full
Comb/Full
Comb/Full
r-c-r/Red
r-c-r/Red
r-c-r/Red
Comb/Full
Comb/Full
Comb/Full
r-c-r/Red
r-c-r/Red
r-c-r/Red
Comb/Full
Comb/Full
Comb/Full
r-c-r/Red
r-c-r/Red
r-c-r/Red

Eval. area
Grav anom
Geoid West
Geoid East
Grav anom
Geoid West
Geoid East
Grav anom
Geoid West
Geoid East
Grav anom
Geoid West
Geoid East
Grav anom
Geoid West
Geoid East
Gravity anom
Geoid West
Geoid East

ψ1
1◦
1◦
1◦
1◦
1◦
1◦
4◦
4◦
4◦
4◦
4◦
4◦
Diff
Diff
Diff
Diff
Diff
Diff

Mean
0.01
-0.04
0.01
0.00
0.00
0.00
0.00
-0.03
0.01
0.00
0.00
0.00
0.00
0.00
0.01
0.00
0.00
0.00

Min
-27.49
-27.49
-10.96
-4.03
-3.93
-1.41
-26.52
-26.52
-10.71
-3.73
-3.73
-1.35
-0.97
-0.97
-0.25
-0.70
-0.46
-0.17

Max
20.60
17.85
7.96
3.39
2.70
1.54
20.33
17.50
7.70
3.21
2.67
1.52
1.28
1.28
0.51
0.65
0.46
0.23

StdDev
1.07
2.42
1.07
0.21
0.44
0.19
1.04
2.36
1.04
0.20
0.42
0.17
0.07
0.15
0.06
0.04
0.08
0.04

RMS
1.07
2.42
1.07
0.21
0.44
0.19
1.04
2.36
1.04
0.20
0.42
0.17
0.07
0.15
0.06
0.04
0.08
0.04

Table 5.11: Statistics for the downward continuation error of the gravity anomaly
for the inversion of Poisson’s integral. No errors, ψ 1 = 1◦ and 3’×6’ resolution.
Unit: [mGal].
Est/SEGM
Comb/Full
Comb/Full
Comb/Full
r-c-r/Red
r-c-r/Red
r-c-r/Red

Eval. area
Grav anom
Geoid West
Geoid East
Grav anom
Geoid West
Geoid East

Mean
0.00
-0.04
0.02
0.00
0.00
0.00

110

Min
-28.08
-28.08
-11.11
-3.58
-3.19
-1.07

Max
20.12
18.12
8.04
3.59
2.28
1.37

StdDev
1.06
2.41
1.07
0.16
0.34
0.16

RMS
1.06
2.41
1.07
0.16
0.34
0.16

that enters because of the discretisation of Poisson’s integral are considerably more
important than the magnification of high-frequency errors.
Let us now take a look at the remove-compute-restore (reduced field) method.
It is clear from Tables 5.10 and 5.11 that the results are considerably better in
this case, the RMS errors are almost five times as small compared to the combined
case. Thus, it seems that the method works well for sufficiently smooth fields.
To see what the errors in question means, the downward continuation errors on
the geoid height were computed by Eqs. (5.23) and (5.24) using the least squares
modification with parameters computed as explained in Subsection 5.3.2. The
results, which are presented in Tables 5.12 and 5.13, show clearly that the errors
Table 5.12: Statistics for the downward continuation error propagated to the geoid
height for the inversion of Poisson’s integral. GOCE-errors, the uncorr. mod. with
σ = 1 mGal, ψ1 = 1◦ and 3’×6’ resolution. Unit: [mm].
Est/SEGM
Comb/Full
Comb/Full
r-c-r/Red
r-c-r/Red

Eval. area
Geoid West
Geoid East
Geoid West
Geoid East

Mean
-0.4
0.5
-0.1
0.1

Min
-73.7
26.9
-10.8
-4.9

Max
50.7
32.3
11.8
5.9

StdDev
8.3
3.9
2.2
1.3

RMS
8.3
4.0
2.2
1.3

Table 5.13: Statistics for the downward continuation error propagated to the
geoid height for the inversion of Poisson’s integral. No errors, ψ 1 = 1◦ and 3’×6’
resolution. Unit: [mm].
Est/SEGM
Comb/Full
Comb/Full
r-c-r/Red
r-c-r/Red

Eval. area
Geoid West
Geoid East
Geoid West
Geoid East

Mean
-0.4
0.5
0.1
0.1

Min
-73.6
-27.1
-11.3
-4.5

Max
49.7
32.5
10.5
5.8

StdDev
8.3
3.9
2.1
1.3

RMS
8.3
4.0
2.1
1.3

are significant in case the combined estimator is used. It can also be observed
that the presence of observation errors affect the downward continuation error
very little. The most problematic aspect is the discretisation errors. It seems
very important to use as smooth gravity anomalies as possible. This is an old
conclusion, but the fact that the discretisation errors are the limiting factor for
an area like the Nordic is new. The obvious way to improve the situation is to
test different discretisation methods for Poisson’s integral, but this is outside the
scope of the present thesis; see Section 10.2.
Another important conclusion is that the inversion of Poisson’s integral works
well for the remove-compute-restore method. The RMS errors in the present case
are 1–2 mm, which is more or less negligible. This means that the negligence of
the downward continuation effect in the error propagations in Chapter 3 is not
unrealistic for the reduced field in an area with reasonable topography. For the
combined estimator, on the other hand, the additional errors are a little bit too
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large to be neglected.
Let us finally emphasise that a crucial problem with the inversion of Poisson’s
integral is that it is extremely time-consuming, at the same time as it is questionable whether the Jacobi iterations converge for dense grids, which is problematic
for the combined approach. As was discussed in Section 5.2.1, this method requires
dense observations. For the remove-compute-restore technique, on the other hand,
the inversion of Poisson’s integral is a good alternative in case a smoothing topographic correction is utilised, which does not require dense gravity anomaly grids.
The above conclusions are definitely not new (e.g Martinec 1998), but it is believed that the fact that they have been confirmed by the use of synthetic models
is new. Another contribution of the above investigations, is that they have shown
that large discretisation errors might be obtained for rough fields. For areas with
limited topography, like the Nordic one, it seems like this is the main problem with
downward continuation. The high-frequency magnification of observation errors
is not an important factor in this case.
The above conclusions have all been arrived at by numerical tests using synthetic models, which have certain assumed degree variances. It is believed that
the results are relevant also in reality whenever these spectra are representative.
In any case, the inversion of Poisson’s integral should work also for point-mass distributions, which implies that much might be learnt by studying its performance
also for the imaginary situations in question.

5.3.4

The gradient method

In the last section it was concluded that discretisation errors are a serious problem for the inversion of Poisson’s integral method, at least for rough fields that
require dense observations. As the method is very time-consuming in this case, it
seems suitable in the combined approach to use another method that can handle
dense observations more easily. It is the purpose of this section to test one such
technique, namely the gradient method, in which only the linear term in the Taylor expansion is utilised; see Subsection 5.3.1 for references. Of coarse, this will
introduce errors because of the truncated Taylor series, but if denser observations
can be taken advantage of, it is possible that the reduction of the discretisation
errors due to the finite sampling rate are reduced more.
In the gradient method, the vertical gradient of gravity is estimated using the
standard formula (Heiskanen and Moritz 1967),
∂∆g M
∂r

P

R2
=
2π

ZZ
σ1

∆g M (Q) − ∆g M (P )
2
dσQ − ∆g M (P )
3
R
l0

where

(5.25)

ψP Q
(5.26)
2
and σ1 is again a spherical cap with radius ψ 1 . As before a high-degree reference field is utilised. Neglecting higher order terms in the Taylor expansion, the
l0 = 2R sin
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downward continued residual gravity anomaly becomes,
∆g M ∗ = ∆g M −

∂∆g M
H
∂r

(5.27)

from which ∆g ∗ can be computed by Eq. (5.9) as,
∆g ∗ (P ) = ∆g M ∗ (P ) +

M
X

∆gn (P )

(5.28)

n=2

This method was tested using both the remove-compute-restore and combined
methods with the two different resolutions 3’×6’ and 1’×2’. Otherwise, the tests
were made in exactly the same way as in Subsection 5.3.3, using the cap radius
ψ1 = 1◦ . The statistics for the downward continuation errors on the gravity
anomaly can be found in Tables 5.14 and 5.15, while the errors propagated to
geoid heights are given in Tables 5.16 and 5.17.
Table 5.14: Statistics for the downward continuation error of the gravity anomaly
for the gradient method. GOCE-errors, the uncorrelated ∆g error model with
σ = 1 mGal and ψ1 = 1◦ . Unit: [mGal].
Est/SEGM
Comb/Full
Comb/Full
Comb/Full
Comb/Full
Comb/Full
Comb/Full
r-c-r/Red
r-c-r/Red
r-c-r/Red
r-c-r/Red
r-c-r/Red
r-c-r/Red

Res.
3’×6’
3’×6’
3’×6’
1’×2’
1’×2’
1’×2’
3’×6’
3’×6’
3’×6’
1’×2’
1’×2’
1’×2’

Eval. area
Grav anom
Geoid West
Geoid East
Grav anom
Geoid West
Geoid East
Grav anom
Geoid West
Geoid East
Grav anom
Geoid West
Geoid East

Mean
0.00
-0.04
0.02
0.00
-0.08
0.01
0.00
0.00
0.00
0.00
0.00
0.00

Min
-34.89
-34.89
-11.85
-29.31
-29.31
-8.48
-5.31
-4.95
-1.52
-8.79
-5.70
-1.95

Max
23.97
22.77
8.52
26.00
26.00
9.84
4.61
3.18
1.74
6.46
5.17
2.42

StdDev
1.24
2.87
1.16
0.85
1.93
0.70
0.24
0.52
0.20
0.32
0.72
0.26

RMS
1.24
2.87
1.16
0.85
1.93
0.70
0.24
0.52
0.20
0.32
0.72
0.26

Let us first take a look at the results using 3’×6’ resolution, which can be
directly compared with the corresponding results in the last subsection. It can be
seen that the errors are somewhat smaller for the inversion of Poisson’s integral
method, both for the remove-compute-restore and combined estimators. However,
the difference is not particularly large. When denser observations are utilised,
the situation improves significantly in the combined case, but the difference is
negligible for the remove-compute-restore method. This is what could be expected,
due to the fact that the full field contains significant power above the Nyquist
degree for the 3’×6’ grid, which is not the case for the reduced field; see for
instance Table 4.3.
It can be concluded that the gradient method is practical and works well. It
is a little bit worse compared to the naive approach to the inversion of Poisson’s
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Table 5.15: Statistics for the downward continuation error of the gravity anomaly
for the gradient method. No errors and ψ 1 = 1◦ . Unit: [mGal].
Est/SEGM
Comb/Full
Comb/Full
Comb/Full
Comb/Full
Comb/Full
Comb/Full
r-c-r/Red
r-c-r/Red
r-c-r/Red
r-c-r/Red
r-c-r/Red
r-c-r/Red

Res.
3’×6’
3’×6’
3’×6’
1’×2’
1’×2’
1’×2’
3’×6’
3’×6’
3’×6’
1’×2’
1’×2’
1’×2’

Eval. area
Grav anom
Geoid West
Geoid East
Grav anom
Geoid West
Geoid East
Grav anom
Geoid West
Geoid East
Grav anom
Geoid West
Geoid East

Mean
0.00
-0.04
0.02
0.00
-0.01
0.01
0.00
0.00
0.00
0.00
0.00
0.00

Min
-35.26
-35.26
-11.98
-28.84
-28.84
-8.05
-5.02
-5.02
-1.23
-6.30
-6.30
-1.27

Max
23.69
22.68
8.59
23.92
23.92
9.15
4.73
3.48
1.57
5.33
3.38
1.50

StdDev
1.24
2.87
1.15
0.80
1.82
0.65
0.22
0.47
0.18
0.15
0.33
0.11

RMS
1.24
2.87
1.15
0.80
1.82
0.65
0.22
0.47
0.18
0.15
0.33
0.11

Table 5.16: Statistics for the downward continuation error propagated to the geoid
height for the gradient method. GOCE-errors, the uncorrelated ∆g error model
with σ = 1 mGal and ψ1 = 1◦ . Unit: [mm].
Est/SEGM
Comb/Full
Comb/Full
Comb/Full
Comb/Full
r-c-r/Red
r-c-r/Red
r-c-r/Red
r-c-r/Red

Res.
3’×6’
3’×6’
1’×2’
1’×2’
3’×6’
3’×6’
1’×2’
1’×2’

Eval. area
Geoid West
Geoid East
Geoid West
Geoid East
Geoid West
Geoid East
Geoid West
Geoid East

Mean
-0.4
0.5
-0.2
0.2
-0.1
0.1
-0.1
0.0

Min
-81.2
-28.6
-38.4
-8.9
-15.4
-5.7
-12.9
-4.5

Max
56.5
34.1
38.4
13.2
16.6
6.6
12.1
5.5

StdDev
9.2
4.1
4.5
1.6
2.7
1.4
2.2
1.2

RMS
9.2
4.1
4.5
1.6
2.7
1.4
2.2
1.2

Table 5.17: Statistics for the downward continuation error propagated to the geoid
height for the gradient method. No errors and ψ 1 = 1◦ . Unit: [mm].
Est/SEGM
Comb/Full
Comb/Full
Comb/Full
Comb/Full
r-c-r/Red
r-c-r/Red
r-c-r/Red
r-c-r/Red

Res.
3’×6’
3’×6’
1’×2’
1’×2’
3’×6’
3’×6’
1’×2’
1’×2’

Eval. area
Geoid West
Geoid East
Geoid West
Geoid East
Geoid West
Geoid East
Geoid West
Geoid East

Mean
-0.4
0.6
-0.2
0.2
-0.1
0.1
-0.1
0.0
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Min
-81.8
-28.8
-38.3
-9.0
-15.8
-5.4
-13.4
-4.4

Max
56.2
34.3
39.4
13.8
15.7
6.5
13.1
5.5

StdDev
9.2
4.1
4.5
1.6
2.6
1.4
2.2
1.2

RMS
9.2
4.1
4.5
1.6
2.6
1.4
2.2
1.2

integral in the reduced case, but is more suitable for the combined method due
to the fact that denser grids can be handled more easily. It is admitted that
the inversion of Poisson’s integral can probably be improved by more suitable
discretisation and regularisation methods, but this is far from elementary. In any
case, it is likely that it is more suitable to used the gradient method with a denser
grid in the combined (full-field) approach. However, it is possible to improve the
performance of the downward continuation operation in the combined case even
further, which is the topic of the next section.

5.4

Sjöberg’s method for downward continuation

As was concluded in Subsection 5.3.3, the inversion of Poisson’s integral is not a
good alternative for the combined approach. Sjöberg (2003a) therefore designed
a method that is more suitable for his approach, which requires that the fullfield gravity anomalies are downward continued. It is the aim of this section to
derive and test an alternative version of this method, which is believed to be very
practical.
In Sjöberg’s combined approach, the estimator in Eq. (3.14),
c
N=
2π

ZZ

L

∗

S (ψ) ∆g dσ + c

M
X

n=2

σ0


egm
sn + Q L
+ δNcomb ,
n ∆gn

(5.29)

is modified so that the downward continuation is taken care of separately. Thus,
the following formula is preferred,
N=

c
2π

ZZ

S L (ψ) ∆gdσ + c

M
X

n=2

σ0

 egm
L
sn + Q L
+ δNcomb + δNdwc
n ∆gn

(5.30)

L is given by Eqs. (5.6) and (5.10),
where the downward continuation effect δN dwc
ZZ
c
L
δNdwc =
S L (ψ) (∆g ∗ (Q) − ∆g(Q)) dσQ
(5.31)
2π
σ0

where the superscript “comb” in Eq. (5.6) is now implicitly assumed. Sjöberg
treats all corrections in this manner, i.e. as corrections to the modified Stokes’
formula applied directly on the surface gravity anomaly. The approach is consequently referred to as the method of additive corrections in Sjöberg (2003b) and
Ellmann (2004).

5.4.1

Derivation of a modified version of the method

L directly, without intermediately
The idea behind Sjöberg’s method is to find δN dwc
computing ∆g ∗ . This has the advantage that the smoothing properties of the
Stokes operator can be used to obtain more accurate formulas (see below). The
method was originally derived in Sjöberg (2003a). Below an alternative derivation
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is given, which results in somewhat different formulas. The method has been
slightly modified to make it more practical (as judged by the author), but the main
idea, spirit and most details remains exactly the same. The task of comparing the
new with the original version is left for the future (Section 10.2).
L in Eq. (5.31) into two parts,
Let us start by dividing δNdwc
L(1)

L(2)

L
δNdwc
(P ) = δNdwc (P ) + δNdwc (P )
ZZ
c
=
S L (ψ) (∆g ∗ (Q) − ∆g(rP , Q)) dσQ
2π
σ0
ZZ
c
+
S L (ψ) (∆g(rP , Q) − ∆g(Q)) dσQ ,
2π

(5.32)

σ0

where ∆g(rP , Q) is the gravity anomaly downward continued to the level of the
computation point P . As can be seen, the downward continuation effect is splitted
in such a way that the second term contains the passage from the surface to the
point-level of P , while the first constitutes the remaining continuation down to
sea-level. Below the two parts will be studied in turn, starting with the first. It
can obviously be rewritten according to
ZZ
c
L(1)
δNdwc (P ) =
S L (ψ) (∆g ∗ (Q) − ∆g(rP , Q)) dσQ
2π
σ
ZZ
c
−
S L (ψ) (∆g ∗ (Q) − ∆g(rP , Q)) dσQ
2π
σ−σ0
ZZ
c
=
S (ψ) (∆g ∗ (Q) − ∆g(rP , Q)) dσQ
2π
σ
"
 n+2 #
∞
X

R
∗
L
−c
sn + Q n 1 −
∆gn (P ).
(5.33)
r
P
n=2
(1)

The first term in the last part of Eq. (5.33) is denoted by δN dwc in Sjöberg (2003a).
It is the term for downward continuation from point-level to sea-level for the original Stokes’ formula. In practice, the infinite series in Eq. (5.33) can be computed
by an EGM up to the maximum degree M . Thus, the formula becomes
L(1)

(1)

L(1),f ar

δNdwc (P ) = δNdwc + δNdwc
where
L(1),f ar

δNdwc

=c

M
X

n=2


L

s∗n + Qn

"

R
rP

n+2

(5.34)
#

− 1 ∆gn (P )

The corresponding global mean square truncation error is
" 
#2
∞
n+2
X

R
2
m2T = c2
s∗n + QL
− 1 cfnull (P ),
n
rP
n=M +1
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(5.35)

(5.36)

where cfnull are the degree variances for the full gravity field signal at sea-level.
The magnitude of mT will be studied numerically in the next subsection.
(1)
As a next step, an approximate expression is derived for δN dwc . For this
purpose, ∆g(rP , Q) is approximated by the first three terms in its Taylor series
around sea-level,
∂∆g
∆g(rP , Q) ≈ ∆g (Q) +
∂r
∗
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∆g(P ) =

and
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As is shown in Sjöberg (2003a), the last term in Eq. (5.41) can safely be neglected.
It is even less than 5 mm for Mount Everest. Taking into account that the downward continued height anomaly is defined as ζ P∗ = T ∗ (P )/γ0 , the following formula
is derived:
ζ∗
∆g ∗ (P )
1 ∂∆g ∗ 2
(1)
δNdwc =
HP + 3 P HP +
H .
(5.42)
γ0
R
2γ0 ∂r P P
Eq. (5.42) is not suitable for application, since it contains the downward continued
gravity anomaly at sea-level. However, it is easy to find another version that
only includes surface quantities. If H P3 and higher order terms are consistently
neglected, the following truncated Taylor expansions are sufficient (cf. Sjöberg
2003a):
∆g(P )
ζP∗ = ζP +
HP ,
(5.43)
γ
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1
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R
rp



HP
1+
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(5.44)
(5.45)

.

(5.46)

If it is also considered that the vertical gradient at the geoid and surface can be
considered equal on the present level of approximation, the following formula is
derived:


∆g(P )
ζP
1 ∂∆g
∆g(P )
ζP
(1)
2
δNdwc =
HP + 3 HP −
H +
+ 3 2 HP2 . (5.47)
γ
rP
2γ ∂r P P
rp γ
rP
Again the last term is negligible and the final formula becomes
(1)

δNdwc =

∆g(P )
ζP
1 ∂∆g
HP + 3 HP −
γ
rP
2γ ∂r

HP2 .

(5.48)

P

The difference from Sjöberg (ibid.) depends on a minor error in that publication.
It should be noted that even though this formula only utilises the first vertical
derivative of the gravity anomaly only, it yields the same results as using the corresponding second derivative in the Taylor expansion of the gravity anomaly in
Eq. (5.37). This is what was meant by the above statement that the smoothing
properties of Stokes’ integral are used to obtain more accurate formulas. As the
vertical gradient of the gravity anomaly can easily be estimated as in Subsection 5.3.4, Eq. (5.48) is also very practical.
Let us now turn to the other part of the downward continuation effect in
Eq. (5.32), namely
ZZ
c
L(2)
δNdwc (P ) =
S L (ψ) (∆g(rP , Q) − ∆g(Q)) dσQ ,
(5.49)
2π
σ0

which expresses the effect of the downward/upward continuation from the surface
to the point-level of P . As ∆g(rP , P ) = ∆g(P ), the formula is not weakly sinL(2)
gular at P . δNdwc can therefore be expected to contain less power in the high
L(1)
frequencies compared to δNdwc : Close to the computation point P , where the
modified Stokes’ kernel is large, the downward/upward continuation effect on the
gravity anomaly is small, at least for reasonable slopes of the DTM. Further away
the gravity anomaly effect in question increases, but then all details are efficiently
smoothed out. Consequently, it should be sufficient with only the gradient term
for the gravity anomaly,
∆g(rP , Q) − ∆g(Q) =
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∂∆g
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(5.50)

which leads to
L(2)
δNdwc (P )
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(HP − HQ ) dσQ .

(5.51)

The last formula can be efficiently evaluated using the same method for modified
Stokes’ integration as before (see Section 5.2.1), but with the difference that the
central block is now simply skipped. This also means that the routines for bicubic
spline interpolation close to the computation point can be taken advantage of to
reduce the discretisation errors for the grid in question. At this point Sjöberg
(2003a) chooses another way. First, he prefers to consider also this effect for the
L(1)
original Stokes’ formula in the same way as for δN dwc above. Second, he divides
the effect into the effect for a central circular block close to the computation point
and a spherical harmonic expansion part, which requires that surface spherical
harmonic coefficients are computed for the surface gravity anomaly. However, it
is not the place to consider this development any further here; see the original
reference. In any case, we prefer to rest content with the practical formula in
Eq. (5.51).
L(2)
Another remark concerning ∆Ndwc that will be investigated further in Section 9.5, is that the argument in the modified Stokes’ formula (5.49) is equal to
the so-called Molodensky series. In the downward continuation interpretation of
the quasi-geoid determination methods of Molodensky et al. (1962), which was
proposed by Moritz (1966, 1980), the downward continuation to point-level is
accomplished by adding
∞
X
i=1

gi (rP , Q) = ∆g(rP , Q) − ∆g(Q)

(5.52)

to the surface gravity anomaly. As the first term in this expansion, i.e. g 1 (rP , Q),
is equal to the gradient term in Eq. (5.50), the second part of the downward
continuation effect on the geoid height can also be written as,
ZZ
c
L(2)
δNdwc (P ) =
S L (ψ) g1 (rP , Q)dσQ .
(5.53)
2π
σ0

The connection to Molodensky’s methods for quasi-geoid determination will be
further pursued in Section 9.5.
To sum up, the final formulas for Sjöberg’s downward continuation method in
the present interpretation are given by,
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L(1),f ar

L
δNdwc
(P ) = δNdwc (P ) + δNdwc

where
(1)

∆g(P )
ζ◦
1 ∂∆g
HP + 3 P HP −
H2 ,
γ
rP
2γ ∂r P P
" 
#
M
n+2
X

R
=c
s∗n + QL
− 1 ∆gn (P )
n
rP

δNdwc =
L(1),f ar

δNdwc

L(2)

+ δNdwc (P ),

n=2

119

(5.54)

(5.55)
(5.56)

and
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δNdwc (P )
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The notation ζP◦ is used to denote an approximate value of the height anomaly. If
Hp = 2 km and rP = 6375 km, then an error of 1 m in ζP◦ corresponds to 1 mm
L . It is therefore usually sufficient to use
in for δNdwc
ζP◦ ≈

c
2π
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S L (ψ) ∆gdσ + c
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egm
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(5.58)

In the next subsection this method will be tested using the point-mass synthetic
model for the full gravity field.

5.4.2

Numerical tests

The above version of Sjöberg’s method was tested numerically using the full-field
point-mass model and the topographic heights of the Nordic area. Otherwise
the tests were made to be as compatible with the ones in the last section, which
means that the least squares modification method was used with the parameters
estimated for GOCE errors and the uncorrelated error model with σ = 1 mGal.
As before, M = L = 200 and ψ0 = 3◦ were assumed. The vertical gradient of
the gravity anomaly was estimated using exactly the same method as described
in Subsection 5.3.4 with ψ1 = 1◦ .
Before presenting the synthetic model investigations, let us take a look at the
results from a small test of the size of the global truncation RMS in Eq. (5.36).
The quantity in question was computed for three different heights, using both the
standard remove-compute-restore and least squares modifications. It should also
be mentioned that the full-field degree variances chosen in Section 2.3.1 were used.
The propagated global truncation RMS values m T are given in Table 5.18. The
L(2)

Table 5.18: Global RMS-values of the truncation error for δN dwc , i.e. mT . Fullfield degree variances, ψ0 = 3◦ and M = L = 200.
Kernel Mod.
Std r-c-r
Std r-c-r
Std r-c-r
LSMM
LSMM
LSMM

Height [m]
1000
2000
4000
1000
2000
4000

RMS [mm]
3.2
6.1
11.4
0.0
0.0
0.0

truncation error is clearly negligible for the least squares modification. The results
for the standard r-c-r method are included only to show that the error depends on
the kernel modification. As only the least squares modification method is used in
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connection with the combined approach in the rest of this thesis, it is concluded
that the truncation error of Eq. (5.35) or Eq. (5.56) is not problematic.
Now, statistics for the different components of the downward continuation
effect on the geoid height are presented in Table 5.19. The quantities were computed using the given gravity anomalies at the surface and the given EGM with
(1)
L(2)
M = 200. It can be seen that the first part δN dwc is the largest, while δNdwc is
Table 5.19: Statistics for different components of Eq. (5.54) for Sjöberg’s downward
continuation method. No errors, the full gravity field and 1’×2’ resolution. Unit:
[mm].
Comp.
(1)
δNdwc
(1)
δNdwc
L(1),f ar
δNdwc
L(1),f ar
δNdwc
L(2)
δNdwc
L(2)
δNdwc
L
δNdwc
L
δNdwc

Eval. area
Geoid West
Geoid East
Geoid West
Geoid East
Geoid West
Geoid East
Geoid West
Geoid East

Mean
-20.5
-4.5
20.9
5.5
0.2
0.1
0.6
1.1

Min
-173.1
-94.7
0.0
-3.0
-19.7
-7.1
-128.5
-67.0

Max
80.9
34.7
55.0
26.0
21.5
5.8
113.9
39.9

StdDev
22.2
12.3
10.7
5.6
3.3
2.1
18.9
9.9

RMS
30.2
13.0
23.5
7.8
3.3
2.1
18.9
9.9

the smallest. Otherwise, Table 5.19 speaks pretty much for itself.
Finally, the statistics from the comparisons with the downward continuation
effects computed directly from the synthetic model are presented in Tables 5.20
and 5.21 for the cases with and without observation errors.
Table 5.20: Statistics for the downward continuation error on the geoid height
for Sjöberg’s downward continuation method. Errors (GOCE, uncorr. mod. with
σ = 1 mGal) and the full gravity field. Unit: [mm].
Res.
3’×6’
3’×6’
1’×2’
1’×2’

Eval. area
Geoid West
Geoid East
Geoid West
Geoid East

Mean
0.0
0.0
0.0
0.0

Min
-17.2
-3.5
-14.6
-3.1

Max
10.6
3.0
9.5
2.2

StdDev
2.0
0.7
1.4
0.6

RMS
2.0
0.7
1.4
0.6

It is concluded that Sjöberg’s method is superior to using the gradient method,
which can be explained by the fact that although the first derivative of the gravity
anomaly is utilised in Eq. (5.55), this is equivalent to using the corresponding
second derivative for the gravity anomalies; cf. Eq. (5.37). The above results
clearly show that as little as possible of the downward continuation process should
be made on the gravity anomalies inside Stokes’ formula. It is better to make
the downward continuation from point to sea level on the “geoid heights” (so to
speak). This results in smaller discretisation errors. As a consequence, Sjöberg’s
method is considerably more accurate than the inversion of Poisson’s equation.
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Table 5.21: Statistics for the downward continuation error on the geoid height
for Sjöberg’s downward continuation method. No errors and the full gravity field.
Unit: [mm].
Res.
3’×6’
3’×6’
1’×2’
1’×2’

Eval. area
Geoid West
Geoid East
Geoid West
Geoid East

Mean
-0.1
0.1
0.0
0.0

Min
-19.3
-3.9
-14.1
-1.3

Max
10.1
3.1
7.5
1.4

StdDev
1.8
0.6
0.9
0.4

RMS
1.8
0.6
0.9
0.4

Since Sjöberg’s method is also faster and more practical, it is concluded that it
is a good choice for the combined approach. If this method is assumed, then
it is not unreasonable to neglect the downward continuation error in the error
propagations in Chapter 3. It should be mentioned that Sjöberg’s method for
downward continuation are used in all tests of the combined approach that are
presented in Chapter 9.
Let us finally point out that Sjöberg’s method for downward continuation may
easily be derived also for the remove-compute-restore estimator. However, since
the downward continuation effect is defined differently in this case (cf. Eqs. 5.6, 5.7
and 5.10), the above derivation needs to changed accordingly. This development
is straightforward, but is outside the scope of the present thesis (Section 10.2).
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Chapter 6

The Nordic SEGM with
Topography, Oceans and
Isostatic Compensation
6.1

Introduction

So far all synthetic model tests have been made using point-masses below sea-level.
As mentioned several times above, this is suitable for tests of modified Stokes integration and downward continuation, but not of topographic corrections. Neither
can the point-masses be utilised to investigate different downward continuation
hypotheses, which depends on that the latter utilise systematic effects introduced
by the topography and isostatic compensation. It is the main purpose of this
section to describe the construction of the Nordic SEGM, which consists of the reduced point-mass model introduced in Chapter 4 plus the topography, bathymetry
and isostatic compensation, where the effects of the latter will be by strict global
volume integrals, avoiding as far as possible unnecessary approximations. As the
reduced field was defined in Subsection 2.3.2 for the local isostatic hypothesis of
Airy-Heiskanen (Heiskanen and Moritz 1967) using standard parameters and densities, this simplified hypothesis is preferred also in this chapter. Notice, however,
that the isostatic effects will be computed by strict spherical volume integrals,
which is not the case in Heiskanen and Moritz (ibid.), where the formulas are derived in a planar approximation. It should be noticed that the Nordic SEGM gets
its name from its evaluation area, in which regional geoid determination methods
are tested. The topography, bathymetry and isostatic compensation are included
on a global basis.
It is a little awkward that the Nordic SEGM is defined as a combination of the
reduced point-mass model, which aims at being representative in a global mean
square sense, while the evaluation area is limited to a specific region (the Nordic
or Scandinavian with its characteristics), which is not representative in the same
sense. To the extent we are interested in the global mean square behaviour, it is
recommended that also other type areas are investigated in the same way as in
Forsberg (1984a,b), but this task is left for the future (Section 10.2). Furthermore,
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if we are interested in the performance of the methods in the Nordic region, it is
suitable to construct a Nordic reduced point-mass model from the available gravity
anomalies. This could be made with the point-masses either in fixed or optimised
positions (see Vermeer 1995), but also this task is outside the scope of the present
thesis (Section 10.2). However, it should be noticed that the reduced field, defined
as in Table 2.4, is rather representative for the spectral properties of the real Nordic
area, which were studied in detail by Forsberg (1986). As discussed in Section 4.1,
it is assumed as a working hypothesis that the tests of different regional geoid
determination methods yield similar results in the mean, in case the SEGMs used
have similar degree variances. This assumption is accordingly needed also in this
chapter.
Let us now mention some other assumptions that are used in the construction
of the Nordic SEGM. As before, the basic form of the SEGM is spherical besides
the topography, which means that the same spherically symmetric normal gravity
field as before may be used; see Eqs. (4.9) and (4.10). All mass anomalies are
considered as having the same orthometric heights before and after the anomalous
masses are added and the geocentric radii r P and rS are computed according to
Eqs. (4.26) and (4.27), respectively. As explained at the end of Section 4.3.2, this
approximation is equivalent to the usual ellipsoidal approximation in geometry
space, which yields very small errors (Martinec 1998). It should also be mentioned
that a spherical approximation in gravity space is used, which is likewise as small
as it is when ellipsoidal corrections are applied in the real case. It should further be
mentioned that no errors will be assumed for the Digital Terrain Model (DTM);
see Section 10.2. Remember also that no ellipsoidal or atmospheric effects are
included in the Nordic SEGM.
The chapter is organised as follows. In Section 6.2 the method used to compute
the topographic, bathymetric and isostatic effects are described and tested. After
that, the final Nordic SEGM is presented in Section 6.3, which also contains two
small tests of the difference between different heights and gravity anomalies for
the Nordic SEGM.

6.2

Construction of the Topographic, Bathymetric and
Isostatic Synthetic Model Components

The main purpose of this section is to present and test the method that was used to
generate the topographic, bathymetric (oceanic) and isostatic parts of the Nordic
SEGM. As mentioned above, Airy-Heiskanen’s isostatic compensation hypothesis
is assumed; see e.g. Heiskanen and Moritz (1967). More recent discussions are
given in for instance Sünkel (1986), Rummel et al. (1988), Moritz (1990) and
Watts (2001). It is certainly true that the local behaviour of this hypothesis is
unrealistic, but since the attenuation effect of the gravity field damps the higher
frequencies anyhow, it was judged adequate for the present purpose; cf. further the
discussion at the beginning of Subsection 2.3.2. Investigations of other isostatic
models are left for the future (Section 10.2). It should also be mentioned that
the Nordic SEGM also consist of a point-mass part, which can be considered as
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modelling the discrepancies between the simplified model and the real isostatic
compensation.

6.2.1

The topographic, bathymetric and isostatic potentials

The potential generated by the mass surplus of the topography and the mass
deficits in the oceans (bathymetry) is given by Newton’s integral. Assuming a
spherical approximation of the geoid and a lateral density variation, it is
V

t/b

(P ) =

ZZ

µ

σ

t/b

R+H
Z

rQ =R

2
rQ

lP Q

drQ dσQ

(6.1)

where the subscript “t/b” stands for “topography/bathymetry”. The symbol H is
used for topographic heights when positive and for bathymetric depths otherwise.
Furthermore,
µt/b = Gρtopo ,
µ

t/b

= G (ρcrust − ρwater ) ,

H >0

(6.2)

H <0

(6.3)

where G is the gravitational constant. In this thesis, the densities of the topography and crust are assumed to be equal to the standard density, i.e. ρ topo = ρcrust =
ρ0 = 2670 kg/m3 everywhere. Similarly, sea-water density is assumed constant
with the numerical value ρwater = 1036 kg/m3 . It should be mentioned that the
above formulation does not consider lakes with surface above sea-level. This is
obviously unrealistic, but in this context it is merely a matter of convention. It
is simply assumed that no such lakes exist in our synthetic world; see Martinec
(1998) for investigations of the influence of the density anomalies of lakes.
Using the same approximations as for the topography and bathymetry, the
isostatic potential according to Airy-Heiskanen’s hypothesis becomes
I

V (P ) =
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Z AH

rQ =R−DAH −t

2
rQ

lP Q

drQ dσQ

(6.4)

where ∆µAH = G(ρmantle − ρcrust ), DAH is the compensation depth and t is the
so-called root thickness. A positive sign of H corresponds to a positive sign of
t and vice versa. In this thesis, the root thickness t is derived according to the
principle of mass conservation; e.g. Rummel et al. (1988). For a spherical Earth,
this means that for each surface element the following condition must be fulfilled,
µt/b

R+H
Z

2
rQ
drQ = ∆µAH

rQ =R

R−D
Z AH

2
rQ
drQ

(6.5)

rQ =R−DAH −t

which after straightforward integration leads to the cubic equation,
t3r − 3at2r + 3a2 tr − a3 + b = 0
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(6.6)

in which
tr =

t
R

(6.7)

DAH
a =1−
R


µt/b
DAH 3
b = 1−
−
R
∆µAH

(6.8)


1+

H
R

3

−1

!

(6.9)

Usually, the solution to this equation is found approximately; see for instance
Rummel et al. (1988). For our purpose it is crucial not to introduce unneeded
approximations. The equation is therefore solved analytically. It can be shown
numerically that significant errors are introduced otherwise; these investigations
are not presented here, though. Now, Eq. (6.6) has one real root, which can easily
be shown to be
tr = −e1/3 log b + a
(6.10)
where b is a positive quantity for all relevant values for the parameters in Eq. (6.9).
For the construction of the combined synthetic model, which consists of the reduced point-mass model plus topography, bathymetry and isostasy, the numerical
parameters in Heiskanen and Moritz (1967) were assumed. The density contrast
was thus chosen to ∆µAH = 600kg/m3 and the compensation depth was taken to
be D AH = 30 km. Several attempts have been made to estimate these parameters
(e.g. Rummel et al. 1988 and Martinec 1994) and the results differ significantly.
However, as was mentioned above, the real Earth is infinitely complex and does
not follow a simple hypothesis with constant parameter values. In this thesis, on
the other hand, it is simply assumed that the synthetic Earth follows the simple
Airy-Heiskanen mechanism with the parameter values just mentioned. It is believed that much may still be learnt about geoid computation methods in this way,
at least provided our knowledge of the true isostatic mechanism and parameter
values are not taken advantage of in unfair ways. It would for instance be unjust
to test topographic corrections in case one of the methods used the true isostatic
mechanism and parameters for the topographic/isostatic corrections.
Another problem with the chosen isostatic model is that that for oceanic
trenches deeper than about 8000 m, the density discontinuity (Moho) is situated above the sea bottom, as remarked by Forsberg (1984a). This fact, which
was overlooked at first by the present author, looks bad from an aesthetic point
of view. However, the trenches in question are all situated very far away from the
Nordic area, to which all geoid determination tests are limited. Insignificant differences can therefore be expected for the geoid determination results, even though
the topography, bathymetry and isostatic compensation are considered globally.
It is acknowledged that this feature is a flaw of the synthetic model constructed in
this thesis, but it does not matter for the practical results. As mentioned above,
the work of testing other isostatic models and parameters for the synthetic models
is left for the future (see Section 10.2).
As can be seen, both the topographic/bathymetric potential in Eq. (6.1) and
the isostatic counterpart in Eq. (6.4) are given in terms of exactly the same volume
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integral. Consequently, the same integration methods may be used in the two
cases. Below, the ways used to actually compute the potentials in question from
a Digital Terrain Model (DTM) are described. The spherical harmonic expansion
of the potential is also introduced. The superscript ’x’ is used to indicate that the
formulas are valid both for the topographic/bathymetric and isostatic potentials,
depending on how the integration limits and density are chosen; cf. Eqs. (6.1) to
(6.4).
The integral can be evaluated analytically in the radial direction (Martinec
and Vanı́ček 1994; Martinec 1998; Sjöberg 2000). To describe the method, the
integral is first rewritten as
ZZ
x
µf x (rP , r1 , r2 , t) dσQ
(6.11)
V (P ) =
σ

and
x

f (rP , r1 , r2 , t) =

Zr2

rQ =r1

2
rQ

lP Q

drQ

(6.12)

The solution of the latter is then given by
rQ + 3rP t
lP Q + rP2 P2 (t) log |rQ − rP t + lP Q |
f (rP , r1 , r2 , t) =
2

r2

x

where
lP Q =

q
2 − 2r r t
rP2 + rQ
P Q

(6.13)
rQ =r1

(6.14)

and P2 is the Legendre polynomial of second degree. It should be noticed that
the density is left inside the surface integral, which depends on that it is different
for land and ocean areas, even though standard densities are assumed for both.
It should also be realised that the strict integration is made only in the vertical.
Numerical quadrature still needs to be made for the surface integral using some
suitable technique; see Subsection 6.2.3.
To compute the potential using Eqs. (6.11) and (6.13) takes the spherical shape
of the Earth into account. Furthermore, the fact that a spherical mass column for
a surface element ∆σ becomes thicker with increasing height is also considered.
However, the strict formula is not optimal in every sense and mainly two problems
suggest themselves. The first is related to the numerical quadrature of the surface
integral. As an empirical fact, it is more efficient close to the computation point to
utilise strict integration over small regular-shaped volume elements. For each grid
block, constant integration limits are assumed and the integration is then made
analytically for all three coordinates. In the spherical case, such volume elements
are called tesseroids (Kuhn 2003), while they are labelled rectangular prisms in
case Cartesian coordinates x, y, z are used; see e.g. Forsberg 1984a and Nagy et
al. (2000).
The second problem is that the integral in Eq. (6.11) is weakly singular for the
central block (Martinec 1998). This shows up in Eq. (6.13) whenever r P = r1 or
rP = r2 , which occurs when the computation point P in Eq. (6.1) is situated on the
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surface or the geoid, which are the most common cases. Naturally, no singularity
arises for the isostatic potential. One way to remove the singularity is by adding
and subtracting a global term with constant integration limits in the vertical.
This leads to one spherical Bouguer part and one residual terrain roughness term.
This road was chosen by Martinec (1998) and others. In this thesis a different
method is preferred. To explain the technique, the surface integral for the central
(rectangular) block σc in Eq. (6.1) is rewritten in the following way, assuming that
the density is constant for the small block in question:
ZZ
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drQ dσQ

drQ dσQ

(6.15)

where HP is the height/depth of the topography/bathymetry at, above or below
P . Now, the term to the far right is equal to Newton’s integral for the tesseroid
of the central block. Notice that HP is constant over the whole block. Since the
integral is only weakly singular, it is well-defined (cf. Martinec 1998). It should
be noticed that the dropped term in Eq. (6.15) represents the discretisation error
committed by using tesseroids.
Thus, it is preferred to use strict integration over small spherical volume elements (tesseroids) to remove the singularity. This also has the practical advantage
that the same technique can be utilised to improve the numerical quadrature; the
same method is then applied not only for the central block. For the tesseroid of
grid block i with central coordinates φ i , λi and constant integration limits r1i and
r2i in the vertical, the potential becomes
Vix (P )

= µi

φi +∆φ/2
λi +∆λ/2
Z
Z

Zr2i

φi −∆φ/2 λi −∆λ/2 rQ =r1i

2
rQ

lP Q

drQ dσQ

(6.16)

where ∆φ and ∆λ give the block size for the regular grid in question.
However, the gain of using strict integration over small volume elements is
only significant close to the computation point P . Further away, the difference
compared to using strict integration in the vertical only is negligible. Thus, it is
proposed to use the formula in Eqs. (6.11) and (6.13) everywhere except in the
immediate neighbourhood of the computation point, where strict integration over
regularly-shaped volume elements takes over. What is meant by “neighbourhood”
is tested numerically in Subsection 6.2.3. As the use of tesseroids is limited to
the area close to the computation point, it is sufficient to approximate them with
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rectangular prisms, which gives particularly simple formulas; see the references
given above. It is assumed that the Cartesian rectangular coordinate system has
its origo coinciding with the computation point P , the z-axis directed upward,
the x-axis northward and the y-axis pointing to the morning sun. The potential
generated by block i is now expressed as,
Vix (P ) = µi

xi +∆x/2
yi +∆y/2
Z
Z
Zz2i

xi −∆x/2 yi −∆y/2 z1i

1
dxdydz
r

(6.17)

p
where r = x2 + y 2 + z 2 . The integration limits are now expressed in the Cartesian coordinate system and are related to the spherical ones in Eq. (6.16) by
xi = R(φi − φP )

(6.18)

yi = R cos φP (λi − λP )

z1i = r1i − rP −

(6.19)

s2

(6.20)

2R
s2
z2i = r2i − rP −
2R
∆x = R∆φ

(6.22)

∆y = R cos φP ∆λ

(6.23)

(6.21)

p
where s = x2 + y 2 is the horizontal distance. Notice that a correction is applied
to the z-limits to compensate for the curvature of the Earth; cf. Forsberg (1984a).
It should be noticed that the spherical shape of the tesseroid is lost for the rectangular prism. To compensate somewhat for this small effect when rectangular
prisms are used for the isostatic potential, Eqs. (6.22) and (6.23) are then replaced
by
∆x = (R − D AH )∆φ

(6.24)

∆y = (R − D AH ) cos φP ∆λ

(6.25)

Otherwise the same formulas are used both for the topographic/bathymetric and
isostatic cases, except of coarse for the different integration limits in the vertical
directions. The analytical integral of Eq. (6.17) can be derived as (e.g. Forsberg
1984a and Nagy et al. 2000)
Vix (P ) = µi

xy log(z + r) + xz log(y + r) + yz log(x + r)
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xi −∆x/2 y −∆y/2
i
z1i

(6.26)

To sum up, the method used in this thesis to compute the potential generated by the topographic, bathymetric and isostatic masses of the synthetic model
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consists of two parts. The rectangular prism formula (6.26) is applied in the immediate neighbourhood of the computation point P . Outside this zone, the strict
integral in the vertical direction in Eqs. (6.11) and (6.13) is utilised. For the latter
part, the midpoint rule of numerical integration is used. However, as this is only
for far away blocks, it is not crucial which method that is used in this respect. The
question how the limit between the two areas should be chosen is tested numerically in the next section. It should be mentioned that other types of prisms are also
available, for instance using a bilinear upper surface as in Smith at al. (2001); see
also Tsoulis (2001, 2003). However, these types of refinements are not considered
necessary for the present application, as we will only use a smoothed topography
and bathymetry to define the SEGM in question; see further the discussion in
Section 6.2.3
As we also need to generate spherical harmonic coefficients from our synthetic
Earth model, the next step consists of expanding the potential V in Eqs. (6.11)
and (6.12) into spherical harmonics. As the EGM is assumed to be given by the
ordinary external-type spherical harmonic series, cf. Eq. (4.5),
x

V (P ) =


∞ 
X
R n+1

n=0

rp

,

n
X

Vnm Ynm (P )

(6.27)

m=−n

the reciprocal distance is expanded in an external series of Legendre polynomials
(see Eq. 4.3). Strictly this series converges outside the bounding sphere of the
masses of the Earth. The implications of that the expansion is applied below it
is discussed at depth in Chapters 8 and 9. If the addition theorem in Eq. (4.4) is
utilised, the following spherical harmonic coefficients are obtained:
 

ZZ
R2
µ
r2 n+3  r1 n+3
x
Vnm =
−
Ynm (Q) dσQ ,
(6.28)
2n + 1
n+3
R
R
σ

where, as before, µ, r1 and r2 follows from Eqs. (6.1) to (6.4), depending on the
quantity to be computed.
In this subsection, the method used to compute the topographic, bathymetric
and isostatic potentials has been presented. However, what is actually generated
from the synthetic Earth model are other gravity field quantities, which can easily
be derived from the potential. This takes us into the next subsection.

6.2.2

Derived gravity field quantities

In the last subsection the topographic/bathymetric and isostatic potentials were
given with the same sign. This means that the isostatic potential has the sign of the
potential from the compensation masses, which is opposite to the sign of the real
potential generated by the mass deficits under mountains and the corresponding
surplus below the oceans. To generate the synthetic model, the sign of the latter
therefore needs to be changed. This motivates the introduction of the residual
topographic/bathymetric potential (e.g. Martinec 1998 and Sjöberg 2000)
δV t/b (P ) = V t/b (P ) − V I (P )
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(6.29)

which is used for other compensation mechanisms as well; see Section 7.2 for
Helmert’s condensation method. From this quantity a bunch of other gravity field
quantities are easily derived.
Here the direct effect of the topography/bathymetry and isostatic compensation is defined as the effect that is generated by the masses in question. This is
opposite in sign compared to Martinec (1998) and Sjöberg (2000), in which it is
defined as the effect of moving or correcting for the influence of the same masses.
Thus, the direct effect on gravity now becomes in spherical approximation
δgdir (P ) = −

∂δV t/b
∂rP

(6.30)
P

It should be noticed that a spherical synthetic Earth is assumed in this thesis
(besides the topography), which implies that no errors are obtained because of
the ellipsoidal shape of the Earth. The (primary) indirect effect on the geoid
height now follows by Bruns’ formula,
δNI (P ) =

δV t/b (P0 )
γ0

(6.31)

and the indirect effect on the height anomaly is
δζI (P ) =

δV t/b (P )
γ

(6.32)

where P0 is assumed to be on the geoid below P , γ 0 is normal gravity at sea-level
and γ is the same quantity at the telluroid. According to these definitions the
only difference between the direct and indirect effects is that they are given for
different gravity field quantities. The reason for preferring the present convention
is that it feels more natural to use a minus sign in the remove step in the removecompute-restore approach.
To define the direct effect on the gravity anomaly it is important to carefully
define the gravity anomaly itself. Basically two different strategies can be distinguished (cf. Sjöberg 2000), depending on if the orthometric height H or the
normal counterpart H ∗ is used. In the former case, which is called the classical
approach by Sjöberg (2000), the free-air gravity anomaly is defined as (Heiskanen
and Moritz 1967; Martinec 1998),
∆g free (P ) = gP − γ0 −

∂γ
∂r

0

HP −

1 ∂2γ
2! ∂r 2

0

HP2 − · · ·

(6.33)

It was shown by Martinec (1998, Chapt. 1) that the direct effect on the free-air
gravity anomaly is related to the residual topographic/bathymetric potential δV t/b
by
free
δ∆gdir
(P, P0 ) = δgdir (P ) −

2γ0
∂δV t/b
δNI (P0 ) = −
R
∂rP
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P

−

2 t/b
V (P0 )
R

(6.34)

where the second term is the secondary indirect effect for the classical approach
(Heiskanen and Moritz 1967). It is assumed that P 0 is the point at the geoid below
or above P . It is important to note that the traditional gravity anomaly is related
to the residual topographic/bathymetric potential at two different points. The
corresponding boundary value problem, which uses a boundary condition of the
same form as Eq. (6.34), is therefore referred to as the Stokes two-boundary-value
problem by Martinec (1998, Chapt. 1). The solution to this problem is further
discussed in Subsection 6.3.3, in which some numerical results are also presented.
The modern approach (Sjöberg 2000) stems from the theories for quasi-geoid
determination of Molodensky et al. (1962) and strictly requires that normal heights
H ∗ are given. In this case the surface gravity anomaly is defined entirely in terms
of surface quantities according to
∆g surf (P ) = gP − γ

(6.35)

where P is at the surface and γ is normal gravity at the telluroid. The gravity
anomaly is here related to the topographic/bathymetric potential by the usual
boundary condition in spherical approximation (Heiskanen and Moritz 1967),
which involves one point only,
surf
δ∆gdir
(P ) = δgdir (P ) −
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δζI (P ) = −
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P

−

2 t/b
V (P )
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(6.36)

where the secondary indirect effect corresponds to the reduction of normal gravity
from the telluroid to the co-telluroid; cf. Heiskanen and Moritz (1967, Section 811).
It is straightforward to compute the direct and indirect effects from the residual
topographic/bathymetric potential δV t/b , which is determined as described in the
last subsection. The indirect effects, both the primary and secondary, are easily
found by dividing δV t/b with normal gravity. As mentioned many times before, it
is assumed that the synthetic world of ours is spherical in shape (except for the
topography) and that a spherically symmetric normal gravity field is used. Thus,
normal gravity at the sphere γ0 and telluroid γ can be computed by the simple
Eqs. (4.9) and (4.10), respectively. It is a bit more complicated to determine the
direct effect on gravity δgdir . To be complete the used strategy and formulas are
presented here. Exactly as for the potential, it is preferred to use rectangular
prisms at and close to the computation point P . Outside this near-zone, spherical
formulas with strict integration in the vertical takes over. As before the effect
is first computed separately for the topography/bathymetry and isostasy. From
Eqs. (6.29) and (6.30) it follows that
t/b

I
δgdir (P ) = δgdir (P ) − δgdir
(P )

(6.37)

The formulas for strict integration in the vertical are easily derived from Eqs. (6.11)
to (6.14); see Martinec (1998) and Sjöberg (2000). If ’×’ is used for either ’t/b’
or ’I’ in the same way as before, they are
ZZ
x
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µJ x (rP , r1 , r2 , t) dσQ
(6.38)
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and
J x (rP , r1 , r2 , t) = −

∂f x (rP , r1 , r2 , t
∂rP

(6.39)
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which has the analytical solution
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rQ =r1

The same notation as in the last subsection is used. Similarly, the formulas for
rectangular prisms follows from Eqs. (6.17) and (6.26). The direct effect generated
by block i becomes (Forsberg 1984; Nagy et al. 2000)
x
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x log(y + r)
+ y log(x + r) − z arctan
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(6.41)

where the integration limits are defined in Eqs. (6.18) to (6.25).
Next the computation of external-type spherical harmonic coefficients for the
gravity field quantities above is outlined. The residual topographic/bathymetric
potential is again taken as the starting point. Trivially, Eqs. (6.27) and (6.29)
gives
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and the direct effect on the surface gravity anomaly naturally
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Notice that the direct effect on the traditionally defined free-air gravity anomaly
does not strictly have the familiar expansion in Eq. (6.44), at least not when P is
above/below sea-level. This is due to the fact that the classical secondary indirect
effect is always computed at the geoid. The strict expansion for the classical
free-air gravity anomaly can easily be derived using Eq. (6.34). The result is
"
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How much the modern surface gravity anomalies differ from the classical free-air
counterparts for the Nordic SEGM is investigated numerically in Section 6.3.3. At
least for lower degrees, the difference can be expected to be extremely small. The
factor involving rP is then very close to unity.
So far the formulas for the basic direct and indirect effects were presented.
It remains to show how they may be used to generate the sought gravity field
quantities for the topographic/bathymetric/isostatic part of the combined synthetic model (denoted by “segm (topo)” below). As it is assumed that the normal
gravity field is of the same mass as the synthetic Earth and that its mass-center
coincides with the synthetic center, the external spherical harmonic coefficients of
degree zero and one must vanish (Heiskanen and Moritz 1967) in the same way
as for the point-mass models. Consequently, these harmonics must be subtracted.
Notice, however, that the mass conservation principle in Eq. (6.5) ensures that
the zero degree term is identically zero in any case. To keep the formulas a little
more general, the subtraction of the zero degree harmonics is included anyhow.
The following quantities are thus generated
R
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(6.46)
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(6.48)

(6.49)

The spherical harmonic coefficients are computed for the disturbing potential from
degree 2 and up to the maximum degree M = 200, assuming an expansion of the
type (4.5). For these degrees the disturbing potential coefficients are equal to
residual topographic/bathymetric potential coefficients, i.e.
segm(topo)
t/b
= δVnm
,
Tnm

2 ≤ n ≤ M, −n ≤ m ≤ n

(6.50)

The zero and first degree disturbing potential coefficients are equal to zero for the
same reasons as before.

6.2.3

Numerical tests of integration methods

In the last subsection the method that is used to construct the topographic, bathymetric and isostatic parts of the Nordic SEGM was described. Both the direct
effect on gravity and the indirect effects are derived using rectangular prisms close
to the computation point P , while spherical formulas with strict integration in the
vertical direction are utilised outside this zone. The main reasons for preferring
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prisms close to P are that this eliminates the weak singularity of the involved integrals, at the same time as prisms are more efficient numerically. This is of great
help, at least for the high-frequency variations of the gravity anomaly. Outside the
immediate near zone, the spherical formulas with strict integration ensures that
the spherical properties of the synthetic Earth are handled correctly. This is very
important when the integration is global, as it is here. However, it is not evident
where the limit between the two integration zones should be drawn. Another question that needs to be investigated is how the resolution of the used DTM should
be chosen. The goal is obviously to obtain a method that gives the same results
as if an extremely dense global DTM is used with bias-free formulas, but it should
be feasible to perform the involved integration from a practical point of view. It
is the purpose of this subsection to investigate these two question numerically for
the Nordic area.
Before this task is pursued, it should be mentioned that the spherical approximation errors in geometry and gravity space are not considered significant. As
pointed out in Section 6.1, the magnitude of the errors because of the spherical
approximation in geometry space corresponds to the errors of the usual ellipsoidal
approximation; e.g. Martinec (1998). This error source is therefore neglected and
no attempts are made to quantify it here. Furthermore, the spherical approximation in gravity space introduced by the use of Eqs. (6.30), (6.34) and (6.36)
causes errors everywhere smaller than 0.1 mGal everywhere on Earth, as is shown
by Martinec (1998). Since this value may considered as the accuracy limit of our
theory, it is safe to neglect the errors in question.
First, let us return to the statement that the construction method should be
chosen in such a way that the same result is obtained as when the integration is
performed globally using bias-free formulas and an incredibly dense DTM. The
requirement that the formulas are without bias naturally limits the use of rectangular prisms to an area close to the computation point P . This is not problematic.
It only has to be checked numerically that no errors are introduced by the rectangular prisms because of the spherical shape of the synthetic Earth. However, a
more severe problem is that the same results should be obtained as when a very
dense DTM is used. This makes it impossible to control the size of the discretisation errors. The denser the grid is chosen, the more high frequency variations
are introduced. As the only way to judge the presence of discretisation errors is
to compare the result with what is obtained using a denser grid, the only solution to this problem is to limit the roughness of the DTM. It can be objected
that the magnitude of the discretisation errors might be judged indirectly by the
comparisons with the results from the regional geoid determination methods, but
this requires that one method that is close to perfect exists. Since this is not the
case, it seems like the preferable method is to check the errors in question directly.
Thus, the following fundamental assumption is made:
The topography and bathymetry of the synthetic model is defined as
the surface computed by bicubic spline interpolation through the nodes
of a grid with the block size corresponding to 1’×1’ at the equator.
Since the present investigations are all conducted in the Nordic area at the approx135

imate latitude 60◦ , the defining grid is taken as 1’×2’ to obtain approximately the
same resolution in the north-south and east-west directions. The above assumption obviously means that the highest frequencies are not present in the synthetic
model. It is exactly this property that makes it possible to test the presence of discretisation errors by comparing the results with what is obtained using a denser
spline-interpolated grid. The main reasons for choosing bicubic splines, implemented as in Press et al. (1992), are that they provide an efficient and smooth
interpolation. However, the defining grid is nevertheless dense. It corresponds to
the spherical harmonic maximum degree 10800, which is high compared to the
previous global synthetic models; see Section 1.2. It is believed that much may
be learnt about regional geoid determination methods, even though a low-pass
filtered topography is considered. Anyhow, it is important that the above assumption is kept in mind when the results of the SEGM tests are interpreted. Let
us finally discuss the requirement that the integration is global. To save work, it
is not possible to use a dense, interpolated grid on a global basis. Thus, it seems
suitable to use a rough mean value grid outside a certain distance from P . Closer
to P , the defining 1’×2’ grid is utilised and in the immediate neighbourhood a
denser, spline interpolated grid takes over.
Below the Digital Terrain Models (DTMs) that were used in the tests of integration methods and for the construction of the final SEGM are presented. After
that, the results from the numerical tests for the direct effect δg dir and the indirect
effect on the geoid height δNI are given and discussed. It should be mentioned
that the results for the indirect effect on the height anomaly δζ I are very similar
to the ones for δNI . To save space, only δNI are therefore treated, but the results
are valid for both quantities. Furthermore, it should be noted that the presented
tests are sufficient also for the direct effect on the gravity anomaly, which is easily generated from the above quantities by either Eq. (6.34) or Eq. (6.36). All
test were conducted by evaluating the results in 60 test points evenly covering
the entire geoid area in Table 6.2 and Fig. 6.1 (see below). A final note concerns the fact that the tests of integration methods are mainly presented for the
case no gravity reduction is applied. It is important to realise that this provides
the most demanding tests, but is unfair insofar that Airy-Heiskanen’s method is
used to generate the synthetic model components: An numerical integration error
yields a relative error of a certain size. If both the contribution from the topography/bathymetry and the reduction are integrated using the same method, it can
be expected that the total error becomes smaller, as the computed quantity is
smaller. Of coarse, the errors do not cancel completely. Since the compensation
masses are situated farther away, the numerical problems are always greater for
the topography/bathymetry, but the magnitude of the errors nevertheless reduce
significantly. To motivate the choice of method for the indirect effect, it actually
becomes necessary to look at the reduced effects to see that the method satisfies
the requirements in question. Now, as mentioned above, before the test results
are presented it necessary to describe the Digital Terrain Models (DTMs) and the
different data areas used.
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Digital Terrain Models
Based on the discussion in the last paragraph the DTM components in Table 6.1
were constructed. The defining DTM was constructed using mean values of the
Table 6.1: Digital Terrain Model (DTM) components used to construct and evaluate the synthetic models.
DTM
Defining

Res.
1’×2’

Area
Nordic

Rough

15’×15’

Global

Fine
Very fine

20”×40”
6.7”×13.3”

Nordic
Nordic

Source
Topo: mean of Globe
Bathy: spline intp. of Getech 2.5
Mean of defining DTM
Mean of Getech 5
Spline intp. of defining DTM
Spline intp. of defining DTM

Globe 0.5’×0.5’ DTM (GLOBE 2003) for the topography, while the bathymetry
was computed by bicubic spline interpolation from Getech 2.5 (GETECH 1995b).
The rough DTM was derived by taking the mean of the defining DTM inside
the Nordic area. Outside, mean values of the topography and bathymetry from
Getech 5 (GETECH 1995a) were utilised. Finally, the fine and very fine grids
were determined by bicubic spline interpolation from the defining DTM grid in
the Nordic area. The extension of the different areas are defined in Table 6.2. The
topography and areas are illustrated in Fig. 6.1, while both the bathymetry and
topography are shown in Fig. 6.2. It should be noticed that the bathymetric part
of the defining 1’×2’ DTM was derived by spline interpolation from a 2.5’×2.5’
grid. It is thus more smooth than the topographic part.
The gravity anomaly area is the area over which gravity anomalies will be
generated from the synthetic model. Geoid heights and height anomalies, which
will be used as the truth in the evaluation of geoid determination methods, are
only computed over the geoid area. The latter is divided into one rough (west) and
one smooth (east) part. Some statistics of the topography in the gravity anomaly
and geoid areas can be found in Table 6.3. A wire plot over the latter area is also
given in Fig. 6.3.
Table 6.2: Extension of the Nordic, gravity anomaly and geoid height areas.
Area
Nordic
Gravity anomaly
Geoid
Geoid west
Geoid east

55◦
57◦
61◦
61◦
61◦

Extension
< φ < 70◦ −4◦ < λ < 30◦
< φ < 68◦
0◦ < λ < 26◦
< φ < 64◦
8◦ < λ < 18◦
◦
< φ < 64
8◦ < λ < 14◦
< φ < 64◦ 14◦ < λ < 18◦
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Figure 6.1: Contour plot of the topography in the Nordic area. The gravity
anomaly and geoid height areas are also illustrated.

Table 6.3: Statistics for the topography in the gravity anomaly and geoid areas.
Unit: [m].
Area
Grav anom
Geoid
Geoid west
Geoid east

Mean
182
521
679
282

Min
0
0
0
0
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Max
2019
2019
2019
894

StdDev
300
365
379
153

RMS
351
636
778
321

Figure 6.2: The topography and bathymetry for the Nordic area.

Figure 6.3: The topography in the geoid area.
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The direct effect on gravity
After many numerical experiments, the integration method in Table 6.4 was chosen. Below the results that motivate that this choice yields the same results as
using a global, very dense DTM with unbiased formulas are presented. Of coarse
the same result can only be obtained under the fundamental assumption on p. 135,
which means that the detailed interpolated DTMs do not provide any new highfrequency information compared to the defining DTM. It should be mentioned
that the rectangular areas around the computation point P are slightly modified,
so that the limits between the integration areas always coincide with the borders
between the blocks of the different DTMs, which in their turn our chosen so that
their borders coincide in appropriate ways.
Table 6.4: Integration method for the direct effect on gravity δg dir .
Zone
Inner
Middle
Far

Method
Prisms
Spherical
Spherical

DTM
Fine
Defining
Rough

Interval [◦ ]
|φ − φP | |λ − λP |
0.0–0.1
0.0–0.2
0.1–2.0
0.2–4.0
2.0–
4.0–

First, the spherical formulas with strict integration in the vertical and the rectangular prisms are compared for the inner zone in Table 6.4 using the defining, fine
and very fine DTMs in Table 6.1. In the spherical case, the singularity is removed
by using one prism for the central block only. As can be seen from Table 6.5,
which presents statistics for the difference from prisms using the very fine DTM,
the prism method yields almost the same results for the three resolutions, even
though some errors (maximally 1.40 mGal) are obtained in case the defining DTM
is used. Another observation is that the spherical formulas are slightly biased for
the resolutions in question. That it is really the spherical formulas that are biased
is shown by the fact that the spherical results approach the prisms counterparts
as the resolution increases (the blocks go smaller). These results motivates that
prisms with the fine DTM are used in the inner zone, at least as long as it can be
shown that no spherical bias is obtained (see below). To use the very fine DTM
only yields small differences, but increases the computational labour significantly.
The use of rectangular prisms clearly alleviates the integration burden for the inner zone. If the spherical formulas were to be used, not even the very fine grid is
sufficient to obtain as good results as with prisms.
Turning now to the middle zone, it is clear from the results in Table 6.6 that
prisms with the spherical correction in Eqs. (6.20) and (6.21) do not yield biased
results because of the spherical shape of the Earth for the middle zone. Consequently, this must also be true for the inner zone, which justifies our use of prisms
for the latter. Otherwise the main conclusion that can be reached by studying Table 6.6, is that the results are insensitive both to the choice of integration method
and DTM. However, as the middle zone is rather large, it nevertheless feels safer
to use the spherical formulas. In this way there is no risk at all of spherical
errors/effects.
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Table 6.5: Statistics for the difference from using rectangular prisms and the very
fine DTM in the inner zone. The direct effect on gravity δg dir (No reduction).
Unit: [mGal].
Method
Prisms
Prisms
Spherical
Spherical
Spherical

DTM
Fine
Defining
Very Fine
Fine
Defining

Mean
0.01
0.09
-1.14
-2.44
-2.65

Min
-0.09
-0.42
-1.33
-3.85
-8.84

Max
0.27
1.40
0.13
0.05
0.02

StdDev
0.05
0.31
0.32
1.18
2.37

RMS
0.05
0.32
1.18
2.71
3.56

Table 6.6: Statistics for the difference from using spherical integration and the
fine DTM in the middle zone. The direct effect on gravity δg dir (No reduction).
Unit: [mGal].
Method
Prisms
Prisms
Spherical

DTM
Fine
Defining
Defining

Mean
0.00
-0.01
-0.01

Min
-0.02
-0.04
-0.04

Max
0.01
0.04
0.00

StdDev
0.01
0.01
0.01

RMS
0.01
0.01
0.01

The main reason for choosing the middle zone as large as in Table 6.4 is that
the rough grid should be situated sufficiently far away not to let the low resolution
in question interfere with the results. To show that this is really the case, all three
zones were computed together with the middle/far zone division in Table 6.4 and
with a border between the middle and far zones extended to 6 ◦ and 12◦ from
P in the latitude and longitude directions, respectively. In the latter case, the
rough DTM is further away. As can be seen from the statistics for the difference
question in Table 6.7, the middle zone is definitely sufficiently wide. It can also
be concluded that the no denser DTM is actually needed in the far zone.
Table 6.7: Statistics for the difference between using the normal and extended (6 ◦ ,
12◦ ) middle/far zone divisions with method and DTM otherwise as in Table 6.4.
The direct effect on gravity δgdir (No reduction). Unit: [mGal].
Mean
0.00

Min
-0.01

Max
0.01

StdDev
0.00

RMS
0.00

From the above results it is concluded that the method in Table 6.4 gives the
same results (within a few tenths of a mGal) compared to if the very fine DTM
were to be used globally. Furthermore, it has been shown that no spherical errors
are introduced by the prisms in the inner zone.
The indirect effects
As could be expected, the main difference for the indirect effects is that the integration is less sensitive close to the computation point. On the other hand, the
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middle zone is more important, and the rough DTM in the outer zone interferes
easier with the results. As a consequence, a significantly larger middle zone is
needed. In line with this, it is also more likely that errors because of the spherical
shape of the Earth disturbs the prism results. After several tests, it was found that
the integration method in Table 6.8 is acceptable. To corroborate this, exactly the
same tests as for the direct effect above were performed, but with the new zone
division in Table 6.8.
Table 6.8: Integration method for the indirect effects δN I and δζI .
Zone
Inner
Middle
Far

Method
Prisms
Spherical
Spherical

DTM
Fine
Defining
Rough

Interval [◦ ]
|φ − φP | |λ − λP |
0.0–0.15 0.0–0.3
0.15–4.0 0.3–8.0
4.0–
8.0–

As can be seen in Table 6.9, the choice of method is not very crucial for the
inner zone. However, it is possible to see that the rectangular prisms are a little
better from a numerical point of view: The prism and spherical results coincide
almost perfectly for the very fine grid. From this observation, it also follows that
no significant spherical type of errors are generated by the prisms. Since almost
the same results are obtained for prisms with the fine DTM, and since a little
higher errors are obtained using spherical integration, it was judged best to use
prisms with the fine grid in the inner zone.
Table 6.9: Statistics for the difference from using rectangular prisms and the very
fine DTM in the inner zone. The indirect effect on the geoid height δN I (No
reduction). Unit: [mm].
Method
Prisms
Prisms
Spherical
Spherical
Spherical

DTM
Fine
Defining
Very Fine
Fine
Defining

Mean
0.0
0.0
0.0
-1.0
-5.2

Min
-0.2
-2.1
-0.7
-2.1
-12.0

Max
0.2
1.7
0.7
0.3
0.5

StdDev
0.1
0.6
0.3
0.4
2.8

RMS
0.1
0.6
0.3
1.1
5.9

The results for the middle zone are given in Table 6.10. The most notable thing
here is that the results are so bad for the prisms. The main explanation to this
behaviour is that the distances from the computation point P to the prisms are
not correctly given in the planar geometry. It is obviously possible to reduce this
type of error somewhat by means of a suitable projection, but this is not needed
in the present case, as spherical integration is naturally preferred. As the defining
DTM is also chosen, it follows that small errors are obtained. The maximum error
of -4.7 mm may seem too large, but here it should be noticed that the results
so far are obtained when no gravity reduction is applied. For Airy-Heiskanen’s
method, which is included in the Nordic SEGM, the errors can be expected to be
significantly smaller; cf. the discussion above and below.
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Table 6.10: Statistics for the difference from using spherical integration and the
fine DTM in the middle zone. The indirect effect on the geoid height δN I (No
reduction). Unit: [mm].
Method
Prisms
Prisms
Spherical

DTM
Fine
Defining
Defining

Mean
-100.2
-100.2
-2.0

Min
-909.7
-912.7
-4.7

Max
256.6
255.6
-0.2

StdDev
325.9
326.8
1.2

RMS
340.9
341.8
2.3

The last point is illustrated in Table 6.11, which shows the difference between
using the middle/far zone boundary in Table 6.8 and same extended boundary as
above. Without gravity reduction, the errors have a RMS-value of 18.9 mm and
the maximum value is 29 mm. This is unacceptable, but when the results using
Airy-Heiskanen’s method are considered, they show no influence at all between
using the rough or defining DTM outside the normal middle zone.
Table 6.11: Statistics for the difference between using the normal and extended
(6◦ ,12◦ ) middle/far zone divisions with method and DTM otherwise as in Table 6.8. The indirect effect on the geoid height δN I . Unit: [mm].
Reduction
None
Airy-Heiskanen

Mean
-17.4
0.0

Min
-29.1
0.1

Max
-2.9
0.0

StdDev
7.3
0.0

RMS
18.9
0.0

It may be concluded that the integration method in Table 6.8 is appropriate for the generation of a synthetic model in case an Airy-Heiskanen’s isostatic
reduction is applied, which is the case in this thesis. However, if only the topography/bathymetry are to be used, without any kind of reduction, then something
needs to be done about the errors in Table 6.11: What is needed is a considerably larger middle zone, which increases the workload in unpleasant ways (it is
large enough already!). One advantage of using an isostatic reduction, with the
same type of integration as for the topographic/bathymetric effects, is that the
numerical errors reduce.

6.2.4

Summary and some additional details of the construction
method

To sum up, the topographic, bathymetric and isostatic parts of the Nordic SEGM
are computed using global DTMs in such a way that the same results are obtained
as if a very detailed DTM is applied all over the globe. Naturally, this requires
that a low-pass filtered topography/bathymetry is considered, which also makes
it possible to check the presence of discretisation errors. In this thesis a global
defining-DTM with 1’ equal area resolution is assumed, from which the denser
DTMs are computed by bicubic spline interpolation. A local Airy-Heiskanen hypothesis in a strictly spherical formulation was assumed for the isostatic reduction.
The defining parameters are chosen as in Heiskanen and Moritz (1967): the com143

pensation depth DAH is set to 30 km and the core/mantle density difference ∆µ AH
is taken as 600 kg/m3 . Whatever may be said about the realism of the hypothesis
in question, it should be noticed that it defines the synthetic model. What is most
important here is that the method can be applied in careful and consistent ways,
which make the resulting synthetic model self-consistent; see the discussion in
Section 1.2. Anyhow, different methods should be investigated for the generation
of SEGMs in the future.
It was further found optimal to use rectangular prisms and a dense, interpolated DTM in the inner zone close to the computation point for the computation
of the direct effect on gravity δgdir and the indirect effects δNI and δζI . Outside
this zone, spherical formulas applying strict, analytical integration in the vertical
are preferred. In the middle zone the defining DTM is used, and outside that a
rougher DTM takes over. It was found that the division into zones in Tables 6.4
and 6.8 yield negligible errors, compared to using a very dense DTM globally. It
should also be mentioned that a spherically symmetric normal gravity field is used,
from which normal gravity are strictly computed by either Eq. (4.9) or Eq. (4.10).
Now, from the direct effect on gravity and the indirect effects, the gravity anomaly
in its classical definition can be computed by Eq. (6.34). The modern counterpart
follows from Eq. (6.36).
Another part of the construction method for the Nordic SEGM that needs
further description is the numerical computation or analysis of spherical harmonic
coefficients. This step is made using Eqs. (6.28) and (6.50) from the rough 15’×15’
global DTM in Table 6.1. The Nyquist degree (frequency) of this grid is 720, which
is considerably higher than M . The reason for using a denser grid is of coarse to
diminish the discretisation or sampling errors. Otherwise, it can be mentioned
that the point-value formulas in Colombo (1981) are used with the midpoint rule
of numerical integration. No de-smoothing factors are utilised (e.g. Katsambalos
1979; Colombo ibid.; Jekeli 1996). In the same way as in Section 8.5 below, FFT
are taken advantage of to speed up the computations (Colombo ibid.) and the fully
normalised associated Legendre functions are computed recursively (Paul 1978).
As the maximum degree M is fairly low, no problems arise at this point, as is the
case for very high degrees and orders (e.g. Wenzel 2000; Holmes 2002).
In the last step, the generated quantities are reduced by the external harmonics
of degree zero and one, which is made using Eqs. (6.46), (6.47), (6.48) and (6.49).
This also means that the disturbing potential coefficients T nm of these degrees
are set equal to zero by definition; cf. Eq. (6.50). Note, however, that the zero
degree term is already zero in the present case, due to the application of the mass
conservation principle in Eq. (6.5).

6.3
6.3.1

The Combined Nordic SEGM
Presentation of the model

The Nordic SEGM is finally computed as the sum of the reduced point-mass
synthetic model developed in Chapter 4, which was constructed to have the degree
variances chosen in Section 2.3.2, and the topographic, bathymetric and isostatic
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synthetic parts for the Nordic area described and developed in the last section. The
generated gravity field quantities are summarised in Table 6.12. The different areas
were defined in Table 6.2 and illustrated in Fig. 6.1. The reason for generating
gravity observations with the resolution 3’×6’, which corresponds to about 5 km
on the ground, is that this seems reasonably realistic. However, it is obviously not
realistic that the gravity observations are generated in a regular grid. This path
was chosen since it was considered appropriate to first test geoid determination
methods without the consideration of interpolation. In the next step, the influence
of interpolation errors may be introduced. One notable advantage with the of the
construction methods developed in this thesis is that it is straightforward to modify
them for irregular observations, but these investigations has to be left for the
future; see Section 10.2. The only modification required is that some care is needed
to center the central prism around the computation point; cf. Forsberg (1984a).
This will make it possible to investigate topographic aliasing (Forsberg 1997), due
to that the gravity anomalies are usually not observed in high mountains, which
means that they are overrepresented in the valleys.
It should further be mentioned that the gravity and height anomalies are computed using the nodes of the defining 1’×2’ DTM, even though the quantities
themselves are generated in 3’×6’ grids. It is thus assumed that the true height
of the Nordic SEGM is available, which is usually unrealistic. Furthermore, the
DTM supplied with the SEGM is limited to the defining resolution 1’×2’. The
reason for not choosing a denser, interpolated DTM is that all information about
the topography and bathymetry is present in this grid. If some kind of interpolation is utilised, this should be regarded as an integral part of the regional geoid
determination method under investigation.
Table 6.12: Components of the Nordic SEGM
Quantity
Modern surface gravity anomalies
Classical free-air gravity anomalies
Geoid heights
Height anomalies
DTM (topography and bathymetry)
DTM (topography and bathymetry)
Potential coefficients, degree 2 − 200

Notation
∆g surf
∆g free
N
ζ
H
H
T nm

Resolution
3’×6’
3’×6’
3’×6’
3’×6’
1’×2’
15’×15’

Area
Grav anom
Grav anom
Geoid
Geoid
Nordic
Global

Statistics for the surface gravity anomalies are presented in Table 6.13 and the
same information for the geoid heights can be found in Table 6.14. The reason
for giving these results also for the case an EGM with maximum degree M = 180
(and not M = 200) is to facilitate direct comparisons with the tables in Chapters 2
and 4, mainly Tables 2.6, 4.3, 4.5, 4.6 and 4.8. As can be seen by studying the
results for the EGM-reduced gravity anomalies, the standard deviation in the
west geoid area is approximately equal to the one for the full point-mass model;
see Tables 4.5 and 6.13. The standard deviations for the rest of the gravity anomaly
area are somewhere between the reduced and full point-mass models. It can also
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be mentioned that the residual geoid heights vary approximately as much for the
reduced point-mass, full point-mass and Nordic SEGMs. The generated surface
Table 6.13: Statistics for the surface gravity anomalies of the Nordic SEGM, with
and without an EGM reference field with M = 180. Unit: [mGal].
Area
Grav anom
Grav anom
Geoid west
Geoid west
Geoid east
Geoid east

Degrees
n≥2
n ≥ 181
n≥2
n ≥ 181
n≥2
n ≥ 181

Mean
-15.64
-0.43
-2.81
0.21
-32.84
-3.32

Min
-138.39
-160.20
-118.80
-140.37
-138.39
-69.16

Max
120.96
116.19
111.77
90.02
53.83
64.19

StdDev
29.91
21.09
31.45
26.15
30.05
20.19

RMS
33.75
21.10
31.57
26.14
44.51
21.17

Table 6.14: Statistics for the geoid heights of the Nordic SEGM, with and without
an EGM reference field with M = 180. Unit: [m].
Area
Geoid west
Geoid west
Geoid east
Geoid east

Degrees
n≥2
n ≥ 181
n≥2
n ≥ 181

Mean
-7.897
-0.022
-14.195
-0.095

Min
-13.860
-1.047
-17.940
-1.134

Max
-1.349
1.019
-8.932
1.379

StdDev
2.773
0.361
2.207
0.490

RMS
8.369
0.361
14.365
0.499

gravity anomalies are also illustrated in Fig. 6.4, which clearly shows that the high
frequency variations mainly occur in the mountains in Norway; cf. the contour
plot of the topography in Fig. 6.1. The unreduced and reduced geoid heights are
illustrated in Figs. 6.5 and 6.6, respectively. Notice that this time a GOCE EGM
with maximum degree M = 200 is used.
It is clear from the space-domain results commented on above that the west
geoid area contains a lot of high frequency variations, while the field is more smooth
in the east geoid area and on average in the gravity anomaly area. However, let
us also illustrate this by presenting some frequency-domain results. In exactly the
same way as described in Section 4.3.4, local degree variances were estimated for
the three areas just mentioned. As the west and east geoid areas are very small, the
gravity anomalies were reduced using an EGM with the higher maximum degree
M = 360. The corresponding reduced field only contains wavelengths shorter
than 1◦ . The smallest east geoid area is of the size 3 ◦ x4◦ . As this area is located
at the approximate latitude φ = 60◦ , the extension is about ψ = 2◦ in the eastwest direction in case it is expressed by the geocentric angle ψ. This means that it
should be possible to determine all degrees above 360, but the expected accuracy is
nevertheless likely to be limited for the lower part of the spectrum. The estimated
local degree variances, assuming a Tscherning and Rapp type of model (Eq. 2.12)
from degree M + 1 and up, are given in Fig. 6.7, which also illustrates the full and
reduced field degree variances. By studying Fig. 6.7, it may be concluded that
the west geoid area contains approximately as much high frequency signal as the
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Figure 6.4: Surface gravity anomalies of the Nordic SEGM in the area 59 ◦ < φ <
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field with M = 200. Unit: [m]
full-field degree variances. It can also be seen that the rest of the area contains
more details than for the given reduced degree variances. That the lowest degree
variances for the east geoid area are below the reduced field degree variances can
be explained by that the longest wavelengths are not well determined for such a
small area; cf. the above remark.
This concludes the presentation of the Nordic SEGM. Before this model is
applied to test different geoid determination methods, which is the topic of the
forthcoming chapters, some aspects directly related to the synthetic model components are investigated. These are the differences between geoid heights and height
anomalies, as well as the relation between classical free-air and modern surface
gravity anomalies.

6.3.2

Comparison of geoid heights, Helmert height compatible
geoid heights and normal heights

The purpose of this subsection is to study the difference between geoid heights,
height anomalies and Helmert height compatible geoid heights (explained below)
for the Nordic SEGM. As much care has been taken to make the Nordic SEGM
realistic, admittedly in different ways for the topography, bathymetry and isostatic parts compared to the reduced point-mass constituent, it is believed that
this investigation is of interest. It should be remembered, though, that the Nordic
SEGM is defined using a smoothed topography with 1’ resolution, which means
that results are only relevant for reality as long as the power in the frequencies
above that is limited. In any case, the investigations in this and the next sub148

Full−field
Gravity anomaly
Geoid West
Geoid East
Reduced−field

0.6

n

2

Degree variance c [mGal ]

0.5

0.4

0.3
Full field

0.2

0.1
Reduced field
0

500

1000

1500

2000
Degree n

2500

3000

3500
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section may be viewed as providing reasonable estimates of the the quantities
in question up to the maximum degree 10800. It should be mentioned that the
height systems above, as well as others, were compared by Dennis and Featherstone (2003) using a local SEGM consisting of one 8 km high mountain, built up
by a number of rectangular prisms. Since this mountain is extreme (M. Everest),
it is believed that the present investigation for the more moderate Nordic region is
not redundant. The theory of orthometric and normal heights is treated in many
places, most brilliantly in Heiskanen and Moritz (1967), and need not be repeated
here, but the introduction of Helmert height compatible geoid heights requires
some introductory explanations.
First, however, the quasigeoid-to-geoid separation (ζ−N ) for the Nordic SEGM
is presented. The usual statistics are presented in Table 6.15, while the separation
is illustrated in Fig. 6.8. As can be seen, it is extremely important to keep the
quantities well separated. This is certainly not a new conclusion. What is new
here is rather that the use of synthetic models makes it possible to learn something
about the accuracy with which the separation can be determined from gravity field
observations. However, this is not pursued here, but is investigated in Section 9.5.
What is presented here is only the “true” value for these comparisons.
Let us now turn to the difference between geoid heights and Helmert height
compatible geoid heights. The main reason for that Helmert orthometric heights
(Heiskanen and Moritz 1967) are relevant in this context, is that it is the type
of orthometric height almost exclusively used in practice (e.g. Forsberg 1997).
Hence, in case any kind of comparisons are to be made with the geoid heights
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Table 6.15: Statistics for the quasigeoid-to-geoid separation ζ − N . Unit: [m].
Area
Geoid
Geoid west
Geoid east

Mean
0.043
0.060
0.018

Min
-0.001
0.000
-0.001

Max
0.237
0.237
0.071

StdDev
0.041
0.045
0.012

RMS
0.059
0.075
0.022

Figure 6.8: The quasigeoid-to-geoid separation. Unit: [m]
obtained by GPS/levelling, it is important that the gravimetric geoid undulations
are consistent, or compatible, with the Helmert orthometric heights (Forsberg
ibid.). Thus, what should be estimated by gravimetric methods is Helmert height
compatible geoid heights N H , as we prefer to call them. To be clear, the derivation
of the defining formula for N H is reviewed below.
Helmert orthometric geoid heights are defined as follows (Heiskanen and Moritz
1967):
C
(6.51)
HH = H ,
ḡ
where the mean value along the plumb line is computed approximately with


1 ∂γ
H
ḡ = gP −
+ 2πµ H H .
(6.52)
2 ∂h
It follows from the definition of normal heights through
H∗ =
and
γ̄ = γ0 +

C
γ̄

∂γ ∗
1 ∂ 2 γ H ∗2
H +
+···
∂h
2! ∂h2 3

that
N H − ζ = H∗ − HH =

ḡ H − γ̄ ∗ ḡ H − γ̄ H
H =
H .
ḡ H
γ̄
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(6.53)

(6.54)

(6.55)

It is then an easy matter to show that the following standard formula is accurate
on the 1-mm level for mountains as high as 4000 m:
NH = ζ +

∆gB (P ) H
H .
γ0

(6.56)

Thus, to be compatible with GPS/levelling geoid heights, the height anomaly ζ
should first be computed. After that the Helmert height compatible geoid undulation can be derived using Eq. (6.56); cf. Forsberg (ibid.).
Now, the question is how large the difference between the normal and Helmert
height compatible geoid undulations are. As the first term in this difference involves the vertical gradient of the gravity anomaly (Sjöberg 1995), it can be expected that this difference is mainly significant in mountain areas. The size will
now be checked for the Nordic SEGM with its smoothed topography. The Helmert
height compatible geoid heights were computed from the height anomalies ζ using
Eq. (6.56). Statistics for H H − N are given in Table 6.16 and the difference is also
presented in Fig. 6.9.
Table 6.16: Statistics for the difference between Helmert height compatible and
normal geoid undulations N H − N . Unit: [m].
Area
Geoid
Geoid west
Geoid east

Mean
-0.001
-0.001
0.000

Min
-0.068
-0.068
-0.009

Max
0.018
0.018
0.001

StdDev
0.004
0.006
0.000

RMS
0.004
0.006
0.000

Figure 6.9: Difference between Helmert height compatible and normal geoid
heights. Unit: [m].
It is concluded that the difference is not important in flat areas, like the east
geoid area for the Nordic SEGM. However, in higher mountains, it increases. Even
though the standard deviation is only 6 mm in the west area, some “spikes” on
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the 5 cm level occur. Thus, considering the fact that the Nordic SEGM is defined
by a smoothed topography with approximately 2 km resolution (cf. the definition
on p. 135), it is clear that the difference should always be considered, except in
flat lands. For unsmoothed topography, the difference N H − N can be expected
to be considerably larger. The vertical gradient of the gravity anomaly and its
higher derivatives are very sensitive to smoothing operations (cf. Moritz 1980,
Sect. 23). It should also be remembered that the mountains in the Nordic SEGM
are comparatively low; see Table 6.3.

6.3.3

Comparison of traditional free-air and modern surface gravity anomalies

The scalar free boundary value problem corresponding to the topographically corrected surface gravity anomalies ∆g surf,H can be formulated as: Find the (topographically corrected) potential T H outside the geoid S0 that satisfies
∆(T H ) = 0
∂T H
∂r

+
P

2 H
T (P ) = −∆g surf,H
rP
 
c
1
H
T = +O
r
r3

outside S0

(6.57)

P on the surface

(6.58)

for r → ∞

(6.59)

where rP is the radius for P , which for the moment is not assumed equal to R+H P .
Furthermore, the ellipsoidal correction terms present for the real, ellipsoidal Earth
(cf. Martinec 1998), are not included here, since our synthetic Earth is spherical by
definition. It is further assumed that ∆g surf,H contains no first degree harmonics.
Now, Martinec (1998, 2003) showed explicitly that, if exactly the same linearisation procedure that was used to derive the boundary condition in Eq. (6.58)
is applied for the classical free-air gravity anomaly, then the boundary condition
becomes
∂T H
∂r

+
P

2 H
T (P0 ) = −∆g free,H
r P0

P on the surface, P0 on the geoid (6.60)

The characteristic feature of the resulting Stokes’ two-boundary-value problem
(Martinec ibid.) is that it involves two boundaries. Martinec (ibid.) investigates the solvability of the problem for some simplified cases and concludes that
at a critical maximum degree no solution exists for the problem. For the highest
mountains of the Earth, Martinec estimates the corresponding critical resolution
to about one arc minute 1’. In case this dense, or denser, gravity anomalies are
given, the problem has no solution and some kind of regularisation method must
be applied.
Now, to convert the Stokes two-BVP above to the regular Stokes’ BVP, which
can be solved by Stokes’ formula, three steps are necessary (cf. Martinec ibid.),
namely
• The boundary condition must be transformed so that it contains one boundary only.
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• The boundary needs to be fixed, which transforms the problem to a fixed
BVP.
• The resulting gravity anomalies have to be downward continued to sea-level.
Still working with a spherical synthetic Earth, it is suitable to transform the
boundary condition to
∂T H
∂r

+
P

2 H
T (P ) = −∆g free,H − DT H
rP

P on the surface

(6.61)

where the boundary has been fixed with r P = R + HP and where
DT H =

2 H
2 H
T (P0 ) −
T (P )
R
rP

(6.62)

After that the corrected gravity anomalies are downward continued to sea-level in
exactly the same way as for the surface counterparts ∆g surf,H ; cf. Section 5.3.
The question now is how important it is to apply a correction for DT H in
practice. Martinec (ibid.) shows approximately that the correction has an upper
limit of 0.25 mGal. The effect should thus be small. Below we shall nevertheless take a close look at this term for the Nordic SEGM. However, we shall not
study the topographically corrected potential T H . Instead it is assumed that also
the topographic corrections have been computed using the boundary condition in
Eq. (6.58), which is often the case. In this case, the correction term becomes,
DT =



2
2
T H (P0 ) + δV (P0 ) −
T H (P ) + δV (P )
R
rP
2
2
= T (P0 ) −
T (P ) = ∆g surf − ∆g free
R
rP

(6.63)

where δV is the residual topographic potential; cf. Eq. (6.29). Statistics for the
difference DT for the Nordic SEGM is given in Table 6.17. As can be seen it is
Table 6.17: Statistics for the difference between modern surface and classical freeair gravity anomalies, i.e. DT = ∆g surf − ∆g free . Unit: [mGal].
Area
Grav anom
Geoid west
Geoid east

Mean
-0.01
-0.05
-0.02

Min
-0.16
-0.16
-0.06

Max
0.00
0.00
0.00

StdDev
0.02
0.03
0.01

RMS
0.03
0.06
0.02

small. Let us check, however, what the numbers in the table means when they are
propagated through the modified Stokes’ formula,
ZZ
c
∆NDT =
S L (ψ)DT dσ
(6.64)
2π
σ

Statistics for the results using the least squares modification coefficients for the
reduced field, GOCE-errors and the correlated error model with σ = 1 mGal is
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Table 6.18: Statistics for the difference between modern surface and classical freeair gravity anomalies propagated through the modified Stokes’ formula ∆N DT .
Unit: [mm].
Area
Grav anom
Geoid west
Geoid east

Mean
0.0
0.0
0.0

Min
-1.0
-1.0
-0.4

Max
0.9
0.9
0.3

StdDev
0.3
0.3
0.2

RMS
0.3
0.3
0.1

given in Table 6.18. From this table it is clear that for a smoothed 1’ topography with mountains not higher than approximately 2000 m, the classical free-air
anomaly may be treated exactly as the modern counterpart at the surface. The
committed geoid height error is below 1 mm. Notice, however, that this error
can be expected to be larger for an unsmoothed topography, especially in higher
mountains. In any case, it is not essential for the Nordic SEGM, which justifies
that the difference in question is neglected in the present thesis. In what follows,
the classical free-air gravity anomaly is therefore considered as being given at the
surface.
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Chapter 7

Remove-Compute-Restore
Approaches to Topographic
Corrections
7.1

Introduction

It is the main purpose of this chapter to test two remove-compute-restore techniques using the Nordic SEGM developed in Chapters 4 and 6. The first is a strict
application of Helmert’s condensation method, which tries to avoid as many approximations as possible, while the second is an approximative version of Helmert’s
2nd condensation technique. It is assumed that the modified Stokes’ formula is
utilised in all cases. Since the least squares modification method was found to be
most effective in the tests presented above (Section 3.3 and Subsection 5.2.3), the
methods are all tested using this modification with the gravity data in a spherical
cap with ψ0 = 3◦ . Throughout the chapter it is assumed that no random errors
are present and that a GOCE EGM with M = 200 is used, but the modification
coefficients are estimated using GOCE-errors for the EGM, the correlated error
model with σ = 1 mGal for the gravity anomaly errors and the reduced-field signal degree variances. It should be emphasised that many other methods exist,
which use different assumptions and approximations. The tested methods should
be looked upon as two interesting samples. Much work remains to be done in
evaluating different approximations and methods. It is the author’s belief that
using suitable synthetic models is a fruitful way of doing this; see Section 10.2.
It should constantly be kept in mind that the Nordic SEGM was derived using a number of simplifying assumptions; see section 5.1 for a discussion of the
reduced point-mass SEGM. Concerning the topography, the most crucial one is
that a smoothed topography (1’ resolution) is utilised. This means that the tested
methods cannot be expected to perform as well in reality, at least not when there
is significant power present above degree 10800; cf. the discussion in Section 6.3.
However, it is nevertheless believed that the SEGM may be used for comparative
purposes in the numerical evaluation of different methods. It should further be
mentioned that the reason for not including any observation errors, is that it is
155

believed that the propagation of such errors has already been sufficiently studied
in Chapters 3 and 5, at least for the simplified type of models in question. Here
and in Chapter 9, the focus is on topographic correction methods in combination
with downward continuation. This is the reason for using exactly the same type
of methods for modified Stokes’ integration for all synthetic model tests presented
in the rest of this thesis.

7.2

Strict Application of Helmert’s 1st and 2nd Condensation Methods

In this section, some tests of Helmert’s condensation method for the nordic SEGM
are presented. Helmert condensation has been extremely popular among geodesists lately: it was adopted by for instance Moritz (1968), Wang and Rapp (1991),
Vanı́ček and Kleusberg (1987), Heck (1993, 2003), Martinec et al. (1993), Vanı́ček
and Martinec (1994), Martinec and Vanı́ček (1994a, 1994b), Martinec (1998),
Nahavandchi (1999) and Sjöberg (2000). Usually the method is applied using different approximations; see the references above. In this section, however, the goal
is to apply the method as strictly as possible, both in the way the topography is
taken care of and in how the downward continuation of gravity anomalies is made.
This necessarily implies that the workload becomes very high, but at least for the
small areas involved in the Nordic SEGM, the computations can be performed
in a reasonable time with the computers of today (2004). Many aspects of this
ambitious method is advocated by Martinec (1998) and Sjöberg (2000). The most
important difference is that both Helmert’s 1st and 2nd condensation methods
are treated here and not only the “usual” 2nd condensation. In the latter, the
masses are condensed onto the geoid, while the 1st condensation method implies
that the condensation layer is situated 21 km below sea-level (Helmert 1884; Heck
2003). As the masses are then moved farther away, the resulting topographically
corrected gravity anomalies are smoother than for the 2nd method. As could be
seen in Sections 5.2 and 5.3, this is important from a numerical point of view.
More specifically, the used method may be summarised as follows. The topographic corrections are applied in the same way as in the generation of the topographic, bathymetric and isostatic parts of the Nordic SEGM; see Section 6.2.
Rectangular prisms are taken advantage of in an inner zone, while spherical formulas with strict integration in the vertical are applied for the middle and far
zones, the latter extending globally. The only differences are that instead of the
isostatic compensation the Helmert layer enters and that the integration is limited
to the given DTM resolutions in Table 6.12. Topographic corrections are also applied strictly for the EGM, and the zero and first degree harmonics are treated as
accurately as possible. The downward continuation step is made as an inversion
of Poisson’s integral using Jacobi iterations in exactly the same way as in Section 5.3.3. It could be argued that Sjöberg’s method for downward continuation,
investigated in Section 5.3, should be utilised instead of the inversion of Poisson’s
integral. For the combined estimator and the full gravity field, this method was
found to yield the best results (see Subsection 5.4.2). However, as mentioned in
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Section 5.3, the task of adopting this method to the remove-compute-restore case
is left for the future; see Section 10.2.
Below the details of the method, which have not been treated so far, will be described. First, zero and first degree topographic corrections are introduced. After
that, the relevant theory for Helmert condensation are derived in Subsection 7.2.2.
The numerical results for the Nordic SEGM are then presented in Subsection 7.2.3,
which also contains the conclusions from the synthetic model tests.

7.2.1

The Unbiased R-C-R Estimator with Zero and First Degree
Topographic Corrections

The unbiased remove-compute-restore method was derived in Section 3.2.1 but
without introducing the zero and first degree topographic effects. As a rule, it
is assumed that the normal gravity field has the same mass as the Earth and
that it is centred at the center of mass. In this case, the zero and first degree
effects are not present (Heiskanen and Moritz 1967). However, the moving of
masses in the topographic correction introduces zero and/or first degree effects
(Martinec 1998; Sjöberg 2001a), which makes life complicated, especially when
the modified Stokes’ formula is concerned. For instance, a small uncorrected zero
degree effect might cause very large effects in case Stokes’ integration is limited
to a cap. An interesting example is provided by the zero degree component of the
IAG atmospheric correction, which is discussed by Sjöberg (1999b). The below
treatment of zero and first degree effects follows Sjöberg (2001a) in its main lines,
but is new insofar as it deals with the corrections for the remove-compute-restore
estimator.
To see how the zero and first degree effects should best be corrected, the
unbiased estimator in Eq. (3.1) is considered for the case Stokes’ integration is
performed over the full solid angle using an unmodified Stokes’ function:
c
N=
2π

ZZ
σ

S(ψ) ∆g − δ∆gdir −
+c

M
X


M 
X
R n+2 

n=2

rP

∆gnegm

−

δ∆gndir



!∗


2  egm
∆gn − δ∆gndir + δNI .
n−1
n=2

dσ

(7.1)

Here both the gravity anomaly and EGM contributions are corrected for the direct
effect, while the indirect effect is added to the final result. Let us start by noting
that the zero and first degree harmonics are filtered out in Eq. (7.1), where it is
assumed that the version of Stokes’ function S(ψ) that is insensitive to degree
zero is used (Heiskanen and Moritz 1967). To obtain the correct geoid height, the
effects in question therefore have to be added back, as is argued in Sjöberg (2001a).
At this point it is instructive to compare this type of geoid determination with
the imaginative case when an infinite spherical harmonic expansion is used for the
same purpose. In this case, the zero and first degree effects that are introduced
by the correction for the direct effect are not filtered out. Hence, a correction
is needed in the Stokes’ formula case, which is equal to the zero and first degree
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terms of the spherical harmonic expansion of the residual topographic potential
for the Helmert layer potential; cf. Eq. (6.29). This correction is the zero and first
degree terms of direct effect on the geoid height, defined as in Sjöberg (2000), but
as before with the opposite sign:
0−1
δNdir
=

1
1 X t
δV (P ),
γ0 n=0 n

(7.2)

where δVnt (P ) is the Laplace harmonic for the residual topographic potential,
expanded in an external-type series. Thus, the following formula is obtained:
c
N=
2π

ZZ
σ



∗
2−M
2−M
S(ψ) ∆g − δ∆gdir − ∆gegm
− δ∆gdir
dσ



0−M
2−M
+ Negm
− δNdir
+ δNI ,

(7.3)

where the notation introduced should be clear by comparison with Eq. (7.1).
Notice that the zero and first degree corrections are included in the direct effect
0−M
.
on the geoid height height δNdir
Now, what happens for a smaller integration cap with the modified Stokes’
formula? Obviously, Stokes’ function does not block the influence of the zero and
first degree terms anymore. Thus, the far-zone contribution needs to be added,
which can be made using the ordinary truncation coefficients for the modified
kernel, i.e. QL
n , defined in Eq. (3.5). It should further be noticed that the Laplace
harmonic of degree 1 always cancels for the gravity anomaly. Thus, the following
formula is derived:
ZZ


∗
c
L
2−M
2−M
N = −c QL
(δ∆g
)
+
S
(ψ)
∆g
−
δ∆g
−
∆g
−
δ∆g
dσ
dir 0
dir
0
egm
dir
2π
σ0


0−M
2−M
+ Negm
− δNdir
+ δNI .
(7.4)
However, in order to be true to the remove-compute-restore philosophy, it seems
more practical to apply this far-zone correction on the gravity anomaly. If it is
assumed that Stokes’ function is not modified for degree zero, then the following
equation is valid; cf. Eq. (3.3):
ZZ
c
S L (ψ) (δ∆gdir )∗0 dσ = −c QL
(7.5)
0 (δ∆gdir )0 .
2π
σ0

Thus, the final formula becomes
c
N=
2π

ZZ
σ0



∗
0−M
2−M
S L (ψ) ∆g − δ∆gdir − ∆gegm
− δ∆gdir
dσ



0−M
2−M
+ Negm
− δNdir
+ δNI ,
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(7.6)

0−M
where it should be noticed that the zero degree effect is incorporated into δ∆g dir
.
It is here implicitly understood that only the zero degree effect is included. Eq. (7.6)
is fundamental in this section. In the next subsection, it will be shown how the
direct and indirect effects are derived, both for the original quantities and their
spherical harmonic expansions.

7.2.2

Topographic corrections for Helmert’s condensation

The theory for topographic corrections using an isostatic gravity reduction was
developed in Section 6.2. As mentioned above, exactly the same type of technique
is used here. The difference is that the isostatic potential in Eq. (6.29) is replaced
by the Helmert layer potential V H according to
δV t/b (P ) = V t/b (P ) − V H (P ).

(7.7)

The direct effect on the gravity anomaly δ∆g dir is then given by Eq. (6.36) and
the indirect δNI by Eq. (6.31). It should be noticed that after the results in
Subsection 6.3.3, only surface gravity anomalies are utilised. The topographic
0−M
0−M
corrections for the EGM, i.e. δNdir
and δ∆gdir
are easily derived starting from
Eq. (6.44) with
t/b
t/b
H
δVnm
= Vnm
− Vnm
.
(7.8)

As before, rectangular prisms are utilised for the topography/bathymetry in
the inner zone to remove the singularity and to improve the numerical quadrature. That rectangular prisms are preferable in practice there was clearly shown
in Section 6.2.3, at least for the direct effect on gravity. Outside the inner zone,
formulas derived in a spherical geometry with analytical integration in the vertical
are utilised. It should be noticed that it is advantageous in practice to use an integration technique for the Helmert layer contribution that corresponds as closely as
possible to the one used for the topography and bathymetry. Thus, in case prisms
are used for a certain grid block, then the Helmert layer integral should also be
computed using strict integration over the block in the horizontal directions, using
the same geometry, etc. The reason for this is of coarse to eliminate the common
errors when the Helmert part is subtracted from the topographic/bathymetric
part.
Now, in spherical polar coordinates, the Helmert layer potential is given by
ZZ H
µ
H
(R − DH )2 dσ,
(7.9)
V (P ) =
lP H
σ

where DH is the depth to the Helmert Layer, µH is the area density times the
gravitational constant, loosely called the area or surface density, and
q
lP H = rP2 + (R − DH )2 + 2rP (R − DH )t.
(7.10)
Again the mass-conservation principle (Martinec 1998) is adopted, which leads to
H

2

µ (R − DH ) = µ

t/b

R+H
Z

rQ =R
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2
rQ
drQ ,

(7.11)

where µt/b is defined in Eq. (6.2). Remember also that H is the topographic height
when positive and the bathymetric depth when negative. This leads to the surface
density,


R2
H2 1 H3
H
t/b
+
µ =µ
H+
.
(7.12)
(R − DH )2
R
3 R2

It should be mentioned that it is important to use all terms in Eq. (7.12) if the zero
degree term is to vanish identically. If only the first term is used (e.g. Heiskanen
and Moritz 1967), then it becomes important to correct for both the zero and first
degree effects. This can easily be shown numerically. If all terms are utilised (as
here), then only the first degree effect needs to be corrected for. This is practical
since the latter vanishes for the direct effect on the gravity anomaly, at least when
defined as in Eq. (6.36).
Eq. (7.9) for the Helmert potential corresponds to the spherical formula with
strict integration in the vertical in Eqs. (6.11) to (6.13). It can be directly evaluated using numerical integration. The formula that corresponds to the rectangular
prism in Eq. (6.17) obviously becomes for grid block i, considering that the rectangular coordinate system has its origo in the computation point P :

ViH (P )

=

µH
i

yi +∆y/2
xi +∆x/2
Z
Z

xi −∆x/2 yi −∆y/2

=

µH
i

1
p
dxdy
2
2
x + y + (−zH )2

x log(y + r) + y log(x + r) − zH arctan



xy
zH r



xi +∆x/2 yi +∆y/2
xi −∆x/2 y −∆y/2
i

,
(7.13)

q
2
is
the
area
density
assumed
constant
for
each
block,
r
=
x2 + y 2 + zH
where µH
i
and
s2
zH = −HP − DH −
.
(7.14)
2R
The last term in Eq. (7.14) is the same spherical correction term as in Eqs. (6.20)
and (6.21). The integral is taken from Forsberg (1984a) with an obvious modification of the sign (it should always be positive and decreasing for increasing
|HP |).
The corresponding formulas for the direct effect on gravity are easily derived
using Eq. (6.30). The spherical formula (e.g. Sjöberg 2000) is

ZZ H 
rP2 − (R − DH )2
µ
1
H
δgdir (P ) = −
+
(R − DH )2 dσQ
(7.15)
2rp lP H
lP3 H
σ

and the rectangular prism counterpart,
H
δgdir,i
(P ) = −µH
arctan
i
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xy
zH r



xi +∆x/2 yi +∆y/2
xi −∆x/2 y −∆y/2
i

.

(7.16)

Finally, the spherical harmonic coefficients for the same type of expansion in
Eq. (6.27) may easily be found in the same way as before using the external
expansion of the reciprocal distance 1/r P H . The result is
H
Vnm

(R − DH )
=
2n + 1



DH
1−
R

n+1 Z Z

µH Ynm (Q) dσQ ,

(7.17)

σ

from which zero and first degree corrections in Eq. (7.6) are also readily derived.
Notice, however, that the mass conservation principle is utilised in this thesis,
which implies that the zero degree term is identically zero.
The formulas that are used in this thesis to compute the strict Helmert contribution to the direct and indirect effects in Eq. (7.6) were presented above. It
should be emphasised that they contain the depth parameter D H , which means
that they are valid both for Helmert’s 1st (D H = 21 km) and 2nd (DH = 0)
methods. Besides the fact that discretisation errors are always present, the formulas were derived without significant approximations, provided the prisms are
limited to an area close to the computation point. As mentioned in the introduction, the test of the strict formulas can be viewed as the first step in a long row
of tests of Helmert methods, which utilises different sorts of approximations. In
Section 7.3, an approximate version of the Helmert method is treated, but tests
of other techniques is outside the scope of the present thesis; see Section 10.2 for
other suggestions of future work. Another method that should be tested is the
RTM technique mentioned in Section 1.1.

7.2.3

Numerical tests using the Nordic SEGM

This subsection presents and analyses the numerical tests of Helmert’s 1st and
2nd condensation methods that were made using the Nordic SEGM. The applied
method is exactly the same for the two techniques, with the difference that D H =
21 km is used in the first case and DH = 0 km in the second. It should also be
mentioned that in the 1st method, both the topography and the bathymetry are
condensed, while only the topography is treated in the 2nd method. It is assumed
that the components in Table 6.12 are what is available, that no random errors
are present and that the geoid height is to be estimated; see Section 9.5 for the
estimation of the quasigeoid-to-geoid separation. Otherwise, the method that was
used can be described as follows:
• The topographic corrections are applied strictly in the way developed in
Subsections 6.2.1, 6.2.2 and 7.2.2. All direct and indirect effects in Eq. (7.6)
are computed, including the first degree harmonic correction. As mentioned
above, the zero degree effect need not be included as the mass conservation
principle was used strictly in the derivation of the Helmert surface density in
Eq. (7.12). The numerical integration is performed according to the schemes
in Tables 6.4 and 6.8, but with the exception that the defining DTM with
resolution 1’×2’ was used also in the inner “prism” zone. It should be
emphasised that the integration in the far zone was extended globally.
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• The downward continuation of the reduced gravity anomalies in Eq. (7.6) is
made by inverting Poisson’s integral using Jacobi iterations, exactly as described in Subsection 5.3.3. The integration radius ψ 1 = 1◦ is utilised. The
gravity anomaly area, in which all gravity anomalies are used in the downward continuation process, extends 4 ◦ outside the geoid area in the NorthSouth direction and 8◦ in the East-West. This means that if the modified
Stokes’ integration is performed using ψ 0 = 3◦ (see below), then only gravity
anomalies with geocentric distance 1 ◦ inside the gravity anomaly area are
used. Thus, the downward continued anomalies close to the border are not
needed any further. The different areas are summarised in Table 6.2 and
illustrated in Fig. 6.1. The downward continuation is performed using the
given 3’×6’ gravity anomalies directly. The main reason for not interpolating a denser grid, using refined Bouguer anomalies for the interpolation as in
Subsection 7.3 below, is that the downward continuation process requires a
lot of work and converges extremely slow for denser data; cf. the discussion
in Section 5.3 and Martinec (1998).
• The Modification of Stokes’ formula is made using the least squares modification method with ψ0 = 3◦ and M = 200. As mentioned in the introduction
in Section 7.1, the modification coefficients are estimated using the reducedfield degree variances, the correlated model with σ = 1 mGal for the gravity
anomalies and GOCE-errors for the EGM.
• The numerical quadrature of the modified Stokes’ formula is made using
the midpoint method with spline interpolation to a grid 9 times as dense as
the original grid in each direction in the neighbourhood of the computation
point. With “neighbourhood” is meant the 5x5 closest 3’×6’ blocks. The
central block is taken care of by the method introduced in Section 5.2; see
Eq. (5.3).
The estimated geoid heights were then compared with the truth from the Nordic
SEGM. The usual statistics for these comparisons are presented in Tables 7.1 and
7.2. The errors are also illustrated in Figs. 7.1 and 7.2. All methods tested using
the Nordic SEGM are also evaluated by fitting a standard 4-parameter model to
the obtained errors (Heiskanen and Moritz 1967, Sect. 2-18). This step is made
as a least squares adjustment with the following observation equation:
(N̂ − Nsegm ) − ε = x1 + x2 cos φ cos λ + x3 cos φ sin λ + x4 sin φ,

(7.18)

using all errors for the whole geoid area as observations (in a 3’×6’ grid) and
a unit weight matrix. The model in Eq. (7.18) strictly describes the zero and
first degree constituents. However, when the fitting is made over a local area, it
naturally absorbs also other harmonics; it then corresponds to an inclined plane
(rotate the coordinate system so that a pole is obtained in the middle of the area
and then linearise it). Eq. (7.18) is customarily used to fit gravimetric geoids to
GPS/levelling counterparts (e.g. Forsberg 1993, Mårtensson 2001), which motivates that it is used here. Now, the residuals after the 4-parameter fits of the
errors for Helmert’s 2nd and 1st condensation techniques are also presented in
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Table 7.1 and 7.2. These tables also contain the a posteriori standard error of unit
weight ŝ0 from the adjustment.
Table 7.1: Statistics for the geoid height errors and residuals of Helmert’s 2nd
condensation method. Unit: [mm].
Area
Geoid
Geoid west
Geoid east
Area
Geoid
Geoid west
Geoid east

Difference from the SEGM
Mean
Min
Max StdDev RMS
-3.6
-185.8 58.4
14.2
14.6
-7.4
-185.8 58.4
16.1
17.7
2.0
-29.5 39.0
7.6
7.7
Residuals after 4-par. fit to the SEGM
Mean
Min
Max StdDev RMS
0.0
-179.3 62.5
ŝ0 = 13.2
-0.7
-179.3 62.5
15.4
15.4
1.1
-34.4 37.0
8.7
8.7

Table 7.2: Statistics for the geoid height errors and residuals of Helmert’s 1st
condensation method. Unit: [mm].
Area
Geoid
Geoid west
Geoid east
Area
Geoid
Geoid west
Geoid east

Difference from the SEGM
Mean Min Max StdDev RMS
0.3
-28.1 23.2
7.4
7.4
-0.4
-28.1 23.2
8.7
8.7
1.3
-14.4 14.6
4.5
4.7
Residuals after 4-par. fit to the SEGM
Mean Min Max StdDev RMS
0.0
-24.9 20.7
ŝ0 = 6.0
-0.2
-24.9 20.7
6.8
6.8
0.4
-11.8 18.3
4.4
4.4

The first observation that can be made in the tables and figures, is that the
1st condensation method is much more promising than the other technique. Obviously, this depends on that the masses are moved farther away, which results
in more high-frequency content in the direct effect and consequently in smoother
Helmert anomalies. Hence, it is concluded that, if the ambitious technique tested
in this section is used, then there is absolutely no reason at all to condense the
masses at sea-level; cf. Heck (2003). Of coarse, the indirect effect becomes a little
larger, but only a little. It is of the same order of magnitude. The linearisation
of the original boundary condition should still be valid (cf. Vanı́ček and Martinec
1994).
In parenthesis, it can be noticed is that one very large 18.5 cm residual is
obtained for Helmert’s 2nd method. A close study of this case reveals that this
outlier is obtained for one 3’×6’ grid block with 25 m height, surrounded by
blocks with about 1000 m elevation. What obviously happens when the masses
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Figure 7.1: Geoid height errors for Helmert’s 2nd condensation method. No 4parameter fit. Unit: [m].

Figure 7.2: Geoid height errors for Helmert’s 1st condensation method. No 4parameter fit. Unit: [m].
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are condensed to sea-level, is that the masses of the surrounding 1000 m blocks
are now situated very close to the computation point P for the middle 25 m block.
This results in an extremely rough behaviour for the Helmert anomaly, which gives
the large error in questions. By moving the masses farther away, this phenomena
completely disappears.
Another conclusion that can be reached from the results presented in Table 7.2
and Fig 7.2, is that the overall results are very good for the 1st condensation
approach. The obtained standard deviations are around 6–8 mm and no significant
zero or first degree effects seem to be present. This also works as a consistency
check for the synthetic model; it is actually shown that it is possible to go from
the generated observations to the sought geoid heights with RMS-errors below 1
cm. Due to the fact that discretisation errors influence all stages of the geoid
determination process, it is the author’s feeling that this accuracy is what can
be expected. It is surely possible to reduce the numerical errors further. One
suitable way would be to interpolate a denser grid using refined Bouguer anomalies
obtained from the denser DTM available (1’×2’). In this way, the downward
continuation can be made using the dense grid, which will at least reduce some of
the discretisation errors. However, the extra processing involved requires a lot of
extra computation time. For the time being (2004), it is believed that the above
results are sufficiently good to tell us that everything is in order.
Let us finally mention the main drawback of the method, which has already
been discussed somewhat above, namely the enormous computation burden required for large, dense grids. It should be remembered that the above tests were
performed using the Nordic SEGM, which was derived using the assumption on
p. 135 to the effect that the topography and bathymetry are smooth functions going through the nodes of the defining 1’ DTM. Another point worth emphasising
about the Nordic SEGM used is that it extends over a comparatively small area.
All this means that in the real case, where the geoid over much larger areas is
required and where more power is often present in the high frequencies (in high
mountains), the workload definitely becomes a serious obstacle. At least today
(2004), this requires that the method is modified so that it becomes manageable
in practice, for instance by introducing FFT in the downward continuation step,
as suggested by Jekeli and Serpas (2003), etc. Other suggestions could be to use
the gradient method for downward continuation or, preferably, a modified version
of Sjöberg method; see Sections 5.3 and 5.4. However, the main point here was to
test a method that is derived in the strictest possible way, in which no additional
approximations are used to make it faster or more practical. In the next section,
a more practical but approximative method is tested. The results obtained there
should be compared with what is obtained by the strict method above. It should
finally be mentioned that the combined approach to topographic corrections is
tested in the same way in chapter 9.
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7.3

An Approximative Version of Helmert’s 2nd Condensation Method

Above it could be seen that a strict application of Helmert’s 2nd condensation
method is not optimal from a numerical point of view, at least not when a grid
is used that can be easily be handled in practice; cf. the discussion above. Due
to the comparatively rough nature of the Helmert gravity anomalies, significant
discretisation errors are obtained, which are reduced for the deeper condensation
layer of Helmert’s 1st method. Now, it might be the case that it is actually equally
good, compared to the strict 2nd condensation method above, to apply an approximative version that allows the use of a much denser gravity anomaly grid. This
grid can suitably be obtained by interpolation, which is made by first making a
refined Bouguer correction (Heiskanen and Moritz 1967). The resulting anomalies are considerably smoother than the Helmert counterparts and more suitable
for interpolation. Denser gravity anomalies are then interpolated and the masses
are added back to where they came from. Finally, Helmert’s 2nd condensation
method is applied. This densification procedure can be expected to reduce the
discretisation errors, but since the applied method is more approximative, other
error sources might be introduced. It is the purpose of this section to study such
an approximative version of Helmert’s 2nd condensation method. Most aspects of
the tested method is summarised in Forsberg (1997). It should be mentioned that
similar techniques were used in the computation of some large scale continental
geoid models, such as the GEOID96 for the United States (Smith and Milbert
1999) and AUSGeoid98 over Australia (Featherstone et al. 2001). Some tests of
the method are also presented in Omang and Forsberg (2000). The chosen technique is a little more approximative than the version presented in Forsberg (1997).
Below it will be pointed out where the tested method differs from the method in
the latter reference

7.3.1

Description of the method

Now, the method under investigation is derived under the following assumptions,
• All formulas are derived in a flat-Earth approximation, using a Cartesian
rectangular coordinate system (x,y,z).
• The secondary indirect effect is neglected. This is not the case in Forsberg
(1997).
• No topographic corrections are applied to the EGM.
• Zero and first degree effects are not considered.
• H 3 and higher terms are not included.
• No correction is made for the downward continuation effect for the refined
Bouguer anomaly (see below). This is the downward continuation assumption used by the technique.
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Under these assumptions, the direct effect on the gravity anomaly becomes (Vanı́ček
and Kleusberg 1987; Wang and Rapp 1989),
µ
δ∆gdir (P ) ≈ δgdir (P ) = −
2
and the indirect effect is
δNI (P ) = −

Z∞Z

−∞

H 2 − HP2
dxdy
l03

πµHP2
;
γ0

(7.19)

(7.20)

see also Wichiencharoen (1982). Jekeli and Serpas (2003) distinguishes between
two different approaches to the computation of the direct effect. The one exemplified by Eq. (7.19) is the so-called VM-approach (Vanı́ček and Martinec 1994). The
direct effect is then considered as a function in space and both the effects of the
topography and the Helmert layer are corrected for at the surface point P . One
drawback with this approach is that the Helmert anomaly is almost as rough as
the original gravity anomaly, which makes it ill-suited for downward continuation.
A large error is consequently obtained if the downward continuation is neglected.
The other strategy distinguished by Jekeli and Serpas (ibid.), is the MP-approach
(Moritz 1968 and Pellinen 1962), in which the effect of the topography only is
removed at P , while the effect of the Helmert layer is added at the sea-level point
P0 , after downward continuation. This means that a refined Bouguer correction is
first made at the surface, which gives a smooth field well-suited for downward continuation and interpolation. After these two steps have been completed, the effect
of condensing the masses on the geoid is added. As the refined Bouguer anomaly
is smooth, it is a good candidate for downward continuation. The committed error
by neglecting this step is also smaller.
The MP-approach is preferred in the formulation of the approximative Helmert
method tested here, which means that Eq. (7.19) will not be used below. In the
first step, the refined Bouguer anomaly is formed at the surface (e.g. Forsberg
1984a, 1997),

∆gB (P ) = ∆g(P ) + µ

∞ ZH
ZZ

−∞ 0

z − HP

((x − xP )2 + (y − yP )2 + (z − HP )2 )3/2
= ∆g(P ) − 2πµHP + CP ,

dzdxdy
(7.21)

where CP is the classical terrain correction. Using the so-called linear approximation (Moritz 1968; Forsberg 1984a), given by
1
1
p
≈ ,
2
2
2
l0
(x − xP ) + (y − yP ) + (z − HP )
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(7.22)

where l0 is the horizontal distance, it becomes,

CP = µ

∞ ZH
ZZ

−∞ HP

((x − xP

)2

z − HP

dzdxdy
+ (y − yP )2 + (z − HP )2 )3/2
ZZ
µ
(H − Hp )2
≈
dxdy.
2
l03

(7.23)

σ

As mentioned above, it is now assumed that
∗
∆gB
(P ) = ∆gB (P ).

(7.24)

It should be noticed that Eqs. (7.24) and (7.21) imply that the terrain corrected
gravity anomaly, i.e. the Faye anomaly, depends linearly on height. This is not
strictly equal, but close, to the so-called Pellinen assumption as interpreted by
Martinec and Vanı́ček (1994a). After interpolation and gridding, the Helmert
contribution is added, and the terrain corrected anomaly becomes (Moritz 1968;
Wang and Rapp 1989),
(∆g(P ) − ∆gdir (P ))∗ = ∆gB (P ) + 2πµHP = ∆g(P ) + CP

(7.25)

If the corresponding corrections to the EGM as well as the zero/first degree topographic effects are neglected, as was assumed above, Eq. (7.6) is transformed to
the well-known formula,
ZZ

c
2−M
2−M
N=
S L (ψ) ∆g + CP − ∆gegm
dσ + Negm
+ δNI
(7.26)
2π
σ0

where the indirect effect is given in Eq. (7.20). It should be pointed out that
the last formula assumes that the low degree harmonic constituents of the terrain
correction CP are negligible. Furthermore, the EGM derived gravity anomaly is
computed at the surface (as the method is interpreted here). To sum up, Eq. (7.21)
is first used to obtained refined Bouguer anomalies for the original observations.
After that, gridding is made to a considerably denser grid, determined by the
available DTM and computation time considerations. In the next step, the masses
are restored at the Helmert layer by the addition of 2πµH P , resulting in Faye
anomalies, and Eq. (7.26) is finally applied to estimate the geoid heights.

7.3.2

Numerical investigations

The described method was tested using the Nordic SEGM with two different resolutions for the Faye anomaly in Eq. (7.26), both the original 3’×6’ and the denser,
interpolated 1’×2’. The latter corresponds to the available DTM; see Table 6.12.
Only the 1’×2’ DTM for the Nordic area (see Table 6.2 and Fig. 6.1) was utilised.
The terrain correction CP in Eq. (7.23) was computed using the linear approximation and 2-D-FFT methods, as implemented by Forsberg in the GRAVSOFT
package (Tscherning et al. 1992; see also Forsberg 1985, 1997). The name of the
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program is TCFOUR. It can be mentioned that it is extremely efficient: the computation of the whole Nordic 1’×2’ grid was finished within one minute. In the
interpolation case, refined Bouguer anomalies were obtained by Eq. (7.21). Denser
1’×2’ anomalies could then be estimated using bicubic spline interpolation (Press
et al. 1992), from which the final Faye anomalies were computed using Eq. (7.25).
In the case with the original 3’×6’ resolution, the Faye anomalies were computed
directly. As before, all heights for the 3’×6’ grids are point-values from the 1’×2’
DTM. It should further be mentioned that the least squares modification method
was used with M = 200 and ψ0 = 3◦ , exactly as described in item No. 3 in Section 7.2.3. The modified Stokes’ integration was also also made in the same way
(see item No. 4). The results from the tests using the original 3’×6’ resolution
are presented in Table 7.3 and Fig. 7.3, while the corresponding information for
the interpolation case is given in Table 7.4 and Fig. 7.4. It is conceded that the
Helmert method in this section is usually not used with the least squares modification method with integration over a cap ψ 0 , but the point here is to use the same
method for all the tested methods for topographic corrections, which facilitates
direct comparisons; see Section 5.2.3 for some tests of Stokes’ integration using
all gravity anomalies in a rectangular area. As the least squares modification was
found to yield the best results in the tests in Chapter 3 and Subsection 5.2.3, it
seems natural that this method is chosen for the tests of topographic effects.
Table 7.3: Statistics for the geoid height errors and residuals of the approximative
Helmert method using the original resolution. Unit: [mm].
Area
Geoid
Geoid west
Geoid east
Area
Geoid
Geoid west
Geoid east

Difference from the SEGM
Mean
Min
Max StdDev RMS
18.1 -143.6 221.5
27.1
32.6
23.9 -143.6 221.5
32.1
40.1
9.4
-32.7
58.5
13.0
16.1
Residuals after 4-par. fit to the SEGM
Mean
Min
Max StdDev RMS
0.0
-174.8 192.4
ŝ0 = 24.4
-0.4
-174.8 192.4
28.7
28.7
0.5
-46.9
64.3
15.6
15.6

It can be seen that the results for the approximative Helmert method are not
as good as for the strict techniques treated in the last section. This is only what
could be expected due to that more approximations are now involved, but the
results in the approximative case are nevertheless rather promising. It is perhaps
possible to detect some kind of systematic effect that depends on the topography,
which results in a constant shift of 18.1 mm over the whole area; compare Figs. 7.3
and 7.4 with the topographic heights in Fig. 6.3. Such a systematic effect can not
be detected for the strict methods in Figs. 7.1 or 7.2. However, the effect is not
unanimous; quite large errors are obtained in some areas without high topography,
for instance in the North-East corner. It would be interesting to construct and
use synthetic models over other areas, like the Alps, to see to what extent there is
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Table 7.4: Statistics for the geoid height errors and residuals of the approximative
Helmert method with interpolation. Unit: [mm].
Area
Geoid
Geoid west
Geoid east
Area
Geoid
Geoid west
Geoid east

Difference from the SEGM
Mean Min Max StdDev RMS
18.1 -38.4 128.8
23.6
29.8
24.4 -38.4 128.8
27.5
36.8
8.6
-19.4 54.7
10.3
13.4
Residuals after 4-par. fit to the SEGM
Mean Min Max StdDev RMS
0.0
-66.6 93.5
ŝ0 =20.0
-0.3
-66.6 93.5
23.8
23.8
0.4
-30.0 47.4
12.3
12.3

Figure 7.3: Geoid height errors for the approximative Helmert method using the
original resolution. Unit: [m].

Figure 7.4: Geoid height errors for the approximative Helmert method with interpolation. Unit: [m].
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a systematic component present that depends on the topographic height, but this
is left for the future; cf. Section 10.2.
Another observation is that the interpolation step reduces the discretisation
errors significantly. Due to the high efficiency of the method, there is really no
reason at all to rest content with the resolution of the original gravity anomalies.
The DTM should always be taken advantage of to reduce the discretisation errors,
even though this is made in an indirect way in the present technique (Forsberg
1997). Of coarse this remark is evident and by no means new, e.g. Forsberg (1984a,
1997) and Tscherning and Forsberg (1981), but it is nevertheless interesting to
study the numerical errors in question using synthetic models. Since a true value is
available, it becomes possible to quantify them, albeit only for the synthetic world.
The usefulness of this activity, of coarse, depends on how realistic the synthetic
model is. In the present case the topography is limited to 1’×2’ resolution, which
means that the higher frequencies in the real case will make the results worse.
However, it is the author’s opinion that the comparison with the strict technique is
still of interest. At least, it shows how the methods behave for the Nordic SEGM.
(They will not yield better results in reality.) An important conclusion is for
instance that no devastating errors are introduced by the flat Earth approximation.
On the other hand, the approximate method does not seem sufficient for 1-cm
accuracy over the whole Nordic area, even though it might be good enough for
the flatter parts.
Let us finish with some comments on different types of geoid heights. It is
claimed by Forsberg (1997) that the approximative Helmert method yields Helmert
height compatible geoid heights directly. The reason is that the downward continuation assumption in Eq. (7.24) is compatible with the way Helmert heights
are computed. In Eq. (6.52), the downward continuation of the Bouguer gravity is made using the normal gradient, which is equivalent to that the Bouguer
anomaly is constant. However, due to the fact that many error sources are present,
this point is not too important for the present method: The differences between
proper and Helmert height compatible geoid heights are much smaller than the
errors themselves; cf. Table 6.16 and Fig. 6.9 with the tables and figures presented
above. Because of this, the results in this section were compared with proper geoid
heights from the Nordic SEGM, but the tables and figures looks almost exactly
the same when Helmert height compatible geoid heights from the Nordic SEGM
are used for this purpose; see Subsection 6.3.2.
Another comment in the same spirit concerns the fact that Moritz (1980)
derives exactly the same formula as Eq. (7.26) together with Eq. (7.20), but in
this case it gives height anomalies. The results presented above were therefore also
compared to the height anomalies from the Nordic SEGM. The results, which are
not presented here, show clearly that the estimated quantities fit better with the
geoid heights from the SEGM than with the corresponding height anomalies. It
is therefore preferred to view the formulas in question as a Helmert method that
provides approximative geoid heights.
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Chapter 8

The Analytical Continuation
Bias and Geoid Determination by an EGM
8.1

Introduction

It is the purpose of this and the following chapter to consider the combined approach to geoid determination (cf. Subsection 3.2.2 and Section 5.4), mainly with
respect to how the combined topographic correction should best be understood
and computed (e.g. Sjöberg 2003b). A good way to introduce the subject is to
start from topographic corrections to an EGM. In the rest of this chapter, different methods for this purpose are therefore investigated. In this context, these
developments should be viewed as an introduction to Chapter 9, but it is believed
that the investigations are also important in themselves. The major parts of this
chapter, together with Sections 9.2 and 9.3, will also be published in Ågren (2004).
It should be mentioned that some numerical tests not limited to the Nordic region are presented below, but starting from Section 9.4, the Nordic SEGM will be
utilised again.
Let us turn now to geoid determination by an EGM. The major part of the
continental geoid is located below the Earth’s surface. As an EGM is represented
by an external-type series of spherical harmonics, valid merely outside the Earth’s
masses, it will provide a biased model of the geoid for continental regions. Thus,
in case an EGM is used to estimate the disturbing potential at sea level, we do
not get the geoid undulation by Bruns’ formula. Instead the downward continued
height anomaly at sea level is arrived at, which can be converted to the geoidal
height only by applying a correction for the analytical continuation bias of the
geoid height. This correction can be computed either by a strict integral formula,
or approximately by utilising the lowest terms in a binomial expansion; see e.g.
Sjöberg (1977, 1999) and Martinec (1998, Ch. 7). In this thesis the term ”analytical continuation bias” is used synonymously with what other authors call
(analytical) downward continuation error (Sjöberg 1977, 1999; Wang 1994, 1997);
see also Jekeli (1981, 1983) for a somewhat different definition. The main reason
172

for preferring ”bias” is to avoid the confusion with the ill-posed downward continuation problem that otherwise easily arises (the latter refers to the magnification of
high frequency (stochastic) errors in the downward reduction of the gravity field;
see Section 5.3). The shorter expression ”geoid bias” will be often used instead of
the more cumbersome ”analytical continuation bias of the geoid height”.
A different approach to geoid determination by an EGM, which has been
proposed by Rapp (1997), is to make use of the quasigeoid-to-geoid separation
(Heiskanen and Moritz 1967, Section 8-12 and Sjöberg 1995). Of coarse, this requires that the correction is applied to the estimated height anomaly. For practical
reasons, however, Rapp (ibid.) prefers to use the EGM to estimate the downward
continued height anomaly at sea level. This quantity is then upward continued
to the surface in an approximate way. Another feature of Rapp’s method is that
higher order terms are neglected in the quasigeoid-to-geoid separation correction
(cf. Sjöberg 1995). Recently Nahavandchi (2002) compared the quasigeoid-togeoid method, using an additional correction from Sjöberg (1995), with a technique
that is actually equivalent to the geoid bias method including binomial terms up
to power H 3 . The two methods, which are called the indirect and direct methods
by Nahavandchi (ibid.), are found to yield somewhat different results.
One of the specific purposes of this chapter is to study the analytical continuation bias of the geoid height (geoid bias) numerically; particularly to compare
the strict integral representation mentioned above with the binomial expansions
including only the lowest powers of topographic elevation. These investigations
are conducted from the point of view that it is possible to use the geoid bias
correction not only for an EGM, but also in combination with high frequency
terrestrial gravity data. Another objective is to investigate how the geoid bias
technique relates to the quasigeoid-to-geoid strategy of Rapp (1997), and to suggest an optimal technique for geoid determination using an EGM with a denser
DTM.
The content is organised as follows. The derivations of the strict integral
formulas for the geoid and gravity anomaly biases are sketched in Section 8.2.
The next section introduces the corresponding binomial expansions. Next, it is
shown how the geoid bias can be used in geoid determination by an EGM ,and
how it relates to the corresponding technique of Rapp (1997). Here the optimal
technique is also derived for geoid determination from an EGM in combination
with a DTM with higher resolution. In Section 8.5 some results from numerical
tests on the accuracy of the binomial expansion for the geoid bias are presented.

8.2

The Analytical Continuation Bias

As mentioned above, several authors already studied different aspects of the analytical continuation bias, e.g. Sjöberg (1977), Jekeli (1981) and Wang (1997). In
this section the analytical continuation bias is derived rather carefully. It should
be noticed that the main reason for presenting the derivation, which can be found
in any of the above references, is to carefully explain the meaning of the term
and to discuss some of the assumptions involved. Several of the formulas are also
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necessary to give the connection to previous work.
The gravitational potential of the Earth V is given at a point P by means
of Newton’s integral (cf. Eq. 6.1), assuming that there are no masses outside the
surface of the Earth:
V (P ) = G

ZZ
σ

ZrS

rQ =0

ρQ 2
r drQ dσQ
lP Q Q

(8.1)

where G is the gravitational constant, σ is the unit sphere, r S is the surface
radius, ρQ is the density and rQ is the radius of the moving point in the integral
Q. If P is situated outside the bounding sphere of the Earth with radius R 1 , i.e.
rP > R1 , the distance lP Q can be represented by a convergent external-type series
of Legendre’s polynomials (cf. Eq. 4.3):
1
lP Q


∞ 
1 X rQ n
=
Pn (tP Q )
rP
rP

(8.2)

n=0

where tP Q = cos ψP Q ; ψP Q being the geocentric angle. Using the definition of
the fully normalised spherical harmonics in Eq. (2.2) and the addition theorem in
Eq. (4.4), the ordinary spherical harmonic expansion of V is derived:
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(8.3)

where the fact that maximum degree approach infinity is indicated by a superscript. The infinite series in Eq. (8.3) converges to V as given by Newton’s integral
(8.1) for P outside the bounding sphere of the Earth, r P > R1 . Since the external
series in Eq. (8.2) converges uniformly in the same region, the interchange of summation and integration is justified (Arfken and Weber 1995). Now, it is known
that some special mass distributions exist for which the series converges also when
rP < R1 ; cf. the discussions in for instance Krarup (1969), Moritz (1980) or Jekeli
(1981). The Runge-Krarup theorem is often used to show that an external series,
with properly chosen coefficients and maximum degree, can approximate the true
gravitational potential V arbitrarily well everywhere outside the Earth’s surface
(Krarup 1969; Moritz 1980). It can be argued that the Runge-Krarup theorem
only states the existence of an approximating potential and does not provide us
with a means to construct it. Furthermore, the theorem tells us nothing about the
closeness of the lower partial sums of the approximating external series and the
correct expansion of the true potential (e.g. Jekeli 1981). Recently Wang (1997)
presented a proof of how the approximating potential in Runge-Krarup’s theorem
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can be constructed. In any case, it should always be remembered that it is possible
for a single point mass (grain of sand) to turn convergence into divergence (Moritz
1980). It should also be noted that no external series exist that approaches the
true gravitational potential V in the limit inside the masses. Even if such a series converges, it will not do so to the correct value. It seems, therefore, wise to
leave the question open whether Eq. (8.3) converges or not whenever r P < R1
(cf. Sjöberg 1977 and Jekeli 1981). A finite maximum degree M will therefore often be used in this thesis, which justifies the change of summation and integration
order in the formulas below. In this case Eq. (8.3) becomes:
M ZZ
G X
M
Vext (P ) =
rP n=0
σ

ZrS

ρQ

rQ =0



rQ
rP

n

2
rQ
drQ Pnm (tP Q ) dσQ .

(8.4)

It is now perfectly in order to use the finite series below the bounding sphere.
Obviously one need not worry about the convergence of an infinite series. However,
due to the masses outside the sphere r P = const, the truncated external series (8.4)
will deviate from the correct spherical harmonic expansion of the gravitational
potential, which is derived by requiring that it shall converge everywhere, also
inside the masses. In the derivation of the correct expansion an internal-type
series of Legendre polynomials,

∞ 
1 X rP n
1
=
Pn (tP Q ),
(8.5)
lP Q
rQ
rQ
n=0

is utilised for the masses outside the computation sphere r P = const, and an
external-type series for the masses inside this sphere (cf. Sjöberg 1977, 1999; Jekeli
1981; Grafarend and Engels 1994). In other words, the correct expansion is derived
by applying the external series (8.2) for those regions of the unit sphere σ 2 for
which rP ≥ rS and a combination of the external (8.2) and the internal (8.5)
series for the remaining parts σ1 = σ − σ2 . If it is assumed that the series is
truncated at degree M , the correct expansion becomes:
M
Vcorr

M ZZ
G X
(P ) =
rP

ZrS

ρQ

n=0 σ r =0
2
Q

M ZZ
G X
+
rP



ZrP

ρQ

n=0 σ r =0
1
Q

M ZZ
G X
+
rP

ZrS

rQ
rP

n=0 σ r =r
1
Q
P

n



ρQ

2
rQ
drQ Pnm (tP Q ) dσQ

rQ
rP



n

rP
rQ

2
rQ
drQ Pnm (tP Q ) dσQ

n+1

2
rQ
drQ Pnm (tP Q ) dσQ

(8.6)

From the way this series representation has been derived, it follows that it converges to V when M → ∞. The bias of the finite external type series in Eq. (8.4)
when it is used below the bounding sphere, is now defined as
M
M
M
δVbias
(P ) = Vext
(P ) − Vcorr
(P )
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(8.7)

∞ diverges below
From this definition it follows that, if the infinite external series V ext
the bounding sphere, then the corresponding infinite series representing the bias,
∞ , also diverges. However, since the correct expansion is convergent by
i.e. δVbias
M can be cancelled by applying
definition, the diverging behaviour of the finite V ext
∞
sufficiently accurate corrections for the bias δV bias , caused by the masses outside
the sphere rP = const for the maximum degree M in question. The idea of keeping
the index M in some of the formulas below is to be able to cope with a (possibly)
diverging external series in this manner.
Jekeli (1981 and 1983) argued that it is not meaningful to talk about a bias, or
downward continuation error in his terminology, defined as in Eq. (8.7). According
to him, it should rather be defined as the difference from the “true” value:
M
M
∞
M
M
δVerror,Jekeli
(P ) = Vext
(P ) − Vcorr
(P ) = δVbias
(P ) + δVtrun
(P )

(8.8)

M is the truncation error of the correct expansion (8.6). Jekeli (ibid.) is
where δVtrun
led to this view by numerical tests, in which the gravity anomaly bias at the surface is very large for low maximum degrees M . The explanation to this, according
to him, is that the two spectra are incompatible. As will be seen in Section 8.2,
this is certainly true in one sense. However, when P is situated inside the masses,
it is still often necessary to convert a truncated external series to the correct counterpart with the same maximum degree M . This is for example the case when the
truncation error is not known, like in geoid determination by an EGM; cf. Section 8.4. Thus, we find it perfectly in order to define the analytical continuation
bias as in Eq. (8.7). It should be noticed, though, that this is a matter of definition. In case the difference from the true value need to be considered, we shall
talk about the error of the external series.
Let us now consider the bias introduced above more carefully. It is first assumed that the point P is situated at or above sea level, and that the mass density
only varies in the lateral direction outside the sphere r P = const. Remember also
that it has already been assumed that no masses exist outside the Earth’s surface.
Under these assumptions the bias of the gravitational potential becomes, using
Eqs. (8.4), (8.6) and (8.7):
M
M
M
δVbias
(P ) = Vext
(P ) − Vcorr
(P )
"
r
Z S  n  n+1 #
M ZZ
rQ
1 X
rP
2
=
µ
−
rQ
drQ Pn (tP Q ) dσQ
rP n=0
rP
rQ
σ1

(8.9)

rP

where as before µ = Gρ. Notice that the order of integration and summation has
already been interchanged in this formula, which is justified because the maximum degree M is finite. If the integration over r Q is performed and the addition
theorem (4.4) is utilised, then the following strict integral formula for the bias of
the gravitational potential is found (e.g. Sjöberg 1977 and 1999; Jekeli 1981):
M
δVbias
(P ) =

M ZZ
X

µIn (rP , rs ) Pn (tP Q ) dσQ

n=0 σ
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(8.10)

or
M
δVbias

M X
n
X

(P ) =

bias
δCnm
(rp ) Ynm (P ),

(8.11)

n=0 m=−n
bias
δCnm

1
(rP ) =
2n + 1

ZZ
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(8.12)
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if rP < rS and n 6= 2

(8.13)

if rP < rS and n = 2

So far it has only been assumed that there are no masses outside the Earth’s
surface, and that the masses above the sphere r P = const have a laterally varying
density distribution. No assumptions have been made on the form of the geoid.
Two different approximations can be distinguished in this respect, depending on if
the geoid is considered to be a sphere or an ellipsoid in the process of arriving at r P
and rS . It is of coarse also possible to compute these two quantities strictly starting
from the ellipsoidal height, using standard formulas from ellipsoidal geometry.
Now, the analytical continuation bias under spherical approximation is computed
using
rP = R + H P ; r S = R + H
(8.14)
where as before R is the mean Earth radius and H P and H are the orthometric
heights for the fixed and moving points respectively. As Sjöberg (2003c) showed
that the error of the spherical approximation is less than 1 mm, we will rest content
with it here.
By selecting the point P in Eqs. (8.10) to (8.13) at the geoid and utilising
Bruns’ formula, the analytical continuation bias of the geoid height or the geoid
bias is arrived at:
δV M (P0 )
M
= bias
(8.15)
δNbias
γ0
where γ0 is normal gravity on the ellipsoid and P 0 is on the geoid along the
ellipsoidal normal through P . If the spherical approximation in Eq. (8.14) is used,
rP and rS then become:
rP = R ; r S = R + H
(8.16)
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The above derivation is essentially the one in Sjöberg (1977) and (1999). It is also
possible to derive the geoid bias by considering the direct effect on the potential
above the bounding sphere, defined as the negative difference between the effect
of the topography and the topographic reduction (e.g. Sjöberg 1996 and Martinec
1998). This direct effect is then downward continued to sea level, which is simple
since it has the external type form of Eq. (8.4). If the indirect effect on the geoid
height is finally added, of course assuming the same compensation technique as
before, identical formulas compared to above are arrived at, namely Eq. (8.9) for
P on the geoid. The complete derivation can be found in Sjöberg (1996) and
Martinec (1998). Notice that this also implies that the ”the direct method” in
Nahavandchi (2002) is identical to the geoid bias technique.
The analytical continuation bias for the gravity anomaly can be derived as in
Sjöberg (1977) and Jekeli (1981). In a spherical approximation, it is given by the
usual boundary condition (cf. Eq. 2.5):

M
∂ δVbias
2
M
M
δ∆gbias (P ) = −
− δVbias
(P )
(8.17)
∂r
rp
P

Considering Eqs. (8.10) and (8.13), the following formulas is derived:
M
δ∆gbias
(P )

=µ

M ZZ
X

Kn (rP , rs ) Pn (tP Q ) dσQ

(8.18)

n=0 σ

where
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rS n+3
rS −n+2

−1
−1
rP
rP
(n − 1)
− (n + 2)
Kn (rP , rS ) = rP
n+3
n−2







rS 5
 


−1

rP
rS

+
4
ln
5
rP

if rP > rS
if rP < rS and n 6= 2
if rP < rS and n = 2

(8.19)
As before rP and rS can be chosen in different ways. In this thesis we limit
ourselves to the spherical approximation given by Eq. (8.14).

8.3

Binomial Expansions for the Gravitational Potential and Gravity Anomaly Biases

The strict integration formulas derived in Section 8.2 can be applied directly using
a Digital Terrain Model (DTM); cf. the numerical tests in Section 8.5. It is
often useful, though, to apply only a few terms of the corresponding binomial
expansion. In this section the binomial expansions of the analytical continuation
biases for the gravitational potential and the gravity anomaly are introduced. As
in the last section, a full discussion is first given of the former quantity, while the
corresponding formulas for the latter (gravity anomaly) are presented after that.
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The section ends with a short discussion of the case when the maximum degree
approaches infinity.
To derive the binomial expansion for the gravitational potential bias, the powers in (8.13), i.e. (rS /rP )m = (1 + (rS − rP ) /rP )m , are expanded according to the
binomial theorem. Additionally, if the natural logarithm in (8.13) is expanded in
a Taylor series, the following formula is found after some straightforward manipulations (Martinec 1998):

 
 

∞
X
1
∆HP i
n+2
1−n
2
(8.20)
In (rP , rS ) = rP
−
i−1
i−1
i
rP
i=2

where the special function
∆HP =



0
rS − r P

if rP > rS
if rP < rS

(8.21)

has been introduced. It should be noticed that ∆H P is equal to the height of the
surface above the computation sphere through P in case this quantity is positive.
Otherwise it is zero. This definition makes it possible to compute the bias both
at the geoid and at the surface. If, however, the geoid bias under spherical approximation is computed, using rP = R and rS = R + H as in Eq. (8.16), then
Eq. (8.21) becomes simply ∆HP = H in case H ≥ 0 and zero otherwise. Below
the general definition in Eq. (8.21) is used.
If the terms up to and including power 6 of the elevation difference are evaluated, the following expansion is found (Sjöberg 1977 and 1999):
"
∆HP2
∆HP3
n (n + 1) ∆HP4
+
+
In (rP , rS ) = (2n + 1)
2
3rP
4!
rP2
#
(n − 1) n (n + 1) (n + 2) ∆HP6
+
+ ···
(8.22)
6!
rP4
This yields the following formulas, corresponding to Eqs. (8.11) and (8.12):
M
δVbias
(P ) =

M X
n
X

bias
δCnm
(rP ) Ynm (P ),

(8.23)

n=0 m=−n

bias
δCnm

(rP ) = 4π
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4
µ∆H
n
(n
+
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P
nm
nm
nm
+
4!
rP2
#

(n − 1) n (n + 1) (n + 2) µ∆HP6 nm
+
+ ···
6!
rP4

µ∆HP2
2



µ∆HP3
+
3rP



(8.24)

where the different powers ν of ∆HP times the density µ have been expanded in
a series of surface spherical harmonics:
ZZ
1
(µ∆HPν )nm =
µ∆HPν Ynm (Q) dσQ
(8.25)
4π
σ
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Notice that the 5th power term is completely missing. Limiting ourselves to the
second and third power, Eqs. (8.23) and (8.24) can be written in the following
particularly simple form, which is not possible for the higher terms for a finite M ,
since they depend on the degree n:
"
#

3

2
µ∆H
(P
)
P M
M
δVbias,3
(P ) = 2π µ∆HP2 M (P ) +
(8.26)
3rP
where
(µ∆HPν )M (P ) =

n
M X
X

(µ∆HPν )nm Ynm (P )

(8.27)

n=0 m=−n
M
δVbias,3

The notation
has been chosen to indicate the maximum power of the
elevation difference present in the series. To apply the above formulas, the density
µ times the powers of the elevation difference ∆H P need to be expanded in a
series of surface spherical harmonics; see further the numerical investigations in
Section 8.5. From Eq. (8.26) it can be seen that the term containing the third
power of elevation is very small. If the spherical approximation in Eqs. (8.15)
and (8.16) is used with R = 6371 km, µ = 1.781424 s −2 , γ0 = 9.81 m and H
= 5 km, it is realised that the third power term contribute less than 1.5 mm to
the geoid height. Notice that H = 5 km is close to the maximum height for a
spherical harmonic expansion (8.27) with a reasonably low maximum degree M .
Furthermore, since the term in question does not depend on the degree n explicitly,
it cannot be expected that it will grow substantially with M .
The corresponding formulas for the gravity anomaly bias can easily derived
by means of Eq. (8.17); cf. Sjöberg (1977) and (1999). For instance, instead of
Eq. (8.22)





n (n + 1) 2 ∆HP3
−
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(8.28)

and Eq. (8.26) including terms up to at power 2 becomes
M
δ∆gbias,2
(P ) = 4π (µ∆HP )M (P )

(8.29)

The other formulas for the gravity anomaly bias are easily arrived at by analogy.
Notice that the ∆H 2 term is identically zero in Eqs. (8.28) and (8.29).
Case study: M → ∞
Let us now study the case when M → ∞ for the two lowest terms in the binomial
expansion of the gravitational potential bias; cf. Sjöberg (1999). It can reasonably
be assumed that µ and ∆HP are piecewise continuous over the computation sphere
for any P . Since the functions µ∆HP2 and µ∆HP3 are then square integrable, the
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order of summation and integration can be interchanged (e.g. Wilcox and Myers
1978). This yields in the limit, using Eqs. (8.26) and (8.27):


2∆HP3 (P )
∞
2
δVbias,3 (P ) = 2πµ ∆HP (P ) +
(8.30)
3rP
∞ might be divergent. Remember
However, Eq. (8.30) is problematic since δV bias
∞ diverges below
that the question was left open whether the external series V ext
∞
the bounding sphere or not. If it does, then δV bias also diverges. In this case, the
∞ , 3 in Eq. (8.30) is unclear: While the geoid bias δV ∞ diverges,
status of δVbias
bias
∞
the bias δVbias,3
approaches a finite limit as M → ∞. As discussed in Section 8.2,
one way to handle the divergence is to truncate the spherical harmonic expansion
∞ can then be applied
at the maximum degree M . A correction for the bias δV bias
to convert the external series to a correct counterpart. This strategy is the one
adhered to in the present thesis. Eq. (8.30) will therefore not be used without
explaining exactly how the infinite maximum degree should be understood.

8.4

Topographic Corrections in Geoid Determination
by an EGM

So far we have not discussed how the analytical continuation bias can be used in
practical geoid determination. It is the purpose of this section to show how the
analytical continuation bias of the geoid height (geoid bias) can be utilised in geoid
determination by an Earth Gravity Model (EGM) alone, i.e. without terrestrial
gravity data. It is also the aim to investigate how this technique relates to Rapp’s
method, mentioned in the introduction 8.1 and to derive an optimal technique for
geoid determination by an EGM together with a detailed DTM.

8.4.1

The geoid bias method

Assume now that an EGM is to be used to estimate the geoid undulation. The
EGM is represented by an external type spherical harmonic representation truncated at degree M , which is strictly equal to the corresponding correct expansion
only outside the bounding sphere. When the EGM is applied inside the masses to
estimate the continental geoid, a correction has to be applied for the geoid bias.
Even though an external series can be a good approximation of the true potential
V between the surface and the bounding sphere (Jekeli 1981 and 1983), this is not
the case inside the masses for the continental geoid. Since the truncation error
for the correct series is unknown to us, our best option is to apply a correction
for the analytical continuation bias of the geoid height (geoid bias). The quantity
estimated by the EGM at sea level P0 is the downward continued height anomaly
ζ M (P0 ). The latter is defined by:
ζ M (P0 ) =

M (P )
M (P )
Text
V M (P0 ) − Uext
0
0
= ext
γ0
γ0
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(8.31)

M is the disturbing potential estimated by the EGM using an externalwhere Text
M is the truncated normal potential series, which is naturally of
type series and Uext
the external type. The estimated geoid height then becomes
M
N M = ζ M (P0 ) − δNbias

(8.32)

M is the geoid bias correction (note the sign) defined in Eqs. (8.7)
where −δNbias
and ( (8.15). Using the spherical approximation (8.16) and limiting us to the first
term in the binomial expansion in Eq. (8.26), the following correction formula is
obtained:

2π µH 2 M
M
M
N = ζ (P0 ) −
(8.33)
γ0

where µH 2 M is given by a spherical harmonic expansion with maximum degree
M of the density times orthometric height of the surface squared. Notice that
it is essential that M is finite in the above derivations. If the real density and
height is used in Eq. (8.33) in the same way as in Eq. (8.30), then the computed
bias becomes too rough, compared to the smoother counterpart in Eq. (8.33). It
is not difficult to find examples in mountainous regions (like the Alps or Rocky
Mountains) of that the real and the smoothed heights differ by hundreds or even
thousands of meters. This yields large errors in the estimated geoid bias correction.
Now, an important question is how many terms in the binomial expansion that
are sufficient for geoid determination by an EGM, which utilises a comparatively
low maximum degree M. This question is investigated numerically in the next
section. First, however, we take a look at another method for geoid determination
by an EGM.

8.4.2

Rapp’s method

As mentioned in the introduction, Rapp (1997) suggested another approach to
topographic corrections in geoid determination by an EGM. The purpose of the
present section is to outline how his method relates to the geoid bias technique
treated above.
Rapp (ibid.) starts from the well-known formula for the quasigeoid-to-geoid
separation (Heiskanen and Moritz 1967 and Sjöberg 1995; cf. also Eq. 6.56),
N = ζ (P ) +

∆gB (P )
∆gF (P )
2πµH 2
H = ζ (P ) +
H−
γ̄
γ̄
γ̄

(8.34)

where ζ is the height anomaly, ∆gB is the Bouguer anomaly and γ̄ is the mean
normal gravity between the reference ellipsoid and the telluroid. The point P is
assumed to be on the surface, while P 0 below is the corresponding point on the
geoid, projected along the ellipsoidal normal. In order to implement Eq. (8.34),
Rapp proceeds in the following way. First, for efficiency reasons, he prefers to
correct the downward continued height anomaly at sea level, instead of correcting
the height anomaly at the surface. To still be able to use Eq. (8.34), the following
Taylor series is applied, which can be derived considering the first identity in
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Eq. (8.31):
∂ζ
∂r

ζ (P ) = ζ (P0 ) +

H=
P0

1 ∂T
ζ (P0 ) +
γ0 ∂r

∂
H + T (P0 )
∂γ
P0

 
1 ∂γ
γ ∂r

H

(8.35)

P0

Furthermore, both the free air gravity anomaly ∆g F and the radial derivative
∂T /∂r are represented by an EGM with maximum degree M . The topographic
height H is also expanded in a series of spherical harmonics, using the same
maximum degree M . Inserting Eq. (8.35) into Eq. (8.34) leads to the following
correction to the estimated downward continued height anomaly ζ M (P0 ):
N M = ζ M (P0 ) +

1 ∂T
γ0 ∂r

M

HM +
P0

T M (P0 ) 2
HM
γ0
r P0
+

2
∆gFM (P )
2πµHM
HM −
γ̄
γ̄

(8.36)

where the spherical approximation, ∂γ/∂r = −2/r · γ, has been utilised for the radial derivative of the normal gravity. The sub/superscript M has been introduced
to indicate that the quantity in question is computed using series of spherical
harmonics with maximum degree M .
Rapp then neglects the small third term on the right hand side of Eq. (8.36).
He also computes the free air gravity anomaly at sea level (ellipsoid), instead of
at the surface as in Eq. (8.36). Thus, Rapp (ibid.) proposes the following formula
to be used in practice:
N

8.4.3

M

=ζ

M

1 ∂T
(P0 ) +
γ0 ∂r

M

HM +
P0

2
∆gFM (P0 )
2πµHM
HM −
γ̄
γ̄

(8.37)

Comparison of the geoid bias and Rapp methods

Let us investigate how Rapp’s technique is related to the geoid bias method.
First, the neglected third term on the right hand side of Eq. (8.36) is again added.
The addition of this term can actually be justified by that Rapp (ibid.) explicitly
recommends that it should be included in the future. It should further be noticed
that it is very small. It was never greater than 7 mm in the test computations
presented in Rapp (1997). If the small difference between γ 0 and γ̄ (see below)
is neglected, and the ”fundamental equation in physical geodesy” in Eq. (2.5) is
used, Eq. (8.37) reduces to:
N M = ζ M (P0 ) −

2
2πµHM
γ0

(8.38)

If standard density is used, this is identical to Eq. (8.33), i.e. to the geoid bias
method with only the first binomial term. In the derivation it was assumed that
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γ̄ is equal to γ0 . Let us consider the magnitude of this approximation. We have,
keeping only terms linear with respect to H in the Taylor expansion:


1
H
1
1
≈
≈
1+
(8.39)
H
γ̄
γ0
R
γ0 + ∂γ
∂r 2
where R = 6371 km is the mean Earth radius. Using the numerical values H =
HM = 5000 m, µ = 1.781424 · 10−7 s−2 , R = 6371 km and ∆gFM = 100 mGal, it is
found that
2
2
2 H
2πµHM
2πµHM
2πµHM
−
≈
≈ 2 mm
(8.40)
γ̄
γ0
γ0 R
and

∆gFM H M
∆gFM H M H
∆gFM H M
−
≈ 0.4 mm
≈
γ̄
γ0
γ0 R

(8.41)

Thus, the technique of Rapp (1997) in Eq. (8.37) is practically identical to
the simple geoid bias method in Eq. (8.33) on the present level of approximation.
This is not the case for the original quasigeoid-to-geoid formula (8.34), in which
the height anomaly ζ and free air gravity anomaly ∆g F are computed at the
surface point P . It should also be mentioned that Nahavandchi (2002) utilised a
very similar quasigeoid-to-geoid separation technique to estimate geoid heights by
an EGM, which he called the indirect method. In contrast to Rapp, Nahavandchi
(ibid.) used Eq. (8.38) with the additional correction term provided by Sjöberg
(1995), given in Eq. (9.30) below. In this case the geoid bias and quasigeoidto-geoid separation methods do not give the same results, as is also shown by
Nahavandchi (ibid.). Notice that the direct method of Nahavandchi actually is
identical to the geoid bias method limited to the H 2 and H 3 terms.

8.4.4

Optimal Use of the DTM

In the geoid bias method for geoid determination by an EGM, which was found to
be identical to Rapp’s technique, the idea is that the usual external-type spherical
harmonic expansion with maximum degree M is converted to an internal-type
series using a DTM expanded to the same degree M . However, one might ask if
there are no better ways to utilise the information in the DTM, which is often
available with considerably higher resolution. The purpose of this section is to
derive a method that has a lower expected global mean square error than the
geoid bias technique.
Let us start by noting that the global truncation RMS-error for the geoid bias
method is obviously,
v
u X

2
u ∞
2
t
δ N̄ = c
cfnull
(8.42)
n−1
n=M +1

Consider now the unbiased geoid estimator in its remove-compute-restore form
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with zero and first degree corrections in Eq. (7.6),
ZZ


∗
c
0−M
2−M
S L (ψ) ∆g − δ∆gdir − ∆gegm
− δ∆gdir
dσ
N=
2π
σ0


0−M
2−M
+ Negm
− δNdir
+ δNI

which has the global truncation RMS-error, cf. Eq. (3.10),
v
u X
u ∞
red
δ N̄ = ct
QL
n cn

(8.43)

(8.44)

n=M +1

where QL
n are the truncation coefficients for the modified Stokes’ formula, c =
(R/2γ) and cred
n are the gravity anomaly degree variances for the topographically
reduced field. As a special case, the integration cap is now reduced to zero, which
means that Stokes’ integral vanishes. The result is,
0−M
2−M
− δNdir,ext
+ δNI
N = Negm

(8.45)

0−M
where it is explicitly noted that δN dir
is expanded in an external-type series
of spherical harmonics. Taking the definition of the geoid bias into account, this
equation becomes, assuming that δNI is expanded into an internal series,
(M+1)−∞

2−M
M
N = Negm
− δNbias
+ δNI

where

(M+1)−∞

δNI

0−M
= δNI − δNI,int

(8.46)
(8.47)

is the high-frequency part of the indirect effect, generated by the topographic
masses minus the compensation. The correction thus reduces the truncation error,
which now becomes
v
u X

2
u ∞
2
t
δ N̄ = c
cred
(8.48)
n ,
n−1
n=M +1

the more so the smaller cred
n are in comparison to the degree variances for the full
field cfnull . In general, cred
n becomes smaller for more realistic compensation mechanisms. Usually, some kind of isostatic reduction should therefore be preferable,
but Helmert’s 1st condensation method could also be a good alternative. To get
a feeling for how much smaller the global RMS value can be for the topographically reduced field compared to the full counterpart, the global truncation RMS
errors in Table 2.6 can be considered for M = 180. As can be seen, a significant
improvement can be expected.

8.5

Numerical Investigations of the Strict and Approximate Formulas for the Geoid Bias

In this section a number of investigations of the accuracy of the binomial expansion
are presented. Since EGMs with very high maximum degrees exist today (Wenzel
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1998), and will likely be constructed in the future, maximum degrees M as high
as 1800 are considered. Another reason for incorporating high frequencies, is that
the geoid bias correction can be utilised also when an EGM is used together with
terrestrial gravity data, using the combined approach to topographic corrections
(e.g. Sjöberg 2000, 2003b) defined in Subsection 3.2.2. Note, however, that it is
not immediately clear how the analytical continuation bias should be interpreted
in this case; cf. the discussion in Section 9.3.
It is clear that the accuracy of the truncated binomial expansions depends not
only on the height difference ∆H = rS − rP , but also on the maximum degree
M , since higher powers of rS /rP are then present in the kernel. Sun and Sjöberg
(2001) have studied how many terms are needed in the binomial expansion of
(1 + H/R)−n and (1 + H/R)n for different n and H. For example, concerning the
first of these formulas, they found that in order to obtain a relative error less than
1 % for H = 4000 m, only two terms are sufficient for n = 720, while 26 terms are
needed when n = 10800.
It is illustrative to make a similar comparison for the truncated binomial expansions of the kernel (8.13). Table 8.1 presents the relative errors of the lowest
terms in the binomial series (8.22), where the relative errors have been computed
using true values from the exact kernel (8.13). Furthermore, the spherical approximation (8.16) with rP = R and rS = R + H has been applied with the height
set to 4000 m. It should be noticed that Table 8.1 presents the relative errors of
the truncated binomial expansions for individual degrees, and that the binomial
expansions in the columns include all terms from H 2 up to the power indicated,
with the exception of the term including power 5. As remarked above, the zero,
first and fifth power terms cancel. The approximation is good (below 1 %) for the
Table 8.1: Relative errors for various degrees n and maximum powers H x of the
truncated binomial expansion of the kernel (8.13), using r P = R, rS = R + H with
the numerical values R = 6371 km and H = 4000 m.
Degree n
360
720
1080
1800
3600
10800

H2
-0.47
-1.73
-3.79
-10.04
-33.59
-94.76

Relative error [%]
H3
H4
-0.43
0.00
-1.69
-0.01
-3.75
-0.06
-10.00 -0.42
-33.56 -5.28
-94.76 -74.70

H6
0.00
0.00
0.00
-0.01
-0.46
-43.95

lowest binomial terms up to somewhere between degree 360 and 720. This suggests
that the simple term proportional to topographic elevation squared in the binomial expansion (Eq. 29 (8.33)) might be accurate enough for models truncated
at these degrees, also in very high mountains. Of coarse, it is not possible to say
how the relative errors in In (rP , rS ) of Table 8.1 propagate to the computed geoid
bias. At this stage, however, the most important conclusion is that the accuracy
for terms 2 and 3 degenerates quickly for higher frequencies. The errors start
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to grow at degree 1080 and at 10800, which approximately corresponds to 2 km
resolution at the surface, they are very large. This reminds us that we must not
jump to conclusions regarding the accuracy of the truncated binomial expansion
for other frequencies (degrees) than those tested, in complete agreement with the
conclusions of Sun and Sjöberg (2001).
The results in Table 8.1 have been computed for the comparatively large height
4000 m. To illustrate how the accuracy depends on the height, the relative error
of the H 2 term is presented in Table 8.2. It can be seen that the elevation is a
very important parameter. For instance, in the roughest mountain terrain, the
approximation yields 1 % relative error somewhere around degree 360 to 720, while
the same relative error at degrees higher than 3600 is obtained when the height
is only 500 m. In what follows it is important to remember that the accuracy of
the binomial expansion depends on both the height and the degree in the ways
indicated by Tables 8.1 and 8.2. It should also be remembered that so far only
Table 8.2: Relative errors for various degrees n and topographic heights H for the
H 2 term in the binomial expansion of the kernel (8.13), using r P = R, rS = R + H
with R = 6371 km.
Degree n
360
720
1080
1800
3600
10800

500 m
-0.01
-0.03
-0.07
-0.17
-0.67
-5.78

Relative
1000 m
-0.04
-0.12
-0.25
-0.67
-2.63
-20.87

error [%]
2000 m
-0.13
-0.45
-0.97
-2.64
-10.02
-58.52

4000 m
-0.47
-1.73
-3.79
-10.04
-33.59
-94.76

the relative errors for the binomial expansion of the kernel itself have been studied
for individual degrees. The error in the geoid bias, computed using real height
data from a Digital Terrain Model (DTM), have not been considered. Below the
results from some tests of the accuracy of the binomial expansion are presented.
These tests were conducted using the DTM GETECH 5, which has been compiled
by the University of Leeds (Getech 1995). It consists of mean heights and ocean
depths in a 5’×5’ worldwide grid. The purpose of the tests is to investigate how
good results can be obtained by the truncated binomial expansions in Eqs. (8.23)
to (8.25) for various maximum degrees M . The results from the strict integral
representation in Eqs. (8.10) to (8.13) are used as truth in the evaluation of the
results. It should be emphasised that it is not the aim here to investigate how
much the errors in the DTM affect the computed geoid bias. This is obviously an
important question, which needs to be properly considered in the future. Another
crucial question, not investigated here, is on the best way to perform spherical
harmonic analysis from a numerical point of view; see further the remarks in the
paragraph below.
The spherical harmonic analysis part of the processing was performed as follows. First, the DTM was thinned out to a 6’×6’ grid using bilinear interpolation.
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The Nyquist frequency of this grid corresponds to the largest maximum degree
M that was used, namely 1800. Negative heights (depths) were set to zero, as
is required by Eqs. (8.13) and (8.21). The coefficients were then estimated using
Eqs. (8.12) and (8.13) in the strict case and Eqs. (8.24) and (8.25) for the binomial approximations. The spherical approximation in Eq. (8.16) was applied in
all computations. Numerically, the coefficients were estimated by the so-called
point value formulas in Colombo (1981) using the midpoint rule for numerical
quadrature in the same way as described in Subsection 6.2.4. When the strict and
binomial formulas were compared for lower maximum degrees, e.g. M = 360, the
coefficients were still estimated from the same 6’×6’ grid as above. The reason
for this is to diminish the sampling errors that are introduced. It is clear that
the computed geoid bias will depend on the method used for spherical harmonic
analysis. However, as the main purpose of this section is to compare different
formulas for the geoid bias, the conclusions are affected very little by the choice
of numerical method. On the other hand, in a real situation, the question of
numerical quadrature is very important, but it is out of the scope of this thesis
to investigate all aspects of this problem here. It should finally be mentioned
that FFT was used to speed up the computations (Colombo ibid.), and that the
recursive calculation of Legendre functions were checked in the way described in
Wenzel (1998); see also Paul (1978). The main reason for limiting the tests to
the maximum degree M = 1800 is to make it possible to compute the Legendre
functions with sufficient accuracy.
The synthesis part of the processing was made in the following way. The geoid
bias was evaluated in a global equi-angular grid for different maximum degrees M
using Eqs. (8.11) and (8.15) in the strict integration case and Eqs. (8.23) and (8.15)
in the binomial expansion cases. The block size of the global equi-angular grid was
set to the Nyquist resolution of the maximum degree M , i.e. ∆φ = ∆λ = π/M , in
all cases. Again FFT was used to reduce the computation time. The results were
evaluated in two test areas, which are called test area A and test area B. The first
is situated in Himalaya and is extremely rough, while area B covers large parts of
Europe. The terrain is much smoother in the latter area, even though it contains
the Alps. The topographic heights in the two areas are illustrated in Fig. 8.1.
The geoid bias, computed by the strict integration formula using M = 360,
is presented for the two test areas in Fig. 8.2. It can be seen that the bias is
large in mountainous areas. Table 8.3 contain some basic statistical parameters
for the strictly computed geoid bias for the different maximum degrees 360 and
1800, respectively. It can be seen that the geoid bias has approximately the same
M in test areas A and B. Units: [m].
Table 8.3: Statistics for the geoid bias δN bias

Area
A
B
A
B

M
360
360
1800
1800

Mean
1.280
0.025
1.280
0.025

Min
-0.129
-0.064
-0.032
-0.050
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Max
3.712
0.698
4.718
1.590

StdDev
1.235
0.073
1.250
0.084
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Figure 8.1: Smoothed topographic heights in test areas A (left) and B (right) from
Getech (1995). Units: [m].
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Figure 8.2: The geoid bias δNbias
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size for the two maximum degrees and that it has not started to diverge in some
violent way for the rather high maximum degree 1800.
Now, the results from the comparison of the strict integral formula and the
2
H term in the binomial expansion are presented in Table 8.4 for both test areas
and the maximum degrees 360, 720, 1080 and 1800. The result for those areas in
Europe, where the height is less than 1000 m, is also given. In Table 8.4 about the
Table 8.4: Difference between the H 2 term and the strict integration formula for
test areas A and B. The last row are for the parts of area B with H < 1 km.
Units: [mm]
Area
A
A
A
A
B
B
B
B
B (< 1)

M
360
720
1080
1800
360
720
1080
1800
1800

Mean
-0.6
-0.6
-0.6
-0.6
0.1
0.0
0.0
0.0
0.0

Min
-8.1
-44.3
-83.7
-237.1
-0.5
-3.7
-7.3
-40.4
-5.1

Max
5.1
21.0
65.3
141.3
0.3
2.2
5.0
17.2
9.1

StdDev
1.3
3.8
7.9
14.6
0.1
0.1
0.3
0.7
0.3

same result is obtained as could be expected from Tables 8.1 and 8.2 above. In the
highest mountains in Himalaya (area A), the H 2 approximation is reasonably good
only for maximum degree M = 360. It can also be seen that the approximation
deteriorates rather quickly for higher M . In Europe (area B), the results are good
up to considerably higher M , but the errors are a bit too large at the maximum
degree 1800. Generally, it can be seen that the results depend considerably on
the topographic heights. If the results for those areas of Europe with heights less
than 1000 m are studied, it can be seen that the term is excellent for M = 1800.
Based on the above results, it is concluded that the first term in the binomial
expansion (Eq. (8.33)), is sufficiently accurate for geoid determination with 1 cm
precision for the case an EGM with maximum degree 360 is used, also in the
highest mountains. For more moderate areas, like in Europe, it is sufficiently
accurate up to somewhere around degree 1000, and considerably higher if the
peaks of the Alps are disregarded; cf. Table 8.4. Thus, for most parts of the
World, Eq. (8.33) is suitable, not only for an improved version of EGM 96 with
the extended maximum degree 720, but also for ultra-high degree geopotential
models with M = 1800 (Wenzel 1998).
However, the H 2 term is not accurate at the 1 cm level for high maximum
degrees in the highest mountains. Thus, more terms in the binomial expansion
need to be considered or the strict integral formula should be used. Table 8.5
presents the result in case the binomial series includes terms up to power H 4 .
The H 3 results are not considered, since they are practically identical with the
counterparts; see the discussion in Section 8.3. It can be seen that the accuracy
has improved. Only in the highest mountains in the world the errors are on the
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Table 8.5: Difference between the H 4 term and the strict integration formula for
test areas A and B. Units: [mm]
Area
A
A
A
A
B
B
B
B

M
360
720
1080
1800
360
720
1080
1800

Mean
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0

Min
-0.1
-0.4
-2.1
-15.9
-0.1
-0.1
-0.1
-1.0

Max
0.1
0.3
2.5
12.1
0.1
0.1
0.1
0.5

StdDev
0.0
0.1
0.2
0.9
0.0
0.0
0.0
0.0

1 cm level. A similar computation including terms up to power H 6 reveals that
the agreement with the strict formula is perfect. As this table contains only zeros,
it is not presented here. Anyhow, as more and more terms are needed in the
binomial expansion when the maximum degree increases, the resulting formulas
become more and more inconvenient and cumbersome. Hence, the beauty of the
simple Eq. (8.33) is lost, and for very high maximum degrees it seems better to
compute the bias by the strict formula in Eqs. (8.10) to (8.13).
The above results are also important when the geoid bias correction is applied
in the combined approach to topographic corrections. This topic is treated in the
next chapter.
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Chapter 9

The Combined Approach to
Geoid and Quasigeoid
Determination
9.1

Introduction

The main purpose of this chapter is to treat some aspects of the combined approach that have not been investigated so far. Sjöberg’s combined approach was
introduced in Section 3.2.2, in which the combined topographic correction was
also derived, although without introducing the harmonics of degree zero and one.
The combined treatment of downward continuation proposed by Sjöberg (2003a)
was then treated in Section 5.4. Furthermore, it was shown in Section 3.2 that the
truncation error can be expected to be larger for the combined type of estimator,
compared to the remove-compute-restore counterpart. It was also concluded in
Section 5.2 that denser gravity anomaly observations are required for the former
type of estimator, which implies that some kind of interpolation usually needs to
be performed. The interpolation should be made on gravity anomalies that have
been reduced for the influence of all known density anomalies. After the interpolation, all masses are put back to where they came from, and the combined approach
can be applied as usual; cf. the approximative Helmert technique in Section 7.3.
In the present chapter, the derivation and meaning of the combined topographic correction will be studied in detail, which can be seen as a continuation
of the treatment of the analytical continuation bias in the last chapter. Other
purposes of the chapter are to test one version of the combined approach using
the Nordic SEGM and to suggest a combined approach to the estimation of height
anomalies. These topics are dealt with in Sections 9.4 and 9.5, respectively. The
latter investigations naturally lead to the question how accurate one can go from
geoid heights to height anomalies. This is also tested for the Nordic SEGM in
Section 9.5. Finally, a new interpretation of the combined topographic correction
is suggested in Section 9.6.
It should be mentioned that the results from some tests made in the Alps
are presented in Section 9.3. However, the numerical investigations presented
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in Sections 9.4 and 9.5 are again made using the Nordic SEGM, developed in
Chapters 4 and 6.

9.2

The Combined Topographic Correction

The purpose of this section is to introduce the combined approach to such an extent
that it is possible to discuss its exact interpretation in the next section; see Sjöberg
(2000, 2001a and 2003b) for further details. The main outlines of the removecompute-restore approach, as it is understood here (e.g. Sjöberg 1996, 2000a;
Martinec 1998; Vanı́ček and Martinec 1994), are also summarised. More details
can be found in Sections 6.2 and 7.2, which deals with topographic corrections for
the remove-compute-restore approach.
In Subsection 3.2.2 it was shown that the combined topographic correction
is independent on how the modified Stokes’ integration is made and on how the
EGM is utilised. It will therefore be assumed throughout the present section
that Stokes’ integration is performed over the full unit sphere σ using the original
(unmodified) Stokes’ function S(ψ) and no EGM. Under the above assumptions,
the unbiased remove-compute-restore estimator in Eq. (7.6) becomes
ZZ
c
0−1
Ñ = −δNdir +
S (ψ) (∆g − δ∆gdir )∗ dσ + δNI
(9.1)
2π
σ

The direct effect on the gravity anomaly, δ∆g dir , and the indirect effect on the
geoid height, δNI , are defined in terms of the residual topographic potential δV t/b
in the usual way through Eqs. (6.31) and (6.36).
Let us now take a closer look at the combined strategy. To do this, Eq. (9.1)
is rewritten in the following way:
ZZ
R
Ñ =
S (ψ)∆gdσ + δNdwc + δNcomb
(9.2)
4πγ0
σ

where in which δNdwc is the downward continuation effect propagated through
Stokes’ formula, which was treated separately in Section 5.4, and δN comb is the
combined topographic effect:
ZZ
R
0−1
∗
δNcomb = −δNdir + δNI = −δNdir −
S (ψ)δ∆gdir
dσ + δNI
(9.3)
4πγ0
σ

It is shown in Sjöberg (2000) and (2001a) that the combined topographic effect,
defined in Eq. (9.3), is equal to the geoid bias correction under certain assumptions. To be able to discuss the interpretation of the combined approach at depth
in the next section, the main outlines of this derivation are now sketched. The
maximum degree K of the spherical harmonic expansions for the direct and indirect effects is left undefined for the time being. It is assumed that Helmert’s
second condensation technique is used with the surface density, ρH, but any other
compensation might as well have been chosen. The residual topographic potential
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then becomes in spherical approximation, using the definition of the residual topographic potential in Eq. (7.7), Newton’s integral (8.1) and an ordinary surface
integral for the Helmert layer (Heiskanen and Moritz 1967):
δV

t/b

(P ) =

ZZ

µ

σ

ZrS

R

2
rQ

lP Q

drQ dσQ − R2

ZZ
σ

µH (Q)
dσQ
lP Q

(9.4)

where the laterally variable density is given by µ = Gρ. If Eq. (9.4) is substituted
into Eq. (6.36), the direct effect on the gravity anomaly at the surface point P ,
i.e. δ∆gdir (P ), is derived. The latter quantity is now expanded into a series of
spherical harmonics. This can be done in two different ways, depending on if a
correct or an external series is used to represent the reciprocal distance. In the
former case,
K
K
K
δ∆gdir (P ) ≈ δ∆gdir,corr
(P ) = δ∆gdir,ext
(P ) − δ∆gbias
(P )

(9.5)

where the correct expansion converges to δ∆g dir as K → ∞. In the latter case, an
K
external-type series is used, which means that the gravity anomaly bias δ∆g bias
at the surface point P is not taken into account. Thus,
K
δ∆gdir (P ) ≈ δ∆gdir,ext
(P )

(9.6)

The above two ways of expanding the direct effect at the surface will be further
compared and discussed in the next section. At this point it is sufficient to note
that the external series with maximum degree K in Eq. (9.6) is used to represent
the direct effect at the surface in the derivation of the combined topographic correction. (It will later be downward continued to sea level and propagated through
Stokes’ formula.) The correct series in Eq. (9.5) is not used in the derivation,
but is presented here only as an alternative way of approximating the direct effect
δ∆gdir . Now, utilising Eqs. (6.36), (9.4) and the external-type series (8.2), the
truncated external type series representation in Eq. (9.6) becomes:
K
δ∆gdir,ext

(P ) =

K
X

n=0

(n − 1)

−

K
X

n=0



R
rP

n+2 ZZ

(n − 1)

σ



R
rP

µ

ZrS 

R

n+2 ZZ

rQ n+2
drQ Pn (tP Q ) dσQ
R

µH (Q) Pn (tP Q ) dσQ

(9.7)

σ

The indirect effect on the geoid height can be found in a similar way from Eq. (9.4)
and (6.31), but this time an internal-type series (8.5) is used to model the reciprocal distance:
δNI ≈

K
δNI,int

ZrS  n+1
K ZZ
1 X
R
2
=
µ
rQ
drQ Pn (tP0 Q ) dσQ
Rγ0
rQ
n=0 σ

R

K ZZ
RX
−
µH (Q) Pn (tP0 Q ) dσQ
γ0 n=0
σ
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(9.8)

K
where δNI,int
→ δNI as K → ∞. Notice that here a correct series is used to
represent the reciprocal distance. The direct effect on the gravity anomaly, given
by Eqs. (9.6) and (9.7), is now downward continued to sea level by the replacement
rP = R. If the result is propagated through Stokes’ formula and the zero and first
degree direct effects (Sjöberg 2001a), as well as the indirect effect in Eq. (9.8), are
added, then the combined topographic effect in Eq. (9.3) becomes approximately:
K
K
δNcomb = δNdir + δNI ≈ δNdir,ext
+ δNI,int
ZrS " n+1  n #
K ZZ
rQ
1 X
R
2
=
µ
−
rQ
drQ Pn (tP0 Q ) dσQ
Rγ0 n=0
rQ
R
σ

R

K
= −δNbias
.

(9.9)

Thus, the combined topographic effect is approximately equal to the geoid bias
correction in spherical approximation; cf. Eqs. (8.9), (8.16) and (9.9). How good
K
the above approximation is, depends on how well δ∆g dir,ext
approximates δ∆gdir
K
at the surface, and on how well δNI,int approximates δNI , where it is assumed
that δ∆gdir and δNI are computed by strict integral formulas without the use of
spherical harmonics and Taylor expansions. It should finally be noticed that the
contributions from compensation masses of the gravity reduction have cancelled,
which depends on that they are both modelled using an external type of series.

9.3

On the Interpretation of the Combined Topographic
Correction

In the last section the discussion of how the maximum degree K should be understood was postponed. This question is intimately related to how the combined
approach should best be interpreted, which is the topic of the present section.

9.3.1

An infinite maximum degree K

The first answer to the question of how the maximum degree K should be chosen
is to let it approach infinity, but this choice is problematic in at least two ways.
The first problem is that it is uncertain whether the external spherical harmonic
expansion converges down to the surface; cf. the discussion in Section 8.2. If this is
nevertheless assumed (e.g. Sjöberg 2000), it is clear that the approximation signs
K
in Eqs. (9.6), (9.8) and (9.9) can be replaced by equality signs, since δ∆g dir,ext
→
K
δ∆gdir at the surface and δNI,int → δNI as K → ∞. At this point, however,
∞ should be computed
the second problem arises, namely how the geoid bias δN bias
inside the masses. Even if it is assumed that the infinite external series converges
to some value in this region, which appears unlikely, we do not have the means
to strictly compute the corresponding geoid bias for an infinite maximum degree:
The strict integral formula in Eqs. (8.10) to (8.13) cannot be utilised, since the
kernel function In (rP , rS ) can only be calculated for finite degrees n. This means
that a finite number of terms in the binomial expansion have to be used. On the
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other hand, if the external series diverges in the same region, then also the use of
binomial terms becomes questionable; cf. the discussion in Subsection 9.3.1. Thus,
it is concluded that it is not a good idea to let K go to infinity at this point.

9.3.2

K equal to the Nyquist degree of the DTM/gravity anomaly
grid

As mentioned in Sections 8.2 and 8.3, we prefer to avoid the possible divergence of
the external series by consistently limiting ourselves to a finite maximum degree
K. It is not immediately clear, however, how K is to be chosen for the combined
approach. One suitable alternative might be to use the Nyquist frequency (degree)
of the terrestrial gravity anomaly grid utilised in Stokes’ formula, since higher
frequencies are lost in the sampling process anyhow. It is here assumed that the
gravity anomaly grid, obtained by interpolation, coincides with the DTM grid.
The Nyquist frequency for an equi-angular grid is defined as π/∆φ, where ∆φ is
the block size. It is noted that also coefficients of higher degrees can be solved
to some extent. However, in what follows the simple definition is preferred, since
it is not possible to recover all orders for the higher degrees in question without
100 % aliasing or more (Colombo 1981; Jekeli 1996). Now, using the Nyquist
frequency as maximum degree, i.e. K = π/∆φ, makes the computation of the
K possible, utilising similar methods as those treated in Chapter
geoid bias δNbias
8. One difference is that the maximum degrees are typically considerably higher
in the present case, compared to geoid determination by an EGM alone, which
makes the computations much more demanding and time consuming.
The question now is if this choice of K amounts to a suitable interpretation of
the combined approach. In the last section the combined topographic correction
was defined in such a way that the same result should be obtained in both the
combined and remove-compute-restore approaches. If it is assumed that δ∆g dir
and δNI are computed by density integrals, without the use of spherical harmonic
expansions, this means that the approximation indicated in Eq. (9.9) should be
negligible. Thus, we can reformulate our question as follows. Does the interpretation of K as the Nyquist frequency result in a negligible approximation in
Eq. (9.9)? Since it would be practically almost impossible to check this, it is
preferable to investigate the approximations in Eqs. (9.6) and (9.8) instead, in
which it is assumed that δ∆gdir and δNI and are computed by the strict surface
integrals in the manner described in Sections 6.2 and 7.2. However, as this comparison is considered to be outside the scope of the present thesis. Instead another
aspect of the problem is considered here, namely the size of the gravity anomaly
K (P ).
bias at the surface point P , i.e. δ∆g bias
In the derivation of the combined topographic correction in Section 9.2 an
external series with maximum degree K was used to represent the direct effect on
the gravity anomaly; cf. Eq. (9.6). At this point it might be argued that it would
be better to utilise the correct counterpart in Eq. (9.5) instead, but this is not
necessarily the case for small (finite) K; cf. Jekeli (1981). However, if large gravity
anomaly biases are obtained at the surface, then significantly different results are
obtained depending on what type of series that is chosen. Since convergence is
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only guaranteed for the correct series as K → ∞, it might seem like the best
alternative. Consequently, if the choice of the maximum degree K as the Nyquist
frequency amounts to a viable interpretation of the combined approach, then the
gravity anomaly bias should be negligible at the surface. It should also be noticed
that a large bias is a sign that the approximation in Eq. (9.6) is not perfect: Since
the correct series converges as K → ∞, it is unlikely that the error is larger for
the correct type of series than for the external counterpart.
Let us now study the surface gravity anomaly bias numerically for the Nyquist
degree 1800, which corresponds to the equi-angular block size 6’×6’. It is admitted
that this degree is low compared to what is usually applied in geoid determination,
cf. for instance the rest of this thesis, but the tests presented below will nevertheless
show whether the proposed interpretation is suitable or not. Since the function
Kn (rP , rS ) in Eq. (8.19) is dependent on the height of the computation point P , it
is not possible to use one single global spherical harmonic expansion as in Section
8.5. Instead we resort to point wise integration of Eq. (8.18). This has also the
advantage that the recursive computation of the Legendre polynomials P n (tP Q )
can be extended to high degrees, while the accuracy is retained. However, as the
computations in question are time consuming, the tests below are limited to a
few test points. A standard density ρ 0 = 2.67 g/cm3 and the same global DTM
as in Section 8.5 (Getech 5 with 6’×6’ blocks) was used to estimate the surface
gravity anomaly bias for 12 test points in the Alps, using the midpoint method for
numerical quadrature. The result is presented in Table 9.1, in which the locations
and heights of the test points can be found as well.
Table 9.1: Gravity anomaly bias at the surface for 12 test points in the Alps.
Estimated using a global 6’×6’ DTM. Units: [mGal].
No.
1
2
3
4
5
6
7
8
9
10
11
12

φ
48.05
48.05
48.05
48.05
47.05
47.05
47.05
47.05
46.05
46.05
46.05
46.05

λ
8.05
9.05
10.05
11.05
8.05
9.05
10.05
11.05
8.05
9.05
10.05
11.05

H [m]
543
728
607
595
831
1424
1668
2426
2534
694
1855
723

1800
δ∆gbias
18.8
-1.3
-1.2
-3.5
-4.0
3.5
35.3
-3.6
-1.2
30.0
-10.6
-9.9

As can be seen, the biases are large. It should be noticed that the gravity
anomaly biases in Table 9.1 are computed with the computation point P at the
surface. This means that no direct dependence on the topographic height can
be expected as for the geoid bias. The latter is computed with the computation
point P at the geoid; cf. Eqs. (8.14) and (8.16). It might be objected that the
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large biases in Table 9.1 are caused by numerical problems. However, even though
it is true that sampling errors are present, the large biases still remain when the
influence of this type of error is reduced (see below). Thus, if the maximum
degree K is chosen to the Nyquist frequency of the DTM/gravity anomaly grid,
then very large biases are obtained for the surface gravity anomaly, at least in the
mountains. This means that significantly different results are obtained in case the
surface gravity anomaly bias is taken into account, compared to if the combined
approach is used. This is not a satisfying situation. Based on these results, it
is concluded that the maximum degree K should not be taken as the Nyquist
frequency of the DTM/gravity anomaly grid.

9.3.3

A higher K for a dense grid obtained by interpolation

It is now important to remind us what is at stake here. In the derivation of the
combined topographic effect above, it was required that the same result should be
obtained by the remove-compute-restore and the combined methods. As discussed
above, this means that the approximations in Eqs. (9.6), (9.8) and (9.9) should
be small, where it is understood that δ∆g dir and δNI are computed by density
integrals. As a thought experiment, let us ask how the size of the approximations
in question could be judged, when the DTM is available in a grid with a certain
Nyquist degree. If numerical quadrature is used to evaluate the integrals involved
on the left and right hand sides, then discretisation errors will interfere with the
result. One suitable way to reduce this type of error, as well as the truncation
errors of the spherical harmonic expansions, is to apply the smoothest possible
interpolation to obtain a denser grid with a higher Nyquist degree. Thus, it
seems like a better alternative to compute the combined topographic correction
using a denser, interpolated DTM. The reason for this is that a better agreement
between the left and right hand sides of Eqs. (9.6), (9.8) and (9.9) can be expected.
This also implies that the surface gravity anomaly bias should be studied for the
interpolated grid. Since the Nyquist degree for the interpolated grid is higher, it is
also possible to increase the maximum degree K accordingly. It might be objected
that since problems arise with K equal to the Nyquist degree of the original grid,
K should be chosen to a lower value. This is certainly the case for the reduction of
discretisation errors. However, as is shown in tests not presented in this section,
a lower K results in even larger surface gravity anomaly biases. This depends on
the incompatibility of the external and internal series for low maximum degrees
K; cf. the discussion following Eq. (8.8).
Let us thus see how the use of a dense, interpolated DTM affects the surface
gravity anomaly bias at the 12 test points in the Alps. If the interpolated grid
is used together with a higher maximum degree K, then it can be expected the
bias in question will reduce. The reason for this is that the binomial expansion
K
(P ) = 4π (µ∆HP )K , will approach zero
to power ∆H 2 in Eq. (8.29), i.e. δ∆gbias,2
at the computation point P when K increases. In order to be able to perform
the necessary calculations in practice, the DTM was limited to the local area
41◦ 6 φ 6 53◦ and 2◦ 6 λ 6 18◦ around the test points. Inside this area a grid
with block size 0.667’×0.667’ was interpolated from the original 6’×6’ DTM using
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bicubic spline interpolation (Press et al. 1992). The surface gravity anomaly biases
for the maximum degrees 1800, 5400 and 16200 are presented in Table 9.2, where
the latter is the Nyquist frequency for the interpolated grid.
Table 9.2: Gravity anomaly biases at the surface for 12 test points in the Alps.
Estimated using a local, spline interpolated 0.667’×0.667’ DTM. Units: [mGal].
No.
1
2
3
4
5
6
7
8
9
10
11
12

H [m]
543
728
607
595
831
1424
1668
2426
2534
694
1855
723

1800
δ∆gbias
19.4
1.0
0.4
-0.8
3.1
-2.2
40.6
1.4
14.0
42.9
4.4
-9.8

5400
δ∆gbias
3.9
1.2
0.6
0.4
2.3
3.2
8.0
2.7
9.2
7.7
9.0
3.0

16200
δ∆gbias
0.8
0.3
0.1
0.1
0.2
0.6
1.8
0.4
2.0
1.2
0.0
0.4

Comparing Tables 9.1 and 9.2, it can be seen that the biases are of about the
same magnitude for the maximum degree 1800. Other tests (not presented) show
that the main part of the difference can be explained by the different resolutions,
and not by the fact that the integration is global in Table 9.1 and local in Table
9.2. Here it can be seen that the biases are still large for K = 1800 when the
sampling errors are reduced, as was claimed above in the discussion of Table 9.1.
Furthermore, the results in Table 9.2 clearly show that it is preferable to use a
higher maximum degree K together with a denser grid, obtained from the original
DTM grid by smooth (spline) interpolation. It should be noticed, though, that
K should not be chosen as high as possible. The biases in Table 9.2 obviously
become smaller as K increases, but it is possible that the external series for the
interpolated topography starts to diverge when K grows too much. Here it is
of coarse assumed that the values of K are limited to the Nyquist degree of the
interpolated grid in question, but it is always possible to use arbitrary high K by
interpolating denser and denser grids.
We now turn to another aspect of the combined approach, namely the computation of the geoid bias correction. Also here it seems logical to consider a dense,
interpolated grid with high Nyquist frequency, obtained from the original DTM
by interpolation. So far this was mainly motivated by that the approximations in
Eqs. (9.6), (9.8) and (9.9), as well as the magnitude of the surface gravity anomaly
biases, are reduced. Another important reason is that significantly different geoid
biases are obtained depending on what maximum degree K is used for the interpolated grid. The results thus differ considerably depending on if K is chosen to the
Nyquist degree of the original DTM, or to a higher degree using an interpolated
grid. Let us illustrate this numerically. To be able to perform the computations
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in practice, we again avoid spherical harmonic analysis by resorting to point wise
integration using Eqs. (8.10) and (8.13). For reasons to be explained shortly, the
formula for the geoid bias is rewritten as, using the first term in the binomial
expansion in Eqs. (8.22) and (8.26):
K
K
K
= δNbias,2
+ δNbias,res
δNbias

2πµ H 2
=
γ0



K


K ZZ 
µ X
2n + 1 2
+
In (rP , rs ) −
H Pn (tP Q ) dσQ
γ0 n=0
2

(9.10)

σ

where it is assumed that the spherical approximation in Eq.
 (8.16) is utilised
and that a standard density is applied. The quantity H 2 K is the spherical
harmonic expansion of the height squared truncated at degree K, which can also
be computed by point wise integration using Legendre polynomials. We first take
K
a look at the first part δNbias,2
for the maximum degrees 1800, 5400 and 16200.
The computations were made using the same local, interpolated grid as in Table
9.2 and the results are still only evaluated at the 12 test points. The results can
∞
be found in Table 9.3. The biases as K go to infinity, i.e. δN bias,2
= 2πµH 2 /γ0 ,
are also presented for comparison.
Table 9.3: The H 2 binomial term of the geoid bias for 12 test points in the Alps.
Estimated using a local, spline interpolated 0.667’×0.667’ DTM. Units: [mm].
No.
1
2
3
4
5
6
7
8
9
10
11
12

H [m]
543
728
607
595
831
1424
1668
2426
2534
694
1855
723

1800
δNbias,2
41
51
38
36
69
212
394
631
624
87
347
35

5400
δNbias,2
34
60
42
40
78
231
318
672
729
55
391
60

16200
δNbias,2
34
60
42
40
79
231
317
672
732
55
392
60

∞
δNbias,2
34
60
42
40
79
231
317
672
732
55
393
60

It can be seen in Table 9.3 that the geoid bias differs up to a decimetre in
mountain areas, depending on how the maximum degree is chosen for the interpolated grid in question. This implies that a rather dense grid, which allows the use
of a high maximum degree K, should be utilised. As can be seen in Table 9.3, at
least three times the original DTM is required in the present case to obtain a geoid
bias that does not change as K increases. The H 2 part of the bias is illustrated
specifically for point 9 in Fig. 9.1. It is clear that the grid to be determined from a
given irregular distribution of gravity anomalies is rather arbitrary. If K is chosen
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to the Nyquist degree, then the estimated geoid bias becomes very dependent on
the chosen resolution size.
740

720

2

The H term of the geoid bias [mm]

700

680

660

640

620

600

580
1000

1500

2000

2500

3000
3500
Degree K

4000

4500

5000

5500

Figure 9.1: The H 2 binomial term of the geoid bias for point 9. Unit: [mm].
On the positive side, the above results indicate that it is then possible to
K
∞
compute δNbias,2
approximately by letting K → ∞, i.e. by δN bias,2
= 2πµH 2 /γ0 ,
which is good news in practice, since the point wise computation using Legendre
polynomials is extremely time consuming for the high degrees in question. Thus,
K
∞
δNbias,2
can be approximately computed by δN bias,2
, but the maximum degree K
is still considered to be finite and limited by the Nyquist degree of the interpolated
grid.
The question now is how high the maximum degree K should be for the dense,
interpolated grid. According to the argument so far, it should be chosen in such a
way that the approximations in Eqs. (9.6), (9.8) and (9.9) together with the surface
gravity anomaly bias, become as small as possible. In case the external series for
the smooth, interpolated topography diverges at the surface, this means that K
should be chosen somewhere in the middle (cf. Sjöberg 1977, Sections 4.4 and
6.2). When it increases too much, it is possible that the errors in Eq. (9.6) start
K
to grow again. Furthermore, the grid should be sufficiently dense for δN bias,2
to be
∞
practically equal to δNbias,2 . However, also for the geoid bias another requirement
strives to the opposite direction. The Nyquist degree should be sufficiently small
K
for the residual geoid bias δNbias,res
in Eq. (9.10) to be either negligible or possible
to calculate in practice. For very high K, we also have the possibility that the
external series (for the interpolated topography) starts to diverge, which means
K
that δNbias,res
begins to grow.
K
It is now time to study the residual geoid bias δN bias,res
numerically. The main
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reason for the division into one H 2 and one residual part is to be able to compute
∞
the H 2 term approximately by δNbias,2
, while the residual part only needs to be
integrated locally. Let us verify that we arrive at similar results by global and
local integration, where the latter is performed in our test area.
Table 9.4: Residual geoid bias for 12 test points in the Alps; cf. Eq. (9.10). Estimated using either a global or a local 6’×6’ DTM. Units: [mm].
No.
1
2
3
4
5
6
7
8
9
10
11
12

1800
δNbias,res
Global Local
-0.4
-0.3
0.0
-0.1
-0.3
-0.4
-0.5
-0.5
0.5
0.5
-1.9
-1.9
-1.6
-1.5
0.4
0.5
-3.6
-3.6
-1.5
-1.5
1.1
1.1
-0.8
-0.8

H [m]
543
728
607
595
831
1424
1668
2426
2534
694
1855
723

It is concluded from Table 9.4 that the residual geoid bias can be safely evaluated using heights from a local area only. We now consider the residual geoid bias
for different maximum degrees K for a dense, interpolated grid. As concluded in
Section 8.5, the quality of the approximation depends on both the magnitude of
H and the maximum degree K. In the present case, however, the interpolated
topography is smoother than the real counterpart. This implies that the H 2 approximation for higher K is likely to be just a little worse, compared to when
K is chosen to the Nyquist frequency of the original DTM grid. On the other
hand, there is no guarantee that the residual bias does not start to diverge as K
increases for denser and denser interpolated grids.
In Table 9.5 it can be seen that the geoid bias actually starts to grow when
the Nyquist degree increases, but this effect is only present in the highest peaks,
where it reaches maximally a few centimetres for the maximum degree 16200 (for
the interpolated grid). It is difficult, though, to rule out the possibility that the
latter biases are caused by numerical problems. In flat areas, on the other hand,
the residual geoid bias is negligible, also when K is chosen to the Nyquist degree
16200 of the dense, interpolated grid in question.

9.3.4

Summary and discussion

To sum up, in the combined approach to topographic corrections, the maximum
degree K for the geoid bias should not be taken as the Nyquist degree of the DTM
grid, which is assumed to coincide with the gravity anomaly grid. Instead it is
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Table 9.5: Residual geoid bias for 12 test points in the Alps; cf. Eq. (9.10). Estimated using a local, spline interpolated 0.667’×0.667’ DTM. Units: [mm].
No.
1
2
3
4
5
6
7
8
9
10
11
12

H [m]
543
728
607
595
831
1424
1668
2426
2534
694
1855
723

1800
δNbias,res
0.0
-0.1
-0.4
-0.3
0.2
-2.1
-2.2
1.3
-2.2
-1.2
1.3
-1.4

5400
δNbias,res
-0.1
0.0
-0.1
0.0
-0.2
-1.3
-9.8
7.3
18.5
-1.5
4.5
0.4

16200
δNbias,res
-0.2
0.0
-0.1
0.0
-0.2
-1.1
-10.0
5.6
39.6
-0.9
6.1
-0.4

preferable to use a higher K together with a denser grid that has been obtained
from the original one by smooth interpolation. The tests presented in this section,
in which a DTM with 6’×6’ resolution was utilised, indicate that this choice of
K reduces the magnitude of the gravity anomaly bias at the surface significantly.
It also makes it possible to compute the H 2 part of the geoid bias by means of
K
∞
the simple and fast formula, δNbias,2
≈ δNbias,2
= 2πµH 2 /γ0 , at the same time as
it leaves the door open to improve the H 2 approximation by adding the residual
K
geoid bias δNbias,res
given by Eq. (9.10). The latter correction also takes care of
a possibly divergent behaviour of the external series for the interpolated DTM at
sea level for high K. It should be noticed though that the combined method still
K
at the surface. Divergent behaviour there is thus
assumes that δ∆gdir = δ∆gdir,ext
not accounted for. It can further be expected that the choice of K in question
results in smaller approximations in Eqs. (9.6), (9.8) and (9.9), but this has not
been directly tested. However, the above results show indirectly that this is the
case.
We now comment upon two important practical limitations of the computation
of the combined topographic correction according to the proposed interpretation.
The first one is that it is extremely time consuming to compute the residual
geoid bias for the very high maximum degrees K in question. The computation
of in Table 9.5 required about 0.5 hour per station using a 3.0 GHz Pentium 4
PC, even though as much as possible was moved outside the main loop. This
implies that the residual geoid bias can only be computed for individual stations
by the computers of today (2004), at least as long as no faster method becomes
available. The second limitation is that only comparatively low resolutions can be
utilised for the DTM, since otherwise it is not possible to compute the residual
geoid bias using a sufficiently high maximum degree K. As the interpolation of a
denser grid obviously does not add any new information, errors will be introduced
in case the applied DTM is not sufficiently dense for the area in question. The
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results in this section have all been calculated from a DTM with the original block
size 6’×6’, which is not as dense as is normally necessary in geoid determination
(e.g. Sideris 1994 and Forsberg 1984). In the tests of modified Stokes’ integration
in Subsection 5.2.1, it was concluded that the combined estimator requires gravity
anomaly observations as dense as 1’×2’ for the full-field point-mass model. The
DTM/gravity anomaly grid in this case has a Nyquist degree of 10800. If a three
times higher K is to be used for the computation, it follows that it is practically
impossible to compute the residual geoid bias. We then have no choice but to
rest content with the H 2 approximation. Of course the H 2 formula can also be
extended to include the H 3 term, but this will not improve the results significantly;
see the discussion in Section 8.3. It should further be pointed out that even for
comparatively low DTM resolutions, it is not known to what extent numerical
errors interfere with the computation of the residual geoid bias. Investigations of
such effects were not included in the present thesis.
On the positive side, for the areas of the Earth where the H 2 approximation
is actually sufficient for the required DTM resolution, the combined topographic
correction can be computed by the extremely fast formula:
δNcomb = −

2πµH 2
γ0

(9.11)

The above tests show that the this approximation is satisfactory for a DTM with
original block size 6’×6’ everywhere except in very high mountains; cf. Section
8.5 and Table 9.5. By studying Table 8.2 it can be further be suspected that it
may be used for considerably denser grids in more flat terrain. However, it is not
possible to check this directly using the techniques developed here (in Chapters 8
and 9). One suitable way to check whether the H 2 approximation is sufficient is
to utilise synthetic models, but this has the drawback that it becomes difficult to
distinguish this error source from other effects. Anyhow, such tests are presented
for the Nordic area in the next section.
It should finally be mentioned that the simple Eq. (9.11) can also be derived in a
different way, namely by expanding Newton’s kernel in a Taylor series (e.g. Sjöberg
2000 and Martinec 1998). If only the H 2 terms are utilised for the direct and
indirect effects, the combined effect in Eq. (9.11) is derived (Sjöberg 2000). One
nice thing with the derivation above, is that the residual geoid bias correction
is obtained, which can be utilised to improve the approximation. Unfortunately,
this term is only useful in practice for smooth regions, in which very low gravity
anomaly resolutions are required. In such areas, it is extremely likely that the
H 2 approximation is sufficient in any case. For now, we have to rest content
with the effective Eq. (9.11). The latter will consequently be utilised to compute
the combined topographic correction δN comb in the tests of the whole combined
approach to geoid determination using the Nordic SEGM, which are presented in
the next section.
As could be seen above, the main obstacle to obtaining the combined topographic correction in the present interpretation, is that the quantity in question
is expressed as a truncated series of spherical harmonics with maximum degree
K, which does not have a known limit when K → ∞; cf. the beginning of this
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section. If the above type of derivation is utilised, it is difficult to see how any
other representation may be used: The downward continued direct effect on the
gravity anomaly needs to be propagated through Stokes’ formula, which requires
the spectral form; see the derivation of Eq. (9.9). In Section 9.6, another interpretation is proposed, which perhaps makes it possible to derive more useful formulas
for the (residual) combined topographic effect in the future.

9.4

Evaluation of the Estimated Geoid Heights using
the Nordic SEGM

The main purpose of this section is to present and analyse the tests of the combined
approach to geoid determination, which were made using the Nordic SEGM. These
tests were conducted using all components developed so far, i.e. modified Stokes’
integration over a cap σ0 , the contribution from an EGM with maximum degree
M , Sjöberg’s method for downward continuation (Section 5.4) and the combined
topographic correction. The estimator in this case is Eq. (5.30),
c
N=
2π

ZZ
σ0

S L (ψ) ∆gdσ + c

M
X

n=2

 egm
L
sn + Q L
+ δNcomb + δNdwc
n ∆gn

(9.12)

where the downward continuation effect is given by Eqs. (5.54) to (5.57) and the
combined topographic correction is computed by Eq. (9.11).
As concluded in Subsection 5.2.1, the combined estimator requires considerably
denser observations compared to the remove-compute-restore counterpart. In an
area with as much high-frequency variations as described by the full-field degree
variance model constructed in Section 2.3.1, it seems like approximately 1’×2’
resolution is required (at the approximate latitude 60 ◦ ). As only 3’×6’ gravity
anomaly observations are present for the Nordic SEGM (see Table 6.12), which
is quite realistic, this means the DTM and other information concerning density
anomalies should be utilised in the process of interpolating denser observations.
Thus, first the original observations are reduced for the influence of the topography,
bathymetry and possibly other density anomalies. This yields refined Bouguer
anomalies, which are smooth and suitable for interpolation. The interpolation is
then made to a denser grid and the masses are finally moved back to their original
positions.
The tests of the combined approach were performed with both the original
3’×6’ gravity anomaly observations as well as the denser 1’×2’ interpolated anomalies. The interpolation was made as described in the last paragraph, using two
different strategies to compute the refined Bouguer anomalies. First, an ambitious
method was tested, where the refined Bouguer correction is computed by the strict
spherical set of formulas used to generate the Nordic SEGM, which were described
in Section 6.2. No gravity reduction was utilised and the secondary indirect effect
was not considered, which means that the correction in question is given by the
direct effect on the gravity anomaly, δg dir . In this case the 1’×2’ DTM was used in
the near and middle zones in Table 6.4 and the 15’×15’ DTM was utilised in the
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far zone; see also Tables 6.1 and 6.12. Both the topography and bathymetry were
included. The second strategy that was tested is to utilise the planar Bouguer
correction in Eq. (7.21). As the classical terrain correction C P in its linear approximation can be computed by FFT methods in the way described in Section 7.3,
this method is much faster computationally. Here only the topography part of
the 1’×2’ DTM over the Nordic area was applied to compute the correction. It
should finally be mentioned that the interpolation was made using Bicubic spline
interpolation in both cases (Press et al. 1992). Some statistics for obtained difference between the two sets of 1’×2’ surface gravity anomalies are presented in
Table 9.6. On average, the difference is small, but some large discrepancies are
Table 9.6: Statistics for the difference between using planar and strict spherical
refined Bouguer anomalies in the spline interpolation of 1’×2’ gravity anomalies.
Unit: [mGal].
Area
Grav anom
Geoid west
Geoid east

Mean
0.00
0.00
0.00

Min
-6.18
-4.31
-0.37

Max
4.78
2.93
0.56

StdDev
0.18
0.17
0.03

RMS
0.18
0.17
0.03

present. However, the important question is how large the differences become for
the final geoid heights.
Otherwise, the tests can be described as follows. As in the investigations of
the remove-compute-restore techniques in Chapter 7, the least squares modification method was utilised. The parameters were estimated using the GOCE error
model, the correlated model for errors in the gravity anomalies and the full-field
degree variances developed in Chapter 2. The GOCE satellite-only EGM was assumed to be available up to M = 200 and a spherical integration cap with ψ 0 = 3◦
was utilised. The Stokes’ integration was made using spline interpolation down
to 20”×40” resolution for the 5×5 most central blocks and the singularity was
taken care of with the technique presented in Subsection 5.2.1. The downward
L
continuation effect δNdwc
was computed by Eqs. (5.54) to (5.57) in the way described in Section 5.4. The vertical gradient was estimated using a spherical cap
with radius ψ1 = 1◦ for the quadrature of Eq. (5.25). Either the original 3’×6’
or interpolated 1’×2’ gravity anomalies were utilised in this step, depending on
L(2)
the case under investigation. The effect δN dwc was computed using exactly the
same Stokes’ integration strategy as described above. The combined topographic
correction δNcomb was computed in the H 2 approximation in Eq. (9.11). As the
Nyquist degrees of the grids are 3600 and 10800, respectively, it was not considered
feasible to compute the residual geoid bias appropriately, using a sufficiently high
K. It should also be remarked that the used heights for the grids in question were
always the correct ones from the defining 1’×2’ DTM; see Tables 6.1 and 6.12.
The results from the tests made with the original 3’×6’ gravity anomalies are
presented in Table 9.7 and Fig. 9.2. A comparison with the strict and approximative versions of Helmert’s 2nd condensation method in Tables 7.1 and 7.3, shows
that the main part of the rather large errors is likely to be of a numerical nature.
206

If the original 3’×6’ gravity anomalies are used for Stokes’ integration and downward continuation, either directly or together with a non-smoothing topographic
correction (like Helmert’s 2nd method), then it does not seem possible to obtain
RMS-errors below 15-20 mm for the Nordic SEGM. This means that many other
error sources drown in the noise. On the other hand, the results indicate that no
large bias is present for the combined approach, which is promising.
Table 9.7: Statistics for the geoid height errors and residuals of the combined
approach using the original 3’×6’ gravity anomalies. Unit: [mm].
Area
Geoid
Geoid west
Geoid east
Area
Geoid
Geoid west
Geoid east

Difference from the SEGM
Mean
Min
Max StdDev RMS
3.3
-240.4 92.7
23.5
23.7
-6.2
-240.4 92.7
24.4
25.2
17.2
-21.8 68.2
12.5
21.3
Residuals after 4-par. fit to the SEGM
Mean
Min
Max StdDev RMS
0.0
-235.0 96.7
ŝ0 = 19.8
-0.8
-235.0 96.7
23.8
23.8
1.2
-44.0 43.4
11.2
11.3

Figure 9.2: Geoid height errors for the combined approach using the original 3’×6’
gravity anomalies. Unit: [m].
Now, the results using 1’×2’ interpolated gravity anomalies can be found in
Table 9.8 and Fig. 9.3. The difference obtained by using either the ambitious spherical or simple planar interpolation schemes is presented by the statistics in Table
9.9. As can be seen, the two strategies yield almost identical geoid heights. The
maximum difference does not significantly affect the way Table 9.8 looks. Thus, it
is concluded that standard planar Bouguer anomalies might be used in the interpolation stage without any noticeable loss of accuracy, at least to the extent that
the topography/bathymetry of the Nordic SEGM is representative. (Remember
that the topography of the Nordic SEGM contains no mountains higher than ap207

proximately 2000 m and that it is smoothed to 1’ resolution.) This is important,
since it then becomes possible to utilise the combined approach with very dense
grids. Of coarse also other stages of the combined approach requires a lot of work,
for instance the computation of the vertical gradient of the gravity anomaly and
the modified Stokes integration. However, it seems reasonably straightforward to
speed up these computations; see for instance Haagmans et al. (1993) and Sideris
(1987).
Table 9.8: Statistics for the geoid height errors and residuals of the combined
approach using interpolated 1’×2’ gravity anomalies. Unit: [mm].
Area
Geoid
Geoid west
Geoid east
Area
Geoid
Geoid west
Geoid east

Difference from the SEGM
Mean Min Max StdDev RMS
2.5
-53.1 43.7
15.1
15.3
-6.6
-53.1 20.4
11.8
13.6
16.1
-5.4 43.7
7.2
17.6
Residuals after 4-par. fit to the SEGM
Mean Min Max StdDev RMS
0.0
-38.5 28.5
ŝ0 = 8.1
-0.1
-38.5 28.5
9.3
9.3
0.2
-21.9 18.8
5.9
5.9

Figure 9.3: Geoid height errors for the combined approach using interpolated
1’×2’ gravity anomalies. Unit: [m].
It can further be observed that the results in Table 9.8 are very promising. They are almost as good as what was obtained by the strict application
of Helmert’s 1st condensation method; see Table 7.2, but the combined approach
is considerably more practical. Furthermore, from the fact that the 1’×2’ results
are good, it follows that the residual geoid bias cannot be too large in the area,
even though the mountains reach 2000 m. Perhaps, this can be partly explained
by that the Nordic SEGM was constructed using the fundamental assumption on
page 135. However, as not too much power can be expected to be present above
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Table 9.9: Statistics for the difference in geoid height between using the strict
spherical and planar interpolation schemes. Unit: [mm].
Area
Geoid
Geoid west
Geoid east

Difference from the SEGM
Mean Min Max StdDev RMS
0.0
-4.3
2.1
0.3
0.3
0.0
-4.3
2.1
0.4
0.4
0.0
-0.5
0.7
0.1
0.1

degree 10800, it seems reasonably safe to conclude that the H 2 approximation is
sufficient in the Nordic area. It would be very interesting to extend the present
investigations to the Alps and the Himalaya, which are the main regions studied
in Sections 8.5 and 9.3; see the suggestions for future work in Section 10.2.
Now, if the statistics in Table 9.8 are studied closely, it can be seen that an
error component is present that can approximately be described by an inclined
plane: Notice that the mean value in the East is 22 mm larger than in the West,
and that this slope is almost completely absorbed by the 4-parameter fit. The
effect can also be detected in Fig. 9.3. Even though the error component looks
like a first degree effect, it need not be. Since the geoid area is so small, errors
in any of the lowest harmonics with n ≥ 1 will show up in this manner. After
much numerical experimenting, it was found that the component in question is
actually a numerical error, caused by the modified Stokes’ integration. As can be
seen in Eq. (9.12), the integration in question is performed on the full, unreduced
surface gravity anomaly using a spherical integration cap. As the latter was not
larger than ψ0 = 3◦ in the above tests, it seems reasonable that the determination
of the lowest degrees becomes weak. It is true that the contributions for these
degrees from the modified Stokes’ integration are small. However, the contribution
is definitely not zero. This means that numerical errors can enter because of the
lowest degrees become poorly determined in the Stokes’ integration. To verify that
this is really the case here, the following simple experiment was designed. First,
long-wavelength gravity anomalies were generated at sea-level (r P = R) with 1’×2’
resolution using the Nordic SEGM spherical harmonic coefficients from degree 2 to
M . After that, the corresponding geoid heights were computed using exactly the
same modified Stokes’ integration as in the combined method in Eq. (9.12). This
estimated geoid height was then compared with the (uncorrected) geoid heights
directly from spherical harmonics, i.e. the following quantity was computed:
"M
#
ZZ
X
c
L
egm
εegm =
S (ψ)
∆gn (rp = R) dσ
2π
σ0

n=2

+c

M 
X

n=2


2
L
− sn − Qn ∆gnegm
n−1

(9.13)

In case no long-wavelength numerical errors are present, the error in Eq. (9.13)
should vanish. The statistics for the computed errors ε egm can be found in Table 9.10 and the errors are illustrated in Fig. 9.4.
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Table 9.10: Statistics for the geoid height error ε egm due to the combined treatment
of the EGM for 1’×2’ gravity anomalies. Downward continuation not included.
Unit: [mm]
Area
Geoid
Geoid west
Geoid east

Difference from the SEGM
Mean Min Max StdDev RMS
7.3
-8.2 23.2
7.7
10.6
2.7
-8.2 17.3
5.5
6.2
14.1
3.3 23.2
4.9
15.0

Figure 9.4: The geoid height error ε egm due to the combined treatment of the
EGM for 1’×2’ gravity anomalies. Downward continuation not included. Unit:
[m].
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Almost the same type of effect is obtained as in the “real” case in Table 9.8.
The reason for that the long-wavelength errors arise, seem to be that the modified
Stokes’ integration in the combined case is very sensitive in the long-wavelengths
when the integration cap is small. Notice that the same type of error was also
obtained for the point-mass synthetic models in Subsection 5.2.1. In this case the
effect was clearly reduced by the spline interpolation for the 5×5 most central
blocks. Perhaps it is necessary in the combined case to use interpolation to a
denser grid inside the whole spherical cap. However, it is not the purpose of this
thesis to investigated this topic any further at this point. It is left for the future.
The important thing here is that the proper explanation has been found to the
slope in the results.
To sum up, the above results clearly show that the combined approach can
be used for geoid determination with RMS errors below the 1-cm level for the
Nordic SEGM. This requires that denser observations are interpolated using gravity anomalies reduced for the influence of all known density anomalies, most notably the topography. After the interpolation, all masses must be restored at their
original positions. The tests also show that the H 2 approximation yield small errors for the Nordic SEGM with mountains reaching up to 2000 m. This is an
important conclusion that cannot be expected to hold in higher mountains. Even
though worse results can be expected in reality in case more high frequency power
is present, it is believed that the present results are important. It is for instance
shown that the combined approach can be used to determine the geoid with comparable accuracy to the strict remove-compute-restore methods in Section 7.2. In
details, however, it is important that the conclusions are qualified. For instance,
the fact that interpolation to 1’×2’ resolution is sufficient, is only valid for the
smoothed Nordic SEGM. In reality, it is likely that denser samples are required
(for the same area), due to that more high frequency power is present.
Let is finish this section by presenting some additional results for the 1’×2’ case.
First, the geoid height errors obtained in case no corrections are applied neither for
downward continuation nor for the topographic effects are illustrated in Fig. 9.5.
As can be seen, the errors are large in the highest mountains to the South-West
(cf. Fig. 6.3), but otherwise approximately 5 cm errors can be expected. The
corresponding downward continuation correction is shown in Fig. 9.6 and the
combined topographic correction can be studied in Fig. 9.7. These figures speak
pretty much for themselves and does not require further comments.

9.5

Determination of Height Anomalies and Helmert
Height Compatible Geoid Heights

So far the only the combined approach to geoid determination has been investigated. From the geodetic point of view, however, the computation of height
anomalies and possibly Helmert height compatible geoid heights are often of equal
interest; cf. Section 6.3.2. It is the purpose of this section to investigate the combined approach for these quantities, both theoretically and numerically. This also
includes an investigation of the practical determination of the quasigeoid-to-geoid
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Figure 9.5: The geoid height error when no corrections are applied. Unit: [m].

Figure 9.6: The downward continuation effect. Unit: [m].
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Figure 9.7: The H 2 approximation for the combined topographic correction. Unit:
[m].
separation for the Nordic SEGM.

9.5.1

The combined approach for height anomalies

Most aspects of the combined approach for height anomalies have been treated
by Sjöberg. The key references here are Sjöberg (2000, 2003d). In these developments the extended Stokes’ formula is utilised in the way proposed by Bjerhammar
(1962),
ZZ
R
ζ (P ) =
S (rp , ψ) ∆g ∗ dσ,
(9.14)
4πγ
σ

where ∆g is the surface gravity anomaly, S(r p , ψ) is the extended Stokes’s function,
∆g ∗ is the gravity anomaly downward continued to sea-level and γ is normal
gravity at the telluroid. Below an alternative method is suggested, which clearly
reveals the meaning of the downward continuation terms derived in Section 5.4. It
also has the advantage that exactly the same type of modified Stokes’ integration
as in the geoid height case can be utilised.
Let us start the derivation from the analytical continuation formulation of
the quasi-geoid determination methods of Molodensky et al. (1962), which was
proposed by Moritz (1966, 1980). The quasi-geoidal height ζ at the surface point
P is then given by
!
ZZ
∞
X
R
S (ψ) ∆g +
gi (rP , Q) dσ.
(9.15)
ζ (P ) =
4πγ
i=1

σ

P
The Molodensky series ∞
i=1 gi (rP , Q) expresses the downward or upward continuation of the gravity anomalies to the level surface through the computation point
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P at which the height anomaly is to be computed; see Moritz (1980) for details.
Of course the downward continuation is really to the level surface through P , but
this boundary value problem must be converted to a spherical Stokes’ problem
with a fixed boundary. However, in Moritz (1980), Stokes’ formula is applied to
its argument as if it were situated at sea-level; see Eq. (9.15). If it is taken into
account that the sphere through P really has the radius r P = R + HP (in the
spherical approximation), the height anomaly becomes instead,
!
ZZ
∞
X
rP
ζP =
S (ψ) ∆g +
gi (rP , Q) dσQ ,
(9.16)
4πγ
i=1

σ

where γ is normal gravity at the telluroid. In practice, this equation needs to be
combined with an EGM using some modification of Stokes’ formula. Assuming a
combined type of estimator, the following formula is obtained:
!
ZZ
∞
X
rP
L
ζP =
S (ψ) ∆g +
gi (rP , Q) dσQ
4πγ
i=1

σ0

 n+2
M
rP X
R
L
+
(sn + Qn )
∆gnegm ,
2γ
rP

(9.17)

n=2

where the integration is truncated to the cap σ 0 . Now, using obvious modifications
of the expansions in Eqs. (5.45) and (5.46), the factor r P /γ can be approximated
by,





rP
HP
HP
R
HP
R
1+
1+2
≈
1+3
(9.18)
≈
γ
γ0
rP
rP
γ0
rP
Thus, Eq. (9.17) becomes
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S (ψ) ∆g +
gi (rP , Q) dσQ
2π
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(sn +
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n)



R
rP

n+2

∆gnegm +

3ζP◦
HP ,
rP

(9.19)

where c = R/2γ0 as before and ζP◦ is the approximative height anomaly. It can
easily be checked that the dropped H P2 -terms yields negligible errors and that the
last extra term in Eq. (9.19) is usually important to include. Now, Eq. (9.19) can
be rewritten in the following way, using Eq. (5.52),
c
ζP =
2π

ZZ
σ0

L

S (ψ)∆gdσQ + c

M
X

egm
(sn + QL
n )∆gn

n=2

" 
#
M
X
3ζP◦
R n+2
L
+
HP + c
(sn + Qn )
− 1 ∆gnegm
rP
rP
n=2
ZZ
c
+
S L (ψ) (∆g(rP , Q) − ∆g(Q)) dσQ
2π
σ0
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(9.20)

If the combined method for quasigeoid determination is formulated so that
c
ζP =
2π

ZZ

L

S (ψ)∆gdσQ + c

M
X

egm
L
(sn + QL
+ δζcomb + δζdwc
n )∆gn

(9.21)

n=2

σ0

it follows after comparison with Eq. (5.30) and Eqs.(5.54)–(5.57) that
δζcomb = 0
and

(1)

(9.22)
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(9.26)

HP2 .

(9.27)

(HP − HQ ) dσQ ,

from which it follows that
(1)

L
δζdwc
(P ) = δNdwc −

∆g(P )
1 ∂∆g
HP +
γ
2γ ∂r

P

That the combined topographic effect δζ comb is equal to zero follows from the fact
that our starting point was Molodensky’s series solution in the analytical continuation formulation. However, this can also be proved directly as in Section 9.2. It
follows from that the direct and indirect effects are now both modelled by external
type of series. The extension is obvious; see e.g. Sjöberg (2000).
Thus, starting from the downward continuation formulation of the theories of
Molodensky et al. (1962), limited to the gradient term g 1 (rP , Q), the above combined method to the determination of height anomalies is derived. As mentioned
above, this formulation has the advantage that the modified Stokes’ formula can
be applied exactly as in the geoid height case using for instance the least squares
modification of Stokes’ formula. Strictly, a simple rescaling of the degree variances is required to obtain them on the “sphere” through the computation point
P , but it can easily be shown numerically that this yields negligible differences in
practice. The present formulas are also favourable in that it is easy to compare
the height anomaly and geoid determination cases; see the next section.
To investigate the numerical properties of the derived formulas, the height
anomalies were determined for the Nordic SEGM, using the same interpolated
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1’×2’ surface gravity anomalies as in Section 9.4. Exactly the same method as in
(1)
the geoid height case was otherwise applied, with the exception of that ζ dwc was
computed using Eq. (9.24) and that δζ comb = 0. The usual statistics can be found
in Table 9.11. If this table is compared with Table 9.8, it can be concluded that
Table 9.11: Statistics for the height anomaly errors and residuals of the combined
approach using interpolated 1’×2’ gravity anomalies. Unit: [mm].
Area
Geoid
Geoid west
Geoid east
Area
Geoid
Geoid west
Geoid east

Difference from the SEGM
Mean Min Max StdDev RMS
2.6
-46.3 43.7
14.9
15.1
-6.3
-46.3 20.4
11.5
13.1
16.1
-5.1 43.7
7.2
17.6
Residuals after 4-par. fit to the SEGM
Mean Min Max StdDev RMS
0.0
-32.7 28.1
ŝ0 = 7.9
-0.1
-32.7 28.1
9.0
9.0
0.2
-21.7 18.8
5.9
5.9

the geoid height and height anomalies for the Nordic SEGM can be determined
with comparable accuracy. The results also show that the derived method works
well.

9.5.2

The quasigeoid-to-geoid separation

It should be noticed that the derived formulas for the combined approaches to the
estimation of geoid heights and height anomalies have been derived separately,
without taking advantage of the standard expression for the quasigeoid-to-geoid
separation in Sjöberg (1995). This means that the derivations actually provide an
alternative route to the difference in question.
Consider the combined topographic effect for the geoid height, which is the
negative of the full geoid bias in Eq. (9.10),
δNcomb (P ) = −

2πµHP2
K
− δNbias,res
(P )
γ0

(9.28)

where the maximum degree K is here assumed to be chosen sufficiently high
according to the discussion in Section 9.3. It is then easy to derive the relation
between the geoid height and the height anomaly. Taking advantage of Eqs. (9.12),
(9.28) and (9.21) to (9.26), the following formula is obtained,
NP = ζ P +

∆gB (P )
1 ∂∆g
HP −
γ
2γ ∂r

P

K
HP2 − δNbias,res
(P )

(9.29)

where ∆gB is the standard Bouguer anomaly. Here γ 0 has been replaced by γ
in the first term to the right in Eq. (9.28). For H P = 3000 m, this only yields
an error of approximately 1 mm. The last formula should be compared with the
standard formulas of Sjöberg (1995). The only significant difference is the new
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residual geoid bias term in Eq. (9.29). From the above development, it follows
that the height anomaly is a nicer quantity to compute than the geoid height,
since it can be found without using the two terms to the far right in Eq. (9.29),
where especially the residual geoid bias is unpleasant. Notice that the vertical
gradient of gravity in Eq. (9.29) is really followed by an infinite series of (small)
higher order terms that were not considered from the beginning; cf. the original
approximation in Eq. (5.37).
Next, it is tested how accurately the quasigeoid-to-geoid separation can be
determined using the standard formula in Sjöberg (ibid.), i.e. Eq. (9.29) without
the residual geoid bias term:
(NP − ζP ) =

∆gB (P )
1 ∂∆g
HP −
γ
2γ ∂r

HP2

(9.30)

P

As the separation is known directly from the Nordic SEGM (see Subsection 6.3.2),
the obtained errors will also provide an estimate of the upper limit of the residual
geoid bias. Since Eq. (9.29) does not include the terms containing the second
K
and higher derivatives of the gravity anomaly, no direct estimate of δN bias,res
is
obtained, though. The computation of the components to the right in Eq. (9.30)
were made exactly as described in Section 9.4. The results using the original
3’×6’gravity anomalies are given in Table 9.12 and Fig. 9.8, while the corresponding errors when the interpolated 1’×2’ anomalies can be found in Table 9.13 and
9.9.
Table 9.12: Statistics for the errors of the estimated quasigeoid-to-geoid separation. The original 3’×6’ surface gravity anomalies. Unit: [mm].
Area
Geoid
Geoid west
Geoid east

Mean
0.4
0.7
0.0

Min
-11.4
-11.4
-1.5

Max
44.7
44.7
5.5

StdDev
2.5
3.2
0.3

RMS
2.6
3.3
0.3

Table 9.13: Statistics for the errors of the estimated quasigeoid-to-geoid separation. The interpolated 1’×2’ surface gravity anomalies. Unit: [mm].
Area
Geoid
Geoid west
Geoid east

Mean
0.2
0.3
0.0

Min
-1.8
-1.8
-0.4

Max
18.2
18.2
1.7

StdDev
0.7
0.9
0.1

RMS
0.8
1.0
0.1

As before, the use of denser gravity anomalies improves the situation considerably. For the Nordic SEGM, it is obviously not problematic to estimate the
quasigeoid-to-geoid separation with sufficient accuracy. However, as before it has
to be kept in mind that the Nordic SEGM was constructed using the smoothing assumption on page 135, which implies that both the neglected higher order
derivative terms and the residual geoid bias can be expected to be larger in “real
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Figure 9.8: Errors for the quasigeoid-to-geoid separation estimated using the original 3’×6’ surface gravity anomalies. Unit: [m]

Figure 9.9: Errors for the quasigeoid-to-geoid separation estimated using the interpolated 1’×2’ surface gravity anomalies. Unit: [m].
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life”. In addition, the vertical gradient of the gravity anomaly will be harder to
estimate. In any case, the above results are important, as they show that the
residual geoid bias is negligible for the Nordic SEGM, which nevertheless includes
frequencies up to degree 10800.

9.5.3

Helmert height compatible geoid heights

As discussed at depth in Subsection 6.3.2, Helmert orthometric heights (Heiskanen
and Moritz 1967) are used in practice in many National height systems. If the
estimated geoid heights are somehow to be used to mediate between such heights
and GPS-derived ellipsoidal heights, then it is important that the computed geoid
heights are compatible with such heights (Forsberg 1997). In this subsection the
combined approach for the estimation of Helmert height compatible geoid heights
is derived, which is simple in view of the above development.
Since the Helmert height compatible geoid heights can be considered as defined
by Eq. (6.56),
∆gB (P )
NPH = ζP +
HP ,
(9.31)
γ
the combined method for the estimation of Helmert compatible geoid heights can
easily be derived from Eqs. (9.21) to (9.26). The main estimator becomes,
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γ
is the combined topographic correction, which is now exactly defined by Eq. (9.33).
The corresponding downward continuation effect is
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(9.36)

Thus, the H 2 approximation is consistent with the use of Helmert orthometric
heights. From the practical geodetic point of view, it is therefore often not necessary to compute the residual geoid bias, even when in high mountains. This is a
great relief; cf. Section 9.3. As can be seen, the combined approach can easily be
adopted to the estimation of Helmert height compatible geoid heights.
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9.6

Final Notes on the Combined Approach to Geoid
Determination

Now, due to the difficulties encountered in the practical determination of the combined topographic correction in Section 9.3, it might seem like a better alternative
to first compute the height anomaly according to the combined strategy derived
above (Subsection 9.5.1). After that, the latter quantity is converted to the correct
type of geoidal height, exactly as for the Helmert height compatible geoid heights
above. This strategy is consistent with one of the main conclusions reached in
Section 5.4, namely that it is preferable from a numerical point of view to perform the downward continuation from point to sea level “outside” Stokes’ formula.
According to the proposed interpretation, the estimation of geoid heights proper
should thus be formulated as
c
N=
2π
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σ0
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S (ψ)∆gdσQ + c

M
X

n=2

egm
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(sn + QL
+ δζdwc
+ (N − ζ)
n )∆gn

(9.37)

where (N − ζ) is the quasigeoid-to-geoid separation. If the latter is computed
according to the Sjöberg (1995) expansion in Eq. (9.30), exactly the same H 2
formulas as applied in Section 9.4 are derived. Hopefully, the shifting of focus
to the quasigeoid-to-geoid separation, makes it possible to avoid the spherical
harmonic formulation used in Sections 9.2 and 9.3, so that the equivalent of the
combined topographic correction can be computed also for very dense grids in
high mountains. One idea here could be to use a modified version of the method
of Niethammar (1932) to compute (N − ζ); see also Dennis and Featherstone
(2003) and the discussion in Heiskanen and Moritz (1967, Sect. 4-4). However,
this development is outside the scope of the present thesis and should only be
viewed as an idea to be pursued in the future.
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Chapter 10

Summary and
Recommendations
10.1

Summary

The era of satellite gravimetry started with the launch of CHAMP and GRACE
and will continue with the GOCE satellite, which is planned to be in orbit during
2006. A commission RMS error within 1 cm can then be expected up to maximum
degrees as high as M = 200. Even though this accuracy is astonishing, terrestrial
gravity observations and regional geoid determination methods will be needed also
in the future to determine the highest frequencies.
In this thesis a number of regional geoid determination methods have been
investigated with respect to their compatibility with a future GOCE satellite-only
EGM. This has included numerical comparisons of different techniques that utilise
various approximations and assumptions. The investigations have been limited to
methods that utilise modified Stokes’ integration using either the remove-computerestore method with some type of Helmert reduction or the combined approach of
Sjöberg (method with additive corrections). The accuracy that can be expected
in regional geoid determination with GOCE and terrestrial gravity has also been
studied, and the tested methods have been improved and clarified in several ways.
To fulfil the purposes of the thesis, it was decided to evaluate the regional
geoid determination methods in question in a controlled environment by means of
Synthetic Earth Gravity Models (SEGMs). For a number of reasons (discussed in
Section 1.2), it was preferred to construct three new SEGMs. Suitable construction
methods have accordingly been developed for these synthetic models, and the
developed SEGMs have then been utilised to investigate different regional geoid
determination methods. It is assumed that the synthetic models do not include
the atmosphere or ellipsoidal effects. Reasonable models have also been designed
for the observation errors, which could then be used to simulate observation noise.
The first two SEGMs consist entirely of point-masses, which were chosen so
that suitable degree variances are obtained: The full point-mass SEGM was constructed for the full gravity field, while the reduced counterpart was devised so that
the obtained spectrum is representative for the topographically reduced gravity
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field, assuming a simplified isostatic gravity reduction with standard parameters
and densities. The third SEGM is a combination of the reduced point-mass model
and the topography, bathymetry and isostatic compensation, where the contributions from the latter components were computed by strict volume integrals on a
global scale. Since the evaluation area for this model is the Nordic or Scandinavian
region, this SEGM was called the Nordic SEGM. All three SEGMs have been constructed so that they contain information up to 1’ resolution, which corresponds
to the spherical harmonic maximum degree 10800. The main reason for limiting
the Nordic SEGM to a smoothed topography with 1’ resolution was to be able to
check that the model is consistent. As discussed several times in the thesis, it is
important that the assumptions used for the construction of synthetic models are
carefully kept in mind when they are used to evaluate different methods. Consequently, it might be an advantage that the same researcher develops and uses the
SEGMs: This makes it possible to get a feeling for how the results change when
the SEGMs are varied in suitable ways. According to the authors experience, one
can learn much by experimenting with different models and assumptions.
Since the point-mass SEGMs are constructed using the only criteria that the
resulting spectra should resemble the full and reduced degree variances, it is obviously important that the latter are known as realistically as possible. The choice
of signal degree variances was the main topic of Chapter 2. After comparisons of
some different types of Earth Gravity Models (EGMs) as well as degree variance
models, the full degree variances were chosen so that they correspond to GPM98C
(Wenzel 2000) up to degree 1500. After that, the Tscherning and Rapp (1974)
degree variance model was preferred for the higher degrees. The reduced degree
variances were defined using a Tscherning/Rapp model above degree 180, with the
parameters chosen so that the spectrum agree reasonably well with the spectral
investigations in Forsberg (1984a,b). The degrees below 180 were then derived
by means of a global DTM, which could be used to compute the difference from
the full field. The chosen degree variances should be viewed as two representative
samples, which aim at being realistic in a global mean square sense. The reduced
ones are supposed to describe the gravity anomaly variation in case a smoothing
topographic reduction is utilised in the remove-compute-restore method, while the
full degree variances aim at being representative for the power in the unreduced
gravity anomaly used in the combined approach.
Representative error models for the GOCE EGM as well as for the terrestrial
gravity anomalies were also chosen in Chapter 2. As the errors of the GOCE
EGM are expected to be close to homogeneous and isotropic, except for the polar
gaps, it was decided to choose this type of simplified model. It was not judged
necessary to introduce a full variance-covariance matrix. The situation is more
difficult for the terrestrial gravity observations, which are often inhomogeneous and
affected by various systematic errors. It is safe to assume that a realistic variancecovariance matrix will never become available in this case. The two main models
suggested should again be viewed as two representative samples, which assume
homogeneity and isotropy inside the integration area (cap). The uncorrelated
model is relevant whenever the gravity anomalies can be considered as affected
by uncorrelated random errors. This could for instance be the case for an area
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that has recently been surveyed in homogeneous ways using consistent reference
frames, etc. For the more usual situation, many more systematic components are
present. To represent this case, the correlated error model was devised. It contains
considerably more power in the longer wavelengths. If reality is sufficiently close
to any of the models (in a statistical sense), which might actually be the case in
many places, then one can expect to learn something from the error propagations
and numerical simulations. In the future, one could generate noise of a more
complex shape, for instance by dividing the gravity anomaly area into sub-areas,
in which different types of noise and possibly systematic effects are simulated.
Monte Carlo techniques (e.g. Press et al. 1992) could then be used to investigate
how such errors propagate.
In Chapter 3, the remove-compute-restore and combined forms of the unbiased
geoid estimator were first introduced and discussed. It has been shown that the
expected global mean square error is given by exactly the same type of spectral
formula in the two cases. The only difference is that the truncation RMS error
is larger in the combined case, as it is formulated in terms of the full field degree
variances. In the remove-compute-restore estimator, the truncation RMS error is
given by the topographically reduced degree variances, which are smaller. After
that, it was explained why any optimum choice of parameters becomes numerically
unstable for the unbiased estimator. This depends on that the unbiased estimator
only depends on the modified kernel inside the Stokes’ integration cap. As a
consequence, for any shape of the modified kernel inside the cap, there corresponds
a set of choices of modification parameters, whose kernels coincide closely inside
the cap at the same time as they differ considerably outside it. This implies that
the instability is totally harmless: Just find one member of the optimum set and
everything is in order. However, if the modified kernel is applied outside the cap
used to determine the modification parameters, then very bad results might occur.
It was then investigated which type of kernel modification that is most suitable for use with a future GOCE satellite-only EGM. At this point of the thesis
(Chapter 3), this question was studied in a preliminary way by error propagations
in the spectral domain. The basic requirements on a modification suitable for
GOCE are that it should be insensitive to long wavelength (systematic) errors in
the gravity anomalies at the same time as the truncation error should be low. It is
concluded that the standard remove-compute-restore method fulfils none of these
requirements. For the correlated error model, 10 cm errors have been obtained,
which means that the high accuracy expected by GOCE for the low to medium
degrees might easily be lost. The spheroidal kernel technique has better filtering
properties, but the truncation error is still problematic. The low-degree GOCEonly modification blocks the low-degree influence completely, but it is impossible
to accomplish this without an extremely large truncation error. The least squares
modification method was found to be most optimal, since it makes it possible to
combine a sufficient amount of filtering with a low truncation error. It was further
shown that the common objection that realistic apriori errors are not available
is not too important, and that it might be suitable to apply pessimistic apriori
errors in the present case. It should finally be mentioned that the spectral combination method was found to yield very similar results compared to the least
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squares technique for large caps, but the latter should be preferred for smaller
ones.
Next, the error propagation technique was utilised to study the difference between using the remove-compute-restore and combined type of estimators, and to
investigate what accuracy that can be expected for a GOCE model in combination with gravity data of different quality. However, it is obvious that the error
propagation technique only provides a rather rough approximation of reality. For
instance, if error-free gravity anomalies are assumed in a grid, then the propagated global RMS error becomes approximately 1–2 mm. It is believed that the
numerical operations of modified Stokes’ integration and downward continuation,
as well as the fact that topographic, ellipsoidal and atmospheric corrections are
not applied perfectly, will contribute with considerably larger amounts. To evaluate how much larger errors that might be introduced by different methods for
modified Stokes’ quadrature, downward continuation and topographic corrections,
synthetic models have been utilised in this thesis.
The full and reduced point-mass synthetic models were developed in Chapter 4.
A new method for generating point-masses by a random number generator, so
that certain given degree variances are closely approximated, has been developed
and tested. It is first assumed that the point-masses are located in different layers. If the masses are taken as independent and Normally distributed random
variables with a constant variance for each layer, the resulting gravity field becomes a stochastic process in three dimensional space. For a given distribution of
point-masses, the layer variances are then estimated so that the expected degree
variances of the stochastic process resemble the given ones (full and reduced) as
closely as possible. These variances can then be used to generate different realisations of the stochastic process. No dispersion measure has been derived for how
much the degree variances for different realisations can be expected to differ from
the expected ones. However, for reasonable point-mass distributions, it was found
experimentally that the realised degree variances are close to the expected counterparts. The proposed technique was then used to generate the full and reduced
point-mass models. It was shown that the resulting spectra coincide well with
the given full and reduced point-mass degree variances chosen in Chapter 2. It
should be noticed that the two point-mass models are only single realisations of the
corresponding stochastic processes. The proposed technique may easily be used
to generate an arbitrary number of realisations, which could then be utilised for
Monte Carlo simulations (Press et al. 1992). According to the author’s numerical
experience, however, very similar conclusions are obtained when geoid determination methods are tested using different realisations. It is more important how the
given degree variances are chosen in the first place. Thus, only two realisations
were picked, which constitute the final reduced and full point-mass models. It was
also shown in Chapter 4 how the observation noise was simulated according to the
chosen error degree variances, which is straightforward.
The point-mass SEGMs as well as the simulated observation noise were then
utilised in Chapter 5 to investigate different methods for modified Stokes’ integration (quadrature) and downward continuation. The full point-mass SEGM
was utilised in the combined approach, while the smoother reduced counterpart
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was used in the remove-compute-restore case. Of coarse the conclusions below
should be qualified so that they are only valid for the assumed spectra of the
gravity field, for the assumed behaviour of the observation noise, etc. Concerning
modified Stokes’ integration, the major conclusions have been that:
• It is worthwhile to interpolate denser observations before Stokes’ integration.
This step reduced the errors considerably for both the remove-computerestore and combined estimators.
• Considerably denser observations are required for the combined approach,
compared to when the remove-compute-restore method is used. If denser
gravity anomalies are not available, it is not sufficient with interpolation
on the unreduced gravity anomalies. Instead, all known density anomalies
should be removed before the interpolation. All masses are then restored
before the combined approach is applied.
• The numerical operation of Stokes’ integration does not seem to make the
results of the error propagations unrealistic, even though the discretisation
errors were found to be a little underestimated for the combined approach.
The propagation of observation errors was also found to follow the error
propagation results rather closely.
• The use of a fixed rectangular integration area affects the results approximately as could be expected, i.e. the truncation error is reduced, compared
to when a smaller spherical cap is utilised. This is important only for methods with a significant truncation error. Otherwise, the results were about
the same as obtained in Chapter 3, in which a moving spherical cap was
assumed.
Two common methods for downward continuation were then tested in Chapter 5, namely the inversion of Poisson’s integral and the gradient methods. The
full and reduced point-mass SEGMs were first used to generate observations at
the surface of the Nordic topography with heights below approximately 2000 m.
These gravity anomaly observations (with and without errors) were then downward continued in free air and compared with the true synthetic values at sea
level. After that, these downward continuation errors were propagated through
Stokes’ formula to find out what they mean for the estimated geoid heights. The
key findings from the synthetic model investigations are the following:
• The main problem for the inversion of Poisson’s integral for limited heights
is the influence of various discretisation errors. This aspect seems more
important than the magnification of high-frequency observation errors for an
area with reasonable topography like the Nordic one. It should be mentioned,
though, that a rather “naive” approach to regularisation and discretisation
was applied. It was not possible to utilise observations with 1’ resolution in
this case, due to that the solution converged too slowly.
• The gradient method yields just a little bit worse results compared to the
inversion of Poisson’s integral for 3’ gravity anomaly resolution. In this case,
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however, it was unproblematic to use denser observations, which improved
the results, especially for the full gravity field relevant in the combined approach.
• For the reduced gravity field case, the additional errors stemming from downward continuation are nevertheless small, which means that this step does
not violate the results from the error propagations in Chapter 3. The obtained errors are considerably more problematic in the combined case.
A detailed theoretical and numerical investigation of the downward continuation method of Sjöberg (2003a) was also supplied in Chapter 5. The main idea
with this method is that the downward continuation effect on the geoid height is
computed directly. It is consequently well adopted for the combined approach, or
the method of additive corrections, as this strategy is sometimes called by Sjöberg
(e.g. 2003b). A new version of the method, which is believed to be a little more
practical than the one presented by Sjöberg (2003a), has been derived. The numerical results of the synthetic model tests show that the method is favourable to
both the inversion of Poisson’s integral and the gradient methods. Even though
also Sjöberg’s method is limited to the gradient term, it becomes more accurate
since this term is applied outside Stokes’ formula for the downward continuation
from point to sea level. It has been clearly shown that this is equivalent to also
including the second derivative term on the gravity anomaly level. Sjöberg’s approach to downward continuation was thus found to yield smaller discretisation
errors than the other two methods. In case this method was taken advantage of,
very small additional errors were introduced by the downward continuation step
also in the combined approach. It should be remembered that the above numerical
investigations were performed on the full and reduced point-mass models assuming
a Nordic topography.
The Nordic SEGM was constructed in Chapter 6. As mentioned above, this
synthetic model is a combination of the reduced point-mass SEGM already developed, to which the topography, bathymetry and isostatic compensation are added.
The gravity field quantities generated by the latter components were computed on
a global basis with strict spherical volume integrals using as few approximations as
possible. As in the definition of the reduced gravity field, the local Airy-Heiskanen
hypothesis was utilised for the isostatic compensation. To be able to check the
self-consistency of the model, it was decided to limit the resolution of the defining
topography to 1’ resolution, which corresponds to about 2 km on the surface. The
main reasons for introducing this type of SEGM are to able to test topographic corrections as well as different downward continuation assumptions. In more detail,
the construction method may be summarised as follows: The generated gravity
field quantities were computed using rectangular prisms and a very detailed splineinterpolated DTM close to the computation point. After that, spherical formulas
using analytical integration in the vertical direction were utilised with the defining
1’ DTM. Outside this area, the same spherical formulas were applied globally with
a more rough mean value DTM. It has been carefully tested in Section 6.2 that
no numerical errors are introduced by the chosen method. Otherwise, the main
principle used for the construction was that no redundant approximations should
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be utilised. The low-degree spherical harmonic coefficients of the EGM were for
instance computed without truncated binomial expansions.
The final Nordic SEGM was then described in detail. The gravity anomalies
were generated (only) at the surface in a grid with 3’×6’ resolution over the Nordic
evaluation area. The reason for generating the observations in a point value grid,
is that it is believed that different geoid determination methods should first be
tested in this way. After that, one can concentrate on how the use of irregular
observations affects the results, how important topographic aliasing is, etc. The
geoid heights and height anomalies, which are the true values in the evaluation
of different methods, were also generated in point-value grids. After the main
components of the Nordic SEGM were presented, some small investigations were
made directly on the generated quantities. First, the difference between height
anomalies, geoid heights and Helmert Height compatible geoid heights have been
studied. It was found that the difference between the latter two quantities is
only significant in the highest mountains of the Nordic SEGM. After that, it
has been investigated how much the classical free-air and modern surface gravity
anomalies differ. It was found that the latter distinction is not important for
the Nordic SEGM. However, it should be noticed that the Nordic SEGM was
computed using a smoothing assumption and that its mountains are not higher
than approximately 2000 m. The above differences can be expected to be larger
in reality, especially in higher mountains. It should finally be mentioned that all
tests that were made with the Nordic SEGM, which will be summarised below,
were performed without added observation noise. The reason for this is that this
aspect has already been sufficiently well studied by the error propagation and
point-mass SEGM investigations. For the same reason, all remaining tests were
made using the least squares modification method.
In Chapter 7, the Nordic SEGM was used to test basically two different types
of remove-compute-restore Stokes-Helmert methods. The first type involves the
strict application of Helmert’s 1st and 2nd condensation methods, which uses strict
global integration of topographic effects and downward continuation by the inversion of Poisson’s integral (cf. Martinec 1998). The second type of technique is more
approximate, but on the other hand considerably more computer efficient. The
corresponding topographic corrections are derived in a planar flat-Earth approximation, and a downward continuation assumption is used to the effect that the
refined Bouguer anomaly need not be downward continued. The refined Bouguer
anomaly is first used for gridding. After that, the topographic masses are restored at the Helmert layer, which yields Faye anomalies, which are used directly
in Stokes’ formula. This type of technique was used to compute several large-scale
continental geoids (e.g. Smith and Milbert 1999 and Featherstone et al. 2001). A
good summary is provided by Forsberg (1997). As the technique is so effective, it
becomes possible to use the high-frequency information in the DTM implicitly in
the interpolation of denser grids.
The tests made of the strict techniques clearly show that Helmert’s 1st condensation method, with the condensation layer 21 km below sea level, should be
preferred. Due to that the Helmert anomalies are rougher when the 2nd condensation technique is utilised, larger discretisation errors are obtained in this case.
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The standard error of unit weight in the 4-parameter fit reduced from 13 mm to
6 mm when the condensation layer was moved 21 km downwards, using otherwise
exactly the same method. This is definitely a significant reduction. It has thus
been shown that the strict method is capable of sub-centimetre accuracy for the
Nordic SEGM, but only when the 1st condensation strategy is used. The approximate Helmert method was then investigated in the same way. In case the given
DTM was used to interpolate denser observations, the obtained post-fit RMS error
became 20 mm. This shows that the approximate method yields larger errors than
the strict counterparts. However, limiting us to the 2nd condensation strategy,
only a little better results were obtained in the strict case. It should finally be
mentioned that the above results have been obtained for the Nordic SEGM, which
were constructed using different assumptions, most notably that the topography is
smoothed to 1’ resolution. Furthermore, no atmospheric or ellipsoidal effects are
involved. All this means that higher errors can be expected in reality. It is nevertheless believed that comparative synthetic model tests of the type presented in
Chapter 7 are useful. The performed tests should only be viewed as a first start.
Many other remove-compute-restore techniques, which utilise different assumptions and approximations, remain to be investigated in the controlled synthetic
model environment
In Chapters 8 and 9 the overall goal is to present, discuss and test the combined approach of Sjöberg. However, due to the fact that the method proposed
for computation of the combined topographic correction is similar to the way topographic corrections are applied to an EGM, Chapter 8 is mainly devoted to
investigations of the so called analytical continuation bias, which needs to be corrected for in geoid determination by an EGM. The term ”analytical continuation
bias” was introduced for what previous authors call ”(analytical) downward continuation error”. It denotes the difference between a downward continued external
and a correct series expansion for a specified maximum degree. Mainly the analytical continuation bias for the geoid height, which was called the ”geoid bias”,
has been studied, but also the analytical continuation bias of the gravity anomaly
was touched upon to some extent.
The geoid bias can be determined strictly by an integral formula or approximately utilising the lowest terms in a binomial expansion. We have tested the
accuracy of these binomial terms for maximum degrees up to 1800, by comparing them to the strict formula. It is concluded that the lowest term, which is
proportional to the topographic elevation squared, coincide on the mm level with
the strict formula up to maximum degree 360. This is true even in the highest
mountains of the world (Himalaya). In smoother terrain, like in Europe, it can
be used to substantially higher degrees: disregarding the Alps, all the way up to
1800. However, as the maximum degree increases in high mountains, more terms
are needed in the binomial expansion. Since the resulting formulas then become
more and more cumbersome, it was concluded that it is favourable to use the strict
integration formula for geoid determination in mountain areas by an EGM with
ultra-high maximum degrees (Wenzel 2000). It has further been shown that the
geoid bias method, using only the H 2 term in the binomial expansion, is practically identical to the technique applied by Rapp (1997) for geoid determination
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by an EGM. This is not evident on a first look. An optimal method for geoid
determination by an EGM in combination with a high resolution DTM has also
been suggested.
The combined approach of Sjöberg (2003b) was then investigated in Chapter 9.
First, it has been shown that the combined topographic correction is equal to the
geoid bias correction introduced in Chapter 8. As it was found unclear how the
geoid bias correction should be understood in this context, its interpretation was
carefully investigated. In connection with this, several results from test computations in the Alps were presented to illustrate the reasoning. It was first suggested
that a finite maximum degree K should be used in order to avoid problems with
divergence and to be able to compute a geoid bias correction. Second, it was
found preferable that this K is chosen to a higher value than the Nyquist frequency of the original DTM / gravity anomaly grid, which is made possible by
using a smooth and dense grid that has been obtained from the original DTM
by smooth interpolation. The main reasons behind this choice of K are that the
approximations committed by the combined approach reduce, at the same time as
K
∞
≈ δNbias,2
= 2πµH 2 /γ0 .
the principal H 2 term can be approximated by δNbias,2
The latter can obviously be computed very efficiently. It has further been shown
that the approximation can be improved by means of a correction for the residual
geoid bias for the finite K in question, which can be obtained by local integration
around the computation point. Unfortunately, it has also been learnt that it is
extremely time consuming to compute the residual geoid bias for the high degrees
involved. The combined approach in the proposed interpretation is also limited to
comparatively low resolutions of the applied DTM. This means the residual geoid
bias can only be computed in practice for such areas, where sparse DTM and
gravity anomaly grids are sufficient, and in which the H 2 approximation is very
likely accurate enough already. As concluded in the synthetic model investigations
in Chapter 5, dense grids are required to reduce the discretisation errors in the
combined approach. It is therefore concluded that the computation of the residual geoid bias is not a viable alternative using the developed methods. Notice,
however, that this does not mean that no other, more suitable technique exists.
Next, the whole combined approach to geoid determination was investigated
using the Nordic SEGM. For the above mentioned reasons, the combined topographic correction was limited to the H 2 term. The downward continuation effect
was computed using Sjöberg’s method as developed and tested in Chapter 5. Both
the original 3’×6’ gravity anomaly grid and denser interpolated 1’×2’ observations
were utilised. The latter grid was interpolated on the refined Bouguer anomaly,
computed in two different ways, and the masses were finally restored before application of the combined method. The results show that the combined approach
works well for the Nordic SEGM in case dense interpolated 1’×2’ observations
are utilised. The obtained standard error of unit weight in the 4-parameter fit
was 20 mm for the original 3’×6’ grid, which reduced to 8 mm in case the refined
Bouguer anomaly interpolation was taken advantage of. Thus, it is concluded
that the combined approach is capable of providing 1 cm accuracy for the Nordic
SEGM, which implies that the neglected residual geoid bias correction is small.
As before, it is important to be aware of the assumptions used in the construction
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of the synthetic model. In the present case, it should especially be noted that the
conclusion that 1’×2’ resolution is sufficient is only valid for the smoothed Nordic
SEGM. In reality, it can be expected that denser grids are required.
It has finally been shown how a combined approach to the estimation of height
anomalies may be derived starting from the downward continuation formulation
of the theories of Molodensky et al. (1962). The derivation clearly illustrates the
relation to the geoid determination case, and the obtained formulas are favourable
since exactly the same modified Stokes’ integration can be used in both cases. It
was finally suggested that it might be suitable always to apply the height anomaly
downward continuation correction, and then utilise a quasigeoid-to-geoid correction to obtain geoid heights. It seems likely to the author that it is easier to
compute the latter with high accuracy in mountains, compared to the residual
geoid bias.
It should finally be mentioned that in all the error propagations and synthetic
model investigations presented in this thesis, it has been assumed that a GOCE
satellite-only EGM with maximum degree M = 200 is available. Let us also say a
few words on the accuracy that can be expected in regional geoid determination
using a GOCE EGM (with 1 cm commission RMS error) in combination with
terrestrial gravity data. To be able to say anything, it is assumed that either
the uncorrelated or the correlated gravity anomaly error model describes the true
situation. The optimal propagated RMS errors for this case were illustrated in
Fig. 3.6 for different standard deviations σ. As discussed in Subsection 3.4.3,
the error propagations cannot be assumed to be realistic for low σ. In view of
all synthetic model investigations presented in this thesis, it follows that Fig. 3.6
should be modified in such way that at least the RMS errors obtained in Chapters 7
and 9 are obtained for small σ. For gravity anomalies of more questionable quality
(higher σ), it is believed that Fig. 3.6 is reasonable. The above accuracy estimates
were derived using the Nordic SEGM. It would definitely be useful to have a more
complete synthetic model, which could for example also include the finer details of
the topography, the ellipsoidal shape of the Earth as well as an atmosphere. This
would make it possible to obtain better estimates of the real accuracy. The last
comment takes us to the final section, where a few recommendations are given for
the future.

10.2

Recommendations for Future Work

As has been discussed many times in this thesis, the results from the synthetic
model investigations depend on the SEGM that is used. It therefore feels crucial
to continue this work by investigating in detail how the assumptions made affect
the conclusions concerning the tested regional geoid determination methods. As
mentioned at the end of the last section, the SEGMs should also be extended so
that they include for instance the atmosphere, a similar ellipsoidal shape as the real
Earth and some important geophysical effects, for example the permanent tide.
It also feels crucial to investigate how much the information above degree 10800
interferes with the results. Above it has sometimes been asserted that, according

230

to the author’s numerical experience, one or another assumption does not affect
the final evaluation results significantly, etc. It is definitely recommended that
this type of knowledge is made more explicit in the future. It should for instance
be investigated how the results are affected by
• that different types of synthetic models are used. How important is it that a
realistic density distribution is specified, compared to that an effects model
with realistic spectrum is utilised (cf. the discussion in Section 5.1)?
• the choice of signal degree variances.
• the models applied to simulate observation errors.
• the use of different isostatic hypotheses.
Concerning the SEGMs developed in this thesis, it seems crucial that similar
models as the Nordic SEGM are developed also for other types of topography.
A few type areas could be chosen in the manner of Forsberg (1984a,b). Another
extension could be to develop point-mass models for the Nordic area directly from
the gravity anomalies, using either fixed or free positioned point-masses. The
evaluation results in this case should then be compared with what is obtained
using the point-mass models developed in this thesis.
However, it is not only recommended that the synthetic models are further
developed and refined. It is also believed that many important investigations of
regional geoid determination methods can be performed on the SEGMs already
available, for instance the following:
• Different regularisation and discretisation methods should be investigated
for the inversion of Poisson’s integral.
• Sjöberg’s method of downward continuation (Section 5.3) should be developed and tested also for the remove-compute-restore method.
• The tests of different approximations and assumptions for topographic corrections should be continued. One example here is to study the RTM method
(e.g. Forsberg and Tscherning 1981).
• Other approaches to regional geoid determination should be investigated,
for instance least squares collocation (e.g. Moritz 1980).
• Interpolation and gridding errors should be investigated assuming a realistic
distribution of gravity anomalies, for instance the real one for the Nordic
countries.
• The propagation of errors in the DTM should be carefully studied.
It should finally be stated that the author believes that the construction and
use of synthetic models is a good way to make progress in the field of geoid
determination, even though it is by no means easy to interpret the results, due
to the many necessary assumptions involved. It is believed that the present task
should be pursued in international collaboration with the preferred contributions
of geodesists with different background.
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Veröffentlichungen des Zentralinstitut Physik der Erde Nr. 92, Potsdam,
Germany
[6] Barthelmes F, Dietrich R, Lehmann R (1991) Use of point masses on optimised positions for the approximation of the gravity field. In: Rapp RH,
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[123] Sansó F (1997) (Ed.) Lecture Notes, International School for the Determination and Use of the Geoid. International Geoid Service, DIIAR - Politecnico
di Milano
[124] Sansó F (1993) Theory of geodetic b.v.p.s applied to the analysis of altimetry
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[146] Sjöberg LE (2001b) The effect of downward continuation of gravity anomaly
to sea-level in Stokes’ formula. J Geod 74: 796–804
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