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Abstract

This thesis deals with modelling, analysis, and design of interactions between subsys-
tems in chemical process plants and intracellular biochemical processes. In the first part,
the focus is on the selection of decentralized feedback control structures for plants in the
chemical process industry, with the aim of achieving a desired performance in the presence
of interactions. The second part focuses on modelling and analysis of complex biochemical
networks, with the aim of unravelling the impact of interactions between genes, proteins,
and metabolites on cell functions.

Decentralized control is almost the de-facto standard for control of large-scale systems,
and in particular for systems in the process industry. An important task in the design of
a decentralized control system is the selection of the control configuration, the so-called
input-output pairing, which effectively decides the subsystems. Previous research address-
ing this problem has primarily focused on the effect of interactions on stability. In this
thesis, the problem of selecting control configurations that can deliver a desired control
performance is addressed. It is shown that existing measures of interactions, such as the
relative gain array (RGA), are poor for selecting configurations for performance due to
their inherent assumption of perfect control. Furthermore, several model based tools for
the selection of control configurations based on performance considerations are proposed.

Central functions in the cell are often linked to complex dynamic behaviors, such as
sustained oscillations and multistability, in a biochemical reaction network. Determination
of the specific interactions underlying such behaviors is important, for example, to deter-
mine sensitivity, robustness, and modelling requirementsof given cell functions. A method
for identifying the feedback connections and involved subsystems, within a biochemical
network, that are the main sources of a complex dynamic behavior is proposed. The ef-
fectiveness of the method is illustrated on examples involving cell cycle control, circadian
rhythms and glycolytic oscillations. Also, a method for identifying structured dynamic
models of biochemical networks, based on experimental data, is proposed. The method is
based on results from system identification theory, using time-series measurement data of
expression profiles and concentrations of the involved biochemical components. Finally,
in order to reduce the complexity of obtained network models, a method for decomposing
large-scale networks into biologically meaningful subnetworks is proposed.

Henning Schmidt

Stockholm, November 2004
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Chapter 1

Introduction

Complex, and highly structured, dynamic systems are found in many areas, such as chem-
ical process plants, computer networks, and living cells. In this thesis process systems and
biochemical networks, showing a number of surprising similarities, are considered. Both
types of systems are highly structured and can be decomposedinto different hierarchically
organized layers.

The top layers of process control systems determine the optimal operating points for
process plants, based on cost functions that mainly focus oneconomical profit. The lower
layers implement the setpoints, corresponding to the optimal operating point, and focus on
avoiding hard and imposed constraints. The lowest layer, implementing the basic feedback
control of physical variables, is usually also highly structured, consisting mainly of single-
input/single-output control loops.

Conceptually, the top layer in intracellular networks corresponds to a network of in-
teracting genes. Depending on environmental conditions and the internal state of the cell,
certain genes are activated, eventually leading to the synthesis of proteins. These proteins
interact with each other within protein networks, but also with genes and metabolites, the
latter by catalyzing chemical reactions within the metabolic layer. The metabolic layer can
be seen as the lowest layer, generating essential cellular components, such as amino acids,
sugars, and energy.

While it in process systems obviously is straightforward to separate the control system
from the process system itself, this can, so far at least, notbe done for biochemical net-
works. In these networks the control system and the system tobe controlled are tightly
interconnected and practically inseparable. However, intracellular control systems appear
to often display a striking performance and robustness, andincreased understanding and
insight into the building of biological networks might in the future lead to the development
of new processes and process control systems. On the other hand, the theory behind mod-
ification of process behavior through the synthesis of feedback mechanisms may play an
important role in future modifications of cell functions. Inthis thesis, however, we limit
ourselves to consider issues regarding the design of control structures for process systems,
and modelling and analysis methods for intracellular biochemical systems.

1



2 CHAPTER 1. INTRODUCTION

Research in control systems has mainly focused on the problem of determining specific
control laws, the parametric problem, while relatively fewresults exist on the structural
problem. The structural problem implies selecting the variables to control at a setpoint,
the variables to manipulate, measurements, and the structure of interconnection between
controlled variables (outputs) and manipulated variables(inputs). For large-scale systems,
in particular, the decision about the control system structure is fundamental for the achiev-
able performance. A poor choice of structure will impose control performance limitations
that can not be overcome by any advanced parametric design. However, the determination
of a favorable structure is far from trivial and there existsa strong need for tools to guide
the engineer in performing a proper structural design.

The first part of this thesis deals with one specific issue within control structure design,
namely that of input-output pairing orcontrol configuration selection. In this problem it
is assumed that the inputs and outputs to use for control are given, and that a structure
of interconnections is sought. The aim is to select this structure in order to subsequently
achieve acceptable performance of the system. Objectives to be taken into account include
stability, setpoint tracking, and disturbance attenuation, while considering performance
specifications either for subsystems or for the overall system. In addition to consider the
validity of the most commonly used tools for this task, a number of tools are proposed
that can be used to select control configurations that allow aspecified performance to be
achieved.

Systems Biologyis an emerging field of biology that aims at a systems level under-
standing of biological processes and networks (Wolkenhauer 2001). Such system level
understanding has been an objective already since the introduction of Cybernetics, aim-
ing at the description of animals and machines using controland communication theory
(Wiener 1948). However, only in recent years, with important advances in molecular bi-
ology, and experimental and measurement technology, has itbecome possible to seriously
approach this problem in a quantitative way. Important issues withinSystems Biologyrange
from the modelling and understanding structures and dynamics of biological systems, at
the cell level, to gaining insight into control and design (evolution) methods of single cells
and multicellular systems (Kitano 2002).

Feedback type interactions play a key role in generating functions within the cell.
In this thesis a method is proposed, allowing determinationof the feedback mechanisms
within a biochemical network being the main source of a certain complex behavior, such
as sustained oscillatory states or multiple steady-states. Identifying such mechanisms is
highly relevant, since a number of vital functions in the cell, such as cell cycle control
and circadian rhythms, are directly related to complex dynamic network behaviors. The
obtained knowledge leads to an increased understanding of the inner workings of the cell.
Furthermore, this method is even applicable to process systems, guiding plant design such
as to remove undesirable behaviors.

Analyzing the impact of interactions between the various components of the cell, calls
for mathematical models describing the connections, qualitatively or quantitatively, be-
tween the cell components. In this thesis a method for determining the quantitative in-
terconnections in biochemical networks from time-series measurements is proposed. The
method is based on considering the behavior close to some steady-state, thereby allowing
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linear models to be identified.
Finally, the decomposition of large-scale biochemical networks into biologically mean-

ingful modules is considered. This is interesting, since animportant challenge within
Bioinformatics and Systems Biology is to understand the different types of networks in
terms of how and where they realize certain functions withinthe organism.

1.1 Outline and contributions

PART I – Feedback Structures in Chemical Process Systems

Chapter 2
The chapter provides a short overview of how control systemsfor large-scale process sys-
tems usually are decomposed into several hierarchically ordered layers. Then, focusing in
particular on the design of decentralized control structures for the lowest of these layers,
available model based tools for the different tasks of control structure design are reviewed.

Chapter 3
Decentralized control can be seen as a decomposition of an overall multivariable system
into a number of smaller subsystems, for which individual feedback controllers are de-
signed. A central topic when deciding on this decomposition, that is, the control configu-
ration, is that of interactions between the various subsystems when under feedback control.
Most existing measures of such interactions are based on theassumption that the individual
subsystems are under perfect control. In this chapter it is shown that this assumption often
is poor, and in particular for systems with more than 2 subsystems, that is, more than 2
inputs and 2 outputs. In order to evaluate the impact of interactions between subsystems
under more realistic conditions, that is, decentralized finite bandwidth control, an interac-
tion measure called thedecentralized relative gainis introduced. One important result in
this chapter is the insight that the effect of interactions on the phase-lag of the subsystems
is at least as important as the effects on the gain. The content of this chapter has been
published in

• H. Schmidt and E.W. Jacobsen (2003)Selecting control configurations for perfor-
mance with independent design. Computers & Chemical Engineering, 27, 101-109

Chapter 4
One sub-objective in process control is that of setpoint tracking. In the case of decentral-
ized control, with controllers designed without taking interactions between the subsystems
into account, it is important to select a control configuration for which the impact of inter-
actions between the subsystems is minimized in order to achieve the desired performance.
A measure, thesensitivity interaction measure, for the achievable closed-loop performance
of a certain control configuration, in terms of setpoint tracking, is derived for decentralized
control systems based on independent controller tuning. The content of this chapter has
been presented at
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• H. Schmidt and E.W. Jacobsen (2002)On the achievable closed loop performance
for decentralized control structures. IFAC World Congress, Barcelona, Spain

Chapter 5
When considering specific disturbance attenuation properties of a system under decentral-
ized feedback control, it is not necessarily optimal to minimize the effect of interactions
between subsystems. In this chapter results from Chapter 4 are used to derive a perfor-
mance measure, thedisturbance sensitivity interaction measure, for the closed-loop system
focusing on disturbance attenuation. In this chapter, alsothe problem of dealing with pure
integrators in a plant is addressed. Process systems usually contain a number of such inte-
grators, for example in the form of levels and pressures, which require stabilization, but for
which usually no tight performance specifications exist. The typical way of dealing with
such integrators is to first close loops in order to stabilizethem, without paying attention
to the systems overall performance, prior to the consideration of the configuration problem
for the remaining system. In the second part of this chapter the issue of real integrators in
the regulatory control layer is addressed and a method is proposed to select control config-
urations based on performance considerations for such plants. The content of this chapter
has been presented at

• H. Schmidt and E.W. Jacobsen (2002)Selection of decentralized control configura-
tions based on disturbance rejection for plants with real integrators. MTNS, Notre
Dame, USA

PART II – Interactions in Biochemical Systems

Chapter 6
Central functions in the cell are often linked to complex dynamic behaviors, such as sus-
tained oscillations and multistability, in a biochemical reaction network. Determination
of the specific interactions underlying such behaviors is important, for example, to deter-
mine sensitivity, robustness, and modelling requirementsof given cell functions. In this
chapter biochemical systems that can be described by ordinary differential equations are
considered. A method, based on a linear systems representation, is proposed that allows
determination of the feedback interconnections between the biochemical components that
are the main source of a specific complex behavior within the system. The method is
demonstrated on example systems, such as cell cycle controlin Xenopusand glycolytic
oscillations in yeast. The content of this chapter has been published in

• H. Schmidt and E.W. Jacobsen (2004)Identifying feedback mechanisms behind com-
plex cell behavior. IEEE Control Systems Magazine, 24 (4),91-102

Chapter 7
Over the past few years new technologies have emerged, allowing the acquisition of exten-
sive biological data sets, containing genetic and proteomic information, as well as concen-
trations of biochemical components such as metabolites. These data sets call for methods
that enable relevant information about the inner workings of the cell to be extracted. One
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important issue is the understanding of the functional interactions between genes, proteins,
and metabolites. In this chapter a method is presented that enables quantitative identifi-
cation of the interactions between biochemical components, using time-series measure-
ments. The proposed method is based on considering the behavior around a steady-state,
and employs a linear representation of the system dynamics.Important results are that only
very limited information about the applied perturbations need to be available and that the
method does not require the initial state to be a steady-state, nor knowledge of the steady-
state as such. Furthermore, with respect to the commonly used Euler approximation, we
use an improved estimate of the derivative and discuss how todeal with network dynamics
that are significantly faster than the sampling time.
The content of this chapter has been submitted for journal publication, November 2004

Chapter 8
Network decomposition into essentially independent subnetworks is considered. Here,
rather than relying on biological insight into the network,a systematic method based on de-
composing the JacobianA into loosely interacting blocks is presented. Interactionstrengths
are measured in terms of the magnitude of the elements withinthe Jacobian. The content
of this chapter has been presented at

• H. Schmidt, E.W. Jacobsen (2004)On the Decomposition of Biochemical Networks.
5th International Conference on Systems Biology, Heidelberg, Germany

Chapter 9
A summary of this thesis is presented, together with some possible directions for future
work.

Appendix
The first part of the appendix contains a paper with the same focus as Chapter 6. However,
intended for a more biological oriented readership. Examples considered are theXenopus
cell cycle and circadian rhythms inDrosophila. In the second part it is shown that the
method presented in Chapter 6 is not limited to the application to biochemical systems,
but can be applied in precisely the same way to process systems. This is important since it
can be used to guide plant design such as to remove undesirable behaviors. The last part
contains supplementary material to Chapter 7. Appendix A and B have been published
in/presented at

• H. Schmidt and E.W. Jacobsen (2004)Linear systems approach to analysis of com-
plex dynamic behaviors in biochemical networks. IEE Systems Biology, 1, 149-158

• H. Schmidt and E.W. Jacobsen (2004)Analysis of complex behaviors in integrated
plants. ESCAPE 14 meeting, Lisbon, Portugal

1.2 Publications

The work presented in this thesis has to date resulted in the following publications:
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Journal

• H. Schmidt, E.W. Jacobsen, and K.-H. Cho,Identification of the dynamic structure of
biochemical networks based on least squares estimation of the Jacobian. Submitted
for journal publication, November 2004

• H. Schmidt and E.W. Jacobsen (2004)Identifying feedback mechanisms behind com-
plex cell behavior. IEEE Control Systems Magazine, 24 (4),91-102

• H. Schmidt and E.W. Jacobsen (2004)Linear systems approach to analysis of com-
plex dynamic behaviors in biochemical networks. IEE Systems Biology, 1, 149-158

• H. Schmidt and E.W. Jacobsen (2003)Selecting control configurations for perfor-
mance with independent design. Computers & Chemical Engineering, 27, 101-109

Conference

• H. Schmidt, E.W. Jacobsen (2004)On the Decomposition of Biochemical Networks.
5th International Conference on Systems Biology, Heidelberg, Germany

• H. Schmidt, E.W. Jacobsen, and K.-H. Cho (2004)Identification of the dynamic
structure of biochemical networks based on least squares estimation of the Jacobian.
5th International Conference on Systems Biology, Heidelberg, Germany

• H. Schmidt and E.W. Jacobsen (2004)Analysis of complex behaviors in integrated
plants. ESCAPE 14 meeting, Lisbon, Portugal

• H. Schmidt and E.W. Jacobsen (2003)Analysis of bifurcation behavior in biochem-
ical reaction networks with application to the cell cycle. AIChE Annual Meeting,
San Francisco, USA

• H. Schmidt and E.W. Jacobsen (2003),A linear systems approach to the analysis
of complex behaviors within biochemical reaction networks– application to the cell
cycle. 4th International Conference on Systems Biology, Saint Louis, USA

• H. Schmidt and E.W. Jacobsen (2002)Selection of decentralized control configura-
tions based on disturbance rejection for plants with real integrators. MTNS, Notre
Dame, USA

• H. Schmidt and E.W. Jacobsen (2002)On the achievable closed loop performance
for decentralized control structures. IFAC World Congress, Barcelona, Spain

• H. Schmidt and E.W. Jacobsen (2001)Selecting control configurations for perfor-
mance. ESCAPE 11 meeting, Kolding, Denmark

Licentiate Thesis

• H. Schmidt (2002)Model based design of decentralized control configurations. Li-
centiate Thesis, S3-Automatic Control, Royal Institute ofTechnology
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Chapter 2

Overview over control structure design

This chapter provides a short overview over decomposition strategies for control systems
in large-scale systems, and in particular how these typically are decomposed into several
hierarchically ordered layers. The focus is on plantwide control systems in the process
industry and on the design of suitable control structures for the lowest layer within this
hierarchy; the regulatory control layer. Presently available tools and methods for control
structure design within this layer are reviewed, with a mainfocus on tools for control
configuration selection.

2.1 Hierarchical decomposition of plantwide control systems

Plants in the process industry usually have hundreds or thousands of measurements and
actuators, which make the determination of a single multivariable controller for the whole
plant infeasible - or at least not useful. Instead, plantwide control systems are usually hier-
archically structured in several layers in order to reduce the effort required for modelling
and controller design and also to increase the flexibility ofthe system.

The lowest layer in a plantwide control system is theregulatory control layer. This is
the layer where the manipulated variables and the outputs are connected through feedback
controllers. In the process industry this layer is typically highly decentralized, meaning
that most of the controllers are single-input/single-output (SISO) controllers. However,
this layer can also contain small-scale multivariable controllers, if so needed.

The second layer, thesupervisory control layer, acts not on the manipulated variables
of the regulatory layer, but on the setpoints of the control loops of the lower layer. The
main task of the supervisory layer is to handle constraints on the manipulated variables
as well as on the controlled outputs of the system. Thus, the objective is to avoid satu-
rations in the inputs and to keep certain variables within specified bounds, imposed, for
example, by safety and environmental considerations (for example, reactor temperatures,
pressures, product concentrations, etc.), but of course also by economical reasoning. For
the constraint handling, this layer typically uses local model predictive (MPC) controllers.

9



10 CHAPTER 2. OVERVIEW OVER CONTROL STRUCTURE DESIGN

The regulatory and the supervisory control layer together form thecontrol layer. Above
this layer there are usually one or two optimization layers.These optimizations determine
the setpoints for the control layer in order to maximize the economic profit. They are
usually performed on a daily or weekly basis using steady-state models of the overall plant
and/or models of sections of the plant.

Figure 2.1 shows a typical hierarchical decomposition of a plantwide control system.

Plantwide Optimization

Local OptimizationLocal Optimization

Supervisory ControlSupervisory ControlSupervisory Control

Supervisory ControlSupervisory ControlRegulatory Control

Plant

Control Layer



Figure 2.1: Schematic overview of large-scale systems withhierarchical control system.

2.2 The regulatory layer and its model

The main task for the regulatory control layer is to reject unmeasured disturbances and to
track the setpoints provided by the upper layers as tight as possible. For a general system
it can be described by the block diagram in Figure 2.2.

The displayed variables are

• z - controlled outputs

• y - outputs (to be used for feedback control)

• u - manipulated variables

• r - setpoints forz

• d - disturbances
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P

C

r

d

u

z

y

Figure 2.2: Blockdiagram of the regulatory control layer.

The difference betweencontrolled outputsand outputswill become evident in the next
subsection.

The plant P is modelled by the transfer functionsG, Gd, Gyu andGyd as defined by

z = G(s)u+Gd(s)d

y = Gyu(s)u+Gyd(s)d.

In this thesis it is assumed that a linear time invariant scaled open-loop model of the plant
is available.

It is important that the model is properly scaled, since thiswill considerably simplify
thecontrollability analysisof the system. WithControllability analysisis here understood
the determination of whether, given a system and a control structure, the desired perfor-
mance in terms of setpoint tracking and disturbance rejection can be achieved. The main
idea is to scale inputs and disturbances such that their expected/allowed magnitude is less
than 1. Furthermore, outputs should be scaled such that acceptable performance of the
control system corresponds to control errors with magnitudes less than 1. For more infor-
mation about scaling the reader is referred to Skogestad andPostlethwaite (1996). In this
thesis, unless otherwise stated, systems are assumed to be properly scaled.

Control structure design

Control structure design (CSD) is especially important forlarge-scale systems. Therefore
it is not surprising that most references found in literature deal with control structure design
for plants in the process industry. However, it should be kept in mind, that CSD is important
also in many other areas, such as, for example, aircraft engine control (Härefors 1999) and
control of mechatronic systems. Furthermore, it should be noted that in this thesis the
focus is limited to decentralized feedback control configurations. Other possible control
configurations not considered here are, for example, cascade and feedforward control (see,
for example, Skogestad and Postlethwaite (1996)). However, the decentralized control
configuration is by far the most important for the control of large systems in the process
industry.
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One reason for the need of control structure design is the fact that in plantwide con-
trol systems there usually exist more measurements and actuators than the number strictly
needed for the achievement of the control objectives. Furthermore, it is often not evident
which variables to keep at setpoints and, additionally, theselected outputs might not be
measurable. Control structure design involves the following steps.

1. Selection of the controlled variablesz (controlled outputs with setpoints),

2. Selection of inputsu (actuators),

3. Selection of measurementsm (for construction of the output vectory),

4. Selection of a structure interconnecting outputsy and inputsu (structure of the
controller-matrixC). This structure is also calledcontrol configurationor pairing.

The relation between controlled outputs, outputs, and measurements can be described as
follows. If every controlled outputzi is measured in a control system, then there is no
difference between controlled outputsz, outputsy and measurementsm. On the other hand,
if a controlled outputzi can not be measured, the outputyi might be chosen asyi = f (m),
with appropriately chosen measurementsm, such thatyi can be used instead ofzi . In this
case the setpoint forzi andyi might be different.

Decentralized control of the regulatory layer

The regulatory layer is usually highly decentralized, in the meaning that the controller-
matrix C mostly contains single-input/single-output elements andonly a few small-scale
multivariable controllers. In comparison to full multivariable control of the whole plant, or
even of sections of the plant, highly decentralized controlhas the following advantages.

1. Modelling. For full multivariable control, very detailed and exact models of the
plant are required. These models are usually very complex, demanding to derive,
and thus very expensive. For the same reasons, the costs connected to controller
design, maintenance, and implementation of the control system are much lower for
the case of a decentralized control system.

2. Uncertainty and failures. Multivariable controllers are in general much more prone
to uncertainty or failures in measurements and actuators, than decentralized con-
trollers. Because of this inherent robustness, decentralized controllers can also deal
better with changes in operating conditions of a plant.

3. Startup and shutdown. A decentralized regulatory layer can be designed such as
to allow startup of the whole plant one loop at a time. The startup phase will be
immensely more complicated for full multivariable controllers. The same holds, of
course, for the shutdown of a plant.

4. Ease of retuning. In a decentralized control structure the individual control blocks
can usually be retuned more or less independently, for example, in response to
changes in operating conditions.
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5. Understanding. The decentralized regulatory control layer is easier to understand
and to handle for operators.

Obviously there is a cost associated with the use of a limitedcontrol structure, as in de-
centralized control, when comparing it to full multivariable control. This cost is a certain
loss in the best achievable performance, for example, in terms of disturbance rejection, of
the closed-loop system. However, usually it is not the best achievable performance that is
sought for the regulatory control layer, but rather an acceptable performance that satisfies
the control objectives.

It is important to understand that, in the case of decentralized control, the control con-
figuration is crucial for the achievable performance. This means that the decision about
which output to control using which input is by far more important than the selection of
a certain controller type and controller tuning for the resulting loop. If the control config-
uration is poorly chosen, not even the most advanced and optimally tuned decentralized
controllers can achieve acceptable performance of the regulatory control layer. In the same
way, a poor choice of inputs and outputs to use for control canput fundamental limita-
tions on the achievable closed-loop performance, which cannot be overcome by using any
advanced controller design (see, for example, Lee and Morari (1990)).

In the following, this overview presents the fundamentals of existing tools and methods
for the different steps of control structure design, listedabove. This overview is certainly
not exhaustive, since the focus is put on methods based on systematic model based ap-
proaches. Methods based on heuristics and optimization have been left out. The reason
for not discussing the latter is that, even if an optimization based approach to the control
structure design problem might seem promising, some cost function still has to be found in
order to reduce the complexity of the search for an acceptable solution. This cost function
could, for example, be formed by most of the tools presented below. The type of optimiza-
tion algorithm used is, of course, important, but this problem is better left to experts on
optimization theory. An example of an optimization based method can be found in Jør-
gensen and Jørgensen (2000), where MILP (mixed integer linear programming) is used to
determine the best control configuration. Although heuristic methods are widespread in the
literature on plantwide control, we do not consider them here since the aim is to consider
systematic and general methods only. For an overview of plantwide control see Larsson
and Skogestad (1998).

2.3 Control structure design in practice

The industrial practice for control structure design is largely based on engineering expe-
rience, plant insight, intuition and simulation combined with a trial and error approach
(van de Wal and de Jager 1995). Traditionally, plants in the process industry consisted of
separate units connected in series. For such plants the practice outlined above might lead to
an acceptable control system. However, due to environmental regulations and the constant
drive for increased economic profit, systems in the process industry are becoming more and
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more complex with a large extent of energy and material recycling. These recycles intro-
duce two-way interactions between the different process units and are an important reason
why a more systematic and plantwide approach to the selection of outputs, measurements
and inputs is needed in modern plants. It seems obvious that,using the practice outlined
above, promising control structures for complex plants caneasily be overlooked. In par-
ticular, this is likely to occur for large-scale systems, for which the number of alternatives
grows rapidly with the complexity of the control problem. The complexity of a control
system can, for example, be defined as the sum of the numbers ofinputs and outputs to be
used for control and the number of interconnections made between them (Reeves 1991).

2.4 Selection of outputs, measurements, and inputs

In this section some previously proposed methods for the selection of controlled outputs,
inputs, and measurements are outlined.

Output and input selection

Methods for the selection of inputs and outputs are often closely related, in the sense that
a certain approach can be used for selecting both inputs and outputs. A typical example
is the selection of inputs and outputs such that the minimum singular value of the plant is
maximized. We therefore consider the corresponding methods in a single section of this
overview. However, when a method focuses on only one of the selection issues, this will
be explicitly stated.

Regarding the selection of inputs it is important to note that, in most cases, the same
number of inputsu is selected as there are outputsy (andz) to be controlled. A fewer
number of inputs than outputs is not reasonable because of the need for functional control-
lability (Skogestad and Postlethwaite 1996). A systemG(s) with m inputs andn outputs
is said to befunctionally controllableif the normal rankr of G(s) is equal to the number
of outputs (r = n), which is the case ifG(s) has full row rank. A system is functionally
uncontrollable ifr < n and hence always is so when it has less inputs than outputs (m< n).
The notion of functional controllability was introduced byRosenbrock (1970). We finally
note that the use of a larger number of inputs than outputs makes sense when there are
problems with input constraints, but this is not consideredhere.

Self-optimizing control

As explained above, optimization of the setpoints for the control layer are typically per-
formed on a daily or weekly basis. It is therefore sensible toselect outputs in such a way
that, provided they are held constant at the optimized setpoints, the economic performance
of the plant is degraded as little as possible in case the trueoptimal setpoints change be-
tween two optimizations. This is the main idea ofself-optimizing control.

This concept was originally introduced by Morariet al.(1980). Skogestad and cowork-
ers later extended the method (for example, Skogestad and Postlethwaite (1996) and Sko-
gestad (2000)), gave it its name and applied it successfullyto plants in the process industry
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(for example, Govatsmark and Skogestad (2001)). It is a method explicitly focusing on the
selection of controlled outputs. However, note that a manipulable variable in principle may
be considered an output in this context. The method identifies outputs which, when held
constant at optimal setpoints, minimize a predefined loss-function in the presence of dis-
turbances. The outputs, leading to the least, or acceptable, loss are preferred. Furthermore,
it is important that the loss function is as insensitive as possible to differences between the
outputs and the optimal setpoint, that is, a flat loss function. This follows from the fact that,
between two setpoint optimizations, the optimal setpointsmay change from the previous
determined optimum due to disturbances. Disturbances considered within this approach
can be variations in the disturbance signals, defined for that plant, but also non-perfect
control (in terms of control errors) and uncertainty in signals (for example, errors in valve
settings, etc.).

For a more complete exposition of the method the reader is referred to Skogestad
(2000). Some things to be noted about this method are listed below.

• The method is based on optimization of a static nonlinear model of the plant, that is,
only the optimal steady-state is considered in this approach. Therefore, the optimal
operating point may correspond to a poorly controllable plant for the chosen outputs.
Skogestad (2000) suggests that this problem can be partly solved by performing a
controllability analysis for the candidate output sets, and eliminating those which
can not provide satisfactory control performance.

• As the loss-function has to be evaluated for every possible combination of candidate
controlled outputs, this results in a combinatorial problem which is computationally
costly when the number of candidate controlled outputs is large. The combinatorial
problem is further complicated if also combinations of outputs (for example, ratios,
sums, differences, etc.) are allowed as candidate controlled outputs.

Non-minimum phase elements

It is well known that non-minimum phase elements in an open-loop system introduce fun-
damental performance limitations for the closed-loop system. In the SISO case an open-
loop RHP transmission zero inz limits the bandwidthωb of the closed-loop toωb,max< z.
The bandwidth is here defined as the frequency where the magnitude of the closed-loop
sensitivity is equal to -3dB. In the multi-input/multi-output (MIMO) case a similar result is
obtained, if the maximum singular value of the sensitivity function is considered. See, for
example, Skogestad and Postlethwaite (1996). Other non-minimum phase elements are un-
stable poles and time delays. RHP poles present a lower boundfor the required bandwidth,
while time delays, similar to RHP zeros, impose an upper bound.

Hovd and Skogestad (1993) suggest that plants with RHP zeroslying within the desired
bandwidth should be avoided. This rule could be extended to include also time delays.
However, a systematic method for selecting inputs and outputs, based on this insight, has
not been found in literature.

The rule above assumes the use of full multivariable control. In the case of decentral-
ized control, and especially if independent tuning is an issue, non-minimum phase elements
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even in single elements of the transfer matrixG might impose performance limitations.
However, Johansson and Rantzer (1999) showed that if it is possible to close the single
loops sequentially, using infinite bandwidth, such that thenext loop to close in the sequence
is non-minimum phase, then it is (theoretically) possible to achieve an infinite bandwidth
for the overall system using fully decentralized control. Cui and Jacobsen (2002), however,
show that by closing single loops, using finite bandwidth, zeros in other subsystems can
cross from the left half plane into the right half plane or vice versa. Thus, closing loops in
a decentralized control system may introduce fundamental control limitations, not present
in the overall multivariable system, in some subsystems.

Morari resiliency index

Morari (1983) uses the termresiliencyof a plant to describe the plants ability to move fast
from one state to another, to efficiently reject disturbances, etc. One important property
of a resilient plant is a relatively large minimum singular value, such that, for example,
disturbances acting in all plant directions can be rejected. Yu and Luyben (1986) therefore
proposed theMorari resiliency index (MRI)as the minimum singular value of the plant
Gyu, given by

MRI = σ(Gyu( jω)).

The idea is to select manipulated variables, or inputs, so asto maximizeMRI. Yu and
Luyben (1986) use the measure only to determine inputs. However, the same approach can
in principle be used to also determine outputs.

TheMRI is scaling dependent. Also, a major weakness is the fact thatit does not take
into account the disturbance transfer function of a given system.

Disturbance condition number

Disturbance rejection is often the main objective in process control. A tool for input and
output selection which takes the disturbance rejection properties of the closed-loop system
into account is thedisturbance condition numberdefined by Skogestad and Morari (1987).
It is given by

γdi(Gyu) =
‖G−1

yu [Gyd]i‖2

‖[Gyd]i‖2
σ̄(Gyu),

where[Gyd]i denotes thei-th column ofGyd, and is the disturbance transfer vector for the
i-th disturbance. If the disturbancedi is aligned with the direction corresponding to the
maximum singular value ofGyu (best case) thenγd = 1. Similarly, if di is aligned with the
direction corresponding to the minimum singular value (worst case) thenγd is equal to the
systems condition numberγ(Gyu).

Skogestad and Morari (1987) indicate that plants with largedisturbance condition num-
bers should be avoided, because of robustness problems. However, bothγ andγd are scal-
ing dependent. This means, that large values ofγd might not necessarily imply robustness
problems. To solve this problem Skogestad and Morari (1987)suggest to rather consider
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the minimized condition numberγ∗(G), obtained by minimizing the condition number
over all possible scalings.

Consider for instance the system in equation (2.1). If a disturbance acts in the direction
of output 2, the corresponding disturbance condition number will be γd = γ(G) = 100000.
However, as the system is diagonal and thus the minimized condition number is 1 there
will be no problem to reject this disturbance properly provided input constraints are not a
problem.

G(s) =

(

100 0
0 0.001

)

(2.1)

Therefore Skogestad and Morari (1987) suggest to avoid systems having both large min-
imized condition numbers and large disturbance condition numbers. A large minimized
condition number, together with input uncertainty leads torobustness problems of the
closed-loop system, if compensation is needed in the low gain direction (γd large), and
therefore to a decreased closed-loop performance.

Skogestad and Morari (1987) suggest further, to consider the sum norm of the RGA
(‖Λ‖sum) instead of the minimized condition number. The reason is that‖Λ‖sum is closely
related to the minimized condition number (Skogestad and Postlethwaite 1996) and less
demanding to compute.

Finally it is noted, that therelative disturbance gain(Stanleyet al. 1985) is closely
related to the disturbance condition number, and might be used instead.

Input selection based on single input effectiveness

Cao and Rossiter (1997) introduced the concept ofsingle input effectiveness (SIE). The
SIE for the inputi is defined as

ηi = ‖G†Gei‖2,

whereG† denotes the generalized inverse (pseudoinverse) ofG. The SIEηi is a number
between 0 and 1 and basically indicates to which extent the inputui participates in spanning
the input space of the systemG. Therefore inputs should be preferred with SIEs as large
as possible. Cao and Rossiter (1997) also show that the SIE isclosely related to the non-
square relative gain array (see Chang and Yu (1990)). In particular, the squaredi-th SIE is
equal to thei-th column sum of the non-square RGA.

It is important to note that this method does not guarantee one to find the best possible
combination of inputs, in terms of the maximization of the minimum singular value. How-
ever, the tool has proven promising in a number of examples and should at least lead to the
selection of an acceptable input combination if setpoint following is the main issue. In the
case that disturbance rejection is considered one should use this tool carefully, in order not
to reject an input, which is essential to reject an importantdisturbance.

Measurement selection

As indicated above, some of the controlled outputsz of a system might not be measurable
for various reasons (for example, large delays, measurement noise, high costs, etc.). Two
possible approaches to deal with this problem are named/discussed below.
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Estimation of the controlled outputs

One way of dealing with a non-measurable controlled outputzi is to estimate it based on
properly chosen measurementsmi . In this case the outputyi is given by

yi = ẑi = f (mi),

whereẑi denotes the estimate of the controlled outputzi .
The general problem of estimation is treated in detail in theliterature on statistics and

estimation (see, e.g, Kay (1993b)), and will not be discussed here.

Indirect control / partial control

Another way of dealing with non-measurable controlled outputs zi is to use the idea of
indirect controlor partial control. Indirect control implies controlling a secondary set of
outputsyi , which can be measured or estimated, and thereby achieving satisfactory control
for the non measured primary controlled outputszi , for which the control objectives exist.
In this case the setpoints forzi have to be translated into setpoints foryi .

The difference between indirect andtrue partial controlis the fact that in the latter case
control objectives exist also for the secondary outputsyi , and there is hence no setpoint
translation. For a detailed description of the method see (Havre 1998).

An obvious drawback of the indirect control method is that the setpoints for the non
measurable controlled outputszi have to be translated into setpoints for the secondary out-
putsyi . For this translation a very exact model has to be available,since the translation has
a feedforward nature and the systems performance thereforewill be prone to model un-
certainty. This is different for true partial control, as there the setpoints for the secondary
outputs are given. In general this method does not guaranteethat, by controlling the sec-
ondary outputs, satisfactory performance is achieved for the primary outputs. However,
the idea in (Havre 1998) is to select the subset of outputs to control such that acceptable
performance is achieved for all outputs.

Common drawback of the methods

It is important to note that, even if the methods presented above often are used to design
decentralized control structures, all the methods inherently assume the use of a full multi-
variable controller.

2.5 Selection of the control configuration

As mentioned above, the control configuration of the regulatory control layer is usually
highly decentralized, corresponding to a diagonal or blockdiagonal structure of the con-
troller matrixC in Figure 2.1. To achieve the best possible closed-loop performance, a
full multivariable controller is required. However, the reason for employing decentralized
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control are the many advantages listed above. Furthermore,the aim is to select a con-
trol configuration which enables the control system to achieve anacceptable, rather than
optimal, performance in terms of setpoint tracking and disturbance rejection.

The available methods for control configuration selection (input-output pairing) can
be grouped into two different approaches. One approach is tochoose pairings based on
stability considerations. The other approach is to focus onthe performance of the closed-
loop system. Below some methods, addressing either of the two approaches, are briefly
described and discussed. For convenience, the transfer matrix Gyu is represented byG and
the disturbance transfer matrixGyd by Gd.

Niederlinski index (NI)

In the process industry single controllers are often taken out of service (put on manual) or
taken into service (put on automatic). Reasons for this can,for example, be a plant start-up
or shut-down. Therefore it is important that the overall system does not become unstable
if a loop is detuned or fully taken out of service. A system, for which this holds is called
decentralized integral controllable.

More precisely, a system is defined to bedecentralized integral controllable(DIC)
if there exists a decentralized controller with integral action in each loop, such that the
feedback system is stable and such that it remains stable if each individual loop is detuned
by a factorεi ∈ [0,1]. DIC was introduced by Skogestad and Morari (1988a).

Niederlinski (1971) proposed the so calledNiederlinski index (NI)as a tool for input-
output pairing for multiloop SISO controllers. The Niederlinski index is defined as

NI =
det(G(0))

Πn
ii [G(0)]ii

and it is hence pairing dependent. A negative value ofNI, for a certain pairing, is a suffi-
cient condition for instability of the closed-loop system if independently tuned controllers
with integral action are used. In contrast, a positive valueof NI is a necessary condition
for stability of the closed-loop system in the case of independent controller tuning. There-
fore, the control configuration selection procedure, basedonNI, is to discard pairings with
NI < 0 and to analyze the remaining candidate control configurations further using other
tools.

Niederlinski originally introduced this measure to screenoutstructurally unstablesys-
tems. The definition of astructurally unstablesystem is obtained if, in the definition of
DIC, εi ∈ [0,1] is exchanged againstεi ∈{0,1}. This means that a structurally unstable sys-
tem is also a non-DIC system. Therefor, this measure is a useful tool for the elimination of
control configurations corresponding to non-DIC systems. On the other hand, if indepen-
dent control (and thus DIC) is not an issue, it might eliminate the pairing leading to the best
achievable closed-loop performance. Also note that, sincethe NI is a steady-state measure,
it does not provide any information about the achievable closed-loop performance.
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The relative gain array (RGA)

Single loop controllers in large-scale decentralized control systems in the process industry
often are tuned in an independent way. This means, that the surrounding controllers often
are put in manual mode, before a certain controller is tuned.In this way the loop to be
tuned is not influenced by the other loops. However, after thetuning is completed and the
surrounding controllers are taken into service again theseloops will interact with the newly
tuned loop. These interactions will in general affect the performance of this loop and thus
a pairing which minimizes the interactions between single loops and the remaining system
should be preferred.

A tool which is intended to measure these interactions is therelative gain array (RGA)
defined by Bristol (1966). A relative gain is defined as the ratio between the gain of an
element[G]i j in the transfer matrixG when all loops are open and the gain of the same
element when all the other loops are perfectly controlled. It is usually assumed that a
relative gain close to one for a certain element indicates that the interactions are small for
this loop and that it is a good candidate for the control configuration. A negative steady-
state relative gain implies, that the sign of the steady-state gain will change when the other
loops in the remaining subsystem are perfectly controlled.Pairings on negative steady-
state relative gains therefore render the system non-DIC and should hence be avoided if
independent controller tuning is desired.

Because of the assumption of perfect control the relative gains can easily be computed.
The RGA consists of the relative gains corresponding to all the elements in the systems
transfer matrixG. It is frequency dependent and computed as

Λ(s) = G(s)× (G−1(s))T ,

where× denotes element-by-element multiplication. Advantages of the RGA are its scal-
ing and pairing independency.

It has to be noted, that from its definition by Bristol (1966) the RGA was supposed
to be evaluated at steady-state only. However, since steady-state information, apart from
the sign of the steady-state gain, is of little relevance forfeedback control, Skogestadet
al. (1990a) suggested to rather evaluate the RGA at the desired bandwidth of the system.
They suggested to prefer pairings for which the RGA is closest to the identity matrix at
this frequency (see also Skogestad and Postlethwaite (1996)).

There are some shortcomings of the RGA as a pairing tool. First, there is the assump-
tion of perfect control of the subsystems, for frequencies up to the desired bandwidth. For
systems larger than 2×2 perfect control up to the desired bandwidth can be interpreted as
full multivariable control, which is in contradiction to the fact that the RGA is used to se-
lect decentralized control configurations. By using independent controller tuning and real
decentralized control for a multivariable system, the obtained performance of the overall
system can be arbitrarily far away from the desired one. It can be said, that the RGA does
not take into account the achievable performance in the subsystems. Therefor, in general,
the RGA seems to be an acceptable tool only for 2×2 systems, but not for larger ones.
This is discussed in more detail in Chapter 3. Furthermore, it should be noted that most
theoretic results based on the RGA concern closed-loop stability only. The common rule,
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to pair on RGA-elements close to one, which is often assumed to address performance
(Skogestad and Postlethwaite 1996), is nothing but an engineering rule of thumb, which
has proven useful for some simple systems.

A tool taking into account the achievable performance in subsystems, is thepartial
relative gain (PRG)proposed by Häggblom (1997). It is based on the closure of certain
loops followed by an evaluation of the RGA for the remaining system. The main short-
coming of this tool, is that the RGA of all possible subsystems down to 2×2 subsystems of
G(s) has to be computed under the assumption of perfect control ofthe remaining systems.
While this is still possible for 3×3 systems, the number of combinations to evaluate will
be excessively large forn×n systems withn > 3.

The block relative gain (BRG)

Manousiouthakiset al. (1986) introduced theblock relative gainas an extension of the
RGA to control configurations which might be block diagonal,instead of diagonal. This
means, that the controllerC may not only contain SISO controllers, but also multivariable
controllers.

Similar to the definition of the relative gains of the RGA, theblock relative gains are
defined as the ratios between multivariable systems in the case when no loops are con-
trolled and the case when all remaining loops are perfectly controlled. Because in the
multivariable case the order of multiplication is important, a left and a right BRG can be
defined as

BRGi
l (s) = [G]ii [G

−1]ii

BRGi
r(s) = [G−1]ii [G]ii ,

where[G]ii corresponds to the gain of thei-th subsystem ofG, when no loops are closed
and[G−1]ii corresponds to the gain of thei-th subsystem, when all other loops (except the
loops in thei-th subsystem) are closed using perfect control. The left BRG is the interesting
one from a physical point of view, while the right BRG is usually not considered. The left
BRG appears in

∂yi

∂ r i
=
(

I +
(

BRG−1
l Gii Ki

)−1
)−1

,

meaning that, if all other loops are closed perfectly, the closed-loop transfer function be-
tween referencer i and outputyi depends on the interactions between the subsystems mea-
sured byBRGl .

When using the BRG for control configuration selection, the strategy is to search for
a control configuration resulting in block relative gains asclose as possible to identity
matrices. The selection method starts with looking at one dimensional BRGs (same as the
RGA), retaining pairings, whose BRGs are close to one. Then two dimensional BRGs are
considered for the remaining loops, etc.

A problem when using the BRG concept in practice is the computational complexity.
In contrast to the RGA, the BRG has to be reevaluated for each combination of inputs and
outputs. Withn inputs andn outputs that is that(n!)2 BRGs would have to be computed,
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which is a very large number even for reasonably smalln (for n = 6 it would correspond
to 518400 evaluations). Even if the number of necessary evaluations can be reduced by
using certain properties of the BRG (Manousiouthakiset al.1986), it is still an enormous
task. Another drawback of the BRG is the assumption of perfect control, which, in reality,
is only possible to achieve at steady-state.

Dynamic block relative gain (DBRG)

Thedynamic block relative gainwas proposed by Arkun (1987) as a tool addressing per-
formance and stability of block diagonal control structures, overcoming one drawback of
the block relative gain, which is the assumption of perfect control of the subsystems.

The concept of the DBRG is as follows. AssumeG̃ represents a block diagonal matrix,
containing the subsystemsGii of G, which corresponds to the candidate pairing.Hi is the
achievable performancein each single subsystem, when interactions do not exist, that is,
when controllingG̃ with a block diagonal controller. Through the use ofinternal model
control (IMC) for the systemG̃ it is straight forward to calculate the block diagonal con-
troller achieving the complementary sensitivitiesHi in each loop. Applying this controller
to the systemG, that is, taking interactions into account, the resulting complementary sen-
sitivities are given by

Yii = DBRG−1
i Hi [I +(DBRG−1− I)Hi ]

−1,

where the DBRG for thei-th subsystemGii can be calculated as

DBRGi = [I −Gcrii [bd(H−1
j G j j ) j 6=i +(Gcii −Gbii )]

−1Gcdii G
−1
ii ]−1.

bd(·) signifies a block diagonal matrix with the same structure asG̃, Gc/(Gb) is a transfer
matrix resulting fromG/(G̃) when the columns and rows corresponding to thei-th subsys-
temGii are deleted.Gcrii /(Gcdii ) represents the rows/(columns) ofG, which correspond to
the i-th subsystemGii , without the elements in the columns/(rows) belonging to the same
subsystem.

Based on the DBRG, Arkun (1987) defines the followingperformance deterioration
measure

ηi = sup
ω

(σ̄(Ei( jω))),

where
Ei = Hi −Yii = (Hi − I)(DBRG−1

i − I)Hi [I +(DBRG−1
i − I)Hi ]

−1.

A possible pairing rule, based on the DBRG, is to choose control configurations leading to
small values ofηi .

Under the assumption that the elementsGi j of the systems transfer matrix are stable, a
necessary and sufficient condition for closed-loop stability, based on the DBRG, has been
derived in (Arkun 1987).

The main drawback of the DBRG is the fact that a specific type ofcontroller (IMC) is
assumed, which to some extent limits the generality of this tool.
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Relative sensitivity

Arkun (1988) introduced the concept ofrelative sensitivities. The idea is to define, based
on internal model control, controllersKii for the block diagonal subsystemsGii , achieving
desired closed-loop transfer functionsHii , when interactions with other subsystems are
neglected. When these controllers are known, therelative sensitivity matrix Sare calculated
as

S=
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For details see Arkun (1988). The elementsSi j basically express how much thej-th sub-
system is excited relative to the response of thei-th subsystem when a setpoint change is
made in thej-th subsystem.

To use the relative sensitivities as a pairing tool, Arkun (1988) suggests to evaluatēS
instead ofS. S̄ is called therelative sensitivity asymptote matrixand obtained by looking
at the high frequency behavior ofS. S̄ is calculated as

S̄= GG̃−1 =
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whereG̃ corresponds to a block diagonal matrix containing the subsystems ofG, corre-
sponding to the candidate pairing.

The pairing rule based on the relative sensitivity asymptotes basically corresponds to
choosing pairings in order to minimize the magnitudes of theoff-diagonal elements of̄S.

It should be noted that the high frequency asymptotes ofS corresponds to assuming
Hii = 0, which means, that there is no control of the system. This makes the use of this tool
appear somewhat questionable.

Block decentralized performance degradation (BDPD)

The concept ofblock decentralized performance degradation (BDPD)was introduced by
Reeves (1991). The idea is to specify theideal closed-loop performance and to measure
how much it differs from the achieved closed-loop performance, which will be inferior
because of interactions in the system. The ideal complementary sensitivity function is
given by

TG̃ = G̃K(I + G̃K)−1,

whereG̃ represents a block diagonal matrix, containing the subsystems ofG that corre-
spond to the specific pairing under consideration. The controller K has the same block
diagonal structure as̃G. The achieved complementary sensitivity function is givenby

T = GK(I +GK)−1.
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The difference betweenTG̃ andT is, in the framework of BDPD, measured as

∆T = σ̄((T −TG̃)T−1
G̃

) ≤ dT , (2.2)

and an arbitrary upper bounddT , corresponding to a maximum allowed degradation, can
be chosen by the engineer.

One possible control configuration selection criterion, based on the BDPD, can be ex-
pressed as follows: choose a pairing resulting in a small value of dT for a given desired
bandwidthωb of the independently controlled subsystems.

It is shown, that a block diagonal controllerK exists, which achieves

∆T ≤ dT , with σ̄(TG̃) ≤ σT , σT = −3dB, ∀ω ≥ ωb (2.3)

only if (in the caseσT is chosen as in equation (2.3))

σ̄(E)

3.414+ σ̄(E)
≤ dT , ∀ω ≥ ωb, with E = (G− G̃)G−1. (2.4)

The criterion in equation (2.4) is dependent on the scaling of G. However, the method
can be modified to be scaling independent. Furthermore, thisequation only represents a
necessary condition for the achievement of the desired maximum performance degradation
in equation (2.2). For a more detailed description of this method, the reader is referred to
Reeves (1991). Finally, it is noted that the choice ofdT is not trivial, and that it probably
would be more useful to assume a frequency dependentdT , because at very high frequen-
cies, wherēσ(T) is small, larger deviations fromTG̃ can be allowed than around the desired
bandwidthωb.

Performance relative gain (PRGA) and closed-loop disturbance gain(CLDG)

Hovd and Skogestad (1992) introduced theperformance relative gain array (PRGAΓ)
and the closely relatedclosed-loop disturbance gain (CLDG∆). Under the assumption
that the single loops are closed in isolation from the rest ofthe system, the PRGA can be
seen as the factor between the desired performanceSG̃ and the achieved performanceS in
terms of setpoint tracking and the CLDG as a same kind of factor for disturbance rejection.
Assuming perfect control, that is,SG̃ ≈ 0, the CLDG and the PRGA are defined by

y = Sr+SGdd ≈ SG̃Γr +SG̃∆d

with S= (I +GK)−1, SG̃ = (I + G̃K)−1, Γ = G̃G−1, ∆ = ΓGd andG̃ = diag(G).
Rules for control configuration selection based on the PRGA and CLDG are relatively

straight forward. For setpoint tracking select the pairingsuch thatΓ is as close to the
identity matrix as possible and for disturbance rejection the pairing, such that∆, measured
by some matrix norm, is as small as possible.

An interesting feature to note about the PRGA is that it measures also one-way in-
teractions among the subsystems, while the RGA only measures two-way interactions.
One-way interaction is not a problem for stability of the overall closed-loop system, but it
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is important to take it into account for performance considerations. Hovd and Skogestad
(1992) show, that the PRGA and the CLDG can be used to determine the compensation
needed for interactions in each subsystem to achieve a desired performance. However,
these measures do not give any information about whether thecompensated closed-loop
system will be stable or not. Another important shortcomingof the PRGA and CLDG is
the assumption of perfect control up to the bandwidth.

The SSV interaction measure

Thestructured singular value interaction measure (SSV-IM), introduced by Grosdidier and
Morari (1986), defines, based on the interaction termE, given by

E = (G− G̃)G̃−1 = ḠG̃−1 , G̃ = diag(G), (2.5)

an upper bound for the maximum singular value of the complementary sensitivity function
for the case of no interactions (T̃), such that the complementary sensitivity function for
the case with interactions (T) is stable. T̃ is given by T̃ = G̃K̃

(

I + G̃K̃
)−1

, andT by

T = GK̃
(

I +GK̃
)−1

. K̃ is a diagonal controller and̃G is given by (2.5). For stability of the
overall closed-loop system it should hold that

σ̄(T̃( jω)) < µ−1(E( jω)), ∀ω,

with µ−1(E( jω)) being the SSV-IM. Hereµ(·) is the structured singular value, defined
by Doyle (1982) and evaluated considering the structure of the controllerK̃. A possible
pairing rule based on this is to choose the pairing, which leads to the largest possible value
of µ−1(E( jω)).

Even if the SSV-IM is a useful measure if stability is the mainobjective of control
structure design, it says nothing about the achievable closed-loop performance. Grosdidier
and Morari (1986) state themselves, that even if the closed-loop system is guaranteed to be
stable it might be very badly behaved. Furthermore, the SSV-IM has to be evaluated for
every possible pairing. Due to the combinatorial nature of the problem and the intensive
calculations needed for the determination of the SSV-IM fora pairing, the SSV-IM seems
not to be a too useful tool for an initial screening. Rather, it can be used at a later stage,
when only a few candidate pairings are left.

2.6 Pairing of inventory loops

As indicated above, selection of control configurations is in industrial practice usually
subdivided into two sequential steps, for example, Arkun and Downs (1990). First the plant
is stabilized and the inventory loops, involving liquid andgas holdups, are closed. After
that a control configuration for the remaining loops is sought. This sequential procedure is
of course suboptimal, even more since in practice only smaller process units are considered
when pairing, while the overall system aspects are largely neglected.

In order to take the overall system aspects better into account, Buckley (1964) proposes
to control levels based on the overall material balance control. The main objective thereby
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is to enable changes in the production rate in an easy way. According to Ogunnaike (1995),
Buckleys approach is still dominating in industrial practice. Price (1993) proposes some
guidelines for production rate and inventory control design.

However, this approach still suffers from the separation ofstabilization and pairing for
performance. The main problem when doing the pairing for systems with integrators is
that many input-output gains are effectively zero (corresponding to zero elements in the
transfer functions) before closing the loops containing the integrators. Because of this the
relative gains for these zero-elements are also zero and thus usually not considered for the
control configuration. However, for the case of distillation it has been found that the best
pairing indeed corresponds to pairing on relative gains of zero (Skogestadet al.1990a).

It is important to understand that, even if there usually areno tight performance spec-
ifications for the inventory loops, the way they are configured is crucial for the achievable
overall performance of the remaining control problem. So far, no tools are available to take
inventory loops into account when pairing based on performance considerations.

2.7 Conclusions

This chapter has provided an overview over the structure of large-scale control systems and
in particular of plantwide control systems in the process industry. Furthermore, available
model based tools and methods for the design of a suitable control structure for the lowest
control layer, the regulatory control layer, were discussed.

During the selection of a control structure for the lowest layer, four different tasks have
to be accomplished. 1) selecting controlled outputs, 2) selecting manipulated variables
(inputs) 3) selecting measurements, and 4) selecting the structure of the feedback controller
matrixC. The available tools all have certain drawbacks or shortcomings. For example, the
tools for tasks 1-3 usually do not take decentralized control into account but rather assume
full multivariable control. Furthermore, the tools for thefourth task often consider only the
steady-state and/or assume that perfect control of a certain subsystem up to the bandwidth
is a reasonable approximation.

In the following, the first part of this thesis will mainly deal with the fourth task of
control structure design, namely with the issue of control configuration selection. Ideally,
tools should be developed, which allow a quick screening of all possible control configu-
rations even for very large systems. In this task realistic decentralized control, instead of
perfect control, should be assumed. Something which also isneeded is a tool allowing one
to select control configurations for the inventory loops of asystem in a systematic fashion.
The reason is that the integrators usually only have to be stabilized, while no tight perfor-
mance specifications are imposed on them. The idea is then to select a configuration, such
that the remaining system can be controlled in a satisfactory way.

The assumption of independent controller tuning for subsystems, employed in the first
part of this thesis, is motivated by the fact that single loopcontrollers in large-scale decen-
tralized control systems in the process industry usually are tuned in an independent way.
The surrounding controllers are often put in manual mode, before a certain controller is
tuned. In this way the loop to be tuned is not influenced by the other loops during the
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tuning process, which is implied by the termindependent. As mentioned above, a ma-
jor advantage with this approach is that only relatively simple models are needed for the
controller tuning.





Chapter 3

Selecting control configurations for
performance with independent design

An important task in the design of decentralized control systems for multivariable plants
is the choice of the structure of interconnections between manipulated variables and con-
trolled outputs, that is, the control configuration. Most tools available for this task, such as
the RGA, mainly address the stability properties of the overall system. In this paper we fo-
cus on performance, and consider in particular the problem of selecting control structures
that enable a desired performance to be achieved through independent tuning of the sub-
systems. We show that, for this task, the common assumption of perfect control within the
bandwidths of the subsystems is a poor one. Based on this, a new measure of interactions,
the decentralized relative gain (DRG), is proposed. Finally, it is stressed that the effect
of interactions on the magnitude as well as on the phase-lag of the subsystems should be
considered when selecting control configurations for performance.

3.1 Introduction

We consider decentralized control of a general square multivariablen×n systemG(s), that
is, havingn inputs andn outputs. Decentralized control implies that the overall system is
decomposed into a number of interacting subsystems for which individual controllers are
designed, that is, the overall controller may be written on ablock diagonal form. Such
a decomposition of the control problem is often preferred due to the robustness of such
structures, both with respect to model uncertainty and sensor/actuator failures, and the
ease of (re)tuning compared to the case with full multivariable controllers. However, the
potential cost of using a limited controller structure is reduced closed-loop performance
due to the presence of interactions among the subsystems.

The main tasks involved in the design of a decentralized control system, as defined, for
example, in Skogestad and Postlethwaite (1996), are 1) the selection of controlled outputs,
2) the selection of manipulated variables (inputs) and measurements, 3) the selection of
a control configuration, or structure of interconnections and 4) the selection of controller

29
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types and tuning of the single controllers. This paper dealswith the third task. In particular,
we evaluate the relevance of some existing tools, and propose a new model based tool, for
the selection of a structure of interconnections with the aim of achieving a certain desired
performance.

The most commonly used tool for control structure selectionfor single-loop controllers
is still the relative gain array (RGA), introduced by Bristol (1966). Several authors, for
example, Skogestadet al. (1990b) have demonstrated practical applications of the RGA.
Some important advantages of the RGA are that it depends on the plant model only, that it is
scaling independent and that all possible configurations can be evaluated based on a single
matrix. Some other commonly used tools are the Niederlinskiindex (Niederlinski 1971),
the µ-interaction measure (Grosdidier and Morari 1986) and the direct Nyquist array
(Rosenbrock 1970). All these tools have in common that they mainly address various
stability properties, such as decentralized integral controllability (DIC) (Skogestad and
Morari 1988b). Tools addressing the closed-loop performance are more rare. Hovd and
Skogestad (1992) introduced the performance relative gainarray (PRGA), which can be
used to determine the required loop gain in the different subsystems in order to achieve a
specified closed-loop performance. However, whether thesebounds are achievable, under
the constraint of closed-loop stability, is not addressed.Another tool addressing perfor-
mance is the dynamic block relative gain (dBRG) introduced in Arkun (1987). However,
the dBRG was simply introduced as a concept without providing any guidelines on how to
use it as a tool for control structure selection.

A potential weakness of most tools, like the RGA and PRGA, is the fact that they are
based on the assumption of perfect control of the remaining system when considering the
effects of interactions on a particular subsystem. Usuallythis is considered to be a rea-
sonable assumption within the bandwidth of the subsystems,(see, for example, Hovd and
Skogestad (1992)). However, as we show in this paper, this isin general a poor assump-
tion, and in particular for systems withn > 2, that is, with more than two inputs and two
outputs.

In this paper we stress that, while stability issues like DICare important, performance
objectives should also be taken into account when selectingcontrol configurations. De-
pending on the specific application considered, there may exist a number of different per-
formance objectives, such as that of achieving a desired performance in the different sub-
systems, using either independent or dependent controllerdesign, or achieving a desired
performance of the overall system, using dependent design.By independent design, is here
understood tuning of the different subsystems without any consideration of the effect of in-
teractions with other subsystems. The overall objective considered during control structure
design will usually be a combination of various sub-objectives. Thus, there will typically
exist a trade off between closed-loop performance, DIC and the independent versus depen-
dent tuning issue.

The focus of the paper is on the selection of decentralized control structures with the
objective to achieve a desired closed-loop performance using independent controller de-
sign. Since independency is part of the objective, it is reasonable to assume that a configu-
ration which minimizes the interactions between the subsystems is preferred. We therefore
start the paper by considering the ability of the RGA to measure the effect of interactions,
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and show that it in general is a poor measure of interactions for systems larger than 2×2
and not close to diagonal. Based on this we proceed to proposea new measure of interac-
tions, the DRG, and demonstrate the usefulness of this tool.Furthermore, using this tool,
we show that the effect of interactions on the phase-lag of a subsystem is as important as
the effect on the magnitude of the gain.

3.2 Interactions under infinite and finite bandwidth control

We consider here the difference between interactions predicted under the assumption of
perfect multivariable control, as with the RGA, and those resulting from finite bandwidth
decentralized control.

The RGA

The RGA (Bristol 1966) has found widespread use as a tool for selecting control con-
figurations. The relative gain of a scalar subsystem is the ratio between the open-loop
transfer-function and the transfer-function resulting when all other outputs are perfectly
controlled. The common rule is to pair on subsystems with relative gains close to 1, based
on the assumption that the interactions then will have a small effect on the subsystems be-
havior. Since the frequency corresponding to the desired bandwidth is the most important,
the focus is usually on the relative gains around this frequency.

An often cited advantage of the RGA is that it is controller independent, due to the
assumption of perfect control. However, this assumption isat the same time an important
shortcoming of the RGA. The effect of interactions is most important around the desired
bandwidths of the subsystems, and at these frequencies the gain changes due to finite band-
width control can be highly different from the changes predicted by the RGA. This is to
some extent due to the fact that the individual loops have non-perfect control at this fre-
quency, but is primarily due to the fact that the remaining(n−1)× (n−1) system, con-
sidered perfectly controlled when calculating the relative gain for a specific subsystem, in
general will have a performance which differs significantlyfrom the performances of the
individual loops (due to the presence of interactions within that subsystem). This may be
one reason why the RGA, while usually working well for 2×2 systems, is less effective
for systems withn > 2.

Example 1

Hovd and Skogestad (1992) introduced the following system as a counter example to the
conventional RGA pairing rule.

G(s) =
1−s

(1+5s)2





1 −4.19 −25.96
6.19 1 −25.96

1 1 1



 (3.1)
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The RGA of the system is independent of frequency and given by

Λ(iω) =





1 5 −5
−5 1 5
5 −5 1



 .

Hovd and Skogestad optimized diagonal PI-controllers for various configurations, and
found that pairing on the +1 RGA elements resulted in a poor closed-loop performance
with a bandwidth of only 0.0009rad/s. A significantly better performance was obtained
for the pairing corresponding to +5 RGA elements, with a bandwidth of 0.0045rad/s. In
both cases the bandwidth was maximized subject to a constraint on the maximum singular
value of the overall sensitivity, that is,‖S‖∞ ≤ 2.

The RGA for the system in equation (3.1) indicates that, provided the loops (1/1)1

and (2/2) are closed perfectly, the subsystem (3/3) will be unaffected. Similarly, if the
loops (1/2) and (2/3) are closed perfectly, the gain in subsystem (3/1) will decrease by
a factor of 5. However, if the loops are closed with finite bandwidth control, one might
expect the gain changes to be somewhat different from those predicted by the RGA. To
consider the difference for the loops mentioned above, we designed simple PI-controllers
for the individual loops in an independent way, such that theclosed-loop bandwidth was
0.001rad/s in each loop. This is a quite low desired bandwidth compared to the RHP zero
at +1, but a slightly higher bandwidth would lead to instabilityfor the +1 pairing. For
the+5 pairing, however, the desired bandwidths could be increased by a factor of more
than 100 without getting instability. The resulting relative gain change for the third loop,
that is, open-loop gain divided by the gain resulting when the two other loops are closed,
are plotted in Figure 3.1. As seen from the figure, the gain in loop (3/3) does not remain
constant, as the RGA predicts, but increases over frequencyby a factor of up to almost
30. However, the gain in loop (3/1) undergoes a relatively small change in the frequency
region around the bandwidth of the individual loops. Thus, the real effect of interactions
for this system are quite contradictory to what is predictedby the RGA.

In order to understand the differences between the interactions present under finite
bandwidth control and those predicted by the RGA, consider first the lower right 2× 2
subsystem of the plant (3.1). The RGA of this subsystem is

Λ23o(iω) =

[

0.037 0.963
0.963 0.037

]

, (3.2)

where subscripto implies that the subsystem (1/1) is open-loop. Thus, according to the
RGA, pairing on the diagonal for this subsystem in not a good choice. If perfect control
in the (2/2) element is assumed, then the gain in the (3/3) element will increase by a factor
1/0.0371≈ 27. The RGA of the subsystem containing the first and third input and the first
and third output is the same as in equation (3.2). This means,that if the loop (1/1) is closed
perfectly the gain in loop (3/3) increases by a factor of≈ 27. When loop (1/1) has been
closed with infinite bandwidth, the RGA for the lower right 2×2 subsystem becomes (see

1(output/input)
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Figure 3.1: Example 1: magnitude of the relative changes of the transfer-functions of ele-
ments 3/3 (x) and 3/1 (o), respectively, due to finite bandwidth control of the corresponding
other subsystems. Bandwidths in individual loops areωBi = 0.001rad/s

also Häggblom (1997))

Λ23c(iω) =

[

26.96 −25.96
−25.96 26.96

]

.

Thus, if the loop (2/2) now is closed perfectly, the gain in loop (3/3) will decrease by a
factor of≈ 27. The total result, when looking at the overall system, is that if both loops
(1/1) and (2/2) are closed perfectly, the gain in loop (3/3) will be unaffected. However,
from the analysis above it is obvious, that by using finite-bandwidth control instead of
perfect control, the gain changes can be highly different due to the strong interactions in
the 2×2 subsystems. A similar analysis for the pairing corresponding to RGA elements of
+5 shows that the interactions in the corresponding 2×2 systems are much weaker. This
is also confirmed by the results in Figure 3.1.

The effect of interactions in the 2×2 subsystems can also be seen from the closed-loop
sensitivities obtained in these subsystems. Figures 3.2 and 3.3 show the singular values
of the sensitivities for the subsystem with outputs 1 and 2 when pairing on RGA-elements
of +1 and+5, respectively. The sensitivities are computed prior to closing the loop for
output 3. As can be seen, the sensitivity for the pairing corresponding to relative gains of
+5 is much closer to the desired one than the sensitivity for the +1 pairing. In particular,
the large peak in the sensitivity for the+1 pairing explains why the gain changes in the
(3/3) loop, as shown in Figure 3.1, are highly different fromthat predicted by the RGA.

The analysis above suggests that, in order to determine whether it is reasonable to
assume perfect control, one should evaluate the RGA for all possible subsystems, with and
without perfect control of the remaining system. This is essentially also what is proposed
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Figure 3.2: Example 1: desired (o) and achieved (x) singularvalues of sensitivity function
for the 2×2 subsystem considered when measuring the effect of interactions on the 3,3-
element ofG(s).

by Häggblom (1997). However, it is clear that this is an exhaustive task even for relatively
small systems.

In conclusion, while the RGA may predict the gain changes dueto interactions in 2×2
systems quite well, within the bandwidth of the scalar subsystems, it may yield completely
misleading predictions forn×n systems withn > 2. Thus, when considering performance
in particular, one should be careful to draw conclusions based on the RGA for the case with
n > 2. However, it should be pointed out that the RGA can be used asa measure of plant
diagonality, or triangularity, of a system, since in that case the RGA is close to the identity
matrix, for example, (Skogestad and Postlethwaite 1996). Furthermore, as stated above,
the RGA has proven useful to derive necessary conditions forvarious types of stability,
such as DIC.

The decentralized relative gain (DRG)

We here introduce the decentralized relative gain (DRG) as atool to estimate the effect
of interactions under finite bandwidth decentralized control. Before defining the DRG we
consider the problem of controller dependency when assuming finite bandwidth control.

The issue of controller dependency

The main reasons for assuming perfect control when estimating the effect of interactions,
such as in the RGA and PRGA, is partly to avoid the need for specific controller designs
and partly to avoid results which are strongly controller dependent. Our aim is here to
derive a tool, based on finite bandwidth control, which does not require the user to specify a
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Figure 3.3: Example 1: desired (o) and achieved (x) singularvalues of sensitivity function
for the 2×2 subsystem considered when measuring the effect of interactions on the 3,1-
element ofG(s).

complete controller, but rather some simple performance measures, and which furthermore
is more or less independent of the controller type employed.

The critical frequency region, both for performance and stability, is the region around
the control system bandwidth. Thus, this is the frequency region that should be focused
upon when considering the effect of interactions. The performance around the desired
bandwidthωB can be described by a few key specifications such as phase margin φm and
roll-off nro. These specifications can be achieved using essentially anycontroller type, or
design methodology, and the specific type chosen is not important. For convenience, we
here choose to employ Internal Model Control (IMC) to derivethe controllers that yield
the desired characteristics around the bandwidth. Thus we specify the desired sensitivity
as

ŜG̃(s) ≈ F(s) = diag( f1(s), . . . , fn(s)). (3.3)

HereF(s) consists of specific transfer-functions yielding the desired performance around
the desired bandwidth, and is chosen according to the desired ωb, φm andnro. The transfer-
matrix G̃ = diag(G) consists of the diagonal elements of the overall systemG.

Based onF(s) in equation (3.3) it is possible to derive an IMC-based controller K̃ for
the diagonal system̃G.

K̃ = G̃−1
m

(

F−1− I
)

≈ G̃−1
m

(

Ŝ−1
G̃

− I
)

(3.4)

The termG̃m results from the separation of the systemG̃ into a diagonal allpass transfer
matrix Ã and a diagonal minimum phase systemG̃m(s)

G̃ = ÃG̃m.
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This is important since for independent controller design RHP-zeros in the diagonal el-
ements, or blocks, represent a performance limitation, although they may not pose any
limitation for multivariable control or dependent decentralized control design (Cui and
Jacobsen 2002).

Note that the control design given by equation (3.4) in general can result in improper
controllers. However, this is not important since the improperness can be handled by
adding poles at sufficiently high frequencies, such that they do not affect the performance
around the bandwidth.

Next we define the decentralized relative gain (DRG) by usingthe above approach for
determination of a decentralized finite bandwidth controller for the different subsystems.

Definition and properties of the DRG

The DRG represents the changes in the diagonal elements of the transfer matrixG(s), due
to interactions caused by the remaining(n−1)× (n−1) subsystemGii being controlled
with the decentralized controllerK ii as determined from 3.4. The decentralized relative
gain for a scalar subsystem is then given by

[Λd]ii = gii

[

gii −gri
i

(

K ii−1
+Gii

)−1
gci

i

]−1

,

whereK ii is determined from the key specifications such as desired bandwidth (ωb), phase
margin (φm) and roll-off (nro) as shown above. Heregii denotes thei-th diagonal element of
G, Gii the remaining(n−1)× (n−1) subsystem obtained by removing rowi and column
i in G, gri

i is thei-th row ofG without thei-th element andgci
i the i-th column ofG without

the i-th element.
Some properties of the DRG are

1. An infinite bandwidthωBi = ∞ corresponds to perfect control in the subsystems
and the DRG then becomes equal to the standard RGA. This also applies at zero
frequencyω = 0 provided integral action is included in the controller.

2. The DRG is pairing-dependent, which is a disadvantage, but probably necessary in
order to get the information needed to choose the best pairing.

3. It is based on the assumption of independent controller tuning, and thus not relevant
for cases where interactions are taken into account when tuning or designing the
controller, that is, dependent tuning.

4. As an interaction based pairing rule, one should select the control structure for which
the magnitude of the DRG is closest to one and the phase-lag isclose to 0 (see below)
around and above the desired bandwidth.

5. Generalization to a block DRG, that is, with block-diagonal control, is straightfor-
ward.
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Example 1, continued

In order to analyze the effect of interactions in the system (3.1) we define the desired
bandwidthωB = 0.001rad/s, phase marginφm = 90◦ and roll-off nro = −1, for all loops.
Using IMC, this corresponds to the desired diagonal sensitivities

Fi =
s

0.001+s
, i = 1, ...,n.

The magnitude and phase of the resulting DRGs are shown in Figure 3.4. As can be seen,
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Figure 3.4: Example 1: magnitude and phase of the DRG elements for pairings on +1 (x)
and on +5 (o) elements. Bandwidth in single loops:ωBi = 0.001rad/s

the magnitude plot in Figure 3.4 is almost identical to the one in Figure 3.1, and the DRG
thus captures well the gain changes due to the interactions between the subsystems. For low
frequencies the magnitude of the DRG is close to the standardRGA, as expected since we
have perfect control atω = 0. However, around and above the desired bandwidth, the gains
for the pairing on RGA-elements of+1 increase by approximately a factor 25, while for
the+5 pairing they only increase by a factor of approximately 1.2. Thus, the pairing on the
+5 RGA-elements seems to be significantly less interactive around the desired bandwidth.
The corresponding phase plot gives a similar result. For the+1 pairing the DRG predicts
an increase of the phase-lag of up to 70◦ around the desired bandwidth, where also the
magnitude is significantly increased. Thus, one should expect the interactions to have a
significant influence on the performance for this pairing. Note that the RGA predicts no
phase change whatsoever, for either pairing, due to interactions for this system.
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Phase information from the DRG

When analyzing interactions, using tools such as the RGA, thefocus is usually on the effect
of the interactions on the subsystem gain, or magnitude of the frequency response. How-
ever, it is well known that the phase lag of a system plays a crucial role, both for stability
and performance, when closing a feedback loop around the system. Thus, it is therefore
essential to consider the effect of interactions also on thephase lag of the subsystems.

In terms of the DRG, the change in phase lag in loopi, due to interactions, is given by

arg[Λd(iω)]ii .

Note that a positive phase of the DRG implies that the phase lag increases due to the
presence of interactions with other subsystems.

In order to illustrate the importance of the effect of interactions on the phase lag of the
subsystems, we consider next a simple 2×2 system.

Example 2

Consider the 2×2 system

G(s) =
1

5s+1

[

0.5 −1
(s+1)2

1 1

]

.

Assume the performance specifications defining the desired sensitivity, around the desired
bandwidth, are given byωB = 1rad/s, φm = 90◦ andnro = −1 for both loops. Using IMC,
this corresponds to the desired diagonal sensitivity

Fi =
s

1+s
, i = 1, ...,n

Figure 3.5 shows the DRG elements for the diagonal and off-diagonal pairings, respec-
tively. From the magnitude plot alone one would conclude that the interactions around
the crossover are less severe for the diagonal pairing (the RGA would conclude that the
pairings are equivalent). However, if one considers the phase of the DRG one finds that the
interactions will give a significant increase in the phase lag for the diagonal pairing. For
the off-diagonal pairing the effect of interactions on the phase is smaller and furthermore
such that the phase lag decreases. Based on this, one should expect that the off-diagonal
pairing is the preferred choice, at least if independent tuning is desired.

Figure 3.6 shows the diagonal elements of the sensitivity for the two pairings, using
an IMC-type of controller tuned such that the individual open-loop sensitivities have a
bandwidth of 1 rad/s. As expected from the above analysis, the interactions have a more
severe effect on the performance, and in particular around the bandwidth, if one chooses
to pair on the diagonal elements ofG.
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Figure 3.5: Example 2: magnitude and phase of DRG elements for diagonal (x) and off-
diagonal (o) pairing.
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Figure 3.6: Example 2: diagonal elements of the sensitivityfor the diagonal (x) and off-
diagonal pairing (o), when using an IMC type of controller. The dashed line shows the
desired sensitivitySG̃.

3.3 Conclusions

This paper has dealt with the problem of selecting control structures for decentralized
control, with a particular focus on performance under independent controller design. We
have shown that, for this purpose, it is crucial to consider the effect of finite bandwidth
control, as opposed to perfect control as assumed for example, in the RGA. This applies
in particular ton×n systems withn > 2, and is explained by the fact that the performance
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of the (n−1)× (n−1) subsystems, considered controlled when calculating the effect of
interactions on the scalar subsystems, can be highly different from the performances in the
individual scalar subsystems.

In order to enable an estimation of the effect of interactions under decentralized finite
bandwidth control we proposed thedecentralized relative gain (DRG). It was stressed that
both the magnitude and phase information contained in the DRG should be used when
selecting control configurations for performance based on independent controller design.



Chapter 4

On the closed-loop performance for
decentralized control structures

This chapter addresses the effect of interactions on the performance of decentralized con-
trol systems based on independent tuning. Independent tuning implies that controllers for
the subsystems are designed without considering the effectof interactions, and hence it is
desirable to minimize the effect of interactions in order toachieve a desired performance
for the overall system. The most commonly used tool for measuring the effect of interac-
tions and selecting decentralized control configurations is the relative gain array (RGA),
which measures the effect of interactions on the open-loop subsystems assuming perfect
multivariable control of the remaining system. In this paper we show that these assump-
tions are poor for systems larger than 2×2, and derive a measure for the effect of interac-
tions on the closed-loop subsystems based on finite-bandwidth and decentralized control
of the remaining system. The tool can be used to determine control configurations which
achieve a desired performance using independent tuning. Itis demonstrated through sev-
eral examples that the proposed tool is a significantly better tool than the RGA for selecting
decentralized control configurations when the aim is to achieve a desired performance of
the overall system, in particular for systems larger than 2×2.

4.1 Introduction

Control systems in large-scale systems, for example, chemical plants, are usually highly
structured. They are typically hierarchically decomposedinto one or more optimization
layers and at least two control layers. The lowest control layer, the regulatory control, is
usually highly decentralized and implements the setpointsreceived from the supervisory
control layer, which consists mostly of local multivariable controllers.

Some advantages of this intensive structuring of a control system are 1) robustness (re-
duced modelling costs) and reduced cost of controller design and maintenance, 2) increased
flexibility, 3) tolerance to measurement and actuator failures, and 4) operator understand-
ing.

41
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Of course, when control systems are so highly structured, itis important to have tools
that can assist in selecting a structure which can provide acceptable robustness and per-
formance. In particular, the structural decisions made at the regulatory level are crucial
since the performance of this layer sets the limit for the performance of the overall control
system.

Control structure design (CSD) regarding the regulatory control layer involves 1) defin-
ing the controlled variables, 2) selecting measurements and actuators to use for control, 3)
selecting a structure of interconnections between measurements and actuators, and 4) se-
lecting the type of controllers (see, for example, Skogestad and Postlethwaite (1996)).

In this paper we focus on the problem of selecting a structureof interconnections which
yields the best performance under independent controller tuning of the subsystems. Note
that we here distinguish between independent and dependentcontroller tuning. In the
first case, considered here, the aim is to find a structure which minimizes the effect of
interactions on the performance of the subsystems and the overall system, such that the
subsystems can be tuned more or less independently. In the second case the subsystem
interactions are taken into account when tuning the individual controllers, and may be uti-
lized to improve the control performance in some subsystems. For instance, interactions
may be utilized to remove non-minimum phase performance limitations in a subsystem
(Cui and Jacobsen 2002). Central to both these approaches isobviously an understand-
ing of the interactions among the different subsystems and how these affect the control
performance.

The most commonly used tool for measuring interactions and selecting control struc-
tures for single-loop controllers is still the relative gain array (RGA), introduced by Bristol
(1966). Several authors, for example, Skogestadet al. (1990b), have demonstrated practi-
cal applications of the RGA. Important advantages of the RGAinclude that it depends on
the plant model only and that it is scaling independent. However, it is important to stress
that the common pairing rules based on the RGA merely are rules of thumb, and that all
theoretical results based on the RGA relate to stability properties only, such as decentral-
ized integral controllability (DIC) (see, for example, Grosdidieret al. (1985)). Indeed, as
shown by Schmidt and Jacobsen (2001), the commonly used pairing rules based on the
RGA will often fail to select the best structure with respectto performance, in particular
for systems larger than 2×2. This result should be considered in light of the fact that most
examples and case studies used in papers on control structure selection are limited to 2×2
systems.

Hovd and Skogestad (1992) introduced a performance relatedinteraction measure, the
performance relative gain array (PRGA), which can be used todetermine the compensation
needed to counteract interactions in each subsystem, that is, using dependent tuning to
achieve a desired performance. The tool can hence also be used to determine structures for
which the least interaction compensation is required. However, also this tool is based on
the assumption of perfect control up to the desired control system bandwidth and does not
take phase contributions from the interactions into account.

In the following we consider independent, decentralized and finite bandwidth control.
To avoid a strong dependence on the controller type used, we simply specify performance
using a few key parameters such as bandwidth and phase margin.
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The paper considers mainly single-loop controllers, that is, scalar subsystems, but ex-
tension to block-diagonal controllers is straightforward, as discussed in the paper.

4.2 Effect of interactions on performance

Given a general square multivariablen×n systemG(s), the transfer matrix can be divided
into its diagonalG̃ and its off diagonal elements̄G, such that

G = G̃+ Ḡ.

The system is to be controlled by a diagonal controllerK. Independent design implies
that K is designed, or tuned, based onG̃ only and that the off-diagonal elements in̄G
should have as little influence on the closed-loop performance as possible. The desired
performance can then be expressed in terms of the diagonal sensitivity SG̃ = (I + G̃K)−1.

However, the interactions introduced by the off-diagonal elementsḠ will cause the
diagonal elements of the overall sensitivityS= (1+ GK)−1 to deviate from the desired
ones. The relationship betweenSandSG̃ can be written (see, for example, Grosdidier and
Morari (1986))

S=
(

I +SG̃ḠK
)−1

SG̃ = SG̃ (I +ETG̃)−1 . (4.1)

With E = ḠG̃−1, TG̃ = I −SG̃ andSG̃ =
(

I + G̃K
)−1

.
The effect of interactions on the overall sensitivity is thus given by(I + ETḠ)−1, and

will obviously depend on the design of the controllerK.
In order to avoid the controller dependence when dealing with interactions, the as-

sumption of perfect control is commonly employed, for example, Bristol (1966), Hovd
and Skogestad (1992). However, since the critical frequency region, both for performance
and stability, is around the control system bandwidth, and the control usually is far from
perfect around this frequency, we here introduce finite bandwidth control and then evaluate
later whether this is important for determining the best structure. Since it is the interactions
around the desired bandwidth of the subsystems which is of main concern, the controllers
can be defined using a few key specifications such as desired bandwidth (ωb), or desired
crossover frequency (ωc), phase margin (φm), and roll-off (nro). These specifications can
be achieved using essentially any controller type, or design methodology, and the specific
type chosen is not important. For convenience, we here choose to use IMC to derive the
controllers that yield the desired characteristics aroundthe bandwidth. Thus we specify

F(s) = diag( f1(s), . . . , fn(s)) ≈ ŜG̃(s) (4.2)

with equality at the desired bandwidth.F(s) consists of specific transfer-functions rep-
resenting the desired performance around the desired bandwidth, in terms of the desired
sensitivityŜG̃(s), and is chosen according to the desiredωb or ωc, φm andnro.

Based onF(s) in equation (4.2) it is possible to derive an IMC-based controller K̃ for
the systemG̃ as

K̃ = G̃−1
m

(

F−1− I
)

≈ G̃−1
m

(

Ŝ−1
G̃

− I
)

.
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The termG̃m results from the separation of the systemG̃= diag(G) into a diagonal allpass
transfer matrixÃ and a diagonal minimum phase systemG̃m(s) as

G̃ = ÃG̃m.

This is important since for independent controller design RHP-zeros in the diagonal ele-
ments of the transfer matrix do matter, while for multivariable and dependent decentralized
control the same RHP-zeros might not pose a problem (Cui and Jacobsen 2002). A gen-
eralization to block diagonal controllers is straightforward by factorizing the multivariable
subsystems in terms ofBlaschke products(see, for example, Skogestad and Postlethwaite
(1996)).

Now, by usingK̃ as the controllerK for the overall system in equation (4.1) we can
derive a relationship between the desired sensitivity and the achieved sensitivityS, which
is valid around the desired bandwidth,

S= SG̃ (I +ETG̃)−1 = SG̃X ≈ FX (4.3)

with equality if the single loops are minimum phase, and

X = X(ωb,φm,nro) =

=
(

I + ḠK̃
(

I + G̃K̃
)−1
)−1

=

=

[

I + ḠG̃−1
m

(

(

F−1− I
)−1

+ Ã
)−1

]−1

. (4.4)

In the following we will callX the sensitivity interaction ratio (SIR). Under the assumption
of perfect control, that is,F ≈ 0, the SIR becomes equal to the PRGAΓ.

X =

[

I + ḠG̃−1
m

(

(

F−1− I
)−1

+ Ã
)−1

]−1

≈

≈
[

I + ḠG̃−1
m

(

0+ Ã
)−1
]−1

=

=
[

I + ḠG̃−1]−1
= G̃G−1 = Γ

This is not surprising since both the SIR and the PRGA (Hovd and Skogestad 1992) can be
seen to represent a measure of the interactions between the different subsystems. The main
difference between the two measures lies in the assumption of finite bandwidth control and
perfect control, respectively. Below we consider the importance of this difference. First a
method for selecting control configurations based on the SIRis proposed.

4.3 Selecting control configurations based on the SIR

In this section a simple pairing tool based on the SIR is derived, and is then applied to two
examples in the subsequent section. These examples also allow for a comparison of the
finite bandwidth control approach with the perfect control approach.
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For independent design it is desirable that the overall sensitivity Sis as close as possible
to the designed sensitivitySG̃. Thus, from equation (4.3), the SIR should be as close to the
identity matrix as possible. This leads us to the definition of the frequency dependent
sensitivity interaction measure (SIM)ξ (ω), defined as

ξ (ω) = σ̄ (F (X(iω)− I)) ω ∈ [αωb,βωb]. (4.5)

A reasonable choice for the constantsα andβ is α ≈ 0.1 andβ ≈ 100. Note that the mea-
sure is evaluated from slightly below the desired bandwidthωb and upwards in frequency.
The reason for this is that this is the frequency region wherethe impact of interactions ex-
pectedly will be most significant, and also the region we havefocused upon in the controller
design above. For frequencies well below the bandwidth the sensitivity will usually be rel-
atively small and thus the effect of interactions will be less significant. For this reason, the
desired sensitivitiesF are employed as frequency dependent weightings in equation(4.5).
Also note that the measure is based on the assumption that thedesired bandwidth is the
same for all subsystems. This is of course a limitation sinceone way to deal with inter-
actions often is to use different bandwidths in different subsystems. However, we believe
that in most regulatory control systems it is preferable to have approximately the same
bandwidth in all subsystems.

Based on the SIM above, we propose the following pairing rulewhen a pre-specified
closed-loop performance using independent controller design is an objective.

Pairing rule: prefer the pairing which yields the smallest maximum peak of
the SIM (4.5) in the considered frequency range.

It should be noted, that the SIM does not provide any information about the stability
properties of the different pairings. Therefore it should always be checked whetherX(s)
in equation (4.4) is stable for the chosenF(s). Furthermore, since the controllers for the
single loops are designed without taking interactions intoaccount, it should also be ensured
that pairings not being DIC are excluded. DIC might, for example, be checked using the
RGA or the Niederlinski index (Niederlinski 1971).

4.4 Examples

In this section two examples are given to demonstrate the importance of considering inter-
actions under finite bandwidth control when selecting control structures for performance.
Pairings based on the RGA and the PRGA are compared to pairings based on the SIM,
defined above.

Example 1

Hovd and Skogestad (1992) introduced the following systemG(s) as a counter example to
the conventional RGA pairing rule.

G(s) =
1−s

(1+5s)2





1 −4.19 −25.96
6.19 1 −25.96

1 1 1
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The RGA of the system is frequency independent and given by

Λ(iω) =





1 5 −5
−5 1 5
5 −5 1



 .

A common rule of thumb is to pair on subsystems correspondingto RGA-elements with
magnitudes closest to 1. Thus, a diagonal pairing should be preferred. However, Hovd
and Skogestad found that pairing on the +1 RGA elements resulted in a poor closed-loop
performance with a maximum bandwidth of approximately 0.0009 rad/s and that pairing
on the +5 elements led to a better performance with a bandwidth of approx. 0.0045 rad/s.
In both cases PID-controllers were employed, and the tuningwas based on maximizing
the bandwidth subject to the maximum singular value of the sensitivity being restricted to
be less than 2 (‖S‖∞ ≤ 2). It is clear that these bandwidths are far below the achievable
bandwidth when using a full multivariable controller. However, when decentralized PI-
control is used, a slightly higher bandwidth (0.003 rad/s) in each loop will make the closed-
loop system unstable with the +1-pairing. Still, even if decentralized control may not seem
appropriate for this system, a pairing tool should be able toselect the best possible pairing.

Using the pairing rule, defined above, in a perfect control version1 we get the SIMΓ
values given in table 4.1. It can be seen that the measure based on the PRGA supports the

Pairing output/input SIMΓ
1/1 2/2 3/3 (+1 RGA elements) 7.15
1/2 2/3 3/1 (+5 RGA elements) 34.76

Table 4.1: The SIMΓ computed for the different pairings of example 1.

rule of thumb and proposes the +1-RGA element pairing to be the least interactive. As the
PRGA is frequency independent for this system, the SIMΓ is too.

If we instead of perfect control assume finite bandwidth control in the subsystems, with
desired single loop bandwidthsωbi = 0.001, roll-off−1 and phase margin 90o, we get the
maximum of the SIMs as displayed in Table 4.2. Note that, to allow for a better comparison
with the SIMΓ, the scaling withF in equation (4.5) has been omitted also here. As seen
from the table the pairing corresponding to the RGA-elements of +5 now appears to be
significantly better than the pairing corresponding to+1 RGA-elements. Thus, relaxing
the assumption of perfect control results in a recommendation contrary to that found with
perfect control.

Figure 4.1 shows the SIM for the two pairings and desired bandwidthsωbi = 0.001 and
0.01, evaluated over frequency. The figure shows more clearly the differences between
the pairings. We can see that at low frequencies, where the control is close to perfect,
the effect of interactions is smaller for the pairing on+1 RGA-elements. At the desired
bandwidth the effect of interactions are similar for the twopairings. However, for higher

1Theperfect control versionof the pairing rule is obtained by replacingX(s) in equation (4.5) with the PRGA
Γ and omitting the scaling withF , as under perfect controlF is equal to zero.
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Pairing output/input maxω(ξ (ω))
1/1 2/2 3/3 (+1 RGA elements) 19.05
1/2 2/3 3/1 (+5 RGA elements) 3.84

Table 4.2: The SIM computed for the different pairings of example 1 using the SIR with
desired bandwidthsωi = 0.001 rad/s.
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Figure 4.1: Sensitivity interaction measure (SIM) plottedfor pairings on +1 (x) and on +5
(o) RGA-elements for different bandwidths (solid:ωi = 0.001 rad/s and dashed:ωi = 0.01
rad/s)

frequencies there are severe effects of the interactions for the +1-pairing but only small
effects for the+5-pairing. The severity of the interactions are also seen toincrease with
increasing bandwidth for the+1-pairing, and as seen from the peak in the SIM one can
expect instability with this pairing for higher bandwidths. Also note that the severe effects
of interactions at high frequencies for the+1-pairing imply that the achieved bandwidth in
general will deviate significantly from the desired one.

Figure 4.2 shows the desired and achieved sensitivities in the chosen subsystems, with
the two alternative pairings and desired bandwidthsωbi = 0.001, here using PI- controllers.
For low frequencies we find again that the RGA correctly predicts that the interactions have
little effect on the subsystem performance when pairing on+1 RGA-elements. However,
close to the desired bandwidth we see a significant effect of interactions for this pairing
due to non-perfect control in the subsystems. However, for the +5 pairing the effect of
interactions are relatively small around the bandwidth as predicted by the SIM above.

In order to understand why the assumption of perfect controlleads to erroneous conclu-
sions with respect to the effect of interactions under finitebandwidth control, we employ
the interaction measure DRG proposed by Schmidt and Jacobsen (2001). The DRG mea-
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Figure 4.2: Desired (dashed) and achieved subsystem sensitivities for pairings on +1 (x)
and +5 (o) RGA/elements. PI-control is used realizing bandwidths ofωbi = 0.001 rad/s in
the individual subsystems.

sures the effects of interactions on the magnitude and phaseof a subsystem when the other
systems are under finite bandwidth and decentralized control. We here consider the band-
width ωbi = 0.001. In Figure 4.3 the magnitude and phase of the DRG for the two pairings
are shown. The magnitude plot shows the relative decrease inthe gain of the subsystems
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Figure 4.3: Magnitude and phase of the DRG for subsystems corresponding to +1 (x) and
+5 (o) RGA-elements. Desired bandwidth in subsystemi = 1,2 ωbi = 0.001 rad/s
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(a value less than 1 implies a gain increase), while the phaseplot shows the phase decrease
(a positive value implies phase loss) due to interactions. Note that for the two pairings
the corresponding RGA elements would show magnitude 1 and 5,respectively, and the
phase change prediction would be 0 for both pairings. However, from the DRG we see that
the interactions for the+1 pairing causes a very large gain increase, and a simultaneous
increase in phase-lag, at frequencies above the desired bandwidth. Compared to that, the
effects for the+5 pairing around the desired bandwidth are relatively small.

It is important to stress that the above results can not be explained by the difference
between perfect control and finite bandwidth control of single scalar systems. Rather, as
shown by Schmidt and Jacobsen (2001), the main reason is thatthe performance of the
(n− 1)× (n− 1) subsystems considered when computing the RGA and DRG elements
of ann×n system will be highly different from the performance of the individual scalar
subsystems. This is due to the fact that also these(n−1)× (n−1) subsystems are under
decentralized control, while the RGA and PRGA assume these subsystems to be under
perfect full multivariable control. In fact, as discussed by Schmidt and Jacobsen (2001),
for 2× 2 systems the RGA usually gives good predictions of the effects of interactions,
since in this case the(n−1)×(n−1) subsystems are scalar and hence under “full” control.

Example 2

As a second example we consider the following 3×3 system

G(s) =
1+2s

(1+10s)2





0.53 −0.74 1.00
0.81 0.73 0.63
−0.79 0.42 0.56



 .

The performance parameters, defining the desired performance of the single controlled
loops around the bandwidth are given by a crossover frequency of ωc = 1 rad/s, a roll-off
of nro = −1 and a phase margin ofφm = 80◦ for all loops. Using IMC, this corresponds to
the desired diagonal sensitivities

Fii =
s2 +0.84s

s2 +1.68s+1
, i = 1, ...,n.

Table 4.3 shows the maximum values of the SIM over the considered frequency region,
calculated for the desired performance and all 6 alternative pairings. TheDIC-column
in Table 4.3 indicates whether the pairing is decentralizedintegral controllable, that is,
that all steady-state RGA elements corresponding to the controlled elements are positive
when looking both at the overall system G(s) and all the 2x2 subsystems containing two
controlled elements on their diagonal. This is important tocheck, since controllers having
an integral part are to be used and stability would not be achieved by independent design
for systems that are not DIC. Furthermore, when pairing on negative steady-state RGA-
elements, transmission zeros of some subsystems will crossfrom the left half plane to
the right half plane as loops are closed (Cui and Jacobsen 2002), implying that even for
dependent controller design the achievable performance might not be very good. From
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Pairing Nr out/in maxω(ξ (ω)) DIC
1 1/1 2/2 3/3 6.56 y
2 1/2 2/1 3/3 3.32 y
3 1/3 2/2 3/1 1.75 y
4 1/1 2/3 3/2 1.03 n
5 1/2 2/3 3/1 3.43 y
6 1/3 2/1 3/2 4.13 y

Table 4.3: SIM pairing tool used for the 6 candidate pairingsof the second example

table 4.3 it can be seen that the 4th pairing, ranked as best bythe SIM, has to be excluded
from further consideration, since it is not DIC.

To consider whether the SIM is able to predict the differences in the achievable perfor-
mance for alternative pairings, we compare the 3rd pairing,considered (second) best by
the SIM, with the 1st pairing, considered worst. To do so, we design single-loop Lead-
Lag-controllers to achieve crossover-frequencies of 1 rad/s and phase margins of 80◦ in the
single loops. The maximum singular value of the diagonal sensitivities for the two pairings
are displayed in Figure 4.4.
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Figure 4.4: Maximum singular value of the diagonal sensitivities plotted for the two sug-
gested pairings (x: 3rd, best pairing) and (o: 1st, worst pairing). The dashed line shows the
desired performance in terms ofFii . Lead-Lag-controllers achieving crossover-frequencies
of 1 rad/s and phase margins of 80◦ in the single loops were used.

It can clearly be seen that the closed-loop performance for the 1st pairing, which the
SIM identified as the worst pairing, is much farther from the desired performance, than
the closed-loop performance for the 3rd pairing. The desired closed-loop performance
is given by the dashed line. This result is supported by the corresponding closed-loop
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step responses for the three outputs, shown in Figure 4.5. The step responses for the
corresponding off-diagonal elements are not shown.
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Figure 4.5: Closed-loop step responses for the two suggested pairings (x: 3rd, best pairing)
and (o: 1st, worst pairing). The dashed line shows the step response corresponding to the
desired performance. Lead-Lag-controllers achieving crossover-frequencies of 1 rad/s and
phase margins of 80◦ in the single loops were used.

4.5 Conclusions

In this paper we considered closed-loop performance under decentralized control. It was
shown that the assumption of perfect control up to the bandwidth is a poor one for the
evaluation of the achievable performance of a certain decentralized control structure, in
particular for systems larger than 2× 2. Since interactions be subsystems should be ex-
pected to have the most significant effect around the bandwidth of the subsystems, we
have in this paper suggested a closed-loop interaction measure which takes finite band-
width and decentralized control into account. The control has been defined in such a way
that, around the desired bandwidth, the behavior of the system is independent of the con-
troller type employed. Using the proposed measure, a simplemodel based tool for control
configuration selection, based on the desired closed-loop performance in terms of setpoint
tracking, has been derived and successfully applied to two simple examples.





Chapter 5

Selection of decentralized control
configurations based on disturbance
rejection for plants with pure integrators

The paper considers the effect of interactions on the disturbance rejection properties of
decentralized control systems. In particular, the problemof selecting the control structure,
yielding the best disturbance rejection properties under independent tuning of the individ-
ual subsystems is addressed. As a special case we consider systems that contain one or
more integrators, giving rise to a number of zero elements inthe transfer-matrix of the
overall system. By assuming that no performance specifications exist for these integrators,
we derive a method in which the disturbance sensitivity of the remaining outputs can be
minimized. The method is based on closing the integrator loops prior to the evaluation of
a performance measure proposed in this paper. The results are particularly relevant to the
process industry where plants usually contain a large number of integrators in the form of
gas and liquid holdups, for which the performance specifications usually are undemanding.
An example from the process industry is used to illustrate the method and it is shown that
the developed performance measure correctly predicts the closed-loop systems properties
for different disturbances.

5.1 Introduction

Disturbance attenuation is often the main objective of process control. This paper considers
the disturbance attenuation properties of a closed-loop system, when the plant is controlled
using a decentralized controller. The plant model is given by a general square multivariable
n×n systemG(s), that is, havingn inputs andn outputs. Decentralized control implies
that the overall system is decomposed into a number of interacting subsystems for which
individual controllers are designed, that is, the overall controller may be written on a block
diagonal form. Such a decomposition of the control problem is usually preferred due to
the inherent robustness of such structures, both with respect to model uncertainty and sen-

53



54
CHAPTER 5. SELECTION OF DECENTRALIZED CONTROL CONFIGURATIONS

BASED ON DISTURBANCE REJECTION

sor/actuator failures, and the ease of (re)tuning comparedto the case with full multivariable
controllers. However, the potential cost of using a limitedcontroller structure is reduced
closed-loop performance due to the presence of interactions among the subsystems and
the possibly strong directionality of the overall multivariable system. Therefore tools are
needed, guiding the engineer in the selection of an acceptable control configuration, that is,
a proper structure of interconnections between measurements and manipulated variables,
in order to achieve the desired performance of the closed-loop system. Furthermore, within
the area of process control should these tools be able to dealwith the fact that several pure
integrators are contained in the plant and that there usually are no tight performance spec-
ifications for the corresponding inventory loops.

Available tools for the selection of decentralized controlconfigurations addressing the
disturbance rejection properties of closed-loop systems are scarce. Hovd and Skogestad
(1992) introduced the closed-loop disturbance gain (CLDG)which can aid in determining
the required open-loop gain in each individual subsystem inorder to achieve a specified
disturbance attenuation for the overall closed-loop system. Skogestad and Morari (1987)
propose to evaluate the disturbance condition number, or the closely related relative dis-
turbance gain (Stanleyet al. 1985), together with the RGA (Bristol 1966) to determine
whether decentralized or full multivariable control can beused for disturbance rejection.
Other performance related tools are the performance relative gain array (PRGA) (Hovd
and Skogestad 1992) and the relative sensitivity asymptotes (Arkun 1988). Even the RGA
(Bristol 1966) is often used as a pairing tool based on performance considerations, for ex-
ample, (Govatsmark and Skogestad 2001). One important shortcoming of most available
tools is, however, the assumption that perfect control up tothe bandwidth is a reasonable
assumption. Schmidt and Jacobsen (2001) showed that this, in general, is not the case for
systems larger than 2×2. It is also worthwhile noting that all available theoretical results
based on the RGA concern stability only, while performance is addressed by engineering
rules of thumb resting on no theoretical basis whatsoever.

The issue of handling (almost) pure integrators in decentralized control has also re-
ceived little attention in the literature so far. However, it is well known that essentially
all processes in the process industry contain a large numberof integrators in the form of
liquid and gas holdups. These integrators need to be stabilized, but otherwise there are
usually few performance specifications assigned to these variables. The standard approach
in industrial practice, and with available tools, is to close the integrator loops first, without
paying any attention to the remaining control structure design problem. Buckley (1964)
proposes to control levels (integrators) based on the overall material balance control. The
main objective is that of production rate control, that is, to enable changes in the production
rate. According to Ogunnaike (1995), Buckleys approach is still dominating in industrial
practice. Price (1993) proposes some guidelines for production rate and inventory control
design.

The main weakness of essentially all available methods is that they treat the stabiliza-
tion problem independently of the remaining control configuration problem. However, it
is well known that the decision regarding which inputs to usefor stabilization usually has
a large impact on the remaining control problem, among otherthings because the decision
effectively keeps a number of inputs out of consideration for control of other variables.
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One commonly studied example is that of composition controlin distillation columns, for
example, Skogestadet al. (1990 a), for which it is well known that the achievable de-
centralized control performance depends strongly on whichinputs that are used for level
control. However, at present there are no tools that can be used to determine the best con-
trol configuration, without designing specific controllersfor all possible configurations,
even for this relatively simple example.

Another issue to be taken into account, when selecting control configurations, is the fact
that the transfer matrix of the system often will contain zero elements. These zero elements
can occur because of the presence of pure integrators and/orbecause of a certain physical
structure of the system. The corresponding relative gains and decentralized relative gains
(Schmidt and Jacobsen 2001) for these elements are by definition zero, and thus yield no
information about how the interactions affect the system. However, it is important to find
a method of dealing systematically also with zero elements.For example, for the case
of distillation it has been found that the best configurationcorresponds to pairing on zero
elements of the open-loop transfer matrix and hence on zero relative gains (Skogestadet
al. 1990a).

In the following we consider decentralized and finite bandwidth control using inde-
pendent tuning of the subsystem controllers. Based on this we develop a measure for the
influence of interactions on the disturbance rejection properties of a given pairing. To avoid
a strong dependence on the type of controller used, we simplyspecify the desired perfor-
mance of the single loops using a few key parameters such as bandwidth, or cross-over
frequency, and phase margin.

It is important to note that, in general, dependent controller design will yield a better
disturbance rejection of the overall system than can be achieved with independent tun-
ing. However, the restriction to independent controller design has an important advantage
in that it greatly simplifies tuning and retuning of controllers. Indeed, controllers in the
process industry are usually tuned in an independent way.

In order to use the measure developed in this paper also for systems with pure integra-
tors and with zero elements in the systems transfer matrix, amethod based on loop closure
of the integrator loops, prior to the evaluation of the measure, is proposed. An example
from process industry shows the usefulness of this method.

The paper considers mainly single-loop controllers, that is, scalar subsystems, but an
extension to block-diagonal controllers is straightforward.

5.2 A measure for achievable disturbance attenuation

In this section a measure for the achievable disturbance attenuation of a given control
configuration, or input-output pairing, is derived.

We consider a general, square multivariablen×n systemG(s) and a stable open-loop
disturbance transfer functionGd(s).

y = Gu+Gdd

u = K(r −y) (5.1)
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We assume that all signals and transfer functions are properly scaled, such that the max-
imum expected disturbances corresponds to‖d‖∞ = 1 and that an acceptable disturbance
rejection is obtained if the outputs satisfy‖y‖∞ ≤ 1 for all possible disturbances. The con-
troller K is a assumed to be diagonal. The closed-loop system is obtained by rewriting the
equations in (5.1)

y = SGKr+SGdd,

where the sensitivity functionS is given byS= (I +GK)−1. As we are only focusing on
disturbance rejection, and not on setpoint tracking, we assume in the followingr = 0. Since
K is a diagonal controller, the sensitivityScan be rewritten (see, for example, Grosdidier
and Morari (1986)) as

y = SGdd = SG̃ (I +ETG̃)−1Gdd, (5.2)

whereE = ḠG̃−1, SG̃ =
(

I + G̃K
)−1

, TG̃ = I −SG̃ andG = G̃+ Ḡ with G̃ containing only
the diagonal and̄G the off-diagonal elements ofG.

Usually the desired closed-loop performance in terms of desired cross-over frequency
(ωc) and phase margin (φm) in the single controlled loops can be determined and therefore
the corresponding desired sensitivities

[

ŜG̃

]

ii can be approximated by appropriately chosen
transfer functionsfi(s)

[

ŜG̃

]

ii ≈ fi(ωci,φmi) , i = 1, ...,n

F = diag( f1, ..., fn),

where equality holds at the desired crossover frequency. The desired crossover frequency
can, for example, be chosen as the maximum open-loop disturbance bandwidth in each
output. The problem of obtaining the transfer functionsfi(s) is addressed in section 5.2.

Having approximated the desired sensitivities around the cross-over, it is possible to
determine the controllersKii achieving these sensitivities in the independently controlled
single loops using an IMC type of controller. However, it is important to stress that what-
ever controller design method is used, the frequency response of the controller at the de-
sired cross-overωc is dependent only on the performance specifications at this frequency.

K = G̃−1
m

(

F−1− I
)

≈ G̃−1
m

(

Ŝ−1
G̃

− I
)

The termG̃m results from the separation of the systemG̃ into a diagonal minimum phase
systemG̃m and a diagonal allpass transfer matrixÃ as

G̃ = ÃG̃m.

By rewriting equation (5.2) we get

y = SGdd = SG̃Xdd ≈ FXdd, (5.3)

which yields the disturbance sensitivity interactions ratio (DSIR) Xd as

Xd ≈ F−1SGd =

=

[

I + ḠG̃−1
m

(

(

F−1− I
)−1

+ Ã
)−1

]−1

Gd.
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Here DSIR is defined as the ratio between the achieved closed-loop disturbance sensitivity
(SGd) and the desired sensitivity in the controlled loops (F) for a given pairing. In the
equations above, equality holds in the case that the single loops are minimum phase, that
is, if G̃ = G̃m. It is interesting to note that under the assumption of perfect control, that
is, F ≈ 0, the ratio DSIR becomes equal to the CLDG, proposed by Hovd and Skogestad
(1992). The main difference compared to the CLDG lies in the assumption of finite band-
width control and the fact that Hovd and Skogestad (1992) used the CLDG for dependent
controller tuning.

Selecting control configurations

Equation (5.3) suggests that, if for a given pairing, the induced infinity norm‖FXd‖i∞ is
smaller than one for all frequencies, independent tuning ofthe decentralized controller
should lead to acceptable disturbance rejection of the closed-loop system. In place of the
induced infinity norm, the maximum singular value ofFXd is used in the following, leading
to a slightly more conservative measure.

Based on the above it can be stated that if, for a certain control structure,σ̄(FXd) at the
relevant frequencies is much larger than one, unacceptabledisturbance sensitivity is to be
expected. This leads us to the definition of the disturbance sensitivity interaction measure
(DSIM) ξd as

ξd(ω) = σ̄(FXd), ω ∈ [αωb,βωb]. (5.4)

A reasonable choice for the constantsα and β is α ≈ 0.1 andβ ≈ 10. Based on the
above, we propose the following pairing rule based on the DSIM, for achieving the best
disturbance attenuation under independent design of the subsystem controllers

Pairing rule: prefer the pairing which yields the smallest maximum peak of
the DSIM (5.4) in the relevant frequency range.

Note that the measure is evaluated only in some region aroundthe desired cross-over fre-
quencyωc. The reason for this is that this is the frequency region where the impact of
interactions and disturbances expectedly will be most significant, and also the region we
have focused upon in the controller design above. For frequencies well below the band-
width the sensitivity will usually be relatively small, theeffect of interactions will be less
significant and the disturbance rejection acceptable. Furthermore the cross-over frequency
/ bandwidth is usually chosen such that the influence of disturbances is small for frequen-
cies above the cross-over frequency.

In order to ensure a stable closed-loop system it should always be verified thatXd(s)
in equation (5.3) is stable for the chosenF(s). Furthermore, since the controllers for the
single loops are designed without considering the effect ofinteractions, pairings not be-
ing decentralized integral controllable (DIC) (see Grosdidier et al. (1985)) should be ex-
cluded. DIC might, for example, be checked using the RGA or the Niederlinski index
(Niederlinski 1971). However, note that even if a pairing isDIC, it is not guaranteed that
using independent controller tuning will result in a stableclosed-loop system. A possible
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approach for dealing with this problem is to consider an interaction measure, for exam-
ple, the sensitivity interaction measure (SIM) (Schmidt and Jacobsen 2002), to determine
configurations in which the interactions do not risk the stability.

It is important to stress that selecting a pairing by minimizing the above measure does
not imply minimization of interactions between the single loops, but rather minimization
of the effect of disturbances on the overall closed-loop system. The assumption of in-
dependent controller tuning has the advantage that controlconfigurations can be chosen
which allow the desired performance to be obtained using simple models of the system
and simple controller tuning.

Determination of the performance specifierF

The evaluation of the DSIM above requires the definition of the performance specifier
F(s). This implies that for each single loop a transfer functionfi(s) has to be determined,
representing the desired closed-loop sensitivity in this loop.

The idea, employed here, is to find the open-loop transfer functions l i(s) fulfilling
the performance specifications in terms of cross-over frequencyωc, phase marginφm and
high-frequency roll-offnro. Based on the desired open-loop transfer functionsl i(s), the
performance specifiersfi(s) are then obtained as

fi(s) =
1

1+ l i(s)
.

Depending on the desired roll-off the transfer functionl i(s), fulfilling the open-loop per-
formance specifications above, can be designed in the following way.

• For a roll-of ofnro = −1 (based on lead-compensator design)

l i(s) =
ki

s
s+bN

N(s+b)
, b =

ωc√
N

,

ki = ωc

√
N ,

π
2
−φm = arctan(

√
N

2
− 1

2
√

N
)

• For a roll-of ofnro = −2 (based on IMC)

l i(s) =
kiωc

s
1

1+ tis
, ti =

tan(π
2 −φm)

ωc
, ki = |1+ jt iωc|

The desired cross-over frequencyωc can be determined by considering the maximum
singular value of the scaled open-loop disturbance transfer function Gd. The bandwidth
should be larger than or equal to the frequency at which the maximum singular value
σ̄(Gd) is equal to one. The phase marginφm might, for example, be chosen by robustness
or resonance peak considerations.

The performance specifierF(s), determined as described above, can also be used for
the determination of the decentralized relative gain (Schmidt and Jacobsen 2001) and the
sensitivity interaction measure (Schmidt and Jacobsen 2002).
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5.3 Example

As an example system we consider a simple two-product distillation column (column A),
which has been extensively studied, for example, by Skogestadet al. (1990a). The con-
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p

Figure 5.1: Two-product distillation column with single feed and total condenser.

trolled variables consist of the bottom liquid levelMB, the condenser liquid levelMD, the
top product compositionyD and the bottom product compositionxB. The manipulated vari-
ables are the refluxL, the boilupV, the distillate flowD and the bottoms flowB. The main
disturbances acting on the system are changes in the feed-flow F and the feed-composition
zF . Without any feedback active the plants transfer matrix contains 6 elements which are
identically zero. In open-loop,D andB have no effect onyD andxB, D has no effect onMB

andB no effect onMD.
A widely used control configuration for this plant is the so called LV- configuration. It

consists of pairing the inputs and outputs in the following way: MB/B, MD/D, yD/L and
xB/V. Interestingly this is also the pairing the common pairing rule based on the RGA
suggests (see table 5.1). A study by Skogestadet al.(1990a) showed that the best possible
pairing in terms of disturbance rejection (in the case that no ratios of manipulated variables
are considered as inputs) was to pairyD/D andxB/B, the so calledDB-configuration, in
which the levels were stabilized using the remaining inputsL andV. This control config-
uration corresponds to closing two loops on zero elements inthe systems transfer matrix
and, as can be seen from table 5.1, to all four RGA elements being identically zero. Sko-
gestadet al. (1990 a) used perfect control for the level loops and dependent controller
tuning, based on global optimization of single loop PI-controllers, for the remaining loops.

In the following we consider whether theDB configuration is a good configuration
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L V D B
MB 0 0 0 1
MD 0 0 1 0
yD 35.9 -34.9 0 0
xB -34.9 35.9 0 0

Table 5.1: Steady-state RGA evaluated for thecolumn Asystem. In bold the elements of
theLV-control configuration suggested by the RGA.

even in the case of independent finite bandwidth control of the level loops followed by
independent controller tuning of the remaining loops.

To determine the desired crossover frequency in the single loops, the maximum singu-
lar value of the open-loop disturbance transfer function isevaluated, showing that for fre-
quencies above 0.14rad/min the effect of the disturbances on the system can be neglected.
Therefore a desired crossover frequency ofωc = 0.2rad/min is chosen for the single con-
trolled loops. Furthermore a desired phase-margin ofφm = 80◦ is chosen. All controllers
are in the following determined such that, without interactions, the chosen crossover fre-
quency and phase-margin is obtained.

Figure 5.2 shows the DSIM evaluated for the two considered pairings, LV and DB.
Prior to the evaluation of the DSIM, the level loops have beenclosed by independently de-
signed finite bandwidth PI-controllers. The plots in Figure5.2-left show that in the consid-
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Figure 5.2: Left: disturbance sensitivity interaction measure (DSIM) for the two different
pairings (x) LV-pairing, (o) DB-pairing. Right: Singular values of closed-loop disturbance
transfer functions for the two different pairings. (x) LV-pairing, (o) DB-pairing. The solid
black line indicates the desired crossover frequency 0.2rad/min

ered frequency range theDB-pairing is somewhat better than theLV-pairing. However, the
sharp increase of the DSIM for smaller frequencies also indicates that theLV-configuration
seems to be better for frequencies below 0.01rad/min. To see if the predictions, based on
the DSIM, are reasonable, lead-lag controllers were designed for the remaining loops.
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Figure 5.2-right shows the singular values of the closed-loop disturbance transfer func-
tion for the composition loops only (level loops and corresponding inputs have been ne-
glected). As predicted by the DSIM there is only a slight difference between the config-
urations at the desired cross-over frequency. Furthermore, it can be seen that at low fre-
quencies theDB-configuration rejects disturbances much better than theLV-configuration.
Only in a relatively small frequency range is theLV configuration better, while the DSIM
for theDB-configuration is slightly larger than one. However, both control configurations
seem to allow acceptable rejection of disturbances using independent controller tuning.

An interesting application of the DSIM is the possibility offinding the pairing which
rejects a certain disturbance in the best way. Figure 5.3-left shows the DSIM evaluated for
the case if only the feed-flowF is considered, while Figure 5.3-right shows the DSIM, if
only the feed-compositionzF is considered. Based on these plots one would select theDB-
configuration in order to reject disturbances in the feed flow, while theLV-configuration
seems favorable in the case of disturbances in the feed composition. It is interesting to
note that the closed-loop disturbance gain, evaluated for theDB and theLV configuration,
clearly favors theDB-configuration for both types of disturbances.
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Figure 5.3: DSIM for the two different pairings and different disturbances. Left: only the
feed-flow is disturbed. Right: only the feed-composition isdisturbed. (x) LV-pairing, (o)
DB-pairing. The solid black line indicates the desired crossover frequency 0.2rad/min

In order to verify this prediction the system has been simulated (using a linear model)
for the two cases (see Figure 5.4).

1. 20% increase in the feed flowF , and

2. 20% increase in the feed compositionzF .

Figure 5.4 shows the time response of the top compositionyD for the two disturbances.
It can clearly be seen that in the case of a flow disturbance theDB-configuration is the better
choice and in the case of a composition disturbance theLV-configuration is preferable.

However, as seen above, theDB-configuration is the preferred structure when both
disturbances are considered.
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Figure 5.4: Time response for the top product compositionyD in the case of disturbances.
Left: 20% increase in the feed flow. Right: 10% increase in thefeed-composition. (x)
LV-pairing, (o) DB-pairing.

5.4 Selecting control configurations for plants with pure integrators

Above we considered some standard configurations for distillation columns, which were
based on closing the level loops in an ad-hoc manner, that is,without paying attention to
the remaining composition control problem. This is also thetraditional way of closing
level and pressure loops in the process industry.

In this section we describe a method which makes it possible to systematically select
the best pairings for systems which contain zero elements inthe open-loop transfer matrix.
Such zeros might occur because of the physical structure of the system and/or because of
the existence of pure integrators in the system. The main problem arising through these
zeros is that the measure described above might not be directly applicable for all possible
pairings. This is the case if a pairing is chosen such that thediagonal ofG (and Gm)
contains at least one zero element, because a controller canobviously not be tuned on a
zero element.

The method

The following method circumvents the problem discussed above

1. Reorder the rows of the system transfer matrixG such that the corresponding output
vector contains the outputs of all the integrators (for example, levels and pressures)
as the first entries.

2. Determine theviablecontrol configurations. A pairing is viable if

• the pairing does not correspond to any negative steady-state RGA elements.
It is important to stress that in this way not all non-DIC pairings are rejected,
because zero steady-state RGA elements are allowed.
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• the integrator loops are independently tuneable, that is, integrator- pairings on
transfer matrix elements identically zero are not allowed.However, zero ele-
ments inG(s) are allowed for the other outputs.

This selection will usually reduce the number of possible pairings and thereby also
the computational effort, significantly.

3. For every viable control configuration perform the following tasks

a) Reorder the columns of the systemG such that the diagonal contains the ele-
ments to pair on for the given control configuration.

b) Close the integrator loops by independently designed controllers for the corre-
sponding diagonal elements.

c) Delete the rows corresponding to the integrators and the columns correspond-
ing to the inputs used for the integrator-control. If the remaining systems trans-
fer matrix contains a diagonal element identically zero, then reject the pairing.
Otherwise apply the DSIM to this remaining system.

4. Select the pairings yielding the smallest values for the DSIM and, in order to choose
a final configuration, perform an additional controllability analysis on these.

The main idea behind this method is that integrator loops should be closed in a way which
is favorable for the remaining subsystems. Here the assumption is made, that the integrator
loops do not have tight performance specifications and mainly need to be stabilized. Fur-
thermore, it is assumed that it is not the type of controller,nor its tuning, used to stabilize
the integrators, that is important, but rather the inputs used to control them.

The closure of the integrator loops can be done in different ways. One possibility, and
the most efficient computationally, is to consider the behavior of the system only at the
desired crossover frequencyωc. In this way, the controllers for the integrator loops are
only determined as their frequency response atωc, and the DSIM for the remaining system
is evaluated only at this frequency. Two other possibilities are to use perfect control, or
to design simple PI controllers for the integrator loops. These have the advantage that the
remaining system is dynamic and the measure also can take non-minimum phase behavior
into account. Furthermore, different bandwidths for the integrator loops and the remaining
loops can be used, which is in line with with common practice.

An interesting variant would also be to close the integratorloops in a sequential way,
thereby not limiting the viable configurations to independently tuneable ones. In this way
many more pairings would become viable. However, in this case not only the integrator
pairing would be an issue, but also the order in which the integrator loops are closed. Fi-
nally, it should be noted that this method also can be used to calculate other measures like,
for example, the decentralized relative gain (Schmidt and Jacobsen 2001) or the sensitivity
interaction measure (Schmidt and Jacobsen 2002).

The idea of closing certain loops prior to consider the remaining system has been em-
ployed before, for example, by Skogestadet al. (1990a) and Häggblom (1997).
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5.5 Example continued

Here the method described in the preceding section is applied to the example system, in-
troduced above. By evaluating the steady-state RGA and considering the zero elements of
the open-loop transfer matrix it is found that only 9 viable pairings exist (out of a total of
24 possible pairings).

In this example it was chosen to do the calculations only for the frequency correspond-
ing to the desired crossover frequency of the single controlled loops (α = β = 1). The
result can be seen in table 5.2. TheLV-configuration is rated 5th-best pairing and only

ξd(ωc) MB MD yD xB

0.3337 V L B D
0.4141 L V D B
0.4485 L D B V
0.4607 V D L B

LV-configuration: 0.4885 B D L V
DB-configuration: 0.5002 V L D B

Table 5.2: The DSIM for the 6 best configurations determined by the method described
above. (ωc = 0.2rad/min)

slightly better than theDB-configuration (6th-best pairing). However, the three highest
ranked pairings in table 5.2 do not result in a stable closed-loop system in the case of
independent controller tuning. This fact suggests that theselection of a suitable control
configuration should not be based on the DSIM only, but that additionally an interaction
measure should be evaluated in order to select a pairing which is able to acceptably reject
disturbances, while at the same time having only small interactions between the subsys-
tems. One possible interaction measure is the sensitivity interaction measure (Schmidt and
Jacobsen 2002).

5.6 Conclusions

In this paper we considered closed-loop performance, in terms of disturbance rejection,
under independent decentralized control. A controller independent model based measure
has been proposed which can be used to screen different pairings for their ability of specific
disturbance rejection using independent tuning of the individual loops. The application of
this measure to an example from the process industry showed that it correctly predicted
the systems closed-loop behavior for different kinds of disturbances. One interesting result
is that the proposed measure can be used in order to tailor thecontrol configuration for
the expected disturbances. As a special case we considered systems that contain one or
more integrators and which give rise to a number of zero elements in the transfer-matrix
of the overall system. Using the assumption that no tight performance specifications exist
for such integrators, we derived a systematic method in which the disturbance sensitivity
of the remaining outputs can be minimized.
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Chapter 6

Identifying feedback mechanisms
behind complex cell behavior1

6.1 Introduction

The central dogma of molecular biology is the transcriptionof DNA to RNA, which is
then translated into protein that performs specific functions in the living cell. Proteins
rarely function in isolation, but rather act as part of a biochemical reaction network involv-
ing protein-protein, protein-metabolite, and even protein-DNA interactions. In fact, most
of the functions in a cell are a result of interactions between a large number of components,
and typically involve a substantial number of genes and geneproducts. Thus, linking the
physiology of living cells (phenotype) to the information encoded in the genome (geno-
type) requires an understanding of how interactions affectthe behavior of biochemical
reaction networks.

Analyzing the impact of interactions within large-scale biochemical networks calls for
a systems approach based on network models. The network of all interacting components
within a cell is enormous, and determining the full structure has not been feasible with ex-
isting experimental techniques. Rather, most models have been developed for subnetworks
underlying particular functions. However, recent developments in high-throughput tech-
nologies make it feasible to obtain experimental data on a genomic and proteomic scale
(Ma and Zeng 2003, Famili and Palsson 2003). Corresponding genome-scale models can
contain hundreds or thousands of components and reactions.For instance, a genome-scale
metabolic network generated for the bacteriumE. colicontains 442 components interacting
through 739 reactions (Edwards and Palsson 2000). Determining the mechanisms under-
lying specific behaviors of such large-scale networks is important, for example, for assess-
ing sensitivity and robustness of specific behaviors, for understanding the consequences

1In Appendix A the reader can find a paper containing similar results, but written for a more biologically
oriented readership. Furthermore, the paper contains an additional example, involving circadian rhythms in
Drosophila.
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of genetic modifications, and for guiding experimental designs aimed at modelling given
functions.

In this paper we focus on cell functions linked to complex dynamic behaviors in a
biochemical reaction network, such as sustained periodic oscillations and bistability. Peri-
odic phenomena and bistability underly many important cellfunctions, such as circadian
rhythms and cell division cycles (Goldbeter 2002, Ferrell 2002). Previous work in this
area has focused on modelling the phenomena (Goldbeter 1991), bifurcation analysis to
map out the parametric dependence of the nonlinear behavior(Borisuk and Tyson 1998),
robustness analysis (Morohashiet al.2002), and experimental verification (Pomereninget
al. 2003).

Based on a dynamic model of the network, our goal is to determine the components
and interactions that underly a specific behavior. Our approach is based on decomposing
the overall network into smaller subsystems and then analyzing the effect of interactions
between these subsystems. To simplify the analysis we exploit the fact that the complex
behavior of an autonomous system is generally related to destabilization, or bifurcation, of
some steady-state (equilibrium) solution in the state-parameter space, and that the destabi-
lization is typically caused by feedback type interactions. By analyzing the source of the
instability of the underlying steady-state, rather than the complex behavior itself, we can
employ a linear systems representation of the network and make use of tools from linear
feedback control theory. Using this approach we will rank-order the importance of the
various component interactions in destabilizing the steady-state. The biochemical compo-
nents and pairwise interactions that need to be present in the model to generate a specific
behavior in the network can then be determined from this ranking. We stress that our aim
is purely qualitative in the sense that we seek only to identify mechanisms underlying spe-
cific behaviors, and that we do not seek to provide quantitative results, such as parametric
sensitivities or robustness. As stated above, however, identifying mechanisms underly-
ing specific behaviors can provide a crucial first step in obtaining quantitative results by
providing knowledge of where in a large-scale network one should focus modelling and
analysis of given functions.

The outline of the paper is as follows. We introduce the biochemical network driving
the cell division cycle inXenopuseggs, focusing on the early embryonic periodic cell di-
visions. We then outline the analysis method, based on linearization and decomposition
of the network model. The proposed method identifies the components and feedback in-
terconnections that generate periodic oscillations and bistability in theXenopuscell cycle.
Next, a similar analysis is performed to identify the feedback mechanisms driving the pe-
riodic oscillations in yeast glycolysis.

6.2 TheXenopus cell cycle

The cell cycle is the process in which a cell duplicates its genetic material and then divides
into two almost identical daughter cells, which can then repeat the process. The cycle
consists of the S-phase, in which the genetic material is replicated, and the M-phase, in
which the sister cells are separated. S- and M-phase alternate in time, with characteristic
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gaps in between, namely, G1 after M-phase, and G2 after S-phase. The switches between
the various phases are triggered by concentration variations in a network of interacting
proteins, of which the most important are cyclin-dependentkinases (Cdk) composed of a
catalytic kinase subunit and a regulatory cyclin unit, see Figure 6.1. In higher eukaryotes
there are a number of such complexes driving the events of thecell cycle, while in lower
eukaryotes a single Cdk-cyclin complex MPF, can trigger allphases (Novak and Tyson
2003). We consider a model of the network driving the cell cycle in Xenopusfrog eggs
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Figure 6.1: The biochemical network driving the cell cycle in Xenopusfrog eggs. The 9
proteins interact dynamically through chemical reactionsto generate periodic variations in
the concentration of MPF (protein 5), which in turn controlsthe phase transitions of the
cell cycle.

proposed in (Borisuk and Tyson 1998). The network is graphically illustrated in Figure
6.1, and the corresponding model, consisting of a set of nonlinear ordinary differential
equations, is given in Figure 6.2. The model is based on a combination of hypothesized
molecular interactions and experimental data.

We first consider the behavior in early embryonic cell divisions, in which the network
is in a state of sustained periodic oscillation, driving thecell cycle in a regular and pe-
riodic fashion without significant gaps G1 and G2 between S-phase and M-phase. The
protein MPF that toggles the phases of the cell cycle is called M-phase promoting factor,
corresponding to statex5 in the model. A high concentration of MPF triggers the cell to
divide, which induces the M-phase, hence the name. The time history of the cycle for the
parameter values given in Table 6.1 is shown in Figure 6.3-left. Note that the oscillations
are independent of the events in the cell nucleus, and that they persist in a nucleus free ex-
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ẋ2 = kppx5− (kwee+kcak+k2)x2 +k25x3 +k3x1
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Figure 6.2: Model of the biochemical network for cell cycle control shown in Figure 6.1.
The model consists of mass balances for the nine proteins in the network, with mass trans-
fer rates determined by the reaction rate expressions.

tract. The observed period is about 65 minutes, which corresponds well with experimental
observations (Borisuk and Tyson 1998).

Bifurcation analysis of the model with respect to various model parameters has been
performed in (Borisuk and Tyson 1998) and (Morohashiet al. 2002). A bifurcation dia-
gram with the rate constantk1 for cyclin synthesis, which serves as the bifurcation para-
meter, is shown in Figure 6.3-right. The solid lines represent stable steady-state solutions,
while dashed lines correspond to unstable steady-states. Abranch of stable limit cycles
emanates from the Hopf bifurcation point HB. The filled circles correspond to maximum
and minimum peak values of the limit cycles. As can be seen, the oscillatory state for
k1 = 0.01 in Figure 6.3-left persists for a large range of parametervalues, and emanates
from a Hopf bifurcation for relatively high values ofk1. Also note that the system displays
multiple steady-states, or bistability, for low values of the parameterk1. The parameter
k1 can be genetically regulated, and in this case the bistability can serve as a switching
mechanism at later stages of the cell cycle (Ferrell 2002). Thus, the existence of multiple
steady-states has a potential physiological significance.
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Ka 0.1 Kb 1.0 Kc 0.01
Kd 1.0 Ke 0.1 K f 1.0
Kg 0.01 Kh 0.01 k1 0.01
k3 0.5 V ′

2 0.005 V ′′
2 0.25

V ′
25 0.017 V ′′

25 0.17 V ′
wee 0.01

V ′′
wee 1.0 kcak 0.64 kpp 0.004

ka 2.0 kb 0.1 kc 0.13
kd 0.13 ke 2.0 kf 0.1
kg 2.0 kh 0.15

Table 6.1: Parameter values for the model of cell cycle control in frog eggs. See corre-
sponding model in Figure 6.2.
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Figure 6.3: Left: Sustained oscillations in MPF (x5), double phosphorylated Dimer (x4),
and Cyclin (x1) of the frog egg model withk1 = 0.01. Right: Bifurcation diagram showing
steady-state and limit cycle solutions in terms of MPF as a function of the model parameter
k1, corresponding to synthesis rate of cyclin.

Bifurcation analysis is a powerful tool for analyzing the possible behaviors of a net-
work, as well as their sensitivity and robustness to parameter variations. However, even for
relatively small networks, the number of model parameters quickly grows large, and map-
ping the behavior for all possible parameter combinations can become overwhelming. For
instance, the small network studied here involves 26 parameters. Furthermore, bifurcation
analysis can only reveal the existence of behaviors, and does not provide any qualitative
insight into the sources of these behaviors.

Our goal, based on the model of the network, is to determine the mechanisms causing
the various observed behaviors. For instance, we show that only three out of the nine
components in the network are needed to create the periodic oscillations driving the early
embryonic cell cycle, while three other components are needed to create bistability for low
values ofk1. Although these results partly confirm previous observations in (Borisuk and
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Tyson 1998), our main contribution is to show that these conclusions can be reached in a
systematic fashion that is equally applicable to large-scale networks.

6.3 Decomposition of biochemical reaction networks

We model a biochemical network as

ẋ = f (x, p), (6.1)

wherex is the state vector containing the concentration or activity of all molecules and
complexes in the network, andp are model parameters including reaction rate constants.
In cases of small diffusivity or small molecular concentrations, partial differential or sto-
chastic equations might be required.

Since our goal is to study the impact of interactions betweenvarious components on
the network behavior, we decompose the overall network (6.1) into smaller subsystemsΓi

consisting of single components modelled by

ẋi = fi(xi ,ui , p), (6.2)

whereui = x j , j 6= i. SubsystemΓi has componentxi as its only internal state and output,
while all other compositions are treated as inputs. The biochemical network involved in
the regulation of theXenopuscell cycle is illustrated in Figure 6.4.
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Figure 6.4: Network representation of the biochemical reactions that drive the cell cycle
in frog eggs. Each subsystem represents the pool of a protein, while the interconnections
arise from biochemical reactions.

6.4 Analysis of destabilizing interactions

Multiple stable steady-states, or bistability, and limit cycle behavior are strongly nonlin-
ear phenomena. However, in an autonomous system these phenomena can be traced to a
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steady-state bifurcation point for some value of the systemparameters, corresponding to
a point in the(x, p)-space at which there is a change of stability of the steady-state, or
equilibrium, of (6.1) asp is changed. Such a bifurcation point can easily be determined
by continuation of (6.1) for some parameter inp, starting at a given solution. According
to Lyapunov stability theory, the stability of the steady-state can in most cases be analyzed
based on the system (6.1) linearized about a steady-state inthe vicinity of the bifurcation
point. Thus, linear systems theory can, in principle, predict the mechanisms giving rise to
complex nonlinear phenomena, such as those observed in the network driving the cell cy-
cle. Furthermore, we assume that, for a considered value of the parameterp for which the
system displays complex behavior, there exists an underlying unstable steady-state, and
that the source of the complex behavior can be analyzed by considering the destabiliza-
tion of the steady-state even some distance away from the bifurcation point in(x, p)-space.
This property holds if there are no additional bifurcation points on the solution branches
between the original bifurcation point and the considered points in the bifurcation diagram.
If the latter does not hold, one can use any system parameter to move the system closer to
the steady-state bifurcation point prior to analysis. For instance, in Figure 6.3-right, there
are no additional bifurcations between the Hopf bifurcation point atk1 = 0.04 and the point
at k1 = 0.01, for either of the solutions emanating from the HB point. Hence, we analyze
the source of the limit cycle by considering the source of thedynamic instability of the
steady-state.

Accordingly, we move the system to the unstable steady-state underlying the complex
behavior and analyze the mechanisms causing destabilization of this steady-state. La-
belling this steady-statex0, the linearization of (6.1) can be written

∆ẋ(t) = A∆x(t) (6.3)

whereA = ∂ f/∂x|x0,p0 and∆x(t) = x(t)−x0. Based on the assumptions above, a steady-
state underlying multiple-steady-states will have at least one real eigenvalue ofA in the
open right half plane, while a steady-state underlying a limit cycle will have at least two
complex conjugate eigenvalues ofA in the open right half plane.

The decomposition of the linearized system (6.3) into one-component subsystemsΓi ,
as described for the nonlinear system in (6.2), is given by

∆ẋ = Ã∆x(t)+(A− Ã)∆u(t), (6.4)

where Ã = diag{aii} is the matrix containing the diagonal entries ofA. In the overall
network, the subsystems are connected by the feedback

∆u(t) = ∆x(t). (6.5)

If all of the eigenvalues of̃A lie in the open left half plane, then the system is stable in
the absence of interactions between the various biochemical components of the network.
The open-loop system (6.4) is stable unless some reactions are autocatalytic, that is, they
directly stimulate their own production.

The overall biochemical network can thus be seen as composedof an interaction-free,
or open-loop, system (6.4) combined with the feedback imposed by pairwise interactions
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between the components of the network (6.5). We now relate the stability of the closed-
loop system to the properties of the open-loop system by determining the effects of feed-
back interactions on the overall stability of the steady-state. Since we are interested in
the behavior related to the instability of the steady-state, we wish to determine feedback
connections causing the observed instability.

Using Laplace transforms, the open-loop system (6.4) can bewritten as

X(s) = L(s)U(s), (6.6)

whereL(s) = (sI− Ã)−1(A− Ã). The elementLi j (s) corresponds to the transfer-function
from protein j to proteini in the absence of any feedback effects. We assume no autocat-
alytic effects, that is,L(s) stable. Extensions to autocatalytic systems are straightforward.
Since the closed-loop system corresponding to the overall network is unstable, the return
differenceI −L(s) has zeros in the open right half plane.

The impact of individual biochemical components

One possibility for determining the feedback interconnections that are most instrumental
in creating the steady-state instability, is to disconnectthe feedback from one protein, or
metabolite, at the time. For instance, to let∆ui(t) = 0 for somei in (6.5) and consider
the effect on the stability of the overall network, that is, on the zeros ofI −L(s). A more

∆x

L(s)

1,...,i-1,i+1,...,n

∆xi

Ti(s)

i1+ε

∆xi

Figure 6.5: Linearized biochemical network represented asa SISO feedback system. The
variable∆xi corresponds to feedback of thei-th protein, or metabolite. A relative per-
turbationεi is added to the feedback to analyze the impact of the feedbackof specific
biochemical components on the overall network stability.

general approach, however, is to add a real perturbationεi to the feedback of componenti,
as illustrated in Figure 6.5, and then determine the smallest |εi | that stabilizes the closed-
loop, to make the equilibrium of the network locally stable.

The transfer-functionTi(s) from ∆ui to ∆xi , with feedback from all proteins except
proteini, is given by

Ti(s) =
[

(I −Li0(s))
−1[L(s)]i

]

i ,

whereLi0(s) corresponds toL(s) with all elements of thei-th row set to zero, and[L]i is
the i-th column ofL(s). The smallest perturbation|εi | that will stabilize the network, for a
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given proteini, can be determined from the Nyquist criterion based onTi . The relative sizes
of the required perturbations|εi | indicate the role of the various feedback connections in
destabilizing the system, and hence in creating the complexbehavior under consideration.
Small required perturbations|εi | imply that the system stability is sensitive to the feedback
of proteini, and that the dynamic behavior of this protein is central to the creation of the
observed behavior.

The impact of pairwise interactions

The complex behavior of a biochemical network is caused by interactions between the
various nodes, such as proteins and genes. We now consider specific pairwise interactions
that are instrumental in causing steady-state instabilityof the network.

Assume the linearized model (6.3) has eigenvaluesλ = σ ± jω∗, whereσ > 0, and with
all other eigenvalues in the open left half plane. If the steady-state underlies bistability, that
is, multiple stable steady-states, we assume a static instability ω∗ = 0, while if the steady-
state underlies sustained oscillations we assume a dynamicinstability ω∗ > 0. We now
seek the relative perturbations in the pairwise protein interactions, corresponding to the
entriesLi j (s) of L(s), required to stabilize the steady-state of the network, that is, to move
the right half plane eigenvalues to the imaginary axis. Elements that require relatively small
perturbations to stabilize the network correspond to interactions that are instrumental for
generating instability, and hence the resulting complex behavior.

In principle, stabilizing perturbations can be determinedfrom a root locus with the
elements of the JacobianA as parameters. However, this approach provides frequency-
independent real perturbations that may be arbitrarily larger than the minimum required
perturbations for stabilization.

According to the generalized Nyquist criterion, for a stable open-loop networkL(s), a
sufficient condition for instability under positive feedback is that one characteristic locus
λi(L( jω)) crosses the real axis to the right of the point 1 at a single frequencyω = ω0.
A perturbation applied to elementLi j ( jω0) such that thisλi(L( jω0)) moves to the point
1 on the real axis corresponds to a stabilizing perturbation. In principle, one can compute
stabilizing perturbations at all frequencies, not just atω0, to determine the smallest pertur-
bation required for stabilization. However, this approachis computationally demanding,
and it is reasonable to assume that the perturbation required at the critical frequencyω0 is
close to the minimum required perturbation over all nearby frequencies. We therefore limit
ourselves to compute the required perturbations at the frequencyω0.

A perturbation that moves one characteristic locusλi(L( jω)) at ω = ω0 to the point
1 on the real axis, corresponds to making the return difference I −L( jω) singular at the
frequencyω = ω0, that is

det(I −Lp( jω0)) = 0,

whereLp is the perturbed open-loop system. The relative gain array (RGA) (Bristol 1966)
provides a direct means for computing the required perturbation of individual matrix ele-
ments so as to make the matrix singular. The RGA of a square complex matrixM is given
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by
RGA(M) = Λ(M) = M× (M−1)T ,

where× denotes Hadamard product, or element-by-element multiplication. If elementMi j

of M is perturbed toMi j ,p = Mi j (1− (1/λi j )) then the perturbed matrixMp is singular
(Hovd and Skogestad 1992).

The relative perturbation∆i j ( jω0) of elementLi j ( jω0) that moves a characteristic locus
of the open-loop network to 1 atω0, and hence poles of the closed-loop network to the
imaginary axis at± jω0, is given by

∆i j (ω0) = − 1
[Λ(I −L( jω0))]i j

. (6.7)

Note that, although this perturbation ensures singularityof I −Lp( jω0), that is, that some
eigenlocus satisfiesλ (Lpi( jω0)) = 1, (6.7) does not guarantee that it is the eigenlocus
causing right half plane poles of the system that is moved to 1. The perturbation (6.7)
may instead move some other eigenlocus to the point 1, in which case the perturbation
does not stabilize the steady-state. However, stabilization can be determined by applying
the perturbation computed from (6.7) to the matrixL( jω0) and by checking whether the
eigenlocus encircling the point 1 is moved to the point 1 by the perturbation. If this is not
the case, then there does not exist a perturbation ofLi j at the frequencyω0 that stabilizes
the system. This observation follows from the fact that the element perturbation making
the matrix singular is unique.

Thus, elements with small values of stabilizing perturbations|∆i j |, correspond to pair-
wise interactions that have a large influence on stability and play an important role in
destabilizing the steady-state of the network. Note that the diagonal entries ofL(s) are
zero by definition of the open-loop system, and hence perturbations of the diagonal entries
need not be considered.

In summary, we can rank-order the importance of feedback effects from individual
proteins and of pairwise interactions between proteins, respectively, in destabilizing the
steady-state of the network and thereby creating the complex nonlinear behavior related to
a specific cell function. This information is relevant to understanding the central mecha-
nisms underlying specific functions of the cell, and also forguiding the modelling of these
functions. We next apply the proposed analysis method to twoexamples, the cell division
cycle in frog eggs and glycolytic oscillations in yeast.

6.5 Analysis of feedback mechanisms in the cell cycle

We now consider the protein network in Figure 6.1 that drivesthe cell cycle inXenopus
frog eggs. The network model is given in Figure 6.2. With the parameter values as given
in Table 6.1, the system displays sustained oscillations, as shown in Figure 6.3-left. At low
concentrations of MPF, the cell produces a copy of its DNA (S-phase), while high values
of MPF trigger the division of the material into two daughtercells (M-phase). We aim at
determining which protein interactions are most instrumental in generating this periodic
variation in MPF.
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We first determine the underlying steady-state solution of the network model. A steady-
state is trivially determined by solving the model (6.1) with ẋ = 0 for the given values of
the parameterp. However, since a system can have multiple steady-states, the steady-state
underlying the oscillations should be determined by continuation from the Hopf bifurcation
point at which the limit cycle was born. See Figure 6.3-right.

By linearizing the model around the underlying steady-state we find that the dynamics
matrixA has the right half plane eigenvaluesλ = 0.0413± j0.153. Decomposing the linear
model according to (6.4) reveals that the open-loop model with dynamic matrixÃ is stable,
that is, the system does not contain autocatalytic mechanisms.

We now determine the smallest real perturbationεi needed in the feedback of the indi-
vidual proteins to make the steady-state stable. The results given in Figure 6.6-left show
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Figure 6.6: Left: Relative real perturbationεi of the feedback of proteini required to stabi-
lize the steady-state of the cell cycle control network atk1 = 0.01. Right: MPF oscillations
within the 3-state frog egg model. The statesx5, x8, andx9 are included in the dynamic
model, while all other compositions are kept constant at their steady-state values.

that only three proteins require relatively small perturbations for network stabilization, in-
dicating that these are instrumental in creating the steady-state instability, and thereby the
periodic oscillations driving the cell cycle. The three proteins are MPFx5, the anaphase-
promoting complex APCx9, and the enzyme IEPx8. Indeed, we find that the linear subsys-
tem containing only these three components has an oscillating instability with frequency
0.137 rad/min, which is close to the corresponding frequency 0.153 rad/min of the full
model. Also, keeping all other compositions at their steady-state values and simulating
the nonlinear model with the three differential equations for x5, x8, andx9 yields an os-
cillation in the MPF activity, as can be seen in Figure 6.6-right. The oscillations confirm
that the interactions between these three proteins underlythe periodic oscillations driving
the embryonic cell cycle in frog eggs and thus, the result indicates that only these three
components need to be included in a dynamic model of the network to replicate the MPF
oscillations. Although the period and amplitude of the oscillations of the reduced model
deviate somewhat from those to the full model, this discrepancy can be corrected by adjust-
ing the model parameters, including the concentrations of the six proteins that are assumed
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constant.
The reciprocal of the 11 largest entries of the RGA-matrix, corresponding to stabilizing

perturbations, for the return differenceI −L( jω0) with ω0 = 0.104rad/min are shown in
Figure 6.7. From the figure we see that the most important pairwise interactions correspond
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Figure 6.7: The relative perturbation∆i j required in entryLi j of the open-loop model to
stabilize the steady-state of the cell cycle control network at k1 = 0.01. The entryLi j

corresponds to the effect of proteini on protein j in the absence of feedback. The results
show that the effect of protein 8 on 5, protein 5 on 9, and protein 9 on 8, which forms a
feedback loop, is most critical for the steady-state instability of the network.

to L98, L85, andL59, involving the componentsx5, x8, andx9. These results also indicate
that the scalar feedback loop 8→ 9→ 5→ 8 creates the oscillatory instability. See Figure
6.8-left. These results for the cell cycle confirm results obtained in (Borisuk and Tyson
1998) through hypothesis postulation and testing. The results also explain the findings
in (Morohashiet al. 2002) that the most important parameters influencing the robustness
of the limit cycle for MPF are related to the reaction rates for the reactions involving the
components MPF, APC, and IEP. The main purpose of this study,however, is to show
that the central mechanisms underlying specific behaviors and functions in biochemical
networks of the cell can be determined in a systematic fashion by using results from linear
feedback control.

To complete the study of the cell cycle in frog eggs we determine mechanisms that
cause bistability in the reaction network. As can be seen from the bifurcation diagram in
Figure 6.3-right, the system displays multiple steady-states for low values ofk1, the syn-
thesis rate of cyclin. Since cyclin synthesis can be genetically regulated, bistability can
serve as a switching mechanism between the S- and M-phases ofthe cell cycle occur-
ring after the early embryonic cell cycles (Shahet al. 2003). To analyze the mechanisms
that cause bistability, we linearize the model in Figure 6.1around the unstable state for
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Figure 6.8: Identified protein interactions underlying (left) sustained oscillations and
(right) bistability in the cell cycle control model. The sustained oscillations are driven
by a single feedback loop involving proteins 5, 8, and 9, while the bistability involves a
pair of connected loops involving proteins 5, 6, and 7.

0 2 4 6 8 10

10
0

10
1

10
2

Protein no.

ε i

0 1 2 3 4 5
0

1

2

3

4

5

6

7

8

9

10

7,5
6,5

No.

|∆
ij
|

Figure 6.9: Relative perturbationsεi and∆i j required to move a real right half plane pole
of the frog egg model to the imaginary axis atk1 = 0.0007. Left: The relatively small
values ofε5, ε6, andε7 show that the feedback effect of these three proteins is instrumental
in creating the real instability underlying bistability ofthe network. Right: The values of
|∆i, j | show that only the interactions between proteins 7 and 5 and proteins 6 and 5 can
be perturbed to obtain a stable steady-state for the linearized network model, showing that
it is the pairwise interactions between these proteins thatcreates the bistability. See also
Figure 6.8-right.

k1 = 0.0007, corresponding to the middle of the unstable branch between the two static bi-
furcation points. The linearized model at this point has onereal right half plane eigenvalue
λ = 0.042. Figure 6.9-left shows the smallest real perturbationsin the feedback of the
individual proteins required to bring this eigenvalue to zero and hence stabilize the steady-
state. As can be seen from the figure, proteins 5, 6, and 7 appear most instrumental for the
static instability underlying the bistability. The plot ofthe elementwise perturbations∆i j

in Figure 6.9-right confirms this observation by showing that only the interactions between
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components 5, 6, and 7 can be modified to remove the static instability. Indeed, we find
that retaining only the differential equations for the components 5, 6, and 7 in the model
given in Figure 6.2, while keeping all other concentrationsxi at their steady-state values,
yields a static instability at the given steady-state and also bistability for the given value of
k1. The identified feedback mechanism is shown in Figure 6.8-right.

In conclusion, through a systematic model analysis of the biochemical network driving
the cell cycle inXenopusfrog eggs, we determined the protein interactions that are instru-
mental in creating sustained oscillations at a high cyclin synthesis rate, that is, during the
embryonic cell cycle, and the bistability at low cyclin synthesis rate, that is, at later stages
of the cell cycle.

6.6 Analysis of feedback driving oscillations in glycolysis

Glycolysis is the process in which glucose is transformed into ATP. ATP, which is the main
energy source in the cell, is involved in the regulation of many biochemical reactions. Un-
der certain conditions, metabolites involved in glycolysis can display sustained oscillations
(Hess and Boiteux 1980), and it has been proposed that one significant function of these
oscillations is related to insulin secretion (Langet al. 1979). We analyze a model of an
anaerobic glycolytic network in yeast cells (Wolfet al.2000). The network involves a total
of 9 components and is illustrated in Figure 6.10. The corresponding dynamic model is
given in Figure 6.11. For the parameter values given in Table6.2 the model displays sus-
tained oscillations, as shown in Figure 6.12-top-left. Theoscillations are computed based
on the one-cell model in Figure 6.11. Similar oscillations are observed experimentally
in cell cultures, indicating that the oscillations are synchronized between the cells. The
corresponding bifurcation diagram, with the parameterk9 as the bifurcation parameter, is
shown in Figure 6.12-top-right. The solid lines correspondto stable steady-state solutions,
while the dashed lines are unstable steady-states. The maximum and minimum peaks of
stable and unstable limit cycles are shown by filled and open circles, respectively. As can
be seen, for the nominal value ofk9 = 20, the system has one unstable steady-state sur-
rounded by a stable limit cycle. Following the approach outlined above, we linearize the
nonlinear model around the unstable steady-state and analyze the metabolic interactions,
inducing instability of this steady-state.

The system linearized about the steady-state fork9 = 20 has a complex pair of eigen-
valuesλ = 10.95± j38.62. Based on the decomposed linear model, we compute the real
perturbationsεi of the feedback of individual metabolitesxi required to stabilize the steady-
state of the network. The results reveal that only the feedback of components 4 and 8
can be altered individually to stabilize the network, and that the corresponding values are
ε4 = 0.82 andε8 = 0.53. The perturbations of pairwise interactions required tomove the
complex poles onto the imaginary axis, as computed from the RGA at frequencyω0 = 21.7,
are shown in Figure 6.12-bottom-left. The results show thatthe most instrumental interac-
tions for the dynamic instability underlying the oscillations involve components 1, 8, 4, 3
and 2. By sequentially adding these components one by one to the dynamic model, we find
that 1, 4, and 8 are needed to generate the dynamic instability of the steady-state and the
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ATP + ADP = const
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ATPase

v3+
v3-NAD+

NADH + NAD+ = const

Figure 6.10: Biochemical network for anaerobic glycolysisin yeast cells. The input to the
network is glucose, with the main product being ATP. Communication with other cells is
through the component acetaldehyde, allowing the cells to synchronize, or phase lock, the
periodic oscillations that are generated within each cell.

sustained oscillations. A simulation based on the model with the differential equations for
x1,x4, andx8 only is shown in Figure 6.12-bottom-right. As can be seen, the 3-state model
replicates the oscillations of the 9-state model quite well, confirming that the interactions
between these three components are sufficient to create the oscillations observed in yeast
glycolysis. The corresponding interactions are shown in Figure 6.13.



82
CHAPTER 6. IDENTIFYING FEEDBACK MECHANISMS BEHIND COMPLEX

CELL BEHAVIOR

2

1

8

6

5

9

3

4

7
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Figure 6.11: Model of the biochemical network involved in yeast cell glycolysis. The
model consists of mass balances for the proteins and metabolites, with the mass transfer
rates given by fluxes and reaction rate expressions.

J0 50 k1 550 Ki 1.0
k2 9.8 kGAPDH+ 323.8 kGAPDH− 57823.1
kPGK+ 76411.1 kPGK− 23.7 k4 80
k5 9.7 k6 2000 k7 28
k8 85.7 κ 375 Φ 0.1
A 4.0 N 1.0 n 4

Table 6.2: Parameter values for the model of glycolytic oscillations in yeast. See corre-
sponding model in Figure 6.11.

6.7 Summary and conclusions

Interactions among genes, proteins, and metabolites generate most of the central functions
of the living cell. These interactions take place in highly complex biochemical networks,
often involving hundreds of components and reactions. Exposing the connection between
the individual components, such as genes, and the overall behavior of the network requires
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Figure 6.12: Top-left: Sustained oscillations in glucosex1 and ATPx8 in the yeast glycol-
ysis model withk9 = 20. Top-right: Bifurcation diagram for yeast glycolysis, showing the
component NADH as a function of the parameterk9. Bottom-left: Relative perturbation
|∆i j | required in entryLi j of the open-loop model, that is, the effect of proteinj on protein
i in the absence of feedback interactions, to move right half plane poles of the glycolysis
network steady-state to the imaginary axis. Bottom-right:Glycolytic oscillations within
the 3-state model. The statesx1, x4 andx8 are included, while all other components are
kept constant at their steady-state values.

a systems approach based on dynamic models of the network.

In this paper we illustrate how a simple linear systems analysis can be used to analyze
the role of various components in generating complex dynamic behavior in biochemical
networks. The approach was used to identify the most important proteins and mutual inter-
actions involved in the cell cycle in frog eggs, and the sustained oscillations of glycolysis
in yeast. This information is important not only for understanding the mechanisms of cell
functions, but also for guiding the modelling of specific functions by providing information
about which components to focus on in experimental designs aimed at refining the model.

In this paper we considered relatively simple networks in which the mechanisms are
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1 8 4

Figure 6.13: Identified metabolite interactions underlying sustained oscillations in yeast
glycolysis. Two connected feedback loops, involving components 1, 4, and 8, cause a
steady-state instability resulting in sustained oscillations.

already relatively well known. The purpose, however, was toshow that the knowledge
can be obtained in a highly systematic fashion. Furthermore, the approach outlined in this
paper is equally applicable to large-scale network models that will be developed in the near
future based on high throughput data on a genomic and proteomic scale.



Chapter 7

Identification of the dynamic structure
of biochemical networks based on
least-squares estimation of the Jacobian

Supplementary material can be found in Appendix C.

New technologies enable acquisition of large data sets containing genomic, proteomic
and metabolic information that describe the state of a cell.These data sets call for sys-
tematic methods enabling relevant information about the inner workings of the cell to be
extracted. One important issue at hand is the understandingof the functional interactions
between genes, proteins and metabolites. We here present a method for identifying the
dynamic interactions between biochemical components within the cell, in the vicinity of a
steady-state. The method is based on least squares estimation using time-series measure-
ment data of expression profiles and concentrations of the involved biochemical compo-
nents. Time derivatives are computed using a zero-order-hold expression, shown to give
significantly more accurate results than the commonly used Euler approximation. Unique
features of the method include that it can handle unknown perturbations, that measure-
ments from any number of experiments can be combined and thatthe steady-state of the
system does not need to be known. Furthermore, we show how a proper network identifi-
cation can be performed even in cases where the network contains dynamics that are too
fast to be captured within the feasible sampling time. The performance of the method is
illustrated by application to twoin-silico small-scale genetic networks.

7.1 Introduction

New high-throughput experimental technologies for monitoring the expression levels of
large gene sets, and the measurement of metabolite concentrations are evolving rapidly.
These data sets contain the information required to uncoverthe organization of biologi-
cal systems on a genetic, proteomic, and metabolic level. However, in order to realize
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the translation of data into a system level understanding ofcell functions, methods that
can construct quantitative mathematical models from data are needed. In particular, deter-
mination of the quantitative interactions between the components within and across these
levels is an important issue. These interactions lead to thenotion of networks that can be
represented by weighted directed graphs, where the nodes correspond to the biochemical
components and the edges, represented as arrows with weights attached, indicating the di-
rect quantitative effect a change in a certain component hason another component. The
weights are in general nonlinear functions that represent reaction kinetics. Determination
of these network structures will provide insight into the functional relationships between
the involved components, so as to better understand the functions of biological systems,
and will eventually lead to knowledge concerning how these systems can be manipulated
in order to achieve a certain desired behavior.

Due to the fact that the reaction kinetics in general are unknown, and because of the
large number of involved parameters, it is in most cases not feasible to directly determine
the nonlinear weights from experimental data. A common approach is to rather consider
the biochemical network behavior around a desired steady-state and assume that it behaves
linearly for small deviations from this steady-state (Kholodenkoet al. 2002, Gardneret
al. 2003, Sontaget al.2004). With this assumption, the network weights become constants,
quantifying the interactions between the components in theneighborhood of the steady-
state. Grouping these constant weights into a matrix yieldsan interaction matrix, the
Jacobian, which quantifies the mutual effects of deviationsfrom the steady-state on the
various components of the system.

Several approaches to the determination of interaction matrices of biochemical systems
have been published recently. These can roughly be divided into methods focusing on the
determination of the qualitative structure of the interactions, and methods aimed at deter-
mining quantitative information about the interactions. In (Ross 2003), two approaches to
determine the structure of reaction pathways from time-series measurements of metabo-
lites and proteins are reviewed. The first approach is based on small pulses of concentra-
tion changes applied to the different species around a stable steady-state. Depending on
the relative behavior of the measured responses, the considered metabolic pathway can be
determined (Vanceet al. 2002, Torralbaet al. 2003). The second approach is based on
correlations between different species when periodicallyforcing the system by changing
some input species over time. Using correlation and multidimensional scaling analysis the
structure of the considered pathway can be unravelled (Arkin and Ross 1995).

In (Kholodenkoet al.2002), (Gardneret al.2003), and (de la Fuenteet al.2002) meth-
ods for determining quantitative interaction matrices based on steady-state responses of
perturbed genetic networks are proposed. Because the responses to the applied perturba-
tions often can become relatively large in steady-state, these methods are potentially prone
to the nonlinearity of the considered systems.

Furthermore, the fact that Kholodenkoet al. (2002) and de la Fuenteet al. (2002)
determine then2 elements of the interaction matrix fromn2 measurements, suggests that
the results are potentially sensitive to measurement uncertainty.

In contrast to methods based on steady-state measurements,methods based on time-
series measurements can better deal with the issue of nonlinearity and measurement un-
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certainty. In (Sontaget al. 2004) a method is proposed that aims at construction of the
Jacobian based on parameter sensitivities and time-seriesmeasurements fromn experi-
ments, wheren is the number of involved components. Since also this methodis based
on the determination ofn2 unknowns fromn2 measurements, it will be rather sensitive to
measurement noise. In order to deal with noise, the authors propose to compare the re-
sults for the Jacobian, obtained at different considered time-steps. However, it seems more
reasonable to use directly all available measurements for the identification.

Several approaches to reaction network identification, originally developed for chem-
ical reactions, are discussed in (Chevalieret al. 1993). The most relevant of these ap-
proaches for application to biochemical systems is a least-squares estimation of the Jaco-
bian based on pulse perturbation experiments, implying that the initial state is perturbed
by injecting chemicals into the system at a given time point,and measuring the system
response. However, also this approach will be poorly suitedfor biochemical systems, in
particular forin-vivo experiments, since this type of perturbations in general will be very
hard to realize.In-vivoexperiments rather involve perturbations corresponding to constant
parameter perturbations, such as gene knockouts or alterations of gene transcription rates.

None of the above approaches, focusing on the determinationof quantitative informa-
tion, make use of a priori structural knowledge to improve the estimation results, or to re-
duce the number of required measurements. However, this is an important issue as pointed
out in Starket al.(2003). One approach, taking into account the generally observed sparse-
ness of biochemical networks, has been proposed in Yeunget al. (2002). The authors use
regression methods to determine the sparsest network, in terms of the least number of di-
rect connections between nodes, among all networks that canexplain the available data
and the authors propose this as the most likely network.

In this paper we study biochemical networks involving genes, proteins, and/or metabo-
lites, and consider determination of the Jacobian using least-squares estimation based on
time-series measurements obtained in the vicinity of some steady-state. Rather than using
pulse perturbations, we consider constant parameter perturbations which cause the sys-
tem to relax to a new steady-state. Since the exact size as well as the direct effect of the
perturbation in general will be unknown, we consider incorporating determination also of
the perturbation itself from the available data. Furthermore, we show that the effect of
unsteady-state initial conditions can be considered an unknown perturbation and hence can
be estimated in the same manner. Because of the latter feature, the proposed method does,
in contrast to most other methods, not require the system to be in a steady-state when the
perturbations are applied, nor does it require knowledge ofthe steady-state activities and
concentrations.

Network modelling based on time-series data requires estimation of time derivatives of
the states. These are commonly calculated through the use ofsome Euler type finite dif-
ference approximation. Here we employ a representation of time derivatives, commonly
used in systems theory, that avoids any approximations, thereby leading to significantly
improved estimation results. Finally, we address the issueof dealing with dynamics that
are significantly faster than the sampling time, and show howsuch interactions can be iden-
tified and extracted from the data sets prior to the network identification. Thus, a reduced
network, with the fast dynamics replaced by algebraic relationships, can be identified.
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The outline of the paper is as follows. In Section 7.2 we present the problem formula-
tion, the discretization methods we will consider for representing the time derivatives, the
method for the least-squares identification of the Jacobian, and a discussion of the impact
of the sampling time. In Section 7.3, the proposed method is applied toin-silico models of
two small-scale gene networks. Finally, conclusions are presented in Section 7.4.

7.2 Results

Problem formulation

We consider metabolic reactions, signaling networks, and gene networks that can be de-
scribed by a system of nonlinear differential equations of the form

ẋ(t) = f (x(t), p), (7.1)

wherex = [x1, ...,xn]
T is the state vector containing the concentrations, activities, or ex-

pressions, of all components in the network andp = [p1, ..., pq]
T , is a vector of adjustable

parameters within the considered biological system, such as kinetic rate constants, tem-
perature, or pH. The vector valued functionf determines the dynamics of the biochemical
network given the states and parameters. In cases of small molecular concentrations and/or
small diffusivity, partial differential and stochastic equations may be required, but this is
outside the scope of this paper.

Due to largely unknown reaction kinetics, and the large number of involved parameters,
it is in general not feasible to determine the nonlinear functions fi(x, p) using a ”top-down”
approach, that is, determining all reaction mechanisms andinvolved parameters, such as
rate constants, from measured responses of the perturbed network. We therefore consider
the system (7.1) in the neighborhood of some steady-state (x0, p0) and assume that it be-
haves linearly for small variations around this state. Thisassumption allows us to represent
the system as a linear time invariant system

∆ẋ(t) = ∂ f/∂x|x0,p0∆x(t)+∂ f/∂ p|x0,p0∆p(t) = A∆x(t)+B∆p(t), (7.2)

where∆x(t) = x(t)− x0 and ∆p(t) = p(t)− p0 denote deviations from the considered
steady-state. The matrixA is the Jacobian matrix of the nonlinear system and represents
the network connectivity and the interactions between the network components around the
considered steady-state. For example, in the case of gene networks, a zero elementAi j

indicates that the expression level of genej does not directly affect the expression of gene
i. Furthermore, thej-th column ofB indicates the direct effect that a perturbation in the
parameterp j has on the components ofx. Again, a zero element inBi j implies that a
perturbation of the parameterp j has no direct influence on the expression level of genei.
This information is useful, for example for target identification in gene networks (see part
C.1 of the supplementary material). Positive and negative elements withinA andB imply
activation and inhibition, respectively, of the corresponding components.

The goal here is to determine the Jacobian, or interaction matrix A, based on time-series
measurements. We assume that the measurements are collected using a fixed sampling time
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∆T, and that at each sample the concentrations, or activity levels, of alln components in
x are measured. Furthermore we assume that the perturbationsare constant between two
sampling instants. Due to the discrete nature of the measurements we reformulate the
continuous time system (7.2) as a discrete time system

∆xk+1 = Ad∆xk +Bd∆pk, (7.3)

where∆xk = ∆x(k∆T) and∆pk = ∆p(k∆T). The commonly used Euler approximation for
the time derivatives of the states implies replacing the derivatives by the finite difference
∆ẋ(t) = (∆xk+1−∆xk)/∆T, for which the corresponding matricesAd andBd are given by

Ad = I +∆TA, Bd = ∆TB. (7.4)

The Euler discretization method is approximate, and the goodness of the approximation
is in general very sensitive to the choice of the sampling time ∆T. In order to avoid this
approximative relationship between the continuous and discrete time models, and due to
the fact that the perturbations∆p typically are constant between sampling instants, the
zero-order hold discretization can be used (for example, Rugh (1996))

Ad = eA∆T , Bd = A−1(eA∆T − I)B (7.5)

Note there are no approximations involved in this transformation provided the parame-
ter perturbations are constant between samples. The matrixexponential function can be
written

eA∆T =
∞

∑
i=0

Ai∆T i

i!
.

Comparison with (7.4) shows that the Euler approximation corresponds to a truncation of
the sum afteri = 1.

Having determinedAd andBd from the sampled data, the corresponding matricesA
andB for the continuous time system can be obtained using the above transformations.
We will demonstrate that (7.5), in general, leads to a significantly better estimation of the
Jacobian than (7.4).

Method

In this section, we present a method for the determination ofthe Jacobian based on min-
imization of a least-squares criterion, and also discuss issues regarding the choice of the
sampling time. Estimation using a least-squares approach is standard within many areas,
as it is applicable even in the case where no statistical information about the measurements
are available (Kay 1993a), which is typically the case also for measurement data from
biological systems.

We consider an ideal experiment in which we perturb the system with relative changes
∆p in theq parameters, and measure then relative concentrations or expression levels∆x
at sequential time-steps. The perturbations are assumed tobe sufficiently small such that,
in the time range of the measurements, the system can be regarded as linear. If we assume
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that the measurements and the perturbations are free of uncertainty, then the measurement
data∆x and corresponding perturbations∆p are related as

∆xk+1 = Ad∆xk +Bd∆pk = [Ad,Bd]

[

∆xk

∆pk

]

= [Ad,Bd]∆xp
k (7.6)

at each time-step. Here∆xp
k = [∆xk,∆pk]

T . From the measurements atm+ 1 = n+ q+ 1
time-steps we can then construct anm×mmeasurement matrixM = [∆xp

n+q−1, ...,∆xp
0] and

ann×m result matrixR= [∆xn+q, ...,∆x1]. If the perturbations have been chosen such that
M has full rank, the matricesAd andBd can then be exactly calculated from

[Ad,Bd] = R·M−1 (7.7)

Requirements on perturbations to ensure a full rank measurement matrix are derived in part
C.2 of the supplementary material.

Due to measurement noise in real biological experiments, the measurements will be
in general uncertain. Therefore it is useful to take measurements atm+ 1 > n+ q+ 1
time-steps and to obtain estimations for the matricesAd andBd by minimizing the sum of
squares of the estimation error, as

[Âd, B̂d]ri ≈ arg

(

min
[Ad,Bd]ri

(

m

∑
j=1

(

Ri j − [Âd, B̂d]ri Mc j
)2

))

(7.8)

where[Âd, B̂d]ri is the i-th row of the estimated system matrices[Âd, B̂d], Mc j is the j-th
column ofM, andRi j is thei, j-th element ofR.

The continuous time system matricesA andB can then be determined from the esti-
matedAd andBd using the relations (7.5) or (7.4).

Identification with unknown parameter perturbations

A common excitation of a biochemical system is the use of constant parameter perturba-
tions, such as gene knockouts or the alteration of gene transcription rates. The behavior of
the system, after a perturbation, can be described by

∆xk+1 = Ad∆xk +Bd∆p = Ad∆xk +∆u. (7.9)

We define the timet = 0 as the time where the first measurement is taken. In the following
we will assume that the magnitude of the applied perturbations are constant (∆pk = ∆p),
but otherwise unknown. The latter is a reasonable assumption, since especially inin-
vivo experiments it is very difficult, if not impossible, to measure directly the applied
perturbations (Sontaget al.2004).

With the size of the perturbation unknown in (7.9), bothAd and∆u must be determined
from the measurements of the statesx. The effective perturbation∆u is by definition a
constant and depends on the specific combinations of perturbed parameters. Identification
of bothAd and∆u requires at leastn+2 measurement samples.
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Since the identification of the overall network structure will require a relatively large
number of measurement samples, we consider combining data from several experiments.
If r experiments are performed, the result matrixRcan be constructed as

R= [R1, ...,Rr ],

whereRi is the result matrix corresponding to thei-th experiment, given by

Ri = [∆xi
mi

,∆xi
mi−1, ...,∆xi

1],

Heremi denotes the number of measured samples in thei-th experiment. The measurement
matrixM is constructed in a similar way

M =















M1 M2 ... Mr

1 0 ... 0
0 1 ... 0
...

...
.. .

...
0 0 ... 1















, (7.10)

whereMi is the matrix containing the measurements corresponding tothe i-th experiment
and is given by

Mi = [∆xi
mi−1,∆xi

mi−2, ...,∆xi
0]

The 1 and 0 elements in (7.10) denote row vectors with unity and zero entries, respectively.
These vectors have the same width as the corresponding measurement matricesMi .

Estimations for the discrete JacobianAd and the effect of the unknown perturbations
∆u1, ...,∆ur can now be determined from

[Âd,∆û1, ...,∆ûr ] = RMT(MMT)−1 (7.11)

In the case of combined experiments the total number of columns ofM should at least equal
n+ r. For the construction ofR andM at leastn+ r +1 measured time-steps are required.
Note that (7.11) involves the pseudoinverse ofM and is a solution to the least-squares
problem in (7.8).

In order to determineAd from (7.11), it is required that the measurement matrixM
has full rank equal ton+ r. Under a controllability condition, from linear systems theory,
such a matrix can be obtained from any number of experiments,including a single exper-
iment only. The proof for the case of a single experiment can be found in part C.2 of the
supplementary material.

An important side result of incorporating estimation of theapplied perturbations from
available data, is that also non-zero, or unsteady-state, initial conditions can be dealt with.
This follows from the fact that initial unknown deviations from the steady-state can be
represented as an unknown perturbation. Thus, the proposedmethod can be used even in
cases where the steady-statex0 is unknown. To see this we reformulate equation (7.2)

ẋ(t) = ∆ẋ(t) = A∆x(t)+B∆p = Ax(t)−Ax0 +B∆p = Ax(t)+∆u,
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where∆u now is defined as∆u = −Ax0 + B∆p. Thus, rather than relative measurements
∆xk, the absolute measurementsxk can be used directly for the estimation, and thus the
steady-state does not need to be known. However, note that the method is still based on the
assumption of linear behavior, and hence the initial state should in general not be too far
from a steady-state.

We finally note that it of course is straightforward to use theproposed approach even
in cases where∆p is known, and when∆p is not constant. In the latter case, each change
simply requires additional estimation ofn unknowns. Furthermore, in part C.3 of the
supplementary material we discuss how a priori structural knowledge can be included in
our identification approach.

Choice of sampling time

Biochemical networks generally contain dynamic modes withwidely differing time con-
stants. In order to identify the full Jacobian from time-series measurements, the sampling
time ∆T needs to be chosen so small that even the fastest dynamics arecaptured. Due to
experimental limitations, it may however not be possible torealize the required sampling
time. Furthermore, since the dynamics of the system in general are unknown in advance,
it is hard to a priori determine the required sampling time. We therefore consider here how
interactions with dynamics significantly faster than the sampling time can be identified a
posteriori from the collected data, and how these interactions then can be extracted from
the data prior to identification of the network.

Assume the fastest mode of system (7.2) corresponds to an eigenvalueλ f , or a time-
constantτ f = 1/|λ f |. In order to obtain a reasonable estimate of the corresponding dy-
namics, a sampling time∆T smaller thanτ f should be used (Ljung 1999). If the sampling
time is chosen significantly larger thanτ f , then the transients of this mode will essentially
disappear between samples. This implies that there exists alinear dependency between
the measurements of the sampled states, and hence that the measurement matrixM will
be rank deficient. In general1, the deficiency will be equal to the number of modes with
time-constant significantly smaller than the sampling time. The linear dependency, corre-
sponding to the interactions with dynamics significantly faster than the sampling time, can
be determined directly from the collected measurements using a singular value decompo-
sition of the measurement matrix, that is,M = UΣVH . The vectorsui corresponding to
singular valuesσi close to zero will correspond to the singular directions.

A possible solution to the problem with too slow sampling is to identify the components
taking part in the fast dynamics, that is, components corresponding to non-zero elements in
the singular vectorui , and to remove one of them for each fast mode. Any component can
in principle be chosen, but a reasonable choice is to neglectthe one being most dominant
with respect to the singularity, that is, corresponding to the largest element in the vector
ui . Repeating this procedure for every singular value ofM close to zero, will lead to a
measurement matrix with full rank, allowing determinationof the Jacobian of the network,
reduced by one component for each fast mode.

1We here assume the perturbations fulfill the controllabilitycondition discussed above.
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However, due to the presence of uncertain measurements, it is in general preferable
to use all available measurements in the network estimationand then rather deal with the
almost singular dynamics within the identified network. This can be done by first deter-
mining an estimatêAd, using the pseudo inverse of the full measurement matrixM. The
rank deficiency ofM will then be translated into an eigenvalueλ f d close to zero in the
discrete Jacobian̂Ad. If this eigenvalue has a magnitude significantly smaller than e−1,
corresponding to the continuous time constant being much smaller than the sampling time,
it is reasonable to assume that the transient of these dynamics has not been captured cor-
rectly, and therefore should be replaced by an algebraic (static) relationship. This can be
done using the transformation

Âd,trans = ÂdT (7.12)

where the transformation matrixT is constructed from an identity matrix, in which the
i-th row is replaced by the left eigenvectorvf d corresponding to the fast mode ofÂd,
scaled such that thei-th element is−1, i denoting the index of the element ofvf d with the
largest magnitude. The transformed matrix can then be reduced by removing thei-th row
and column, and the corresponding reduced continuous Jacobian can be determined from
(7.4) or (7.5). This effectively removes componenti from the network, but an algebraic
relation between this component and the other components ofthe network is given by the
eigenvectorvf d as

vf dxk = 0,∀k.

The slow dynamics of the system are correctly captured in thereduced Jacobian.
In a noise-free case and for a linear system, the results fromboth approaches above

will be identical. An advantage with the latter approach is,however, that the estimated fast
dynamics can be directly compared to the sampling time, allowing one to decide which
dynamics should be replaced by algebraic relationships. Note that if the fast dynamics are
not eliminated fromAd prior to transformation to continuous time, the resulting continuous
Jacobian will contain gross errors.

7.3 Discussion

In-silico 4 gene network example

We consider a genetic network containing four genes, that has been used in (Kholodenkoet
al. 2002) and (Sontaget al.2004) as a test case for identification of interaction matrices and
Jacobians. The model equations and parameters are given in part C.5 of the supplementary
material. The nominal Jacobian at the considered steady-state is given by

A =









−6.45 −2.92 0 2.54
0 −8.17 0 3.93

−2.31 2.80 −14.46 0
0 0 10.22 −9.74









, (7.13)

and the corresponding network is illustrated in Figure 7.1.
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Figure 7.1: Structure of the four-gene network. The interconnections represent the direct
interactions between the genes. An arrow indicates a positive effect on the gene transcrip-
tion, and a bar indicates a negative (inhibitory) effect.

In system identification theory it is well known that a good estimation result requires a
sufficient excitation of the system. In particular, as shownin part C.2 of the supplementary
material, perturbations have to be chosen such that the complete space of the network
states is perturbed. In the following we consider time-series data obtained from constant
parameter perturbation experiments. The perturbed parameters correspond to the maximal
enzyme rates involved in the transcription of the genes (seepart C.5 of the supplementary
material). Furthermore, the magnitudes of the perturbations are assumed to be unknown
and thus not used in the identification algorithm. The estimations ofÂd are obtained using
(7.11).

Estimation of the Jacobian

We first perform anin-silico experiment in which the maximal enzyme rate corresponding
to the transcription of gene number one is perturbed by 1%. The sampling time is chosen
as∆T = 0.01h, and we collect six samples, the minimal number required forestimating
the Jacobian when the size of the perturbation is unknown. The first sample is taken one
time-step after the perturbation has been applied to the system. It should be noted that the
sampling time is chosen sufficiently small to enable the fastest dynamics of the system to
be captured.

Applying the method proposed above, and employing zero-order hold discretization,
we obtain the following estimate for the Jacobian

Â =









−6.45 −2.90 0.01 2.52
0.00 −8.17 0.00 3.93
−2.31 2.77 −14.40 0.01
0.00 −0.09 10.22 −9.77









Except for the (4,2) element, the estimated Jacobian is veryclose to the nominal Jacobian,
the largest relative error in the non-zero elements being less than 1%. This is not surprising,
since the perturbation to the system was chosen so small thatthe nonlinearity of the system
played a relatively modest role. The fact that the (4,2) element is relatively poorly estimated
is probably explained by more severe nonlinear effects for this specific relationship with
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the chosen parameter perturbation. Note that the nonlineareffects in general will depend
on the parameter chosen for perturbation.

In real experiments, inhibition efficiencies by siRNA or chemical inhibitors are much
higher than in the experiment above. A more realistic experimental setting is to assume
perturbations of 50%, and to do several experiments, in which different parameters are
perturbed. We now perform four experiments and combine the obtained measurements.
In each experiment one of the maximal enzyme rates of the fourgenes is perturbed by
50%, and the minimum required number of samples are taken – three samples in each
experiment. The sampling time is∆T = 0.01h. The result of the estimation is given by

Â =









−6.45 −2.69 −0.01 2.59
0.00 −8.14 −0.02 4.06
−2.19 2.90 −14.38 −0.01
0.07 0.08 8.51 −9.72









Comparing with the “true” linear Jacobian in (7.13), we see that the network has been
identified with reasonable accuracy, the largest relative error in the non-zero elements be-
ing less than 20%. That we obtain such good results even for relatively large perturbations
is partly explained by the fact that measurements from different experiments have been
combined. This allows for different perturbations of the system, and a reduction in the
number of samples required in each experiment. The use of different perturbed parame-
ters in each experiment leads to a better excitation of the system, which is beneficial for
the estimation result. The reduction in the time span of eachexperiment will reduce the
deviation from the initial state, thereby reducing the effects of nonlinearities.

The above results demonstrate that it is theoretically possible to determine the Jacobian
from one experiment only, but that in practice usually more than one experiment will be
preferable. How to choose the perturbations in an optimal fashion is out of the scope of
this paper and a topic for future work. Instead we will, in theexperiments below, consis-
tently perform four experiments; in each experiment perturbing the transcription rate of a
different gene, using the parameters given in part C.5 of thesupplementary material.

Effect of discretization method

In order to illustrate the importance of the method employedfor determination of time
derivatives, we here perform estimation for different sampling times∆T and perturbation
magnitudes, using both discretization methods (7.4) and (7.5). The relative estimation error
ε is calculated as

ε =
1
N

n

∑
i=1

n

∑
j=1

αi j (7.14)

αi j =

{

Âi j−Ai j
Ai j

, Ai j 6= 0

0, Ai j = 0
,

whereN denotes the number of non-zero elements in the nominal Jacobian A. The results
are shown in Table 7.1. In the table, we also show the error introduced in the derivatives
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by using the Euler approximation. The error is determined using the nominal JacobianA
and is computed as

η(∆T) =
||eA∆T − (I +A∆T)||sum

||eA∆T ||sum
.

The results clearly demonstrate that the zero-order hold discretization in (7.5) leads to a
considerable improvement in the network identification, compared to the commonly used
Euler approximation.

50% perturbation 10% perturbation approximation error
∆T ε (ZOH) ε (Euler) ε (ZOH) ε (Euler) η(∆T)
0.001 0.48 1.02 0.10 0.83 0.013
0.01 3.95 9.48 0.84 7.92 1.3
0.1 22.77 56.98 6.22 52.82 120

error in % error in % error in %

Table 7.1: Comparison of estimation errors. We compare the estimation errors obtained for
different sampling times, discretization methods, and magnitudes of the parameter pertur-
bation. (Euler) indicates the Euler approximation and (ZOH) a zero-order hold discretiza-
tion. The last column displays the relative error introduced by using the Euler approxima-
tion.

Impact of measurement uncertainty

We here consider the effect of measurement uncertainty on the estimation of the Jacobian.
The uncertainty is simulatedin-silico by adding noise to the absolute measurementsxk as
follows

xnoise
k = xk +η ·x0

Here,η denotes a diagonal matrix in which the entries are uniformlydistributed random
variables between -0.02 and 0.02. These values may appear small compared to the uncer-
tainty in realistic biological experiments. However, notethat the noise levels relative to the
measured deviations∆x correspond to over 50% for some samples. This should also be
seen in relation to the fact that measurements of gene expressions are often carried out in
a relative manner, corresponding to the measurement of∆x.

The sampling time is as before∆T = 0.01h, and considered magnitudes of parameter
perturbations are 20%, 50%, and 100%, respectively. The results for different numbers of
measured time-steps per experiment can be seen in Figure 7.2. In order to display the mean
value and the standard deviation of the relative estimationerror in the non-zero elements
of the Jacobian, one hundred Monte Carlo simulations have been conducted at each point.
The results show that the relative estimation error (7.14) and its standard deviation decrease
for increasing numbers of measured time-steps. It is interesting to note that the estimation
error also decreases for increasing perturbation magnitudes. This is explained by the fact
that the signal to noise ratio becomes more favorable for larger perturbations, which is
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Figure 7.2: Mean value and standard deviation of the relative estimation error (7.14) in the
non-zero elements of the Jacobian, obtained from 100 Monte Carlo simulations.

reasonable also in practice. This serves to illustrate thatthere in general will exist a trade-
off, in terms of effects of measurement uncertainty on the one hand and the effects of
nonlinearities on the other hand, when choosing the size of parameter perturbations.

Impact of sampling time

In order to illustrate the problems occurring in networks with dynamic modes that are
too fast to capture with the available sampling time, we hereconsider identification of a
network consisting of 5 genes. The network is a modification of the 4-gene network used
in the previous example, but in which a fifth gene with relatively fast dynamics has been
added. The equations, parameters, and the nominal Jacobianare given in part C.6 of the
supplementary material. The structure of the 5-gene network is shown in Figure 7.3.

In the considered network, the degradation rate of the mRNA of gene 5 has been chosen
to be much faster than the degradation rates for the other mRNAs, thereby introducing a
relatively fast dynamic mode. In the following we assume that the feasible sampling time
is too large to capture this fast dynamic mode.

Data for the estimation of the Jacobian of the system is generatedin-silico in the fol-
lowing way.

• Five experiments, each in which 50% repression of one of the genes is simulated.
In in-silico implementations, this corresponds to a parameter perturbation of -50%
in the maximal enzyme rate. We stress that the magnitude of the perturbation is
assumed unknown when we apply the identification algorithm.
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Figure 7.3: Structure of the five-gene network. The interconnections determine the direct
interactions between the genes. An arrow indicates a positive effect on the gene transcrip-
tion, and a bar indicates a negative effect.

• In each experiment the mRNA concentrations, correspondingto all five genes, are
measured at four consecutive time-steps. The first sample istaken one time-step
after the perturbation is applied to the system.

• The perturbation is applied while the system is not in steady-state. Inin-silico envi-
ronments, this is simulated by introducing the perturbation while all mRNA concen-
trations are 5% below their steady-state values. This reflects the fact that a biological
system in general will not be in a steady-state when perturbations are applied in a
real experiment. Furthermore, the steady-state is assumedto be unknown and thus
not used in the identification.

• The sampling time is chosen to be∆T = 0.01h.

Following the approach discussed above, we collect the measurements and find that
the smallest singular value of the measurement matrixM is σ1 = 0.00026, which is rela-
tively close to 0 compared to the other singular values. Thus, we conclude that the chosen
sampling time was too large with respect to the fastest dynamics of the system. A similar
result is obtained by considering the eigenvalues of the discrete Jacobian̂Ad for the 5 node
network. One of the eigenvalues of the estimatedÂd is found to beλ f d = 0.23, which is
significantly smaller thane−1 ≈ 0.37.

Using the zero-order hold discretization to determineÂ from Âd, without paying atten-
tion to the fact that some modes have not been captured in the data, the following result is
obtained

Â =













−5.27 −4.29 −0.03 2.49 −5.57
0.68 −8.58 0.02 3.766−3.33
1.19 2.27 −14.32 0.02 −9.48

−19.32 15.60 9.50 −9.72 92.46
30.52 −25.11 0.03 0.07 −149.4













.
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As can easily be seen, this result does not capture the structure of the network in Figure
7.3 correctly. For example, the estimate of the Jacobian shows a large direct effect of gene
1 on gene 4, which is incorrect.

The singular vectoru1, corresponding toσ1, shows that the fifth component inxk, that
is, the mRNA concentration corresponding to gene 5, is the most dominant with respect to
the singularity of the measurement matrix. Again, the same result is obtained by consid-
ering the left eigenvectorvf d, corresponding toλ f d. Using the first approach, described in
section 7.2, and neglecting the measurements of the fifth component, the following Jaco-
bian for the reduced network is obtained.

Â1,2,3,4 =









−6.43 −3.34 −0.01 2.49
−0.02 −8.01 0.03 3.76
−0.78 3.89 −14.28 0.02
−0.04 −0.17 9.12 −9.72









The identified Jacobian is close to the true Jacobian for the reduced network, with rela-
tive errors in all non-zero elements being smaller than 20%,and all zero elements being
identified as close to zero. It is important to point out that the Jacobian of the reduced
network is not supposed to be equal to the Jacobian of the 4-gene network in the previous
example. The dynamics of the reduced Jacobian also correspond reasonably well to the
slow dynamics of the 5-gene network, as can be seen in Table 7.2. The structure of the
identified reduced Jacobian reflects well the structure of the network in Figure 7.3 when
gene 5 is taken out. For instance, gene 1 is directly affecting gene 3 when the dynamics of
gene 5 are neglected, or assumed infinitely fast.

Network Eigenvalues
A (nominal) -571.7 -13.28±i3.16 -6.93 -5.15
Â1,2,3,4 (estimated) none -13.27±i3.36 -7.12 -4.80

Table 7.2: Comparison between the eigenvalues of the nominal Jacobian of the 5-gene
network and the eigenvalues of the estimated reduced JacobianÂ1,2,3,4.

The results presented above show that it is indeed possible to obtain a useful identifi-
cation result even in the case that fast dynamics are not correctly captured. Moreover, one
can obtain the information on which components are involvedin the fast reactions, and
their static relationship with the other components of the network.

7.4 Conclusions

In this paper we have discussed the qualitative and quantitative identification of network
interactions based on time-series measurements obtained from perturbation experiments
and least-squares estimation. The proposed method is equally applicable to identification
of gene, protein, and metabolic networks. Due to the fact that the method requires at least
n+ 1 samples, wheren is the number of network components, the method is relatively
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costly for large-scale networks, and thus so far limited to the identification of smaller
networks. However, as high throughput techniques are evolving fast, it is probable that
high-frequency sampling can be obtained sometime in the near future. Advantages of the
proposed approach include that the steady-state of the system does not need to be achieved
or known, that dynamics relatively fast compared to the sampling time can be detected and
removed from the identification, and that samples from any number of experiments can be
combined in the identification.

We showed that measurement uncertainty can have a large effect on the identification
result. Possible ways of dealing with uncertainty and noiseis to collect and use more
measurement data, and to make use of available a priori structural knowledge. In addition,
methods from identification theory on estimating and filtering noise can be incorporated.
Furthermore, the signal to noise ratio can be increased by choosing larger perturbations.
However, the latter can lead to increased nonlinear effectsand a trade-off between the two
effects therefore has to be made.

Instead of using the widely accepted Euler discretization we showed that the zero-order
hold discretization, in general, results in a significantlyimproved estimation and should be
used in all methods aimed at identifying dynamic biochemical networks.



Chapter 8

On the decomposition of biochemical
networks

Highly complex biochemical networks underly the functionsof living cells. Most cell-
scale networks can however be divided into smaller, weakly coupled subnetworks, each
underlying specific functions. Determination of these subnetworks is important in order to
reduce the complexity in network modelling and analysis, and even more importantly, to
provide insight into which parts of the network to focus on when aiming at understanding
and modifying specific cell functions. In this chapter we consider a simple, but effective,
method for decomposing a linear dynamic model of a general biochemical network. Ap-
plication to two proposed models for cell cycle control demonstrates the effectiveness of
the method in determining weakly interactive subnetworks.As expected, the results show
that the proper decomposition of a network in general will depend on the specific state of
the cell.

8.1 Introduction

Due to advances in genomics and proteomics it is now possibleto construct genome scale
biochemical networks for an increasing number of organisms, where even relatively small-
scale networks can consist of several hundreds of biochemical compounds and reactions.
The networks are usually grouped into different types, suchas metabolic, signaling, and
gene networks. Metabolic networks describe the basic chemical reactions within a cell,
involving essential cellular components, such as amino acids, sugars, and energy. Signaling
networks are in many ways similar to metabolic networks. However, their main purpose is
not the flow of energy and mass, but rather the flow of information, both within the cell,
such as in cell cycle control Borisuk and Tyson (1998), and over cell boundaries, such as in
chemotaxis (Yiet al.2000). The information within the cell, here understood as the actual
state of the cell, is encoded in the proteome. Proteins participate as catalysts in the chemical
reactions within the metabolic network, but can also be altered by the reactions, as well as
interact with each other. The actual state of a cell is largely determined by the genetic
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network, involving interactions between the genes. However, in contrast to the interactions
within the other networks, interactions in gene networks are indirect, since genes can not
directly affect each other, but do so via proteins and metabolites as intermediates. Also,
note that there are interactions between the conceptual networks discussed above. For
instance, changes in the concentration levels of proteins typically lead to activation or
inhibition of genes, subsequently leading to gene transcription or repression, respectively.

An important challenge within Bioinformatics and Systems Biology is to understand
the different types of networks in terms of how they realize certain functions within the
organism. One possible approach is to attempt to decompose the potentially large-scale
networks into biologically meaningful modules (Hartwellet al.1999, Laufenburger 2000).
For example, biochemists often consider metabolic networks as composed of functionally
independent subnetworks, the so calledmetabolic pathways. However, this is based on a
more or less intuitive decomposition rather than a systematic one. These pathways usually
overlap and can be defined differently by different researchers (Gagneuret al.2003).

For the analysis of metabolic networks several attempts have been made to determine
methods that enable, without preconception, identification of biologically meaningful and
relatively independent subnetworks. Schusteret al.(2002) consider the connectivity of the
networks components, defined as the number of reactions in which a certain component
takes part. Components with a connectivity exceeding a certain threshold are taken out
of the network, eventually leading to a decomposition of thenetwork into independent
subnetworks. The threshold is adjusted in order to obtain subnetworks of a reasonable size
that furthermore are biologically meaningful. In Gagneuret al. (2003), a graph theoretical
algorithm is proposed, based on a bipartite representation, considering components and
reactions. Using an iterative clustering algorithm, they show that metabolic networks can
be decomposed into hierarchically organized subnetworks.

Most of the current approaches have been based on a static network representation
using graph theoretical methods, not including quantitative knowledge of the reaction ki-
netics. However, many phenomena can only be addressed by also considering the kinetics
within the networks. For example, using a dynamic network representation we were able
to identify the subnetwork, being mainly responsible for the periodic oscillations during
the cell cycle in frog eggs (Schmidt and Jacobsen 2004b). However, this subnetwork iden-
tification was based on explicitly addressing a specific function, rather than considering
the network interactions as such.

Indeed, there are many ways of decomposing networks. And it is at present unclear
what kind of decomposition that will lead to the most valuable insight in terms of biolog-
ical interpretation of the obtained subnetworks. In this chapter some ideas of systematic
decompositions of biochemical networks, based on linear systems theory, are discussed.
We present one algorithm in detail and apply it to two examplesystems.
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8.2 Problem formulation

We consider general biochemical networks that can be described by systems of nonlinear
differential equations of the form

ẋ(t) = f (x(t)), (8.1)

wherex = [x1, ...,xn]
T is the state vector containing the concentrations, or activities, of

all components in the network. The vector valued functionf determines the dynamics of
the biochemical network given the states. Around a given steady-statex0 of interest, the
quantitative interactions within the network are described by the JacobianA of the system,
defined as

A =
∂ f (x)

∂x |x0
.

For example, in the case of metabolic networks, a zero element Ai j indicates that the con-
centration of componentj does not directly affect the concentration of componenti. Pos-
itive and negative elements withinA imply activation and inhibition, respectively, of the
corresponding components. The magnitude of the elements inA determines the strength
of interactions between components. An example network is shown in Figure 8.1.
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Figure 8.1: Example network. Direct interactions between components are represented
by arrows, indicating the direction of the interactions. The strength of the interactions is
determined by the weights, corresponding to the elements ofthe JacobianA.

There are many different ways of decomposing a network. Froma systems perspective,
at least three principle ways can be identified. Decomposition in

1. essentially independent subnetworks,

2. one-way interactive subnetworks, corresponding to a series connection of modules,
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3. feedback, or two-way, interactive subsystems.

In the two first cases, the subsystems can be seen to provide individual functionalities,
such as assumed in metabolic pathway decomposition. In the latter case, the basis for the
decomposition is that the subsystems only communicate withother subsystems through a
subset of its components, as for example considered in (Kholodenkoet al. 2002). How-
ever, in this case the subsystems do not necessarily provideindependent functionality since
feedback interactions typically will have a significant influence on the network behavior.
A decomposition of this type could, for instance, be the basis for model reduction of the
single modules, simplifying the analysis of the function ofthe overall system.

In the following, network decomposition into essentially independent subnetworks is
considered. However, instead of relying on biological insight into the network, a systematic
method based on decomposing the JacobianA into loosely interacting blocks is discussed.
The interactions can be quantified in different ways. One possibility is to use the magnitude
of the elements withinA as a measure for the interactions. However, since the linearization
of 8.1 can be represented as a decentralized feedback control system (see Figure 8.2),
interaction measures available from the area of control systems can be relevant to consider.

-A1/s I
∆x −∆x

.
r = 0

-

Figure 8.2: Representation of the linearization of equation (8.1), given by∆ẋ = A∆x, as a
decentralized control system. Decentralized control, here, means that the diagonal struc-
ture of the integrating controller formsn single-input/single-output control loops with the
corresponding diagonal elements of the controlled system−A. Non-zero values in the
off-diagonal elements of−A represent interactions among the different control loops.

A standard interaction measure, used in process control systems, is the relative gain
array (RGA) (Bristol 1966). The RGA measures the effect the closure of all but one de-
centralized control loops has on the remaining open-loop. The block relative gain (BRG)
(Manousiouthakiset al. 1986) is a generalization of the RGA to block diagonal control
systems.

The aim in the design of decentralized control configurations is to select a structure of
the controller that minimizes the interactions between thedifferent control loops (see, for
example, Chapter 2). Here, however, the structure of the controller is given in advance and
the aim is to determine the subnetworks that have the least amount of interactions among
each other. Since the control system in Figure 8.2 involves integral control, realizing per-
fect control at steady-state, the RGA and the BRG can be applied to the controlled system
−A, or directly to the JacobianA, obtaining a measure for interactions at steady-state. Di-
agonal RGA elements close to one then indicate single components in the network that are
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relatively independent of the rest of the network. However,since biochemical networks
consist of modules containing strongly interacting components, it is more suitable to apply
the BRG for the quantification of interactions and the detection of loosely coupled modules
in such networks. A loosely coupled module would be characterized by a BRG close to the
identity matrix for the considered module. The decomposition strategy then is to search
for a block diagonal structure of the JacobianA, that leads to block relative gains as close
as possible to identity matrices for the different diagonalblocks. A disadvantage with the
application of the BRG is the computational complexity, as also indicated in Section 2.5.

However, the use of the BRG for determining a decomposition of biochemical networks
is only mentioned here, and left as a topic for future research. In the following we will
rather assume that a reasonable measure of interactions is given by the magnitude of the
elements of the JacobianA.

8.3 Decomposition algorithm

The decomposition algorithm employed here is based on the concept of epsilon decompo-
sition as proposed in (Sezer and Siljak 1986, Siljak 1991). Since it is assumed here that the
magnitude of the elements inA reflects the level of interactions between the various com-
ponents of the network, elements ofA with small magnitude indicate weak interactions.
The principle idea of the method is now to set all elements inA that have a magnitude
smaller than a predefined parameterε > 0 to zero. The resulting matrix is then permuted
into a block diagonal form, and the identified blocks are interpreted as corresponding to
loosely coupled subnetworks of the overall biochemical network.

Clearly, the results of this procedure will depend stronglyon the specific choice ofε.
Since the algorithm only has linear complexity it is, however, possible to repeat the decom-
position for a number of increasing values ofε. In this way a hierarchical decomposition
of the considered network can be obtained.

A potential problem arising with the application of the epsilon decomposition directly
to the JacobianA, is that the resulting decomposition can be highly dependent on the scal-
ing of the model. For instance, the choice of units for the component concentrations will
influence the relative magnitudes of the elements ofA, and hence the resulting decompo-
sition if the method is applied directly without any prior scaling. In order to resolve this
problem, Gacicet al. (1998) suggest to scale each row ofA by the corresponding row
element with the maximal absolute value. The scaled matrix is denoted bỹA.

After assigning a zero value to all elements ofÃ, having a magnitude smaller thanε,
a permutation needs to be determined that rearranges the sparsified matrixÃs into a block
diagonal matrix. A relatively simple algorithm can be employed to achieve this. First the
direct connectivity matrixM is constructed. An elementMi j is assigned a value 1 if the
corresponding elements[Ãs]i j or [Ãs] ji are non-zero, and zero otherwise. Then the total
connectivity matrixMT is determined as

MT =
n

∑
i=1

Mi
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wheren denotes the dimension ofA. A zero element[MT ]i j indicates that there is no path,
of any length, within the sparsified network that connects component j with component
i, and thus these components belong to different blocks. It isthen straight forward to
determine the components belonging to the independent blocks.

8.4 Examples

The decomposition method, described above, is here appliedto two example networks,
both representing models of cell cycle control systems.

Example 1

The first system is taken from (Romondet al.1999), describing two coupled biochemical
oscillators controlling the M and S phase of the cell cycle. The system is given as

dC1

dt
= vi1

Kim1

Kim1 +M2
−vd1X1

C1

Kd1 +C1
−kd1C1

dM1

dt
= V1

1−M1

K1 +(1−M1)
−V2

M1

K2 +M1

dX1

dt
= V3

1−X1

K3 +(1−X1)
−V4

X1

K4 +X1

dC2

dt
= vi2

Kim2

Kim2 +M1
−vd2X2

C2

Kd2 +C2
−kd2C2

dM2

dt
= U1

1−M2

H1 +(1−M2)
−U2

M2

H2 +M2

dX2

dt
= U3

1−X2

H3 +(1−X2)
−U4

X2

H4 +X2

V1 =
C1

Kc1 +C1
VM1, V3 = M1VM3

U1 =
C2

Kc2 +C2
UM1, U3 = M2UM3

The parameters and the network structure of the coupled oscillators are given in Figure 8.3.
Applying the discussed decomposition method for differentvalues ofε, the network is

decomposed as shown in Figure 8.4. It can clearly be seen thatfor a very small value of
ε the two oscillator loops are correctly identified as interactive subsystems. For larger val-
ues ofε, the system decomposes in to two disconnected oscillator loops, each of which are
individually capable of controlling the cell cycle. For even larger values ofε the system de-
composes into blocks corresponding to single biochemical components, which obviously
have no individual function. Finding a reasonable decomposition thus requires that one
verifies the functionality of the identified subnetworks to see if the decomposition retains
the function of interest, that is, the periodic cycle control in the present example.
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X1

M1
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X1
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C2
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X2
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-
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Figure 8.3: Diagram of two coupled biochemical oscillatorscontrolling the M and S phase
of the cell cycle (Romondet al. 1999). Parameters:H1,2,3,4 = 0.01,K1,2,3,4 = 0.01,Vm1 =
Um1 = 0.3, V2 = U2 = 0.15, Vm3 = Um3 = 0.1, V4 = U4 = 0.05, Kc1 = Kc2 = 0.5, vd1 =
vd2 = 0.025,Kd1 = Kd2 = 0.02,kd1 = kd2 = 0.001,vi1 = vi2 = 0.05,Kim1 = Kim2 = 0.03.
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Figure 8.4: Decomposition of the cell cycle control networkproposed in (Romondet al.
1999). Increasing levels of decomposition are achieved by repeating the algorithm for in-
creasing values ofε. The horizontal lines indicate which components are grouped together
for the given values ofε.

Example 2

The second example network is taken from (Borisuk and Tyson 1998). In Chapter 6 it has
been shown that the interactions between componentsAPC, IEP, andMPF are responsible
for the sustained oscillations within the network. Furthermore, at a different steady-state,
the subnetwork, composed of the componentsMPF, Cdc25P, andWee1P, is the source



108 CHAPTER 8. ON THE DECOMPOSITION OF BIOCHEMICAL NETWORKS

of bistability. A diagram of the network is given in Figure 8.5. The model and the corre-
sponding parameters can be found in Chapter 6.
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Figure 8.5: Cell cycle control system in Example 2.

The decomposition method is applied to this system at two different steady-states. The
first corresponding to the unstable steady-state underlying sustained oscillations (k1 = 0.01,
see Chapter 6), and the second one to the unstable steady-state underlying bistability
(k1 = 0.0007). The obtained decompositions for increasing values of ε are shown in Fig-
ures 8.6 and 8.7. The encircled components in Figure 8.6 are exactly the components,
whose interactions are the source of the limit cycle behavior of the system at the considered
steady-state. Interestingly, they are grouped together ina subnetwork by the decomposi-
tion algorithm. However, the unphosphorylated dimer, denoted byYT, is also present in
the same subnetwork.

A similar result is obtained when decomposing the network atthe steady-state, corre-
sponding to bistability of the network. Also in this case thecomponents that, due to their
interactions, are the source of the observed complex behavior are grouped together by the
decomposition algorithm (Figure 8.7), indicating that they are highly interactive. Again
the unphosphorylated dimer is present in the encircled subnetwork.

8.5 Conclusions

In this chapter, systematic network decomposition based oninteraction measures was
discussed. In particular, the epsilon decomposition algorithm was proposed as a viable
method for decomposing biochemical networks into weakly coupled subsystems, at a given
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Figure 8.6: Decomposition of the cell cycle control networkin Figure 8.5, at a steady-state
corresponding to sustained oscillations. The horizontal lines indicate which components
are grouped together for the given values ofε.
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Figure 8.7: Decomposition of the cell cycle control networkin Figure 8.5, at a steady-state
corresponding to bistability. The horizontal lines indicate which components are grouped
together for the given values ofε.

steady-state. The coupling strength, for which subsystemsare considered to be weakly
coupled, can be adjusted by a single parameterε. The algorithm is linear in complexity, al-
lowing efficient calculation of decompositions for increasing values ofε, thereby providing
insight into the hierarchical organization of the couplingstrengths within a network.

The decomposition algorithm has been applied to two simple example systems, and it
was shown to successfully group components into meaningfulsubnetworks, that are known
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to be highly interactive and related to certain functions.
Despite the success of the method for the considered examples, the method should be

applied with some caution. In particular, the method may in principle break important
feedback loops by setting some element of the loop which is small to zero, thereby re-
moving important functionality caused by the feedback loop. Furthermore, the results of
the considered decomposition algorithm is potentially highly sensitive to the scaling of the
Jacobian, suggesting that one should consider in more detail which scaling is most ap-
propriate. Thus, as for all decomposition algorithms, the resulting subnetworks should be
validated for the functions that are of interest.

The method considered in this paper is relatively simplistic, and one can probably de-
rive much more sophisticated and efficient methods by considering the interactions within
the network in a more rigorous fashion than simply considering magnitudes of the ele-
ments of the Jacobian. As proposed here, one may for instanceconsider the network as
a decentralized feedback system and apply interaction measures available for correspond-
ing control systems, such as the RGA or the block relative gain. Apart from the above
decomposition it seems promising to consider also the othertwo mentioned types of de-
composition, namely the decomposition into one-way interactive subnetworks, and into
feedback, or two-way, interactive subsystems.

Finally, it is important to point out that a proper decomposition depends to a large
extent on the specific state the biochemical network is in. This is due to the fact that
different steady-states have different physiological significance (Tysonet al. 2001) and
thus functions and subnetworks realizing these functions can change depending on the
state. This is supported by the results obtained in the second example considered in this
chapter.



Chapter 9

Summary and future work

9.1 Summary

This thesis has focused on the design of decentralized control configurations for process
control systems and on the analysis of complex biochemical systems. Model based mea-
sures and methods have been developed, that can be used for a performance based selection
of decentralized control configurations under the assumption of independent controller tun-
ing. Furthermore, methods have been proposed that can be used to locate feedback mech-
anisms that are creating certain complex behaviors in biochemical systems, to estimate the
interconnections between biochemical components around asteady-state, and to decom-
pose biochemical networks into largely independent subnetworks.

The cost of using a decentralized control structure and independent controller design
is reduced closed-loop performance due to the presence of interactions among the sub-
systems. Therefore tools are needed, guiding the control engineer in the selection of a
decentralized control configuration, leading to an acceptable closed-loop performance. In
Chapter 3 it was shown that, for the purpose of control configuration selection, it is crucial
to consider the effect of finite bandwidth decentralized control, as opposed to perfect mul-
tivariable control, as assumed, for example, by the RGA. This applies in particular ton×n
systems withn> 2, and is explained by the fact that the performance of the(n−1)×(n−1)
subsystems, considered controlled when calculating the effect of interactions on the scalar
subsystems, can be highly different from the performances in the individual scalar sub-
systems. In order to enable an estimation of the effect of interactions under decentralized
finite bandwidth control thedecentralized relative gain (DRG)has been proposed. Chapter
4 considered achievable closed-loop performance under decentralized control and indepen-
dent controller tuning. Since the interactions should be expected to have the most signif-
icant effect around the bandwidth of the subsystems, a closed-loop interaction measure,
thesensitivity interaction measure (SIM), was proposed, taking finite bandwidth together
with independent decentralized control into account. The control has been defined in such
a way that, around the desired bandwidth, the behavior of thesystem is independent of the
controller type employed. This measure can be used for control configuration selection in
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order to achieve a desired closed-loop performance in termsof setpoint tracking. Distur-
bance attenuation is usually the most important control objective in the process industry.
Chapter 5 considers the closed-loop performance in terms ofdisturbance rejection under
decentralized control and independent controller tuning.A model based measure, thedis-
turbance sensitivity interaction measure (DSIM), has been proposed which can be used to
quickly screen different pairings for their ability of disturbance rejection. An advantage
of this measure is the fact that it is essentially controllerindependent, while still taking
decentralized finite bandwidth control into account. Furthermore, a method has been pro-
posed allowing the application of the above measure even to systems with zero elements
in the transfer matrix. For this case it is necessary that thesystem contains one or more
integrators, which for systems in process industry usuallyis the case.

In Chapter 6 it is assumed that complex dynamic behaviors, such as multiple steady-
states and limit cycles, in biochemical reaction networks,have their origin in feedback
mechanisms, destabilizing a steady-state that underlies the considered behavior. Based
on this a method is proposed, allowing to determine the subnetworks that are the source
of a given behavior, corresponding to a specific cell function. One aim of the presented
work was to consider how far one can come with relatively simple tools in a systematic
analysis of highly complex biochemical networks. The strength of the proposed method is
that highly complex systems are greatly simplified, allowing consideration of simple linear
subsystems. This method can equally be applied to process systems, and the obtained
insight can be used to guide plant design such as to remove undesirable behaviors.

New experimental technologies for monitoring the expression levels of large gene sets,
and the measurement of metabolite concentrations are evolving rapidly, calling for meth-
ods, helping with the interpretation of the data. In Chapter7 the quantitative determination
of network interactions based on time-series measurementsis discussed. The method is
based on perturbation experiments and least squares estimation, and is equally applicable
for the identification of gene, protein, and metabolic networks. It has been shown that
this approach can be used even in the case when the steady-state and the applied pertur-
bations are unknown. This is important since biochemical systems are not necessarily in
steady-state when perturbations are applied, and the actual magnitude of the applied per-
turbations is very difficult, or even impossible, to measurein-vivo. Instead of using the
widely accepted Euler discretization it has further been shown that the zero-order hold
discretization, in general, results in a better estimationand should be used instead, wher-
ever possible. Furthermore the impact of a too large sampling time with respect to the
fastest dynamics within a considered network has been discussed. It was shown that even
in the case that the sampling time is too large to capture the fast dynamics, a meaningful
estimation of the Jacobian of a reduced network can be obtained.

A systematic network decomposition based on interaction measures has been discussed
in Chapter 8. Specifically the epsilon decomposition algorithm was used to decompose bio-
chemical networks at considered steady-states into weaklycoupled subsystems. The cou-
pling strength, at which subsystems are considered to be weakly coupled, can be adjusted
by a single parameter. An important result in this chapter isthat a proper decomposition
largely depends on the state the biochemical network is in. This connects well to the fact
that different steady-states have different physiological significance and thus functions and
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subnetworks realizing these functions can change depending on the state.

9.2 Future work

The consideration of the following problems seems to be interesting for future work.

Design of control structures

• Addressing the issue of dependent controller design in order to utilize interac-
tions rather than avoiding them.

• Gaining insight into when a certain subsystem should be controlled by a full
multivariable controller instead of a fully decentralizedcontroller.

• Is there a more elegant way, leading to a decision of how to close the integrator
loops of a system?

• The pairing problem discussed in this thesis can also be extended to cover con-
trol system design for modularly built systems. Most large-scale systems today
are designed from smaller modules, and an interesting problem is whether, how
much, and which information needs to be sent between the modules in order to
ensure a satisfactory performance of the overall system.

• What does a certain control structure of the regulatory control level signify for
the hierarchically higher levels of the control system in terms of fundamental
limitations?

Analysis of biochemical networks

Identification of networks

• Biochemical networks are, in general, very sparse. Methodsare required to
exploit this sparseness in order to reduce the number of required measurements
for the identification of component interactions.

• It can be interesting to consider an iterative approach for the design of parame-
ter perturbations. The idea is after each experiment to analyze the estimation
result and to design an optimal perturbation for the next experiment.

• In general it will not be possible to measure all components within the network.
It is important to study if, even in this case, a useful insight can be obtained.

• In this thesis uniform sampling was assumed. However, in realistic experi-
ments the time between samples might vary, and thus the identification algo-
rithm should be able to take this into account.

Network decomposition

• Instead of using the magnitudes of the Jacobian elements as measures of in-
teraction strengths one might consider other interaction measures, such as the
RGA or the block relative gain.
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• The results of the decomposition have shown to be very sensitive to the type
of scaling applied to the Jacobian, prior to decomposition,suggesting that one
should look closer at which scaling is the most appropriate.

• Other types of decompositions, such as decomposition into one-way interac-
tive subnetworks, and into feedback, or two-way, interactive subsystems, are
interesting to consider.
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Appendix A

Linear systems approach to analysis of
complex dynamic behaviors in
biochemical networks

Central functions in the cell are often linked to complex dynamic behaviors, such as sus-
tained oscillations and multistability, in a biochemical reaction network. Determination of
the specific mechanisms underlying such behaviors is important, for example, to determine
sensitivity, robustness, and modelling requirements of given cell functions. In this work
we adopt a systems approach to the analysis of complex behaviors in intracellular reaction
networks, described by ordinary differential equations with known kinetic parameters. We
propose to decompose the overall system into a number of low complexity subsystems,
and consider the importance of interactions between these in generating specific behav-
iors. Rather than analyzing the network in a state corresponding to the complex nonlinear
behavior, we move the system to the underlying unstable steady-state, and focus on the
mechanisms causing destabilization of this steady-state.This is motivated by the fact that
all complex behaviors in unforced systems can be traced to destabilization (bifurcation)
of some steady-state, and hence enables us to use tools from Linear System Theory to
qualitatively analyze the sources of given network behaviors. One important objective of
the present study is to see how far one can come with a relatively simple approach to the
analysis of highly complex biochemical networks. The proposed method is demonstrated
by application to a model of mitotic control inXenopusfrog eggs, and to a model of circa-
dian oscillations inDrosophila. In both examples we are able to identify the subsystems,
and the related interactions, which are instrumental in generating the observed complex
nonlinear behaviors.

A.1 Introduction

The link between information encoded in the genome and specific cell functions is created
by complex interactions between DNA, mRNA, proteins and metabolites in large-scale
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intracellular biochemical networks. Unravelling the workings of these networks calls for
systematic approaches based on mathematical modelling andanalysis. So far, significant
efforts have been invested in modelling and analysis of steady-state properties of biochem-
ical networks, for example, Ma and Zeng (2003), Schusteret al. (2002), Schusteret al.
(2000), Schilling and Palsson (1998), Stellinget al. (2002), (Brownet al. 1996). An im-
portant objective in much of this work has been network modularization, that is, dividing a
network into smaller subnetworks (modules) with functionsthat are essentially separable
from other parts of the network, Hartwellet al. (1999), Laufenburger (2000).

While steady-state modelling and analysis can provide important information about the
links between components and network properties, transient responses and dynamic behav-
iors are inherent parts of many cell functions Goldbeter (2002), Kitano (2002), Tysonet
al. (2002). In particular, a number of vital functions in the cell, such as cell cycle con-
trol (Goldbeter 1991), (Tysonet al. 2001), (Borisuk and Tyson 1998), (Pomereninget
al. 2003), and circadian rhythms (Leloup and Goldbeter 1998), are directly related to com-
plex dynamic behaviors involving limit cycles and multistability. Such behaviors are in
general caused by some form of feedback interactions between network components. Pre-
vious work in this area has largely focused on modelling the subnetworks generating the
phenomena, and analysis of these models based on simulationand bifurcation analysis. In
Borisuk and Tyson (1998) bifurcation analysis is used to analyze the complex behavior of a
system, involved in cell cycle control, on a global level. The same system is studied in Mo-
rohashiet al. (2002) where the authors use bifurcation analysis to analyze the robustness
of the behavior with respect to parameter variations.

Experimental results regarding the bifurcation behavior of biological systems have
also been obtained. For instance, Danøet al. (1999) were able to experimentally deter-
mine a Hopf bifurcation, corresponding to circadian oscillations inDrosophila. In (Sha
et al. 2003) and (Pomereninget al. 2003), experimental evidence is provided for the ir-
reversibility of the cell cycle transitions due to a bistable switch, caused by a positive
feedback loop.

Bifurcation analysis, using tools such as AUTO (Doedel 1981), is a powerful tool for
analyzing the possible behaviors, and determine sensitivity and robustness to parameter
variations, of biochemical networks. However, even for relatively small networks the num-
ber of model parameters quickly grows large and mapping of the behavior for all possible
parameter combinations easily becomes impractical. Furthermore, the use of bifurcation
analysis is limited to the determination of the existence ofcomplex behaviors, and does
not provide any insight into the mechanisms generating these behaviors. To obtain such
insight, (Borisuk and Tyson 1998) employ bifurcation analysis of various simplifications
of the full network structure for the cell cycle control in frog eggs. Based on this approach
the authors are able to determine the most important subsystems generating specific bifur-
cations in the overall network. However, this approach is based on hypothesis postulation
and testing, which requires significant system insight, andfurthermore, substantial compu-
tational efforts for larger networks.

In Feinberg (1988), (Li and Ho 2000) methods are presented that allow for the classifi-
cation of reaction networks depending on their capacity of admitting multiple steady-state
solutions, corresponding to saddle-node bifurcations. In(Angeli et al. 2004) a method
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is proposed based on “opening” an identified feedback loop and analyzing the nonlinear
characteristics of the resulting open-loop system. Sufficient conditions for the ability of the
loop to create bistability are then determined based on the open-loop characteristics. How-
ever, as for bifurcation analysis, all these methods are limited to determination of specific
behaviors for a given system and provide little or no insightinto what parts, and corre-
sponding mechanisms, of a network that are instrumental in generating these behaviors.

In this paper our aim is to identify the subsystem of a biochemical reaction network,
described by a set of ordinary differential equations, thatis instrumental in creating a cer-
tain complex dynamic behavior, such as sustained oscillations or multiple steady-states.
The fundamental assumption made is that the source of complex behaviors can be deter-
mined by analyzing the feedback mechanisms destabilizing the underlying steady-state.
We first present a framework for representing a system of nonlinear ordinary differential
equations as a network of feedback interconnected subsystems. Representing networked
systems as interconnected subsystems is a key ingredient tounderstand the inner work-
ings of cell processes (Kitano 2002). The resulting structured feedback system is then
linearized around the unstable steady-state, and by removing all feedback loops we obtain
a linear non-interactive, or open-loop, system. Using results from linear feedback control
theory we are then in a position to analyze the impact of interactions imposed by feed-
back and thereby gain insight into the source of a certain behavior in the nonlinear system.
Using this approach, we can determine the feedback mechanisms that are instrumental
in generating complex behaviors in a given system, for instance, the feedback loops that
need to exist for a biochemical network to oscillate. In a similar way, the source of bi- or
multistability can also be determined.

The motivation behind the use of tools from linear feedback control theory to analyze
strongly nonlinear complex behavior, is the fact that the main purpose here is to qualita-
tively understand the mechanisms giving rise to a given behavior of the system, and not to
globally assess the nonlinear behavior of the system. We stress that the aim here is limited
to determination of important subsystems in a qualitative sense, and that we do not seek to
determine quantitative properties such as parametric sensitivities or robustness of the net-
work. However, the determination of the most important subsystems will prove valuable
in guiding the search for the most important parameters and structural perturbations with
respect to sensitivity and robustness of given cell functions. Also, this approach is in line
with the idea of modularizing intracellular biochemical networks (Hartwellet al.1999).

The outline of the paper is as follows. In Section 2 we describe, as an introductory
example, the biochemical network controlling the cell division cycle of frog eggs. This is
followed in Section 3 by a presentation of the analysis method we will employ to iden-
tify the components and feedback connections that are instrumental in the generation of
complex behaviors in biochemical reaction networks. In Section 4 the proposed analysis
method is applied to the cell cycle model, displaying sustained oscillations and bistability,
and to a model for circadian oscillations inDrosophila.
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A.2 Cell cycle control model

We consider a model of the reaction network controlling the cell cycle in Xenopusfrog
eggs, developed in Novak and Tyson (1993) based on a combination of hypothesized mole-
cular interactions and experimental data. The model consists of a set of 9 nonlinear ordi-
nary differential equations, with a total of 26 parameters,given as

ẋ1 = k1−k2x1−k3x1 (A.1)

ẋ2 = kppx5− (kwee+kcak+k2)x2 +k25x3 +k3x1

ẋ3 = kweex2− (k25+kcak+k2)x3 +kppx4

ẋ4 = kweex5− (kpp+k25+k2)x4 +kcakx3

ẋ5 = kcakx2− (kpp+kwee+k2)x5 +k25x4

ẋ6 =
kax5(1−x6)

1+Ka−x6
− kbx6

Kb +x6

ẋ7 =
kex5(1−x7)

1+Ke−x7
− kf x7

K f +x7

ẋ8 =
kgx5(1−x8)

1+Kg−x8
− khx8

Kh +x8

ẋ9 =
kcx8(1−x9)

1+Kc−x9
− kdx9

Kd +x9
,

where

k2 = V
′
2 +x9(V

′′
2 −V

′
2)

kwee = V
′′
wee+x7(V

′
wee−V

′′
wee)

k25 = V
′
25+x6(V

′′
25−V

′
25).

Here,xi ,(i = 1...n) represent the concentrations, or activities, of free cyclin (x1), the four
phosphorylation states of the cyclin-Cdc2 dimer (x2,3,4,5), and the four regulatory enzymes
Cdc25P, Wee1P, IEP, and APC (x6,7,8,9). Of particular interest is the variablex5, represent-
ing the concentration of the M-phase promoting factor (MPF). The level of MPF triggers
the transition between the different phases during the cellcycle. For instance, a high con-
centration of MPF triggers the cell to divide into two daughter cells.

For the nominal parameters in (Marlovitset al. 1998) the system displays sustained
oscillations in all variablesxi . Physiologically, these sustained oscillations can be inter-
preted as the driving force behind the first twelve synchronous cell divisions occurring in
the early embryonic state after fertilization of the arrested egg (Borisuk and Tyson 1998).
Figure A.1 shows the simulated temporal behavior of the concentrations of cyclin, MPF,
and the doubly phosphorylated dimer PYTP (x4).

Apart from sustained oscillations, the considered cell cycle model also displays bistable
behavior, as can be seen from the bifurcation diagram in Figure A.2. Here, the rate constant
for cyclin synthesisk1 has been used as the bifurcation parameter. The cyclin synthesis
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Figure A.1: Numerical solution of the cell cycle model (A.1)displaying sustained oscilla-
tions in all concentrations. Here only three of the nine concentrations are shown. Parameter
values:Ka = 0.1,Kb = 1.0,Kc = 0.01,Kd = 1.0,Ke = 0.1,K f = 1.0,Kg = 0.01,Kh = 0.01,
k1 = 0.01, k3 = 0.5, V
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′
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V
′′
wee= 1.0, kcak = 0.64, kpp = 0.004,ka = 2.0, kb = 0.1, kc = 0.13, kd = 0.13, ke = 2.0,

kf = 0.1, kg = 2.0, kh = 0.15

rate is related to the actual size of the cell, and thus the bistable behavior of the cell cycle
reaction network can be interpreted as serving as a control mechanism, allowing switching
between different phases of the cell cycle, depending on thegrowth state of the cell (Sha
et al.2003), (Pomereninget al.2003). This control mechanism is active at a later stage of
the embryonic growth, that is, after the initial 12 rapid synchronous mitotic cycles.

A.3 Analysis method

In this section we propose a method for the analysis of biochemical reaction networks, with
the aim of identifying the subnetworks that cause complex behaviors, such as oscillations
and steady-state multiplicity.

Networks of interacting subsystems

In the following we consider a general biochemical reactionnetwork, described by a set of
ordinary differential equations (ODEs) given as

ẋ = f (x, p), x = [x1, . . . ,xn]
T , (A.2)
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Figure A.2: Bifurcation diagram of the cell cycle model. Thefigure shows MPF solutions
as function of parameterk1, the cyclin synthesis rate. Stable steady-states are indicated by
full lines, unstable steady-states by dashed lines and the maximum and minimum values of
the oscillations by filled circles.

wherex and p are vectors,x representing the concentrations, or activities, of the compo-
nents taking part in the reactions, andp the system parameters, including the reaction rate
constants. The vector valued functionf determines the dynamics of the system. In cases
of small molecular concentrations and/or small diffusivity, partial differential or stochastic
equations may be required but this is outside the scope of this paper.

While each single ODE in (A.2) by itself displays trivial firstorder dynamic behavior,
complex behaviors can be created by feedback type interactions between the system equa-
tions. Such feedback mechanisms can be viewed as combinations of pairwise interactions
between the individual components of the system. To obtain insight into the source of
a certain complex behavior of the overall network (A.2) we thus study the impact of the
interactions between the different components within the biochemical reaction network.

We start by decomposing the overall network into smaller subsystemsΓi , here repre-
senting the concentration of a single component only, that is

Γi : ẋi = fi(xi ,ui , p).

Following this definition, a subsystem has only one state andone outputxi . The inputsui

consist of the outputsx j , j 6= i of all subsystems but thei-th subsystem. A decomposition
of the cell cycle reaction network (A.1), presented above, is shown in Figure A.3.

Although we here limit ourselves to consider single components as modules, the method
presented below is applicable also to larger modules involving several components. How-
ever, how these should be chosen based on a systematic model analysis is largely an open
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Figure A.3: The cell cycle reaction network (A.1) represented as a network of interacting
subsystems. Each subsystemΓi corresponds to thei-th ordinary differential equation in the
model (A.1).

problem. In specific problems, however, biological insightmay guide the division into
proper modules.

Analysis of destabilizing interactions

Consider a single parameterpi of (A.2). Depending on the value of this parameter the
system can have different stability properties, and display qualitatively different kinds of
asymptotic dynamic behaviors. For example, for some valuesit can have a single stable
steady-state, for others it can have multiple (stable and unstable) steady-states, sustained
oscillations, and also more complex behaviors not being addressed in this paper. A point
in the parameter-state space at which the system switches its stability properties, and at
which a branch of asymptotic solutions also starts or ends, is called a bifurcation point. In
Figure (A.2) two types of codimension one bifurcation points are depicted.Codimension
one refers to the fact that the bifurcation diagram is drawn for asingle parameter only,
in this casek1. The two types of bifurcation points are a Hopf bifurcation point (HB),
from which a stable limit cycle and an unstable steady-stateemanate, and saddle-node bi-
furcation points (SN) from which one stable and one unstablesteady-state emanate. For
unforced systems, that is, systems with constant inputs, any complex phenomena can even-
tually be traced to a steady-state bifurcation point for some value of the system parameters.

We here limit ourselves to consider behaviors which stem from local codimension one
bifurcations, and consider in particular Hopf and saddle-node bifurcations.

From Lyapunov’s indirect method (for example, Khalil (1996)) it follows that the local
steady-state stability of a general nonlinear system can bedetermined from the lineariza-
tion of the system around the steady-state. Thus, the nonlinear system is locally unstable at
a certain steady-state if the linearized model at this statehas a Jacobian with some eigen-
values in the open complex right half plane, and stable if alleigenvalues are in the open



132
APPENDIX A. LINEAR SYSTEMS APPROACH TO ANALYSIS OF COMPLEX

DYNAMIC BEHAVIORS IN BIOCHEMICAL NETWORKS

left half plane. Since complex behaviors can be traced to destabilization of an underly-
ing steady-state, linear systems theory can in principle beused to identify the mechanisms
causing the behavior by analyzing the destabilizing mechanisms of the underlying steady-
state. Thus, linear systems analysis can be used to determine the mechanisms generating
the controls in the cell cycle model (A.1), or in any other biochemical reaction network
that can be represented on the form (A.2).

In the following we assume that for the values of the parameters p, for which the model
of the reaction network displays a certain complex behavior, there also exists an underlying
unstable steady-state. This will always hold in the case of saddle-node bifurcations, giving
rise to multiple steady-states and bistability. For the case of Hopf bifurcations, it holds pro-
vided the bifurcation is supercritical and there are no additional bifurcations between the
original bifurcation point and the considered parameter value on either of the two solution
branches emanating from the bifurcation point. If the latter does not hold, one can simply
use any model parameter to move the system closer to the Hopf bifurcation point so as to
obtain a solution on the branch of unstable steady-states emanating from the Hopf point.

For the early embryonic cell cycle inXenopusfrog eggs, (Marlovitset al. 1998) con-
sidered the limit cycle corresponding to a cyclin production rate constantk1 = 0.01. From
the bifurcation diagram in Figure A.2 it can be seen that there are no additional bifurca-
tions on any of the solution branches emanating from the Hopfpoint and the solutions for
k1 = 0.01, and hence we have an unstable steady-state underlying the limit cycle. Thus,
we propose that the source of the observed limit cycle can be analyzed by determining
the source of the destabilization of the steady-state atk1 = 0.01 using linearization of the
model at this point. The source of the bistable behavior for the cell cycle model, at low
rates of cyclin synthesis, can be analyzed similarly.

The linearization of system (A.2) around a steady-statex0 is given by

∆ẋ(t) = A∆x(t), A =
∂ f (x(t), p)

∂x |x0,p0

, (A.3)

where∆x(t) = x(t)− x0 denote deviations of the component concentrations, or activities,
from their steady-state valuesx0. p0 represents the nominal set of parameter values.

The decomposition of the linearized system (A.3) into linear one-component subsys-
tems, corresponding to the subsystemsΓi , is now given by

∆ẋ(t) = Ã∆x(t)+(A− Ã)∆u(t), (A.4)

where Ã is a diagonal matrix containing the diagonal elements ofA. The interactions
between the single linear subsystems are given by the feedback

∆u(t) = ∆x(t). (A.5)

In this framework, the biochemical reaction network can be seen as composed of an inter-
action free open-loop system (A.4) and the feedback imposedby the pairwise interactions
(A.5) between the proteins, metabolites, and genes of the network. We are now in a po-
sition to use standard tools from feedback control theory toanalyze the destabilization of
the underlying steady-state by considering the propertiesof the open-loop system.
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The idea of analyzing a feedback-free system to derive properties of the system with
feedback is standard within the area of feedback control theory, for example, (Skogestad
and Postlethwaite 1996). In (Bruggemanet al. 2002) a similar concept is used in steady-
state sensitivity, or metabolic control, analysis of biochemical networks. Also, (Angeli
et al. 2004) relate the nonlinear characteristic of an open-loop system to derive sufficient
conditions on when feedback generates bistability in biochemical systems.

Following Laplace transformation, the open-loop system (A.4) can be written as

∆x(s) = L(s)∆u(s)

whereL(s) = (sI− Ã)−1(A− Ã). The elementLi j (s) corresponds to the transfer function
from the activity, or concentration, of componentj to the activity of componenti in the
absence of any feedback effects.

The poles of the closed-loop system, corresponding to the eigenvalues of the network
Jacobian, are determined as the solutionssi to

det(I −L(s))|si
= 0. (A.6)

In the case of a limit cycle, the closed-loop system will haveat least one pair of conjugate
complex poles in the right half plane, while in the case of multiple steady-states the closed-
loop system will have at least one real pole in the right half plane.

In the following we will assume that the open-loop systemL(s) is stable. Extension to
unstable open-loop systems, or modules, is trivial, but we assume stability here in order to
keep the exposition simple. The open-loop systemL(s) is stable if none of the biochemical
reactions, in the overall system (A.2), are autocatalytic.

Linear stability analysis

Considering the stability of linear feedback systems, a standard approach in control theory
is to consider the feedback signals∆xi as composed of sinusoidals with different frequen-
ciesω in the range from 0 to∞. For stable open-loop systemsL(s) having only one input
and one output, corresponding to a single feedback loop, results from feedback control
theory can be used to determine the stability properties of the closed-loop system based on
such frequency responses. For instance, for a scalar stable open-loop system, the Nyquist
stability criterion states that the closed-loop system is unstable under positive feedback
if the frequency responseL( jω),ω = −∞ · · ·+ ∞ encircles the critical point(1,0) in the
complex plane, corresponding to the loop gain being real andexceeding+1 for some fre-
quencyωcrit . Essentially, a sinusoidal with this frequency will get amplified every time it
passes around the loop, and thus grow out of bounds with time.An important property of
the Nyquist criterion is that it can be used to determine the stability margin of the closed-
loop system, that is, the factor by which the open-loop system has to be scaled to bring the
closed-loop system onto the stability limit.

As an example of the use of the Nyquist stability criterion consider the following stable
linear open-loop system

∆ẋ(t) = −∆x(t)+a∆u(t), (A.7)
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wherea is a parameter,∆x and∆u are scalar variables. We want to determine the stability
properties of the resulting closed-loop system, when the feedback is given by∆u = ∆x.

The stable open-loop transfer functionL(s) is obtained by Laplace transformation of
(A.7), and given by

L(s) =
∆x(s)
∆u(s)

=
a

s+1

. The frequency response of the open-loop system is then obtained by replacings by the
imaginary numberjω in L(s)

L( jω) =
a

jω +1

Plotting the Nyquist curve, that is, the frequency responseL( jω) in the complex plane for
all ω, with the parameter valuea= 1.1 results in the curve shown in Figure A.4. The curve
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Figure A.4: Nyquist frequency response curve for the positive feedback example system
with parametera= 1.1. The curve encircles the critical point (1,0) and thus the closed-loop
system is unstable for this choice ofa.

is encircling the critical point (1,0), marked withx on the positive real axis, and the curve
crosses the real axis at the value 1.1. Thus, according to the Nyquist stability criterion
the closed-loop system is unstable for this choice of the parameter. It is straightforward
to see that the closed-loop system can be brought onto the stability limit by scaling the
open-loop systemL( jω) with the stability marginγ = 1/1.1, since then the Nyquist curve
would exactly cross the critical point+1. This leads to the conclusion that the closed-loop
system is stable if the parametera is chosen such thata < 1.1· γ = 1.

Clearly, this is a very simple example, and the same result could easily have been
obtained by simply considering the closed-loop system equation, obtained by combining
the open-loop system (A.7) with the feedback∆u = ∆x, giving

∆ẋ(t) = −∆x(t)+a∆x(t) = (a−1)∆x(t),
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showing directly that the closed-loop system is stable if(a−1) < 0 and unstable if(a−
1) > 0. However, the purpose of the example was to clarify the use of the Nyquist stability
criterion, which is applicable in exactly the same way for linear systems of any complexity.
Furthermore, the concept of stability margin, which is hardto define based on the Jacobian
of the differential equations, is useful to analyze the robustness of feedback systems with
respect to model perturbations, as considered below.

For multivariable systems, the eigenloci play the role of gains when considering stabil-
ity. The eigenloci are the eigenvaluesλi( jω) of the frequency response of the open-loop
systemL( jω), and can be interpreted as multivariable loop gains. Applying the general-
ized Nyquist stability criterion (see, for example, Maciejowski (1989)) we obtain the result
that, given a stable open-loop systemL(s), the closed-loop system is unstable, if there ex-
ists a frequencyωcrit , for which at least one of the eigenloci has a real value larger than
+1, and thus encircles the critical point (1,0). Note that we here consider positive feedback
structures, that is, signals as added rather than subtracted, and that the critical point (-1,0)
typically considered in control theory is due to the use of negative feedback structures. We
will name this eigenlocus thecritical eigenlocusλcrit . If ωcrit = 0, the critical eigenlocus
indicates a static instability, while ifωcrit > 0, then the critical eigenlocus indicates a dy-
namic instability, resulting in an unstable conjugate complex pole pair in the closed-loop
system.

The effect of individual proteins and metabolites

In order to determine the role of individual proteins or metabolites in the creation of the
observed complex network behavior, one may simply considerdisconnecting the feedback
from one component at the time, by letting∆ui(t) = 0 for somei in (A.5). Biologically,
this corresponds to holding the concentration of thei-th component in the reaction network
fixed at its steady-state value. While this is not feasible inin vivo or in vitro experiments,
it can be useful as a model analysis tool to obtain insight into the impact of the various
proteins in generating complex network behavior.

A somewhat more general approach than outlined above, however, is to add a real
perturbation∆i to the feedback of the concentration∆xi of componenti, as illustrated in
Figure A.5, and determine the smallest|∆i | that will stabilize the closed-loop system, that
is, the considered steady-state of the reaction network.

The transfer functionTi(s) from ∆ui to ∆xi , incorporating all feedback from the differ-
ent components but from thei-th component, is given by

Ti(s) =
[

(I −Li0(s))
−1[L(s)]i

]

i ,

whereLi0(s) corresponds toL(s) with all elements of thei-th row set to zero, and[L(s)]i
corresponds to thei-th column ofL(s). The smallest perturbation|∆i | that will stabilize the
considered steady-state can now easily be determined from the Nyquist criterion based on
Ti .

The relative size of the required perturbations|∆i | will indicate the role of the various
feedback connections in destabilizing the steady-state, and hence in creating the complex
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∆x

L(s)

1,...,i-1,i+1,...,n

∆xi

Ti(s)

∆xi

1+∆i
∆ui

Figure A.5: Reformulation of the multivariable feedback system as a scalar feedback loop.
The aim is, by applying the Nyquist criterion, to determine the required perturbation∆i for
each single feedback variable∆xi that will stabilize the closed-loop system corresponding
to the unstable steady-state of the network.

behavior of the biochemical reaction network (A.2). Small required perturbations indicate
that the stability of the system is sensitive to the feedbackof the corresponding component
concentration, and that the dynamic behavior of this concentration hence is instrumental in
the creation of the considered behavior.

The effect of pairwise interactions

As a complement to the method outlined above, in which the role of single components in
the destabilization of the considered steady-state was investigated, we here aim at deter-
mining the specific pairwise interactions between network components, corresponding to
the elementsLi j (s) of the open-loop system, that are most instrumental in causing steady-
state instability, and thus the complex behavior under consideration.

The stability of the considered steady-state is reflected inthe poles of the closed-loop
system, corresponding to the solutionssi = σi ± jωi of (A.6). In the case of an unstable
steady-state the closed-loop system has some poless∗ with σ∗ > 0, that is, in the open
complex right half plane. If the steady-state underlies bistability we assume a static insta-
bility, implying that the single right half plane pole has a zero imaginary part (ω∗ = 0),
while if the steady-state underlies sustained oscillations we assume a dynamic instability,
implying that there exists a pair of conjugate complex poleswith ω∗ > 0. To obtain insight
into which pairwise interactions that are most important for causing these right half plane
poles, we seek the smallest relative perturbations in the pairwise component interactions
Li j (s), that will stabilize the closed-loop system by moving the right half plane poles onto
the imaginary axis ats∗ = ± jωcrit , corresponding to moving the critical eigenlocusλcrit

onto the point(1,0) at the frequencyωcrit . Note that the perturbation obtained atωcrit

may not be the smallest perturbation required to move the poles to the imaginary axis,
since the frequency is kept fixed, but is a sufficient perturbation which furthermore will be
close to the minimum perturbation for those elements ofLi j (s) that require relatively small
perturbations for stabilization.

The relative perturbation of a single element inL(s) that will move some poles of the
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closed-loop system tos∗ = ± jωcrit solves

det(I −Lp( jωcrit )) = 0,

whereLp(s) is equal toL(s) with one elementLp,i j perturbed toLp,i j = Li j (1+∆i j ), where
∆i j in general is a complex valued perturbation.

The required perturbations∆i j can be computed from the relative gain array (RGA)
(Bristol 1966). The RGA of a square complex matrixM is given by

RGA(M) = M× (M−1)T ,

where× denotes element-by-element multiplication (Hadamard or Schur product). One
important property of the elements of the RGA is that they provide the relative change
needed in the corresponding element ofM to makeM singular. In particular, if the sin-
gle elementMi j is changed toMp,i j = Mi j (1−1/[RGA]i j ) then the perturbed matrixMp

becomes singular (Hovd and Skogestad 1992).
The relative perturbations∆i j of elementLi j (s) required to move some poles of the

closed-loop system to the imaginary axis, are hence given by

∆i j (ωcrit ) = − 1
[RGA(I −L( jωcrit ))]i j

. (A.8)

Note that the perturbation only ensures that the perturbed closed-loop system has poles
at± jωcrit on the imaginary axis, and that it is not guaranteed that it actually are the right
half plane poles which have been moved onto the imaginary axis. The perturbation may
in principle move some stable poles to the imaginary axis instead, in which case the per-
turbation does not stabilize the steady-state. This can easily be checked by applying the
perturbation computed from (A.8) to the matrixL( jωcrit ) to verify whether the critical
eigenlocus is moved to(1,0). If this is not the case, then there will not exist any pertur-
bation of the considered element at the frequencyωcrit that will stabilize the system. This
follows from the fact that the element perturbation making the matrix singular is unique.

In summary, based on the analysis outlined above, we can rank-order the importance
of feedback effects from individual components, such as metabolites or enzymes, and pair-
wise interactions between components, respectively, in destabilizing the steady-state of
the network and thereby creating the corresponding complexbehavior related to a specific
physiological function in the cell. This information is relevant for understanding the central
mechanisms underlying specific functions of the cell, and also for guiding the modelling
of these functions.

A.4 Examples

Here, we apply the proposed method to two examples, the cell division cycle inXenopus
frog eggs, and circadian oscillations inDrosophila.

We stress that our intention is not to interpret the results with respect to their biological
implications, but rather to demonstrate that a relatively simple, but systematic, analysis
can provide insight into the mechanisms generating the complex behaviors observed in the
example reaction networks.
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Analysis of the cell cycle model

We consider here the reaction network, described by (A.1), involved in the cell division
cycle of frog eggs. With the parameter values given in FigureA.1, the system displays
sustained oscillations in all proteins. Applying the analysis method proposed above we
aim at determining which proteins of the reaction network, and corresponding interactions,
that are most instrumental in generating the periodic oscillations.

The first step is to determine the unstable steady-state solution x0 underlying the com-
plex behavior in question. This is trivially determined by solving ẋ = f (x0, p) = 0, for the
given parametersp. However, since a system can have multiple steady-states, the steady-
state underlying the considered behavior should in generalbe determined using continu-
ation from a bifurcation point, for some parameterpi , at which the complex behavior is
born.

From the linearization around the underlying steady-statewe find that the closed-loop
system has a complex conjugate pair of poles ats∗ = 0.041± j0.153. Forω = ωcrit =
0.104 rad/min the critical eigenlocusλcrit (L( jω)) crosses the real axis to the right of of
the critical point(1,0). Decomposition of the linear model according to (A.4) reveals that
the open-loop system is stable, implying that no autocatalytic reactions are involved in the
cell cycle reaction network (A.1).

We first determine the smallest real perturbations∆i in the feedback of the individual
proteins that will stabilize the closed-loop system. The results are given in Figure A.6-left.
As can be seen from the figure, only three proteins require perturbations of a magnitude less
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Figure A.6: Analysis of the cell cycle model. Left: The magnitude of the relative real
perturbation∆i in the feedback of componenti required to stabilize the steady-state of
the cell cycle network atk1 = 0.01. Right: MPF oscillations within the reduced reaction
network, where only the differential equations forx5, x8, andx9 were included, keeping all
other concentrationsxi at their steady-state values.

than unity to stabilize the system. These correspond to MPF (x5), the anaphase-promoting
complexAPC (x9), and the enzyme IEP (x8). Indeed, we find that the linear subsystem
containing only these three components has an oscillating instability. Also, keeping all
other components at their steady-state values and simulating the nonlinear model with the
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three differential equations forx5, x8, andx9 yields MPF oscillations, as can be seen in
Figure A.6-right. Thus, the result provides a strong indication that it is the subnetwork
consisting of these three components that is the source of the oscillations observed in the
cell cycle control network.

The above result is supported by the computed magnitudes of the required relative
changes in the single elements of the open-loop systemL(s) that will stabilize the steady-
state. Figure A.7 shows these values for the nonzero elements in L(s), evaluated at the
frequencyωcrit = 0.104 rad/min. From the figure it can be seen that the most important
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Figure A.7: Analysis of the cell cycle model. The magnitude of the relative perturbations
∆i j required in elementLi j of the open-loop model, that is, the effect of componentj on
componenti in absence of feedback interactions, to stabilize the closed-loop system.

pairwise interactions correspond to the elementsL9,8, L8,5, and L5,9, that is, involving
the same componentsx5, x8, andx9, as found to be most important above. This result
furthermore suggests that there is a scalar feedback loop 5→ 8→ 9→ 5, see Figure A.8-
left, which creates the oscillatory behavior of the network.

The results above confirm previous results found by Tyson et al. through hypothesis
postulation and testing. The main purpose of our study, however, is to show that the central
mechanisms underlying specific behaviors and functions in biochemical networks of the
cell can be determined in a simple and highly systematic fashion. Furthermore, the method
is equally applicable to networks of essentially any complexity.

To complete the study of the cell cycle model (A.1) we consider determination of the
mechanism causing bistability in the reaction network. To analyze this mechanism we lin-
earize the model around the unstable steady-state fork1 = 0.0007, corresponding to the
middle of the unstable branch between the two saddle-node bifurcations. See Figure A.2.
Figure A.9-left shows the smallest real perturbations∆i that will stabilize this steady-state.
From the figure it can be seen that the variablesx5, x6, andx7 appear to be most instru-
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Figure A.8: Results for the cell cycle model. Component interactions underlying (left)
sustained oscillations and (right) bistability in the cellcycle reaction network. The numbers
i refer to the concentrationxi of the i-th component.

mental for the static instability of the closed-loop system. This is confirmed by the plot of
the element-wise perturbations∆i j . There are in fact only 2 elements of open-loop system
L(s) that can be perturbed to render the network stable. Both correspond to interactions
involving proteins number 5, 6, and 7. Indeed, we find that retaining only the differen-
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Figure A.9: Analysis of the cell cycle model. The magnitudesof the required relative
perturbations∆i (left) and∆i j (right), stabilizing the underlying steady-state atk1 = 0.0007.

tial equations for the components 5, 6, and 7 in the model (A.1), while keeping all other
concentrationsxi at their steady-state values, yields a static instability at the considered
steady-state. The bifurcation diagram, with the steady-state of component 4 (x4,ss) as the
bifurcation parameter, for the corresponding 3-state model is shown in Figure A.10, show-
ing that bistability is obtained with all concentrations exceptx5, x6 andx7 kept constant.
The reason for usingx4,ss as bifurcation parameter is thatk1 is not influencing the differ-
ential equations forx5, x6, andx7 directly, but via the steady-state concentration ofx4.
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Figure A.10: Bifurcation diagram of the 3-state cell cycle model. The figure is showing
MPF solutions as function of the steady-state of the concentration of component 4. Stable
steady-states are indicated by full lines, unstable steady-states by dotted lines.

In conclusion, through a systematic model analysis of the biochemical reaction network
controlling the cell cycle in frog eggs, we have been able to determine the component
interactions that are causing the sustained oscillation athigh rates of cyclin synthesis, as
well as those causing the bistable switch at low cyclin synthesis rates.

Analysis of a model for circadian oscillations

As third example we consider a model for circadian rhythms inDrosophila, proposed by
Leloup and Goldbeter (1998). Circadian rhythms are limit-cycles with a period of about
24 hours, corresponding to regular changes in physiological functions like, for example,
sleep, body temperature, etc. The considered reaction network contains 10 components
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and the model is given by

ẋ1 = vsP
Kn

IP

Kn
IP +xn

10
−vmP

x1

KmP+x1
−kdx1 (A.9)

ẋ2 = ksPx1−V1P
x2

K1P +x2
+V2P

x3

K2P +x3
−kdx2

ẋ3 = V1P
x2

K1P +x2
−V2P

x3

K2P +x3
−V3P

x3

K3P +x3
+V4P

x4

K4P +x4
−kdx3

ẋ4 = V3P
x3

K3P +x3
−V4P

x4

K4P +x4
−k3x4x8 +k4x9−vdP

x4

KdP+x4
−kdx4

ẋ5 = vsT
Kn

IT

Kn
IT +xn

10
−vmT

x5

KmT +x5
−kdx5

ẋ6 = ksTx5−V1T
x6

K1T +x6
+V2T

x7

K2T +x7
−kdx6

ẋ7 = V1T
x6

K1T +x6
−V2T

x7

K2T +x7
−V3T

x7

K3T +x7
+V4T

x8

K4T +x8
−kdx7

ẋ8 = V3T
x7

K3T +x7
−V4T

x8

K4T +x8
−k3x4x8 +k4x9−vdT

x8

KdT +x8
−kdx8

ẋ9 = k3x4x8−k4x9−k1x9 +k2x10−kdCx9

ẋ10 = k1x9−k2x10−kdNx10

wherexi corresponds to the concentration, or activity, of thei-th component. The key com-
ponent of the reaction network is the nucleic PER-TIM complex CN (component 10) that
inhibits the transcription of theper mRNA, MP (component 1) and of thetim mRNA, MT

(component 5), which again synthesize the PERP0 and the TIMT0 proteins (components
2 and 6). After two two reversible phosphorylations of PERP1,2 (components 3 and 4) and
TIM T1,2(components 7 and 8), the doubly phosphorylated PER and TIM proteins com-
bine reversibly to the cytosolic PER-TIM complexC (component 9). This complex is then
reversibly transported into the nucleus. Several degradation reactions are included in the
model, from which the degradation of the doubly phosphorylated TIM protein, described
by the rate constantvdT, is sensitive to light.

This reaction network has been modelled as two identical oscillators, coupled via com-
ponents 9 and 10. By identical we here imply that the dynamicsfor the PER and TIM
proteins, and the corresponding mRNA, are modelled identically and that we furthermore
consider identical kinetic parameters. The very construction of the model implies that the
source of the oscillations are more or less given. However, the aim here is to test the
ability of the proposed method, which is intended for general biochemical networks, to
identify the key mechanisms generating specific behaviors.Thus, it is of interest to see if
the proposed systematic method is able to identify the “correct” mechanism in the circa-
dian rhythm model, as proposed in (Leloup and Goldbeter 1998), solely by considering the
unstructured models equations (A.9).

The parameters we consider here have been determined to leadto a period close to 24
hours under conditions corresponding to constant darkness(Leloup and Goldbeter 1998).
Figure A.11-left shows the oscillatory behavior of the concentrations of the nucleic PER-
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TIM complexCN (x10), and the unphosphorylated PER and TIM proteinsP0, T0 (x2, x6).
Note that all concentrationsxi within (A.9) oscillate with the same period. The correspond-
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Figure A.11: Left: Oscillations within the biochemical reaction network (A.9) for circadian
rhythms. Parameters:vsP= vsT = 1,vdP = vdT = 2,k1 = 0.6,k3 = 1.2,KmP= KmT = KdP =
KdT = 0.2,V1P =V1T = 8,V2P =V2T = 1,V3P =V3T = 8,V4P =V4T = 1, vmP= vmT = 0.7,
ksP = ksT = 0.9, k2 = 0.2, k4 = 0.6, K1P = K1T = K2P = 2, K3P = K3T = K4P = K4T = 2,
KIP = KIT = 1, kd = kdC = kdN = 0.01, n = 4. Right: Bifurcation diagram showing the
PER (x2) and TIM (x6) steady-state solutions for different values of the synthesis rates for
these proteins. Note that both synthesis rates are chosen tohave the same values.

ing bifurcation diagram, with the parametersksP = ksT as bifurcation parameters, is shown
in Figure A.11-right. We here change the two parameters simultaneously, as we consider
only the case where the coupled oscillators are parameterized identically. As can be seen,
for the nominal values ofksP = ksT = 0.9 the system has only one unstable steady-state
surrounded by a stable limit cycle. Following the approach outlined above, we linearize
the nonlinear model around the unstable steady-steady-state and analyze the component
interactions inducing instability of this steady-state.

The system linearized around the steady-state forksP = ksT = 0.9 has a complex pair
of unstable poless= 0.102± j0.38. Based on the decomposed linear model, we compute
the perturbations of pairwise interactions∆i j required to stabilize the steady-state of the
network, as computed from the RGA atωcrit = 0.269 rad/h, see Figure A.12. As can be
seen from the figure, the most instrumental interactions forthe dynamic instability under-
lying the circadian oscillations involve the impact from component 9 on component 10,
that is,L10,9. Successively adding the next most instrumental interactions until the result-
ing system is becoming unstable, which happens after addingL8,7, leads to the interaction
diagram in Figure A.13. The figure shows one closed-loop, corresponding to the TIM
oscillator and one not totally closed-loop corresponding to the PER oscillator, where the
interaction corresponding toL4,3 is missing. This result shows that around the considered
steady-state the loop consisting only of the interactions 5→ 6→ 7→ 8→ 9→ 10→ 5 is
inducing oscillations. This means that a minimum of 6 of the 20 nonzero elements in the
open-loop systemL(s) are needed to create the oscillating behavior around the considered
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Figure A.12: Magnitudes of the required relative perturbations∆i j , stabilizing the steady-
state underlying the circadian rhythm inDrosophilaatksP = ksT = 0.9.
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Figure A.13: Component interactions underlying sustainedoscillations in the circadian
rhythm network. The numbersi refer to the componenti.

steady-state. The diagram in Figure A.13 and the plot in Figure A.12 suggests also to test
the case whereL4,3 is considered instead ofL8,7, resulting in a closed-loop for the PER
oscillator and an opened loop for the TIM oscillator. The additional result is that also the
loop consisting only of the interactions 1→ 2→ 3→ 4→ 9→ 10→ 1 is inducing oscilla-
tions, which is not surprising as the two oscillators are identical. The reason for including
double oscillators in the model is to increase the robustness of the oscillations (Leloup and
Goldbeter 1998). Note, however, that a number of pairwise dynamic interactions present
in the model are not required to create the double oscillator. In fact, we find that only 11
out of a total of 20 pairwise protein interactions are required to create the double oscillator.
For instance, as can be seen from the results in Figure A.12, the direct interactions between
proteins 4 and 8 only have a small influence on the stability ofthe steady-state and are not
part of the feedback loops creating the double oscillator.
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This result demonstrates that the mechanisms underlying specific behaviors, which in
this case has been constructed by coupling two identical oscillating feedback loops (Leloup
and Goldbeter 1998), can be retrieved by a systematic model analysis using results from
linear systems theory.

A.5 Summary and conclusions

The work in this paper has been based on the assumption that complex behaviors, such as
multiple steady-states and limit cycles, in biochemical reaction networks, have their origin
in feedback mechanisms, destabilizing a steady-state thatunderlies the considered behav-
ior. Based on this we proposed a method for determining subnetworks being the source
of a given behavior, corresponding to a specific cell function. The method is based on a
decomposition of the system model, in the form of a set of ordinary differential equations
with known kinetic parameters, into a network of feedback interconnected subsystems,
each being of significantly lower complexity than the overall system. The impact of per-
turbations of single feedback loops and single component interactions, in destabilizing of
the steady-stat, can then be determined and rank ordered.

As an example of a moderately complex biological system we considered the model
of the cell cycle control in frog eggs, and using well known tools from linear feedback
control and linear systems theory we determined the feedback mechanisms which are the
main sources of the limit cycle and bistable behavior present in the network, respectively.
The results obtained are consistent with the results previously obtained from nonlinear
simulation and bifurcation analysis, combined with biological insight. Furthermore, we
used the proposed method to analyze a model of circadian oscillations.

One aim of the presented work was to consider how far one can come with rela-
tively simple tools in a systematic analysis of highly complex biochemical networks. The
strength of the proposed method is that highly complex systems are greatly simplified,
allowing consideration of simple linear subsystems. By employing powerful tools from
feedback control theory one can gain insight into where in a complex biochemical reaction
system the source of a certain behavior is located. This information can, for example, be
used to guide the modeler as to which parts of the network to focus on when modelling
specific functions.





Appendix B

Analysis of complex behaviors in
integrated process systems

In this paper we propose a method, based on linear systems theory, which can be used to
determine the feedback mechanisms within a plant that are the main sources of a given
nonlinear behavior. This is important since it can be used toguide plant design such as
to remove undesirable behaviors. We focus here in particular on an hierarchical approach
allowing to determine if sustained oscillatory behaviors are due to the interconnections
of subsystems such as, for example, process units, or if theyare generated within single
subsystems. The use of the method is illustrated by applyingit to two example systems.

B.1 Introduction

As chemical plants are becoming more and more tightly integrated, with extensive recy-
cle of material and energy, their dynamic behavior tends to become increasingly complex.
Even very simple systems, when placed in an integrated context, can show complex be-
haviors such as limit cycles, multiple steady-states, and chaos (Jacobsen and Berezowski
1998). Complex dynamics arise when, due to feedback mechanisms in the system, the
underlying steady-state is destabilized at a bifurcation point.

In chemical engineering a long history of analysis of complex behaviors exists. The
main tool has mostly been bifurcation analysis, allowing tomap the possible behaviors of a
given plant, based on available dynamic models. However, the use of bifurcation analysis is
limited to the determination of the existence of multiple steady-states and oscillations, and
does not lead to any insight into the mechanisms generating them. In this paper we propose
a method based on linear systems theory, allowing to identify the feedback mechanisms
within large-scale process plants that destabilize a localsteady-state, around which the
system shows sustained oscillations. This destabilization of the steady-state can take place
at two different levels. 1) On the flowsheet level, due to interactions between different
process units, or 2) within a single process unit. We consider here an hierarchical approach
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where subsystems can be of arbitrary order with any number ofoutputs, representing, for
example, process units.

The strength of the proposed method is demonstrated by application to two simple ex-
ample systems, one being a system of chemical reactions, theother a homogenous tubular
reactor with material and energy recycle. In both cases we identify the parts of the overall
system, which are mainly responsible for the sustained oscillations both systems show.

B.2 Network representation

The analysis method proposed in this paper consists of two parts. The first part is the
representation of a given chemical process plant as a network of interconnected nonlin-
ear subsystems, where by the interconnections eventually feedback is introduced. Then
the network is linearized around the unstable steady-state, underlying the complex behav-
ior of interest. The second part deals with the analysis of the linearized system and the
determination of the feedback mechanisms, being the main source of the oscillations.

u1

:

:
umi

 Gi 

yi
i 

i 
yi

1

qi

:

:

Figure B.1: A subsystemΓi , representing, for example, a process unit.

First we decompose the overall plant into subsystemsΓi , Figure B.1. A subsystem can
represent a process section, a process unit, or processes within units, and is described by a
set of ordinary differential equations

ẋi = f (xi ,ui ,α)

yi = h(xi ,ui ,α),

where,xi is a vector of lengthni , containing the internal states of thei-th subsystem. The
elements in the vectorui are themi inputs and theqi elements inyi are the outputs of
the subsystem. Through interconnection of all subsystemsΓi (i = 1. . . p) a network of
subsystems is obtained, representing the overall plant. Anexample network can be seen in
Figure B.2. In this work we are mainly interested in the effect of the interactions between
subsystems. Therefor, we assume that the inputsui of subsystemΓi can consist of the
outputs of all other subsystems but of thei-th system itself. This means of the outputsyk,
wherek = 1, . . . , i −1, i +1, . . . , p.

When a system is in an autonomous oscillatory state it will usually be very hard to
determine the source of the oscillation. However, as is wellknown from bifurcation the-
ory, an autonomous oscillation is in general a result of a destabilization of a steady-state.
Thus, the source of oscillations can in general be determined by considering the mecha-
nisms destabilizing the steady-state. Strictly speaking,one should then first determine the
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Figure B.2: Example for a network consisting of interconnected subsystems.

bifurcation point, and analyze the system at this point. However, in most cases the unstable
steady-state persists also underlying the considered oscillatory state. In the following we
therefore first determine the unstable steady-state underlying the oscillations, and analyze
the network, linearized around this state.

The linearization of the overall network is obtained by linearization of each of the
subsystemsΓi , obtaining the linear subsystemsGi(s), Figure B.3. While the nonlinear

Gi (s) Γi 

y i ∆yi
u i 

∆ui 

Figure B.3: Linearization of the nonlinear subsystems.

subsystemsΓi each havemi inputs, the linear subsystemsGi(s) are represented by a transfer
matrix of dimensionqi × ∑p

j=1q j , where p is the number of subsystems andq j is the
number of outputs of thej-th subsystem. However, the nonlinear and the linear subsystem
have the same number of outputs.Gi(s) can be written as

Gi(s) =
[

Ĝi1(s),Ĝi2(s), . . . ,Ĝi(i−1)(s),0,Ĝi(i+1)(s), . . . ,Ĝip(s)
]

. (B.1)

The elementŝGi j (s) are matrices of dimensionqi ×q j , and contain the transfer functions
corresponding to the inputs ofGi(s), which by the network are connected to the outputs of
subsystemG j(s), to the outputs ofGi(s). This means, that the elementsĜi j (s) determine
how the subsystems interact with each other through the feedback within the system. As,
by our definition applied here, a subsystem can not have its own outputs as inputs, thei-th
matrix Ĝii (s) within (B.1) is identical zero. Here, we do not consider external inputs to the
linearized system as they do not affect the systems stability properties.

We can now represent the linearized network as a multivariable feedback system, con-
sisting of a square multivariable open-loop systemL(s) and the output signals∆yi as feed-
back signals (see Figure B.4).

The open-loop systemL(s) can be written as

LT(s) =
[

GT
1 (s),GT

2 (s), . . . ,GT
p(s)

]

.



150
APPENDIX B. ANALYSIS OF COMPLEX BEHAVIORS IN INTEGRATED

PROCESS SYSTEMS

∆y
L(s)

∆y

Figure B.4: Linearized overall network represented as a general feedback system with
open-loop systemL(s).

The qi ×qi-dimensional block-diagonal elements ofL(s) are zero, because, as discussed
earlier,∆yi can not be an input ofGi(s).

Thus, a given chemical plant is now represented as a network of interconnected sub-
systems, and described by a linear feedback representationof the network, determined at
the steady-state of interest.

B.3 Analysis of the linear network

The second part of our method deals with the analysis of the linearized system, and the
interpretation of the obtained results.

1) The first step is to break up all feedback connections within the closed-loop system
in Figure B.4 and to consider only the open-loop systemL(s). If the open-loop system
is stable, we can conclude that it is the interconnections between the process units which
are the cause of the oscillations. Assuming that this is the case, we can use standard tools
from linear systems and feedback control theory to determine which feedback connections
that are creating the complex behavior. How this can be done is illustrated in the examples
below.

2) In the case that the open-loop system is not stable furtheranalysis has to be done, in
order to determine if the oscillating behavior is due to the feedback connections between
the different subsystems or due to one or more unstable subsystems in the open-loop sys-
tem. One possibility of further analysis is to move the system closer to a Hopf bifurcation
to make sure that the closed-loop system has an unstable conjugate complex pole pair. If
the open-loop system then only shows one unstable real pole we can still assume that it is
the interconnection of the process units that creates the oscillations. However, if the open-
loop system still shows an unstable oscillating behavior wecan conclude that it is at least
one of the process units which is the source of the sustained oscillations. This unit can
then be identified, for example, by determining the unstableunit. Further analysis of the
unstable unit can then be carried out in precisely the same way as described above. This
means, to represent it as a network of nonlinear subsystems,linearize it, open all feed-
back connections, etc. Such a hierarchical decomposition of a process plant can eventually
continue until one arrives at the basic equations, for example, the differential equations
describing the basic chemical reactions in a unit, such as a reactor. At this point a special
case of the network representation can be used. This specialcase is to consider each single
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differential equation as a subsystem, that is, each subsystem has only one internal state
(ni = 1), as assumed, for example, in (Schmidt and Jacobsen 2004a).

B.4 Examples

In this section we illustrate the use of the above method by applying it to two simple
example systems, both showing sustained oscillations. Thefirst being a system of chemical
reactions, and the second a homogenous tubular reactor withmaterial and energy recycle.
In both cases we identify the parts of the overall system, which are mainly responsible for
the oscillations.

System of chemical reactions

We consider a chemical reaction network involved in the celldivision cycle, presented
by Tyson (1991). The system, represented as a set of 5 nonlinear differential equations,
and 6 nonzero parameters, shows sustained oscillations in all variablesxi , representing the
concentrations of the involved proteins.

ẋ1 = −k3x1x4 +k6x3

ẋ2 = k3(1−x2−x3)x4−x2F(x3)

ẋ3 = x2F(x3)−k6x3

ẋ4 = k1aa−k3(1−x2−x3)x4

ẋ5 = k6x3−k7x5

F(x3) = k4p +k4x2
3

k1aa = 0.015
k3 = 200
k4 = 100
k4p = 0.018
k6 = 0.4
k7 = 0.6

The reason for choosing a biochemical system, instead of oneof the many chemical
oscillators discussed in literature, is that these chemical oscillators are usually simplified
so much, that all subsystems and all interconnections are important for the oscillations, not
allowing us to show the usefulness of our method.

Using the above approach we want to identify the subsystems and the corresponding
interconnections, that are mainly responsible for the creation of the oscillations. To do this
we use the special case for the network representation, mentioned above, where each sub-
system corresponds to one differential equation and where the outputs of the subsystems
correspond to their single internal states.

Linearization of the network leads to a linear closed-loop system having an unstable
conjugate complex pole pair which can be related to the sustained oscillations in the non-
linear system. The robustness of these oscillations with respect to changes in the system
can now be analyzed by determining the needed perturbationswithin the system that move
the unstable pole pair into the left complex halfplane, by that stabilizing the system. Here
we consider relative perturbations on single elements ofL(s). The perturbed open-loop
systemLp(s) is obtained by perturbing one elementLi j at a time byLp,i j = Li j (1+∆i j ).
For each element withinL(s) the relative perturbation∆i j that moves the unstable pole-
pair onto the imaginary axis is determined. This can, for example, be done by applying the
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relative gain array (RGA) (Bristol 1966) to the return difference operator(I −Lp( jω)), de-
termining the perturbation that makes the return difference operator singular, as we know
that if (I −Lp( jω)) is singular at a certain frequencyω = ωx, then the closed-loop system
has a pole pair on the imaginary axis at± jωx. The required relative perturbations∆i j in
the single elements of the open-loop system are then obtained as

∆i j = − 1
[RGA(I −L( jω))]i j

.

It has to be pointed out that this is only a necessary condition, as also a stable pole pair
might be moved onto the imaginary axis, while the unstable one remains unstable. Thus,
sufficiency has to be verified, for example, by application ofthe determined relative pertur-
bations∆i j . As we are only interested in the effect of the interactions between subsystems
we do not consider perturbations of the diagonal elementsLii .

Evaluating the magnitude of the required perturbations over frequency (|∆i j (ω)|) and
determining the minimal needed perturbations within each subsystem we obtain the result
in Figure B.5-left. Subsystems, for which the plot shows significantly smaller values than
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Figure B.5: Left: Minimal required perturbations in each subsystem, moving a pole pair
onto the imaginary axis. SubsystemsΓ2 and Γ3 need the smallest perturbations. The
required perturbations forΓ1 andΓ5 are infinite. Right: Comparison of the two 2-parameter
bifurcation-diagrams of system (B.2) and the reduced system with only subsystemsΓ2 and
Γ3.

for other subsystems can be interpreted as being the ones to which the stability properties
of the overall linear system are most sensitive to. Larger downward peaks indicate the
frequency range in which the systems stability properties are especially sensitive to per-
turbations. In this example the frequency of the peaks in Figure B.5-left lies very close to
the frequency of the unstable pole pair of the closed-loop system (omega= 0.25). Thus,
the result in Figure B.5-left is an indication that the subsystemsΓ2 andΓ3 are the ones to
which the overall systems stability is most sensitive too. In order to validate this finding
we calculated the bifurcation diagram for the nonlinear overall system, and for a reduced
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nonlinear system. The reduced system only consisting of thesubsystemsΓ2 andΓ3, while
holding the variablesx1, x4, andx5 constant on their steady-state values. The result is
shown in Figure B.5-right.

Both bifurcation plots are nearly exactly overlapping, indicating that the complex be-
havior of the nonlinear system, indeed, is created by the interconnection of the subsystems
Γ2 andΓ3.

Homogenous tubular reactor with material and energy recycle

As second example we consider a homogenous tubular reactor with a single exothermic
reactionA→ B (Jacobsen and Berezowski 1998). A fractionf of the product is recycled
and mixed with the fresh feed. We assume negligible reactionand time delay in the recycle
line and instantaneous mixing of fresh feed and recycle. Thesystem can be represented
using partial differential equations with dimensionless variables for the concentrationα of
the productB and a dimensionless temperatureθ . Below the systems differential equations
(B.2) are given, together with the boundary conditions and the reaction kineticsφ(α,θ).

∂α
∂ξ

+
∂α
∂τ

= (1− f )φ(α,θ) (B.2)

∂θ
∂ξ

+
∂θ
∂τ

= (1− f )[φ(α,θ)+δ (ΘH −Θ)]

α(0,τ) = f α(1,τ)+(1− f )α f eed(τ)

θ(0,τ) = f θ(1,τ)+(1− f )θ f eed(τ)

φ(α,θ) = Da(1−α)nexp

(

γ
βθ

1+βθ

)

For the parameters, given by Jacobsen and Berezowski (1998)(see Figure B.7) and an
ambient temperature ofΘH = −0.023 the system shows sustained oscillations. Using the
method presented above we are now analyzing this system in order to determine the source
of these oscillations. Prior to applying our method the PDEshave to be reduced to ODEs.

The plant consists of three units: a mixer, a reactor, and a splitter. We will assume
instantaneous mixing, and thus, we can neglect the mixer, which leads to a representation
of the system as in Figure B.6. The feedback signals correspond to the outputs of the
reactor and the splitter, that is,yT = [αn,Θn,α0,Θ0]. The first step of the analysis is to
linearize the system, to represent it as a closed-loop system as in Figure B.4, and to take
away all interactions between the subsystems by breaking the feedback loops∆y. The
obtained open-loop systemL(s) is stable, indicating that both the reactor and the splitter
are stable subsystems, and that it is indeed the interconnection of these two subsystems,
thus the recycle loop, that is destabilizing the steady-state and being the source of the
sustained oscillations.

In a second step we want to determine the property of the recycle flow to which the
stability of the system is most sensitive to. In this examplethe recycle flow has two prop-
erties of interest, the temperature of the flow and the concentration of productB. Using
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αfeed

Θfeed
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(1−f)αn

(1-f)Θn

Figure B.6: Blockdiagram of the reactor with recycle. Parameters:Da = 0.15, β = 2.0,
n = 1.5, γ = 15.0, δ = 3.0, α f eed= 0, θ f eed= 0, f = 0.5

the method presented above, determining the minimal required relative perturbations cor-
responding to the different subsystems and thus to the feedback connections we obtain the
result in Figure B.7. We can see that the minimal required relative perturbations, singu-
larizing the return difference operator, are much larger for the concentrationsα0 andαn

of the productB in the recycle flow, than for the temperaturesθ0 andθn of the recycle
flow. This result is an indication that it is the energy of the recycle flow to which the limit
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Figure B.7: Minimal required perturbations in each subsystem, moving a pole pair onto
the imaginary axis.

cycle behavior of the system is most sensitive to. This fits well together with the physical
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understanding of the system.
Due to the fact that a relative perturbation inαn (Θn) corresponds to the same relative

perturbation inα0 (Θ0) one might have expected that the relative required perturbations on
the concentrations (temperatures) would be the same. This is, of course, correct in the case
if we consider relative perturbations in the respective feedback loops∆yi . However, here
we consider relative perturbations of single elements of the open-loop systemL(s).

B.5 Conclusions

The work in this paper has been based on the assumption that complex dynamic behaviors,
such as multiple steady-states and limit cycles, in a chemical process plant have their origin
in feedback mechanisms within the system. We proposed a framework on how to decom-
pose an overall plant into a network of interconnected subsystems, each being of lower
complexity than the overall system. We motivated that instead of analyzing the system in
the state corresponding to the complex behavior it is possible to consider the underlying
steady-state and the feedback mechanisms, which destabilize this steady-state.

The strength of the proposed framework is that by our approach a very complex system
is greatly simplified, allowing to consider very simple linear subsystems. Then, by using
well known tools from linear systems theory one can gain insight into where in a large
system the source of a certain complex behavior is located.





Appendix C

Supplementary material for Chapter 7

Supplementary material for Chapter 7, ”Identification of the Dynamic Structure of Bio-
chemical Networks Based on Least Squares Estimation of the Jacobian”.

C.1 Target identification using a priori knowledge

Assume that we have determined the Jacobian of a certain biochemical network then we
can further make use of this result for the issue of target identification, as, for example,
discussed in (Gardneret al. 2003) based on steady-state measurements. The use of time-
series, however, allows us to get a better estimation resultas we can better deal with noisy
measurements.

The goal of target identification is to determine the effect acertain chemical compound
has on the expression of certain genes. If we denote∆p as a vector of concentrations ofq
chemical compounds which are used to perturb a biochemical system, we can determine
the effect of these compounds on the expression of the genes by rewriting equation (7.9) as

∆uk = ∆xk+1−Ad∆xk,

where∆u= Bd∆p andxk denotes the expression level of the genes att = k∆T. For constant
perturbations∆u is constant. However, due to measurement noise on thexk the determined
∆uk will eventually be different at each time-step. Considering m time-steps, an estimation
∆û of ∆u can be obtained by

∆û = arg

(

min
∆û

(

m−1

∑
k=0

(∆uk−∆û)2

))

,

or, in the case that probabilistic information about the measured data is available, by an
optimal estimator (Kay 1993a).

Having performedq experiments withq linearly independent perturbations∆pi , i =
1, ...,q, we can obtain an estimatêBd for Bd by

B̂d = [∆û1, ...,∆ûq]P
−1,
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whereP = [∆p1, ...,∆pq]. Using equations (7.4) or (7.5) we then obtain an estimationfor
B̂ whosei-th column quantifies the effect of thei-th chemical compound on the expression
of the genes in the network. Using this approach we are not limited to perturb the system
by a single compound in each experiment, but, as long as the perturbations are linearly
independent, we can use their combinations.

C.2 Proof of full rank

We show that a measurement matrixM of full rank n can be obtained from one parameter
perturbation experiment and the measurement of at leastn+1 consecutive time-steps only.
A necessary and sufficient condition is that the perturbation ∆p is chosen such that the pair
[Ad,∆u] = [Ad,Bd∆p] is controllable. We assume that this is fulfilled.

Proof. We collect measurements of all states∆x at r ≥ n+1 consecutive time-steps, with-
out loss of generality, starting at time-stepk = 0, where∆x0 is assumed to be zero. From
the linear systems equation

∆xk+1 = Ad∆xk +∆u

we see that the measurement matrix composed of ther measurements can be written as

M =

[

∑r−2
i=0 Ai∆u ... Ad∆u+u ∆u 0

1 ... 1 1 1

]

.

As by assumption the pair[Ad,∆u] is controllable, we know that the matrix

[An−1
d ∆u, ...,Ad∆u,∆u]

has full rank. It is then straightforward to see thatM has full rank.

SinceAd and∆u is unknown in advance, it is not obvious how to choose the perturba-
tion such that[Ad,∆u] is controllable. Using the weaker notion of structural controllability
(Morari and Stephanopoulos 1980) a necessary condition is that the perturbation∆p has to
be chosen such that all components within∆x are excited overn measured time-steps.

C.3 A priori structural knowledge

An important issue to be addressed is the question of how to include a priori structural
knowledge in the identification of genetic, proteomic, and metabolic interaction networks
(Starket al. 2003). Such knowledge can be used to improve the identification results or
to reduce the number of required measurements. With a prioriknowledge of the network
structure we here refer to the knowledge of zero elements within the Jacobian and the
perturbation matrixB. In general, only parts of the structure are known. This a priori
knowledge can be obtained from biological insight or from previous identification of the
full Jacobian or other interaction matrices where some elements are so close to zero that
one can assume them to be zero.
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Structural knowledge has, for instance, been used in (Sontag et al.2004). The authors
use a special case of parameter perturbations, such that theJacobian can be determined
without the need for additional estimation of∆u. Their idea is to do a row-wise estimation
of Ad, where the parameter perturbations in the experiments are chosen such that, when
estimating thei-th row of A, the i-th component is not directly affected by the perturbed
parameters, that is,Bi j = 0 for the perturbation inp j . It is straightforward to show that
their approach, considering the behavior of a system arounda steady-state, is equivalent to
determiningAi , thei-th row ofA, from

Ai = [∆ẋ1
i (t), ...,∆ẋn

i (t)][∆x1(t), ...,∆xn(t)]−1, (C.1)

where∆x j(t) indicates the response of the system in thej-th experiment at time instantt.
∆ẋ j

i (t) is determined by numerical differentiation from measurements of thei-th compo-
nent at two sequential time-stepst andt +∆T, corresponding to an Euler approximation.

However, we note that when using this specific type of perturbations, in contradiction
to the proof presented in (Sontaget al.2004), it is not sufficient to consider only one time-
step per experiment in the measurement matrix, even in the case where results of more
thann experiments are combined. This is because the resulting combined measurement
matrix M = [∆x1(t), ...,∆xn(t)] will not have full rank, as proved in Section C.4 of the
supplementary material.

It is, however, possible to construct a measurement matrix of full rank from only one
experiment and the measurement of at leastn time-steps. The proof for this is almost
identical to the proof in Section C.2 of the supplementary material and is therefore omitted.
Still, the drawbacks of this approach are that the Euler approximation needs to be used
instead of equation 7.5 and that at least two experiments with eachn+ 1 measured time-
steps are required to determine the Jacobian.

A straightforward improvement of the identification is to include the knowledge of zero
elements withinA andB into the estimation approach presented above, and to only identify
the non-zero elements. This can be easily done by estimatingone row ofAd andBd at a
time, not considering the measurements corresponding to the zero elements.

It is important to note that in this case it has to be assumed that Ad has the same
structure asA, which is only the case when using the Euler approximation. This implies
that the improvement in the estimation results, due to a priori knowledge, might be lost
when comparing with the approach without a priori knowledgeand the use of the zero
order hold discretization.

C.4 Proof of rank deficiency

The special case of parameter perturbations assumes that the estimation is done for each
row of the Jacobian at a time, and that the parametersp j used for perturbation in the
different experiments are chosen such that

∂ fi
∂ p j

= 0,



160 APPENDIX C. SUPPLEMENTARY MATERIAL FOR CHAPTER 7

wherei is the number of the row ofA that is to be estimated. This means that the behavior
of the i-th componentxi around the steady-state can be described by

∆ẋi(t) = Ai∆x(t)+
∂ fi
∂ p j

∆p j = Ai∆x(t).

For convenience we use at this point the continuous time form. However, the following
developments can be easily extended also to the discrete time form.

Assume we are doingr ≥ n perturbation experiments and we use only one time-step
per experiment to construct the measurement matrix

M = [∆x1(t), ...,∆xr(t)], (C.2)

where∆x j(t) indicates the response of the system in thej-th experiment at time instantt.
Then, in order to determineAi from

Ai = [∆ẋ1
i (t), ...,∆ẋr

i (t)]M
T(MMT)−1

the measurement matrixM needs to have full rank, that is, a rank ofn. ∆ẋ j
i (t) is determined

by numerical differentiation from measurements of thei-th component at two sequential
time-stepst and t + ∆T. This means that among the responses∆x j(t), j = 1, ..., r there
need to existn linearly independent responses. However, in the followingwe will prove
that this is not the case when only one time-step per experiment is considered. For easier
notation and without loss of generality we will consider thecase fori = 1.

Proof. Consider the following system

d
dt

[

x1(t)
x̂(t)

]

=

[

f1(x(t),P1)

f̂ (x(t),P1, P̂)

]

= f (x(t),P1, P̂), x = [x1, ...,xn]
T ,

where x̂ = [x2,x3, ...,xn]
T and f̂ = [ f2, f3, ..., fn]T . P1 determines the set of parameters

involved in f1 andP̂ the remaining parameters of the system not involved inf1.
The behavior of the perturbed system is described by

∆ẋ j(t) = A∆x j(t)+∆u j , (C.3)

where∆u j denotes the perturbation applied to the system in thej-th experiment and∆x j(t)
denotes the response of the system to this perturbation at the time instantt. A perturbation
∆u j results from perturbations to parameterspr , belonging toP̂, and can be written as

∆u j =

[

∆u j
1

∆û j

]

=

[

∑N
r=1

∂ f1
∂ pr

∆p j
r

∑N
r=1

∂ f̂
∂ pr

∆p j
r

]

=

[

0

∑N
r=1

∂ f̂
∂ pr

∆p j
r

]

, (C.4)

where∆p j
r denotes the perturbation of parameterpr in the j-th experiment.N ≥ n is the

number of parameters in̂P. From (C.4) it is easy to see that all possible perturbations∆u j

span at maximum a subspace of dimensionn−1. Due to the assumption of linearity of
the system (C.3) this shows that, at time instantt, there can be at maximumn−1 linearly
independent responses∆x j(t) of (C.3). However, as the matrixM in (C.2) consists of
these responses, we conclude that the matrixM can at maximum containn− 1 linearly
independent responses∆x j , and therefore does not have full rank.
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C.5 Model of the 4 gene network

The equations and parameters of the four-gene network, given in the supplementary of
(Kholodenkoet al. 2002) are given below. The activity level of genei is given as the
concentrationxi of its mRNA. In addition, the time derivative of the activityof a gene
is simply determined by the sum of the rate of synthesis and rate of degradation of the
corresponding mRNA.

ẋ1 = v1,syn+v1,deg

ẋ2 = v2,syn+v2,deg

ẋ3 = v3,syn+v3,deg

ẋ4 = v4,syn+v4,deg

The synthesis and degradation rates are determined by the following equations.

v1,syn = V1s
1+A14(x4/K14a)

n14

(1+(x4/K14a)n14)(1+(x2/K12i)n12)
, v1,deg= −V1d

x1

K1d +x1

v2,syn = V2s
1+A24(x4/K24a)

n24

1+(x4/K24a)n24
, v2,deg= −V2d

x2

K2d +x2

v3,syn = V3s
1+A32(x2/K32a)

n32

(1+(x2/K32a)n32)(1+(x1/K31i)n31)
, v3,deg= −V3d

x3

K3d +x3

v4,syn = V4s
1+A43(x3/K43a)

n43)

1+(x3/K43a)n43
, v4,deg= −V4d

x4

K4d +x4

The structure of the four-gene network and the parameters used in this work are given
in Figure C.1, and the parameters used for the perturbation experiments are the maximal
enzyme ratesV1s, V2s, V3s, andV4s.

13

2

4

Figure C.1: Structure of the four-gene network. The arrows indicate the directionality of
the interactions between the four genes. Parameters used are as follows:V1s = 5, A14 = 4,
K14a = 1.6, n14 = 2, K12i = 0.5, n12 = 1,V2s = 3.5, A24 = 4, K24a = 1.6, n24 = 2,V3s = 3,
A32 = 5, K32a = 1.5, n32 = 2, K31i = 0.7, n31 = 1,V4s = 4, A43 = 2, K43a = 0.15,n43 = 2,
V1d = 200,K1d = 30,V2d = 500,K2d = 60,V3d = 150,K3d = 10,V4d = 500,K4d = 50
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C.6 Model of the 5 gene network

The five-gene network is a modification of the four-gene network in Section C.5 above. A
fifth gene has been introduced in the feedback connection between gene 1 and gene 3. The
degradation time constant for the mRNA of this gene has been chosen very small in order
to introduce a fast dynamic. As for the 4-gene network, the activity level of genei is given
as the concentrationxi of its mRNA. In addition, the time derivative of the activityof a
gene is simply determined by the sum of the rate of synthesis and rate of degradation of
the corresponding mRNA.

ẋ1 = v1,syn+v1,deg

ẋ2 = v2,syn+v2,deg

ẋ3 = v3,syn+v3,deg

ẋ4 = v4,syn+v4,deg

ẋ5 = v5,syn+v5,deg

The synthesis and degradation rates are determined by the following equations.

v1,syn = V1s
1+A14(x4/K14a)

n14

(1+(x4/K14a)n14)(1+(x2/K12i)n12)
, v1,deg= −V1d

x1

K1d +x1

v2,syn = V2s
1+A24(x4/K24a)

n24

1+(x4/K24a)n24
, v2,deg= −V2d

x2

K2d +x2

v3,syn = V3s
1+A32(x2/K32a)

n32

(1+(x2/K32a)n32)(1+(x5/K35i)n35)
, v3,deg= −V3d

x3

K3d +x3

v4,syn = V4s
1+A43(x3/K43a)

n43

1+(x3/K43a)n43
, v4,deg= −V4d

x4

K4d +x4

v5,syn = V5s
1+A51(x1/K51a)

n51

1+(x1/K51a)n51
, v5,deg= −V5d

x5

K5d +x5

The structure of the five-gene network and the parameters used in this work are given
in Figure C.2, and the parameters used for the perturbation experiments are the maximal
enzyme ratesV1s, V2s, V3s, V4s, andV5s.

At the nominal steady-state, determined by the parameters given in Figure C.2, the
nominal Jacobian is evaluated to be

A =













−6.46 −2.94 0 2.43 0
0 −8.18 0 3.59 0
0 1.68 −14.68 0 −0.85
0 0 16.54 −9.79 0

562.4 −293.3 0 0 −355.7













.
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Figure C.2: Structure of the four-gene network. The arrows indicate the directionality of
the interactions between the four genes. Parameters used are as follows:V1s = 5, A14 = 4,
K14a = 1.6, n14 = 2, K12i = 0.5, n12 = 1,V2s = 3.5, A24 = 4, K24a = 1.6, n24 = 2,V3s = 3,
A32 = 5, K32a = 1.5, n32 = 2, K35i = 0.7, n35 = 1,V4s = 4, A43 = 2, K43a = 0.15,n43 = 2,
V5s = 100,A51 = 5,K51a = 1,n51 = 1,V1d = 200,K1d = 30,V2d = 500,K2d = 60,V3d = 150,
K3d = 10,V4d = 500,K4d = 50,V5d = 6000,K5d = 10.
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