
Doctoral Thesis in Electrical Engineering

Task-oriented control and  
coordination of multi-agent systems 
under varying constraints
PIAN YU

Stockholm, Sweden 2021

kth royal institute 
of technology



Task-oriented control and  
coordination of multi-agent systems 
under varying constraints
PIAN YU

 
 
Doctoral Thesis in Electrical Engineering
KTH Royal Institute of Technology
Stockholm, Sweden 2021

Academic Dissertation which, with due permission of the KTH Royal Institute of Technology,  
is submitted for public defence for the Degree of Doctor of Philosophy on Thursday the 11th of 
February 2021, at 3:00 p.m. in Q2, Malvinas Väg 10, KTH Campus, Stockholm



© Pian Yu
 
ISBN: 978-91-7873-733-8
TRITA-EECS-AVL-2021:2 
 
Printed by: Universitetsservice US-AB, Sweden 2020



Abstract

Multi-agent systems (MAS) o�er a tremendous potential to improve the
quality of modern society life. For instance, robot networks have been widely
used for providing services such as search and rescue missions, surveillance
and data collection, healthcare and entertainment. One challenge for MAS is
the design of control and coordination strategies that enable each agent to
perform operations safely and e�ciently while achieving group or individual
motion objectives. This dissertation addresses this challenge by developing
di�erent task-oriented control and coordination strategies for MAS.

The �rst part of the thesis is devoted to the control of MAS under co-
operative tasks. Firstly, we investigate the distributed control of multi-agent
consensus. Event-triggered control strategies are developed to reduce com-
munication burden. It is proven that consensus can be achieved with the pro-
posed strategies. Next, we tackle the problem of leader-follower multi-agent
target tracking, where the group of agents is assigned a set of dynamically ac-
tivated tasks, each of which has to be completed within a deadline. A dynamic
scheduling strategy is proposed and distributed control laws are designed re-
spectively for the leader and follower agents. It is shown that the proposed
control laws guarantee the satisfaction of each task.

In the second part of the thesis, we develop control and coordination
schemes for single- or multi-agent systems under temporal logic speci�ca-
tions. Firstly, the symbolic control of continuous-time uncertain nonlinear sys-
tems is studied. A new stability notion called approximate controlled globally
practically stable is introduced. Building on this notion, we provide for the
�rst time a behavioral relationship between the original continuous-time sys-
tem and its discrete state-space symbolic model. After that, we consider the
robust satis�ability check and online control synthesis of uncertain systems
under signal temporal logic speci�cations. A su�cient condition is obtained
for the robust satis�ability check of the uncertain systems. An online con-
trol synthesis algorithm is designed, which is shown to be sound for uncer-
tain systems and both sound and complete for deterministic systems. Finally,
the motion coordination of MAS is investigated, where each agent is assigned
a linear temporal logic speci�cation. Based on the realistic assumptions that
each agent is subject to both state and input constraints and can have only
local view and local information, a provably safe and fully distributed multi-
agent motion coordination strategy is proposed.





Sammanfa�ning

Multiagentsystem (MAS) utlovar en enorm potential att förbättra
kvaliteten på det moderna samhällslivet. Till exempel har robotnätverk an-
vänts i stor utsträckning för att tillhandahålla tjänster som sök- och räddning-
suppdrag, övervakning och datainsamling, vård och underhållning. En utman-
ing för MAS är utformningen av regler- och samordningsstrategier som gör
det möjligt för varje agent att utföra operationer säkert och e�ektivt samtidigt
som grupp- eller individuella rörelsemål uppnås. Denna avhandling behand-
lar denna utmaning genom att utveckla olika uppgiftsorienterade regler- och
samordningsstrategier för MAS.

Den första delen av avhandlingen ägnas åt regleringen av MAS under
samarbetsuppgifter. För det första undersöks den distribuerade regleringen av
samarbete med �era agenter. Händelsestyrda reglerstrategier utvecklas för att
uppnå kommunikationsreduktion. Det är bevisat att konsensus kan uppnås
med de föreslagna strategierna. Därefter hanterar vi problemet med målföljn-
ing med �era agenter som är antingen ledare eller följare, där gruppen av
agenter tilldelas en uppsättning dynamiskt aktiverade uppgifter, som var och
en måste slutföras inom en tidsfrist. En dynamisk schemaläggningsstrategi
föreslås. Därefter utformas distribuerade styrlagar för ledare och följare. Det
visas att de föreslagna styrlagarna garanterar att varje uppgift slutförs.

I den andra delen av avhandlingen utvecklar vi regler- och samord-
ningsmetoder för system med en eller �era agenter under tidslogiska speci-
�kationer. För det första studeras den symboliska regleringen av olinjära sys-
tem med osäkerheter i kontinuerlig tid. Ett nytt stabilitetsbegrepp som kallas
approximativ reglerad globalt praktisk stabilitet introduceras. Baserat på
dessa begrepp tillhandahåller vi för första gången ett beteendemässigt förhål-
lande mellan det ursprungliga tidskontinuerliga systemet och dess diskreta
symboliska tillståndsmodell. Därefter beaktar vi den robusta lösbarhetskon-
trollen och online-styrlagssyntesen av system med osäkerhet under signal-
temporallogiska speci�kationer. Ett tillräckligt villkor erhålls för en robust
lösbarhetskontroll av de osäkra systemen. Dessutom utformas en online-
styrlagssyntesalgoritm, som visas vara sund för osäkra system och både
sund och komplett för deterministiska system. Slutligen undersöks rörelseko-
ordinering av MAS, där varje agent tilldelas en linjär temporallogikspeci�ka-
tion. Baserat på de realistiska antagandena att varje agent lyder under både
tillstånds- och insignalsbegränsningar och endast kan ha lokal vy, föreslås en
säker och helt distribuerad multi-agent-strategi för samordning av rörelser.
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Chapter 1

Introduction

A multi-agent system (MAS) is a collection of agents cooperating or compet-
ing with each other in order to ful�ll common or individual goals [1]. It is a
powerful model to describe a wide array of phenomena in nature, society, and
technology. This thesis is concerned with the task-oriented control and co-
ordination for MAS under communication constraints and/or state and input
constraints. The task-oriented design means that the design of the control and
the coordination strategy is dependent on the type of tasks, e.g., cooperative
or temporal logic, global or local, under consideration.

An agent in a MAS is de�ned as an autonomous entity that is endowed
with sensing and actuation capabilities. The identi�cation of individual agents
depends on scenarios. Throughout this thesis, an agent can be exempli�ed as
a (mobile) robot, which a robot is modeled as a dynamical system.

The rest of this chapter is organized as follows. Section 1.1 dedicates to
discuss the motivations for the research work presented in this thesis. In Sec-
tion 1.2, we formulate the research questions that are addressed in the thesis.
Finally, Section 1.3 gives a detailed outline of the thesis and a list of publica-
tions that the thesis is based on.

1.1 Motivation

MAS o�er a tremendous potential to improve the quality of modern society
life. For instance, robot networks have been widely used for providing services
such as search and rescue missions, surveillance and data collection, health-
care and entertainment. The deployment of connected automated cars have

2
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the potential to improve vehicle safety and energy e�ciency of transporta-
tion systems [2]. Having made great progress in the development of MAS in
control, robotics, and computer science communities, many researchers have
recently shifted their focus to multi-agent control under more complex objec-
tives.

Cooperative control

Cooperative control is one of the most active research topics within the MAS.
It is concerned with a collection of agents, usually with limited sensing and
communication capabilities, all seeking to achieve a common objective. Due
to the broad applications in various �elds, for instance, attitude alignment of
satellites [3], [4], robots formation and synchronization [5], [6], estimation
over sensor networks [7], and distributed computing [8], cooperative control
has gained great attention for the last decades.

Typical objectives of cooperative control include consensus [9], target
tracking [10], and formation [11]. One example is the space interferometry
mission [12], see Figure 1.1, where a �eet of networked satellites are required
to perform a sequence of formation maneuvers while maintaining relative at-
titude accurately. The communication pattern for the multiple satellite system
can be di�erent. In [3], the formation keeping and attitude alignment for the
multiple satellites are achieved by local information exchange with adjacent
neighbors. In [13], a leader-follower approach is proposed, where each fol-
lower satellite tracks its leader’s position and attitude.

Consensus is the benchmark problem of multi-agent cooperative control,
in which agents are required to reach an agreement. At the early stage, con-
trol laws for multi-agent consensus require either continuous or high fre-
quency interaction between neighboring agents, which is not resource e�-
cient in terms of communication. This fact has motivated a recent interest in
event-triggered control (ETC) methodology. Di�erent from continuous-time
and sampled-data control, where the states of each agent are transmitted con-
tinuously or at every sampling instant, the time instants in ETC (at which
the states are transmitted) is determined by a pre-de�ned triggering condi-
tion [14]. In this way, a substantial reduction of communication rate can be
achieved. Although the literature on ETC is rich, there are still some issues
to be investigated. On one hand, most of the existing ETC strategies require
the triggering condition to be monitored continuously, which results in ex-
cessive use of sensing and computational resources. On the other hand, ETC
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Figure 1.1: A �eet of satellites. Source: https://aerospaceamerica.aiaa.org, Pub-
lic domain.

for MAS is largely unexplored in the presence of communication constraint.
In this thesis, we aim at addressing the above mentioned issues by designing
resource-e�cient communication and control strategies for MAS.

Leader-follower target tracking is more complex than consensus, in which
the leaders (agents with target information) is responsible for tracking the
target set/trajectory while the followers (agents without target information)
track its leader’s or adjacent neighbors’ states. In this way, both target tracking
and consensus/formation can be achieved by the MAS. Existing literature con-
cerning leader-follower multi-agent control has usually focused on the design
of control laws such that the objective is achieved in an asymptotical man-
ner. However, in practical applications, it is reasonable to require a task being
completed before a deadline. To the best of our knowledge, explicit time con-
straint is rarely considered in the context of MAS. In this thesis, we consider
time-constrained leader-follower target tracking for MAS.

Control and coordination under temporal logic specifications

Another topic that has grown signi�cantly in importance in recent years is the
control and coordination of MAS such that each agent ful�lls tasks given by
high-level speci�cations expressed as temporal logic formulas. This is own to
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the technical advancements in manufacturing, sensing, communication, and
digital processing, which empower the agents in more e�cient decision mak-
ing and more accurate actuation. In addition, the rapid growth of robotic ap-
plications, e.g., autonomous vehicles [15] and service robotics [16], stimulates
the need for accomplishing more complex objectives such as nondeterminis-
tic, periodic, or sequential tasks. Temporal logics, such as linear temporal logic
(LTL) [17] and signal temporal logic (STL) [18], have shown in the last decade
capability in expressing such objectives for dynamical systems.

LTL focuses on the Boolean satisfaction of properties by given signals. It
is expressive enough to capture many important properties, e.g., safety (noth-
ing bad will ever happen) and liveness (something good will eventually hap-
pen), and more complex combinations of Boolean and temporal statements
[17]. Existing single-agent control approaches that use LTL mainly rely on a
�nite abstraction of the system dynamics and a language equivalent automata
[19] representation of the LTL speci�cation. The controller is synthesized by
solving a game over the product automata [20]–[22]. In this process, discrete
abstraction of the (in�nite) continuous system plays a central role and the
resulting controller guarantees the satisfaction of the LTL formula for the ab-
stract �nite system. However, to enforce the correctness of the controller for
the (original) in�nite system, an equivalence or inclusion relation has to be
established between the abstract �nite system and the in�nite system.

STL is a more recently developed temporal logic, which allows the speci�-
cation of properties over dense-time. Due to a number of advantages, such as
explicitly treating real-valued signals [18], and admitting qualitative semantics
[23], control synthesis under STL speci�cations has gained popularity in the
last few years. Existing approaches that deal with the control synthesis under
STL speci�cations include: barrier function methods [24], [25], optimization
methods [26]–[28], sampling-based methods [29], and learning-based meth-
ods [30], [31]. We note that although various methods exist for the control
synthesis under STL speci�cations, guaranteeing robustness under uncertain-
ties is still a challenging problem.

In addition to single-agent control under temporal logic speci�cations, the
design of motion coordination strategy for MAS that enables each agent to per-
form operations safely and e�ciently in a shared workspace is also of great
practical importance. One typical example is the intelligent transportation sys-
tem, where automated vehicles that are capable of sensing and navigation are
deployed, as seen in Figure 1.2. Each automated vehicle may be subject to a
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local high-level task, e.g., "�rst drive to A, then drive to B within 30 minutes,
and eventually always stay in C", which can be expressed as a temporal logic
formula. In addition, e�cient coordination among them is required at, e.g.,
tra�c intersections, to ensure that the global task, i.e., safety, is guaranteed.

Figure 1.2: Einride’s self-driving truck tested in public road in Sweden. Picture:
Einride

1.2 Problem Statement

This thesis is concerned with the control and coordination of MAS under co-
operative or temporal logic, global or local speci�cations. Based on the speci�-
cations under consideration, di�erent control laws or algorithms are proposed.
In addition, various constraints, such as communication constraint, time con-
straint, and state and input constraints are taken into account. More speci�-
cally, we consider cooperative control tasks, such as consensus (Chapters 3, 4)
and leader-follower target tracking (Chapter 5), and temporal logic speci�ca-
tions, such as LTL (Chapters 6, 8) and STL (Chapter 7).

The overall thesis problem is broken down in the following four research
questions.

Communication-E�icient Multi-Agent Consensus

Both Chapters 3 and 4 are devoted to investigate the distributed control of
multi-agent consensus. Di�erent from existing literature, asynchronous (pe-
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riodic) event-triggered communication and control strategies are proposed to
answer the following question:

Q1. How to design a distributed, resource-e�cient communication and con-
trol strategy such that consensus of the MAS is achieved?

Leader-Follower Target Tracking under Online Task Scheduling

Chapter 5 generalizes the cooperative control task to multi-agent target track-
ing. The leader-follower communication framework is considered and the
MAS is subject to a sequence of deadline-constrained dynamically activated
tasks. Due to the dynamically activated nature of the task set, an online task
scheduling process is needed. In addition, the time constraint on the comple-
tion of each task poses new challenges for the distributed control synthesis.
The question answered in this chapter is:

Q2. How to jointly schedule the dynamically activated tasks and design dis-
tributed controllers such that each task is completed?

Robust Control under Temporal Logic Specifications

In Chapters 6 and 7, we consider the robust control of uncertain systems un-
der temporal logic speci�cations. As mentioned previously, although various
approaches exist for the control synthesis under temporal logic speci�cations,
guaranteeing robustness under uncertainties is still a challenging problem. In
this thesis, we tackle this problem by developing new tools. The question to
be addressed is:

Q3. Consider an uncertain system and a speci�cation expressed as a tempo-
ral logic formula. How to do control synthesis such that the behaviors
of the system satisfy the given speci�cation under all possible uncer-
tainties?

Distributed Motion Coordination under LTL Specifications

In Chapter 8, we extend the temporal logic control to the MAS. Consider a
group of agents working in a shared workspace, each of which is assigned an
LTL speci�cation. We answer the following question:
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Q4. How to coordinate, in a distributed manner, the motion of the agents
such that the LTL speci�cation of each gent is satis�ed on the premise
that safety (no collision with obstacles in the workspace and no inter-
agent collision) is guaranteed?

1.3 Thesis Outline and Contributions

In Chapter 2, we introduce preliminaries that are used in the thesis. The top-
ics include in this chapter are: graph theory, system properties, transition sys-
tems, and temporal logics. The results that are mentioned in Chapter 2 are
then used directly in the rest of the thesis.

Chapter 3: Distributed Event-Triggered Consensus

Chapter 3 studies the distributed control of multi-agent consensus, where
an asynchronous ETC strategy is designed for linear MAS. Firstly, an event-
triggered communication scheme is designed for the communication between
neighbors. Under such a communication scheme, a distributed event-triggered
output feedback controller is further implemented for each agent. It is proven
that the consensus is achieved asymptotically. In addition, it is shown that
Zeno behavior is excluded.

The covered material is based on the following contribution.

• P. Yu, C. Fischione, and D. V. Dimarogonas, “Distributed event-triggered
communication and control of linear multi-agent systems under tactile
communication,” IEEE Transactions on Automatic Control, vol. 63, no.
11, pp: 3979-3985, 2018.

Chapter 4: Periodic Event-Triggered Consensus under Limited
Data Rate

Chapter 4 further addresses the distributed control of multi-agent consensus.
In order to relax the requirement of continuous sensing and computation in
ETC, a periodic event-triggered control (PETC) strategy is proposed. One of
the main di�culties for implementing PETC is to obtain an explicit formula for
the maximum allowable sampling period (MASP). To this end, an approach on
�nding the MASP is proposed �rst. After that, an asynchronous PETC strategy
is formulated, a communication function and a control function are designed
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for each agent to determine respectively whether or not the sampled state and
control input should be transmitted at each sampling instant. Finally, the con-
straint of limited data rate is considered. An observer-based encoder-decoder
and a �nite-level quantizer are designed respectively for the sensor-controller
communication and the controller-actuator communication such that certain
constraint on the data rate is satis�ed. It is shown that exponential consensus
can be achieved under the PETC strategy.

The covered material is based on the following contributions.

• P. Yu and D. V. Dimarogonas, “Explicit computation of sampling period
in periodic event-triggered multi-agent control under limited data rate,”
IEEE Transactions on Control and Network Systems, vol. 6, no. 4, pp.
1366-1378, 2019.

• P. Yu and D. V. Dimarogonas, “Explicit computation of sampling period
in periodic event-triggered multi-agent control,” in 2018 American Con-
trol Conference (ACC), pp. 3038-3043, Milwaukee, WC, 2018.

Chapter 5: Leader-Follower Target Tracking under Time Con-
straint

In Chapter 5, we consider a leader-follower MAS subject to a sequence of dy-
namically activated tasks. Each task is associated with a relative deadline and
can be completed at several Quality-of-Satisfaction (QoSa) levels. By taking
into account the reward and cost of satisfying the tasks, a dynamic schedul-
ing strategy is proposed. Based on the dynamic plan, distributed control laws
are designed for the leader and follower agents, respectively. It is shown that
the proposed control laws guarantee the completion of each task at its desired
QoSa level.

The covered material is based on the following contributions.

• P. Yu and D. V. Dimarogonas, “Time-constrained leader-follower multi-
agent task scheduling and control synthesis,” IEEE Transactions on Con-
trol and Network Systems. (under review)

• P. Yu and D. V. Dimarogonas, “Time-constrained multi-agent task
scheduling based on prescribed performance control,” in 2018 IEEE 57th
Annual Conference on Decision and Control (CDC), pp. 2593-2598, Mi-
ami beach, 2018.
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Chapter 6: Symbolic Control of Continuous-Time Uncertain
Nonlinear Systems

In Chapter 6, we study the construction of symbolic models for continuous-
time uncertain nonlinear systems. A novel stability notion called η-
approximate controlled globally practically stable with respect to a set, and a
new simulation relation called robust approximate (bi)simulation relation are
proposed. It is shown that an uncertain system, under the condition that there
exists an admissible control interface such that the augmented system (com-
posed of the concrete system and its abstraction) can be made η-approximate
controlled globally practically stable with respect to the given set, robustly
approximately simulates its discrete state-space abstraction.

The covered material is based on the following contributions.

• P. Yu and D. V. Dimarogonas, “Robust approximately symbolic models
for a class of continuous-time uncertain nonlinear systems via a control
interface," Automatica. (under review)

• P. Yu and D. V. Dimarogonas, “Approximately symbolic models for a
class of continuous-time nonlinear systems," in 2019 IEEE 58th Annual
Conference on Decision and Control (CDC), pp. 4349-4354, Nice, 2019.

Chapter 7: Robust Satisfiability Check and Control Synthesis un-
der STL Specifications

Chapter 7 focuses on the robust satis�ability check and online control synthe-
sis of uncertain discrete-time systems under STL speci�cations. Di�erent from
existing techniques, we propose an approach based on STL, reachability anal-
ysis, and temporal logic trees. Firstly, a real-time version of STL semantics and
a tube-based temporal logic tree are proposed. We show that such a tree can
be constructed from every STL formula. Secondly, using the tube-based tem-
poral logic tree, a su�cient condition is obtained for the robust satis�ability
check of the uncertain system. When the underlying system is deterministic,
a necessary and su�cient condition for satis�ability is obtained. After that, an
online control synthesis algorithm is designed. It is shown that control syn-
thesis algorithm is sound for uncertain systems, and both sound and complete
for deterministic systems.

The covered material is based on the following contributions.
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• P. Yu, Y. Gao, K. H. Johansson, and D. V. Dimarogonas, “Robust satis�-
ability check and online control synthesis for uncertain systems under
signal temporal logic speci�cations," Nonlinear Analysis: Hybrid Sys-
tems. (under review)

Chapter 8: Distributed Motion Coordination under LTL Specifi-
cations

Chapter 8 is concerned with the motion coordination of MAS moving in a
shared workspace, where each agent is assigned an LTL speci�cation. Based
on the realistic assumptions that each agent is subject to both state and in-
put constraints and can have only local view and local information, a fully
distributed multi-agent motion coordination strategy is proposed. For each
agent, the motion coordination strategy consists of three layers. An o�ine
layer pre-computes the braking area in the workspace, the controlled transi-
tion system, and a so-called potential function. An initialization layer outputs
an initially safely satisfying trajectory. A coordination layer resolves con�icts
online. The online coordination layer is further decomposed into three steps.
Firstly, a con�ict detection algorithm is implemented, which detects con�icts
with neighboring agents. Whenever con�icts are detected, a rule is designed
to assign dynamically a planning order to each pair of neighboring agents. Fi-
nally, a sampling-based algorithm is designed to generate local collision-free
trajectories for the agent which at the same time guarantees the feasibility of
the speci�cation. Safety is proven to be guaranteed for all the agents at any
time.

The covered material is based on the following contributions.

• P. Yu and D. V. Dimarogonas, “Distributed motion coordination for
multi-robot systems under LTL speci�cations," IEEE Transactions on
Robotics. (under review)

• P. Yu and D. V. Dimarogonas, “A fully distributed motion coordination
strategy for multi-robot systems with local information," in American
Control Conference (ACC), 2020. Best Student Paper Award Finalist

Finally, in Chapter 9, we present a summary of the results and discuss
directions for future research.
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Contributions not included in this thesis

The following publications are not covered in this thesis, but are related to the
work presented here:

• Y. Gao, P. Yu, D. V. Dimarogonas, K. H. Johansson, and L. Xie, “Robust
self-triggered control for time-varying and uncertain constrained sys-
tems via reachability analysis," Automatica , vol. 107, pp. 574-581, 2019.

• P. Yu, C. Fischione, and D. V. Dimarogonas, “Event-Triggered Output
Feedback Control for Linear Systems under Tactile Communication," in
2017 IEEE 56th Annual Conference on Decision and Control (CDC), pp.
5451-5456, Melbourne, 2017.

Contribution by the Author

The order of authors re�ects their contribution to each paper. The �rst au-
thor has the most important contribution, while the author D.V. Dimarogonas
has taken the supervisory role. In all the listed publications, all the authors
were actively involved in formulating the problems, developing the solutions,
evaluating the results, and writing the paper.



Chapter 2

Preliminaries

In this chapter, we present the key de�nitions and results that will be used
throughout this thesis.

2.1 Class K, K∞, KL functions

Before moving on, we �rst introduce the class of K, K∞, and KL functions.
A continuous function γ : R≥0 → R≥0 is said to belong to class K if it is
strictly increasing and γ(0) = 0. γ is said to belong to class K∞ if γ ∈ K
and γ(r) → ∞ as r → ∞. A continuous function β : R≥0 × R≥0 → R≥0 is
said to belong to class KL if for each �xed s, the map β(r, s) belongs to class
K∞ with respect to r and, for each �xed r, the map β(r, s) is decreasing with
respect to s and β(r, s)→ 0 as s→∞.

2.2 Graph Theory

Let G = {V, E} be a graph with the set of nodes V = {1, 2, . . . , N}, and
E = {(i, j) : i, j ∈ V, j 6= i} being the set of edges. If (i, j) ∈ E , then node j
is called a neighbor of node i and node j can receive information from node
i. The neighboring set of node i is denoted by Ni = {j ∈ V|(i, j) ∈ E} and
N+
i = Ni ∪ {i}.

A graph is called undirected if (i, j) ∈ E ⇔ (j, i) ∈ E . A graph is called
directed if the condition (i, j) ∈ E ⇔ (j, i) ∈ E does not hold in general.
Given an edge ek := (i, j) ∈ E , i is called the head of ek and j is called
the tail of ek. A directed path from node i to node j is a sequence of ordered

13
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edges connecting i and j, such that the head of each edge is equal to the tail
of the following edge. A graph is called connected if for every pair of nodes
(i, j), there exists a path which connects i and j. A directed graph contains
a directed spanning tree if there exists a node called the root such that there
exist directed paths from this node to every other node.

The adjacency matrix is denoted by A = (aij)N×N and is given by aij =
1, if (i, j) ∈ E , otherwise aij = 0. Let D = (dij)N×N represent the degree
matrix which is a diagonal matrix with entries dii =

∑N
j=1,j 6=i aij . Then the

Laplacian matrix of the graph G is de�ned as L = (lij)N×N = D −A.
Let

L̃ = (l̃ij)(N−1)×(N−1)

=

 l22 − l12 · · · l2N − l1N
· · · . . . · · ·

lN2 − l12 · · · lNN − l1N

 . (2.1)

Lemma 2.1. [32] Denote the eigenvalues of Laplacian matrix L and the matrix
L̃, respectively by λ1, λ2, . . . , λN and µ1, µ2, . . . , µN−1, where 0 = |λ1| 6
|λ2| 6 . . . 6 |λN | and |µ1| 6 |µ2| 6 . . . 6 |µN−1|. Then λ2 = µ1, λ3 =
µ2, · · · , λN = µN−1.

Lemma 2.2. [33] Suppose that the matrix A ∈ Rn×n is Hurwitz. Then, for all
t ≥ 0, it holds that

∥∥eAt∥∥ ≤ ‖PA‖∥∥P−1
A cAe

aAt
∥∥, where PA is a nonsingular

matrix such that P−1
A APA = JA with JA being the Jordan canonical form of

A, cA is a positive constant determined by A, and maxiRe(λi(A)) < aA < 0.

2.3 System Properties

Consider an autonomous system of the form

ẋ(t) = f(x(t)), (2.2)

where x(t) ∈ Rn.

De�nition 2.1. A function f : Rn → Rn is said to satisfy a global Lipschitz
condition if there exists a constant ρ such that

‖f(x1)− f(x2)‖ ≤ ρ‖x1 − x2‖, ∀x1, x2 ∈ Rn.
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De�nition 2.2. Let f be a function whose domain is the setX and whose image
is the set Y . Then f is invertible if there exists a function g with domain Y and
image X , with the property

f(x) = y ⇐⇒ g(y) = x.

That function g is called the inverse of f , and denoted by f−1.

Consider a continuous-time dynamical system, given by

ẋ(t) = f(x(t), u(t)) (2.3)

where x(t) ∈ Rn, u(t) ∈ U ⊆ Rm are the state and control input at time t,
respectively. We assume that f : Rn×U → Rn is continuous in x and u, and
the vector �eld f is such that for any input inU , any initial condition x0 ∈ Rn,
this di�erential equation has a unique solution.

Let U be the set of all measurable functions that take their values in U and
are de�ned on R≥0. A curve ξ : [0, τ [→ Rn is said to be a solution/trajectory
of (2.3) if there exists an input signal u ∈ U satisfying (2.3) for almost all
t ∈ [0, τ [. We use ξ(x0, u, t) to denote the trajectory point reached at time t
under the input signal u ∈ U from initial state x0.

De�nition 2.3. [34] The system (2.3) is called forward complete (FC) if for every
initial condition x0 ∈ Rn and every input signal u ∈ U , the corresponding
solution is de�ned for all t ≥ 0.

De�nition 2.4. [35] The system (2.3) is called incrementally globally asymp-
totically stable (δ-GAS) if it is FC and there exists a class KL function β such
that for any t ∈ R≥0, any initial conditions x0, x

′
0 ∈ Rn, and any input signal

u ∈ U ,
‖ξ(x0, u, t)− ξ(x′0, u, t)‖ ≤ β(‖x0 − x′0‖, t).

De�nition 2.5. [35] The system (2.3) is called incrementally input-to-state sta-
ble (δ-ISS) if there exists a class KL function β and a class K∞ function κ such
that for any t ≥ 0, any initial conditions x0, x

′
0 ∈ Rn, and any input signals

u, u′ ∈ U ,

‖ξ(x0, u, t)− ξ(x′0, u′, t)‖ ≤ β(‖x0 − x′0‖, t) + κ(‖u− u′‖∞). (2.4)
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De�nition 2.6. [36] The system (2.3) is called incrementally forward complete
(δ-FC) if it is FC and there exist continuous functions β : R≥0 × R≥0 → R≥0

and κ : R≥0 × R≥0 → R≥0 such that for every s ∈ R≥0, the functions β(·, s)
and κ(·, s) belong to class K∞, and for any initial conditions x0, x

′
0 ∈ Rn, any

T ∈ R≥0, and any input signals u, u′ ∈ U , the following condition is satis�ed
for all t ∈ [0, T ]:

‖ξ(x0, u, t)− ξ(x′0, u′, t)‖ ≤ β(‖x0 − x′0‖, t) + κ(‖u− u′‖∞, t). (2.5)

Lemma 2.3. Let V : [0,∞)× Rn × Rm → R be a continuously di�erentiable
function such that

α(‖x‖) ≤ V (t, x, u) ≤ ᾱ(‖x‖)
∂V

∂t
+
∂V

∂x
f(t, x, u) ≤ −γV (t, x, u), ∀‖x‖ ≥ µ > 0,

∀t ≥ 0 and ∀x ∈ Rn, where α, ᾱ are class K∞ functions, µ > 0, γ > 0 are
constants. Then, the solution x(t) to the di�erential equation ẋ = f(t, x, u)
exists and satis�es

‖x(t)‖ ≤ β(‖x(0)‖, t) + α−1(ᾱ(µ)),

where
β(r, t) = α−1(e−γtᾱ(r))

is a class KL function.

Proof. The proof follows from Lemma 4.4 and Theorem 4.18 of [37], and hence
omitted.

Let φ : R≥0 → R be the solution to the following di�erential equation

φ̇ = −m1φ
2 −m2φ−m3 φ(0) = φ0 (2.6)

where φ0 > 0,mi > 0, i = 1, 2, 3. Then, one can compute that

φ−1(0) =


2
r arctan

(
φ0
√
r

φ0m2+2m3

)
, if 4m1m3 > m2

2,
4m1φ0

2m1m2φ0+m2
2 , if 4m1m3 = m2

2,

2
r arctanh

(
φ0
√
r

φ0m2+2m3

)
, if 4m1m3 < m2

2.

where
r :=

√
|4m1m3 −m2

2|.
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Lemma 2.4. There exists φ0 > 0, such that φ(τ) ≥ 0 for all τ ∈
[0, T (m1,m2,m3)), where T (m1,m2,m3) is given by

T (m1,m2,m3) :=


2
r arctan

(
r
m2

)
, if 4m1m3 > m2

2,

2
m2
, if 4m1m3 = m2

2,
2
rarctanh

(
r
m2

)
, if 4m1m3 < m2

2.

Proof. It follows from the fact that φ−1(0) increases as φ0 increases, and
T (m1,m2,m3) = limφ0→∞ φ

−1(0).

2.4 Transition Systems

Consider a continuous-time dynamical system, given by{
ẋ = f(x, u),

y = g(x),
(2.7)

where x ∈ X ⊆ Rn is the state, u ∈ U ⊆ Rm is the control input, f :
Rn × Rm → Rn describes the dynamics, y ∈ Y ⊆ Rp is the output, and
g : Rn → Rp is the output function.

A curve ξ : [0,∞)→ Rn is said to be a trajectory of (2.7) if there exists an
input u ∈ U satisfying ξ̇(t) = f(ξ(t), u(t)) for almost all t ∈ [0,∞). A curve
ζ : [0,∞)→ Rl is said to be an output trajectory of (2.7) if ζ(t) = g(ξ(t)) for
almost all t ∈ [0,∞), where ξ(t) is a trajectory of (2.7). We use ξ(ξ0, u, t) and
ζ(ζ0, u, t) to denote the trajectory and output trajectory point reached at time
t under the input u ∈ U from initial condition ξ0 and ζ0, respectively.

The continuous-time system (2.7) can be represented as an (in�nite) tran-
sition system T = (X,X0,Σ,→, f, O, g), where

• X is the set of states,

• X0 ⊆ X is the set of initial states,

• Σ = U is the set of inputs,

• →: X × Σ→ 2X is the transition relation,

• O = Y is the set of observations, and
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• g is the observation map.

The transition relation x′ ∈→ (x, u) if and only if x′ = ξ(x, u, τ), where ξ
is the trajectory of (2.7) and τ > 0 is a chosen constant. For convenience,
x′ ∈→ (x, u) will be denoted as x u−→ x′.

2.5 Temporal Logics

2.5.1 Linear Temporal Logic

LetAP be a set of atomic propositions. Linear temporal logic (LTL) is based on
atomic propositions (state labels p ∈ AP ), Boolean connectors like negation
¬ and conjunction ∧, and two temporal operators X (“next") and U (“until"),
and is formed according to the following syntax [17]:

ϕ ::= >|p|¬ϕ|ϕ1 ∧ ϕ2|Xϕ|ϕ1Uϕ2, (2.8)

where ϕ,ϕ1, ϕ2 are LTL formulas. The Boolean connector disjunction ∨, and
temporal operators F (“eventually") and G (“always") can be derived as ϕ1 ∨
ϕ2 := ¬(¬ϕ1 ∧ ¬ϕ2), Fϕ := >Uϕ and Gφ := ¬F¬φ. Formal de�nitions for
the LTL semantics and model checking can be found in [17].

De�nition 2.7. [38] A nondeterministic Büchi automaton (NBA) is a tuple B =
(S, S0, 2

AP , δ, F ), where

• S is a �nite set of states,

• S0 ⊆ S is the set of initial states,

• 2AP is the input alphabet,

• δ : S × 2AP → 2S is the transition function, and

• F ⊆ S is the set of accepting states.

An in�nite run s of a NBA is an in�nite sequence of states s = s0s1 . . .
generated by an in�nite sequence of input alphabets σ = σ0σ1 . . . ∈ (2AP )ω ,
where s0 ∈ S0 and sk+1 ∈ δ(sk, σk),∀k ≥ 0. An in�nite run s is called
accepting if Inf(s) ∩ F 6= ∅, where Inf(s) is the set of states that appear in s
in�nitely often. Given a state s ∈ S, de�ne

Post(s) := {s′ ∈ S : ∃σ ∈ 2AP , s′ ∈ δ(s, σ)}. (2.9)
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Given an LTL formulaϕ overAP , there is a union of in�nite words that satisfy
ϕ, that is,

Words(ϕ) = {σ ∈ (2AP )ω|σ |= ϕ},
where |=⊆ (2AP )ω × ϕ is the satisfaction relation [17].

Lemma 2.5. [19] Any LTL formulaϕ overAP can be algorithmically translated
into a NBA Bϕ over the input alphabet 2AP such that Bϕ accepts all and only
those in�nite runs over AP that satisfy ϕ.

De�nition 2.8 (Controlled transition system). Given a transition system T =
(X,X0,Σ,→, f, O, g) and a set of atomic propositions AP , we de�ne the con-
trolled transition system (CTS) Tc = (X,X0, AP,→, Lc), where

• Lc : X → 2AP is a labelling function.

The labelling function Lc(x) maps a state x to the �nite set of AP which
are true at state x. Given a state x ∈ X , de�ne

Post(x) := {x′ ∈ X : ∃u ∈ Σ, x
u−→ x′}. (2.10)

An in�nite path of the CTS Tc is a sequence of states% = x0x1x2 . . . generated
by an in�nite sequence of inputs u0u1u2 . . . such that x0 ∈ X0 and xk

uk−→
xk+1 for all k ≥ 0. Its trace is the sequence of atomic propositions that are
true in the states along the path, i.e., Trace(%) := Lc(x0)Lc(x1)Lc(x2) . . ..
The satisfaction relation % |= ϕ if and only if

Trace(%) ∈ Words(ϕ).

De�nition 2.9 (Product Büchi automaton [17]). Given a CTS Tc =
(X,X0, AP,→, Lc) and a NBA B = (S, S0, 2

AP , δ, F ), the product Büchi au-
tomaton (PBA) P = Tc × B = (Sp, S0,p, 2

AP , δp, Fp), where

• Sp = X × S,

• S0,p = X0 × S0,

• δp ⊆ Sp×Sp, de�ned by ((x, s), (x′, s′)) ∈ δp if and only if x′ ∈ Post(x)
and s′ ∈ Post(s),

• Fp = (X × F ) ∩ Sp.
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2.5.2 Signal Temporal Logic

Signal temporal logic (STL) [18] is a predicate logic consisting of predicates µ,
which are de�ned through a predicate function gµ : Rn → R as

µ :=

{
>, if gµ(x) ≥ 0

⊥, if gµ(x) < 0.

The syntax of STL is given by

ϕ ::= > | µ | ¬ϕ | ϕ1 ∧ ϕ2 | ϕ1UIϕ2, (2.11)

where ϕ,ϕ1, ϕ2 are STL formulas and I is a closed or half-closed interval of R
of the form [a, b] or [a, b) with a, b ∈ R≥0 ∪∞ and a ≤ b.

The validity of a STL formula ϕ with respect to a discrete-time signal x at
time tk, is de�ned inductively as follows [26]:

(x, tk) � µ ⇔ gµ(x(tk)) ≥ 0,

(x, tk) � ¬ϕ ⇔ ¬((x, tk) � ϕ),

(x, tk) � ϕ1 ∧ ϕ2 ⇔ (x, tk) � ϕ1 ∧ (x, tk) � ϕ2,

(x, tk) � ϕ1U[a,b]ϕ2 ⇔ ∃tk′ ∈ [tk + a, tk + b] s.t. (x, tk′)

� ϕ2 ∧ ∀tk′′ ∈ [tk, tk′ ], (x, tk′′) � ϕ1.

The signal x = x0x1 . . . satis�es ϕ, denoted by x � ϕ if (x, t0) � ϕ.

De�nition 2.10. [39] The time horizon ‖φ‖ of a STL formula φ is de�ned as

‖φ‖ =


0, if φ = µ

‖φ1‖, if φ = ¬φ1

max{‖φ1‖, ‖φ2‖}, if φ = φ1 ∧ φ2

b+ max{‖φ1‖, ‖φ2‖}, if φ = φ1U[a,b]φ2.
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Chapter 3

Distributed Event-Triggered Con-
sensus

This chapter studies the distributed control of multi-agent consensus. An
asynchronous event-triggered control (ETC) strategy is proposed for linear
multi-agent systems (MAS) such that the rates of communication and con-
troller update are reduced. It is shown that asymptotical consensus can be
achieved as well as Zeno behavior is excluded.

3.1 Introduction

During the past decades, numerous contributions have been made in the re-
search of distributed cooperative control of MAS due to its wide applications
in various �elds, for instance, robots formation and synchronization [5], [6],
estimation over sensor networks [7], and distributed computing [8]. Consen-
sus, as the benchmark problem, has been investigated intensively.

An important aspect in the implementation of distributed control is the de-
sign of communication and control strategy. At the early stage, control laws
for multi-agent consensus require either continuous or high frequency inter-
action between neighboring agents, which is not resource e�cient in terms of
communication. This fact has resulted in a recent interest on ETC [14], [33],
[40]–[50]. Di�erent from sampled-data control, where the states of each agent
are sampled and transmitted and the controller is updated at every sampling
instant, the time instants in ETC (at which the state or/and control input is
transmitted), is determined by a pre-de�ned triggering condition [14]. In this

22
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way, a substantial reduction of rate of communication may be achieved. The
possibility of reducing control costs and saving resources, makes ETC appeal-
ing for resource-limited control systems. Since the pioneering work reported
in paper [14], ETC has been widely studied in networked control systems and
MAS. In the context of MAS, it is found that the design of ETC strategy is more
challenging compared to single-agent-based networked control systems.

Motivated by [40], where the centralized and distributed event-triggered
consensus problem for single-integrator is studied, great e�orts were devoted
to the ETC of MAS with single- and double-integrator dynamics [40], [42],
[43]. In [40], [43], the control input of each agent was required to be trig-
gered at its own communication instants as well as all its neighbors’, which
will result in an very frequent control update as the number of neighbors
is increasing. To cope with this problem, a combinational measurement ap-
proach to designing the event-triggered scheme is developed in [42]. However,
continuous communication between neighboring agents is required. Recently,
some researches have considered event-triggered consensus problem for gen-
eral linear MAS [33], [45]–[47], [49]. In [45], [46], continuous communication
of neighbors’ states are required to check the triggering conditions. In [47], an
additional constant is introduced in the threshold function to avoid continu-
ous communication, whereas only bounded consensus can be achieved rather
than complete consensus. Then, in [33], [49], the continuous requirement for
communication is relaxed by introducing additional assumptions [49] or by
using the matrix exponential function eAt [33], nevertheless the continuous
controller update is still required.

Motivated by the above discussion, this chapter investigates the dis-
tributed ETC of linear MAS, where output feedback is considered. The con-
tributions are summarized as follows. A distributed asynchronous event-
triggered communication and control strategy is proposed, which is capable of
reducing both the rates of communication and controller update. It is shown
that consensus is achieved asymptotically. Furthermore, Zeno behavior is ex-
cluded.
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3.2 Problem Formulation

Consider a MAS withN agents, and the dynamics of each agent is formulated
by

ẋi(t) = Axi(t) +Bui(t),
yi(t) = Cxi(t), i = 1, 2, . . . , N,

(3.1)

where A ∈ Rn×n, B ∈ Rn×m and C ∈ Rl×n are constant matrices; xi ∈
Rn, ui ∈ Rm and yi ∈ Rl are agent i’s state, control input and measurement
output, respectively.

Assumption 3.1. The communication graph G formed by the group of agents
contains a directed spanning tree.

Assumption 3.2. [51] The matrix pair (A,B) is stabilizable. That is, the fol-
lowing algebraic Riccati equation (ARE)

ATP + PA− PBR−1BTP +Q = 0 (3.2)

has a unique solution P = P T � 0 for any given matrices R = RT � 0 and
Q = QT � 0.

Assumption 3.3. The matrix pair (A,C) is detectable.

De�nition 3.1. The consensus of the MAS (3.1) is said to be achieved asymp-
totically, if and only if for any initial condition,

lim
t→∞
‖xi (t)− xj (t)‖ = 0, ∀i, j, i 6= j.

An observer-based consensus protocol is proposed in [52], that is,

˙̂xi(t) =Ax̂i(t) +Bui(t) + F (yi(t)− Cx̂i(t)), (3.3)

and
ui(t) =− cK

∑
j∈Ni

(
x̂i(t)− x̂j(t)

)
, (3.4)

where x̂i ∈ Rn is the observer state, c > 0 is the coupling gain, and F ∈ Rn×l
and K ∈ Rm×n are the feedback gain matrices to be determined. Let the
gain matrix K = R−1BTP , where P is the unique solution of ARE (3.2) for
appropriately chosen R = RT � 0 and Q = QT � 0.
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Figure 3.1: The structure of ETC for agent i.

It was proven in [52] that under Assumptions 3.1-3.3, consensus of the
MAS (3.1) is achieved with the controller (3.4) if and only if the coupling gain
c > 1/(2λR), where λR = min2≤i≤N Re(λi) and λi is the i-th eigenvalue of
the Laplacian matrix L.

However, in order to be implemented, the controller is required to access
the observer state continuously and update continuously. Although di�erent
ETC strategies regarding consensus of linear MAS were proposed, either con-
tinuous communication [45], [46] or continuous controller update [33], [47]
is required. In this chapter, the problem under consideration is formulated as
follows.

Problem 3.1. Consider the MAS (3.1) with the observer (3.3). Design communi-
cation and controller update strategies for each agent i such that i) the require-
ment of continuous communication and controller update is relaxed and ii) the
consensus of the MAS (3.1) is achieved asymptotically.

3.3 Main Results

In this section, a distributed ETC strategy is proposed for the MAS (3.1). The
structure of the ETC for each agent i is shown in Figure 3.1, where event gen-
erators are implemented in both the communication side and the controller
side. The proposed design procedure can be divided into two major stages.
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In the �rst stage, an event-triggered communication scheme is designed. Un-
der such a communication scheme, in the second stage, a distributed event-
triggered controller that depends only on the transmitted information of agent
itself and its neighbors is proposed. The following subsections detail this pro-
cedure.

3.3.1 Communication function

This subsection presents the design of the event-triggered communication
scheme. For each agent i, let tiσi , σi = 0, 1, 2, . . . be the increasing sequence
of communication time instants at which x̂i is transmitted. Then, we de�ne
the communication measurement error for agent i as

ei(t) = eA(t−tiσi)x̂i(t
i
σi)− x̂i(t), t ∈ [tiσi , t

i
σi+1),

where the communication time instant tiσi is updated by

tiσi+1 = inf
{
t > tiσi : f (t, ei (t)) ≥ 0

}
, (3.5)

where
f (t, ei (t)) = ‖ei (t)‖ − I0e

−αt (3.6)

with I0 > 0, α > 0 are constants to be determined. The condition f(t, ei(t)) ≥
0 is called the communication function. Without loss of generality, we assume
ti0 = 0,∀i.

3.3.2 Control function

Before proceeding, the following notations are introduced. For each agent i,
ζi(t) is de�ned as

ζi(t) = eA(t−tiσi)x̂i(t
i
σi), t ∈ [tiσi , t

i
σi+1)

and ζij(t) is de�ned as

ζij(t) = e
A
(
t−tjσj

)
x̂j(t

j
σj ), t ∈ [tjσj , t

j
σj+1), j ∈ Ni.

The event-triggered controller for each agent i is designed as

ui(t) = −cK
∑
j∈Ni

(
ζi(T

i
k)− ζij(T ik)

)
, t ∈ [T ik, T

i
k+1), (3.7)



Main Results 27

where T ik, k ∈ N is the controller update time sequence of agent i. From the
above de�nitions, one has

ζi(T
i
k) = eA(T ik−t

i
σi

)x̂i(t
i
σi), σi

∆
= arg min

l∈N:T ik≥t
i
l

{
T ik − til

}
,

ζij(T
i
k) = e

A
(
T ik−t

j
σj

)
x̂j(t

j
σj ), σj

∆
= arg min

l∈N:T ik≥t
j
l

{
T ik − tjl

}
, ∀j ∈ Ni,

where tiσi , x̂i(t
i
σi) and tjσj , x̂j(t

j
σj ), j ∈ Ni represent the latest communication

time instant and the latest received information of agent i and its neighbors j
before T ik, respectively.

Let zi (t) =
∑

j∈Ni (ζi(t)− ζij(t)). De�ne the controller measurement er-
ror of agent i as the combined state di�erences between the last triggering
instant T ik and the current time, which is

êi (t) =
∑
j∈Ni

(
ζi(T

i
k)− ζij(T ik)

)
−
∑
j∈Ni

(ζi(t)− ζij(t))

= zi(T
i
k)− zi(t).

(3.8)

Combining ei (t) and êi(t), the controller (3.7) can be rewritten as

ui(t) = −cK
{∑
j∈Ni

(x̂i(t) + ei(t)− (x̂j(t) + ej(t))) + êi(t)

}
. (3.9)

De�ne the observation error of agent i as x̃i(t) = xi(t)− x̂i(t), let x̃ (t) =
(x̃1 (t) , . . . , x̃N (t)). Then the dynamics of the observation error system is

˙̃x (t) = (IN ⊗ (A− FC)) x̃ (t) ,

which is globally asymptotically stable if and only if the matrix A − FC is
Hurwitz.

Let x̂, e, ê be the concatenated vectors of x̂i, ei, êi, respectively. Then, the
dynamics of the observer (3.3) can be rewritten as

˙̂x(t) = (IN ⊗A) x̂(t)−
(
cL⊗BR−1BTP

)
(x̂(t) + e(t))

−
(
cIN ⊗BR−1BTP

)
ê(t) + (IN ⊗ FC) x̃(t).

(3.10)

Let ξi(t) = x̂i(t) − x̂1(t),∀i and ξ(t) = (ξ1 (t) , ξ2−N (t)), where
ξ2−N (t)

∆
= (ξ2 (t) , . . . , ξN (t)) ∈ R(N−1)n. It follows that ξ1(t) ≡ 0, and
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the vector ξ2−N (t) satis�es

ξ̇2−N (t) =(IN−1 ⊗A− cL̃⊗BR−1BTP )ξ2−N (t)

−
(
cL̃W ⊗BR−1BTP

)
e(t)

−
(
cW ⊗BR−1BTP

)
ê(t) + (W ⊗ FC) x̃(t)

=Πξ2−N (t)−G1e(t)−G2ê(t) +G3x̃(t),

(3.11)

where

Π = IN−1 ⊗A− cL̃⊗BR−1BTP,

G1 = cL̃W ⊗BR−1BTP ,

G2 = cW ⊗BR−1BTP ,

G3 = W ⊗ FC,
W = [−1N−1, IN−1] ∈ R(N−1)×N , and L̃ is de�ned in (2.1). It can be seen that
the observer (3.10) achieves consensus, if and only if limt→∞ ξ2−N (t) = 0.

Since Assumption 3.1 holds, it follows from Lemma 2.1 that L̃ ∈
R(N−1)×(N−1) is a full-rank matrix. Moreover, the eigenvalues of L̃ have pos-
itive real parts. Choosing the coupling gain c > 1/(2λR), it is proven in
[52] that the matrix Π is Hurwitz. Thus, there exists a positive de�nite ma-
trix P̄ = P̄ T satisfying the Lyapunov condition P̄Π + ΠT P̄ = −Q̄ for any
given Q̄ = Q̄T � 0.

Now, we are ready to de�ne the controller update time sequence. The con-
troller update time instants T ik for each agent i are given by

T ik+1 = inf
{
t > T ik : g (êi (t) , zi(t), t) ≥ 0

}
, (3.12)

where
g (êi (t) , zi (t) , t) = ‖êi(t)‖ −

(
θγ ‖zi(t)‖+ ηe−αt

)
(3.13)

with constants 0 ≤ θ < 1, γ = λmin

(
Q̄
)
/(2(l̂ + N

√
l̂)
∥∥P̄G2

∥∥), η > 0, l̂ =
maxi {dii} ≤ N−1, and α de�ned in (3.6). The condition g (êi (t) , zi(t), t) ≥
0 is called the control function. Without loss of generality, we assume T i0 =
0,∀i.

From the de�nitions of zi(t) and êi(t), one can see that only the discrete
communication time instants and the states transmitted at these communi-
cation time instants (determined by the communication function (3.6)) are re-
quired to implement the control function (3.13). When the controller measure-
ment error êi exceeds a certain threshold, that is, g

(
êi(T

i
k), zi(T

i
k), t

)
≥ 0, an
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event is triggered for agent i. Agent i updates its controller using the latest
communication instants and the latest received states. Meanwhile, the con-
troller measurement error êi is reset to zero.

Remark 3.1. The communication function f(t, ei(t)) ≥ 0 can be seen as a
trigger for communication and the control function g (êi (t) , zi(t), t) ≥ 0 can
be seen as a trigger for controller update. They work asynchronously. Note that no
communication is required at the controller update time instants for each agent,
which is di�erent from the previous ETC strategies, where each agent updates its
controller and communicates with its neighbors at the same time.

Remark 3.2. It is worth to mention that except for the controller update time
instants, the control function g (êi (t) , zi(t), t) will also be reset at the commu-
nication instants of itself and its neighbors. Therefore, g (êi (t) , zi(t), t) can be
discontinuous within two successive controller update instants, thereby resulting
in additional di�culties in proving the exclusion of Zeno behavior. Furthermore,
di�erent from the control functions proposed in [42], [47], an extra term ηe−αt is
introduced in this chapter to exclude Zeno behavior.

3.3.3 Convergence result

Now, we are in the position to give the following result.

Theorem 3.1. Consider the MAS (3.1) with the observer (3.3), where the matrix
F is chosen such that the matrix (A−FC) is Hurwitz. Let the controller be given
in (3.7), where the coupling gain satis�es c > 1/(2λR). Suppose Assumptions
3.1-3.3 hold and that the communication function (3.6) and the control function
(3.13) are applied with

0 < α < min{((1− θ)λmin(Q̄)− a)/2λmax(P̄ ),−maxiRe (λi (A− FC))},

where 0 < a < (1 − θ)λmin

(
Q̄
)
. Then, consensus of the MAS (3.1) is achieved

asymptotically. Furthermore, Zeno behavior is excluded.

Proof. Consider the following Lyapunov function candidate

V (t) = ξ2−N (t)T (t)P̄ ξ2−N (t).

Di�erentiating V (t) along the trajectories of (3.11), one has

V̇ (t) =− ξT2−N (t)Q̄ξ2−N (t)− 2ξT2−N (t)P̄G1e(t)

− 2ξT2−N (t)P̄G2ê(t) + 2ξT2−N (t)P̄G3x̃(t).
(3.14)
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According to (3.5), one has ‖ei(t)‖ ≤ I0e
−αt,∀i, and thus ‖e(t)‖ ≤√

NI0e
−αt. Besides, for agent i, an event for controller update is triggered

at T ik+1 when g (êi (t) , zi(t)) ≥ 0. Thus, one has g (êi (t) , zi(t)) < 0 for
t ∈ [T ik, T

i
k+1). According to the de�nition of zi(t), one has

‖zi (t)‖ =
∥∥∥ ∑
j∈Ni

(ζi(t)− ζij(t))
∥∥∥

≤
∥∥∥ ∑
j∈Ni

((x̂i(t)− x̂1(t))− (x̂j(t)− x̂1(t)))
∥∥∥+

∥∥∥ ∑
j∈Ni

(ei(t)− ej(t))
∥∥∥

≤
∑
j∈Ni

(‖ξi(t)‖+ ‖ξj(t)‖) +
∑
j∈Ni

(‖ei(t)‖+ ‖ej(t)‖).

(3.15)
Letting γ̂ = λmin

(
Q̄
)
/(2
∥∥P̄G2

∥∥), one further has

‖ê (t)‖ ≤
N∑
i=1

(
θγ ‖zi(t)‖+ ηe−αt

)
≤ θγ̂ (‖ξ(t)‖+ ‖e(t)‖) +Nηe−αt

≤θγ̂ ‖ξ2−N (t)‖+ (θγ̂I0 + η)Ne−αt.

Using the inequality 2xy ≤ ax2 + y2/a,∀a > 0 several times, (3.14) can
then be rewritten as
V̇ (t) ≤− λmin

(
Q̄
)
‖ξ2−N (t)‖2 + 2 ‖ξ2−N (t)‖

∥∥P̄G1

∥∥ ‖e (t)‖
+ 2 ‖ξ2−N (t)‖

∥∥P̄G2

∥∥ ‖ê (t)‖+ 2 ‖ξ2−N (t)‖
∥∥P̄G3

∥∥ ‖x̃ (t)‖

≤ −
(
(1− θ)λmin

(
Q̄
)
− a
)
‖ξ2−N (t)‖2 +

2

a
‖PG3‖2 ‖x̃ (t)‖2

+
2

a

(∥∥P̄G1

∥∥ I0 +
∥∥P̄G2

∥∥ (θγ̂I0 + η)
)2
N2e−2αt

≤− 2β1V (t) + β2e
−2αt + β3 ‖x̃ (t)‖2 ,

(3.16)

where

β1 =
(
(1− θ)λmin

(
Q̄
)
− a
)
/2λmax

(
P̄
)
,

β2 =2
(∥∥P̄G1

∥∥ I0 +
∥∥P̄G2

∥∥ (θγ̂I0 + η)
)2
N2/a,

β3 =2‖PG3‖2/a.
Choosing a < (1− θ)λmin

(
Q̄
)
, β1 is positive. Based on the comparison the-

orem in [37] and (3.16), one can get that the solution of V (t) satis�es

V (t) ≤e−2β1tV (0) +

∫ t

0
e−2β1(t−s)(β2e

−2αs + β3‖x̃(s)‖2)ds.
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De�ne Ĉ = A−FC and letPĈ andP−1

Ĉ
be the matrices such thatP−1

Ĉ
ĈPĈ =

JĈ , where JĈ is the Jordan canonical form of the matrix Ĉ . Then, it follows
from Lemma 2.2 that for 0 ≤ s ≤ t,∥∥∥e−2β1(t−s)(β2e

−2αs + β3‖x̃(s)‖2)
∥∥∥

≤β2e
−2β1(t−s)e−2αs + β3

(
cĈ
∥∥PĈ∥∥∥∥∥P−1

Ĉ

∥∥∥ ‖x̃ (0)‖
)2
e−2β1(t−s)e2aĈs,

where maxi Re(λi(Ĉ)) < aĈ < 0 and cĈ is a positive constant with respect
to Ĉ . Let

a1 = V (0) + a2 + a3,

a2 = β2/ |2α− 2β1| ,
a3 = β3(cĈ‖PĈ‖‖P−1

Ĉ
‖ ‖x̃ (0)‖)2/

∣∣2aĈ + 2β1

∣∣ .
Then, one can further have

V (t) ≤ a1e
−2β1t + a2e

−2αt + a3e
2aĈt.

Since β1 > 0, α > 0 and aĈ < 0, one has limt→∞V (t) = 0. From the
de�nition of V , one can see that V (t) = 0 if and only if ‖ξ2−N (t)‖ = 0,
which is equivalent to ‖x̂i(t) − x̂j(t)‖ = 0, ∀(i, j) ∈ E . Besides, one has
limt→∞ ‖x̃(t)‖ = 0, which is equivalent to limt→∞ ‖xi(t) − x̂i(t)‖ = 0,∀i.
Therefore, consensus of the closed loop system (3.1) and (3.3) is achieved
asymptotically.

In the following, we will show that Zeno behavior is excluded. Firstly, the
communication function (3.6) is analyzed.

From the de�nition of ξ(t), one has

‖ξ (t)‖ = ‖ξ2−N (t)‖ ≤
√
V (t)/λmin

(
P̄
)

= b1e
−β1t + b2e

−αt + b3e
aĈt,

where b1 =
√
a1/λmin

(
P̄
)
, b2 =

√
a2/λmin

(
P̄
)
, and b3 =

√
a3/λmin

(
P̄
)
.

Let u(t) be the column stack vector of ui(t). Then one has

‖(IN ⊗B)u (t)‖
≤
∥∥(cL⊗BR−1BTP )(x̂ (t) + e (t))

∥∥+
∥∥cIN ⊗BR−1BTP

∥∥ ‖ê(t)‖
≤c ‖L‖

∥∥BR−1BTP
∥∥ (‖ξ (t)‖+ ‖e (t)‖) + c

∥∥BR−1BTP
∥∥ ‖ê(t)‖

≤d1e
−β1t + d2e

−αt + d3e
aĈt,

(3.17)
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where

d1 = c(‖L‖+ θγ)
∥∥BR−1BTP

∥∥ b1,
d2 = c

(
‖L‖ I0 + (θγI0 + η)

∥∥BR−1BTP
∥∥)√N + d1b2/b1,

d3 = c(‖L‖+ θγ)
∥∥BR−1BTP

∥∥ b3.
Furthermore, one has ∀t ∈ [tiσi , t

i
σi+1),

ėi (t) =AeA(t−tiσi )x̂i(t
i
σi)− (Ax̂i (t) +Bui (t) + F (yi (t)− Cx̂i (t)))

=Aei (t)−Bui (t)− FCx̃i (t)

and ‖ui(t)‖ ≤ ‖u(t)‖. Thus, ‖ėi(t)‖ ≤ k1e
−β1t+k2e

−αt+k3e
aĈt, where k1 =

d1, k2 = d2 + ‖A‖ I0, and k3 = d3 + cĈ‖PĈ‖‖P−1

Ĉ
‖‖FC‖‖x̃i (0)‖. Denote

the latest communication time of agent i by t̂∗i , then the next communication
time will not occur before ‖ei (t)‖ = I0e

−αt. Thus, a lower bound on the inter-
communication time of the agent i, ∀i is given by τi = t − t̂∗i that solves the
equation (k1e

−β1 t̂∗i + k2e
−αt̂∗i + k3e

aĈ t̂
∗
i )τi = I0e

−αt, which is equivalent to(
k1e

(−β1+α)t̂∗i + k2 + k3e
(aĈ+α)t̂∗i

)
τi = I0e

−ατi . (3.18)

Since β1 = ((1 − θ)λmin(Q̄) − a)/2λmax(P̄ ), one has α <
min{β1,−maxiRe(λi(Ĉ))}, then there exists a positive constant α < β1 and
−maxiRe(λi(Ĉ)) > −aĈ > α > 0. Thus, it is concluded that the solution τi
of (3.18) is not smaller than τ∗, which is given by (k1 + k2 + k3) τ∗ = I0e

−ατ∗

for all agent i, which is strictly positive. Therefore, Zeno behavior is excluded
for the communication function (3.6).

Next, the control function (3.13) is analyzed. Note that the control func-
tion g (·, ·, ·) is not necessary continuous within two consecutive controller
update instants (as stated in Remark 3.2). De�ne t̂iσ̂i = ∪j∈N+

i
tjσj , σ̂i ∈ Z

as the increasing sequence of communication time instants of agent i and its
neighbors, i.e., 0 = t̂i0 < t̂i1 < t̂i2 < · · · , ∀i. Let T̂ i

k̂
= t̂iσ̂i ∪ T

i
k, k̂ ∈ Z , where

0 = T̂ i0 < T̂ i1 < T̂ i2 < · · · ,∀i. Then the set {T̂ i
k̂
} can be seen as the jump set

of function g (êi (t) , zi(t), t). Within two successive instants of T̂ i
k̂
, one has

g (êi (t) , zi(t), t) is continuous. De�ne τ ′i = T ik+1 − T ik as the time interval
between two neighboring controller update instants of agent i, then for each
t ∈ [T ik, T

i
k+1), one can get



Example 33

i) if T ik ∈ {t̂iσ̂i} and T ik+1 ∈ {t̂iσ̂i}, one has τ ′i = T ik+1 − T ik ≥ t̂iσ̂i+1 − t̂iσ̂i .
Since Zeno behavior is excluded for the communication function (3.5), one has
that τ ′i is strictly positive in this case;

ii) if T ik ∈ {t̂iσ̂i}, T
i
k+1 /∈ {t̂iσ̂i}, there must exist a σ̂∗i ∈ Z such that

T ik+1 ∈ (tiσ̂∗i
, tiσ̂∗i +1). if tiσ̂∗i ≥ t̂iσ̂i+1, one has τ ′i ≥ t̂iσ̂i+1 − t̂iσ̂i . Otherwise,

tiσ̂∗i
= t̂iσ̂i , which means T ik and T ik+1 are neighboring instants of T̂ i

k̂
, thus

g (êi (t) , zi(t), t) is continuous for t ∈ [T ik, T
i
k+1). Taking the derivative of

êi(t) on t, one has ‖ ˙̂ei(t)‖ ≤ ‖Azi(t)‖ ≤ m1e
−β1t + m2e

−αt + m3e
aĈt,

wherem1 = ‖A‖ (l̂+N
√
l̂)b1,m2 = ‖A‖ (l̂+N

√
l̂)(b2 +

√
NI0), andm3 =

‖A‖ (l̂ + N
√
l̂)b3. Besides, from (3.13), one observes that the next controller

update time will not occur before ‖êi (t)‖ = ηe−αt. Similar to the following
analysis of the communication function (3.6), one can get that τ ′i ,∀i is greater
than or equal to the solution τ̂∗ of

(m1 +m2 +m3) τ̂∗ = ηe−ατ̂
∗
,

which is strictly positive;
iii) for the cases T ik /∈ {t̂iσ̂}, T ik+1 ∈ {t̂iσ̂} and T ik /∈ {t̂iσ̂}, T ik+1 /∈ {t̂iσ̂}, one

can also get that τ ′i ,∀i is strictly positive similar to the analysis of i) and ii).
Since there is a strictly positive lower bound on the neighboring controller

update time instants in all cases, one can conclude that Zeno behavior is ex-
cluded for the control function (3.13).

3.4 Example

In this section, a numerical example is given to verify the theoretical results. A
network of 6 agents with communication graph G is shown in Figure 3.2. One
can calculate that λR = 1, then we choose c = 1 > 1/(2λR). The initial state
xi(0) of each agent i is chosen randomly from the box [−5, 5] × [−5, 5], and
the initial state of the observer x̂i(0) of each agent i is chosen to be [0, 0]T ,∀i.
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2 3 4 5

1 6

Figure 3.2: Communication graph for the MAS.

The system matrices are chosen as

A =

[
−2 1
0.1 0.2

]
, B =

[
0.8
0.5

]
, C =

[
1 0

]
.

Given Q = 5IN and R = 2IN , one can get K = [0.6917, 1.8780] by solving
the ARE (3.2). The feedback gain matrix F is chosen as F = [−0.5, 2]T such
that A − FC is Hurwitz. Given Q̄ = 5I2N−2, then one can get λmax(P̄ ) =
6.7513 by solving the Lyapunov function ΠT P̄ + P̄Π = −Q̄. Choosing θ =
0.4 and a = 0.001, one has β1 = 0.444. Then, we can choose α = 0.4 <
min{β1,−maxiRe (λi (A− FC))}.
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Figure 3.3: The evolution of xi1, xi2 under controller (3.7).
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Figure 3.4: The evolution of controller (3.7).
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Figure 3.5: The communication/controller update time instants of agent 1.

The simulation results for the multi-agent systems (3.1), (3.3) with con-
troller (3.7) are shown in Figures 3.3-3.5. The state trajectories are plotted in
Figure 3.3, where xi1 and xi2 are the state components of agent i. The evo-
lutions of controller (3.7) for each agent i are plotted in Figure 3.4. As an ex-
ample, the communication/controller update time instants of agent 1 (labeled
as t1σ/T 1

k ) and the inter-communication/controller update interval of agent 1
(labeled as ∆(t1σ)/∆(T 1

k )) is presented in Figure 3.5. One can see that Zeno
behavior is excluded for both the communication and controller update. In
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Figure 3.6, the state trajectories under the controller (2) proposed in [33] are
depicted, and the evolutions of controller (2) are plotted in Figure 3.7.
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Figure 3.6: The evolution of xi1, xi2 under controller (2) proposed in [33].
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Figure 3.7: The evolution of controller (2) proposed in [33].

Table 3.1 summarises the simulation results for the controller (3.7) and the
controller (2) of [33]. The amount of communication times and controller up-
date times within the simulation time interval [0, 30] are given for each agent
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Table 3.1: The amount of communication times (CT) and controller update
times (UT)

CT CT [33] UT
Time Interval [0, 30] [0, 30] [0, 30]

Agent 1 44 46 129
Agent 2 41 37 52
Agent 3 45 45 97
Agent 4 32 29 50
Agent 5 30 29 49
Agent 6 40 30 50

Overall CT 232 216 -

and the overall communication times are calculated. Since the controller pro-
posed in [33] is updated continuously, the controller update times in [33] is∞
for each agent, and thus the improvement in our case is straightforward. One
can see that during the time interval [0, 30], the overall communication times
of controller (8) are slightly more than that of controller (2) proposed in [33].
Therefore, it is concluded that the proposed distributed ETC strategy reduces
signi�cantly the controller update times without signi�cantly increasing the
communication times.

3.5 Summary

In this chapter, distributed ETC of linear MAS was investigated. Firstly, in
the communication side, an event-triggered communication scheme was pro-
posed for each agent. Then, in the control side, a distributed event-triggered
controller was implemented for each agent. It was proven that the consensus
of the MAS is achieved asymptotically. It was also shown that Zeno behavior
is excluded.



Chapter 4

Periodic Event-Triggered Consensus
under Limited Data Rate

Chapter 3 proposed an event-triggered control (ETC) strategy for multi-
agent consensus. In this chapter, a distributed periodic event-triggered con-
trol (PETC) strategy is developed for multi-agent systems (MAS), which fur-
ther relaxes the requirement of continuous sensing and computation in ETC
of Chapter 3. First, an approach on �nding the maximum allowable sampling
period (MASP) is proposed. Then, an asynchronous PETC strategy is proposed
for the MAS. Finally, the constraint of limited data rate is taken into account.
It is shown that exponential consensus can be achieved in all the cases.

4.1 Introduction

In recent years, ETC has been proposed as an alternative to sample-data con-
trol (which will be called time-triggered control (TTC) in the following), and
various ETC strategies have been proposed for di�erent kind of systems [14],
[33], [40]–[50]. It should be pointed out that, although the literature on ETC
is rich, limitations still remain and there are still some issues to be investi-
gated. On one hand, most of the existing ETC strategies require the triggering
condition to be monitored continuously[40]–[43], [47], [53] or partially con-
tinuously [49], [50], which may result in excessive use of sensing and com-
putational resources. On the other hand, di�erent from TTC, in which the
devices (such as sensors, controllers and actuators) are activated only at the
discrete sampling instants, in the ETC mechanism, it is necessary for all de-

38
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vices to be activated all the time, which increases the energy consumption and
thus reduces the lifespan of those devices. To address these problems, PETC1

has been proposed as a solution [54]–[67].
In the area of PETC, most of the e�ort has been devoted to the stabilization

of a single agent system [54]–[61], while the cooperation in the multi-agent
case has not been considered to the same extent. Results on the design of PETC
strategy for MAS with single-integrator dynamics are presented in [62]–[64].
For MAS with general linear dynamics or Lipchitz nonlinear dynamics, some
recent results are reported in [65], [66] and [67], respectively. However, to the
best of our knowledge, except for single-integrator MAS, the computation of
MASP for MAS is typically not carried out [66] or given by solving a set of
linear matrix inequalities [65], [67] without resulting in an explicit formula.
We note that it is hard in general to �nd the explicit formula of MASP for
PETC of general linear and nonlinear MAS. An overview of recent advances
in ETC/PETC of MAS can be referred to the survey paper [68]. A comparison
between TTC, ETC, and PETC is given in Figure 4.1.

0 2hh 4h3h

0 t2t1 t4t3

0 2hh 4h3h

TTC

ETC

PETC

Figure 4.1: Di�erences between TTC, ETC and PETC, where the arrows in
PETC represent the instants when the transmission actually happens.

Motivated by the above discussions, this chapter investigates PETC for
MAS. The contributions are as follows.

(i) An approach on �nding the explicit formula of the MASP is presented.

(ii) An asynchronous PETC strategy is formulated, where a communication
function and a control function are designed for each agent to determine

1PETC combines the idea of TTC and ETC, in which the triggering condition is monitored
periodically at the pre-de�ned discrete sampling time sequence, which allows to achieve a
balance between TTC and ETC.
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respectively whether or not the sampled state and control input should
be transmitted at each sampling instant.

(iii) The constraint of limited data rate is considered. An observer-based
encoder-decoder with �nite-level quantization is designed for the
sensor-controller communication and a �nite-level quantizer with scal-
ing is designed for the controller-actuator communication, such that
certain constraint on the data rate is satis�ed.

4.2 Problem Formulation

Consider a MAS with N agents, and the dynamics of each agent is given by

ẋi(t) = f(xi(t)) + ûi(t), i = 1, 2, . . . , N, (4.1)

with
ûi(t) =

∑
j∈Ni

ψij(xj(tl)− xi(tl)), t ∈ [tl, tl+1), (4.2)

where xi ∈ Rn, ûi ∈ Rn are respectively the state and the control input of the
ith agent, f is a function representing the known nonlinearity of the system,
ψij is a control function to be designed, and tl = lh, l ∈ N is the increasing
sampling sequence. Here, h > 0 is the sampling period, which is common to
all agents.

Assumption 4.1. The communication graph G formed by the group of agents
is undirected and connected.

Assumption 4.2. The function f is Lipschitz continuous with Lipschitz constant
ρ1 > 0 and f(0) = 0.

Remark 4.1. For the sake of simplicity, we analyze the nonlinear system (4.1).
We note that it is straightforward to extend the results presented in this chapter
to dynamical systems ẋi(t) = f(xi(t))+Axi(t)+Bûi(t) when the matrix pair
(A,B) is stablizable.

De�nition 4.1. The function φ : Rn → Rn is said to be in sector [l1, l2] if for
all q ∈ Rn, one has

(qTφ(q)− l1qT q)(qTφ(q)− l2qT q) ≤ 0.
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Assumption 4.3. The functions ψij : Rn → Rn, (i, j) ∈ E are required to
satisfy the following conditions:

a) for any xi, xj ∈ Rn, one has ψij(xji) = −ψji(xij), where xij = xi−xj ;
b) there exists a constant K > 0 such that for any xij ∈ Rn, one has

xTijψji(xij) ≥ KxTijxij ; and
c) ψij are globally Lipschitz continuous functions with Lipschitz constant

ρ2 > 0, that is, ‖ψij(x′) − ψij(x′′)‖ ≤ ρ2‖x′ − x′′‖ for any x′, x′′ ∈ Rn, and
ψij(0) = 0, ∀(i, j) ∈ E .

According to item c), one has ‖ψji(xij)‖ ≤ ρ2‖xij‖ and thus
xTijψji(xij) ≤ ρ2‖xij‖2. Combining with item b), one can further have
K‖xij‖2 ≤ xTijψji(xij) ≤ ρ2‖xij‖2. That is to say, the function ψji is in
sector [K, ρ2],∀(j, i) ∈ E .

Let x̄(t) =
∑N

i=1 xi(t)/N be the average state of all agents. De�ne the
state error between agent i and the average as ξi(t) = xi(t)− x̄(t),∀i and the
error vector as ξ(t) = (ξ1(t), . . . , ξN (t)).

De�nition 4.2. Consensus of the MAS (4.1) is said to be achieved exponentially,
if there exist positive constants κ, µ such that the error vector satis�es

‖ξ(t)‖ ≤ κe−µt, ∀t ≥ 0.

The constant µ is called the convergence rate and the constant κ is called the
convergence coe�cient.

In this chapter, the problem under consideration is formulated as follows.

Problem 4.1. Consider the MAS (4.1). Design PETC strategies for each agent i
such that the consensus of the MAS (4.1) is achieved exponentially.

4.3 Explicit Computation of MASP

In this section, an approach on �nding the MASP is proposed. Before proceed-
ing, the following notations are introduced.

De�ne

yi(tl) = xi(tl),

yi(t) = yi(tl) +

∫ t

tl

f(yi(s))ds, t ∈ (tl, tl+1),
(4.3)
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and ui(t) =
∑

j∈Ni ψij(yj(t)− yi(t)). The sampling-induced errors of agent
i are de�ned as

exi (t) = yi(t)− xi(t), eui (t) = ûi(t)− ui(t),∀i. (4.4)

Then, one has ‖exi (tl) ‖ = 0 and ‖eui (tl) ‖ = 0 for all tl.
The control input (4.2) can then be rewritten as

ûi(t) =
∑
j∈Ni

ψij(xji(t) + exji(t)) + eui(t),

where xji(t) = xj(t)− xi(t) and exji(t) = exj (t)− exi(t).
Since the graph G is undirected and ψij(xji) = −ψij(xij), one has

ξ̇i(t) =f(xi(t))−
1

N

N∑
i=1

f(xi(t)) + ûi(t), i = 1, 2, . . . , N, (4.5)

where ûi(t) can be equivalently rewritten as

ûi(t) =
∑
j∈Ni

ψij(ξji(t) + exji(t)) + eui(t), (4.6)

where ξji(t) = ξj(t)− ξi(t).
One can see that the exponential consensus of the MAS (4.1) is achieved

if and only if the stability of the error system (4.5) is achieved exponentially.
Therefore, in the following, the stability of the error system (4.5) is investi-
gated.

Let ξ, ex, eu be the concatenated vectors of ξi, exi , eui , respectively, where
we dropped the time argument t for notation convenience. De�ne ‖z‖′ :=
d‖z‖/dt,∀z. Then, we get the following propositions.

Proposition 4.1. Let the function V : R≥0 → R≥0 be V (z) = z2, then the
derivative of V (‖ξ‖) along the trajectory of (4.5) satid�es

V̇ (‖ξ‖) ≤ −L̂‖ξ‖2 +
1

a1
γ2‖ex‖2 +

1

a1
‖eu‖2, (4.7)

where L̂ = 2Kλ2(L)− 4ρ1 − 2a1, γ = ρ2

√
2l̂2 + 2Nl̂, l̂ = maxi{dii} ≤

N − 1, a1 > 0, and λ2(L) is the algebraic connectivity of the Laplacian matrix
L.



Explicit Computation of MASP 43

Proof. The proof is provided in Appendix.

Proposition 4.2. For all t ∈ [tl, tl+1), the following inequalities hold

‖ex‖′ ≤ 2γ‖ξ‖+ (ρ1 + 2γ)‖ex‖+
√

2‖eu‖, (4.8)
‖eu‖′ ≤

√
2ρ1γ‖ξ‖+

√
2ρ1γ‖ex‖. (4.9)

Proof. The proof is provided in Appendix.

Now, we provide an explicit computation of the MASP h∗ for the MAS
(4.1). Firstly, we introduce two auxiliary functions φ1, φ2. Let φ1(τ) : R≥0 →
R and φ2(τ) : R≥0 → R be such that

dφ1(τ)

dτ
=−m1φ

2
1(τ)−m2φ1(τ)−m3, (4.10)

dφ2(τ)

dτ
=− n1φ

2
2(τ)− n2φ2(τ)− n3, (4.11)

where

m1 =
4γ3

a1
2

+ a2, m2 = 2ρ1 + 4γ + (L̂− 2a1), m3 = γ + a2,

n1 =
γ2ρ2

1

a2
1

+
2γρ2

1

a2
, n2 = L̂− 2a1, n3 =

2γ

a2
+ 1

(4.12)

for some a2 > 0. The constants L̂, a1, γ in (4.12) are given in Proposition 4.1.
To state our main results, we further introduce the following function:

T (x, y, z) =


2
r arctan

(
r
y

)
if 4xz > y2,

2
y , if 4xz = y2,
2
r arctanh

(
r
y

)
, if4xz < y2,

where
r :=

√
|4xz − y2|.

Then, the MASP h∗ is selected as

h∗ = min{T (m1,m2,m3), T (n1, n2, n3)}. (4.13)
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Theorem 4.1. Consider the MAS (4.1) with the control input (4.2), where the
sampling period h is chosen from h ∈ (0, h∗). Suppose Assumptions 4.1-4.3 hold
with K > 2ρ1/λ2(L). Then, consensus of the MAS (4.1) is achieved exponen-
tially with convergence rate Kλ2(L) − 2ρ1 − 2a1 and convergence coe�cient
‖ξ(0)‖, where a1 ∈ (0, (Kλ2(L)− 2ρ1)/2).

Proof. The proof is provided in Appendix.

Remark 4.2. In this chapter, the communication graph is assumed to be undi-
rected. It is worth to point out that the results obtained are applicable to the case of
a directed graph with a spanning tree when a linear system model is considered.

Remark 4.3. Two constants, i.e., a1, a2 are introduced for the computation of
MASP. It can be seen that both the MASP and the convergence rate are related
to the constant a1. Moreover, a small value of a1 means faster convergence,
however, the MASP will be smaller. Therefore, a1 can be used as a trade-o�
between the rate of communication and the rate of convergence. In addition,
from (4.10) and (4.11), one can see that a small value of a2 means a bigger
T (m1,m2,m3) and a smaller T (n1, n2, n3), while a big value of a2 means a
smaller T (m1,m2,m3) and a bigger T (n1, n2, n3). Therefore, a2 can be used as
a trade-o� between T (m1,m2,m3) and T (n1, n2, n3) such that the maximum
MASP can be achieved. A way of tuning parameters a1, a2 is given as follows: i)
choose a1 such that the requirement of convergence performance is satis�ed; and
ii) �nd a2 such that T (m1,m2,m3) = T (n1, n2, n3).

4.4 PETC

In Section 4.3, an approach on �nding the MASP is proposed for TTC. To fur-
ther reduce the rates of communication and controller update, in this section,
an asynchronous PETC strategy is developed.

4.4.1 Communication and control functions

For each agent i, let tiσi , σi ∈ N be the increasing sequence of communication
time instants at which xi is transmitted and {tiσi} be the set of communication
instants. On the sensor side, each agent implements an estimator of itself using
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the most recently transmitted data xi(tiσi), that is,

˙̂yi(t) = f(ŷi(t)), t ∈ [tiσi , t
i
σi+1),

ŷi(t
i
σi) = xi(t

i
σi).

(4.14)

For agent i, the communication error at the sampling instant tl is de�ned
as eyi(tl) = ŷi(tl)− xi(tl), and the communication time sequence tiσi is gen-
erated by

tiσi+1 = inf
tl

{
tl > tiσi : h1 (tl, eyi (tl)) ≥ 0

}
, (4.15)

where
h1 (tl, eyi (tl)) = ‖eyi (tl)‖ − c1e

−αtl (4.16)

with constants c1 > 0, α > 0. Without loss of generality, we assume ti0 =
0,∀i.

From the de�nition of eyi(tl), one can see that only the sampled state xi(tl)
is required to implement the communication function (4.16) for each agent
i. At each tl, ‖eyi(tl)‖ is compared to a certain threshold, i.e., c1e

−αtl , and
the sampled state xi(tl) is transmitted if and only if ‖eyi(tl)‖ is bigger than
or equal to that threshold. Moreover, one can see from (4.15) that the com-
munication function (4.16) is detected only at the sampling instants tl. Thus,
{tiσi} ∈ {tl = lh},∀i.

On the control side, each agent implements estimators of itself ŷi(t) as
well as its neighbors ŷj(t) based on the received states, that is,

˙̂yj(t) = f(ŷj(t)), t ∈ [tjσj , t
j
σj+1),

ŷj(t
j
σj ) = xj(t

j
σj ), j ∈ N+

i .
(4.17)

The distributed event-triggered controller for agent i is designed as

ûi(t) =
∑
j∈Ni

ψij(ŷj(T
i
k)− ŷi(T ik)), t ∈ [T ik, T

i
k+1), (4.18)

where T ik, k ∈ N is the controller update time sequence.
De�ne qi(t) =

∑
j∈Ni ψij(ŷj(t) − ŷi(t)). Then the control error at sam-

pling instant tl is de�ned as êlui(tl) = qi(T
i
k) − qi(tl). Let {T ik} be the set of

controller update instants, in which T ik+1 is generated by

T ik+1 = inf
tl

{
tl > T ik : h2

(
tl, ê

l
ui(tl)

)
≥ 0
}
, (4.19)
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where
h2

(
tl, ê

l
ui (tl)

)
=
∥∥∥êlui (tl)

∥∥∥− c2e
−αtl (4.20)

with constant c2 > 0. Without loss of generality, we assume T i0 = 0,∀i.
From the de�nition of qi(t), elui(tl) and (4.17), one can see that only the

transmitted states of agent i itself and its neighbors, i.e., xj(tjσj ), j ∈ N+
i are

required to implement the control function (4.20) for each agent i. Moreover,
one can see from (4.19) that the control function (4.20) is detected only at the
sampling instants tl. Thus, {T ik} ∈ {tl = lh},∀i.

4.4.2 Convergence result

De�ne êui(t) = qi(tl) − qi(t), t ∈ [tl, tl+1) and eyi(t) = ŷi(t) − yi(t), where
yi is de�ned in (4.3). Then, one has eyi(tl) = ŷi(tl)− yi(tl) = ŷi(tl)− xi(tl).
For convenience, we extend the control error as piecewise constant signals as
êlui(t) = êlui(tl), t ∈ [tl, tl+1). Combining the de�nition of exi(t) given in (4.4)
and êlui(t), êui(t), eyi(t), (4.18) can be rewritten as

ûi =
∑
j∈Ni

ψij(xji + exji + eyji) + êlui + êui ,

=
∑
j∈Ni

ψij(ξji + exji + eyji) + êlui + êui ,
(4.21)

where eyji = eyj − eyi . Since the graph G is undirected and ψij(xji) =

−ψij(xij), one has
∑N

i=1 ûi =
∑N

i=1 ê
l
ui . Then, one can further have

ξ̇i =f(xi)−
1

N

N∑
i=1

f(xi) + ûi −
1

N

N∑
i=1

êlui . (4.22)

Let ξ, ex, ey, êlu, êu be the concatenated vectors of ξi, exi , eyi , êlui , êui , re-
spectively. Then, we get the following proposition.

Proposition 4.3. The derivative of V (‖ξ‖) along the trajectories of (4.22) sat-
is�es

V̇ (‖ξ‖) ≤− L̂‖ξ‖2 +
4

a1
γ2‖ex‖2 +

4

a1
γ2‖ey‖2 +

4

a1

∥∥∥êlu∥∥∥2
+

2

a1
‖êu‖2.

(4.23)
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In addition, for all t ∈ [tl, tl+1), the following inequalities hold

‖ex‖′ ≤ 3γ‖ξ‖+ (ρ1 + 3γ)‖ex‖+ 3γ‖ey‖+
√

3‖êu‖+
√

3
∥∥∥êlu∥∥∥ ,

‖eu‖′ ≤
√

3ρ1γ(‖ξ‖+ ‖ex‖+ ‖ey‖).

Proof. The proof is similar to Propositions 4.1 and 4.2, and hence omitted.

Similar to Section 4.3, one can derive that the MASP for PETC is given by

ĥ∗ = min{T (m̂1, m̂2, m̂3), T (n̂1, n̂2, n̂3)}, (4.24)

where

m̂1 =
9γ3 + 2a1

a1
2

+ a2, m̂2 = 2ρ1 + 6γ + (L̂− 2a1), m̂3 = 4γ + a2,

n̂1 =
3γ2ρ2

1 + a1

a2
1

+
3γρ2

1

a2
, n̂2 = L̂− 2a1, n̂3 =

3γ

a2
+ 2.

(4.25)
Then, we can get the following result.

Theorem 4.2. Consider the MAS (4.1) with the control input (4.18), where the
sampling period h is chosen from h ∈ (0, ĥ∗). Suppose Assumptions 4.1-4.3
hold with K > 2ρ1/λ2(L). The communication time sequence and the con-
troller update time sequence are given respectively by (4.15) and (4.19) with
α > Kλ2(L) − 2ρ1 − 2a1. Then, consensus of the MAS (4.1) is achieved expo-
nentially with convergence rateKλ2(L)−2ρ1−2a1 and convergence coe�cient√
d1, where

a1 ∈
(

0,
Kλ2(L)− 2ρ1

2

)
,

d1 = ‖ξ(0)‖2 +
β1 + β2

2α− 2Kλ2(L) + 4ρ1 + 4a1
,

β1 = Nc2
1γ

2
( 4

a1
+ 3(3γ + ρ2

1)
)
e2(ρ1+α)h,

β2 = Nc2
2

( 4

a1
+ 3γ

)
e2αh.

Proof. The proof is provided in Appendix.
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Remark 4.4. In this chapter, the approach on �nding theMASP is related to [69].
In [69], a su�cient condition is provided on the existence of an explicit formula
for MASP that guarantees the stabilization of a networked control system. In this
chapter, we consider the consensus of MAS in a networked control system frame-
work.We note that the technical di�culty of our approach lies in the design of the
asynchronous event-triggered communication and control strategy such that the
su�cient condition provided in [69] is satis�ed. This problem is non-trivial since
we do not assume a passivity property on the nonlinear dynamics f . On the con-
trary, we overcome this problem by introducing estimators and suitably-designed
communication and control functions for sensor-controller communication and
controller-actuator communication, respectively.

4.5 PETC under Limited Data Rate

The results obtained in Section 4.4 are based on perfect communication. How-
ever, any real network has limited channel capacity, which means that only a
�nite number of bits of information can be transmitted. Based on this obser-
vation, in this section, we further investigate PETC under limited data rate.

Before proceeding, the de�nition of a uniform quantizer is required. A
�nite-level uniform quantizer is a map Q∆,M : R→ R such that

Q∆,M (y) =


∆
⌊ y

∆ + 1
2

⌋
, if 0 ≤ y ≤M∆,

M∆, if y > M∆,

−Q∆,M (−y), if y < 0.

(4.26)

where ∆ > 0 is the quantization interval, andM is the number of quantization
levels. Note that as long as the quantizer is not saturated (|y| ≤ M∆), the
quantization error is always bounded by ∆/2, namely, |Q∆,M (y)− y| ≤ ∆/2.

The above de�nition of the scalar-valued uniform quantizer can be easily
extended to its vector-valued counterpart. For any x = (x1, . . . , xn) ∈ Rn,
de�ne the vector uniform quantizer Q∆,M (x) : Rn → Rn to be Q∆,M (x) :=
(Q∆,M (x1), . . . , Q∆,M (xn)).

It is assumed that both sensor-controller communication and controller-
actuator communication are conducted via a network. Therefore, both state
quantization and input quantization are considered. The desired event-
triggered communication and control structure of agent i is shown in Figure
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Figure 4.2: The structure of PETC for agent i.

4.2. Due to input quantization, the dynamics of agent i is written as:

ẋi(t) = f(xi(t)) + ũi(t), i = 1, 2, . . . , N, (4.27)

where ũi is the quantized control input with scaling, which will be speci�ed
later.

4.5.1 Communication and control structure

Without loss of generality, we consider agent i and its neighbors j ∈ Ni to
illustrate the idea, and only show how information �ows within agent i (from
sensor to controller and from controller to actuator) and how agent i obtains
information from agent j, j ∈ Ni.

Step 1: The sensor samples the state of agent i at the sampling instants tl
(tl+1− tl ≡ h and h is the sampling period), and then the sampled state xi(tl)
is sent to the event generator 1 (EG1), which determines whether or not the
sampled state should be transmitted. On the sensor side, agent i implements an
estimator of itself, which is given by (4.14). The communication time instants
tiσi are determined by

tiσi+1 = inf
tl

{
tl > tiσi : h1 (tl, eyi (tl)) ≥ 0 ∪ tl − tiσi ≥ Rh

}
, (4.28)
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where R is a positive integer, and h1(·, ·) is de�ned in (4.16). Compared to
(4.15), a constraint on the maximum time interval between two successive
communications is enforced. It means that each agent can endure at most Rh
units of time without communication. The reason for this constraint comes
from the quantization error induced by the dynamic encoder-decoder, which
is de�ned below. The good news is that, in general,R can be chosen arbitrarily
large as long as it has a �nite value.

Step 2: When the transmitted state xi(tiσi) is generated, the encoder si of
agent i is activated:

x̂i(t
i
−1) =0,

si(t
i
σi) =Q∆,M i

1

xi(tiσi)− x̂i(tiσi−1)−
∫ tiσi
tiσi−1

f (x̂i(s))ds

g1(tiσi)

 ,

x̂i(t
i
σi) =x̂i(t

i
σi−1) +

∫ tiσi

tiσi−1

f (x̂i(s))ds+ g1(tiσi)si(t
i
σi),

(4.29)

where xi(tiσi) and si(tiσi) are the input and the output of the encoder, respec-
tively. The function g1(t) > 0 is a scaling function which will be de�ned later.
In the above, x̂i(tiσi) is the internal state of the encoder, and Q∆,M i

1
(·) is a

�nite-level uniform quantizer de�ned in (4.26) with quantization interval ∆
and quantization level M i

1.
Step 3: After the signal sj(tjσj ), j ∈ N+

i of agent i itself or its neighbors
j ∈ Ni is received on the control side, the decoder ς ij will be activated:

ς ij(t
j
−1) =0,

ς ij(t
j
σj ) =ς ij(t

j
σj−1) +

∫ tjσj

tjσj−1

f
(
ς ij(s)

)
ds+ g1(tjσj )sj(t

j
σj ), j ∈ N+

i ,

(4.30)
where ς ij(t

j
σj ) is the output of the decoder. From (4.29) and (4.30), one has

x̂i(t
i
σi) = ςji (tiσi),∀j ∈ N

+
i .

Step 4: The decoded states ς ij(t
j
σj ), j ∈ N+

i are sent to event generator 2
(EG2) to determine whether or not the controller is updated. Similar to Section
4.3, each agent implements estimators of itself ỹi(t) as well as its neighbors
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ỹj(t) based on decoded states, that is,

˙̃yj(t) = f(ỹj(t)), t ∈ [tjσj , t
j
σj+1),

ỹj(t
j
σj ) = ς ij(t

j
σj ), j ∈ N+

i .
(4.31)

Then, the controller for agent i is designed as

ûi(t) =
∑
j∈Ni

ψij(ỹj(T
i
k)− ỹi(T ik)), t ∈ [T ik, T

i
k+1), (4.32)

where T ik is the controller update time sequence. Let q̃i(t) =∑
j∈Ni ψij(ỹj(t) − ỹi(t)). Rede�ne in this section êlui(tl) = q̃i(T

i
k) − q̃i(tl)

and êui(t) = q̃i(tl) − q̃i(t). Then, the controller update time sequence T ik is
determined by

T ik+1 = inf
tl

{
tl > T ik : h2

(
tl, ê

l
ui(tl)

)
≥ 0 ∪ tl − tiσi ≥ Rh

}
, (4.33)

where h2(·, ·) is de�ned in (4.20). Similar to (4.28), an additional constraint
on the maximum time interval between two successive controller updates is
enforced.

Step 5: When the transmitted control input ûi(T ik) is generated, it is quan-
tized with scaling. That is,

pi(T
i
k) =Q∆,M2(

ûi(T
i
k)

g2(T ik)
). (4.34)

The functionQ∆,M2(·) is a �nite-level uniform quantizer de�ned in (4.26) with
quantization interval ∆ and quantization level M2, and g2(t) > 0 is a scaling
function which will be de�ned later.

Now, the quantized control input in (4.27) is given by

ũi(t) = g2(T ik)pi(T
i
k), t ∈ [T ik, T

i
k+1). (4.35)

4.5.2 Convergence result

De�ne the state quantization induced errors of agent i as exqi(t
i
σi) = ς ii (t

i
σi)−

xi(t
i
σi). Let eyqi(t) = ỹi(t) − ŷi(t). Then one can get eyqi(tiσi) = exqi(t

i
σi) since

ỹi(t
i
σi) = ς ii (t

i
σi) and ŷi(tiσi) = xi(t

i
σi). De�ne the control quantization in-

duced errors of agent i as euqi(T
i
k) = ũi(T

i
k) − ûi(T ik). For convenience, we
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extend the control error and the control quantization induced error respec-
tively as piecewise constant signals as êlui(t) = êlui(tl), t ∈ [tl, tl+1) and
euqi(t) = ũi(T

i
k)− ûi(T ik), t ∈ [T ik, T

i
k+1).

Recall that exi(t) = yi(t)−xi(t), eyi(t) = ŷi(t)−yi(t). Combining the def-
inition of exi(t), eyi(t), êui(t), êlui(tl), e

y
qi(t) and euqi(t), (4.35) can be rewritten

as

ũi(t) =
∑
j∈Ni

ψij(ỹj(T
i
k)− ỹi(T ik)) + euqi(t)

=
∑
j∈Ni

ψij(ŷj(T
i
k) + eyqj (t)− ŷi(T ik)− eyqi(t)) + euqi(t)

=
∑
j∈Ni

ψij(ξji(t) + exji(t) + eyji(t) + eyqji(t)) + êlui(t) + êui(t) + euqi(t).

(4.36)
Since the graph G is undirected and ψij(xji) = −ψij(xij), one has∑N
i=1 ũi =

∑N
i=1(êlui + euqi). Then, one can further have

ξ̇i =f(xi)−
1

N

N∑
i=1

f(xi) + ũi −
1

N

N∑
i=1

(êlui + euqi). (4.37)

Let eyq , euq be the concatenated vectors of eyqi , euqi , respectively. Then, we
get the following proposition.

Proposition 4.4. The derivative of V (‖ξ‖) along the trajectories of (4.37) sat-
is�es

V̇ (‖ξ‖) ≤− L̂‖ξ‖2 +
9

a1
γ2‖ex‖2 +

9

a1
γ2‖ey‖2 +

9

a1
γ2
∥∥eyq∥∥2

+
6

a1

∥∥∥êlu∥∥∥2
+

3

a1
‖êu‖2 +

6

a1

∥∥euq∥∥2
.

(4.38)

In addition, for all t ∈ [tl, tl+1), the following inequalities hold

‖ex‖′ ≤ 4γ‖ξ‖+ (ρ1 + 4γ)‖ex‖+ 4γ‖ey‖+ 4γ
∥∥eyq∥∥

+ 2‖êu‖+ 2
∥∥∥êlu∥∥∥+ 2

∥∥euq∥∥ ,
‖eu‖′ ≤ 2ρ1γ(‖ξ‖+ ‖ex‖+ ‖ey‖+

∥∥eyq∥∥).

Proof. The proof is similar to Propositions 4.1 and 4.2, and hence omitted.
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The MASP for PETC under limited data rate is given by

h̃∗ = min{T (m̃1, m̃2, m̃3), T (ñ1, ñ2, ñ3)}, (4.39)

where

m̃1 =
16γ3 + 4a1

a1
2

+ a2, m̃2 = 2ρ1 + 8γ + (L̂− 2a1), m̃3 = 9γ + a2,

ñ1 =
4γ2ρ2

1 + 2a1

a2
1

+
4γρ2

1

a2
, ñ2 = L̂− 2a1, ñ3 =

4γ

a2
+ 3.

(4.40)
With the designed encoder-decoder (4.29), (4.30) and the control quantizer

(4.34), the following result is obtained.

Theorem 4.3. Consider the MAS (4.27) with the quantized control input (4.35),
where the sampling period h is chosen from h ∈ (0, h̃∗). Suppose Assumptions
4.1-4.3 hold with K > 2ρ1/λ2(L). The communication time sequence and the
controller update time sequence are given by (4.28) and (4.33) with α > 0, re-
spectively. Let the encoder-decoder be given by (4.29) and (4.30), and the scaling
functions g1(t) = c3e

−ηt and g2(t) = c4e
−ηt with constants c3 > 0, c4 > 0,

and 0 < η < min{Kλ2(L)−2ρ1−2a1, α}, where a1 ∈ (0, (Kλ2(L)−2ρ1)/2).
The quantization levelsM i

1 andM2 satisfy

M i
1 ≥ max

{
c1e

(ρ1+α)h + h(CeηRh + c2 + c4
√
n∆/2)eηh

c3∆
+

√
n

2
e(ρ1+η)Rh,

‖xi(0)‖
c3∆

}
, ∀i

(4.41)
and

M2 ≥
C

c4∆
, (4.42)

where C = γ(
√
d2 +

√
Nc1 +

√
Nnc3∆e(η+ρ1)Rh/2), and γ is de�ned in

Proposition 4.1. Then, consensus of the MAS (4.27) is achieved exponentially with
convergence rate η and convergence coe�cient

√
d2, where

d2 = ξ(0)2 +
β3 + β4

|2α− 2Kλ2(L) + 4ρ1 + 4a1|
+

k1

2Kλ2(L)− 4ρ1 − 4a1 − 2η
,

β3 = Nc2
1γ

2
( 9

a1
+ 4(4γ + ρ2

1)
)
e2(ρ1+α)h,
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β4 = Nc2
2

( 6

a1
+ 4γ

)
e2αh,

k1 =
β3nc

2
3∆2e2(η+ρ1)Rh

4c2
1

+
β4nc

2
4∆2e2ηRh

4c2
2

.

Proof. The proof is provided in Appendix.

Remark 4.5. There is literature considering ETC of MAS under limited data
rate [70]–[73]. In [70], [71], MAS with single-integrator dynamics are consid-
ered, and ETC and self-triggered control are proposed, respectively. Discrete-time
MAS with general linear dynamics are studied in [72], while continuous-time
MAS with general linear dynamics are investigated in [73]. In both [72] and [73],
synchronous ETC strategy is designed. However, In this chapter, nonlinear MAS
with PETC strategy is instead considered. Moreover, to the best of our knowledge,
an asynchronous PETC strategy under limited date rate is proposed for the �rst
time.

Remark 4.6. In this chapter, three di�erent communication and control strate-
gies, i.e., TTC, PETC, and PETC under limited data rate are considered and dif-
ferent triggering conditions are proposed, respectively. In TTC, a universal clock
is used to trigger both state and control input transmission. In PETC, despite of
a universal clock, communication and control conditions are further designed to
determine whether or not the state and the control input should be transmitted,
respectively. When limited data rate is considered for PETC, an additional clock
is required for both state transmission and controller update. The reason for in-
troducing this additional clock is to ensure that the quantization error is limited.

Remark 4.7. For TTC, the rate of communication (for both state and control
input) is determined by the sampling period h. However, for PETC, we note that
the rate of communication is not mainly determined by the sampling period h,
but the communication and control conditions (4.15) and (4.19). For PETC under
limited data rate, the rate of communication is determined by both the sampling
period h and the communication and control functions (4.28) and (4.33), since the
period of the additional clock is a constant times of h.

4.6 Example

In this section, a simulation example is provided to validate the e�ectiveness
of the theoretical results.
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3

2 4

1

Figure 4.3: Communication graph for the MAS.

Consider a MAS consisting of 4 single-link robot arms, the communication
graph among them is shown in Figure 4.3. The initial state xi(0) of each robot
arm i is chosen randomly from the box [−5; 5]× [−5; 5]. The dynamics of the
robot arm i is described by (4.1), where

f(xi1(t), xi2(t)) =

(
xi2

− sin(xi1)

)
.

and xi = (xi1, xi2)T . Clearly, f(xi) is Lipschitz with a Lipschitz constant
ρ1 = 1. The control input for agent i is designed as

ûi(t) = 2
∑
j∈Ni

(xj(tl)− xi(tl)), t ∈ [tl, tl+1).

One can verify that Assumption 4.2 holds with K = 2 and ρ2 = 2. According
to Proposition 4.1, one can calculate L̂ = 4−2a1, γ = 4

√
2. Choosing a1 = 0.8

such that L̂− 2a1 = 4− 4a1 = 0.8 > 0, then one can get h∗ = 3.18× 10−3.
The sampling period h is chosen as h = 3× 10−3. The simulation results for
TTC are shown in Figure 4.4, where the evolution of the states xi1 and xi2 is
plotted.
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Figure 4.4: The evolution of xi1, xi2 under TTC.

Figure 4.5: The evolution of xi1, xi2 under PETC.
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Figure 4.6: The evolution of xi1, xi2 under PETC*.

For PETC and PETC under limited data rate (PETC*), the sampling period
h is chosen as h = 1×10−3. Given c1 = c2 = 4, then one can chose α = 2.01.
The simulation results for PETC are shown in Figure 4.5. Choosing R = 100,
and the parameters for the scaling functions g1, g2 as c3 = c4 = 4 and η =
1.8 < min{Kλ2(L) − 2ρ1 − 2a1, α}, the simulation results for PETC* are
plotted in Figure 4.6.

Table 4.1 summarises the communication times and controller update
times for each agent under the three cases. One can see that the introduc-
tion of communication and control functions signi�cantly reduces the rates of
communication and controller update. One can also see that consensus of the
MAS can be achieved under data rate constraint.

Table 4.1: The amount of communication times (CT) and controller update
times (UT)

CT/UT TTC PETC PETC*
agent1 3333/3333 31/90 99/106
agent2 3333/3333 30/87 99/107
agent3 3333/3333 29/87 100/105
agent4 3333/3333 32/90 99/108
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Figure 4.7: The e�ects of tuning a1 on the MASP, the communication times
and the controller update times.

Next, the e�ects of tuning parameter a1 on the MASP and the total commu-
nication/controller update times are shown in Figure 4.7. From Figure 4.7(a),
one can see that the MASP increases as a1 increases for all the three cases
and h∗ > ĥ∗ > h̃∗ when choosing the same a1. From Figure 4.7(b) and
(c), one can see that for both TTC and PETC*, the communication/controller
update times are decreasing as the sampling period is increasing. However,
the communication/controller update times for PETC remain almost the same
no matter what the sampling period is. That is because the communica-
tion/controller update instants for PETC are mainly determined by the com-
munication/control conditions (which remain the same for all simulations).
We note that the relationship of the MASP for the three cases is h∗ > ĥ∗ > h̃∗.
However, the relationship of the total communication/controller update times
is PETC < PETC* < TTC, which again veri�es that the introduction of com-
munication and control functions reduces signi�cantly the rates of communi-
cation and controller update.

4.7 Summary

In this chapter, we considered the PETC of MAS. First, TTC was considered
and an approach on �nding the MASP was established. Then, a PETC strategy
was formulated. Finally, the PETC strategy was investigated under the con-
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straint of limited data rate. It was proved that exponential consensus can be
achieved in all cases.

Appendix

Proof of Proposition 4.1

From (4.5), one has

‖ξi‖′ =
d ‖ξi‖
dt

=
ξTi ξ̇i
‖ξi‖

=

ξTi

(
f(xi)− 1

N

N∑
i=1

f(xi) + ûi

)
‖ξi‖

=

ξTi

(
f(xi)− f(x̄) + f(x̄)− 1

N

N∑
i=1

f(xi) + ûi

)
‖ξi‖

≤ρ1‖ξi‖+
1

N

N∑
i=1

ρ1‖ξi‖+
ξTi ûi
‖ξi‖

,

(4.43)

and thus

ξTi ξ̇i ≤ ρ1‖ξi‖2 +
ρ1

N
‖ξi‖

N∑
i=1

‖ξi‖+ ξTi ûi.

Then,

‖ξ‖′ =

N∑
i=1

ξTi (t)ξ̇i

‖ξ‖ ≤

N∑
i=1

ρ1‖ξi‖2 + ρ1
N ‖ξi‖

N∑
i=1
‖ξi‖+ ξTi ûi

‖ξ‖

≤ 2ρ1 ‖ξ‖+
ξT û

‖ξ‖ .

(4.44)

Di�erentiating V (‖ξ‖) along the trajectories of (4.44), one has

V̇ (‖ξ‖) =2‖ξ‖ ‖ξ‖′ ≤ 2‖ξ‖
(

2ρ1 ‖ξ‖+
ξT û

‖ξ‖

)
= 4ρ1‖ξ‖2 + 2ξT û

=4ρ1‖ξ‖2 + 2

N∑
i=1

ξTi

(
δi + δ̂i + eui

)
,

(4.45)
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where δi =
∑

j∈Ni ψij(ξji) and δ̂i =
∑

j∈Ni ψij(ξji + exji)− δi.
From Assumption 4.2, one has xTijψji(xij) ≥ KxTijxij = K‖xij‖2,∀xij ∈

Rn, then∑
(i,j)∈E

ξTijψji(ξij) ≥ K
∑

(i,j)∈E

‖ξij‖2 = 2KξT (L⊗ In) ξ. (4.46)

According to the de�nition of ξ, one has 1TNnξ = 0, and if the graph G is
connected, one has ξT (L⊗ In) ξ ≥ λ2 (L) ‖ξ‖2 and λ2 (L) > 0 [74]. Then,

N∑
i=1

ξTi δi = =
1

2

N∑
i=1

ξTi
∑
j∈Ni

ψij(ξji) +
1

2

N∑
j=1

ξTj
∑
i∈Nj

ψji(ξij)

=− 1

2

N∑
i=1

ξTij
∑
j∈Ni

ψji(ξij) ≤ −Kλ2(L) ‖ξ‖2 .

In addition, the function ψij ,∀(i, j) ∈ E is globally Lipschitz, and then
one has

N∑
i=1

∥∥∥δ̂i∥∥∥2
≤

N∑
i=1

∥∥∥ ∑
j∈Ni

ψij(ξji + exji)−
∑
j∈Ni

ψij(ξji)
∥∥∥2

≤ρ2
2

N∑
i=1

( ∑
j∈Ni

∥∥exji∥∥)2
,

(4.47)

where
N∑
i=1

( ∑
j∈Ni

∥∥exji∥∥)2
≤

N∑
i=1

(
dii‖exi‖+

∑
j∈Ni

‖exj‖
)2

≤ 2l̂2
N∑
i=1

‖exi‖2 + 2

N∑
i=1

( ∑
j∈Ni

‖exj‖
)2

≤ 2l̂2‖ex‖2 + 2

N∑
i=1

l̂‖ex‖2 = (2l̂2 + 2Nl̂)‖ex‖2.

Using the inequality 2xy ≤ ax2 + 1/ay2, ∀a > 0, (4.45) can be rewritten as

V̇ (‖ξ‖) ≤− (2Kλ2(L)− 4ρ1 − 2a1) ‖ξ‖2

+
1

a1

(
ρ2

2(2l̂2 + 2Nl̂) ‖ex‖2 + ‖eu‖2
) (4.48)
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for any a1 > 0. �

Proof of Proposition 4.2

According to (4.4), one has ėxi(t) = ẏi(t)−ẋi(t) = f (yi(t))−f (xi(t))−ûi(t),
which jumps at t = tl. Thus, for ∀t ∈ [tl, tl+1), one has that exi is continuous.
Similar to Proposition 4.1, one can get

‖ex(t)‖′ =

N∑
i=1

eTxi(t)ėxi(t)

‖e(t)‖ ≤ ρ1 ‖ex(t)‖ − eTx (t)û(t)

‖ex(t)‖ ≤ ρ1‖ex(t)‖+ ‖û(t)‖.
(4.49)

Since

‖û(t)‖2 =
N∑
i=1

‖ûi(t)‖2 =
N∑
i=1

∥∥∥∑
j∈Ni

ψij(ξji(t) + exji(t)) + eui(t)
∥∥∥2

≤2
N∑
i=1

∥∥∥ ∑
j∈Ni

ψij(ξji(t) + exji(t))
∥∥∥2

+ 2
N∑
i=1

‖eui(t)‖2

≤2

N∑
i=1

( ∑
j∈Ni

ρ2‖ξji(t) + exji(t)‖
)2

+ 2

N∑
i=1

‖eui(t)‖2

≤4ρ2
2

N∑
i=1

{( ∑
j∈Ni

‖ξji‖
)2

+
( ∑
j∈Ni

∥∥exji∥∥)2}
+ 2

N∑
i=1

‖eui(t)‖2

≤4ρ2
2(2l̂2 + 2Nl̂)

(
‖ξ(t)‖2 + ‖ex(t)‖2

)
+ 2 ‖eu(t)‖2 ,

then one has

‖û(t)‖ =
(
‖û(t)‖2

) 1
2 ≤ 2γ (‖ξ(t)‖+ ‖ex(t)‖) +

√
2 ‖eu(t)‖ . (4.50)

Substituting (4.50) into (4.49) yields (4.8).
Moreover, according to (4.4), one has∇teui(t) = ∇tûi(t)−∇tui(t), where

ûi(t) is a constant for all t ∈ [tl, tl+1) and ui(t) jumps at t = tl. Thus, for all
t ∈ [tl, tl+1), eui is continuous and ∇teui(t) = −∇tui(t). Then,

‖eu(t)‖′ =

N∑
i=1

eTui(t)∇teui(t)

‖eu(t)‖ = −

N∑
i=1

eTui(t)∇tui(t)

‖eu(t)‖ ≤ ‖∇tu(t)‖ . (4.51)
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According to Assumption 4.2, the function ψij is locally Lipschitz, and then
one can further derive

‖∇tu(t)‖ =
( N∑
i=1

∥∥∥∇t ∑
j∈Ni

ψij(yj(t)− yi(t))
∥∥∥2) 1

2

=
( N∑
i=1

∥∥∥∑
j∈Ni

∇yj−yiψij(yj − yi)T (ẏj(t)− ẏi(t))
∥∥∥2) 1

2

≤
( N∑
i=1

∥∥∥∑
j∈Ni

ρ2f(yi(t))− f(yj(t))
∥∥∥2) 1

2

≤ρ2ρ1

( N∑
i=1

∥∥∥∑
j∈Ni

yi(t)− yj(t)
∥∥∥2) 1

2

≤ρ2ρ1

( N∑
i=1

∥∥∥∑
j∈Ni

xi(t) + exi(t)− xj(t)− exj (t)
∥∥∥2) 1

2

≤ρ2ρ1

( N∑
i=1

∥∥∥ ∑
j∈Ni

ξij(t) + exij (t)
∥∥∥2) 1

2

≤ρ2ρ1

(
2

N∑
i=1

∥∥∥ ∑
j∈Ni

ξij(t)
∥∥∥2

+ 2

N∑
i=1

∥∥∥ ∑
j∈Ni

exij (t)
∥∥∥2) 1

2

≤
√

2ρ1γ (‖ξ(t)‖+ ‖ex(t)‖) ,

(4.52)

which corresponds to (4.9). �

Proof of Theorem 4.1

De�ne τ : R≥0 → [0, h] as

τ(t) = t− kh, t ∈ [kh, (k + 1)h), k = 0, 1, . . . , (4.53)

where h ∈ (0, h∗).
Let z := (ξ, ex, eu). De�ne the Lyapunov function candidate as

R1(z) = V (‖ξ‖) +
1

a1
γφ1(τ)V (‖ex‖) +

1

a1
φ2(τ)V (‖eu‖). (4.54)
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Since h < h∗, by properly choosing φ1(0), φ2(0) > 0, one can conclude from
Lemma 2.4 that φ1(τ) ≥ 0 and φ2(τ) ≥ 0 for all τ ∈ [0, h]. Therefore, the
Lyapunov function R1(z) is positive de�nite.

Taking the derivative of R1(z) on ∀t ∈ [tl, tl+1), one has

Ṙ1(z) =V̇ (‖ξ‖) +
1

a1
γφ̇1(τ)‖ex‖2 + 2

1

a1
γφ1(τ) ‖ex‖ ‖ex‖′

+
1

a1
φ̇2(τ)‖eu‖2 + 2

1

a1
φ2(τ) ‖eu‖∇t ‖eu‖ .

(4.55)

Substituting (4.7), (4.8), (4.9) and (4.10), (4.11) into (4.55), one can further have

Ṙ1(z) ≤− L̂‖ξ‖2 +
1

a1
γ2‖ex‖2 +

1

a1
‖eu‖2 + 2

1

a1
γφ1(τ)‖ex‖(γ‖ξ‖+ ‖eu‖

+ (ρ1 + γ)‖ex‖+
1

a1
γ(−m1φ

2
1(τ)−m2φ1(τ)−m3)‖ex‖2

+ 2
1

a1
φ2(τ)‖eu‖ (ρ1γ‖ξ‖+ ρ1γ‖ex‖)

+
1

a1
(−n1φ

2
2(τ)− n2φ2(τ)− n3)‖eu‖2

=− (L̂− 2a1)‖ξ‖2 − 1

a1
(L̂− 2a1)γφ1(τ)‖ex‖2

− 1

a1
(L̂− 2a1)φ2(τ)‖eu‖2

≤− (L̂− 2a1)R1(z).
(4.56)

Since a1 ∈ (0, (Kλ2(L) − 2ρ1)/2), one has L̂ − 2a1 > 0, which implies
Ṙ1(z) < 0,∀t ∈ [tl, tl+1) when ‖ξ‖ 6= 0. Based on the comparison theorem
in [37] and (4.56), one can get that the solution of R1(z) satis�es

R1(z(t)) ≤ e−(L̂−2a1)(t−tl)R1(z(tl)),∀t ∈ [tl, tl+1).

Moreover, at the jump, i.e., when t = t+l , one has ‖ξ(t+l )‖ = ‖ξ(tl)‖,
‖ex(t+l )‖ = 0 ≤ ‖ex(tl)‖ and ‖eu(t+l )‖ = 0 ≤ ‖eu(tl)‖. That is to say, R1(z)
is non-increasing during the jump. Then, one can further have R1(z(t)) ≤
e−(L̂−2a1)tR1(z(0)) = e−(L̂−2a1)t/2‖ξ(0)‖2, ∀t and thus ‖ξ(t)‖ ≤√
R1(z(t)) ≤ ‖ξ(0)‖e−(L̂−2a1)t/2 = ‖ξ(0)‖e−(Kλ2(L)−2ρ1−2a1)t,∀t. That is,

consensus of the nonlinear MAS (4.1) is achieved exponentially with conver-
gence rate Kλ2(L)− 2ρ1 − 2a1 and convergence coe�cient ‖ξ(0)‖. �
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Proof of Theorem 4.2

De�ne τ̂ : R≥0 → [0, h] as

τ̂(t) = t− kh, t ∈ [kh, (k + 1)h), k = 0, 1, . . . , (4.57)

where h ∈ (0, ĥ∗).
Let ẑ := (ξ, ex, êu). De�ne the Lyapunov function candidate

R2(ẑ) = V (‖ξ‖) +
1

a1
γφ̂1(τ̂)V (‖ex‖) +

1

a1
φ̂2(τ̂)V (‖êu‖), (4.58)

where
dφ̂1(τ̂)

dτ̂
=− m̂1φ̂

2
1(τ̂)− m̂2φ̂1(τ̂)− m̂3, (4.59a)

dφ̂2(τ̂)

dτ̂
=− n̂1φ̂

2
2(τ̂)− n̂2φ̂2(τ̂)− n̂3, (4.59b)

and m̂i, n̂i, i = {1, 2, 3} are given in (4.25). Similar to Theorem 4.1, one can
guarantee thatR2(ẑ) is positive de�nite by properly choosing φ̂1(0), φ̂2(0) >
0. Taking the derivative of R2(ẑ) on t ∈ [tl, tl+1), one has

Ṙ2(ẑ) ≤− (L̂− 2a1)R2(ẑ) +
4γ2

a1
‖ey‖2 +

4

a1

∥∥∥êlu∥∥∥2
− 2

a2
1

γ‖ex‖2

+
2

a1
γφx(τ̂) ‖ex‖

(
3γ ‖ey‖+

√
3
∥∥∥êlu∥∥∥)− 1

a2
1

‖êu‖2

+
2
√

3

a1
ρ1γφu(τ̂) ‖êu‖ ‖ey‖

≤ − (L̂− 2a1)R2(ẑ) +

(
4γ2

a1
+ 3γ2(3γ + ρ2

1)

)
‖ey‖2

+

(
4

a1
+ 3γ

)
‖êlu‖2.

(4.60)

For ∀t ∈ [tl, tl+1) and ∀i, one has that i) if tl ∈ {tiσi}, one has ‖eyi(t)‖ = 0,
else ii) if tl /∈ {tiσi}, one has ‖eyi(tl)‖ < c1e

−α1tl and

‖eyi(t)‖ =‖ŷi(t)− yi(t)‖ =

∥∥∥∥∥
∫ t

tiσi

f (ŷi (s))ds−
∫ t

tl

f (yi (s))ds

∥∥∥∥∥
≤eρ1(t−tiσi)‖ŷi

(
tiσi
)
− eρ1(t−tl)yi (tl) ‖

=eρ1(t−tl)‖eyi (tl) ‖

(4.61)
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for t ∈ (tl, tl+1). Thus, one has ‖eyi‖ < c1e
ρ1(t−tl)e−αtl < c1e

(ρ1+α)he−αt

and
‖ey‖ <

√
Nc1e

(ρ1+α)he−αt, ∀t ≥ 0. (4.62)

Besides, for ∀t ∈ [tl, tl+1) and ∀i, one also has that i) if tl ∈ {T ik}, one has
‖eui(tl)‖ = 0, else ii) if tl /∈ {T ik}, one has ‖eui(tl)‖ < c2e

−αtl < c2e
αhe−αt.

Then, one can get

‖elu‖ <
√
Nc2e

αhe−αt, ∀t ≥ 0. (4.63)

Substituting (4.62) and (4.63) into (4.60) yields

Ṙ2(ẑ) <− (L̂− 2a1)R2(ẑ) + (β1 + β2)e−2αt, (4.64)

where β1, β2 are given in the statement of Theorem 4.2.
Furthermore, if one has α > Kλ2(L) − 2ρ1 − 2a1, then based on the

comparison theorem and (4.64), one can get that the solution ofR2(ẑ) satis�es

R2 (ẑ) ≤e−(L̂−2a1)tR2 (ẑ) +

∫ t

0
e−(L̂−2a1)(t−s)((β1 + β2)e−2αt)ds

≤d1e
−(L̂−2a1)t,

where d1 = ‖ξ(0)‖2 + (β1 + β2)/(2α − 2Kλ2(L) + 4ρ1 + 4a1). Then, one
can further have ‖ξ(t)‖ ≤

√
d1e
−(L̂−2a1)t/2 =

√
d1e
−(Kλ2(L)−2ρ1−2a1)t. That

is, consensus of the nonlinear MAS (4.1) is achieved exponentially with con-
vergence rate Kλ2(L)− 2ρ1 − 2a1 and convergence coe�cient

√
d1. �

Proof of Theorem 4.3

Firstly, we assume that the communication bandwidth is unlimited, that is,
the quantizer (4.26) will never be saturated and thus we have ‖Q∆,M i

1
(x(t))−

x(t)‖ ≤ √n∆/2 and ‖Q∆,M2(u(t))−u(t)‖ ≤ √n∆/2 for all x(t), u(t) ∈ Rn
and for all i.

De�ne τ̃ : R≥0 → [0, h] as

τ̃(t) = t− kh, t ∈ [kh, (k + 1)h), k = 0, 1, . . . , (4.65)

where h ∈ (0, h̃∗).
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Consider the Lyapunov function candidate

R3(ẑ) = V (‖ξ‖) +
1

a1
γφ̃1(τ̃)V (‖ex‖) +

1

a1
φ̃2(τ̃)V (‖êu‖), (4.66)

where

dφ̃1(τ̃)

dτ̃
=− m̃1φ̃

2
1(τ̃)− m̃2φ̃1(τ̃)− m̃3, (4.67a)

dφ̃2(τ̃)

dτ̃
=− ñ1φ̃

2
2(τ̃)− ñ2φ̃2(τ̃)− ñ3. (4.67b)

Similar to Theorem 4.2, one can get that the derivative of R3(ẑ) on t ∈
[tl, tl+1) satis�es

Ṙ3(ẑ) ≤− (L̂− 2a1)R3(ẑ) +

(
6

a1
+ 4γ

)
(‖êlu‖2 + ‖êuq‖2)

+

(
9γ2

a1
+ 4γ2(4γ + ρ2

1)

)
(‖ey‖2 + ‖eyq‖2).

(4.68)

According to (4.29), one has∥∥xi(tiσi)− x̂i(tiσi)∥∥
=

∥∥∥∥∥xi(tiσi)− x̂i(tiσi−1)−
∫ tiσi

tiσi−1

f (x̂i(s))ds

−g1(tiσi)Q∆,M i
1

xi(tiσi)− x̂i(tiσi−1)−
∫ tiσi
tiσi−1

f (x̂i(s))ds

g1(tiσi)


∥∥∥∥∥∥∥

≤
∥∥∥∥∥xi(tiσi)− x̂i(tiσi−1)−

∫ tiσi

tiσi−1

f (x̂i(s))ds

−g1(tiσi)
xi(t

i
σi)− x̂i(tiσi−1)−

∫ tiσi
tiσi−1

f (x̂i(s))ds

g1(tiσi)

∥∥∥∥∥∥∥+

√
n∆g1(tiσi)

2

=

√
n∆g1(tiσi)

2
.
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Combining (4.29) and (4.30), one further has

exqi(t
i
σi) =

∥∥ς ii (tiσi)− xi(tiσi)∥∥ =
∥∥x̂i(tiσi)− xi(tiσi)∥∥ ≤ √n∆g1(tiσi)

2
.

Besides, one has t− tiσi ≤ Rh,∀t ∈ [tiσi , t
i
σi+1), then according to (4.28), one

can get

∥∥eyqi(t)∥∥ ≤ eρ1Rh ∥∥eyqi(tiσi)∥∥ = eρ1Rh
∥∥exqi(tiσi)∥∥ ≤ eρ1Rh

√
n∆g1(tiσi)

2
.

From the de�nition of g1, one has g1(tiσi) = c3e
−ηtiσi = c3e

η(t−tiσi )e−ηt ≤
c3e

ηRhe−ηt. Then, one further has ‖eyqi(t)‖ ≤ c3
√
n∆e(η+ρ1)Rhe−ηt/2 and

thus ‖eyq(t)‖ ≤
√
Nc3
√
n∆e(η+ρ1)Rhe−ηt/2, ∀t. Similarly, one has

‖euqi(t)‖ ≤
√
n∆g2(T ik)

2
≤ c4

√
n∆eηRhe−ηt

2
,

and thus ‖euq (t)‖ ≤
√
Nnc4∆eηRhe−ηt/2, ∀t. Then, (4.68) can be rewritten as

Ṙ3(ẑ) <− (L̂− 3a1)R2(ẑ) + (β3 + β4)e−2αt + k1e
−2ηt, (4.69)

where β3, β4, k1 are given in the statement of Theorem 4.3. Moreover, one has
η < min{Kλ2(L) − 2ρ1 − 4a1/2, α}, thus R3(ẑ) < d2e

−2ηt and ‖ξ(t)‖ <√
d2e
−ηt for all t ≥ 0. Therefore, one can conclude that consensus of the

nonlinear MAS (4.27) is achieved exponentially with convergence rate η and
convergence coe�cient

√
d2.

In the above, we assume that the communication bandwidth is unlimited
so that the quantizer (4.26) will never be saturated. In the following, we will
show that the state quantizer and the control quantizer will never be saturated
in the case of �nite quantization levelsM i

1 andM2, respectively, which implies
that the above results hold for the �nite-level quantizer case as well. For agent
i, de�ne

χxi (σi) =
xi(t

i
σi)− x̂i(tiσi−1)−

∫ tiσi
tiσi−1

f (x̂i(s))ds

g1(tiσi)
, σi = 0, 1, . . .

and
χui (k) =

ûi(T
i
k)

g2(T ik)
, k = 0, 1, . . . .
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Firstly, the state quantizer is analyzed. if σi = 0, one has

‖χxi (0)‖ =

∥∥∥∥xi(0)

g1(0)

∥∥∥∥ ≤ ∥∥∥∥xi(0)

c3

∥∥∥∥ ≤ ∆M i
1,

where M i
1 is given in (4.41).

if σi ≥ 1, de�ne ςi(tiσi) = x̂i(t
i
σi−1) +

∫ tiσi
tiσi−1

f (x̂i(s))ds, then one has

‖χxi (σi)‖ =

∥∥∥∥∥xi(tiσi)− ςi(tiσi)g1(tiσi)

∥∥∥∥∥ =

∥∥∥∥∥xi(tiσi)− ŷi(ti−σi ) + ŷi(t
i−
σi )− ςi(tiσi)

g1(tiσi)

∥∥∥∥∥ ,
where ŷi(ti−σi ) is the value of ŷi before jumping, and it is used to distinguish
with ŷi(tiσi). According to the de�nition of ŷi(t), one has

xi(t
i
σi)− ŷi(ti−σi ) =xi(t

i
σi − h) +

∫ tiσi

tiσi−h
f (xi(s)) + ũi(s)ds

ŷi(t
i
σi − h)−

∫ tiσi

tiσi−h
f (ŷi(s)) ds.

(4.70)

According to the de�nition of eyi(tl), one has ‖xi(tiσi − h) − ŷi(tiσi − h)‖ =
‖eyi(tiσi − h)‖. if tiσi − h ∈ {tiσi}, ‖eyi(tiσi − h)‖ = 0, otherwise, ‖eyi(tiσi −
h)‖ ≤ c1e

−α(tiσi−h). Thus,∥∥∥∥∥xi(tiσi − h)− ŷi(tiσi − h) +

∫ tiσi

tiσi−h
f (xi(s))− f (ŷi(s)) ds

∥∥∥∥∥
≤eρ1h

∥∥xi(tiσi − h)− ŷi(tiσi − h)
∥∥

≤c1e
(ρ1+α)he−αt

i
σi .

Moreover, ũ(t) = ũ(tiσi − h) is a constant vector for t ∈ [tiσi − h, tiσi).
Therefore,∥∥xi(tiσi)− ŷi(ti−σi )

∥∥ ≤c1e
(ρ1+α)he−αt

i
σi + h

∥∥ũi(tiσi − h)
∥∥

≤c1e
(ρ1+α)he−αt

i
σi + h(

∥∥ûi(tiσi − h)
∥∥+

∥∥euqi(tiσi − h)
∥∥).

(4.71)
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a) if tiσi − h ∈ {T ik}, then one has

ûi(t
i
σi − h) =

∑
j∈Ni

ψij(ỹj(t
i
σi − h)− ỹi(tiσi − h))

=
∑
j∈Ni

ψij(xj(t
i
σi − h)− xi(tiσi − h) + eyj (t

i
σi − h)

− eyi(tiσi − h) + eyqj (t
i
σi − h)− eyqi(tiσi − h)).

Let û(t) be the column stack vector of ûi(t). Then one has∥∥ûi(tiσi − h)
∥∥ ≤γ (∥∥ξ(tiσi − h)

∥∥+
∥∥ey(tiσi − h)

∥∥+
∥∥eyq(tiσi − h)

∥∥)
≤γ(

√
d2 +

√
Nc1 +

√
Nnc3∆e(η+ρ1)Rh

2
)e−η(tiσi−h)

=Ce−η(tiσi−h),

(4.72)

where C is given in the statement of Theorem 4.3.
Substituting (4.72) into (4.71), one can get

‖xi(tiσi)− ŷi(ti−σi )‖ ≤ c1e
(ρ1+α)he−αt

i
σi + h

(
C +

c4
√
n∆

2

)
e−η(tiσi−h).

(4.73)
b) if tiσi − h /∈ {T ik}, then one has

∥∥ûi(tiσi − h)
∥∥ ≤ ∥∥ûi(T ik′)∥∥ +

c2e
−α(tiσi−h), where k′ = arg minl∈N:T il<t

i
σi
−h{tiσi − h − T il }. According to

a), one can get ∥∥ûi(T ik′)∥∥ ≤ Ce−ηT ik′ ≤ CeηRhe−η(tiσi−h).

Thus, ∥∥ûi(tiσi − h)
∥∥ ≤ CeηRhe−η(tiσi−h) + c2e

−α(tiσi−h). (4.74)

Substituting (4.74) into (4.71), one can get

‖xi(tiσi)− ŷi(ti−σi )‖ ≤c1e
(ρ1+α)he−αt

i
σi

+ h

(
CeηRh + c2 +

c4
√
n∆

2

)
e−η(tiσi−h).

(4.75)
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In addition,

‖ŷi(ti−σi )− ςi(tiσi)‖

=
∥∥∥ŷi(tiσi−1) +

∫ tiσi

tiσi−1

f (xi(s))ds− x̂i(tiσi−1)−
∫ tiσi

tiσi−1

f (x̂i(s))ds
∥∥∥

≤eρ1(tiσi−t
i
σi−1)‖xi(tiσi−1)− x̂i(tiσi−1)‖

and ‖xi(tiσi−1)− x̂i(tiσi−1)‖ ≤ g1(tiσi−1)
√
n∆/2. Thus,

‖yi(ti−σi )− ςi(tiσi)‖ ≤ eρ1Rhc3e
−η(tiσi−1)√

n∆/2. (4.76)

Combining (4.73), (4.75), and (4.76), one has

‖χxi (σi)‖ ≤
c1e

(ρ1+α)he−αt
i
σi + h

(
CeηRh + c2 + c4

√
n∆/2

)
e−η(tiσi−h)

c3e
−ηtiσi

+
eρ1Rhc3e

−η(tiσi−1)√
n∆/2

c3e
−ηtiσi

≤c1e
(ρ1+α)h + h

(
CeηRh + c2 + c4

√
n∆/2

)
eηh

c3

+

√
n∆

2
e(ρ1+η)Rh

≤∆M i
1.

Next, the control quantizer is analyzed. For all k ≥ 0, one has

‖χui (k)‖ =

∥∥∥∥ ûi(T ik)g2(T ik)

∥∥∥∥ ≤ ∥∥∥∥ û(T ik)

g2(T ik)

∥∥∥∥ ≤ Ce−ηT
i
k

g2(T ik)
=
C

c4
≤ ∆M2,

where M2 is given in (4.42). �



Chapter 5

Leader-Follower Target Tracking un-
der Time Constraint

Chapters 3 and 4 considered multi-agent control under a single cooperative
task, i.e., consensus, and the task only needs to be completed asymptotically
(there is no deadline). However, for many practical applications (e.g., robotics),
a group of agents are required to achieve a sequence of tasks. Moreover, each
task may be required to be completed within a deadline. Due to these con-
siderations, in this chapter, we investigate the leader-follower target tracking
problem for multi-agent systems (MAS). We assume that the leader-follower
MAS is subject to a sequence of tasks, each of which is activated dynamically
and has to be completed within a deadline. In addition, the reward and cost
of satisfying the sequence of tasks are taken into account. The objective is to
jointly schedule the dynamically activated tasks and design distributed control
laws such that the pre-de�ned objective function is maximized.

5.1 Introduction

Over the past decades, the research on multi-agent cooperative control has
been usually focused on achieving one single task, such as consensus [9], in
an asymptotic manner. In practice, a group of agents (robots) may encounter
the request of a sequence of tasks which are activated dynamically. Moreover,
deadline constraints on the completion of each task is a reasonable require-
ment, e.g., “visiting region A within 10 time units". Therefore, jointly schedul-
ing of deadline-constrained dynamically activated task sequences and design-

71
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ing distributed controllers for a group of agents is challenging.
In real-time systems, a task is usually characterized by a speci�c dead-

line. For such systems, many dynamic scheduling algorithms rely on Earliest
Deadline First (EDF) policies [75], [76] and their extensions [77], [78]. The
objective of these algorithms is to execute a set of tasks in order to meet the
most possible number of deadlines. Reward-based scheduling [79] represents
another class of dynamic scheduling algorithms, in which, the reward of a task
is associated with its execution time rather than the deadline. For example, in-
creasing reward with increasing service models [80] fall within the scope of
this framework. Di�erent from EDF, reward-based scheduling is capable of
modeling tasks that are characterized not only by a deadline, but also by their
‘importance’. The performance of the algorithm is then evaluated by comput-
ing the cumulative reward gained on a task set.

In this chapter, we address the dynamic scheduling problem under the
framework of reward-based scheduling. In the increasing reward with increas-
ing service models, the reward of a task increases with the residual time1 [80].
In our task model, we consider that a task can be completed at several Quality-
of-Satisfaction (QoSa) levels, and each QoSa level corresponds to a time inter-
val within which the task should be completed. However, the reward of a task
does not necessarily increase with the residual time. Apart from reward, the
cost of satisfying a set of tasks is further considered, which is de�ned as the
estimated total distance travelled by the group of agents. Based on the above
setting, a dynamic scheduling strategy is proposed to combine the ideas of
EDF and reward-based scheduling.

On the other hand, to guarantee that the desired performance (in terms of
reward and cost) can be achieved based on the dynamic scheduling strategy,
one has to ensure that each task is completed at the desired QoSa level. This
further requires that each task is completed at a speci�c time interval, e.g.,
“visiting region A within [6, 8] time units", and brings additional di�culties to
the control synthesis. To the best of our knowledge, this type of control design
problem under speci�c time constraints is rarely considered in the context of
MAS. In our previous work [81], multi-agent control under speci�c deadline
constraints was studied and a linear feedback controller was designed. Nev-
ertheless, the control design methods are not applicable when speci�c inter-
val constraints are presented. In [82], [83], multi-agent control under signal
temporal logic tasks was investigated and a barrier function based controller

1The amount of time between the completion time and the absolute deadline
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was proposed for each agent. However, the control policy requires the knowl-
edge of each agent of the task plan and the target regions. In this chapter, we
consider a leader-follower MAS, in which, only the leader agents know the
information of the target regions. Therefore, it is necessary that the group of
agents collaborate for the task completion. In this case, the fully distributed
control synthesis (each agent can only communicate with neighboring agents)
is challenging, particular under an explicit time interval constraint.

This chapter investigates the jointly design of task scheduling and dis-
tributed control law for leader-follower MAS subject to a sequence of dynam-
ically activated tasks. More speci�cally, each task is associated with a region
of interest, where the group of agents need to visit together within a deadline.
The main contributions are twofold.

(i) The notion of QoSa levels is introduced for completing each task. By
associating the reward of completing a set of tasks to the QoSa levels and
the cost to the estimated total travelling distance, a new task scheduling
problem is formulated and a dynamic scheduling strategy is proposed.

(ii) Under the condition that the information of the target regions is avail-
able only to the leader agents, distributed control laws are designed re-
spectively for the leader and follower agents. It is shown that the de-
signed control laws can guarantee the satisfaction of each task at the
desired QoSa level.

We note that the control design strategy is motivated by the funnel con-
trol [84] and the prescribed performance control [85] approaches, which have
been originally used to solve control problems with transient performance
constraints [84], [85] and recently applied to the multi-agent setting [86]–[88].
In this chapter, we propose for the �rst time a way to transform time interval
constraints into transient performance constraints under the leader-follower
MAS framework, and hence, funnel control and prescribed performance con-
trol can be applied.
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5.2 Problem Formulation

5.2.1 Leader-follower MAS

Consider a group ofN agents, each of which obeys the following second-order
dynamics

ẋi(t) = vi(t),

v̇i(t) = ui(t), i = 1, 2, . . . , N,
(5.1)

where xi ∈ Rn, vi ∈ Rn and ui ∈ Ui ⊆ Rn are the position, veloc-
ity and control input of agent i, respectively. Let x = (x1, . . . , xN ), v =
(v1, . . . , vN ), u = (u1, . . . , uN ) be the stack vector of positions, velocities,
and inputs, respectively. The input of agent i is constrained to a set Ui. With-
out loss of generality, we suppose that the �rst nl, nl ≤ N agents are leaders.
Then, one can de�ne the leader set VL := {1, 2, . . . , nl} and the follower set
VF = {nl + 1, . . . , N}.

The input of each agent is subject to the following constraint ‖ui‖ ≤
umax
i , i ∈ V, where umax

i > 0. Then, the input set Ui is given by

Ui = {u ∈ Rn : ‖u‖ ≤ umax
i }, i ∈ V. (5.2)

It is assumed that the graph G formed by the leader-follower MAS is
undirected and connected. Denote by x̄ = (x̄1, . . . , x̄p) the p-dimensional
stack vector of relative positions of pairs of agents that form an edge in G,
where p is the number of edges. The kth element of vector x̄, denoted by
x̄k := xij = xi − xj , k ∈ {1, 2, . . . , p}, corresponds to an edge ek = (i, j) in
the graph.

5.2.2 Task specification

For the group of agents, we assume the existence of a set of M ∈ N tasks,
denoted by φ := {φ1, φ2, . . . , φM}. To be more speci�c, each task is associated
with a target region that the MAS has to visit within a deadline. To model the
dynamic task generation process, we need the notion of a task generation
signal. Let the set

Tg := {T0, T1, . . .} (5.3)

be the sequence of task generation times, where T0 < T1 < · · · . Without loss
of generality, we assume T0 = 0. Then, we de�ne the function δ : Tg → 2φ
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as the task generation signal, which maps each task generation time Tk to a
subset of tasks that are activated at Tk.

The task set φ is assumed to have the following features:

1. Tasks are preemptable2 and activated dynamically;

2. Each task can be activated multiple times. However, a task can not be
activated again if the previous activated one is not completed.

Each task φl, l ∈ {1, . . . ,M} is de�ned as a tuple φl :=
(Xl, al, dl, Dl, Al, kl, Il, Rl), where

• Xl ⊂ Rn: the target region associated with task φl;

• al: the set of activation times al := {al,1, al,2, . . .} ⊆ Tg , i.e., the subset
of task generation times at which the task φl is activated and becomes
ready to execute;

• dl: the relative deadline, which is a constant value for each task;

• Dl: the absolute deadlineDl := {Dl,1, Dl,2, . . .}. For task φl that arrives
at al,k ∈ al, Dl,k is computed as Dl,k = al,k + dl;

• Al: the (actual) completion times Al := {Al,1, Al,2, . . .}, where Al,k
corresponds to al,k. We note that each Al,k is determined online;

• kl ∈ N: the number of QoSa levels for φl, which satis�es kl ≥ 2;

• Il: the interval set Il := {Il[kl − 1], . . . , Il[1], Il[0]}, where Il[k̂], k̂ ∈
{0, 1, . . . , kl − 1} is the time interval corresponding to task φl and
QoSa level k̂. In addition, Il satis�es the following properties: i) Il[0] =
(dl,∞); ii) ∪kl−1

m=1Il[m] = [0, dl]; iii) Il[m1]∩ Il[m2] = ∅,∀m1 6= m2; and
iv) ∀t1 ∈ Il[m1], t2 ∈ Il[m2], m1 > m2 implies t1 < t2;

• Rl : the reward set Rl := {Rl[kl − 1], . . . , Rl[1], Rl[0]}, where
Rl[k̂], k̂ ∈ {0, 1, . . . , kl − 1} represents the reward that task φl con-
tributes if it is completed at QoSa level k̂.

2Preemptable means that the execution of a uncompleted task can be temporarily halted
and later resumed.
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For the sake of notation simplicity, in the following, we use al, Dl, Al to
represent any al,k ∈ al, Dl,k ∈ Dl, Al,k ∈ Al, respectively, when there is
no ambiguity. Note that when al corresponds to al,k, Dl, Al correspond to
Dl,k, Al,k, respectively. Then, we have the following de�nition.

De�nition 5.1. Given the task φl and the activation time al, we say that φl is
completed at time Al if

xi(Al) ∈ Xl,∀i ∈ V.
In addition, we say that φl is completed at QoSa level k̂ ∈ {0, 1, . . . , kl − 1} if
the (actual) completion time

Al ∈ {al + t|t ∈ Il[k̂]}.

Remark 5.1. Each task φl has at least two QoSa levels. From the properties i-iv)
of Il and De�nition 5.1, one can see that a QoSa level of bigger than or equal
to 1 means that the task is completed before the deadline, while QoSa level 0
means that the deadline of the task is violated. In addition, a higher QoSa level
means that the task is completed faster. However, we note that the reward is not
necessarily higher for a higher QoSa level. It is assumed here that for each task
φl, Il[k̂], Rl[k̂],∀k̂ ∈ {0, . . . , kl − 1} are given a priori and are known to each
agent.

In the following, each target setXl will be over-approximated by its largest
inscribed ball, denote by Xl. Let cl be the Chebyshev center of Xl. Then, Xl
can be represented by

Xl := B(cl, r̄l) = {y ∈ Rn : ‖y − cl‖ ≤ r̄l}, (5.4)

where r̄l is the radius of Xl. It is assumed that all target regions are com-
pact and have non-empty interiors, i.e., there exist rmin, rmax > 0 such
that rmin ≤ r̄l ≤ rmax, ∀l. In addition, the target regions are disjoint, i.e.,
Xk1 ∩ Xk2 = ∅,∀k1, k2 ∈ {1, . . . ,M}, k1 6= k2. Note that the problem of
�nding the maximum inscribed ball can be solved o�ine by several iterative
algorithms, such as the one proposed in [89].

Remark 5.2. In this chapter, we consider that the task φl is completed once all
agents lie inside the target region Xl. However, in practice, there might be a (set
of) service(s) associated with φl, for which the group of agents can provide only
when being present in the region of interest Xl. Hence, upon the visit to Xl, the
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group of agents may still need to accomplish services, such as loading or releasing
a cargo, etc. Note that in this chapter, we do not focus on how these services are
being provided at the target region, but rather aim at guaranteeing the necessary
preconditions for providing these services, i.e., being present at the target region.

5.2.3 Reward and cost of a given task set

In this chapter, we are interested in the quantitative reward and cost of satisfy-
ing the dynamically activated tasks. Let η ∈ 2φ \∅ be any subset of φ except ∅.
The index set associated with η is denoted by Iη . Let Πη be the set containing
all permutations of Iη , and π ∈ Πη be π := (π[1], . . . , π[|Iη|]).

Example 5.1. Let η = {φ1, φ5, φ7}, then Iη = {1, 5, 7} and Πη =
{(1, 5, 7), (1, 7, 5), (5, 1, 7), (5, 7, 1), (7, 1, 5), (7, 5, 1)}. if π = (5, 7, 1) ∈ Πη ,
then π[1] = 5, π[2] = 7, π[3] = 1.

Denote by Pη(π[0]π) = Pη(π[0]π[1] . . . π[|Iη|]) = Xπ[0] . . .Xπ[|Iη |] a path
generated by the task set η with the order of completion given by π, where
π[0] := 0, Xπ[0] is a collection of the agents’ initial states, which thus contains
�nite number of elements and will be formally de�ned later.

1) Reward: The reward of the path Pη(π[0]π) is given by

R(Pη(π[0]π)) =

|Iη |∑
l=1

Rπ[l][k̂π[l]], (5.5)

where
k̂π[l] ∈ {0, . . . , kπ[l] − 1}, l = 1, . . . , |Iη|,

represents the QoSa level of task φπ[l]. Note that the QoSa levels are de�ned in
terms of the (actual) completion time and each task can be completed at di�er-
ent QoSa levels (and thus return di�erent rewards). Therefore, R(Pη(π[0]π))
is dependent on the time needed to complete each task.

2) Cost: Motivated by [90], the cost of the path Pη(π[0]π) is de�ned as the
(estimated) distance travelled by the group of agents. Let W (Xk,Xj) ∈ R≥0

be the transition cost from set Xk to Xj , which is given by

W (Xk,Xj) :=

{∑
x∈Xk ‖x− cj‖, if k = 0, j ∈ {1, . . . ,M}

N(‖ck − cj‖), if k, j ∈ {1, . . . ,M}, k 6= j.
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Then, the cost of Pη(π[0]π) is de�ned as:

C(Pη(π[0]π)) =

|Iη |−1∑
k=0

W (Xπ[k],Xπ[k+1]). (5.6)

It is obvious that the completion of the tasks in η can be sched-
uled in di�erent orders, which corresponds to di�erent paths. Let Pη =
∪π∈Πη ,k̂π[l]∈{0,...,kπ[l]−1},l∈1,...,|Iη |{Pη(π[0]π)} be the set of all paths. In this
chapter, we want to maximize the reward as well as minimizing the cost.
Therefore, we propose the following objective function

J(Pη) , max
π∈Πη ,

k̂π[l]∈{0,...,kπ[l]−1},
l∈{1,...,|Iη |}

{ςR(Pη(π[0]π))− (1− ς)C(Pη(π[0]π))}, (5.7)

where ς ∈ [0, 1] is a parameter used to balance between the reward and the
cost.

Example 5.2. Following Example 5.1, we assume that the number of QoSa levels
k1 = 3, k5 = 4, k7 = 2. Then k̂1 ∈ {0, 1, 2}, k̂5 ∈ {0, 1, 2, 3} and k̂7 ∈ {0, 1}.
Given one schedule π = (5, 7, 1), we have R(Pη(π[0]π)) = R5[k̂5] +R7[k̂7] +

R1[k̂1] and C(Pη(π[0]π)) =
∑

x∈X0
‖x − c5‖ + N‖c5 − c7‖ + N‖c7 − c1‖,

where N is the total number of agents, X0 := {x1(0), . . . , xN (0)}. Note that
the rewardR(Pη(π[0]π)) is further determined by the chosen QoSa level for each
task.

5.2.4 Problem

In this chapter, we consider that only the leader agents know the information
of the target regions. Moreover, it is further considered that each agent does
not know the identity (leader or follower) of its neighbors. Therefore, it is nec-
essary for the group of agents (both leader and follower agents) to coordinate
to complete the tasks.

Let η(t) ∈ 2φ be a set of tasks that are active (being activated) at time t.
The purpose of this chapter is to maximize, in an online fashion, the objective
function (5.7) for the set of active tasks η(t). Formally, the problem is stated
below.
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Task Generation

Dynamic Scheduling Control Synthesis

δ : Tg → 2φ

χ[k] = (E[k], tk0, Qk)

Ac(k),X0(Ac(k))

Figure 5.1: The relation between dynamic scheduling and control synthesis.

Problem 5.1. Given the leader-follower MAS (5.1) and the task speci�cations
in Section 5.2.2, jointly schedule the dynamically activated tasks and design dis-
tributed (with only measurements of states of neighbors) control law ui for each
leader or follower agent i, such that J(Pη(t)) is maximized.

5.3 Solution

The proposed solution consists of two layers: i) an online dynamic scheduling
layer and ii) a (distributed) control synthesis layer which guarantees that the
group of agents (both leader and follower) arrive at their progressive target
regions at the corresponding QoSa levels at any time.

The relation between the two layers is depicted in Figure 5.1. The dy-
namic scheduling layer determines when and which task should be executed
at which QoSa level. Let χ be the execution task sequence generated by the
scheduling layer, which records the sequence of tasks being executed. The
kth element of χ, denoted by χ[k], contains the information of the kth execu-
tion task. It is represented by a triple χ[k] = (E[k], tk0, Qk), where E[k] ∈ φ
represents the kth execution task, tk0 ∈ R≥0 is the time that E[k] starts ex-
ecution, and Qk is the desired QoSa level of E[k], respectively. χ[k] will be
used for the control synthesis. The (actual) completion time of the task E[k],
denoted by Ac(k), is determined online by the synthesized controller. De�ne
X0(Ac(k)) := {x1(Ac(k)), . . . , xN (Ac(k))} as the set which contains the po-
sition information of the MAS at timeAc(k). As shown in Figure 5.1, onceE[k]
is completed, the information Ac(k),X0(Ac(k)) will be sent to the dynamic
scheduling layer for generating the next execution task.

The task plan is discrete while the state evolution of the MAS is contin-
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uous. Therefore, in the following, a hybrid system structure is proposed to
model the whole process.

5.3.1 Hybrid structure

As stated previously, the information of the target regions is known to only
the leader agents. Therefore, di�erent control laws have to be synthesized for
the leader and follower agents, respectively. In addition, when there is no task
left to be executed, i.e., χ[k] = ∅, all agents will switch to idle mode. To cope
with these variations, we propose three di�erent control modes for each agent
i:

i) the leader mode: ui = ulead
i ;

ii) the follower mode: ui = ufol
i ;

iii) the idle mode: ui = uidle
i ,

where ulead
i , ufol

i and uidle
i will be de�ned later.

The execution task sequence χ is updated either at the task generation
time t = Tl, Tl ∈ Tg or at the (actual) completion time Ac(k) of the current
execution task χ[k] (i.e., xi(Ac(k)) ∈ XI(E[k]), ∀i). Here, I(E[k]) returns the
index of task E[k]. If at Ac(k), there is no task to be executed next (i.e., E[k+
1] = ∅), all agents will switch to idle mode. We note that χ[k] = ∅ if E[k] = ∅.
Each χ[k] determines uniquely a control law ui for each agent i, which is
denoted by uχ[k]

i .
To model the discrete behavior of the scheduling and the control law

switching, in the following, the hybrid system framework proposed in [91],
[92] is applied. An integer variable k ∈ N is introduced, which is initialized to
be 0. It remains constant during �ows and it is incremented by 1 once a new
execution task is generated. In other words,

F :


ẋ = v

v̇ = uχ[k]

ṫ = 1

k̇ = 0

G :


x+ = x
v+ = v
t+ = t
k+ = k + 1

(5.8)

where uχ[k] = (u
χ[k]
1 , . . . , u

χ[k]
N ), and

u
χ[k]
i =


uidle
i , if χ[k] = ∅,
ulead
i , if χ[k] 6= ∅ and i ∈ VL,
ufol
i , if χ[k] 6= ∅ and i ∈ VF .

(5.9)
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The jump set D is given by two kinds of events, that is

D := { ∃Tl ∈ Tg s.t. t = Tl︸ ︷︷ ︸
new tasks activated

∨ xi(t) ∈ XI(E[k]), ∀i︸ ︷︷ ︸
current task completed

},
(5.10)

and the �ow set C is given by

C := R≥0 × RnN \ D. (5.11)

At jumps, the control input for each agent will be updated according to the
next execution task. The design strategy will be given in the later subsection.

Remark 5.3. The hybrid system (5.8) is introduced to model the discrete task
evolution and the continuous state evolution of the MAS (5.1). It will become
clear later in the control synthesis section that the control design for each agent
and the analysis are conducted on a single task χ[k]. We note that there is no
jump during the execution of χ[k]. Therefore, the hybrid time domain (t, j) and
the solutions of hybrid systems on (t, j) are not introduced.

5.3.2 Dynamic scheduling algorithm

The dynamic scheduling process is shown in Figure 5.2, which consists of two
algorithms: Arrival and Completion.

Let W and R be the ordered wait and (temporarily) reject task set, re-
spectively. De�ne W [l] ∈ φ and R[l] ∈ φ as the lth element of W and R,
respectively. The index set associated with W is denoted by IW and the set
of permutations of IW is denoted by ΠW . In this chapter, it is assumed that
the cardinality (length) of the wait task setW is limited (for computation e�-
ciency), given by m̄. In particular, there are at most m̄ tasks maintained within
it. However, we note that there are extra positions in W , which can be occu-
pied instantaneously.

At the task generation time instant Tl, the set of tasks δ(Tl) is activated.
Then, the algorithm Arrival, i.e., Algorithm 5.1, will be activated to determine
(among all active tasks) which task should be executed. Due to the fact that
the cardinality of the wait task set W is limited, one needs to check whether
there are enough spaces inW before scheduling. Otherwise, we �rst schedule
all the active tasks (including the current executing taskE[k], the set of newly
activated tasks δ(Tl) and all the tasks inW ) according to the EDF policy. Then,
the �rst m̄ tasks are kept in W while the remaining tasks are put into the
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Wait Task

(W)

Reject Task

(R)

Disposal

RecoverFull

Tl, δ(Tl) χ[k]

Ac(k),X0(Ac(k))

Figure 5.2: Dynamic scheduling process.

(temporarily) reject list R (lines 1-5). After this process, we (re)schedule the
tasks in W using the optimization program P(W,X0(Tl), Tl). The �rst task
in line, i.e., π∗[1], is chosen as the next executing task, and the corresponding
desired QoSa level, is given by k̂π∗[1] (lines 6-8).

Algorithm 5.1 Arrival

Input: E[k],W,R, Tl, δ(Tl) and X0(Tl)← {x1(Tl), . . . , xN (Tl)}.
Output: E[k + 1], tk+1

0 , Qk+1.
1: W ← E[k] ∪W ∪ δ(Tl),
2: if |W | ≥ m̄+ 1 then,
3: Schedule W according to the EDF policy,
4: W ←W\{W [m̄+ 1], . . .W [|W |]}, T ← T ∪ {W [m̄+ 1],

. . . ,W [|W |]},
5: end if
6: Solve the optimization program P(W,X0(Tl), Tl), which returns π∗, k̂π∗

(see (5.12)),
7: E[k + 1]← π∗[1], tk+1

0 ← Tl, Qk+1 ← k̂π∗[1],
8: W [i]← π∗[i+ 1], i = 1, . . . , |W | − 1.

In line 6, the optimization program P(W,X0, t) is given by:

max
π∈ΠW , k̂π

ς

|IW |∑
l=1

Rπ[l] − (1− ς)
|IW |−1∑
l′=0

W (Xπ[l′],Xπ[l′+1]) (5.12a)
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subject to
k̂π[l] ∈ {0, 1, . . . , kπ[l] − 1}, (5.12b)
Rπ[l] := Rπ(l)[k̂π[l]], (5.12c)
Eπ[l][0] = aπ[l] + dπ[l] + ε, ε > 0, (5.12d)
Eπ[l][k̂π[l]] = aπ[l] + sup{Iπ[l][k̂π[l]]}, k̂π[l] ≥ 1, (5.12e)
Eπ[1][k̂π[1]] > t+ tmin(X0,Xπ[1]), (5.12f)
Eπ[l+1][k̂π[l+1]] > Eπ[l][k̂π[l]] + tmin(Xπ[l],Xπ[l+1]),

l = 1, . . . , |IW | − 1, (5.12g)

where k̂π := {k̂π[1], k̂π[2], . . . , k̂π[|IW |]}. In (5.12f) and (5.12g),

tmin(Xπ[l],Xπ[l+1]) := max
i∈V

min
ui∈Ui

T fi (5.13a)

subject to
xi(0) = Xπ[l][i], vi(0) = 0, l = 0, (5.13b)
xi(0) = cπ[l], vi(0) = 0, l ≥ 1, (5.13c)
ẋi = vi, v̇i = ui, (5.13d)
xi(T

f
i ) ∈ Xπ[l+1], (5.13e)

representing the (estimated) minimal time required to drive the MAS from set
Xπ[l] to set Xπ[l+1] under the input constraints. Note that in (5.13b), π[0] =
0 and Xπ[0][i] = X0[i] is the ith element of set X0, where X0 contains the
initial state of the group of agents. The optimal solution ofP(W,X0, t) is given
by π∗ = {π∗[1], . . . , π∗[|IW |]} and k̂π∗ = {k̂π∗[1], . . . , k̂π∗[|IW |]}. In (5.12d)-
(5.12g), the notation Eπ[l][k̂π[l]] represents the estimated completion time of
task φπ[l] at QoSa level k̂π[l]. It is de�ned as aπ[l] + dπ[l] + ε for QoSa level
0 and aπ[l] + sup{Il[k̂π[l]]} for QoSa level k̂π[l] ≥ 1, as seen in (5.12d) and
(5.12e) respectively. The constant ε is used to distinguish betweenEπ[l][1] and
Eπ[l][0]. Conditions (5.12f) and (5.12g) mean that the estimated completed time
of the l + 1th task in line must be bigger than the estimated completed time
of the lth task plus the minimal time required to move from Xπ[l] to Xπ[l+1].

When the kth execution task is completed at time Ac(k), algorithm Com-
pletion (Algorithm 5.2), is activated to determine the next execution task. We
note that if the activating time and the completion time coincide, algorithm
Arrival will run �rst and then algorithm Completion is executed. As one can
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see in (5.12), the optimization program P(W,X0, t) admits tasks with QoSa
level 0 as feasible solutions. Therefore, before rescheduling the wait list, one
needs to further inspect to ensure that tasks in the wait list W and the tem-
porarily reject list T are feasible at the current timeAc(k). All infeasible tasks,
i.e., {φl : φl ∈W ∪R,Dl ≤ Ac(k)}will be removed forever (line 1). After the
inspection, if there are empty positions inW , then tasks inRwill be recovered
(lines 2-5). At this stage, if W = ∅, it means that there is no feasible task to
be executed next, and then all agents will switch to idle mode (lines 6-9). The
idle mode of an agent will be de�ned later. Otherwise, the wait list W will be
rescheduled according to (5.12), and the �rst task in W will be chosen as the
next execution task and removed from W (lines 10-13).

Algorithm 5.2 Completion

Input: W,R, Ac(k) and X0(Ac(k))← {x1(Ac(k)), . . . , xN (Ac(k))}.
Output: E[k + 1], tk+1

0 , Qk+1.
1: Remove all infeasible tasks in W and R,
2: if R 6= ∅, then
3: Schedule R according to the EDF policy,
4: Move tasks from R to W , until either W is full or R is empty,
5: end if
6: if W = ∅, then
7: E[k + 1]← ∅, tk+1

0 ← ∅, Qk+1 ← ∅,
8: All agents switch to idle mode,
9: else

10: Solve program P(W,X0(Ac(k)), Ac(k)), which returns π∗, k̂π∗ ,
11: E[k + 1]← π∗[1], tk+1

0 ← Ac(k), Qk+1 ← k̂π∗[1],
12: W [l]← π∗[l + 1], l = 1, . . . , |W | − 1.
13: end if

Remark 5.4. In the optimization program (5.12), tasks with QoSa level 0 are
considered as feasible and kept in W or R for robustness considerations. The
reason is that in real-time execution, a task may be completed before its estimated
completion time, and in this case, the previous infeasible tasks (task with QoSa
level 0) may become feasible again.

Remark 5.5. The optimization program P(W,X0, t) can be viewed as a two-
layer optimization problem. The �rst (outer) layer is a combinatorial opti-
mization problem, where the set of permutations of IW , i.e., ΠW needs to
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be computed. The second (inner) layer is a mixed integer linear program.
This is because for each π ∈ ΠW , the cost function (only nonlinear term)∑|IW |−1

l′=0 W (Xπ[l′],Xπ[l′+1]) is a constant. In general, �nding a solution can be
di�cult when the cardinality of the wait task set W is large. To cope with this
issue, we assume that the cardinality ofW is upper bounded by m̄. Moreover, we
note that the only integer constraint is (5.12b). Nevertheless, since the number of
QoSa levels, given by kπ[l], is �nite for each task, each integer parameter k̂π[l] has
only a limited number of choices. Therefore, we conclude that the optimization
program P(W,X0, t) can be solved e�ciently since it is equivalent to solving a
�nite number (≤ m̄!

∑
l∈IW kl) of linear programs.

Remark 5.6. The purpose of this chapter is to maximize the objective function
J(Pη(t)). Therefore, ful�llment of all tasks is a soft constraint in view of the afore-
mentioned maximization. However, we note that by setting the absolute value of
the rejection penalty |Rl[0]|,∀l, to be high enough (e.g., higher than the sum
of the highest rewards of all tasks being activated), one can verify that the pro-
posed dynamic scheduling algorithm is optimal in the sense that the miss ratio3

is minimized.

5.3.3 Control law synthesis

Given the information χ[k] = (E[k], tk0, Qk), the next step is to do control
synthesis. if χ[k] = ∅, all agents will switch to the idle mode, and the control
law is given by

uidle
i = −

∑
j∈Ni

(xi − xj)− vi, ∀i ∈ V.

Otherwise, we assume without loss of generality that

E[k] = φl, Il[Qk] = (t, t̄], (5.14)

which means that the kth task being executed is φl and the time interval cor-
responding to QoSa level Qk of task φl is (t, t̄]. Then, we have the following
proposition.

Proposition 5.1. Given the task φl and the starting time tk0 , φl is completed at
QoSa level Qk if the conditions

3For a sequence of dynamically activated tasks, the miss ratio is de�ned as the number of
reject tasks divided by the total number of activated tasks [93].
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C1. ∀t ∈ [tk0, al + t], ∃i ∈ VL such that xi(t) /∈ Xl; and

C2. ∃t ∈ (al + t, al + t̄],∀i ∈ V such that xi(t) ∈ Xl

hold simultaneously, where al is the activation time of φl.

Before presenting the control synthesis, the following assumption is
needed.

Assumption 5.1. Let there be given the leader-follower MAS (5.1) with the
leader set VL and the target region Xl, l ∈ {1, . . . ,M}, with its Chebyshev
center cl. There exist constants σ, ds > 0 such that

• B(cl, σ) ⊆ Xl and

• xi ∈ B(cl, σ),∀i ∈ VL and ‖xi − xj‖ ≤ ds,∀(i, j) ∈ E , imply xi ∈
Xl, ∀i ∈ V .

Remark 5.7. Assumption 5.1 is not conservative because i) the constants σ, ds
can be di�erent for di�erent target regions and ii) one feasible choice of σ, ds for
Xl is σ = rl/2, ds = rl/(2(N − 1)), where rl is the radius of the minimal
enclosing ball of Xl centered at cl.

In addition, the following de�nitions are introduced.

De�nition 5.2. [85] A function ρ : R≥0 → R>0 will be called a performance
function if ρ is bounded, nonnegative and non-increasing.

De�nition 5.3. [85] A function S : R → R will be called a transformation
function if S is strictly increasing, injective and admitting an inverse.

In particular, we de�ne two transformation functions S1 and S2 as

S1(z) = ln(
1

1− z ), S2(z) = ln(
1 + z

1− z ).

For leader agent i ∈ VL, we prescribe the norm of the tracking error
xi(t)− cl within the following bounds,

αi(t) < ‖xi(t)− cl‖ < βi(t), i ∈ VL. (5.15)
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However, since the follower agents do not know where the target region is,
we prescribe the norm of the relative distance between neighboring agents
within the following bounds,

‖xij(t)‖ < γi(t), i ∈ V, (i, j) ∈ E , (5.16)

where αi(t), βi(t), γi(t) are performance functions to be de�ned.
The dynamic scheduling algorithm in Section IV-A ensures that al+t̄ > tk0 .

However, it is possible that al + t ≤ tk0 . In this case, C1 of Proposition 5.1 is
meaningless, and one only needs to design performance functions such that C2
of Proposition 5.1 is satis�ed. Nevertheless, in the other case, i.e., al + t > tk0 ,
it is more complicated to design the performance functions since one needs
to ensure that both C1 and C2 are satis�ed. Therefore, in the following, we
will present the design of the performance functions and the control synthesis
according to the two di�erent cases, respectively.

Remark 5.8. Note that if at time tk0 , one has xi(t
k
0) ∈ Xl, ∀i ∈ V , i.e., all agents

are already in the target region Xl at tk0 , then according to the proposed dynamic
scheduling strategy, the algorithm Completion will be activated, and the group
of agents will proceed to the next task (no control action is needed).

Case I: al + t ≤ tk0
De�ne

αi(t) = 0, (5.17)
βi(t) = βi0e

−κi,1(t−tk0), (5.18)
γi(t) = γi0e

−µi,1(t−tk0), (5.19)

for t ≥ tk0 , where βi0 > max{‖xi(tk0) − cl‖, σ}, γi0 >
max{maxj∈Ni{‖xij(tk0)‖}, ds}, and σ, ds satisfy Assumption 5.1. In ad-
dition,

κi,1 =
1

(al + t̄− tk0)
ln
βi0
σ
, (5.20)

µi,1 =
1

(al + t̄− tk0)
ln
γi0
ds
. (5.21)
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Remark 5.9. The de�nitions of βi0, γi0 guarantee that the performance bounds
(5.15) and (5.16) are satis�ed at the starting time tk0 . In addition, from (5.18) and
(5.20) one can get

‖xi(al + t̄)− cl‖ < βi(al + t̄) = βi0e
−κi,1(al+t̄−tk0) = σ, ∀i ∈ VL. (5.22)

Moreover, from (5.19) and (5.21) one can get

‖xij(al + t̄)‖ < γi(al + t̄) = γi0e
−µi,1(al+t̄−tk0) = ds,∀(i, j) ∈ E . (5.23)

According to Assumption 5.1, (5.22) and (5.23) together imply xi(al + t̄) ∈
Xl,∀i ∈ V . Therefore, C2 is satis�ed.

Based on Remark 5.9, one can conclude that if for task φl,

i) the tracking error ‖xi − cl‖,∀i ∈ VL is evolving within the prescribed
performance bound (5.15), and

ii) the relative distance ‖xij‖,∀(i, j) ∈ E is evolving within the prescribed
performance bound (5.16) for t ≥ tk0 ,

then the task φl will be completed at the desired QoSa level Qk.
De�ne the normalized errors as

ξi(t) :=
‖xi(t)− cl‖

βi(t)
, ξij(t) :=

‖xij(t)‖
γi(t)

, (5.24)

respectively. Then, the corresponding sets

Dξi := {ξi(t) : ξi(t) ∈ [0, 1)} (5.25)
Dξij := {ξij(t) : ξij(t) ∈ [0, 1)} (5.26)

are equivalent to (5.15) and (5.16), respectively. The normalized errors ξi and
ξij are transformed through the transformation function S1. We denote the
transformed error ζi(ξi) and εij(ξij) by

ζi(ξi) := S1(ξi), εij(ξij) := S1(ξij), (5.27)

respectively, where we drop the time argument t for notation convenience.
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Let ∇S1(ξi) = ∂S1(ξi)/∂ξi,∇S1(ξij) = ∂S1(ξij)/∂ξij . The control laws
for the leader and follower agents are proposed respectively as:

ulead
i =−

∑
j∈Ni

1

γi
∇S1(ξij)εij(ξij)nij

− 1

βi
∇S1(ξi)ζi(ξi)ni −Kivi,

(5.28)

and
ufol
i = −

∑
j∈Ni

1

γi
∇S1(ξij)εij(ξij)nij −Kivi, (5.29)

where ni = (xi − cl)/‖xi − cl‖,nij = (xi − xj)/‖xij‖, and Ki is a positive
control gain to be determined later.

Let ξ̄k = ξij , ε̄k = εij , yi = xi − cl. Let also ε̄ = (ε̄1(ξ̄1), . . . , ε̄p(ξ̄p)), ζ̄ =
(ζ1(ξ1), . . . , ζN (ξN )) be the stack vector of the transformed errors and y =
(y1, . . . , yN ). De�ne the following function

V1(y, v, ε̄, ζ̄) =
1

2
[y v]

{[
Kθ θ
θ IN

]
⊗ In

}[
y
v

]
+

1

2
ε̄T ε̄+

1

2
ζ̄THζ̄,

(5.30)

where H ∈ RN×N is a diagonal matrix with entries hi (hi = 0 if i ∈ VL and
hi = 0 otherwise), K ∈ RN×N is a diagonal matrix with entries Ki, and θ is
a diagonal matrix with entries θi = max{µi,1, κi,1}.

Let V 0
1 := V1(y(tk0), v(tk0), ε̄(tk0), ζ̄(tk0) and Θ := S−1

1 (
√

2V 0
1 ). Then, the

following holds.

Theorem 5.1. Consider the leader-follower MAS (5.1) and the kth execution
task χ[k] given in (5.14). The control inputs for the leader and follower agents
are given by (5.28) and (5.29), respectively. Suppose Assumption 5.1 holds and
al + t ≤ tk0 . Assume that the control gain Ki > max{µi,1, κi,1},∀i, and the
input constraints for leader and follower agents satisfy

umax
i ≥

( |Ni|
ds(1−Θ)

+
1

σ(1−Θ)

)√
2V 0

1 +Ki(
√

2V 0
1 + θiβi0), ∀i ∈ VL,

and

umax
i ≥ |Ni|

ds(1−Θ)
ln

1

(1−Θ)
+Ki(

√
2V 0

1 + θiβi0),∀i ∈ VF ,
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respectively. Then, i) the tracking error ‖xi − cl‖,∀i ∈ VL and the relative dis-
tance ‖xij‖, (i, j) ∈ E will evolve respectively within the prescribed performance
bounds (5.15) and (5.16) for all t ≥ tk0 and ii) the input constraint for each agent
i, i.e., ui(t) ∈ Ui,∀i, will be satis�ed for all t ∈ [tk0, al + t̄].

Proof. Since Ki > max{µi,1, κi,1} = θi,∀i, one can derive that V (y, v, ε̄, ζ̄)
is nonnegative for all y, v, ε̄, ζ̄ .

Di�erentiating (5.30) along the trajectories of (5.1), one has

V̇1(y, v, ε̄, ζ̄) =yTKθv + yT θuχ[k] + vT θv + vTuχ[k]

+ ε̄T ˙̄ε+ ζ̄TH ˙̄ζ,
(5.31)

where

u
χ[k]
i =

{
ulead
i , if i ∈ VL
ufol
i , if i ∈ VF .

Substituting (5.28) and (5.29) into (5.31), we obtain

V̇1(y, v, ε̄, ζ̄) =−
N∑
i=1

θiy
T
i

∑
j∈Ni

1

γi
∇S1(ξij)εij(ξij)nij

−
N∑
i=1

θiy
T
i

hi
βi
∇S1(ξi)ζi(ξi)ni

−
N∑
i=1

vTi
∑
j∈Ni

1

γi
∇S1(ξij)εij(ξij)nij

−
N∑
i=1

vTi
hi
βi
∇S1(ξi)ζi(ξi)ni

−
N∑
i=1

(Ki − θi)vTi vi +

p∑
i=1

εij(ξij)∇S1(ξij)ξ̇ij

+
N∑
i=1

hiζi(ξi)∇S1(ξi)ξ̇i.

(5.32)
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According to (5.24), one can get

ξ̇ij =
1

γi

‖xij‖′γi − ‖xij‖γ̇i
γi

=
1

γi

(
‖xij‖′ + µi,1‖xij‖

)
,

ξ̇i =
1

βi

‖xi − cl‖′βi − ‖xi − cl‖β̇i
βi

=
1

βi

(
‖yi‖′ + κi,1‖yi‖

)
,

where −β̇i/βi ≡ κi,1 and −γ̇i/γi ≡ µi,1.
Due to symmetry, one has

∂ ‖xij‖
∂xij

=
∂ ‖xij‖
∂xi

= −∂ ‖xij‖
∂xj

,

and from (5.1), we get

∑
(i,j)∈E

∇S1(ξij)εij(ξij)‖xij‖′ =
1

2

N∑
i=1

∑
j∈Ni

∇S1(ξij)εij(ξij)
∂ ‖xij‖
∂xij

ẋij

=
N∑
i=1

vTi
∑
j∈Ni

∇S1(ξij)εij(ξij)nij .

In addition,
N∑
i=1

yTi
∑
j∈Ni

∇S1(ξij)εij(ξij)nij =
N∑
i=1

yTi
∑
j∈Ni

∇S1(ξij)εij(ξij)
yi − yj
‖yi − yj‖

=
1

2

N∑
i=1

∑
j∈Ni

∇S1(ξij)εij(ξij) ‖xij‖ .

Then, (5.32) can be rewritten as

V̇1(y, v, ε̄, ζ̄) =− 1

2

N∑
i=1

∑
j∈Ni

θi − µi,1
γi

∇S1(ξij)εij(ξij)‖xij‖

−
N∑
i=1

hi(θi − κi,1)

βi
ζi(ξi)∇S1(ξi)‖yi‖ − (K − θ)vT v.

(5.33)
According to the de�nition of S1, one can derive that∇S1(ξij)εij(ξij)‖xij‖ ≥
0 and ζi(ξi)∇S1(ξi)‖yi‖ ≥ 0. In addition, θi − µi,1 ≥ 0 and θi − κi,1 ≥ 0
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for all i. Therefore, one derives that V̇1(y, v, ε̄, ζ̄) ≤ 0, which in turn implies
V1(y, v, ε̄, ζ̄) ≤ V1(y(tk0), v(tk0), ε̄(tk0), ζ̄(tk0) := V 0

1 and thus

|S1(ξi)| = |ζi(ξi)| ≤ |ζ̄| ≤
√

2V 0
1 ,∀i ∈ VL,

|S1(ξij)| = |εij(ξij)| ≤ |ε̄| ≤
√

2V 0
1 , ∀(i, j) ∈ E ,

for all t ≥ tk0 . Moreover, ξi(tk0),∀i ∈ VL and ξij(tk0),∀(i, j) ∈ E are within the
regions (5.25) and (5.26), respectively. By using the inverse ofS1, we can bound
0 ≤ ξi(t) ≤ S−1

1

(√
2V 0

1

)
< 1 and 0 ≤ ξij(t) ≤ S−1

1

(√
2V 0

1

)
< 1 for all

t > tk0 . In particular, ξi(t),∀i ∈ VL and ξij(t),∀(i, j) ∈ E will evolve within
the regions (5.25) and (5.26) for all t ≥ tk0 . Since (5.25) and (5.26) are equivalent
to the prescribed performance bounds (5.15) and (5.16), respectively, item i) of
Theorem 5.1 holds.

Since ξi(t), ξij(t) ∈ [0,Θ) and the functions βi, γi are monotonically de-
creasing, one has from (5.28) that

‖ulead
i (t)‖ ≤

∣∣∣∣∣∣
∑
j∈Ni

1

γi(t)
∇S1(ξij(t))εij(ξij(t))

∣∣∣∣∣∣+

∣∣∣∣ 1

βi(t)
∇S1(ξi(t))ζi(ξi(t))

∣∣∣∣
+ ‖Kivi(t)‖

≤
( |Ni|
γi(tk0 + t̄)(1−Θ)

+
1

βi(tk0 + t̄)(1−Θ)

)√
2V 0

1 + ‖Kivi(t)‖
(5.34)

for t ∈ [tk0, al + t̄]. In addition,

2V 0
1 ≥[y v]

{[
Kθ θ
θ IN

]
⊗ In

}[
y
v

]

≥
N∑
i=1

(‖vi‖ − θi‖yi‖)2

=

N∑
i=1

(‖vi‖ − θi‖xi − cl‖)2

≥
N∑
i=1

(‖vi‖ − θiβi0)2.
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Then, one has

‖vi(t)‖ ≤
√

2V 0
1 + θiβi0, t ∈ [tk0, al + t̄]. (5.35)

Combining (5.34), (5.35) and γi(al + t̄) = ds, βi(al + t̄) = σ, one can further
get

‖ulead
i (t)‖ ≤

( |Ni|
ds(1−Θ)

+
1

σ(1−Θ)

)√
2V 0

1 +Ki(
√

2V 0
1 + θiβi0)

≤umax
i ,∀i ∈ VL, ∀t ∈ [tk0, al + t̄].

Similarly, one can also derive that ‖ufol
i (t)‖ ≤ umax

i , ∀i ∈ VF ,∀t ∈ [tk0, al+ t̄].
Item ii) of Theorem 5.1 holds.

Case II: al + t > tk0

For a given set X, the indicator function is de�ned as

1X(x) =

{
1, if x ∈ X
0, if x /∈ X.

Then, the performance functions αi, βi, γi are de�ned as

αi(t) =


0, t ≥ tk0, if 1X̄l(xi(t

k
0)) = 1,

0, t > al + t, if 1X̄l(xi(t
k
0)) = 0,

αi0e
−κi,2(t−tk0), t ∈ [tk0, al + t], if 1X̄l(xi(t

k
0)) = 0

(5.36)

βi(t) =

{
βi0e

−κi,2(t−tk0), t ∈ [tk0, al + t]

βi(t)e
−κi,3(t−al−t), t > al + t,

(5.37)

γi(t) =

{
γi0e

−κi,2(t−tk0), t ∈ [tk0, al + t]

γi(t)e
−µi,2(t−al−t), t > al + t,

(5.38)

where

αi0 = ‖xi(tk0)− cl‖ −∆i, (5.39a)
βi0 = ‖xi(tk0)− cl‖+ ∆i, (5.39b)

γi0 > max
{

max
j∈Ni
{‖xij(tk0)‖}, ds

}
, (5.39c)
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and 0 < ∆i < ‖xi(tk0)− cl‖ − r̄l,∀i ∈ VL. In addition,

κi,2 =
1

(al + t− tk0)
ln
αi0
r̄l
, (5.40a)

κi,3 =
1

(t̄− t) ln
βi0r̄l
σαi0

, (5.40b)

µi,2 =
1

(t̄− t) ln
γi0r̄l
dsαi0

, (5.40c)

where r̄l de�ned in (5.4) is the radius of Xl.
One can verify that the functions αi, βi, γi satisfy De�nition 5.2. The func-

tion αi is designed to ensure condition C1. The functions βi, γi are designed
to ensure condition C2. However, for the special case xi(tk0) ∈ Xl,∀i ∈ VL,
i.e., all leader agents are already in the region Xl at the starting time tk0 , it is
not always possible to satisfy C1.

Corollary 5.1. Suppose Assumption 5.1 holds and ∃i ∈ VL, xi(tk0) /∈ Xl. The
performance functions αi, βi and γi de�ned in (5.36), (5.37) and (5.38) guarantee
that the conditions C1 and C2 are satis�ed simultaneously.

Proof. Firstly, the de�nitions of αi0, βi0 and γi0 guarantee that the perfor-
mance bounds (5.15) and (5.16) are satis�ed at the starting time tk0 . From (5.36)
and (5.40a), one can derive that

‖xi(al + t)− cl‖ > αi(al + t) = αi0e
−κi,2(al+t−tk0)

= r̄l, ∀i ∈ VL ∧ 1X̄l(xi(t
k
0)) = 0.

Hence, C1 is satis�ed.
From (5.37), (5.40b) and (5.38), (5.40c), one can derive that

‖xi(al + t̄)− cl‖ < βi(al + t̄) = βi(t)e
−κi,3(t̄−t) = σ, ∀i ∈ VL,

and

‖xij(al + t̄)‖ < γi(al + t̄) = γi(t)e
−µi,2(t̄−t) = ds, ∀(i, j) ∈ E ,

respectively. According to Assumption 5.1, one can conclude that xi(al+ t̄) ∈
Xl,∀i ∈ V . Hence, C2 is satis�ed.



Solution 95

Let ρi(t) := (βi(t) +αi(t))/2 and δi(t) := (βi(t)−αi(t))/2. Then, (5.15)
can be rewritten as

−δi(t) + ρi(t) < ‖xi(t)− cl‖ < ρi(t) + δi(t). (5.41)

De�ne in this case the normalized error ξi(t) as

ξi(t) :=
‖xi(t)− cl‖ − ρi(t)

δi(t)
,

and ξij is de�ned the same as in (5.24). Then, the set

D̂ξi := {ξi(t) : ξi(t) ∈ (−1, 1)} (5.42)

is equivalent to (5.15) in this case. The normalized error ξi is transformed
through the transformation function S2. We denote the transformed errors
ζi(ξi) and εij(ξij) by

ζi(ξi) := S2(ξi), εij(ξjk) := S1(ξij), (5.43)

respectively.
Let ∇S2(ξi) = ∂S2(ξi)/∂ξi,∇S1(ξij) = ∂S1(ξij)/∂ξij . The control laws

for the leader and follower agents are proposed respectively as:

ulead
i =−

∑
j∈Ni

1

γi
∇S1(ξij)εij(ξij)nij

− 1

δi
∇S2(ξi)ζi(ξi)ni −Kivi,

(5.44)

and
ufol
i = −

∑
j∈Ni

1

γi
∇S1(ξij)εij(ξij)nij −Kivi, (5.45)

where Ki is a positive control gain to be determined.
Let z = (y, v)T . De�ne the following function

V2(z, ε̄, ζ̄) =


1

2
(zTG1z + +ε̄T ε̄+ ζ̄THζ̄), t ∈ [tk0, al + t)

1

2
(zTG2z + +ε̄T ε̄+ ζ̄THζ̄), t ≥ al + t

(5.46)
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where
G1 =

[
Kκ2 κ2

κ2 IN

]
⊗ In, G2 =

[
Kκ3 κ3

κ3 IN

]
⊗ In, (5.47)

and κ2, κ3 ∈ RN×N are diagonal matrices with entries κi,2 and κi,3, respec-
tively. The matrices H,K are de�ned in (5.30).

Denote V 0
2 := V2(z(tk0), ε̄(tk0), ζ̄(tk0)). Let V ∗2 = V 0

2 +
∑N

i=1

(
Ki|κi,2 −

κi,3|β2
i0 + 2|κi,2−κi,3|βi0(

√
2V 0

2 +κi,2βi0)
)

and Θ1 := S−1
1 (
√

2V ∗2 ),Θ2 :=

S−1
2 (
√

2V ∗2 ). Then, the following holds.

Theorem5.2. Consider the leader-followerMAS (5.1) and the kth execution task
χ[k] given in (5.14). The control inputs for the leader and follower agents are given
by (5.44) and (5.45), respectively. Suppose Assumption 5.1 holds, t > al + tk0 , and
∃i ∈ VL, xi(tk0) /∈ Xl. Assume that the control gain Ki > max{κi,2, κi,3},∀i,
the constant γi0 in (5.39c) satis�es γi0 < dsαi0e

κi,3(t−t̄)/r̄l, ∀i, and the input
constraints for leader and follower agents satisfy

umax
i ≥

( |Ni|
ds(1−Θ1)

+
4

σ(1−Θ2
2)

)√
2V ∗2 +Ki(

√
2V ∗2 +Kiβi0),∀i ∈ VL,

and

umax
i ≥ |Ni|

ds(1−Θ1)

√
2V ∗2 +Ki(

√
2V ∗2 +Kiβi0),∀i ∈ VF ,

respectively. Then, i) the tracking error ‖xi − cl‖,∀i ∈ VL and the relative dis-
tance ‖xij‖, (i, j) ∈ E will evolve respectively within the prescribed performance
bounds (5.15) and (5.16) for all t ≥ tk0 and ii) the input constraint for each agent
i, i.e., ui(t) ∈ Ui,∀i, will be satis�ed for all t ∈ [tk0, al + t̄].

Proof. SinceKi > max{κi,2, κi,3},∀i, one can deriveG1 � 0, G2 � 0. There-
fore, V2(z, ε̄, ζ̄) is nonnegative for all z, ε̄, ζ̄ .

For t ∈ [tk0, t], di�erentiating (5.46) along the trajectories of (5.1) and sub-
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stituting (5.44) and (5.45), one has

V̇2(z, ε̄, ζ̄) =−
N∑
i=1

κi,2y
T
i

∑
j∈Ni

1

γi
∇S1(ξij)εij(ξij)nij

−
N∑
i=1

κi,2y
T
i

hi
δi
∇S2(ξi)ζi(ξi)ni

−
N∑
i=1

vTi
∑
j∈Ni

1

γi
∇S1(ξij)εij(ξij)nij

−
N∑
i=1

vTi
hi
δi
∇S2(ξi)ζi(ξi)ni

−
N∑
i=1

(Ki − κi,2)vTi vi +

p∑
i=1

εij(ξij)∇S1(ξij)ξ̇ij

+
n∑
i=1

hiζi(ξi)∇S2(ξi)ξ̇i,

(5.48)

where
ξ̇ij =

1

γi

‖xij‖′γi − ‖xij‖γ̇i
γi

,

ξ̇i =
1

δi

(‖xi − cl‖′ − ρ̇i)δi − (‖xi − cl‖ − ρi)δ̇i
δi

=
1

δi

(‖yi‖′ − ρ̇i)δi − (‖yi‖ − ρi)δ̇i
δi

.
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Similar to the proof of Theorem 5.1, one can further get

V̇2(z, ε̄, ζ̄) =− 1

2

N∑
i=1

∑
j∈Ni

κi,2 − γ̂i
γi

∇S1(ξij)εij(ξij)‖xij‖

−
N∑
i=1

hi(κi,2 − δ̂i)
δi

ζi(ξi)∇S2(ξi)(‖yi‖ − ρi)

−
N∑
i=1

hiρi(κi,2 − ρ̂i)
δi

ζi(ξi)∇S2(ξi)

−
N∑
i=1

(Ki − κi,2)vTi vi,

where γ̂i = −γ̇i/γi, δ̂i = −δ̇i/δi and ρ̂i = −ρ̇i/ρi. In addition, according
to the de�nition of γi(t), δi(t) and ρi(t), one can derive that γ̂i(t) = δ̂i(t) =
ρ̂i(t) ≡ κi,2 for all t ∈ [tk0, t]. Therefore,

V̇2(z, ε̄, ζ̄) ≤−
N∑
i=1

(Ki − κi,2)vTi vi ≤ 0, ∀[tk0, t]. (5.49)

For t > t, di�erentiating (5.46) along the trajectories of (5.1) and substi-
tuting (5.44) and (5.45), one has

V̇2(z, ε̄, ζ̄) =− 1

2

N∑
i=1

∑
j∈Ni

κi,3 − γ̂i
γi

∇S1(ξij)εij(ξij)‖xij‖

−
N∑
i=1

hi(κi,3 − δ̂i)
δi

ζi(ξi)∇S2(ξi)(‖yi‖ − ρi)

−
N∑
i=1

hiρi(κi,3 − ρ̂i)
δi

ζi(ξi)∇S2(ξi)

−
N∑
i=1

(Ki − κi,3)vTi vi,

(5.50)
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where δ̂i(t) = ρ̂i(t) ≡ κi,3 for all t > t. Then, one can further have

V̇2(z, ε̄, ζ̄) =− 1

2

N∑
i=1

∑
j∈Ni

κi,3 − γ̂i
γi

∇S1(ξij)εij(ξij)‖xij‖

−
N∑
i=1

(Ki − κi,3)vTi vi.

If one chooses γi0 < dsαi0e
κi,3(t−t̄)/r̄l, ∀i, one can verify that γ̂i <

κi,3, ∀i. In addition, one has ∇S1(ξij)εij(ξij)‖xij‖ ≥ 0,∀(i, j) ∈ E . There-
fore,

V̇2(z, ε̄, ζ̄) ≤ 0, ∀t > t. (5.51)

Combining (5.49) and (5.51), one can get that

V2(z, ε̄, ζ̄) ≤ max{V2(z(tk0), ε̄(tk0), ζ̄(tk0)), V2(z(t), ε̄(t), ζ̄(t))} ≤ V ∗2 .

Thus
|ζi(ξi)| ≤ |ζ̄| ≤

√
2V ∗2 , ∀i ∈ VL

and
|εij(ξij)| ≤ |ε̄| ≤

√
2V ∗2 , ∀(i, j) ∈ E ,

for all t ≥ tk0 . Moreover, ξi(tk0),∀i ∈ VL and ξij(tk0),∀(i, j) ∈ E are within
the regions (5.42) and (5.26), respectively. By using the inverse of S1 and S2,
we can bound −1 < S−1

2 (−
√

2V ∗2 ) ≤ ξi(t) ≤ S−1
2 (
√

2V ∗2 ) < 1,∀i ∈ VL
and 0 ≤ ξij(t) ≤ S−1

1 (
√

2V ∗2 ) < 1,∀(i, j) ∈ E for t > tk0 . In particular,
ξi(t),∀i ∈ VL and ξij(t),∀(i, j) ∈ E will evolve within the regions (5.42) and
(5.26) for all t ≥ tk0 .

The remainder of the proof is similar to that of Theorem 5.1 and hence
omitted.

Remark 5.10. In the optimization program (5.12), we choose the estimated com-
pletion time for each QoSa level (except level 0) as the upper bound of the corre-
sponding time interval (see constraint (5.12e)), which guarantees the feasibility
of the plan. However, in real-time execution, a task may be completed before its
estimated completion time, allowing for other possibilities of execution. Due to
this reason, the obtained plan from the optimization program (5.12) may not be
optimal. We note that this is unavoidable since the (actual) completion time of
each task can not be foreseen at the scheduling time. Another reason that a�ects
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1 2

3 4

Figure 5.3: Communication graph for the MAS.

the optimality of the plan is the length of the waiting task setW , given by m̄. It
is pointed out in Remark 5.9 that the computational complexity of (5.12) grows
exponentially with respect to the length ofW . Therefore, we aim to limit the size
of waiting task setW for computational e�ciency.

5.4 Example

In this section, a numerical example illustrates the theoretical results. Consider
a group of 4 agents with n = 2, where communication graph G is shown in
Figure 5.3. The initial position xi(0) of each agent i is chosen randomly from
the box [0, 2]× [0, 2], and the initial velocity vi(0) of each agent i is [0, 0]T .

The task set φ consists of 6 tasks, each of which is associated with a target
region. For the sake of simplicity, it is assumed that each target region Xl, l ∈
{1, . . . , 6} has the shape of a ball, denoted by B(cl, rl), where cl, rl are the
center and radius of the ball, respectively. For each task, the corresponding
parameters (QoSa level and the corresponding time interval, reward, target
set, activation time set) are summarized in TABLE 5.1. In addition, we further
consider the general case that the group of leader and follower agents can
be di�erent for di�erent tasks. For each task, the set of leader agents is also
given in TABLE 5.1. One can see that 5 tasks ({φ1, φ2, φ3, φ4, φ6}) are activated
initially. In total, 11 tasks are activated.
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Table 5.1: Task speci�cations.

Task Time Interval Target set Leader setReward
QoSa 3 2 1 0

φ1
(0,6] (6,10] (10,20] (20,∞) B((10, 8), 1) {1, 4}8 20 5 -20

φ2
- - (0,12] (12,∞) B((8, 2), 1) {1, 4}- - 10 -20

φ3
- (0,8] (8,14] (14,∞) B((5, 5), 0.5) {1, 3}- 10 20 -20

φ4
(0,6] (6,10] (10,23] (23,∞) B((15, 9), 0.8) {1, 2, 3, 4}25 5 20 -20

φ5
- - (0,10] (10,∞) B((5, 10), 1) {1, 4}- - 10 -20

φ6
- - (0,15] (15,∞) B((20, 15), 1) {1, 2, 4}- - 5 -20

Figure 5.4: The evolution of positions for each agent under the dynamic
scheduling strategy.
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Figure 5.5: The evolution of the tracking error and performance bounds αi, βi
for each agent. Note that the performance bounds are presented only for the
leader agents in each task.
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Figure 5.6: The evolution of the relative distances between neighboring agents
and performance bounds γi for each agent.

In the optimization program (5.12), the parameter ς is chosen as ς = 1 (the
reason for this choice is to make a fair comparison with the EDF policy in the
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following). Firstly, the dynamic scheduling strategy proposed In this chapter is
considered, where the cardinality of the waiting task setW is 4. The simulation
results are given in Figs. 5.4-5.6. Figure 5.4 shows the evolution of positions for
each agent with respect to time t, where xi1 and xi2 are position components.
The 11 red circles (from left to right) represent the 11 target regions that being
reached, respectively. In Figure 5.5, the evolution of the tracking error ‖xi−cl‖
for each agent and the corresponding performance bounds αi, βi, i ∈ VL, are
depicted. In addition, the evolution of the relative distances ‖xij‖ between
neighboring agents and the corresponding performance bounds γi are plotted
in Figure 5.6. One can see that the performance bounds are satis�ed at any
time.

Secondly, we consider the dynamic scheduling strategy, but for the case
that there is no limit on |W |. In this way, the true optimal schedule (i.e. consid-
ering all possible permutations of the waiting task set) can be obtained. Finally,
the EDF policy is used to schedule the same set of tasks. The simulation results
for the three di�erent policies are summarized in TABLE 5.2. One can see that
the best total reward is obtained when the dynamic scheduling strategy with
no limit on |W | is implemented. However, we note that this strategy will re-
sult in a computational complexity problem when |W | is large. The dynamic
scheduling strategy (with limit on |W |) can be seen as a compromise between
the reward and the computational e�ciency. When the EDF policy is imple-
mented, the total reward is 120, which is the worst among the three policies.
This makes sense since the EDF policy involves only the deadline of each task.

Table 5.2: Results for dynamic scheduling strategy (DSS), dynamic scheduling
strategy with no limit on |W | (DSS∗), and EDF policy.

Strategy Task completion order Total reward
DSS 2-1-3-6-5-1-4-5-2-4-6 155
DSS∗ 4-1-2-3-6-5-1-2-5-6-4 160
EDF 2-3-6-5-1-4-5-1-2-6-4 120

5.5 Summary

We proposed a dynamic task scheduling and distributed control synthesis
strategy for a leader-follower MAS whose goal was to complete a set of dy-
namically activated tasks. Each task is associated with a relative deadline and
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can be completed in several QoSa levels. By utilizing ideas from prescribed
performance control, we developed distributed control laws respectively for
the leader and the follower agents such that the satisfaction of tasks under
explicit deadline or time interval constraint is guaranteed.
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Chapter 6

Symbolic Control of Continuous-
Time Uncertain Nonlinear Systems

Discrete abstractions have become a standard approach to assist control syn-
thesis under complex speci�cations, e.g., linear temporal logic (LTL) speci�-
cations. To ensure the correctness of the solutions obtained from the abstract
system for the original (in�nite) system, it is important to establish an equiv-
alence or inclusion relation between the abstract system and the original sys-
tem [94]. This chapter is concerned with the construction of symbolic models
for continuous-time uncertain nonlinear systems.

6.1 Introduction

In recent years, discrete abstractions have become one of the standard ap-
proaches for control synthesis in the context of complex dynamical systems
and speci�cations [95]. It allows one to leverage computational tools devel-
oped for discrete-event systems [96]–[98] and games on automata [99], [100]
to assist control synthesis for speci�cations di�cult to enforce with conven-
tional control design methods, such as LTL speci�cations [17]. Moreover, if the
behaviors of the original system (referred to as the concrete system) and the
abstract system (obtained by, e.g., discretizing the state-space) can be formally
related by an inclusion or equivalence relation, the synthesized controller is
known to be correct by design [101].

For a long time, (bi)simulation relations were a central notion to deal with
complexity reduction [102], [103]. It was later pointed out in [104] that this

106
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kind of equivalence relation is often too strong. To this end, a new notion called
approximate (bi)simulation, which only asks for the closeness of observed be-
haviors, was introduced in [94]. Based on the notion of incremental (input-
to-state) stability [35], approximately bisimilar symbolic models were built
and extended to various systems [105], [106]. However, incremental (input-
to-state) stability is a strong property for dynamical control systems, which
makes its applicability restrictive. In [36], the authors relax the incremental
(input-to-state) stability requirement by only assuming Lipschitz continuous
and incremental forward completeness, and an approximate alternating sim-
ulation relation is established by over-approximating the behavior of the con-
crete system. However, as recently pointed out in [107], this approach may
result in a re�nement complexity issue. To this end, a new simulation rela-
tion, called feedback re�nement relation is proposed in [107].

Although continuous-time systems are extensively studied and various ab-
straction techniques are proposed in the existing literature, most techniques
for the construction of symbolic models require time-space discretization of
the continuous-time system, which constitute property satisfaction non-trivial
since closeness of the observed behaviors between the concrete system and its
abstraction is not guaranteed within neighboring discrete time instants. Re-
cently, di�erent approaches have been proposed in the literature to deal with
this [108]–[110]. In [108], a disturbance simulation relation is introduced for
incrementally input-to-state stable nonlinear systems. In [109], [110], sym-
bolic control approaches are proposed for a class of sample-data nonlinear
systems, where property satisfaction of the continuous-time systems is guar-
anteed by equipping the �nite abstractions with certain robustness margins
[109] or assume-guarantee contracts [110]. While almost all the results are
providing behavioral relationships between a time discretized version of the
original system and its symbolic model, in this chapter, we provide for the �rst
time a behavioral relationship between the original continuous-time system
and its symbolic model.

This chapter investigates the construction of symbolic models for
continuous-time uncertain nonlinear systems. It improves upon most of the
existing results in two aspects: 1) by not requiring time-space discretization
of the concrete system and 2) by being applicable to more general uncertain
nonlinear systems under input constraint. The main contributions are as fol-
lows.

(i) We propose a novel stability notion, called η-approximate controlled
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globally practically stable with respect to a given set Ω. This is a prop-
erty de�ned on the augmented system (composed of the concrete sys-
tem and the abstract system) via an admissible control interface. We
show that the abstract system can be constructed without time-space
discretization. This is crucial for safety-critical applications, in which it
is necessary that the trajectories of the concrete system and the abstract
system are close enough at all time instants.

(ii) We de�ne a notion of robust approximate (bi)simulation relation. It is
shown that for an uncertain concrete system, the abstract system can
be constructed such that the concrete system robustly approximately
simulates the abstraction.

(iii) For the class of incrementally quadratic nonlinear systems, the system-
atic construction of the admissible control interfaces and robust approx-
imately symbolic models under a bounded input set is provided.

The introduction of the control interface is inspired by the hierarchical
control framework [111]–[114], in which an interface is built between a high
dimensional concrete system and a simpli�ed low dimensional abstraction of
it. Both the concrete system and the abstract system are continuous (in state-
space) in [111]–[114]. In contrast, in this chapter, we propose to build a control
interface between the continuous-time concrete system and its discrete state-
space abstraction. Moreover, In this chapter we consider a bounded input set
(the input set considered in [111]–[114] is unbounded), which results in addi-
tional di�culty in constructing the interface.

6.2 Problem Formulation

Consider a continuous-time uncertain nonlinear system of the form

Σ :

{
ẋ1(t) = f(t, x1(t), u(t)) + w(t),

y1(t) = h(x1(t)),
(6.1)

where x1(t) ∈ Rn, y1(t) ∈ Rl, u(t) ∈ U ⊆ Rm, w(t) ∈ W ⊂ Rn are the
state, output, control input, and external disturbance at time t, respectively.
The input and disturbance are constrained to sets U and W , respectively. We
assume that f : [0,∞)×Rn×U → Rn is piecewise continuous in t, continu-
ous in x1 and u, and the vector �eld f is such that for any input in U and any
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initial condition x1(0) ∈ Rn, this di�erential equation has a unique solution.
Throughout the chapter, we will refer to Σ as the concrete system, that is the
system that we actually want to control.

Let U be the set of all measurable functions that take their values in U and
are de�ned on R≥0. Similarly, one can de�neW as the set of all measurable
functions that take their values in W and are de�ned on R≥0.

A curve ξ : [0, τ [→ Rn is said to be a trajectory of Σ if there ex-
ists an input signal u ∈ U and a disturbance signal w ∈ W satisfying
ξ̇(t) = f(t, ξ(t), u(t))+w(t) for almost all t ∈ [0, τ [. A curve ζ : [0, τ [→ Rl is
said to be an output trajectory of Σ if ζ(t) = h(ξ(t)) for almost all t ∈ [0, τ [,
where ξ is a trajectory of Σ. We use ξ(ξ0, u, w, t) to denote the trajectory
point reached at time t under the input signal u ∈ U and the disturbance
signal w ∈ W from initial state ξ0.

The deterministic system is de�ned as

Σd :

{
ẋ1(t) = f(t, x1(t), u(t)),

y1(t) = h(x1(t)),
(6.2)

and ξ(ξ0, u, t) := ξ(ξ0, u, 0, t) denotes the trajectory of the deterministic sys-
tem (6.2). Note that (6.2) is the deterministic version of (6.1) with w(t) ≡ 0.

By a minor modi�cation of the statement of De�nitions 2.3 and 2.4, one
can de�ne forward complete (FC) and incrementally globally practically stable
(δ-GPS) for uncertain systems.

De�nition 6.1. The uncertain system (6.1) is called FC if for every initial con-
dition x0 ∈ Rn, every input signal u ∈ U , and every disturbance signal w ∈ W ,
the corresponding solution is de�ned for all t ∈ [0,∞).

De�nition 6.2. The uncertain system (6.1) is called δ-GPS if it is FC and there
exist a class KL function β, and a K∞ function κ such that for any t ∈ R≥0,
any x0, x

′
0 ∈ Rn, any disturbance signals w,w′ ∈ W , and any u ∈ U ,

‖ξ(x0, u, w, t)− ξ(x′0, u, w′, t)‖ ≤ β(‖x0 − x′0‖, t) + κ(‖w − w′‖∞).

In this chapter, the problem under consideration is formulated as follows.

Problem 6.1. For what kind of continuous-time uncertain nonlinear sys-
tem (6.1), can one build a discrete state-space abstraction such that the original
system and the abstract system are formally related by a simulation relation? In
addition, how to build such an abstraction?
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6.3 Abstraction and Stability Notion

In this chapter, the abstraction technique developed in [105] is applied, in
which the state-space Rn is approximated by the lattice

[Rn]η =
{
q ∈ Rn|qi = ki

2η√
n
, ki ∈ Z, i = 1, . . . , n

}
, (6.3)

where η ∈ R≥0 is a state-space discretization parameter. De�ne the associated
quantizerQη : Rn → [Rn]η asQη(x) = q if and only if |xi−qi| ≤ η/

√
n, ∀i =

1, . . . n. Then, one has ‖x−Qη(x)‖ ≤ η,∀x ∈ Rn.
The abstract system is obtained by applying the state abstraction (6.3) to

the deterministic system (6.2), which is given by

Σ′ :

{
x2(t) = Qη(ξ(Qη(x1(0)), v, t)),

y2(t) = h(x2(t)),
(6.4)

where x2(t) ∈ [Rn]η, y2(t) ∈ Rl, and v(t) ∈ U ′(t) represent the state, out-
put and control input of the abstract system, respectively. Note that the state
variable x2(t) is neither continuous nor di�erentiable due to the state-space
discretization. In addition, the map U ′ : R≥0 → 2R

m denotes the possibly
time-varying input constraint for the abstract system, which is a design pa-
rameter that will be speci�ed later.

Let RU ′ := {U ′(t) : t ∈ R≥0} be the range of the set-valued function U ′.
Then, we de�ne

U ′ = R
[0,∞)
U ′ (6.5)

as the set of all functions of time from interval [0,∞), such that the value of
the function at a particular time instant t, is an element of U ′(t).

A (hybrid) curve ξ′ : [0,∞)→ [Rn]η is said to be a trajectory of Σ′ if there
exists v ∈ U ′ satisfying:

ξ′(t) = Qη(ξ(t)),∀t ∈ [0,∞),

where ξ̇(t) = f(t, ξ(t), v(t)) and ξ(0) = ξ′(0). A curve ζ ′ : [0,∞) → Rl
is said to be an output trajectory of Σ′ if ζ ′(t) = h(ξ′(t)), for almost all t ∈
[0,∞), where ξ′ is a trajectory of Σ′. With a little abuse of notation, we use
ξ′(ξ′0, v, t) to denote the trajectory point of Σ′ reached at time t under the
input signal v ∈ U ′ from an initial condition ξ′0 ∈ [Rn]η .
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The control input u(t) of the concrete system (6.1) will be synthesized
hierarchically via the abstract system (6.4) with a control interface uv : R≥0×
Rm × Rn × [Rn]η → Rm, which is given by

u(t) = uv(t, v(t), x1(t), x2(t)). (6.6)

Then, the augmented control system Σ̂ is de�ned as

Σ̂ :


ẋ1(t) = f(t, x1(t), uv(t, v(t), x1(t), x2(t))) + w(t),

x2(t) = Qη(ξ(Qη(x1(0)), v, t)),

y1(t) = h(x1(t)),

y2(t) = h(x2(t)),

(6.7)

and we denote by

x(t) = (x1(t), x2(t)) ∈ X̂ := {(z, z′) : z ∈ Rn, z′ ∈ [Rn]η},
y(t) = (y1(t), y2(t)) ∈ Ŷ := {(z, z′) : z ∈ Rl, z′ ∈ Rl},
û(t) = (uv(t), v(t)) ∈ Û(t) := {(z, z′) : z ∈ U, z′ ∈ U ′(t)},
ŵ(t) = (w(t),0) ∈ Ŵ := {(z, z′) : z ∈W, z′ = 0}.

(6.8)

Note that x2(0) = Qη(x1(0)), and then one has ‖x1(0)− x2(0)‖ = ‖x1(0)−
Qη(x1(0))‖ ≤ η,∀x1(0) ∈ Rn. Therefore, one can de�ne

X̂0 := {(x1, x2) ∈ X̂|‖x1 − x2‖ ≤ η} (6.9)

as the set of initial states for Σ̂.
To guarantee that the synthesized controller u(t) is applicable to the con-

crete system (6.1), it is necessary that u(t) = uv(t, v(t), x1(t), x2(t)) ∈
U,∀t ∈ [0,∞). Therefore, we propose the following de�nition.

De�nition 6.3. The control interface uv : R≥0 × Rm × Rn × [Rn]η → Rm is
called admissible if there exists an input map U ′ : R≥0 → 2R

m
that satis�es

i) U ′(t) 6= ∅,∀t ∈ [0,∞), and

ii) u(t) = uv(t, v(t), ξ(ξ0, uv, w, t), ξ
′(ξ′0, v, t)) ∈ U,∀t ∈

[0,∞),∀(ξ0, ξ
′
0) ∈ X̂0, ∀v ∈ U ′,∀w ∈ W .

In this case, the input map U ′ is called admissible to uv .
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The trajectory of Σ̂ will be denoted by ξ̂. Moreover, we use ξ̂(ξ̂0, û, ŵ, t)
to denote the trajectory point of Σ̂ reached at time t under the input and dis-
turbance signals û, ŵ from initial state ξ̂0, where û, ŵ are de�ned in (6.8). The
diagonal set Ω ⊆ R2n is de�ned as:

Ω = {z ∈ R2n|∃x ∈ Rn : z = (x, x)}. (6.10)

Then, we introduce the following de�nition which is inspired by [115].

De�nition 6.4. The augmented control system Σ̂ is called η-approximate con-
trolled globally practically stable with respect to the set Ω (η-C-Ω-GPS) if it is
FC and there exist an admissible control interface uv , a KL function β, and K∞
functions γ1, γ2 such that ∀t ∈ [0,∞), ∀ξ̂0 ∈ X̂0,∀v(t) ∈ U ′(t),∀ŵ(t) ∈ Ŵ ,

d(ξ̂(ξ̂0, û, ŵ, t),Ω) ≤ β(d(ξ̂0,Ω), t) + γ1(η) + γ2(‖ŵ‖∞),

where û = (uv, v) and uv is given by the admissible control interface. Moreover,
uv is called an interface for Σ̂, associated to the η-C-Ω-GPS property.

Remark 6.1. According to De�nitions 6.3-6.4, a general idea on determining
the admissible control interface and the associated input map U ′ can be provided
as follows: �rstly, ignore the input constraint for the concrete system (6.1) by
assuming that U = Rm (in this way, any control interface that maps to Rm
is admissible), and �nd one or several control interfaces uv such that Σ̂ is η-
C-Ω-GPS. Secondly, taking the real input set U into account, re�ne the control
interfaces obtained in the previous step in a way that the admissible ones and the
associated input maps are kept.

Remark 6.2. We note that the notion of η-C-Ω-GPS de�ned in De�nition 6.4
is essentially di�erent from the notion of δ-ISS given in De�nition 2.5 or δ-FC
given in De�nition 2.6. Both δ-ISS and δ-FC are properties de�ned on the con-
crete system Σ while η-C-Ω-GPS is a property de�ned on the augmented control
system Σ̂. Moreover, for concrete systems that are not δ-ISS or δ-FC, the η-C-Ω-
GPS property can still hold for the corresponding augmented systems (as shown
later in Section 6.5).

Proposition 6.1. Consider the augmented control system Σ̂. If Σ̂ is η-C-Ω-GPS,
then one has that ∀t ∈ [0,∞), ∀(x0, x

′
0) ∈ X̂0,∀w ∈ W ,

‖ξ(x0, uv, w, t)− ξ′(x′0, v, t)‖ ≤ β(‖x0 − x′0‖, t) + γ1(η) + γ2(‖w‖∞),

where β, γ1, γ2 are de�ned in De�nition 6.4.
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Proof. The proof follows from the fact that d(x,Ω) = ‖x1 − x2‖,∀x1, x2,
where x = (x1, x2) [115].

Remark 6.3. Another di�erence between δ-FC in [36] and η-C-Ω-GPS is that
the β function belongs to class K∞ in the De�nition of δ-FC while class KL in
De�nition 6.4. In [36], the state error ‖ξ(x0, u, t) − ξ(x′0, u′, t)‖ is not bounded
by the initial state error ‖x0−x′0‖ because β(‖x0−x′0‖, t) can go to in�nity as
time goes to in�nity. This causes the re�nement issues. However, it is shown in
De�nition 6.4 and Proposition 6.1 that by properly designing the admissible con-
trol interface uv , one can upper bound the state error ‖ξ(x0, uv, t)− ξ(x′0, v, t)‖
by a KL function β(‖x0 − x′0‖, t) (which vanishes as the time goes to in�nity)
and a constant γ1(η) (we consider the deterministic system here for comparison,
i.e., w(t) ≡ 0). Therefore, our approach has no re�nement issues.

In the following, the Lyapunov function characterization of the stability
notion η-C-Ω-GPS is proposed, which is motivated by [111].

De�nition 6.5. Consider the augmented control system Σ̂, a smooth function
V : [0,∞)×Rn×Rn → R≥0 and a control interface uv . Function V is called a
η-C-Ω-GPS Lyapunov function for Σ̂ and uv is the associated control interface
if there exist K∞ functions α, ᾱ, σ1, σ2, and a constant µ > 0 such that

i) ∀x, x′ ∈ Rn,

α(‖x(t)− x′(t)‖) ≤ V (t, x(t), x′(t)) ≤ ᾱ(‖x(t)− x′(t)‖), (6.11)

ii) ∀x, x′ ∈ Rn, ∀v(t) ∈ U ′(t), and ∀w ∈ W ,

∂V

∂x

{
f(t, x(t), uv(t, v(t), x(t), Qη(x

′(t)))) + w(t)
}

+
∂V

∂x′
f(t, x′(t), v(t)) +

∂V

∂t
≤− µV (t, x(t), x′(t)) + σ1(η) + σ2(‖ω‖∞).

(6.12)

Then, we can get the following theorem.

Theorem 6.1. Consider the augmented control system Σ̂ and the diagonal set
Ω. If i) Σ̂ is FC, ii) there exists a η-C-Ω-GPS Lyapunov function for Σ̂ and with
uv being the associated control interface, and iii) uv is admissible, then, Σ̂ is
η-C-Ω-GPS and uv is the interface for Σ̂, associated to the η-C-Ω-GPS property.
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Proof. Let ξ(t) := ξ(Qη(x1(0)), v, t) for short. Then, one has ξ̇(t) =
f(t, ξ(t), v(t)) and ξ(0) = Qη(x1(0)). In addition, one can get from (6.7) that

x2(t) = Qη(ξ(t)),∀t ∈ [0,∞). (6.13)

Let V be the η-C-Ω-GPS Lyapunov function for Σ̂ and uv the associated con-
trol interface. Then, one has (6.12) holds and thus

∂V

∂x1
{f(t, x1(t), uv(t, v(t), x1(t), Qη(ξ(t)))) + w(t)}

+
∂V

∂ξ
f(t, ξ(t), v(t)) +

∂V

∂t

≤− µV (t, x1(t), ξ(t)) + σ1(η) + σ2(‖ω‖∞)

≤− µ

2
V (t, x1(t), ξ(t))

for all ‖x1(t)−ξ(t)‖ ≥ α−1 (2σ1(η) + 2σ2(‖ω‖∞))/µ) .According to Lemma
2.3, one can further have

‖x1(t)− ξ(t)‖ ≤α−1(e−
µ
2
tᾱ(‖x1(0)− ξ(0)‖))

+ α−1(ᾱ(α−1 (2σ1(η) + 2σ2(‖ω‖∞))/µ))).

Moreover, one has from (6.13) that ‖x2(t)− ξ(t)‖ = ‖Qη(ξ(t))− ξ(t)‖ ≤ η.
Thus,

‖x1(t)− x2(t)‖ ≤‖x1(t)− ξ(t)‖+ ‖ξ(t)− x2(t)‖
≤α−1(e−

µ
2
tᾱ(‖x1(0)− x2(0)‖))

+ α−1(ᾱ(α−1 (2σ1(η) + 2σ2(‖ω‖∞))/µ))) + η

≤α−1(e−
µ
2
tᾱ(‖x1(0)− x2(0)‖))

+ α−1(ᾱ(α−1 (4σ1(η)))) + η

+ α−1(ᾱ(α−1 (4σ2(‖ω‖∞))/µ))).

Combining the fact that uv is admissible, one can conclude that Σ̂ is η-C-Ω-
GPS and uv is the interface for Σ̂, associated to the η-C-Ω-GPS property.

6.4 Robust Approximate Simulation Relation

In this section, the construction of symbolic models for the concrete system
(6.1) is considered. Firstly, the notion of robust approximate (bi)simulation re-
lation is proposed.
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De�nition 6.6. Consider the concrete system Σ in (6.1) and the abstract system
Σ′ in (6.4). Let ε > 0 be a given precision and ε̃ ≥ 0. We say that Σ robustly
approximately simulates Σ′ with parameters (ε, ε̃), denoted by Σ′ �(ε,ε̃)

S Σ, if

i) ∀x′0 ∈ [Rn]η, ∃x0 ∈ Rn such that (x0, x
′
0) ∈ X̂0, and

ii) ∀(x0, x
′
0) ∈ X̂0, ∀v ∈ U ′,∃u ∈ U such that ∀t ≥ 0,

‖h(ξ(x0, u, w, t))− h(ξ′(x′0, v, t))‖ ≤ ε, ∀w : ‖w‖∞ < ε̃,

where U ′ and X̂0 are de�ned in (6.5) and (6.9), respectively.
The systems Σ and Σ′ are said to be robust approximate bisimilar with

parameters (ε, ε̃), denoted by Σ ∼=(ε,ε̃)
S Σ′, if Σ �(ε,ε̃)

S Σ′ and Σ′ �(ε,ε̃)
S Σ.

Remark 6.4. We note that the robust approximate (bi)simulation relation de-
�ned in De�nition 6.6 resembles the notion of disturbance (bi)simulation relation
given in [108], De�nition 2. The di�erence lies in that our relation is de�ned for
continuous-time systems while in [108], the relation is de�ned for discrete-time
systems.

Before proceeding, we need the following additional assumption.

Assumption 6.1. The output function h : Rn → Rl is globally Lipschitz con-
tinuous with Lipschitz constant ρ on the set Xε. That is,

‖h(x1)− h(x2)‖ ≤ ρ‖x1 − x2‖,∀(x1, x2) ∈ Xε,

where Xε := {(x1, x2) : ‖x1 − x2‖ ≤ α−1(ᾱ(ε)) + α−1
(
(σ1(ε) +

maxw∈W{σ2(‖w‖∞)})/µ
)

+ ε}, α, ᾱ, σ1, σ2, µ are de�ned in De�nition 6.5,
W is the set of disturbance signals, and ε is the desired precision.

Assumption 6.1 is not conservative since it only requires Lipschitz conti-
nuity within a neighborhood of x1, the radius of which is determined by the
desired precision ε. Note that the Lipschitz constant ρ is independent of ε.
Then, we can get the following result.

Theorem 6.2. Consider the concrete system Σ in (6.1) and the abstract system
Σ′ in (6.4). Let ε > 0 be a desired precision. Suppose Assumption 6.1 holds. As-
sume that there exists a η-C-Ω-GPS Lyapunov function V for the augmented
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system Σ̂ and let uv be the associated control interface that is admissible. If fur-
thermore, one has that ‖w‖∞ < ε̃ := σ−1

2 (µα(ᾱ−1(α(ε/ρ)))/4), ∀w ∈ W ;
then, Σ′ �(ε,ε̃)

S Σ if

α−1(ᾱ(η)) + η + α−1

(
ᾱ

(
α−1

(
4σ1(η)

µ

)))
<
ε

ρ
− α−1

(
ᾱ

(
α−1

(
4σ2(‖w‖∞)

µ

)))
.

(6.14)

Proof. Item i) of De�nition 6.6 holds trivially. In the following, we will prove
item ii).

Let there be given (x0, x
′
0) ∈ X̂0 and an input signal v ∈

U ′. Since the control interface uv is admissible, then one has u(t) =
uv(t, v(t), ξ(x0, uv, w, t), ξ

′(x′0, v, t)) ∈ U,∀t ∈ [0,∞). Thus, u ∈ U . Let
q(t) = ξ(x′0, v, t)). Then, one has x2(t) = ξ′(x′0, v, t) = Qη(q(t)),∀t ∈
[0,∞). Let also x1(t) = ξ(x0, uv, w, t)), where uv is the admissible con-
trol interface. To prove item ii) of De�nition 6.6, it is su�cient to prove that
‖h(x1(t))− h(x2(t)‖ ≤ ε, ∀t ∈ [0,∞).

Since V is a η-C-Ω-GPS Lyapunov function for Σ̂, then (6.12) of De�nition
6.5 holds. One has from Theorem 6.1 that

‖x1(t)− q(t)‖ ≤α−1(e−
µ
2
tᾱ(‖x1(0)− q(0)‖))

+ α−1(ᾱ(α−1 (4σ1(η)/µ)))

+ α−1(ᾱ(α−1 (4σ2(‖ω‖∞))/µ))).

In addition, ‖x1(0)− q(0)‖ = ‖ξ(0)− ξ′(0)‖ = ‖x0 − x′0‖ ≤ η. Using (6.14),
one can further get

‖x1(t)− x2(t)‖ ≤ ‖x1(t)− q(t)‖+ ‖q(t)− x2(t)‖
= ‖x1(t)− q(t)‖+ ‖q(t)−Qη(q(t))‖
≤ ε/ρ,

and thus ‖h(x1(t))−h(x2(t))‖ ≤ ρ‖x1(t)−x2(t)‖ ≤ ε. Item ii) of De�nition
6.6 holds and thus Σ′ �(ε,ε̃)

S Σ.

Corollary 6.1. Consider the concrete system Σ in (6.1), the abstract system Σ′

in (6.4), and the desired precision ε > 0. Assume that the concrete system Σ is
δ-GPS. Let uv(t, v(t), x1(t), x2(t)) = v(t),∀t ≥ 0 be the admissible control
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interface with U ′(t) ≡ U . Suppose Assumption 6.1 holds. If furthermore, one has
that ‖w‖∞ < ε̃ := κ−1(ε/ρ),∀w ∈ W ; then, Σ′ ∼=(ε,ε̃)

S Σ if

β(η, 0) + η <
ε

ρ
− κ(‖w‖∞),

where β, κ are given in De�nition 6.2.

Remark 6.5. The construction of symbolic models and the implementation of
the admissible control interface rely on the computation of the state-space ab-
straction and the abstract controller. For di�erent systems, computational tools
have been developed for this purpose, e.g., PESSOA [116], SCOTS [117], and LTL-
Con [118].

Remark 6.6. One key step for the construction of symbolic models is to �nd an
admissible control interface. From De�nition 6.3, one can see that for a control
interface uv to be admissible, the key factor is to �nd an input mapU ′ admissible
to uv . When the input set for the concrete system is unbounded, i.e., U = Rm,
any control interface that maps to Rm is admissible. However, in practical appli-
cations, input saturations are common constraints. We note that when the input
set for the concrete system is bounded, it is not always possible to �nd an admis-
sible control interface. The good news is that, for a certain class of incrementally
quadratic nonlinear systems, we show in the next section that it is possible to
construct an admissible control interface uv , such that Σ robustly approximately
simulates Σ′.

6.5 Incrementally �adratic Nonlinear Systems

In this section, we consider a class of perturbed incrementally quadratic non-
linear systems [119], for which the systematic construction of the admissible
control interface and robust approximately symbolic models is possible. This
kind of nonlinear systems are very useful and include many commonly en-
countered nonlinearities, such as the global Lipschitz nonlinearity, as special
cases.

Consider the nonlinear time-varying system described by

Σ1 :

{
ẋ(t) =Ax(t) +Bu(t) + Ep(t, Cqx+Dqp) + w(t),

y(t) =Cx(t).
(6.15)
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where x ∈ Rn, y ∈ Rl, u ∈ U ⊆ Rm, and w ∈ W ⊂ Rn are the
state, output, control input, and external disturbance, respectively, p : R≥0 ×
Rlp → Rle represents the known continuous nonlinearity of the system, and
A,B,C,E,Cq, Dq are constants matrices of appropriate dimensions.
De�nition 6.7. [120] Given a function p : R≥0 × Rlp → Rle , a symmetric
matrixM ∈ R(lp+le)×(lp+le) is called an incremental multiplier matrix for p if
it satis�es the following incremental quadratic constraint for any q1, q2 ∈ Rlp :[

q2 − q1

p(t, q2)− p(t, q1)

]T
M

[
q2 − q1

p(t, q2)− p(t, q1)

]
≥ 0. (6.16)

Remark 6.7. The incremental quadratic constraint (6.16) includes a broad class
of nonlinearities as special cases. For instance, the globally Lipschitz condition,
the sector bounded nonlinearity, and the positive real nonlinearity pTSq ≥ 0
for some symmetric, invertible matrix S. Some other nonlinearities that can be
expressed using the δ-QC were discussed in [119], [120], such as the case when
the Jacobian of p with respect to q is con�ned in a polytope or a cone.

Assumption 6.2. There exist matrices P = P T � 0, L and a scalar α > 0
such that the following matrix inequality[

P (A+BL) + (A+BL)TP + 2αP PE
ETP 0

]
+

[
Cq Dq

0 I

]T
M

[
Cq Dq

0 I

]
≤ 0

(6.17)

is satis�ed, whereM = MT is an incremental multiplier matrix for function p.

Remark 6.8. The matrix inequality (6.17) is not a linear matrix inequality.
Hence, one can not solve for P,L reliably via, e.g., the interior point method algo-
rithms. However, we note that parameterization methods, such as block diagonal
parameterization [120] can be utilized to transform (6.17) into Ricatti equations
and/or linear matrix inequalities under certain conditions. Moreover, we note that
several necessary and/or su�cient conditions have been provided in [119], [120]
to guarantee the existence of solutions to (6.17).

The abstract system obtained by applying the state-space discretization
(6.3) is given by

Σ′1 :

{
ξ(t) =Qη(x̂(Qη(x(0)), v, t)),

ζ(t) =Cξ(t),
(6.18)
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where ˙̂x(t) = Ax̂+Bv(t) + Ep(t, Cqx̂+Dqp) and v ∈ U ′(t).
According to Remark 6.1, we �rst ignore the input constraint for the

concrete system (6.15) by assuming that U = Rm. The control interface
uv : R≥0 × 2R

m × Rn × [Rn]η → Rm is then designed as

uv(t, v(t), x(t), ξ(t)) = v(t) + L(x(t)− ξ(t)), (6.19)

whereL is the solution of (6.17). One can verify that uv is admissible by letting
U ′(t) = Rm, ∀t ∈ [0,∞). Then, we get the following result.

Theorem 6.3. Consider the concrete system (6.15) with the input set U = Rm
and the abstract system (6.18). The input u(t) of (6.15) is synthesized by the
control interface (6.19). Suppose that Assumption 6.2 holds and the disturbance
set W satis�es ‖w‖∞ < ε̃ := αε

√
λmin(P )/(2‖c‖

√
λmax(P )), ∀w ∈ W ;

then, Σ′1 �
(ε,ε̃)
S Σ1 if the state-space discretization parameter η satis�es

η ≤
(

ε

‖C‖ −
2
√
λmax(P )‖w‖∞
α
√
λmin(P )

)
α
√
λmin(P )

α
√
λmin(P ) +

√
α2λmax(P ) + 2‖L̂‖

,

where L̂ = LTBTPBL and P,L, α are the solution to (6.17).

Proof. Let x̂(t) = x̂(Qη(x(0)), v, t) and e(t) = ξ(t) − x̂(t), then one has
‖e(t)‖ ≤ η,∀t. De�ne δ(t) = x(t)− x̂(t). Then, from (6.15) and (6.18) one has

δ̇(t) =Aδ(t) +BL(δ(t) + e(t))

+ E(p(t, Cqx+Dqp)− p(t, Cqx̂+Dqp)) + w(t)

=Acδ(t) +BLe(t) + EΦp(t, x, x̂) + w(t),

where Ac = A+BL and

Φp(t, x, x̂) = p(t, Cqx+Dqp)− p(t, Cqx̂+Dqp).

Post and pre multiplying both sides of inequality (6.17) by (δ(t),Φp(t, x, x̂))
and its transpose and using condition (6.16) we obtain

δTP δ̇ ≤ −αδTPδ + δTPBLe+ δTPw.

Consider the following Lyapunov function candidate

V (t, x, x̂) = (x− x̂)TP (x− x̂).
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Then, one has λmin(P )‖x − x̂‖2 ≤ V (t, x, x̂) ≤ λmax(P )‖x − x̂‖2. Taking
the derivative of V on t, one has

V̇ (t, x, x̂) = 2δTP δ̇

≤ −2αδTPδ + 2δTPBLe+ 2δTPw

≤ −αV (t, x, x̂) +
2

α
‖L̂‖‖e‖2 +

2

α
‖P‖‖w‖2

≤ −αV (t, x, x̂) +
2

α
‖L̂‖η2 +

2

α
‖P‖‖w‖2.

(6.20)

Therefore, V (t, x, x̂) is a valid η-C-Ω-GPS Lyapunov function for Σ̂1 :=
(Σ1,Σ

′
1), where α(x) = λmin(P )x2, ᾱ(x) = λmax(P )x2, σ1(η) = 2‖L̂‖η2/α

and σ2(‖w‖∞) = 2‖P‖‖w‖2∞/α. In addition, one can verify that Assumption
6.1 holds with ρ = ‖C‖. Then, the conclusion follows from Theorem 6.2.

Next, we will show how to �nd an input map U ′ admissible to uv when
the real input set U is considered.

From Theorem 6.3, we have (6.20) holds. Then, using the comparison prin-
ciple, we can further get

V (t, x(t), x̂(t))

≤e−αtV (t, x(0), x̂(0)) +
2‖L̂‖η2 + 2‖P‖‖w‖2

α2
(1− e−αt)

≤λmax(P )e−αt‖x(0)− x̂(0)‖2 +
2‖L̂‖η2 + 2‖P‖‖w‖2

α2

≤λmax(P )η2 +
2‖L̂‖η2 + 2‖P‖‖w‖2

α2
.

Then, one can further have

‖x(t)− x̂(t)‖ ≤
√
V (t, x(t), ξ(t))

λmin(P )
≤ K1η +K2w̄,

where K1 =

√
λmax(P )/λmin(P ) + 2‖L̂‖/(α2λmin(P )),

K2 =
√

2λmax(P )/(α2λmin(P )), w̄ = maxw∈W{‖w‖∞}, and

‖x(t)− ξ(t)‖ ≤ ‖x(t)− x̂(t)‖+ ‖x̂(t)− ξ(t)‖ ≤ (K1 + 1)η +K2w̄.
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De�ne eu(t) = u(t)− v(t). Then, one has

‖eu(t)‖ = ‖L(x(t)− ξ(t))‖ ≤ ‖L‖((K1 + 1)η +K2w̄). (6.21)

From (6.21), one can see that the norm of the relative error between u(t) and
v(t), i.e., ‖eu(t)‖ is upper bounded, and the radius of the upper bound is de-
termined by η and w̄(due to the special form of control interface that was
designed in (6.19)). Let

Ũ =
{
z ∈ U |dist(z, Fr(U)) < ‖L‖((K1 + 1)η +K2w̄)

}
, (6.22)

be the set of points in U , whose distance to the boundary of U is less than
‖L‖((K1 + 1)η +K2w̄). Then, by choosing

U ′(t) = U \ Ũ ,∀t ∈ [0,∞),

one can guarantee that u(t) ∈ U,∀v(t) ∈ U ′(t),∀t ∈ [0,∞). Moreover, we
note that when Σ1 is deterministic, i.e.,w(t) ≡ 0, one can always �nd U ′(t) 6=
∅,∀t ∈ [0,∞) for all int(U) 6= ∅ since U ′(t)→ U when η → 0.

Note that when Σ1 is deterministic, i.e., w(t) ≡ 0, one can always �nd by
letting η be small enough since U ′(t) → U when η → 0. That is to say, the
control interface uv given by (6.19) is admissible for any U, int(U) 6= ∅.

6.6 Examples

In this section, two simulation examples are provided to validate the e�ective-
ness of the theoretical results.

6.6.1 Example 1

Consider the (undisturbed) time-varying nonlinear system Σ given by

Σ :

ẋ1(t) = Ax1(t) +
1

t+ 1
sin(x1(t)) + u(t),

y1(t) = x1(t),
(6.23)

where x1, y1, u ∈ R2, A = [0.15, 0; 0, 0.05] is a constant matrix and the sinu-
soidal function sin(·) is de�ned element-wise. One can verify that (6.23) is not
δ-ISS.
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Applying the state abstraction (6.3), then the abstract system can be writ-
ten as

Σ′ :

{
x2(t) = Qη(ϕ(Qη(x1(0)), v, t)),

y2(t) = x2(t),
(6.24)

where ϕ̇(t) = Aϕ(t) + sin(ϕ(t))/(t + 1) + v(t) and v(t) ∈ U ′(t). Since
U = R2, one can choose the input map U ′ as U ′(t) = R2, ∀t ≥ 0, which is
admissible to any uv .

The control interface uv : R≥0 × Rn × Rn × [Rn]η → Rn is designed as

uv(t, v(t), x1(t), x2(t)) = v(t) + P−1R(x1(t)− x2(t)), (6.25)

where P = I2, R = −5.4I2 are the solution to the following linear matrix
inequality[

ATP + PA+ 2R+ 2αP P
P 0

]
+

[
nIn 0n
0n − In

]
≤ 0

with a scalar α = 3.7. Let ε = 0.5 be the desired precision. According to
Theorem 6.3, the desired precision ε = 0.5 can be achieved by choosing the
state-space discretization parameter η = 0.18. The goal is to stabilize the sys-
tem Σ to a unit ball around the origin.

The simulation results are shown in Figs. 6.1-6.2. The trajectory x2 of Σ′

is obtained by applying a stabilization controller v(t), and it is represented
by the red line in Figure 6.1 (x2,1, x2,2 are the two state components of x2).
The trajectory x1 of Σ is obtained via the control interface (6.25), and it is
represented by the blue line in Figure 6.1 (x1,1, x1,2 are the two state compo-
nents of x1). The evolution of the output error ‖y1− y2‖ is depicted in Figure
6.2, and one can see that the desired precision 0.5 is satis�ed at any time. The
evolution of the input components v1, v2 for the abstract system Σ′ and the
input components u1, u2 for the concrete system Σ is plotted in Figure 6.3,
respectively.
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Figure 6.1: Output trajectory of the concrete system Σ2 (blue line) and output
trajectory of the abstract system Σ′2 (red line).
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Figure 6.2: The evolution of ‖y − ζ‖.
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Figure 6.3: The evolution of the inputs u and v.

In this example, the desired precision is ε = 0.5 while the simulation result
in Figure 6.2 shows that the output error ‖y1−y2‖ is at most 0.25. This means
that the theoretical bound of η obtained using Theorem 6.3 can be conservative
(due to the use of Lyapunov-like function).

6.6.2 Example 2

Consider a mobile robot moving in R2, the dynamics of which is given by

Σ2 :

{
ẋ1 = Ax1 +Bu+ w,

y1 = x1,
(6.26)

where
A =

[
0.2 0.3
0.5 − 0.5

]
, B =

[
1 0
0 1

]
.

The input set U = [−5, 5] × [−5, 5] and the disturbance set W =
[−0.05, 0.05]× [−0.05, 0.05]. It is readily seen that Σ2 is not δ-ISS.
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Figure 6.4: Output trajectories of the concrete system Σ2 (blue lines) for 100
realizations of disturbance signals and output trajectory of the abstract system
Σ′2 (red line).

The problem is to drive the robot in the bounded workspace W shown in
Figure 6.4, where the three grey solid polygons O1, O2, O3 represent obsta-
cles and the three green solid polygons S1, S2, S3 represent target regions.
The goal of the motion planning problem consists in visiting all the three
target regions S1, S2, S3 in�nitely many times while avoiding collision with
the obstacles. This speci�cation can be represented by an LTL [17] formula
φ = GW ∧ G(¬(O1 ∨O2 ∨O3)) ∧ GF(S1 ∧ S2 ∧ S3).

Let the desired precision be ε = 1. The control interface is designed as

uv(t, v(t), x(t), ξ(t)) = v(t)− 1

2
BTP (x(t)− ξ(t)), (6.27)

where P is the solution to the ARE

ATP + PA− PBBTP + I2 = 0.
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Figure 6.5: The evolution of ‖y1 − y2‖ for 100 realizations of disturbance sig-
nals.
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Figure 6.6: The evolution of the inputs u (blue lines) for 100 realizations of
disturbance signals and v (red line).

According to Theorem 6.3, the desired precision ε can be achieved by
choosing the state-space discretization parameter η = 0.15. Then, by further
choosing U ′(t) = [−3.5, 3.5]× [−3.5, 3.5],∀t ≥ 0, one can guarantee that the
control interface (6.27) is admissible. The abstract system (obtained by apply-
ing the state-space abstraction (6.3)) is denoted by Σ′2 and the output of Σ′2 is
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denoted by y2.
Using the LTL control synthesis toolbox LTLCon [118], we �rst synthe-

size a trajectory and the associated control policy for the abstract system Σ′2,
which is shown by the red solid line in Figure 6.4. One can see that any trajec-
tory remaining within the distance 1 from this trajectory satis�es the problem
speci�cation.

The output trajectory y1 of Σ2 is obtained by applying the synthesized
input for the abstract system Σ′2 via the control interface (6.27). Furthermore,
in order to validate robustness, we run 100 realizations of the disturbance tra-
jectories. The resulting trajectories for these 100 realizations are shown (by
the solid blue line) in Figure 6.4. One can see that all the trajectories satisfy
the goal of the motion planning problem. The evolution of the output error
‖y1 − y2‖ for the 100 realizations is depicted in Figure 6.5, and one can see
that the desired precision is preserved at any time. In addition, the evolution of
the input components v1, v2 for the abstract system Σ′2 and the input compo-
nents u1, u2 for the concrete system Σ2 are plotted in Figure 6.6, respectively.
One can see that u ∈ U (i.e., the input constraint is satis�ed) at any time.

Similar to Example 1, the desired precision is ε = 1 in this example while
the simulation result in Figure 6.5 shows that the output error ‖y1 − y2‖ is at
most 0.25. This again means that the theoretical bound of η can be conserva-
tive.

6.7 Summary

This chapter involved the construction of discrete state-space symbolic mod-
els for continuous-time uncertain nonlinear systems. Firstly, a stability notion
called η-C-Ω-GPS and its Lyapunov function characterizations were proposed.
After that, a notion of robust approximate (bi)simulation relation was further
introduced. It was shown that every continuous-time uncertain concrete sys-
tem, under the condition that there exists an admissible control interface such
that the augmented system can be made η-C-Ω-GPS, robustly approximately
simulates its discrete state-space abstraction.



Chapter 7

Robust Satisfiability Check and Con-
trol Synthesis under STL Specifica-
tions

Linear temporal logic (LTL) formulae are useful for expressing complex spec-
i�cations for dynamical systems. For �nite transition systems, automated-
based approaches are well-established for the model checking and control
synthesis under LTL speci�cations. When in�nite systems is considered, we
showed in Chapter 6 that symbolic models can be constructed to assist con-
trol synthesis. Compared to LTL, signal temporal logic (STL) further allows
to specify desired quantitative temporal and spatial properties on the system,
which is bene�cial for cyber-physical systems [121]. Nevertheless, the auto-
mated control synthesis under STL speci�cations has not been investigated to
the same extent. In this chapter, we study the online control synthesis of un-
certain systems under STL speci�cations, in which a new approach based on
STL, reachability analysis, and the notion of tube-based temporal logic trees
is proposed. In addition to the control synthesis problem, we also study the
robust satis�ability check problem, i.e., check whether or not there exists a
control policy such that the resulting trajectory of the underlying system sat-
is�es properties speci�ed by the STL formula under all possible uncertainties.

7.1 Introduction

Rapid growth of robotic applications, such as autonomous vehicles and service
robots, has stimulated the need of new control synthesis approaches to safely

128
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accomplish more complex objectives such as nondeterministic, periodic, or se-
quential tasks. Temporal logics, such as linear temporal logic (LTL) [17] and
signal temporal logic (STL) [18], have shown capability in expressing such ob-
jectives for dynamical systems in the last decade. Various control approaches
have been developed accordingly.

LTL focuses on the Boolean satisfaction of properties by given signals. Ex-
isting control approaches that use LTL mainly rely on a �nite abstraction of the
system dynamics and a language equivalent automata [19] representation of
the LTL speci�cation. The controller is synthesized by solving a game over the
product automata [20], [21]. Other control approaches include optimization-
based [122], [123] and sampling-based methods [124], [125]. STL is a more
recently developed temporal logic, which allows the speci�cation of proper-
ties over dense-time. Due to a number of advantages, such as explicitly treat-
ing real-valued signals [18], and admitting qualitative semantics [23], control
synthesis under STL speci�cations has gained popularity in the last few years.

Existing approaches that deal with control synthesis under STL speci�ca-
tions include barrier function [24], [25] and optimization methods [26]–[28].
Barrier function methods are mainly used for continuous-time systems. The
idea is to transfer the STL formula into one or several (time-varying) control
barrier functions, and then obtain feedback control laws by solving quadratic
programs [24], [25]. This method is computationally e�cient. However, as
the existence and design of barrier functions are still open problems, it cur-
rently mainly applies to deterministic a�ne systems. Optimization methods
are mainly used for discrete-time systems. The idea is to encode STL formu-
las as mixed-integer constraints, and then the satisfying controller can be ob-
tained by solving a series of optimization problems [26], [27]. An extension
of the mixed-integer formulation is investigated for linear systems with addi-
tive bounded disturbances in [28], where the controller is obtained by solving
the optimization problem at each time step in a receding horizon fashion. The
mixed-integer programming approach is sound but not complete for uncer-
tain systems. Moreover, it deals with only bounded STL speci�cations. Other
control synthesis approaches include sampling-based [29] and learning-based
methods [30], [31].

We note that although various methods exist for the control synthesis un-
der STL speci�cations, guaranteeing robustness under uncertainties is still a
challenging problem. One core contribution of this chapter is on robust con-
trol synthesis for uncertain systems under STL speci�cations. In addition, we
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also study the satis�ability check problem, i.e., the problem to check whether
or not there exists a control policy such that the resulting trajectory of the un-
derlying system satis�es properties speci�ed by the temporal logic formula.
To the best of our knowledge, the satis�ability check problem and its robust
variant for uncertain systems (i.e., check the existence of a control policy un-
der all possible uncertainties) under STL speci�cations have not been solved
so far.

Motivated by the above considerations, this chapter considers the ro-
bust satis�ability check and online control synthesis problems for uncertain
discrete-time systems under STL speci�cations. It is inspired by [126], where
relationships between temporal operators and reachable sets are developed,
and [127], where the notion of temporal logic tree (TLT) is proposed for LTL.
However, we note that it is far from straightforward to extend these results
to general STL formulas. The contributions of this chapter are summarized as
follows:

(i) A real-time version of satisfaction relation and a tube-based temporal
logic tree (tTLT) are proposed for STL formulas. A correspondence be-
tween STL formulas and tTLT is established via reachability analysis
on the underlying systems. An algorithm is proposed for the automated
construction of tTLT. Note that the tTLTs in this chapter are di�erent
from the TLTs de�ned for LTL formulas in [127], due to the time con-
straints encoded in the STL formulas.

(ii) We use the tTLT to address the STL robust satis�ability check problem.
A su�cient condition is obtained for uncertain systems. That is, the STL
robust satis�ability check can be replaced by a tTLT robust satis�ability
check. Moreover, when the underlying system is deterministic, a neces-
sary and su�cient condition is obtained for the satis�ability check.

(iii) We solve the STL control synthesis problem for uncertain systems. An
online control synthesis algorithm is proposed based on the constructed
tTLT from the STL formula. When the STL formula is robustly satis�able
and the initial state of the system belongs to the initial root node of the
tTLT, it is proven that the trajectory generated by the proposed online
control synthesis algorithm satis�es the STL formula.
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7.2 Problem Formulation

7.2.1 Model description

Consider an uncertain discrete-time control system of the form

xk+1 = f(xk, uk, wk), (7.1)

where xk := x(tk) ∈ Rn, uk := u(tk) ∈ U,wk := w(tk) ∈ W,k ∈ N
are the state, control input, and disturbance at time tk, respectively. The time
sequence {tk} can be seen as a sequence of sampling instants, which satisfy
t0 < t1 < · · · . The control input is constrained to a compact set U ⊂ Rm and
the disturbance is constrained to a compact set W ⊂ Rl.

De�nition 7.1. A control policy ν = ν0ν1 . . . νk . . . is a sequence of maps
νk : Rn → U , ∀k ∈ N. Denote by U≥k the set of all control policies that start
from time tk.

De�nition 7.2. A disturbance signalw = w0w1 . . . wk . . . is called admissible
if wk ∈W, ∀k ∈ N. Denote byW≥k the set of all admissible disturbance signals
that start from time tk.

The solution of (7.1) is de�ned as a discrete-time signal x := x0x1 . . ..
We call x a trajectory of (7.1) if there exists a control policy ν ∈ U≥0 and a
disturbance signal w ∈ W≥0 satisfying (7.1), i.e.,

xk+1 = f(xk, νk(xk), wk),∀k.

We use xν,wx0 (tk) to denote the trajectory point reached at time tk under the
control policy ν and the disturbance w from initial state x0 at time t0.

The deterministic system is de�ned by

xk+1 = fd(xk, uk) (7.2)

and xνx0(tk) denotes the solution at time tk of the deterministic system when
the control policy is ν and the initial state is x0 at time t0.

7.2.2 Reachability operators

The de�nitions of maximal and minimal reachable tube are given as follows.
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De�nition 7.3. Consider the system (7.1), three sets Ω1,Ω2, C ⊆ Rn, and a
time interval [a, b]. The maximal reachable tube from Ω1 to Ω2 is de�ned as

RM (Ω1,Ω2, C, [a, b], k) =
{
xk ∈ Ω1 | ∃ν ∈ U≥k,∀w ∈ W≥k,

s.t. ∃tk′ ∈ [max{a, tk}, b],xν,wxk (tk′) ∈ Ω2,

∀tk′′ ∈ [tk, tk′ ],x
ν,w
xk

(tk′′) ∈ C
}
, tk ∈ [0, b].

The set RM (Ω1,Ω2, C, [a, b], k) collects all states in Ω1 at time tk from
which there exists a control policy ν ∈ U≥k that, despite the worst distur-
bance signals, drives the system to the target set Ω2 at some time instant
tk′ ∈ [max{a, tk}, b] while satisfying constraints de�ned by C prior to reach-
ing the target.

De�nition 7.4. Consider the system (7.1), two sets Ω1,Ω2 ⊆ Rn, and a time
interval [a, b]. The minimal reachable tube from Ω1 to Ω2 is de�ned as

Rm(Ω1,Ω2, [a, b], k) =
{
xk ∈ Ω1 | ∀ν ∈ U≥k,∃w ∈ W≥k,

s.t. ∃tk′ ∈ [max{a, tk}, b],xν,wxk (tk′) ∈ Ω2

}
, tk ∈ [0, b].

The setRm(Ω1,Ω2, [a, b], k) collects all states in Ω1 at time tk from which
no matter what control policy ν is applied, there exists a disturbance sig-
nal that drives the system to the target set Ω2 at some time instant tk′ ∈
[max{a, tk}, b]. In this de�nition, the constraint set C is redundant.

7.2.3 Problems

Before proceeding, the following de�nitions are required.

De�nition 7.5. (Satis�ability) Consider the deterministic system (7.2) and the
STL formula ϕ. We say ϕ is satis�able from the initial state x0 if there exists a
control policy ν such that

xνx0 � ϕ. (7.3)

De�nition 7.6. (Robust satis�ability) Consider the uncertain system (7.1) and
the STL formula ϕ. We say ϕ is robustly satis�able from the initial state x0 if
there exists a control policy ν such that

xν,wx0 � ϕ,∀w ∈ W≥0. (7.4)
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Given an STL formula ϕ, let

Sϕ := {x0 ∈ Rn|ϕ is (robustly) satis�able from x0} (7.5)

denote the set of initial states from which ϕ is (robustly) satis�able. Then, one
has the following Lemma.

Lemma 7.1. [126] Consider the system (7.1) and the STL formulas ϕ, ϕ1, and
ϕ2. Then, one has

i) until: Sϕ1U[a,b]ϕ2 = RM (Rn,Sϕ2 , Sϕ1 , [a, b], 0);

ii) always: SG[a,b]ϕ = Rm(Rn,Sϕ, [a, b], 0).

The problems under consideration are now formulated as follows.

Problem 7.1 (Robust satis�ability check). Consider the system (7.1) and a task
speci�cation expressed as an STL formula ϕ. For an initial state x0, determine
whether the task speci�cation ϕ is robustly satis�able or not.

Problem 7.2 (Online control synthesis). Consider the system (7.1) and a task
speci�cation expressed as an STL formula ϕ. For an initial state x0, �nd, if there
exists, a control policy ν = ν0ν1 . . . νk . . . such that the resulting trajectory
x = x0x1 . . . xk . . . satis�es ϕ.

7.3 Real-Time STL Semantics

In this section, a real-time version of STL semantics is proposed.
It has been proven in [28] that each STL formula has an equivalent STL

formula in positive normal form, i.e., negations only occur adjacent to predi-
cates. The syntax of the positive normal form STL is given by

ϕ ::= > | µ | ¬µ | ϕ1 ∧ ϕ2 | ϕ1 ∨ ϕ2 | ϕ1UIϕ2 | GIϕ. (7.6)

Before proceeding, the following de�nition is required.

De�nition 7.7 (Su�x and Completions). Given a discrete-time signal x =
x0x1 . . ., we say that a partial signal s = slsl+1 . . . , l ∈ N, is a su�x of the
signal x if ∀k′ ≥ l, sk′ = xk′ . The set of completions of a partial signal s,
denoted by C(s), is given by

C(s) := {x : s is a su�x of x}.
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Given a time instant tk and a time interval [a, b], denote by

tk + [a, b] := [tk + a, tk + b].

The satisfaction relation of a partial signal s = slsl+1 . . . starting from time
instant tl is de�ned.

De�nition 7.8. The real-time STL semantics are recursively de�ned by

(s, tl) |� µ ⇔ gµ(s(tl)) ≥ 0, tl = t0,

(s, tl) |� ¬µ ⇔ ¬((s, tl) |� µ), tl = t0,

(s, tl) |� ϕ1 ∧ ϕ2 ⇔ (s, tl) |� ϕ1 ∧ (s, tl) |� ϕ2,

tl ∈ t0 + [0, ||ϕ1 ∧ ϕ2||],
(s, tl) |� ϕ1 ∨ ϕ2 ⇔ (s, tl) |� ϕ1 ∨ (s, tl) |� ϕ2,

tk ∈ t0 + [0, ||ϕ1 ∨ ϕ2||],
(s, tl) |� ϕ1U[a,b]ϕ2 ⇔ ∃tk′ ∈ [max{t0 + a, tl}, t0 + b]

s.t. (s, tk′) |� ϕ2 ∧ ∀tk′′ ∈ [tl,

tk′ ], (s, tk′′) |� ϕ1, tl ∈ t0 + [0, b],

(s, tl) |� G[a,b]ϕ1 ⇔ ∀tk′ ∈ [max{t0 + a, tl}, t0 + b]

s.t. (s, tk′) |� ϕ1, tl ∈ t0 + [0, b].

The real-time satisfaction relation (s, tl) |� ϕ denotes that the partial
signal s is the su�x of a satisfying trajectory that starts from t0, i.e.,

(s, tl) |� ϕ⇐ ∃x ∈ C(s), (x, t0) � ϕ.

Note that when tl = t0, the satisfaction relation (s, tl) |� ϕ degenerates to
(s, tl) � ϕ.

De�nition 7.9. Consider the deterministic system (7.2) and the STL formula ϕ.
We say ϕ is satis�able from the state xk at time tk if there exists a control policy
ν ∈ U≥k such that

(xνxk , tk) |� ϕ.
De�nition 7.10. Consider the uncertain system (7.1) and the STL formula ϕ.
We say ϕ is robustly satis�able from the state xk at time tk if there exists a
control policy ν ∈ U≥k such that

(xν,wxk , tk) |� ϕ,∀w ∈ W≥k.
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Note that when tk = t0, De�nitions 7.10 and 7.9 degenerate to De�nitions
7.6 and 7.5, respectively. Given an STL formula ϕ, let

Sϕ(tk) := {xk ∈ Rn|ϕ is (robustly) satis�able from xk at tk} (7.7)

denote the set of states from which ϕ is robustly satis�able at tk. Then, we
have the following result.

Theorem 7.1. Consider the system (7.1), a predicate µ, and STL formulas ϕ1,
and ϕ2. Then,

i) negation: S¬µ(tk) = Sµ(tk);

ii) conjunction: Sϕ1∧ϕ2(tk) ⊆ Sϕ1(tk) ∩ Sϕ2(tk);

iii) disjunction: Sϕ1∨ϕ2(tk) ⊇ Sϕ1(tk) ∪ Sϕ2(tk);

iv) until: Sϕ1U[a,b]ϕ2(tk) = RM (Rn,Sϕ2 , Sϕ1 , [a, b], k);

v) always: SG[a,b]ϕ1(tk) = Rm(Rn, Sϕ1 , [a, b], k),

where Sϕ1 and Sϕ2 are de�ned in (7.5).

Proof. Item i) is trivial. The proofs of items iv) and v) follow from Lemma 7.1
and De�nitions 7.3, 7.4, and 7.8. In the following, we will prove items ii) and
iii).

Assume that xk ∈ Sϕ1∧ϕ2(tk). According to De�nition 7.8 and (7.7), one
has that there exists a control policy ν ∈ U≥k such that

(xν,wxk , tk) |� ϕ1, ,∀w ∈ W≥k ∧ (xν,wxk , tk) |� ϕ2,∀w ∈ W≥k.

That is, xk ∈ Sϕ1(tk), xk ∈ Sϕ2(tk). Thus, xk ∈ Sϕ1∧ϕ2(tk) ⇒ xk ∈
Sϕ1(tk) ∩ Sϕ2(tk). The other direction may not hold because it could hap-
pen that for a state xk, there exist two control policies ν1,ν2 ∈ U≥k such
that (xν1,wxk , tk) |� ϕ1, (x

ν2,w
xk , tk) |� ϕ2,∀w ∈ W≥k (i.e., xk ∈ Sϕ1(tk) ∩

Sϕ2(tk)). However, there is no control policy which ensures the robust satis-
faction of ϕ1 ∧ ϕ2 at tk.

Assume now that xk ∈ Sϕ1(tk), then one has that there exists a control
policy ν ∈ U≥k such that (xν,wxk , tk) |� ϕ1,∀w ∈ W≥k. Moreover, according
to STL syntax, one further has (xν,wxk , tk) |� ϕ1 ∨ ϕ2, ∀w ∈ W≥k. That is,
xk ∈ Sϕ1(tk)⇒ xk ∈ Sϕ1∨ϕ2(tk). Similarly, one can also get xk ∈ Sϕ2(tk)⇒
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xk ∈ Sϕ1∨ϕ2(tk). Therefore, xk ∈ Sϕ1(tk) ∪ Sϕ2(tk) ⇒ xk ∈ Sϕ1∨ϕ2(tk).
The other direction may not hold because it could happen that there exists no
state such that either ϕ1 or ϕ2 is robustly satis�able from at tk, i.e., Sϕ1(tk) =
∅, Sϕ2(tk) = ∅ and thus Sϕ1(tk) ∪ Sϕ2(tk) = ∅. However, there exists a state
x∗k from which there exists a control policy ν ∈ U≥k such that

(xν,w1

x∗k
, tk) |� ϕ1, ∀w1 ∈ W1 ∧ (xν,w2

x∗k
, tk) |� ϕ2,∀w2 ∈ W≥k \W1,

whereW1 ⊂ W≥k. In this case, one has x∗k ∈ Sϕ1∨ϕ2(tk).

Note that in item iii), xk ∈ Sϕ1∨ϕ2(tk) ⇒ xk ∈ Sϕ1(tk) ∪ Sϕ2(tk) does
not hold due to the uncertainty caused by the disturbances. For deterministic
systems (7.2), we have the following result.

Corollary 7.1. Consider the deterministic system (7.2) and the STL formulas
ϕ1, ϕ2. Then, item i)-ii), iv)-v) of Theorem 7.1 hold and

Sϕ1∨ϕ2(tk) = Sϕ1(tk) ∪ Sϕ2(tk).

7.4 Tube-Based Temporal Logic Tree

In our previous work [127], a notion of TLT is proposed for LTL formula. In
this chapter, STL formulas are considered and a tTLT is introduced.

De�nition 7.11. A tTLT is a tree for which

• each node is either a tube node that maps from the nonnegative time
axis, i.e., R≥0, to the subset of Rn, or an operator node that belongs to
{∧,∨,UI,GI};

• the root node and the leaf nodes are tube nodes;

• if a tube node is not a leaf node, its unique child is an operator node;

• the children of any operator node are tube nodes.

De�nition 7.12. A complete path of a tTLT is a path that starts from the root
node and ends at a leaf node. Any subsequence of a complete path is called a
fragment of the complete path.

Then, the following result is obtained.
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Theorem 7.2. For the system (7.1) and every STL formula ϕ in positive nor-
mal form (7.6), a tTLT, denoted by Tϕ, can be constructed from ϕ through the
reachability operatorsRM andRm.

Proof. Firstly, we show that each predicate µ and its negation ¬µ have a cor-
responding tTLT. Given a predicate µ, one has Sµ = {x0 : gµ(x0) ≥ 0}. Then,
the tTLT Tµ (or T¬µ) has only one root node, which is given by Sµ (or Sµ).
Following the similar idea, we can show that > (or ⊥) has a corresponding
tTLT that only has a root node, which is given by Rn (or ∅).

Then, we will prove that if the STL formulasϕ1 andϕ2 have corresponding
tTLTs, respectively, then the STL formulas ϕ1 ∧ ϕ2, ϕ1 ∨ ϕ2, ϕ1U[a,b]ϕ2, and
G[a,b]ϕ1 have their corresponding tTLTs, respectively.

Case 1: Boolean operators ∧ and ∨. Consider two STL formulas ϕ1, ϕ2

and their corresponding tTLTs Tϕ1 , Tϕ2 . The root nodes of Tϕ1 , Tϕ2 are de-
noted by Xϕ1(tk) and Xϕ2(tk), respectively. The tTLT Tϕ1∧ϕ2 (Tϕ1∨ϕ2 ) can
be constructed by connecting Xϕ1(tk) and Xϕ2(tk) through the operator
node ∧ (∨) and taking the intersection (or union) of the two root nodes, i.e.,
Xϕ1(tk) ∩ Xϕ2(tk) (Xϕ1(tk) ∪ Xϕ2(tk)), to be the root node. An illustrative
diagram for ϕ1 ∧ ϕ2 is given in Figure 7.1.

Xϕ1(tk)

· · ·
∧

Xϕ2(tk)

· · ·
⇒

Xϕ1(tk) ∩ Xϕ2(tk)

∧

Xϕ1(tk) Xϕ2(tk)

· · · · · ·

Figure 7.1: Illustrative diagram of construction tTLT for ϕ1 ∧ ϕ2.

Case 2: Until operator U[a,b]. Consider two STL formulas ϕ1, ϕ2 and their
corresponding tTLTs Tϕ1 , Tϕ2 . The root nodes of Tϕ1 , Tϕ2 are denoted by
Xϕ1(tk) and Xϕ2(tk), respectively. In addition, the leaf nodes of Tϕ1 are de-
noted by Y1

ϕ1
(tk), · · · ,YNϕ1

(tk), where N is the total number of leaf nodes of
Tϕ1 . The tTLT Tϕ1U[a,b]ϕ2 can be constructed by the following steps: 1) replace
each leaf node Yiϕ1

(tk) by RM (Rn,Xϕ2(t0),Yiϕ1
(t0), [a, b], k); 2) update Tϕ1
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from the leaf nodes to the root node with the new leaf nodes; and 3) con-
nect each leaf node of the updated Tϕ1 and the root node of Tϕ2 , i.e., Xϕ2(tk),
with the operator node U[a,b]. One illustrative diagram for U[a,b] is given in
Figure 7.2.

Xϕ1(tk)

· · ·

...

Y1
ϕ1
(tk) YN

ϕ1
(tk)· · ·

U[a,b]

Xϕ2(tk)

· · ·
⇒

X̂ϕ1(tk)

· · ·

...

RM(Rn,Xϕ2(t0),Y1
ϕ1
(t0), [a, b], k) RM(Rn,Xϕ2(t0),YN

ϕ1
(t0), [a, b], k)· · ·

U[a,b] U[a,b]

Xϕ2(tk) Xϕ2(tk)

· · · · · ·

Figure 7.2: Illustrative diagram of construction tTLT for ϕ1U[a,b]ϕ2.

Case 3: Always operator G[a,b]. Consider an STL formula ϕ1 and its cor-
responding tTLT Tϕ1 . The root node of Tϕ1 is given by Xϕ1(tk). The tTLT
TG[a,b]ϕ1 can be constructed by connecting Xϕ1(tk) through the operator G[a,b]

and making the tubeRm(Rn,Xϕ1(t0), [a, b], k) the root node. An illustrative
diagram for G[a,b] is given in Figure 7.3.

G[a,b]

Xϕ1(tk)

· · ·
⇒

Rm(Rn,Xϕ1(t0), [a, b], k)

G[a,b]

Xϕ1(tk)

· · ·

Figure 7.3: Illustrative diagram of construction tTLT for G[a,b]ϕ1.
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Based on Theorem 7.2, Algorithm 7.1 is designed for the construction of
tTLT Tϕ. It takes the syntax tree1 of the STL formula ϕ as input. For an STL
formula, the nodes of its syntax tree are either predicate or operator nodes. In
addition, all the leaf nodes are predicates and all other nodes are operators.

Algorithm 7.1 tTLTConstruction

Input: the syntax tree of STL formula ϕ.
Output: the tTLT Tϕ.

1: for each leaf node µ (or ¬µ) of the syntax tree do,
2: Replace µ (or ¬µ) by Sµ (or S¬µ),
3: end for
4: for each operator node of the syntax tree through a bottom-up traversal,

do
5: Construct Tϕ according to Theorem 7.2,
6: end for

Example 7.1. Consider the formulaϕ = F[a1,b1]G[a2,b2]µ1∧µ2U[a3,b3]µ3, where
µi, i = {1, 2, 3} are predicates. The syntax tree of ϕ is shown on the left-hand
side of Figure 7.4. The corresponding TLT for ϕ (constructed using Algorithm 7.1)
is shown on the right-hand side of Figure 7.4, where

X4(tk) = Rm(Rn, Sµ1 , [a2, b2], k),

X3(tk) = RM (Rn,Sµ3 , Sµ2 , [a3, b3], k),

X2(tk) = RM (Rn,X4(t0),Rn, [a1, b1], k),

X1(tk) = X2(tk) ∩ X3(tk).

Remark 7.1. Given an STL formula ϕ in positive normal form, letN denote the
number of Boolean operators andM the number of temporal operators contained
in ϕ. Let Tϕ be the tTLT corresponds to ϕ. Then, Tϕ has at most 2N number of
complete paths. In addition, each complete path has at most 2(N + M) + 1
number of nodes, out of which at most N + M are non-root tube nodes. Thus,
one can conclude that Tϕ contains at most 4N(N + M) + 1 number of nodes,
out of which at most 2N(N +M) + 1 number of tube nodes.

1A syntax tree is a tree representation of the syntactic structure of the source code [128].
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∧

F[a1,b1]

G[a2,b2]

µ1

U[a3,b3]

µ2 µ3
⇒

X1(tk)

∧

X2(tk)

U[a1,b1]

X4(tk)

G[a2,b2]

Sµ1

X3(tk)

U[a3,b3]

Sµ3

Figure 7.4: Example 7.1: syntax tree (left) and tTLT (right) for ϕ =
F[a1,b1]G[a2,b2]µ1 ∧ µ2U[a3,b3]µ3. Recall that F[a,b]ϕ = >U[a,b]ϕ.

7.5 Robust Satisfiability Check

This section addresses robust satis�ability check as de�ned by Problem 7.1.
Before that, we need to de�ne the satisfaction relation between a trajectory
and a tTLT.

7.5.1 Definitions

We �rst de�ne the maximal temporal fragment (MTF) for a tTLT, which plays
an important role when simplifying the tTLT.

De�nition 7.13. A MTF of a complete path of the tTLT is one of the following
types of fragment:

1) a fragment from the root node to the parent of the �rst Boolean operator
node (∧ or ∨);
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2) a fragment from one child of one Boolean operator node to the parent of
the next Boolean operator node;

3) a fragment from one child of the last Boolean operator node to the leaf
node.

One can conclude from De�nition 7.13 that any MTF starts and ends with
a tube node and contains no Boolean operator nodes.

De�nition 7.14. A time coding of (a complete path of) the tTLT is an assign-
ment of an activation time instant tκi , κi ∈ N for each tube node Xi of (the
complete path of) the tTLT.

Now, we further de�ne the satisfaction relation between a trajectory x
and a complete path of the tTLT.

De�nition 7.15. Consider a trajectory x := x0x1 . . . and a complete path p
of a tTLT encoded in the form of p = X0Θ1X1Θ2 . . .ΘNfXNf , whereNf is the
number of operator nodes contained in the complete path,Xi : R≥0 → 2R

n
, ∀i ∈

{0, 1, . . . , Nf} represent tube nodes, and Θj , ∀j ∈ {1, . . . , Nf} represent oper-
ator nodes. We say x satis�es p, denoted by x ∼= p, if there exists a time coding
for p such that

i) if Θi ∈ {∧,∨}, then tκi = tκi−1 ;

ii) if Θi = UI, then tκi ∈ tκi−1 + I;

iii) if Θi = GI, then tκi = argmaxtk{tk ∈ tκi−1 + I}.
and

iv) xk ∈ Xi(tk−κi),∀k ∈ [κi, κi+1], i = 0, . . . , Nf − 1;

v) xκNf ∈ XNf (t0).

Remark 7.2. From items i)-iii) of De�nition 7.15, one has that tκ0 ≤ tκ1 ≤
· · · ≤ tκNf . This means that if a trajectory x ∼= p, it must visit each tube node
Xi of the complete path p sequentially. In addition, we can further conclude from
items i)-v) that the trajectory x has to stay in each tube node Xi for su�ciently
long time steps.

With De�nition 7.15, the satisfaction relation between a trajectory x and
a tTLT can be de�ned as follows.
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De�nition 7.16. Let there be given a trajectory x and a tTLT Tϕ. We say x
satis�es Tϕ, denoted by x ∼= Tϕ, if the output of Algorithm 7.2 is true.

De�nition 7.17. (Robust satis�able tTLT) The tTLT Tϕ is called robust sat-
is�able for the system (7.1) with initial state x0 if there exists a control policy
ν ∈ U≥0 such that xν,wx0 ∼= Tϕ,∀w ∈ W≥0.

Algorithm 7.2 tTLTSatisfaction

Input: a trajectory x and a tTLT Tϕ.
Output: true or false.

1: T cϕ ← Compression(Tϕ),
2: set all tube nodes in T cϕ with false,
3: for each complete path of Tϕ, do
4: if x satis�es the complete path then
5: set the leaf node of the corresponding complete path in T cϕ with

true,
6: else
7: set the leaf node of the corresponding complete path in T cϕ with

false,
8: end if
9: end for

10: Backtracking(T cϕ ).

Algorithm 7.3 Compression

Input: a tTLT Tϕ.
Output: the compressed tree T cϕ .

1: for each complete path of Tϕ, do
2: for each MTF, do
3: encode the MTF in the form of X1Θ1 . . .ΘNf−1XNf ,
4: replace the MTF with one tube node ∪Nfi=1Xi,
5: end for
6: end for

We further detail the Compression algorithm (Algorithm 7.3) and the Back-
tracking algorithm (Algorithm 7.4) in the following. Algorithm 7.3 aims at ob-
taining a simpli�ed tree with Boolean operator nodes only. To do so, we �rst
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encode each MTF in the form ofX1Θ1 . . .ΘNf−1XNf (line 3), and then replace
it with one tube node (line 4). Algorithm 7.4 takes the compressed tree T cϕ as
an input, and the output is the updated root node. This is done by updating
the parent of each Boolean operator node through a bottom-up traversal. In
Algorithm 7.4, PA(Θ) and CH1(Θ),CH2(Θ) represent the parent node and
the two children of Θ ∈ {∧,∨}, respectively.

Algorithm 7.4 Backtracking

Input: a compressed tree T cϕ .
Output: the root node of T cϕ .

1: for each Boolean operator node Θ of T cϕ through a bottom-up traversal,
do

2: if Θ = ∧, then
3: PA(Θ)← PA(Θ) ∨ (CH1(Θ) ∧ CH2(Θ)),
4: else
5: PA(Θ)← PA(Θ) ∨ (CH1(Θ) ∨ CH2(Θ)),
6: end if
7: end for

Example 7.2. Let us continue with Example 7.1. The tTLT Tϕ (right of Fig. 7.4)
contains 2 complete paths, i.e.,

p1 := X1 ∧ X2U[a1,b1]X4G[a2,b2]Sµ1
and

p2 := X1 ∧ X3U[a3,b3]Sµ3 ,
and 3 MTFs, i.e., X1, X2U[a1,b1]X4G[a2,b2]Sµ1 , and X3U[a3,b3]Sµ3 . Let

{tκ1 , tκ2 , tκ4 , tκ5}
be the time coding of the complete path p1, where tκ1 , tκ2 , tκ4 , and tκ5 are the
activation time instants of the tube nodes X1,X2,X4, and X5 := Sµ1 , respec-
tively. Then, we have according to De�nition 7.15 that a trajectory x ∼= p1 if i)
tκ1 = tκ2 ; ii) tκ3 ∈ tκ2 + [a1, b1]; iii) tκ4 = argmaxtk{tk ∈ tκ3 + [a2, b2]}; iv)
x0 ∈ X1(t0), xk ∈ X2(tk−κ2),∀k ∈ [κ2, κ3], xk ∈ X4(tk−κ3),∀k ∈ [κ3, κ4],
and v) xκ4 ∈ X5.

The compressed tree T cϕ is shown in Fig. 7.5. If a trajectory x satis�es both of
the complete paths p1 and p2, the output of Algorithm 7.2 is true, otherwise, the
output is false. �
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X1(tk)

∧

X2(tk) ∪ X4(tk) ∪ Sµ1 X3(tk) ∪ Sµ3

Figure 7.5: Example 7.2: compressed tree T cϕ , where Tϕ is plotted in Figure 7.4.

7.5.2 Robust satisfiability check

Firstly, a su�cient condition is obtained for the robust satis�ability check of
the uncertain system (7.1).

Theorem 7.3. Let there be given the uncertain system (7.1) with initial state x0

and an STL formula ϕ. Let Tϕ be the tTLT corresponding to ϕ. Then, one has that
ϕ is robustly satis�able for (7.1) if the tTLT Tϕ is robustly satis�able for (7.1).

Proof. From De�nitions 7.6 and 7.17, one has that to prove Theorem 7.3, it is
equivalent to prove xν,wx0 ∼= Tϕ, ∀w ∈ W≥0 ⇒ xν,wx0 � ϕ,∀w ∈ W≥0. Given
one instance of disturbance signal w, if one has xν,wx0 ∼= Tϕ ⇒ xν,wx0 � ϕ,
then it implies xνx0 ∼= Tϕ, ∀w ∈ W≥0 ⇒ xν,wx0 � ϕ,∀w ∈ W≥0. Therefore, it
is su�cient to prove xν,wx0 ∼= Tϕ ⇒ xν,wx0 � ϕ.

In the following, we will �rst prove

i) xν,wx0 ∼= Tϕ ⇔ xν,wx0 � ϕ for >, predicates µ,¬µ, and STL formulas
µ1 ∧ µ2, µ1 ∨ µ2, µ1U[a,b]µ2, G[a,b]µ1, ϕ1 ∧ ϕ2;

ii) xν,wx0 ∼= Tϕ ⇒ xν,wx0 � ϕ for STL formula ϕ1 ∨ ϕ2;

where the sub-formulas ϕ1, ϕ2 are assumed to contain no Boolean operators.
Case 1: For >, predicates µ,¬µ, and µ1 ∧ µ2, µ1 ∨ µ2, it is easy to verify

that xν,wx0 ∼= Tϕ ⇔ xν,wx0 � ϕ.
Case 2: ϕ = µ1U[a,b]µ2 and ϕ = G[a,b]µ1. We note that the proofs of

the two are similar, therefore, in the following, we only consider the case ϕ =
µ1U[a,b]µ2. The tTLT Tϕ can be constructed via Algorithm 7.1, which is shown
in Figure 7.6.
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Sµ1 U[a,b] Sµ2 ⇒

RM(Rn,Sµ2 ,Sµ1 , [a, b], k)

U[a,b]

Sµ2

Figure 7.6: tTLTs Tµ1 , Tµ2 and Tϕ.

Assume that xν,wx0 ∼= Tϕ, then one has from De�nition 7.15 that ∃tκ1 ∈
t0+[a, b], xκ1 ∈ Sµ2 and ∀k ∈ [0, κ1], xk ∈ RM (Rn, Sµ2 ,Sµ1 , [a, b], k) ⊆ Sµ1 ,
which implies xν,wx0 � ϕ. That is, xν,wx0 ∼= Tϕ ⇒ xν,wx0 � ϕ. Assume
now that xν,wx0 � ϕ. Then, one has from STL semantics that i) ∃tk′ ∈
t0 + [a, b], xk′ ∈ Sϕ2 and ii) ∀tk′′ ∈ [t0, tk′ ], xk′′ ∈ Sϕ1 . Moreover, from
De�nition 7.3, one has that i) and ii) together implies ∀tk′′ ∈ [t0, tk′ ], xk′′ ∈
RM (Rn, Sµ2 ,Sµ1 , [a, b], k′′). Therefore, xν,wx0 � ϕ⇒ xνx0

∼= Tϕ.
Case 3:ϕ = ϕ1∧ϕ2. Assume thatxν,wx0 ∼= Tϕ, then one has from De�nition

7.15 that xν,wx0 ∼= Tϕ1 and xν,wx0 ∼= Tϕ2 . Moreover, since ϕ1, ϕ2 contain no
Boolean operators, then one can conclude from Case 2 that xν,wx0 ∼= Tϕi ⇒
xν,wx0 � ϕi, i = {1, 2}, which implies xν,wx0 � ϕ1 ∧ ϕ2. That is, xν,wx0 ∼= Tϕ ⇒
xν,wx0 � ϕ. The proof of the other direction is similar and hence omitted.

Case 4: ϕ = ϕ1 ∨ ϕ2. The proof of xν,wx0 ∼= Tϕ ⇒ xν,wx0 � ϕ is similar to
Case 3. The other direction does not hold because for an uncertain system, it
is possible that there exists a trajectory xν,wx0 such that xν,wx0 � ϕ, however,
the initial state x0 /∈ Xϕroot(t0) (due to item iii) of Theorem 7.1), where Xϕroot
denotes the root node of Tϕ. In this case, xν,wx0 does not satisfy Tϕ.

The proof of xν,wx0 ∼= Tϕ ⇒ xν,wx0 � ϕ for STL formulas ϕ1U[a,b]ϕ2,
G[a,b]ϕ1, ϕ1 ∧ ϕ2, and ϕ1 ∨ ϕ2 (here, no assumption on ϕ1, ϕ2) can be com-
pleted inductively by combining Cases 1, 2, 3 and 4. Therefore, the conclusion
follows.

When the deterministic system (7.2) is considered, the above condition be-
comes a necessary and su�cient condition, as shown in the following corol-
lary.

Corollary 7.2. Let there be given the deterministic system (7.2) with initial state
x0 and an STL formula ϕ. Let Tϕ be the tTLT corresponding to ϕ. Then, one has
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that ϕ is satis�able for (7.2) if and only if the tTLT Tϕ is satis�able for (7.2).

Proof. For the deterministic system (7.2), one has from the proof of Theorem
7.3 that

i) xν,wx0 ∼= Tϕ ⇔ xν,wx0 � ϕ for >, predicates µ,¬µ, and STL formulas
µ1 ∧ µ2, µ1 ∨ µ2, µ1U[a,b]µ2, G[a,b]µ1, ϕ1 ∧ ϕ2

holds. Next, we will prove

iii) xν,wx0 ∼= Tϕ ⇔ xν,wx0 � ϕ for STL formula ϕ1 ∨ ϕ2,

where the sub-formulas ϕ1, ϕ2 are assumed to contain no Boolean operators.
Let ϕ = ϕ1 ∨ ϕ2. The proof of xν,wx0 ∼= Tϕ ⇒ xν,wx0 � ϕ is given in

Theorem 7.3. Assume now that xν,wx0 � ϕ, then one has from STL semantics
that xν,wx0 � ϕ1 or xν,wx0 � ϕ2. Since ϕ1, ϕ2 contain no Boolean operators,
then one can conclude from item i) that xν,wx0 � ϕi ⇒ xν,wx0

∼= Tϕi , i = {1, 2}.
Moreover, one has from Corollary 7.1 that Sϕ1∨ϕ2(tk) = Sϕ1(tk) ∪ Sϕ2(tk).
Therefore, xν,wx0 � ϕ⇒ xν,wx0

∼= Tϕ.
The proof of xν,wx0 ∼= Tϕ ⇔ xν,wx0 � ϕ for STL formulas ϕ1U[a,b]ϕ2,

G[a,b]ϕ1, ϕ1 ∧ ϕ2, and ϕ1 ∨ ϕ2 (here, no assumption on ϕ1, ϕ2) can be com-
pleted inductively by combining items i) and iii). Therefore, the conclusion
follows.

Given a tTLT Tϕ, denote by Xϕroot the root node of Tϕ. The conditions given
in Theorems 7.3 and Corollary 7.2 are in general di�cult to check, therefore,
two necessary conditions are given in the following propositions.

Proposition 7.1. Let there be given the system (7.1) with initial state x0 and
an STL formula ϕ. Let Tϕ be the tTLT corresponding to ϕ. Then, Tϕ is robustly
satis�able for (7.1) only if x0 ∈ Xϕroot(t0).

Proof. It follows from De�nitions 7.15 and 7.17 that if x ∼= Tϕ, it must have
x0 ∈ Xϕroot(t0).

Similar necessary condition also holds for the deterministic systems.

Proposition 7.2. Let there be given the deterministic system (7.2) with initial
state x0 and an STL formula ϕ. Let Tϕ be the tTLT corresponding to ϕ. Then, ϕ
is satis�able for (7.2) only if x0 ∈ Xϕroot(t0).

Proof. Consider a predicate µ and STL formulas ϕ1, ϕ2. De�ne
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• Ŝµ = {x ∈ Rn : gµ(x) ≥ 0},

• Ŝ¬µ = Ŝµ,

• Ŝϕ1∧ϕ2(tk) = Ŝϕ1(tk) ∩ Ŝϕ2(tk),

• Ŝϕ1∨ϕ2(tk) = Ŝϕ1(tk) ∪ Ŝϕ2(tk),

• Ŝϕ1U[a,b]ϕ2(tk) = RM (Rn, Ŝϕ2(t0), Ŝϕ1(t0), [a, b], k), and

• ŜG[a,b]ϕ(tk) = Rm(Rn, Ŝϕ(t0), [a, b], k).

From the construction of tTLT (Algorithm 7.1), one has that Ŝϕ(t0) =

Xϕroot(t0). In addition, one can conclude from Corollary 7.1 that Sϕ ⊆ Ŝϕ(t0),
where Sϕ de�ned in (7.5) is the set of initial states from which ϕ is satis�able.
Therefore, Sϕ ⊆ Xϕroot(t0). The conclusion follows.

7.6 Online Control Synthesis

This section concerns online control synthesis as de�ned by Problem 7.2. From
Theorems 7.3 (Corollary 7.2), one can see that to guarantee the satisfaction of
the STL formula ϕ, it is su�cient to �nd a control policy ν that guarantees
the (robust) satisfaction of the corresponding tTLT Tϕ. In the following, the
control synthesis algorithms are designed such that the tTLT Tϕ is satis�ed
based on De�nitions 7.15 and 7.16.

7.6.1 Definitions and notations

Before proceeding, the following de�nitions and notations are needed.

De�nition 7.18. The time horizon |Θ| of an STL operator Θ is de�ned as

|Θ| =
{

0, if Θ = {∧,∨},
b̂, if Θ ∈ {U[a,b],G[a,b]},

(7.8)

where b̂ = argmaxtk{a ≤ tk ≤ b}.
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De�nition 7.19. A fragment of the complete path of a tTLT is called a Boolean
fragment if it starts and ends with a tube node and contains only Boolean oper-
ator nodes. We say a tube node Xj is reachable from Xi by a Boolean fragment
if there exists a Boolean fragment that starts with Xi and ends with Xj .

De�nition 7.20. If each node of a tree is either a set node that is a subset of U or
an operator node that belongs to {∧,∨,UI,GI}, then the tree is called a control
tree.

Each tube node Xi of the tTLT Tϕ is characterized by the following two
parameters:

• ta(Xi): the activation time of Xi,

• th(Xi): the time horizon of Xi, i.e., the time that Xi is deactivated.

Denote by Tϕ(tk) the resulting tree of Tϕ at time instant tk. It is obtained by
�xing the value of each tube node Xi according to the activation time ta(Xi)
(i.e., Tϕ(tk) contains either set nodes or operator nodes). Let Si(tk) be the
i-th set node of Tϕ(tk), where Si(tk) corresponds to the tube node Xi. The
relationship between Si(tk) and Xi can be described as follows:

Si(tk) =

{
Xi(t0), if tk ≤ ta(Xi),
Xi(tk − ta(Xi)), if tk > ta(Xi).

(7.9)

Moreover, one has that

ta(Si(tk)) = ta(Xi), th(Si(tk)) = th(Xi),∀k ≥ 0.

At each time instant tk, Tϕ(tk) is characterized by

• P (tk): the set which collects all the set nodes of Tϕ(tk), i.e., P (tk) =
∪iSi(tk),

• Θ: the set which collects all the operator nodes of Tϕ(tk), which is time
invariant.

For a node Ni(tk) ∈ P (tk) ∪Θ, de�ne

• CH(Ni(tk)): the set of children of node Ni(tk),

• PA(Ni(tk)): the set of parents of node Ni(tk),
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• Post(Ni(tk)) := CH(CH(Ni(tk))),

• Pre(Ni(tk)) := PA(PA(Ni(tk))).

Given a state-time pair (xk, tk), de�ne L : Rn × R≥0 → 2P (tk) as the
labelling function, given by

L(xk, tk) = {Si(tk) ∈ P (tk) : xk ∈ Si(tk), tk ≤ th(Si(tk))}, (7.10)

which maps (xk, tk) to a subset of P (tk). Moreover, de�ne the function
B : Rn × R≥0 → 2P (tk), which maps (xk, tk) to a set of valid set nodes
in P (tk). Function L(xk, tk) computes the subset of set nodes of P (tk) that
contains xk at time tk (without the consideration of history trajectory) while
function B(xk, tk) is further introduced to capture the fact that given the his-
tory trajectory, not all set nodes in L(xk, tk) are valid at time tk. A rule for
determining B(xk, tk) given L(xk, tk) is detailed in Algorithm 7.7 in the next
subsection.

7.6.2 Online control synthesis

In the following, we will �rst present the online control synthesis algorithm
(and its sub-algorithms), and then an example is given to further explain how
each sub-algorithm works.

The online control synthesis algorithm is outlined in Algorithm 7.5. Before
implementation, an initialization process (line 1) is required, which is outlined
in Algorithm 7.6. Here, ta and th are two functions that map each tube node
Xi to its activation time and time horizon, respectively. if ta(Xi) or th(Xi) is
unknown for Xi, its value will be set as ./. Then, at each time instant tk, a
feasible control set U(xk, tk) is synthesized (lines 2-11). This process contains
the following steps: 1) �nd the subset of set nodes in P (tk) that are valid at
time tk, i.e., B(xk, tk), via Algorithm 7.7 (line 2); 2) determine the activation
time of Xi, whose corresponding set node Si(tk) ∈ B(xk, tk) (if ta(Xi) is
unknown, i.e., being visited for the �rst time, it is set as tk; otherwise, i.e., being
visited before, it is unchanged) (lines 3-7); 3) calculate Tϕ(tk+1) via Algorithm
7.8 (line 8); 4) build a control tree Tu(tk) (De�nition 7.20) via Algorithm 7.9
(line 9), compress it via Algorithm 7.3 (line 10), and then the feasible control
set U(xk, tk) is given by backtracking the compressed control tree T cu (tk) via
Algorithm 7.10 (line 11). If the obtained feasible control set U(xk, tk) = ∅, the
control synthesis process stops and returns NExis (lines 12-13); otherwise, the
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Algorithm 7.5 onlineControlSynthesis

Input: The tTLT Tϕ and (x0, t0).
Output: NExis or (ν,x) with ν = ν0ν1 . . . νk . . . and x = x0x1 . . . xk . . ..

1: (ta, th,Post(B(x−1, t−1)))← initialization(Tϕ),
2: B(xk, tk)← trackingSetNode(Post(B(xk−1, tk−1))),
3: for each Si(tk) ∈ B(xk, tk), do
4: if ta(Si(tk)) =./, then
5: ta(Xi)← tk,
6: end if
7: end for
8: Tϕ(tk+1)← updatetTLT(Tϕ(tk), ta, B(xk, tk)),
9: Tu(tk)← buildControlTree(Tϕ(tk), B(xk, tk), Tϕ(tk+1)),

10: T cu (tk)← Compression(Tu(tk)),
11: U(xk, tk)← Backtracking*(T cu ),
12: if U(xk, tk) = ∅, then
13: stop and return NExis,
14: else
15: choose νk ∈ U(xk, tk),
16: implement νk and measure xk+1,
17: Post(B(xk, tk))←postSet(B(xk, tk), ta, Tϕ(tk+1)),
18: update k = k + 1 and go to line 2.
19: end if

control input νk can be chosen as any element of U(xk, tk) (one example is to
choose νk as minνk∈U(xk,tk){‖νk‖}) (line 15). Then, we implement the chosen
νk, measure xk+1 (line 16), and �nally compute the subset of set nodes that
are possibly available at the next time instant tk+1, i.e., Post(B(xk, tk)), via
Algorithm 7.11 (line 17).
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Algorithm 7.6 initialization

Input: The tTLT Tϕ.
Output: ta, th,Post(B(x−1, t−1)).

1: ta(Xϕroot)← t0, th(Xϕroot)← t0 + |CH(Xϕroot)|,
2: for each non-root and non-leaf tube node Xi through a top-down traver-

sal, do
3: ta(Xi)←./, th(Xi)← th(Pre(Xi) + |CH(Xi)|,
4: end for
5: for each leaf node Xi, do
6: ta(Xi)←./, th(Xi)←∞,
7: end for
8: Post(B(x−1, t−1))← Xϕroot(t0),
9: for each Xj that is reachable from Xϕroot by a Boolean fragment (see De�-

nition 7.19), do
10: Post(B(x−1, t−1))← Post(B(x−1, t−1)) ∪ Xj(t0),
11: ta(Xj)← t0,
12: end for

Algorithm 7.7 trackingSetNode

Input: Post(B(xk−1, tk−1)).
Output: B(xk, tk).

1: Compute L(xk, tk) according to (7.10),
2: B(xk, tk)← L(xk, tk) ∩ Post(B(xk−1, tk−1)),
3: for each Si(tk) ∈ B(xk, tk) do,
4: if ∃Sj(tk) ∈ B(xk, tk) s.t. Sj(tk) = Post(Si(tk)), then
5: B(xk, tk)← B(xk, tk) \ Si(tk),
6: end if
7: end for
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Algorithm 7.8 updatetTLT

Input: Tϕ(tk), ta and B(xk, tk).
Output: Tϕ(tk+1).

1: for each set node Si(tk) of Tϕ(tk), do
2: if Si(tk) ∈ B(xk, tk) ∧ ta(Si(tk)) + |CH(Si(tk))| ≥ tk+1, then
3: Si(tk+1)← Xi(tk+1 − ta(Si(tk))),
4: else
5: Si(tk+1)← Si(tk),
6: end if
7: end for

We further detail the Algorithms 7.6-7.11 in the following.

• Algorithm 7.6 calculates the functions ta and th (lines 1-7) and
Post(B(x−1, t−1)) (lines 8-12).

• Algorithm 7.7 outlines the procedure of �nding the subset of set nodes
in P (tk) that are valid at time tk, i.e., B(xk, tk). This is the most im-
portant step of the control synthesis, and it relates to Algorithm 7.11
postSet. Firstly, one needs to compute the subset of set nodes of P (tk)
that contains xk at time tk, i.e., L(xk, tk) (line 1). Then, one has from
De�nition 7.15 that if a trajectory x satis�es one complete path of
the tTLT, it must i) visit each tube node of the complete path sequen-
tially and ii) stay in each tube node for su�ciently long time steps
(Remark 7.2). Based on these two requirements, Algorithm 7.11 is de-
signed to predict the subset of set nodes that are possibly available at
the next time instant, i.e.,Post(B(xk−1, tk−1)).B(xk, tk) must belong
to L(xk, tk) and Post(B(xk−1, tk−1)) at the same time. Therefore, we
let B(xk, tk)← L(xk, tk) ∩ Post(B(xk−1, tk−1)) (line 2). The rest of
Algorithm 7.7 (lines 3-7) is to guarantee thatB(xk, tk) contains at most
one set node for each complete path of Tϕ(tk).

• Algorithm 7.8 outlines the procedure of calculating Tϕ(tk+1), given
Tϕ(tk), ta and B(xk, tk). It is designed based on (7.9).

• Algorithm 7.9 outlines the procedure of building a control tree Tu(tk),
which is then used for control set synthesis. It is initialized as Tϕ(tk)
(line 1). Then, for those set nodes Si(tk) that belongs to B(xk, tk), it is
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replaced with the feasible control set (lines 2-8), otherwise, it is replaced
with ∅ (lines 9-11).

• Algorithm 7.10 is similar to Algorithm 7.4, which outlines the procedure
of backtracking a compressed tree.

• Algorithm 7.11 outlines the procedure of �nding the subset of set nodes
that are possibly available at the next time instant tk+1 givenB(xk, tk),
ta and Tϕ(tk+1). It is designed based on De�nition 7.15, where the three
cases (lines 4-8, 9-12, 13-16) correspond to items i)-iii) of De�nition 7.15,
respectively. It guarantees that the resulting trajectory visits each tube
node of Tϕ sequentially and stays in each tube node for su�ciently long
time steps (as we discussed in Algorithm 7.7).

Algorithm 7.9 buildControlTree

Input: Tϕ(tk), B(xk, tk), and Tϕ(tk+1).
Output: A control tree Tu(tk).

1: Initialize Tu(tk) as Tϕ(tk),
2: for each Si(tk) ∈ B(xk, tk) do
3: if Si(tk) is a leaf node then,
4: Si(tk)← U(Si(tk)) := U ,
5: else
6: Si(tk)← U(Si(tk)) := {uk ∈ U : fk(xk, uk, wk) ∈ Si(tk+1),

∀wk ∈W},
7: end if
8: end for
9: for each Si(tk) /∈ B(xk, tk) do

10: Si(tk)← ∅,
11: end for
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Algorithm 7.10 Backtracking*

Input: a compressed tree T cu (tk).
Output: the root node of T cu (tk).

1: for each Boolean operator node Θ of T cu (tk) through a bottom-up traver-
sal, do

2: if Θ = ∧, then
3: PA(Θ)← PA(Θ) ∪ (CH1(Θ) ∩ CH2(Θ)),
4: else
5: PA(Θ)← PA(Θ) ∪ (CH1(Θ) ∪ CH2(Θ)),
6: end if
7: end for

Algorithm 7.11 postSet

Input: B(xk, tk), ta and Tϕ(tk+1).
Output: Post(B(xk, tk)).

1: Initialize Post(Si(tk)) = ∅,∀Si(tk) ∈ B(xk, tk).
2: for each Si(tk) ∈ B(xk, tk), do
3: switch the children of Si(tk) do
4: case CH(Si(tk)) ∈ {∧,∨},
5: Post(Si(tk))← Si(tk+1),
6: for eachSj(tk) that is reachable fromSi(tk) by a Boolean frag-

ment, do
7: Post(Si(tk))← Post(Si(tk)) ∪ Sj(tk+1),
8: end for
9: case CH(Si(tk)) ∈ {U[a,b]},

10: if tk > ta(Pre(Si(tk)) + a
}

, then
11: Post(Si(tk))← Si(tk+1) ∪ Post(Si(tk+1)),
12: end if
13: case CH(Si(tk)) ∈ {G[a,b]},
14: if tk > ta(Pre(Si(tk)) + b

}
, then

15: Post(Si(tk))← Si(tk+1) ∪ Post(Si(tk+1)),
16: end if
17: end for

Next, an example is given to illustrate one iteration of the control synthesis
algorithm (Algorithm 7.5).
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Example 7.3. Consider the single integrator model ẋ = u+w with a sampling
period of 1 second, then the resulting discrete-time system is given by

xk+1 = xk + uk + wk,

where xk ∈ R2, uk ∈ U := {u : ||u|| ≤ 1} ⊂ R2, wk ∈ W := {w :
||w|| ≤ 0.1} ⊂ R2,∀k ∈ N. The task speci�cation ϕ is given in Example 7.1,
i.e., ϕ = F[a1,b1]G[a2,b2]µ1 ∧ µ2U[a3,b3]µ3, where [a1, b1] = [5, 10], [a2, b2] =

[0, 10], [a3, b3] = [0, 8], gµ1(x) = 1 − ‖x‖, gµ2(x) = 5 − ‖x − [4, 4]T ‖ and
gµ3(x) = 1− ‖x− [3, 5]T ‖. Then, one has

Sµ1 = {x0 : ‖x0‖ ≤ 1},
Sµ2 = {x0 : ‖x0 − [4, 4]T ‖ ≤ 5}, and
Sµ3 = {x0 : ‖x0 − [3, 5]T ‖ ≤ 1}.

The tTLT that corresponds to ϕ is plotted in Figure 7.4. Using De�nitions 7.3 and
7.4, one can calculate that

X4(tk) = {xk : ‖xk‖ ≤ 0.9},
X3(tk) = {xk : ‖xk − [3, 5]T ‖ ≤ 8.1− k ∧ ‖xk − [4, 4]T ‖ ≤ 5},
X2(tk) = {xk : ‖xk‖ ≤ 9.9− k}, and
X1(tk) = X2(tk) ∩ X3(tk).

The initial state x0 = [0.5, 0.8]T , for which x0 ∈ Xϕroot(t0). Firstly, an initial-
ization process is required, and one can get from Algorithm 7.6 that

th(X1) = 0, th(X2) = 10, th(X3) = 8,

th(X4) = 20, th(Sµ1) =∞, th(Sµ3) =∞,

and
Post(B(x−1, t−1)) = {X1(t0),X2(t0),X3(t0)}.

Now, let us see how the feasible control set U(x0, t0) is synthesized at time
instant t0.

1) Find B(x0, t0) via Algorithm 7.7. First, L(x0, t0) is computed according
to (7.10),

L(x0, t0) = {X1(t0),X2(t0),X3(t0),X4(t0),Sµ1}.
Then, after running lines 2-7, one has

B(x0, t0) = {S2(t0), S3(t0)}.
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2) Determine the activation time. Initially, both ta(X2) and ta(X3) are un-
known, therefore, ta(X2) = ta(X3) = t0.

3) Update the TLT (thus obtain Tϕ(t1)) via Algorithm 7.8. The output Tϕ(t1)
is given by

S1(t1) = X1(t0), S2(t1) = X2(t1),

S3(t1) = X3(t1), S4(t1) = X4(t0),

and the leaf nodes Sµ1 and Sµ3 are unchanged.
4) Build the control tree Tu(t0), compress it to obtain T cu (t0), and then get

U(x0, t0). This process is illustrated in Figure 7.7, and U(x0, t0) = U(S2(t0))∩
U(S3(t0)).

∅

∧

U(S2(t0))

U[5,10]

∅

G[0,10]

∅

U(S3(t0))

U[0,8]

∅

⇒

∅

∧

U(S2(t0)) U(S3(t0))

⇒ U(S2(t0)) ∩ U(S3(t0))

Figure 7.7: Left: Tu(t0), Middle: T cu (t0), Right: root node of T cu (t0) after im-
plementing Algorithm 7.10, where U(S2(t0)) = U = {u : ||u|| ≤ 1} and
U(S3(t0)) = U ∩ {u : ‖u− [3.4, 3.1]T ‖ ≤ 5}.

Since U(x0, t0) 6= ∅, the online control synthesis continues, and we can fur-
ther compute Post(B(x0, t0)) via Algorithm 7.11, which gives

Post(B(x0, t0)) = {S2(t1), S3(t1),Sµ3}.

The following theorem and corollary show the applicability and correct-
ness of Algorithm 7.5.
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Theorem7.4. Consider the system (7.1) with initial state x0 and an STL formula
ϕ. Assume that ϕ is robustly satis�able for (7.1) and x0 ∈ T ϕroot(t0). Then, by
implementing the online control synthesis algorithm (Algorithm 7.5), one can
guarantee that

i) the control set U(xk, tk) is nonempty for all k ∈ N, and

ii) the resulting trajectory x � ϕ.

Proof. The proof follows from the construction of tTLT and Algorithms 7.5-
7.11. The existence of a controller νk at each time step tk, is guaranteed by
the de�nition of maximal and minimal reachable sets (De�nitions 7.3 and 7.4),
and the construction of tTLT (Lemma 7.1, Theorem 7.1 and Algorithm 7.1).
Moreover, the design of Algorithms 7.5-7.11 guarantees that the resulting tra-
jectory x satis�es the tTLT Tϕ, i.e., x ∼= Tϕ, which implies x � ϕ as proven
in Theorem 7.3.

Corollary 7.3. Consider the deterministic system (7.2) with initial state x0 and
an STL formula ϕ. Assume that ϕ is satis�able for (7.2). Then, by implementing
the online control synthesis algorithm (Algorithm 7.5), one can guarantee that

i) the control set U(xk, tk) is nonempty for all k ∈ N, and

ii) the resulting trajectory x � ϕ.

Remark 7.3. It can be concluded from Theorem 7.4 and Corollary 7.3 that the
online control synthesis algorithm (Algorithm 7.5) is sound for uncertain systems,
and both sound and complete for deterministic systems.

Remark 7.4. The construction of tTLT relies on the computation of backward
reachable tubes. It can be performed o�ine in many applications and has been
widely studied in the existing literature [129], [130]. In addition, computational
tools have also been developed for di�erent kinds of systems, e.g., the Hamilton-
Jacobi toolbox [131]. On the other hand, although the exact computation of back-
ward reachable set/tube is in general nontrivial for high-dimensional nonlinear
systems, e�cient algorithms exist for linear systems with polygonal input and
disturbance sets [129].

Remark 7.5. The online control synthesis algorithm (Algorithm 7.5) contains 7
sub-algorithms, i.e., Algorithm 7.3 and Algorithms 7.6-7.11. The computational
complexity is determined by Algorithm 7.9, in which one-step feasible control sets
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need to be computed. The computational complexity of Algorithms 7.3, 7.6, 7.7,
7.8, 7.10, 7.11 is O(1). Note that in Algorithm 7.8, the computation of reachable
sets, which is required for set node update, is done o�ine when constructing the
tTLT.

Remark 7.6. Di�erent from the mixed-integer programming formulation for
STL control synthesis [26], [27], where an entire control policy has to be synthe-
sized at each time step, the control synthesis in our work is reactive in the sense
that only the control input at the current time step is generated at each time step.
In [28], a robust model predictive approach is proposed to control discrete-time
linear systems with additive bounded disturbances. In our work, we consider gen-
eral uncertain discrete-time systems and the recursive feasibility is guaranteed
when the STL formula ϕ is robustly satis�able and x0 ∈ T ϕroot(t0). Moreover, the
framework proposed is also capable of dealing with unbounded STL formulas (as
opposed to [26]–[28]).

7.7 Example

In this section, a simulation example illustrating the theoretical results is pro-
vided. This example will specify an overtaking task as an STL formula and
then show how to synthesize overtaking controller with safety guarantee. As
shown in Figure 7.8, we consider a scenario where an automated vehicle Veh1

plans to move to a target set Sµ1 within 80 seconds. Since there is a broken
vehicle Veh2 in front of Veh1 and there is another vehicle Veh3 that moves in
an opposite direction in the other lane, Veh1 must overtake Veh2 for reaching
Sµ1 and avoid Veh3 for safety.

0

0

−5

5

Sµ2
Sµ1

120

Sµ4

Sµ3
Sµ5Veh2Veh1

Veh3

Figure 7.8: Scenario illustration: an automated vehicle plans to reach a target
set Sµ1 while overtaking a broken vehicle Veh2 in front of it in the same lane
and avoiding Veh3 moving in an opposite direction in the other lane.
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We describe the dynamics of the vehicle Veh1 as in [132]:

xk+1 =

 1 0 δ
0 1 0
0 0 1


︸ ︷︷ ︸

A

xk +

 0 0
δ 0
0 δ


︸ ︷︷ ︸

B

uk + wk, (7.11)

where xk = [px(k), py(k), vx(k)]T , uk = [vy(k), ax(k)]T , and δ is the sam-
pling period. The working space is X = {z ∈ R3 | [0,−5,−3]T ≤ z ≤
[120, 5, 3]T }, the control constraint set is U = {z ∈ R2 | [−1,−1]T ≤ z ≤
[1, 1]T }, the disturbance set is W = {z ∈ R3 | [−0.05,−0.05,−0.05]T ≤
z ≤ [0.05, 0.05, 0.05]T }, and the target region is Sµ1 = {z ∈ R2 |
[115,−5, 0.5]T ≤ z ≤ [120, 0, 0.5]T }.

We use Sµ2 = {z ∈ R3 | [45,−5,−∞]T ≤ z ≤ [50, 0,∞]T } to denote
the state set that contains the occupancy of Veh2. We describe the dynamics
of the vehicle Veh3 as

x̄k+1 =

[
1 0
0 1

]
︸ ︷︷ ︸

Ā

xk +

[
δ 0
0 δ

]
︸ ︷︷ ︸

B̄

ūk, (7.12)

where xk = [p̄x(k), p̄y(k)]T , ūk = [v̄x(k), v̄y(k)]T , We assume that it moves
at a constant velocity ūk = [v̄x, 0]T . The initial state of V3 is x̄0 = [p̄xini, 2.5]T .
Then, we have that its position of x-axis is p̄xk = p̄xini + δ × (k − 1)× v̄x. To
formulate the overtaking task, we de�ne the following three sets as shown in
Figure 7.8: Sµ3 = {z ∈ R3 | [0,−5,−3]T ≤ z ≤ [35, 0, 3]T }, Sµ4 = {z ∈ R3 |
[35,−5,−3]T ≤ z ≤ [60, 5, 3]T }, and Sµ5 = {z ∈ R3 | [60,−5,−3]T ≤ z ≤
[120, 0, 3]T }.

Let us choose the sampling period as δ = 0.2s. To respect the time con-
straint and the input constraint for Veh1, we consider two possible solutions to
the previous reachability problem: (1) quick overtaking: overtake Veh2 before
Veh3 passes Veh2; (2) slow overtaking: wait until Veh3 passes Veh2 and then
overtake Veh2. The quick overtaking can be encoded into an STL formula:

ϕ1 = (µ3U[0,16](µ4 ∧ ¬µ2)U[0,15]µ5U[0,30]G[0,2]µ1) ∧ G[0,80]¬µ6, (7.13)

where Sµ6 = {z ∈ R6 | [p̄x(16), 0,−∞]T ≤ z ≤ [p̄x(0), 5,∞]T }. Note that
Sµ6 denotes the reachable set for the vehicle Veh3 within the time interval
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[0, 16] seconds and 16 (that corresponds to the sampling index k = 80) is the
maximal time instant that the vehicle Veh1 can reach the set Sµ5 in the sprit
of ϕ1. The slow overtaking can be encoded into an STL formula

ϕ2 = (µ3U[16,32](µ4 ∧ ¬µ2)U[0,15]µ5U[0,30]G[0,2]µ1) ∧ G[0,80]¬µ7, (7.14)

where Sµ7 = {z ∈ R2 | [−∞, 0,−∞]T ≤ z ≤ [p̄x(16), 5,∞]T }. Note that
Sµ7 denotes the reachable set for the vehicle Veh3 within the time interval
[16,+∞) and 16 (that corresponds to the sampling index k = 80) is the mini-
mal time instant that the vehicle Veh1 can reach the set Sµ4 in the sprit of ϕ2.
The overall speci�cation is written as ϕ = ϕ1 ∨ ϕ2.

X1

∨

X2

∧

X4

U[0,16]

X5

U[0,15]

X6

U[0,30]

X7

G[0,2]

Sµ1

X8

G[0,80]

Sµ6

X3

∧

X9

U[16,32]

X10

U[0,15]

X11

U[0,30]

X12

G[0,2]

Sµ1

X13

G[0,80]

Sµ7

Figure 7.9: The constructed tTLT Tϕ, where the left and right blue boxes are
the tTLTs Tϕ1 and Tϕ2 , respectively.

Using Algorithm 7.1, one can construct the tTLT for ϕ (see Figure 7.9),
where

X7(tk) = X12(tk) = Rm(X,Sµ1 , [0, 2], k),
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X6(tk) = RM (X,X7(t0),Sµ5 , [0, 30], k),

X11(tk) = RM (X,X12(t0),Sµ5 , [0, 30], k),

X5(tk) = RM (X,X6(t0),Sµ4 ∩ Sµ2 , [0, 15], k),

X10(tk) = RM (X,X11(t0),Sµ4 ∩ Sµ2 , [0, 15], k),

X4(tk) = RM (X,X5(t0),Sµ3 , [0, 16], k),

X9(tk) = RM (X,X10(t0),Sµ3 , [16, 32], k),

X8(tk) = Rm(X,Sµ6 , [0, 80], k),

X13(tk) = Rm(X,Sµ7 , [0, 80], k),

X2(tk) = X4(tk) ∩ X8(tk),

X3(tk) = X9(tk) ∩ X13(tk), and
X1(tk) = X2(tk) ∪ X3(tk).

Figure 7.10: Trajectories for one realization of disturbance signal in the fast
overtaking: (a) position trajectory; (b) velocity trajectory of x-axis; (c) control
trajectory of x-axis; (d) control trajectory of y-axis.
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Figure 7.11: Trajectories for one realization of disturbance signal in the slow
overtaking: (a) position trajectory; (b) velocity trajectory of x-axis; (c) control
trajectory of x-axis; (d) control trajectory of y-axis.

In the following, two simulation cases are considered and the online con-
trol synthesis algorithm is implemented.

In the fast overtaking, we choose the initial position p̄xini = 95 and
the moving velocity v̄x = −2 for the vehicle Veh3 and the initial position
x0 = [0.5,−2.5, 2]T for Veh1. By using the results for the satis�ability check,
the speci�cation ϕ1 is robustly satis�able while ϕ2 is infeasible. Figure 7.10 (a)
shows the position trajectories, from which we can see that the whole speci�-
cation is completed. The blue region denotes the set Sµ6 . Figure 7.10 (b) shows
the velocity trajectory of vx and Figure 7.10 (c)–(d) show the corresponding
control inputs, where the dashed lines denote the control bounds. The cyan re-
gions represent the synthesized control sets and the blue lines are the control
trajectories.

In the slow overtaking, we choose the initial position p̄xini = 80 and the
moving velocity v̄x = −3 for the vehicle Veh3 and the same initial position
x0 = [0.5,−2.5]T for Veh1. In contrary to the fast overtaking, the speci�ca-
tion ϕ2 is robustly satis�able while ϕ1 is infeasible. Figure 7.11 (a) shows the
position trajectories, from which we can see that the whole speci�cation is
completed. The blue region denotes the intersection between the set X and
the set Sµ7 . Figure 7.11 (b) shows the velocity trajectory of vx and Figure 7.11
(c)–(d) show the corresponding control input trajectories of ax and vy .
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Figure 7.12: The position trajectories of x-axis along the time for both type of
overtaking STL tasks as de�ned in (7.13) and (7.14).

Figure 7.13: State trajectories for 100 realizations of disturbance signals in the
fast overtaking.

Although the position trajectories in the two cases are similar as shown in
Figs. 7.10(a)–7.11(a), we highlight their di�erence through the evolution of the
position of x-axis along the time in Figure 7.12. We use k1, k2, and k3 (or k′1,
k′2, and k′3 ) to denote the minimal time instants that Veh1 reaches the sets Sµ4 ,
Sµ5 , and Sµ1 in the fast overtaking (or the slow overtaking), respectively. We
can see that these two position trajectories satisfy the time intervals encoded
in the ϕ1 and ϕ2, respectively. Furthermore, in order to show the robustness,
we run 100 realizations of the disturbance trajectories in the fast overtaking.
The position trajectories for such 100 realizations are shown in Figure 7.13.

Finally, we report the computation time of this example, which was run in
Matlab R2016a with MPT toolbox [133] on a Dell laptop with Windows 7, Intel
i7-6600U CPU2.80 GHz and 16.0 GB RAM. We perform reachability analysis
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for constructing the tTLT o�ine, which takes 59.10 seconds. For online control
synthesis, the minimal computation time at a single time step over 100 real-
izations is 0.23 seconds, while the maximal computation time is 1.07 seconds.
The average time of each time step is 0.31 seconds. We remark that the mixed-
integer formulation is di�cult to implement in this example. This is because
the computational complexity of mixed-integer programming grows exponen-
tially with the horizon of the STL formula, which in this example reaches up
to 400 sampling instants, much longer than the horizons considered in the
simulation examples of [26]–[28].

7.8 Summary

In this chapter, an approach for the robust satis�ability check and online con-
trol synthesis of uncertain discrete-time systems under STL speci�cations was
proposed. Using the notion of tTLT, a su�cient condition was obtained for
the robust satis�ability check of the uncertain systems. Moreover, when the
underlying system is deterministic, a necessary and su�cient condition was
further obtained for the satis�ability check problem. An online control syn-
thesis algorithm was proposed and shown to be sound for uncertain systems,
and both sound and complete for deterministic systems.



Chapter 8

Distributed Motion Coordination
under LTL Specifications

Chapters 6 and 7 studied the robust control of uncertain systems under tem-
poral logic speci�cations. In this chapter, we further investigate the motion
coordination of multi-agent systems (MAS) under temporal logic speci�ca-
tions. We consider a group of agents working in a shared workspace, where
each agent is assigned a linear temporal logic (LTL) speci�cation. The objec-
tive is to design a fully distributed motion coordination strategy, such that the
speci�cation of each agent is satis�ed on the premise that safety (no collision
with obstacles in the workspace and no inter-agent collision) is guaranteed.

8.1 Introduction

One challenge for MAS is the design of coordination strategies between
agents that enable them to perform operations safely and e�ciently in a
shared workspace while achieving individual/group motion objectives. In re-
cent years, the attention paid to this problem has grown signi�cantly due to
the emergence of new applications, such as smart transportation and service
robotics. The existing literature can be divided into two categories: path coor-
dination and motion coordination. The former category plans and coordinates
the entire paths of all the agents in advance (o�ine), while the latter category
focuses on decentralized and online approaches that allow agents to resolve

165
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con�icts online when one occurs1 [134]. This chapter aims at developing a
fully distributed strategy for multi-agent motion coordination (MAMC) with
safety guarantees.

Depending on how the controller is synthesized for each agent, the lit-
erature concerning MAMC can be further classi�ed into two types: the re-
active approach and the planner-based approach. Typical methods that gen-
erate reactive controllers consist of the potential-�eld approach [135], [136],
sliding mode control [137], [138] and control barrier functions [139], [140].
These reactive-style methods are fast and operate well in real-time and uncon-
strained situations. However, these methods are sensitive to deadlocks that are
caused by local minima. Moreover, procedures for setting control parameters
is not analyzed formally when explicit constraints on the system states and/or
inputs are presented [134]. Apart from the above, other reactive methods in-
clude the generalized roundabout policy [141] and a family of biologically in-
spired methods [142].

An early example of the planner-based method is the work of Azarm
and Schmidt [143], where a framework for online coordination of multiple
mobile agents was proposed. In this framework, MAMC was solved as a se-
quential trajectory planning problem, where priorities are assigned to agents
when con�icts are detected, and then a motion planning algorithm is imple-
mented to generate con�ict-free paths. Based on this framework, various ap-
plications and di�erent motion planning algorithms are investigated. Guo and
Parker [144] proposed a MAMC strategy based on the D∗ algorithm. In this
work, each agent has an independent goal position to reach and know all path
information. In [145], a distributed bidding algorithm was designed to coordi-
nate the movement of multiple agents, which focuses on area exploration. In
the work of Liu [146], con�ict resolution at intersections was considered for
connected autonomous vehicles, where each vehicle is required to move along
a pre-planned path. A literature review on MAMC can be found in [147].

No matter which type of controllers is implemented, safety has always
been a crucial issue for MAMC. In addition, most of the above mentioned lit-
erature concerning MAMC considers relatively simple tasks for each agent
(e.g., an arrival task from initial state to goal state). However, as agents be-
come more capable, a recent trend in the area of agent motion planning is to
assign agents more complex, high-level tasks, such as temporal logic speci�ca-

1In some literature these two terms are used interchangeably. In this chapter, we try to
distinguish between the two as explained above.
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tions. In the last few years, multi-agent coordination under LTL speci�cations
has been considered [148]–[150]. In [148], [149], o�ine path coordination in-
stead of online motion coordination is investigated. In [150], online motion
coordination is studied for agents with single-integrator dynamics. However,
practical state and input constraints are not considered.

Motivated by the above observations, this chapter investigates the MAMC
problem for a group of mobile agents moving in a shared workspace, each of
which is assigned an LTL speci�cation. Agents are assumed to have limited
sensing capabilities and constraints on both state and input are considered.
Con�icts are assumed to be local and can occur at arbitrary locations in the
workspace. To cope with these setups, a fully distributed MAMC strategy is
proposed. The contributions of this work can be summarized as follows.

(i) A framework for distributed MAMC under LTL speci�cations is pro-
posed for each agent, which consists of three layers: an o�ine pre-
computation layer, an initialization layer, and an online coordination
layer. The online coordination layer is further decomposed into three
steps. Firstly, con�icts are detected within the sensing area of each
agent. Once con�icts are detected, a rule is applied to assign dynam-
ically a planning order to each pair of neighboring agents. Finally, a
sampling-based algorithm is implemented for each agent that generates
a local collision-free trajectory which at the same time satis�es the LTL
speci�cation.

(ii) Safety is established by combining the planner-based controller with an
emergency braking controller.

(iii) As the motion coordination strategy is designed to be fully distributed
and each agent considers only local information of neighboring agents,
it is totally scalable in the sense that the computational complexity of the
strategy does not increase with the number of agents in the workspace
and the size of the workspace.
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8.2 Problem Formulation

8.2.1 Model description

Consider a MAS moving in a bounded workspace W ⊂ R2, the dynamics of
each agent is given by

ξ̇i(t) = Fi(ξi(t), ui(t)), i ∈ V (8.1)

where ξi(t) := (xi(t), θi(t), vi(t)) ∈ R4 represents the state of agent i, which
contains its position xi(t) in the workspace W, orientation θi(t) ∈ R and
velocity vi(t) ∈ R at time t. The function Fi : R4×R2 → R4 which describes
the state evolution of agent i is given by

Fi(ξi(t), ui(t)) = (cos(θi(t))vi(t), sin(θi(t))vi(t), ωi(t), ai(t))

and the input ui(t) is given by ui(t) := (ωi(t), ai(t)), where ωi(t) is the turn-
ing rate and ai(t) is the acceleration of agent i at time t.

The velocity and input of agent i are subject to the hard constraints

|vi(t)| ≤ vi,max, |ωi(t)| ≤ ωi,max, |ai(t)| ≤ ai,max,∀t (8.2)

where vi,max, ωi,max, ai,max > 0. Let

Ui := {(ωi, ai) : |ωi| ≤ ωi,max, |ai| ≤ ai,max} (8.3)
Xi := {(xi, θi, vi) : xi ∈W, θi ∈ [−π, π], |vi| ≤ vi,max}. (8.4)

Denote by ξi : [0,∞)→ R4 the trajectory of agent i with dynamics given
by (8.1). Then, we further de�ne xi : [0,∞) → R2 as the position trajectory
of agent i, where xi(t) = proj2(ξi(t)),∀t ∈ dom(ξi). Given a time inter-
val [t1, t2], t1 < t2, the corresponding trajectory and position trajectory are
denoted by ξi([t1, t2]) and xi([t1, t2]), respectively. Denote by ξi([t,∞)) and
xi([t,∞)) the trajectory and the position trajectory of agent i from time t
onwards, respectively.

Supposing that the sensing radius of each agent is the same, denoted by
R > 0, then the communication graph formed by the group of agents is undi-
rected. The neighboring set of agent i at time t is given by Ni(t) = {j ∈ V :
‖xi(t)− xj(t)‖ ≤ R, j 6= i}, so that j ∈ Ni(t)⇔ i ∈ Nj(t),∀i 6= j,∀t.
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8.2.2 Problem

The group of agents are working in a common workspace W ⊂ R2, which is
populated with a set of closed sets Oi, corresponding to obstacles. Let O =
∪iOi, then the free space F is denoted by F := W \O.

Each agent i is subject to its own speci�cation ϕi, which is in the form
of an LTL−X formula that is de�ned over the workspace W. LTL−X [151] is a
known fragment of LTL, in which the X (“next") operator is not allowed. The
choice of LTL−X over LTL is motivated by the fact that LTL (given in (2.8))
increases expressivity (over LTL−X) only over words with a �nite number of
repetitions of a symbol, and a word corresponding to a continuous signal will
never have a �nite number of successive repetitions of a symbol.

Given a trajectory ξi, the notation ξi |= ϕi means that the trajectory ξi
satis�es the speci�cation ϕi. Given the position xi of agent i, we refer to its
footprint φi(xi) as the set of points in W that are occupied by agent i in this
position. The objective of this chapter is to �nd, for each agent i, a trajectory ξi
such that ξi |= ϕi on the premise that safety (no collisions with static obstacles
and no inter-agent collisions) is guaranteed. Let t0 be the task activation time
of agent i. Then, the centralized and o�ine version of the MAMC problem is
formulated below:

�nd {ξi([t0,∞))}i∈V (8.5a)
subject to

(8.1) and (8.2),∀i ∈ V, (8.5b)
ξi([t0,∞)) |= ϕi, ∀i ∈ V, (8.5c)
φi(xi([t0,∞)) ⊂ F,∀i ∈ V, (8.5d)
φi(xi(t)) ∩ φj(xj(t)) = ∅,∀i, j ∈ V, i 6= j,∀t. (8.5e)

Constraint (8.5d) means that the footprint of each agent will not collide with
the static obstacles at any time. Constraint (8.5e) means that the footprint of
two di�erent agents can not intersect at any time, thus guaranteeing no inter-
agent collision occurs. Note that in this chapter, it is assumed that each agent
is not aware of the existence of other agents. Therefore, centralized motion co-
ordination can not be conducted. Moreover, each agent has only local view and
local information, i.e., each agent considers only agents in its neighborhood
Ni(t) at each time t and can have only local information of its neighbors. Un-
der these settings, the MAMC problem (8.5) is broken into local distributed
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motion coordination problems and solved online for individual agents. Let
xj([t, t

∗
j (t)]) be the local position trajectory of agent j that is available to agent

i at time t, where t∗j (t) := mint′>t{xj(t′) /∈ B(xi(t), R)}. Then, the (online)
motion coordination problem for agent i is formulated as

�nd ξi([t,∞)) (8.6a)
subject to

(8.1) and (8.2), (8.6b)
ξi([t0, t] ∪ [t,∞)) |= ϕi, (8.6c)
φi(xi([t,∞))) ⊂ F, (8.6d)
φi(xi(t)) ∩ φj(xj(t)) = ∅,∀j ∈ Ni(t),∀t′ ∈ [t, t∗j (t)], (8.6e)

where ξi([t0, t]) is the history trajectory.

8.3 Solution

The proposed solution to the motion coordination problem (8.6) consists of
three layers: 1) an o�ine pre-computation layer, 2) an initialization layer, and
3) an online coordination layer.

8.3.1 Structure of each agent

Before explaining the solution, the structure of each agent is presented (see
Figure 8.1). Each agent i is equipped with �ve modules, the con�ict detection
module, the planning order assignment module, the trajectory planning mod-
ule, the control module and the communication module. The �rst four modules
work sequentially while the communication module works in parallel with the
�rst four.

During online execution, agent i tries to satisfy its speci�cation safely by
resolving con�icts with other agents. This is done by following some mode
switching rules encoded into a �nite state machine, see Figure 8.2. Each �nite
state machine has the following three modes:

• Free: agent i moves as planned. This is the normal mode.

• Busy: agent i enters this mode when con�icts are detected. In this mode,
the planning order assignment module and the trajectory planning mod-
ule are activated.
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Figure 8.1: The structure of agent i.

• Emerg: agent i starts an emergency stop process.

In Figure 8.2, the transitions between di�erent modes of the �nite state
machine are depicted. Initially, agent i is in Free mode. The con�ict detection
module is activated when the online execution starts. Once con�ict neighbors
(will be de�ned later) are detected, agent i enters to Busy mode and the plan-
ning order assignment and the trajectory planning modules are activated to
solve the con�icts, otherwise, agent i stays in Free mode. When agent i is in
Busy mode, it switches back to Free mode if the trajectory planning module
returns a feasible solution, and the solution will be broadcasted to the agent’s

Free Busy Emerg

Figure 8.2: The three modes of agent i and the transitions among them.
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neighboring area as well as sent to the controller for execution, otherwise
(e.g., no feasible plan is found), agent i switches to Emerg mode and a brak-
ing controller (de�ned later) is applied. Note that when agent i switches to
Emerg mode, it will come to a stop but with power-on. This means that agent
iwill continue monitoring the environment and restart (switches back to Free
mode) when it is possible.

8.3.2 O�line pre-computation

Braking controller

As stated in the previous subsection, when agent i enters Emerg mode, it
starts an emergency stop process. In this chapter, we consider bounded decel-
eration for the agents. Due to this, the notions of braking (position) trajectory
and braking area are needed for each agent. When agent i switches to Emerg
mode, the maximum deceleration −ai,max is applied to decelerate agent i to
zero velocity. The braking controller is designed as

ubr
i (t) =


(
−ωi,max,−ai,max

vi(t)

|vi(t)|

)
, if |vi(t)| 6= 0,

0 , if |vi(t)| = 0.

(8.7)

Supposing that agent i starts to apply the braking controller ubr
i at time

t0 and the velocity of agent i is vi(t0). Then, the time needed for agent i to
decelerate to zero velocity is given by

t∗(vi(t0)) :=
|vi(t0)|
ai,max

. (8.8)

Given initial state ξi(t0), denote by ξbr
i ([t0, t0 + t∗(vi(t0))]) the braking

trajectory of agent i, and then we have

ξbr
i (t) = ξi(ξi(t0), ubr

i , t), t ∈ [t0, t0 + t∗(vi(t0))]. (8.9)

The braking position trajectory of agent i, denoted by xbr
i ([t0, t0 + t∗(vi(t0))]),

is then given by

xbr
i ([t0, t0 + t∗(vi(t0))]) := proj2(ξbr

i ([t0, t0 + t∗(vi(t0))])). (8.10)
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Proposition 8.1. The braking position trajectory of agent i starting at position
xi, ∀xi ∈ R2 can be over-approximated by the area

Πi(xi) := B(xi, D
sf
i ),

where

D
sf
i =


2vi,max−ai,maxπ/ωi,max√

a2i,max+ω2
i,max

, if vi,max

ai,max
≥ π

ωi,max

vi,max√
a2i,max+ω2

i,max

, if vi,max

ai,max
< π

ωi,max
.

(8.11)

That is, xbr
i ([t0, t0 + t∗(vi)]) ⊂ Πi(xi),∀ξi(t0) ∈ {ξi ∈ R4 : proj2(ξi) =

xi}.

Proof. Given an initial state ξi(t0) = (xi(t0), θi(t0), vi(t0)) and the braking
controller (8.7), the braking position trajectory xbr

i ([t0, t0+t∗(vi(t0))]) is given
by

xbr
i (t0 + t)

=xi(t0) +

∫ t

0

(
cos(θi(s))vi(s)

sin(θi(s))vi(s)

)
ds

=xi(t0) +

∫ t

0

cos(θi(t0)− ωi,maxs)
(
vi(t0)− ai,maxvi(t0)s

|vi(t0)|
)

sin(θi(t0)− ωi,maxs)
(
vi(t0)− ai,maxvi(t0)s

|vi(t0)|
)
 ds

=xi(t0) +
1

a2
i,max + ω2

i,max(
−ai,maxsgn(vi(t0))k2(t0, t)− ωi,maxk1(t0, t)

−ai,maxsgn(vi(t0))k1(t0, t) + ωi,maxk2(t0, t)

)
,

where

k1(t0, t) = sin(θi(t0)− ωi,maxt)(vi(t0)− sgn(vi(t0))ai,maxt)

− vi(t0) sin(θi(t0)),

k2(t0, t) = cos(θi(t0)− ωi,maxt)(vi(t0)− sgn(vi(t0))ai,maxt)

− vi(t0) cos(θi(t0)), t ∈ [0, t∗(vi(t0))]

and sgn(·) is a sign function.
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Let D := maxvi∈Vi,t∈[t0,t0+t∗(vi))]

{
‖xbr

i (t)− xi(t0)‖
}

be the maximum
distance between xi(t0) and points belong to the braking position trajectory
xbr
i . Then, one can derive that D = Dsf

i . Thus, the conclusion follows.

Workspace discretization

Suppose that a cell decomposition is given over the workspace W. The cell
decomposition is a partition of W into �nite disjoint convex regions Φ :=
{X1, . . . , XM1} with W = ∪M1

l=1Xl. Given a point x ∈ R2, de�ne the map
Q : R2 → 2Φ as

Q(x) := {Xl ∈ Φ : x ∈ Xl}.
Let AP be the set of atomic propositions de�ned on W, then the cell decom-
position is required to satisfy

Lc(x) = Lc(x
′),∀Q(x) = Q(x′).

That is, for all points that are contained in the same cell, the subset of AP
which is true at these points is the same. Let APϕi be the set of atomic propo-
sitions speci�ed by ϕi, where ϕi is the task speci�cation of agent i. Then,
one has APϕi ⊆ AP,∀i ∈ V . We note that the required cell decomposition
can be computed exactly or approximately using many existing approaches
(Chapters 4-5 [152]).

Given a set S ⊂ R2, let

Q(S) = ∪x∈SQ(x) = {Xl ∈ Φ : Xl ∩ S 6= ∅}, (8.12)

which represents the set of cells in Φ that intersects with S.

Braking area

For each agent i whose position is given by xi ∈ W, de�ne the braking area
of agent i at xi as

ψi(xi) := B(φi(xi), D
sf
i ), (8.13)

where φi(xi) is the footprint of agent i at position xi. Then, for each cellXl ∈
Φ, de�ne the braking area of agent i at cell Xl as

ψi(Xl) := ∪xi∈Xl ψi(xi) = ∪xi∈XlB(φi(xi), D
sf
i ).



Solution 175

Each agent i will compute o�ine a map Mi : Φ→ 2Φ, where

Mi(Xl) := Q (ψi(Xl)) , ∀Xl ∈ Φ. (8.14)

Intuitively, Mi projects a cell Xl into a set of cells that might be traversed by
the braking position trajectory of agent i if agent i starts an emergency stop
process inside Xl.

Product Büchi automaton (PBA) and potential function

Before proceeding, the following de�nitions and notations are required.
Given a PBA P = Tc × B = (Sp, S0,p, 2

AP , δp, Fp) and a state p ∈ Sp,
de�ne the projection operator pjX(p) : Sp → X as a map from p to its �rst
component x ∈ X . Given a state x ∈ X , de�ne the function βP : X → 2S ,
given by

βP(x) := {s ∈ S : (x, s) ∈ Sp}. (8.15)

as a map from x to the subset of Büchi states S that correspond to x. Denote
by D(p, p′) the set of all �nite runs between state p ∈ Sp and p′ ∈ Sp, i.e.,
D(p, p′) := {p1p2 . . . pn|p1 = p, p′ = pn; (pk, pk+1) ∈ δp, ∀k = 1, · · · , n −
1;∀n ≥ 2}. The state p′ is said to be reachable from p if D(p, p′) 6= ∅. The
length of a �nite run p = p1p2 . . . pn in P , denoted by Lg(p), is de�ned as

Lg(p) :=
n−1∑
i=1

‖pjX(pi+1)− pjX(pi)‖.

For all p, p′ ∈ Sp, the distance between p and p′ is de�ned as follows:

d(p, p′) =

{
minp∈D(p,p′) Lg(p), if D(p, p′) 6= ∅
∞, otherwise.

(8.16)

The following de�nitions of self-reachable set and potential functions are
given in [153].

De�nition 8.1. A setA ⊆ Sp is called self-reachable if and only if all states in
A can reach a state in A, i.e., ∀p ∈ A,∃p′ ∈ A such that D(p, p′) 6= ∅.

De�nition 8.2. For a set B ⊆ Sp, a set C ⊆ B is called the maximal self-
reachable set of B if each self-reachable set A ⊆ B satis�es A ⊆ C .
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De�nition 8.3 (Potential function of states in P). The potential function of a
state p ∈ Sp, denoted by VP(p) is de�ned as:

VP(p) =

{
minp′∈F ∗p {d(p, p′)}, if p /∈ F ∗p
0, otherwise,

where F ∗p is the maximal self-reachable set of the set of accepting states Fp in P
and d(p, p′) is de�ned in (8.16).

De�nition 8.4 (Potential function of states in Tc). Let a state x ∈ X and a set
M ⊆ βP(x), where βP(x) is de�ned in (8.15). The potential function of x with
respect toM , denoted by VTc(x,M) is de�ned as

VTc(x,M) = min
s∈M
{VP((x, s))}.

Remark 8.1. if VTc(x,M) <∞, it means that ∃s ∈M such that starting from
(x, s), there exists a run that reaches a self-reachable accepting state of P .

Due to the continuity of the dynamics, the state and the input spaces,
the transition system that represents (8.1) is in�nite for each agent i. To
this end, a probabilistically complete sampling-based algorithm is proposed
in [154] to approximate (8.1) by a �nite transition system. Given a sampling
interval τs, the �nite transition system that represents (8.1) is denoted by
Ti := (X̂i, X̂

0
i , Ui,→c,i, Fi,W, h), where

• X̂i collects all sampling points in Xi that are safe (with respect to the
static obstacles), i.e., ψi(proj2(xi)) ⊂ F,∀xi ∈ X̂i),

• X̂0
i ⊆ X̂i,

• →c,i⊆ X̂i × Ui × X̂i,

Fi is given in (8.1), W is the workspace as well as the observation space, and
h(·) = proj2(·) is the observation map. Here, Xi, Ui are the set of states and
inputs, which are de�ned in (8.3) and (8.4), respectively. The transition relation
(xi, ui, x

′
i) ∈→c,i holds if and only if x′i = ξi(xi, ui, τs). Similarly to (2.10),

de�ne
Post(xi) := {x′i ∈ X̂i : ∃ui ∈ Ui, xi ui−→ x′i}. (8.17)

Once Ti is obtained, one can construct the nondeterministic Büchi automa-
ton (NBA)Bi := (Si, S

0
i , 2

APϕi , δi, Fi) for the speci�cationϕi (De�nition 2.7),
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the controlled transition system (CTS) Tc,i := (X̂i, X̂
0
i , APϕi ,→c,i, Lc,i) (Def-

inition 2.8), and then form the PBA Pi = Tc,i ×Bi (De�nition 2.9). After that,
the potential function for each state of Pi can be computed according to Def-
inition 8.3.

Remark 8.2. The cell decomposition of the workspace satis�es Lc(x) =
Lc(x

′),∀Q(x) = Q(x′). In addition, APϕi ⊆ AP,∀i ∈ V . Therefore,
one has Lc,i(x) = Lc,i(x

′),∀Q(x) = Q(x′),∀i ∈ V and thus βPi(x) =
βPi(x

′),∀Q(x) = Q(x′),∀i ∈ V . Then, according to De�nition 8.3, one can
get that if VPi((x, βPi(x))) <∞, then VPi((x

′, βPi(x
′))) <∞,∀x′ ∈ Q(x).

8.3.3 Initialization

Before proceeding, the following de�nition is required.

De�nition 8.5. We call that a trajectory ξi of (8.1) safely satis�es an LTL for-
mula ϕi if i) ξi |= ϕi and ii) ψi(xi) ⊂ F,∀xi ∈ proj2(ξi).

Denote by t0 the task activation time of agent i. At t0, agent i �rst �nds a
trajectory ξ0

i that safely satisfy ϕi. The trajectory planning problem for a sin-
gle agent can be solved by many existing methods, such as the search/sampling
based method [155], [156], automata-based method [157], and optimization-
based method [158], [159]. We note that the initial trajectory planning is not
the focus of this work. For details about this process, we refer to interested
readers to corresponding literatures and the references therein.

The following assumption is needed to guarantee the feasibility of each
task speci�cation ϕi.

Assumption 8.1. At time t0, there exists a trajectory ξ0
i that safely satisfy ϕi

for each agent i.

8.3.4 Online motion coordination

The initially planned trajectory of each agent does not consider the motion of
other agents. Moreover, each agent has only local view and local information
(about other agents). Therefore, motion coordination is required during on-
line implementation. Based on the sensing information (about the workspace)
and broadcasted information (from neighboring agents), each agent can detect
con�icts within its neighborhood and then conduct motion replanning such
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that con�icts are avoided. In this chapter, we consider that the con�ict detec-
tion is conducted at a sequence of sampling instants {tk}k∈N for each agent i,
where tk+1 − tk ≡ ∆.

Con�ict detection

Before proceeding, the following notation is introduced. Given a position tra-
jectory xi([t1, t2]) and a cell Xl ∈ Φ, the function Γ : F(R≥0,R2) × Φ →
2R≥0 , de�ned as

Γ(xi([t1, t2]), Xl) := {t ∈ [t1, t2] : xi(t) ∈ Xl}, (8.18)

gives the time interval that the position trajectory xi([t1, t2]) occupies the
cell Xl. B(xi(tk), R) represents the sensing area of agent i at time tk and
Q(B(xi(tk), R)) represents the set of cells that intersect with B(xi(tk), R).
Let

tfli (tk) := min
t>tk
{xi(t) /∈ B(xi(tk), R)}

be the �rst time that agent i leaves its sensing area B(xi(tk), R). Then, denote
by

Si(tk) := Q
(
xi([tk, t

fl
i (tk)])

)
(8.19)

the set of cells traversed by agent i within Q(B(xi(tk), R)) until it leaves it at
tfli (tk). Moreover, for each Xl ∈ Si(tk), the braking area of agent i is given
by ψi(Xl). Then, we de�ne

Resi(Xl) := Mi(Xl) (8.20)

as the set of reserved cells by agent i in order to safely brake when agent i is
within Xl. According to (8.18), the time interval that agent i occupies the cell
Xl ∈ Si(tk) is given by Γ(xi([tk, t

fl
i (tk)]), Xl). In addition, by the continuity

of xi([tk,∞)), one can conclude that Γ(xi([tk, t
fl
i (tk)]), Xl) is given by one

or several disjoint time interval(s) of the form [a, b), a < b. Supposing that

Γ(xi([tk, t
fl
i (tk)]), Xl) = ∪ml=1[al, bl), (8.21)

where m is the number of disjoint intervals in Γ(xi([tk, t
fl
i (tk)]), Xl). Denote

by Ti(Xl) the time interval that agent i reserves the area Resi(Xl). Then, it
can be over-approximated by

Ti(Xl) := ∪ml=1[al, bl + t∗(vi,max)), (8.22)



Solution 179

where t∗(vi,max) de�ned in (8.8) is the time needed for agent i to decelerate
from the maximum allowed velocity vi,max to zero velocity.

Then, we have the following de�nitions.

De�nition 8.6. We say that there is a spatial-temporal con�ict between agent
i and j at time tk if ∃Xl ∈ Si(tk), Xl′ ∈ Sj(tk) such that Resi(Xl) ∩
Resj(Xl′) 6= ∅ and Ti(Xl) ∩ Tj(Xl′) 6= ∅.

Based on De�nition 8.6, de�ne the set of con�ict neighbors of agent i at
time tk, denoted by Ñi(tk), as

Ñi(tk) :={j ∈ Ni(tk) : ∃Xl ∈ Si(tk), Xl′ ∈ Sj(tk) s.t.
Resi(Xl) ∩Resj(Xl′) 6= ∅ ∧ Ti(Xl) ∩ Tj(Xl′) 6= ∅}.

(8.23)

Then, we have the following Proposition.

Proposition 8.2. For agent i, if Ñi(tk) = ∅, then one has

i) ψi(xi(t)) ∩ ψj(xj(t)) = ∅,∀j ∈ Ni(tk),∀t ∈ [tk, t
fl
i (tk)];

ii) φi(xi(t)) ∩ φj(xj(t)) = ∅,∀j ∈ Ni(tk),∀t ∈ [tk, t
fl
i (tk)].

Proof. From (8.8), one can see that the braking time t∗(vi) increases mono-
tonically with the absolute value of vi. Therefore, t∗(vi,max) is the maxi-
mum time required to stop for all possible velocities. In addition, according
to (8.14), (8.21) and (8.22), one has ψi(xi(t)) ⊂ Resi(Xl),∀xi(t) ∈ Xl and
Γ(xbr

i ([t, t∗(vi(t))]), Xl) ⊂ Ti(Xl),∀xi(t) ∈ Xl. That is to say, Ñi(tk) = ∅
implies i).

Let φi(Xl) = ∪xi∈Xlφi(xi). Then, one has φi(Xl) ⊂ ψi(Xl).
The time interval that the footprint of agent i occupies Xl is given by
Γ(xi([t, t

fl
i (tk)]), Xl) and Γ(xi([t, t

fl
i (tk)]), Xl) ⊂ Ti(Xl). Thus, one can fur-

ther get that i) implies ii).

Agent i switches to Busy mode if and only if the set of con�ict neighbors
is non-empty (i.e., Ñi(tk) 6= ∅). The con�ict detection process is outlined in
Algorithm 8.1.
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Algorithm 8.1 con�ictDetection

Input: Sj(tk),Γ(xj([tk, t
fl
j (tk)]), Xl),∀Xl ∈ Sj(tk) for each j ∈ N+

i (tk).
Output: Set of con�ict neighbors Ñi(tk).

1: Initialize Ñi(tk) = ∅.
2: Compute Resj(Xl), Tj(Xl) for j ∈ N+

i (tk), Xl ∈ Sj(tk),
3: for j ∈ Ni(tk) do
4: if ∃Xl ∈ Si(tk), Xl′ ∈ Sj(tk) s.t.Resi(Xl)∩Resj(Xl′) 6= ∅∧Ti(Xl)∩
Ti(Xl′) 6= ∅ then

5: Ñi(tk) = Ñi(tk) ∪ {j},
6: end if
7: end for

Remark 8.3. To implement Algorithm 8.1, each agent i needs only to broad-
cast to its neighboring area local information about its plan. To be more speci�c,
which cell (e.g., Xl) within the sensing area B(xi(tk), R) is occupied by agent
i and when that happens (i.e., Γ(xi([t, t

fl
i (tk)]), Xl)). Note that the orientation

and velocity information of each agent are not required to be broadcasted to the
neighbors.

Determine planning order

Based on the neighboring relation and con�ict relation, the graph G(tk) =
{V, E(tk)} formed by the group of agents is naturally divided into one or mul-
tiple connected subgraphs, and the motion planning is conducted in parallel
within each subgraph in a sequential manner. In order to do that, a planning
order needs to be decided for each connected subgraph. In this chapter, we
propose a simple rule to assign priorities between each pair of neighbors.

The number of neighbors and con�ict neighbors of agent i at time tk are
given by |Ni(tk)| and |Ñi(tk)|, respectively. Then, we have the following def-
inition.

De�nition 8.7. We say that agent i has advantage over agent j at time tk
if Ñj(tk) 6= ∅ and

1) |Ni(tk)| > |Nj(tk)|; OR
2) |Ni(tk)| = |Nj(tk)| and |Ñi(tk)| > |Ñj(tk)|.

Let Yi(tk) be the set of neighbors that have higher priority than agent i at
time tk. The planning order assignment process is outlined in Algorithm 8.2.
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For each neighbor j ∈ Ni(tk), if j is in Emerg mode (and thus will be
viewed as a static obstacle) or Ñj(tk) = ∅, then agent j has higher priority
(lines 3-5). Otherwise, agent j has higher priority in motion planning if agent
j has advantage over agent i (lines 6-8). However, for the special case, i.e.,
|Ni(tk)| = |Nj(tk)| and |Ñi(tk)| = |Ñj(tk)|, neither agent i nor j has ad-
vantage over the other. In this case, the priority is determined by the initially
uniquely assigned priority score for each agent i (i.e., P 0

i 6= P 0
j ,∀i, j). Denote

by P 0
i the priority score of agent i. We say that agent i has priority over j

if P 0
i > P 0

j (lines 9-11).

Algorithm 8.2 planningOrderAssignment

Input: Nj(tk), Ñj(tk), P 0
j , j ∈ N+

i (tk).
Output: Set of higher priority neighbors Yi(tk).

1: Initialize Yi(tk) = ∅.
2: for j ∈ Ni(tk) do,
3: if j is in Emerg mode or Ñj(tk) = ∅ then,
4: Yi(tk) = Yi(tk) ∪ j,
5: else
6: if j has advantage over i then,
7: Yi(tk) = Yi(tk) ∪ j,
8: else
9: if neither agent i nor j has advantage over the other and P 0

j >

P 0
i then,

10: Yi(tk) = Yi(tk) ∪ j,
11: end if
12: end if
13: end if
14: end for

Proposition 8.3 (Deadlock-free in planning order assignment). The plan-
ning order assignment rule given in Algorithm 8.2 will result in no cycles, i.e.,
@{qm}K̂1 , K̂ ≥ 2 such that qK̂ ∈ Yq1(tk) and qm−1 ∈ Yqm(tk),∀m =

2, . . . , K̂ .

Proof. Suppose that there exists a list of nodes {qm}K̂1 such that

qK̂ ∈ Yq1(t), qm−1 ∈ Yqm(t),∀m = 2, . . . , K̂, (8.24)
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at some time tk. Firstly, we argue that there will be no Emerg mode agent
in the circle. Without loss of generality, assume that agent qm∗ ,m∗ ∈
{2, . . . , K̂ − 1} is in Emerg mode. According to Algorithm 8.2, agent qm∗
should have highest priority among all its neighbors, which means qm∗ ∈
Yqm∗−1

(t) and qm∗ ∈ Yqm∗+1
(t). This contradicts (8.24) and thus there will be

Emerg mode agent in the circle.
Since there is no Emerg mode agent in the circle, one can get from Al-

gorithm 8.2 that qm1 ∈ Yqm2
(tk) =⇒ |Nqm1

(tk)| > |Nqm2
(tk)|. Therefore,

(8.24) holds if and only if

|Nq1(tk)| = |Nq2(tk)| = · · · |NqK̂ (tk)|. (8.25)

However, if (8.25) holds, the priority order will further be determined by
Ñqm(tk). Following the similar procedure, we will get

|Ñq1(tk)| = |Ñq2(tk)| = · · · |ÑqK̂ (tk)|. (8.26)

If both (8.25) and (8.26) hold, the priority order will be determined by the ini-
tially assigned priority score, which is unique for each agent. Therefore, there
will be no circles.

Remark 8.4. The rationale behind the rule can be explained as follows. Since
the motion planning is conducted sequentially within each subgraph based on
the priority order obtained in Algorithm 8.2, then the total time required to com-
plete the motion planning is given byKO(dt), where O(dt) represents the time
complexity of one round of motion planning and K represents the number of
rounds (if multiple agents conduct motion planning in parallel, it is counted as
one round), which is determined by the priority assignment rule being used (e.g.,
if �xed priority is used, the number of rounds isK = N ). In our rule, we assign
the agent with more neighbors or more con�ict neighbors the higher priority, and
in this way, we try to minimize the number of rounds needed.

Example 8.1. Consider a group of 7 agents, whose communication relation and
con�ict relation (at time tk) are depicted in Figure 8.3. According to the pro-
posed planning order assignment rule, the motion planning can be completed in
3 rounds, where agents 1 and 3 are in the �rst round, agents 2, 4 and 7 are in the
second round, and agent 5 is in the third round. Note that no motion planning is
required for agent 6 since agent 6 has no con�ict neighbor.
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Figure 8.3: Communication and con�ict graph, where both the black and red
lines represent communication relation and the red lines represent con�ict
relation.

Motion planning

Before starting to plan, agent i needs to wait for the updated plan from the
set of neighbors that has higher priority than agent i (i.e., j ∈ Yi(tk)) and
consider them as moving obstacles. For those neighbors j ∈ Yi(tk), denote
by ξ+

j ([tk,∞)) (correspondingly x+
j ([tk,∞))) the updated trajectory (posi-

tion trajectory) of agent j at time tk and let tfl+j (tk) be the �rst time that
agent j leaves its sensing area B(xj(tk), R) according to the updated position
trajectory x+

j ([tk,∞)). Then, similar to (8.19), one can de�ne

S+
j (tk) := Q(x+

j ([tk, t
fl+
j ]))

as the updated set of cells traversed by agent j within Q(B(xj(tk), R)). For
each Xl ∈ S+

j (tk), the time interval that agent j occupies the cell Xl is given
by Γ(x+

j ([tk, t
fl+
j ]), Xl). Suppose that Γ(x+

j ([tk, t
fl+
j ]), Xl) = ∪m̂l=1[âl, b̂l),

where m̂ is the number of disjoint intervals in Γ(x+
j ([tk, t

fl+
j ]), Xl). Denote by

T +
j (Xl) the time interval that agent j reserves the area Resj(Xl) according

to the updated position trajectory x+
j ([tk,∞)). Similarly to (8.22), it can be

over-approximated by T +
j (Xl) := ∪m̂l=1[âl, b̂l + t∗(vj,max)].

Then, the trajectory planning problem (TPP) can be formulated as follows:

�nd ξi([tk,∞)), (8.27a)
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subject to
(8.1) and (8.2), (8.27b)
ξi([t0, tk] ∪ [tk,∞)) |= ϕi, (8.27c)
ψi(proj2(ξi([tk,∞)))) ⊂ F, (8.27d)
ψi(proj2(ξi(t))) ∩Resj(Xl) = ∅, t ∈ T +

j (Xl),

∀j ∈ Yi(tk),∀Xl ∈ S+
j (tk).

(8.27e)

Constraints (8.27d) and (8.27e) guarantee respectively that there will be no
agent-obstacle collisions and inter-agent collisions for agent i.

When relatively simple speci�cations, e.g., reach-avoid type of tasks,
are considered, various existing optimization toolboxes, e.g., IPOPT [160],
ICLOCS2 [161], and algorithms, e.g., the con�guration space-time search
[162], the Hamilton-Jacobian reachability-based trajectory planning [163], and
RRTX [164] can be utilized to solve (8.27). However, if the speci�cations are
complex LTL formulas, the constraint (8.27c) is not easy to be veri�ed online
using the methods mentioned above (the PBA Pi can be used to verify (8.27c),
however, it can not deal with the spatial-temporal collision avoidance con-
straint (8.27e) at the same time). Recently, an on-line RRT-based algorithm is
proposed in [153] to generate local paths that guarantee the satisfaction of
the global speci�cation. Motivated by this work, a local trajectory generation
algorithm is proposed in this chapter, which is outlined in Algorithm 8.3.

Before proceeding, the following notations are required. Denote by

NIi(tk) := {Resj(Xl), T +
j (Xl),∀Xl ∈ S+

j (tk),∀j ∈ Yi(tk)}

the set with respect to agent iwhich contains all local trajectory information of
higher priority neighbors at time tk. Given a state si ∈ X̂i, de�ne the function
Bi : X̂i → 2Si as a map from a state si ∈ X̂i to a subset of valid Büchi states
which correspond to si (i.e., Bi(si)) ⊆ βPi(si), where βPi(si) is de�ned in
(8.15)). Function Bi is used to capture the fact that given a partial trajectory,
not all Büchi states in βPi are valid. At the task activation time t0, one has
Bi(ξi(t0)) = βPi(ξi(t0)). During the online implementation, Bi(ξi(tk)), tk >
t0 is updated by

Bi(ξi(tk)) = βPi(ξi(tk)) ∩ {Bi(ξi(tk−1)) ∪ Post(Bi(ξi(tk−1)))} (8.28)

where
Post(Bi(ξi(tk−1))) = ∪si∈Bi(ξi(tk−1))Post(si). (8.29)
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Algorithm 8.3 localTrajectoryGeneration

Input: ξi(tk), Bi(ξi(tk)),Post(Bi(ξi(tk))), Pi, VPi , O, and NIi(tk).
Output: A local transition system T Lc,i and a leaf node ξfi .

1: Initialize T Lc,i = (SLi , S
L
i,0, APϕi ,→L

c,i, Lc,i) and ξfi = ∅, where SLi =

SLi,0 = ξi(tk) and→L
c,i= ∅, St(ξi(tk)) = 0.

2: for k = 1, . . . , Nmax
i do,

3: ξs ← generateSample(SAi(tk)),
4: ξn ← nearest(SLi , ξs),
5: u∗i ← arg minui∈Ui{‖ξi(ξn, ui, τs)− ξs‖},
6: ξr ← ξ(ξn, u

∗
i , τs),

7: Bi(ξr)← βPi(ξr) ∩ {Bi(ξn) ∪ Post(Bi(ξn))},
8: if Bi(ξr) 6= ∅ ∧ VTc,i(ξr, Bi(ξr)) <∞ then,
9: Oi(tk) ← updateObstacle(O, NIi(tk), [St(ξn)τs, (St(ξn) +

1)τs]),
10: if dist(proj2([ξn, ξr]),Oi(tk)) ≥ Dsf

i then,
11: SLi ← SLi ∪ {ξr};→L

c,i=→L
c,i ∪{ξn

u∗i−→ ξr},
12: St(ξs)← St(ξn) + 1,
13: end if
14: end if
15: if proj2(ξr) /∈ B(proj2(ξi(tk)), R), then
16: k = Nmax

i + 1,
17: ξfi ← ξr ,
18: end if
19: end for

At each time instant tk, Algorithm 8.3 takes the state of agent i, i.e, ξi(tk),
Bi(ξi(tk)),Post(Bi(ξi(tk))), the o�ine computed PBA Pi, potential func-
tion VPi , the set of static obstacles O, and the local trajectory information
of higher priority neighbors, i.e., NIi(tk) as input. The output is a local CTS
T Lc,i := (SLi , S

L
i,0, APϕi ,→L

c,i, Lc,i) that is constructed incrementally and a
leaf node ξfi . The root state of T Lc,i is agent i’s state ξi(tk). The function
st : SLi → N maps a state x ∈ SLi to the number of time steps needed to
reach the root state ξi(tk). Initially, T Lc,i contains one state ξi(tk) and 0 transi-
tions, i.e., st(ξi(tk)) = 0, and the leaf node ξfi = ∅ (line 1). In each iteration
(lines 2-19), a new state ξs is generated randomly from the set SAi(tk) us-
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ing the generateSample procedure (line 3), where SAi(tk) is the sampling area
around agent i, given by

SAi(tk) := {(x, θ, v) : x ∈ B(proj2(ξi(tk)), R+ η),

θ ∈ [−π, π], |v| ≤ vi,max}, (8.30)

where η > 0 is an o�ine chosen constant, which guarantees that there ex-
ists s ∈ SAi(tk) such that proj2(s) /∈ B(proj2(ξi(tk)), R). This condition
is essential for checking the terminal condition (line 15). The nearest func-
tion (line 4) is a standard RRT primitive [156] which returns the nearest state
in SLi to the new sample ξs. Then, one further �nds, within the set of states
that are reachable from ξn at time τs, the closest one to the new sample ξs,
i.e., ξr (line 6), and the corresponding input u∗i is obtained (line 5). Here, τs is
the sampling interval (the same one used for constructing the transition sys-
tem Ti in Section 8.3.2). Once ξr is obtained, we further compute the subset
of valid Büchi states which correspond to ξr , i.e., Bi(ξr), according to (8.28)
(line 7). After that, if both conditions Bi(ξr) 6= ∅ and VTc,i(ξr, Bi(ξr)) < ∞
are satis�ed (which guarantees that there exists a path, starting from ξr , that
reaches a self-reachable accepting state of Pi, recall Remark 8.1), obstacles
that appear during the time interval [st(ξn)τs, (st(ξn) + 1)τs] are added into
the workspace using the function updateObstacles (Algorithm 8.4). Finally, the
state ξr is added into SLi and the transition relation ξn

u∗i−→ ξr is added into
→L
c,i if the distance between the line segment proj2([ξn, ξr]) and the obstacles

is no less than the safe distance of agent i (lines 10-11), and then the time step
needed for ξr to reach the root state ξi(tk) is recorded (line 12). The algorithm
is terminated when the local sampling tree reaches the outside of the sensing
area of agent i, and the leaf node ξfi is then given by the corresponding state
ξr (line 15-18).
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Algorithm 8.4 updateObstacle

Input: O, NIi(tk) and a time interval [t1, t2].
Output: Oi(tk).

1: Oi(tk)← O,
2: for j ∈ Yi(tk), do
3: for Xl ∈ S+

j (tk), do
4: if T +

j (Xl) ∩ [tk + t1, tk + t2] 6= ∅, then
5: Oi(tk)← Oi(tk) ∪ (Resj(Xl) ∩ SAi(tk)),
6: end if
7: end for
8: end for

Remark 8.5. The complexity of one iteration of Algorithm 8.3 is the same as for
the standard RRT. The functions generateSample and nearest are standard RRT
primitives (one can refer to [156] for more details). The complexity of the upda-
teObstacle process (Algorithm 8.4) at time tk is O(1) since |Yi(tk)| ≤ N − 1
and |S+

j (tk)| ≤ ]B(xj(tk), R),∀j, where ]B(xj(tk), R) represents the num-
ber of cells contained in the sensing area Q(B(xj(tk), R)). The computation of
dist(proj2([ξn, ξr]),Oi(tk)) can be formulated as a convex optimization prob-
lem and solved in O(1) since there is a limited number of obstacles in SAi(tk)
and each obstacle is of the form of a convex cell. Moreover, the calculations of
Bi(ξr) and VTc,i(ξr, Bi(ξr)) are of the complexity of O(1) since Pi, VPi are
computed o�ine.

After the local CTS T Lc,i is obtained, we further need to �nd a path, starting
from the leaf node ξfi , that reaches one of the maximal self-reachable accepting
states F ∗p,i of Pi. De�ne

Pi(ξ
f
i ) := ∪si∈Bi(T Lc,i)(ξ

f
i , si)

as the set of states in the PBA Pi that correspond to ξfi . Then, the process is
outlined in Algorithm 8.5. Algorithm 8.5 takes the set Pi(ξfi ) and the the PBA
Pi as input. It �rst �nds the state p∗i in Pi(ξfi ) that has the minimum potential
(line 1). Then, the function DijksTargets(Pi, source, targets) (de�ned in [150])
computes a shortest path inPi from “source" state to one of the state belonging
to the set “targets" (line 2). The required path is then the projection of pi on
the state space of Tc,i (line 3).
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Algorithm 8.5 globalTrajectoryGenration

Input: Pi(ξ
f
i ) and Pi.

Output: a path ρi.
1: p∗i = min

pi∈Pi(ξfi )
{VPi(pi)},

2: pi ← DijksTargets(Pi, p∗i , F ∗p,i),
3: ρi = pjX̂i(pi),

Algorithm 8.6 motionCoordination

Input: (o�ine) Mi(Xl),∀Xl ∈ Φ, Tc,i, Bi,Pi, and VPi .
Output: Real-time plan ξ+

i ([tk,∞)), tk ≥ t0.
1: Initialize: ξ−i ([t0,∞)) ← ξ0

i , Bi(ξi(t0)) ← βPi(ξi(t0)),
Post(Bi(ξi(t0))) ← ∪si∈Bi(ξi(t0))Post(si), and agent i is in Free
mode.

2: while tk > t0 and ϕi is not completed do,
3: Compute Bi(ξi(tk)) and Post(Bi(ξi(tk))) according to (8.28) and

(8.29),
4: Ñi(tk)← con�ictDetection(),
5: if Ñi(tk) 6= ∅ then
6: agent i switches to Busy mode,
7: Yi(t)← planningOrderAssignment(),
8: (T Lc,i, ξfi )← localTrajectoryGeneration(),
9: if ξfi 6= ∅, then

10: ρi ← globalTrajectoryGeneration(),
11: ξ+

i ([tk,∞))← DijksTargets(T Lc,i, ξi(tk), ξfi ) ] ρi,
12: agent i switches to Free mode,
13: else
14: agent i switches to Emerg mode,
15: ui ← ubr

i ,
16: ξ+

i ([tk,∞))← ξi(ξi(tk), ui, [0,∞)),
17: end if
18: else
19: ξ+

i ([tk,∞))← ξ−i ([tk,∞)),
20: end if
21: end while
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It is possible that after the maximum number of iterations (i.e., Nmax
i ),

there exists no local path that reaches the outside of the sensing area of agent i.
In this case, the TPP (8.27) is considered infeasible, agent i switches to Emerg
mode and the braking controller (8.7) is applied. When agent i is in Emerg
mode, it will continue monitoring the environment (by updating T Lc,i). Once a
feasible local path is found, it will switch back to Free mode. The whole mo-
tion coordination process is summarized in Algorithm 8.6, where the notation
DijksTargets(T Lc,i, ξi(tk), ξfi ) ] ρi (line 11) represents a path whose �rst path
segment is given by DijksTargets(T Lc,i, ξi(tk), ξfi ) and second path segment is
given by ρi.

Now, we have the following result.

Theorem 8.1 (Safety). If the sensing radius of the agents satis�es R >

2 maxi∈V{Dsf
i +∆vi,max}, where∆ is the con�ict detection interval, then the re-

sulting real-time plan of Algorithm 8.6 guarantees that there will be no obstacle-
agent and inter-agent collisions for agent i.

Proof. If the TPP (8.27) is feasible (agent iwill be in Free mode after the trajec-
tory planning process), the local trajectory generation algorithm (Algorithm
8.3) and the global trajectory generation algorithm (Algorithm 8.5) guarantees
that the constraints (8.27d) and (8.27e) of (8.27) are satis�ed. That is to say,
there will be no obstacle-agent and inter-agent collisions for agent i. If the
TPP (8.27) is infeasible (agent i will switch to Emerg mode), agent i would
apply the braking controller ubr

i until it stops. Since R > 2 maxi∈V{Dsf
i +

∆vi,max}, it guarantees that con�ict between any pair of agents (i, j) will
be detected at the time that both agent i and j are outside of the braking
area of the other. This means that there will be no inter-agent collision dur-
ing the emergency stop process. On the other hand, when constructing Ti,
one has ψi(proj2(xi)) ⊂ F,∀xi ∈ X̂i), i.e., dist(xi,O) ≥ Dsf

i ,∀xi ∈ X̂i.
Moreover, in the replanning process, it also requires that the distance between
proj2([ξn, ξr]) and static obstacles O is no less than Dsf

i (line 10, Algorithm
8.3). Therefore, there will be no obstacle-agent collision during the emergency
stop process. Thus, no collision will occur for the whole process.

Remark 8.6. The framework proposed in this chapter can be extended to MAS
where agents are of di�erent dynamics. For example, if there exists a agent i
whose dynamics is given by the single-integrator ẋi = ui with the input con-
straint ‖ui‖ ≤ ui,max. The braking controller can be chosen as ubri (t) = 0 and
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the safe distanceDsf
i = 0. If there exists a agent j whose dynamics is given by the

double-integrator ẋj = vj , v̇j = uj with the velocity constraint ‖vj‖ ≤ vj,max

and the input constraint ‖uj‖ ≤ uj,max. The braking controller can be chosen as

ubrj (t) =

{
−uj,max

vj(t)
‖vj(t)‖ , if ‖vj(t)‖ 6= 0

0, otherwise

and the safe distance Dsf
j = v2

j,max/(2uj,max).

Remark 8.7. Due to the distributed fashion of the solution and the locally avail-
able information, the proposed motion coordination strategy is totally scalable in
the sense that the computational complexity of the solution is not increasing with
the number of agents. In addition, it is straightforward to extend the work to MAS
scenarios where unknown static obstacles and moving obstacles are presented.

Remark 8.8. The workspace discretization, the planning order assignment and
the over-approximation of the braking area in�uence the completeness (the abil-
ity to �nd a solution when one exists) of the proposed solution. To improve com-
pleteness, online re�nement of the cell decomposition of the workspace, search the
space of the prioritization scheme (e.g., the randomized search approachwith hill-
climbing [165]), and less-conservative approximation of the braking area (using
the real-time orientation and velocity information) can be utilized. The disad-
vantage is that the resulting approach will be computationally more complex.

8.4 Example

We illustrate the results on a MAS consisting of N = 7 agents. The velocity
and input constraints for agents i ∈ {1, 2, 3, 6, 7} are given by |vi| ≤ 2m/s
and |ωi| ≤ 115rad/s, |ai| ≤ 2m/s2, respectively. The velocity and input
constraints for agents i ∈ {4, 5} are given by |vi| ≤ 1.5m/s and |ωi| ≤
86rad/s, |ai| ≤ 1.5m/s2, respectively. Then, one can get from (8.11) that
Dsf
i = 0.707m,∀i. The sensing radius of each agent isR = 5m and the con�ict

detection period is ∆ = 0.05s, then one has R > 2 maxi∈V{Dsf
i + ∆vi,max}.

The common workspace for the group of agents is depicted in Figure 8.4,
where the gray areas represent the static obstacles, the colored triangles
represent the initial position and orentation of the agents, and the colored
rectangles, marked as Xf

l , l = 1, 2, . . . , 9, represent a set of target regions
in the workspace. Initially, vi(t0) = 0,∀i. A grid representation with grid
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size 0.5m is implemented as workspace discretization, one can verify that
Lc(x) = Lc(x

′),∀Q(x) = Q(x′).
The speci�cation for each agent is given respectively by ϕ1 = G(W ∧

¬O) ∧ FGXf
1 , ϕ2 = G(W ∧ ¬O) ∧ FGXf

2 , ϕ3 = G(W ∧ ¬O) ∧ FGXf
3 ,

ϕ4 = G(W ∧ ¬O) ∧ FGXf
4 ∨ FGXf

5 , ϕ5 = G(W ∧ ¬O) ∧ FGXf
6 , ϕ6 =

G(W ∧ ¬O) ∧ FGXf
7 , and ϕ7 = G(W ∧ ¬O) ∧ FXf

8 UFX
f
9 .

Figure 8.4: The workspace for the group of agents.
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Figure 8.5: The position trajectories for each agent.

Figure 8.6: The evolution of the position trajectories with respect to time.
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The initially planned trajectories are depicted �rst for each agent, where
Figure 8.5 shows the position trajectories and Figure 8.6 shows the evolution
of the position trajectories with respect to time. One can see that the initially
planned trajectories satisfy the speci�cationϕi for each agent i. During online
implementation, con�icts are detected among agents (3, 6), (4, 5), (1, 3, 6) and
(1, 7) at time instants 19.4s, 22s, 22.45s and 43.6s, respectively. Whenever
con�icts are detected, the planning order assignment module and the tra-
jectory planning module are activated to solve the con�icts. The real-time
moving trajectories for each agent are shown in Figs. 8.7-8.8, where Figure
8.7 shows the real-time position trajectories and Figure 8.8 shows the evolu-
tion of the position trajectories with respect to time. One can see that con-
�icts are resolved and each agent completes its speci�cation eventually. A
video recording of the real-time implementation can be found here: https:
//www.youtube.com/watch?v=68mchYhrbhY.

Figure 8.7: The real-time position trajectories for each agent.
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Figure 8.8: The evolution of the real-time position trajectories with respect to
time.
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Figure 8.9: The real-time evolution of velocity vi for each agent, where
vi,max = 2m/s, i ∈ {1, 2, 3, 6, 7} and vi,max = 1.5m/s, i ∈ {4, 5}.
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Figure 8.10: The real-time evolution of inputs (ai, ωi) for each agent, where
ai,max = 2m/s2, ωi,max = 115rad/s, i ∈ {1, 2, 3, 6, 7} and ai,max =
1.5m/s2, ωi,max = 86rad/s, i ∈ {4, 5}.

The real-time evolution of velocity vi and inputs (ai, ωi) of each agent i
are plotted in Figure 8.9 and Figure 8.10, respectively. One can see that the
velocity constraints and the input constraints are satis�ed by all agents at any
time. All the simulations were run in Matlab 2018b on a DELL laptop of 2.6GHz
using Intel Core i7.

8.5 Summary

In this chapter, the online MAMC problem for a group of agents moving in
a shared workspace was considered. Under the assumptions that each agent
has only local view and local information, and subject to both velocity and in-
put constraints, a fully distributed motion coordination strategy was proposed
for steering individual agents in a common workspace, where each agent is
assigned an LTL speci�cation. It was shown that the proposed strategy can
guarantee collision-free motion of each agent.
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Chapter 9

Conclusions and Future Research

In this chapter, we conclude the results of this thesis and discuss possible di-
rections for future research.

9.1 Conclusions

This thesis presented results on task-oriented control and coordination of
MAS under varying constraints. The �rst three chapters (Chapters 3-5) were
concerned with cooperative control of MAS, in which communication con-
straint and time constraint were considered. Chapters 6-7 studied the control
of uncertain systems under temporal logic speci�cations, where input con-
straint was considered. Finally, the motion coordination was investigated for
MAS with local LTL speci�cations, where both the communication and the
state and input constraints were taken into account. This part of result was
presented in Chapter 8.

Chapter 3 studied the distributed ETC of multi-agent consensus. To re-
lax the requirements of continuous communication and controller update, an
asynchronous ETC strategy was proposed for the MAS. It was shown that
consensus is achieved asymptotically as well as Zeno behavior is excluded.

Chapter 4 proposed a resource-e�cient PETC strategy for multi-agent
consensus. It was resource e�cient in two aspects: 1) both the rate of com-
munication and controller updates were reduced (compared to TTC) and 2)
the requirements of continuous sensing and computing were relaxed (com-
pared to ETC). The design of the PETC strategy can be divided into three
major stages. In the �rst stage, an approach on �nding the explicit formula
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for MASP was proposed. In the second stage, an asynchronous PETC strategy
was formulated. Finally, in the third stage, the constraint of limited data rate
was considered. It was shown that exponential consensus can be achieved in
all the cases.

Chapter 5 considered the target tracking for a leader-follower MAS. We
assumed that the leader-follower MAS is subject to a sequence of dynamically
activated tasks, each of which is associated with a relative deadline and can be
completed at several QoSa levels. By taking into account the reward and cost of
satisfying the tasks, a dynamic scheduling strategy was proposed. Based on the
dynamic plan, distributed control laws were designed accordingly for leader
and follower agents. It was shown that the proposed control laws guarantee
the satisfaction of each task at its desired QoS level.

Chapter 6 studied the construction of discrete state-space symbolic models
for continuous-time uncertain nonlinear systems. In this chapter, a novel sta-
bility notion called η-C-Ω-GPS and its Lyapunov function characterization,
and a new relation called robust approximately (bi)simulation relation were
proposed. It was shown that an uncertain concrete system, under the condi-
tion that there exists an admissible control interface such that the augmented
system can be made η-C-Ω-GPS, robust approximately simulates its discrete
state-space abstraction.

Chapter 7 was concerned with the robust satis�ability check and online
control synthesis of uncertain discrete-time systems under STL speci�cations.
In this chapter, the notion of tTLT was proposed �rst. Using the tTLT, a su�-
cient condition was obtained for the robust satis�ability check of the uncertain
systems. When the system is deterministic, a necessary and su�cient condi-
tion for satis�ability was further obtained. After that, an online control synthe-
sis algorithm was designed. The soundness of the algorithm was proven when
the system is uncertain while the completeness was further proven when the
underlying system is deterministic.

Chapter 8 investigated the motion coordination problem for MAS, where
each agent is assigned an LTL speci�cation. The group of agents were moving
in a shared workspace, therefore coordination is essential for safety. Under
the assumptions that each agent has only local view and local information,
and subject to both state and input constraints, a fully distributed motion co-
ordination strategy was proposed for each agent. It was shown that safety is
guaranteed for all agents at any time.
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9.2 Future Research

There are several interesting research directions based on the work of this
thesis, which are discussed in this section.

Fundamental Tradeo� between Sensing, Computing, Commu-
nication, and Control

In Chapters 3-4, ETC and PETC strategies were proposed for MAS. It was
shown that there is a tradeo� between the rate of communication and per-
formance. In general, we see that the usage of sensing, computing, commu-
nication, and control resources are correlated with each other. However, how
to systematically tradeo� between them is still an open problem. To this re-
spect, proper metrics should be proposed to quantify the resource utilization
of sensing, computing, communication, and control.

Safe Learning and Control for Uncertain Systems

Chapters 6-7 focus on the robust control approaches for uncertain systems. It
is powerful as it provides theoretical guarantee on the property satisfaction,
e.g., safety, which is important for robotic systems. It will be interesting to
extend the current work to scenarios where the environment is unstructured
or the information about the system is partial known or even unknown. In
this respect, learning-based approaches, such as Gaussian process regression
[166] and policy improvement with integrals [167], are useful and important.
A central problem is how to integrate learning and control for ensuring safety
and mission completion (e.g., temporal logic speci�cations).

E�icient Coordination under STL specifications

In Chapter 8, we developed a distributed motion coordination strategy for
MAS under local LTL speci�cations. When considering STL speci�cations for
the MAS, the spatial and temporal constraints embedded in STL formula pose
new challenges for motion coordination. The tTLTs proposed in Chapter 7
is a powerful tool for the STL control synthesis. As a natural extension, it is
interesting to explore how to apply this tool to e�cient MAMC under STL
speci�cations.
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Despite of what were discussed above, we are also interested in problems
such as e�cient algorithms for online computation of reachable sets or tubes.
In addition, the experimental validation of the proposed strategies by real-
world systems will be pursued.
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