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Abstract

In this thesis, two applications of dimensional deconstruction are studied. The first
application is a model for neutrino oscillations in the presence of a large decon-
structed extra dimension. In the second application, Kaluza–Klein dark matter
from a latticized universal extra dimension is studied. The goal of these projects
have been twofold. First, to see whether it is possible to reproduce the relevant
features of the higher-dimensional continuum theory, and second, to examine the
effect of the latticization in experiments. In addition, an introduction to the the-
ory of dimensional deconstruction as well as to the theory of continuous extra
dimensions is given. Furthermore, the various higher-dimensional models, such as
Arkani-Hamed–Dvali–Dimopolous (ADD) models and models with universal extra
dimensions, that have been intensively studied in recent years, are discussed.

Key Words: Dimensional deconstruction, higher-dimensional gauge theories, neu-
trino mixing, neutrino oscillations, universal extra dimensions, ADD models, Ka-
luza–Klein dark matter.

Sammanfattning

I denna avhandling studeras tv̊a tillämpningar av dimensionell dekonstruering. Den
första tillämpningen är en modell för neutrinooscillationer i närvaron av en stor
dekonstruerad extra dimension. I den andra tillämpningen studeras Kaluza–Klein
mörk matera fr̊an en diskretiserad universell extra dimension. Det finns tv̊a syften
med dessa projekt. Det första är att undersöka om det är möjligt att återskapa
de relevanta egenskaperna hos den högredimensionella kontinuummodellen och det
andra är att undersöka effekten av diskretiseringen i experiment. Det ges även en
introduktion till teorin för dimensionell dekonstruering, s̊aväl som teorin för kon-
tinuerliga extra dimensioner. Dessutom s̊a diskuteras de olika högredimensionella
modeller s̊asom Arkani-Hamed–Dvali–Dimopolous (ADD)-modeller och modeller
med universella extra dimensioner, som har studerats intensivt under senare år.

Nyckelord: Dimensionell dekonstruering, högredimensionella gaugeteorier, neut-
rinoblandning, neutrinooscillationer, universella extra dimensioner, ADD-modeller,
Kaluza–Klein mörk materia.

iii



iv



Preface

This thesis is the result of my research at the Department of Physics from October
2003 to October 2005. The thesis consists of two parts. The first part is an
introduction to the physics relevant to the scientific papers. In this section, extra
spatial dimensions, dimensional deconstruction, neutrino masses and mixing, and
Kaluza–Klein dark matter is discussed. In addition, the main results of the scientific
papers listed below is discussed, where some points have also been elaborated on.
The second part consists of the scientific papers.

List of papers

1. Tomas Hällgren, Tommy Ohlsson, and Gerhart Seidl
Neutrino oscillations in deconstructed dimensions
Journal of High Energy Physics 02, 049 (2005)
hep-ph/0411312

2. Tomas Hällgren and Tommy Ohlsson
Indirect detection of Kaluza–Klein dark matter from latticized universal di-
mensions
hep-ph/0510174

The thesis author’s contribution to the papers

1. I contributed with the sections on neutrino mixing and oscillations, which
includes large parts of Sec. 5, Sec. 6 and Appendix B.

2. The idea for this project was mine. I constructed the model and performed
the phenomenological analysis as well as the numerical calculations. I also
did most of the writing.

v



vi Preface

Acknowledgements

First, I would like to thank my supervisor Tommy Ohlsson for giving me the op-
portunity to work on interesting projects, for the scientific collaboration on both
projects and for the interesting discussions on physics and various other subjects in
general. I would also like to thank Gerhart Seidl from Oklahoma State University,
USA, for the rewarding collaboration on the first project and for sharing with his
expertise at all times. Furthermore, I would like to thank the Royal Institute of
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Chapter 1

Introduction

The Standard Model (SM) of particle physics is a very successful theory. Its pre-
dictions have been experimentally confirmed to an impressive accuracy. However,
we know that it cannot be a complete theory. As two examples, we can consider
non-zero neutrino masses and the dark matter (DM) problem.

When the Super-Kamiokande experiment presented the first evidence for neu-
trino oscillations in 1998 [1], it was an indirect indication of neutrinos being massive.
These results have since been independently confirmed by numerous other experi-
ments. Since the SM predicts neutrinos to be massless, these results signal the need
for models beyond the SM. Another shortcoming of the SM is in accounting for the
energy and matter distribution in the Universe. Today, evidence from astrophysical
and cosmological data, such as measurements of galaxy rotation curves [2,3], large
scale structure surveys [4, 5], and measurements of the cosmic microwave back-
ground radiation [6] all point consistently to an energy and matter distribution
where 4 % is ordinary baryonic matter, 23 % is DM, and an even more mysterious
73 % is in the form of dark energy. The SM cannot account for these numbers, nor
for their origin.

Thus, it is clear that new models must be constructed, which extend the SM.
Certainly, one of the most popular ways of the extending the SM is to include
supersymmetry. Supersymmetry associates with every fermion (boson) a bosonic
(fermionic) superpartner. The supersymmetric partners should be very massive,
since they have so far not been observed. One of the motivations for supersymme-
try is that it can soften the Higgs mass. Within the SM the Higgs boson would
obtain quadratically divergent radiative mass corrections. Another motivation for
supersymmetry is that it can unify the couplings constants of the three SM gauge
groups at a fundamental high-energy scale. It is also possible with supersymmetry
to address the DM problem mentioned above. In fact, the most widely studied
particle DM candidate is the lightest supersymmetric particle (LSP), typically the
neutralino [7].

3



4 Chapter 1. Introduction

Another possibility is to consider additional spatial dimensions. Ever since
the pioneering work of Kaluza and Klein [8, 9], there has been a large interest in
theories with extra dimensions. From a theoretical point of view, they are already
motivated. For example, it is known that string theories, to date the only existing
viable theories for quantum gravity, require six or seven extra spatial dimensions in
order to be anomaly free. Also within conventional quantum field theory, theories
with extra dimensions may address some of the problems of the SM. For example,
higher-dimensional models have been used to solve the hierarchy problem related to
the weakness of gravity compared to the weak interactions [10], as motivations for
three SM families from anomaly cancellation [11], and as models for electroweak
symmetry breaking (EWSB) [12, 13]. Extra dimensions also provide a potential
dark matter candidate in the form of Kaluza-Klein dark matter (KKDM) [14, 15].
Also, higher-dimensional models may provide a mechanism for generating small
neutrino masses [16,17].

These extra dimensions have to be compact in order to have escaped detection
so far. But as experiments probe even higher energies we may see the appearance
of them. The extra dimensions could manifest themselves to an experimentalist as
a tower of massive particles, so-called Kaluza–Klein (KK) particles, with specific
interactions. However, this picture is not valid to arbitrarily high energies. At some
point, the predictive power of the higher-dimensional theory breaks down, at which
point some more fundamental theory should describe Nature. The reason for this
is that higher-dimensional gauge theories have coupling constants of negative mass
dimensions, which makes them non-renormalizable theories. Such theories cannot
describe physical phenomena for arbitrarily high energies, but must be ultraviolet
(UV)-completed above some cutoff energy scale.

Several UV-completions of higher-dimensional theories exists. One possibility is
that the cutoff scale coincide with the scale for quantum gravity. In this case, the
higher-dimensional theory could be embedded into some string theory. Another
possibility within ordinary field theory was suggested in Ref. [18] and indepen-
dently in Ref. [19]. These type of models, generally referred to as “dimensional
deconstruction” models1, can be viewed as UV-completions of higher-dimensional
gauge theories. In their simplest formulation, these theories are four-dimensional
and renormalizable at the fundamental high-energy level. At low energies, a latti-
cized extra dimension is generated dynamically. With dimensional deconstruction
one can have similar benefits as ordinary higher-dimensional theories, but in con-
trast with the latter one can consider some quantum problems in a well-defined
setting. Also, dimensional deconstruction has inspired four-dimensional model
building, with novel solutions to some of problems of the SM, but without any
extra-dimensional interpretation. One example of such constructions are “Little
Higgs” models [20], which in their basic formulation soften the radiative correc-
tions to the Higgs mass. As mentioned previously, in the SM, the Higgs boson

1We will also refer to these type of models as models with “deconstructed” or “latticized” extra
dimensions.
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mass acquire quadratically divergent radiative contributions. Little Higgs theories
offer an alternative to supersymmetry in this respect.

Given the far reaching implications of deconstructed extra dimensions, it is
important to ask how an experimentalist would observe them. We known that they
should mimic higher-dimensional physics at low-energy scales. But how would they
differ? Would it be possible to probe a deconstructed model and distinguish it from
continuous extra dimensions?

One possibility to probe dimensional deconstruction models is to use the fact
that they are UV-completions. Thus, one could, in principle, observe the effect of
the theory above the cutoff energy scale on low-energy observables2. In contrast,
this is not possible for effective low-energy higher-dimensional theories, which con-
tain no information on the fundamental high-energy theory.

In a few years, several of the models discussed in this section, such as super-
symmetry, models with extra dimensions, dimensional deconstruction, and Little
Higgs models, may be put to test in experiments such as the Large Hadron Col-
lider (LHC) [23], precision neutrino experiments such as Double-Chooz [24, 25], or
satellite-borne experiments such as AMS-02 [26] and PAMELA [27]. In the end, it
is through such experiments that the fate of all of these theoretical constructs will
ultimately be determined.

2One example is to consider radiative corrections to KK masses, which can be crucial for DM
or collider physics. Radiative corrections to KK masses from dimensional deconstruction have
been considered in Refs. [21, 22].
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Chapter 2

Theories with extra spatial
dimensions

2.1 General overview

Theories with more than four dimensions have been intensively studied in recent
years. Several of the outstanding problems that face the Standard Model (SM)
can have novel solutions in higher-dimensional settings (see discussion in Chapter
1). The extra dimensions have to be compactified on some manifold with a very
small volume in order not to be in conflict with observed phenomena. At least
this conclusion would hold in a model where all SM fields propagate in the higher
dimensions (see the discussion on universal extra dimensions below). However, a
couple of years ago, the idea of sub-millimeter extra dimensions [10] appeared. In
these models, the SM fields are confined to a subspace of the full higher-dimensional
manifold and only gravity and other SM singlets can propagate in the bulk1. This
model was motivated by the fact that it could lower the fundamental scale of gravity
down to the electroweak scale, and thus, solving the hierarchy problem related
to the large energy desert between these scales. It was also shown that these
models were not in large conflict with experiments. The reason for this is that
although electroweak interactions have been probed to very short distances, gravity
had at the time not been tested at distances shorter than roughly a millimeter.
Today, the constraints on these models have been improved, but these “large extra
dimensions” can still be significantly larger than what was naively expected. These
models could be contrasted with models where all SM fields propagate in the extra
dimensions, known as universal extra dimensions [28]. As noted above, these models
are obviously much more constrained. However, it was realized in Ref. [28] that due
to the conservation of higher-dimensional momentum, the effect of these dimensions

1When discussing these type of models, one usually refers to the subspace as the “brane” and
the full higher-dimensional space as the “bulk”.

7



8 Chapter 2. Theories with extra spatial dimensions

on electroweak precision observables only turn up at loop-level. Thus, they can be
much larger than naively expected and several interesting and potentially observable
phenomena have become foreseeable.

2.1.1 The Arkani-Hamed–Dvali–Dimopolous model

As mentioned in the previous section, the original motivation for the ADD model
[10] was to solve the hierarchy problem related to the large energy desert between
the two fundamental energy scale in Nature, the weak scale and the quantum gravity
scale. It was postulated that there exist δ ≥ 2 additional compact dimensions in
which only gravity (and other SM singlets) may propagate, whereas the SM fields
are confined to live on a three-dimensional hypersurface, also known as a 3-brane2.
The reason why gravity appears to be weak in these models as compared to the
electroweak interactions is that the gravity field lines spread out in all dimensions.
Thus, gravity is not intrinsically weak, it only appears so from a four-dimensional
point of view. More specifically, this follows from Gauss law in higher dimensions.
The potential between two test masses m1 and m2 in 4 + δ dimensions, where the
compact dimensions for definiteness make up an δ-dimensional torus with equal
compactification radii R, is for r ¿ R given by

V (r) ∼ m1m2

M δ+2
f

1

rδ+1
, (2.1)

where Mf is the “true” higher-dimensional scale of quantum gravity. For large
separation of the test masses, one recover the usual four dimensional 1/r potential

V (r) ∼ m1m2

M δ+2
f Rδ

1

r
. (2.2)

Thus, we find the following relation between the higher-dimensional gravity scale
Mf and the usual four dimensional one [10]

M2
Pl ∼M δ+2

f Rδ. (2.3)

In order to solve the hierarchy problem, we postulate that Mf is of the order of the
weak scale. Then, we obtain the following constraint on the radius

R ∼ 1030/δ−19m

(

TeV

Mf

)1+2/δ

. (2.4)

For δ = 1, this would set R ∼ 1011 m, which would imply deviation from Newton’s
inverse square law at solar system scales. This is clearly not acceptable and this

2This terminology comes from D-branes in string theory, on which open strings are attached.
It was shown in Ref. [29] that the ADD model could be embedded in type I string theory, where
the confinement of fields is automatic. There also exist confinement mechanisms within ordinary
quantum field theory, see for example Refs. [30–32].
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case is thus ruled out. However, already for δ = 2, we can have R ∼ 1 mm which
at the time the model was constructed was in the range of proposed gravity exper-
iments. As noted above, the constraints have been improved since then. Gravity
experiments have now probed sub-millimeter scales and not found any deviation
from Newton’s inverse square law. Also, there are several bounds coming from
astrophysics and cosmology. In general, these results only constrain the volume of
the extra dimensions, whereas gravity experiments constrain the size of the largest
extra dimension. Today, the bounds on the ADD model have now been improved,
so that the largest extra dimension should not be larger than roughly a micrometer.
In models with a hierarchy of compactification radii, one can have one large sub-
millimeter extra dimension and a number of smaller dimensions, such that Eq. (2.3)
is fulfilled. The phenomenology will then essentially be that of a five-dimensional
theory. This is something we will use when considering sterile neutrinos in an ADD
model in Sec. 4. Sterile neutrinos are SM singlets and can live off the brane. Their
mixing with SM brane neutrinos can generate small neutrino masses and offer new
solutions to the solar and atmospheric neutrino anomalies.

2.1.2 Universal extra dimensions

In models with universal extra dimensions (UEDs) [28], the SM fields are not con-
fined to a subspace. Instead, all fields propagate in the full higher-dimensional
space. The constraint on these models from electroweak data is less severe than
naively expected. The reason is that momentum conservation in the higher dimen-
sions imply there is no effect at tree-level. It was pointed out in Ref. [28] that in
these models the bound on the inverse radius R−1 can be as low as R−1 & 300 GeV
(corresponding to a radius of R ∼ 0.001 fm). Since all fields live in all dimensions,
there will exist a Kaluza–Klein (KK) tower for each field and the phenomenology
will in general be more complicated than for the ADD model. There are also some
difficulties for example when considering fermions in higher dimensions. When de-
composing a higher-dimensional fermion field in KK modes, one obtains both left-
and right-handed components of the zero mode of the field. Since, in the SM,
fermions are chiral, this poses a serious problem. In order to achieve chiral zero
modes from a higher-dimensional theory, one has to impose some additional discrete
symmetry which projects out one of the chiralities. This can obtained by compact-
ifying the extra dimension on an orbifold. An orbifold is essentially a toroidal space
with an additional discrete symmetry under which the fields are either even or odd.
This prescription will explicitly project out the unwanted degrees of freedom such
that the model is in agreement with the SM at low energies. The details of this
method will be given in next sections when we will consider the effect of different
topologies on the low-energy effective theory.

There are several interesting applications in models with universal extra di-
mensions. For example, one may obtain electroweak symmetry breaking (EWSB)
[12, 13] or proton stability [33] in a natural way. Also, these models give rise to
a potential cold dark matter (DM) candidate [14, 15], usually thought to originate
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from the five-dimensional hypercharge gauge boson. This will be discussed in more
detail in Sec. 5.

2.2 Compactification on the circle

As a simple illustration of the general idea behind Kaluza–Klein theories, we will
consider a charged scalar field in 4 + 1 dimensions, where the extra dimension is
compactified on a circle. The topology of this space is M4 × S1. The action for
this toy model takes the form

S =

∫

d4x

∫ 2πR

0

dy

(

1

2
∂µΦ∂

µΦ∗ +
1

2
∂yΦ∂yΦ

∗ +m2
0ΦΦ

∗

)

. (2.5)

Here the y coordinate denotes the extra dimension and runs from 0 to 2πR, where
R is the radius of the compact dimension. Because of periodicity of the compact
dimension, we have Φ(xµ, y + 2πR) = Φ(xµ, y), which means that we can expand
Φ in a Fourier series

Φ(xµ, y) =

∞
∑

n=−∞

φn(x
µ)einy/R. (2.6)

Inserting this expansion in Eq. (2.5) and integrating out the y-dependence, we
obtain a four-dimensional action of the form

S = 2πR

∫

d4x

{

m2
0φ0φ

∗
0 +

1

2
∂µφ0∂

µφ∗0 +
∞
∑

n=1

[

(

m2
0 +

n2

R2

)

φnφ
∗
n

+
1

2
∂µφn∂

µφ∗n

]}

, (2.7)

where we have used that
∫ 2πR

0

dy ei(n−m)y/R = 2πR δnm. (2.8)

The five-dimensional scalar field Φ has mass dimension [Φ] = mass3/2 and so does
φn. Now, we redefine the scalar fields by

√
2πRφn → φn. This removes the factor

2πR in front of the action and gives the fields the correct mass dimension of a
four-dimensional scalar field (i.e., [φn] = mass1). Thus, we have obtained from a
five-dimensional action an equivalent four-dimensional action. This method is usu-
ally referred to as “dimensional reduction” (not to be confused with “dimensional
deconstruction”, which is conceptually completely different, see Sec. 3). The four-
dimensional model contains an infinite number of charged scalar fields, φn, with
masses

m2
n = m2

0 +
n2

R2
, (2.9)

for n = 0, 1, 2, . . .. These fields are usually referred to as KK modes and their
presence is a generic prediction of extra-dimensional theories. Any field which
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moves in the extra dimension acquire such a tower of massive states. The zero
mode φ0, with mass m0, corresponds to the particle which would be observed at
low energies. As experiments probe higher and higher energies (or equivalently,
shorter and shorter distances) additional massive scalar fields (or whatever bulk
field we are considering) are predicted to be observed with a characteristic linear
mass spectrum of the type given in Eq. (2.9). Of course, we cannot have infinite
masses as Eq. (2.7) would imply. Therefore, the KK tower is usually truncated at
some integer value N . This reflects the fact that higher-dimensional gauge theories
are non-renormalizable and can only be considered as effective theories, valid below
some cutoff energy scale, Λ. Above this energy scale, the theory breaks down as
a perturbative quantum field theory and its predictive power is lost. Hence, some
more fundamental theory is expected to be a better description of physics at energies
above E ∼ Λ. We will later discuss the idea of “dimensional deconstruction” [18,19],
which is one possible way of describing the physics of higher-dimensional gauge
theories above the cutoff energy scale.

2.3 The orbifold

The example with the circle served as an illustration of the basic idea and procedure
behind dimensional reduction. It was the special topology of the compact dimension
that allowed the Fourier expansion which in turn lead to the tower of KK states.
However, as we will see, this model has some drawbacks.

Whatever model we construct, we have to make sure that in the low-energy limit
it reduces to the SM of particle physics, a model which has been experimentally
confirmed to very high accuracy. In the case of the toroidal compactification, this
is difficult to accomplish. There are essentially two problems. First, the fifth
component of the higher-dimensional gauge field has a zero mode, which would
appear in four dimensions as a massless scalar. No such scalar has been observed3.
Second, fermions in the SM are chiral, i.e., they have a definite chirality, left- or
right-handed. However, fermions propagating in S1 would be vector-like, i.e., they
would have both left- and right-handed components. In this section, we will discuss
a different topology, the orbifold, which could solve these problems.

In general, an orbifold is a quotient space Γ = M/G, where G is some discrete
group which acts on some manifold M . We will only be concerned with orbifolds of
the type Tm/Zn, where Tm denotes an m-dimensional torus and Zn is the group
of integers modulo n. In particular, we will consider the simplest case of an S1/Z2

orbifold. This topology is obtained from the circle, S1, by identifying oppositely
lying points, i.e., we identify y and −y. This means that the physics should be the
same if we let y → −y, i.e., the action (or Lagrangian) should be invariant under
this transformation. The S1/Z2 orbifold can be viewed as a line segment of size
πR with free boundary conditions.

3This is actually a little more subtle. See discussion in Sec. 2.3.1.
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2.3.1 Scalars and gauge fields

Now, we extend the discussion in Sec. 2.2 to a scalar field propagating in an S1/Z2

orbifold. The five-dimensional action takes the form

S =

∫

d4x

∫ πR

0

dy

(

1

2
∂µΦ∂

µΦ∗ +
1

2
∂yΦ∂yΦ

∗ +m2
0ΦΦ

∗

)

. (2.10)

Next, we impose that the Φ is odd under the Z2 symmetry, i.e., we impose that
Φ(xµ, y) = −Φ(xµ,−y). This means that Φ admits the following Fourier expansion

Φ(xµ, y) =
1√
πR

∞
∑

n=1

φn(x
µ) sin

(ny

R

)

. (2.11)

Note that Φ has no zero mode φ0. If instead we choose Φ to be even under Z2, i.e.,
we impose that Φ(xµ, y) = Φ(xµ,−y), we obtain the Fourier expansion

Φ(xµ, y) =
1√
2πR

φ0(x
µ) +

1√
πR

∞
∑

n=1

φn(x
µ) cos

(ny

R

)

. (2.12)

In this case, we do have a zero mode. This is one of the attractive features of the
S1/Z2 orbifold. With this topology, we can accomplish two things. First, we can
project out the zero mode of the fifth component of the higher-dimensional gauge
field, A5. We simply impose that A5 is odd under Z2 such that it has the expansion
as in Eq. (2.11). Here the higher-dimensional gauge field has the components Aµ

and A5. Furthermore, we choose Aµ to be even under Z2, so that we obtain the
usual four-dimensional gauge field Aµ as the zero mode. Second, in the fermionic
sector, we can impose that fermions are even or odd under Z2 in order to obtain
chiral zero modes (this will be discussed more in the next section).

A final comment is in place, regarding A
(0)
5 . We have so far viewed this 4D

scalar as a problem and used the orbifold to project it out. However, it could be
that this scalar could actually be identified with the Higgs boson [34, 35]. This
approach is also related to so-called “Little Higgs” theories [20].

2.3.2 Chiral fermions

One of the problems when considering fermions in higher dimensions is to find
some way of constructing chiral zero modes, in order to be in agreement with the
SM. With the orbifold compactification, this is achievable, as we pointed out in
Sec. 2.3.1. First, we will briefly discuss the representations of gamma matrices and
spinors in an arbitrary number of dimensions. The gamma matrices Γα in d = 4+δ
dimensions satisfy the Clifford algebra

{Γα,Γβ} = 2gαβ1d, (2.13)

where gαβ = diag(+1,−1,−1, . . . ,−1) and 1d is the d × d identity matrix. The
representations of the gamma matrices in arbitrary dimensions have been studied
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d = 4 + δ δ k Γα Weyl

4 0 0 4× 4 Yes
5 1 0 4× 4 No
6 2 1 8× 8 Yes
7 3 1 8× 8 No

4 + 2k 2k k 2k+2 × 2k+2 Yes
4 + 2k + 1 2k + 1 k 2k+2 × 2k+2 No

Table 2.1. Representation of Γ matrices in d spacetime dimensions. In the
third column is given the size of the Γ matrices. Here α = 0, 1, 2, . . . , d. The
last column indicates the existence of a Weyl representation for a given d.

in detail in Ref. [36]. Here, we only remark on some general properties. Assume
a d = 4 + δ dimensional spacetime. The gamma matrices Γα are 2k+2 × 2k+2

matrices, where k is given by k = 2δ for δ even and k = 2δ+1 for δ odd. Fermions
in an odd number of spacetime dimensions can be represented by 2k+2 component
spinors, and by chiral 2k+1 spinors in even dimensions. We will only consider
five-dimensional models. In this case, we can choose the gamma matrices Γα as

Γµ = γµ Γ5 = iγ5, (2.14)

where γ5 = iγ0γ1γ2γ3 as usual. As we have already mentioned, fermions in five
dimensions compactified onM4×S1 face problems related to chirality. In order to
be in agreement with the SM, we have to arrange such that the zero mode fermions
have the right chiralities. In the orbifold construction, this is easily obtained.
Suppose we want to construct left-handed zero modes (as for the SU(2) doublets).
Then, we impose that the left-handed higher-dimensional fermion is odd under the
Z2 action, whereas the right-handed higher-dimensional fermion is even under the
Z2 action. Thus, we obtain the following KK expansions

ΨL(x
µ, y) =

1√
2πR

ψ0L(x
µ) +

1√
πR

∞
∑

n=1

cos
(ny

R

)

ψnL(x
µ) (2.15)

and

ΨR(x
µ, y) =

1√
πR

∞
∑

n=1

sin
(ny

R

)

ψnR(x
µ). (2.16)

In the case of the SU(2) singlet fields, we simply reverse the role of the left- and
right-handed fields. In this way, we obtain chiral zero mode fermions, in agreement
with the SM.
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Chapter 3

Dimensional deconstruction

As discussed in the previous section, higher-dimensional theories can only be treated
as low-energy effective theories. At some energy scale, the higher-dimensional the-
ory breaks down as a perturbative field theory and some more fundamental theory
must describe physics. A couple of years ago, the idea of “dimensional deconstruc-
tion” was independently proposed in Refs. [18] and [19] as a way of construct-
ing higher-dimensional theories with a well-defined short distance behavior. One
starts with a four-dimensional theory at high energies. The theory has a special
gauge group structure and field content which is dictated by the requirement on
the low-energy effective theory. At low energies, the physics is exactly that of a
latticized extra dimension. Thus, these type of models can have similar benefits
of usual higher-dimensional theories, but within this framework one can consider
some quantum problems in a well-defined setting.

3.1 The aliphatic model

Let us consider a four-dimensional field theory with a product gauge group of the
form G = G1 × G2 × . . . GN , where Gj = SU(m)j . To each gauge group is, as
usual, associated a set of gauge field Aja, where a = 1, 2, . . . ,m2 − 1. We also
include a set of scalar fields Φj,j+1, which can be represented by m ×m matrices.
We impose that Φj,j+1 transform in the bifundamental representation (m̄,m) of

SU(m)j × SU(m)j+1, i.e., Φj,j+1 → Vj+1Φj,j+1V
†
j , where Vj ∈ SU(m)j . Since

the scalar fields in this sense “links” the adjacent gauge groups, we will refer to
them as “link fields”. It is convenient to represent this theory by a “moose” [37]
or “quiver” [38] diagram, see Fig. 3.1. In such a diagram, circles represent gauge
groups and an arrow represents a field transforming in the fundamental or antifun-
damental representation of the corresponding gauge group, depending on whether
the arrow is directed towards or away from the circle, respectively. An arrow,
which connects two circles represents a field, which transform in the bifundamental

15
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Φ1,2 ΦN−1,N

G1 G2 GN−1 GN

Figure 3.1. Moose diagram for the aliphatic model. Here, the circles represent
the gauge groups Gj , j = 1, 2, . . . , N . The arrows represent the link fields
Φj,j+1, which transform in the bifundamental representation (m̄,m) of the
adjacent gauge groups.

representation of the corresponding gauge groups. We will also refer to moose dia-
grams within dimensional deconstruction models as “theory spaces” [20, 39]. This
use of terminology is motivated by the fact that theory space can sometimes by
mapped onto a physical spatial dimension in the infra-red regime. In some sense,
theory space can be seen as a generalization of ordinary geometric space, where
for example locality of the geometric low-energy dimension is a consequence of the
renormalizability of the fundamental theory.

The model that we have described, has a linear structure, which is somewhat
reminiscent of structures that appear in organic chemistry, which is why this model
originally was referred to as the “aliphatic model” [19]. The action for this model
is

S =

∫

d4x







N
∑

j=1

[

Tr
(

(DµΦj,j+1)
†
DµΦj,j+1

)

− 1

4
FjµνaF

jµνa

]

− V (Φ)







, (3.1)

where a = 1, 2, . . . ,m2−1. When an index of a field is out of bounds (e.g., ΦN,N+1),
then it is implicit that the field is zero. The covariant derivative is defined by

DµΦj,j+1 =
(

∂µ + igjAjµaT
a
j − igj+1Aj+1,µaT

a
j+1

)

Φj,j+1, (3.2)

where T aj are the generators of SU(m)j . In general the coupling constants gj could
be different for all gauge groups. However, usually they are set equal, which is
required in order for the extra-dimensional low-energy theory to be translationally
invariant. The field strength tensor is given by

Fjµνa = ∂µAjνa − ∂νAjµa + gjf
bc
ja AjµbAjνc, (3.3)

where fabcj are the structure constants, given by [T aj , T
b
j ] = ifabcj T cj (no summation

over j). In Eq. (3.1), we have also included a renormalizable potential for the link
fields Φj,j+1 of the form

V (Φ) =

N
∑

j=1

[

−M2 Tr
(

Φ†
j,j+1Φj,j+1

)

+ λ1Tr
(

Φ†
j,j+1Φj,j+1

)2

+ λ2

(

Tr
(

Φ†
j,j+1Φj,j+1

))2

+M ′
(

eiθdet (Φj,j+1) + h.c.
)

]

, (3.4)
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where λ1 and λ2 are dimensionless parameters. We recognize this as a gauged
linear sigma model. The theory also possesses an approximate global chiral sym-
metry SU(m)N × SU(m)N under which the link fields transform as Φj,j+1 →
LjΦj,j+1R

†
j+1. Now, we arrange the parameters of the potential in the following

way: First, we let λ1, λ2,M
′ > 0 and M2 < 0. This will lead to a “Mexican hat”

type of potential and will generate non-zero vacuum expectation values (VEVs)
for the link fields and trigger spontaneous symmetry breaking (SSB). In this way,
the global chiral symmetry is broken down to SU(m)N , leaving N pseudo Nambu–
Goldstone bosons (PNGB). At the same time, the gauge symmetry is also broken
down to the diagonal subgroup SU(m), eating all of the N NGBs. Next, we im-
pose that the scalar fields are heavy. This will lead to that the potential acquires a
large curvature at its minimum and the link fields will effectively be confined to a
hypersphere of radius v. Thus, we obtain the constraint

Φ†
j,j+1Φj,j+1 = v21m, (3.5)

where 〈Φj,j+1〉 = v1m. This constraint implies a non-linear form for the link fields.
We can parametrize the link fields in terms of the PNGBs as [19]

Φj,j+1 = v exp
(

iGj
aT

a
j /v

)

, (3.6)

where Gj
a are the PNGBs and T aj are the group generators. Thus, the theory below

the scale of symmetry breaking can be described as a gauged non-linear sigma
model. Equivalently, we may describe it as a transverse lattice gauge theory [40],
where only the extra dimension has been latticized. Here the link fields take the role
of the link fields of a usual lattice gauge theory. The correspondence is established
by identifying the PNGB with the fifth component of the higher-dimensional gauge
field

Gj
a

v
= −agAj5a, (3.7)

where a is the lattice spacing. Furthermore, we will identify a = 1/gv and a =
πR/N . In order to demonstrate the correspondence more concretely, we can calcu-
late the gauge boson mass spectrum and compare it with the continuum KK mass
spectrum in the large N limit. When the link fields acquire VEVs, the kinetic terms
in the action will give rise to the following mass terms for the gauge bosons

Lmass =
g2v2

2

N−1
∑

j=1

(Aj −Aj+1)
2
. (3.8)

Here we have used the relation Tr
(

T aT b
)

= δab/2 for the SU(m) generators. Ex-
plicitly, in the basis (A1, A2, . . . , AN ), the N×N gauge boson mass squared matrix
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reads

M2 =
g2v2

2















1 −1
−1 2 −1

. . .
. . .

. . .

−1 2 −1
−1 1















. (3.9)

This matrix can be diagonalized by a change of basis

Aj =

N−1
∑

n=0

ajnÃn, (3.10)

where

ajn =







√

2
N cos

(

2j+1
2 γn

)

, n 6= 0
√

1
N , n = 0

. (3.11)

Here γn = nπ/N . Thus, we obtain the mass eigenvalues [19]

m2
n = 4g2v2 sin2

( nπ

2N

)

. (3.12)

For n ¿ N , we obtain the usual linear KK spectrum mn = n/R provided that
we make the identification gv = N/(πR). Similarly, one can also show that the
couplings match onto the continuum model in the limit of large N [19].

In summary, we have considered a four-dimensional model in which a latticized
extra dimension is generated dynamically at low energies. It is worth emphasizing
that we have not simply just put an extra dimension on a lattice. Such a procedure
would not have been very useful. The transverse lattice gauge theory is a non-
linear sigma model in four dimensions and as such it is not renormalizable. It
would require a renormalizable completion above some cutoff energy scale. The
linear sigma model is one possible such completion. Note that other similar models
exist which generate the same latticized effective theory. For example, in the model
of Ref. [18], the link fields are replaced by fermion condensates and the fundamental
theory has a somewhat different structure. However, the low-energy effective theory
is essentially the same (although they considered a different topology). So far, we
have only considered a theory with gauge bosons and scalars. In the next section,
we will also include fermions.

3.1.1 Inclusion of fermions

Let us now include fermions to the model considered in the previous section. In
the original model, we incorporate a set of fermions Ψj , which transform in the
fundamental representation m of Gj . However, the inclusion of fermions is not
without problems. The difficulty is that a “naively” latticized fermionic action
actually desribes two Dirac fermions instead of one. This is known as the fermion
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doubling problem. In general, for n latticized dimensions, one would obtain 2d

fermion species. One possible way to ameliorate this problem is to add to the
action a Wilson term [41]. A Wilson term is a higher-dimensional operator of the
form aΨ̄jD

∗
5D5Ψj , which removes the fermionic doublers from the spectrum. Here

D∗
5 and D5 are the backward and forward difference operators, respectively,

D5Ψj =
1

a

(

Φ†
j,j+1

v
Ψj+1 −Ψj

)

, (3.13a)

D∗
5Ψj =

1

a

(

Ψj −
Φj−1,j

v
Ψj−1

)

. (3.13b)

The fermionic action, augmented by the Wilson term, takes the form [19]

S =Mf

∫

d4x
∑

j

[

Ψ̄jL

(

Φ†
j,j+1

v
Ψj+1,R −ΨjR

)

− Ψ̄jR

(

ΨjL −
Φj−1,j

v
Ψj−1,L

)

]

,

(3.14)
where Ψj,L/R are the left- and right-handed projections of Ψj . Here Mf is a mass
parameter, which will be used when matching onto the continuum model parame-
ters. In order to obtain chiral zero modes as in the continuum S1/Z2 orbifold con-
struction, we can as in Ref. [19] impose discretized Dirichlet and Neumann bound-
ary conditions. Thus, we impose for the right-handed fields discretized Dirichlet
boundary conditions

Ψ0R = ΨNR = 0. (3.15)

For the left-handed fields, we impose discretized Neumann boundary conditions

ΨNL −
ΦN−1,N

v
ΨN−1,L = 0. (3.16)

When the link fields acquire universal VEVs, we obtain the mass and mixing terms

L =Mf







Ψ̄0LΨ1R +

N−1
∑

j=1

Ψ̄jL (Ψj+1,R −ΨjR) + h.c.







. (3.17)

In the basis (Ψ0L,Ψ1L, . . . ,ΨN−1,L) and (Ψ1R,Ψ2R, . . . ,ΨN−1,R)
T , the correspond-

ing N × (N − 1) mass matrix is given by

M =Mf











1
−1 1

. . .
. . .

−1 1











. (3.18)

In order to determine the eigenvectors and eigenvalues of the left- and right-handed
fermions, we can diagonalize the matrices MM † and M †M , respectively. For the
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left-handed fields, we obtain the expansions ΨjL =
∑

n ajnΨ̃nL, where ajn are given
in Eq. (3.11). The eigenvalues are [19]

m2
n = 4M2

f sin
2
( nπ

2N

)

(3.19)

for n = 0, 1, 2, . . . , N − 1. For the right-handed fields, we have the expansions
ΨjR =

∑

n bjnΨ̃nR, where

bjn =

√

2

N
sin (jγn) , (3.20)

where γn = nπ/N and the eigenvalues are as in Eq. (3.19), but now n = 1, 2, . . . , N−
1. Thus, we obtain a massless left-handed zero mode, but no right-handed zero
mode, in agreement with the continuum S1/Z2 orbifold. IdentifyingMf = N/(πR),
we obtain for n¿ N , the linear KK spectrum mn ' n/R of the continuum model.

3.2 The periodic model

The periodic model is obtained from the aliphatic model by linking the first and last
group. This means that we obtain periodic boundary conditions, so that j ∼ j+N .
There are some qualitatively different aspects of this model as compared to the
aliphatic model. This should also be expected, since the topology is now completely
different. The periodic theory space will at low energies be mapped onto an extra
dimension compactified on a circle, S1, whereas the aliphatic model corresponds to
an S1/Z2 orbifold. The gauge boson mass matrix for the periodic model will take
the form

M2 = g2v2















2 −1 −1
−1 2 −1

. . .
. . .

. . .

−1 2 −1
−1 −1 2















(3.21)

and the eigenvalues are easily found to be [18]

m2
n = 4g2v2 sin2

(nπ

N

)

, (3.22)

where n = 0, 1, 2, . . . , N − 1. Here, as for the continuum S1 compactification, we
exhibit a characteristic doubling of modes corresponding to left- and right-going
modes, respectively, since mn = mN−n

1. In the limit n ¿ N , we obtain the
usual linear KK spectrum by making the identification R = N/(2gvπ). We also
expect that the spectrum should contain a massless scalar corresponding to the

1Note that this doubling is physical and is present both for the lattice model and for the
continuum model. In contrast, the fermion flavor doubling discussed in the previous section is a
lattice artifact.
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zero mode A
(0)
5 of the continuum theory. Indeed, this is the case. In order to see

this, we consider the symmetry breaking in detail. Initially, the theory contains
a global SU(m)N × SU(m)N symmetry, which is spontaneously broken down to
SU(m)N , which generates N PNGBs. At the same time the gauge symmetry is
spontaneously broken down to SU(m)diag, eating N − 1 of the NGBs. Thus, one

massless PNGB remains in the spectrum, which corresponds to A
(0)
5 . This scalar

can acquire a mass at quantum level which is protected against divergences by the
gauge symmetries. In fact, this is the basic idea of “Little Higgs” models [20]. In
such models, the Higgs is identified with the PNGB that we have discussed. These
models should be contrasted with the SM, where the radiative corrections to the
Higgs are quadratically divergent.

The periodic model can easily be extended to include fermions and other de-
sired fields. One proceeds as for the aliphatic model, choosing appropriate bound-
ary conditions. It is also possible to consider other topologies or to extend these
constructions to include additional deconstructed dimensions.
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Chapter 4

Neutrinos in higher
dimensions

In this section, we will consider neutrinos in extra dimensions. More specifically, we
will consider an ADD model, where the Standard Model (SM) fields are confined
to a 3-brane, whereas gravitons and other SM singlets, such as sterile neutrinos,
propagate in the full higher-dimensional space, often referred to as the bulk. In the
first two sections, we will give a review of the continuum theory for sterile higher-
dimensional neutrinos in ADD models [16, 17, 42, 43]. We will consider the mass
and mixing terms between the active neutrino(s) and the Kaluza–Klein (KK) modes
of the sterile neutrino(s) and the neutrino oscillations which are induced by this
mixing. Then, in Sec. 4.3, we will study neutrino masses, mixing, and oscillations
in a deconstructed ADD-model [44].

There are two important challenges when considering neutrinos in spacetime
with large extra dimensions of the ADD type. The first one is to understand the
smallness of the neutrino masses. Recall that in the ADD model, the fundamental
scale of gravity is lowered to the electroweak scale. Clearly, in such a model, there is
no room for the superheavy mass scale required by the see-saw mechanism, which
accounts for the smallness of neutrino masses in usual four-dimensional models.
As we will see, one can obtain small neutrino masses also in the ADD model in a
natural and elegant way. The smallness of the mass is in this case attributed to the
large volume of the extra-dimensional space, since the masses will be suppressed
by a volume factor.

The second challenge is if one can simultaneously accomodate all solar, atmo-
spheric, reactor, and accelerator neutrino data. Within the usual four-dimensional
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three-flavor neutrino models, the results from the Liquid Scintillation Neutrino De-
tector (LSND) experiment [45] are difficult to accommodate 1. Is it possible to
resolve the LSND puzzle using an ADD model?

In addition, there are problems with higher-dimensional operators in models of
the ADD-type, which can lead to fast proton decay or too large neutrino masses.
These operators are suppressed by the fundamental scale of quantum gravity M∗,
which means that in ordinary four-dimensional theories they are not relevant to
low-energy physics. However, in the ADD model, with M∗ ∼ TeV, these operators
could be disastrous. Therefore, is is usually assumed that there is some additional
(global or local) symmetry, which forbids these operators. More specifically, the
five-dimensional operator (LH)2/M∗ will produce large neutrino masses of order
〈H〉2/M∗. These operators can be forbidden by imposing a global or local U(1)B−L

symmetry. In the case of the local U(1)B−L, additional right-handed neutrinos
must be present on the brane in order to cancel anomalies. When reviewing the
continuum models for neutrinos in extra dimensions (Secs. 4.1 and 4.2), we will
follow Refs. [16, 17] and assume a local U(1)B−L symmetry.

4.1 The (1, 1) model

4.1.1 Small neutrino masses from large extra dimensions

We start with a massless Dirac fermion, which propagates in five dimensions, where
the fifth dimension is compactified on an S1/Z2 orbifold [16]. We place the SM fields
on a brane at the orbifold fixed point y = 0. Here we consider a model with only one
active neutrino. Since this model has one bulk neutrino and one active neutrino, we
will as in Ref. [48] refer to it as the (1, 1) model. Actually, this model is now ruled
out by experiments. However, it is the simplest illustration of the general idea and
it is relatively easy to generalize to more complicated models. In particular, we will
later on consider the (3, 3) model (again following the notation of Ref. [48]), i.e., a
model with three active neutrinos and three sterile bulk neutrinos. The action for
the free bulk fermion takes the form

Sfree =

∫

d4x

∫

dy Ψ̄iΓM∂MΨ, (4.1)

where M = 0, 1, 2, 3, 5 and ΓM are the five-dimensional gamma matrices, see
Sec. 2.3.2. In the Weyl basis, we can write the Γ matrices as

Γµ =

(

0 σµ

σ̄µ 0

)

, Γ5 =

(

i 0
0 −i

)

, (4.2)

1The LSND experiment observed a non-zero conversion of νµ to νe. In order to simultaneously
account for the atmospheric and solar neutrino data one has to include a fourth neutrino. This
neutrino has to be sterile, due to the constraints from the Z-width on the number of light active
neutrinos [46]. There may be other ways of accomodate the LSND anomaly within three flavor
models, without sterile neutrinos, see for example Ref. [47].
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where σµ = (1, σ̄) and σ̄µ = (1,−σ̄). Here, σ̄ = (σ1, σ2, σ3), where σi are the Pauli
sigma matrices. Furthermore, we can decompose the Dirac field as

Ψ =

(

ΨR

ΨL

)

. (4.3)

Next, we impose that ΨR is even under the orbifold Z2 action, whereas ΨL is odd.
Thus, ΨR and ΨL have the expansions

ΨR(x
µ, y) =

1√
2πR

ν0R(x
µ) +

1√
πR

∞
∑

n=1

νnR(x
µ) cos

(ny

R

)

(4.4)

and

ΨL(x
µ, y) =

1√
πR

∞
∑

n=1

νnL(x
µ) sin

(ny

R

)

. (4.5)

Inserting the KK expansion in the five-dimensional action and integrating out the
y-dependence, we obtain the following form for the free fermionic action for the KK
modes

Sfree =

∫

d4x

[

ν̄0Riγ
µ∂µν0R +

∞
∑

n=1

(

ν̄nLiγ
µ∂µνnL + ν̄nRiγ

µ∂µνnR

+
n

R
ν̄nLνnR

)

+ h.c.

]

. (4.6)

The bulk neutrino couple via the SM Higgs doublet to the active neutrino on the
brane located at the orbifold fixed point y = 0 as

Sint =

∫

d4x
λ√
M∗

`H ΨR(x
µ, y = 0), (4.7)

where H is the SM Higgs field, ` is the usual leptonic SU(2) doublet, and λ is
a dimensionless O(1) Yukawa coupling constant. Note that there is no coupling
to the left-handed bulk field ΨL, since it vanishes at y = 0 [cf. Eq. (4.5)]. This
is an outcome of the choice of the orbifold compactification. Expanding the bulk
neutrino in KK modes, gives the couplings between the bulk neutrino KK modes
and the left-handed active neutrino on the brane

Sint =

∫

d4x
λ√
M∗

`H

(

1√
2πR

ν0R(x
µ) +

1√
πR

∞
∑

n=1

νnR(x
µ)

)

. (4.8)

We will later see that for some regions of parameter space, only the coupling to
the zero mode will be important at low energies. Thus, in those cases, we will only
consider the coupling

Sint,0 =

∫

d4x
λ√

2πRM∗

`H ν0R(x
µ). (4.9)
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When the Higgs aquires its vacuum expectation value (VEV) 〈H〉 = 246 GeV, this
coupling will give a Dirac mass term mν ν̄Lν0R, where

mν =
〈H〉λ√
2πRM∗

(4.10)

and similar couplings to the higher KK modes. As long as mν ¿ 1/R, the higher
modes will decouple. If mν ∼ 1/R, then the phenomenology becomes more compli-
cated. This construction can be generalized to an arbitrary number δ of extra di-
mensions. First, we will consider a case where the extra dimensions are all of equal
size. The KK modes will be suppressed by the volume of the extra-dimensional
space, i.e., Vδ = (πR)δ and we obtain the Dirac mass as

mν =
〈H〉λ

√

2δVδM δ
∗

. (4.11)

We can rewrite this equation using the relation between the fundamental scale of
quantum gravity M∗ and the Planck scale MPl, VδM

δ
∗ =M2

Pl/M
2
∗ , as

mν =
〈H〉λM∗

2δ/2MPl
∼ 10−4eV

λM∗

1TeV
. (4.12)

For a fundamental scale of gravity of M∗ ∼ (1 − 100) TeV and δ > 2, this gives
neutrino masses ofmν ∼ (10−4−10−1) eV, which are of the right order of magnitude
to account for the atmospheric and solar neutrino anomalies. The case of one single
large extra dimension δ = 1 is ruled out, since, as pointed out in Sec. 2.1.1, this
would modify Newtonian gravity on solar system scales. For δ = 2, the KK masses
will be of the same order as mν and the phenomenology will be rather complicated.
However, for δ > 2, the KK modes decouple and the neutrino mass will be given
by the coupling to the zero mode. Thus, we have seen how to obtain a naturally
small neutrino mass, without finetuning of the Yukawa coupling. The suppression
has an entirely extra-dimensional interpretation and is not due to some superheavy
mass scale as in the see-saw mechanism. Note that the discussion in this section is
based on the assumption that all compact dimensions are of equal size. This is not
a necessary requirement. Indeed, in the next section, we will consider a hierarchy of
radii, where we have one sub-millimeter sized large extra dimension and a number
of small dimensions. Then we can still have a TeV scale quantum gravity, since the
volume can anyway be made sufficiently large. The small extra dimensions will not
play any role as far as the mixings are concerned and from this point of view we
can treat the problem as though it was five-dimensional.

4.1.2 Neutrino mixing and oscillations

We will now study in more detail the mixing of the active neutrino with the KK
modes. As mentioned in the previous section, the sizes of the compact dimensions
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need not be equal. Thus, we will assume that we have one large extra dimension
and a number of smaller dimensions, such that the volume of the compact space
will lead to a TeV scale quantum gravity. The mass and mixing terms become

Lmix = mν ν̄Lν0R +
√
2mν

∞
∑

n=1

ν̄LνnR +

∞
∑

n=1

mnν̄nLνnR. (4.13)

Note that if R is sufficiently small, mν ¿ 1/R, then the massive KK modes will
decouple. To find the mass eigenvalues and mixing parameters, we should next
diagonalize the mass matrix formed by the mass terms in Eq. (4.13). In the basis
(νL, ν1L, ν2L, . . . , νkL) and (ν0R, ν1R, ν2R, . . . , νkR), the mass matrix reads

M =















mν

√
2mν

√
2mν . . .

√
2mν

1
R

2
R

. . .
k
R















, (4.14)

where the blank entries indicate zeros. Here, we have truncated the formally infinite
KK tower. One can show that taking the limit k →∞ does not change any results.
This mass matrix is also obtained in the case of compactification on the circle
S1, as in Ref. [49], where the diagonalization of it was also performed. It can be
diagonalized by a biunitary transformation M → L†MR. Since we will only be
interested in the mixing of νL with the tower of right-handed states, we need only
consider L. In order to find it, we note that L diagonalizes MM †. We have that

MM† =
1

R2















(k + 1
2 )ε

2 ε 2ε . . . kε
ε 1
2ε 4
...

. . .

kε k2















, (4.15)

where ε =
√
2mνR. One can derive analytical expressions for the eigenvectors

and eigenvalues of this matrix, for general values of ε. We will leave these general
expressions for the more realistic (3, 3) case. Here, we will as in Ref. [49] assume
that ε ¿ 1 and diagonalize the matrix perturbatively. Then, we can express the
gauge eigenfields as linear combinations of the mass eigenfields

νL =
∞
∑

n=0

L0nν̃n, (4.16)

where L00 = 1 and L0n ≈ ε/n, where we have assumed that ε¿ 1. Thus, we obtain

νL ≈
1

N

(

ν̃0 + ε
∞
∑

n=1

1

n
ν̃n

)

, (4.17)
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where N = 1 + ε2π2/6 is a normalization factor. The time evolution of the mass
eigenfields becomes

νL(t) ≈
1

N

(

ν̃0 + ε

∞
∑

n=1

eiφn

n
ν̃n

)

, (4.18)

where

φn =

(

m2
n −m2

ν

)

t

2Eν
. (4.19)

Here Eν is the energy of the neutrinos. Now, the active neutrino may oscillate into
any of the sterile states or it may remain unchanged. The survival probability is
given by

PνL→νL
(t) = |〈νL(t)|νL(0)〉|2 (4.20)

and the probability for oscillation into any of the KK modes is simply given by
1−PνL→νL

. Thus, we find to leading order for the survival probability the expression

PνL→νL
(t) ≈ 1

N4

∣

∣

∣

∣

∣

1 + ε2
∞
∑

n=1

eiφn

n2

∣

∣

∣

∣

∣

2

. (4.21)

This expression describes an interference of a large number of increasingly massive
states. For practical purposes only the lowest lying modes will contribute, but
the appearance of the higher-lying modes will give the survival probability curve a
jagged shape. It was realized in Ref. [49] that if one included matter effects [50,51]
(the Mikheev–Smirnov–Wolfenstein (MSW) effect), then this model could actually
account for the solar neutrino anomaly. However, as stated in the beginning of this
section, this model is now known not to be in agreement with all neutrino data.
First of all, it predicts a small mixing angle (SMA) solution to the solar neutrino
problem, which is today very unlikely. Second, even if this scenario could account
for the solar neutrino deficit, it cannot simultaneously accomodate the atmospheric
neutrino data.

4.2 The (3,3) model

Next, we will consider a model with three active neutrinos on the brane and three
sterile bulk neutrinos [43]. We will, in this section, to a large extent follow the
notations of Ref. [48].

The most general action we can construct will in this case be

S =

∫

d4x

∫

dy Ψ̄αiΓM∂MΨα +

∫

d4x
λαβ√
M∗

ν̄αLHΨβ
R(x

µ, y = 0) + h.c., (4.22)

where λαβ is a 3 × 3 matrix containing the Yukawa couplings. The action also
contains the kinetic terms for the brane neutrinos. Here, we have omitted these



4.2. The (3,3) model 29

terms for brevity. When the Higgs acquire its VEV, we obtain the mass and mixing
terms as

S =

∫

d4x

[

mαβ

(

ν̄αLν
β
0R +

√
2

∞
∑

n=1

ν̄αLν
β
nR

)

+

∞
∑

n=1

n

R
ν̄αnLν

α
nR + h.c.

]

. (4.23)

The corresponding mass matrix can be diagonalized in two steps. First, we diago-
nalize the matrix mαβ , which parametrizes the mixing among the generations. We
perform this with a biunitary transformation, mD = r†m`, where (m)αβ = mαβ .
Here, mD is a diagonal 3× 3 matrix with diagonal entries mi. The matrices ` and
r act on the fields as

ναL = `αj ν̂jL , (4.24a)

ναnR = rαj ν̂jnR , n = 0, 1, . . . ,∞ , (4.24b)

ναnL = rαj ν̂jnL , n = 1, 2 . . . ,∞ . (4.24c)

After this transformation, we obtain, in the new basis,

S =

∫

d4x
3
∑

j=1

¯̂νjLMj ν̂
j
R + h.c., (4.25)

where ν̂jL = (ν̂jL, ν̂
j
1L, ν̂

j
2L, . . .)

T and ν̂jR = (ν̂j0R, ν̂
j
1R, ν̂

j
2R, . . .)

T . Explicitly, the mass
matrix Mj reads

Mj =















mj

√
2mj

√
2mj . . .

1
R

2
R

. . .















, (4.26)

where the blank entries indicate zeros. This matrix is of the same form as Eq. (4.14).

Next, we diagonalize it with a biunitary transformation Mj → R†
jMjLj . As was

pointed out in the previous section, we need only consider Lj , which will give the
expansion in mass eigenstates

ναL =

3
∑

j=1

`αj
∞
∑

n=0

L0n
j ν̃jnL. (4.27)

We can find Lj by considering the matrix M †M . The eigenvalues and eigenvectors
of this matrix have been calculated in Refs. [16, 17,49,52]. We have that

(L0n
j )2 =

2

1 +
π2ε2j

2 + 2
λ2

jn

ε2j

, (4.28)
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where λj are the eigenvalues, which can be found by solving the transcendental
equation

λj −
π

2
ε2j cot (πλj) = 0. (4.29)

Note that if we consider a fixed j and set εj ¿ 1, then we recover the eigenvec-
tors and eigenvalues of Sec. 4.1. The probability of an active neutrino of flavor α
oscillating into an active neutrino of flavor β after some time t is given by

Pαβ(t) =

∣

∣

∣

∣

∣

∣

3
∑

j=1

`αj`βj∗
∞
∑

n=0

(L0n
j )2 exp

(

iλ2
jnt

2EνR2

)

∣

∣

∣

∣

∣

∣

2

. (4.30)

This oscillation pattern will be determined by the three dimensionless parameters
εi. Phenomenologically, the mixing is simply that of three active neutrinos with a
tower of sterile neutrinos. Since the data from the SNO Collaboration [53] and the
data from the Super-Kamiokande Collaboration [54], it has become clear that sterile
neutrinos can only have a subleading effect on the neutrino oscillation patterns. The
dominant effect comes from oscillation among the active neutrinos. In the higher-
dimensional models that we have discussed, this means that the mixing with the
higher KK modes should be considered as subleading corrections, which means
that the parameters should be chosen such that εj ¿ 1. With this choice, the
oscillation formula Eq. (4.30) divides into a sum of the standard three flavor formula
(for an appropriate choice of the Yukawa couplings) and a subleading correction
from the mixing with the higher KK modes. The (3,3) model can be shown to
accommodate the solar and atmosperic neutrino data. However, it cannot account
for the LSND data, which predicts a non-zero conversion of muon neutrinos from
electron neutrinos. The predictions from the (3,3) model are one order of magnitude
too low. Thus, new physics either on the brane or in the bulk would be required in
order to accommodate the LSND data. Several extensions of the (3,3) model have
been considered in the literature which could potentially accomodate also the LSND
data, see for example Refs. [48, 55]. Eventually, the results from the MiniBooNE
experiment [56] will confirm or rule out the LSND data. At that time, we will have
better prospects of determining which of these models that are viable.

4.3 Neutrinos in deconstructed dimensions

In this section, we will study a deconstructed ADD model, which was also the
purpose of Paper 1 [44]. Here we only focus on the main results, for the full details,
the reader is referred to Paper 1. Some points have also been elaborated on.

As an important difference from the continuum ADD model, we will con-
sider gravity to be four-dimensional, i.e., the deconstructed extra dimension is
non-gravitational2. Thus, this model will not solve the hierarchy problem as the

2Gravity in deconstructed dimensions is a highly non-trivial issue. For some work in this
direction, see for example Refs. [57–59].
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continuum ADD model did and the quantum gravity scale will be the usual four-
dimensional Planck scale,MPl ∼ 1018 GeV. On the other hand, we need not be con-
cerned with the dangerous higher-dimensional operators generated at a low quan-
tum gravity scale as in the continuum ADD model. In our model, those operators
are suppressed by the usual four-dimensional Planck scale.

Another important difference is that in the deconstructed model we will have
gauge bosons in the bulk. The appearance of gauge bosons is automatic in theory
space, since the gauge groups are always associated with a set of gauge fields.
However, as we will see, these gauge bosons will decouple from the low-energy
spectrum.

Instead, in Paper 1, we focused on a sterile neutrino propagating in a decon-
structed extra dimension, which makes up the boundary of a two-dimensional disk.
This theory space has been studied in the context of supersymmetry breaking [39],
the doublet-triplet splitting problem [60], and in a model for lepton and quark
masses [61]. As we will see, this topology has also the advantage of offering a
dynamical mechanism for the generation of sub-millimeter lattice spacings from a
model, which has only a few sites in theory space. The model reproduces rele-
vant features of the continuum theory for sterile neutrinos in ADD-type models,
i.e., it generates small neutrino masses and the same mixing pattern. However,
for a small number of lattice sites, the deconstructed model can give qualitatively
different results. Such differences could, in principle, be detected in ongoing and fu-
ture precision neutrino oscillation experiments. Thus, it could be possible to probe
through such experiments various properties of deconstructed extra dimensions.
We have also considered the effect of a bulk neutrino with antiperiodic boundary
conditions, i.e., twisted field configurations.

4.3.1 The disk theory space

The model, which we will consider, has the gauge group G = GSM ×
∏N
i=0 U(1)i,

where GSM is the SM gauge group. It contains as usual a set of links fields Qi,i+1

and Q0,i for i = 1, 2, . . . N , where we have the periodic identification i ∼ i + N .
Here Qi,i+1 are only charged under the U(1)i×U(1)i+1 groups as (+1,−1), whereas
the Q0,i fields are only charged under U(1)0 × U(1)i as (+1,−1). These link fields
will trigger spontaneous symmetry breaking (SSB) and break the original product
gauge group down to GSM × U(1)diag. This model has a graphical representation
in the moose diagram, or theory space of Fig. 4.1, which is topologically a two-
dimensional disk. The Qi,i+1 and Q0,i fields are boundary and radial link fields,
respectively, and the circles represent as usual gauge groups. We place the SM
fields at the center group by assigning them the usual B − L charges under U(1)0.
In addition we place at the center group three SM singlet fermions N1, N2 and N3

by assigning them the U(1)0 charges −4,−4, and +5, respectively. These fields will
cancel the anomalies induced by the U(1)0 symmetry. Suitable SM singlet scalars S
charged under U(1)0 can then allow renormalizable couplings of the type ∼ SNαNβ
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Figure 4.1. Moose diagram for the deconstructed U(1) gauge theory consid-
ered in the text. Each circle corresponds to one U(1)i ≡ Gi (i = 0, 1, 2, . . . , N)
gauge group. An arrow pointing toward (outwards) a circle denotes a field
with negative (positive) charge under this group. The link fields Qi,i+1 define
the boundary of the disk, while the radial links Q0,i connect the gauge group
in the center with the sites on the boundary. This figure is adopted from
Ref. [44].
Copyright SISSA/ISAS 2005

and break the U(1)0 symmetry at the TeV scale. The fields Nα will then decouple
below a TeV.

Next, we include a set of fermions Ψi, which in the Weyl basis can be written
as Ψi ≡ (νRi, νcRi)

T . They are charged under the boundary U(1) groups so that
Ψi carry the U(1)i charge −1, but transforms trivially under the remaining groups.
Thus, these fermions are SM singlets and correspond to a sterile neutrino propa-
gating in the extra dimension. In Sec. 4.3.4, we will study the mixing of this bulk
neutrino with the SM neutrinos.

4.3.2 Gauge boson masses

Next, we consider the gauge sector of the model. Because of the particular topology
of the disk theory space, we expect a modified gauge boson mass spectrum as
compared to for example the one given in Eq. (3.12). Indeed, as we will see, this is
also the case.

The gauge boson masses follow from the kinetic terms of the link fields via the
Higgs mechanism

Lgauge =

N
∑

i=1

(

|DµQ0,i|2 + |DµQi,i+1|2
)

. (4.31)
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When the link fields acquire VEVs, we obtain, in the basis (A0, A1, . . . , AN ), the
gauge boson mass matrix

M2
A = g2v2















N −1 −1 −1 · · ·
−1 1 0 0 · · ·
−1 0 1 0 · · ·
−1 0 0 1 · · ·
...

...
...

...
. . .















+ g2u2















0 0 0 0 · · ·
0 2 −1 0 · · ·
0 −1 2 −1 · · ·
0 0 −1 2 · · ·
...

...
...

...
. . .















. (4.32)

Diagonalization of this mass matrix yields the mass spectrum [44]

M2
0 = 0, M2

n = g2v2 + 4g2u2sin2
(nπ

N

)

, M2
N = (N + 1)g2v2, (4.33)

where n = 1, 2, . . . , N−1. Note that the KK masses have been shifted by a universal
mass gv. Also note that the spectrum contains a zero mode, corresponding to the
unbroken diagonal subgroup. This gauge boson will acquire a mass when this
remnant symmetry is further broken at the TeV scale as discussed above. For
n ¿ N , we obtain the usual linear KK spectrum shifted by a universal mass
contribution of order gv.

4.3.3 Large lattice spacings from mass hierarchies

A naive latticization of the ADD model with sub-millimeter size extra dimensions
and a lattice cutoff a−1 ∼ TeV would require ∼ 1012 gauge groups. By choosing the
masses of the radial and boundary link fields to exhibit a hierarchy, we can obtain
sub-millimeter lattice spacings on the boundary of the disk, even for a model with
only few sites. In order to see this, we consider the scalar potential in more detail.
The most general renormalizable scalar potential is of the form [44]

V =
N
∑

i=1

[

m2|Q0,i|2 +M2|Qi,i+1|2 + µQ0,iQi,i+1Q
†
0,i+1 + µ∗Q0,i+1Q

†
i,i+1Q

†
0,i

+
1

2
λ1|Q0,i|4 +

1

2
λ2|Qi,i+1|4 + λij3 |Qi,i+1|2

N
∑

j=1

|Q0,j |2 + λij4 |Q0,i|2
∑

j 6=i

|Q0,j |2

+ λij5 |Qi,i+1|2
∑

j 6=i

|Qj,j+1|2 + (λ6Q0,iQi,i+1Qi+1,i+2Q
†
0,i+2 + h.c.)

]

. (4.34)

Here the parameters m,M, and µ have mass dimension +1, whereas λ1, λ2, λ
ij
3 , λ

ij
4 ,

and λij5 are dimensionless O(1) real parameters, and λ6 is a complex-valued O(1)
coefficient. We now choose m ' 1 TeV and µ ' M ' 1015 GeV. Then, we set
m2 < 0 and µ < 0, while we let M 2 > 0, in order to obtain SSB. The potential will
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have a minimum [62], for u ≡ 〈Qi,i+1〉 and v ≡ 〈Q0,i〉, for i = 1, 2, . . . , N , where u
and v equal

u ' m2µ

2 [λ1 + (N − 1)λ4]M2 − µ2
, (4.35a)

v2 ' −m2

λ1 + (N − 1)λ4

(

1 +
uµ

m2

)

. (4.35b)

Now we see that for a small or moderate number of lattice sites N ' O(10) and
m ' 1 TeV and µ ' M ' 1015 GeV, we obtain for the boundary link fields Qi,i+1

a small VEV of the order u ' 10−1 eV, whereas the radial link fields Q0,i acquire
a TeV scale VEV v ' 1 TeV. Thus, we have seen how the model can generate a
lattice spacing u ∼ (µm)−1 from a model with only a few sites.

4.3.4 Interactions with the bulk neutrino

Next, we will consider the fermionic sector. The model considered so far differs
from the continuum model in certain aspects. First, the theory space in Fig. 4.1
is “non-local” in the sense that any two sites are connected by at most two links3.
Second, the theory so far is vector-like, i.e., the active neutrino could couple to
both the left- and right-handed components of the bulk neutrino. In contrast, in
the continuum theory, as we have seen in Secs. 4.1 and 4.2, the active neutrino
couples with a local Yukawa coupling to the right-handed bulk neutrino4. Also, the
theory would in its present form allow large Dirac masses ∼ MPlνRjν

c
Rj . To solve

these problems, we add a pair of scalars χn and φn (n = 1, 2, . . . , N), which are
GSM ×U(1)N+1 singlets, to each site on the boundary, and assume that there is a
discrete Z6M symmetry (where M is an integer) acting on the fields as [44]

Z6M :































νRn → ei2π(n+2)2/MνRn, νcRn → e−i2π(n+1)2/MνcRn,
χn → e−i2π(2n+3)/Mχn, φn → ei2π(2n+3)/(2M)φn,
Q0,n → ei16π/MQ0,n, `α → e−i2π/M `α,
ecα → ei2π/Mecα, qα → ei2π/(3M)qα,
ucα → e−i2π/(3M)ucα, dcα → e−i2π/(3M)dcα,
N1,2 → ei8π/MN1,2, N3 → e−i10π/MN3,

(4.36)

where n = 1, 2, . . . , N and α = 1, 2, 3 denotes the three generations.

3There is notion of locality in theory space in the following sense: Fields with very differ-
ent labels only interact weakly, since their interactions correspond to higher-dimensional non-
renormalizable operators.

4As far as the chirality problem is concerned, one possibility could have been to consider a
deconstructed S1/Z2 orbifold instead.
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Now we can write down the action for neutrino masses which includes all renor-
malizable Yukawa couplings and the most general dimension-five U(1)N+1 and Z6M

invariant operators. The action is given by [44]

Smass = Swilson + S4D
int + Sdim5, (4.37)

where

Swilson =

∫

d4x

N
∑

n=1

uνRn

(Qn,n+1

u
νcR(n+1) −

χn
u
νcRn

)

+ h.c., (4.38a)

S4D
int =

∫

d4x
Yα
Mf

`αεHQ
∗
0,1νR1 + h.c., (4.38b)

Sdim5 =

∫

d4x

N
∑

n=1

Yn
Mf

Q∗
0,nQ0,n+1νRnν

c
R(n+1) + h.c. (4.38c)

Here ε = iσ2 contracts the SU(2) indices, whereas Yα and Yn are dimensionless O(1)
Yukawa couplings. If we assume that χn acquires a VEV 〈χn〉 = u, then we obtain
from Eq. (4.38a) a Wilson modified latticized action for a five-dimensional fermion.
We can arrange the potential for χn and φn such that χn acquires this VEV natu-
rally via a similar mechanism which generated the small VEV for the boundary link
fields. The bulk neutrino satisfy the boundary conditions (νR0, ν

c
R0) = ±(νRN , νcRN )

and (νR(N+1), ν
c
R(N+1)) = ±(νR1, ν

c
R1), where ± distinguishes untwisted (+) and

twisted (−) field configurations. Twisted field configurations in deconstructed di-
mensions have been studied in detail in Ref. [63].

When the link fields acquire VEVs, we obtain from Eq. (4.38a) in the basis
(νR1, νR2, . . . , νRN ) and (νcR1, ν

c
R2, . . . , ν

c
RN ), the mass squared matrix

M2 = u2















2 −1 −T
−1 2 −1

. . .
. . .

. . .

−1 2 −1
−T −1 2















,

where T = ±1 and the blank entries indicate zeros. From this matrix, we obtain
the fermionic mass spectra [44]

m2
n = 4u2sin2

[

(n− 1/2)π

N

]

(twisted), m2
n = 4u2sin2

[

(n− 1)π

N

]

(untwisted).

(4.39)
Note that there is no zero mode for the twisted fields. The dimension-five operator
in Eq. (4.38c) will generate a Dirac type coupling between νRn and νcR(n+1) of order

10−2 eV. These masses can be considered as subleading corrections to Eq. (4.39),
which generates Dirac masses of the order 10−1 eV. Alternatively, one can embed
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the disk theory space as a substructure of a larger structure known as a “spider-web
theory” space [39] (see Paper 1 for details). In this case, the corresponding “dan-
gerous” operators now become dimension-six operators and can safely be neglected.

Next, we will consider the mixing with the KK modes. We obtain from Swilson

and S4D
int after SSB the following mass and mixing terms

Lνm = mννν+
√
NmDννR1 +uνRN (TνcR1− νcRN )+u

N−1
∑

n=1

νRn(ν
c
R(n+1)− νcRn)+h.c.

(4.40)
Here we have also included a Majorana mass term mννν. Such a mass term could,
for example, be radiatively generated by an implementation of the Babu–Zee mecha-
nism [64,65]. The Dirac mass, which couples the active neutrino to the bulk neutrino
νR1, is

√
NmD =M−1

f 〈H〉〈Q0,1〉 ' 10−2 eV. This coupling arises from the higher-
dimensional operator in Eq. (4.38b). This action translates into a (2N+1)×(2N+1)
neutrino mass matrix. From this mass matrix we can then by diagonalization deter-
mine the neutrino mass and mixing parameters. The details can be found in Paper
1. Here we summarize the main results. The neutrino oscillation patterns have
been studied for the different cases twisted/untwisted neutrino and N odd or even.
We find qualitatively different behavior for these cases, at least for a small number
of lattice sites. For reference, we have in Fig. 4.2 presented one of the figures from
Paper 1. The oscillation pattern is as in the continuum model given by a super-
position of different frequency oscillations. The dominant contribution will come
from the first or the first few modes. As the number of modes (i.e., N) is increased
the curve obtains a more jagged shape and the curve converges to that of the con-
tinuum model. For the twisted bulk neutrino, the frequency is mainly determined
by m1 ∼ sin [π/(2N)] as compared to the untwisted case where it is mainly deter-
mined by m1 ∼ sin (π/N). Since the masses appear quadratically, this means that
the frequency will be roughly four times larger for the twisted case as compared to
the untwisted case. Note that this is not a lattice effect. This frequency difference
is maintained also in the continuum limit. For a few number of lattice sites, there
can be qualitatively different behavior for N odd or even. For example, for odd
N , the oscillations can show a strongly aperiodic behavior. Any odd-even artifacts
become damped out as N is increased. In principle, these effects could be probed in
present and future precision neutrino oscillation experiments, such as for example
KamLAND [66], Borexino [67], or the proposed Double-Chooz [24,25] experiment.
It should be emphasized that our study has been comparatively qualitative. The
toy model which we have analyzed, with one bulk and one brane neutrino, would
suffer from the same problems as the continuum (1,1) model. An extension of our
model which would include three bulk neutrinos as in the (3,3) model would be
desirable. Also, it could be relevant to study additional extra dimensions, as was
recently done in a continuum 6D model [68].
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Figure 4.2. The neutrino transition survival probability Pff as a function of
L/E for different choices of N even or odd and T = ±1. Here we have chosen
the parameters R−1 = 0.1 eV, mD = 2.5 · 10−3 eV, and mν = 0. Upper left

panel: T = −1 and N odd for N = 5 (dashed curve) and N = 55 (dotted
curve). Upper right panel: T = −1 and N even for N = 4 (dashed curve) and
N = 44 (dotted curve). Lower left panel: T = 1 and N odd for N = 5 (dashed
curve), N = 55 (dotted curve), and the continuum model (solid curve). Lower

right panel: T = 1 and N even for N = 4 (dashed curve), N = 44 (dotted
curve), and the continuum model (solid curve). This figure is adopted from
Ref. [44]. Copyright SISSA/ISAS 2005
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Chapter 5

Kaluza–Klein dark matter

5.1 The lightest Kaluza–Klein particle

One of the most important challenges for models beyond the Standard Model (SM)
is to account for the matter and energy distribution of the Universe. Today, there is
overwhelming evidence for new forms of matter and energy, coming from cosmologi-
cal measurements by, e.g., the Wilkinson Microwave Anisotropy Probe (WMAP) [6],
the Two-Degree Field Galaxy Redshift Survey (2dFGRS) [5], and the Sloan Digital
Sky Survey (SDSS) [4]. These measurements indicate that the universe consists of
approximately 73 % “dark energy”, 23 % “dark matter” (DM), and roughly 4 %
ordinary baryonic matter.

In part, the DM could be made up of baryonic matter in the form of massive
compact halo objects (MACHOs) [69, 70] such as faint stars or stellar remnants
such as black holes. However, it is known that the MACHOs cannot make up all
the DM abundance.

One of the best alternatives are new hypothetical beyond-SM particles with
weak interactions. Such particles are referred to as weakly interacting massive
particles (WIMPs). In order for the WIMP to be a viable DM candidate, it has to
be electrically neutral (so as to have escaped detection), it should be massive, and
it should be stable so that it would have survived until present times. Within this
category, the by far most widely studied candidate is the lightest supersymmetric
particle, typically the neutralino [7]. It is electrically neutral and stable due to the
conservation of a discrete symmetry which is known as R-parity.

In this section, we will consider an interesting alternative WIMP DM candi-
date, known as Kaluza–Klein dark matter (KKDM), which originates from models
with extra dimensions. The DM candidate, in this case, is usually considered to be
the first Kaluza–Klein (KK) mode of the hypercharge gauge boson in models with
universal extra dimensions (UEDs). Recall that in UEDs the compact space is orb-
ifolded and the fields are either even or odd under the action of the orbifold discrete
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symmetry. For definiteness, we consider a five-dimensional model compactified on
S1/Z2. The orbifold fixed points break translation invariance in the extra dimen-
sion. However, a translation by πR still remains a symmetry. In the equivalent
four-dimensional theory after dimensional reduction, this symmetry translates into
a discrete symmetry, KK-parity. This symmetry implies that at each vertex (−1)n
is conserved, where n is the sum of KK-numbers. This implies that the lightest
Kaluza–Klein particle (LKP) will be stable. For any first excited mode, we could
have the decay channel

X1 → Y 1 + Z0. (5.1)

Here X1, Y 1, and Z0 denote the first and zeroth Kaluza–Klein (KK) excitations
respectively of some SM fields. This reaction conserves KK parity, since (−1)1 =
(−1)1+0. In the case, where X1 is the LKP, there is no phase space for this reaction.
Thus, the LKP is stable. The KK particles have the masses

m2
n = m2

EW +
n2

R2
, (5.2)

wheremEW is the mass contribution from electroweak symmetry breaking (EWSB)
and R is the radius of the extra dimension. The electroweak masses are usually
negligible in comparison with 1/R. However, radiative corrections can be absolutely
crucial when determining the nature of the LKP. These issues have been studied in
detail in Ref. [71]. After taking into account radiative corrections, it is found that
the LKP is well approximated by the first excited mode of the hypercharge gauge
boson, B1.

Thus, B1 is a potential DM candidate, since it is electrically neutral and stable.
However, it also needs to have the correct relic density to make up the DM distri-
bution as indicated by cosmological and astrophysical data. The relic density has
been calculated in Ref. [14], where it was found that the ideal mass range for the
KK particles should be in the range 500GeV ≤ mB1 ≤ 1000GeV. Note that these
numbers correspond to a situation where all DM is made of KKDM. In general, if
there is other large DM components, then these numbers will naturally be smaller.

5.2 Detection methods

In general, WIMPs such as KKDM can be detected either directly through the
scattering of the WIMP off nucleons or nuclei or indirectly through their annihila-
tion products. The prospects for direct and indirect detection of KKDM were first
studied in Ref. [15], where it was found that the prospect for detecting KKDM are
good, and in general, better than for neutralinos. The main reason for the good
prospects for detection is that the KKDM candidate is a vector boson, which in
contrast to Majorana particles such as neutralinos, do not have helicity suppressed
annihilation cross-sections.
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In direct detection experiments, one observes the WIMP as it scatters off nucle-
ons or nuclei. The scattering nucleon carries recoil energy and ionizes the surround-
ing material. The detectors are usually placed underground in order to significantly
reduce the background. The absence of a signal can be used to set a lower limit
on the mass of the LKP. The best present limit is mB1 & 400 GeV from the
Edelweiss experiment [72]. Future proposed direct detection experiments such as
GENIUS [73] and XENON [74] will probe higher energy ranges.

It would also be possible to detect KKDM indirectly from the annihilation prod-
ucts. In the next section, we will consider KKDM in a model for latticized universal
extra dimensions (LUEDs), and in particular, we will consider the flux of positrons
from KKDM annihilations in the galactic halo. Such a flux could, for example, be
observed by the upcoming satellite borne PAMELA [27] and AMS-02 [26] experi-
ments. The detection prospects for these type of experiments have been considered
in Refs. [15, 75] for continuum UEDs. The characteristic feature of KKDM in this
case is a sharp peak in the spectrum, corresponding to the monoenergetic source. In
contrast, for neutralinos, the direct production of electron positron pairs is helicity
suppressed and the resulting spectrum is soft and smooth.

In addition, KKDM can be detected indirectly from the annihilation into protons
[76], neutrinos [77], or gamma rays [78].

5.3 Kaluza–Klein dark matter from latticized
universal dimensions

Now we consider a model for KKDM from a LUED. This model has been studied
in detail in Paper 2 [79]. Here we focus on the main results. Some points have also
been elaborated on.

We will focus our attention on the model with “simple boundary conditions”
(see Paper 2). This model is designed to mimic in the infra-red the relevant features
of the continuum model for UEDs. The fundamental theory is an extension of the
aliphatic model, see Sec. 3.1, where the corresponding theory space would have the
topology of a line segment. This is reasonable, since the theory should correspond
to an S1/Z2 orbifold extra dimension in the infra-red regime. It contains N + 1
copies of the SM, with a product gauge group of the form

G =

N
∏

j=0

SU(3)j × SU(2)j × U(1)j . (5.3)

The groups are linked by three set of scalar link fields Qj,j+1,Φj,j+1, and φj,j+1,
where j = 0, 1, . . . , N − 1. The link fields transform in the bifundamental repre-
sentation of the adjacent gauge groups, i.e., the Qj,j+1 fields transform as (3̄,3)
under SU(3)j×SU(3)j+1, Φj,j+1 transform as (2̄,2) under SU(2)j×SU(2)j+1 and
φj,j+1 are charged as (−Yφ, Yφ) under U(1)j × U(1)j+1, where will set Yφ = 1/3.
The coupling constants of the SU(3), SU(2) and U(1) gauge groups are ĝ, g̃, and
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g̃Y , respectively. Here, we have assumed discrete translational invariance, by im-
posing the same set of coupling constants for all sites (i.e., for all j). In theory
space, we would have a linear gauge group structure with three arrows (one for
each link field) connecting every pair of gauge groups. However, a theory space
notation would not have given much additional insight in this case. It is perhaps
mostly useful when considering for example higher-dimensional theory spaces, such
as the two-dimensional disk considered in Sec. 4.3.1. In that case, we obtained a
very nice and convenient pictorial representation of topological properties such as
locality, which would not have been as apparent in a Lagrangian formulation.

5.3.1 Gauge sector

When the link fields acquire vacuum expectation values (VEVs), 〈Qj,j+1〉 = v313,
〈Φj,j+1〉 = v212, and 〈φj,j+1〉 = v1/

√
2, the product gauge group is broken down to

the diagonal subgroup SU(3)× SU(2)× U(1), which we can identify as the gauge
group of the SM. As we saw in Sec. 3.1, in the case of the aliphatic model, all of
the PNGBs are eaten by the massive vector bosons such that there is no scalar
zero mode in the spectrum, which is in agreement with the continuum theory for
the S1/Z2 orbifold construction. This is also true for the model we are presently
considering. From the link fields, we obtain as usual, gauge boson mass matrices
of the type of Eq. (3.9), one such mass-matrix for each of the link fields. The
diagonalization of these mass matrices can be performed exactly as in Sec. 3.1 and
we obtain the following mass terms

Lmass =
1

2

N
∑

n=0

m2
nÃnÃn , (5.4)

where

m2
n = g̃2

Y v
2
1Y

2
φ sin2

[

nπ

2(N + 1)

]

. (5.5)

If we make the identification πg̃Y v1Yφ/[2(N +1)] = 1/R, we find, in the limit when
n¿ N , a linear Kaluza–Klein spectrum mn ' n/R.

5.3.2 Fermionic sector

Next we include fermions in the model. These will essentially be a number of copies
of the SM leptonic doublets and singlets. We denote by Lj the fields that transform
as 2 under SU(2)j and as singlets under the remaining SU(2) groups. In addition Lj
carry the U(1)j charge Yd = −1. We denote the SU(2) singlet fields by Ej . These
fields carry the U(1)j charge Ys = −2. The doublet and singlet fields transform as
singlets under all of the SU(3) groups. The fields also carry a generational index
which we have suppressed. The index j runs from j = 0, 1, . . . , N .

The latticized action for the quark sector was studied in Ref. [80]. In Paper
2, we constructed the analogous action for leptons. It is obtained as discussed in
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Sec. 3.1.1, i.e., by adding a Wilson term to the naively latticized fermionic action.
Then, it is just a matter of linking the fermions at different sites in a gauge invariant
fashion. Note that the choice of the hypercharge Yφ was not arbitrary. It was
dictated by the requirement of constructing operators of lowest possible dimension
without having the fields raised to fractional powers. Thus, we find for the doublet
sector the action [79]

Sd =

∫

d4x

{

N
∑

j=0

L̄j iγ
µDµLj −

N
∑

j=0

[

Mf L̄jL

(

Φ†
j,j+1

v2

φ3
j,j+1

(v1/
√
2)3

Lj+1,R − LjR
)

+ h.c.

]}

, (5.6)

where Mf is a mass parameter, which is used when matching to the continuum
model parameters. If the index of a field is out of bounds, e.g., LN+1, then it is
implicit that the field is zero. For the SU(2) singlet fields, we find [79]

Ss =

∫

d4x

{

N
∑

j=0

Ēj iγ
µDµEj +

N
∑

j=0

[

Mf ĒjR

(

φ6
j,j+1

(v1/
√
2)6

Ej+1,L − EjL
)

+ h.c.

]}

.

(5.7)
Observe that the signs for the mass terms in Eqs. (5.6) and (5.7) are different. This
sign difference is a characteristic feature of theories with continuous universal extra
dimensions after dimensional reduction [28]. Here it has been obtained by choosing
different signs for the Wilson terms in Eqs. (5.6) and (5.7).

In order to obtain chiral zeroth modes, we will impose boundary conditions in
the fermionic sector. More specifically we take the doublet fields to satisfy L0R = 0
and the singlet fields to satisfy E0L = 0.

The VEVs of the link fields will, as usual, generate mass matrices for the
fermions which will be of the type discussed in Sec. 3.1.1 and they can be di-
agonalized as described in Sec. 3.1.1. Then we find masses of the form mn ∼
sin {nπ[2(N + 1)]}. For the right-handed doublets and left-handed singlets there
will be no massless zero modes. In the large N limit, we recover a linear KK
spectrum.

5.3.3 Fermion gauge boson interactions

Next, we will study the phenomenology of the model outlined in the previous sec-
tions. Here we are mainly interested in the annihilations of KK gauge bosons and
the resulting flux of positrons. The relevant interactions for this process involves
fermion gauge boson vertices. The couplings follow from the kinetic energy term for
the link fields. Thus, for the SU(2) doublet fields, we obtain from

∑N
j=0 L̄j iγ

µDµLj ,

the couplings g̃Y
Yd

2

∑N
j=0 L̄jγ

µAjµLj . Next, we diagonalize the action, i.e., we go
to the mass eigenbasis. Thus, we expand the fields in terms of their mass eigenfields,
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as described in Paper 2. We insert these expansions and perform the sums, using
orthogonality relations. The details of these calculations can be found in Paper 2.
Then, we find the following coupling [79]

LffA = g̃Y
Yd

2
√
N + 1

¯̃L1LÃ1µγ
µL̃0L + h.c.+ . . . , (5.8)

where the dots indicate couplings that are not directly relevant to our present
discussion. In the continuum model, the corresponding coupling have been derived
in Refs. [28, 81]

Lcont. =
1

4
gY YdL̄

(1)
L A(1)

µ γµ(1− γ5)L
(0) + h.c. (5.9)

Note that there is an additional factor 1/2 in Eq. (5.9), which is not present in
Ref. [81]. This factor comes from the fact that we have chosen a different convention
for the hypercharge assignments, i.e., we have Yd = −1, whereas Ref. [81] have
chosen Yd = −1/2. Note that there is also an additional factor 1/2 in Eq. (5.9),
where we as in Ref. [81] have explicitly written out the chirality projector PL =
1/2(1 − γ5). If we identify g̃Y /

√
N + 1 = gY , then the couplings of the latticized

model and the continuum model match.
For the singlet fields, we obtain with a similar calculation as for the doublet

fields the coupling [79]

LffA = −g̃Y
Ys

2
√
N + 1

¯̃E1RÃ1µγ
µẼ0R + h.c.+ . . . . (5.10)

Here, we have made a redefinition of the singlet fields Ẽn → −γ5Ẽn, for n =
1, 2, . . . , N , in order to obtain positive masses in the singlet sector. In the contin-
uum model, the corresponding coupling in the singlet sector have been derived in
Refs. [28, 81]

Lcont. = −
1

4
gY YsĒ

(1)
R A(1)

µ γµ(1 + γ5)E
(0) + h.c. (5.11)

Thus, the couplings in the latticized model and the continuum model will match if
we make the identification g̃Y /

√
N + 1 = gY ,

5.3.4 Positrons from dark matter annihilations

As discussed in Sec. 5.2, there may exist several ways of detecting KKDM (or more
generally, any WIMP candidate). In general, one can distinguish between indirect
and direct detection methods. We focus on the indirect detection of KKDM from
observations of positrons from KKDM annihilations in the galactic halo. This has
been previously studied for the continuum model. Here we consider the analogous
case for the latticized model described in the previous sections. The relevant Feyn-
man diagrams for this process are given in Fig. 1 of Paper 2. There are chirality
projectors, which ensure that the chirality of the propagator will be the same as
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that of the outgoing fermion. Thus, the propagators in Fig. 1 of Paper 2 can be
either left- or right-handed. The process can also proceed in either the t- or the
u-channel. In the end, we want to calculate the differential positron flux, since this
is the quantity, which would be of interest to, for example, PAMELA and AMS-02.
The differential positron flux is given by [82,83]

dΦe+

dΩdE
=

ρ2
0

m2
Ã1

∑

i

σivB
i
e+

∫

dεfi(ε)G(ε, E). (5.12)

Here σi is the annihilation cross-section in channel i and v is relative velocity of the
annihilating gauge bosons. The branching fraction into positrons from channel i is
given by Bi

e+ . The initial positron energy distribution is given by fi(ε). The Green
function G(ε, E) describes the propagation of positrons through the galaxy. The
Green function depends, for example, on the choice of DM halo profile, the local
DM density (ρ0), and if one includes reacelleration or not. When calculating the
propagation we have used the DarkSUSY package, see Refs. [84,85], which uses a
diffusion model without reacelleration. We have chosen an isothermal sphere DM
profile. In comparison, the Navarro–Frenk–White (NFW) profile gives very similar
results. In principle, several channels contribute to the positron flux. Here we
have followed Ref. [15] and only considered the positrons coming from direct e+e−

production. In this case, the source is monoenergetic and fi(ε) becomes simply a
delta function in energy. Thus, we consider only the cross-section σe+e− , which
follows from the four (including both left- and right-handed propagators) Feynman
diagrams in Fig. 1 of Paper 2. We already observe from the Feynman rules (i.e.,
the couplings) that the result will be very similar to that of the continuum model.
In fact, since we have identified the couplings, the only difference will be in the form
of the KK masses. In the continuum model, we have the usual linear KK spectrum,
whereas in the lattice model, we have masses of the form ∼ sin {nπ/[2(N + 1)]}.
The cross-section for the continuum model has been calculated in Ref. [14] and
was independently reproduced in a recent paper [86]. Since we obtain the same
Feynman rules, except for difference in the KK masses, we can simply reiterate
their results, using the lattice model masses instead of the continuum KK masses.
The amplitude for the t-channel diagram for the latticized model is given in Ref. [79]
as

ML,R = −ig2
L,Rūγ

µPL,R

[

(kρ − pρ) γρ
(k − p)2 −m2

1

]

γνPL,Rvεµεν . (5.13)

In this expression, u and v denote four component spinors, εµ and εν denote polar-
ization vectors. The parameters gL,R are given by

gL,R =
g̃Y Yd,s

2
√
N + 1

=
gY Yd,s

2
. (5.14)

For the u-channel diagram, one obtains similar expressions. With the identification
of the coupling constants, this is the same amplitude as one would obtain for the
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continuum model, except for the expression for the KK masses. To derive the cross-
section one proceeds in the standard way, i.e., calculate |M|2, sum/average over
final/initial spins, and integrate over phase space. Here M =

∑

t,u (ML +MR).
The resulting cross-section is as in Ref. [14]

σe+e− = (g4
L + g4

R)
10(2m2

1 + s) artanh(β)− 7sβ

72πs2β2
, (5.15)

where

β =

√

1− 4m2
1

s
. (5.16)

Here, m1 = 2Mf sin {π/[2(N + 1)]} is the mass in the propagator, and s = E2
CM .

Since KKDM is cold (i.e., non-relativistic), we can make a series expansion of
σe+e−v for small velocities v. This is a standard procedure for cold DM. For details,
see for example Ref. [14]. Thus, we obtain as in Refs. [14, 15]

σe+e−v '
g̃4
Y

288π(N + 1)2m2
1

(

Y 4
d + Y 4

s

)

. (5.17)

Here we have chosen to write Eq. (5.17) in terms of the parameters of our orig-
inal “aliphatic” model. Recall that we have related the coupling constants as
g̃Y /
√
N + 1 = gY . Note that Eq. (5.17) includes a factor of 1/16, which is not

present in the corresponding expression of Ref. [15]. This factor is due to that we
have chosen a different convention for the hypercharge assignment (cf., discussion
on the couplings). Since our hypercharge assignment differs by a factor 2 from
Ref. [15], this accounts for the appearance of the factor 24 = 16.

The results of the calculation are given in Paper 2. There, we have studied
the positron flux as a function of energy, for different choices of the radius of the
extra dimension and for different number of lattice sites (or equivalently, number of
gauge groups of the fundamental theory). The results are given in Figs. 2, 3 and 4
of Paper 2, where we have presented the results for R−1 = 300 GeV, 450 GeV, and
600 GeV, respectively. We have in each figure presented the cases for N = 1, 2 and
3 lattices sites, as well as the continuum model results. The characteristic peaks in
these figures are a result of the monoenergetic source, where the energy at the peak
equals the energy of the positron source (which in turn equals the mass of Ã1). The
lattice models converge very quickly to the continuum results. In addition, since the
only difference is in the KK masses, there will exist a degeneracy between a lattice
model with radius R and a continuum model with a larger radius. Thus, it will
be difficult to probe lattice effects through such experiments. However, it could be
possible in principle. For example, one could use the results of such an experiment
in conjunction with the outcome of some different type of experiments. A very
simple example would be to measure the mass splittings between successive KK
modes. In the case of the lattice model, this splitting will decrease, whereas for the
continuum model, it will stay the same. Such an experiment in conjunction with
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the positron flux experiment would break the degeneracy between the continuum
the lattice models and be two independent confirmations of a lattice model. Also,
the bounds on the KKDM mass in lattice models is less severe than is the case for
the continuum model. The mass bound can be lowered by as much as 10 %− 25 %
for a few-site model [80]. Thus, the prospects for detecting a lattice model with
PAMELA or AMS-02 are generally better than for a continuum model.

We have also considered a model with modified boundary conditions, which as
the model with simple boundary conditions mimic the behavior of the continuum
model for UEDs. These boundary conditions lead to a more complicated depen-
dence on the number of lattice sites. In particular, the degeneracy with a continuum
model with a different radius is broken, since the couplings are completely different
in this case. A number of new vertices are allowed (see Appendix B of Paper 2),
which would lead to entirely new processes. In the large N limit, the couplings
are the same as for continuum model. However, for a small number of lattice sites,
one would expect this model to give a positron flux, which would be qualitatively
different from that of the continuum model. Unfortunately, in this model, for small
N the analogue of KK parity is explicitly broken, i.e., the stability of the LKP is
no longer ensured, which could make it a bad DM candidate. As N is increased,
KK parity becomes approximately conserved, but as we have seen, due to the fast
convergence to the continuum model results, we may not be able to detect any
deviation for large N . A more detailed study would be required to determine what
would be the phenomenological relevance of this model.
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Chapter 6

Summary and conclusions

In this thesis, we have considered two applications of dimensional deconstruction,
one was a model for neutrino oscillations in the presence of a large deconstructed
extra dimension and the other concerned Kaluza–Klein dark matter (KKDM) from
a latticized universal extra dimension. We have also given an introduction to the
theory of extra spatial dimensions, dimensional deconstruction, higher- dimensional
neutrinos, and KKDM. The motivation for considering dimensional deconstruction,
as opposed to ordinary low-energy effective theories for extra dimensions, is that
with dimensional deconstruction we have an ultra-violet (UV) complete theory with
a well-defined short distance behavior. Given the far reaching implications such
models could have, it is important to ask how an experimentalist would observe
them. One possibility is to use the fact that deconstructed models are UV comple-
tions. Thus, one could predict the effect of the physics above the cutoff energy scale
on low-energy observables. Another possibility could be to probe more “directly”
the low-energy effective theory, already at tree-level. We know that the latticized
model should mimic the continuum model, but how would it differ? Would it be
possible to distinguish it from the continuum case? In principle, it is clear that this
could be possible. The mass spectrum is very different from that of the continuum
case. In the deconstructed model, the Kaluza–Klein (KK) mass spectrum is given
by a finite tower of increasingly massive states, where the spacing between succes-
sive states decreases. In contrast, in the continuum model, the KK tower is formally
infinite. Usually, the KK tower is truncated at some level, but in the process the full
higher-dimensional gauge invariance is lost. In addition, in the continuum model,
the spacing between successive levels is fixed. Also, the couplings may exhibit a
dependence on the number of lattice sites, so that for a few-site model the physics
could be qualitatively different from that of the continuum case. In Papers 1 and
2, we have studied the effect of the latticization on physical observables. In Pa-
per 1, we have considered the effect on neutrino oscillations from the mixing of a
Standard Model (SM) neutrino with a higher-dimensional sterile neutrino, where
the sterile neutrino propagates in a deconstructed extra dimension. In Paper 2,
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we have studied the effect of the latticization on the differential positron flux from
KKDM annihilations in the galactic halo. We have found effects that, in principle,
could be observed in on-going and proposed experiments. The details can be found
in Papers 1 and 2, or in Secs. 4.3 and 5.3. Perhaps even more importantly, we
have constructed analogues of some continuum higher-dimensional models, where
we have explicitly embedded the low-energy effective KK theory into a theory with
a well-defined short-distance behavior. In ordinary effective theories for KK-modes,
the UV completion is usually not considered. Rather, it is simply assumed that
there is some appropriate fundamental theory above the cutoff energy scale, which
reduces to the KK effective theory at low energies.

There exist several natural extensions of the models given in Papers 1 and 2. In
Paper 1, a possible extension is to consider the more realistic case of a deconstructed
(3,3) model. Concerning KKDM, it could be relevant to study radiative corrections
to KK masses, in the framework outlined in Paper 2. More generally, it would be
desirable to have a better understanding of for example gravity in deconstructed
dimensions. Also, at a conceptual level, dimensional deconstruction could bring
insight into questions concerning geometric space, where notions such as locality
could have a deeper origin in theory space.
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