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Fakultetsopponent är Dr. Frank Ihlenburg, ISKO engineers AG, München. Avhan-
dlingen försvaras p̊a engelska.





Abstract

This thesis concerns three-dimensional finite element modelling of Biot’s equa-

tions for elasto-acoustic modelling of wave propagation in layered media in-

cluding porous elastic materials. The concept of hierarchical (p-version) finite

elements are combined with various weak forms of Biot’s equations. Compu-

tationally efficient methods providing accurate solutions of sound propagation

in layered porous media are discussed. The research falls within the areas lin-

ear acoustics and numerical acoustics. Important applications of the developed

methods may be found within vehicle interior acoustics, e.g. engineering design

of damping treatment based on multiple layers of porous materials.
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Dissertation

The thesis consists of a review of the field of research and four appended papers which
are listed below and are referred to as Paper A to Paper D.
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1 Overview of field of research

1.1 Introduction

As the quest for reduced weight, at equal level of noise, vibration and harshness (NVH)
comfort, continues within the vehicle engineering industry, the traditional design and
material choices for both vehicle structures and acoustic interior trim components
are being revisited. The trend towards light and stiff multi-functional, multi-layer
structures creates significant acoustic challenges. Efficient and cost-effective design
of these new structures may only be achieved through a strong understanding of
the relationships between material properties, combination of materials and their
resulting application performance. Clearly then, unified and concurrent engineering
approaches, together with a relevant representation of the important physical aspects
of multi-layer materials in computer aided engineering (CAE) tools are needed to
ensure efficiency and compatibility between different design criteria.

For a private car, for instance, one of the acoustic challenges is to design weight-
optimal car body multilayer panel structures which reduces the transmission of sound
from various noise sources e.g. engine, tyres and aerodynamically induced noise. This
thesis is intended as a contribution to a methodology having the potential of meeting
this challenge. It is mainly concerned with development of numerical methods to
describe vibro-acoustic wave propagation through multiple layered material which
includes poroelastic materials. The focus is on hierarchical finite element modelling
of weak forms of Biot’s equations, forming the basis for needs in new CAE tools.

1.2 Modelling of porous materials

A porous material consists of a porous frame structure with an interstitial fluid, e.g.
air, filling the voids (the pores). In this context only the fluid in the pores which
are communicating are considered as the fluid. (Fluid which are captured in closed
cells is considered as part of the frame since it is prohibited to move relative the
same.) The main vibro-acoustic features of porous materials are that the frame in
a macroscopic sense is often considerably more flexible and less mass dense than
the material it is made of and that the fluid in the pores may move relative to the
frame, hence interacting dynamically through viscous and inertial couplings. Both the
fluid constituent and the frame constituent are compressible and hence dilatational
interactions also occur, even if they in most cases of interest in vibro-acoustics are
small. The frame may in acoustic applications be considered as linearly elastic, for
small deformations, having internal damping. Hence, as in the case of elastic solid
materials, the frame stiffness is in general considered as complex-valued and frequency
dependent.

A widely used theory, in linear acoustics, to describe the macroscopical mechanical
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behaviour of elastic porous materials is known as the Biot theory [1, 2]. This theory
treats the porous frame as an equivalent elastic solid continuum, and the interstitial
fluid as an equivalent compressible fluid continuum. The frame motion and the fluid
motion on the pore level are averaged into equivalent macroscopic frame and fluid
motions. Similarly, the frame-fluid interactions on the pore-fluid boundary surfaces
level are averaged into equivalent macroscopic volume interactions. This allows the
macroscopic fluid to be considered as inviscid, coupled to the frame via volume viscous
couplings (whereas the fluid on the pore level is viscous indeed). This averaging is
justified if a characteristic length of the pores are small compared to a characteristic
length of the macroscopic behaviour. In acoustics this latter characteristic length is,
not surprisingly, identified as a wave length.

From the Biot theory it may be deduced the existence of three different fluid-
frame coupled waves: One rotational wave controlled by the frame motion, dragging
the fluid, and two compressional waves. In case of weak coupling between the frame
and the fluid the compressional waves are sometimes referred to as the frame borne
and the fluid borne since the wave speeds are mainly determined by the stiffness
and the mass density of the frame and fluid respectively. In case of strong coupling
between the fluid and the frame, the compressional waves are referred to as the fast
where the fluid and the frame move almost in phase and the slow where the fluid
and the frame move almost out of phase. The latter wave is always highly damped
whereas the former not necessarily has to be.

While Biot’s theory is formulated for general anisotropic materials, the present
work has only considered isotropic poroelastic materials. The governing equations
may be summarised by two linear momentum equations, two linear constitutive laws,
and the kinematic compatibility equations, relating infinitesimal displacements to
infinitesimal strains. All quantities in the equations should be understood as macro-
scopic averaged quantities.

Upon the assumption of a time-harmonic motion with eiωt-dependence the mo-
mentum equations may be written as

∇ · σs + ω2ρ1us + (ω2ρa − iωb)(us − uf ) = 0 (1)

∇ · σf + ω2φρ0uf + (ω2ρa − iωb)(uf − us) = 0 (2)

The divergence of the frame stress in equation (1) is related to the second term,
which represents the inertia of the frame, in the same way as compared to a solid.
The parameter ρ1 denotes the bulk frame mass density, ρ1 = (1 − φ)ρs, where φ is
the porosity and ρs is the mass density of the frame material.

In addition, a third term which depends on the relative motion of the frame and
the fluid is introduced. This dynamic coupling is of two kinds. Firstly, due to the
viscosity of the fluid, a relative velocity between fluid and the frame generates viscous
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forces between the fluid and the frame. This effect is described by the viscous drag
parameter b. Secondly, due to the curvature of the pores, the fluid on the microscopic
pore level moves through the pores with a greater speed relative to the frame than
the averaged relative speed. This extra microscopic speed must have been caused by
an acceleration which in turn must have been caused by a force from the frame. The
reaction force on the frame is described by the inertial interaction parameter ρa.

Similarly to the frame, the divergence of the fluid phase stress in equation (2) is
related to the second term and the bulk fluid mass density φρ0. Due to the symmetry
of action and reaction the third term which describes the dynamic influence from the
frame on the fluid is the same as in equation (1) but with opposite sign. The average
fluid pore pressure is related to the fluid phase stress by σf = −φpI, where I is a
second order unit tensor. Hence, the divergence of the fluid phase stress is related to
the pressure gradient by ∇ · σf = −φ∇p.

The constitutive laws of a porous material may be written as

σs =
[(
λ+Q2/R

)
θs +Qθf

]
I + 2Nε (3)

and
−φpI = σf =

[
Qθs +Rθf

]
I. (4)

The frame stress depends on the frame strain similarly as for an elastic solid. In
addition the frame stress is affected by a part of the fluid strain field, namely the
dilatation of the fluid phase. (The microscopic pore level shear deformation coupling
between the microscopic fluid and the pores is already included as an average quantity
in the momentum equations). The parameter λ + Q2/R is understood as the Lamé
parameter at zero fluid dilatation. It may be shown that λ is the Lamé parameter at
zero acoustic pore pressure. N is the other Lamé parameter, i.e., the shear modulus of
the frame. Due to internal material damping λ andN should be considered as complex
and frequency dependent. The fluid stress may only be described by a pressure state
and is thus only dependent on the fluid dilatation, similarly to an acoustic fluid, and
in addition also dependent on the frame dilatation. The parameter R is interpreted
as the fluid phase bulk stiffness at zero frame dilatation. The dilatational coupling
factor Q may be derived as Q = 1−φ−Kb/Ks

φ R and is usually in acoustic application a
relatively small quantity. The quantity R is fairly close to φKf . Due to the increased
heat conduction caused by the porous frame, regulating the temperature variation
during compression and expansion in the acoustic wave, Kf is complex and frequency
dependent.

The infinitesimal strains in the equations (3) and (4) is related to the infinitesimal
displacements by

θs = ∇ · us, θf = ∇ · uf (5)
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ε = 1/2
(∇us + (∇us)T

)
. (6)

The momentum equations, the constitutive equations and the displacement-strain
relations may be combined in various ways and different equivalent forms of Biot’s
equations may be obtained as a result. Also the equations may be transformed by
using other sets of field variables than e.g. us and uf which were used in the original
work by Biot [1].

1.3 Solutions of Biot’s equations

Analytical solutions to Biot’s equations only exist for a few special cases which may
be reduced to one dimensional problems, e.g. spherical, infinite cylindrical and in-
finite plane problems all with one-dimensional behaviour of the solution. In vehicle
applications, for instance, porous materials are of finite size, may have complex ge-
ometry and the loads and boundary conditions may be distributed in a non-uniform
way. In addition they may be interfaced to other porous or solid materials or fluid
media. Hence, in general, three dimensional numerical methods, e.g. finite element
methods, are needed to solve these three-dimensional boundary value problems.

To formulate a finite element method first a weak form of the partial differential
equations including boundary conditions, has to be stated. The solution of the weak
form is under certain circumstances in some sense also a solution to the original
boundary value problem. Subsequently, a finite-dimensional finite element basis which
spans a finite-dimensional subspace of the infinite-dimensional space associated to the
weak form has to be applied, thus resulting in a linear equation system which may
be solved by a computer. The choice of finite element basis is often referred to as
the finite element discretisation. In the nature of the finite element methods lies that
the global finite element basis is an assembly of element local finite element bases,
constructed such that some kind of point-wise continuity conditions of the primary
variables and possibly of some of their derivatives are fulfilled. Also some traction
condition should be satisfied on inter-element boundaries in an element boundary
average sense. In the present work finite element bases which are continuous with
respect to the primary variables itself are used. They are sometimes referred to as
H1-finite elements. As the finite element mesh is refined, the finite element solution
should approach the exact solution in the sense of some mathematical norm. Such
a refinement strategy is sometimes referred to as the h-version. As an alternative to
refining the mesh, instead the element local finite element bases are enriched with
more basis functions and thus enlarging the finite element space. This is referred to
as the p-version.

The two strategies may be combined simultaneously and is then referred to as
the hp-version [3]. This process may be automated and adaptive based on element
local error indicators controlling the process and is then referred to as hp-adaptive.
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Figure 1: Convergence in Erel for hierarchical extension p = 0 to p = 11 at 190 Hz
compared with h-extensions of linear and quadratic elements

This latter adaptive method is beyond the scope of the present work. The hp-version
is, however, used as a tool to exploit different weak formulations of Biot’s equations.
This application of the hp-version is, to the knowledge of the author, an original
contribution.

Zienkiewicz et al proposed in [4] finite element schemes for the form of Biot’s
equations which uses the frame displacement us and the fluid displacement uf as
primary variables. Simulations in Paper A suggest, however, that linear elements,
applied in such schemes, have slow convergence with respect to mesh refinements
(and also with respect to the computational effort). In Paper A also a hierarchical
polynomial finite element basis [5], was applied to a weak (us,uf )-formulation of
Biot’s equation. The simulations performed showed superior p-convergence for a
single element model, i.e., as the order of polynomial used in the basis was increased,
as compared to the h-convergence of elements with linear and quadratic polynomial
finite element bases, see Figure 1.

In Paper B the implementation was extended to include mesh refinement combined
with use of higher order hierarchical polynomials in the finite element bases. Sim-
ulations of the same example as in Paper A indicated that, although p-enrichments
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Figure 2: Relative error for mesh refinement extensions vs. CPU time at 200 Hz

showed superior convergence with respect to the number of degrees of freedom in the
equations system, the efficiency of the p-refinement was not conclusively the most
efficient with respect to the number of floating point operations needed to solve the
equation system. In fact, for some intermediate levels of accuracy, relevant for an
engineering application, mesh refinements of finite elements based on fourth or fifth
order hierarchical polynomials converged at a lower computational cost, see Figure 2.

In Paper B also boundary conditions and coupling conditions to other porous,
solid or fluid media for the (us,uf )-formulation based on linear constraint equations
were discussed and implemented in a p-version finite element code. Another numer-
ical example, composed of two different porous layers, both with low flow resistivity
but differing in the porosity was discussed. The difference in porosity stressed a dis-
continuity of the fluid displacement at the interface between the two materials due to
the volume displacement continuity condition

(1− φi)usi · ni + φiu
f
i · ni + (1− φj)usj · nj + φju

f
j · nj = 0 (7)

between two layers i and j having open (communicating) pores.
In this work it was also observed a slow p-convergence of the fluid displacement
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Figure 3: Absolute value of the fluid displacement component in the 3-direction (stack-
ing direction) along the corner edge x1 = 0 m, x2 = 0 m at 100 Hz for different p. In
the legend ’uu’ denotes the displacement formulation.’up’ denotes the fluid displace-
ment evaluations from the mixed formulations.

close to the material discontinuity, see Figure 3, whereas the frame displacement
converged fast. Simulation on a similar example, but with the flow resistivity ten-
folded in both layers as compared to the first example did not exhibit any of this
slow convergence behaviour of the fluid displacement. This suggests that slow the
convergence is related to the low flow resistivity. This was not surprising since the
fluid displacement becomes singular with respect to divergence free motion if the flow
resistivity and the inertial coupling is zero.

This problematic finding of the convergence behaviour triggered new thoughts
and ideas of alternative formulations to be able to investigate the fluid displacement
behaviour in more detail for this kind of low flow resistivity material configurations.
A symmetric weak formulation describing the fluid displacement redundantly by the
fluid pressure p and a fluid displacement scalar potential ϕ was earlier proposed by
Göransson in [6]. The shortcoming of that formulation is that it can not describe
the rotation part of the fluid displacement properly since the gradient of the scalar
potential appearing in the momentum equations is rotation free. The use of a vector
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potential and a full Helmholtz decomposition of the fluid displacement

uf = ∇ϕ+∇∧ψ (8)

was earlier believed to present difficulties to describe the boundary conditions in
terms of the vector potential. In Paper C, however, a symmetric weak formulation
of Biot’s equations, based on a Helmholtz decomposition of a fluid displacement was
proposed. It was shown that the only appearance of the potentials in the boundary
conditions simply was in the Neumann conditions as the sum (∇ϕ + ∇ ∧ ψ) · n
which is identified as the normal component of the fluid displacement ufn. This is
consistent with the (us, uf )-formulation where the same condition appear as the
Dirichlet condition of the fluid, see Paper B. Note that the fluid displacement generally
is not in H1(Ω)3, as is the case for the frame displacement, but only in Hdiv(Ω).
Furthermore, there is a continuous trace mapping from ufn ∈ L2(Γ) to Hdiv(Ω), but
there is not a corresponding trace mapping from the tangential fluid displacement
components to Hdiv(Ω). Thus, within the Biot theory, the normal component of the
fluid displacement is the only part of the fluid displacement which is allowed to be
prescribed at a boundary or to be involved in coupling conditions to another medium.

The proposed formulation was implemented in a p-version finite element code,
using the same hierarchical polynomials as described in Paper A and Paper B. A
numerical example of a double wall panel with a porous core validated the proposed
(us, p, ϕ, ψ)-formulation against the already established (us, uf )-formulation and
also illustrated that the relative displacement and thus the viscous interactions may
be overestimated by the (us, p, ϕ)-formulation, earlier proposed by Göransson, as
can be seen in Figure 4. Also a number of coupling conditions to other porous solid
and fluid media was discussed and it was shown that the potential formulation (us,
p, ϕ, ψ)-formulation and the (us, p, ϕ)-formulation symmetrically couples to the (us,
uf )-formulation via coupling integrals.

In parallel to the work conducted by the author, Atalla et al [7] has developed a
symmetric weak (us, p)-formulation of Biot’s equation. The symmetry was obtained
by scaling the pressure equation appropriately. This scaling, however, makes the an-
gular frequency to appear differently in the fluid equation than in the frame equation
and hence this formulation is not suited for eigenvalue analyses of the coupled equa-
tions, but is well suited for frequency response calculations. This formulation was
also improved by Atalla et al in [8] with respect to the coupling conditions between
a open porous boundary and another open porous boundary or solid boundary that
became natural conditions without any coupling integrals if the boundary surfaces are
structurally attached to each other. In [9] a p-version implementation of the improved
formulation was presented.

The (us, p)-formulation is interesting from an application point of view since it
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Figure 5: Frame displacement at 500 Hz real part p = 7 (magnified with a factor
106). The right hidden surface is clamped. The front surface is free. The other two
surfaces are symmetry boundaries.

uses a minimal of primary variable components, needed to represent Biot’s equation.
This suggests that the computational effort needed to solve a problem with a required
accuracy also may be smaller than for formulations with a greater number of primary
variable components e.g. (us, p, ϕ, ψ)-formulation and the (us, uf )-formulation. In
Paper D the applicability of p-version implementations of these three formulation was
evaluated. To be able to compare the different formulations a unified description of
the idealised boundary condition as low impedance and high impedance conditions
was discussed An application example for this purpose of evaluation was designed
with a complexity, relevant for a realistic vehicle acoustic application. The multilayer
panel structure, consisting of two covering steel plates with three layers of different
porous materials mounted in between, is designed to reduce the transferred vibrations
through the structure, induced by an acoustic pressure on one side. This may repre-
sent a car floor excited by road noise, a fire wall excited by engine noise or another
similar panel structure excited by noise coming from the outside of a car-body. The
example exhibits a strongly three-dimensional behaviour of the motion of the fluid
an the solid parts of the structure, see Figure 5. Simulations showed unambiguously
that, when the same mesh and the same order of polynomials were used in the finite
element bases, the L2-norm of the relative error of the displacements of the vibra-
tion isolated plate was practically identical for all three formulations in the studied
frequency range from 20 Hz to 500 Hz, see Figure 6.

The two-layered low flow resistivity numerical example from Paper B was also
more thoroughly investigated in Paper D. Different ways of evaluating the fluid dis-
placement from the different formulations were also discussed and the conclusion from
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that discussion was that the problem of accurately describing the fluid displacement
close to material discontinuities for low flow resistivity material remains unsolved.

1.4 Summary of present work and future work

In the following, the main contribution of the present work are summarised. Following
this, some possible future extensions of the work are suggested.

The main contributions are:

• formulation and development of three-dimensional hp-based finite element so-
lutions to the

– (us, uf )-formulation

– (us, p, ϕ, ψ)-formulation

of Biot’s equations applied to vibro-acoustic wave propagation in multilayered
panel configurations

• evaluation of hp-convergence of hierarchical finite element solutions of Biot’s
equations

• development of a novel weak (us, p, ϕ, ψ)-formulation of Biot’s equations based
on a Helmholtz decomposition of the fluid displacement.

• observation of slow fluid displacement convergence of (us, uf )-formulation based
solutions close to interfaces between porous materials having different properties

• evaluation of the applicability of the

– (us, uf )-formulation

– (us, p, ϕ, ψ)-formulation

– (us, p)-formulation

for a multilayer vehicle acoustics application based on hierarchical finite element
solutions

The modelling in the present work has only considered isotropic porous materials.
As a step further to be able to accurately model engineering application problem the
weak forms should be generalised to include anisotropic porous material.

Methods to overcome the problematic slow convergence behavior of the fluid dis-
placement close to meterial discontinuities should be developed.

The possibility of using coupling integrals , as was suggested in Paper D, instead
of a direct implementation of the constraint equations should be investigated. The
possibility to couple the (us, p)-formulation to the (us, uf )-formulation should be
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investigated as the (us, p)-formulation is computationally efficient, but the (us, uf )-
formulation is better suited when the radiated acoustic power from an open pore
porous surface Γc into an acoustic fluid by the integral

∫
Γc

iω
(
(1− φ)us + φuf

)
p̄dΓ is

to be evaluated.
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1.6 Notations

σs homogenised frame stress
σf homogenised fluid phase stress
us frame displacement vector
uf fluid displacement
p fluid pore acoustic pressure
ϕ fluid scalar potential
ψ fluid vector potential
ufn normal component of fluid displacement
n normal vector pointing outward direction from the domain
N Lamé modulus (Shear modulus)
λ Lamé modulus at zero fluid pressure
Ks bulk stiffness for the porous frame material
Kb bulk stiffness for the homogenised porous frame
Kf bulk stiffness for the fluid in the pores
Q dilatational coupling parameter
R fluid bulk stiffness at zero frame dilatation
ρ1 bulk mass density for the homogenised porous frame
ρs mass density for porous frame material
ρ0 mass density for the fluid in the pores
φ volume porosity
σ static flow resistivity
b viscous drag parameter
ρa inertial coupling parameter
ω angular frequency

xiii



References

[1] M. A. Biot 1956 Journal of the Acoustic Society of America. 28, 168-178. Theory
of propagation of elastic waves in a fluid-saturated porous solid. Part I. Low-
frequency range.

[2] J.-F. Allard 1993. Propagation of sound in porous media: Modelling sound ab-
sorbing materials. Elseviers science publishers Ltd ISBN 1-85166-887-x

[3] F. Ihlenburg 1998 Finite Element Analyses of acoustic scattering. Springer Ver-
lag, New York, Inc. ISBN 0-387-98319-8

[4] O. C. Zienkiewicz and T. Shiomi 1984 Journal for Numerical and Analytical
Methods in Geomechanics. 8, 71-96. Dynamic behaviour of saturated porous
media; the generalized Biot formulation and its numerical solution.

[5] O. C. Zienkiewicz, J. P. De S.R. Gago and D. W. Kelly 1983 Computers &
Structures 16(1-4), 53-65 The hierarchical concept in finite element analysis

[6] P. Göransson 1998 International Journal for Numerical Methods Eng. 41, 167-
192. A 3-D Symmetric, Finite Element Formulation of the Biot Equations with
Application to Acoustic Wave Propagation through an Elastic Porous Medium.

[7] N. Atalla, R. Panneton and P. Debergue 1998 Journal of the Acoustic Society
of America 104 (3), Pt. 1, 1444-1452 September 1998. A mixed displacement-
pressure formulation for poroelastic materials.

[8] N. Atalla, M. A. Hamdi and R. Panneton 2001 Journal of the Acoustic Society
of America 109 (6), 3065-3068, June 2001. Enhanced weak integral formulation
for the mixed (u,p) poroelastic equations.

[9] S. Rigobert, N. Atalla, F. C. Sgard 2003 Journal of the Acoustic Society of
America 114 (5), 2607-2617, November 2003. Investigation of the convergence
of the mixed displacement-pressure formulation for three-dimensional poroelastic
materials using hierarchical elements.

xiv


	Abstract
	List of papers
	Contents
	1 Overview of  eld of research (Summary)
	1.1 Introduction
	1.2 Modelling of porous materials
	1.3 Solutions of Biot's equations
	1.4 Summary of present work and future work
	1.5 Acknowledgements
	1.6 Notations
	References




