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Abstract
Frustration is the inability to simultaneously satisfy all interactions. The interest
in magnetic frustration has grown during the last decades. The research has among
other findings been promoted by the discovery of spin ice which is a frustrated
magnetic compound with an exotic ground state and unusual excitations. In this
thesis I present theoretical research on spin ice and experimental measurements
where uniaxial pressure has been used to search for new magnetic states in spin ice.
I also discuss modern reverse Monte Carlo algorithms used for determining magnetic
states in frustrated compounds and the magnetic state of ytterbium gallium garnet
is investigated. The thesis concludes by presenting the results from modulation
calorimetry measurements on small spin-ice samples which can be used to probe
the time scales for magnetic excitations in spin-ice compounds.

key words: Frustration, Magnetic frustration, Spin ice, Garnet, Calorimetry,
Monte Carlo, Physics, Magnetism.
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Sammanfattning
Frustration är oförmågan att samtidigt tillfredsställa alla interaktioner. Intresset
för magnetisk frustration har vuxit under de senaste decennierna. Forskningen har
bland annat främjats av upptäckten av spinn is som är ett magnetiskt frustrerat
material med nya grundtillstånd- och excitations-egenskaper. I denna avhandling
presenterar jag teoretisk forskning på spinn is och experimentella mätningar där
uniaxiellt tryck har använts för att söka efter nya magnetiska tillstånd i spinn is.
Vidare så diskuteras nya numeriska algoritmer som använts för att bestämma mag-
netiska tillstånd i frustrerade material och det magnetiska tillståndet i ytterbium
gallium granat undersöks. Slutligen så behandlar denna avhandling också resultat
från modulations-kalorimetri mätningar på små spinn-is prover. Dessa kan användas
för att sondera tidsskalor för magnetiska excitationer i spinn-is material.

nyckelord: Frustration, Magnetisk frustration, Spinn is, Granat, Kalorimetri,
Monte Carlo, Fysik, Magnetism.
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0.1. Readers guide 1

0.1 Readers guide
The first part of this thesis consists of five chapters. The second part of this thesis
contains the scientific papers that my PhD studies have resulted in.

The first chapter discusses relevant background materials in condensed matter
physics which is of relevance to all of my published articles.

The second chapter describes and discusses the material and background which
is relevant for the first and second papers.

The third chapter describes and discusses the material and background which is
relevant for the third paper.

The fourth chapter describes and discusses the material and background which
is relevant for the fourth paper.

The fifth chapter gives a short summary of my research.





Part I

Background and theoretical
framework
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Chapter 1

Theoretical framework

Atoms in a material are often strongly correlated to each other via interactions.
There are four fundamental forces of nature which drive these interactions. For
length scales relevant in crystals, the electromagnetic force is much stronger than
the other forces. In fact, due to its strength, it is the only force that needs to be
considered when describing the interactions in materials or molecules.

The rules of electromagnetism are well understood. They can be formulated
through the set of Maxwell’s equations or the QED Lagrangian for relativistic
systems. The models for electromagnetism are highly accurate and in principle
one could with the aid of these equations calculate all properties of any material.
However, the huge number of particles makes it impossible to work directly with
the fundamental theories. Electromagnetic interaction in the context of solid state
physics has therefore been divided into a number of key phenomena which can
explain most of the observed properties in materials.

In this chapter I shall give a short overview of the most relevant interactions in
magnetic crystals, and their origin in the electromagnetic force.

1.1 Magnetic ions

The fundamental subject studied in this thesis is the collective behavior of magnetic
ions. Atoms are the fundamental building blocks of nature, and when bound in
crystals they typically release electrons and become ions. The collective motion
of the charged electrons together with their intrinsic spin constitutes an effective
magnetic moment for each ion. For many atoms, and especially for those with
a low atomic number, this moment is zero [1]. But in some cases, in particular
for rare-earth atoms, the orbitals are such that there is often a large net magnetic
moment [2]. Models of magnetism focus on describing the interaction between these
effective moments and in the following sections I discuss the most common electric
and magnetic interactions.

5



6 Chapter 1. Theoretical framework

1.2 Electric interaction

The electric field E interacts with charged particles according to Coulomb’s law.
Since the electric force is strong, and charge carriers exists in the form of electrons,
unevenness in the electric potential can typically only be found on the atomic scale.
This is the reason for why electric forces are not observed as often as magnetic
forces in our daily life: disturbances in the electric field quickly leads to discharges,
while for magnetic fields no elementary charge carriers have been found (magnetic
monopoles). This is what allows permanent magnets to carry large dipole moments.
However, although the electric potential is typically smoothed out by moving elec-
trons, the electric field is still of great importance for the internal physics of a
material. It conveys the majority of interactions between ions and in most cases
greatly overshadows the magnetic forces [3].

In the following subsections I shall discuss the main types of electric interaction
between ions in a magnetic crystal.

1.2.1 Direct exchange

Exchange interactions originate in the Coulomb potential combined with Pauli’s
exclusion principle. Ihe most fundamental type of contribution to the Hamiltonian
by these types of interactions is the scalar product

Ĥexchange = J Ŝ1 · Ŝ2, (1.1)

where Ŝ1 and Ŝ2 are the spin operators for two nearby spins, Ŝi = [σ̂x, σ̂y, σ̂z],
where σ̂x,y,z denote the Pauli x, y and z matrices [4]. J is a proportionality constant
which can be expressed as an exchange integral. A simple heuristic derivation of this
Hamiltonian can be done in the following way: consider two electrons. Electrons are
fermions, so they have an antisymmetric wave function. The wave function consists
of two parts; the spatial part and the spin part. This gives two possibilities, either
the spin part is a triplet, χT , and the spatial part is antisymmetric, or the spin part
is a singlet χS and the spatial part symmetric. I write the total wave function for
these cases as ΨT and ΨS respectively. Since the spatial wave function is different in
the two cases, there will be a different electron overlap in the Coulomb Hamiltonian
and the energy in each case will be the inner product,

ET = 〈ΨT|Ĥ|ΨT〉 and ES = 〈ΨS|Ĥ|ΨS〉, (1.2)

where ET and ES are the Coulomb energies for a triplet or singlet spin wave function
respectively. Since Ŝ1 · Ŝ2 is − 3

4 for the singlet state and + 1
4 for the triplet state

the energy can be parametrized using Ŝ1 · Ŝ2. One obtains
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Ĥ =
1

4
(ES + 3ET)− (ES − ET)Ŝ1 · Ŝ2 = const + J Ŝ1 · Ŝ2,

Ĥexchange = J Ŝ1 · Ŝ2,

(1.3)

where H is the Hamiltonian of the system, and Hexchange ≡ H−const is the relevant
spin dependent part of the Hamiltonian usually used for exchange interactions [3].
Depending on the integrals in Eq. 1.2, J can be positive or negative. Exchange in-
teractions in materials are typically more complicated as they involve the collective
spin of an entire atom, which can be hard to predict. The strength of this interac-
tion is typically exponentially decaying with distance, like the wave function, and is
only relevant for atoms that are very close, but not restricted to nearest neighbors.

Due to the many different types of magnetic ions and local environment, ex-
change interactions can have very different effects on a system. I make no further
derivations here, but will state the most commonly used [3] exchange interaction
types in the following sub-sections.

1.2.2 Super-exchange
In contrast to direct exchange, super-exchange uses a non-magnetic ion to extend
the range of the interaction. It is a phenomenon that occurs in many compounds
that involve oxygen [5]. Prominent examples include manganese and iron oxides,
where super-exchange has an important role in the everyday ferrimagnetism of
magnetite/lodestone [6]. It is also one of the main processes involved in the rare
earth pyrochlore materials Ho2Ti2O7 and Dy2Ti2O7 studied in this thesis.

1.2.3 Indirect exchange (RKKY)
RKKY interaction is a long-range interaction mediated by the electron gas in a
metal [3]. It has the following exchange coupling:

JRKKY(r) ∝ cos(2kFr)

r3
, (1.4)

where kF is the Fermi wave vector. Metals are not considered in this thesis, but it
is interesting to note the oscillatory behavior of the interaction-strength JRKKY(r).
The sign alternates with distance, in contrast to how the sign alternates with angle
for dipolar interactions.

1.2.4 Anisotropic exchange, DM interaction
Finally I mention a weaker interaction proposed by Toru Moriya [7], caused by the
spin-orbit coupling [3]. This type of exchange interaction has the Hamiltonian

ĤDM = D · Ŝ1 × Ŝ2. (1.5)
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Here D is a vector which depends on the particular material. This type of interac-
tion enforces very interesting collective behaviors of electrons. In a two-dimensional
system, a simple computer simulation of this interaction, with classical spins will
result in exotic excitations known as magnetic skyrmions. Such excitations have
also been observed in real materials and it is a topic of great current interest [8].

1.3 Magnetic interaction

Much of the work in this thesis is related to magnetization measurements made
on magnetic crystals. In order to understand the changes in spin-spin interactions
imposed by differences in the measured magnetization, it is important to know how
the macroscopically measured magnetization and fields can be transformed into
simulated quantities.

In this section I shall therefore give a brief overview on magnetization, magnetic
interactions and demagnetizing transformations.

1.3.1 Magnetic fields and dipolar interactions

In the study of magnetism, the magnetic field B is a vector field which acts upon
charged particles through the Biot-Savart law [9]. For a magnetic dipole, µ, one
can derive the Zeemann interaction energy:

HZeeman = −µ ·B. (1.6)

This expression looks simple; a dipole will orient itself along the direction of the
magnetic field. However, one needs to be careful when using this expression, as it
is not always clear what the local magnetic field is.

Imagine that I start with a uniform magnetic field B0 in vacuum. Then I insert
a magnetic dipole µ1 which is free to rotate at the origin. The total B-field at a
given point r in space becomes

B(r) =
µ0

4π

[
3r̂ (µ1 · r̂)− µ1

r3

]
+ B0, µ0 ≡ 4π · 10−7 H/m. (1.7)

When the magnetic dipole µ1 rotates to find its minimum energy state, it will
align itself with the B-field. However, if one were to add a second dipole, µ2, to
the system, and naively use Eq. (1.6-1.7) to determine the direction in which this
second dipole will point, one would neglect the fact that µ2 will alter the B-field
and influence the orientation of µ1. Hence in order to find the minimum energy
solution, one would need to minimize
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HZeeman = −µ0

2π

[
3 (r̂12 · µ2) (µ1 · r̂12)− µ1 · µ2

r3
12

]
︸ ︷︷ ︸

Hdipolar

−(µ1 + µ2)B0, (1.8)

where both µ1 and µ2 are free to rotate. Hdipolar is the internal dipolar inter-
action energy. Every system consisting of magnetic dipoles will have this energy
contribution, but it is usually weak when compared with exchange interactions.

Now assume that I have a system with Hamiltonian H in which the dipolar
energy has been included. Then apply a magnetic field to this system, using a
coil or other apparatus which would generate the field B0 in vacuum. Let the
sample be inserted into this field without any changes in the apparatus. The total
Hamiltonian is

Htotal = H−B0

∑
i

µi. (1.9)

Note that the current B-field is different from B0, although the change in the
Hamiltonian looks just like the addition of several Zeeman contributions. The
simplicity of Eq. (1.9) is what motivates the introduction of theH-field;H ≡ B0/µ0.
Textbooks usually define the H-field through the relation

H =
B
µ0
−M, (1.10)

where M is the combined field from all the dipoles, or magnetization if considered
in the bulk of a uniformly magnetized material.

I may interpret these fields in the following way: the B-field is the real physical
field that can be measured. TheH-field is a mathematical construction where I have
removed the contribution from bound currents (M). The H-field is therefore also
referred to as the field generated by free currents [9]. The distinction between bound
currents and free currents is somewhat arbitrary, and in order for the H-field to
be meaningful, one should always state exactly which currents in the experimental
setup that are considered as free. In practice, physicists use some apparatus to
generate a field, and it is the strength of this field when no sample is present which
is defined as the H-field.

1.3.2 Demagnetizing transformation

Simulations of magnetic crystals are usually performed with periodic boundary
conditions [10]. If the simulated cell is large compared to the correlation length, then
the properties obtained correspond to that of an infinite system without boundary.
In reality, although samples are macroscopically large, they are not infinite, and
this changes their magnetic properties. At first this seems strange as the boundary
is macroscopically far away from the bulk. However, although the boundary is far
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away, it is also macroscopically large, which by nature of the long-range dipolar
interactions, will influence the bulk properties.

In Fig. 1.1(a-b) I illustrate the case of an infinite and a finite magnetized sample.
In Fig. 1.1(a) I introduce an imaginary boundary enclosing a region in space with
the same shape as the sample in Fig. 1.1(b). From this illustration, it can be seen
that in the infinite case Fig. 1.1(a), the bulk dipole will feel an extra contribution
to the magnetic field from all the dipoles outside the imagined boundary. It is
in general complicated to calculate what this field is, and in most cases it is not
uniform over the sample [11]. The field is called the demagnetizing field Hd, and
for spheres and ellipsoids the field is uniform and point along the direction of the
magnetization.

(a) (c)
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(b)

Figure 1.1: Different boundary conditions. (a) Ewald bounday conditions [12],
"infinite" sample. (b) Experimental boundary conditions, macroscopic sample. (c)
Demagnetizing field contribution Hd.

This field Hd can be seen as a field that is aiding the magnetization of an
infinite sample or equivalently, demagnetizing the finite sample, which is from where
the name originates. The demagnetization field can be calculated in terms of the
magnetization,

Hd = NM. (1.11)

For spheres and ellipsoids this can be done analytically. The constant N is called
the the demagnetization factor. Cylinder shaped samples are used in the majority
of the experiments in this thesis. For cylinders, N can also be calculated but it has
to be done numerically [13].

The conclusion here is that, if I simulate a sample with periodic boundary con-
ditions (Ewald boundary conditions [12]), and apply a field Hint in the simulation,
then the resulting magnetization of the simulation cell will be aided by the dipoles
at infinity, and stronger than it would be if I could simulate the macroscopic sample
including the boundary. Hence in order to compensate for this, I need to add Hd
to Hint to get the field needed for the same magnetization of a finite sample. This
is called a demagnetizing transformation [11]
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Hext = Hint +NM. (1.12)

The demagnetizing transformation is nothing more than the mathematical trick
to redefine the H-field. Since I am free to choose what I define as the free currents,
it is always possible to redefine the H-field. In this particular example Hext is the
H-field from the field generating apparatus, whereas Hint is a redefinition where I
include the bound currents at the sample surface as a contribution to the H-field
in the bulk. The reason for this is that I cannot simulate a macroscopic sample
where the boundary is included.

The usual textbook derivation of the demagnetization transform is that effective
magnetic charges form on the boundary of the finite sample [11]. One then argues
that these charges produce the demagnetizing field Hd which demagnetizes the
sample. This argument is somewhat different from the approach presented here.
However, they are equivalent: this can be seen by first calculating the field inside
a uniformly magnetized object, Fig. 1.1(b). This field is the same as that from
magnetic charges on the boundary of the sample [14]. For a uniformly magnetized
surrounding, Fig. 1.1(c), the magnetic charges on the boundary are opposite to
those of the sample. Hence I can equally well view the demagnetization of the
real sample as an enhancement of the magnetization in the simulated sample with
Ewald boundaries [12], which is the approach taken above. The reason for not going
by the textbook is that, in my opinion, the introduction of fictive magnetic charges
only complicates the discussion and is not needed.

The demagnetizing transformation for anisotropic shapes will have different de-
magnetization factor depending on the direction of the H-field. For such samples,
it is convenient to introduce a matrix N̄ in which the elements correspond to the
demagnetizing factors along each euclidean axis and cross-terms:

Hext = Hint + N̄M. (1.13)

For all samples shapes, it is always true that Tr N̄ = 1, which for a sphere gives
the isotropic demagnetization factor N = Nxx = Nyy = Nzz = 1

3 [11].

1.3.3 Ewald boundary method for demagnetization

Limited computer resources inhibit simulations of macroscopic samples. However,
it is still possible to modify the Hamiltonian H to compensate for the extra contri-
bution to the field from the dipoles at infinity. This method was suggested by de
Leeuw et al [15] as an extension to the Ewald calculation for dipolar energies [12].
For a spherical sample it is done by adding the following contribution to the Hamil-
tonian
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Hdemag sphere =
µ0

V

∑
i6=j

1

3
µi · µj , (1.14)

where V is the volume of the simulated system. The inclusion of this term into the
Hamiltonian has the same effect as performing a demagnetization transformation.
The advantage here is that one can directly insert the experimentally controlled
Hext into the simulation as a Zeeman contribution for every dipole. For samples
that are not spherical, but for which the demagnetization factors are known, one
may instead add the following contribution to the Hamiltonian [16],

Hdemag general =
µ0

V

∑
i6=j

µᵀ
i N̄µj . (1.15)

In this work I have used both of the described methods for demagnetizing transfor-
mations, as a way of ensuring correctness of implementation. They are equivalent
for the large systems that I simulated, but I shall mention that the finite size effects
differ between the two methods if the system is small.

1.4 Crystal fields

Crystal field theory is a well established theoretical framework that describes the
effects of nearby ions or charge distributions on magnetic ions [17]. In the case of
rare-earth magnetism the formalism used is typically a set of orthogonal operators
that act on the wave-function of the magnetic ion. The most commonly discussed
example of this is perhaps the Stevens operators [2]. A crystal field Hamiltonian
Hcf is added to the system which has the following form for each ion:

Hcf =
∑
lm

Bml Ô
m
l . (1.16)

Here Bml are the crystal field parameters, and Ôml are the Stevens operators. The
Stevens operators can be written as algebraic combinations of the spin operators
Jx, Jy, Jz (Pauli matrices) for the effective spin of the ion [4]. With the aid of
this framework, it is possible to determine the magnetic state of ions in certain
materials. The crystal field effects are of great importance to the properties of a
spin system. In particular for the spin-ice materials discussed in chapter 2, the
crystal fields cause the spins to point along a local Ising axis [18]. In chapter 3
and paper 3 the crystal fields are also of importance and in my collaboration we
fit the Stevens parameters to susceptibility measurements. Crystal fields are of
great interest but I have not worked actively with these theories for my parts of the
published work. For this reason I will end the discussion here but suggest that the
interested reader may consult Ref. [2] for more details.
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1.5 X-ray Scattering

X-ray scattering is one of the most common techniques used in modern catego-
rization of crystals. The method relies on bombarding a sample with high energy
photons [1]. X-rays typically have a wave-length of the order of 10 pm to 10 nm
which encompasses the typical distance between atomic planes in a crystal∼ 0.1 nm.
Hence a diffraction experiment on a crystal can reveal the positions and structure
of the atoms in a crystal, since their periodic arrangement will produce peaks in
the scattering spectrum. Although X-rays do interact with magnetic fields from
atoms [19], it is not the ideal tool to use to probe magnetic structures. The reason
for this is that the cross section is small which makes experiments more difficult
or even impossible if the magnetic moments in the materials are small [20]. Due
to the strong interaction with electric fields, X-rays typically also probe only the
boundary of a sample, potentially raising the question whether the observed peaks
give an accurate description of the bulk properties.

X-rays were used extensively in this collaboration to characterize the crystals
that were synthesized for the studies. However to probe magnetic interactions, we
used neutron scattering and susceptibility measurements.

1.6 Neutron Scattering

Neutron scattering is one of the main techniques used in this work. Through our
collaboration with experimentalists at the European Spalliation Source (ESS), Uni-
versity of Copenhagen and the Niels Bohr Institute, we have performed multiple
neutron scattering experiments on different compounds. I actively took part in
these experiments, and to better understand the results discussed in later sections,
I here give a brief overview on the subject.

Neutron scattering is the ideal tool for investigating bulk correlations in mag-
netic crystals [21]. The method takes advantage of the fact that the neutron carries
zero electric charge, and therefore only interacts with magnetic fields via its intrin-
sic spin. Because of this, neutrons penetrate deeper into materials, and the signal
from magnetic correlations is more prominent than it is in X-rays studies. This is
a huge advantage, and it is this property that has allowed scientists to confirm and
discover countless magnetic phases [22]. A famous example of this is the confirma-
tion of anti-ferromagnetic order, which was still debated until 1949 when neutron
scattering experiments showed additional Bragg peaks below the Néel temperature
in MnO [23].

Typically, neutron scattering intensity is measured as a function of the wave-
vector transfer, Q, which is the change in the wave vector of a neutron when it is
scattered by a sample. In general the neutrons will change wavelength after being
scattered. However, in the special case that there is no change in the neutron
wavelength, the scattering is called elastic. Elastic neutron scattering has been the
main focus in this work and it probes the magnetic correlations and order of a
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system. Typically, the signal from such an experiment depends on Q. I therefore
write the scattering intensity, S, as a function of Q; S(Q) =

(
dσ
dΩ

)
(Q). Here,(

dσ
dΩ

)
(Q) should be interpreted as the flux of neutrons per solid angle, with transfer

wave vector Q. In reality, neutron detectors occupy a finite area, and S(Q) simply
becomes the neutron count at different angles.

Neutrons interact with the magnetic field in materials. There are several con-
tributions to this field but I am interested only in the contribution from spin-spin
correlations. Let me therefore divide the scattering into two contributions, one
from the spin-spin correlations

(
dσ
dΩ

)
spin-spin and one from all other contributions(

dσ
dΩ

)
other,

(
dσ

dΩ

)
=

(
dσ

dΩ

)
other

+

(
dσ

dΩ

)
spin-spin

. (1.17)

One way to isolate the magnetic part of the scattering, is to exploit the fact
that the interaction between the magnetic moments is often weak. This means that
the magnetic contribution will only be manifested at the lowest temperatures. A
common technique used to extract this part, is to perform two measurements at
different temperatures. Since the magnetic moments will have random arrangement
at high temperature, I can therefore write

(
dσ

dΩ

)
spin-spin

=

(
dσ

dΩ

)low temperature

−
(
dσ

dΩ

)high temperature

. (1.18)

This naturally assumes that the other contributions, such as nuclear scattering,
do not change as temperature is increased, which is a good approximation if the
temperatures are moderately low [24].

In some experimental setups, it is possible to separately measure the spin-up
and spin-down contributions of the outgoing neutron scattering signal. With the
aid of a polarized incoming neutron beam, one can then directly deduce the dif-
ferent contributions to the total intensity. In a cartesian coordinate system, these
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quantities are related by the following equations [25]
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)NSF
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nuc
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(1.19)

where α is the angle between the wave vector transfer, Q, and x−axis. For this
set of equations to be valid, the coordinate system must be chosen so that the
Q-vector is always in the xy−plane during a scattering experiment i.e. the z-axis
is the sample rotation axis.

The subscripts “si"(nuclear spin-incoherent),“nuc"(nuclear) and “mag"(magnetic)
are the different contributions to the full neutron scattering signal. The utility of
measuring the spin flip (SF) and non spin flip (NSF) contributions separately is
that one can use Eq. (1.19) to extract the magnetic signal, which is equal to the
spin-spin signal plus a form factor due to self correlations. This can be done in two
independent ways,

(
dσ

dΩ

)
mag

= 2

[(
dσ

dΩ

)SF

x

+

(
dσ

dΩ

)SF

y

− 2

(
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)SF

z

]
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[
2

(
dσ

dΩ

)NSF

z

−
(
dσ

dΩ

)NSF

x

−
(
dσ

dΩ

)NSF

y

]
.

(1.20)

In this work I have used these formulas extensively and I have also worked directly
with the

(
dσ
dΩ

)SF
z

and
(
dσ
dΩ

)NSF
z

signals.

For all polarized neutron scattering experiments performed in this work, my
group has used the D7 instrument at Institut Laue-Langevin (ILL). In Fig. 1.2 I
depict this instrument viewed from above.



16 Chapter 1. Theoretical framework

The diffuse scattering spectrometer D7 of the ILL.

Figure 1.2: D7 polarized neutron scattering instrument at the ILL. Top view. On
the left is the neutron guide, on the right is the instrument. The sample rotates
around the axis going out of the plane of the paper. The detector banks can be
moved to cover different regions in Q space. Picture reprinted from J. R. Stewart et
al., Disordered materials studied using neutron polarization analysis on the multi-
detector spectrometer, D7, Journal of Applied Crystal- lography 42, 69 (2009). [25].

1.7 Magnetic Frustration

The main topic of this thesis is magnetic frustration. This phenomena occurs
when the couplings between magnetic ions are such that there is a macroscopically
degenerate ground state. A famous example of a frustrated system is the anti-
ferromagnetic Ising model on a triangular lattice. Figure 1.3 depicts the situation
for a single triangle. The ground state is degenerate and the system will not order at
low temperature. For the full triangular lattice, the number of ground states grows
extensively with the system size. This particular type of frustration is also termed
geometric frustation as it arises due to the geometry of the system. This is also the
case for the spin ices and garnets studied in this thesis. However, frustration can
have many causes such as interplay between different interactions which happen to
be of similar strength [26]. Frustration has puzzled the scientific community for
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decades and the research is motivated by the novel phenomena that can arise from
frustration [27]. Anderson also argued in 1987 that frustration may even explain
some aspects of superconductivity [28].

In the following chapters I will dive deeper into the effects of magnetic frustra-
tions in spin-ice and garnet compounds.

?

J

J

J

Figure 1.3: Magnetic frustration for an Ising model on a triangle. The nearest-
neighbor interaction J prefers to have spins anti-aligned. The energy can be min-
imized by having two spins with opposite alignment (bottom left and top spin are
anti-aligned). However, with this condition there is no unique ground state for the
system as the bottom right spin is free to choose any orientation. This particular
form of magnetic frustration is also called geometric frustration and is relevant for
the spin-ice and garnet materials studied in this thesis.





Chapter 2

Spin Ice: Topic of papers 1 and
2

Frustration is the inability to simultaneously satisfy all interactions. Magnetic
frustration has been found and studied in a number of materials, and in the late
1990s a special class of materials were discovered, in which the lattice causes the spin
system to exhibit this behavior. This is not an uncommon behavoir, but because
of the peculiar way in which the frustration is manifested in these materials, they
have been termed spin ices. The most prominent examples of such materials are
Dy2Ti2O7 and Ho2Ti2O7 [29][30].

Although spin ice has emerged from experimental activity, the main focus of
my thesis has been theoretical. I have therefore chosen to present spin ice from
a theoretical viewpoint. The main focus will be on effective models and solution
methods. The models and parameters are backed up by decades of experimental
investigations, but I will discuss the experiments only for the new work performed
in my collaboration.

2.1 Spin ice

A spin ice is a magnetic crystal in which the spins reside on a pyrochlore lattice
and display residual entropy at low temperature.

Definition: A nearest-neighbor spin ice is an Ising spin-1
2 system where the

spins reside on the sites of a pyrochlore lattice. The Hamiltonian is given by

Ĥ = Jnn
∑
〈ij〉

σ̂zi σ̂
z
j = Jnn

∑
〈ij〉

σiσj . (2.1)

The symbol σ̂zi denotes the normalized spin operator at site i along the axis which
connects this site with the center point of the closest up-tetrahedron. It is common
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practice to refer to this axis as the local [111]-axis and I shall do so in the rest of this
text. The up-tetrahedra are defined as the subset of tetrahedra in the pyrochlore
lattice which have their tip pointing in the [111] crystalline direction, Fig. 2.1(a).
The hamiltonian can be rewritten using the eigenvalues σi = ±1 of the normalized
spin operators. A spin is said to point in or out of its parent up-tetrahedron if σi is
positive or negative respectively. The effective nearest-neighbor coupling Jnn > 0
originates from super-exchange and dipolar interactions, 〈· · · 〉 denotes summation
over nearest-neighbor sites.

The ground state of Eq. (2.1) for Jnn < 0 is trivial, having all spins pointing
in or out of their parent up-tetrahedron, σi = σj ∀ i, j. However, when searching
for the ground state of the Jnn > 0 model (spin ice), one quickly realizes that the
geometry causes frustration. Locally when considering only a single tetrahedron of
the pyrochlore lattice, Fig. 2.1(b), it becomes apparent that the minimum energy
state is given by having two spins pointing in and two spins pointing out of the
tetrahedron. It does not matter which spins are pointing in, and hence there are(

4
2

)
= 6 ground states of equal energy. By connecting further tetrahedra to the

corners of this tetrahedron, and continuing the process by adding more tetrahedra
to the corners of these, the pyrochlore lattice is generated. Doing so introduces
more degrees of freedom and the number of ground states is an extensive quantity.
The ensemble of states for which all tetrahedra have two spins in and two spins
out are said to obey the ice rules. The study of excitations and transitions out of
this highly degenerate ground state ensemble is a topic of great interest, as novel
phenomena can be studied. An example of such behavior is the emergent magnetic
monopole excitations in spin ice, which I elaborate further on in section 2.2.3.

At present the study of spin ice is mainly of interest to fundamental research,
but there is work suggesting that structures like this can be used for memory stor-
age (artificial spin ice) [31] and interest in frustrated materials is also motivated
by the search for quantum spin liquids which can be of use to topological quantum
computing [32]. In addition to this, the magnetic monopoles in spin ice present a
playground for magnetricity, which could potentially be used in information tech-
nology [33]. Understanding aspects of frustrated magnetism appearing in rare earth
compounds such as spin ice might therefore play an important role in the future
development of electronic devices.

With regards to the naming, spin ice gets its name from being structurally
isomorphic to hexagonal water ice (ice Ih), which is the phase of naturally occurring
snow and ice. In this phase, oxygen atoms occupy the center points of the tetrahedra
in a pyrochlore lattice (forming a diamond lattice). Each hydrogen atom has two
lowest energy positions, ‘far away’ or ‘close’ to its parent oxygen. By the slight
differences in energy when the surrounding hydrogen atoms sit at different positions,
a direct mapping to an Ising model can be made by interpreting the position of the
hydrogen atom as σ = +1 and σ = −1 respectively. This was studied in the thirties
by L. Pauling[34]. Predictions were made for the ground state entropy which were
not only experimentally verified, but also valid for spin ice [30].
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Figure 2.1: (a) Illustration of the pyrochlore lattice, a lattice constructed by con-
necting corner-sharing tetrahedra. Up- and down-tetrahedra are marked, a down-
tetrahedra is always connected to four up-tetrahedra and vice versa. The symbol
σ marks the positions of the spin sites. (b) Tetrahedron with Ising spins σ residing
on its corners, interacting via the negative ferromagnetic coupling Jnn. The ground
state is six-fold degenerate for a single tetrahedron and for every new tetrahedron
added to the lattice, the ground state degeneracy increases.

The nearest-neighbor spin-ice Hamiltonian, Eq. (2.1), was perhaps first moti-
vated for magnetic systems in P. W. Andersons model for spinels [35]. The Hamil-
tonian is an approximation modeling the strongest interactions. Experimental ev-
idence for Ising anisotropy on the pyrochlore lattice was again reconsidered after
neutron scattering studies on the pyrochlore Ho2Ti2O7 (HTO)[36]. It was also con-
firmed in heat capacity studies that Dy2Ti2O7 (DTO) [30] follows the predictions
of the nearest-neighbor spin ice model with good accuracy [37][38].

In both materials it is the large f -orbital magnetic rare-earth atoms Ho or Dy
that reside on a pyrochlore lattice and form a spin ice. The other atoms, Ti and
O, serve as padding atoms to make the compounds chemically stable. They have
no magnetic moment, but play an important role in shaping the super-exchange
energies [37]. The crystal field forces the spins to be oriented along the local [111]-
axis [39]. This gives experimental motivation for the spin ice Hamiltonian Eq. (2.1).
For these materials the properties can be described using classical statistical me-
chanics and they are the main focus of this thesis. If this was not the case one would
have to solve the quantum mechanical problem which includes the other compo-
nents of the spins. Theoretical investigations of this exist and the materials are
sometimes referred to as quantum spin ices [40]. One material believed to exhibit
such behavior is Tb2Ti2O7 (TTO) [41], although it is still under debate if it is a
true quantum spin ice [42].



22 Chapter 2. Spin Ice: Topic of papers 1 and 2

2.2 Dipolar spin ice

2.2.1 The standard dipolar spin ice model

Definition: The standard dipolar spin ice model (s-DSM) is defined as a system
of classical unit Ising spins Si on the pyrochlore lattice, pointing along the local
[111]-axes interacting through the following Hamiltonian;

H = J
∑
〈i,j〉

Si · Sj +Da3
∑
i<j

(
Si · Sj
|rij |3

− 3
(Si · rij) (Sj · rij)

|rij |5
)
. (2.2)

Here, J is the nearest-neighbor super-exchange interaction-strength, D = µ0µ
2

4πa3

is the dipolar interaction-strength, a is the nearest-neighbor distance, µ0 is the
magnetic vacuum permeability and µ is the magnitude of the magnetic moment of
an ion at a given site.

It should be noted that for this Hamiltonian, I chose to include the direction of
the Ising spins Si and hence there is a dot product appearing in the interactions.
Since the spins are forced to point along the local [111]-axis by the crystal field,
the angle between the spins is the tetrahedral angle, cos−1(− 1

3 ) ≈ 109◦, and the
dot product equals − 1

3 . It is also common to here use the σi = ±1 variables to
indicate the state of the Ising spins, and the reader should note that I would then
need to reduce the interaction-strength by 1

3 as there is no dot product. It should
also be noted that the dipolar moment µ is not necessarily equal to the magnetic
moment of a free ion. The constant µ is the effective moment of the ion when it
is chemically bound to the surrounding atoms. Usually the magnetic moment is
weaker for the bound ion than for the free atom due to screening effects. This is
the case for both Dy in DTO and for Ho in HTO.

The birth of the s-DSM model is a rather interesting story. The dipolar contri-
bution was initially added in addition to the nearest-neighbor exchange interaction
in the form of a series which was truncated at some appropriate furthest neighbor.
It was found that models with a finite truncation distance could show spurious
ordering transitions and that having nearest-neighbor interactions only would give
a better fit to the experiments [43]. Only when going to the limit of an infinite
number of neighbors (Ewald summation) would the dipolar model describe the ex-
periments more accurately, as suggested in a mean-field approach by den Hertog et.
al. [44]. Apparently the addition of long-range interactions has a cancellation effect
which makes it possible to describe the system approximately with only nearest-
neighbor interactions. It was also realized that the ferromagnetic nearest-neighbor
interaction is due to the dipolar interactions and that the exchange interaction is in
fact anti-ferromagnetic. Writing the effective nearest-neighbor interaction-strength
as Jeffnn , I can express this relation as

Jeffnn =
5

3
D − J

3
. (2.3)
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The constant Jeffnn = Jnn is the effective nearest-neighbor interaction, Eq. (2.1),
which includes both dipolar and exchange interactions [45, 46]. By heat capac-
ity and neutron scattering measurements, the following values for the interaction
parameters have previously been established for DTO [44] and HTO [47]:

Compound Jeffnn [K] J [K] D[K]
DTO 1.11 3.72 1.41
HTO 1.83 1.56 1.41

Table 2.1: Spin-ice parameters determined from experimental measure-
ments. [47][44]

The exchange parameter Jeffnn is positive for both materials, making the nearest-
neighbor Hamiltonian, Eq. 2.1, frustrated. The behavior of the s-DSM is remarkably
similar to the nearest-neighbor model. For both models, the system enters the
spin ice manifold at a temperature close to that of the effective nearest-neighbor
interactions (∼ 1K). However, theoretical investigations [45] show that the s-DSM
is not truly frustrated, and that there is a unique ground state. This ordered
state is achieved by arranging the spins in chains to minimize the dipolar energy
contribution in Eq. (2.5). The ground state has a twelve-fold degeneracy and the
order can be characterized by the following multicomponent order parameter [45]:

Ψk ≡
1

N

∣∣∣∣∣∣
N/4∑
j=1

4∑
a=1

σaj e
iφka+iqk·rj

∣∣∣∣∣∣ . (2.4)

Here N is the number of spins, σaj is the spin state on the a:th site of up-
tetrahedron j. rj is the FCC position of the j:th up-tetrahedron, qk is the ordering
vector, which can be directed along any of the cubic unit cell edges, with magnitude
2π/L (L is the side of the unit cell). φk is a phase factor which matches the ordering
state when traversing the tetrahedra. There is some ambiguity in defining this
phase depending on the numbering of the atoms in the unit cell and the order in
which the ground states are numbered. Nevertheless all twelve states are merely
the same state under the act of mirroring and rotation by the Fd3̄m space group.
The ground state is commensurate with the pyrochlore 16 particle unit cell, and I
show all possible realizations of it in Fig. 2.2. The of this ordered states is perhaps
better seen in an orthogonal projection along the ordering vector. In this view one
can see chains of spins pointing head to tail. Figure 2.3 shows such a projection for
eight unit cells. For each of the three 〈001〉 directions there are four Ψ states that
have stripes visible, giving more intuition about the 3*4=12-fold degeneracy.

Although all Ψk can be considered equivalent I choose here to show the full
three dimensional nature and symmetries of the ground state, as this is a topic of
further discussion in section 2.6 and paper 1, where the Fd3̄m symmetry is broken
and the twelve-fold degeneracy is lifted.
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Ψ1 Ψ2 Ψ3 Ψ4 Ψ5 Ψ6

Ψ7 Ψ8 Ψ9 Ψ10 Ψ11 Ψ12

Figure 2.2: All twelve degenerate ground state copies, Ψ, for the s-DSM shown for
the 16 particle unit cell. The states satisfy the ice rules. Only the up-tetrahedra
are drawn for clarity.

2.2.2 The generalized dipolar spin ice model

Definition: The generalized dipolar spin ice model (g-DSM) is defined as a system
of classical unit Ising spins Si on the pyrochlore lattice, pointing along the local
[111]-axes interacting through the following Hamiltonian [48]:

H = J1

∑
〈i,j〉

Si · Sj + J2

∑
〈〈i,j〉〉

Si · Sj + J3a

∑
〈i,j〉3a

Si · Sj + J3b

∑
〈i,j〉3b

Si · Sj

+Da3
∑
i<j

(
Si · Sj
|rij |3

− 3
(Si · rij) (Sj · rij)

|rij |5
)
.

(2.5)

Here, J1 is the nearest-neighbor super-exchange interaction-strength. The addi-
tional parameters J2 and J3a,b are the second- and third-neighbor exchange inter-
actions. The reason for having two different types of third-neighbor interactions
is that not all third-neighbor pairs have the same local environment. D, a, µ0 and
µ are defined analogously to the s-DSM. However, the magnetic moment µ differs
by a small amount when compared to the s-DSM value, due to the more accurate
description of the measured properties in the g-DSM. In this thesis the g-DSM is
used in paper 4 and chapter 4 with the parameters J1 = 3.41 K, J2 = −0.14 K ,
J3a = 0.030 K and J3b = 0.031 K [49].

The ground state of spin ice is a topic of great interest in current research and
the g-DSM gives an important contribution to the understanding of it [50]. The
reason for this is that the addition of small further-neighbor interactions has a great
influence on the ground state selection and perturbations like these are therefore
important for spin-ice materials.
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�
〈001〉

Figure 2.3: Long-range ordered ground state, Ψ, viewed under orthogonal projec-
tion along the appropriate 〈001〉 axis for which the ordering into chains can be
seen.

2.2.3 Emergent magnetic monopoles

A topic that is closely related to spin ice is magnetic monopoles. Despite almost
two centuries of experimental endeavors magnetic monopoles have still not been
observed, which is expressed in the Maxwell equations as ∇ · B = 0 [9]. The ab-
sence of magnetic charge has puzzled scientists for centuries and some unifying
theories even require their existence [51]. The properties of spin ice do not change
the fundamental requirement that the divergence of the B field is zero. However, it
has been shown that the excitations in spin ice follow the mathematical laws for a
plasma of magnetic monopoles [52]. This is one of the major reasons to investigate
the properties of spin ice: it presents an excellent playground for observation of
the collective behavior of magnetic monopoles. The emergent magnetic monopoles
appear when a tetrahedron breaks the two-in-two-out rule, by being in a three-in-
one-out (positive monopole) state or a one-in-three-out state (negative monopole).
These excitations are created in pairs with a string of flipped spins connecting one
positive and one negative monopole [53]. The monopoles interact via the mag-
netic dipolar interaction and are attracted to monopoles of opposite sign over long
distances [54, 55].

2.3 Analytical solution techniques

In the previous section I discussed the most important microscopic models for
describing spin ice. All of these have their origin in experimental measurements
where microscopic interactions cannot be observed directly. Hence it is of great
importance to calculate statistical properties from the proposed models which can
be measured in experiments.
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The ultimate goal for any statistical mechanics problem is to calculate the free
energy or partition function of a system. From this quantity all statistical observ-
ables can be derived. However, an exact calculation of the partition function is in
general not possible, and can only be done for very specific cases. In this section I
shall discuss some analytical solution techniques and approximations.

2.3.1 Exact diagonalization
Exact diagonalization can be applied when a system is small enough so that all of
its possible states can be handled in the memory of a computer. For spin ice each
spin has two possible states giving 2N states for a system of N spins. The unit cell
of spin ice has 16 spins giving a total of 216 = 65536 states, which can be handled
on a normal laptop.

The method is straightforward, I calculate the partition function Z explicitly

Z =
∑
{σi}k

e−βH({σi}k), (2.6)

where β = 1
kBT

, kB is Boltzmann’s constant, T is the temperature and {σi}k
is the k:th possible spin configuration. In order to see how the spin-ice models
compare to experiments, I can for example calculate the volume heat capacity CV
which can be measured in an experiment. With regards to spin ice, the entropy
is also an interesting quantity, as it gives crucial information about the frustrated
ground state. It is possible to calculate both of these quantities with help of exact
diagonalization using the following expressions:

CV =
∂2 lnZ

∂β2

β

TV
,

S =
1

βT
(lnZ − β ∂ lnZ

∂β
),

(2.7)

where 〈· · · 〉 denotes the ensemble average, M is the magnetic moment and V is
the volume of the system. I calculate the above quantities for the nearest-neighbor
and s-DSM spin ice models using the parameters from table 2.1 together with
experimental data [30]. The results are shown in Fig. 2.4. In reality only the
difference in entropy ∆S can be measured, and in this instance the difference in
entropy for the experiment was obtained by integrating the heat capacity, setting
it to zero at the lowest measured data point, 0.2 K. For the theoretical model I
use the value obtained from Eq. (2.7) with Ewald boundary conditions [12] for a
16 particle unit cell.

From Fig. 2.4(a), it can be seen that both the nearest-neighbor model and the s-
DSM can reproduce the experimental bump in the heat capacity centered at about
1.1K. It is remarkable how well the small system size can reproduce the experi-
ment, when using parameters fitted from more elaborate computation techniques
on larger systems. Indeed above 1.5 K there is perfect agreement between exact
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Figure 2.4: Exact diagonalization for the 16 particle unit cell. Nearest-neighbor
model (NN), Jnn = 1.11 K and the s-DSM, J = 3.72 K, D = 1.41 K. Experimental
data by Ramirez et al. [30]. The experimental entropy is only known up to a con-
stant and is not zero at T = 0. The experimental results are obtained by integrating
the heat capacity and the zero level is at the lowest measured temperature.

diagonalization for a 16 particle unit cell and the experimentally measured heat ca-
pacity. The good agreement while using such a small model system stems from the
fact that when the temperature is high, the correlations are short ranged and a big
system is not needed to describe the physical properties accurately. In contrast, for
the low temperatures below 1.1 K the finite size effects become prominent and, as
shall be seen, differ much from more accurate results obtained by larger simulation
cells. For example, the lower peak in the s-DSM heat capacity signals the transition
into the Ψ ground state, which is a first order transition with heat capacity going
to infinity in the thermodynamic limit.

With regards to the entropy, Fig. 2.4(b), the reader should keep in mind that
there is room for ambiguity even when using Eq. (2.7), since the type of boundary
conditions used and the choice whether or not to include dipolar self-interactions
will affect the ground state energy and hence the zero level of the entropy. For all
work in this thesis I have excluded self-interactions and used periodic Ewald bound-
ary conditions, see section 2.4.3. Therefore, when considering the entropy here, it is
the relative changes that are of interest. It can be seen that the qualitative shape of
the entropy curve is the same for the nearest-neighbor model and the experiment.
The entropy decreases with temperature, as expected for any thermodynamic sys-
tem. However, as the system reaches temperatures below 1 K the curve flattens
out and the entropy becomes constant. This signals that the system has entered
the macroscopically degenerate ground state manifold. For the g-DSM model, the
degeneracy is broken by the dipolar interactions which can be seen in the downturn
around 0.2 K. The method of exact diagonalization has its limitations, but it is
interesting to see how many qualitative features that are still captured.
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2.3.2 Block graph (Husimi tree) approximation
Definition: I shall use the word block graph or Husimi tree to refer to a lattice
constructed by the following method: Start by drawing a single tetrahedron, call it
layer 1. For every corner of this tetrahedron, connect one new tetrahedron. These
four newly connected tetrahedra are members of layer 2. For every unconnected
edge of the tetrahedra in layer 2, connect one new tetrahedra. The 12 tetrahedra
connected to layer 2 are called layer 3. The process continues with layer 4,5,6...M.

The block graph approximation of the pyrochlore lattice is a commonly used
method in analytical studies of spin ice [56]. It has its roots in the Bethe approxima-
tion [57]. The construction of the block graph and similar lattices with a root such
as the Bethe lattice makes it possible to compute the partition function exactly. A
good example for a triangular lattice, which is easier to visualize can be found in
Ref. [58]. The block graph differs from the pyrochlore lattice in two aspects: first,
the largest loop of spins has only 3 members. Second, there are multiple tetrahedra
occupying the same position in space. For example some of the tetrahedra in layer
6 lay on top of the layer 1 tetrahedron. For the pyrochlore lattice this is not the
case, and the largest loop of spins is macroscopic.

2

2

2

2

1

3

3

3

4

Figure 2.5: Block graph approximation to the pyrochlore lattice. The numbers in
the tetrahedra mark which layer they belong to. For clarity, not all tetrahedra are
drawn for every layer.

The partition function for spins residing on a block graph interacting via nearest-
neighbor exchange, Eq. (2.1), can be found recursively. When going from layerm to
layer m+ 1 one has the following contribution to the partition function for m > 1:

Zm→m+1 = 4e0 + 3e2βJnn + e−6βJnn . (2.8)

This contribution to the partition function is independent of the direction of the
spin at layer m. If I trace one branch of the block graph out to layer M I will
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need to multiply by this factorM times. Hence, for a single branch the partition
function is

Zsingle branch =
(
4 + 3e2βJnn + e−6βJnn

)(M−1)
. (2.9)

Now, the branches keep dividing into 3 new branches for every layer, and I need to
include the partition function of the central tetrahedron, and obtain:

Z = 2
(
4 + 3e2βJnn + e−6βJnn

)3(M−1)+1
. (2.10)

The heat capacity and entropy are given by Eq. (2.7) and to demonstrate the
beauty of this approach I write it out explicitly in terms of J and β:

CV =
β

TV

(
(3M− 2)

12J2e2βJnn + 36J2e−6βJnn

3e2βJnn + e−6βJnn + 4

+ (2− 3M)

(
6Je2βJnn − 6Je−6βJnn

3e2βJnn + e−6βJnn + 4

)2
)
.

(2.11)

The expression for the entropy is derived in a similar fashion.
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Figure 2.6: Experimental data for DTO[30], together with exact diagonalization
and block graph approach on the nearest-neighbor model, Jnn = 1.11 K. The
experimental results are obtained by integrating the heat capacity. The zero level
is set at the lowest measured temperature. The entropy is not zero for T = 0 and
the theoretical curves are shifted for better comparison with the experimental data.

In Fig. 2.6(a) I show the entropy and heat capacity for the block graph approach.
The essential qualitative spin ice features are captured. The heat capacity has a
maximum at about 1 K just like the experimental data and the exact diagonaliza-
tion method for one unit cell. The reader should note that the heat capacity of the
block graph is scaled so that its maximum coincides with the experimental data,
due to the complexity in determining the volume of the block graph. Figure 2.6(b)
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shows the entropy difference, using the same scaling factor as in Fig. 2.6(a). The
zero level is set so that the entropy at T = 0 is zero, as in Ref. [30].

2.4 Monte Carlo

Monte Carlo (MC) techniques are computational methods that employ random
numbers to solve problems. These techniques are very general and can be used
in a wide range of different fields. In the context of spin ice, the heat-bath or
Metropolis Hastings algorithm is by far the most widely used numerical method. In
this section I shall describe the precise algorithm used for calculating the majority
of the results in my work. I will discuss both the physical interpretation and
computational implementation.

2.4.1 Single-spin flip

The idea behind the heat-bath MC algorithm is that the Boltzmann probability
distribution can be used to simulate the occurrence of thermal fluctuations in a
system. One can then collect statistics on the fluctuations and calculate thermo-
dynamic observables with high accuracy. The fluctuations in a magnetic system
are caused by spins flipping. In reality this can have many different causes and
the dynamics for a large number of moving spins can be very complex. For a MC
simulation this means that there could be a number of different update moves that
should be used, depending on the type of properties one wants to observe. (Further
discussion on dynamic simulation in chapter 4.) The single-spin flip update is the
simplest process that can occur in spin ice, and therefore the most straightforward
update procedure to use in a heat-bath algorithm.

The algorithm works in the following way: One spin Si is chosen at random with
a uniform distribution i ∈ U(1,N ). N is the number of spins in the simulation
supercell consisting of multiple unit cells, usually in a cubic arrangement. The
algorithm calculates the new energy of the system Enew = H(S1, . . . ,−Si, . . . ,SN )
in the case that the spin is flipped. It then compares this new energy to the current
energy of the system E = H(S1, . . . ,Si, . . . ,SN ) and computes the difference ∆E =
Enew−E. It then draws a new random number r ∈ U(0, 1) and compares it to the
Boltzmann transition probability e−β∆E . If r < e−β∆E the update is accepted and
the value of Si is set to −Si. If not, the process is repeated. The single-spin flip
heat-bath algorithm is depicted as a flow chart in Fig. 2.7. During the run of the
algorithm, statistical information on the spin states is collected. The motivation
for the heat-bath algorithm is that taking time averages over these states will give
the same result as taking the average over the full canonical ensemble [10]. For
this method to work, it is required that the update moves are ergodic and satisfy
detailed balance. With a sufficient number of iterations the statistical fluctuations
are small.
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Figure 2.7: Flow chart representation of the single-spin flip heat-bath algorithm.
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Figure 2.8: Heat capacity and entropy difference (∆S = 0 at T = 0) for experiment
[30] and the s-DSMmodel. Here I show the result for the single-spin flip MC method
for different cubic simulation cell sizes, L × L × L unit cells. As reference I also
show the result from exact diagonalization on the unit cell. Error-bars indicate the
sample standard deviation. The entropy difference for the MC method is obtained
by integrating the mean value of the heat capacity. Parameters used: J = 3.72 K,
D = 1.41 K, with 4 · 108 steps for L = 1, 2 and 4 · 106 steps for L = 3. The zero
level for the entropy is set at T = 0 for better comparison with the experimental
data.

Figure 2.8 shows the heat capacity and entropy for the s-DSM model. Typically
I simulate cubic systems consisting of L× L× L unit cells. For the heat capacity,
Fig. 2.8(a), it can be seen that for L = 1, the MC method gives identical results
to exact diagonalization when the temperature is above about 0.5 K. However,
for lower temperatures the MC method deviates from the exact method, suggesting
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that the single-spin flip updates are poor at approximating the partition function at
low temperatures. It is possible that a longer simulation would resolve this issue, but
when the system freezes like this, it is usually better to look for alternative update
methods. It can also be seen that when the size of the simulated system increases,
the broad peak in the heat capacity rises, and comes closer to the experimental
data. This suggest that the system is prone to finite size effects for temperatures
below 2 K. Above this temperature the size of the simulated system has only a
marginal effect.

2.4.2 Loop flips

As mentioned in the previous section, the single spin flip update is not able to probe
the full physics of the s-DSM at low temperatures. There is a physical explanation
for this: flipping a single spin at low temperature requires the creation of a magnetic
monopole excitation. At low temperatures below 1 K the model system will enter
the spin ice state, where all tetrahedra obey the ice rules. Any excitation breaking
the ice rules require a high energy and will in practice never be accepted by the heat-
bath algorithm. Only states that obey the ice rules will contribute to the statistical
properties. The single-spin flip update cannot take the system between such states
without breaking the ice rules. Hence the simulated system will be frozen and no
statistics can be obtained. For this reason, there is a need for an update move which
can effectively cause a transition between different ice states without going through
excitations. I need to allow for clusters of spins to simultaneously be updated, and
an effective technique for doing so is to flip a loop of spins which are all pointing
head to tail [45]. Such an update will result in a transition between two different
ice states, as every tetrahedron in the loop will still have two spins pointing in and
two spins pointing out.

Figure 2.9 illustrates typical loops on the pyrochlore lattice. If I use the nearest-
neighbor model Eq. (2.1), the loop update does not change the energy of the system.
For the s-DSM model, the energy difference when performing a loop update is
determined by the dipolar contribution. Since the number of possible loop updates
is very big for large systems, storing all possible loop updates is not feasible. Hence,
in order to perform loop updates I need a method for generating loops during
execution. There are many ways of doing so, however one has to be careful so that
ergodicity and detailed balance is not broken by the loop generator. Using random
numbers for loop generation assures that there is an equal probability of suggesting
the same loop each time. A commonly used technique is to perform a random walk
on the pyrochlore lattice and wait until the path self intersects to form a loop [45] .
This has the advantages of being straightforward to implement and guaranteed to
follow detailed balance. The downside of this loop generation method is that it can
take a long time to create a loop. For example allowing only minimum size loops
(see red loop in Fig. 2.9) will allow for a much higher number of updates per time
to be performed, although by performing only this update I risk that some states
cannot be reached.
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Figure 2.9: Visualization of the loop update. The figure shows two different ex-
amples of loops on the pyrochlore lattice, along which the spins can be flipped in
a single update. The red loop is the smallest possible loop that can be flipped
without breaking the ice rules, consisting of six magnetic ions. The green loop is
an example of a larger loop, and there is no upper limit on the size of a loop.

The random walk loop generation algorithm works as follows: start by randomly
selecting one of the N/2 tetrahedra on the pyrochlore lattice. Then check if this
tetrahedron obeys the ice rules, and select one of the two outward pointing spins.
This spin will point into a neighboring tetrahedron for which it is now checked if
that also follows the ice rules. Given that it also follows the ice rules, one of the
two outward pointing spins in this new tetrahedron is selected and added to the
loop. The process continues to traverse a path of connected tetrahedra. It is a
random walk with two possible choices at each step. If the random walk encounters
a tetrahedron which does not obey the ice rules, the attempt to create a loop is
aborted and a new starting tetrahedron is chosen at random. The flow chart in
Fig. 2.10 shows how the update and loop generation algorithm works.

When there exists monopole excitations, the loop-flip algorithm looses efficiency
because the loop generator will be forced to abort more frequently. It might there-
fore be preferable to use single-spin flip updates depending on the temperature.
For the simulations conducted in this thesis I use loop flips only when investigating
temperatures below 1.5 K. Single-spin flips were used at all temperatures. At low
temperature I use a combination of loop flips and single-spin flips, at each iteration
the algorithm attempts an equal amount of both updates. In efficiency considera-
tion, it might be an advantage to have a different ratio between the number of loop
flips and single-spin flips attempted. However, there was no need to investigate this
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Figure 2.10: Flow chart for the heat-bath algorithm using loop flips. The loop
generation algorithm is depicted in the dashed area. The algorithm is only effec-
tive when the system obeys the ice rules, since the loop generator will abort if it
encounters monopole excitations.

possibility as the implementation was already running fast enough for the desired
purposes.
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Figure 2.11: Experiment and the s-DSM model for different solution techniques.
I show the heat capacity predicted by the single-spin flip + loop flip algorithm
(SSF+LF). The single-spin flip -only method is shown as reference (SSF). J =
3.72 K, D = 1.41 K.
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Figure 2.11 shows the heat capacity and entropy for the s-DSM model using
loop-flip updates. It can be seen that when loop flips are included in the heat-bath
algorithm, there is a drastic change at low temperatures. The low temperature peak
previously not present for the single-spin flip updates signals that the Ψ ground
state is reached, just like in the exact L = 1 solution. When increasing the system
size to L = 4 one can see that the MC data perfectly follows the experimental heat
capacity curve for temperatures above 0.5 K. For larger systems it can also be seen
that the Ψ transition peak becomes sharper, and in the thermodynamic limit it is
a first order transition [45].

MC algorithms allow for accurate predictions of thermodynamic observables.
The technique has the advantage that the system size can be increased. Being able
to simulate larger systems is crucial for understanding long-range correlations and
effects that are prominent at low temperature. For L ≈ 8 and beyond there are
only minor changes in the MC calculated quantities when system size is increased.
This suggests that the L = 8 results are close to that of the thermodynamic limit
and is the standard size of the simulation cell used in this thesis.

2.4.3 Ewald summation

In sections 2.3 and 2.4 I discussed dipolar interactions. Typically dipolar interac-
tions are complicated to compute due to their long-range nature and the results
can be strongly affected by the boundary conditions or truncation method used. In
this section I shall address the method used in this thesis to compute the energy
contribution from the dipolar interactions: Ewald summation.

Ewald summation is a technique commonly used in molecular dynamics that
allows for efficient computation of long-range (r−n) interactions in a system with
periodic boundary conditions. The textbook example of Ewald summation con-
siders point particles with electric charge [59]. The problem is to compute the
electrical potential energy,

U =
1

2

N∑
i=1

qφ(ri), φ(r) =
∑
n∈Z3

N∑
j=1

q

rij + nL
, (2.12)

where q is the charge of one particle, rij is the distance between two particles and L
is the side length of the cubic simulation cell. The Ewald potential, Eq. (2.12), uses
periodic boundary condition which mirror the system to infinity n ∈ Z3. These
types of infinite summations are common within physics but are sometimes math-
ematically ill-conditioned [12]. The Ewald method of computing this conditionally
convergent sum is as follows: add to the potential, Eq. (2.12), a Gaussian charge
distribution centered at the positions of the particles of opposite sign to the charge
of the particles. This new “screened" potential decays rapidly with distance and
has a well defined convergence. In order to retain the original problem, I also need
to subtract the same Gaussian potential that was added. However when evaluating
the potential from the Gaussian contribution, Ewald made the ingenious realization
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that a Fourier transform can first be performed, which, since the boundary condi-
tions are periodic, will be rapidly converging and straightforward to compute [12].
Figure 2.12 depicts the charge distribution and computation method. The condi-
tionally convergent sum is divided into two sums that are easy to compute.

= +

Conditionally convergent Fast convergence
Evaluate the

Fourier transform

Figure 2.12: Illustration of the added and subtracted Gaussian charge distribution.
The conditionally convergent sum is equivalent to two new sums that are easier
to compute. The first one can be computed directly and the second one can be
computed with the aid of Fourier transformation.

Mathematically I write

U = U1 + U2 (2.13)

where U1 is the real space sum and U2 is the Fourier sum. The sums are carried
out [59] and one obtains

U1 =
1

2

∑
i6=j

q2erfc(
√
αrij)

rij
−
√
α

π
N q2,

U2 =
1

2V

∑
k6=0

4π

k2
|ρ(k)|2 e−k2

4α , ρ(k) ≡
N∑
i

qeikri .

(2.14)

Here α is a parameter that determines the width of the Gaussian screening, V is the
simulation cell volume, k are the wave vectors that are periodic in the simulation
cell, and erfc(· · · ) is the error function. The sum of the above expression gives the
total potential energy of a system of monopoles. For dipoles the Ewald technique
is analogous. I only need to consider each dipole as the usual limit of two close
monopoles of opposite charge. The final expression [59] for the dipolar potential
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energy is

Udipolar =
1

2

∑
i6=j

[(µi · µj)B(rij)− (µi · rij)(µj · rij)C(rij)]

+
1

2V

∑
k6=0

4π

k2
|M(k)|2e−k2

4α − 2π

3

(α
π

)3/2

Nµ2,

B(r) ≡ erfc(
√
αr)

r3
+ 2

√
α

π

e−αr
2

r2
,

C(r) ≡ 3
erfc(
√
αr)

r5
+ 2

√
α

π

(
2α+

3

r2

)
e−αr

2

r2
,

M(k) ≡
N∑
j=1

iµj · keik·rj .

(2.15)

where µi is the dipolar moment for particle i, with magnitude µ, and rij is the
distance between particle i and j. This final expression Eq. (2.15) is what I use
in all computations of dipolar interactions in this thesis. The choice of boundary
condition influences the simulated quantities, and if nothing else is stated, then
Ewald boundary conditions are used. Quantities computed using these boundary
conditions are referred to as internal quantities in contrast to external quantities
measured in an experiment. The internal quantities correspond to an "infinite"
sample built from repeating cells. There is a distinct difference between a sample
that is macroscopically large, and an “infinite" sample like this. This might seem
counterintuitive since the boundary of a macroscopic sample is far away from the
bulk and at first glance not expected to affect the bulk properties. However, the
boundary of a macroscopic sample is also microscopically large and for long-range
dipolar interactions it still has a contribution to the bulk properties [60].

2.4.4 Observables

In this subsection I explicitly state the relationships used in my MC simulations to
compute thermodynamic observables. The observables are related to the partition
function. It is possible to approximate the partition function or equivalently the
density of states through the MC simulation [61], and then calculate the desired
quantities using relationships such as Eq. (2.7). However, it is more straightfor-
ward to determine statistical averages directly from the fluctuations in the MC
simulation.

Heat Capacity: For the heat capacity I use

CV =
(
〈E2〉 − 〈E〉2

) β

TV
, (2.16)

where 〈· · · 〉 denotes the average over the states visited by the heat-bath algorithm.
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Susceptibility: For the volume susceptibility I use

χV =
(
〈M2〉 − 〈M〉2

) β
V
, (2.17)

where M = µ
∑
i Si is the total magnetic moment of the simulated system. For

systems in zero applied magnetic field, 〈M〉2 = 0 was used for better accuracy. For
spin ice, the zero-field-susceptibility is isotropic and I can use Eq. (2.17) to compute
χV in any direction. However when the system is distorted by pressure (section 2.6)
or non-zero field, I need to calculate the susceptibility using

χn
V =

(
〈(n ·M)2〉 − 〈(n ·M)〉2

) β
V
, (2.18)

where n is a unit vector along which I measure the susceptibility.
Magnetic neutron scattering cross section: For calculating the thermal

expectation value of the magnetic neutron scattering cross section, Smag(Q), I use

Smag(Q) =
C[µf(|Q|)]2

N
∑
ij

〈
S⊥i · S⊥j

〉
eiQ·rij , (2.19)

where Q is the wave vector transfer and f(|Q|) is the magnetic form factor, specific
for the magnetic ion, S⊥i is the component of spin Si perpendicular to Q. The
proportionality constant C is given by

C =
(γnre

2

)2

= 0.07265 barn. (2.20)

γn is the neutron magnetic moment in nuclear magnetons and re is the classical
electron radius [24].

Spin polarized neutron scattering cross section: For certain experimental
setups it is possible to measure directly the spin-flip (SF), SSF(Q), and non-spin-
flip (NSF), SNSF(Q), neutron scattering cross sections. For the calculation of these
I use

SSF(Q) =
C[µf(|Q|)]2

N
∑
ij

〈
S⊥i · S⊥j − (Si ·P)(Sj ·P)

〉
eiQ·rij ,

SNSF(Q) =
C[µf(|Q|)]2

N
∑
ij

〈(Si ·P)(Sj ·P)〉 eiQrij .

(2.21)

Here, P is the normalized polarization direction of the incoming neutron beam.
The derivation of both of these formula rely on the simplifying assumption that
P ⊥ Q which was the case in all of our measurements. If this condition is not true,
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the expressions are somewhat more complicated, for example the SF cross section
will be given by

SSF =
C[µf(|Q|)]2

N

(
Si · Sj −

(Q · Si)(Q · Sj)
Q2

− (P · Si)(P · Sj)

+
(P · Si)(Q · Sj)(Q ·P)

Q2
+

(Q · Si)(P · Sj)(Q ·P)

Q2

− (Q · Si)(Q · Sj)(Q ·P)2

Q4

)
eiQ(ri−rj),

(2.22)

which is also straightforward to compute. The derivation of these formulas can be
found in Ref. [21].

2.4.5 Efficiency considerations
When implementing the MC algorithm, effort was made for the program to run
fast and to be memory efficient. As with any program, storing frequently accessed
data and avoiding unnecessary computation reduces the execution time. For the
described algorithm I performed two major optimizations: 1. I stored all the pos-
sible O(N 2) spin-spin interaction energies in a matrix in order to avoid having to
perform the Ewald summation at every step of the simulation. 2. I stored the sum
of the interaction energies for spin i with the rest of the system in a list. The list
had N slots, one for every spin. When the system is updated, this list allows for fast
lookup of the change in energy of the system when flipping a spin: The algorithm
simply reads ∆E from slot i in the list. Of course when one spin is flipped, all the
entries in this list will need to be updated taking the same amount of time as if
one had to compute the energy for every flip. However, at low temperature when
updates are less likely to occur, the list does not need to be updated so often, and
the speed is increased significantly.

In addition, I used effective implementations for matrix and array manipulations
via the open source library Eigen for C++. Eigen allows for better use of the
hardware when performing large array operations, by minimizing the number of
times that data needs to be loaded from the RAM to the registers. It also has an
intuitive interface, with less risk of coding errors. With regards to memory usage,
I used pointers for the energy matrix (O(N 2) entries) and other large objects such
as the correlation function (O(N 2) entries).

Writing efficient code is important not only for saving time, but also for sus-
tainability, as supercomputers use a considerable amount of electricity.

2.4.6 Parallel computing
In order to run large scale simulations I used computational clusters through the
Swedish National Infrastructure for Computing (SNIC). I used the supercomputer
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Beskow at the KTH campus, which is a CRAY XC40 and is one of the fastest
academic supercomputing systems in Scandinavia [62]. The excess heat from this
cluster is used for central heating of the KTH campus, as a step towards a more
sustainable society.

With regards to the spin-ice MC algorithm I used the program package OpenMpi
in order to run the algorithm on several nodes. For each node I ran the MC
algorithm as described above, and I then used the collective statistics gathered
from all nodes to present the results for larger system sizes in this thesis.

2.4.7 Parallel tempering

Above I have described the most important MC updates for simulating spin ice mod-
els [45]. When studying phase transitions and spin glasses, there is one additional
technique which is also frequently used, namely parallel tempering [63]. Parallel
tempering is as an update technique where the algorithm proposes a change of the
entire state of the system. The idea is to simultaneously simulate multiple replicas
of the same system, using for example single-spin flips. The algorithm then pro-
poses to swap the states between two of these replicas. The different simulations
run at different temperatures, and if the system is close to a transition below which
different states are separated by large energy barriers, parallel tempering can be
effective at simulating transitions which require very large clusters of spins (maybe
even the entire system) to be updated. This is because exchanges with higher tem-
perature replicas can help to overcome the energy barriers [63]. In this thesis my
primary work did not focus on the transitions, but rather the ground states and
“high” temperature (2 K) properties, so I did not use parallel tempering to any
large extent. However it is still a common technique and deserves to be mentioned.
A good review can be found in Ref. [64]. For implementation it is natural to use
the different CPU:s on a supercomputer to simulate one separate system each. Up-
dates are then performed by sending the temperature and data log between these,
as exchanging the spin configuration is slow.

2.5 Crystal synthesis

Powder crystals of HTO and DTO were synthesized at the University of Oslo, by
my co-worker Ingrid Marie Fjellvåg. The powders were synthesized by mixing the
correct stoichiometric ratios of Ho/Dy and Ti, and heat treating the mix in an
environment with oxygen. For further details, see the Ph.D. thesis by Ingrid Marie
Fjellvåg. Single crystals of HTO were grown at Lund University, Sweden. HTO
powder was cold pressed into rods, which were placed in a mirror furnace. Ambient
atmosphere conditions were used and HTO single crystals were synthesized using
the floating zone method [65]. The crystals were grown from the bottom up with
a growth rate of 3 mm/hr. Visual inspection of the as-grown crystals revealed no
color change along the growth direction as seen by others [66].
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Figure 2.13: Cold pressed HTO powder rods, mounted in a mirror furnace at Lund
University, Sweden. The rods are rotated in opposite directions, while strong light is
applied to the connection point between the rods. This is the floating zone method
used for growing single crystals.

Figure 2.13 depicts the procedure: two cold pressed rods of HTO are mounted
coaxially, and rotated in opposite directions. Mirrors are used to focus intense
light at the contact point between the two rods. In this region a zone of molten
material is formed which is held in position by its surface tension. As the synthesis
progresses, the focal point of the light is gradually moved up along the upper rod, see
Fig. 2.13. This moves the molten zone and the material left behind solidifies, ideally
forming a single crystal. Sometimes the solidified material can be polycrystalline,
especially in the first few millimeters of the sample. X-ray and neutron diffraction
was used to check the quality of the single crystals, and the floating zone method
produced large regions of high quality single crystals in almost all attempts made.
The single crystal samples were cut into small cylinders with diameter 2 mm and
height 3 mm. The cylinder major axis was oriented along the [111], [110] and [001]
crystalline direction for the respective cut. This was done in order to facilitate
uniaxial pressure studies, which is the main topic of this chapter. Fig. 2.14(a)
shows the typical result from the floating zone synthesis, the center of the sample
is typically one large cm-sized single crystal. Fig. 2.14(b) shows the crystal after
being cut next to the sample holder (pressure cell).
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(a) Single crystal grown using the floating
zone technique.

(b) Single crystal held in tweezers during
placement into a pressure cell.

Figure 2.14: HTO single crystals and sample holder (pressure cell).

2.6 Pressure, Paper 1 and 2

The main aim of my Ph.D. research has been to bring forth theoretical models
that can explain the properties of spin ice under applied pressure. This study has
resulted in two papers, and uses all of the numerical and experimental techniques
mentioned in the previous sections.

The study of pressure effects on spin ice is motivated by the fact that spin ice is
a geometrically frustrated compound. That is: the particular symmetric structure
of the pyrochlore lattice causes the frustration. Hence if I were to perturb the
interactions in a way which is not commensurate with the lattice symmetry, some
states might gain higher energy than others, and the degeneracy will be broken.
Pressure can therefore induce long-range ordering transitions or alter the statistical
properties. This makes pressure a promising tool for investigation of the magnetic
states in materials. My group chose to consider pressure effects on HTO and DTO
since these are the best understood spin ice materials. Previous investigations
of these compounds under pressure are sparse. Neutron scattering measurements
on HTO have been performed, but with no significant change under hydrostatic
pressure [67]. For DTO, an increase of 4% in the magnetization under uniaxial
pressure has been observed [68]. No other experimental studies of HTO and DTO
under pressure have been performed, that I am aware of.

The aim of this thesis has been to develop a theoretical model that includes the
dipolar interactions in spin ice under pressure and to perform further measurements
to fit the model parameters and determine the validity of this model. Ultimately
the goal has been to explain why different spin-ice compounds react differently
to pressure and to perform further measurements of spin-ice compounds under
pressure, with the aim of observing phase transitions. Table 2.2 gives a summary
of which pressure measurements have been conducted and which of these that have
been modeled, previously and in this thesis.
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Measurement Hydrostatic pressure Uniaxial pressure modeled
DTO magnetization × �×
DTO neutron scattering �
HTO magnetization X �
HTO neutron scattering × X �

Table 2.2: Summary of pressure measurements and modeling predictions that have
been made. Previously (×), and this thesis (�).

2.6.1 Hydrostatic pressure model

Hydrostatic pressure exerts a force on a material which is equal in all directions.
Most materials have isotropic compressibility and are compressed by an equal
amount along all axes. For single crystals, or materials with fibers, this can in
principle be different and the compression may vary depending on direction. How-
ever, for spin ice, the source of the frustration lies in the symmetry of the pyrochlore
lattice, which is not changed by application of hydrostatic pressure. Hydrostatic
pressure may therefore not affect the geometric frustration directly, but the com-
pression can still alter the atomic overlaps, perhaps making interactions stronger
and low temperature physics more accessible. It can also alter the ratio between
nearest-neighbor and further-neighbor interactions.

In the simplest model for spin ice, the nearest-neighbor model, (section 2.1),
there is only one parameter, Jnn, and with increasing atomic overlaps one would
expect this to change

H0 = J0
nn

∑
〈ij〉

σiσj → Hp = Jpnn
∑
〈ij〉

σiσj , (2.23)

where the superscripts 0 and p denotes ambient and applied pressure respectively.
Changing this parameter is equivalent to changing the temperature, since they enter
the statistical weight e−βH as Jnn

T .
If I introduce dipolar interactions in accordance with the s-DSM, there will be

two free parameters: the strength of the exchange interaction, and the dipolar in-
teraction. I make the assumption that the magnetic moments of the rare earth ions
remain unchanged with the application of pressure. This is a reasonable assumption
since the electrons are very closely bound to the atomic nucleus and their behavior
not so easily changed. However, there is still a change in the dipolar interactions
owing to the crystal being compressed. To model this I allow the length scales in
the crystal to be contracted by an isotropic compression κp. The magnetic ions
move closer to each other, and the long-range dipolar interactions grow as 1

r3 . This
increase is by no necessity related to the alteration in exchange interactions due
to increased atomic overlap and I therefore model them with a free parameter Jp
under pressure. This results in the Hamiltonian:
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Figure 2.15: Variation in heat capacity and magnetization for the nearest-neighbor
spin ice model at different pressure. (a) Heat capacity vs temperature. (b) Heat
capacity vs magnetic field strength (Hext) along the [110] crystalline direction at
2 K. In both cases; J0

nn = 1.11 and Jpnn = 1, where the latter value is chosen for
illustrative purposes. 105 MC steps per data point.

Hp = Jp
∑
〈i,j〉

Si · Sj + (1 + κp)3Da3
∑
i<j

(
Si · Sj
|rij |3

− 3
(Si · rij) (Sj · rij)

|rij |5
)
. (2.24)

In this model, I can alter the ratio between the exchange and dipolar interactions by
application of pressure. This allows for further probing of the physical properties in
spin ice, as pressure has a different effect on the properties compared to the effect of
pressure on the nearest-neighbor model. Figure 2.15 shows the approximate effects
of pressure due to Eq. (2.24) with ballpark parameter estimates. In Fig. 2.16 I show
the established phase diagram for the s-DSM [69]. If the quotient J/D is changed
one can access states (in principle even the AFM state), previously only accessible
by studying other compounds. When exchange interactions increase faster than
dipolar interactions, one would expect the that the location of the compound in
the phase diagram should move to the left, as indicated by the arrows in Fig. 2.16.
One would also expect an increase in the critical temperature for entering the spin
ice phase, which is beneficial for experimental studies. Finally I state that no a
priori assumption is made as to whether J will increase or decrease, but based on
the results found in the coming sections, it should increase and hence I draw the
arrows as indicated.

2.6.2 Uniaxial pressure model

Unaxial pressure, and uniaxial compression, of a single crystal offers a way to pre-
cisely tune the inter-atomic distances in a certain crystalline direction. This kind
of studies are of great value, and the method has proven fruitful in producing new
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Figure 2.16: Phase diagram for the s-DSM as a function of the ratio J/D and
temperature. Data [69] for known spin ice compounds have been marked. When
pressure is applied, one expects the ratio J/D to change. In the most naive as-
sumption, J will grow faster than D and the system comes closer to the AFM
state.

phenomena for example in Kitaev materials and superconductors [70–72]. In the
case of spin ice, the frustration originates from the geometry of the pyrochlore lat-
tice. When the lattice is compressed some spin-ice states will gain higher energy
than others, breaking the degeneracy. It is therefore plausible to think that uni-
axial pressure may induce new phases and ground states in these systems. In the
simplest model of spin ice, the nearest-neighbor model, an extension to the study
of uniaxial pressure was made by Jaubert et al. [73]. In this model, pressure along
the [001] crystalline direction was considered. The exchange interactions were as-
sumed to change in accordance with Fig. 2.17: If two nearest-neighbor ions have
different position along the [001] axis, then the interaction is assumed to increase
with application of pressure.

The motivation for this model is that the interactions change when atoms move
closer. When the sample is compressed along the [001] direction, the tetragonal
symmetry dictates a split into two different "nearest-neighbor" distances. The
shorter bond is reflected in the increased J̃ coupling, whereas the longer bond ob-
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Figure 2.17: Nearest-neighbor model for spin ice under uniaxial pressure along
the [001] crystalline direction, as suggested by Jaubert et al. [73]. The exchange
interactions are different depending on whether the ions are in the same [001] plane
or not. The interaction-strengths are J and J − δ.
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Figure 2.18: Results for the nearest-neighbor model of spin ice under uniaxial
pressure along the [001] crystalline direction. (a) Theoretical relative change in
[001] magnetization at 1.7 K (solid line), together with experimental data by Mito
et al.[68] (squares). ∆M/M ≡ (M(p = 1.05 GPa) − M(p = 0 GPa))/M(p =
0 GPa). (b) Theoretical magnetization as function of temperature. There is a
sharp transition at the critical temperature Tc = 4δ

3 ln 2 . Tc was estimated to be
≈ 0.2 K and below this temperature a ferromagnetic phase obeying the ice rules
was predicted. [73]

tains J̃ − δ. This model includes the possibility of Poisson expansion of the crystal
if both J̃ and δ are allowed to vary. In the work by Jaubert et al. the Poisson
effect was ignored by setting J̃ − δ = J , motivated by the experimental conditions
[68] they were modeling. In the same work, the model was elegantly solved using
the block-graph approximation (section 2.3.2). The parameter δ ≈ 0.1 K was fit-
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ted to experimental measurements [68] and I depict the results in Fig. 2.18. Two
important notes can be made: firstly, the model gives perfect agreement with the
experimentally available data. Secondly, the model predicts an ordering transition
at 0.2 K for DTO. This ordered phase corresponds to a "ferromagnetic" state in
which all spins have a positive component along the [001] axis and obey the ice
rules. For visualization, this is the state for which all tetrahedra have their spins
oriented according to Fig. 2.17.

These results are intriguing as a transition at zero field has never previously
been observed in DTO or HTO. Hence it raises the question as to what will happen
if one manages to cool down a pressurized sample to 0.2 K or perhaps increase
the pressure to observe transitions at higher temperature. However, one should
remember that dipolar interactions are important for a correct description of the
physical properties. Hence, apart from conducting experiments at lower tempera-
ture, it is also important to investigate whether dipolar interactions will play a role
in the transition. As mentioned in the previous sections, the dipolar chain state (Ψ)
should occur in the same temperature range as the pressure induced ferromagnetic
state. Because of this, there is a need to introduce a spin-ice model for uniaxial
pressure which extends the s-DSM and includes dipolar interactions.

Definition Dipolar Spin ice Pressure Model (DSPM). I propose the following
model to describe dipolar spin ice under applied uniaxial pressure:

H =
∑
〈i,j〉

J(i, j)Si · Sj +Da3
∑
i<j

(
Si · Sj
|rij |3

− 3
(Si · rij) (Sj · rij)

|rij |5
)
. (2.25)

The unit Ising spins Si reside on the pyrochlore lattice, and the exchange interaction
J(i, j) is equal to J⊥ if the neighbors are in a lattice plane perpendicular to the
direction of pressure, and J‖ if they are not. D = µ0µ

2

4πa3 is the dipolar interaction-
strength, µ is the magnetic moment of one rare earth atom, and a is the nearest-
neighbor distance for the uncompressed lattice. In the general case, multiple values
Jk‖ (1 ≤ k ≤ 5) may be needed but for the symmetric [001] and [111] directions it
suffices with one unique parameter J‖. For the [110] direction one needs two, J1‖,
and J2‖. Motivated by the excellent experimental setup by Mito at al.[68] I also
assume that the poisson ratio is zero, and set J⊥ = J , the ambient/zero pressure
value. Furthermore, I take the change in dipolar interactions explicitly into account
in terms of the compression of the crystal lattice. I denote the crystal compression
by κ which is the same for a macroscopic sample as it is for the simulated cell.
When the lattice is compressed, ions move closer and the dipolar intraction grows
as r−3 along the direction of compression. The local 〈111〉 axes are also assumed
to change, such that the spins point to the centers of the compressed tetrahedra.
Fig. 2.19 depicts the situation for pressure along the [001] [111] and [110] crystalline
directions.

Note that this model does not account for changes in the crystal field scheme.
The model primarily aims to describe DTO and HTO. For DTO, being protected by
Kramers’ theorem, these changes should be negligible. However, for HTO, the ionic
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Figure 2.19: Illustrations of the DSPM. Pressure is applied along the (a)[001],
(b)[111], (c)[110] direction and the colors indicate the different exchange inter-
actions J‖(red), J1‖(green), J2‖(red), J⊥(blue). The angles of the Ising moments
θ001, θ111, θ110 are assumed to change under application of pressure so that spins
keep pointing toward the center of the compressed tetrahedron.

state of the Ho3+ ion depends on the local electric fields of the surrounding ion.
To completely rule out crystal field effects would require a significant experimental
and theoretical undertaking, but as a perturbative argument it was concluded that
keeping the ionic state unchanged should still result in a valid model. This is
discussed further in paper 2.

In the DSPM there are two parameters that can be varied in order for the model
to fit data: J‖ and κ. Since κ is the compression of the macroscopic crystal, one can
in principle measure it with standard micrometer range measurement equipment.
Having this value fixed, there is then only one unknown parameter J‖ which re-
quires statistical probes such as heat capacity, magnetization or neutron scattering
experiments to be determined. It was decided to use magnetization measurements
to determine J‖. The value was then confirmed by neutron scattering experiments.

2.6.3 Magnetization under uniaxial pressure

The main statistical probe used to determine the validity of the DSPM, was to
study the sample magnetic moment in an applied field. Measurements on DTO has
already been conducted [68], and I reprint the results in Fig. 2.20.

The crystals were submerged in an epoxy resin (Stycast 1266, Ablestick Japan
Co., Ltd.) to support the sides of the sample. By submerging conducting filaments
into the resin, the strain can be measured via the change in electrical resistance.
The machine was calibrated with filaments both parallel and perpendicular to the
load, and the Poisson ratio was measured for various setups. For all magnetization
experiments, the setup was chosen such that the Poisson ratio is zero[71].

In these measurements a clear change can be seen in the sample magnetic mo-
ment as pressure is applied in the different crystalline directions. The largest change
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Figure 2.20: Sample magnetic moment of DTO as a function of field, with pressure
applied parallel to the direction of the field. (a)[001], (b)[111], (c)[110]. In (d), the
relative difference in magnetization is shown [68].

is seen when pressure is applied along the [001] crystalline direction, with an in-
crease of about 4% in the magnetic moment at low fields. This is what inspired
the nearest-neighbor model by Jaubert et al., which in turn led this study to con-
sider the analogue model which explicitly includes the lattice compression and the
dipolar interactions in the simulation (section 2.6.2).

Before showing the results of the simulation, I will shortly discuss how the
experimental results may be expected to influence the choice of parameters. First,
note that for strong fields, the difference in magnetization in the saturated state
is purely due to the geometric compression of the crystal lattice. It is expected
that the magnetization is reduced as the Ising axis tilts away from the direction
of pressure. This is also the observed effect in the experiment. For all measured
directions, the magnetization decreases when pressure is applied in saturating fields.
From theory it is expected that the difference in magnetization reaches a constant
value at high fields. In the experiment this is approximately the case. For the [001]
measurement there is a well developed plateau and one could argue that this is also
the case for the [111] measurement. However, for the [110] measurement, there is
an approximately linear decrease with field in the relative magnetization difference,
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even at strong fields, Fig. 2.20(d). This is interesting as the feature cannot be
captured solely by a compressed lattice model. Instead this phenomena suggests
that the spins are still moving at fields as high as 7 T, which corresponds to much
higher energy than spin-spin interactions. A resolution to this paradox is found by
noting that when the field is along the [110] direction there will be a subset of spins
that have their Ising axis perpendicular to the field direction. These are not as
strongly affected by the field. The observed lack of saturation, can be explained to
some extend by misalignment occurring during the application of pressure. I shall
discuss this further in section 2.6.4.

With regards to the low-field behavior, it is less clear how the model parameters
influence the resulting magnetic moment. For this it will be necessary to perform
a numerical study. However, the increase or decrease of the magnetic moment at
zero field, may give a hint as to what will happen to the system when temperature
is reduced. For example, the increase in magnetic moment for the [001] measure-
ment, Fig. 2.20(d), signals the ferromagnetic transition found by Jaubert et al.[73].
Figure 2.21 shows the result of numerical simulations of the DSPM Eq. (2.25).
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Figure 2.21: Relative change in magnetic moment with the application of uniaxial
pressure. Experiment (squares) and model fit (solid line).

The parameter fitting method is the following: the κ parameter for the respec-
tive direction is fitted to the change in saturated magnetic moment. After this is
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done the J‖ parameter is chosen so that the low-field behavior matches the experi-
ment. For the [001] measurement this gives an almost perfect agreement with the
experiment. For the previously not investigated [110] and [111] directions, there is
good agreement, but not as good as in the [001] case. For the [111] direction the
qualitative behavior is captured, with a maximum in ∆M/M at 1 T. For the [110]
measurement the experimental data has not saturated at high field. This result is
peculiar since the configuration that minimizes the Zeeman energy can be reached
without leaving the spin ice manifold for fields along [110] and [001], while this
is not so for the [111] direction. It would therefore be expected that a stronger
field is needed to create the necessary monopole excitations for full [111] satura-
tion, but this is not reflected by the experiment. Due to this anomaly in the high
field behavior I take the value at 1.5 T, which would firmly saturate the crystal
in the [001] direction, to be the saturation value for the [110] direction, to deduce
κ. After this has been done, the J‖ parameters are fitted to give the best possible
agreement with data. For the [110] case there are two such parameters J‖1 , and
J‖2, see section 2.6.2, and I choose the optimal combination with equal consider-
ation to both of them. As mentioned earlier, the slow-saturation behavior in the
[110] direction can be explained to some extend by considering crystal misalignment
during compression. This is a highly likely scenario, since it is hard to control the
crystal movement when pressure is applied. For the [110] direction in particular,
the system is extra sensitive to misalignment effects, which I believe is the reason
for why this effect is not observed in the other directions. I will discuss this further
in section 2.6.4. Furthermore, the demagnetization effects from section 1.3.2 have
been taken into consideration for all calculation. In particular, I have used that
the demagnetizing factor changes with κ as the sample is compressed. To facilitate
future investigations I state the sample dimensions and demagnetization factors
used in table 2.3.

Sample Dimensions [mm] N
DTO [001] 1.77× 1.80× 1.61 0.319
DTO [111] Unknown 1/3 assumed
DTO [110] 1.28× 0.96× 1.63 0.426
HTO [001] 2.00× 2.00× 3.00± 0.05 0.230
HTO [111] 2.00× 2.00× 3.00± 0.05 0.230
HTO [110] 2.00× 2.00× 3.00± 0.05 0.230

Table 2.3: Dimensions of all samples used in the magnetization measurements.
With the application of pressure, the crystals are assumed to be compressed. From
the fitted value of κ, the new demagnetizing factor Np for the compressed sample
is calculated and used for fitting the J‖ parameter. For the DTO samples, the
demagnetizing factor was calculated by assuming they had the shape of a prolate
ellipsoid with major axes equal to the above noted dimensions. The HTO samples
were cylindrical and I used tabulated values for cylindrical samples to compute
N [13]. Pressure and field is along the direction of the last noted dimension.
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Within the collaboration, we also performed uniaxial pressure experiments on
HTO. The crystals were synthesized within our collaboration, see section 2.5, and
measured using the same apparatus as used for DTO [68]. Fig. 2.22(a-c) shows
the magnetic moment as function of applied field, for various pressures. For the
[001] measurement, Fig. 2.22(a), the magnetic moment is monotonically reduced
for all fields when pressure is applied. For the [111] measurement, Fig. 2.22(b),
the magnetic moment is reduced both in the high and the low field limits, but for
an intermediate field around 1 − 2 T the magnetic moment increases as pressure
is applied. For the [110] measurement, shown in Fig. 2.22(c), there is an overall
decrease when pressure is applied, but the decrease is not monotonic at high fields,
as it is for the other directions. There is also a large jump between the p110 = 0
measurement and the p110 > 0 measurements in the high and low field regions. I
will discuss the implications of these features further in section 2.6.4.

As expected, the overall shape of the curves is very similar to those of DTO,
Fig. 2.20. As the field is increased, the magnetic moment grows until it is saturated.
For the [111] direction there is a slight onset for a plateau which, if the temperature
was lower, would develop into a distinct step and signal that the system is in the spin
ice regime. At the measured temperature of 1.83 K, however, monopole excitations
are still prevalent. I perform the same fitting procedure of the proposed DSPM
model to this HTO data set, using the literature values J = 1.56 K and D = 1.41 K
as a starting point. The resulting fit is shown in terms of the relative change in
magnetization, Fig. 2.22(d-f), solid lines.
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Figure 2.22: (a-c) Magnetic moment as function of field for HTO single crystals
with uniaxial pressure applied in the (a) [001] (b) [111] and (c) [110] directions.
(d-f) Relative change in magnetic moment due to pressure, ∆M/M = (M(p) −
M(p = 0))/M(p = 0). The temperature was T = 1.83 K for all measurements. For
subfigure (f) the theory parameters are J‖1 = J‖2 = 1.2 K and κ = 1 %.
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For the [001] and [111] measurements, shown in Fig. 2.22(d,e), κ has been set
so that the change in calculated saturation magnetic moment agrees with that
of the experiment. With this constraint, there is only one free parameter, J‖,
which I determine from the best fit for each case. For both [001] and [111], J‖
increases monotonically with pressure. The change in J‖ is similar for both [001]
and [111] and the model accommodates the basic features in the experimental data:
the upturn at 1.5 T in the [111] measurement as well as the drop at 0.5 T in the
[001] direction, upon decreasing field. For the [001] measurement I have excellent
agreement between theory and experiment. Note that the observed decrease in the
magnetic moment for HTO at low fields contrasts to the measurements on DTO,
where an increase of ∆M/M = 4% was observed[68], Fig.2.20. Although J‖ and
κ increase similarly for both materials, the ratio J/D is smaller for HTO, and the
effects of the dipolar interactions dominate, leading to a decrease in the magnetic
moment. In the [111] direction the experimentally observed minimum centered at
3.5 T is not accounted for in the model, and the shape of the maximum around
1.8 T differs, but the model captures the qualitative experimental features.

Figure 2.22(f) shows the change in magnetic moment for the [110] measurement.
Note that ∆M/M has hardly saturated as a function of field. Seemingly, a field of
about 7 T is needed to saturate the change in the [110] direction, higher than the
5.5 T needed for the [111] direction. This feature is not possible to reproduce in the
DSPM in which the field needed for [111] saturation is higher than that needed for
[110] saturation, since the saturated [111] state is not in the two-in two-out ground
state manifold[74]. As mentioned earlier, I discuss this in section 2.6.4, where I
speculate that the high-field unsaturated behavior can be due to misalignment of
the crystal, since measurements are particularly sensitive in the [110] direction.

Despite of this, by following the DSPM and fitting a curve with κ = 1% as an
estimate of the compression based on the other directions at 1 GPa (0.8% and 1.5%
for [001] and [111] respectively), gives a rough value of J‖ = 1.2 K (assuming for
simplicity that J1‖ = J2‖ = J‖). The fit is shown as a dashed line in Fig. 2.22(f).
Although the fit is far from optimal J‖ decreases just as in the case of DTO. HTO
and DTO therefore have a similar response to pressure in terms of changes in the
super-exchange parameter. For both materials J‖ increases when pressure is applied
along the [001] or [111] direction while it decreases when pressure is applied along
the [110] direction.

If one introduces crystal misalignment according to section 2.6.4, it is possible
to partially reproduce the high-field trend observed in the measurement. The result
is drawn as a solid line in Fig. 2.22(f).

2.6.4 Misalignment

In this section I elaborate on extending the DSPM to take misalignment effects
into consideration. This is done as an attempt to explain the noted discrepancy for
the measurements of the magnetic moment in the [110] crystalline direction. When
pressure and field is applied in the [110] crystalline direction, anomalous behavior
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is observed for both HTO and DTO which cannot be explained by the DSPM. In
particular, the effect that cannot be described is that the pressure-induced change
in the magnetic moment ∆M/M does not saturate at high fields, see Fig. 2.20(d)
and Fig. 2.22(f). However, it is possible to extend the DSPM to account for some
of this behavior by adding the possibility of misalignment.
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Figure 2.23: View along [001] of a single tetrahedron with pressure along [110].
(a) Perfect alignment. (b) Misalignment δφ of the crystalline [110] direction with
respect to the field and pressure. The misalignment angle δϕ may vary with the
application of pressure as the surrounding resin deforms. Measurements for the
[110] direction are extra sensitive as there are two degenerate ground states for
perfect alignment: double headed arrows in (a), and only one ground state when
the field is misaligned (b), for saturating fields.

When measuring the magnetic moment of a single crystal under uniaxial pres-
sure, there are three axes that need to be aligned: the crystalline direction, the
direction of the uniaxial pressure and the direction of the magnetic field. The most
realistic scenario for crystal misalignment in our experimental [68] setup is depicted
in Fig. 2.23(b), where the direction of pressure is aligned with the field, but the axis
of the crystal is tilted δϕ with respect to these. This could happen if the crystal
moves in the resin during compression, or if the crystal was not cut with sufficient
accuracy. This picture, although realistic, is theoretically cumbersome. Misalign-
ment of the entire crystal would mean that many model symmetries are broken,
and that the number of free parameters is increased drastically. For a deformed
pyrochlore lattice like this, as depicted in Fig. 2.23, there are six independent ex-
change parameters. If the possibility for alignment change during compression is
also included, the number of free parameters is even higher.



56 Chapter 2. Spin Ice: Topic of papers 1 and 2

It is possible to perform such an analysis, but I choose to consider a more
simplistic misalignment model where the number of free parameters is smaller, and
better physical understanding can be derived. For this, I assume that the pressure
and crystalline direction align perfectly, and that the field is misaligned by δϕ
but still remains in the [001] plane. I came to this model after testing multiple
scenarios, and I found that the observed behavior is best described if δϕ changes
when pressure is applied. This aims to model that the crystal orientation changes
when pressure is applied. A movement of as little 1◦ is enough to qualitatively
reproduce the slow saturation of ∆M/M , seen in the experiment. Figure 2.24(b)
depicts the simplified scenario.
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Figure 2.24: (a) Perfect alignment. (b) Simplistic model of misalignment. In this
scenario, the pressure aligns perfectly with the crystalline [110] direction. The field
is misaligned by an angle δϕ with respect to these, but remains in the [001] plane.
Measurements for the [110] direction are extra sensitive as there are two degenerate
ground states for perfect alignment: double headed arrows in (a), and only one
ground state when the field is misaligned (b), for saturating fields.

Misalignment has particularly strong effects when the measurement is conducted
with pressure along the [110] crystalline direction [75]. This is because half of the
spins in the material have a local Ising axis perpendicular to the [110] crystalline
direction, so that at high fields, already a small misalignment will strongly affect
the statistical properties of these. This distinguishes [110] from the other measured
crystalline directions and to isolate this property, I set the misalignment of the
applied field, δϕ with respect to the [110] direction, so that it remains perpendicular
to [001], as this is the simplest way for the field to couple to the previously unaffected
spins. The misalignment angle δϕ may change during the application of pressure.
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Hence I denote the misalignment at ambient and applied pressure by δϕ0 and δϕp
respectively, and assume that they are different to model crystal movement during
compression.

To get a decrease in magnetic moment when pressure is applied, I find it nec-
essary that the field couples stronger to the perpendicular spins in the reference
measurement. Hence, to keep the model as simple as possible, I set δϕp = 0◦.
I then adjust δϕ0 in order to fit the experimental curve above 1 T. I find that
δϕ0 = 0.75◦ gives the best fit. The result is shown in Fig. 2.25, solid line. The
qualitative behavior of this curve is very different from the case of perfect alignment
(dashed line), for a misaligned crystal, it is possible still have changes in ∆M/M
far above the fields needed for full saturation in the DSPM.
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Figure 2.25: Relative change in magnetization along [110] when pressure and field
is applied along [110]. The theory parameters are J‖1 = J‖2 = 1.2 K and κ = 1 %.
If the crystal alignment is allowed to change during application of pressure, curves
such as the solid line may be obtained for the same parameters as would give the
dashed line if there was no alignment change.

The fit has the same qualitative behavior as the experiment, with a maximum
around 1 T. It is not a perfect fit, but it does demonstrate that the decrease in
magnetization above 1 T could be due to misalignment.
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2.6.5 Neutron scattering under uniaxial pressure

To better understand the effects of uniaxial pressure, neutron scattering measure-
ments were performed on spin ice. Due to the high neutron absorption cross section
of natural dysprosium, cost of isotopically enriched samples, and the concurrent
high probability of crystals cracking during the application of pressure, we decided
to perform measurements only on HTO. A uniaxial pressure cell was constructed
by my colleague L. Ørduk Sandberg in a collaboration between Copenhagen Uni-
versity, Lund University and the ESS. For detailed information, consult the Ph.D.
thesis by L. Ørduk Sandberg [76]. Two different versions of the pressure cell were
constructed, the latter being an improvement of the first. The main improvements
of the second version is that applied pressure is better calibrated, and that an open-
ing on the side of the cell has been removed, which improved the sample vs cell
signal ratio significantly. Figures 2.26-2.27 show the first (V1) and second (V2)
version of the pressure cell respectively.
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Figure 2.26: First verson uniaxial pressure cell (V1) for neutron scattering measure-
ments on spin ice. The sample is mounted through one of the openings (windows)
on the side of the pressure cell. Pressure is applied by four screws at the top of the
pressure cell. The cell is made from beryllium bronze and two steel inserts are used
at the contact points with the sample. Figure 2.28(a) shows a sample mounted
between these inserts.
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Figure 2.27: Second version uniaxial pressure cell (V2) for neutron scattering mea-
surements on spin ice. The main improvement of the V2 pressure cell is a better
calibration of the applied pressure and the removal of the openings(windows) on
the sides of the cell which was found to cause distortion in the neutron scattering
data. The V2 cell operates in the same way as the V1 cell and also has steel inserts
at the contact points with the sample. Figure 2.28(b) shows a sample on top of
one of the inserts. The casing with the other steel insert is lowered down over the
sample.

A number of different experiments were conducted using these pressure cells,
and I shall here present the main results. In summary, the V1 cell was used to probe
pressure along the [001] direction and the V2 cell was used to probe pressure along
[110]. Both cells can probe any direction of pressure, depending on how the sample
is cut. The reason for the mentioned choice is that [001] showed the strongest
response to pressure in the magnetization measurements on DTO [68], and that
the response to pressure along [110] showed the interesting anomalies discussed in
section 2.6.4 (although I now believe these anomalies to be due to misalignment,
as concluded in section 2.6.4 ). The V2 cell was never used to probe pressure along
[001], as it had not been constructed at the time of the measurement.

The neutron scattering experiments were performed at Institute Laue Langevin
(ILL, Grenoble, France) on the D7 instrument. The details of this machine is
discussed in section 1.6. The polarization analysis allows for direct calculation of
the magnetic cross section, without the need for subtracting a high temperature
data set (which is otherwise the procedure). During the experiment, the sample
is rotated around the same axis as the direction of pressure. Hence the scattering
plane observed was (h, k, 0) in the [001] case, and (h,−h, l) in the [110] case.

The rectangular opening on the V1 pressure cell, Fig.2.28a posed some complica-
tions for the neutron scattering signal. This becomes apparent when looking at the
paramagnetic neutron scattering signal, obtained at high temperature. Figure 2.29
depicts this, showing the scattering intensities at 50 K. At this temperature, there
are no magnetic correlations. However, the openings in the pressure cell, introduces
a two-fold symmetric pattern into the neutron scattering signal. This is a serious
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(a) V1 cell, 2× 3mm sample (b) V2 cell, 3× 2mm sample

Figure 2.28: Pressure cells with sample mounted before experiment. Pressure is
applied by a press in both cases, and maintained using bolts. Spring-back effects
were calibrated for.

complication and has to be compensated for before the data can be analyzed.
In order to correct for these artifacts, a simulation for the cell background sig-

nal was performed by my colleagues M. L. Haubro and L. Ørduk Sandberg. The
simulation works as follows: for each sample rotation and each scattering angle, the
neutron beam is attenuated 0,1 or 2 times depending on whether or not the incom-
ing, outgoing or both beams pass through a cell wall. After fitting the orientation
of the cell, and adjusting attenuation factors, Fig. 2.30 is obtained. As can be seen,
this signal is in agreement with the experimental paramagnetic measurement. The
fitted background signal was subtracted from the low temperature measurements to
obtain the magnetic signal. The result was then averaged according to the four-fold
symmetry of the crystal structure, with the aim that two-fold symmetric artifacts
from the pressure cell would be less prominent. Figure 2.31 shows the neutron
scattering data after background correction.

The changes in the neutron scattering signal are small, and more easily seen in a
difference plot. Figure 2.32(right) shows the relative changes in neutron scattering
intensity. It can be seen that there is an increase in the neutron scattering signal
for certain wave vector transfers marked with circles. The figure also shows a
theoretical fit by setting κ according to the extrapolated compression for 2.2GPa
and adjusting J‖ to the neutron scattering signal, since J‖ was not known for
HTO at the time of the experiment. After magnetization measurements on HTO
had been performed, I could confirm that the exchange parameter obtained by
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Figure 2.29: Paramagnetic signal at 50 K for spin ice in the V1 pressure cell. Ideally
this signal should not have any directional dependence, as there is no magnetic
correlations at this temperature. However, this is not the case due to contamination
from the two-fold symmetric pressure cell.

fitting J‖ to the neutron scattering signal, and that obtained by fitting J‖ to the
magnetization measurement were indeed in agreement. This is discussed in paper
2. With regards to the theory fit, Fig. 2.32(left), the reader may note that there
is an increase in the neutron scattering intensity for lower Q values which is not
present in the experiment. I speculate that this is due to the four-fold average
and cell correction, which smooths out any structure at low Q since for the low Q
values, the contamination due to the opening in the pressure cell is the strongest.

Similar measurements were also performed for pressure along the [110] direction
using the V2 pressure cell. The use of this cell meant an improvement for the
neutron scattering signal. Fig. 2.33 shows the fit between theory and experiment
for the integrated intensity around one of the diffuse peaks. The theory prediction is
based on the parameters obtained from the magnetization measurement, Fig. 2.22.

2.6.6 Ground states

One of the major motivations for defining the DSPM was to investigate the possibil-
ity of phase transitions. Although no transitions could be experimentally observed
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Figure 2.30: Simulation by M. L. Haubro and L. Ørduk Sandberg for the contam-
ination in the neutron scattering signal due to the openings in the pressure cell.
Notice the strong similarity with Fig. 2.29.

Figure 2.31: Neutron scattering signal for HTO under applied uniaxial pressure,
after background correction. A four-fold rotation average has been taken to miti-
gate against artifacts from the two-fold symmetric V1 pressure cell. Force applied
at room temperature is indicated. Due to thermal contraction of the cell, this
value changes at the measured temperature, 1.5 K. My experimental collaborators
suggested the highest pressure to be 2.2 ± 0.5 GPa (right), for which I based the
theoretical research. However, this value was later found to be exaggerated but not
to affect the qualitative understanding from the theoretical work.

for DTO or HTO, the fitted parameters may still be used to investigate the low
temperature behavior. In the case of the previously discussed nearest-neighbor
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Figure 2.32: (right) relative difference in neutron scattering intensity with applica-
tion of pressure estimated at 2.2±0.5GPa, 1.5 K. (left) theory prediction. The low
Q increases in scattering predicted by theory are not apparent in the experimental
data. I speculate that this is due to the artifacts from the cell window which after
four-fold rotation averaging becomes smooth and structures become overshadowed.

pressure model by Jaubert at al. DTO was predicted to enter a ferromagnetic
ground state [73] (see the beginning of section 2.6.2). However, for the DSPM,
low-temperature extrapolation showed no evidence for a new ground state for any
of the probed directions in DTO and HTO at the experimental pressures. Instead
it was found that the dipolar chain ground state (Ψ), section 2.2.1, is still the low-
est energy state. The predicted effect from uniaxial pressure is instead that the
transition temperature for the Ψ transition is elevated. This is discussed further in
paper 1. For the [001] direction, which is most well described by the DSPM and
offers the most interesting features, I depict the DTO phase diagram from paper 1
in Fig. 2.34. For some critical values of J‖, the ground state changes, and in total
there are 4 possible ground states (a-d), Fig. 2.34. The critical values for J‖ depend
on the compression of the crystal, in essence all critical values increase when the
crystal is compressed, κ001 > 0, Fig. 2.34(right).

2.6.7 Predictions

The fitted parameters can be used to make extrapolations for how the J‖ parameter
should evolve with pressure. The evolution of exchange parameters with pressure
is a complicated process, but for simplicity I perform a linear extrapolation for
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Figure 2.33: Integrated intensity along the azimuthal direction in the plane perpen-
dicular to the [110] crystalline direction, φ is the polar angle. Experiment is shown
together with Gaussian fits(solid lines). Theory prediction is shown for the values
extrapolated from the magnetization measurement (dashed lines). Both theory and
experiment show and increase for the neutron scattering diffuse peak at φ ≈ 35◦.

J‖ and κ as a function of pressure. It is found that for DTO, the ferromagnetic
phase transition should prevail at pressures in the 3 GPa range, in contrast to
the results found at the experimentally measured pressures. Similarly, for HTO,
a change of ground state will also occur for pressures in this range. The nature
of these states are discussed further in papers 1 and 2. However, 3 GPa is a very
high pressure and although it might be possible to support the sample from the
sides to prevent cracking, this would require a serious experimental effort. In our
collaboration we do have access to a diamond pressure cell which can reach the
5 GPa range. However, no experiments were conducted at this high pressure, due
to lack of project time.
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Figure 2.34: There are four possible ground states available for the DSPM when
pressure is applied along the [001] crystalline direction. (a) shows the antiferromag-
netic phase not relevant for experiments, but available in theory. (b) and (c) show
the Ψ state, section 2.2.1, which is split into two different energy level depending on
its orientation. (d) shows the ferromagnetic state, which is the same as the ground
state for the nearest-neighbor model predicted by Jaubert et al.[73]. This phase
diagram is discussed further in paper 1.





Chapter 3

Magnetic frustration in
garnets: Topic of paper 3

As part of my PhD studies, I analyzed neutron scattering data from the magnet-
ically frustrated compound Yb3Ga5O12 (ytterbium gallium garnet, YGG). In this
material, the magnetic ions reside on a garnet lattice. Similar studies had been done
on the sister-compound Gd3Ga5O12 (gadolinium gallium garnet, GGG), which has
inspired this investigation.

In this chapter, I first discuss relevant background results and elaborate on some
of the garnet materials that are of interest to current research. I then discuss my
own theoretical investigations and computation techniques which are presented in
paper 3.

3.1 The garnet lattice

The garnet lattice belongs to the Ia3̄d space group, and consists of a 3-dimensional
network of corner sharing triangles [77]. Fig. 3.1(a) depicts the unit cell of the
garnet lattice and Fig. 3.1(b) depicts the local environment of an ion. Just as
for spin ice, I show only the lattice on which the magnetic ions reside. The full
lattice of a garnet crystal is more complicated. The structure in Fig. 3.1 can be
hard to visualize when depicted in a drawing, but the lattice is built from triangles
connected to the corners of each other while twisted by an angle of about 80◦. If the
lattice is viewed in an orthogonal projection along the [111] crystalline direction,
one obtains the beautiful pattern on the cover of this thesis. The garnet lattice
has a cubic unit cell that consists of 24 magnetic ions. It has several rotation and
reflection symmetries, such as a six-fold symmetry around the [111] axis, similar to
the pyrochlore lattice. For the interested reader, the positions of the magnetic ions
in the unit cell are printed in table 3.1.

67
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Ion number x y z
1 0.1250 0.0000 0.2500
2 0.3750 0.0000 0.7500
3 0.2500 0.1250 0.0000
4 0.7500 0.3750 0.0000
5 0.0000 0.2500 0.1250
6 0.0000 0.7500 0.3750
7 0.8750 0.0000 0.7500
8 0.6250 0.0000 0.2500
9 0.7500 0.8750 0.0000
10 0.2500 0.6250 0.0000
11 0.0000 0.7500 0.8750
12 0.0000 0.2500 0.6250
13 0.6250 0.5000 0.7500
14 0.8750 0.5000 0.2500
15 0.7500 0.6250 0.5000
16 0.2500 0.8750 0.5000
17 0.5000 0.7500 0.6250
18 0.5000 0.2500 0.8750
19 0.3750 0.5000 0.2500
20 0.1250 0.5000 0.7500
21 0.2500 0.3750 0.5000
22 0.7500 0.1250 0.5000
23 0.5000 0.2500 0.3750
24 0.5000 0.7500 0.1250

Table 3.1: Relative unit-cell positions for the magnetic ions on the garnet lattice.
Further visualization and pictures of other lattices in the Ia3̄d space group can be
found in Ref. [77].

If one traverses the garnet lattice through nearest-neighbor bonds, it is found
that the shortest loop (excluding a single triangle) consists of 10 sites and I shall
refer to this as a 10-ion loop. The center of each 10-ion loop coincides with an ion
site. There are equally many 10-ion loops in a crystal as there are ions. Hence every
ion is a member of ten 10-ion loops. Loops exist in different forms for all lattices
and can often be important for frustration as collective updates along loops may
present degenerate energy levels for some materials. For example, this is the case
for the classical Heisenberg model on the kagome lattice, where the spin sum of
each triangle is zero for a minimum energy state [78] and hence collective rotation
of spins in the triangles does not influence the energy as long as this criteria is
met. It is also the case for spin ice, section 2.4.2, where the loop flips do not
change the energy of the system in the nearest-neighbor model. For this reason, I
have investigated some aspects of the magnetic structure and correlations in these
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loops as part of my research on frustration in the garnet lattice. The 10-ion loop is
depicted with blue triangles in Fig. 3.1(b).

Figure 3.1: The magnetic sites of the garnet lattice, (a) unit-cell showing the 10-ion
spin loops and frustrated triangles in red and blue, (b) Depiction of the 10-ion spin
loop and corresponding local coordinate system. The unit cell is cubic with 24 sites
and belongs to the Ia3̄d space group. Figures drawn by Lise Ørduk Sandberg.

3.2 Overview

Garnets have been used in jewellery since the bronze ages [79]. Theses stones are
typically silicone based with the general formula X3Y2(SiO4)3. X is often calcium
or magnesium, Y is typically aluminium or chrome [80][81]. The stones have the
same crystalline arrangement as the magnetic garnets studied in this thesis and
their applications in jewellery emphasizes the beauty of this subject. Garnets are
hard materials and for this reason they are also used in industrial applications such
as abrasive blasting and water-jet cutting [82].

There is a huge number of garnet materials that are of scientific interest for their
magnetic and electric properties [83–85]. In particular the iron based garnets such
as the ytterbium iron garnet are of great interest due their microwave, acoustic,
optical and magneto-optical applications [86].

The study of the low-temperature behavior and frustration in garnets is at
present mainly of interest to fundamental research, but by studying these phenom-
ena I hope that garnets may find new uses.
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3.2.1 Gadolinium gallium garnet
The behavior of GGG has been investigated in a number of studies due to its ap-
plications in solid-state lasers [87]. The low-temperature properties have also been
of interest to fundamental research and in a recent publication a new type of low-
temperature magnetic structure was suggested [88] for this material. The authors
proposed the name hidden-order to describe the structure due to the absence of
traditional ordering peaks in the neutron scattering spectrum. The proposed state

Figure 3.2: Figures from Ref. [88], reprinted with permission from the authors.
Figure A depicts the collective director moment constituted by the spins in the
10-ion loop. Figure B shows the probability distribution of the director moment
in the local coordinate system of a 10-ion loop. Figure D shows the long range
correlation between different directors, reaching to distances of 30Å, which is the
size of the simulation cell.

is built from groups of spins that are individually fluctuating in space and time.
The state does not break the crystal symmetry, which makes it hard to detect. The
study of the state in GGG was based on neutron scattering data which were used
as a foundation for performing Monte Carlo studies to reveal the magnetic order.
The state is characterized by long-range correlations between groups of spins. The
state is called a director state and the correlated objects are called directors [88].
A director L at site r is defined as

L(r) =
1

10

∑
n

(−1)nSn(r). (3.1)

Here, Sn(r) is the n:th spin of the 10-ion loop with center at r. A director can
be understood as the local anti-ferromagnetic order parameter of a 10-ion loop.
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The loop and the resulting director is depicted in Fig. 3.2(a). The long-range
correlations found in the study which confirm that this is an ordered state are
shown in Fig. 3.2(d). The MC algorithm used to derive these results is an open
source program package called Spinvert which has been developed by Paddison et
al. [24]. I elaborate more on this technique in section 3.4.

3.3 Ytterbium gallium garnet
The magnetic structure of YGG is the main topic of this chapter. Motivated by the
recently discovered hidden order in the sister-compound GGG, section 3.2.1, it was
suggested in my collaboration to investigate YGG. In particular, since no neutron
scattering measurements has previously been performed on this compound, it was
decided to do such measurements. The main strategy is to use the analysis tools
from the GGG study to investigate the magnetic structure in YGG. The hidden-
order state and the correlations in the 10-ion loops are expected to be of relevance
also for YGG since the materials are similar. There are a number of additional
experimental probes such as muon spin resonance and susceptibility measurements
that have been performed on YGG, these are summarized and analyzed in paper 3.
In my PhD research I analyzed the previously performed low-temperature heat
capacity measurement and the neutron scattering results from my collaboration.

3.3.1 Heat capacity
Investigations of YGG are sparse. For most materials heat capacity is an important
probe for understanding the interactions between the magnetic ions [89]. Low-
temperature heat capacity measurements were performed on YGG in 1980 and
revealed two interesting upturns due to magnetic interactions [90]. The result is
shown in Fig. 3.3. The authors of the original study suggested that the 54 mK peak
corresponds to a long-range ordering transition. For the broad peak at 170 mK,
they suggested that the underlying phenomenon could be a formation of micro-
ferrimagnetic domains separated by large walls, or small and randomly oriented
ordered clusters similar to spin-glass models. The original authors also asked the
question “whether it is possible that pure three-dimensional dipolar interactions
may generate a long-range ferrimagnetic order” [90]. These are the question that
we try to answer, and explain the upturns in heat capacity. In paper 3 I discuss the
observed results in relation to dipolar interactions and elaborate on this further in
section 3.5.
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Figure 3.3: Heat capacity for YGG measured by Filippi et al. [90]. The curve has
two upturns, one sharp peak at 54 mK and a broad peak centered around 170 mK.

3.3.2 Neutron scattering

Neutron scattering experiments on YGG were performed by my colleague Lise
Ørduk Sandberg (Niels Bohr Institute, University of Copenhagen). Two sets of
experimental neutron scattering data were obtained, first using the cold neutron
chopper spectrometer (CNCS) at the spallation neutron source at Oak Ridge na-
tional laboratory [91] and later by the polarized neutron scattering instrument D7
at the ILL [92]. I have analyzed the elastic signal from these data and show the
experimental data after removal of structural peaks and folding according to the
crystalline symmetry in Fig. 3.4 and Fig. 3.5. For further details with regards to
the crystal quality, the reader may consult paper 3. For all experiments, the sample
was rotated around the [111]-crystalline direction. The neutron scattering profiles
show a diffuse magnetic signal, with a six-fold structure commensurate with the
structural symmetry. For the CNCS measurements the main feature is a hexagonal
ring at low Q, but for the ILL data there are also well defined satellite peaks. All
measurements were performed in a dilution cryostat at 50 mK. Hence, since there
are no additional Bragg peaks appearing at low temperature, there is no long-range
ordering transition. However, thermal conductivity to the sample is usually poor
at these temperatures [89], and it is possible that the sample was at a higher tem-
perature than the environment. For a further discussion of thermal conductivity at
low temperatures, the reader may consult chapter 4 and paper 4 of this thesis.

From the observed structure in the magnetic neutron scattering profiles, it can
be concluded that magnetic correlations develop at low temperature, since otherwise
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the signal would be a symmetric form-factor decay [21] [24]. In the following sections
I describe my attempt at deriving real-space correlation-functions and microscopic
models for understanding these data.

(a) Ei = 1.55 meV. (b) Ei = 3.32 meV.

Figure 3.4: Magnetic neutron scattering profiles from CNCS for YGG. The two
figures show the profile for different incident neutron energy, Ei. The magnetic
scattering intensities are obtained by subtracting the 13 K signal from the 50 mK
signal, see section 1.6.

Figure 3.5: Magnetic neutron scattering profile from D7 for YGG at 50 mK. The
magnetic scattering intensities are obtained by using Eq. 1.20. However there were
some leakage between the signals, possibly invalidating Eq. 1.20. This is discussed
in paper 3. Nevertheless, I still present the data as analyzed in this figure.
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3.4 Reverse Monte Carlo

The MC techniques described in chapter 2 rely on proposing a microscopic Hamil-
tonian and by this calculating experimental observables. Finding a Hamiltonian or
micro-magnetic model that correctly describes a system is often difficult. Often the-
oretical frameworks such as crystal field theory, section 1.4, and density-functional
theory approaches [93] are useful and can guide scientists in their search for a model.
Sometimes models are based on physical understanding and estimates such as the
pressure Hamiltonians presented in chapter 2 which also gives a good description of
a system. Reverse Monte Carlo (RMC) presents an additional tool for researchers
to get further insight into the properties of a material when proposing microscopic
models. The principle of RMC is that experimental data is used as input to a MC
algorithm. Based on experimental data, the algorithm uses random numbers to
probe a vast number of available models/states/structures. A RMC algorithm that
can propose Hamiltonians is inhibited by its computational complexity, but there
exist several programs that can perform simpler tasks based on experimental data
which aid the theoretical understanding.

3.4.1 Rietvelt refinement

Rietvelt refinement is a technique which uses experimental diffraction data as in-
put to find microscopic parameters such as the positions of atoms in a crystal unit
cell. It does so by optimizing the computed scattering profile with respect to the
experimental data and was originally used in its earliest forms by H. M. Rietvelt
in 1966 [94]. The optimization technique can vary depending on the type of appli-
cation but with many free parameters simulated annealing by Monte Carlo can be
effective [95]. The importance of having a program that can suggest a microscopic
structure given a scattering profile is emphasized by the fact that thousands of
X-ray investigations employing Rietvelt refinements are published every year [96].

3.4.2 Spinvert

With the success of the Rietvelt refinement, a new method has recently been pro-
posed which employs random numbers to calculate magnetic structures from ex-
perimental data: Spinvert. Released in 2013 as an open source program package
written in Fortran, Spinvert is a RMC program that calculates magnetic spin struc-
tures [24]. The available program uses powder neutron diffraction data as input,
and simulates classical spins on a lattice. It performs random updates accord-
ing to the heath bath algorithm to minimize the residual between the anisotropic
scattering profile [97]:

I(Q) = sC[µF (Q)]2
1

N
×
∑
i,j

[
Aij

sinQrij
Qrij

+Bij

(
sinQrij
(Qrij)3

− cosQrij
(Qrij)2

)]
, (3.2)
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and the experimental data. This residual is used as a cost function equivalent to
the energy in traditional MC simulations, such as that in chapter 2. Simulated
annealing is performed with respect to this cost function. Spinvert has a number of
preset choices for the spin dimensionality, namely: Ising, classical XY and classical
Heisenberg spins, which can be chosen depending on the situation. For YGG, I
chose mainly to investigate classical Heisenberg spins, as the anisotropy is expected
to be weak for this system, see paper 3.

3.4.3 RMC for single crystals
The open source available Spinvert program package [24] is built for refining neu-
tron scattering data from powder samples. This introduces a complication since the
measurements in my collaboration were performed with a single crystal. However,
it is in theory straight forward to generalize the cost function to multiple dimen-
sions and use the same RMC strategy for single crystals. After some discussion in
my collaboration, it was suggested by my co-worker Lise Ørduk Sandberg that I
investigate this possibility.

I developed an algorithm for a is two-dimensional data set that minimizes the
following cost function:

V ({Si}Ni=1) =
∑
Q∈E

(Scalc(Q)− Sexp(Q))2,

Scalc(Q) =
C[µf(|Q|)]2

N
∑
ij

S⊥i · S⊥j eiQ·rij ,
(3.3)

where Scalc(Q) is the magnetic scattering cross section for a single crystal [21], E
is the experimentally accessed two-dimensional set of wave-vector transfers Q and
N is the number of unit classical Heisenberg spins Si. The quantities in Scalc(Q)
are defined in Eq. 2.19. I performed a minimization using the cost function V and
obtained the excellent fit in Fig. 3.6. However, there is a fundamental problem with
this approach that may not be apparent. The problem lies in how the cost function
is specified. Since the cost function V considers only the plane in which neutron
scattering data was obtained experimentally, the scattering intensity at Q-points
outside of this plane, Q /∈ E, are not constrained. Because of this, the algorithm
does not know how to optimize these points and the regions outside the measured
plane become noisy and unphysical. The problem is that not enough points in Q-
space were measured and this straightforward minimization can not find a reliable
single optimized minimum of V .

3.4.4 The incompleteness of a two-dimensional data set
It is evident that the RMC results are not correct if I plot Scalc(Q) for scattering
planes that are equivalent by symmetry to the measured plane in the cost function.
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Figure 3.6: RMC minimization for a two-dimensional neutron scattering data set.
Left, experimental data (CNCS Ei = 1.55 meV, T = 50 mK). Right, RMC mini-
mization. The agreement between RMC data and experiment is striking. However,
this is usually the case with RMC calculations, and since the minimization only
considers the (l − 2h, l + 2h, 2l) plane, the spin configurations resulting from this
minimization are not usable.

To demonstrate this I plot the results from RMC minimizations on the GGG data
for which the result is known by powder refinements, section 3.2.1 [88]. Fig. 3.7
shows the result from RMC minimization on the garnet lattice for single crystal
experimental data from GGG. The GGG data is taken in the (h, k, 0) plane. If
the RMC algorithm is set to minimize the cost function for the (h, k, 0), the calcu-
lated profile will only look like the data in (h, k, 0). For the symmetry equivalent
planes (h, 0, l) and (0, k, l) the scattering intensities will not have the same profile,
which signals that the problem is under-constrained and therefore finds an erroneous
minimum. As an attempt to remedy this situation I tried to further constrain the
problem by simultaneously minimizing in symmetry equivalent planes. Fig. 3.7
shows the coarse results from such a minimization, the algorithm has minimized
for the (h, k, 0) and (h, 0, l) planes, Fig. 3.7 (a,b), giving a reasonable fit to the ex-
perimental data Fig. 3.7 (d). However, for the symmetry equivalent (0, k, l) plane,
Fig. 3.7(c), which is not fitted by the algorithm, the simulated system is uncorre-
lated, as indicated by the weak and noisy scattering profile. The idea of further
constraining the problem is that, at some point, the constraints will be enough to
ensure a unique solution for the RMC algorithm. This is guaranteed as there is
a one-to-one mapping between the scattering profile and the real-space correlation
function due to the uniqueness of Fourier transforms. The Spinvert approach which
minimizes the powder diffraction pattern circumvents this problem by constraining
all points in Q-space through a spherical average, Eq. 3.2. Some information is lost
through spherical averaging, but at least the solution is unique in theory as the cost
function optimizes for every wave-vector transfer.

The YGG data set, Fig.3.4, Fig.3.5, is incomplete. Performing an accurate RMC
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Figure 3.7: RMC minimization results for the GGG neutron scattering data [88].
The sub-figures (a-c) show the RMC solution when the algorithm is optimizing for
the (h, k, 0) and (h, 0, l) planes simultaneously, (d) shows the experimental data.
The RMC algorithm tries to minimize the cost function, Eq. 3.3. The garnet lattice
has cubic symmetry making the (h, k, 0), (h, 0, l) and (0, k, l) planes equivalent.
When the algorithm optimizes the calculated scattering for only one of these planes,
the task is under-constrained and the scattering profiles in the additional planes is
unphysical. If the task is further constrained by simultaneously optimizing another
symmetry equivalent plane, the issue persists and this is perhaps most clear by sub-
figure (c) which should look identical to (a) and (b) if the task was well constrained.

analysis requires that the full 3-dimensional scattering profile is known. This is not
experimentally feasible, and it was decided to use the existing data to approximate
the scattering profile outside of the measured plane, to obtain an idea of what
the correlations look like. The assumption that the existing data can be used to
approximate the scattering outside of the measured plane, is motivated by the idea
that the material is approximately isomorphic and that the spin-spin correlation
function is mainly dependent on distance rather than direction. If this is not the
case one has to perform a more extensive measurement of the compound.
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3.4.5 Approximating the out-of-plane scattering profile
In my investigation of RMC on single crystals I attempted several methods for
approximating the out-of-plane scattering profile. In the end, for the published
results, I decided to perform an angular average on the existing two-dimensional
data, and use this data as input to the existing Spinvert program package. This
decision was made because it is the most straightforward method to implement.
The existing program package is also proven to work and is free from coding errors
and other complications. This method was also suggested by my co-worker Lise
Ørduk Sandberg. Although it is a straightforward method, there is still freedom
in the extrapolation that can give a number of different results. I will discuss
this in section 3.4.6, but before continuing I will mention the other extrapolation
techniques that I investigated.
Rotational sweep

Performing an angular average and treating this as a powder neutron diffraction
signal is possible. However, this method disregards the structure in the neutron
scattering profile. Another similar approach which maintains more of the structure
from the two-dimensional data, is to rotate the scattering plane in three-dimensions
around some axis of symmetry. I shall clarify my idea with an example: suppose
that the experimental neutron scattering profile is known in the (h, k, 0) plane.
The garnet crystal symmetry dictates that the scattering profile is the same in the
(h, 0, l) plane. This corresponds to a 90◦ rotation of the measured plane around
the [100] axis. Since the neutron scattering profile is a continuous and smooth
three-dimensional function, the points close to the (h, k, 0) and (h, 0, l) planes can
be approximated with great accuracy using the [100]-rotated experimental data.
A further approximation is to generalize this property and let all the scattering
intensities for Q-vectors outside of the planes be equal to the rotated experimental
profile. This is similar to an angular average, but maintains more structure since
an angular average is equivalent to rotating the experimental profile around all
axes and averaging. Fig. 3.8 depicts the situation. The CNCS neutron scattering
data for YGG, Ei = 3.32 meV, is rotated around the [112] symmetry axis. This
gives a scattering intensity for every wave-vector transfer, and fully constrains the
minimization problem.

RMC minimizations on this data set should result in a unique solution since
there are no unconstrained degrees of freedom. However, the question remains as
to whether this solution can accurately describe the true correlations of the system.
This is a difficult question, and the short answer is that there is no guarantee that
this should be the case. Instead, the validity of the result is empirically motivated
by the large number of successful RMC minimizations on powder diffraction data,
Spinvert[24]. Hopefully if the technique works on powder diffraction data it should
also work on single crystal data, and if the results are not fully valid they can still
provide useful insight.
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Figure 3.8: Rotational sweep of the CNCS data (Ei = 3.32 meV, T = 50 mK). The
data is rotated in Q-space, and during the sweep a value is associated with each
Q-point.

Interpolating function
Another alternative for fully constrain the scattering profile is to find some

interpolating function in three dimensions, which can be fitted to the observed
scattering and its symmetry equivalent planes. There are many possible functions
which can be used to do this, all of which will capture different aspects of the
correlations. The mathematical problem is to find a function S(h, k, l) such that

S(h, k, 0) = f(h, k),

S(h, 0, l) = f(h, l),

S(0, k, l) = f(k, l),

(3.4)

where f is the experimentally measured scattering profile that can be mirrored
by the cubic symmetry. For crystals with additional symmetries, further require-
ments can be made on S(h, k, l). A full investigation of all generalizations S is
difficult. I investigated some possibilities, but did not proceed further with RMC
minimizations. It is possible that a continued investigation like this might produce
some useful insight to the correlations, although of course it can not be considered
as an accurate method without first testing it on known systems.
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3.4.6 Angular average
As mentioned in the previous section, it was decided to perform an angular average
of the YGG neutron scattering profile in order to constrain the Q-points outside
the experimentally measured plane. In this section I describe in detail how this is
done and discuss the similarity in the results from an angular average compared
with powder diffraction data, using GGG as an example.

An angular average was constructed from the YGG neutron scattering profile
according to

Iavg(Q) ≡ 1

M(Q)

∑
||Qk|−Q|<t

S(Qk), (3.5)

whereM(Q) is the number of Q-points in the experiment of magnitude Q± t. The
tolerance t is chosen so that the noise in the average is not too large and that features
can still be resolved. More details on the RMC results can be found in paper 3,
and I will mention some of the main aspects here. However, first I shall discuss
the importance of the scale factor C in Eq. 3.2. Usually when conducting neutron
scattering experiments, one is presented with a detector count which determines
the relative intensity levels. Many times it is difficult to determine the cross section
in absolute units, which was the case in my experimental collaboration. It was
therefore decided to fit the overall multiplicative scale factor as part of the RMC
minimization. Fitting this parameter directly in the algorithm is tricky, as there are
many possible choices that give similarly good fits, but have a rather different two-
dimensional scattering profile. For this reason, I decided to perform the Spinvert
minimization multiple times for different scale factors. The best scale factor is
chosen depending on how well the two-dimensional scattering profile, calculated
from the RMC spin structure, matches with the experimental data.

Figure 3.9 depicts the two-dimensional least square fit χ (same as the cost
function V ) plotted against the scale factor C. The data presented here is a bit noisy
due to the simulations being short, but it is clear that there exists a local minimum
around C = 3 and a global minimum around 7 < C < 15. By further refining this
search, one obtains the figures in paper 3. Figure 3.10 shows the resulting refinement
and as can be seen, the RMC does a good job of reproducing the experimental
data in the measured plane. The resulting spin configurations can be used to
suggest scenarios for the correlation functions and spin anisotropy. In paper 3,
these correlations are discussed, as well as the the distribution of spins in the 10-ion
loops. To further aid the understanding of these spin structures, I depict in Fig. 3.11
the angular probability distribution in the 10-ion loop for the spin configurations
that correspond to the scattering profile in Fig. 3.10. Paper 3 discusses in detail
the real-space correlation function obtained from these distributions, and also the
other data sets.

To further legitimize the angular average, I show, in Fig 3.12, the results ob-
tained for GGG using the angular average compared with that of the published
RMC refinement using actual powder diffraction data.
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Figure 3.9: Sum of squares error χ2 of RMC calculation compared to the experi-
mental scattering profile, plotted against the scale factor C, Eq. 3.2. The averaged
scattering profile Iavg can be fitted well for all values of C. For this reason that
χ2 is calculated in the two-dimensional scattering profile to discriminate between
different solutions and choose the data closest to the experiment.

3.5 Microscopic models for YGG

The information gained from the RMC refinements in the previous section can be
used to propose microscopic models for YGG. In this section I shall discuss the
attempts that I made to propose such a model.

3.5.1 Anisotropic Heisenberg model

Definition The classical Heisenberg model is defined as a system of classical spins
Si that reside on a lattice and interact with nearest neighbors through the Hamil-
tonian

H =
∑
〈i,j〉

Si · Sj . (3.6)

This model is motivated by super-exchange interactions between the spins, sec-
tion 1.2.2. One can implement this model on the garnet lattice [98]. I found that
doing this results in isotropic angular distributions for the spin of each ion. Hence
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Figure 3.10: Neutron scattering profile for YGG, Ei = 1.55 meV at 50 mK. Exper-
iment (right) and RMC refinement from angular average (left). High intensity is
represented by yellow color.

Figure 3.11: Distribution in a 10-ion loop in YGG obtained from the RMC refine-
ment. Each sphere represents a rare-earth site in the 10-ion loop. The yellow color
indicates a higher probability for the ion to have its spin aligned with this direction.
The blue color indicates a lower probability. The spins have a preference for being
distributed tangentially with the loop and are ferro-magnetically correlated in a
zig-zag pattern.
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Figure 3.12: Left: published GGG data and published Spinvert refinement [88],
reprinted with permission from the authors. Right: published GGG data and RMC
refinement by angular average (method of this thesis) from the (hk0) measurement.
As can be seen, the resulting RMC neutron scattering profile from the angular
average has many of the same feature as the published Spinvert refinement that
used experimental powder diffraction data. This gives credibility to the method
employed to analyze YGG.

in order to closer match the results from the RMC refinement I suggest to add an
anisotropic term to the Hamiltonian:

H = J
∑
〈i,j〉

Si · Sj + F
∑
i

|Si − Si‖|2. (3.7)
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Here, Si‖ is the component of spin Si which is parallel to the axis of anisotropy from
the RMC refinement. This is the axis which connects the centers of two adjacent
triangles on the garnet lattice. The parameter F determines the strength of the
anisotropy, F →∞ results in an Ising model while F = 0 gives a pure Heisenberg
model. Using square or quartic expressions like this are a common way to classically
model spin anisotropy due to the crystal field Hamiltonian [99]. In Fig. 3.13a I
show the directional distribution of the spins in a 10-ion loop. Figure 3.13b shows
the same quantity but for the RMC refinement on the Ei = 3.32 meV CNCS data.
As can be seen, the anisotropic Heisenberg model captures the main features of
the RMC refinement. The largest high-intensity zones are in the same regions for
both figures. However, for the RMC refinements there is some additional structure
and areas of lower intensity that differs from the anisotropic Heisenberg model.
Furthermore, the nearest-neighbor correlations in the anisotropic Heisenberg model
show similarity with the RMC refinement, see Fig. 3.14.
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(a) Anisotropic Heisenberg model.

(b) RMC refinement for experimental Ei = 3.32 meV CNCS data

Figure 3.13: Spin distributions on the 10-ion loops for the anisotropic Heisenberg
model, and experimental RMC refinement. The regions of highest intensity match
well, but the RMC refinement has some additional structure when compared to the
anisotropic Heisenberg model. The yellow color indicates a higher probability for
the ion to have its spin aligned with this direction. The blue color indicates a lower
probability.
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Figure 3.14: Probability distribution for the angle between two nearest-neighbor
spins. Left, RMC refinement. Right, anisotropic Heisenberg model. The distribu-
tions are similar with a maximum centered around 50 degrees.
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3.5.2 Ising model on a garnet lattice

Inspired by the RMC refinement and the anisotropic Heisenberg model in the pre-
vious sections, I investigate the Ising model. To mimic the previously found dis-
tributions, each Ising spin is oriented along the local axis that connects the center
points of adjacent triangles.

Nearest-neighbor interactions
The most straightforward Ising Hamiltonian has only nearest neighbor interactions,
J , between spins Si

H = J
∑
〈i,j〉

Si · Sj , (3.8)

where 〈· · · 〉 denotes summation over nearest neighbors.
This Hamiltonian has a broad peak in the heat capacity for ferromagnetic in-

teractions, which is not dissimilar to spin ice. For anti-ferromagnetic interactions,
the system is not frustrated and orders in an state for which each triangle has all
spins pointing either in or out.

Dipolar interactions
In order to model the experimentally observed heat capacity (section 3.3.1), I in-
troduce dipolar interactions in the Ising model. The reason for this is that previous
results by Yoshioka et al. [100] show that if dipolar interactions are introduced,
one obtains a low-temperature ordering peak, and a broad peak, which is qualita-
tively the same behavior as seen in the experimental heat capacity of YGG [90],
section 3.3.1. The Hamiltonian is:

H = J
∑
〈i,j〉

Si · Sj

+Da3
∑
i<j

(
Si · Sj
|rij |3

− 3
(Si · rij) (Sj · rij)

|rij |5
)
.

(3.9)

where D = µ0µ
2

4πa3 is the dipolar interaction-strength, a is the nearest-neighbor dis-
tance, µ0 is the magnetic vacuum permeability and µ is the magnitude of the mag-
netic moment of an ion at a given site. In this model, J and D are free parameters
which I fit to the experimental heat capacity. The Ising model gives reasonable
agreement with the heat capacity data, Fig. 3.15, although judging by the neutron
scattering spectrum it is not a complete description, Fig. 3.16.

Next-nearest-neighbor interactions
To further extend the model, I investigate the influence of next-nearest-neighbor
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interactions in addition to the previously mentioned interactions. The Hamiltonian
is

H = J1

∑
〈i,j〉

Si · Sj + J2

∑
〈〈i,j〉〉

Si · Sj

+Da3
∑
i<j

(
Si · Sj
|rij |3

− 3
(Si · rij) (Sj · rij)

|rij |5
)
,

(3.10)

where J2 is the next-nearest-neighbor coupling, and 〈〈· · · 〉〉 denotes summation over
next-nearest neighbors. Fitting the interaction-parameters to the heat capacity
gives a better fit than for the dipolar+nearest-neighbor model(J1D), Fig. 3.15.
However, the neturon scattering profile shows again that this is not a complete
description, Fig. 3.16. The two models described here are complimentary in the
sense that the J1D model captures the high intensity at low Q, whereas the J1J2D
model captures the six satellite peaks. I make no claim that any of these models will
correctly describe the system, especially since it is known by crystal field studies
that YGG is not an Ising system, see crystal field analysis of paper 3. Despite
this, it is interesting to note that the fitted magnetic moment given by the value
of D (which is fitted to reproduce the sharp peak in the heat capacity) is similar
to the value of free ytterbium: µ = 4.3 µB(free ytterbium), µ = 4.2 µB (J1D) ,
µ = 3.9 µB (J1J2D) [101] (where µB is the Bohr magnetons). This suggests that
the sharp peak at low temperature can be due to dipolar ordering.

Figure 3.15: Heat capacity experimental data (Data), J1D model (J = 0.6 K, D =
0.21 K) and J1J2D model (J1 = 0.72 K, J2 = 0.12 K, D = 0.18 K).
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Figure 3.16: Neutron scattering profile, experimental data from the D7 instru-
ment, J1D model (J = 0.6 K, D = 0.21 K) and J1J2D model (J1 = 0.72 K, J2 =
0.12 K, D = 0.18 K).

3.5.3 Dipolar interactions in the Heisenberg models

In the previous section, I showed that an anisotropic Heisenberg model and a dipolar
Ising model can reproduce different aspects of the heat capacity data and RMC
refinements. For this reason it is natural to investigate what happens if both of
these phenomena are present at the same time: an anisotropic Heisenberg model
with dipolar interactions.

As mentioned in chapter 2, I use Ewald summation to compute the energy
of dipolar interactions. Summing the Ewald mirrors is a computationally heavy
operation, but for an Ising model every pair interaction can be stored in a table
which allow for quick access during a MC simulation. However, for a Heisenberg
model, the number of states is not finite which complicates this procedure. In
this thesis, I implemented dipolar interactions in the Heisenberg model by first
individually computing energy between all pairs and components of the spins, and
then storing this in a table for quick access. This gives a great speed-up compared
to computing the Ewald sum at each MC step. However, since the investigation of
YGG has been put forward mainly as an experimental study, it was deemed too time
demanding to fully explore these interactions. I did perform dipolar simulations in
the Heisenberg model, but it did not reproduce the sattelite peaks in the neutron
scattering signal discussed in the previous sections. I did not fully investigate the
anisotropic Heisenberg model with dipolar interactions, which I believe could be
interesting as a next attempt for classical modelling.
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3.5.4 Further investigations
There is a great number of additional classical models that can be suggested. In-
spired by a talk by Prof. Bruce D. Gaulin (McMaster University) [102], I believe
that exchange interactions with different strength for different components in the
local coordinate system to model crystal field effects could be worth investigat-
ing. Furthermore, new methods such as those developed by my co-worker Emil
Blomquist [103] in combination with better computation techniques and hardware
might open the possibility to investigate quantum mechanical models for YGG,
although the sign problem makes it very difficult [104] .



Chapter 4

Experimental aspects of heat
capacity: Topic of paper 4

In this chapter I discuss heat capacity measurements done on small samples of
HTO and DTO and the associated laboratory work. I also discuss the related
simulations and theoretical models suggested by me in collaboration with Assoc.
Prof. Andreas Rydh and my supervisor. The results from this work are presented
in paper 4. In this paper we suggest that modulation calorimetry can be used to
probe the monopole relaxation times in spin ice and provide MC simulations to
support this. In general we propose using modulation calorimetry as a probe of
dynamic properties of frustrated magnetic compounds with long timescales.

4.1 Heat capacity
The heat capacity of a sample is defined as the quantity of heat required to raise
the temperature by one unit [105]. I have discussed this quantity in the previous
sections and it should come as no surprise that the heat capacity is of high im-
portance for the categorization of materials. The total heat capacity of a sample
has many contributions which dominate at different temperatures. In the following
subsections I shall describe the three main contributions relevant in my studies of
HTO and DTO.

4.1.1 Phonon contribution

The phonon contribution to the heat capacity originates in vibrations of the crystal
lattice. There are many possible vibration modes of a crystal and at room temper-
ature the phonon contribution dominates for most materials. This was originally
enunciated by Dulong and Petit in 1819 [1]. This property is commonly referred to
as Dulong Petit’s law which dictates that the heat capacity for any material is close

91
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to 6 cal·mol-1K-1. There exist materials that deviate from this behavior but on the
whole Dulong Petit’s law is valid and is explained by the phonon contribution. The
explanation for this value is that the gas constant R = NkB is about 2 cal·mol-1K-1

which implies that each of the N atoms contribute with 3kB to the heat capacity.
By the equipartition theorem each degree of freedom contributes with 1

2kBT to the
internal energy and for a three-dimensional crystal, Dulong Petit’s law is elegantly
explained with three momentum and three position degrees of freedom [89]. The
phonon contribution is dominant at room temperature, but at low temperatures
other phenomena dominate.

4.1.2 Electronic contribution

The phonons in a material require a certain activation energy to be excited and at
low temperatures there are very few phonon modes that are active. Hence other
contributions become important and for magnetic crystals the electric spin contri-
bution is dominant [89]. For spin ice in particular, the phonon contribution at 1 K
is negligible compared to the spin contribution [106]. The electronic contribution
is the part of the heat capacity which has been of main interest throughout this
thesis as it gives important clues to the magnetic state. The Hamiltonians discussed
in chapter 2 and chapter 3 are electromagnetic and their contribution to the heat
capacity is therefore an electronic contribution.

4.1.3 Nuclear hyperfine Schottky anomaly

A Schottky anomaly is present for all two-level systems. It is a contribution to
the heat capacity which appears as a broad peak and signals the transition from a
state with both energy levels populated, into the ground state with only the lowest
energy level populated [89]. The derivation of the contribution is straight forward
and one starts by considering the partition function of a system with energy levels
E0 = 0 and E1 = kB∆. The partition function is Z = 1 + e−∆/T , which gives the
heat capacity

C = − ∂

∂T

d lnZ

dβ
= kB

∆2

T 2

e∆/T(
1 + e∆/T

)2 (4.1)

For HTO and DTO these effects are important as the nuclear magnetic moment
of holmium and dysprosium exhibit a hyperfine Schottky anomaly at low tempera-
tures [107]. This is because for each ion the nuclear magnetic moment aligns with
the electron magnetic moment. Especially for HTO the nuclear contribution from
holmium starts to dominate already at temperatures slightly below 1 K [108]. For
DTO the anomaly needs to be considered only at very low temperatures around
0.1 K [109]. For the naturally occurring isotopes of both holmium and dysprosium
the nuclear spin quantum number is 7

2 and hence there are 8 energy levels. It is
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straight-forward to compute the theoretical heat capacity from these states by gen-
eralizing Eq. (4.1). This contribution is important as it tends to dominate at low
temperatures and makes it difficult to measure the electronic contribution.

4.2 Experimental techniques

Heat capacity measurements were made using a membrane based calorimeter opti-
mized for modulation calorimetry [110]. The sample is placed on a silicone nitride
membrane which is connected to a thermal reservoir at temperature T ≈ 0.1 K.
At the center of the membrane there is a thermometer and a heater. Figure. 4.1
depicts microscope images of the calorimeter. Fig. 4.1(b) shows the square mem-
brane with the heater and thermometer at the center. The edge of this membrane
is always at the temperature T = 0.1 K. The calorimeter is in vacuum during
measurements, and all heat exchange is through the membrane since there is neg-
ligible radiation transfer at the temperatures considered [111]. The heat capacity

(a) (b)

Figure 4.1: Microscope images of the calorimeter. (a) picture of the the calorimeter,
the silicone nitride membrane is at the center and there are two rectangular slots
on which samples can be placed. (b) zoomed in view on one of the slots. The
transparent square area has a side length of 1 mm. In the center of this area is the
sample thermometer and heater, which are controlled by the ten connecting leads.
For more information on the construction of this calorimeter, see Ref. [112]

is measured through the response in temperature when the applied power in the
heater is altered. In my work with Assoc. Prof. Andreas Rydh we used this setup
to perform two different measurements of the heat capacity of HTO and DTO:
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modulation calorimetry, which the machine was purpose built for, and relaxation
calorimetry.

4.2.1 Modulation calorimetry

The experimental setup for modulation calorimetry can be simplified by the model
depicted in Fig. 4.2. This is the simplification made in Ref. [112] and one consid-
ers the membrane as a link between the thermal reservoir and the sample. The
membrane has an average heat capacity Cm and a thermal link κe. The sample has
a thermal link to the heater and thermometer which is κi. This thermal link can
vary greatly depending on the sample shape and the compound used to attach the
sample to the heater/thermometer. For all experiments conducted in this thesis,
Apiezon N grease was used to attach the sample. It is important that the thermal
link κi is good, otherwise the sample will not follow the temperature modulations
of the heater/thermometer, which will give false temperature readings. The heat
capacity of the sample is denoted with Cs and it is this quantity which is of interest.

Membrane
cm, κe

Heater
Thermometer

Thermal 
bath

T = 20 mK

Sample
κi

Cs

Figure 4.2: Model for the experimental setup. The sample is connected to a mem-
brane which is connected to a thermal reservoir. All heat exchange goes through
the membrane, since the sample is in vacuum and the radiation heat is negligible
at the temperatures considered [111].

The system depicted in Fig. 4.2 can be described with a differential equation.
For modulation calorimetry, the applied power in the heater varies as a sinusoidal
function and as a result the temperature Tac of the sample will also vary sinusoidally.
By measuring the phase shift φ between temperature Tac(t) and power P (t), and
the changes in amplitude Tac,0 of the temperature oscillations one can deduce the
total heat capacity C = Cm + Cs. Mathematically this is done by considering the
governing differential equation,

P (t) = P0(1 + sinωt),

Tac(t) = Tac,0 sin(ωt− φ),

P (t) = C
dTac
dt

+ κ(Tac − TB),

(4.2)
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were ω is the angular frequency of the oscillations, κ is the total thermal link
between the sample and the bath, TB ≈ 20 mK is the temperature of the bath. The
ordinary differential equation in Eq. (4.2) states that the energy output from the
heater is either stored in the sample, increasing its temperature, or is transported
away from the sample through the membrane and deposited in the thermal bath.
The solution to this differential equation gives the following relations [110]

Tac,0 =
P0√

(ωC)2 + κ2
,

tanφ =
ωC

κ
.

(4.3)

The quantities φ, Tac,0, ω and P0 can all be measured and from this system of
equations, the unknowns C and κ can be deduced.

4.2.2 Relaxation calorimetry
Relaxation calorimetry or a relaxation measurement of the heat capacity is the
one of the most straight-forward methods used to measure heat capacity [89]: the
sample is cooled and the temperature is recorded as a function of time. The heat
capacity is calculated from the timescales needed for cooling. The main obstacle to
overcome in a relaxation measurement is to have good knowledge of how fast heat is
transported away from the sample. In the measurements performed in this thesis,
the power was decreased gradually in steps. For each step the sample temperature
is allowed to stabilize, so that the applied power is equal to the heat transported
away from the sample. In this way the heat being lost to the bath can be known
as a function of temperature with good accuracy. The heat capacity is then obtain
by solving the following differential equation:

dT

dt
=
Pin(t)− Pout(T (t))

C(T )
, (4.4)

where C(T ) is the total heat capacity of the membrane and the sample. Pout is
empirically measured at each step. Between the steps, I use polynomial interpola-
tion in log-log scale of the known values at equilibrium steps to estimate Pout(T ). I
elaborate on the results in paper 4, and the main observation is that the literature
value of the heat capacity is confirmed which indicates that the sample is correctly
synthesized and that there is no problem with the experimental setup.

4.3 The sample size
Specific heat is an intrinsic property and is not dependent on the size or shape of a
sample. However, the size of a sample plays an important role in an experimental
setup. From the differential equations Eq. (4.3) and Eq. (4.4) it can be seen that the
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sample dimensions will affect C and κ since samples of different shape have different
mass and area. When investigating certain aspects of the heat capacity, the freedom
to choose the ratio between C and κ can be used to make the measurements easier.

4.3.1 Frequency windows
For each size and shape of a sample, there is a certain “window” of frequencies that
can be probed accurately. If the frequency is too high, the sample does not remain
well connected to the thermometer and the observed temperature changes Tac(t)
in Eq. (4.3) do not represent the true temperature of the sample. If instead the
frequency is too low the measurement will take a long time to complete and noise
factors make the signal hard to interpret. Hence for a given sample the frequency
should not be “too high” or “too low”.

In addition to the timescales due to the size of the sample, there may also be
internal timescales of the investigated material. This is discussed in a number of
experimental and theoretical studies of spin ice [106, 113]. In particular, some
studies argue that the waiting time in a relaxation measurement or equivalently
the frequency in a modulation experiment can have a big influence for the result
due to slow spin dynamics [113].

With this in mind, our aim has been to investigate small samples of HTO and
DTO in the range of few micro grams. This allows for an investigation of relaxation
effects at much faster timescales than what has been reported in other studies of
spin ice that we are aware of, without compromising thermal equilibrium in the
sample.

4.3.2 Crystal polishing
To perform measurements on small spin ice samples, I polished crystals to thin
shims. This shape has the highest κ/C ratio, which allows for faster frequency
probing while keeping the sample in thermal equilibrium. The pictures in Fig. 4.3
depict the procedure. Fig. 4.3(a) shows a sample holder which consists of a large
mm sized crystal attached to an cubic piece of aluminum. The tip of the crystal is
flat and the HTO/DTO sample is mounted with crystal bond on its surface. When
the sample is attached, the sample holder is put into a polishing machine with a
rotating diamond film that sweeps across the surface of the crystal, Fig. 4.3(b).
Figure. 4.3(c) shows a HTO sample attached to the crystal holder. The sample has
been sanded by a rough diamond film giving the course surface in Fig. 4.3(c). The
sample is polished with fine diamond films to obtain a flat surface. After this has
been done, the sample is flipped in the holder and the polishing continues until the
sample becomes very thin. Fig. 4.3(d) shows the final result and depicts a very
thin sample attached to a hair. The thinnest samples that I could obtain using this
technique were about 7 µm thick. The length and width dimensions of the samples
were typically more than 100 µm.
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(a) (b)

(c) (d)

Figure 4.3: Sample preparation procedure for heat capacity measurements. (a)
The sample holder used to polish samples. (b) Polishing of sample using a rotating
diamon disk. (c) Roughly polished sample attached to the sample holder. (d) Final
result, a HTO crystal about 7 µm thick attached to a hair.

4.4 Frequency dependent heat capacity

In modulation calorimetry experiments on small spin-ice samples we found that
the measured heat capacity had a strong dependence on the probing frequency.
Figure 4.4 demonstrates this for a DTO sample. The heat capacity Fig. 4.4(a) is
shown for the corresponding frequency range Fig. 4.4(b) for increasing frequencies.
The probing frequency is in most of these measurements chosen to keep the phase φ
constant as this gives better measurement accuracy [112]. Hence f is not a constant
function of temperature in Fig. 4.4(b). From Fig. 4.4 it can be seen that when the
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frequency increases the heat capacity decreases.
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Figure 4.4: Heat capacity for DTO probed using modulation calorimetry. The
different frequency ranges are indicated by colors: for example the red curve in
(a) has the lowest heat capacity and is measured with f -range 5 which contain the
highest frequencies and are plotted in the (b) figure as a function of temperature.

The frequency dependence can be explained by several effects which are dis-
cussed in paper 4. The natural explanation for this phenomena is that the sample
is out of equilibrium. However, there are several ways in which this can happen.
One explanation is that the thermal conductivity in the sample might not be good
enough to transport heat at high modulation frequency. Another possible expla-
nation is that there could be problems with the thermal link between the sample
and the membrane. A third possibility is that the dynamics in spin ice are too
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slow to follow the fast modulation. In paper 4 I argue that the thermal connection
of the sample is good and by using experimental data for the heat conductivity in
DTO [114], I perform simulations of the heat equations which show that the heat
transport is good at the measured frequency. In addition, the previous study of heat
conductivity argues that even at 1 K the major contribution to the heat transport
is of phononic nature. Because of this I argue in paper 4 that the sample has no
thermal gradients, and that the phonons spread the heat equally in the sample.

It remains to be investigated whether the observed behavior may be due to slow
dynamics of the spin system. In a classical spin system such as spin ice, spin-flips
are a result of interactions. The normally considered interactions are: spin-photon
interaction, spin-spin interaction and spin-phonon interactions [115]. To simulate
non-equilibrium effects, it was decided to consider the phonon system as a heat
bath to the spin system. Spin-phonon interactions are assumed to occur at random
places. The energy of the phonons are assumed to follow a Boltzmann distribution.
With these assumptions the non-equilibrium dynamics of the regular MC heat bath
algorithm should be a good model for the system, with each update corresponding
to a random phonon collision. Even with spin-photon interactions I believe that
this should still be a good model, but photons or radiative interactions should be
negligible at low temperature due to the T 4-law [89]. The spin-spin interactions are
already included in the model by the Hamiltonian. However, the model disregards
dynamic effects of the spin system, for example spin waves. It is therefore not a
complete model but can give a good description if the effects from other dynamics
are small, which I believe is the case at low temperatures.

4.5 Dynamic MC simulation

I performed dynamic MC simulations by varying the temperature T sinusoidally in
the heat bath algorithm. Loop flips, see section 2.4.2, are not used since randomly
occurring phonon collisions corresponding to single-spin flips is a better physical
model. The heat capacity is calculated by computing the energy of the system as a
function of T . For quick oscillations i.e. few MC steps per temperature oscillation,
the system does not have time to equilibrate to the new temperature and a lower
heat capacity will be measured compared with the static value. Figure 4.5 illustrates
the behavior. At high frequency (few MC steps per period) the amplitude of the
energy fluctuations is small. At low frequency (many MC steps per period) the
amplitude of the energy fluctuations is larger. The heat capacity is calculated by
plotting the energy vs temperature for the MC simulation and performing a linear
interpolation to the data points. This is depicted in Fig. 4.6 and in the limit of
low frequency, this value corresponds to the static value obtained by the techniques
described in chapter 2.

When the MC simulation is performed for the frequencies used in the experi-
mental measurements of Fig. 4.4, one obtains the excellent fit of Fig. 4.7. Details
can be found in Paper 4. The simulation shows a good correspondence with the
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experiment, suggesting that the observed behavior is due to slow spin relaxation
effects.
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Figure 4.5: Energy oscillations in a MC simulation of DTO when the temperature
in the heat bath algorithm is varied sinusoidally. This models the behavior of spin
ice during modulation calorimetry, where the phonon system acts as a heat bath
with sinusoidally varying temperature. The legend indicates the number of MC
updates attempted per oscillation period.
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Figure 4.6: Energy plotted as a function of temperature for the MC simulation of
DTO with sinusoidally varying heat bath temperature. A linear interpolation is
fitted to the data for each modulation frequency (dashed line). The heat capacity
is calculated from the gradient of this line. In the limit of low frequency, this value
corresponds to the static value obtained by the techniques described in chapter 2.
The legend indicates the number of MC updates attempted per oscillation period.
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Chapter 5

Summary of my research

Frustrated magnetic compounds have the potential for displaying novel physical
properties that can increase our current understanding of Nature. In this thesis I
discuss new experiments and simulation techniques for the magnetically frustrated
spin ice and garnet compounds.

In the first two papers I develop a theoretical model for how pressure affects the
ground state selection in spin ice at low temperatures. Pressure is an important
probe of the physical properties in frustrated magnets as it can be used to tune
the interaction between magnetic ions. This thesis summarizes the current un-
derstanding of spin ice under applied pressure and details the latest experimental
and theoretical endeavors in the subject. In addition, I report on the first neutron
scattering measurements of Ho2Ti2O7 under uniaxial pressure. I also report on the
first published magnetization measurements of Ho2Ti2O7 under uniaxial pressure.
The experiments are quantitatively compared with theory and precise predictions
are made on the ground state of spin ice. I also debate the importance of dipolar
interactions in spin ice under applied pressure.

In the third paper, neutron scattering measurements on the Yb3Ga5O12 gar-
net are presented. This frustrated magnetic compound has previously not been
investigated by neutron diffraction. In this thesis, I perform the data analysis on
this experimental data. To do so, I have investigated new algorithms and methods
for performing reverse Monte Carlo refinements on two-dimensional data sets. The
results of my investigation are of great use to the continued research of reverse
Monte Carlo and other AI/machine-learning techniques for determining magnetic
properties of materials. These methods have recently been gaining more popularity
not only in condensed matter but in all disciplines of science. Using this algo-
rithm I discuss the possible magnetic correlations and investigate micro-magnetic
models for Yb3Ga5O12. I report on a possible magnetic structure for this material
that can aid future research to obtain a full understanding its quantum mechanical
properties.
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In the fourth paper, we investigate a previously unexplored experimental probe
of the magnetic relaxation timescale in spin ice, namely: modulation calorimetry.
The measurements could be performed only with help of the most recent advances
in membrane based modulation calorimetry, a technique available only to a small
number of groups in the world. In this thesis, I perform sample preparation, analyze
the experimental data and construct numerical simulations for the non-equilibrium
properties of spin ice. I find good agreement between model and experiment. From
this, the timescale for magnetic relaxation in spin ice is deduced.
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