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Abstract 

The understanding of the mechanical response of Bohus granite, as typical of 
hard rocks, to percussive drilling is important to improve the efficiency of such 
an operation. The resulting problem includes material modeling of the selected 
type of rock under indentation loading conditions. An elastoplastic constitutive 
material model combined with a damage description is employed for this 
purpose. The material model parameters are calibrated based on experimental 
results.  

Linear Drucker-Prager (DP) plasticity model with pressure-dependent dilatancy 
and an anisotropic damage model (DFH model) are considered to account for the 
inelastic deformations and the tensile failure (i.e., mode I fracture), respectively. 
The resulting constitutive model is implemented numerically into a finite 
element (FE) commercial software to simulate the material behavior under 
indentation loading up to its load capacity.  

In Paper A, the DP material model parameters are determined based on quasi-
oedometric tests performed in a previous work and the yield surface and dilation 
angle are determined. The calibrated material model is implemented numerically 
taking advantage of Abaqus FE software. The established numerical model is 
then used to simulate quasi-static indentation test and the force-penetration (P-
h) response is predicted. Moreover, a high-speed camera is utilized to monitor 
the surface of specimens, made of Bohus granite, at different load levels in 
indentation tests. It is detected that the load-drops observed in the P-h response 
are associated with the material removals on the surface.  

In Paper B, the anisotropic DFH damage model is employed to predict the 
material fracture pattern subjected to quasi-static indentation loading. The 
employed damage model considers the heterogeneity in the material tensile 
strength using Weibull statistics. It is described how the Weibull parameters are 
calibrated. The calibrated DFH model is combined with the DP model. The 
resulting DP-DFH model is used to simulate the material elastoplastic response 
and the fragmentation process. Furthermore, the frictional effects on the P-h 
response, fracture pattern and plastic zone are numerically investigated in Paper 
C. In doing so, friction is introduced between the indenter and the granite 
surface in numerical simulations. A parametric study of frictional coefficients is 
also carried out.  

Finally, in situ spherical indentation test is performed and monitored by X-ray 
microtomography in Paper D. The test is then analyzed by Digital Volume 
Correlation (DVC), with the aim of validating the calibrated constitutive model. 
FE simulations of the indentation problem, using different constitutive models, 
namely, elasticity, compressible elastoplasticity (DP) and compressible 



elastoplasticity with damage description (DP-DFH) are carried out and the 
results are compared based on DVC residuals. The frictional contact effects are 
also studied. It is concluded that compressible elastoplasticity should be 
accounted for to predict the load level and displacement fields beneath the 
indenter. It is also concluded that frictional effects lead to damage extension. 
However, the frictional effects on the P-h response and the size of the plastic 
zone underneath the indenter are negligible. Finally, it is shown that the 
employed damage model can determine the indentation fracture pattern prior to 
extensive failure of the chosen type of rock.  

  



 

 

Sammanfattning  

Det mekaniska beteendet hos Bohusgranit har undersökts med experimentella 
och numeriska resultat som grund. Av speciellt intresse är att undersöka 
beteendet vid kontaktbelastning, motsvarande slagborrning vid praktiska 
applikationer. De ingående materialparametrarna är helt bestämda av 
experimentella resultat. Den föreslagna materialmodellen består av en 
elastoplastisk del, en linjär Drucker-Prager modell (DP) med varierande 
dilationsvinkel, och en anisotrop skademodell (DFH). Den resulterande 
konstitutiva modellen används sedan för att simulera, m.h.a. finit 
elementmetodik (FEM), det mekaniska beteendet vid kontaktbelastning till dess 
att omfattande fragmentering sker under intryckaren. 

I artikel A bestäms materialparametrarna i DP-modellen m.h.a. av 
experimentella resultat från tidigare arbeten. Modellen implementeras sedan i 
ett kommersiellt FEM-program och valideras med hjälp av 
intryckningsexperiment med en sfärisk påtryckare. Relationen mellan kontaklast 
och intryckningsdjup bestäms vid experimenten och en höghastighetskamera 
används för att undersöka vad som händer på ytan runt omkring kontakten Det 
noteras då att mindre lastnedgångar sker under experimentet och dessa förklaras 
med sprickbildning nära kontaktranden. Röntgentomografi används för att 
undersöka sprickmönstret. 

I artikel B används den anisotropa skademodellen (DFH) för att förutsäga 
sprickmönstret vid intryckningsförsöken. I skademodellen antas att materialets 
dragbrottspänning är heterogen och dess statistiska variation kalibreras 
utgående från experimentella resultat. DFH-modellen och DP-modellen 
kombineras för att simulera det mekaniska beteendet vid kontaktbelastning. 

I artikel C undersöks, också med hjälp av finit element metodik, friktionseffekter 
vad gäller last-förskjutnings-samband, sprickutbredning och storlek på den 
plastiska zonen. Coulombfriktion antas mellan intryckaren och granitmaterialets 
yta och speciellt studeras inverkan av  friktionskoefficientens storlek.  

Slutligen, i artikel D, genomförs återigen sfäriska intryckningsexperiment  som 
monitoreras med hjälp av mikrodatortomografi. Dessa experiment analyseras  
med DVC (engelska, Digital Volume Correlation) för att verifiera den föreslagna 
materialmodellen. FE analyser av intryckningsproblemet, baserat på olika 
materialmodeller såsom rent elastisk, kompressibel elastoplasticitet (DP) och 
kompressibel elastoplasticitet med skademodellering (DFH), genomfördes och 
resultaten jämfördes med hjälp av residualer från DVC analyser. Friktionskontakt 
studerades också. Sammanfattningsvis visade dessa analyser att hänsyn måste 
tas till elastoplasticitet för att noggrannt prediktera lastnivåer och 
förskjutningsfält under intryckaren. Likaledes måste hänsyn tas till 



friktionseffekter. Det skall i detta sammanhang dock understrykas att 
friktionseffekter inte påverkar P-h-sambandet eller storleken på den plastiska 
zonen. Dessutom visas att den aktuella skademodellen kan för det aktuella 
bergmaterialet bestämma de skador som uppkommer innan kollaps. 

 

  



 

 

Acknowledgements  

The work presented in this thesis has been carried out at Solid Mechanics, KTH 
Royal institute of Technology, Stockholm between July 2016 and May 2021. The 
work is funded by Epiroc Rock Drills AB which is gratefully acknowledged.   

I would like to express my deepest gratitude to my supervisor Prof. Per-Lennart 
Larsson for giving me the opportunity to work on this project and excellent 
guidance and support. It has been a pleasure working with you. I also want to 
thank my assistant supervisor Dr. Mahdi Saadati for constant support and 
encouragement. I have learned a lot during our valuable discussions. Many 
thanks to my assistant supervisor Res. Prof. Francois Hild at LMT Cachan for 
collaboration in this work and very helpful discussions. I am very grateful for 
everything you have taught me. Also, many thanks to Dr. Kenneth Weddfelt for 
your thoughtful advice. 

I would like to thank Dr. Irene Linares Arregui now at Scania Group for able 
experimental assistance. I am also very grateful to Dr. Amine Bouterf now at 
Alpine Racing for your patience and support in performing the experiments.  

I want to share my gratitude to all my colleagues, particularly Dr. Carl Dahlberg, 
for our valuable conversations regarding numerical implementations. Last but 
not least, I would like to thank my family and friends for their support and 
showing interest in my work.   

Stockholm, May 2021 
 

 

 



List of appended papers 

Paper A: On the Inelastic Mechanical Behavior of Granite: Study Based on 

Quasi-oedometric and Indentation Tests  

H. Shariati, M. Saadati, A. Bouterf, K. Weddfelt, P.L. Larsson, F. Hild. 

Rock Mechanics and Rock Engineering, 52(3), 2019, 645–657. 

Paper B: A damage model for granite subjected to quasi-static contact loading  

H. Shariati, M. Saadati, K. Weddfelt, P.L. Larsson, F. Hild. 

TRITA-SCI-RAP 2019:006, Solid Mechanics, KTH Royal Institute of Technology, 
Stockholm, Sweden.  

Paper C: Study of Frictional Effects of Granite Subjected to Quasi-Static Contact 

Loading  

H. Shariati, M. Saadati, K. Weddfelt, P.L. Larsson, F. Hild. 

Lubricants, 8(12), 2020, 106. 

Paper D: Investigating in situ spherical indentation of granite using digital 

volume correlation 

H. Shariati, A. Bouterf, M. Saadati, P.L. Larsson, F. Hild. 

TRITA-SCI-RAP 2021:004, Solid Mechanics, KTH Royal Institute of Technology, 
Stockholm, Sweden. 

 
  



 

 

In addition to the appended papers, the work has resulted in the following 
presentations and publications: 

Inelastic mechanical behavior of granite under spherical indentation 
loading condition with emphasis on a criteria for damage description 

H. Shariati, M. Saadati, P.L. Larsson 

Rock Dynamics Summit, Oral presentation, 2019, Okinawa, Japan. 

Inelastic mechanical behavior of granite under spherical indentation 
loading condition with emphasis on a criteria for damage description 

H. Shariati, M. Saadati, P.L. Larsson 

Rock Dynamics Summit, Proceedings of the 2019 Rock Dynamics Summit, CRC Press, 
2019, 208-211. 

Inelastic mechanical behavior of granite under spherical indentation test 

H. Shariati, M. Saadati, P.L. Larsson 

Svenska Mekanikdagar, Oral presentation, 2019, Stockholm, Sweden.  



Contribution to the papers 

The author’s contributions to the appended papers are as follows: 

Paper A: Principal author. Performed the numerical analysis. Performed the 
experiments together with A. Bouterf. Performed the theoretical analysis 
together with M. Saadati, K. Weddfelt, P.L. Larsson and F. Hild. Wrote the paper 
together with M. Saadati, P.L. Larsson and F. Hild. 

 

Paper B: Principal author. Performed the numerical analysis. Performed the 
theoretical analysis together with M. Saadati, K. Weddfelt, P.L. Larsson and F. 
Hild. Wrote the paper together with M. Saadati, P.L. Larsson and F. Hild.    

 

Paper C: Principal author. Performed the numerical analysis. Performed the 
theoretical analysis together with M. Saadati, K. Weddfelt, P.L. Larsson and F. 
Hild. Wrote the paper together with M. Saadati, P.L. Larsson and F. Hild. 

 

Paper D: Principal author. Performed the numerical analysis together with F. 
Hild. Performed the experiments together with A. Bouterf. Wrote the paper 
together with M. Saadati, P.L. Larsson and F. Hild. 

  



 

 

Contents  

Introduction .......................................................................................................... 1 

Summary of relevant previous work on Bohus granite ...................................... 2 

About this thesis ................................................................................................ 3 

Experimental Work ................................................................................................ 6 

Direct compression and tensile tests ................................................................. 6 

Quasi-oedometric compression test .................................................................. 6 

Quasi-static spherical indentation test .............................................................. 7 

Indentation test and high-speed camera ........................................................... 8 

In situ indentation test ...................................................................................... 9 

Constitutive Description ..................................................................................... 11 

Elasticity .......................................................................................................... 11 

Plasticity .......................................................................................................... 11 

Damage ............................................................................................................ 12 

Material Parameters ............................................................................................ 14 

Numerical Modeling ............................................................................................ 16 

Digital Volume Correlation ................................................................................. 18 

Results ................................................................................................................. 20 

Conclusions ......................................................................................................... 24 

Bibliography ........................................................................................................ 26 

Paper A 

Paper B 

Paper C 

Paper D 

  



  



Hossein Shariati 

1 

 

Introduction 
Percussive drilling is widely used in industry in which rock material is 

fragmented under contact loading and then removed. The resulting problem 

includes spherical contact between drill bit buttons and rock material. Figure 1 

shows drill bits with multiple buttons. To improve the drilling efficiency, the 

rock behavior under such conditions is required to be understood. Therefore, the 

current study was initiated to investigate the behavior of Bohus granite, as 

typical of hard rocks, loaded by a spherical indenter (button) through 

experimental and numerical investigations. Consequently, it is attempted to 

predict the fragmentation process in the chosen rock material under such 

conditions up to the load capacity of the material.   

 

 

Figure 1. "Powerbit Underground" drill bit from Epiroc. The buttons facilitate the drilling (indentation) 
process. Aa a result, the indented rock is fragmented and removed.   

 

The fragmentation process in quasi-brittle materials under static or dynamic 

loading has been studied in the literature (Price and Farmer 1979; Cook et al. 

1984; Vermeer and De Borst 1984; Detournay 1986; Pang and Goldsmith 1990; 

Liu et al. 2002; Zhao and Cai 2010; Wang et al. 2011; Saksala 2011; Saadati et al. 

2014, 2016, 2018; Tkalich et al. 2016; Weddfelt et al. 2017; Olsson et al. 2019). In 
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one study (Cook et al. 1984), rock samples were quasi-statically loaded by several 

circular flat-bottomed indenters with different sizes. The force-penetration 

response was recorded to describe the fragmentation process. The formation of a 

crater, a crushed zone and a region with multiple cracks were described. In 

another study (Liu et al. 2002), a numerical model of rock-tool interaction was 

developed to simulate rock fragmentation induced by single or double indenters. 

The rock behavior under low-velocity impact was simulated by assuming a 

damage-viscoplastic cap constitutive model (Saksala 2010). An isotropic damage 

model in tension and a viscoplastic model and cap in compression were 

combined. The interaction between drill bits and rock under axisymmetric 

conditions was numerically investigated (Saksala 2011).  

The work in this thesis concerns the mechanical modeling of Bohus granite 

subjected to indentation loading based on experimental and numerical results. It 

should be mentioned that this study is in line with a previous work (Saadati et al. 

2014), which is summarized in the following section.  

Summary of relevant previous work on Bohus granite 

The fragmentation of Bohus granite under indentation loading was studied by 

Saadati et al. (2014) in which the fragmentation process at percussive drilling 

was considered. A pressure dependent plasticity (KST) model (Krieg 1978; 

Swenson and Taylor 1983) was combined with an anisotropic damage (DFH) 

model (Denoual and Hild 2000; Forquin and Hild 2010) to predict the material 

fracturing. The experimental data resulting from direct tension and three-point 

bending tests (Saadati et al. 2018) were utilized in order to determine the 

constitutive material parameters. Weibull statistics (Weibull 1939, 1951) was 

used in order to account for the heterogeneity in the material tensile strength. 

The Weibull size effect was considered and the tensile strength obtained from 

three-point bending tests was scaled using the effective volume concept (Davies 

1973). Furthermore, the rate effect on the material tensile strength was 

investigated (Saadati et al. 2014), and it was shown that the tensile strength is 

higher in the dynamic loading case compared to static loading. However, by 

taking into account the small effective volume in indentation (Weddfelt et al. 
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2017) and the strain rates in percussive drilling (Saadati et al. 2016), the rate 

effect should be of less importance compared to the size effect (Weddfelt et al. 

2017).   

About this thesis 

The mechanical behavior of Bohus granite subjected to indentation loading is 

experimentally and numerically investigated. The material model employed by 

Saadati et al. (2014, 2018) is considered for the present study and it is attempted 

to do further adjustments to the model. First, the plasticity model is developed 

by considering the dilatancy effect, which is the volume change due to shear 

strains. Then the statistical parameters in the chosen damage model are 

recalibrated. As discussed in the previous section, the Weibull size effect was 

considered (Saadati et al. 2014) and the tensile strength determined from three-

point bending tests was scaled based on the effective volume concept. Yet the 

effective volume in the indentation test is much smaller than three-point 

bending tests (Weddfelt et al. 2017). Therefore, the statistical behavior in 

indentation tests may be different from three-point bending test and a closer 

condition with respect to the indentation test may be considered. In this study, it 

is suggested that the indentation test results by themselves may be used to 

calibrate the material statistical behavior. Furthermore, frictional contact effects 

are considered. The friction coefficient between the indenter and the rock 

specimen is accounted for in numerical simulations. The simulated force-

penetration response as well as the predicted fracture pattern are compared 

between the frictional and frictionless contact cases. Finally, digital volume 

correlation (DVC) is used to compare different constitutive models, namely pure 

elasticity, compressible elastoplasticity and damage. Frictional contact effects 

are also investigated using DVC.       

Below, the work in this thesis is summarized. The schematic summary is also 

shown in Figure 2. 

 The material inelastic constitutive model is calibrated based on quasi-

oedometric compression tests (Saadati et al. 2018). It is suggested that a 

linear Drucker-Prager law (Drucker and Prager 1952) may be used to 
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describe the inelastic response. The dilation angle is determined as a 

function of pressure.    

 The calibrated constitutive model is implemented numerically into a 

commercial finite element software (Abaqus). 

 Quasi-static indentation tests are performed and the force-penetration 

response is recorded. The acquired experimental results are used to 

validate the numerical model. Moreover, images of rock specimen surface 

before and after each load-drop, detected in the force-penetration 

response, are captured using a high-speed camera. A surface material 

removal is observed at each load-drop.      

 An anisotropic damage model is employed to simulate the fracture 

pattern of granite subjected to quasi-static indentation loading. The 

indentation test results are used to calibrate the statistical parameters of 

the model. In practice, the first load-drop detected in the acquired force-

penetration response is considered to determine the Weibull parameters.   

 The friction coefficient is introduced between the indenter and the 

granite specimen in numerical simulations. The frictional effects on 

force-penetration response, plastic zone size and the damage pattern are 

studied.  

 Spherical indentation of Bohus granite is investigated using digital 

volume correlation aiming at probing different constitutive models. In 

situ indentation test is performed and monitored by X-ray 

microtomography. Finite element simulations of the problem, using 

different constitutive models, namely purely elastic, elastoplastic and 

elastoplastic combined with damage are carried out and the results are 

compared based on digital volume correlation technique. Frictional 

effects are also investigated.  
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Figure 2. Summary of the work done in this thesis.  
 

In the subsequent sections of this thesis, first a summary of the experimental 

work is presented and followed by the constitutive description for Bohus granite 

material. Then the numerical modeling is presented. After that, the material 

parameters are stated. Finally, the achieved results are summarized. 
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Experimental Work 
The employed elastoplastic constitutive model in this work is calibrated based 

on experiments such as direct compression, tensile and quasi-oedometric 

compression tests, which were performed in an earlier work (Saadati et al. 2018). 

Furthermore, quasi-static indentation tests are carried out in the current thesis 

to investigate the interaction between a drill bit button (spherical indenter) and 

the rock material in percussive drilling and to validate the elastoplastic model. In 

situ indentation is also performed and monitored by X-ray microtomography. A 

brief description of each experiment is summarized below. 

Direct compression and tensile tests 

The elastic modulus and Poisson’s ratio of Bohus granite were previously 

determined based on uniaxial tensile and compressive tests (Saadati et al. 2018). 

The rock specimen was loaded by two socket joints in tension tests. For 

compression tests, the material is compressed using two platens. Strain gauges 

as well as linear variable displacement transducers (LVDTs) were utilized to 

provide nominal and local strains. For a detailed description, the reader may 

refer to (Saadati et al. 2018).   

Quasi-oedometric compression test 

The yield surface of the plasticity model is determined based on the quasi-

oedometric compression tests (Saadati et al. 2018), see Figure 3. A cylindrical 

specimen was enclosed within a steel confinement cell and it was axially loaded. 

The stress-strain relation, the deviatoric and volumetric response can be 

determined from this test (Forquin et al. 2008, 2010). The test results are used 

herein to obtain the dilation angle for hydrostatic pressure levels up to 750 MPa.  
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Figure 3. Quasi-oedometric compression test setup (Saadati et al. 2018). A cylindrical specimen was 
enclosed within a steel confinement cell and it was axially loaded. The stress-strain relation, the 
deviatoric and volumetric response can be determined from this test. 

 

Quasi-static spherical indentation test 

Figure 4 shows a schematic view of a spherical indentation test as well as the 

experimental setup for the spherical indentation test with LVDTs. Bohus granite 

blocks of 15 cm x 15 cm x 15 cm are loaded by a spherical indenter 12 mm in 

diameter and made of tungsten carbide. Two linear variable displacement 

transducers (LVDTs) are used to measure the penetration depth. The 

experiments are conducted in displacement control mode at a velocity of 5 µm/s. 

The response from the load cell is recorded. As a result, the force-penetration (P-

h) response is obtained, which is used hereafter to validate the numerical 

simulation results. The indenter elastic modulus is several times larger than the 

rock material and it may be considered as a rigid indenter for numerical 

purposes. The spherical indentation tests are conducted using a 100 kN servo-

controlled testing machine at the KTH Solid Mechanics laboratory. To press the 

indenter onto the specimen surface, a manufactured cylinder is utilized, see 

Figure 4b. the LVDTs are secured in a manufactured holder by means of two 

screws.  
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(a) 

 

(b) 
Figure 4. (a) Schematic of the spherical indentation test. P is the contact force and h is the penetration 
depth. (b) The experimental setup for the spherical indentation test. Two linear variable displacement 
transducers (LVDTs) are secured in a manufactured holder. A manufactured cylinder is used to press 
the indenter onto the specimen surface.  
 

Indentation test and high-speed camera  

Figure 5 shows the experimental setup for the indentation test in which a high-

speed camera is used to monitor the granite specimen surface during the test 

and to capture images from the specimen surface before and after each load-

drop already detected in P-h response. It should be mentioned that LVDTs are 
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not utilized during this experiment, since images of the rock surface close to the 

contact area are of main interest.  

 

 
Figure 5. A high-speed camera used to observe the granite specimen surface during the indentation test. 
The testing machine is a 100 kN servo-controlled machine at the KTH Solid Mechanics laboratory. 

 

In situ indentation test 

Most of the deformation of the material subjected to indentation loading is 

confined beneath the contact surface, which is not accessible by surface 

observations. Conversely, 3D imaging methods such as computed tomography 

(Maire and Withers 2014) coupled with in situ experiments may be considered 

and the material deformation can be measured by digital volume correlation 

(DVC) (Bouterf et al. 2014; Mostafavi et al. 2014; Vertyagina et al. 2014). Such an 

approach is also considered in this study and the associated experimental setup 

is summarized below.  

A cylindrical specimen made of Bohus granite is indented in situ and monitored 

by X-ray microtomography using a tomography machine which is shown in 
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Figure 6a. The specimen size is 45 mm in diameter and 40 mm in height and the 

indenter is a sphere made of silicon nitride 12 mm in diameter.  The indentation 

test is conducted using a Tension/torsion/compression (TTC) testing machine 

(Buljac et al. 2018). The axial load capacity of the testing machine is 20 kN, see 

Figure 6b. The experiment is performed at LMT in France. 

 

 
(a)                                                                   (b) 

Figure 6. (a) The tomography machine, at LMT- Cachan in France, which is used to monitor the 
indentation test by X-ray microtomography. (b) Tension/torsion/compression (TTC) testing machine of 
LMT for a lab tomography (Buljac et al. 2018).  

 

  



Hossein Shariati 

11 

 

Constitutive Description  
A brief discussion of the employed constitutive model is presented in this 

section. The model includes elasticity, plasticity which accounts for any inelastic 

deformation except tensile failure (i.e., mode I fracture) and an anisotropic 

damage model to capture cracking due to tensile stress states close to the 

specimen surface. The models are described below.  

Elasticity 

Isotropic elasticity is assumed. The strain tensor may be expressed as a function 

of stresses as follows 

 𝜀"# =
1
𝐸 1 + 𝜈 𝜎"# − 𝜈𝛿"#𝜎,, 	 (1) 

where E is the modulus of elasticity (Young’s modulus), 𝜈 the Poisson’s ratio and 

𝛿"# the Kronecker delta. 

Plasticity 

Granite material exhibit a pressure-dependent yield behavior, which means that 

the material yields at higher stress levels as the pressure increases (Saadati et al. 

2014). Therefore, a linear Drucker-Prager (DP) law with variable dilation angle is 

employed to predict the inelastic behavior. The linear Drucker-Prager yield 

function reads 

 𝐹 = 𝑞 − 𝑝 tan 𝛽 − 𝑑 = 0	 (2) 

where 𝐹 is the yield function, 𝑑 the cohesion, 𝛽 the friction angle, 𝑝 the 

hydrostatic pressure (i.e., 𝑝 = 	− 1 3 𝜎,,) and 𝑞 von Mises equivalent stress 

 𝑞 =
3
2 𝑠"#𝑠"# 	 (3) 

in which 𝑠"# = 𝜎"# − 1 3 𝜎,,𝛿"#. The flow potential 𝐺 reads  
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 𝐺 = 𝑞 − 𝑝 tan(𝛹)	 (4) 

where 𝛹 is the dilation angle 

 𝛹 = tan>?
3

3 𝜀@
"

𝜀A"
− 1

	 (5) 

𝜀@"  the inelastic axial strain rate, and 𝜀A"  the inelastic volumetric strain rate. The 

inelastic strain rate may be expressed as 

 𝜀"#" = 𝜆
𝜕𝐺
𝜕𝜎"#

	 (6) 

where 𝜆 is the inelastic strain rate multiplier.  

Damage 

Rock fragmentation due to tensile failure is predicted by the chosen anisotropic 

damage model proposed by Denoual, Forquin and Hild (DFH model). Defects 

with different sizes and orientations are randomly distributed within the 

material and consequently the tensile strength should be treated as a random 

variable. Therefore, a probabilistic approach is required to account for material 

cracking.  

In the principal stress frame, the compliance tensor of damaged elements 

becomes 

 𝐒E =
1
𝐸

1
1 − 𝐷?

−𝜈 −𝜈

−𝜈
1

1 − 𝐷G
−𝜈

−𝜈 −𝜈
1

1 − 𝐷H

	 (7) 

and the growth law of each damage variable 𝐷" associated with principal stress 𝜎" 

reads 
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𝑑G

𝑑𝑡G
1

1 − 𝐷"
𝑑𝐷"
𝑑𝑡 = 6𝑆 𝑘𝐶N H𝜆O 𝜎" 𝑡 			when		𝜎" > 0	𝑎𝑛𝑑

𝑑𝜎"
𝑑𝑡 > 0 (8) 

with 

 𝑉WX𝜆O 𝜎" 𝑡 =

																				0																											if	𝜎" 𝑡 < 𝜎,
	

max 1, 𝑉WX𝜆N
𝜎" 𝑡
𝜎N

_

				otherwise				
 (9) 

where 𝜎" is the i-th effective principal stress (i.e., 𝜎" = 𝜎" (1 − 𝐷"), with no index 

summation), 𝑉WX  the finite element volume, 𝑚 and 𝜎N_ 𝜆N the Weibull 

parameters, 𝐶N	longitudinal wave speed so that the crack propagation velocity is 

𝑘𝐶N with (𝑘 = 0.38) and 𝑆 = 3.74 the dimensionless shape parameter of the 

relaxation zones (Saadati et al. 2015). Here 𝜎, is randomly generated stress for 

each finite element as the initiation level for the first crack based on the Weibull 

model  

 𝜎, = 𝜎N −
log 1 − 𝑃,
𝜆N𝑉WX

?/_

 (10) 

where 𝑃, is randomly selected in a uniform distribution ranging from 0 to 1.  
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Material Parameters 
The material parameters for Bohus granite are listed in Figure 7. The elastic 

parameters were determined previously (Saadati et al. 2018). As for the plastic 

parameters, the quasi-oedometric test results are used to determine the yield 

surface of the linear Drucker-Prager model employed in this study as well as the 

dilation angle.  

 

 

Figure 7. Bohus granite material parameters used in the numerical model. The damage parameters are 
listed for the frictionless contact case (𝑓 = 0) and for frictional contact case (𝑓 = 0.4).  

 

Regarding the damage parameters, it is worth mentioning that they are 

determined based on the first load-drop observed in the force-penetration 

response recorded during the indentation tests. The probable reason behind this 

load-drop is that as soon as the radial tensile stress state at or close to the 

Elastic	parameters

Young’s	Modulus,	6 (GPA)																			52

Poisson's	ratio,	? 0.25

Density,	D (kg/mG).																																2630

direct	
compression	and	

tensile	tests	

Plastic	parameters

Cohesion,	d (MPa)														 153

Friction	angle,	N (°)																																51.7

Dilation	angle,	Q (°)																															Eq.	(5)		

quasi-oedometric	
compression	test

Damage	parameters

Weibull	modulus,	m											 24										12

Mean	failure	stress,	XY (MPa)					120								75

Effective	volume,	[\]] (mm
G)						1													2

quasi-static	
spherical	

indentation	test

						^ = 0				^ = 0.4
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contact boundary reaches the material tensile strength, the material will fail. 

Because of this failure, the load level will drop. Therefore, the stress state 

associated with the first load-drop can be considered as the specimen’s tensile 

strength. This stress state is obtainable from finite element simulation results. 

Since the indentation depth associated with the first load-drop varies among the 

experiments, the material tensile strength should be considered as a random 

variable, and the Weibull distribution is employed for this purpose.    
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Numerical Modeling 
The indentation test is numerically simulated using Abaqus commercial finite 

element software (Abaqus 2014). The numerical model is summarized below.  

The indenter is modeled as a rigid surface since its elastic modulus is almost 10 

times larger than that of granite. The load is applied in a displacement control 

mode by prescribing a vertical displacement to the indenter reference point. The 

model is discretized into finite elements (mesh). The element type is a linear 

reduced integration brick element (C3D8R) and its size, which is the cubic root of 

the smallest element volume, is 0.2 mm. The mesh is more detailed within the 

dense zone, surrounding the contact area, to better capture the stress and strain 

field gradients, see Figure 8. By means of symmetries, only one quarter of the 

problem is modeled to reduce the computation time. The contact behavior is 

assumed to be either frictionless or governed by Coulomb friction law with 

frictional coefficients of 0.1, 0.2, 0.3, 0.4, 0.5.  

 

 
Figure 8. Finite element discretization of the granite sample used in indentation simulation. Only a 
quarter of the sample is modeled. The element type is 8-node reduced integration brick (C3D8R). The 
dense zone surrounds the contact zone.  
 

dense zone
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The material model is implemented numerically using Abaqus VUMAT user 

subroutine (Abaqus 2014). The DP constitutive model is implemented as a 

VUMAT routine and it is added to the existing damage (DFH) VUMAT routine. 

The resulting DP-DFH subroutine is used to simulate the indentation test. All 

the material parameters accounting for elasticity, plasticity and damage are 

defined as inputs to the DP-DFH subroutine.  
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Digital Volume Correlation 
Computed tomography, as a 3D imagining technique, coupled with in situ test is 

considered in this thesis and the displacement field in Bohus granite subjected to 

indentation loading is determined using DVC (Bouterf et al. 2014; Mostafavi et 

al. 2014; Vertyagina et al. 2014). A reduced basis (Bouterf et al. 2014) is chosen 

for DVC analyses in order to investigate different constituve models as well as 

frictional contact effects. The reduced displacement basis is  

 

𝐮noO(𝑡p, 𝑡q, 𝑡r) = 𝑡p𝐞p + 𝑡q𝐞q + 𝑡r𝐞r 

𝐮non 𝐱, 𝜔p, 𝜔q, 𝜔r = 𝜔p𝐫qr(𝑦, 𝑧) + 𝜔q𝐫rp(𝑥, 𝑧) + 𝜔r𝐫pq(𝑥, 𝑦) 

𝐮"z{ = 𝐮WX 

(11) 

where 𝐮noO is the rigid body translation vector, 𝐮non  the displacement field 

induced by three rigid body rotations and 𝐮"z{  the indentation displacement 

field. Since the initial X-ray scan is captured in a pre-loaded state (𝐹N) and 

therefore the reference configuration is not the unloaded state. As a result, the 

indentation displacement field becomes 𝐮"z{ 𝐱, 𝐹", 𝑓, CE = 𝐮WX 𝐱, 𝐹", 𝑓, CE −

𝐮WX(𝐱, 𝐹N, 𝑓, CE). The indentation displacement field is acquired from FE 

simulations providing results for different indentation forces 𝐹", friction 

coefficients 𝑓 and different constitutive equations CE. Another degree of 

freedom is introduced as the correction factor 𝑐 which accounts for small offsets 

to the reference solution (i.e., 1 + 𝑐 𝐮"z{). Seven amplitudes, which are three 

rigid body translations, three rigid body rotations and the correction factor are 

determined through the minimization of the sum of squared gray level residual 

 𝜚G 𝑡p, 𝑡q, 𝑡r, 𝜔p	, 𝜔q, 𝜔r, 𝑐 = 𝜌G	(𝐱, 𝑡p, 𝑡q, 𝑡r, 𝜔p, 𝜔q, 𝜔r, 𝑐)
���

 (12) 

where 
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𝜌 𝐱, 𝑡p, 𝑡q, 𝑡r, 𝜔p, 𝜔q, 𝜔r, 𝑐 = 

	𝑓(𝐱) − 𝑔 𝐱 + 𝐮_ 𝐱, 𝑡p, 𝑡q, 𝑡r, 𝜔p, 𝜔q, 𝜔r, 𝑐  
(13) 

and the displacement 𝐮_ reads 

 
𝐮_ 𝐱, 𝑡p, 𝑡q, 𝑡r, 𝜔p, 𝜔q, 𝜔r, 𝑐 	= 

	𝐮noO 𝑡p, 𝑡q, 𝑡r + 𝐮non 𝐱, 𝜔p, 𝜔q, 𝜔r + 1 + 𝑐 𝐮"z{ 𝐱, 𝐹", 𝑓, CE 	 
(14) 

here 𝑓 is the gray level volume in the reference configuration and 𝑔 the volume 

in the deformed configuration. 
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Results 

Some of the results achieved in this work are presented in this section.  

In Paper A, the inelastic behavior of Bohus granite is investigated. A linear 

Drucker-Prager law is employed with variable dilation angle to numerically 

model such behavior. The yield surface and the dilation angle are determined. 

The performed indentation tests on several granite samples, are simulated using 

the employed model. The load-drops, observed in the force-penetration 

response of indentation tests, associate with material removals on samples 

surface, as it can be seen in Figure 9. This figure provides surface images before 

and after one of the load-drops. 

 

 
Figure 9. An example of the force-displacement curve recorded during indentation test. Axial 
displacement is the testing machine displacement and it is larger than the penetration depth. The 
provided images show the granite specimen surface images before and after the large load-drop 
specified by a full circle. The material within the depicted blue box is removed and consequently the load 
level drops.    

 

In Paper B, an anisotropic damage model is employed to predict the material 

fracture pattern under indentation loading, see Figure 10. The employed model 

considers the heterogeneity in the material tensile strength. The statistical 

distribution of the tensile strength is calibrated based on experimental results.  
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Figure 10. The damage pattern predicted by numerical simulation, associated with a penetration depth 
of 0.5 mm in indentation test. The damage elements are shown in red color. The ring cracks and radial 
cracks are visible in the bottom left figure.  

 

The force-penetration (P-h) response is shown in Figure 11. The results for DP 

and DP-DFH models are in close agreement with the experimental results. 

 

 
Figure 11. Force-penetration curves for different material models as well as the experimentally obtained 
response. The material parameters are gathered in Figure 7. 

element size is 0.2 mm
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In Paper C, the frictional effects are studied. The friction coefficient is 

introduced between the indenter and the granite specimen in numerical 

simulations. The predicted force-penetration response is not influenced by 

friction. The predicted damage pattern is extended in the case of frictional 

contact case.  

In paper D, spherical indentation of Bohus granite is investigated using DVC to 

further validate the calibrated constitutive model. FE simulations of the 

indentation problem, using Elastic model, Elastoplastic model and Elastoplastic 

with damage model are carried out and the results are compared based on DVC 

residuals, see Figure 12. It is concluded that the nonlinear models better capture 

the deformations.    

 

 
Figure 12. Model comparison for the three analyzed scans based on RMS gray levels when friction is 
accounted for. c is the correction factor (see Digital Volume Correlation chapter) and the closer c to 
zero, the better the model. The material parameters are gathered in Figure 7. Indentation load for scans 
are 5 kN, 10 kN and 15kN.  

 

The fracture pattern in Figure 13 suggests that the final failure of a smaller 

cylindrical specimen is due to the propagation of radial cracking predicted by 

numerical simulations, see Figure 10. The smaller specimen is used in the case of 

in situ indentation test.    

 

1
2
3

6.70											0.016
7.25											0.087
8.89											0.34

-	(GL)							2

Elastic

6.70											−0.024
7.21											0.0035
8.30											0.1

-	(GL)							2

Elastoplastic

6.70										−0.024
7.21										0.0002
8.30										0.1

-	(GL)							2

Elastoplastic	with	
damage

Scan	#
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Figure 13. 3D rendering of a cylinder (45 mm in diameter and 40 mm in height) made of Bohus Granite 
which is indented in situ by a spherical indenter of 12 mm in diameter. The crushed zone under the 
indenter as well as the splitting crack are revealed. The splitting crack is suggested to be due to 
propagation of a radial crack which is formed in the earlier stages of loading.   
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Conclusions 
The goal of this study is to establish the knowledge and understanding required 

to model the elastoplastic behavior as well as the fragmentation of Bohus granite 

under indentation loading up to its load capacity, through experimental and 

numerical investigations.  

Isotropic elasticity is assumed to capture the material elastic behavior. As for 

inelastic behavior, a linear Drucker-Prager (DP) yield criterion coupled with an 

anisotropic damage description (DFH) is suggested to be suitable. It is described 

how the DP and DFH parameters are calibrated experimentally. It is also shown 

how to determine the dilation angle which is the volume change when the 

material is subjected to shear deformations.  

Several granite samples are loaded by a spherical indenter, and the force-

penetration response is recorded. Simultaneously, the calibrated constitutive 

model, namely DP-DFH model, is implemented numerically using the FE 

software Abaqus. It is shown that the resulting numerical model is appropriate to 

predict the force-penetration response as well as the fracture pattern in granite 

subjected to indentation loading. Moreover, it is described how the indentation 

test results may be used to calibrate the statistical distribution of granite tensile 

strength at small size scales.  

The calibrated constitutive model is further validated by performing in situ 

indentation test on a granite specimen. The test is then analyzed by Digital 

Volume Correlation (DVC). Numerical simulations, using different constitutive 

models, which are elastic model, compressible elastoplastic model (DP) and 

elastoplastic model with damage description (DP-DFH), are carried out and the 

results are compared in terms of DVC residuals. It is concluded that compressible 

elastoplasticity should be accounted for to predict the force level as well as the 

displacement fields. Furthermore, it is shown that introducing the frictional 

coefficient between the indenter and the specimen surface in numerical 

simulations lead to damage extension into the granite specimen. However, the 

frictional effects on the P-h response and the size of the plastic zone underneath 
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the indenter are insignificant. Finally, it is shown that the DFH damage model is 

appropriate to determine the indentation fracture pattern prior to extensive 

failure of Bohus granite. 

For further research on this subject, it is suggested to investigate the 

possibilities of developing similar constitutive models for other types of rock 

under indentation loading conditions.   
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