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Abstract

Over the past few years, deep neural networks have been at the center of attention
in machine learning literature thanks to the advances in computational capabilities of
modern graphical processing units (GPUs). This progress has made it possible to train
large scale neural networks by using thousands, and even millions, of training samples
to achieve outstanding estimation accuracy in various applications that were not simply
possible before. Besides, the lack of a coherent understanding of neural networks
theory has shifted the focus of current machine learning researches from a theoretical
view to experimental studies by using clusters of GPU. Therefore, the current deep
learning literature is still a novice when it encounters real-world scenarios where the
number of training samples is small or the computational resources are limited. In
this thesis, we focus on developing new neural network architectures while taking such
practical constraints into account.

First, we propose a layer-wise training approach for multilayer neural networks
that can guarantee a reduction of the training loss as the network gets deeper. While
being computationally efficient, this approach provides us with an estimation of the
appropriate size of the network, i.e., the number of neurons and layers. The proposed
approach also enjoys a scalable training algorithm, making it attractive for distributed
learning scenarios over a network of agents. Second, we focus on designing a deep
neural network architecture to handle small data learning regimes, where the number
of training samples is limited. To this end, we combine kernel methods and densely
connected networks and show its classification capabilities in few-shot learning sce-
narios. Due to the use of kernel representation, the proposed approach is capable of
handling large dimensional samples and feature vectors since the complexity of the
training algorithm is mainly determined by the number of samples rather than their
dimensions. And third, we solely focus on designing a deep neural network architec-
ture with very-low computational requirements, making it suitable for power-limited
applications such as learning on the edge devices. In particular, we use a combination
of random weights and ReLU activation functions to achieve an accurate estimation as
the network gets deeper.

In the next part of the thesis, we present some applications of the proposed archi-
tectures and show how they can contribute to the current machine learning literature.
First, we give an example of how we can incorporate incremental learning setup into
an adaptive size multilayer neural network by using our proposed network. Then, we
bring new insight from an information-theoretic point of view on the signal flow of a
multilayer neural network. We also show examples of how it is possible to use our
techniques to improve the performance of state-of-the-art deep networks. And finally,
we briefly show the favorable characteristics of our training algorithms that make them
suitable for a variety of distributed learning scenarios over a network.
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Sammanfattning

Under de senaste åren har djupa artificiella neuronnät, tack vare framstegen i be-
räkningsfunktioner hos moderna grafiska processorenheter (GPU), ståt i centrum för
litteraturen inom maskininlärning. Dessa framsteg har gjort det möjligt att träna stora
neuronnät genom att använda tusentals, och till och med miljontals, träningsprover till
att uppnå enastående uppskattningsnoggrannheter inom diverse applikationer, något
som inte varit möjligt tidigare. Dessutom har bristen på en sammanhängande teoretisk
förståelse av dessa konstgjorda nät förflyttat fokuset inom aktuell maskininlärnings-
forskning från teoretiska till experimentella studier genom att använda kluster av GPU.
Därför är den nuvarande djupinlärningslitteraturen fortfarande begränsad när man stö-
ter på verkliga scenarier där antalet träningsprover är små eller beräkningsresurserna är
begränsade. I denna avhandling fokuserar vi på att utveckla nya neuronnätsarkitekturer
med hänsyn till sådana praktiska begränsningar.

För det första föreslår vi en lagervis träningsmetod för artificiella neuronnät bestå-
ende av flera lager som kan garantera en minskning av träningsförlusten när nätet blir
djupare. Denna metod ger oss en uppskattning av lämplig storlek på nätet, dvs. antalet
neuroner och lager, samtidigt som den är beräkningseffektiv. Den föreslagna metoden
har också en skalbar träningsalgoritm, vilket gör den attraktiv för distribuerade inlär-
ningsscenarier över ett nätverk av agenter. För det andra fokuserar vi på att utforma
en djup neuronnätsarkitektur för att hantera små datainläringsregimer, där antalet trä-
ningsprover är begränsade. För detta ändamål kombinerar vi “kernel method” och tätt
anslutna nätverk och visar dess klassificeringsmöjligheter i “few-shot” scenarier (få
inlärningsprov). På grund av användningen av kärnrepresentation kan det föreslagna
tillvägagångssättet hantera hög-dimensionella prover och funktionsvektorer eftersom
komplexiteten i träningsalgoritmen huvudsakligen bestäms av antalet prover snarare
än deras dimensioner. Och för det tredje fokuserar vi enbart på att utforma en djup
neuronnätsarkitektur med mycket låga beräkningskrav, vilket gör den lämplig för ener-
gibegränsade applikationer som inlärning på edge-enheter. I synnerhet använder vi en
kombination av slumpmässiga vikter och ReLU-aktiveringsfunktioner för att uppnå en
exakt uppskattning när nätverket blir djupare.

I nästa del av avhandlingen presenterar vi några tillämpningar av de föreslagna ar-
kitekturerna och visar hur de kan bidra till den aktuella maskininlärningslitteraturen.
Först ger vi ett exempel på hur vi kan integrera inkrementell inlärning i ett djupt neu-
ronnätverk av adaptivt storlek genom att använda vårt föreslagna nätverk. Sedan ger
vi ny insikt ur en informationsteoretisk synvinkel om signalflödet i ett neuronnät med
flera lager. Vi ger också exempel på hur det är möjligt att använda våra tekniker för
att ytterligare förbättra prestandan för toppmoderna djupa neuronnät. Slutligen visar vi
kort de fördelaktiga egenskaperna hos våra träningsalgoritmer som gör dem lämpliga
för en mängd olika distribuerade inlärningsscenarier över ett neuronnät.
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Chapter 1

Introduction

1.1 Neural Networks Overview

Artificial neural networks (ANNs) and deep learning (DL) architectures have received
enormous attention over the last decade. The field of machine learning is enriched with ap-
propriately trained neural network architectures such as deep neural networks (DNNs) [1]
and convolutional neural networks (CNNs) [2], outperforming the classical methods in
different classification and regression problems [3, 4]. This progress hyped in recent years
with the emergence of powerful graphical processing units (GPUs) tailored to perform the
heavy computations of deep learning algorithms in a way more efficient approach. At the
same time, the development of open-source platforms such as Tensorflow and PyTorch
made it possible to easily handle large-scale machine learning problems with millions of
training samples and trainable parameters which were simply impossible to imagine a few
years back.

However, this impressive progress has come with a cost–it has made machine learning
(ML) strictly reliant on extensive computational resources and a large number of training
samples. These two requirements are the major aspects to consider when using a ma-
chine learning method to solve a real-world problem. For instance, with the evolution of
5G and the internet of things (IoT), distributed learning in edge devices specifically de-
mands efficient algorithms that have low memory, computational, and communicational
requirements at the same time [5, 6]. In many other areas such as object classification and
detection, regression, time-series prediction, and bioinformatics, it is simply not possible
to collect a large number of training samples either due to the annotation costs or inherent
limitation of collecting data samples [7]. To this end, various machine learning areas has
found popularity in recent years such as transfer learning [8], data augmentation [9], gener-
ative models [10], and ensemble learning [11]. Therefore, we believe that low-complexity
and scalable solutions will be the focus of DL literature in near future. Before we present
our approach to address these issues, let us have a more detailed look at the evolution of
neural network models and techniques over the past few years. Then, we illustrate where
this thesis stands in the current literature of neural network architectures in Table 1.1.

1



2 CHAPTER 1. INTRODUCTION

Table 1.1: Perspectives on neural network literature for classification.

Method
# of trainable

parameters
Accuracy Scalability

ViT 307M < Very high Very low scalability: it has high
memory requirements and the use
SGD makes it difficult to decentral-
ize.

ResNet 25M < High Low: due to the use of SGD cannot
be easily use in fully decentralized
networks without a master node.

DenseNet 8M < High Low: the use of dense features in-
creases the complexity and makes it
less suitable for power-limited sce-
narios.

EfficientNet 5M < High Low: although the complexity is
lower than above but it is still lim-
ited by the sequential nature of SGD
in decentralized networks.

MobileNet 3M < High Low: complexity is lower than Effi-
cientNet but still cursed by SGD.

H-ELM 500K < Moderate to high High: it is easily scalable.

SSFN 200K < Moderate to high High: it is easily scalable.

HNF 80K < Moderate High: it is easily scalable.

ELM 10K < Weak to moderate High: it is easily scalable.

DKN 10 < Moderate to high Scalability is not of interest here
as DKN is designed for small data
regimes. However, it can easily han-
dle large-scale dimensional inputs
due to kernel nature.

One of the most notable neural network architectures is deep residual learning (ResNet)
[12] proposed in 2015. The main idea is to add the output of a layer, say yl of layer l, to the
input of some of the subsequent layers as F(yl)+yl, and repeat such a link as the network
get deeper. They hypothesize that it is easier to optimize the residual mapping than to
optimize the original, unreferenced mapping. In an extreme case, if an identity mapping
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were optimal, it would be easier to push the residual to zero than to fit an identity mapping
by a stack of nonlinear layers. This residual connection is shown to avoid the vanishing
gradient issue and potentially leading the network to find better local minima. ResNets
are still the building blocks of many of today’s best-performers in computer vision and
image recognition. For example, transfer learning methods such as big transfer (BiT) [13]
and vision transformer (ViT) [14] developed by Google in 2019 and 2020, respectively,
are among the top-ranked algorithms for image classification on CIFAR and ImageNet
datasets. In 2016, Huang et al. proposed to densely connect the output of subsequent
layers and build a dense feature vector as the network gets deeper [15], making it easier
to train deeper models via stochastic gradient descent algorithms such as ADAM [16]
to achieve a more accurate estimation of the target. However, training deeper networks
translates to consuming more and more computational resources making the complexity of
the method even higher than before. Several attempts to design a lower complexity model
has been done such as the well-known MobileNet [17] in 2017 and EfficientNet [18] in
2019, nonetheless, still, the complexity of these models is particularly high.

Another paradigm in neural network architectures that particularly focuses on com-
plexity and scalability is the extreme learning machine (ELM) [19]. ELM does not use
the traditional gradient-based approach for training and is shown to achieve a good per-
formance compared to the state-of-the-art networks in a variety of tasks while keeping the
complexity orders of magnitude lower. However, ELM is a single layer neural network
and lack the capabilities of deep models. To this end, there have been several attempts to
design a multilayer ELM such as the well-known hierarchical ELM (H-ELM) [20] which
uses an unsupervised auto-encoding step to find a better feature representation of the input
signal.

Our proposed architecture design principles fall somewhat in between extremely sim-
ple networks such as ELM and very deep networks such as ViT. We propose three archi-
tectures self size-estimating feed-forward network (SSFN), dense kernel network (DKN),
and high-dimensional neural feature (HNF). SSFN addresses the low-complexity design
and scalability via a layer-wise learning approach. DKN endeavors to ease the training
in small data availability regimes where the number of training samples is limited due to
various factors. And Finally, HNF is suited for the extremely low-complexity scenarios
and can be seen as a multilayer extension of ELM with scalability characteristics.

1.2 Contributions of the Thesis

This thesis investigates neural network architecture design principles and their performance
analysis on classification and regression tasks. A summary of the main contributions of this
thesis is as follows:

1. Layer-wise Learning: In Chapter 3, we present SSFN as a layer-wise approach
to train a deep neural network. We show that they can guarantee a monotonically
reducing training cost as the number of layers increases, which allows us to have an
estimate of the number of layers and hidden neurons.
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[T1] S. Chatterjee, A. M. Javid, M. Sadeghi, S. Kikuta, D. Liu, P. P. Mitra, M.
Skoglund, “SSFN – Self Size-estimating Feed-forward Net with Low Com-
plexity, Limited Human Effort, and Consistent Behaviour across Trials," to be
submitted to IEEE Transactions on Signal Processing, 2021.

[T2] S. Chatterjee, A. M. Javid, M. Sadeghi, P. P. Mitra, and M. Skoglund, “Pro-
gressive learning for systematic design of large neural networks," arXiv preprint,
2017.

2. Small Data Learning: In Chapter 4, we present dense kernel network (DKN) as a
deep neural network structure to deal with small size datasets. We show that it can
guarantee a monotonically reducing training cost as the number of layers increases.

[T3] A. M. Javid, A. Honore, H. Hjalmarsson, M. Skoglund, S. Chatterjee, “A Low
Complexity Dense Kernel Network for Limited Training Data," to be submitted
to IEEE Transactions on Signal Processing, 2021.

3. Weight Agnostic Learning: In Chapter 5, we present HNF as a deep neural network
structure that does not require learning except at the last layer.

[T4] A. M. Javid, A. Venkitaraman, M. Skoglund, and S. Chatterjee, “High-dimensional
Neural Feature Design for Layer-wise Reduction of Training Cost," EURASIP
Journal on Advances in Signal Processing, 2020.

[T5] A. M. Javid, A. Venkitaraman, M. Skoglund, and S. Chatterjee, “High-dimensional
Neural Feature using Rectified Linear Unit and Random Matrix Instance,"
IEEE International Conference on Acoustics, Speech and Signal Processing
(ICASSP), 2020.
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Chapter 2

Background

In this chapter, we cover some of the necessary materials that are used in the rest of the
thesis. In Section 2.1, we explain the general procedure of training a deep neural network
along with an example of one of the most popular deep architectures. In Section 2.2, we
overview different settings in transfer learning (TL) and cover some of the related works
in our interest. In Section 2.3, we discuss extreme learning machine (ELM) and one of its
variants. In Section 2.4, we explain the old kernel trick which will be the base of designing
principles in Chapter 4. Finally, in Section 2.5, we discuss different datasets that are used
throughout the thesis for experimental validation.

2.1 Deep Neural Networks

In this section, we will quickly illustrate deep neural network training procedure and
overview some of the most popular deep architectures that are used throughout the thesis.
Consider a dataset containing J samples of pair-wise P -dimensional input data xj ∈ RP
and Q-dimensional target vector tj ∈ RQ as D = {(xj , tj)}Jj=1. Let us define the j-th
feature vector at second last layer of a ANN as yj = fθ(xj) ∈ Rn, where θ represents the
parameters of all the previous layers of the network. Note that n is the number of hidden
neurons in the second last layer of the network. Let us define the weights of the last layer
of network by O ∈ RQ×n. We refer to this weight matrix as the ‘output weight’ in the
following chapters. The training of the network can be done as follows

Ô, θ̂ ∈ arg min
O,θ

J∑
j=1
L(tj ,Ofθ(xj)) +R(O,θ), (2.1)

where L is the loss function over a single training pair (xj , tj), andR is the regularization
term to avoid overfitting, e.g., a simple `2-norm weight decay. Examples of loss function
L include cross-entropy loss, mean-square loss, and Huber loss. After the training, we
have access to the optimized feature vector at the second last layer. We refer to this feature
vector as ŷj = fθ̂(xj) ∈ Rn in the following chapters. Note that equation (2.1) is general
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Figure 2.1: An example of DenseNet block with 4 layers. This figure is inspired from
(Huang et al., 2018), Fig. 1.

in the sense that fθ( · ) can represent any arbitrary NN architecture combined of dropout
layer, convolutional layer, pooling layer, skip connections, etc. The popular optimization
methods used for solving (2.1) are Adagrad, ADAM, Adadelta, and their stochastic mini-
batch variants [16].

One of the most popular NN architectures is densely connected convolutional net-
works (DenseNets) [15] initially proposed in 2016. We will briefly overview the concept
of DenseNets as it will be used later in the thesis. DenseNets are designed to improve
various aspect of training a CNN. They are shown to alleviate the vanishing-gradient prob-
lem, strengthen feature propagation, encourage feature reuse, and substantially reduce the
number of parameters. In order to ensure maximum information flow between layers in
the network, DenseNets connect all layers directly with each other. To preserve the feed-
forward nature, each layer obtains additional inputs from all preceding layers and passes
on its own feature-maps to all subsequent layers. A visual representation of DenseNet is
shown in Figure 2.1. DenseNets is shown to yield consistent improvement in accuracy with
growing number of parameters, without any signs of performance degradation or overfit-
ting due to its densely connected layers.

2.2 Transfer learning

Transfer learning (TL) aims at improving the performance of a target learner on target do-
main by transferring the knowledge contained in a different but related source domain [8].
Transfer learning can be beneficial in many areas such as medical imaging and bioinfor-
matics, communication and wireless networks, object classification, etc. For example,
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Pan’s survey, Fig. 1.

consider the problem of sentiment classification, where our task is to automatically clas-
sify the reviews on a product, such as a brand of camera, into positive and negative views.
We need to first collect many reviews of the product and annotate them, which can be very
expensive to do. To reduce the labeling effort for various products, we may want to adapt
a classification model that is trained on some products to help learn classification models
for some other products.

Given a specific domain D = {X , P (x)}, a task consists of two components: a label
space T and an objective predictive function f( · ), learned using pairs of {xi, ti}, where
xi ∈ X and ti ∈ T . The function f( · ) can be used to predict the corresponding label,
f(x), of a new instance x. Now can give the following definition for transfer learning.

Definition 1. Given a source domain DS and learning task TS , a target domain DT and
learning task TT , transfer learning aims to help improve the learning of the target predic-
tive function fT ( · ) in DT using the knowledge in DS and TS , where either DS 6= DT , or
TS 6= TT .

Note that when DS = DT and TS = TT , we face the same setup as in traditional ma-
chine learning, Figure 2.2. According to Pan’s survey [8], different approaches in transfer
learning can be summarized as follows.

1. Instance-transfer: To re-weight some labeled data in the source domain for use in
the target domain [21].

2. Feature-representation-transfer: Find a “good” feature representation that reduces
difference between the source and the target domains [22].

3. Parameter-transfer: Discover shared parameters or priors between the source do-
main and target domain models [23].
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4. Relational-knowledge-transfer: This approach does not assume that the data are
drawn i.i.d. in each domain. It tries to transfer the relationship among data from a
source domain to a target domain.

In this section, we focus on the parameter-transfer approaches as we need to use them
later in the thesis. In 2015, Hinton proposed Distillation [23] to transfer knowledge from
a large teacher model ft( · ) into a smaller student model fs( · ) . To this end, they defined
the probability pi of class i is calculated from the logits z as

pi =
exp( ziT )∑
j exp(

zj
T )
,

where T is the called temperature. As T gets larger, the probability distribution generated
by the softmax function becomes softer. Then, the overall loss function is calculated as:

min
θ
L(t, σ(zs;T = 1)) + λL(σ(zt;T = τ), σ(zs;T = τ)),

where zs = fs(x; θ), zt = ft(x), and σ is the softmax temperature activation. In particular,
the main idea is to train the student model not to go so far away from the predictions of the
teacher model σ(zt;T = τ). This gained a huge popularity in deep learning literature over
the past few years. One notable example is learning without forgetting (LwF) [24] which
falls into the area of incremental learning. Incremental learning (IL) aims at increasing
the capability of a trained model, in terms of the number of recognizable classes (tasks).
Preserving the performance of the old tasks is a critical requirement in IL approaches.
However, the key problem in IL is the requirement of storing old tasks data, while teaching
the classifier to learn new tasks. Learning without forgetting addressed this problem by
bridging TL and IL approaches via distillation technique.

The main idea in LwF is to keep the output of the old model for the new data relatively
unchanged in the training process, Figure 2.3. Assume the old dataset (x, t) ∈ Do, x ∈
RPo and t ∈ RQo , is used to train a neural network fW( · ), where W represents the
parameters of the network. Let us define the old trained weights as

θ?o ∈ arg min
θ

Lo(t, fθ(x)) +R(θ), (2.2)

where Lo is the loss function over all samples of the old dataset Do, and R is the regular-
ization term to avoid overfitting, e.g., a simple `2-norm weight decay. We wish to update
the trained network such that it be able to learn the mapping of the new dataset (x, t) ∈ Dn,
x ∈ RPn and t ∈ RQn , while maintaining a reasonable performance on the old dataset
Do. To this end, the update is done as follows

θ?n, θ
?
o ∈ arg min

θn,θo

Ln(t, fθn(x)) + λLn(t̂o, fθo(x)) +R(θn, θo), (2.3)

where Ln is the loss function over all samples of the new dataset Dn, θn is the added task-
specific parameters of the network for the new datasetDn, and λ is the loss balance weight
which we refer to it as the ’forgetting factor’ in the rest of manuscript. A larger value of λ
favors the old task over the new task in the training process. We will use LwF technique in
later part of the thesis to design an adaptive LwF algorithm.
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2.3 Extreme Learning Machine

Extreme learning machine (ELM) and its variant are widely used due its low-complexity
training algorithm, making them particularly an interesting choice for applications with
limited power and computational resources. In the ELM framework [25], the nonlinear
feature vector with n hidden neurons is constructed as y = g(Rx + b), where the weight
matrix R ∈ Rn×P and bias b ∈ Rn are instances of normal distribution, and g( · ) is the ac-
tivation function, ReLU for instance. Let us define target matrix T = [t(1), t(2), · · · , t(J)]
and feature matrix Y = [y(1),y(2), · · · ,y(J)] for each of J training input x. The optimal
mapping to the target in ELM is found by solving the following minimization problem

W? = arg min
W

||T−WY||2F + λ||W||2F , (2.4)

where λ is the regularization hyperparameter. Note that this minimization problem has the
following closed-form solution

W? = TY′(YY′ + λI)−1, (2.5)

Where I ∈ Rn×n is the identity matrix. In particular, the complexity of training an ELM
is equal to solving a regularized least-squares minimization.

One of the notable variants of ELM for multilayer extension, is hierarchical ELM (H-
ELM) [26] shown in Figure 2.4. The proposed architecture is divided into two main com-
ponents a self-taught feature extraction followed by a supervised feature classification,
which are bridged by random initialized hidden weights. In fact, an unsupervised multi-
layer encoding is conducted for feature extraction to achieve more compact and meaningful
feature representations than the original ELM. To this end, an ELM-based sparse autoen-
coder is developed. Then, by exploiting the advantages of ELM random feature mapping,
the hierarchically encoded outputs are randomly projected before final decision making,
which leads to a better generalization with faster learning speed. Note that unlike the
greedy layer-wise training of deep learning, the hidden layers of the proposed framework
are trained in a forward manner. H-ELM is shown to achieves better and faster conver-
gence than the existing state-of-the-art hierarchical learning methods on various widely
used classification data sets.
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2.4 Kernel Method

In this section, we discuss preliminaries of kernel-based optimization that includes its
formulation and autonomous learning of one single regularization parameter by cross-
validation. Let us use the notation (x, t) for a data-and-target pair where the input data
vector be x ∈ RP and the corresponding target vector be t ∈ RQ. The j’th pair in the
training dataset is denoted by (x(j), t(j)) and the training dataset has J examples. Let us
use φ(x) to denote a general transform of x as a feature vector. A constrained optimization
problem with a linear regression model is

arg min
W

1
2J

J∑
j

‖t(j) −Wφ(x(j))‖22 s.t. ‖W‖2F ≤ε, (2.6)

where W is the system matrix and ‖.‖F denotes Frobenius norm. For a value of ε, there
exists a λ such that the above constrained optimization problem can be written as an un-
constrained problem

arg min
W

1
2

J∑
j

‖t(j) −Wφ(x(j))‖22 + λJ

2 ‖W‖
2
F . (2.7)

Let us denote feature and target matrices as follows

Φ =
[
φ(x(1)), φ(x(2)), · · · ,φ(x(J))

]
,

T =
[
t(1), t(2), · · · , t(J)

]
. (2.8)

The optimal solution of (2.7) satisfies W∗ = − 1
λJ (T−W∗Φ)Φ>. Then, using a change

of variable W∗ in (2.7) and forming a dual representation (chapter 6.1 of [27]), and denot-
ing the J ×J kernel matrix K = Φ>Φ, we have a standard kernel-based prediction for an
input vector x as follows

t̂ = T [K + λJIJ ]−1 k(x), (2.9)
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where elements of K matrix be K(i, j) = φ(x(i))>φ(x(j)) = k(x(i),x(j)) and elements
of J-dimensional k(x) vector be kj(x) = φ(x(j))>φ(x) = k(x(j),x). The inner product
form k(x,x′) = φ(x)>φ(x′) is called a kernel function. For example, Gaussian kernel,
which is widely used in practice, is

k(x,x′) = exp(−‖x− x′‖2/c)

where the constant c can be set as the average distance between all pairs of data vectors
(x(i),x(j)) in the training dataset. In the prediction equation (2.9), T and K are known
from the training dataset, k(x) can be evaluated for test datum, and the parameter λ is
set by multi-fold cross-validation at the time of training. Therefore, the only parameter
to learn is λ. Note that, for any valid kernel, there exists an appropriate feature vector
φ(x) such that k(x,x′) = φ(x)>φ(x′). The kernel based prediction (2.9) and the feature
based prediction W∗φ(x) are same. As a result, the prediction in (2.9) is the optimal
solution associated with the optimization problem (2.7), also in turn with (2.6). The main
advantages of kernel based approach are as follows:

(a) We do not need to know the exact form of the general transform φ( · ).
(b) The transform φ(x) can have a large dimension, but we do not need to handle it

directly (or store it) due to the kernel formulation of using inner product.
(c) We have one parameter λ to learn from training data.

At this point, we mention that the main disadvantage of the kernel-based prediction (see
equation (2.9)) is the increase of complexity with the number of training data pairs N . We
require off-line computation for inverting N × N -dimensional matrix and on-line com-
putation of k(x). Hence, its direct use is more suitable for applications with a limited
training dataset size. Although there exists notable success to use kernel methods for
large size databases [28], we do not address the aspect ‘kernel methods for large train-
ing dataset’ in this article. We also mention that our notation departs from the usual kernel
and reproducible-kernel-Hilbert-sparce (RKHS) literature, since we do not have the usual
kernel eigenvalue weighting factors in the eigen function expansion of the kernel. Our fea-
ture vectors are, therefore, not orthonormal in general, but this simplifies the notation for
our development.

2.5 Datasets

Table 2.1 shows eight datasets that we use for experimental evaluations throughout the the-
sis. These datasets are chosen due to their diversity in signals, popularity in literature and
level of complexity for tasks. The ‘vowel’ dataset is for vowel recognition task (a speech
recognition application) and all other datasets are for image object classification task. We
test both speech recognition and image classification due to data diversity. For example, in
the case of Caltech101 dataset, we use 3000-dimensional feature vectors suggested in [29]
for the proposed methods and image signals directly for evaluating a competitor method.
Caltech101 dataset has images with varying pixel size. All images are down-sampled to
128 × 128 pixel size for unified evaluation. Letter dataset [30] contains a 16-dimensional
feature vector for each of the 26 English alphabets from A to Z. Shuttle dataset [31] be-
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Table 2.1: Datasets for multiclass classification

Dataset
Number of
train data

Number of
test data

Input
dimension (P)

Number of
classes (Q)

Random
Partition

Vowel 528 462 10 11 No
Extended YaleB 1600 800 504 38 Yes

AR 1800 800 540 100 Yes
Satimage 4435 2000 36 6 No
Scene15 3000 1400 3000 15 Yes

Caltech101 6000 3000 3000 102 Yes
Letter 13333 6667 16 26 Yes
NORB 24300 24300 2048 5 No
Shuttle 43500 14500 9 7 No
MNIST 60000 10000 784 10 No

CIFAR-10 50000 10000 3072 10 No
CIFAR-100 50000 10000 3072 100 No

longs to the STATLOG project and contains a 9-dimensional feature vector that deals with
the positioning of radiators in the space shuttles. MNIST dataset [32] contains grey-scale
28×28-pixel images of hand-written digits. Note that in all three datasets, the target vector
t is one-hot vector of dimension Q (the number of classes), and we decide the class that
corresponds to the coordinate of the highest amplitude scalar component of the predicted
target vector t̃.

In the Table 2.1, we show number of training data samples, number of test data samples,
input signal dimension (P ), number of classes (Q), and a column identifier as ‘random par-
tition’. For a few datasets, the input signal dimension P is small, say for the vowel dataset
and letter dataset. We choose such datasets to accommodate low resolution data/features.
Note that the number of training samples varies significantly across the datasets. For seven
datasets, we have access to the predefined training and test datasets. Extended YaleB, AR,
Scene15, Caltech101, and Letter datasets do not have predefined training and test datasets.
For these datasets, we create training and test datasets using random sampling from the full
dataset. We mark the identifier ‘random partition’ as ‘Yes’ for these datasets in Table 2.1.



Chapter 3

Layer-wise Learning

Artificial neural networks (ANNs) are popular for pattern classification applications [33–
36]. Feed-forward neural network is a common ANN architecture that continues to at-
tract researchers’ attention. Let us assume that a feed-forward neural network [37] has
L layers, and its l’th layer has nl nodes. Estimation of the number of layers L and the
number of nodes {nl}Ll=1 helps to decide the size of the network for achieving good per-
formance [38]. Estimation of L and {nl}Ll=1 is a combinatorial optimization problem. A
significant human intervention is in vogue to address the optimization problem using ex-
tensive trial-and-error, often driven by experience, intuition, and hand-tuning. Our interest
is to develop a computationally simple systematic solution that involves a limited need for
human intervention. Section 3.1 overviews some of related works with respect to SSFN.

In this pursuit, we argue that that layer-wise approaches to training a deep neural net-
work can pave the way to achieve a low-complexity solution that requires limited hyper-
parameter tuning. We address a joint optimization approach to estimate the numbers L
and {nl}Ll=1, and learn weight matrices. We start with a small-size feed-forward neu-
ral network, and add new nodes and layers, resulting in a large-size structure (wide and
deep). Eventually, our proposed algorithm finds an estimate of L and {nl}Ll=1, and learns
the weight matrices. Hence, we refer to the neural network as self size-estimating feed-
forward network (SSFN). In SSFN, we add a new layer on top of an existing and optimized
set of layers and continue until the performance saturates. This is a layer-wise optimiza-
tion approach that seeks an optimal estimate of the target in each layer. We show that the
layer-wise optimization enables SSFN to monotonically decrease the training cost as the
number of layers increases which, in turn, allows us to have an estimate of the number of
layers and hidden neurons.

An increase in the size of SSFN leads to an increase in the number of parameters and
eventually overfitting to the training dataset. Regularization techniques are used to avoid
overfitting. However, parameters of regularization techniques often require a significant
effort to hand-tune. We address regularization of weight matrices of SSFN analytically,
without hand-tuning. The use of a layer-wise optimization approach allows us to establish
analytical forms for the regularization parameters which eliminates the need for cross-

15
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validation. To find the analytical forms, we use the property of a single-layer feed-forward
neural network (SLFN). The property ensures that the output of the SLFN is exactly equal
to the input to the SLFN. That means an input signal flows through the SLFN without any
loss or change. We refer to the property as ‘lossless flow property’ (LFP). We provide
sufficient conditions to construct an SLFN such that it holds LFP. Using the LFP, we find
analytical forms of regularization parameters for SSFN and ensure a monotonic decrease
in the training cost as the number of layers increases. Section 3.2 details SSFN design
steps and the corresponding challenges.

Further, the layer-wise non-convex optimization is relaxed to a convex problem for an
efficient implementation. This relaxation requires to use of a structure in weight matrices.
For a weight matrix, one part is learned and the other part is chosen as an instance of a
random matrix. We show that setting a majority of hidden neurons as random and only
training about 10% of neurons provides SSFN a competitive performance to the state-of-
the-art. Therefore, SSFN enjoys a low-computational complexity in training due to the
power of random weights. Besides, convex relaxation allows us to use scalable optimiza-
tion methods such as alternating-direction-method-of-multipliers (ADMM) [39] to train
the network, making SSFN suitable for distributed learning and parallel processing appli-
cations.

In our experiments, we use several popular benchmark datasets for sound and image
classification tasks. For each of the datasets that we experiment with, we will observe that
size and performance both have low variations across Monte-Carlo simulations. On the
other hand, the size of SSFN varies significantly across the datasets. Finally, in contrast
to the success of SSFN for several datasets, we show a failure case. The SSFN provides
a significantly poor performance for the CIFAR-10 dataset compared to the state-of-the-
art [40]. This case illustrates the limitation of SSFN. To mitigate the limitation, we de-
velop a simple ad-hoc approach to show the capabilities of SSFN. We use the well-known
ADMM to realize the layer-wise convex optimization. The use of convex optimization
and the further use of ADMM lead to a significantly low computational complexity re-
quirement. The computational complexity of the SSFN learning algorithm is in order of
minutes when executed in a standard laptop for various datasets. Finally, we study the use
of backpropagation for further improvement of weight matrices in SSFN at the expense
of more computation. Section 3.3 contains details of the experimental results in regard to
SSFN. It is worth mentioning that the idea of SSFN was first shown in [41] as the name
‘progressive learning network’ (PLN) and subsequently improved in this article with ap-
propriate theoretical supports and extensive experimental evaluations. The content of this
chapter is based on our works in [41] and [42].

3.1 Related Works

There exists a vast literature on neural network design. Training of multi-layer neural net-
work has received a significant attention. An approach to constructive addition of layers
and use of supervised learning was explored in [43, 44]. Recently, deep learning struc-
tures (with many layers) [34,45–47] have attracted a high attention in literature. Addition-
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ally, structures in weight matrices such as convolutional neural networks [2], structure of
connection between layers such as residual networks [12], and structures based on feed-
back such as recurrent neural networks [48] have been explored. Deep belief network
(DBN) [49] and its variants [50] use greedy layer-wise unsupervised learning for creating
an initial network and then, further training using backpropagation for supervised learn-
ing. Examples of existing greedy and/or layer-wise learning approaches can be found
in [51–54]. Then, examples of advanced regularization methods and practical approaches,
such as softweights, dropout, can be found in [55–57]. In the backdrop of the above-
mentioned works, the SSFN is a feed-forward neural network. It uses supervised learning
to minimize the cost for the training dataset while estimating its size. The regularization
coefficients are analytically derived to minimize the cost.

For a layer of SSFN, a part of the weight matrix is optimized and the other part is an
instance of a random matrix. There are works in the neural network literature that use
random matrix instances for weight matrices. Prominent examples are extreme learning
machines [25, 58, 59]. There are several other neural networks with random matrix-based
weights, discussed in the survey article [60]. Related methods based on random matrix
instances in neural networks and then, further extension to kernel methods such as random
kitchen sinks are in [61–66]. The major difference with prior works is that our proposed
SSFN has partially optimized weight matrices for all the layers. Besides, SSFN estimates
its size. At this point, we mention that the use of random matrix instances is well accepted
in signal processing and information theory, for example, in compressed sensing (CS)
[67–69].

A closely related field to CS is sparse representation and dictionary learning, success-
fully used for face recognition and image classification [29, 70]. There are endeavors to
connect iterative sparse representation (sparse recovery) algorithms and multi-layer neural
networks by algorithms unrolling where iterations are viewed as layers [71–73].

A relevant topic area is the neural network architecture search (NAS), where diverse
methods have been applied. Example approaches are based on evolutionary algorithms
[74–76], reinforcement learning [77] and Bayesian learning [78, 79]. Recent works on
NAS with several references can be found in the survey article [80]. Many of the NAS
works require a high level of computational resource, for example, the work of [77] used
800 GPUs. The survey article [80] repeatedly mentions the requirement of high compu-
tational requirement in the order of many GPU days. Further, many NAS works have a
common aspect that architecture search and training for optimization of parameters are
separated. The ‘future directions’ section of the survey article [80] mentions the complex-
ity for a fair comparison of different NAS methods and reproducibility of published results.
It is argued that the performance of a NAS method depends on many factors other than the
architecture itself. The factors can be search space, computational budget, data augmenta-
tion (ex. CutOut, MixUp), training procedures, regularization (ex. Dropout, Shake-shake),
etc. It is therefore conceivable that these factors may have a significant impact on reported
performance numbers than the better architectures found by NAS. Instead of many fac-
tors, we concentrate on designing a feedforward network as a core architecture. We rely
on commonly used signal processing and optimization tools, and look for a low complex-
ity solution, with limited human intervention, that provides consistent and reproducible
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behavior. We also mention a failure case in contrary to a typical apprehension towards
showing negative results.

3.2 Method

In this section, we engineer the proposed self size-estimating feed-forward network (SSFN)
and provide some theoretical underpinning. We begin with the original optimization prob-
lem in the next subsection and then develop SSFN in the following subsections.

In a supervised learning problem, let (x, t) be a pair-wise form of the data vector
x ∈ RP that we observe, and the target vector t ∈ RQ that we wish to infer. The target
vector t can be a categorical variable for a classification problem with Q-classes. Let us
construct a feed-forward neural network with L layers, and nl nodes in the l’th layer. We
denote the weight matrix for l’th layer by Wl ∈ Rnl×nl−1 . For an input vector x, a feed-
forward neural network produces a transformation f : RP → RnL in its last layer. The
transformation depends on parameters as

f , f
(
x, L, {nl}Ll=1, {Wl}Ll=1

)
. (3.1)

Then, we use a linear transformation to generate the target prediction t̃ = Of where
O ∈ RQ×nL is the output system matrix. We assume that there exists no parameter to
optimize for activation functions; activation functions are well-defined and fixed.

The training phase of the neural network considers estimation of parameters L, {nl},
and learning of parameters {Wl} and O. Suppose that we have a J-sample training dataset
D = {(x(j), t(j))}Jj=1. We define the cost function

C = 1
J

∑J
j=1 ‖t(j) − t̃(j)‖2

= 1
J

∑J
j=1 ‖t(j) −Of

(
x(j),L,{nl}Ll=1,{Wl}Ll=1

)
‖2.

(3.2)

Throughout the article, we use ‖.‖ to denote `2-norm. The optimization problem is

arg min
L,{nl},{Wl},O

C subject to


L ≤ Lmax,
∀l, nmin ≤ nl ≤ nmax,
∀l, ‖Wl‖2F ≤ ν,
‖O‖2F ≤ ε,

(3.3)

where ‖.‖F denotes Frobenius norm. Here, the constraint ‖Wl‖2F ≤ ν acts as a regular-
ization to avoid overfitting of weight matrices to the training dataset. Similarly, we have
the regularization parameter ε for learning the O matrix. Assume that we have a maximum
number of layers allowed, denoted by Lmax. Similarly, we have a minimum and a maxi-
mum number of nodes in every layer, denoted by nmin and nmax, respectively. We have
two challenging aspects, discussed below.

1. The optimization problem (3.3) is not only non-convex, but also combinatorial.
We have a combinatorial search problem with exponential complexity (nmax −
nmin)Lmax to choose L and {nl}Ll=1. It is difficult to find a globally optimum solu-
tion of (3.3). Instead, a good principle for a sub-optimal approach is valuable.
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2. Selection of regularization coefficients, such as ν and ε, is non-trivial. The selec-
tion is often addressed by cross-validation, a tedious approach. Instead of cross-
validation, an analytical approach is valuable.

3.2.1 Layer-wise non-convex optimization

In a feed-forward neural network, signal flows in one direction from the input side to the
output side. The signal flow relation between (l − 1)’th layer and l’th layer is

yl = g(Wl yl−1) ∈ Rnl , l = 1, 2, . . . , L, (3.4)

where yl denotes signal transformation at the l’th layer; for the first layer y0 = x. In
literature, the vector yl is commonly known as feature vector for the l’th layer. Let g(.)
denotes a non-linear activation function such as rectified-linear-unit (ReLU), and g(.) de-
notes scalar-wise use of g(.). That means g function is a stack of nl nodes where each
node uses the activation function g(.) on the corresponding scalar of the Wl yl−1 vector.
A natural question is what will be a good principle for designing a sub-optimal approach
to address (3.3) while maintaining the feed-forward signal flow relation (3.4).

We have mentioned the need for a good principle to design a sub-optimal approach in
the previous subsection. In search of a good principle, we use a layer-wise optimization
principle that ensures a monotonically non-increasing cost with the increase in the size
of SSFN. The principle helps to design an algorithm for estimating the size of SSFN and
learning parameters with appropriate regularization. We add layers one-by-one in this
principle. When we have added a new layer, we add (activation) nodes one-by-one to
increase the size of the added new layer. This sequential addition allows us to design an
automatic algorithm for SSFN construction without much involvement of hand-tuning.

For SSFN, the addition of a layer is more complex than the addition of a node. We
first discuss the addition of a layer with necessary constraints. Suppose that we have an
(l − 1)-layer SSFN that is ready to use. We now add a new layer to construct an l-layer
SSFN where l ≤ Lmax and with the signal flow relation (3.4). The parameters to design
the l’th layer are nl and Wl. We use Cl to denote the cost for the l-layer SSFN. The cost
Cl is

Cl = 1
J

∑J
j=1 ‖t(j) − t̃(j)

l ‖2

= 1
J

∑J
j=1 ‖t(j) −Ol y(j)

l ‖2

= 1
J

∑J
j=1 ‖t(j) −Ol g(Wl y(j)

l−1)‖2,
(3.5)

where t̃l denotes the output of the l-layer SSFN. Here Ol ∈ RQ×nl is an output system
matrix to project the feature vector yl to the target vector t.

In the proposed layer-wise learning principle, we address the following optimization
problem for each layer l = 1, 2, . . . , L, L ≤ Lmax, starting with l = 1:

arg min
nl,Wl,Ol

Cl subject to


nmin ≤ nl ≤ nmax,
‖Wl‖2F ≤ ν,
‖Ol‖2F ≤ ε,
Cl ≤ C?l−1.

(3.6)
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Here, we use the notation ? to represent an optimal value; C?l denotes the optimal cost as a
result of the above optimization problem. The fourth constraint Cl ≤ C?l−1 ensures a mono-
tonically non-increasing cost; the constraint ensures C?l ≤ C?l−1 after optimizing (3.6).
Overall the above optimization problem (3.6) is a sub-optimal approach to address the
original optimization problem (3.3) in a sequential manner.

Considering (3.5), the optimization problem (3.6) is associated with a single-layer feed-
forward network (SLFN) with the input yl−1 and the output t̃l = Ol g(Wl yl−1). For
a given nl, optimization of Ol and Wl is non-convex. On the other hand, finding an
appropriate nl is no more combinatorial. We can start with a preset (minimum) value of nl
and increase it one-by-one or in a step size until the cost minimization shows a saturation
trend.

For further progress with the optimization problem (3.6), we now raise two theoretical
questions, as follows.

1. Is the non-convex optimization problem (3.6) feasible?
2. How do we analytically set regularization parameters in (3.6) so that we can avoid

cross-validation?
If the optimization problem turns out to be feasible then we raise a practical question:
how do we construct the SLFN t̃l = Ol g(Wl yl−1) with a low complexity? The above
mentioned theoretical and practical questions are non-trivial. We address the questions
using a specific structure in weight matrix Wl. The structure for weight matrix Wl is
decided by using a property associated with an SLFN. The property is introduced and
explained in the next subsection.

3.2.2 Lossless Flow Property

Lossless flow property (LFP) is associated with an SLFN. We will now construct an SLFN
that fulfils the LFP. Let us use two variables ť ∈ RQ and t̂ ∈ RQ to denote the input and
output of an SLFN, respectively. The SLFN signal flow relation is t̂ = B g(Ať) ∈ RQ,
where A ∈ Rn′×Q is the input-side weight matrix and B ∈ RQ×n′ is the output-side
matrix. The number of nodes in the SLFN is denoted by n′.

Definition 2 (Lossless flow property (LFP)). The SLFN fulfils LFP if there are matrices
A,B and appropriate non-linear activation function g(.) such that

t̂ = B g(Ať) = ť,∀ť ∈ RQ. (3.7)

This means that the input ť to the SLFN flows to the output t̂ without any loss, resulting in
t̂ = ť. The g(.) function has no linear activation function. Each node of the hidden layer
of SLFN has the non-linear activation function g(.). Then the question is how to construct
an SLFN that holds LFP. We provide the following proposition as sufficient conditions.

Proposition 1 (LFP holding SLFN). An SLFN holds LFP if the following conditions hold.

1. We use ReLU activation function, defined as g(t) = max(0, t), t ∈ R.

2. Number of nodes n′ = 2m where m ≥ Q denotes a new integer variable.
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3. The matrices A and B have following factorized structures as A = VmC and
B = C†Um, where C ∈ Rm×Q is a full column-rank matrix and † denotes pseu-
doinverse. Here, Vm and Um are two deterministic matrices as follows

Vm =
[

Im
−Im

]
and Um = [Im − Im] , (3.8)

where Im is m-dimensional identity matrix.

The LFP holding SLFN structure is C†Um g(VmCť) satisfying the above conditions.

Proof: This proposition is a sufficient condition for LFP by existence. Let γγγ = Cť ∈ Rm
where C is a full column-rank matrix. Use of ReLU activation function results in γγγ =
Um g(Vmγγγ) and the SLFN output is C†γγγ = C†Cť = ť. �

We can construct a full-column rank matrix C in several ways. Examples of C matrix
construction are as follows.

1. Using random matrix instance: Generate a random matrix where components are
drawn from iid distributions (such as Gaussian or uniform). The matrix is full
column-rank with a high probability as m ≥ Q.

2. Using deterministic matrix instance: We can use columns from discrete cosine trans-
form (DCT), Wavelet transform, etc, and their combinations.

3. Using a low number of parameters: For example, we can use Toeplitz or circulant
structures for creating a full-rank square matrix. Circulant structure is associated
with a convolutional filter. We can also form a full column-rank matrix from Koro-
necker product of two small full column-rank matrices.

4. A trivial example is the identity matrix, that is C = IQ.

We now discuss about a few activation functions, mainly some other derivatives of
ReLU, for LFP holding SLFN design. The derivatives are leaky ReLU and a generalized
ReLU. The definition of leaky ReLU [81] is

g(t) =
{

t, if t ≥ 0
at, if t < 0, (3.9)

where 0 < a < 1 is a fixed scalar and typically small. Leaky ReLU based SLFN
holds LFP if the conditions in Proposition 1 hold with a small modification that Um ,

1
1+a [Im − Im]. Generalizing the definition of leaky ReLU, we now define a generalized
ReLU function as follows

g(t) =
{

bt, if t ≥ 0
at, if t < 0. (3.10)

where a, b > 0 are fixed scalars with the relation a < b. The generalized ReLU based
SLFN also holds LFP if the conditions in Proposition 1 hold with a small modification that
Um , 1

a+b [Im − Im]. While we can use leaky ReLU and generalized ReLU for SSFN
construction, we continue to use ReLU activation function in this article.



22 CHAPTER 3. LAYER-WISE LEARNING

3.2.2.1 Addressing theoretical questions

We raised two theoretical questions at the end of Section 3.2.1. These questions are con-
cerned with a feasibility study and an analytical form of regularization parameters. We now
proceed with the knowledge of LFP. Note that the optimization problem (3.6) is addressed
layer-wise where we have access to the optimized (l− 1)’th layer SSFN, and then address
optimization of the l’th layer.

Let us consider the (l − 1)-layer SSFN where the parameters of (l − 1)’th layer were
optimized by solving (3.6) for Cl−1. For the optimized (l − 1)-layer SSFN, we have the
optimal output t̃?l−1 = O?

l−1 yl−1. This t̃?l−1 corresponds to the optimal cost C?l−1. Note
that ‖O?

l−1‖2F ≤ ε.
We now check feasibility of the optimization problem (3.6) where we have four con-

straints. How to set the parameter nmin and the regularization parameters ν, ε, while sat-
isfying Cl ≤ C?l−1? The feasibility of optimization problem (3.6) is stated in the following
proposition.

Proposition 2 (Feasibility). The optimization problem (3.6) is feasible under the following
conditions

nmin = 2m ≥ 2Q,
ε = ‖Um‖2F Q = 2mQ,
ν = 2mQε = (2mQ)2, and

(3.11)

the used activation functions are helpful to fulfil LFP.

Proof: This proposition is a sufficient condition. We prove the feasibility of (3.6) by
providing an example of feasible solution where Cl = C?l−1. There may be many lo-
cally optimum solutions of (3.6) for which Cl < C?l−1. The feasible solution example
is: Wl = VmCO?

l−1 and Ol = C>Um, where C is a full column rank and orthonor-
mal matrix. Full column rank requires m ≥ Q. Orthonormality satisfies C>C = IQ,
C† = C> and ‖C‖2F = ‖C>‖2F = Q. For this feasible solution to hold, we re-
quire ‖Ol‖2F ≤ ‖Um‖2F ‖C>‖2F = 2mQ and hence, we set ε = 2mQ. Also we have
‖Wl‖2F ≤ ‖Vm‖2F ‖C‖2F ‖O?

l−1‖2F = 2mQε = (2mQ)2 and hence we set ν = (2mQ)2.
The feasible solution ensures Cl = C?l−1 due to the following relation

t̃l = Ol g(Wl yl−1)
= C>Um g(VmCO?

l−1 yl−1)
= C>Um g(VmC t̃?l−1)
= C†Um g(VmC t̃?l−1)
= t̃?l−1.

(3.12)

In the above derivation, we use LFP in the last step. A sufficient condition for LFP to
hold is m ≥ Q. For the feasible solution, we require nl = 2m ≥ 2Q. Hence we have
nmin = 2m ≥ 2Q. �

The above proposition provides a set of analytically driven choice of regularization
parameters. In addition, it provides a suggestion on the minimum number of nodes per
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layer and how to set Wl matrices for layer-wise optimization. The required minimum
number of nodes per layer is 2Q. A potential initialization of Wl ∈ R2Q×2Q for l =
2, 3, . . . is Wl = VmCO?

l−1. We now show a limitation. While we have a lower limit on
the number of nodes for all the layers as nmin = 2Q, we lack an analytical setting for the
upper limit nmax. The setting of nmax remains as an experimental choice.

3.2.3 Design of SSFN

3.2.3.1 Convex Relaxation via Structured Weights

A practical system/algorithm establishes a trade-off between complexity and performance.
Complexity includes modeling complexity and computational complexity. Modeling com-
plexity refers to the structure of a system and the number of parameters in the system.
Computational complexity refers to the computational requirement for the generation of
the structure and learning of the parameters. Henceforth we assume that C is an identity
matrix to reduce complexity. We remove the use of C in LFP holding SLFN system. In
that case, the parameter m no longer plays any role and a feasible set of regularization
parameters is

nmin = 2Q,
ε = 2Q, and
ν = 2Qε = (2Q)2.

(3.13)

To decide the number of nodes in the l’th layer, we start with nl = 2Q and then increase
nl until the cost (3.5) saturates. It is straightforward to show that the increase in nl leads
to the monotonically non-increasing cost for the SLFN. That means the optimized cost for
nl = 2Q+ 1 is less than or equal to the optimized cost for nl = 2Q. At the starting value
nl = 2Q, we set Wl = VQO?

l−1 as initialization and solve (3.6) for every nl when nl
increases. We stop when the cost minimization shows a saturation trend.

Optimization of (3.6) for a chosen nl with respect to Ol and Wl is non-convex. We can
use alternating optimization or gradient search. Use of alternating optimization or gradient
search for the range of nodes 2Q ≤ nl ≤ nmax is computationally intensive. Therefore
we take two major practical steps for every nl, discussed below.

1. Convex relaxation: We construct Wl appropriately and fix it. The construction
ensures that nl ≥ nmin = 2Q and Cl ≤ C?l−1. We optimize Ol explicitly. This
leads to a significant reduction in computational complexity. As we construct Wl

and fix it, we remove the constraint ‖Wl‖2F ≤ ν in the optimization problem (3.6).
Then, for the l’th layer, the optimization problem (3.6) is relaxed to the following
convex optimization problem:

arg min
Ol

Cl such that ‖Ol‖2F ≤ ε′ = α2Q, (3.14)

where Cl = 1
J

∑J
j=1 ‖t(j) −Ol y(j)

l ‖2, ε′ = αε and α ≥ 1 is a parameter that we
set experimentally. The choice of α decides a size of feasible set. The vector yl can
be computed for a fixed Wl.
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2. Use of a random matrix in construction of Wl: Let us use Wl,nl to denote the Wl ∈
Rnl×nl−1 matrix to show dependency on nl. Starting with Wl,nl=2Q = VQO?

l−1,
we construct Wl,nl+1 matrix as follows

Wl,nl+1 =
[

Wl,nl

r

]
, (3.15)

where r is a random instance based row vector. For the use of Wl,nl , let us use C?l,nl
to denote the optimal cost achieved by solving (3.14). The above recursive construc-
tion of Wl,nl guarantees monotonically non-increasing cost if we solve (3.14) as the
number of nodes increases. That means, we have

C?l,nl+1 ≤ C?l,nl ≤ C
?
l−1. (3.16)

Similarly, we can increase the number of nodes by a step ∆ and then construct

Wl,nl+∆ =
[

Wl,nl

R

]
, (3.17)

where R ∈ R∆×nl−1 is a random instance based matrix. We have C?l,nl+∆ ≤
C?l,nl+1 ≤ C?l,nl ≤ C

?
l−1. We can draw components of r or R from iid Gaussian

distribution or uniform distribution.

Remark 1. The structure of Wl,nl matrix for 2Q ≤ nl ≤ nmax follows a recursive
relation as follows

Wl,nl =
[

Wl,nl−1
r

]
=
[

VQO?
l−1

R′
]

(3.18)

where R′ ∈ R(nl−2Q)×nl−1 is an instance of random matrix.

Remark 2. The matrix R′ in (3.18) can have a convolutional structure. In that case, we
first choose a random instance of a row vector and then form R′ matrix as a circulant
matrix from the row vector. Further, instead of random matrix instance R′, it is possible to
use row vectors from popular fixed transforms, such as discrete cosine transform (DCT),
Wavelets, etc. The row vectors also can be impulse response of filters derived from filter
banks, such as time-frequency analysis motivated filter banks, Gabor filters, visually and
auditory response motivated filter banks, etc.

The prospect of fixed tranforms or convolutional structure or impulse response of filter
banks to construct the R′ part in an weight matrix is not investigated in this article. We
continue with the use of random instance, shown in (3.18). Using appropriate notations in
(3.18), the weight matrix for the l’th layer is written as

Wl =
[

VQO?
l−1

Rl

]
∈ Rnl×nl−1 , (3.19)
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Figure 3.1: A L-layer SSFN and its signal flow diagram. LT stands for linear transform
(weight matrix) and NLT stands for non-linear transform (activation function).

where Rl ∈ R(nl−2Q)×nl−1 is the instance of random matrix. The architecture of SSFN
and its signal flow diagram are shown in Figure 3.1.

While we used a random matrix instance as a part of a weight matrix, it is possible to
learn (re-optimize) the full weight matrices for all the existing layers when we add a new
node or a layer. The learning can be done using a gradient search. That will lead to an
optimized system till the latest addition takes place. For every latest addition, we can re-
optimize all the existing weight matrices. We did not pursue this re-optimization for every
new addition of a node or a set of ∆ nodes or a layer, as this re-optimization approach
requires a significant computational resource.

3.2.3.2 Advantage of using random instance in weight matrix formation

The number of parameters is increasing as we add layers and nodes in SSFN. Weight ma-
trix for l’th layer has the size nl × nl−1. The total number of (scalar) parameters in the
weight matrices for an L-layer feed-forward neural network is

∑L
l=1(nl−1nl). For SSFN,

the structure of an weight matrix is shown in (3.18) and we are learning a part of it. The
optimized part is O?

l−1 of size Q× nl−1. Therefore, we are learning
∑L
l=1(Qnl−1) =

Q
∑L
l=1 nl−1 parameters in total. Assuming Q � nl, we have a significantly lower num-

ber of parameters to learn compared to the total number of parameters
∑L
l=1(nl−1nl).

We can hope that this aspect of ‘learning a low number of parameters’ brings an inherent
regularization effect in SSFN.

We now discuss the advantage of sequential learning for the increase in the size of
SSFN against possible methods that do not follow a sequential learning approach. An
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example of a possible method can be as follows. We could have started with a large size
network and prune nodes and layers. Let us first consider the pruning of layers. We start
with the deepest network comprising of Lmax layers. Assume that the deepest network is
already optimized using backpropagation. Then we remove the last layer of the deepest
network, optimize the cost function for the pruned network, and check the improvement
of the cost due to the reduction of model complexity. The improvement can be tested on
a validation dataset. If the improvement is reasonable then we continue similarly to prune
the current last layer. Next, we consider the pruning of nodes. Pruning of nodes can be
realized using a sparsity penalty on rows of a weight matrix and then combine the penalty
in the cost optimization, for example, use of `1-norm based penalty. Another example for
pruning can be based on a computation of statistical variance of signals in nodes. Low
variance nodes can be pruned to achieve an appropriate network size. Pruning also can
be done for those nodes that do not lead to a significant change in the optimized cost. In
this case nodes of a layer can be ordered according to their influence on the cost and then
pruned.

The above-mentioned methods in the previous paragraph that do not follow sequential
learning, require high computation. We start with a large size network that is already
optimized. Optimization of a large size network is computationally demanding. Further,
re-optimization in each step of pruning is also computationally demanding and maybe
practically a daunting task. Our sequential learning approach is computationally simple.

3.2.4 Low-complexity and Scalable Optimization

For the l’th layer, we need to solve the optimization problem (3.14). While the optimization
problem is convex, a practical problem is the computational complexity of a large amount
of training data and high-dimensional feature vector, that means if J and nl are large.
Therefore, computationally simple solutions are in need. The optimization problem can be
solved in two ways. For the first case, the constrained form (3.14) can be handled using a
computationally simple convex optimization method called alternating-direction-method-
of-multipliers (ADMM) [39]. For the second case, an unconstrained Lagrangian form can
be handled using a regularized least-squares (Tikonov regularization).

We first discuss the second case where we handle the unconstrained Lagrangian form
of (3.14), shown below

arg min
Ol

 1
J

J∑
j=1
‖t(j) −Ol y(j)

l ‖
2 + λl‖Ol‖2F

 . (3.20)

Here λl is a regularization parameter. The above Tikonov regularization has a closed form
solution. The parameter ε′ in the optimization problem (3.14) and the parameter λl have
an intrinsic relation. If ε′ increases then λl typically decreases. While we have apriori
knowledge to set ε′ = α2Q, we do not know how to set the value of λl. A typical approach
for the choice of λl is cross-validation. Cross validation is computationally intensive.
Instead a simple approach can be as follows. We start with a small λl and solve the Tikonov
regularization problem for a fixed increment of λl as a grid search. We stop the grid
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search when we see a saturation in decreasing trend of cost with the constraint ‖Ol‖2F ≤
ε′ = α2Q. While grid search is a simple approach, the problem is that it requires to
solve Tikonov regularization several times. This might be a problem for a large amount of
training data.

Alternatively we address the optimization problem (3.14) directly using ADMM. ADMM
is an iterative algorithm, more familiar in the parlance of distributed convex optimiza-
tion [39]. Apart from computational complexity, the use of ADMM can handle a dis-
tributed solution, for example, if the full training dataset is not in a single place, but dis-
tributed in several processing units. This leads to easy parallelism across multiple proces-
sors in computers.

To use ADMM, let us define new matrices T = [t(1), t(2), · · · , t(J)] and Yl =
[y(1)
l ,y(2)

l , · · · ,y(J)
l ]. We rewrite the optimization problem (3.14) in the following con-

strained form
min
Ol

‖T−OlYl‖2F such that ‖Ol‖F ≤ εα, (3.21)

where εα , (α2Q) 1
2 . To solve the above problem using ADMM, we consider the follow-

ing equivalent form of (3.21):

min
O,Q

‖T−OY‖2F s.t. ‖Q‖F ≤ εα, Q = O, (3.22)

where we drop the subscript l for notational clarity. Then, the ADMM iterations for solving
the optimization problem would be as follows

O(k+1)=arg min
O
‖T−OY‖2F + 1

µ‖Q(k)−O+Λ(k)‖2F
Q(k+1)=arg min

Q
‖Q−O(k+1)+Λ(k)‖2F s.t.‖Q‖F ≤εα

Λ(k+1) =Λ(k) + Q(k+1)−O(k+1),

(3.23)

where k denotes iteration index of ADMM, µ > 0 controls convergence rate of ADMM,
and Λ stands for a Lagrange multiplier matrix. Noting that the two subproblems in (3.23)
have closed-form solutions, the ADMM steps are

O(k + 1) =
(
TYT + 1

µ (Q(k) + Λ(k)
)

· (YYT + 1
µI)−1

Q(k + 1) = PCq (O(k + 1)−Λ(k))
Λ(k + 1) = Λ(k) + Q(k + 1)−O(k + 1),

(3.24)

in which, Cq , {Q ∈ RQ×n : ‖Q‖F ≤ εα}, and PCq performs projection onto Cq . The
projection in (3.24) has a closed-form solution, shown below

PCq (Q) =
{

Q · ( εα
‖Q‖F ) : ‖Q‖F > εα

Q : otherwise.
(3.25)

As initial conditions for iterations, we set Q0 and Λ0 as zero matrices. The parameters
to choose are µ and an upper limit on iterations denoted by kmax. The choice of µ has a
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high influence on the convergence rate of ADMM and the final solution. The parameter
µ is chosen by hand-tuning. Note that the matrix inversion in (3.24) is independent of the
iterations, and as such it can be precomputed to save computations. In case of a training
data limited scenario, when Y is a tall matrix, we can invoke the Woodbury matrix identity
to take the inverse of YTY instead of YYT .

3.2.5 SSFN and Backpropagation

In the SSFN construction, we add layers one-by-one and nodes per layer in a step-wise
manner. Construction of SSFN is shown in algorithm 1. In the algorithm, for the first layer
l = 1, we have the parameter O?

0 to construct the weight matrix W1. How to have an
appropriate O?

0? For the 0’th layer we have y0 = x, and we set the parameter O?
0 using a

regularized least-squares (Tikonov regularization), as follows

arg min
O0

1
J

J∑
j=1
‖t(j) −O0 y(j)

0 ‖2 + λ0‖O0‖2F . (3.26)

We use cross-validation to set λ0. Therefore, SSFN is expected to perform better than
the regularized least-squares. The {O?

l }Ll=1 matrices are learned by solving (3.14) using
ADMM. ADMM has two parameters µ and kmax to set.

In the SSFN, we set Lmax, nmax and α. Then we set ∆ as the number of nodes that
we increase at a step for each layer. We use two more parameters ηnode and ηlayer for

the stopping criteria. We stop increase in node for the l’th later if
C?nl
−C?nl−∆
C?
nl−∆

< ηnode,

that means when the cost shows a saturation trend. Similarly we stop increase in layer
if C?l −C

?
l−1

C?
l−1

< ηlayer. There is a practical step in the SSFN algorithm. For every layer,

we normalize the subvector R′yl−1 to unit `2-norm as R′yl−1
‖R′yl−1‖ . This normalization step

helps to arrest energy increase of signal flow through the successive layers of SSFN.
Once the process of increase in the size of SSFN is over, we have a network structure of

SSFN and its size. The SSFN has weight matrices {Wl}Ll=1 and the output matrix OL at
the L’th layer. We then can re-optimize the weight matrices and the output matrix of SSFN
using a gradient search for further optimization. We used a backpropagation algorithm
from TensorFlow for optimization and learning of the parameters. The optimizer we use
for backpropagation is called ADAM [82]. In ADAM, the learning rate of gradient search
is found using a combination of hand-tuning and cross-validation. Backpropagation is
computationally complex. We call this backpropagation optimized SSFN as bSSFN. This
bSSFN is expected to perform better than SSFN.

3.3 Experimental Results

Our experiments will consider self size-estimation, low computational complexity require-
ment, limited human effort in tuning parameters, consistent performance in classification
accuracy and estimated size, comparison with state-of-the-art, and finally a failure case
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Algorithm 1 : Algorithm for construction of SSFN
Input:

1: Training dataset D = {(x(j), t(j))}Jj=1
2: Parameters to set: Lmax, nmax ≥ 2Q, α ≥ 1, ∆, µ and kmax, ηnode and ηlayer

Regularized least-squares:

1: y(j)
0 = x(j)

2: Solve (3.26) to find O?
0 (Cross-validation for λ0)

Initialization:
1: l = 0 (Index for l’th layer)

Estimating number of nodes and layers:
1: repeat
2: l← l + 1 (Increase in layers)
3: nl = 2Q (Minimum number of nodes for all layers)
4: repeat
5: nl ← nl + ∆ (Increase in nodes)
6: Construct Wl,nl according to (3.17) and (3.18)
7: Find feature y(j)

l,nl
(For nl nodes)

8: Solve (3.14) to find O?
l,nl

(using ADMM)

9: until
C?nl
−C?nl−∆
C?
nl−∆

< ηnode and nl > nmax

10: O?
l ← O?

l,nl
, C?l ← C?nl

11: until C
?
l −C

?
l−1

C?
l−1

< ηlayer and l > Lmax

Output:
1: Number of layers L = l and number of nodes {nl}Ll=1
2: Weight matrices {Wl}Ll=1

with a mitigation approach. We use Matlab and Python for programming. We use a laptop
and two servers for the hardware support. The laptop is used for SSFN. A server is used
for backpropagation based optimization in bSSFN. The laptop uses a 2.6 GHz processor
and 16 GB RAM, and the server uses multi-processors and 256 GB RAM. We trained and
tested convolutional neural networks (CNN) for comparison. CNN is trained using a GPU
enabled server. We used the Tensorflow simple CNN example for implementation1. For
backpropagation in bSSFN, we used ADAM [82] from TensorFlow. SSFN training time is
in the order of ten minutes using the laptop while backpropagation in bSSFN requires hours
in the server. CNN training also took hours in the GPU enabled server. Our open-sourced
code can be found at https://github.com/alirezamj14/SSFN.

https://github.com/alirezamj14/SSFN
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Table 3.1: Testing accuracy of SSFN along with the hyperparameters.

Dataset

LS SSFN

Accuracy Accuracy Run time
Parameters to set

Manual effort
Fixed

λ0 µ

Vowel 28.1 60.2 ± 2.4 6 s 102 103
kmax = 100
α = 2

nmax−2Q=1000
ηnode = 0.005
ηlayer = 0.1
Lmax = 20

∆ = 50

Satimage 68.1 89.9 ± 0.5 11 s 106 105

Caltech101 66.3 76.1 ± 0.8 84 s 5 10−2

Letter 55.0 95.7 ± 0.2 248 s 10−5 104

NORB 80.4 86.1 ± 0.2 145 s 102 102

Shuttle 89.2 99.8 ± 0.1 61 s 105 104

MNIST 85.3 95.7 ± 0.1 227 s 1 105

CIFAR-10 40.3 47.3 ± 0.2 206 s 108 103

3.3.1 Performance and Behaviour

We begin with our first experiment where the classification accuracy of SSFN is reported
in Table 3.1. In the table, the performance of the regularized least-squares (LS) is reported
for baseline comparison. SSFN provides significant performance improvement than regu-
larized LS. SSFN architecture starts with regularized LS in its first layer and then grows
to a multi-layer structure. All the design parameters of SSFN are also shown in Table 3.1.
The parameter λ0 is common to both the SSFN and the regularized LS. The choice of µ
influences the convergence of ADMM in SSFN. These two parameters - λ0 and µ - are
set using a combination of cross-validation and manual effort. Note that, for this exper-
iment, all the other design parameters of SSFN are deliberately kept the same for all the
eight datasets. We did not tune them and this can be considered as a limited human effort.
We use random matrix instances in SSFN and hence, show average performance over 50
Monte Carlo simulations. The standard deviation of accuracy for the Monte Carlo simu-
lations is also reported in the table with the notation ‘±’. The standard deviation is low,
signifying consistent classification performance. The table also shows the computational
resource required to design SSFN architecture and learning its parameters. This compu-
tational complexity is low compared to training many contemporary neural networks, for
example, CNN.

In the second experiment, we see the effects of manual effort (hand tuning) for some
of the parameters of SSFN. Hand tuning is an art of design. It is driven by intuition and
trial-and-error. We tune α, the number of random instance-based nodes (nmax − 2Q), the
stopping parameter ηlayer and the step ∆ for the increase in the number of nodes. The
other parameters remain same kmax = 100, ηnode = 0.005, and Lmax = 20 in all cases as
in Table 3.1. We show performance of hand-tuned SSFN (hSSFN) in Table 3.2 and observe

1Available at: https://tensorflow.org/tutorials/images/cnn

https://tensorflow.org/tutorials/images/cnn
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Table 3.2: Classification accuracy of SSFN and hSSFN.

Dataset
Accuracy Accuracy Parameters of hSSFN

SSFN hSSFN λ0 µ α nmax − 2Q ηlayer ∆
Vowel 60.2 ± 2.4 63.3 ± 1.5 102 103 2 4000 0.05 500

Satimage 89.9 ± 0.5 90.8 ± 0.3 106 105 2 4000 0.15 500
Caltech101 76.1 ± 0.8 77.5 ± 0.7 5 10−2 3 20 0.15 5

Letter 95.7 ± 0.2 97.1 ± 0.3 10−5 104 2 4000 0.25 500
NORB 86.1 ± 0.2 87.8 ± 0.3 102 102 2 4000 0.15 500
Shuttle 99.8 ± 0.1 99.9 ± 0.1 105 104 2 4000 0.05 500
MNIST 95.7 ± 0.1 98.0 ± 0.1 1 105 2 4000 0.15 500

CIFAR-10 47.3 ± 0.2 51.4 ± 0.2 108 103 2 4000 0.15 500

Table 3.3: Size of SSFN for four instances of Monte Carlo simulations.

Dataset Arrangement of nodes across layers Accuracy

Vowel

272-222-222-372-322-372-372-522-1022-922-72 59.50
272-172-322-272-322-322-472-572-722-1022-72 62.34
322-222-272-272-322-322-372-422-522-1022-72 62.55
272-222-222-272-322-322-372-422-522-1022-72 59.74

Caltech101

1204-604-454-404-504-454-454 73.83
1204-604-404-404-504-454-454 73.31
1204-654-454-454-454-454-404 73.67
1204-604-454-404-454-454-454 73.26

Letter

952-1052-1052-652-1052-302-1002-252 95.70
1052-1052-1052-702-1052-202 95.40

952-1052-1052-852-652-1052-252 95.52
1002-1052-1052-752-902-502-952-252 95.43

MNIST

1020-170-770-120 95.55
1020-170-870-70 95.78
1020-170-820-120 95.54
1020-220-870-120 95.75

that the hand-tuning helps. For example, classification accuracy improves to 98% for the
MNIST dataset.

We now discuss on size of SSFN and how SSFN estimates its own size. The size of
SSFN for four datasets is shown in Table 3.3. For each of the four datasets, we show the
size for four Monte-Carlo simulations randomly chosen from the 50 Monte-Carlo simula-
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(a) Vowel

(b) Caltech101

(c) Satimage

(d) Letter

Figure 3.2: Number of nodes per layer versus the layer number in SSFN, part 1.

tions. Suppose we consider the MNIST dataset. In Table 3.3, the entry ‘1020-170-770-120’
means that the SSFN has four layers, and the number of nodes for the first, second, third,
and fourth layer is 1020, 170, 770, and 120, respectively. It is interesting to observe that
the size of SSFN remains similar across Monte Carlo simulations for a dataset. This can
be considered as consistent size estimation - the neural network system architecture does
not vary randomly across Monte-Carlo simulations.

Pictorial visualization of SSFN size for 50 Monte Carlo simulations is shown in Fig-
ure 3.2 and Figure 3.3. A ‘blue star’ mark denotes an instance of the number of nodes at
a layer. The instance corresponds to an SSFN instance due to the use of random matrix
instances in weight matrices. The solid line and shaded region illustrate the mean and the
standard deviation of the number of neurons per layer for Monte Carlo simulations, respec-
tively. If the number of nodes is equal to zero, then, there is no layer for the corresponding
SSFN instance. Using the Monte Carlo simulations, the average number of layers in SSFN
for Vowel, Satimage, Caltech101, Letter, NORB, Shuttle, MNIST, and CIFAR10 datasets
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(a) NORB

(b) MNIST

(c) Shuttle

(d) CIFAR10

Figure 3.3: Number of nodes per layer versus the layer number in SSFN, part 2.

are found to be 10.9, 4.8, 7.3, 7.9, 3.4, 4.5, 4, and 3.6, respectively. We get fractional num-
bers, such as 10.9 layers, due to computing the average number of layers across Monte
Carlo simulations. The figure shows that the size of the SSFN varies significantly across
the eight datasets. It is interesting to observe how the size varies across datasets and Monte
Carlo simulations for a dataset. For example, let us consider the Vowel dataset where the
number of nodes nl for the l’th layer slowly increases with the layer number l, and then
suddenly decreases. For the Letter and MNIST datasets, the number of nodes nl shows an
increase-and-decrease trend, almost alternatively with respect to the layer number l. An
arrangement of a high-low-high number of nodes in consecutive layers reminds us of the
use of an autoencoder architecture. Table 3.3 and Figure 3.2 and Figure 3.3 show that
SSFN can estimate its own size in a consistent manner for a dataset and the size varies
significantly across datasets.

We now discuss the improvement of classification accuracy with the increase in the size
of SSFN. SSFN starts with the regularized LS and then grows its size with the addition
of nodes and layers. The accuracy improvement for all the eight datasets is shown in
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(a) Vowel

0 1000 2000 3000 4000
Total number of random nodes

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

A
cc

ur
ac

y

Training Accuracy
Testing Accuracy

(b) Caltech101
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(c) Satimage

0 500 1000
Total number of random nodes

0.7

0.75

0.8

0.85

0.9

A
cc

ur
ac

y

Training Accuracy
Testing Accuracy

(d) Letter
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Figure 3.4: Classification accuracy versus total number of random nodes, part 1.

Figure 3.4 and Figure 3.5. We plot accuracy versus number of random nodes
∑l
l′=1(nl′ −

2Q). The number of nodes
∑l
l′=1(nl′ − 2Q) is associated with the random instance parts

of weight matrices. This number of nodes represents the increase in the size of SSFN. In
the Figure 3.4 and Figure 3.5, we show accuracy for training set and test set for each of
the eight datasets. We observe that the training accuracy improves with an increase in the
size of SSFN. This observation verifies the capability of SSFN to monotonically reduce the
training loss, and in turn, testing loss. Note that our proof can only guarantee the reduction
of the training loss; however, due to the generalization power of random weights employed
in every layer of SSFN, we can see an almost monotonically decreasing trend for testing
loss as well.

3.3.2 Comparison with State-of-the-art

So far we explored SSFN as sequential learning in a forward manner. Our next experi-
ment considers backpropagation for further improvement of SSFN and compares it with
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(b) MNIST
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(c) Shuttle
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(d) CIFAR10
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Figure 3.5: Classification accuracy versus total number of random nodes, part 2.

state-of-the-art performances. The results are shown in Table 3.4. Here ‘state-of-the-art’
performances are quoted from the literature, and references are mentioned in the table. We
did not simulate them assuming they are reproducible. For CNN, we perform simulations
and testing for three datasets - Caltech101, MNIST, and CIFAR-10. These three datasets
have image signals that are suitable in size for CNN implementation. The CNN code
uses the following consecutive steps: 2D convolution, ReLU, 2D convolution, ReLU, 2D
max-pooling, dropout, 2D convolution, ReLU, 2D convolution, ReLU, 2D max-pooling,
dropout, dense, ReLU, dropout, dense, and finally softmax. The CNN signal flow structure
is the same for the three datasets. Parameters of the CNN for each of the three datasets
are learned using RMS prop with 30 epochs2. In Table 3.4, we consider backpropagation
for optimization of weight matrices in SSFN that explores dependence between succes-
sive layers of SSFN. This is referred to as backpropagation optimized SSFN (bSSFN),
discussed in the last paragraph of section 3.2.5. Weight matrices of SSFN are used as

2RMSprop is an optimization method available at http://www.cs.toronto.edu/~tijmen/
csc321

http://www.cs.toronto.edu/~tijmen/csc321
http://www.cs.toronto.edu/~tijmen/csc321
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Table 3.4: Comparison of SSFN, bSSFN, CNN, and state-of-the-art methods.

Dataset
SSFN

(one instance)
bSSFN

(one instance)
state-of-the-art

(reference)
CNN

Vowel 61.17 61.17 64.94 [26] -
Satimage 89.92 90.08 90.90 [29] -

Caltech101 75.30 75.33 78.50 [83] 45.77
Letter 95.52 95.65 95.82 [26] -
NORB 85.81 88.71 89.20 [84] -
Shuttle 99.82 99.90 99.91 [25] -
MNIST 95.55 97.61 99.79 [85] 99.33

CIFAR-10 47.21 49.85 98.52 [40] 75.34

initialization in bSSFN. The learning rate of gradient search in backpropagation is chosen
using cross-validation. Backpropagation requires a significantly high computational re-
source, hours in our multi-processor server. Backpropagation for many instances of SSFN
requires a considerable simulation time. Therefore we show the result for one instance
of SSFN for every dataset and the corresponding instance of bSSFN in the table. We do
not try to show performance for the good instances among 50 Monte-Carlo simulations in
the table as this is subjected to a careful selection procedure. We do not consider hSSFN
and further optimization of hSSFN using backpropagation in the Table 3.4 as hand-tuning
remains as an art. In Table 3.4, comparing with state-of-the-art, we find that SSFN and
bSSFN provide reasonable performance for seven datasets, but they are unable to compete
with state-of-the-art for CIFAR-10 dataset. The SSFN fails for CIFAR-10.

It remains a question why the SSFN fails for the CIFAR-10 dataset! We are yet to un-
derstand the relationship between statistics of a dataset and the performance of SSFN. The
recent work [86] shows that it is non-trivial to achieve generalization in performance for
the CIFAR-10 dataset and the high accuracy previously reported in the literature may be
questionable. At this point, we mention that we did not use various preprocessing methods
on a training dataset for performance improvement. For example, the work of [40] uses
efficient data augmentation methods that we do not use. Finally, we comment on SSFN
performance in comparison with CNN. The CNN signal flow structure is found to be good
for the MNIST and CIFAR-10 datasets. The same CNN signal flow structure is not found
very competitive for the Caltech101 dataset. For a dataset, CNN requires hand-tuning for
its signal flow structure design followed by size selection. Structure selection for CNN
considers appropriate use and judicious juxtaposition of a convolutional layer, ReLU func-
tion, max-pooling layer, fully connected layer, softmax, etc. Note that, in the case of the
Caltech101 dataset, we have used the 3000-dimensional feature vectors suggested in [29]
for SSFN and bSSFN; the CNN directly uses image signals with appropriate downsam-
pling to 128× 128 pixel size. The results for the Caltech101 dataset show the importance
of feature design using domain knowledge. On the other hand, the success of CNN for
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Figure 3.6: A hybrid system - a L-layer SSFN with CNN in the first layer.

MNIST and CIFAR-10 datasets can be partially attributed to the convolutional structure in
weight matrices as linear transform, max-pooling operation in nonlinear transform design,
and dropout for regularization. A future work for the improvement of SSFN is to explore
the application of different signal transforms used in CNN. For example, we may explore
the use of a convolutional filter. A convolution filter is associated with a circulant matrix.
Therefore, to construct Wl, we may explore in future use of (structured) circulant matrix
instead of (unstructured) random instance-based matrix Rl (see (3.19)).

We now design an ad-hoc approach to mitigate the limitation of SSFN for the CIFAR-
10 dataset. SSFN has a flexible system architecture that can use the output of a successful
method easily in its entry point. For example, we can use the output of CNN in SSFN. Note
that we used least-squares output t̃?0 = O?

0x in the first layer of SSFN. Instead of the least-
squares output, we can easily use CNN output in the first layer as a simple replacement.
This leads to a hybrid system. The resulting hybrid system is shown in Figure 3.6 which
provides 76.4% accuracy for the CIFAR-10 dataset. This result is 1.1% better than CNN
performance shown in Table 3.4. Note that we have used the same set of hyperparameters
as in Table 3.1 for the SSFN part of the hybrid system. We have not tuned any additional
parameters of the SSFN part. We perhaps might further improve the result of 76.4% by
hand-tuning the parameters of the system. This hand-tuning route is not exercised due to
the aspect ‘limited need for human intervention’.

3.4 Summary

We conclude that it is possible to engineer an algorithm such that a feed-forward neu-
ral network can estimate its size in a computationally efficient manner without significant
human involvement. A judicious combination of layer-wise learning approach, convex op-
timization, and random matrix usage are useful. Following our experimental results, we
envisage that the underlying statistics of a training dataset is a key factor for the SSFN
size estimation. Size estimation and classification performance both are found consistent
across Monte-Carlo simulations. We have observed competitive performance as well as a
failure compared to the state-of-the-art results. Currently, we do not have a theoretically
motivated understanding of several questions: Why do we get a consistent size and con-
sistent performance across independent simulations? Why do we get the failure case, or
what is the data statistics that the method will fail? How to develop a systematic mitigation
approach? These questions remain for future studies.





Chapter 4

Small Data Learning

In this chapter, we focus on the scenarios where limited computational resources are avail-
able for training a neural network: 1) a limited number of training data and 2) limited
computational power. With a glance at recent advances in deep learning, one can argue
that the increasing progress of neural networks is strongly reliant on increases in com-
puting power and data availability [87]. This reliance on heavy computational resources
is rapidly becoming economically, technically, and environmentally unsustainable. Natu-
rally, we are in need of more computationally-efficient methods, which will either have to
come from changes to deep learning architectures or from moving to other machine learn-
ing methods. In this work, we use kernel methods and neural networks together to bridge
this gap. A more detailed survey on the related works is presented in Section 4.1.

Neural networks and kernel methods are similar in the sense that they both perform
non-linear transforms to input signals to estimate a target. Kernel methods require the in-
version of a kernel matrix of size J × J where J is the number of training data points, lead-
ing to a cubic order complexity which makes them more suitable when a limited amount of
training data is available [27]. On the other hand, deep neural networks can have millions
of parameters to learn complex nonlinear functions using a large amount of training data
and computational power. We propose DKN as a multilayer neural network architecture
that helps to bring out the advantages of kernel methods and neural networks at the same
time. To this end, we use a combination of predesigned deterministic matrices and random
weights to significantly reduce the computational complexity of DKN while maintaining a
competitive accuracy.

In Section 4.2, we illustrates detailed design steps of DKN. A general structure of
DKN is shown in Figure 4.1. The feature vectors of each layer are first mapped to another
feature space via a nonlinear mapping ψ( · ) before passing through a kernel regression
layer. Then, motivated by densely convolutional neural networks [15], each kernel re-
gression layer takes all the preceding feature vectors concatenated together to estimate the
target. We encourage the reader to compare Figure 4.1 with the Figure 2.1. Note that
unlike DenseNets, other nonlinear layers of DKN consist of ReLU activation functions,
predesigned weights, and random weights which do not require training. Therefore, DKN

39
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Figure 4.1: A 3-layer dense kernel network. KR stands for a layer which contains kernel
regression. Each KR layer takes all preceding mapped features as input.

does not suffer from training issues such as vanishing gradient as it uses a layer-wise train-
ing approach. Besides, the use of kernel regression reduces the computational complexity
of using concatenated feature vectors of previous layers. Note that the complexity of ker-
nel regression is determined by the size of the kernel matrix J rather than the dimension of
the feature vectors. Finally, in Section 4.3, we demonstrate the estimation capabilities of
DKN in various data availability scenarios and compare with some of the state-of-the-art
networks such as DenseNet-169 and ResNet-50. The content of this chapter is based on
our work in [88].

4.1 Related Works

In a generic dense neural network architecture, we expect that the output of all previous
layers is causally conveyed to a forward layer. That means each layer is connected with
other layers in a feed-forward manner. Naturally, this includes connection of the input
layer to the forward layers, as done in residual network [12]. The use of dense connections
has several compelling advantages: it is shown to alleviate the vanishing-gradient problem
at the time of back propagation-based training, to strengthen feature propagation through
layers, and to encourage feature reuse across layers. For a dense neural network, it is nat-
ural that the dimension of effective feature vector at a layer, generated by concatenation
of all feature vectors from previous layers, is significantly large. Therefore, the size of the
corresponding weight matrix at that layer of the dense neural network is large. An effi-
cient solution for handling large dimensional feature vector is the use of kernel methods.
Kernel methods are popular in the literature [89, 90] due to a few aspects, namely good
performance, ease of implementation, and theoretical support. Kernel methods are known



4.2. METHOD 41

to be universal learners [91,92]. Prominent examples of kernel methods are support vector
machine and Gaussian process. While kernel methods have received considerable atten-
tion, there exists limited work on developing deep kernel methods. For example, the work
of [93] considers an architecture where the Gaussian process is used in the last layer of
deep neural network architecture. The work of [94] considered a deep Gaussian process
where each layer is comprised of a Gaussian process and its input comes from the Gaussian
process of the immediate past layer. A similar concept follows in the work [95] on deep
support vector machine where each layer is a support vector machine and its input comes
from the support vector machine of the immediate past layer.

In this article, we develop a dense kernel network (DKN) comprising of multiple layers.
Each layer of the DKN is a kernel method block and we establish that there is a recursive
relation between the kernels of two consecutive layers. The recursive relation allows a
simple implementation of the dense connection, possibly to the full extent. An interesting
fact is that if the DKN comprises of L layers then, the total number of parameters (scalar
parameters) to learn is exactly equal to L. We identify that the joint optimization of L
parameters is non-trivial. Therefore, we use a layer-wise design principle to develop the
DKN in a systematic manner. A new layer is added progressively on an existing DKN and
optimized, where the parameter corresponding to the new layer is learned. The training
algorithm of DKN is fully automatic (without any manual intervention) where parameters
are learned by cross-validation. To the best of the authors’ knowledge, this is the first
attempt to develop a dense kernel network.

4.2 Method

4.2.1 Dense Kernel Network

In this section, we develop a dense kernel network. We first begin with a dense neural
network and identify a challenge. Let us use the notation yl to denote a feature vector
in the l’th layer of the dense neural network. For the dense neural network, an extended
feature vector in the l’th layer can be comprised of the feature vector yl at that layer, fea-
ture vectors from previous layers {yl−i}i=1,2,..., and the input data vector x. There can
be many ways to combine them, for example, using a linear combination. We treat the
extended feature vector as a concatenation of all the feature vectors {yl−i}i=0,1,2,... and
the input vector x. On the extended feature vector, a linear transform (weight matrix) is
applied followed by scalar-wise non-linear transform (called activation function in neural
network literature) to generate feature vector yl+1 in the next layer. As the layer number
l increases, the dimension of the extended feature vector also increases and becomes sig-
nificantly large. Hence, the associated linear transform matrix dimension also grows at the
same rate. Learning of large dimensional linear transforms (weight matrices) for several
layers is a challenging optimization problem in the dense neural network. Further, we have
to deal with the high online complexity of large-dimensional matrix-vector multiplication.

We address the challenge of handling large-dimensional feature vectors using a kernel
based approach. Let us denote a feature vector in the l’th layer of dense kernel network
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Algorithm 2 : DKN Training
Input: x
Layer number is denoted by l
In the 0’th layer:

1: Layer number l← 0 ;
2: Feature vector y0 = x, k(ỹ−1) = 0;
3: Compute k(ỹ0) = [kj(ỹ0)], j = 1, 2, . . . , J ;

kj(ỹ0) =[y(j)
0 ]>[y0]+[φ(y(j)

0 )]>[φ(y0)] + kj(ỹ−1)
=[y(j)

0 ]>x+exp(−‖y(j)
0 − x‖2/c0) + 0

4: Prediction: t̂0 = T
[
K̃0 + λ0JIJ

]−1 k(ỹ0).
Signal flow through layers and computations:
For layer l = 1, 2, , 3, . . . , L

1: Generation of feature vector yl from yl−1 and t̂l−1

yl = G(t̂l−1,yl−1) = ReLU
(
Ml[t̂>l−1 y>l−1]>

)
2: Compute k(ỹl) = [kj(ỹl)], j = 1, 2, . . . , J ;

kj(ỹl) =[y(j)
l ]>[yl]+[φ(y(j)

l )]>[φ(yl)] + kj(ỹl−1)
=[y(j)

l ]>yl+exp(−‖y(j)
l −yl‖2/cl)+kj(ỹl−1)

3: Prediction: t̂l = T
[
K̃l + λlJIJ

]−1 k(ỹl).

Output: t̂ = t̂L (Output at the L’th layer (last layer))

(DKN) by yl. The extended feature vector ỹl at the l’th layer is defined as follows

ỹl , [y>l , φ(yl)>,y>l−1, φ(yl−1)>, · · · ,y>1 , φ(y1)>,x>, φ(x)>]>. (4.1)

To create a dense architecture, the extended feature vector ỹl includes: (1) all the feature
vectors {yl}ll=1 from previous layers, and their general transforms {φ(yl)}ll=1, (2) input
vector x and its general transform φ(x). This possibly leads to the densest connections in
the network, satisfying feed-forward signal flow. Note that we do not typically have access
to φ(x) and φ(yl). Use of kernel allows us to circumvent the problem. By definition of ỹl,
we have

ỹl = [y>l , φ(yl)>, ỹ>l−1]>. (4.2)

We use the notation ỹ(j)
l to denote the ỹl for the j’th training datum. Similarly, we use

notations y(j)
l and φ(y(j)

l ) to associate with the j’th training datum. Using a mix of linear
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kernel and Gaussian kernel, we find the following recursive relation

k(ỹ(i)
l , ỹ(j)

l ) = [ỹ(i)
l ]>[ỹ(j)

l ]

= [y(i)
l ]>[y(j)

l ] + [φ(y(i)
l )]>[φ(y(j)

l )] + k(ỹ(i)
l−1, ỹ

(j)
l−1). (4.3)

We use the notations K̃l, Ll and Kl to denote the linear kernel matrix with elements
K̃l(i, j) = [ỹ(i)

l ]>[ỹ(j)
l ], the linear kernel matrix with elements Ll(i, j) = [y(i)

l ]>[y(j)
l ]

and the Gaussian kernel matrixKl(i, j) = [φ(y(i)
l )]>[φ(y(j)

l )] = exp(−‖y(i)
l − y(j)

l ‖2/cl),
respectively. The constant cl is set as the average distance between all pairs of (y(i)

l ,y(j)
l ).

Note that

K̃l = Ll + Kl + K̃l−1 (4.4)

is a valid kernel matrix due to additive property of kernel construction. At the l’th layer
of DKN, the extended feature vector representation for an input data vector x is ỹl, and
hence, the corresponding kernel prediction is (following (2.9)):

t̂l = T
[
K̃l + λlJIJ

]−1 k(ỹl). (4.5)

Here, k(ỹl) is a J-dimensional vector with elements kj(ỹl) = [ỹ(j)
l ]>[ỹl], j = 1, 2, . . . , J ,

which are computed using the same recursion relation (4.3). Note that ỹ(j)
l corresponds to

the training datum x(j). At this point, we mention that Gaussian kernel function is chosen
because of its widespread use. DKN training is shown in Algorithm 2.

4.2.1.1 Signal Flow of DKN

The input to DKN is x, which transforms through successive layers to provide the final
output t̂. We assume that the DKN is comprised of L layers. Note that, for any layer l,
we predict the target using (4.5) as t̂l. We have access to this t̂l and it can be viewed as
a transform of input vector x. Therefore, at the l’th layer of DKN, we generate the fea-
ture vector yl using a standard concept of artificial neural network architecture. We first
concatenate t̂l−1 and yl−1 of (l − 1)’th layer into a single vector, and then, it is multiplied
by a matrix Ml, followed by a nonlinear transform to generate feature vector yl at the l’th
layer. Rectified linear unit (ReLU) is a standard nonlinear transform, also called activation
function, much used in designing artificial neural networks [96]. Given the set of param-
eters {Ml, K̃l, λl, cl}Ll=1, we compute t̂ = t̂L as the final output of DKN. A diagram of
signal flow is shown in Figure 4.2. Here, G( · ) denotes feature vector generation operator
comprised of matrix multiplication followed by rectifier-liner-unit (ReLU), and ‘KR’ de-
notes kernel regression estimation of the target. Note that the nonlinear mapping ψ( · ) in

Figure 4.1 is equal to
[
φ
I

]
block shown in Figure 4.2.

4.2.2 Layer-wise Training

The output of DKN is a function of DKN parameters and input data vector; we write t̂ =
t̂(x, {Ml, K̃l, λl, cl}Ll=1). The parameters are highly coupled with non-linear relations.
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Figure 4.2: Signal flow of DKN. Here ⊕ denotes concatenation of input vectors.

Therefore, finding a set of optimal parameters by minimizing average cost 1
2J
∑J
j=1 ‖t(j) −

t̂(j)‖22 over training dataset is non-trivial. The cost is non-convex, and use of backpropa-
gation type of algorithms is also challenging. We provide an approximate solution for the
training using two practical steps: (1) we use a greedy layer-wise learning strategy where a
new l’th layer added on an optimized DKN comprising of (l − 1) layers, (2) Ml matrices
are pre-determined (fixed transforms) and we do not learn them from data. Use of fixed
transforms has been investigated in neural network literature, for example, use of wavelet
transform to understand deep learning [97], randomly generated instances of matrices in
extreme learning machines and their extensions to deep architectures [58, 59].

We first discuss layer-wise development of DKN. We start with a single-layer network,
then, design a two layer network and continue to add more layers. That means, in this
way, we first design a network comprised of (l − 1) layers with optimized performance,
and then, add a new layer to design a network comprised of l layers. In the zero-layer
network, we have y(j)

0 = x(j), k(ỹ(j)
−1) = 0. We compute k(ỹ(i)

0 , ỹ(j)
0 ) = [x(i)]>[x(j)] +

exp(−‖x(i) − x(j)‖2/c0) following (4.3) and form the kernel matrix K̃0. Then, following

(4.5), we have outputs t̂(j)
0 = T

[
K̃(j)

0 + λ0JIJ
]−1

k(ỹ(j)
0 ) for all the training samples.

We learn the parameter λ0 by multi-fold cross-validation. Once the zero-layer network
training is over, we add a new layer (the first layer) to design an one-layer network. We
create feature vector y(j)

1 as follows

y(j)
1 = ReLU

(
M1

[
t̂(j)
0

ŷ(j)
0

])
(4.6)

where M1 is a pre-determined transform. The feature vector generation strategy is same
as of an artificial neural network. ReLU activation function is applied scalar-wise on its ar-
gument vector. We compute k(ỹ(i)

1 , ỹ(j)
1 ) = [y(i)

1 ]>[y(j)
1 ] + exp(−‖y(i)

1 − y(j)
1 ‖2/c1 and

form the kernel matrix K̃1. Then, we have outputs t̂(j)
1 = T

[
K̃(j)

1 + λ1JIJ
]−1

k(ỹ(j)
1 )

for all the training samples. We again learn the parameter λ1 by multi-fold cross-validation.
Once the one-layer network training is over, we add a new layer (the second layer) to de-
sign a two-layer network. We create feature vector y(j)

2 = ReLU
(
M2[[t̂(j)

1 ]> [y(j)
1 ]>]>

)
for the second layer. This layer-wise design principle continues till we design an L-layer
network, or we observe that training data performance saturates. For this layer-wise de-
sign, we only need to learn the parameters {λl}Ll=1 by cross-validation. Therefore, the total
number of parameters to learn is exactly equal to the number of layers in the network. The
learning process is also fully automatic (no manual intervention is required).
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We now analyze training in the sense of cost optimization. Following the relations
between equations (2.6), (2.7) and (2.9), the kernel prediction (4.5) at the l’th layer of
DKN corresponds to the optimal solution of the following constrained and unconstrained
optimization problems

arg min
Wl

1
2J

J∑
j

‖t(j) −Wlỹ(j)
l ‖

2
2 s.t. ‖Wl‖2F ≤ εl,

arg min
Wl

1
2

J∑
j

‖t(j) −Wlỹ(j)
l ‖

2
2 + λlJ

2 ‖W‖
2
F . (4.7)

There exists an intrinsic relationship between εl and λl, but in general it is not easy to find
one by knowing another. A standard approach to find λl is by cross-validation, preferably
multi-fold cross-validation that we use. Let us denote the optimal linear regression matrix
for the above equivalent problems by W∗

l . For the training dataset, the optimal cost at the
l’th later is

Cl = 1
2J

J∑
j

‖t(j) −W∗
l ỹ

(j)
l ‖

2
2 = 1

2J

J∑
j

‖t(j) − t̂(j)
l ‖

2
2,

where t̂(j)
l = W∗

l ỹ
(j)
l = T

[
K̃l + λlJIJ

]−1 k(ỹ(j)
l ). We now endeavor to establish

a relation between the optimal costs of l’th and (l − 1)’th layers. For an (l − 1)’th layer
DKN, we have already solved the same optimization problem at the (l − 1)’th layer where
the subscript (l − 1) replaces l. Without loss of generality, we assume the condition εl =
εl−1. Then, there exist λl and λl−1 such that we get optimal solutions at the l’th and
(l − 1)’th layers. As we construct ỹl = [y>l , φ(yl)>, ỹ>l−1]>, we can write Cl ≤ Cl−1.

Proposition 3. For the choice ∀l, εl = ε, there exist a set {λl} for which if we continue to
solve the optimization problems (4.7) sequentially in layer-wise manner, then, the optimal
costs will follow Cl ≤ Cl−1 ≤ . . . ≤ C2 ≤ C1.

Proof. The proof of Cl ≤ Cl−1 is as follows. The cost function 1
2J
∑J
j ‖t(j) −Wlỹ(j)

l ‖22
is strictly convex and hence, the constrained optimization problem has an unique solution.
The solution is same for the unconstrained optimization problem for an appropriate choice
of λl. Let the optimal solution W∗

l = [0 W∗
l−1], where 0 is a zero matrix of dimension

Q× n′ with n′ = dim([y>l , φ(yl)>)]>. In that case, we have Cl = Cl−1. Due to unique-
ness of solution, any other optimal solution W∗

l leads to Cl < Cl−1 under the condition
εl ≥ εl−1.

Next, we consider how to construct the pre-determined matrices Ml. We assume that
feature vectors across layers {yl}Ll=1 have same dimension n. Then, we have chosen the
matrices as follows

Ml =
[

V 0
0 Rl

]
, (4.8)
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where V = [IQ − IQ]> is a 2Q×Q-dimensinal matrix and Rl is a n× (n+ 2Q)-
dimensional instance of random matrix. The instance is drawn from a random distribution
and fixed. In our case elements of Rl are drawn independently from a scalar Gaussian
distribution. The specific structure of Ml in (4.8) is motivated by its use in recently pro-
posed self size-estimating feed-forward network (SSFN) [41]. This helps us to compare
between DKN and SSFN directly in the sense of practical performance, reported in ‘ex-
perimental results’ section later. The use of random instance of Rl is much exercised in
designing extreme learning machine (ELM) and allied derivatives [26,58]. The use of ran-
domly generated linear transforms is also shown in kernel regression [65, 98]. Instead of
the structure we used in (4.8), it will be interesting to use other matrices, such as discrete
cosine transform as a compressing transform, wavelets (used recently in [97] to understand
the theoretical perspective of convolutional neural network), convolutional filters in convo-
lutional neural networks [2, 15], etc. Further, it will be also interesting to see the effects of
common activation functions instead of ReLU, for example, sigmoid, tan hyperbolic, etc.
We refrain from the study of matrices and activation functions in this article.

4.3 Experimental Results

In this section, we investigate the performance of DKN on several benchmark databases
in different data availability scenarios and observe its behavior during training. Our open-
sourced code can be found at https://github.com/alirezamj14/DKN. We per-
form our experiments on a number of benchmark classification databases which are com-
monly used in the literature [26,29,99–103]. Table 2.1 contains relevant information about
the databases, namely the number of training samples, the number of testing samples, the
dimension of the input feature vectors, and the number of classes. If the database is sub-
jected to ‘random partition’, then, the database is not divided into the training and testing
sets, but we divide by random sample drawing. This partitioning strategy is in line with
the experimental setup of SSFN [41]. If the database is not subjected to random partition,
we kept the testing and training datasets as they have been chosen by the designer of the
database. Hence, in general, there are multiple types of randomness in DKN. The first type
is due to the random choice of training and testing sets for some databases; the second type
arises from the random validation set selection for cross-validation which in turn affects the
value of λl, and the third type results from the random instance of matrix Rl in each layer
of DKN. Therefore, we have repeated the experiments 10 times in the Monte-Carlo ap-
proach and reported the average normalized mean-square-error (NME) and accuracy along
with its standard deviations. Note that DKN is particularly designed to handle datasets with
small size and therefore, we avoid experiments on large image datasets such as ImageNet.

4.3.1 Performance and Behaviour

We show DKN performance vis-a-vis several competitive architectures namely, recently
proposed multi-layer self size-estimating feed-forward network (SSFN), and regularized
extreme learning machine (ELM), CNN, DenseNet-169, and ResNet-50. The performance

https://github.com/alirezamj14/DKN
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Table 4.1: Testing performance comparison of ELM, SSFN, and DKN.

Dataset ELM SSFN DKN
NME Accuracy NME Accuracy NME Accuracy

Vowel −1.49 53.8 ± 1.7 −2.21 60.2 ± 2.4 −2.60 58.7 ± 0.6
Extended YaleB −6.39 97.8 ± 0.5 −12.0 97.7 ± 0.5 −11.4 97.8 ± 0.7

AR −2.10 97.2 ± 0.7 −7.69 97.6 ± 0.6 −7.86 98.3 ± 0.4
Satimage −5.22 84.6 ± 0.5 −7.92 89.9 ± 0.5 −7.25 89.3 ± 0.3
Scene15 −5.78 97.6 ± 0.3 −14.7 99.1 ± 0.3 −10.9 99.2 ± 0.3

Caltech101 −1.21 63.4 ± 0.8 −4.13 76.1 ± 0.8 −3.92 75.5 ± 0.5
Letter −6.29 95.7 ± 0.2 −11.5 95.7 ± 0.2 −13.4 97.0 ± 0.2
NORB −6.77 89.8 ± 0.5 −6.90 86.1 ± 0.2 −9.73 92.3 ± 0.1

of SSFN and ELM are reported from the article [41]. For some of our experiments, we used
codes of SSFN and ELM, which are downloaded from the websites mentioned in [41].
All the experiments have been performed using a laptop with the following hardware:
Intel-i7 2.60GHz CPU and 32G DDR4 RAM. We use these limited software and hardware
resources so that the results can be reproducible and verified independently by other re-
searchers who might not have access to high-performance computers. We used a 10-layer
DKN for our experiments, which means L = 10. For the fixed transform matrices Ml

across layers, we assumed that the random instance parts are drawn from a standard Gaus-
sian distribution N (0, 1). The dimension of random matrices is 1000× (1000 + 2Q).
That means, the created feature vector yl has dimension n = 1000 + 2Q. The specific
choice ‘1000’ is arbitrary. In the layer-wise design principle, we find the regularization
coefficient λl for the l’th layer using 5-fold cross-validation. The search range of λl is
[10−5, 105] and an optimal value is chosen by a grid-based search. Once an optimal λl is
chosen by cross-validation, we used the whole training set to form the kernel matrix K̃l.

Performance measures we have used are ‘classification accuracy’ and ‘normalized

mean error’. The normalized mean error (NME) is defined as 10 log 10
∑

j
‖t(j)−t̂(j)‖2∑
j
‖t(j)‖2

.

We always train the system using the training dataset. But, depending on the objective
of an experiment, we test using the training dataset and testing dataset, separately. The
performance comparison on classification tasks is shown in Table 4.1. We observe that
DKN provides competitive results compared to ELM and SSFN. In the case of the NORB
database, DKN provides significant performance improvement compared to SSFN. An-
other observation is that DKN provides a low standard deviation for test accuracy, claiming
higher reliability.

Performance for limited size training datasets: Kernel methods are known to provide
relatively good performance when the training dataset is of limited size compared to sev-
eral other learning methods. Naturally, we hypothesize that DKN will provide good per-
formance with small training datasets over ELM and SSFN. To validate our hypothesis, for
a standard database, we train DKN using a fraction of the full training dataset available.
We sub-sample the training dataset at the rate of 5%, 20%, 40%, 60%, 80%, and 100% and
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Figure 4.3: Performance comparison versus percentage of the training dataset (p).

train DKN. The testing dataset remains the same throughout for all sub-sampled choices
of the training dataset. Figure 4.3 shows testing accuracy and testing NME for Caltech101
and Letter datasets. In this experiment, we also compare SSFN and ELM where they are
trained with the same sub-sampled datasets. It is interesting to see that performance differ-
ence is more tangible when the number of training samples is low, meaning that DKN is
more suitable when the size of the training dataset is small.

Behavior of DKN training: We now investigate the behavior of DKN buildup at the
time of training. Figure 4.4 represents classification accuracy and normalized-mean-error
(in dB scale) of DKN versus number of layers. It can be seen that NME for the training
dataset has a non-increasing trend as Proposition 1 claims. The interesting observation is
the improvement in performance with the number of layers and graceful saturation. The
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Figure 4.4: Behavior of DKN versus number of layers at the time of training.

experiment reinforces the usual claim that performance improves with more number of
layers in machine learning architectures.

Overfitting problem: Following Figure 4.4, an important observation is that DKN suf-
fers from overfitting as the number of layers increases. In the very beginning with few
layers, the DKN does not suffer from overfitting. A question arises to us: why overfitting
occurs for later layers even though we use the layer-wise design principle? Our multi-fold
cross-validation approach to finding λl is unable to arrest the over-fitting. We have no-
ticed a steady decrease of λl as the layer number l increases. A low value of λl leads to
a poor regularization. While the over-fitting trend did not hurt classification accuracy as
it shows graceful saturation with an increase in the number of layers, the generalization
gap between the training dataset and test dataset performance is observed to increase. The
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Table 4.2: Testing accuracy (%) for K-shot learning on MNIST and CIFAR-10.

Network
MNIST CIFAR-10

K = 5 K = 25 K = 50 K = 100 K = 5 K = 25 K = 50 K = 100

DKN 64.86 78.55 80.53 84.95 20.27 28.1 30.31 32.74

CNN 61.58 77.16 82.71 85.89 14.84 19.61 21.85 23.53

DenseNet-169 59.97 77.9 80.7 79.78 12.61 17.55 26.32 28.14

ResNet-50 58.50 76.21 79.97 80.17 14.67 18.78 20.01 23.09

training dataset performance is found to be very high, almost with 100% classification ac-
curacy. Instead of cross-validation, we have also experimented with the held-out dataset,
and the same decreasing trend in λl is found with increasing over-fitting over layers. A
naive explanation of the over-fitting is that the choice of λl brings information feedback
into the training mechanism from the validation / held-out datasets. As the layer number
increases, it is not entirely surprising that the effect of over-fitting becomes stronger. We
are yet to decipher the rate of over-fitting with an increase in the number of layers, and
how to moderate the rate without degradation in testing dataset performance.

4.3.2 Comparison with State-of-the-art

Now, we compare DKN with some of the most popular state-of-the-art networks namely
CNN, DenseNet-169 [15], and ResNet-50 [12]. For the case of CNN, we use a convolu-
tional neural network with the following architecture: two Conv2D layer with 32 filters of
size 3× 3 followed by a MaxPooling2D layer of size 3× 3, dropout layer with p = 0.25,
Conv2D layer with 64 filters of size 3× 3, Conv2D layer with 32 filters of size 3× 3,
MaxPooling2D layer of size 3× 3, dropout layer with p = 0.25, flatten layer, dense layer
of size 512, dropout layer with p = 0.5, and dense layer of size 10. We the above networks
using ADAM optimizer with a batch size of 128 for 15 epochs with respect to cross-entropy
loss with a softmax activation function. In all cases, 10% of the training data is used for
validation during the training.

We consider a few-shot learning scenario when only K samples of each class are
used for training the neural networks. We report the testing accuracy for MNIST and
CIFAR-10 datasets with K = 5, 25, 50, 100 in Table 4.2. We observe that DKN provides
better/competitive performance compared to other deep networks especially when K is
very small. It is worth mentioning that DKN achieves this performance with a signifi-
cantly lower computational complexity. In particular, the number of trainable parameters
of DKN is equal to L = 10 while CNN, DenseNet-169, and ResNet-50 have 0.3M, 12.5M,
and 23.6M parameters that need to be trained via backpropagation. In practice, the train-
ing time of DKN is in the order of seconds while the other deep architecture took several
minutes even for such a few-shot learning scenario.
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4.4 Summary

We design a densely connected neural network method in a fully automatic manner, with-
out any manual intervention for a choice of parameters. The proposed dense kernel network
allows feature reuse across layers efficiently – possibly the densest it can be. Recursive re-
lation between kernels of two consecutive layers is helpful to realize the dense connections.
Interestingly, we note that the regularization parameters become small and the training er-
ror vanishes as the depth of the network increases. According to conventional understand-
ing, this should cause overfitting and degradation in the test dataset performance. However,
we see that test dataset performance saturates gracefully. This behavior (good performance
in the so-called ‘interpolation’ limit) is the subject of current research [104]. We suggest
that the deep kernel network provides an intermediate architecture between (shallow) ker-
nel machines and general deep networks. This might provide insights into the reasons why
the interpolation limit does not lead to degradation in test dataset performance for deep
networks. Furthermore, incorporating dense kernel network with popular few-shot learn-
ing methods such as matching networks [105] and prototypical networks [106] remains a
potential future direction.





Chapter 5

Weight Agnostic Learning

In this chapter, we concentrate on designing a low-complexity solution via using pre-
designed weight matrices. This problem is known as weight agnostic learning since it
does not require learning the optimum weights for any of the layers of the network. In
Section 5.1, we overview some of the related works in this area. Motivated by the prior use
of fixed matrices, we design High-dimensional neural feature (HNF) architecture using an
appropriate combination of ReLU, random matrices, and fixed matrices. We use predefined
weight matrices in all layers of the network, and therefore, the architecture does not suffer
from the infamous vanishing gradient problem. In Section 5.2, we theoretically show that
the output of each layer provides a richer representation compared to the previous layers if
a convex cost is minimized to estimate the target. We use an `2-norm convex constraint to
reduce the generalization error and avoid overfitting to the training data. We analytically
derive the regularization hyperparameter to ensure the decrement of the training cost in
each layer. Therefore, there is no need for cross-validation to find the optimum regulariza-
tion hyperparameters of the network. We show that the proposed HNF is norm-preserving
and invertible, and therefore, can be used to improve the performance of other learning
methods that use linear projection to estimate the target. Finally, in Section 5.3, we show
the classification performance of the proposed HNF against ELM and state-of-the-art re-
sults. The content of this chapter is based on our works in [107] and [108].

5.1 Related Works

Nonlinear mapping of low-dimensional signal to high-dimensional space is a traditional
method for constructing useful feature vectors, specifically for classification problems. The
intuition is that, by extending to a high dimension, the feature vectors of different classes
become easily separable by a linear classifier. The drawback of performing classification
in a higher-dimensional space is the increased computational complexity. This issue can
be handled by a well-known method called ’kernel trick’ in which the complexity depends
only on the inner products in the high-dimensional space. Support vector machine (SVM)
[109] and kernel PCA (KPCA) [110] are examples of creating high-dimensional features
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by employing the kernel trick. The choice of the kernel function is a critical aspect that
can affect the classification performance in the higher dimensional space. A popular kernel
is the radial basis function (RBF) kernel or Gaussian kernel, and its good performance is
justified by its ability to map the feature vector to a very high, infinite, dimensional space
[111]. In this manuscript, we design a high-dimensional feature using an artificial neural
network (ANN) architecture to achieve a better classification performance by increasing
the number of layers. The architecture uses the rectified linear unit (ReLU) activation,
predetermined orthonormal matrices, and a fixed structured matrix. We refer to this as
high-dimensional neural feature (HNF) throughout the manuscript.

Neural networks and deep learning architectures have received overwhelming atten-
tion over the last decade [112]. Appropriately trained neural networks have been shown to
outperform the traditional methods in different applications, for example in classification
and regression tasks [3, 4]. By the continually increasing computational power, the field
of machine learning is being enriched with active research pushing classification perfor-
mance to higher levels for several challenging datasets [85, 113, 114]. However, very little
is known regarding how many numbers of neurons and layers are required in a network
to achieve better performance. Usually, some rule-of-thumb methods are used for deter-
mining the number of neurons and layers in an ANN, or an exhaustive search is employed
which is extremely time-consuming [115]. In particular, the technical issue - guaranteeing
performance improvement with increasing the number of layers - is not straight-forward
in traditional neural network architectures, e.g., deep neural network (DNN) [1], convolu-
tional neural network (CNN) [2], recurrent neural network (RNN) [116], etc. We endeavor
to address this technical issue by mapping the feature vectors to a higher dimensional space
using predefined weight matrices.

There exist several works employing predefined weight matrices that do not need to be
learned. Scattering convolution network [117] is a famous example of these approaches
which employs wavelets-based scattering transform to design the weight matrices. Ran-
dom matrices have also been widely used as a mean for reducing the computational com-
plexity of neural networks while achieving comparable performance as with fully-learned
networks [41, 42, 118, 119]. In the case of the simple, yet effective, extreme learning ma-
chine (ELM), the first layer of the network is assigned randomly chosen weights and the
learning takes place only at the end layer [19,20,120,121]. It has also been shown recently
that a similar performance to fully-learned networks may be achieved by training a net-
work with most of the weights assigned randomly and only a small fraction of them being
updated throughout the layers [122]. It has been shown that networks with Gaussian ran-
dom weights provide a distance-preserving embedding of the input data [119]. The recent
work [41] designs a deep neural network architecture called progressive learning network
(PLN) which guarantees the reduction of the training cost with increasing the number of
layers. In PLN, every layer is comprised of a predefined random part and a projection part
which is trained individually using a convex cost function. These approaches indicate that
randomness has much potential in terms of high-performance at low computational com-
plexity. We design a multilayer neural network using predefined orthonormal matrices,
e.g., random orthonormal matrix, DCT matrix, etc, to ensure reducing the training cost as
the number of layers increases.
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Notations We use the following notations unless otherwise noted: We use bold capital
letters, e.g., W, to denote matrices and bold lowercase letters, e.g., x, to denote vectors.
We use calligraphic letter M to denote a set and Mc to denote compliment set. The
cardinality of a set M is denoted by |M|. For a scalar x ∈ R, let us denote its sign
and magnitude as s(x) ∈ {−1,+1} and |x|, respectively, and write x = s(x)|x|. For a
vector x, we define the sign vector s(x) and magnitude vector |x| by the element-wise
operation. We define g( · ) as a non-linear function comprised of a stack of element-wise
ReLU activation functions. A vector x has non-negative part x+ and non-positive part x−
such that x = x+ + x− and g(x) = x+. We use ‖ · ‖ and ‖ · ‖F to denote `2-norm and
Frobenius norm, respectively. For example, it can be seen that ‖x‖2 = ‖x+‖2 + ‖x−‖2.

5.2 Method

5.2.1 High-dimensional Neural Feature

In this section, we illustrate the motivation to design a high-dimensional feature vector
by using the ReLU activation function. We analyze the behavior of a single layer ReLU
network to the input perturbation noise and show that by mapping the feature vectors to a
higher dimension, we can increase the discrimination power of the ReLU network.

For an ANN, we wish to have noise robustness and discriminative power. We charac-
terize this in the following definition.

Definition 3 (Noise Robustness and Point Discrimination). Let x1 and x2 be two input
vectors such that x1 6= x2, and we have outputs of ANN t̃1 = f(x1) and t̃2 = f(x2). We
can characterize a perturbation scenario with the perturbation noise ∆ as x2 = x1 + ∆.
We wish that the proposed ANN holds the property

c1‖x1 − x2‖2 ≤ ‖f(x1)− f(x2)‖2 ≤ c2‖x1 − x2‖2, (5.1)

where 0 < c1 ≤ 1 and c1 ≤ c2.

Note that the lower bound provides point discrimination power and the upper bound pro-
vides noise robustness to the input.

We first concentrate on one block of ANN – this is called a layer in the neural network
literature. The layer has an input vector vector q ∈ Rm×1 and the output vector y =
g(Wq). The dimension of y is the number of neurons in the layer. If we can guarantee
that the layer of ANN provides noise robustness and point discrimination property then,
the full ANN comprising of multiple layers connected sequentially can be guaranteed to
hold robustness and discriminative properties. We need to construct W in such a manner
that the layer has noise robustness and discriminative power according to the Definition 3.

5.2.1.1 ReLU Activation and A Limitation

We first show three essential properties of ReLU function, required to develop our main re-
sults. We then discuss one possible limitation of the ReLU function and propose a remedy
to circumvent the problem.
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Property 1 (Scaling). ReLU function has a scaling property. If y = g(Wq), then ay =
g(W(aq)) for a scalar a ≥ 0.

Property 2 (Sparsity). ReLU function provides sparse output vector y such that ‖y‖0 ≤
dim(y).

Property 3 (Noise Robustness). Let us consider z = Wq. For two vectors q1 and q2,
we define corresponding vectors z1 = Wq1 and z2 = Wq2, and output vectors y1 =
g(z1) = g(Wq1) and y2 = g(z2) = g(Wq2). Now, we have the following relation

0 ≤ ‖y1 − y2‖2 = ‖g(z1)− g(z2)‖2 ≤ ‖z1 − z2‖2. (5.2)

The proof of Property 3 is shown in the Appendix. The upper bound relation holds Lips-
chitz continuity that provides noise robustness. On the other hand, the lower bound zero
cannot maintain a minimum distance between two points y1 and y2. An example of ex-
treme effect is that when z1 and z2 are non-positive vectors, we get ‖y1 − y2‖2 = 0. This
may limit the capacity of the ReLU function for achieving a good discriminative power. A
reason for the limitation ‘lower bound being zero’ is due to the structure of the input matrix
W. We build an appropriate structure for the input matrix to circumvent the limitation.

We now engineer a remedy for this limitation. Let us consider ȳ = g(Vz) = g(VWq),
where z = Wq ∈ Rn and V is a linear transform matrix. For two vectors q1 and q2, we
have corresponding vectors z1 = Wq1 and z2 = Wq2, and output vectors ȳ1 = g(Vz1)
and ȳ2 = g(Vz2). Our interest is to show that there exists a predefined matrix V for which
we have both noise robustness and discriminative power properties.

Proposition 4. Let us construct a V matrix as follows

V =
[

In
−In

]
, Vn. (5.3)

For the output vectors ȳ1 = g(Vnz1) ∈ R2n and ȳ2 = g(Vnz2) ∈ R2n, we have
‖ȳ1‖2 = ‖z1‖2 and ‖ȳ2‖2 = ‖z2‖2 and

0 < 1
2‖z1 − z2‖2 ≤ ‖ȳ1 − ȳ2‖2 ≤ ‖z1 − z2‖2. (5.4)

The proof of the above proposition can be found in the Appendix. Based on the above
proposition, we can interpret the effect of noise passing through such layer. Let z2 = z1 +
∆z, where ∆z is a small perturbation noise. Note that ∆z = z1 − z2 = W[q1 − q2] =
W ∆q. To investigate effect of perturbation noise, we now state our main assumption.

Assumption 1. Given a small ‖∆z‖2, the sign patterns of z1 and z2 does not differ sig-
nificantly. On the other hand, for a large perturbation noise ‖∆z‖2, the sign patterns of z1
and z2 vary significantly.

The above assumption means that for a small ‖∆z‖2, the setM(z1, z2) = {i|s(z1(i)) =
s(z2(i)) 6= 0} is close to a full set andMc(z1, z2) is close to an empty set. On the other



5.2. METHOD 57

hand, for a large ‖∆z‖2, the setM(z1, z2) = {i|s(z1(i)) = s(z2(i)) 6= 0} is close to an
empty set andMc(z1, z2) is close to a full set. Considering Assumption 1, we can present
the following remark regarding the effect of noise in the layer.

Remark 3 (Effect of perturbation noise). For a small perturbation noise ‖∆z‖2, we have
‖ȳ1 − ȳ2‖2 ≈ ‖z1 − z2‖2. On the other hand, a large perturbation noise is attenuated.

This follows from the proof of Proposition 4, specifically equations (A.6) and (A.7a). In
fact, if Mc = ∅ then ‖ȳ1 − ȳ2‖2 = ‖z1 − z2‖2. We interpret that a small perturbation
noise passes through the single layer g(Vz) almost not attenuated. Let us construct an
illustrative example. Assume thatMc(z1, z2) is a full set and ∀i ∈Mc, |z1(i)| = |z2(i)|.
In that case, ‖ȳ1 − ȳ2‖2 = 0.5‖z1 − z2‖2 and we can comment that the perturbation noise
is attenuated.

5.2.1.2 Layer Construction

In this section, we employ the proposed weight matrix in (5.3) to construct a multilayer
ANN. We show that by designing the weight matrices in every layer, it is possible to
construct a network that provides noise robustness and point discrimination according to
Definition 3.

Let us establish the relation between the input vector q ∈ Rm and output vector
ȳ ∈ R2n. For two vectors q1 and q2, we have corresponding vectors z1 = Wq1 and
z2 = Wq2, and output vectors ȳ1 = g(Vnz1) = g(VnWq1) and ȳ2 = g(Vnz2) =
g(VnWq2). Our interest is to show that it is possible to construct a W ∈ Rn×m matrix
for which we have both noise robustness and discriminative power properties. We can con-
struct W ∈ Rn×m as orthonormal matrix, such that n ≥ m and W>W = Im. In that
case, we have ‖q1 − q2‖2 = ‖z1 − z2‖2 for any pair of (q1,q2). By combining the this
relation with the equation (5.4), we conclude the following proposition.

Proposition 5. Consider the single layer network ȳ = g(Vnz) = g(VnWq) where
W ∈ Rn×m is an orthonormal matrix, such that n ≥ m and W>W = Im. Then,
‖ȳ‖2 = ‖q‖2, and for every two vectors q1 and q2, the following inequality holds

1
2‖q1 − q2‖2 ≤ ‖ȳ1 − ȳ2‖2 ≤ ‖q1 − q2‖2. (5.5)

The above proposition shows that by designing the weight matrix in a single layer network,
it is possible to provide point discrimination and noise robustness according to Definition
3. Note that the weight matrix W can be any orthonormal matrix such as instances of a
random orthonormal matrix, DCT matrix, etc. By considering the relation ∆z = W ∆q,
we can present a similar argument as in Remark 3. We interpret that a small perturbation
noise ‖∆q‖2 passes through the single layer g(VWq) almost not attenuated. This is
stated in the following remark.

Remark 4 (Effect of perturbation noise). For a small ‖∆q‖2, we have ‖ȳ1 − ȳ2‖2 ≈
‖q1 − q2‖2. On the other hand, a large perturbation noise is attenuated.
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By directly using Proposition 4, we can present a similar bound in regards to the per-
turbation of the weight matrix W in a single layer construction. We can show that the
perturbation norm in the output due to the perturbation to the weight matrix has an upper
bound that is a scaled version of the input norm. The scaling parameter ‖∆W‖2F is small
for a small perturbation. The following remark illustrates this point in detail.

Remark 5 (Sensitivity to the weight matrix). Let the weight matrix W be perturbed by
∆W. The effective weight matrix is W + ∆W. For an input q and the respective outputs
ȳ = g(VnWq) and ȳ∆ = g(Vn[W + ∆W]q), we have

‖ȳ− ȳ∆‖2 ≤ ‖∆W‖2F ‖q‖2. (5.6)

The proof can be found in the Appendix.

5.2.1.3 Multilayer Construction

A feedforward ANN is comprised of similar operational layers in a chain. Let us consider
two layers in feedforward connection, e.g., l-th and (l + 1)-th layers of an ANN. For the
l-th layer, we use a superscript (l) to denote appropriate variables and parameters. Let the
l-th layer has m(l) nodes. The input to the l-th layer is q(l) = ȳ(l−1). The output of l-th
layer ȳ(l) = g(Vn(l)z(l)) = g(Vn(l)W(l)q(l)) is next used as the input to the (l + 1)-th
layer, that means ȳ(l) = q(l+1). Thus, the output of (l + 1)-th layer is

ȳ(l+1) = g(Vn(l+1)z(l+1))
= g(Vn(l+1)W(l+1)q(l+1))
= g(Vn(l+1)W(l+1)g(Vn(l)W(l)q(l))) (5.7)

Now, for the two vectors q(l)
1 and q(l)

2 , we have the following relations in l-layer based on
Proposition 5

1
2‖q

(l)
1 − q(l)

2 ‖2 ≤ ‖ȳ
(l)
1 − ȳ(l)

2 ‖2 ≤ ‖q
(l)
1 − q(l)

2 ‖2. (5.8)

We present the above results as the following theorem to provide noise robustness and
discrimination power properties of the proposed ANN and call it High-dimensional Neural
Feature (HNF) afterwards.

Theorem 1. The proposed HNF uses ReLU activation function and is constructed as fol-
lows.

(a) The HNF is comprised of L layers where the l-th layer has the corresponding struc-
ture ȳ(l) = g(Vn(l)W(l)ȳ(l−1)). The L layers are in a chain. The input to the first
layer is q(1) = x. The output of HNF is

ȳ(L) = g(Vn(L)W(L)g(. . .g(Vn(1)W(1)x))).
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(b) In the HNF, W(l) ∈ Rn(l)×m(l)
matrices are orthonormal matrices with appropriate

sizes, that is n(l) ≥ m(l) and m(l) = 2n(l−1).

Then, ‖ȳ(L)‖2 = ‖x‖2, and the construted HNF provides noise robustness and discrimi-
native power properties that are characterized by the following relation

1
2L ‖x1 − x2‖2 ≤ ‖ȳ(L)

1 − ȳ(L)
2 ‖2 ≤ ‖x1 − x2‖2, (5.9)

where x1 ∈ Rm(1)
and x2 ∈ Rm(1)

are two input vectors to the HNF and their correspond-
ing outputs are ȳ(L)

1 and ȳ(L)
2 , respectively.

Note that a similar argument as in Remark 4 holds here as well. We interpret that a small
perturbation noise passes through the multilayer structure almost not attenuated. On the
other hand, a large perturbation noise is attenuated in every layer. Using Theorem 1, we
follow similar arguments as in Remark 5 in regard to the perturbation of the weight matri-
ces W(l) in every layer of the HNF .

Remark 6 (Sensitivity to the weight matrix). Consider a scenario where the weight matrix
W(l) is perturbed by ∆W(l). The effective weight matrix is W(l) + ∆W(l). We can show
that

‖ȳ(L) − ȳ(L)
∆ ‖

2 ≤
L∏
l=1
‖∆W(L)‖2F ‖x‖2. (5.10)

5.2.2 Reduction of Training Loss

In this section, we analyze the effectiveness of the weight matrix V in the sense of reducing
the training cost. We show that the proposed HNF provides lower training costs as the
number of layers increases. We also present how the proposed structure can be used to
reduce the training cost of other learning methods that employ linear projection to the
target.

Consider a dataset containing N samples of pair-wise P -dimensional input data x ∈
RP and Q-dimensional target vector t ∈ RQ as D = {(x, t)}. Let us construct two single
layer neural networks and compare effectiveness of their feature vectors. In one network,
we construct the feature vector as y = g(Wx), and in the other network, we build the
feature vector ȳ = g(Vn W x). We use the same input vector x, predetermined weight
matrix W ∈ Rn×P , and ReLU activation function g( · ) for both networks. However, in

the second network, the effective weight matrix is VnW where Vn =
[

In
−In

]
∈ R2n×n

is fully pre-determined. To predict the target, we use a linear projection of feature vector.
Let the predicted target for the first network be Oy, and the predicted target for the second
network Ōȳ. Note that O ∈ RQ×n and Ō ∈ RQ×2n. By using `2-norm regularization, we
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find optimal solutions for the following convex optimization problems.

O? = arg min
O

E
[
‖t−Oy‖2

]
s.t. ‖O‖2F ≤ ε, (5.11a)

Ō? = arg min
Ō

E
[
‖t− Ōȳ‖2

]
s.t. ‖Ō‖2F ≤ ε, (5.11b)

where the expectation operation is done by sample averaging over all N data points in
the training dataset. The regularization parameter ε is the same for the two networks. By
defining z ,Wx, we have

ȳ =
[

z+

−z−
]

=
[

y
−z−

]
. (5.12)

The above relation is due to the special structure of Vn and the use of ReLU activation
g( · ). Note that the solution Ō? = [O? 0] exists in the feasible set of the minimization
(5.11b), i.e., ‖[O? 0]‖2F ≤ ε, where 0 is a zero matrix of size Q× n. Therefore, we can
show the optimal costs of the two networks have the following relation

E
[
‖t− Ō?ȳ‖2

]
≤ E

[
‖t−O?y‖2

]
, (5.13)

where the equality happens when Ō? = [O? 0]. Any other optimal solution of Ō will
lead to inequality relation due to the convexity of the cost. Therefore, we can conclude
that the feature vector ȳ of the second network is richer than the feature vector y of the
first network in the sense of reduced training cost. The proposed structure provides an
additional property for the feature vector ȳ which we state in the following proposition.
The proof idea of the proposition will be used in the next section to construct a multilayer
structure, and therefore, we present the proof here.

Proposition 6. For the feature vector ȳ = g(VnWx), there exists an invertible mapping
h(ȳ) = x when the weight matrix W is full-column rank.

Proof. We now state Lossless Flow Property (LFP), as used in [42, 123]. A non-linear
function g( · ) holds the lossless flow property (LFP) if there exist two linear transforma-
tions V and U such that Ug(Vz) = z,∀z ∈ Rn. It is shown in [42] that ReLU holds LFP.

In other words, if V , Vn =
[

In
−In

]
∈ R2n×n and U , Un = [In − In] ∈ Rn×2n,

then Ung(Vnz) = z holds for every z when g( · ) is ReLU. Letting z = Wx, we can eas-
ily find x = W†z = W†Unȳ, where † denotes pseudo-inverse when W is a full-column
rank matrix. Therefore, the resulting inverse mapping h would be linear.

5.2.2.1 Reduction of Training Cost with Depth

In this section, we show that the proposed HNF provides lower training costs as the number
of layers increases. Consider an L-layer feed-forward network according to our proposed
structure on the weight matrices as follows

ȳ(L) = g(Vn(L)W(L)g(. . .g(Vn(1)W(1)x))). (5.14)
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Note that 2n(L) is the number of neurons in the L-th layer of the network. The input-output
relation in each layer is characterized by

ȳ(1) = g(Vn(1)W(1)x), (5.15a)

ȳ(l) = g(Vn(l)W(l)ȳ(l−1)), 2 ≤ l ≤ L, (5.15b)

where W(1) ∈ Rn(1)×P , W(l) ∈ Rn(l)×m(l)
, and m(l) = 2n(l−1) for 2 ≤ l ≤ L. Let the

predicted target using the l-th layer feature vector ȳ(l) be Olȳ(l). We find optimal solutions
for the following convex optimization problems

O?
l−1 = arg min

O
E
[
‖t−Oȳ(l−1)‖2

]
s.t. ‖O‖2F ≤εl−1, (5.16a)

O?
l = arg min

O
E
[
‖t−Oȳ(l)‖2

]
s.t. ‖O‖2F ≤εl. (5.16b)

Let us define z(l) , W(l)y(l−1). Assuming that weight matrices W(l) are full-column
rank, we can similarly derive y(l−1) = [W(l)]†z(l). By using Proposition 6, we have
z(l) = Un(l) ȳ(l) and then, we can write the following relations

ȳ(l−1) = [W(l)]†z(l) = [W(l)]†Un(l) ȳ(l), (5.17)

where Un(l) = [In(l) − In(l) ]. If we choose O?
l = O?

l−1[W(l)]†Un(l) , by using (5.17),
we can easily see that O?

l ȳ(l) = O?
l−1ȳ(l−1). Therefore, by including O?

l−1[W(l)]†Un(l)

in the feasible set of the minimization (5.16b), we can guarantee that the optimal cost of
l-th layer would be lower or equal than that that of layer (l − 1). In particular, by choosing
εl = ‖O?

l−1[W(l)]†Un(l)‖2F , we can see that the optimal costs follow the relation

E
[
‖t−O?

l ȳ(l)‖2
]
≤ E

[
‖t−O?

l−1ȳ(l−1)‖2
]
, (5.18)

where the equality happens when we have O?
l = O?

l−1[W(l)]†Un(l) . Any other optimal
solution of Ol will lead to inequality relation due to the convexity of the cost. Therefore,
we can conclude that the feature vector ȳ(l) of an l-layer network is richer than the feature
vector ȳ(l−1) of an (l − 1)-layer network in the sense of reduced training cost. Note that if
we choose the weight matrix W(l) to be orthonormal, then

εl = ‖O?
l−1[W(l)]>Un(l)‖2F

= trace
[
2In(l)W(l)[O?

l−1]>O?
l−1[W(l)]>

]
= 2 trace

[
W(l)[O?

l−1]>O?
l−1[W(l)]>

]
= 2 trace

[
[W(l)]>W(l)[O?

l−1]>O?
l−1

]
= 2 trace[[O?

l−1]>O?
l−1] = 2‖O?

l−1‖2F , (5.19)

where we have used the fact that Un(l) [Un(l) ]> = 2In(l) . As we have ‖Ol−1‖2F ≤ εl−1,
a sufficient condition to guarantee the cost relation (5.18) is to use the relation between
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regularization parameters as εl ≥ 2εl−1. We can choose εl = 2εl−1 = 2l−1ε1. Note
that the regularization parameter ε1 in the first layer can also be determined analytically.
Consider O?

ls to be the solution of the following least-squares optimization

O?
ls = arg min

O
E
[
‖t−Ox‖2

]
. (5.20)

Note that the above minimization has a closed-form solution. Similar to the argument in
(5.18), by choosing ε1 = ‖O?

ls[W(1)]†Un(1)‖2F , it can be easily seen that

E
[
‖t−O?

1ȳ(1)‖2
]
≤ E

[
‖t−O?

lsx‖2
]
, (5.21)

where the equality happens only when we have O?
1 = O?

ls[W(1)]†Un(1) . Similar to Propo-
sition 6, we can prove the following proposition regarding the invertibility of the feature
vector at the l-th layer of the proposed structure.

Proposition 7. For the feature vector ȳ(L) in (5.14), there exists an invertible mapping
function h̄(ȳ(L)) = x when the set of weight matrices {W(l)}Ll=1 are full-column rank.

Proof. It can be proved by repeatedly using the lossless flow property (LFP) similar to
Proposition 6.

5.2.2.2 Reduction of Training Cost of ELM

Note that the feature vector ȳ(1) in (5.15a) can be any feature vector that is used for linear
projection to the target in any other learning method. In Subsection 5.2.2.1, we assume
ȳ(1) to be the feature vector constructed from x using the matrix V; and therefore, the
regularization parameter ε1 is derived to guarantee performance improvement compared
to least-square method as shown in (5.21). A potential extension would be to build the
proposed HNF using the feature vector ȳ(1) from other methods that employ linear pro-
jection to estimate the target. For example, the extreme learning machine (ELM) uses a
linear projection of the nonlinear features vector to predict the target [19]. In the following,
we build the proposed HNF by employing the feature vector used in ELM to improve the
performance.

Similar to equation (5.18), we can show that it is possible to improve the feature vec-
tor of ELM in the sense of training cost by using the proposed HNF. Consider ȳ(1) =
g(W(1)x), to be feature vector used in ELM for linear projection to the target. In the ELM
framework, W(1) ∈ Rn(1)×P is an instance of normal distribution, not necessarily full-
column rank, and g( · ) can be any activation function, not necessarily ReLU. The optimal
mapping to the target in ELM is found by solving the following minimization problem.

O?
elm = arg min

O
E
[
‖t−Oȳ(1)‖2

]
. (5.22)

Note that this minimization problem has a closed-form solution. We construct the feature
vector in the second layer of the HNF as

ȳ(2) = g(Vn(2)W(2)ȳ(1)), (5.23)
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where W(2) ∈ Rn(2)×m(2)
and m(2) = n(1). The optimal mapping to the target by using

this feature vector can be found by solving

O?
2 = arg min

O
E
[
‖t−Oȳ(2)‖2

]
s.t. ‖O‖2F ≤ε2, (5.24)

where ε2 is the regularization parameter. By choosing ε2 = ‖O?
elm[W(2)]†Un(2)‖2F , we

can see that the optimal costs follow the relation

E
[
‖t−O?

2ȳ(2)‖2
]
≤ E

[
‖t−O?

elmȳ(1)‖2
]
, (5.25)

where the equality happens when we have O?
2 = O?

elm[W(2)]†Un(2) . Otherwise, the in-
equality has to follow. Similarly, we can continue to add more layer to improve the perfor-
mance. Specifically, for l-th layer of the HNF, we have ȳ(l) = g(Vn(l)W(l)ȳ(l−1)), and
we can show that equation (5.18) holds here as well when the set of matrices {W(l)}Ll=2
are full-column rank.

5.2.2.3 Practical Considerations

The dimension of feature vector ȳ(l) increases as the number of layers increases. For a
multi-layer feedforward network, if we use orthonormal matrix W(l) for l-th layer, then
each layer produces a feature vector that has at least twice the dimension of the input fea-
ture vector. At the L-th layer, we get the dimension 2L times of the input data dimension.
Note that ȳ = g(Vnz) is norm preserving by Proposition 4, that means ‖ȳ‖2 = ‖z‖2.
Using this principle successively, the full network is also norm preserving, that means
‖ȳ(L)‖2 = ‖x‖2. Therefore, as the layer number increases the amplitudes of scalars of the
feature vector ȳ(L) diminishes at the rate of 2L. We show that the proposed HNF does not
require a large number of layers to improve the performance. This also answers the natural
question that whether many layers are practically required for an ANN. Note that since the
dimension of the feature vector ȳ(l) is growing exponentially as 2l, the proposed HNF is
not suitable for cases where the input dimension is too large. One way to circumvent this
issue is to employ the kernel trick [111] by using the feature vector ȳ(l). We will address
this solution in future works.

5.3 Experimental Results

5.3.1 Performance and Behaviour

In this section, we carry out experiments to validate the performance improvement and ob-
serve the effect of using the matrix V in the architecture of an HNF. Our open-sourced code
can be found at https://github.com/alirezamj14/HNF. We report our results
for three popular datasets in the literature as in Table 5.1. Note that we only choose the
datasets where the input dimension is not very large due to the computational complexities.
Letter dataset [30] contains a 16-dimensional feature vector for each of the 26 English al-
phabets from A to Z. Shuttle dataset [31] belongs to the STATLOG project and contains a

https://github.com/alirezamj14/HNF
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9-dimensional feature vector that deals with the positioning of radiators in the space shut-
tles. MNIST dataset [32] contains grey-scale 28× 28-pixel images of hand-written digits.
Note that in all three datasets, the target vector t is a one-hot vector of dimension Q (the
number of classes). The optimization method used for solving the minimization problem
(5.16b) is the Alternating Direction Method of Multipliers (ADMM) [124]. The number
of iterations of ADMM is set to 100 in all the simulations.

We carry out two sets of experiments. First, we implement the proposed HNF with
a fixed number of layers by using instances of random matrices for designing the weight
matrix in every layer. In this setup, the weight matrix W(l) ∈ Rn(l)×m(l)

is an instance of
Gaussian distribution with appropriate size n(l) ≥ m(l) and entries drawn independently
fromN (0, 1) to ensure being full-column rank. Second, we construct the proposed HNF by
using discrete cosine transform (DCT), as an example of a full-column rank weight matrix,
instead of random matrices. In this scenario, we may need to apply zero-padding before
DCT to build the weight matrix W(l) with appropriate dimension. The step size in the
ADMM algorithm is set accordingly in each of these experiments. Finally, we compare the
performance and computational complexity of HNF and backpropagation over the same-
size network.

5.3.1.1 HNF Using Random Matrix

In this subsection, we construct the proposed HNF by using instances of Gaussian distri-
bution to design the weight matrix W(l). In particular, the entries of the weight matrix
are drawn independently from N (0, 1). For simplicity, the number of nodes is chosen ac-
cording to n(l) = m(l) for l ≥ 2 in all the experiment. The number of nodes in the first
layer 2n(1) is chosen for each dataset individually such that it satisfies n(1) ≥ P for every
dataset with input dimension P , as reported in Table 5.1. The step size in the ADMM
algorithm is set to 10−7 in all the simulations in this subsection.

We implement two different scenarios. First, we implement the proposed HNF with
a fixed number of layers and show performance improvement throughout the layers. In
this setup, the only hyperparameter that needs to be chosen is the number of nodes in the
first layer 2n(1). Note that the regularization parameter ε1 is chosen such that it guarantees
(5.21), and therefore eliminates the need for cross-validation in the first layer. Second,
we build the proposed HNF by using the ELM feature vector in the first layer as in (5.23)
and show the performance improvement throughout the layers. In this setup, the only
hyperparameter that needs to be chosen is the number of nodes in the first layer n(1) which
is the number of nodes of ELM to be exact. It has been shown that ELM performs better
as the number of hidden neuron increases [123], therefore, we choose sufficiently large
hidden neurons to make sure that ELM is performing at its best. Note that the regularization
parameter ε1 is chosen such that it guarantees (5.25), and therefore, eliminates the need for
cross-validation. Finally, we present the classification performance of the corresponding
state-of-the-art results in Table 5.1.

The performance results of the proposed HNF with L = 5 layers are reported in Table
5.1. We report test classification accuracy as a measure to evaluate the performance. Note
that the number of neurons 2n(1) in the first layer of HNF is chosen appropriately for
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Table 5.1: Testing accuracy of HNF for different datasets using random matrices

Dataset
HNF ELM HNF state-of-the-art

Accuracy n(1) L Accuracy Accuracy n(1) L [reference]

Letter 93.3 250 5 88.3 94.6 1000 3 95.8 [26]
Shuttle 99.3 250 5 99.0 99.6 1000 3 99.9 [19]
MNIST 97.1 1000 5 96.9 97.7 4000 3 99.7 [85]

each dataset such that it satisfies n(1) ≥ P . For example, for MNIST dataset, we set
n(1) = 1000 ≥ P = 784. The performance improvement in each layer of HNF is given
in Figure 5.1, where train and test classification accuracy is shown versus total number
of nodes in the network

∑L
l=1 2n(l). Here, L = 5 for all three datasets. The number of

nodes in the first layer (2n(1)) is set according to Table 5.1 for each dataset. Note that the
total number of nodes being zero corresponds to direct mapping of the input x to the target
using least-squares according to (5.20). It can be seen that the proposed HNF provides a
substantial improvement in performance with a small number of layers.

The corresponding performance for the case of using the ELM feature vector in the
first layer of HNF is reported in Table 5.1. It can be seen that HNF provides a tangible
performance improvement compared to ELM. Note that the number of neurons in the first
layer n(1) is, in fact, the same as the number of neurons used in ELM. We choose n(1)

to get the best performance for ELM in every dataset individually. The number of layers
in the network is set to L = 3 to avoid the increasing computational complexity. The
performance improvement in each layer of HNF in this case is given in Figure 5.2, where
train and test classification accuracy is shown versus total number of nodes in the network
n(1) +

∑L
l=2 2n(l). Here, L = 3 for all three datasets. The number of nodes in the first

layer (n(1)) is set according to Table 5.1 for each dataset. Note that the initial point corre-
sponding to n(1) is, in fact, equal to the ELM performance reported in Table 5.1, which is
derived according to (5.22).

Finally, we compare the performance of the proposed HNF with the state-of-the-art per-
formance for these three datasets. We can see that the proposed HNF provides competitive
performance compared to state-of-the-art results in the literature. It is worth mentioning
that we have not used any pre-processing technique to improve the performance as in the
state-of-the-art, but it can be done in future works.

5.3.1.2 HNF Using DCT

In this subsection, we repeat the same experiments as in Subsection 5.3.1.1 by using DCT
instead of the Gaussian weight matrix. The number of nodes in each layer of the network
is chosen as in Subsection 5.3.1.1. We apply zero-padding before DCT in the first layer
to build the weight matrix W(1) ∈ Rn(1)×P with appropriate dimension for each dataset.
Note that n(l) = m(l) for l ≥ 2 in all the experiments, and therefore, there is no need to
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Figure 5.1: Training and testing accuracy versus size of HNF.

1000 2000 3000 4000 5000 6000 7000
Total number of neurons

0.9

0.92

0.94

0.96

0.98

A
cc

ur
ac

y

(a) Letter

Training Accuracy
Testing Accuracy

1000 2000 3000 4000 5000 6000 7000
Total number of neurons

0.99

0.992

0.994

0.996

0.998

A
cc

ur
ac

y

(b) Shuttle

Training Accuracy
Testing Accuracy

0.5 1 1.5 2 2.5
Total number of neurons 104

0.97

0.975

0.98

0.985

0.99

0.995

A
cc

ur
ac

y

(c) MNIST

Training Accuracy
Testing Accuracy

Figure 5.2: Training and testing accuracy versus size of HNF using ELM.

Table 5.2: Testing accuracy of HNF for different datasets using DCT

Dataset
HNF-DCT ELM HNF-DCT

Accuracy n(1) L Accuracy Accuracy n(1) L

Letter 93.2 250 5 88.3 94.7 1000 3
Shuttle 99.8 250 5 99.0 99.3 1000 3
MNIST 97.7 1000 5 96.9 97.8 4000 3

apply zero-padding in the next layers. The step size in the ADMM algorithm is set to 102

in all the simulations in this subsection.
We implement the same two scenarios. First, we implement the proposed HNF by

using DCT and show performance improvement throughout the layers. Second, we build
the proposed HNF by using the ELM feature vector in the first layer and DCT matrices in
the next layers. Note that the regularization parameters εl for l ≥ 2 are chosen according
to (5.19). The choice of ε1 is such that it guarantees (5.21) and (5.25) according to each
scenario.

The performance results of the proposed HNF by using DCT matrices are reported in
Table 5.2. Note that the number of neurons n(1) in the first layer and the number of layers



5.3. EXPERIMENTAL RESULTS 67

1000 2000 3000 4000 5000 6000 7000
Total number of neurons

0.9

0.92

0.94

0.96

0.98

A
cc

ur
ac

y

(a) Letter

Training Accuracy
Testing Accuracy

1000 2000 3000 4000 5000 6000 7000
Total number of neurons

0.992

0.993

0.994

0.995

0.996

0.997

0.998

0.999

A
cc

ur
ac

y

(b) Shuttle

Training Accuracy
Testing Accuracy

0.5 1 1.5 2 2.5
Total number of neurons 104

0.97

0.975

0.98

0.985

0.99

0.995

A
cc

ur
ac

y

(c) MNIST

Training Accuracy
Testing Accuracy

Figure 5.3: Training and testing accuracy versus size of HNF-DCT.
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Figure 5.4: Training and testing accuracy versus size of HNF-DCT using ELM.

are the same as Table 5.1. The performance improvement in each layer of HNF are given
in Figure 5.3 and Figure 5.4. Note that the size of an L-layer HNF is represented by the
number of DCT-based nodes, similar to Figures 5.1 and 5.2. It can be seen that by using
DCT in the proposed HNF, it is also possible to improve the performance with a few layers.

Finally, we compare the performance of the DCT-based HNF and that of the random
matrix-based HNF as shown in Table 5.1 and Table 5.2. We can see that using DCT as the
weight matrix is as powerful as using random weights in these three datasets.

5.3.2 Computational Complexity

Finally, we compare test classification accuracy and computational complexity of HNF
with the backpropagation over the same learned HNF. We report the training time of each
method in seconds. We run our experiments on a server with multi-processors and 256
GB RAM. The optimization method used for backpropagation is ADAM [82] from Ten-
sorFlow. The learning rate of ADAM is chosen via cross-validation, and the number of
epochs is fixed to 1000 in all the experiments.

We construct HNF by using random weights and use the same number of layers and
nodes as in Table 5.1. Note that we do not use ELM feature vector in the first layer for
these experiments, although it is possible to use it to improve the performance. The re-
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Table 5.3: Training time and testing accuracy of HNF versus backpropagation

Dataset
HNF Backpropagation

Accuracy Training time Accuracy Training time

Letter 93.42 47 s 95.03 4566 s
Shuttle 99.21 24 s 99.21 15283 s
MNIST 97.14 108 s 98.30 20433 s

sults are shown in Table 5.3. As expected, backpropagation can improve the performance,
except for Shuttle, at the cost of a significantly higher computational complexity. HNF,
on the other hand, does not require cross-validation and only performs training at the last
layer of the network, leading to much faster training. Note that training time reported for
backpropagation in Table 5.3 does not include cross-validation for the learning rate so that
we can have a fair comparison with HNF.

At this point, we also provide the reported classification performance of scattering
networks on the MNIST dataset for the sake of completeness. Scattering network with
principal component analysis (PCA) [117] over a modulus of windowed Fouriers trans-
forms yields 98.2% test classification accuracy for spatial support equal to 8. This result
shows that a scaterring network can outperform HNF at the cost of a higher complexity of
using several scattering integrals in each layer. Note that HNF only uses a random choice
of a Gaussian distribution as the weight matrix in each layer. Besides, a scattering net-
work requires an accurate choice of several hyperparameters such as the spatial support,
the number of filter banks, type of the transforms, etc., which can be crucial for the perfor-
mance. For example, in our experiments, a scattering network with PCA over a modulus of
2-D Morlet wavelets provides 94% accuracy, at best, for spatial support of 28. The training
on our server lasted 1158 seconds to yield such an accuracy, which highlights the learning
speed of HNF in Table 5.3. The same network with spatial support of 14 performs 56.03%,
showing the importance of precise cross-validation.

5.4 Summary

We show that by using a combination of orthonormal matrices and ReLU activation func-
tions, it is possible to guarantee a monotonically decreasing training cost as the number of
layers increases. The proposed method can be used by employing any other loss function,
such as cross-entropy loss, as long as a linear projection is used after the ReLU activation
function. Note that the same principle applies if instead of random matrices, we use any
other real orthonormal matrices. Discrete cosine transform (DCT), Haar transform, and
Walsh-Hadamard transform are examples of this kind. The proposed HNF is a universal
architecture in the sense that it can be applied to improve the performance of any other
learning method which employs linear projection to predict the target.



Chapter 6

Applications

In this chapter, we show some of the applications of the three proposed architecture in pre-
vious chapters. In Section 6.1, we show that by using SSFN layer-wise convex optimization
approach, it is possible to develop an incremental learning algorithm for the neural network
that changes its size upon receiving the new dataset. Our proposed approach [125] enjoys
low-computational complexity due to the use of random weights and layer-wise training
which makes it appealing for applications with limited resources. In Section 6.2, we show
that by adding a ReLU dense (ReDense) layer, it is possible to improve the performance of
various types of neural networks including the state-of-the-art if the network is not overfit-
ted. ReDense [126] is a universal technique in the sense that it can be applied to any neural
network regardless of its architecture and loss function. Besides, training of ReDense is
simple and fast due to its shallow structure and does not require retraining the network from
scratch. In Section 6.3, we illustrate that it is possible to design a single layer feed-forward
network architecture that can be analyzed with respect to the mutual information between
its input and output. Our analysis [123] brings insights regarding the effectiveness of mu-
tual information as a metric for evaluating neural network performance. Finally, in Section
6.4, we briefly explain how our proposed architecture can be used in various distributed
learning scenarios. We refer the reader to our works in [127–131].

6.1 Adaptive Learning without Forgetting

In this section, we extend the learning without forgetting (LwF) idea [24] to apply to size-
adaptive multilayer feed-forward neural networks such as SSFN. We refer to our proposed
method as adaptive LwF throughout the rest of the thesis. This method employs a combi-
nation of the ReLU activation function and random weights to guarantee a monotonically
decreasing training cost as the number of layers increases. This property is the key to
develop an adaptive LwF scheme. We show that adaptive LwF enjoys low-computational
complexity due to using a series of layer-wise convex optimizations. We test the effective-
ness of the proposed method on several well-known classification datasets with different
similarity levels between the old and new tasks. Finally, we show that a layer-wise LwF
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scheme leads to less sensitivity to the hyperparameters as the network gets deeper.

6.1.1 Related works

A trained neural network can achieve good classification performance if it is tested on
the same object classes it was trained for. However, if the number of classes (tasks) in-
creases, the network must be updated in a way that can preserve the knowledge learned
from old classes as well. This problem is referred to as incremental learning (IL) in the
literature [132]. In recent years, IL has attracted growing attention in the machine learn-
ing community, finding various applications in big data processing [133], robotics [134],
automated annotation [135], etc. In this setup, training the network by only using the new
task data, may lead to so-called catastrophic forgetting, in which the network most likely
forgets the old task if the new task is sufficiently dissimilar [136,137]. Therefore, there is a
need to incorporate, at least, some information from old task data in the training process. In
this light, the works in the literature can be divided into two different categories: methods
that use samples of the old task, and methods that do not use samples of the old task in the
learning process.

In the first category, the common approach is to use a small percentage of the old dataset
Do while using the new datasetDn to train the network [138–140]. However, incrementally
storing the old tasks data increases memory requirements and therefore, is not practical
when the memory resources are limited. In some applications such as distributed learning,
sharing the old data even raises serious privacy and security concerns [127]. The second
category of algorithms solves these issues [24, 136, 141, 142]. A prominent approach in
this class of algorithms is learning without forgetting (LwF) [24] and its variants, such
as LwF-MC [139]. The main idea in LwF is to keep the output of the old model for
the new dataset "relatively" unchanged in the training process. In this way, one hopes
to preserve some useful information about the old task in the network while achieving
an acceptable performance on the new task. However, all of the above works require
high computational resources to train deep neural network architectures such as CNN.
Therefore, they might not be suitable for applications where memory and computational
resources are limited, e.g., deep learning on the edge [5]. To the best of our knowledge, the
only work that addresses low-complexity design in this setup is [140] which uses samples
of the old dataset Do to avoid catastrophic forgetting. We propose a low-complexity LwF
scheme for a multilayer feed-forward neural network that does not use the old task data.

Another shortcoming of the above works is the fact that they are limited to a fixed-size
architecture when training for the old and new tasks. For example, consider a scenario
where the old dataset Do can be trained on a network with 5 layers without overfitting
but after adding the new dataset Dn, the network requires 10 layers to achieve a good
performance. Limiting the architecture to have a fixed size during the training process may
lead to lower performance in the old or new task. We propose a size-adaptive approach for
LwF over a multilayer feed-forward network by using layer-wise convex optimization.
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6.1.1.1 Layer-wise Reduction of Loss

The monotonically decreasing cost is the key to address the LwF optimization problem
(2.3) in an adaptive layer-wise manner. Thus, before we proceed to design adaptive learn-
ing without forgetting scheme, we present Proposition 2 in the following Remark.

Remark 7. For a given ε ≥ 2Q in the optimization (3.14), the feasible point Ō = [UQ 0]
leads to Cl = Cl−1, where 0 is a zero matrix of size Q× n and UQ = [IQ − IQ]. There-
fore, any other optimal point in the feasible set leads to Cl ≤ Cl−1.

Proof. It is shown in Proposition 1 that for a single layer feedforward network with ReLU
activation function g( · ), we have UQg(VQy) = y, ∀y ∈ RQ. In addition, from equation

(3.4), we know that yl = g(
[

VQO?
l−1

Rl

]
yl−1). Therefore, we conclude

Cl =
∑

(x,t)∈D

‖t− Ō yl‖22,=
∑

(x,t)∈D

‖t− [UQ 0] yl‖22,

=
∑

(x,t)∈D

‖t−UQg(VQO?
l−1yl−1)‖22,=

∑
(x,t)∈D

‖t−O?
l−1yl−1‖22 = Cl−1. (6.1)

Note that any other optimal point in the feasible set leads to a lower training cost compared
to the previous layer because of the convexity of the optimization problem (3.14).

6.1.2 Method

In this section, we propose a layer-wise update scheme for implementing the LwF idea in
SSFN architecture. Consider the LwF setup in Section 2.2. We apply the update rule in
equation (2.3) in every layer of SSFN in a layer-wise manner. In specific, we modify the
optimization problem (3.14) to maintain the old task performance as the following.

Let us define the old task dataset Do in the matrix form as Xo ∈ RPo×No and To ∈
RQo×No , where Po and Qo are the dimensions of the input and target, respectively, and
No is the number of samples in the old dataset. Assume an SSFN with Lo layers is trained
using the old dataset Do. In every layer of SSFN, the convex optimization problem (3.14)
can be written in the regularized form as

O?
lo = arg min

Oo

‖To −OoYlo‖2F + η‖Oo‖2F , (6.2)

where Ylo denotes the matrix of old feature vectors yl in equation (3.4). Note that the
regularization hyperparameter η requires cross-validation. After training of the network,
the set of optimized weights of all the layers {O?

lo}
Lo
l=0 is stored in the memory.

After receiving the new dataset Dn, we wish to adapt the network to have Ln layers
while preserving the old task performance as much as possible. Note that we assume
Ln ≥ Lo. The case of Ln < Lo can be easily handled by truncating the old trained
network, and therefore, it is not of particular interest in practice. Let us define Xn and
Tn as the new data and target matrix, respectively. In layer l ≤ Lo, we have access to
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{O?
lo}

Lo
l=0, so the update rule in equation (2.3) can be simplified to the following convex

form

O?
ln,O?

lo=arg min
On,Oo

‖Tn−OnYln‖2F +λ‖O?
loYln−OoYln‖2F +R(On,Oo), (6.3)

where Yln denotes the matrix of new feature vectors yl in equation (3.4). After updating
the first Lo layers of the network sequentially by using (6.3), we don’t have access to the
optimized weight of following layers l > Lo. Therefore, it is not possible to use (6.3)
in order to preserve the old task performance on the subsequent layers. Motivated by the
cost-preserving property of Ō = [UQ 0] in Remark 7, we update the subsequent layers as
follows

O?
ln,O?

lo=arg min
On,Oo

‖Tn−OnYln‖2F +λ‖ŌYln−OoYln‖2F +R(On,Oo). (6.4)

In this way, we try to preserve the old task performance achieved at layer l = Lo in the
subsequent layers as well. In other words, by using the mapping Ō, we can provide the
previous layer estimate of the target according to (6.1). Detailed steps of the proposed
method is outlined in Algorithm 3.

In both of the above optimization problems, instead of using a simple weight decay as
the regularization R, we propose to use a weighted sum of `2-norm of On and Oo which
suits the convex framework of SSFN. In particular, we define

R(On,Oo) = η(‖Oo‖2F + λ‖On‖2F ), (6.5)

where the regularization hyperparameter η requires cross-validation. This choice of regu-
larization provides a more interpretable understanding of the bevahior of the network with
respect to λ. In this way, we can find a closed-form expression for the solution of (6.3) as
follows

O?
ln = TnY′ln(YlnY′ln + ηλI)−1 (6.6)

O?
lo = O?

loYlnY′ln(YlnY′ln + η

λ
I)−1. (6.7)

It can be easily seen that when λ→ 0, we have O?
lo = 0 and O?

ln = TnY′ln(YlnY′ln)−1;
meaning that we will exactly achieve the maximum new task performance. On the other
hand, when λ→ +∞, we have O?

lo = O?
lo and O?

ln = 0, and we will exactly achieve the
maximum old task performance as in before LwF. Similar expressions can be derived for
the optimization problem (6.4) as well.

6.1.3 Experimental Results

In this section, we carry out experiments to evaluate the effectiveness of the adaptive
LwF scheme over SSFN architecture. Our open-sourced code can be found at https:
//github.com/alirezamj14/adaptiveLwF. We set the number of hidden neu-
rons n = 2Q+ 1000 in all the layers of the network. We report our results for three

https://github.com/alirezamj14/adaptiveLwF
https://github.com/alirezamj14/adaptiveLwF
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Algorithm 3 : Adaptive Learning without Forgetting
Input:

1: {O?
lo}

Lo
l=0: set of optimized weights on the old task for a network with Lo layers

2: Xn, Tn: training data and target pairs on the new task
3: Ln: number of layers of the network for the new task
4: Q: total classes of new and old tasks Qo +Qn

Initialization:
1: l = 0
2: Y0n = Xn (Feature matrix at layer l = 0)

Adaptive growth of layers:
1: repeat
2: if l ≤ Lo then
3: Find O?

ln and O?
lo using (6.3)

4: else
5: Find O?

ln and O?
lo using (6.4)

6: end if
7: Construct O?

l =
[

O?
lo

O?
ln

]
8: Form the weight matrix Wl+1 =

[
VQO?

l

Rl+1

]
9: Compute Y(l+1)n=g(Wl+1Yln)

10: l← l + 1
11: until l > Ln

Table 6.1: Testing accuracy comparison for adaptive LwF over SSFN.

Dataset
Joint Training LwF Adaptive LwF

old new both old new both old new both

AR 97.34 97.31 97.33 94.63 97.53 96.06 95.36 97.24 96.29
ExtendedYaleB 97.82 97.78 97.80 90.43 97.93 94.18 93.04 97.82 95.43

Caltech101 72.81 72.92 73.56 58.34 76.15 67.64 60.67 76.05 68.85

popular datasets in the literature in Table 6.1. We divide each dataset into two parts: we
randomly choose half of the classes as the old task and the other half as the new task.
Note that we choose these datasets to have different similarity levels between the old and
new tasks in the LwF setup. AR dataset contains a set of face images of 50 males and
50 females. While the face images of different persons in ExtendedYaleB are less similar
due to having an unbalanced number of males and females along with dissimilar illumina-
tion across classes. Caltech101 dataset is even more challenging as it contains dissimilar
classes, e.g., animals, vehicles, flowers, etc.

In contrast to LwF [24], which uses multi-head evaluation, we report test classification
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Figure 6.1: Sensitivity of the network to λ in the first and last layer. A larger marker size
indicates a larger value for λ.

accuracy (top-1 accuracy) by using single-head evaluation [138]. In multi-head evaluation,
samples from two different tasks have no chance to get misclassified with one another. In
other words, the task label of every sample is known as a priori and only the class label
is assumed unknown. While in single-head evaluation, the task label is unknown as well
resulting in a generally much harder problem. To account for the random partitioning of
old and new datasets, we report the average test accuracy over 10 Monte Carlo simulations.

We carry out two sets of experiments. First, we implement adaptive LwF over SSFN
where the number of layers changes from Lo = 5 for the old task to Ln = 10 for the
new task with λ = 10 for all datasets. We compare this performance with that of LwF
over SSFN with a fixed number of layers L = 10. We also report the performance of
joint training with L = 10 layers on the old and new tasks as an upper bound benchmark.
The test classification accuracy in percentage for the three datasets is reported in Table 6.1.
It can be seen that adaptive LwF consistently outperforms standard LwF on the old task
and joint testing. The reason for this improvement is that choosing L = 10 layers for the
old task leads to overfitting while extending the network from 5 to 10 layers can handle
both tasks more accurately. At the same time, new task performance remains relatively
unaffected resulting in higher overall performance. Note that the performance gap between
adaptive LwF and joint training increases as we increase the difficulty of the datasets from
AR to Caltech101.

In the second set of experiments, we investigate the sensitivity of the algorithm to the
forgetting factor λ in Figure 6.1. We analyze the behavior of old and new task performance
at layer L = 0 and L = 10 while changing λ over five values of 10−2, 10−1, 1, 10,
102. A larger marker size indicates a larger value of λ. It can be seen that new task
performance is less sensitive to λ when we add more layers. In other words, new task
performance can still be high on the last layer despite having low values in the first layer of
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the network. Therefore, the overall performance will be less sensitive to cross-validation
on the parameter λ. This result suggests that deep neural networks might have a higher
potential in the LwF scenario than a shallow network.

6.2 ReDense

In this section, we propose to add a ReLU dense (ReDense) layer instead of the last layer
of an optimized network to improve the performance as shown in Figure 6.2. We use a
combination of random weights and ReLU activation functions to theoretically guarantee
the reduction of the training loss. Similar to transfer learning techniques, we freeze all
the previous layers of the network and only train the ReDense layer to achieve a lower
training loss. Therefore, training ReDense is fast and efficient and does not suffer from
local minima or vanishing gradient problem due to its shallow structure. We test ReDense
on MNIST, CIFAR-10, and CIFAR-100 datasets and show that adding a ReDense layer
leads to a higher classification performance on a variety of network architecture such as
MLP [143], CNN [2], and ResNet-50 [12].

6.2.1 Related works

Despite the huge progress in deep learning literature, still very little is known regarding
what specific neural network architecture works best for a certain type of data. For exam-
ple, it is still a mystery that for a given image dataset such as CIFAR-10, how many num-
bers of hidden neurons and layers are required in a CNN to achieve better performance.
Typical advice is to use some rule-of-thumb techniques for determining the number of
neurons and layers in a NN or to perform an exhaustive search which can be extremely
expensive [115]. Therefore, it frequently happens that even an appropriately trained neu-
ral network performs lower than expected on the training and testing data. We address
this problem by using a combination of random weights and ReLU activation functions to
improve the performance of the network.

There exist three standard approaches to improve the performance of a neural network -
avoiding overfitting, hyperparameter tuning, and data augmentation. Overfitting is mostly
addressed by `1 or `2 regularization [144], Dropout [57], and early stopping techniques
[145]. Hyperparameter tuning of the network via cross-validation includes choosing the
best number of neurons and layers, finding the optimum learning rate, and trying different
optimizers and loss functions [146]. And finally, the data augmentation approach tries
to enrich the training set by constructing new artificial samples via random cropping and
rotating, rescaling [147], and mixup [148]. However, all of the above techniques require
retraining the network from scratch while there is no theoretical guarantee of performance
improvement. Motivated by the prior uses of random matrices in neural networks as a
powerful and low-complexity tool [41, 107, 118, 119, 129], we use random matrices and
lossless-flow-property (LFP) [42] of ReLU activation function to theoretically guarantee a
reduction of the training loss.
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Figure 6.2: Illustraition of ReDense training. ReDense is combination of predesigned
ReLU layer with m ≥ n and a dense layer.

6.2.2 Method

Consider a trained neural network using the training dataset D = {(xj , tj)}Jj=1. Let us
define the optimized output weight as Ô and the corresponding feature vectors as

ŷj = fθ̂(xj) ∈ Rn, (6.8)

where fθ̂( · ) represents the optimized preceding layers of the network. The optimized
training loss can be written as Lo =

∑J
j=1 L(tj , Ôŷj), where Lo stands for old loss that

we wish to improve. To this end, we want to add a new layer to the network that can
provides us with a lower training loss. Let us construct a new ReLU layer as follows

ȳj = g(VmRŷj) ∈ R2m, (6.9)



6.2. REDENSE 77

where g( · ) is ReLU activation function, Vm =
[

Im
−Im

]
, and R ∈ Rm×n, m ≥ n is an

instance of normal distribution. The training of ReDense is done as follows

O? ∈ arg min
O

J∑
j=1
L(tj ,Oȳj) s.t. ‖O‖F ≤ ε, (6.10)

where ε is the regularization hyperparameter. In the following, we show that by properly
choosing the hyperparameter ε, we can achieve a lower training loss than Lo.

Proposition 8. Consider the new training loss achieved by adding the new ReLU layer
Ln =

∑J
j=1 L(tj ,O?ȳj), where O? is the solution of minimization (6.10). Then, there

exists a choice of ε for which, we have Ln ≤ Lo.

Proof. Let us define Ln(O) =
∑J
j=1 L(tj ,Oȳj). We first show that there exists a point

in the feasible set of (6.10) that results in the old training loss, i.e., ∃Ō,Ln(Ō) = Lo.
Consider Ō = ÔR†Um, where Um = [Im − Im], and † denotes pseudo-inverse of a
matrix. Note that when m ≥ n, the random matrix R is full-column rank and therefore,
its pseudo-inverse exits. Then, by using LFP similar to Remark 7 and the feature vector in
(6.9), we have

Ln(Ō) =
J∑
j=1
L(tj , ÔR†Umȳj) =

J∑
j=1
L(tj , ÔR†Umg(VmRŷj))

=
J∑
j=1
L(tj , ÔR†Rŷj)) =

J∑
j=1
L(tj , Ôŷj)) = Lo. (6.11)

Therefore, by choosing ε = ‖ÔR†Um‖F , we make sure to have the smallest feasible set
possible to avoid overfitting while including Ō in the search space. On the other hand, we
know that Ln(O?) ≤ Ln(Ō) by definition in (6.10), which concludes the proof.

Note that the optimization in (6.10) is not computationally complex as it only mini-
mizes the total loss with respect to the output weight O. The weight matrix of the ReLU
layer in (6.9) is fixed before training, and there is no need for error backpropagation. There-
fore, by solving (6.10), we have added a ReLU dense layer to a trained network to reduce
its training loss.

Detailed steps of training ReDense are outlined in Algorithm 4. Note that we have
not included the update step of learning rate ηt in Algorithm 4 for the sake of simplicity.
In practice, training of ReDense can be done via any of the common adaptive gradient
descent variants such as ADAM, Adagrad, etc. An illustration of ReDense training is
shown in Figure 6.2, where the grayscale layers indicate being freezed during the training.
Therefore, ReDense is not prone to vanishing gradient issue and is computationally fast.
Note that the original network can be any arbitrary neural network architecture, making
ReDense a universal technique to reduce the training loss.
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Algorithm 4 : ReDense Training
Input:

1: Ô: output weight matrix of the old trained neural network
2: {(ŷj , tj)}Jj=1: training features of the output layer and their corresponding target vec-

tors
3: η0: initial learning rate of the gradient descent optimizer
4: τ : number of epochs of the gradient descent optimizer

Initialization:
1: Construct the ReLU layer as ȳj = g(VmRŷj)
2: ε← ‖ÔR†Um‖F
3: O0 ← ÔR†Um

4: t← 0
Training:

1: repeat
2: Gt ←

∑N
i=1∇OL(ti,Otȳi)

3: Z← Ot − ηtGt

4: if ‖Z‖F ≥ ε then
5: Ot+1 ← Z.( ε

‖Z‖F )
6: end if
7: t← t+ 1
8: until t = τ

6.2.3 Experimental Results

In this section, we carry out several experiments on a variety of neural network archi-
tectures to show the performance capabilities of ReDense. First, we construct a simple
MLP and investigate the effects of changing the number of random hidden neurons m in
ReDense. Then, we illustrate the performance of ReDense on more complicated mod-
els such as convolutional neural networks with various types of loss functions and output
activations. Finally, we choose some of the state-of-the-art networks on benchmark clas-
sification datasets and try improving their performance via ReDense. Our open-sourced
code can be found at https://github.com/alirezamj14/ReDense.

6.2.3.1 Multilayer Perceptrons

In this section, we use a simple two-layer feedforward neural network with n = 500 hidden
neurons to train on the MNIST dataset. The network is trained for 100 epochs with respect
to softmax cross-entropy loss by using ADAM optimizer with a batch size equal to 128 and
a learning rate of 10−6. This combination leads to test classification accuracy of 93.1%
on MNIST. By using the trained network, we construct the feature vector ȳj according to
(6.9) for different choices of m = 500, 1000, 1500, 2000 and add a ReDense layer to the
network. Note that here we must have m ≥ n = 500.

https://github.com/alirezamj14/ReDense
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(a) Training loss (b) Testing loss

(c) Testing accuracy

Figure 6.3: Performance versus number of epochs for a MLP trained on MNIST.

Figure 6.3 shows the learning curves of ReDense for different values of m. Note that
the initial performance at epoch 0 is, in fact, the final performance of the above MLP
with 93.1% testing accuracy. We use a full-batch ADAM optimizer with a learning rate of
10−5 for ReDense in all cases. By comparing the curves of training and testing loss, we
observe that ReDense consistently reduces both training and testing loss while maintaining
a small generalization error. Interestingly, ReDense achieves a higher testing accuracy for
m = 500 and improves the testing accuracy by 2.4%. The reason for this behaviour is
that increasing m, in fact, reduces the value of ε = ‖ÔR†Um‖F in ReDense, leading to a
tighter overfitting constraint as the dimensions of the feature vectors increases. One can, of
course, manually choose larger values of ε for ReDense but we found in our experiments
that a looser ε leads to poor generalization. Therefore, we use the smallest possible value
of m = n in the rest of the experiments.
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(a) Training loss (b) Testing loss

(c) Testing accuracy

Figure 6.4: Performance versus number of epochs for a CNN trained on CIFAR-10.

6.2.3.2 Convolutional Neural Networks

In this section, we use a convolutional neural network with the following architecture:
two Conv2D layer with 32 filters of size 3× 3 followed by a MaxPooling2D layer of size
3× 3, dropout layer with p = 0.25, Conv2D layer with 64 filters of size 3× 3, Conv2D
layer with 32 filters of size 3× 3, MaxPooling2D layer of size 3× 3, dropout layer with
p = 0.25, flatten layer, dense layer of size 512, dropout layer with p = 0.5, and dense
layer of size 10. We train this network on the CIFAR-10 dataset using ADAM optimizer
with a batch size of 128 for 15 epochs with respect to different loss functions. We use 10
percent of the training sample as a validation set. Note that in this case n = 512 is the
dimension of the feature vector ŷj . We choose the smallest possible value for the number
of random hidden neurons of ReDense m = 512 as it is shown to be the best choice in
Section 6.2.3.1.

Figure 6.4 shows the learning curves of ReDense for different choices of CNN loss
functions, namely, cross-entropy (CE) loss, mean-square-error (MSE) loss, Poisson loss,
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Table 6.2: Testing accuracy (%) with and without ReDense

Dataset
BiT-M-R50x1

with ReDense without

CIFAR-10 96.61 95.35
CIFAR-100 84.28 82.64

and Huber loss. Note that the initial performance at epoch 0 is, in fact, the final per-
formance of the above CNN in each case. We use a full-batch ADAM optimizer with a
learning rate of 10−4 for ReDense in all cases. By comparing the curves of training and
testing loss, we observe that ReDense consistently reduces both training and testing loss
while maintaining a small generalization error. It can be seen that ReDense approximately
improves testing accuracy by 1-2% in all cases. This experiment shows that ReDense can
improve the performance of neural networks regardless of the choice of training loss. Note
that we have used softmax cross-entropy loss in all the experiments for training ReDense.

6.2.3.3 State-of-the-art Networks

We apply ReDense on the best performer architecture on CIFAR datasets to observe the im-
provement in classification accuracy. To the best of our knowledge, Big Transfer (BiT) [13]
models are the top performer on CIFAR datasets in the literature. BiT uses a combination
of fine-tuning techniques and transfer learning heuristics to achieve state-of-the-art per-
formance on a variety of datasets. BiT-M-R50x1 model uses a ResNet-50 architecture,
pretrained on the public ImageNet-21k dataset, as the baseline model and by applying
the BiT technique, achieves testing accuracy of 95.35% and 82.64% on CIFAR-10 and
CIFAR-100, respectively.

We add a ReDense layer with m = 2048 random hidden neurons since the dense
layer of BiT-M-R50x1 model has a dimension of n = 2048. We use a full-batch ADAM
optimizer with a learning rate of 10−4 and train the ReDense layer with respect to softmax
cross-entropy loss for 100 epochs. We observe that BiT-M-R50x1 + ReDense achieves
testing accuracy of 96.61% and 84.28% on CIFAR-10 and CIFAR-100, respectively, as
shown in Table 6.2. This experiment illustrates the capability of ReDense in improving
the performance of highly optimized and deep networks. It is worth noting that ReDense
is trained within a few minutes on a laptop while training BiT-M-R50x1 required several
hours in a GPU cloud.

However, the power of ReDense is limited to scenarios where the network is not over-
fitted with a 100% training accuracy since ReDense tries to reduce the training loss. For
example, we also tested BiT-M-R101x3 model which uses a ResNet-101 as the baseline
model, and achieves 98.3% testing accuracy on CIFAR-10 but with a training accuracy of
100%. After adding the ReDense layer, we observed no tangible improvement as the net-
work was already overfitted and there was no room for improvement. Early stopping of the
baseline model, including dropout, data augmentation, and unfreezing some of the previ-
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ous layers of the network are among the possible options to avoid such extreme overfitting
in future works.

6.3 Mutual Information Analysis

In this section, our interest is a theoretical analysis of SLFN, regarding its number of hidden
nodes. In SLFN, we have a linear transform of the input signal followed by a non-linear
transform and then, a linear transform to produce a target output. Let us denote the input
vector and target vector of the SLFN by x ∈ RP and t ∈ RQ, respectively. In our case, x
is concatenation of the input signal and a scalar value ‘one’ to realize the effect of ‘bias’
in SLFN. In this way, the signal transformation in the SLFN to create the feature vector
y ∈ Rn is

y = f(x) = g(Wx), (6.12)

where W ∈ Rn×P is the input linear transform (or weight matrix) and g : Rn → Rn is a
non-linear transform. Output of the SLFN is

t̃ = Oy = Og(Wx), (6.13)

where O ∈ RQ×n is the output matrix which is learned using appropriate cost functions,
such as mean square error or cross-entropy.

An interesting question is how many numbers of hidden nodes need to be chosen for
SLFN? The number of hidden nodes determines the size of the SLFN. Prevalent practice
to choose this number is via experimental studies. It is known that power of ANN, and
even SLFN lies in producing informative non-linear feature vector y for a classification
task. Note that the dimension of feature vector y is equal to the number of hidden nodes
in SLFN. As the number of hidden nodes increases, sizes of O and W matrices increase
– leading to higher model complexity and curse of dimensionality. Naturally, logic can be
that we should refrain from using a high number of hidden nodes in SLFN. In practice,
an interesting behavior happens. There are many experimental studies where it has been
observed that when W is chosen as an instance of random matrix and the number of hidden
nodes is increased, the classification performance improves initially and then saturates
[59, 149]. This random instance-based SLFN is the extreme learning machine (ELM).
Performance rarely degrades with an increase in the number of nodes n for ELM. Our own
experimental experience also corroborates the same. This behavior of ELM is counter-
intuitive to the natural logic. Our main interest in this article is to provide a theoretical
explanation of this behavior using tools from information theory [150].

Using mutual information-based analysis and data processing inequality, we endeavor
to explain the behavior. In pursuit of theoretical explanation, we first design a new SLFN
model where input matrix W is constructed as a product of two matrices, and ReLU is
used as the activation function. We introduce a dimensionless quantity called ‘node-to-
input-dimension-ratio’, denoted by ρ, as follows

ρ = number of hidden nodes
dimension of input vector = n

P
. (6.14)
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We show that when ρ exceeds a threshold, then the constructed SLFN preserves mutual
information between input signal x and the target vector t via the signal transformation
in generating feature vector y. We hypothesize that when we have preservation of mutual
information, we will observe a saturation in classification performance. Before the preser-
vation of mutual information is achieved, we will witness a high rate of improvement for
classification performance. We show that the threshold value of ρ is equal to two when
we achieve the preservation of mutual information. That means, the constructed SLFN
with the number of hidden nodes twice than the input vector dimension will start to show
a saturation trend in classification performance. Simulation experiments using six datasets
for image classification tasks corroborate our hypothesis that the saturation trend becomes
visible when ρ exceeds the threshold value two.

6.3.1 Related Works

Connections between Information theory, inference, and learning have been investigated
in the literature. While there exist several measures that can be used for feature selec-
tion in the literature, mutual information-based feature selection has been studied signif-
icantly [151]. One of the pioneering work in this regard is [152] where a greedy feature
selection algorithm was devised which employs both the mutual information with respect
to the output target and with respect to the previously-selected features. Commonly, ei-
ther a linear feature extractor is followed by a nonlinear classifier, or a nonlinear feature
is employed for linear classification. Mutual information-based design for linear feature
extraction was carried out in [153] where a component-by-component gradient-ascent is
used to maximize the mutual information between the corresponding feature vector and
class target label. As for nonlinear feature selection, Bennasar et. al. [154] introduced joint
mutual information maximization which helps to avoid the selection of redundant and ir-
relevant features. In the case of neural networks which can be seen as a nonlinear feature
generator, there exist several efforts on the information-based design of the network to
ensure better generalization performance [155–158].

6.3.2 Method

In a classification task, we use the Q-dimensional target vector t as a discrete variable
with indexed representation of 1-out-of-Q-classes. A target variable (vector) instance has
only one scalar component that is one, and the other scalar components are zeros. Mutual
information (MI) between the input signal vector x and the target vector t is given by

I(x, t) = h(x)− h(x|t), (6.15)

where h(.) is the differential entropy, defined as

h(x) = −
∫
p(x) log p(x) dx. (6.16)

The MI measures the information content about one variable given another variable. In
other words, MI measures the reduction of uncertainty of a variable when another variable
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is known. Intuitively, features with a high quantity of MI with respect to target class is
more suitable to use for a classification task. According to data processing inequality, the
following result holds for any deterministic transformation h(x):

I(h(x), t) ≤ I(x, t). (6.17)

The equality in the above relation only holds when h(x) is invertible or leads to a sufficient
statistics with respect to t [150]. Note that any transform h(x) can not improve the MI
between x and t. A transform h(x) can be interpreted as a feature vector that a neural
network provides for a classification task. It is beneficial to work with a feature vector
h(x) such that we have highest possible MI, that means we work with the equality relation
I(h(x), t) = I(x, t).

6.3.2.1 The proposed SLFN

Motivated by HNF architecture in Chapter 5, we construct the input matrix W ∈ Rn×P as
a product of two matrices

W , VA (6.18)

where A ∈ Rm×P and V has a special deterministic structure as follows

V =
[

Im
−Im

]
. (6.19)

Here Im is m-dimensional identity matrix and V is a n×m-dimensional matrix; note that
n = 2m. In case of SLFN and recalling (6.12), we have h(x) = f(x) = y = g(Wx).
For ELM, note that we choose W as an instance of random matrix and we do not optimize
W. We use ReLU activation function to construct the non-linear transform g( · ). In our
proposed SLFN, we use scalar-wise ReLU activation units. Let us denote the j’th data-and-
target pair in a training dataset as (x(j), t(j)). We assume that there are J such pairs in the
training dataset. Following (6.13), the output of proposed SLFN as the target prediction for
input data x(j) is t̃(j) = Oy(j) = Og(Wx(j)) = Og(VAx(j)). Then, using mean square
error (MSE) as an example cost function and considering the notion of MI, a relevant
optimization problem can be

min
O,A

1
J

∑
j

‖t(j) − t̃(j)‖2 s.t.
{
I(y, t) = I(x, t),
‖O‖2 ≤ ε1, ‖A‖2 ≤ ε2.

(6.20)

The first constraint I(y, t) = I(x, t) is the mutual information preserving constraint. The
second condition ‖O‖2 ≤ ε1, ‖A‖2 ≤ ε2 is to regularize parameters. In other words,
considering invertibility, if we assume that there exists a function k : Rn → RP such that
k(y) = x, then the optimization problem (6.20) is equivalent to

min
O,A

1
J

∑
j

‖t(j) − t̃(j)‖2 s.t.
{

k(y) = x,
‖O‖2 ≤ ε1, ‖A‖2 ≤ ε2.

(6.21)
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In our proposed SLFN, we choose A matrix as an instance of a random matrix, for
example, elements of A matrix is drawn from iid Gaussian or uniform distribution. Once
the A matrix is chosen it remains fixed for training and testing. This choice is motivated
by ELM construction. Therefore, we only optimize O matrix in training as follows

min
O

1
J

∑
j

‖t(j) − t̃(j)‖2 s.t.
{

k(y) = x,
‖O‖2 ≤ ε1.

(6.22)

For a chosen A matrix, we can always compute feature vector y due to the generative
model y = g(VAx). Therefore the above optimization problem takes the following form

min
O

1
J

∑
j

‖t(j) −Oy(j)‖2 + λ‖O‖2 s.t. k(y) = x, (6.23)

where λ is a Lagrangian parameter. We show that the proposed SLFN has a suitable k( · )
function under certain technical conditions on its architecture.

6.3.2.2 Conditions for Invertibility

For an input vector γ ∈ Rm, the non-linear function g : Rn → Rn is a stack of g(.)
functions such that each scalar component of input vector γ is treated independently, that
is a scalar-wise use of g(.) function. We used ReLU function as the activation function
g(.). We first mention about the full rank property of random weights in the following.

Property 4 (Rank of Random Matrix [159]). A real random matrix has full rank with
probability one.

Now, similar to Proposition 6, we use the invertibility property of such a ReLU-based
layer and present the following proposition.

Proposition 9. For the proposed SLFN, when n ≥ 2P , there exists an invertible transform
k(y) = x.

Proof. As n = 2m, for n ≥ 2P we have m ≥ P . In that case, A is a full column rank
matrix using property 4. Then k(y) = A†Uy = A†z = x where z , Ax and † denotes
pseudo-inverse.

The above proposition confirms that when we choose A matrix as an instance of ran-
dom matrix and node-to-input-dimension-ratio ρ = n

P ≥ 2, we have invertible relation
k(y) = x, in turn preservation of mutual information. Therefore, in the region ρ ≥ 2, the
optimization problem (6.23) is equivalent to a standard regularized least-squares form

min
O

1
J

∑
j

‖t(j) −Oy(j)‖2 + λ‖O‖2. (6.24)

Note that in our proposed SLFN, we have chosen A ∈ Rm×P as an instance of random
matrix with m ≥ P that ensures full column rank of A matrix. A natural question is what
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happens if we wish to optimize A, as shown in (6.21). In that case we need to ensure
an optimized A matrix with full column rank to achieve invertibility and the optimization
problem (6.21) is equivalent to

min
O,A

1
J

∑
j

‖t(j) − t̃(j)‖2 s.t.
{

rank(A) = P,
‖O‖2 ≤ ε1, ‖A‖2 ≤ ε2.

(6.25)

In this case, our educated guess is that we start with random initialization of A ∈ Rm×P
matrix where m ≥ P , and use gradient descent- based techniques (such as back propaga-
tion algorithm) to optimize a relevant cost function via alternating optimization.

6.3.3 Experimental Results

We hypothesize that the classification performance of proposed SLFN improves at a high
rate when we do not have preservation of mutual information, which means in the region
ρ < 2. For ρ ≥ 2 we have preservation of mutual information and we will observe a
saturation in classification performance. To verify our theoretical arguments, we perform
simulation experiments on several benchmark classification databases. We evaluate the
test classification accuracy of the proposed SLFN while ρ is increased, which means the
number of hidden nodes is increased. We also show the performance of ELM where there
is no clear theoretical argument on the choice of the number of hidden nodes. Our open-
sourced code can be found at https://github.com/alirezamj14/SLFN.

The characteristics of the databases used in the experiment are shown in Table 2.1.
These are standard databases in image classification tasks. Each database is partitioned
into two disjoint sets of training and testing. The term ‘Random Partition’ in Table 2.1
determines if a partition of the corresponding database is performed randomly or not. In
the case of NORB and MNIST databases, the training and testing sets are predetermined
by the designers of the databases and hence the testing and training sets are fixed for those
two databases. Note that we have chosen the databases in which the input dimension P is
large enough so that the performance improvement in the range of 1 < ρ < 2 be tangible.

The simulation results are shown in Figure 6.5. We show the average classification
accuracy over 10 trials of the proposed SLFN and ELM where regularized least-squares
optimization was carried out. For the case of proposed SLFN, it can be seen that the
performance improvement in classification accuracy is tangible when ρ < 2, but it slowly
saturates when ρ goes larger than two. This experimental result verifies our hypothesis.
Note that although the convergence happens in all cases the rate of convergence is different
for each database. For instance, in the Scene15 database, the convergence speed is higher
compared to the other cases, and for the MNIST database, it is the slowest one. The
relationship between this convergence rate and the characteristics of each database is not
clear to us yet, but as a trend, we can see that the convergence would be slower as the
number of training and testing samples in a dataset increases. Another important point
is that ELM performance is similar to the proposed SLFN. We have already mentioned
that there is no theoretical argument on the choice of hidden nodes for ELM. Therefore,
considering our theoretical reasoning, ELM also can preserve mutual information, in turn,

https://github.com/alirezamj14/SLFN
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Figure 6.5: Test accuracy of ELM and the proposed SLFN versus the ratio ρ.

invertibility when ρ ≥ 2. There can be a soft argument to justify the behavior of ELM.
When n ≥ 2P , we have y vector that has around half of the non-zero elements. If this
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holds for most of the trials then it is possible to reconstruct x from y by constructing an
appropriate linear set of equations. We have to only consider positive elements of y for this
purpose. This is a supporting argument for ELM, but not sufficiently justified in theory.

6.4 Distributed Learning

In this section, we illustrate the complications of distributed deep learning and briefly
explain how our proposed architectures can address these issues. Consider a mini-batch
stochastic gradient descent update as follows for a mini-batch of B training examples:

θk+1 = θk −
B∑
j=1

ηk ·∇θL(θ;x(j), y(j)), (6.26)

where ηk represents the step size at iteration k. Note that in each iteration k, a random mini-
batch of size B is chosen to update the parameter θk. If one is interested to parallelize this
algorithm, the straight-forward approach is to distribute the mini-batch B over a set of M
workers (agents) as follows:

θk+1 = θk −
M∑
m=1

Bm∑
j=1

ηk ·∇θL(θ;x(j), y(j)), (6.27)

where Bm represents the number of samples allotted to worker m, in case of uniform
distribution Bm = B

M . Therefore, in each iteration of SGD, we need to broadcast the
data from a master node (server) to all the workers and wait for them to compute the
corresponding gradient and send it back to the master node. However, in practice, SGD
requires a large number of iterations, in orders of thousands in some cases, to converge to a
good accuracy. This means that the communication complexity of a distributed SGD leads
to a bottleneck in the master node.

The use of ADMM is the training process of our proposed architectures such as SSFN
and HNF addresses this issue. ADMM is shown to require a relatively low number of
iterations to converge to a modest accuracy while providing more flexibility, compared to
SGD counterpart, regarding the underlying communication topology, such as conditions on
asynchronous communication and unreliable lossy peer-to-peer networks [160]. Consider
the following minimization problem over M distributed processing nodes:

min
x,z

M∑
m=1

fm(xm) s.t. xm = z, m = 1, · · · ,M, (6.28)

with the local variables xm ∈ RM and a common global variable z. In this scenario, we
assume that each processing node has only access to its own objective function fm. Similar
to Section 3 of [39], the augmented Lagrangian for this problem can be derived as

Lρ(x1, · · · , xM , z, y) =
M∑
m=1

(fm(xm) + yTm(xm − z) + (ρ/2)‖xm − z‖22). (6.29)
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Therefore, the ADMM for this minimization problem can be written as

xk+1
m = arg min

xm

(fm(xm) + (ykm)T (xm − zk) + (ρ/2)‖xm − zk‖22) (6.30)

zk+1 = arg min
z

1
M

M∑
m=1

(xk+1
m + (1/ρ)ykm) (6.31)

yk+1
m = ykm + ρ(xk+1

m − zk+1), (6.32)

where the z-update requires communication of all the workers with the master node. How-
ever, as we have seen in Chapter 3 and Chapter 5, the maximum number of iterations used
for ADMM is 100. Therefore, use of ADMM in distributed setup leads to a significant
reduction of communication complexity, up to 1000 times or more, when is accompanied
with efficient layer-wise training and random matrices in SSFN and HNF. We refer the
reader to our works [127–131] on various distributed learning setups using SSFN architec-
ture.





Chapter 7

Conclusion and Future Work

Low-complexity and scalable machine learning solutions are a cornerstone of the current
and future areas of research in the era of 5G and large-scale data. These solutions pave
the way to address sustainable development goals (SDGs) set by the United Nations in
2015, in particular help to develop computationally efficient technological infrastructures
to reduce energy consumption. We address these challenges by designing new neural net-
work architectures for different resource availability scenarios. We show that an appropri-
ate combination of current deep learning techniques with the traditional machine learning
knowledge can lead to new architectures that enjoy the benefit of both worlds. In particu-
lar, we show that random matrices, kernel trick, and convex optimization methods such as
alternating direction method of multipliers (ADMM) can be used for neural network train-
ing and improve the estimation accuracy in various scenarios of data and computational
resource availability.

First, we show that SSFN as a large multi-layer ANN can be designed systematically
where the number of layers and the number of nodes in each layer can be learned from
training data. The learning process does not require high manual intervention. Appropri-
ate use of activation functions, regularization, convex optimization, and random weights
allows the learned network to show promising generalization properties. In this layer-wise
strategy of growing the network size, the addition of a new layer typically brings perfor-
mance improvement with a sudden jump. This may be attributed to the common belief that
nonlinear transformations provide information-rich feature vectors.

Second, we propose DKN as a low-complexity neural network architecture particularly
suitable to handle cases where the number of training data is limited. In each layer, DKN
uses a dense representation of the feature vectors of all the previous layers to achieve a
more accurate estimation of the target. We show that kernel methods can be efficiently
used in each layer of DKN to deal with the dense feature representations of layers of
DKN. Besides, the use of the kernel method makes DKN scalable with respect to the input
dimension as the computational complexity of the kernel method is determined by the size
of the training set rather than the feature dimension.

And third, we present HNF as a weight agnostic neural network architecture which only
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requires learning the weights at the last layer of the network. HNF uses a combination of
predesigned deterministic matrices and random weights to build all the preceding layers of
the network. We show that the family of ReLU activation functions can be used to ensure
a monotonic reduction of the training loss without the need for training as the number of
layers increases. HNF provides us with a general framework that can be used along with
any other standard neural network architecture to improve the performance.

Future works: Although many open issues and future works are suggested throughout
the thesis, the followings are some additional possible future works:

• Distributed dense kernel network: It is possible to incorporate DKN into a dis-
tributed learning setup where M worker needs to collaboratively solve a kernel re-
gression problem. There exist several existing research in this respect, most notably
is the well-known divide and conquer [161] by Zhang et al. in 2015.

• Extending adaptive learning without forgetting: It is possible to generalize our work
on adaptive LwF scheme to other neural network architectures such as convolutional
neural networks. To this end, one needs to ensure that as the number of convolutional
layers increases the performance of the old task does not deteriorate.

• Applying ReDense in the intermediate layer of the network: We have seen the ca-
pability of the ReDense layer when it replaces the last dense layer of various neu-
ral network architecture. An interesting idea would be to observe the performance
improvement by replacing it with other intermediate layers of a network such as
convolutional layers and realize in which layer ReDense performs best.
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Appendix A: Proofs

Property 3 (Noise Robustness) Let us consider z = Wq. For two vectors q1 and q2,
we define corresponding vectors z1 = Wq1 and z2 = Wq2, and output vectors y1 =
g(z1) = g(Wq1) and y2 = g(z2) = g(Wq2). Now, we have the following relation

0 ≤ ‖y1 − y2‖2 = ‖g(z1)− g(z2)‖2 ≤ ‖z1 − z2‖2. (A.1)

Proof. For scalars x1 and x2, we have y1 = g(x1) and y2 = g(x2). We have following
relation

(y1 − y2)2 =


(x1 − x2)2 if x1 > 0, x2 > 0
x2

1 if x1 > 0, x2 < 0
x2

2 if x1 < 0, x2 > 0
0 if x1 < 0, x2 < 0.

(A.2)

Therefore, we find that ReLU function holds 0 ≤ (y1 − y2)2 ≤ (x1 − x2)2. Considering
the vectors y1 = g(z1) = g(Wq1) and y2 = g(z2) = g(Wq2), we have

0 ≤ ‖y1 − y2‖2 =
∑
i

(y1(i)− y2(i))2

≤
∑
i

(z1(i)− z2(i))2 = ‖z1 − z2‖2, (A.3)

where y1(i) is the the i-th scalar element of y1 and z1(i) is the the i-th scalar element of
z1.

Proposition 4 Let us construct a V matrix as follows

V =
[

In
−In

]
, Vn. (A.4)

For the output vectors ȳ1 = g(Vnz1) ∈ R2n and ȳ2 = g(Vnz2) ∈ R2n, we have
‖ȳ1‖2 = ‖z1‖2 and ‖ȳ2‖2 = ‖z2‖2 and

0 < 1
2‖z1 − z2‖2 ≤ ‖ȳ1 − ȳ2‖2 ≤ ‖z1 − z2‖2. (A.5)
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Proof. We have z = Wq ∈ Rn and ȳ = g(Vnz) ∈ R2n where Vn =
[

In
−In

]
. For two

vectors q1 and q2, we have corresponding vectors z1 = Wq1 and z2 = Wq2, and output

vectors ȳ1 = g(Vnz1) and ȳ2 = g(Vnz2). Note that ȳ1 =
[

z+
1
−z−1

]
and therefore,

‖ȳ1‖2 = ‖z+
1 ‖2 + ‖z−1 ‖2 = ‖z1‖2, by definition. Similarly, ‖ȳ2‖2 = ‖z2‖2. Let us

define a set

M(z1, z2)={i|s(z1(i)) = s(z2(i)) 6= 0} ⊆ {1, 2, . . . , n}.

Then, we have

‖z1 − z2‖2 =
∑
i=1

(z1(i)− z2(i))2 =
∑
i

(s(z1(i))|z1(i)| − s(z2(i))|z2(i)|)2

=
∑

i∈M(z1,z2)

(|z1(i)| − |z2(i)|)2 +
∑

i∈Mc(z1,z2)

(|z1(i)|+ |z2(i)|)2. (A.6)

We write z1 = z+
1 + z−1 = s(z+

1 )|z+
1 |+ s(z−1 )|z−1 |. Then, after ReLU operation, we have

ȳ1 = g(Vnz1) =
[
|z+

1 |
|z−1 |

]
and ȳ2 = g(Vnz2) =

[
|z+

2 |
|z−2 |

]
.

‖ȳ1 − ȳ2‖2 = ‖|z+
1 | − |z

+
2 |‖2 + ‖|z−1 | − |z

−
2 |)‖2

=
∑

i∈M(|z+
1 |,|z

+
2 |)

(|z+
1 (i)| − |z+

2 (i)|)2 +
∑

i∈Mc(|z+
1 |,|z

+
2 |)

(|z+
1 (i)|+ |z+

2 (i)|)2

+
∑

i∈M(|z−1 |,|z
−
2 |)

(|z−1 (i)| − |z−2 (i)|)2 +
∑

i∈Mc(|z−1 |,|z
−
2 |)

(|z−1 (i)|+ |z−2 (i)|)2

=
∑

i∈M(|z+
1 |,|z

+
2 |)

(|z+
1 (i)| − |z+

2 (i)|)2 +
∑

i∈M(|z−1 |,|z
−
2 |)

(|z−1 (i)| − |z−2 (i)|)2

+
∑

i∈Mc(|z+
1 |,|z

+
2 |)

(|z+
1 (i)|+ |z+

2 (i)|)2 +
∑

i∈Mc(|z−1 |,|z
−
2 |)

(|z−1 (i)|+ |z−2 (i)|)2

=
∑

i∈M(z1,z2)

(|z1(i)| − |z2(i)|)2 +
∑

i∈Mc(z1,z2)

|z1(i)|2 + |z2(i)|2.

= ‖z1‖2 + ‖z2‖2 − 2
∑

i∈M(z1,z2)

z1(i)z2(i)

= ‖z1‖2 + ‖z2‖2 − 2
n∑
i=1

z1(i)z2(i) + 2
∑

i∈Mc(z1,z2)

z1(i)z2(i)

= ‖z1 − z2‖2 + 2
∑

i∈Mc(z1,z2)

z1(i)z2(i) (A.7a)
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We can continue our derivation as follows:

‖ȳ1 − ȳ2‖2 = 1
2‖z1 − z2‖2 + 1

2(‖z1‖2 + ‖z2‖2 − 2
∑

i∈M(z1,z2)

z1(i)z2(i)

+ 2
∑

i∈Mc(z1,z2)

z1(i)z2(i))

= 1
2‖z1 − z2‖2 + 1

2(‖z1‖2 + ‖z2‖2 − 2
∑

i∈M(z1,z2)

|z1(i)||z2(i)|

− 2
∑

i∈Mc(z1,z2)

|z1(i)||z2(i)|)

= 1
2‖z1 − z2‖2 + 1

2(‖z1‖2 + ‖z2‖2 − 2
n∑
i=1
|z1(i)||z2(i)|)

= 1
2‖z1 − z2‖2 + 1

2‖|z1| − |z2|‖2 (A.8a)

With similar calculations as in (A.6), we can derive the relationships in equation (A.7a)
and (A.8a). Since the summation

∑
i∈Mc(z1,z2) z1(i)z2(i) is always non-positive, from

(A.7a), we can see that

‖ȳ1 − ȳ2‖2 ≤ ‖z1 − z2‖2, (A.9)

where equality holds whenMc = ∅, that means when sign patterns of z1 and z2 match
exactly. From (A.8a), it can also be seen that

1
2‖z1 − z2‖2 ≤ ‖ȳ1 − ȳ2‖2, (A.10)

where equality holds when |z1| = |z2|.

Remark 6 (Sensitivity to the weight matrix) Let the weight matrix W be perturbed by
∆W. The effective weight matrix is W + ∆W. For an input q and the respective outputs
ȳ = g(VnWq) and ȳ∆ = g(Vn[W + ∆W]q), we have

‖ȳ− ȳ∆‖2 ≤ ‖∆W‖2F ‖q‖2. (A.11)

Proof. Consider z = Wq and z∆ , [W + ∆W]q = Wq + [∆W]q = z + ∆z. Based
on Proposition 4, we can simply write

‖ȳ− ȳ∆‖2 ≤ ‖∆z‖2 = ‖[∆W] q‖2

≤ ‖∆W‖2F ‖q‖2, (A.12)

where we have used equation (5.4).




