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Guillaume Chauvat
Department of Engineering Mechanics, FLOW Centre, KTH Royal Institute of
Technology
SE–100 44 Stockholm, Sweden

Abstract
This work deals with various aspects of boundary-layer stability. Modal and

non-modal approaches are first used in the study of the global stability of a jet
in crossflow. This flow case presents a global instability in some regimes which
results from a Hopf bifurcation from a steady wake to a limit cycle consisting
of a shedding of hairpin vortices. The effects of non-normality are studied in
relation with transient growth and numerical accuracy. It is shown that the
equations must be solved to a very high accuracy in order to properly capture
the spectrum and that the computational domain must be very long due to the
elongated core of the instability. Non-modal techniques do not suffer from such
issues.

The so-called acoustic receptivity of a flat plate with a leading-edge is
analysed using a global modes approach. This leads to a spatio-temporal
analysis in which the modes must be corrected for the imaginary part of the
eigenvalues. This correction involves the Parabolised Stability Equations (PSE).
This work confirms results previously obtained through different methods.

The stability of two- and three-dimensional boundary-layer flows in the
presence of surface irregularities such as steps, gaps or humps is also studied
using Direct Numerical Simulation (DNS). It is found that all the surface
irregularities have a destabilising effect on stability of two-dimensional boundary
layers, with the rectangular hump case being the most dangerous one. In the
case of three-dimensional boundary layers the effects are more complex. Our
results accurately reproduce the steady flows, caused by small forward-facing
steps, from an experimental setup, and the interaction of saturated crossflow
vortices with unsteady noise is discussed.

This work also describes a new method related to modal decomposition
of compressible flows with shocks. Traditional linear techniques such as the
Proper Orthogonal Decomposition (POD) struggle to capture strong nonlinear
phenomena such as shock motion. The proposed shock-fitting approach tackles
this issue by interpolating data onto a grid following the discontinuities. This
requires detecting and parametrising the shocks, then mapping the original
flow fields onto a reference mesh. A method to generate this mapping in
two-dimensional domains is presented. Then the method is applied to two
two-dimensional cases in ascending complexity. In addition to faster decay of
the singular values, the modes obtained are cleaner and devoid of oscillations
around the shocks.
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Sammanfattning
Detta arbete behandlar olika aspekter av gränsskiktsstabilitet. Modala och
icke-modala metoder används först i studien av den globala stabiliteten hos
en jetstråle i tvärflöde. Detta flödesfall presenterar en global instabilitet för
vissa kombinationer av parametrar. Denna instabilitet är resultatet av en
Hopf-bifurkation från ett stationärt vakflöde till en gränscykel bestående av
utskjutande ’hairpin’ virvlar. Effekterna av systemets icke-normalitet studeras i
förhållande till transient tillväxt av störningar samt numerisk noggrannhet. Vi
visar att ekvationerna måste lösas med mycket hög noggrannhet för att korrekt
beräkna spektrum av egenvärdena och att beräkningsdomänen måste vara
mycket lång på grund av den långsträckta kärnan i instabiliteten. Icke-modala
metoden lider inte av sådana problem.

Vi har utfört en global stabilitetsanalys för att studera akustik receptivitet
av gränsskiktet över en plan platta med en elliptisk formad framkant. Detta
leder till en rum-tid analys där den beräknade moden måste korrigeras för
den imaginära delen av egenvärdena. Denna korrigering involverar användning
av paraboliserade stabilitetsekvationer (PSE). Resultaten av denna metod
överensstämmer med dem erhållna genom direkta numeriska simuleringar men
kräver mindre beräkningskapacitet.

Stabiliteten hos två- och tredimensionella gränsskiktsflöde över ytor med
ojämnheter som skarvar, gropar eller upphöjningar har studerats med hjälp
av direkta numeriska simuleringar. Vi har funnit att alla ojämnheter på ytan
har en destabiliserande effekt for tvådimensionella gränsskiktsflöde, varvid
den rektangulära upphöjningen är farligast. I fallet med det tredimensionella
gränsskiktet är effekterna mer komplicerade. Resultaten av våra simuleringar
av stationära störningar orsakade av små upphöjningar på en vinges yta är i
god överstämmelse med experimentella data. Vidare diskuterar vi interaktionen
mellan dessa störningar och bruset i inkommande flödet.

Vi också presenterar en ny metod för modaldekomposition av flöde med
stötar. Traditionella linjära tekniker som Proper Orthogonal Decomposition
(POD) har svårt att fånga starka olinjära fenomen som oscillerande stötar. Det
föreslagna ’shock-fitting’ metoden hanterar denna fråga genom att interpolera
data på ett nät som följer stöten. Detta kräver detektering och parametrisering
av stötar och sedan interpolera de ursprungliga flödesfälten på ett referensnät.
En metod för att generera denna mappning i tvådimensionella domäner har
presenterats. Sedan har metoden tillämpats på två tvådimensionella fall i
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stigande komplexitet. Förutom snabbare avtagande av singulära värden är
de erhållna moderna renare och saknar svängningar runt stötarna.

Nyckelord: stabilitet, gränsskikt, laminär-turbulent omslag, receptivitet, mo-
daldekomposition.
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Preface

This thesis deals with flow instability, receptivity and transition. A brief
introduction on the basic concepts and methods is presented in the first part.
The second part contains five articles. The papers are adjusted to comply with
the present thesis format for consistency, but their contents have not been
altered as compared with their original counterparts.

Paper 1. G. Chauvat, A. Peplinski, D. S. Henningson & A. Hanifi,
2020. Global linear analysis of a jet in cross-flow at low velocity ratios. Journal
of Fluid Mechanics 889 (A12).

Paper 2. G. Chauvat, P. Paredes & A. Hanifi. Leading-edge acoustic
receptivity investigation through global modes analysis. Under review for Physical
Reviews Fluids.

Paper 3. F. Tocci, G. Chauvat, S. Hein & A. Hanifi. Direct Numerical
Simulations of Tollmien-Schlichting Disturbances in the Presence of Surface
Irregularities. In Proceedings of IUTAM Transition 2019.

Paper 4. G. Chauvat, F. Tocci, A. Rius-Vidales, M. Kotsonis, S. Hein
& A. Hanifi. Direct numerical simulations of the effects of a forward-facing
step on the instability of crossflow vortices. To be submitted.

Paper 5. G. Chauvat, P. J. Schmid & A. Hanifi. Mode decomposition of
flows with shocks. To be submitted.

November 2020, Stockholm
Guillaume Chauvat
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Part I

Overview and summary





Chapter 1

Boundary-layer instability

In many situations in the flow around an object, the effects of viscosity are
concentrated in a thin layer close to the surface of the object called a boundary-
layer. In aeronautical applications, it is often sought to keep the flow in this
boundary-layer laminar as long as possible in order to reduce the drag. If
the Reynolds number, which can be interpreted as the ratio of inertial to
viscous forces, is large enough, the boundary-layer usually transitions to a
turbulent state at some location, increasing the friction drag and thus the fuel
consumption.

The transition can happen following several different paths, as discussed
by Morkovin (1969), see figure 1.1. Perturbations present in the ambient
flow enter the boundary-layer in a process called receptivity. At high Reynolds
numbers the boundary-layer becomes convectively unstable and linearly amplifies
disturbances as they travel downstream. In a very calm environment as found
at aircraft cruising altitudes, the amplitude of those disturbances is initially
very small and unstable waves are exponentially amplified until they reach
a high amplitude, at which point nonlinear effects trigger the transition to
turbulence. The initial linear amplification can also involve a phenomenon
called transient growth, such as the lift-up effect generating streaky structures
from vortices (Landahl 1980) or the Orr mechanism in which tilted vortices
linearly extract energy from the baseflow (Orr 1907). If, on the other hand,
the environment is more noisy, such as around turbine blades at the exit of
a combustion chamber, modal linear amplification is bypassed and the initial
amplification of disturbances directly results in nonlinear effects and transition.

In the low disturbance limit different types of waves can be unstable
depending on the local velocity profiles. In two-dimensional boundary-layers,
the main type of instability is a travelling wave called Tollmien–Schlichting (TS)
wave (Tollmien 1928; Schlichting 1933). TS waves are more unstable when the
flow is decelerated in the presence of an adverse pressure gradient. A favorable
(negative) pressure gradient reduces the growth of TS disturbances.

In three-dimensional boundary-layers, such as on a swept wing, so-called
crossflow vortices can be amplified due to the presence of an inflection point
in the velocity profile normal to the inviscid streamlines. The most unstable
crossflow modes are usually travelling ones, but the receptivity for steady
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2 1. Boundary-layer instability

Forcing environmental disturbances

Receptivity

Transient growth

Primary modes Bypass

Secondary mechanisms

Breakdown

Turbulence

Figure 1.1: Different paths to turbulence, adapted from Morkovin (1969).

crossflow vortices due to small surface variations is typically stronger (Bippes
1999; Tempelmann et al. 2012), so they often dominate in quiet environments.

Other types of flow instability relevant for aeronautical applications are
the Görtler and the instability of the attachment-line boundary layer (Hall
et al. 1984; Theofilis 1995). The Görtler instability (Görtler 1940; Hall 1983) is
related to the growth of streamwise vortices appearing on concave surfaces, e.g.
the lower surface of turbine blades. The attachment-line instability appears for
example along the leading edge of a wing.



Chapter 2

Stability methods

In this chapter, we first address the equations describing the flow and then
discuss different frameworks in which the flow instability is studied.

2.1. Governing equations
At low speeds, the motion of a fluid is described by the incompressible Navier–
Stokes equations

∂u

∂t
+ (u · ∇)u+∇p = 1

Re
∇2u (2.1a)

∇ · u = 0, (2.1b)

here in their non-dimensional form, where p is the pressure and u = (u, v, w)

is the velocity. Re = Uref lref
ν is the Reynolds number with Uref and lref being

the dimensional reference velocity and length, respectively, and ν the kinematic
viscosity.

The stability of a flow of velocity U can be studied by analysing the
behaviour of small perturbations u around it. In this framework, it is useful to
linearise the equations (2.1a)–(2.1b), which gives

∂u

∂t
+ (U · ∇)u+∇U · u+∇p = 1

Re
∇2u (2.2a)

∇ · u = 0. (2.2b)

The pressure can be eliminated using the Helmholtz–Hodge decomposition,
projecting the nonlinear terms onto a divergence-free subspace, and this can be
rewritten as a linear operator acting only on a divergence-free velocity field:

∂u

∂t
= A(u). (2.3)

An efficient approach for sensitivity analysis of the flow is to use the so-
called adjoint techniques (see for example the review by Luchini & Bottaro
(2014)). The adjoint linearised Navier–Stokes equations read

∂u†

∂t
− (U · ∇)u† +∇UT · u† +∇p† = 1

Re
∇2u† (2.4a)

∇ · u† = 0. (2.4b)

3



4 2. Stability methods
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Figure 2.1: Spectrum for the leading-edge receptivity case.

where the superscript † denotes the adjoint variables. These equations are
integrated backward in time.

2.2. Global stability analysis
Global stability analysis is the most general and the most conceptually straight-
forward analysis method. Nonetheless it is only thanks to the recent progress
in computer capabilities that its use has become widespread (Theofilis 2003).

Seeking solutions under the ansatz u(x, t) = e−iωtû(x), equation (2.5) takes
the form

iA(û) = ωû. (2.5)
The long-term stability of the flow is determined by the eigenvalues of iA.
An initial perturbation u0 can be decomposed into eigenvectors (ûn) of iA
associated to eigenvalues (ωn):

u0 =
+∞∑
n=0

αnûn. (2.6)

The solution at later times is given by

u(t) =
+∞∑
n=0

αnûne
−iωnt. (2.7)

The asymptotic response for long times is given by the term(s) for which the
imaginary part of ωn is the largest. If all the eigenvalues have a negative
imaginary part then an infinitesimal perturbation will asymptotically decay ex-
ponentially over time. Conversely, if some eigenvalues have a positive imaginary
part then a global instability is present and the base flow cannot be observed in
reality.
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A review of the methods for calculating eigenmodes is given in Theofilis
(2011). The operator A acts on an infinite-dimensional space and usually
requires to be numerically discretised a with number of degrees of freedom too
large for its eigenvalues to be computed directly. For two-dimensional problems
the matrix of the discretised system can be stored in a sparse format and its
eigenvalues can be approximated using the Arnoldi algorithm (Arnoldi 1951) or
one of its variants such as the Implicitly Restarted Arnoldi Method (Lehoucq
& Sorensen 1996), implemented in the ARPACK library (Lehoucq et al. 1998).
Those methods are based on approximating the range of A by a Krylov space

Kn = span
(
Aku0

)
0≤k≤n−1

(2.8)

where u0 is an arbitrary initial vector. The eigenvalues of an approximation
of A restricted to the small space Kn can then be computed explicitly using a
QR decomposition. This is done in the present work using a simple Arnoldi
iteration for computing global modes related to the acoustic receptivity of a
leading edge on a flat plate, generating TS waves in the boundary-layer. The
spectrum is shown in figure 2.1 and parts of an eigenvector are visible in figure
2.2. While the modes in the boundary-layer downstream of the leading-edge
could be studied with a less expensive method (see section 2.4), the presence of
a fully two-dimensional flow around the leading-edge calls for a global analysis.

For larger problems, the eigenvalue problem

exp (τA)u = µu (2.9)

can be solved using a matrix-free method by time-stepping the equations (2.2a)
– (2.2b) for a chosen time τ . It amounts to calculating the action of the operator
exp(τA) on the initial condition. This method avoids the storage of large
matrices into memory and allows for large eigenvalue problems to be solved
on parallel distributed memory systems. The eigenvalues (ωn) of A are then
recovered from the eigenvalues (µn) of exp (τA) with

ωn =
i lnµn

τ
. (2.10)

The integration time τ must be chosen small enough to avoid aliasing, but
large enough for the eigenvalues of exp (τA) not to all be clustered around 1.
An example of results from this method is shown in figures 2.3 and 2.4 for
the case of a jet in crossflow. A round laminar jet emanates from a cylinder
at the wall in a Blasius boundary-layer. The interaction of the jet with the
boundary-layer generates tridimensional structures close to the pipe exit, as well
as elongated counter-rotating vortices downstream. Depending on the velocity
ratio R between the bulk jet velocity and the free-stream velocity, a global
instability can be present.

2.3. Local analysis
Historically, calculating global modes for three- or even two-dimensional prob-
lems was too expensive. In some cases it is possible to simplify the stability
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(a)

(b)

Figure 2.2: Details of the real parts of (a) û and (b) v̂ around the leading edge.

equations into a one-dimensional problem that is readily solved with any modern
computer. If the flow is homogeneous in two directions, typically along the
x and z coordinates, the equations can be greatly simplified by considering
Fourier modes in those directions using the ansatz

u(x, y, z, t) = û(y)ei(αx+βz−ωt). (2.11)

Equations (2.2a)–(2.2b) then become(
−iω + iαU +

α2 + β2

Re
− 1

Re

∂2

∂y2

)
û+ Uy v̂ + iαp̂ = 0 (2.12a)(

−iω + iαU +
α2 + β2

Re
− 1

Re

∂2

∂y2

)
v̂ +

∂

∂y
p̂ = 0 (2.12b)(

−iω + iαU +
α2 + β2

Re
− 1

Re

∂2

∂y2

)
ŵ + iβp̂ = 0 (2.12c)

iαû+
∂

∂y
v̂ + iβŵ = 0 (2.12d)



2.3. Local analysis 7

0 0.1 0.2 0.3 0.4 0.5 0.6

−2

−1

0

1

·10−2

ωr

ω
i

Figure 2.3: Spectrum of the linearised Navier–Stokes operator for the jet in
crossflow at velocity ratio R = 0.4 (circles) and its adjoint (pluses). The unstable
region is coloured in grey. Symmetrical eigenvalues are present in the left part
of the complex plane.

Figure 2.4: Real part of û in the symmetry plane (top) and contours of <(û) =
±0.008 (bottom) for the most unstable direct mode of the jet in crossflow at
R = 0.35.

which are sometimes expressed at the Orr–Sommerfeld equation acting on v̂
alone at the cost of a fourth-order differential term(

1

iRe

(
∂2

∂y2
−
(
α2 + β2

))2

− (αU − ω)
(
α2 + β2)

)
+ αUyy

)
v̂ = 0.(2.13)

In the so-called temporal analysis, the wavenumbers α and β are fixed
and the complex frequency, including the temporal growth rate, is obtained
as a solution as an eigenvalue of the linear system. This homogeneous case
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can also be valid approximation for flows evolving slowly in one direction like
boundary-layers.

It is useful to differentiate between absolute and convective instabilities
(Huerre & Monkewitz 1990). If the instability is absolute a localised perturbation
will grow in place, whereas convective instabilities will grow while travelling
downstream, but eventually decay at any fixed point in space. Two-dimensional
boundary-layers are typical examples of convectively unstable flows. For high
enough Reynolds numbers, instabilities called Tollmien–Schlichting (TS) waves
are amplified as they travel downstream, eventually leading to the transition to
turbulence.

In the case of convectively unstable flows, it is more physical to reason
in terms of spatial growth at a real frequency. For example, a sinusoidal
acoustic wave in the free-stream might excite a TS wave that will grow spatially
but remain of constant amplitude in time at any given location. The system
(2.12a)–(2.12c) contains quadratic terms in α in the diffusion terms but can be
written in an equivalent formulation of higher dimension that is linear in α. For
example one can consider the independent variables (û, v̂, ŵ, αû, αv̂, αŵ).

2.4. PSE
The idea of solving parabolic evolution equations for disturbances in the
boundary-layer was first introduced by Hall (1983) for steady Görtler vor-
tices. Itoh (1986) derived a parabolic equation for small-amplitude Tollmien–
Schlichting waves. The Parabolised Stability Equations (PSE) in the form
used in this thesis were developed by Bertolotti and Herbert (Bertolotti et al.
1992) and Simen (Simen 1992); see also the review in Herbert (1997). They
take into account slow variations of the base flow in the free-stream direction,
including the curvature of the surface. They are based on a decomposition of the
perturbation into the product a slowly varying mode shape and a fast oscillating
phase function. To simplify, we will consider here a baseflow homogeneous in
the z direction with a slow variation along x i.e. ∂x(·) = O(ε). In this case the
ansatz is

u(x, y, z, t) ' û(x, y) exp (i (Θ(x) + βz − ωt)) (2.14)

where Θ(x) =
∫ x

x0
α(s)ds and α is a local wave number. In order for the

variations of the perturbation along x to be distributed between û and Θ in a
unique way, an auxiliary condition must be imposed, typically∫ ∞

0

û · ∂û
∂x

dy = 0. (2.15)

This condition forces the energy growth to be completely integrated into Θ
since

∂x ‖u‖2 = 2<
(∫ ∞

0

û · ∂û
∂x

dy

)
= 0. (2.16)
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Meanwhile, the condition

=
(∫ ∞

0

û · ∂û
∂x

dy

)
= 0 (2.17)

implies that the average phase variation is taken care of entirely by Θ. Neglecting
the terms in O(ε2), the equations become

iωû+ U

(
iαû+

∂û

∂x

)
+ V

∂û

∂y
+ iβWû+ Uxû+ Uy v̂ + iαp̂+

∂p

∂x
(2.18a)

− 1

Re

(
−(α2 + β2)û+

∂2û

∂y2

)
= 0

iωv̂ + U

(
iαv̂ +

∂v̂

∂x

)
+ V

∂v̂

∂y
+ iβWv̂ + Vy v̂ +

∂p

∂y
(2.18b)

− 1

Re

(
−(α2 + β2)v̂ +

∂2v̂

∂y2

)
= 0

iωŵ + U

(
iαû+

∂ŵ

∂x

)
+ V

∂ŵ

∂y
+ iβWŵ +Wxû+Wy v̂ + iβp̂ (2.18c)

− 1

Re

(
−(α2 + β2)ŵ +

∂2ŵ

∂y2

)
= 0

iαû+
∂û

∂x
+
∂v̂

∂y
+ iβŵ = 0 (2.18d)

which can be written concisely in matrix form

(L(α) + L′)q̂+M
∂q̂

∂x
= 0 (2.19)

where q̂ = (û, v̂, ŵ, p̂) and L, L′ and M are linear operators. L depends on the
wavenumber α which is not known in advance, so an iterative method must
be used to converge to the value of α that will satisfy the auxiliary condition
(2.15).

Starting from an initial condition q̂0 at some location x0, for example
obtained through local analysis, the solution can be marched forward in space.
An explicit Euler method is usually sufficient.

While the local growth rate σ for local analysis is simply given by the
complex wavenumber (precisely σ = −αi), for PSE the growth rate can be
defined in several ways. The growth rate in energy, if the auxiliary condition
(2.15) is used, is also σ = −αi. The growth rate in amplitude is often of interest
and must take into account the change of the shape of the mode. The growth
rate in streamwise velocity for example can be calculated as

σu = −αi +
∂ ln ‖û‖∞

∂x
, (2.20)

where ‖û‖∞ is the maximum of û.
The PSE formulation can easily be extended to non-linear equations. In

this case the harmonics of the fundamental mode are also solved for. We use
this in paper 5 to compute the evolution of saturated crossflow vortices. They
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Figure 2.5: Comparison of N -factors of a TS mode at the Blasius flow according
to local stability analysis (LST), PSE and DNS.

are linearly convectively unstable, but the nonlinear effects result in a saturation
of the amplitude which is very well captured by the nonlinear PSE.

The PSE are not strictly parabolic (Haj-Hariri 1994; Li & Malik 1996a),
hence the term parabolised rather than parabolic. In practice this results in a
lower bound on the marching step length below which the solutions diverge.
With an explicit Euler integration, this bound is ∆x > 1/ |α|. It has been
argued (Li & Malik 1996b) that a solution requiring a smaller step length would
break the slowly-varying assumption inherent to the method and that this
limitation does not meaningfully limit the use of the method. Dropping the
streamwise pressure gradient term from the equations partially solves the issue,
and stabilisation procedure has also been developed by Andersson et al. (1998).

2.5. Non-modal analysis
Contrary to the misleading usage of the term “normal modes”, the linearised
Navier–Stokes operator is usually very non-normal due to the presence of the
convective terms, therefore its eigenspaces can be far from orthogonal. As a
consequence, even if the flow is linearly stable, several stable modes can linearly
combine (Butler & Farrell 1992; Reddy & Henningson 1993; Trefethen et al.
1993; Schmid & Henningson 2001) to form a perturbation growing in energy
at finite times. This phenomenon, called transient growth, is responsible for
the transition to turbulence of flows that are technically linearly stable such as
pipe flows.

Thus, eigenvalues alone do not tell the whole story about instabilities
present in the flow. A relevant question is to determine what perturbations are
the most amplified at given finite time horizons τ (Hanifi et al. 1996; Tumin
& Reshotko 2001). This can be achieved by finding the largest eigenmode
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Figure 2.6: Optimal transient growth in energy for the jet in crossflow at R = 0.3
(plain line) and R = 0.35 (dashed line) for different time horizons τ .

of the self-adjoint operator exp(τA)† exp(τA) (Schmid & Henningson 2001).
The method of power iterations can be used to converge to it, starting from a
random initial vector u0. Given some u, exp(τA)† exp(τA)u can be computed
by time-stepping the direct linearised Navier–Stokes equations forward for the
time τ , and then time-stepping the adjoint equations backwards in time from
time τ to time 0. In practice, this often converges in two or three iterations.
This is the case if there is a large difference between the largest and the second
largest eigenvalues of exp(τA)† exp(τA).

A very similar technique can be used to determine the optimal forcing
leading to the largest response at a specific frequency. A forcing f can be added
on the right hand side of the equation

∂u

∂t
= A(u) + f. (2.21)

The same Fourier ansatz as previously used yields

− iωû = A(û) + f̂ , (2.22)

which can be inverted into

û = − (A+ iωI)
−1

f̂ (2.23)

where I is the identity. The operator − (A+ iωI)
−1 is called the resolvent. Its

norm, i.e. the value

∥∥∥(A+ iωI)
−1
∥∥∥ = max

f̂

∥∥∥(A+ iωI)
−1

f̂
∥∥∥∥∥∥f̂∥∥∥ (2.24)

is an indication of how responsive the flow is to forcing at the angular frequency
ω. It is also an indication of non-normality. For a normal operator, the resolvent
norm is inversely proportional to the distance to the eigenvalue of A closest to
−iω, but in the presence of non-normality it can be much higher.
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Figure 2.7: Resolvent norm for the jet in crossflow at R = 0.3. The first
point is marked with a different symbol to denote a different optimal response
mechanism at low frequencies, sinuous instead of varicose.

The resolvent can be computed directly by using power iterations with an
iterative method to solve

f̂n+1 =
(
(A+ iωI)

−1
)†

(A+ iωI)
−1

f̂n, (2.25)

but if the action of the resolvent and its adjoint are not directly available a
time-stepping program can also be used (Monokrousos et al. 2010). In this case,
starting from a forcing f̂n, ûn = (A+ iωI)

−1
f̂n is determined by forcing the

flow with fn(x, t) = <(f̂n(x)e−iωt) until a periodic state is reached and taking
the Fourier transform. Then the updated forcing mode f̂n+1 is determined
similarly by time-stepping the adjoint equations (backwards in time) forced by
un(x, t) = <(ûn(x)e

−iωt). This method is illustrated in figure 2.7 for the jet in
crossflow at R = 0.3.

2.6. Sensitivity analysis
The sensitivity of the flow can also be analysed using the adjoint equations
(2.4a)–(2.4b). The spectrum is symmetrical with respect to the imaginary
axis because the operator considered is real. Therefore the spectrum of the
adjoint operator, which is given by the complex conjugate of the direct operator,
is identical (figure 2.3). However due to the non-normality of the operator
the associated eigenmodes are not collinear; in fact they happen to be nearly
orthogonal in this case (figure 2.8), although they cannot be exactly orthogonal.
The adjoint modes describe where a forcing will have the largest effect on the
associated direct mode. They also represent the field of largest projection on
the associated direct mode in the base of eigenmodes. Giannetti & Luchini
(2007) look for the core of an instability mechanism by studying structural
sensitivity, the change in an eigenvalue due to a localised perturbation in the
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Figure 2.8: Real part of û† in the symmetry plane (left) and contours of
<(û†) = ±0.008 (right) for the most unstable adjoint mode of the jet in
crossflow at R = 0.35.

Figure 2.9: Wavemaker of the most unstable mode of the jet in crossflow at
R = 0.35.

operator. The result is the wavemaker, defined as

λ(x) =
‖u(x)‖

∥∥u†(x)
∥∥

|〈u,u†〉|
(2.26)

where 〈, 〉 denotes the inner product. The wavemaker for the jet in crossflow
at R = 0.35 is shown in figure 2.9. It shows that the core of the instability is
mainly localised just downstream of the pipe exit. However, it also consists
of a very elongated structure which means that a large computational box is
required to properly capture the instability numerically.



Chapter 3

Numerical methods

In this chapter, we discuss some of the issues related to the numerical schemes
we have used to perform our calculations.

3.1. Spectral element method
The main code used in this work is Nek5000 (Fischer et al. 2008) which integrates
the incompressible Navier–Stokes equations in time using the spectral element
method developed by Patera (1984). In the spectral element method, the domain
is partitioned into quadrilateral or hexahedral elements in which the solutions
are approximated by polynomials of degree N . Thus the polynomial order affects
both the number of degrees of freedom in each element and the rate of spatial
convergence of the numerical method. The polynomials are constructed in a
nodal basis associated with the Gauss–Lobatto–Legendre (GLL) points. They
are clustered towards the boundaries of the elements in a way that minimises
interpolation errors such as Runge’s phenomenon. Here the polynomial order is
usually chosen at N = 7 or 9. The equations are solved in the weak form: they
are not expressed locally at each grid point, but as integrals with test functions.

Solving for the pressure in incompressible flows requires special attention
because it is not governed by an evolution equation. Instead it acts as a Lagrange
multiplier, taking the value necessary to enforce the divergence-free equation
(2.1b). Furthermore, if discretised on a collocated grid with the velocity, spurious
pressure modes are present due to the pressure being present only as a gradient
in the equations. The approach used here is the so-called Pn−Pn−2 formulation
which consists in approximating the pressure on a discontinuous basis, at order
N − 2 and with a different quadrature.

3.2. High order finite difference
The acoustic receptivity of a leading-edge is studied using a high-order finite
difference code (Paredes et al. 2013) based on the FD-q method (Hermanns
& Hernández 2007). Finite difference consist in discretising the strong form
of the equations at discrete points using Taylor series. The FD-q method is
high-order in the sense that the order q can be chosen arbitrarily high. Instead
of deriving weights for a uniform grid, this method optimises the grid spacing
to reduce the maximum error, refining it close to the boundaries. In the limit

14
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Figure 3.1: Spectral element mesh on a wing showing the streamwise velocity
component of a crossflow vortex. The elements are delimited in black while the
intersections of the thin lines show the internal quadrature points at N = 9.

where the order q is equal to the number of points N along a dimension, the
FD-q recovers a Chebyshev spectral collocation method (Canuto et al. 1988)
along this dimension. Using lower orders, in the range of 6 to 16, yields accurate
and efficient computations. In this code, the matrix of the system is formed
and stored in memory in a sparse form.

3.3. Boundary conditions
3.3.1. Variations in inflow and outflow conditions

The boundary conditions used for different problems can have a large impact
on the solution. The stress-free outflow boundary condition, in non-dimensional
form

1

Re
∂u

∂n
− pn = 0 (3.1)

is useful when dealing with a flow coming out of the domain at an unknown
velocity. If the boundary is present in a known mean flow velocity u0 and
pressure p0, its non-homogeneous version

1

Re
∂u

∂n
− pn =

1

Re
∂u0

∂n
− p0n (3.2)

can be set instead. This is of particular importance when the simulation domain
contains two distinct outflow boundaries that are set to different pressures, since
enforcing p = 0 on both of them would create a non-physical pressure gradient
in the domain.

When simulating boundary-layer flows, one may want to impose the stream-
wise velocity but not the wall-normal velocity on the top boundary in order
to allow for the flow to adapt to the growth of the boundary-layer or to the
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presence of instability waves. In this situation the outflow condition can be
imposed for the wall-normal velocity v while Dirichlet conditions are used for
the other velocity components u and w, resulting in the so-called outflow-normal
condition

u = u0 (3.3a)
1

Re
∂v

∂y
− p =

1

Re
∂v0
∂y

− p0 (3.3b)

w = w0. (3.3c)

The outflow condition can become unstable if u · n < 0 at some location.
When (3.1) is used for a linear simulation, it is incorrect to use it without
modification for the adjoint. When deriving the adjoint equations, boundary
terms are present in the integration by parts that vanish if the proper adjoint
boundary conditions are enforced. The resulting adjoint outflow condition is

1

Re
∂û†

∂n
+ (U · n)û† − p̂†n = 0. (3.4)

Notably, using (3.1) would typically result in an unstable simulation since the
adjoint equations are integrated backwards in time and the outflow thus acts as
an inflow. The additional term in (3.4) stabilises the simulation.

This fact inspires a stabilisation procedure for the outflow-normal condition
(3.3a)–(3.3c), which was observed to become unstable if the wall-normal velocity
on the top boundary became too negative. Linearising the Bernoulli equation
in non-dimensional form

p+
1

2
‖u‖2 = p0 +

1

2
‖u0‖2 (3.5)

(with ρ = 1) while fixing the u and w velocity component yields
p+ v0(v − v0) = p0 + o(|v − v0|). (3.6)

Combining (3.6) with the condition 1

Re
∂v
∂y = 1

Re
∂v0

∂y , a condition similar to
(3.3b) with an additional term analoguous to the one in (3.4) is obtained:

1

Re
∂v

∂y
− v0(v − v0)− p =

1

Re
∂v0
∂y

− p0. (3.7)

In practice this condition is used in the swept wing case and does stabilise the
simulation while being based on physically relevant principles.

3.3.2. Boundary condition for pressure on collocated finite difference grids
The high-order finite difference code used in this work (section 3.2) uses collo-
cated grids for pressure and velocity. The linearised Navier–Stokes equations
(2.2a)–(2.2b) are discretised in primitive variables form. Under those conditions
the method is unstable due to the equations restricted to the pressure not being
of full rank: there exists spurious pressure modes. One of them consists in a
uniform pressure mode owing to the pressure only appearing in the equations
as a gradient. This is easily solved by setting either the average value of the
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pressure or the value of the pressure at one point, replacing the divergence-free
equation (2.2b) at one point in the domain. The other spurious modes consist in
oscillations along rows, columns, in a checkerboard pattern and at the corners.

This can be helped by imposing boundary conditions for the pressure,
but since the Navier–Stokes equations do not require boundary conditions for
pressure, care must be taken not to impose non-physical conditions. The solution
adopted here, from Theofilis (2017), is to replace the divergence-free equation
at the boundaries with the linearised pressure Poisson equation (LPPE)

∇2p̂+ 2(∇U)T : ∇û = 0 (3.8)
derived from the linearised Navier–Stokes equations by taking the divergence of
the momentum equations (2.2a) and cancelling terms through the divergence-
free equation (2.2b). Adapted to a two-dimensional problem homogeneous in
the z direction for perturbations of wavenumber β, it becomes(

∂2

∂x2
+

∂2

∂y2
− β2z

)
p̂+ 2

(
Ux

∂

∂x
+ Vx

∂

∂y

)
û+ 2

(
Uy

∂

∂x
+ Vy

∂

∂y

)
v̂ = 0,

(3.9)
Which is the form used in this work. It leads in practice to smooth, physical
solutions for both velocity and pressure fields.



Chapter 4

Modal decomposition

Simulations of fluid mechanics usually require a very large number of degrees of
freedom. In some situations only a small number of dimensions are physically
relevant and projecting the flow onto a reduced order basis can be very valuable.
The choice of this basis is of utmost importance to properly capture the relevant
physics in a small number of modes.

A basis is usually extracted from a snapshot matrix X whose columns
consist of snapshots of the flow at different instants and whose rows represent
degrees of freedom. A common modal decomposition method is the Proper
Orthogonal Decomposition (POD) (Lumley 1970; Rowley & Dawson 2017)
which is typically obtained from a Singular Value Decomposition (SVD) of the
snapshot matrix (Sirovich 1987), given by

X = UΣV T (4.1)
where Σ is a diagonal matrix and U and V are orthogonal matrices.

However this method struggles to represent advection phenomena, especially
the advection of discontinuities over large distances. This situation exists in
the case of instabilities in compressible flows resulting in large shock motions
such as some shock boundary-layer instabilities.

4.1. Shock masking approach
The first approach investigated is the masking of the regions around the shocks,
inspired by a method by Balajewicz & Farhat (2014) used for computing reduced
order bases for flows with moving boundaries. Formally this is achieved by
minimising the function

‖M � (UV −X)‖2F (4.2)
where ‖‖F is the Frobenius norm, � is the element-by-element multiplication
and M is a binary mask matrix containing zeros in the regions to ignore and
ones elsewhere. U and V are matrices of small rank k. If M contains only ones,
this is equivalent to a reduced SVD. In the general case (4.2) can be solved
by the alternating least-squares algorithm (ALS), which consists in iteratively
solving for the rows of U with V fixed and the columns of V with U fixed. Here,
the columns of U are normalised, so the norm of the rows of V play a role
similar to that of singular values in an SVD. The error (4.2) decreases at each

18
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Figure 4.1: Measure of the error of the approximation obtained by masking
the shocks: (a) decay of the norm of the rows of v, (b) change in error with
iteration number for two values of k.
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Figure 4.2: Density at a point in the domain and its approximations by the
shock masking approach with 32 modes and mask width of 3 or 5 points.

iteration and U and V converge to the optimal solution. It is convenient to
initialise U and V from the singular value decomposition of X.

This method was tested in the case of a cylinder section aligned with the
flow with a spike on its axis at Mach 2.21 (Feszty et al. 2004). Unfortunately
the results show very little improvement over a simple SVD, with the norm of
the rows of V almost identical to the singular values of X (figure 4.1) and the
results not changing significantly if the masks are widened (figure 4.2).
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Figure 4.3: Deformed interpolation grid at two different times. The shocks are
printed in blue. For clarity the grid shown here only uses 3% of the points of
the full resolution case.

4.2. Shock-fitting approach
In this approach, the degrees of freedom in the matrix X, instead of having a
fixed position, can move between snapshots along with discontinuities. This
allows them to always stay on the same side of shocks so as to avoid Gibbs’
phenomenon. This requires a method to smoothly move the degrees of freedom
with a displacement of discontinuities in a deterministic way. Here, this is
achieved by a method inspired by the DistMesh algorithm (Persson & Strang
2004). This is based on a Delaunay triangulation formed around the average
location of the discontinuities (figure 4.3). Then, the points distributed along
the shocks are explicitly moved while attractive elastic forces are modelled
between points belonging to the same triangles, propagating smoothly the
motion of the shocks throughout the domain. Nonlinear forces can be used in
principle, but linear forces are chosen in the current method so as to minimise
the computation time. Once the moving grid is calculated, the original fields
are interpolated onto it.

The SVD of the matrix of interpolated values results in modes largely
devoid of oscillations and in which the shocks are sharp, as seen in figure 4.4
in the case of a cylinder in a pulsating flow at Mach 2 with inviscid side walls.
The singular values of the modified matrix also decay slightly faster than those
of the original matrix, so fewer modes are required to represent solutions to the
same accuracy.
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Figure 4.4: Comparison of the ρ-component of (a) the zeroth, (c) the first and
(e) the fourth standard POD modes with the equivalent zeroth (b), first (d)
and fourth (f) shock-fitting POD modes. The flow fields for the shock-fitting
POD modes have been interpolated onto the base grid built around the average
location of the shocks.



Chapter 5

Conclusions and outlook

This thesis spans different aspects of numerical simulations pertaining to flow
instabilities. In paper 1, the stability of a jet in cross-flow is first analysed using
different modal and non-modal techniques in a realistic setup including the
flow and its perturbations inside the pipe. An eigenvalue analysis shows the
existence of a pair of conjugated eigenvalues responsible for a Hopf bifurcation
from a steady flow to a regime of periodic shedding of hairpin vortices around
the velocity ratio R ' 0.37, consistent with recent experiments (Klotz et al.
2019) around the same parameters. Further, the impact of the non-normality of
the linearised Navier–Stokes operator is analysed by computing the structural
sensitivity of this most unstable mode, as well as the optimal response to
initial perturbations and to forcing of the flow. It is found that the structural
sensitivity is very high and depends on the precise value of the direct and adjoint
eigenvectors in regions where their amplitude is extremely small, making the
iterative computation of the solutions within very tight tolerances critical to
capturing the spectrum. This is associated with a large amplification of the
optimal initial perturbations and a large response to optimal forcing.

Among the possible extensions of this work, it might be of interest to modify
the numerical methods based on time-stepping into more direct ones, potentially
making resolvent computations much quicker. Indeed, the response to forcing
is here computed by integrating the equations for many time-steps until the
response becomes periodic, but it could in principle computed directly as the
action of the resolvent operator using iterative methods in a complex space.

In paper 2 the receptivity of a leading-edge to acoustic perturbations is
studied. The conclusions from previous work by Shahriari et al. (2016) is
confirmed using a different method involving spatio-temporal analysis involving
both global and nonlocal frameworks. The spatial growth of the perturbations
in the eigenvectors is corrected for the non-zero imaginary part of the asso-
ciated eigenvalues obtained through global analysis. Those eigenvalues can
be interpreted as pseudoeigenvalues rather than physical eigenvalues of the
system. This method allows for efficient computation of the response to many
frequencies at once, even at lower frequencies than what was achieved through
DNS.

22
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In this work no adjoint method was used, but a resolvent analysis might
shed more light on the sensitivity of the damping of the branch of eigenvalues
of interest which was observed to vary significantly with different boundary
conditions.

The interaction of boundary-layer instabilities with localised roughness is
studied in papers 3 and 4. Paper 3 deals with the amplification of Tollmien-
Schlichting (TS) waves in the presence of steps, humps or gaps. All roughness
geometries modify the baseflow in a fashion destabilising the TS waves. Paper 4
studies a similar setup in a three-dimensional boundary layer with the interaction
of nonlinearly saturated crossflow vortices with forward-facing steps. The
situation here is more complex than in the linear case, since it is not only the
growth rate of the perturbation that is of interest, but also the way the noise
present in the flow interacts with the step and the crossflow vortices. It is
found that the simulation of realistic noise is fundamental to the prediction
of transition; simply forcing the flow with random noise in order to obtain
transition is not necessarily sufficient to capture the same transition mechanisms
as present in wind-tunnel experiments, or indeed in real flights. Future work
will be required to replicate the noise better. Although we chose to omit the
leading-edge of the wing from our simulations because of the prohibitive cost
that it would imply, simulating receptivity to free-stream turbulence might be
the way forward in the future as the computational resources available continue
to increase.

Another particularly interesting extension of the study of the linear growth
of perturbations around roughness could be shape optimisation aimed at damp-
ing perturbations, taking advantage of the adjoint methods used in this thesis,
even though this must also be related to realistic manufacturing constraints if
it is to be applied to physical objects.

Finally, in paper 5 a modification of the Proper Orthogonal Decomposition
(POD) is introduced to help with the issues encountered when dealing with
moving discontinuities. The shock-fitting approach derived, illustrated on two
examples of increasing complexity, leads to a faster decay of singular values
and sharper discontinuities in the modes. The oscillations related to Gibbs’
phenomenon, prominent in the original POD modes, are mostly eliminated in
the shock-fitting POD modes.

However, this method is more complex as it involves modifying the points
and interpolating the data. The next step here should be to represent the
motion of the points in the modes themselves instead of storing them separately.
It would be interesting to eventually apply this method to a reduced-order
model, for example to facilitate the control of a flow with shock/boundary-layer
interaction.
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Papers





Summary of the papers

Paper 1
Global linear analysis of a jet in cross-flow at low velocity ratios
We investigate the stability of the jet in cross-flow in a complete setup including
the flow inside the pipe. First, direct simulations were performed and show
a bifurcation from a steady-state to a periodic regime as the velocity ratio
is increased above a critical threshold. This is confirmed by a linear impulse
response. An eigenmode analysis finds a pair of unstable modes responsible for
this bifurcation. The optimal transient growth response of the flow is analysed,
as well as its optimal response to periodic forcing.

Paper 2
Leading-edge acoustic receptivity investigation through global modes analysis
The acoustic receptivity of the boundary-layer flow on a flat plate with an
elliptic leading edge is determined using a global eigenmode analysis. Proper
boundary conditions yielding physically relevant eigenmodes are fundamental
to this approach. A branch of modes consisting of the incompressible limit of a
plane acoustic wave interacting with the leading edge to form TS waves in the
boundary-layer of the flat plate is found. The damping of this branch is sensitive
to numerical details, and the modes can be interpreted as pseudoeigenvalues
rather than pure eigenvalues of the system. The receptivity coefficient extracted
from the spatial structure of eigenvectors is corrected for the imaginary part
of the eigenvalues using the Parabolized Stability Equations (PSE) in order to
determine the response to a time-periodic perturbation.

Paper 3
Direct Numerical Simulations of Tollmien-Schlichting Disturbances in the Pres-
ence of Surface Irregularities
The effect of steps, gaps and humps on the development of Tollmien-Schlichting
(TS) waves in an incompressible boundary layer is studied using direct numerical
simulations (DNS). For a specific height we investigated several shapes of the
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geometric irregularity. For the frequency considered, all the surface irregulari-
ties have a destabilizing effect, with the rectangular hump case being the most
dangerous one.

Paper 4
Direct numerical simulations of the effects of a forward-facing step on the
instability of crossflow vortices
We reproduce three variants of an experimental setup consisting of a swept
wing in a wind tunnel through direct numerical simulation (DNS). The effect of
a forward-facing step of two different heights at location x/cx = 0.2 on a steady
crossflow instability is analysed. The effect of discrete roughness elements used
to condition the instability modes in the experiments is accurately reproduced
via perturbations computed through nonlinear parabolised stability equations.
Our results demonstrate that the setup can be reproduced accurately numerically
as far as the steady flows are concerned, with a good agreement between the
experimental and numerical profiles upstream and downstream of the step. Our
results shed light on the flow structure in the vicinity of the step.

Paper 5
Mode decomposition of flows with shocks
We introduce a modification of the Proper Orthogonal Decomposition (POD)
to allow the decomposition of data containing moving discontinuities without
the typical drawbacks of POD such as the appearance of Gibbs’ phenomena
near the interface. We use a shock-fitting approach and interpolate the data
onto a grid following the discontinuities. Solutions of a model problem based on
the Burgers’ equation and unsteady supersonic flow around a cylinder are used
to illustrate the new method. The advantages of the shock-fitting approach
over the standard POD are demonstrated by a faster decay of singular values
and sharper discontinuities in the identified modes. The Gibbs’ phenomenon
has been largely eliminated.




