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To my family, with all my love.

For who makes you superior? What do you have that you did not receive? And
if you did receive it, why do you boast as though you did not recieve it?

1 Corinthians 4:7





Modelling of stably-stratified, convective and transitional
atmospheric boundary layers using the explicit algebraic
Reynolds-stress model

Velibor Želi

Department of Engineering Mechanics, FLOW Centre, KTH Royal Institute of
Technology, SE–100 44 Stockholm, Sweden

Abstract
The atmospheric boundary layer (ABL) is in continuous turbulent motion. The
heating and cooling of the Earth’s surface drives mechanic and thermodynamic
processes in the ABL through enhancing and damping of atmospheric turbulence.
The surface forcing has a profound effect on the diurnal cycle of temperature,
wind and related variables in the ABL. Efforts have been made to model
atmospheric turbulence with linear algebraic relations such as the eddy-viscosity
hypothesis. Modelling of atmospheric turbulence, however, still remains a great
challenge and forms an important problem in the context of numerical weather
prediction and climate models. In this thesis a recently developed non-linear
turbulence model, the so-called explicit algebraic Reynolds-stress (EARS) model,
implemented in the context of a single-column model is used to simulate dry,
stratified ABLs.

We propose a new boundary-condition treatment in the EARS model. The
boundary conditions correspond to the relations for vanishing buoyancy effects
that are valid close to the ground. In the simulation of an idealized diurnal cycle
the solutions for the stratified surface layer is in agreement with the surface
scaling physics and the Monin–Obukhov functions.

We have carried out simulations of the ABL with varying levels of stratifi-
cation using the EARS model implemented in the context of a single-column
model. We use the same model formulation and coefficients in these simulations
with different thermal stratifications of the ABL. Even in the SCM formulation
the EARS model solution produces a full Reynolds-stress tensor and heat flux
vector. The set-up of the numerical experiments are taken from previously
published large-eddy simulation (LES) studies of ABL.

Simulations of stably-stratified ABL show that the EARS model is able
to accurately predict the development of a low-level jet and wind turning for
different levels of stratification. In addition to first-order statistics, the model
also predicts more intricate features of the turbulent ABL such as the relation
between vertical and horizontal fluctuations for different stratifications and
horizontal heat fluxes caused by wind shear. In the simulations of convective
ABL the EARS model correctly predicts the horizontal wind speed and potential
temperature profiles. The study also shows that the non-gradient term in the
vertical heat flux equation, that naturally appears in the model formulations,
gives a large contribution to the heat flux and has a significant influence on the
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predicted potential temperature profile of the convective ABL. Finally, we study
the effects of transitional turbulence in the simulation of diurnal cycle extended
to several days. The comparison with the LES shows that the EARS model
correctly predicts the mean profiles and surface fluxes at different times of the
day, including the low-level jet close to the surface. The model also predicts
residual turbulence near the top of the ABL at night. The study demonstrates
that the EARS model is able to capture key features of stably-stratified and
convective ABLs as well as transitional processes that drive the ABL from one
stratification to another.

Key words: atmospheric turbulence, convective atmosphere, Reynolds-stress
model, stably-stratified atmosphere, transitional atmosphere.
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Modellering av atmosfäriska gränsskikt under stabil, kon-
vektiv och varierande stratifiering med en explicit algebra-
isk Reynoldsspännings modell

Velibor Želi

Institutionen för teknisk mekanik, FLOW Centre, Kungliga Tekniska Högskolan
SE-100 44 Stockholm, Sverige

Sammanfattning
Det atmosfäriska gränsskiktet (AG) är i kontinuerligt turbulent rörelse. Uppvärm-
ning och kylning fr̊an jordens yta driver mekaniska och termodynamiska proces-
ser i AG genom förstärkning och dämpning av atmosfärsturbulensen. Värmeutby-
tet vid ytan har en stark p̊averkan p̊a dygncykeln av temperatur, vind och andra
relaterade variabler i AG. Tidigare försök har gjorts att modellera atmosfärisk
turbulens med linjära algebraiska relationer med antagandet om en turbulent
viskositet. Modellering av atmosfärisk turbulens är dock fortfarande en stor
utmaning och är av stor vikt i samband med väderprognoser och klimatmodeller.
I denna avhandling har en nyligen utvecklad ickelinjär turbulensmodell, den s̊a
kallade explicita algebraiska Reynoldsspännings (EARS) modellen, implemente-
rats i en (horisontellt homogen) kolumnmodell som används för att simulera
torra och stratifierade AG.

Vi föresl̊ar en ny behandling av randvillkor i EARS modellen. Randvillkoren
motsvarar förh̊allandena tillräckligt nära marken för att lyftkraftseffekterna ska
vara försumbara i detta omr̊ade. Simulering av en idealiserad modell stämmer
med förväntat skalningsuppförande nära marken och med Monin–Obukhov-
funktionerna.

Validering av EARS modellen är ett nödvändigt steg inför att använda
modellen i numeriska väderprognoser och klimatmodeller. Vi har utvärderat
EARS modellen för idealiserade stabilt stratifierade och konvektiva AG samt
för transitionen mellan dessa. Referensdata kommer fr̊an publicerade storvirvel-
simuleringar (LES) av AG. Resultaten fr̊an modellen jämförs med LES data.
EARS-modell producerar lösningar med kompletta Reynoldsspänningstensorer
och värmeflödesvektorer som gör det möjligt att prediktera andra viktiga aspek-
ter av AG som t.ex. relationen mellan vertikala och horisontella fluktuationer
samt horisontella värmeflöden. Resultaten visar att EARS-modellen med en-
hetlig modellformulering och val av koefficienter kan prediktera olika niv̊aer av
stratifiering i AG. Studien visar att EARS modellen f̊angar de allmänna och
väsentliga egenskaperna hos stabilt stratifierade och konvektiva AG samt för
processen som driver transitionen mellan dessa tillst̊and.

Nyckelord: atmosfäriska gränsskikt, konvektivt gränsskikt, Reynolds-spänningsmodell,
stabilt gränsskikt, transitionellt gränsskikt.
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Preface

This thesis improves and validates the explicit algebraic Reynolds-stress model in
the simulations of stratified atmospheric boundary layers. The model results of
idealized simulations of stably-stratifed, convective and transitional atmospheric
boundary layers are compared with large-eddy simulations.The first part gives
an overview in the modelling of atmospheric turbulence and the explicit algebraic
Reynolds-stress model. The second part consists of the following articles:

Paper 1. Velibor Želi, Geert Brethouwer, Stefan Wallin & Arne
V. Johansson, 2019. Consistent Boundary-Condition Treatment for Com-
putation of the Atmospheric Boundary Layer Using the Explicit Algebraic
Reynolds-stress Model. Boundary-Layer Meteorology (171), 53–77.

Paper 2. Velibor Želi, Geert Brethouwer, Stefan Wallin & Arne
V. Johansson, 2020. Modelling of Stably Stratified Atmospheric Boundary
Layers with Varying Stratifications. Boundary-Layer Meteorology (176), 229–
249.

Paper 3. Velibor Želi, Geert Brethouwer, Stefan Wallin & Arne
V. Johansson, 2020. Explicit Algebraic Reynolds-stress Modelling of a Convec-
tive Atmospheric Boundary Layer Including Counter-Gradient Fluxes. Boundary-
Layer Meteorology, Published online 2020-11-27.

Paper 4. Velibor Želi, Stefan Wallin, Arne V. Johansson & Geert
Brethouwer. Transitional Atmospheric Boundary Layer in GABLS4 Exper-
iment Modelled Using the Explicit Algebraic Reynolds-stress Model. (To be
submitted to Boundary-Layer Meteorology).

March 2021, Stockholm

Velibor Želi
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Part I

Overview and summary





Chapter 1

Introduction

Turbulence can efficiently transport, e.g., heat, moisture and momentum in
flows. Of particular interest are the turbulent flows in which the heat transfer
affects the flow itself. If the changes in temperature and density are small
enough, one can assume that the flow itself is not influenced by heat transfer. In
such cases, we speak of the temperature as being a passive scalar. On the other
hand, if the temperature gradients are significant, fluid particles experience a
buoyancy force that influences the flow, in which case temperature acts as an
active scalar. The study of turbulent flows with buoyancy forces is important
for atmosphere and it is this type of flow that forms the main subject of this
thesis.

The atmospheric boundary layer (ABL) is the lower part of the atmosphere
that is in constant interaction with the Earth’s surface. The ABL is generally
turbulent with a pronounced diurnal cycle of temperature, wind, and other
atmospheric variables. Turbulence in the ABL is three-dimensional and chaotic
with time scales typically between fractions of a second and an hour. The
corresponding length scales are from a millimeter up to the depth of the
boundary layer. The depth of a dry ABL varies both in time and space between
tens and thousands of meters depending on the thermal stratification. In the
absence of atmospheric humidity the ABL is considered dry in which case water
vapor does not have a dynamic effect on atmospheric turbulence.

The wind shear forms an important source of turbulence production in
the ABL, its effects are mainly confined to a thin layer near the surface, the
so-called surface layer. The ABL is characterized by a temperature profile
that determines the thermal stratification in the ABL and the structure of
atmospheric turbulence. Typically, the ABL exhibits a diurnal cycle consisting
of daytime warming and nighttime cooling of the surface. The daytime conditions
generate thermal convection and an associated increase of turbulent mixing. On
the other hand, during nighttime conditions a stably-stratified ABL is formed
in which colder air is located below warmer air. The buoyancy forces associated
with stably-stratified ABL have a damping effect on turbulence and suppress
the turbulent mixing. The interface between the ABL and the rest of the
atmosphere is often characterized by sharp gradients and is called an inversion
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2 1. Introduction

layer. This layer acts as a barrier for convective turbulent motion and a medium
through which the ABL and rest of the atmosphere exchange properties.

Turbulence modelling in ABL and its prominent physical implication on
the rest of the atmosphere makes it an important element of numerical weather
prediction and climate models. In this process the Navier–Stokes equations
for the atmosphere are averaged over the scales of turbulence. This is known
as Reynolds averaging which creates higher-order terms from the averaged
advection terms making the system of equations unclosed. The new unknowns
are determined in terms of mean atmospheric properties, e.g., mean wind shear
and temperature profiles.

According to the complexity regarding the methods used to relate turbulent
and mean properties turbulent models are categorized in four levels by Mellor &
Yamada (1974). The simplest turbulence models (e.g., level-1 models) involve
algebraic relations combined with ad hoc assumption. They are able to represent
stratified turbulence only in a specific set of conditions for which the models
are designed. Because of the simplicity they are, however, computationally
efficient. More accurate models are based on the Reynolds-averaged Navier–
Stokes (RANS) equations and describe physical processes of turbulent mixing
in a finer detail. Partial differential equations for turbulent fluxes render these
models computationally more demanding.

In this thesis our work is focused around the so-called explicit algebraic
Reynolds-stress (EARS) model for stratified flows developed by Lazeroms et al.
(2013, 2015). The model is based on the original EARS model for non-stratified
flows by Wallin & Johansson (2000) and the model for passive scalar flux by
Wikström et al. (2000). These models were combined and applied to ABL by
Lazeroms et al. (2016). The EARS model is based on algebraic relations that
follow from the RANS equations, ensuring that the model is less dependent on
empirical functions and ad hoc corrections than many other ABL turbulence
models. In the context of the Mellor & Yamada (1974) hierarchy of turbulence
models, the EARS model belongs to the class of level-3 closures, see Lazeroms
et al. (2016). The computational efficiency of the EARS model is higher than
the Mellor and Yamada level-4 and is comparable to that of the commonly used
turbulence models, e.g., the Mellor and Yamada level-2.5 class of models. In
this thesis we will show that this modelling approach is able to capture the
essence of both stable and convective ABLs with a uniform model formulation
and calibration.

In the first part of the thesis we improve the EARS model by implementing
new boundary-condition treatment and reformulating the model. This simplifies
the EARS model and improves the consistency between the boundary conditions
and EARS model solution. Moreover, it allows us to study physical processes
in the surface layer in finer detail. In the remaining part of the thesis the
EARS model is used to simulate well-known studies of idealized and dry stably-
stratified, convective and transitional ABL.
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The following chapter gives modelling description in the ABL and introduces
the mean atmospheric equations. Chapter 3 discusses different turbulence
models in ABL used for solving the mean atmospheric equations. It also gives
a description of the EARS model and boundary-condition treatment. The main
results of the EARS model in ABL are summarized and discussed in Chapter 4.
The thesis overview concludes with Chapter 5.



Chapter 2

Modelling of the dry atmospheric boundary
layer

To describe and forecast the state of the ABL, we turn to the equations of fluid
mechanics. These equations, collectively known as the equations of motion,
contain time and space derivatives that require initial and boundary conditions
for their solution. The complete set of equations applied to the ABL results
in very complex flow fields including all turbulence scales and no analytical
solution exists. Therefore, approximate solutions which include turbulence
modelling are necessary.

Any atmospheric quantity Q that varies as a result of turbulence can be
divided into a mean Q and fluctuating q part (see Stull 2012):

Q = Q+ q. (2.1)

When referring to atmospheric quantities the uppercase letters denote mean
values and the small letters fluctuations. The mean part of any atmospheric
quantity in atmospheric observations is usually obtained by averaging in time
over a period of 30 minutes to one hour. The fluctuating part is then obtained
by subtracting the mean part from the actual value. The mean part is used for
describing large-scale variation in atmosphere and the fluctuation part describes
turbulence motion.

Turbulence plays an important role in transporting quantities and therefore
influences the mean atmospheric quantities that govern the state of the ABL.
In this thesis the study is limited to the effect of turbulence on the mean
atmospheric properties in the dry ABL, e.g., the mean wind speed V = (U, V,W )
along the (x, y, z) coordinates respectively, where x and y form the horizontal
plane and z is the vertical coordinate, and the mean potential temperature
Θ. The reason for using potential temperature, the adiabatic temperature
at reference pressure, is that it removes the temperature variation caused by
changes in pressure altitude of an air parcel. Turbulence includes vertical
movement of air, making potential temperature not just attractive but also
necessary for the correct description of buoyancy.
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2.1. Mean atmospheric equations 5

2.1. Mean atmospheric equations

The mean equations of the dry atmosphere (i.e., ABL with neglected water
vapour variations on the dynamics of the ABL) are based on the averaged
equations for conservation of mass, momentum and energy. These equations
read (see Holton 2016):

DU

Dt
= − 1

ρ0

∂P

∂x
+ fV −

[
∂ uu

∂x
+
∂ uv

∂y
+
∂ uw

∂z

]
, (2.2)

DV

Dt
= − 1

ρ0

∂P

∂y
− fU −

[
∂ vu

∂x
+
∂ vv

∂y
+
∂ vw

∂z

]
, (2.3)

DW

Dt
= − 1

ρ0

∂P

∂z
− gΘ

θ0
−
[
∂ wu

∂x
+
∂ wv

∂y
+
∂ ww

∂z

]
, (2.4)

DΘ

Dt
=
∂ uθ

∂x
+
∂ vθ

∂y
+
∂ wθ

∂z
, (2.5)

where D/Dt ≡ ∂/∂t+V ·∇ is the material derivative, f=2 Ω sinφ is the Coriolis
parameter depending on the rotation rate Ω of the Earth and the latitude φ,
P is the mean pressure field, g is the gravity acceleration, and ρ0 and θ0 are
respectively reference density and reference potential temperature. Moreover,
the buoyancy influence by density variations is approximated by the Boussinesq
approximation (see Zonta & Soldati 2018). The correlations in (2.2) through
(2.5) represent the turbulent fluxes that transport momentum and heat. The
magnitude of turbulent fluxes inside the ABL are of the same order as the other
terms in (2.2) through (2.5). Therefore, it is not possible to neglect turbulent
flux terms even when only the mean flow is of direct interest.

The pressure gradient terms drive the motion of the flow while the Coriolis
force transports momentum from one horizontal wind component to the other.
The momentum equations are coupled with the temperature equation through
the vertical wind component. The turbulent flux terms represent the transport
of atmospheric quantities in the ABL by turbulence. The material derivative
hides the advection terms that further couple the system of equations. Together
with the continuity equation (neglecting mean density variations)

∂U

∂x
+
∂V

∂y
+
∂W

∂z
= 0, (2.6)

these equations govern the mean state of a dry ABL in the Boussinesq approxi-
mation.

The molecular diffusion terms in the mean equations (2.2) through (2.5)
are neglected since these are much smaller than the other terms above the
roughness height.

The system of equations in (2.2) through (2.6) cannot be directly solved
because the turbulent fluxes need to be expressed in terms of known quantities.
Therefore, solving the system first requires finding expressions for the turbulent
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fluxes in terms of known properties. Due to the symmetry of turbulent fluxes
(e.g., uv = vu) there are in total nine unclosed terms. Before attempting to
model the unknown terms the mean equations are simplified to reduce the
complexity of the closure problem.

2.2. Single-column model

The system of governing equations given by (2.2) through (2.6) is challenging
to solve. In the present thesis, we consider only horizontally homogeneous flows
over plain surfaces. The governing equations are simplified to the form of the
single-column model (SCM) that significantly reduces the complexity of the
system.

The mean wind speed in the ABL is considered to be horizontal meaning
that (2.4) is neglected. This simplification is generally not used in numerical
weather prediction and climate models. In this thesis, however, we are studying
only the ABL cases where horizontal divergence of mean wind field reduces
(2.6) to the following relation:

∂U

∂x
+
∂V

∂y
= 0. (2.7)

The motion in the free atmosphere is considered to be in geostrophic balance,
i.e., the horizontal wind speed above ABL is the result of the balance between
pressure gradient force and Coriolis force

1

ρ0

∂P

∂x
= fVg, (2.8)

1

ρ0

∂P

∂y
= −fUg, (2.9)

where the geostrophic velocity Vg = (Ug, Vg). This further simplifies the mean
equations by eliminating the mean pressure field and substituting it with the
geostrophic wind. The physical interpretation of these terms, however, is the
same and that is to drive the flow in the ABL.

Within the framework of the SCM all derivatives in horizontal directions
(i.e., x and y) are neglected. This means that only turbulent fluxes that depend
on the vertical direction are retained. Thus, the system of equations becomes
one-dimensional, i.e., the mean variables depend only on the vertical coordinate
z.

With the previously introduced simplifications the mean equations (2.2)
through (2.5) take the following form in :
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Figure 2.1: Hodograph of the mean horizontal velocity vector showing the
Ekman spiral. The results are obtained using the EARS model for the case of
four stably-stratified ABL simulations with different strengths of stratification
where (a) is the simulation with the weakest and (d) is with the strongest
stratification.

DU

Dt
= −∂ uw

∂z
− f(Vg − V ), (2.10)

DV

Dt
= −∂ vw

∂z
+ f(Ug − U), (2.11)

DΘ

Dt
= −∂ wθ

∂z
. (2.12)

Apart from establishing the geostrophic balance, the Coriolis force also
affects horizontal wind speed inside the ABL. Namely, the horizontal wind
components in (2.10) and (2.11) are coupled through the Coriolis term making
this rotational effect significant in the evolution of the mean flow. Together with
the vertical turbulence transport the rotation creates a turning of the velocity
vector. This effect is known as the Ekman spiral and is shown in Fig. 2.1 where
the results (0, 0) corresponds to the no-slip condition at the surface and (8, 0)
is at the top of the ABL.
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Note that (2.10), (2.11), and (2.12) still contain turbulence flux terms
that need modelling, however, due to the simplifications introduced in this
section in the complete system of equations, there is a significantly fewer
number of turbulence flux terms that require modelling in the SCM. Only the
vertical turbulent fluxes need to be retained since they directly effect the mean
atmospheric variables.

Although it is not obvious at this level of modelling, relations (2.10) through
(2.12) are strongly coupled through the turbulence fluxes, e.g., changing the
intensity of stratification of the ABL directly influences the wind profile and vice
versa. This becomes clearer when the turbulent fluxes are modelled in terms of
the mean atmospheric properties (see Chapter 3). The boundary conditions
determining the state of ABL in the framework of SCM are stratification, surface
temperature and geostrophic wind speed.

The following chapter discusses different turbulence models used for de-
scribing the unknown turbulence fluxes. The simplest models only express the
unknown turbulent fluxes in (2.10), (2.11), and (2.12) while more advanced
models have a more generalized and three-dimensional formulation and are able
to model all the turbulent fluxes in (2.2) through (2.5) (even though horizontal
fluxes are not used in the formulation of SCM).



Chapter 3

Turbulence modelling

In the previous chapter we have introduced the SCM as a simplified frame-
work derived from the complete system of equations for averaged atmospheric
quantities used for modelling of the ABLs. The framework consists of a system
of equations that is not closed, i.e., the system has fewer equations than the
number of unknown variables. Hence, additional equations that relate turbulent
fluxes to mean atmospheric properties are introduced. This closes the system
of equations and allows us to solve it by numerically integrating (2.10), (2.11),
and (2.12).

This chapter introduces several turbulence models with different levels of
complexity. The models are described in the order of increasing complexity.
Most turbulence models are accurate only for flows which they are developed
and calibrated for and less reliable in other situations. The set of flow cases for
which a particular turbulence model gives reliable results depends mostly on the
basic assumptions when deriving the model equations and on the calibration of
the model coefficients. Hence, it must be emphasized that a particular model
consists of both the model equations and the particular set of numerical values
for the model coefficients.

In the following we will explain the basic assumptions for deriving some
of the turbulence models used for ABL predictions. The principal model
weaknesses are identified based on the basic model assumptions and possibilities
to improve the model.

3.1. Basic concepts

Before discussing the different turbulence models, we will introduces some of
the basic concepts of turbulence modelling.

The correlation terms in (2.2) through (2.4) would have the form of a stress
term if they were multiplied with density ρ. For this reason these terms together
with a minus sign are referred to as the Reynolds-stress tensor

Rij = −ρ uiuj , (3.1)

9



10 3. Turbulence modelling

however, for simplicity we will denote the correlation of velocity fluctuations as
uiuj as the Reynolds-stress tensor. Similarly, the correlation terms in (2.5) are

denoted as the turbulent heat flux vector uiθ.

Some important aspects of turbulent flow can be described with an addi-
tional scalar quantity, the turbulent kinetic energy (TKE):

K =
1

2
uiui, (3.2)

This quantity describes the total intensity of the velocity fluctuations. Similarly,
we define an additional scalar quantity called half the potential temperature
variance

Kθ =
1

2
θ2, (3.3)

that describes the total intensity of temperature fluctuations, which together
with TKE has an impact on the overall magnitude of uiθ.

Besides the scalar quantities, there are certain tensor quantities that describe
the mean flow which are used in turbulence modelling. The mean flow strain
rate tensor Sij and rotation rate tensor Ωij are defined as:

Sij =
1

2

(
∂Ui
∂xj

+
∂Uj
∂xi

)
, (3.4)

Ωij =
1

2

(
∂Ui
∂xj
− ∂Uj
∂xi

)
. (3.5)

These quantities, considered as tensors, are often more convenient to use because
they are frame invariant. Additionally, they are defined with the velocity
gradients which makes them Galilean invariant, i.e., they are invariant of a
constant translation velocity. Frame and Galilean invariance are requirements
in turbulence models.

The concept of turbulence anisotropy aij is another important tensor
property which is defined as

aij =
uiuj
K
− 2

3
δij , (3.6)

where δij is the Kronecker delta. Turbulence anisotropy measures the distri-
bution of TKE among the Reynolds stress components. The diagonal terms
of aij are limited to 4/3 and −2/3 due to that the Reynolds-stress tensor is
positive definite. The former limit is reached when all the TKE is contained
in a single diagonal component, the so-called one component limit. The latter
is reached in the absence of TKE in one of the diagonal components, i.e., the
two-component limit.

In the context of ABL, the one-component limit is approached in the case
of strong convection when most of TKE is found in the vertical component.
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The two-component limit is approached in strongly stable ABL where vertical
fluctuations are damped by buoyancy forces in the vicinity of surface where
vertical fluctuations are damped due to the presence of the surface.

3.2. Eddy-viscosity and eddy-diffusivity models

We start from the simple turbulence model the so-called eddy-viscosity/eddy-
diffusivity (EVD) model. This model is build on the idea that turbulent eddies
are responsible for turbulence transport, which can be described by an eddy
viscosity νt and that the model of turbulent momentum transport is similar to
the model of molecular mixing. Thus, the general formulation for turbulent
fluxes takes the following form:

uiuj −
2

3
Kδij = −2νtSij , (3.7)

Note that fluid viscosity is the property of matter while eddy viscosity is the
property of the flow and changes as long as the flow is developing.

Similar to the molecular transport of heat, eddy diffusivity κt (also known
as eddy-thermal diffusivity) is defined as the flow property that models the
turbulent transport of heat:

uiθ = −κt
∂Θ

∂xi
. (3.8)

In this formulation νt is a coefficient of proportionality between momentum
turbulent fluxes and the mean strain rate while κt defines the intensity of
turbulent heat flux aligned with the mean potential temperature gradient.

Applying the EVD model, where x1 = x, x2 = y, and x3 = z where z is
in the vertical direction, to turbulent momentum and heat fluxes in the mean
atmospheric equations gives:

uw = −νt
∂U

∂z
, (3.9)

vw = −νt
∂V

∂z
, (3.10)

wθ = −κt
∂Θ

∂z
. (3.11)

This is also known as the K-theory in the atmospheric community, because the
proportionality coefficients νt and κt are referred to as Km and Kh respectively.

Expressing the principal turbulent momentum fluxes using (3.7) in the SCM
formulation gives the following uu = vv = ww = 2/3K. This shows that EVD
model predicts turbulent kinetic energy is equally distributed among the axis
irrespectively of atmospheric wind shear and stratification. EVD model does not
take into account turbulence anisotropy and assumes that the Reynolds-stress
tensor is aligned with the shear rate tensor which in most cases leads to a wrong
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prediction of the off-diagonal components. EVD models substantially reduces
the complexity of the modelling of atmospheric turbulence but also have severe
restrictions on the physically correct description of atmospheric turbulence.

Relation (3.7) is rewritten in terms of anisotropy using (3.4) and (3.6) and
takes the following form:

aij = −2
νt
K
Sij , (3.12)

illustrating more clearly the nature of the eddy-viscosity assumption. It shows
that if the turbulence is subjected to a mean strain field for an interval of time
after which the strain field is suddenly removed, the turbulence is predicted to
abruptly change to an isotropic state. Thus, the features of the relaxation phase,
where the turbulence is not in equilibrium with the mean strain rate, cannot
be captured by this type of local modelling of stress anisotropy. However, in
many applications the turbulent state is reasonably close to equilibrium and
has proven sufficient to use this type of local modelling concept. Additionally,
(3.12) shows another limitation of the EVD models and that is the anisotropy
tensor aij is always aligned with Sij . This means that a11 ≈ a22 ≈ a33 ≈ 0
which is an oversimplification and is far from the typical ABL behaviour.

Eddy viscosity νt and eddy diffusivity κt are flow-dependent properties that
are determined by the macroscopic velocity or temperature q and length scales
l of the largest energetic eddies of the turbulence

νt, κt ∼ l q, (3.13)

which require modelling. In the following subsection we introduce different
ways to model q and l. These relations are used together with (3.13) and (3.9)
through (3.11) to find the expressions for the turbulent transport terms.

3.2.1. Zero equations models - Algebraic models

Algebraic turbulence models provide a closure for velocity scale q and length
scale l in terms of algebraic relations. These models are common in climate
models because they work fairly well in specific ABL cases for which they are
calibrated.

The geometry of ABL imposes height above the ground z as a natural
length scale for turbulence, because the turbulent eddies at any given height
cannot grow larger than the distance to the ground. Therefore, most of the
ABL turbulence models use the length scale relation proposed by Blackadar
(1962):

l = l0
κz

κz + l0
, (3.14)

where κ is the von Kármán constant and l0 is an empirical model coefficient.
This relation states that the turbulent length scale approaches the value κz in
the surface layer, which yields the logarithmic wind profile in the surface layer,
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and l0 higher up in the ABL. Due to its empiric nature there exist different
modification to this basic form (see Mellor & Yamada 1982; Andrén 1990).

The velocity scale q is constructed as follows:

q = l
∂V
∂z

, (3.15)

where V =
√
U2 + V 2 is the horizontal wind speed. Notice that both (3.14) and

(3.15) are independent of stratification effects. Such turbulence model would
perform poorly in stratified ABL. Therefore, stratification effects are included
in the modelling of νt and κt through empirical stability functions fm and fh
respectively. Combining (3.13), (3.14), and (3.15) gives the following:

νt = l2
∂V
∂z

fm(V,Θ), (3.16)

κt = l2
∂V
∂z

fh(V,Θ). (3.17)

where the functions fm and fh depend on the mean atmospheric properties.

This turbulence closure provides a simple way of expressing turbulent fluxes
using the mean atmospheric properties. Due to its simplicity the model is
calibrated to give reasonable results only for a few specific cases and is far from
being generally valid.

At this level of closure all turbulent properties are determined by algebraic
expressions, without any transport equations for additional turbulence properties.
In the family of EVD models, the sibling models to the algebraic models are
turbulence closures which add transport equations for turbulent properties.
Depending on the number of transport equations these are one-equation or
two-equation models.

3.2.2. One-equation models

Models in which only one of the two turbulence quantities is determined from a
transport (or prognostic) equation to model the eddy-viscosity are referred to
as one-equation models. The other turbulence quantity is given by an algebraic
relation.

The natural velocity scale of turbulent eddies is the square root of the TKE.
The transport equation for TKE is derived analytically, see Stull (2012), and
contains unknown terms that require further modelling. Even after the modelling
this transport equation contains terms with a clear physical interpretation, which
makes it more general compared to an algebraic relation. The TKE equation
has the following form:

DK

Dt
= PK − εK +DK + GK , (3.18)
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where PK and GK are the production/destruction of TKE due to the mean-wind
shear and buoyancy effects respectively, DK is the turbulent diffusion of TKE,
and εK is the small-scale turbulent dissipation. The production/destruction of
TKE are exact in terms of the Reynolds stresses and are given as:

PK = −uw∂U
∂z
− vw∂V

∂z
, (3.19)

GK = wθ
∂Θ

∂z
. (3.20)

however, they require further modelling. The mean-wind shear production/destruction
term is responsible for taking the kinetic energy from the mean flow and gen-
erating TKE. In most cases, this term is positive and contributes to TKE
production. However, there are situations (e.g., low-level jet) where it can be
negative and damps the turbulence. The buoyancy production/destruction term
is responsible for production of TKE in convective and destruction of TKE in
stably-stratified ABL.

The dissipation which represents the small-scaled turbulence destruction is
modelled with an algebraic relation:

ε =
K

τε
, (3.21)

where τε is the TKE dissipation time scale expressed as

τε =
1

Cε

l√
K
, (3.22)

and Cε is a model constant, see Mironov & Machulskaya (2017).

Finally, the diffusion term transports the TKE from high-TKE regions to
low-TKE regions. In the simplest form, this term is modeled with gradient
diffusion expression, where the diffusion coefficient is related to turbulent mixing
(i.e., eddy-viscosity):

DK =
∂

∂z

(
νt
σk

∂K

∂z

)
, (3.23)

where σk is the Schmidt number and represents a constant factor by which νt
differs from the diffusivity coefficient. The value of this coefficient it usually in
the order of unity.

With TKE known the eddy viscosity is defined as

νt =
√
K l, (3.24)

where the turbulent length scale is determined by an algebraic relation such as
(3.14). Notice that the main effect of stratification is included in the turbulence
model through (3.20). Hence, there is no need of adding empirical stability
functions such as in (3.16). Additionally, the eddy diffusivity is defined as
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κt =
νt

Prt
, (3.25)

where Prt is the turbulent Prandtl number which is usually constant.

This particular one-equation turbulence model has a transport equation for
determining the turbulent velocity scale. Alternatively, it is possible to formulate
such one-equation model where the turbulent length scale is determined through
a transport equation. However, due to the height being the natural choice for
the length scale this is not common in turbulence modelling of ABL.

3.2.3. Two-equation models

Here, transport equations are formulated both for the velocity and the length
scales, or some alternative pair of quantities that make up the eddy viscosity.
No additional global information is needed and these models are referred to as
complete, i.e., the model is completely formulated in term of local quantities.
However, the models may contain additional corrections that might be dependent
on non-local quantities such as the height.

A number of quantities have been used in this two-equation modelling
approach such as TKE, length scale, timescale and dissipation rate of TKE ε. A
specific two-equation model with transport equations for TKE and dissipation
rate of TKE is the so-called K − ε turbulence model (van der Laan et al. 2017;
Alinot & Masson 2005). The transport equation for TKE is given by (3.18)
through (3.23), while the equation for ε is the following:

Dε

Dt
= Pε − εε +Dε + Gε, (3.26)

where Pε and GK are the production/destruction of dissipation due to the mean-
wind shear and buoyancy effects, εε is the destruction terms for dissipation, and
Dε is the turbulence diffusion of dissipation. Notice that this equation has the
same principal form as (3.18).

The unknown terms are further modelled as

Pε = Cε1
ε

K
PK , (3.27)

εε = Cε2
ε

K
ε, (3.28)

Dε =
∂

∂z

(
νT
σε

∂ε

∂z

)
, (3.29)

Gε = Cε3
ε

K
GK , (3.30)

where Cε1, Cε2, and Cε3 are model coefficients, and σε = 1.3 is the Schmidt
number for dissipation. By considering a few basic arguments and model
predictions for a set of flow cases without buoyancy effects, namely decaying
isotropic turbulence, homogeneous shear flow and the log-layer of a boundary
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layer it is possible to arrive at a set of standard values for the model parameters
Cε1 = 1.44 and Cε2 = 1.82. The coefficient directly related to buoyancy effects
Cε3 has different values in the literature both positive and negative (although
it is hard to argue for the usage of negative values). Sometimes, it is believed
that the buoyancy has a lesser influence on the dissipation scales and therefore
Cε3 = 0.

The model for ε is to a lesser extent related to the exact equation for ε
compared to the TKE equation in (3.18) (see Tennekes & Lumley 1972). Hence,
the motivation for the ε equation is debatable. Mellor & Yamada (1982) question
the usage of small-scale turbulence for determining required turbulent macro
scale. Alternatively, Mellor & Herring (1973) suggest a transport equation for
the turbulent length scale.

Turbulent velocity and length scale are expressed in terms of TKE and ε.
This results in the following relation for eddy viscosity

νt = Cµ
K2

ε
, (3.31)

where the model coefficient is usually Cµ = 0.09 for general purpose. Finally,
the eddy diffusivity is expressed using (3.25).

3.3. Explicit algebraic Reynolds-stress model

The previous section introduced linear-algebraic relations for the turbulence
momentum and heat fluxes, respectively (3.7) and (3.8). These relations are
used to formulate EVD turbulence models, which are by far the most commonly
used class of models and that perform relatively well in conditions for which
they are calibrated. However, it was also noted that there are several issues
associated with these models such as anisotropy alignment, ad hoc inclusion of
buoyancy effects and non-trivial modelling of history effects.

In this subsection we will leave the eddy-viscosity concept and introduce a
more general approach the so-called explicit algebraic Reynolds-stress (EARS)
model that overcomes these issues to a certain extend. In the following we
will turn our attention to the EARS model by Lazeroms et al. (2013) which is
based on the explicit algebraic model for the Reynold stress in a non-stratified
turbulence by Wallin & Johansson (2000) and the explicit scalar flux model
for passive scalars by Wikström et al. (2000). Lazeroms et al. (2013) coupled
these models and formulated an EARS model for stratified flow, which will
be outlined below. The effects of stratification on the turbulence is captured
through this coupling which is of out-most importance. In the following we will
outline the basis and principal assumptions for the EARS model.

3.3.1. Reynolds-stress transport equations

An alternative to using (3.7) and (3.8) is to formulate the transport equations for
the Reynolds-stress tensor and turbulent-flux vector. The transport equations
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are derived from the instantaneous Navier–Stokes and energy-balance equations
and they have the following form (Stull 2012):

Duiuj
Dt

+Dij = Pij + Gij + Πij − εij + Φij , (3.32a)

Duiθ

Dt
+Dθi = Pθi + Gθi + Πθi − εθi + Φθi, (3.32b)

where the terms denote (from left to right) advection, diffusion, shear and
buoyancy production/destruction, pressure redistribution, dissipation and Cori-
olis effect. Together, these terms describe most of the physics associated with
the evolution of turbulence in stratified flows (among others dry ABL). In
the process of expressing transport equations for the second-order statistics
(turbulent momentum and heat fluxes) new unknown correlations are created.
Hence, solving (3.32a) and (3.32b) require further modelling.

The shear and buoyancy production/destruction terms are explicit, in the
sense that they need no further modelling, and follow directly from the derivation
of the exact transport Reynolds-stress equations:

Pij = −uiuk
∂Uj
∂xk

− ujuk
∂Ui
∂xk

= −(uiukSkj + Sikukuj) + (uiukΩkj − Ωikukuj), (3.33)

Pθi = −uiuj
∂Θ

∂xj
− ujθ

∂Ui
∂xj

= −uiuj
∂Θ

∂xj
− ujθ(Sij + Ωij), (3.34)

Gij = −giujθ + gjuiθ

θ0
, (3.35)

Gθi = −2
Kθgi
θ0

. (3.36)

Contracting relation (3.33) gives a generalized expressions for the production of
TKE, P = PK = Pmm/2 = −KaijSij , in which the explicit dependency on the
rotational part disappears. Substituting (3.12) in P shows that the EVD models
produce wrong asymptotic behaviour for flows with large shear rate P ∼ S2. In
the exact Reynolds-stress transport equations, however, the production term
includes the rotational part and has the principal linear dependency on the
strain rate. Note that the buoyancy terms, unlike in the EVD models, are
a natural part of the transport equations, thus there is no need for ad hoc
additional to the equations in order to model buoyancy effects.
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The exact expressions for pressure-redistribution terms include the pressure
fluctuations along with the velocity and temperature fluctuations and have the
following forms:

Πij =
p

ρ0

(
∂ui
∂xj

+
∂uj
∂xi

)1

, (3.37)

Πθi =
p

ρ0

∂θ

∂xi

1

. (3.38)

These terms contain unknown correlations that require modelling. Terms in
(3.37) respectively depict the slow and rapid part of the pressure redistribution.
They represent different physical processes and therefore should be modelled
separately. Πij is traceless, thus it has no effect on the TKE, and acts to
redistribute the energy between the components. It is modelled in terms of
a slow and a rapid part where the slow part basically drives the turbulence
towards the isotropic state.

The diffusion term is responsible for spatial redistribution of turbulent
momentum and heat flux. The exact expressions for the transport terms consist
of triple correlations and pressure diffusion

Dij =
∂

∂xk
uiujuk +

1

ρ0

∂

∂xk
(puiδkj + pujδki) + ν

∂2uiuj
∂xk2

, (3.39)

Dθi =
∂

∂xk
uiθuk +

1

ρ0

∂ pθ

∂xi
+ α

∂2uiθ

∂xk2
, (3.40)

where ν is the viscosity and α is the diffusivity of the fluid. These terms
basically transport turbulent momentum and heat flux from a region of high
concentration to a region of low concentration.

The viscous effects are related to the following terms:

εij = 2ν
∂ui
∂xk

∂uj
∂xk

, (3.41)

εθi = (α+ ν)
∂ui
∂xk

∂θ

∂xk
, (3.42)

The terms on the right hand side are the viscous dissipation rate tensor and
vector that are responsible for the destruction of turbulent momentum and heat
flux, respectively.

Finally, the Coriolis terms have the following form:

Φij = f(εjk3uiuk + εik3ujuk), (3.43)

Φθi = fεik3ukθ, (3.44)
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where ε is used to denote the Levi-Civita symbol. Similar to the shear and
buoyancy production terms in (3.33) through (3.36), these terms are given in
closed form. However, it is assumed that the timescale of turbulent eddies in
the ABL is much smaller than the timescale of the nocturnal system rotation.
Therefore, these terms are neglected in the description of the turbulent fluxes.

3.3.2. Model formulation

The basis for the generalized EARS model are the Reynolds-stress transport
equations given by (3.32). The model is derived in a generalized coordinate
system where transport equations in (3.32) are expressed in terms of a non-
dimensional turbulent anisotropy tensor (3.6) and a heat flux vector

ξi =
uiθ√
KKθ

, (3.45)

where Kθ = 1
2θ

2 is the half potential temperature variance. The non-dimensional
equations have the following form:

Daij
Dt
− 1

K

(
Dij −

uiuj
K
DK
)

=

1

K

(
Pij + Gij + Πij − εij −

uiuj
K

(P − ε+ G)

)
, (3.46a)

Dξi
Dt
− 1√

KKθ

(
Dθi −

uiθ

2

(DK
K

+
DKθ
Kθ

))
=

1√
KKθ

(
Pθi + Gθi + Πθi − εθi −

uiθ

2

(P − ε+ G
K

+
Pθ − εθ
Kθ

))
,

(3.46b)

where all the terms are still generalized so that P and G are respectively half
the trace of Pik and Gik and Pθ = −ujθ ∂Θ/∂xj .

The dissipation rate tensor (3.41) and pressure-redistribution terms (3.37)
and (3.38) contain higher-order correlations that require further modelling. The
dissipation rate tensor is assumed to be isotropic, hence

εij =
2

3
εδij , (3.47)

where δij is the Kronecker delta. The model for Πij follows from Rotta (1951)
and Launder et al. (1975), where the buoyancy contribution is added from
Launder (1975) so that
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Πij = −c1ε
(
uiuj
K
− 2

3
δij

)
− c2 + 8

11

(
Pij −

1

3
Pkkδij

)
− 30c2 − 2

55
K

(
∂Ui
∂xj

+
∂Uj
∂xi

)
− 8c2 − 2

11

(
−uiuk

∂Uk
∂xj

− ujuk
∂Uk
∂xi
− 1

3
Pkkδij

)
− c3

(
Gij −

1

3
Gkkδij

)
.

(3.48)

The other pressure redistribution term Πθi is modelled according to Launder
(1975) and Wikström et al. (2000) as

Πθi − εθi =−
(
cθ1 + cθ5

K

εKθ
ukθ

∂Θ

∂xk

)
ε

K
uiθ + cθ2ujθ

∂Ui
∂xj

+ cθ3ujθ
∂Uj
∂xi

+ cθ4uiuj
∂Θ

∂xj
+ cθg

Kθgi
θ0

, (3.49)

where c1, c2, c3, cθ1, cθ2, cθ3, cθ4, cθ5 and cθg are the model constants that are
still not defined.

The main idea of algebraic models is to solve for turbulent fluxes using
algebraic equations instead of solving the prognostic equations. In order to
simplify (3.46) Rodi (1972, 1976) introduced the weak-equilibrium assumption
that states that the advection and diffusion of the turbulence fluxes in (3.46)
are self similar and scale with the magnitude of the flux components. This
is equivalent to neglecting the advection and diffusion of aij and ξi. This
assumption is more general than completely neglecting advection and diffusion
of the turbulent fluxes in (3.32). After applying the weak-equilibrium assumption
(3.46) is

uiuj
K

(P − ε+ G) =Pij + Gij + Πij − εij , (3.50a)

uiθ

2

(P − ε+ G
K

+
Pθ − εθ
Kθ

)
=Pθi + Gθi + Πθi − εθi. (3.50b)

These two algebraic relations, with modelling of K, Kθ, ε and εθ (see Sect. 3.3.3)
replace the eddy-viscosity and eddy-diffusivity hypotheses.

Relations (3.50) are implicit in the sense that the terms on the r.h.s. depend
on turbulent momentum and heat flux. They are also non-linear since the
production terms on the l.h.s. depend on the turbulence fluxes. Adopting the
approach from Lazeroms et al. (2013, 2015) see also Želi et al. (2019) (Paper
1) it is possible to derive approximate solutions of (3.50) which are explicit
expressions for the complete uiuj tensor and uiθ vector. In the turbulent
parametrization of the ABL, the most commonly parametrized turbulent fluxes
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are the vertical fluxes. In their most compact form, the vertical fluxes in the
EARS model can be written as

uw =− fm
K2

ε

∂U

∂z
, (3.51)

vw =− fm
K2

ε

∂V

∂z
, (3.52)

wθ =− fh
K2

ε

∂Θ

∂z
+ fΦ

KKθ

ε

g

θ0
, (3.53)

where fm, fh and fΦ are the so-called core functions which are integrated
in the EARS model. The core functions are non-constant and dimensionless
coefficients that follow directly from solving (3.50) and are needed to complete
the model. These functions represent the state of flow in the ABL. For more
information about the core functions see Appendix 1 in Želi et al. (2019) (Paper
1).

The second term in (3.53) is a non-gradient term because it is not an explicit
function of the potential temperature gradient. The non-gradient term allows
the vertical turbulent heat flux to transport heat in the direction opposite to the
potential temperature gradient. This happens when the non-gradient term has
an opposite sign and is larger than the gradient term. Due to the importance
of a non-gradient term, similar empirical terms are added to eddy-diffusivity
type of models (see Holtslag & Moeng 1991; Siebesma et al. 2007) in order to
improve modelling of the convective ABL.

As a part of the solution, the EARS model also predicts the individual
normal stresses uu etc. (not shown here) and horizontal fluxes

uθ =
1

2
fΩ
K3

ε2
∂U

∂z

∂Θ

∂z
− fΓ

K2Kθ

ε2
g

2θ0

∂U

∂z
, (3.54)

vθ =
1

2
fΩ
K3

ε2
∂V

∂z

∂Θ

∂z
− fΓ

K2Kθ

ε2
g

2θ0

∂V

∂z
, (3.55)

where fΩ and fΓ are core functions.

In the context of the Mellor & Yamada (1974) hierarchy of turbulence
models, the EARS model belongs to the class of level-3 closure, see Lazeroms
et al. (2016). The computational efficiency of the EARS model is higher than
the Mellor and Yamada level-4 and is comparable to that of the commonly used
turbulence models, e.g., the Mellor and Yamada level-2.5 class of models.
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3.3.3. Additional transport equations

In order to close the expressions in the EARS model, equations from the K − ε
model (see Sect. 3.2.3) together with a prognostic equation for Kθ are used,
leading to three additional transport equations:

DK

Dt
=−uw∂U

∂z
− vw∂V

∂z︸ ︷︷ ︸
P

−ε+
g

θ0
wθ︸ ︷︷ ︸
G

+
∂

∂z

(
νt
σK

∂K

∂z

)
︸ ︷︷ ︸

DK

, (3.56a)

Dε

Dt
=Cε1

ε

K
P − Cε2

ε

K
ε+ Cε3

ε

K
G +

∂

∂z

(
νt
σε

∂ ε

∂z

)
︸ ︷︷ ︸

Dε

, (3.56b)

DKθ

Dt
=−wθ∂Θ

∂z︸ ︷︷ ︸
Pθ

− Kθ

rK
ε︸︷︷︸

εθ

+
∂

∂z

(
νt
σKθ

∂Kθ

∂z

)
︸ ︷︷ ︸

DKθ

, (3.56c)

where K/ε represents the time scale for turbulence and r is the ratio between
the two time scales Kθ/εθ and K/ε. The term Pθ is the production of Kθ due to
buoyancy and atmospheric stratification, εθ is the dissipation of Kθ (destruction
term) and DKθ is diffusion (transport term).

3.3.4. Boundary-condition treatment

The EARS model, in the SCM formulation, has six prognostic equations: three
for the mean atmospheric properties (2.10)-(2.12) and three for turbulence
related properties (3.56) used to solve the closure problem. Therefore, the
EARS model requires six boundary conditions.

The lower boundary conditions in the EARS model are prescribed at the
roughness height of the surface z0 and not the surface itself. It ensures that the
model does not operate in the viscous sublayer of the ABL where the roughness
and viscous effects influence the flow. Viscous sublayer is also thin (∼ 0.001 m)
and completely absorbed into the surface roughness and therefore unimportant
for the overall state of ABL.

In the vicinity of the surface, the turbulent length scale is smaller than
the Ozmidov scale (Zonta & Soldati 2018). Therefore, in the region above
the roughness height and below the height at which the turbulent length scale
equals the Ozmidov scale it is appropriate to assume that the vertical profiles
of the wind speed and potential temperature (Wyngaard 2010; Foken & Nappo
2008) follow the logarithmic law, i.e.,

V(z)

u∗
=

1

κ
ln

z

z0
, (3.57)

for the mean horizontal wind speed, where u∗ is the friction velocity and the
von Kármán constant is κ = 0.4 (Högström 1988) and
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Θ(z)−Θ(z0)

θ∗
=

Prt
κ

ln
z

z0
, (3.58)

for the mean potential temperature, where θ∗ is the characteristic temperature
scale and z0h is the roughness height for potential temperature.

The so-called “no-slip” boundary condition is imposed at the boundary
height z0 for the mean atmospheric properties

U(z0) =V (z0) = 0, (3.59)

Θ(z0) = ΘS(t) +
Prt θ∗
κ

ln
z0

z0h

. (3.60)

Note that z0 is the position where the artificially extended logarithmic profile for
wind speed reaches zero. Similarly, ΘS is the temperature at z0h , representing
the surface temperature which is forcing the ABL. The temperature offset
between z = z0h and z0 is given by the last term in (3.60), following the
logarithmic law for Θ(z). It should be carefully noted that the extension of the
logarithmic law down to z0 is completely artificial and unphysical. Equations
for the mean quantities can to some extent cover such situation, while scale-
resolving methods such as LES never can be expected to be consistent with
such conditions at z = z0.

From the transport equations for K and Kθ, (3.56a) and (3.56c), and
assuming that the ABL is in quasi-stationary state so that the time and
advective derivatives as well as the diffusion terms can be neglected, and by
using the logarithmic law for neutrally-stratified boundary layer we can derive
the following boundary conditions

K(z0) =
u∗2√
fm

, (3.61)

Kθ(z0) =
rPrt√
fm

θ∗
2. (3.62)

In the EARS model, the core function fm acts as a generalization of the
coefficient Cµ used in standard eddy-viscosity models (Richards & Hoxey 1993;
Richards & Norris 2011). Surface related quantities u∗ and θ∗ are calculated at
the height of the first cell centre z1 respectively from (3.57) and the surface-
heat-flux scaling relation as

u∗ =
κ

ln z1/z0
V(z1), (3.63)

θ∗ = −wθs
u∗

, (3.64)
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where wθs is the kinematic heat flux in the first cell center obtained using (3.53).
Finally, the boundary condition for ε is the following:

ε(z0) =
u∗3

κ(z1 − z0)
ln
z1

z0
. (3.65)

Note that (3.65) is an approximation of the standard logarithmic law. Using the
L’Hôpital’s rule it can be shown that in the limiting case z1 → z0 it becomes
ε = u3

∗/κz0. This ensures a balance between the production term and dissipation
at the height where the boundary conditions are set.

Note that the proposed boundary-conditions treatment is valid as long as
the height of the first cell-center z1 (at which the following quantities u∗, θ∗
and wθs are calculated) is sufficiently close to the surface. It ensure that the
buoyancy effects at z1 are weak and that the logarithmic law is valid. Želi
et al. (2019) (Paper 1) reported that the conditions is satisfied when z1 < 0.17L
where L is the well-known Obukhov length defined as

L = − u∗3

κ g
θ0
wθs

. (3.66)

Boundary conditions in (3.59) - (3.62) and (3.65) combined with surface
fluxes through u∗ and θ∗ from (3.63) and (3.64) are not sufficient to ensure that
the solution has the correct physical behaviour near the surface. Therefore, the
transport equations for K, Kθ and ε also need to be modified for the first cell
centre to correct the solution in that region, see Želi et al. (2019) (Paper 1).



Chapter 4

Results

The EARS model is implemented in the context of a SCM and used for simulating
dry stably-stratified, convective and transitional ABLs. We have developed a
new treatment for the boundary conditions and compared simulation results
to LES data to validate the EARS model. In this chapter, we summarize the
development and validation studies. This work is a necessary step towards using
the EARS model in numerical weather prediction or climate models.

The results address the capability of the EARS model to capture the
essential physical processes in stable as well as convective ABLs. As discussed
previously, the EARS model is built from the Reynolds stress and turbulence
flux transport equations that capture most of the physical processes in ABL
without the need for additional empirical corrections or specific calibrations.
Hence, also the coefficients in the EARS model are based on generic turbulence
states not directly related to atmospheric turbulence.

The EARS model coefficients in Paper 1 are the same as in Lazeroms
et al. (2016). In Paper 2 the EARS model is compared to high-resolution LES
data and a few coefficients are recalibrated. The recalibration, however, has
no impact on the boundary-condition treatment studied in Paper 1. In the
following studies, for Papers 2, 3 and 4 identical model expressions and set
of model coefficients are used for all studied cases, including stably-stratified,
convective as well as transitional ABLs.

4.1. Surface layer

Standard turbulence models for the ABL generally use boundary-condition
treatment based on the Monin–Obukhov similarity theory (MOST). The theory
postulates the existence of dimensionless universal functions φM and φH for
the wind and potential temperature profiles, i.e.,

∂V
∂z

=
u∗
κz
φM

( z
L

)
, (4.1)

∂Θ

∂z
=
θ∗
κz
φH

( z
L

)
, (4.2)

such that they extend the applicability of the logarithmic law, (3.57) and (3.58),
by including stratification effects in the surface layer of the ABL. The correction
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Figure 4.1: Scaled profiles showing stability functions for (a) horizontal wind
speed and (b) potential temperature plotted against the stability parameter,
which was obtained by scaling the height with a modified Obukhov length
(blue, see Paper 1) and classical Obukhov length L (yellow); Experimental data:
( ) from Businger et al. (1971) and ( ) from Högström (1988)

due to the MOST is small as long as the distance to the surface is small in
comparison with the Obukhov length L. Various atmospheric experiments have
shown that the profiles in the surface layer scale according to the MOST theory
(see Foken & Nappo 2008). There are, however, some differences in the choice
of coefficients used for the scaling.

Instead of using the MOST for setting the lower-boundary conditions, in
Želi et al. (2019) (Paper 1) we implement the boundary-condition treatment
described in Sect. 3.3.4 in the framework of the EARS model. This requires
that the first point in the domain is placed sufficiently close to the surface where
stratification has a negligible effect on the ABL. This ensures that the balance
between the shear production and dissipation of TKE as well as the logarithmic
law are valid at the height of the first point.

The EARS model is used to simulate the case of an idealized diurnal cycle
of the ABL, the so-called GABLS2 experiment, by Svensson et al. (2011). The
ABL is developing over a plane surface driven by a constant geostrophic wind at
the top of the domain. The surface temperature is changing periodically, which
forces the ABL to transition from convective to stably-stratified. This emulates
the dynamics of a diurnal cycle transition between daytime and nighttime.
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The EARS model predicts a deep and convective ABL during the day, when
the surface temperature increases. The solution transitions into a shallow and
stably-stratified ABL during the night, when the surface temperature decreases.
The results show that the mean atmospheric properties and turbulent fluxes
are physically sound in both convective and stable surface layers. Stratification
is weak in the close vicinity of the surface and the mean horizontal wind speed
and potential temperature profiles follow the MOST scaling with the present
approach based on the standard logarithmic law. This shows that the model is
able to construct a solution for stratified ABL using the standard logarithmic
law relations in the boundary-condition treatment.

The EARS model does not rely on the MOST functions for calculating u∗
and θ∗, meaning that MOST is not predefined in the EARS model. Figure 4.1
shows results of the EARS model expressed in dimensionless MOST groups φM
and φH . The results collapse on to a single curve, forming a clear functional
dependence. This indicates that the physics is well described by the turbulence
model. The comparison with experimentally observed MOST profiles shows
good agreement for the stably-stratified surface layer, with some discrepancies
in the convective surface layer.

4.2. Stable atmospheric boundary layer

Lazeroms et al. (2016) used the EARS model to simulate the GABLS1 case
reported by Cuxart et al. (2006). In Želi et al. (2020b) (Paper 2), we extend the
study of Lazeroms et al. (2016) and validated the EARS model in the modified
GABLS1 experiment by Sullivan et al. (2016). That case considers a stably-
stratified ABL developing over a plane surface at high latitude. The flow is driven
by a constant geostrophic wind. At the same time, the surface temperature
decreases linearly with time, which corresponds to nighttime cooling. After a
certain time a quasi-steady state of stably-stratified ABL is reached. The current
work extends the previous study by adding simulations with stronger surface
cooling rates and validating against well-resolved LES. Compared to Lazeroms
et al. (2016), the EARS model has a new boundary-condition treatment and
some small recalibration of the coefficients. The study in Paper 2 extends the
application of the EARS model for a range of moderate levels of stratification
in which atmospheric turbulence is damped at a higher rate. Consequently,
turbulence damping has an impact on all atmospheric properties.

We have recalibrated the coefficients in the EARS model to allow for
simulations of strongly stratified ABLs, however, we require that the EARS
model returns to the baseline modelling in the limit of passive scalar flows, where
turbulent velocity and density fields are decoupled. Among all the coefficients
only c3, cθg and Cε3 are directly related to buoyancy effects in the EARS model.
These coefficients are recalibrated while the other coefficients keep their values
from Wallin & Johansson (2000) and Wikström et al. (2000).

Figure 4.2 shows the mean horizontal wind speed profiles in the EARS
model and LES. The mean profiles show that the EARS model is able to predict
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Figure 4.2: Vertical profiles of (a) horizontal wind speed (b) potential tempera-
ture, (c) vertical turbulent-heat flux and (d) horizontal turbulent-heat flux in
the simulation with the surface cooling rate 0.25 K h−1. Solutions of the EARS
model ( ) and the LES results ( ) from Sullivan et al. (2016)

the general properties and features of stratified turbulence. Both model and
LES predict the existence of a low-level jet, which moves closer to the surface
and becomes stronger with increasing stratification.

Profiles of the mean atmospheric properties and turbulent fluxes compare
qualitatively well with the LES. However, the surface and vertical heat fluxes
are somewhat greater in the EARS model, which leads to a thicker stable ABL
than in the LES, see Fig. 4.2. This is probably related to the modelling of the ε
equation because ε directly influences the turbulent length scale. It was shown
that improvements can be made by modifying the coefficients in the ε equation,
although a more general solution to this problem would be preferred.

It is important to note that the EARS model predicts all components of the
turbulence momentum-flux tensor and heat-flux vector, including the horizontal
fluxes, without the need for any additional modelling. This is an improvement
compared to eddy-viscosity atmospheric turbulence models which are unable to
predict (non-zero) turbulent heat fluxes in the horizontal plane. Apart from the
results in the surface layer the horizontal heat-flux profiles show qualitatively
good agreement with the LES results, see Fig. 4.2. The EARS model also shows
that the horizontal turbulence fluctuations carry more energy than the vertical
fluctuations, which is in line with the observations of the stably-stratified ABL.

The study in Paper 2 also presents a new scaling for the production of TKE
in the stable ABL as a function of the gradient Richardson number
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Ri =
g

θ0

∂Θ/∂z

(∂V/∂z)2
, (4.3)

where the new scaling reads

C =
P + G

K
√
IIaIIS

, (4.4)

and where IIa = aijaji and IIS = SijSji are the second invariants of turbulent
anisotropy and mean strain-rate tensor. This can be interpreted as an alignment
or correlation coefficients between the strain and stress tensor. Applying the
Cauchy-Schwarz inequality on P gives P ≤ K

√
IIaIIS where the equality

is reached only when IIa and IIS are perfectly aligned. Misalignment can
significantly reduce the production of TKE and even cause the production to
become negative. Figure 4.3 shows that the results for different cooling rates in
the EARS and LES results collapse well, showing that the scaled production is
dependent only on the local Richardson number and almost independent of the
cooling rate.
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4.3. Convective atmospheric boundary layer

In Želi et al. (2020a) (Paper 3) we extend the study from Paper 2 and show
that the EARS model using the same formulation and calibration also can be
applied to a dry convective ABL.

Turbulence models in ABL often use a standard eddy-viscosity hypothesis
(3.11) to parametrize vertical turbulent heat flux. Holtslag & Moeng (1991)
show that in a convective ABL the performance of such turbulence models may
be improved by splitting the vertical heat flux into a gradient and non-gradient
part. This ensures that the direction of the heat flux is not governed only by
the potential-temperature gradient. In fact, heat flux can transport heat in the
direction opposite to the gradient part. Therefore, these models can produce
counter-gradient fluxes that have a significant effect on the profile of potential
temperature in convective ABL.

The EARS model also has a non-gradient term (3.53) for the turbulent heat
flux in the vertical direction. Although the expression for vertical heat flux in
the EARS model has the same form and function as proposed in Holtslag &
Moeng (1991), there is a fundamental difference between these models. Namely,
in the EARS model a part of this term is a direct result of the derivation of the
EARS model and requires no further modelling or corrections (see Sect. 3.3.2).
Since the shear and buoyancy production terms are expressed in closed form,
without the need for modelling, a higher level of fidelity of the modelling is
achieved.

Reference data and simulation set-up are taken from the well-resolved LES
study of Salesky & Anderson (2018). A dry convective ABL is driven by a
time-constant heat flux at the surface and geostrophic wind at the top of the
boundary layer. Five simulations with different combinations of the forcing
parameters are studied. The wind forcing and surface forcing directly influence
the production of TKE in the ABL due to the buoyancy and shear effects. The
choice of the forcing parameters corresponds to simulations of ABL conditions
ranging from weakly to moderately convective. The case of pure convection
without shear is not considered. In a fully convective ABL the Obukhov length
goes to zero implying that the buoyancy effects are strong all the way down to
the ground. This is not a principal limitation of the EARS model (see Girimaji
& Balachandar 1998) but is inconsistent with the present logarithmic law in
the boundary-condition treatment.

The comparison with the LES shows that the EARS model is able to predict
bulk properties and first-order statistics with fairly good accuracy for the range
of convective stratifications, see Fig. 4.4. Figure 4.4 also shows that the gradient
of potential temperature in the EARS model is similar to the LES results and
that the gradient can be both positive and negative in the mixed layer. Results
of the EARS model in which the non-gradient term is set to zero predict only
positive potential temperature gradient. Moreover, the figure shows that the
non-gradient part of the heat flux is of smaller magnitude than the gradient
part and compares well with the LES results.
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Figure 4.4: Vertical profiles of (a) horizontal wind speed (b) potential tempera-
ture and (c) decomposition of the vertical turbulent heat flux in the simulation
with the weakest surface forcing. The red dot is the non-gradient part of
the vertical turbulent heat flux derived from the LES at the height at which
∂Θ/∂z = 0

The convective ABL is higher in the simulations with stronger surface-heat
flux and buoyancy production of TKE. Note that the EARS model is local
and unable to replicate waves at the top of the convective ABL, i.e., Kelvin–
Helmholtz and gravity waves, therefore the boundary-layer height predicted
by the model is smaller than in the LES model. This also affects the overall
behaviour of the results in the entrainment zone.

4.4. Transitional atmospheric boundary layer

In Želi et al. (2020b) (Paper 2) and Želi et al. (2020a) (Paper 3), we only
considered quasi-stationary stably-stratified and convective ABLs. In Paper 4,
we extend the previous studies by evaluating the performance of the EARS model
in modelling a diurnal cycle in ABL by Couvreux et al. (2020), the so-called
GABLS4 experiment. This experiment is based on the measurements taken at
Dome C in Antarctica. The case represents a simulation of dry and transitional
ABL with weak geostropic wind and strong surface temperature forcing. The
chosen combination of forcing parameters results in a very stable ABL during
the nighttime which makes prediction of the transition from deep convective
to strongly-stratified ABL challenging. Moreover, we extended our simulations
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Figure 4.5: Solid lines are mean horizontal wind speed at t = 5 h (left) and
t = 17 h (right) corresponding to convective and stable periods. Additionally,
the dashed line is the mean horizontal wind speed at t = 19 h. Results of the
EARS model are represented by the black line and the orange band is range of
values of three LES

from twenty-four hours, as defined in the LES study, to four consecutive days
with periodic temperature forcing at the surface. Compared to the original
GABLS4 experiment, the extended diurnal cycle allows for studying transitions
from stable to convective as well as from convective to stable ABL, which shows
some interesting phenomena not previously studied by LES. The EARS model
simulations of the stably-stratified, convective and transitional ABL are carried
out with the same set of coefficients as in Paper 2 and 3.

The results of the EARS model are compared to several LES reported by
Couvreux et al. (2020). The results show that the EARS model is able to
predict first-order statistics with good accuracy in both convective and stable
periods of the day. Figure 4.5 shows profiles of horizontal wind speed during
the convective and stable periods of the day. During the convective part of
the day the horizontal wind speed and potential temperature profiles are fairly
constant due to strong turbulence mixing. The potential temperature profile in
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the convective ABL is composed of a lower part with negative gradient and a
higher part where potential temperature increases with height. This agrees with
observations reported by Želi et al. (2020a) and is the result of the non-gradient
contribution to the turbulent heat flux. During the period of surface cooling
the ABL transitions from convective to stable. The transition is followed by a
decrease of the ABL height and formation of a LLJ. The profile of horizontal
wind speed and LLJ in LES is well predicted by the EARS model. However, it
is shifted one hour later indicating that there might be differences in the way
the variables transition from one state to another or that the transition from the
initial conditions cannot be identical in the EARS model and LES. Additionally,
the results show that the initial conditions have a large impact on the diurnal
cycle during the first days and that the turbulence-related properties become
approximately periodic after this period, see Fig. 4.6.

Aside from the low-level jet, the EARS model predicts other physical
processes that are related to turbulence mixing. Figure 4.6 shows the TKE
as a function of height and time. The turbulence lengthscale is predicted by
the EARS model with a qualitatively correct behaviour, increasing above the
stable ABL at nighttime as a result of decaying turbulence from the previously
convective ABL, the so-called residual layer in Fig. 4.6. The model also captures
a local increasing surface heat flux resulting from ground heating and heating
by warm air from higher altitudes approaching the surface when turbulence
starts to develop. Compared to simpler models, the EARS model is also able
to predict the complete Reynolds-stress tensor and heat-flux vector including
the non-zero horizontal turbulent fluxes. This shows that the EARS model
is applicable across varying stability ranges and thermal stratification, and
captures the essentials of the transitions between the two types of states without
needing ad hoc modifications or corrections.
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Figure 4.6: Upper: Evolution of the surface heat flux that is forcing the ABL;
Lower: TKE in the EARS model as it changes with height and time during the
simulation. Legend is the same as in Fig. 4.5



Chapter 5

Conclusions and outlook

The aim of this study is to investigate the ability of the previously developed
EARS model to simulate the stably stratified, convective and transitional ABLs.

The EARS model was validated in the modified GABLS1 case of a stably-
stratified ABL with weak to moderate stratification. The results of the model
are compared with well-resolved and published LES results. The mean profiles
show that the EARS model is able to predict the general properties and features
of stratified turbulent ABLs in such situations, including e.g., low-level jet and
wind turning. The mean profiles and vertical turbulent fluxes compare well
with the LES but the fluxes are greater in the EARS model, which leads to a
higher ABL than in the LES.

Using the EARS model with the same formulation and choice of coefficients
we have simulated a moderately convective ABL. By applying a constant heat
flux at the surface and geostrophic wind as forcing conditions, we are able to
simulate different levels of stratification in the convective ABL. The results of
the EARS model are compared with a well-resolved published LES results. The
comparison shows that the EARS model is able to predict bulk properties and
first-order statistics with fairly good accuracy.

Finally, we have studied a diurnal cycle of the so-called GABLS4 experiment.
Compared to the previous EARS model studies, where the model was validated
for quasi-steady ABL, the focus here is to model the transitioning ABL using the
same model formulation and coefficients as in the previous studies. The GABLS4
simulation is extended to four consecutive days with periodic temperature forcing
at the surface. Compared to the original GABLS4 experiment, the extended
diurnal cycle allows us to study transitions from stable to convective as well as
from convective to stable ABL. The studied reveals that in the initial twenty-four
hours the ABL results are still substantially influenced by the initial conditions.
The results of the EARS model are compared to several LES. The results show
that the EARS model is able to predict first-order statistics with good accuracy
in stable, convective and transitioning periods of the day.

A new boundary-condition treatment for the EARS model has been devel-
oped and used for all computations in this study. The boundary-conditions
treatment is sensitized to the turbulence intensity in the computed ABL and
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adapts automatically to different conditions of stable stratification and con-
vection without explicitly imposing the empirical Monin-Obukhov correction
functions. The first grid point needs to be placed sufficiently close to the
wall where buoyancy effects are small. Then, the empirical Monin-Obukhov
behaviour in fully developed ABLs is well captured by the computations. More
importantly, also ABLs with varying conditions as well as transitional ABLs
can be captured with higher confidence since the Monin-Obukhov scaling is
strictly valid in fully developed equilibrium conditions only.

The EARS model for ABL can be further developed. The EARS model can
be extended for ABLs with humidity where the water vapour has a dynamic
effect on turbulent transport in atmosphere. Additionally, it was shown that
the present boundary-condition treatment fails in the case of pure-convective
ABL. Extending the boundary-condition treatment for convection without wind
shear, when Obukhov length goes to zero, is necessary. Finally, extending and
testing the EARS model for stratified ABLs in a more general three-dimensional
context would be a significant step towards integrating the model in a numerical
weather prediction or climate models.
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Part II

Papers





Summary of the papers

Paper 1

Consistent Boundary-Condition Treatment for Computation of the Atmospheric
Boundary Layer Using the Explicit Algebraic Reynolds-stress Model

We propose a new boundary-condition treatment for the explcit algebraic
Reynolds-stress model of stably-stratified and convective atmospheric boundary
layers (ABL). The boundary conditions correspond to the relations for vanishing
buoyancy effects that are valid close to the ground. This was validated in a
simulation of an idealized diurnal cycle of the ABL based on the second GABLS2
experiment.

Paper 2

Modelling of Stably Stratified Atmospheric Boundary Layers with Varying Strat-
ifications

A recently developed explicit algebraic Reynolds-stress model (EARS) is val-
idated for an idealized representation of the night-time high-latitude stably
stratified atmospheric boundary layer (SABL). The simulations are made with
four surface cooling rates that result in weakly to moderately SABLs. The
predictions of the EARS model are compared to high-resolution large-eddy
simulations (LES) of Sullivan et al. (Journal of the Atmospheric Science, 2016,
Vol. 73(4), 1815–1840).

Paper 3

Explicit Algebraic Reynolds-stress Modelling of a Convective Atmospheric Bound-
ary Layer Including Counter-Gradient Fluxes

We extend the previous study by Želi et al. (Boundary-Layer Meteorology, 2020,
Vol. (176), 229–249) by applying the same formulation and calibration of the ex-
plicit algebraic Reynolds-stress (EARS) model to a dry convective atmospheric
boundary layer. Five different simulations with moderate convection intensities
are studied by prescribing surface heat flux and geostrophic forcing. The results
of the EARS model are compared to large-eddy simulations of Salesky and
Anderson (Journal of Fluid Mechanics, 2018, Vol. (856), 135–168).
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46 Summary of the papers

Paper 4

Transitional Atmospheric Boundary Layer in GABLS4 Experiment Modelled
Using the Explicit Algebraic Reynolds-stress Model

A recently developed explicit algebraic Reynolds-stress model is validated in
a transitioning atmospheric boundary layer (ABL). The simulation describes
a diurnal cycle with a deep convective ABL during daytime and an extremely
thin and stably stratified ABL during the nighttime. The predictions of the
EARS model are compared to large-eddy simulations of Couvreux et al. (Bound
Layer Meteorol (176):369-400, 2020). The simulation is also extended in time
in order to study several consecutive diurnal cycles.




