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Abstract

Numerical simulations of the Navier-Stokes equations are performed to
achieve a better understanding of the behaviour of wakes generated by wind
turbines. The simulations are performed by combining the in-house developed
computer code EllipSys3D with the actuator line and actuator disc method-
ologies. In the actuator methods the blades are represented by lines or a disc
at which body forces representing the loading are introduced. The body forces
are determined by computing local angles of attack and using tabulated aero-
foil coefficients. The advantage of using the actuator techniques is that they
are not needed to resolve blade boundary layers. Instead the computational
resources are devoted to simulating the dynamics of the flow structures. In
the present study we run simulations using both the actuator line and the
actuator disc methodologies. The influence from changing a number of param-
eters is evaluated. The study serves as a validation and sensitivity study to
both the actuator line and the actuator disc methods. The result shows that
both methods produce realistic results. There is however a sensitivity to some
parameters.
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1. Introduction

In recent years, full CFD simulations have been performed on wind turbines.
DTU/Risø have, among others, developed a full CFD code especially designed
for wind turbine applications, [Sørensen 1995], [Michelsen 1992], [Michelsen
1994]. There are however, still limitations in grid sizes, etc., due to computer
limitations. However, new approaches have been developed by J.N. Sørensen
and Myken, [Sørensen & Myken 1992], N.N. Sørensen and Kock, [Sørensen &
Kock 1995], J.N. Sørensen et al., [Sørensen et al. 1998], Sørensen and Shen,
[Sørensen & Shen 2002] and Mikkelsen, [Mikkelsen 2003]. These methods are
based on the introduction of body forces representing the blades themselves and
therefore saving substantial computational resources locally at blade position.
The blade geometry therefore does not need to be meshed, and the boundary
layer at the blades need not be resolved.

The theory of these methods will be addressed in this technical report. A
parametric study has been performed aiming at increased knowledge demon-
strating how the result from these methods depends on parameters such as grid
resolution, Reynold number and other parameters used in these methods. Nu-
merical simulations of this complexity are always a trade-off between numerical
accuracy and computational time. Therefore, when setting up large simulations
and when reaching conclusions about numerical accuracy, it is necessary to un-
derstand how sensitive these methods are to the different parameters.

2. Numerical approaches

All simulations have been performed with the EllipSys3D code developed at
DTU/Risø. The EllipSys3D code is a general purpose 3D solver developed by
N.N. Sørensen and Michelsen, [Sørensen 1995], [Michelsen 1992], [Michelsen
1994]. The flow solver is based on a finite volume discretization of the Navier-
Stokes equations, in general curvilinear coordinates, using multi-block topology.
The code is formulated in primitive variables, i.e., pressure and velocity vari-
ables, in a collocated storage arrangement. The Rhie/Chow interpolation is
used to avoid odd/even pressure decoupling and the main solver is based on
multi-grid techniques. The pressure correction equation was solved using the
SIMPLE algorithm.

The computations are carried out as steady state simulations. The simu-
lations have either been performed as a direct numerical simulation (DNS) or
as a large eddy simulation (LES). When using the DNS approach one should
say that we are far from resolving all scales. Therefore, a more correct term
for the simulations should be implicit LES or no-model LES since we do not
resolve all scales. When using the LES approach we are employing the mixed
sub-grid-scale model developed by Ta Phuoc, [Ta Phuoc 1994]. This model
exploits the advantage of a closure combining vorticity and turbulent kinetic
energy. In this model the vorticity is derived directly from the filtered variables
whereas the turbulent kinetic energy is determined by use of a test-filter that
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is twice as coarse as the computational grid. For more details about the mixed
scale model we refer to the text book by Sagaut, [Sagaut 2006].

Using the coordinate directions (x1, x2, x3), the Navier-Stokes equations
are formulated as:
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where ui is the velocity vector, p is the pressure, t is time, ρ is the density of
air, fbody represents the forces acting on the blades, ν the kinematic viscosity
and νt the eddy viscosity coefficient via the LES method when using the LES
approach. Equations (1) are used in the DNS approach and equations (2) are
used with the LES approach. The numerical method utilizes a blend of third
order QUICK (10%) and fourth order CDS (90%) difference schemes for the
convective terms and 2nd order central difference scheme for the remaining
terms.

The body force approach introduced by Sørensen and Shen requires aerofoil
data. The data are taken from 2D measurements that have been modified in
order to agree with experimental data. Data from the Tjaereborg turbine were
used for all simulations presented here. The Tjaereborg turbine was operational
between 1988 and 1998. During these years extensive measuring and testing
was performed on the turbine. The turbine was located 9 km southeast of the
city of Esbjerg in the western part of Denmark. Tjaereborg was a three-blade
upwind horizontal axis turbine. The blade profiles consisted of NACA 4412-43
profiles with a blade length of 29 m giving a rotor diameter of 61 metres. The
chord length was 0.9 m at the tip, increasing linearly to 3.3 m at hub radius
of 6 metres. The blades were twisted 1◦ per 3 m. The rotor solidity was 5.9
percent.

The calculation domain consists of a number of blocks with an equal quan-
tity of points in each direction and block. The node points are distributed
non-equidistant. The block size together with the number of points in each
block control how gradients are captured at the critical positions.

The simulations have been performed on a Linux PC cluster at the Me-
chanical Department at DTU. The cluster has been explicitly developed for
EllipSys3D. It contains 210 PCs with Linux Redhat as an operating system.

EllipSys3D is parallelized and uses MPI. EllipSys3D can, however, only
handle blocks with the same number of nodes on each block edge or side.
The distribution on each side of the block boundaries can, however, be non-
equidistant.
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3. Actuator disc method

This chapter deals with one of two different numerical approaches where volume
forces are used instead of a full geometrical description of the blades.

3.1. Introduction

This numerical method combines experiences from computational fluid dy-
namics (CFD) methods with experimental data by using aerofoil data. The
blades are here represented by body forces representing the force distribution
on the blades that act on the ambient air. A numerical approach using an
axis-symmetric actuator disc was developed, among others, by J.N. Sørensen
and Myken, [Sørensen & Myken 1992], N.N. Sørensen and Kock, [Sørensen &
Kock 1995], J.N. Sørensen et al., [Sørensen et al. 1998]. A 3D approach was
developed, among others, by Madsen, [Madsen 1996], [Madsen 1999]. The 3D
method used here was implemented into the EllipSys3D code by Mikkelsen,
[Mikkelsen 2003]. The main idea is to solve the flow past a rotor without
resolving the boundary layer on the blades.

Figure 1. Actuator Disc Concept.

The presence of the rotor is modelled through body forces taken from
local flow and aerofoil data. Navies-Stokes equations are formulated according
to equation (1) in section 2. Figure 1 illustrates the actuator disc concept.
Figure 2 shows the velocity notation used in the method where L and D are
Lift and Drag forces. Fθ and Fz are transformed forces to azimuthal and
axial directions respectively. U∞ and Urel are undisturbed respectively relative
velocity components. Ω is angular velocity and r is radial position. Equations
(3) to (6) show a geometrical interpretation of tanφ, the axial and azimuthal
interference factors and the relative velocity from figure 2.

3.2. Definitions

The velocity notation according to figure 2 is introduced.
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Figure 2. Velocity notation.

tan φ =
Un

Ωr − Uθ
(3)

a = 1 − Un

Uθ
(4)

a′ = −Uθ

Ωr
(5)

U2
rel = U2

n + (Ωr − Uθ)
2 (6)

Lift and drag forces per span wise length are found from tabulated aerofoil
data as:

(L,D) =
1

2
ρU2

relcB(CLeL, CDeD) (7)

where CL and CD are functions of α and Re. CL and CD are lift and drag
coefficients, α the angle of attack, and Re the Reynolds number. The unit
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vectors eL and eD are defined in the directions of lift and drag respectively.
The Force per span wise unit length is written as the vector sum:

F = L + D (8)

with

Fz = L cos φ + D sinφ, Fθ = L sin φ − D cos φ (9)

3.3. Applying forces

A local grid is introduced at which body forces representing the loading are
established. The body forces are determined by computing local angles of
attack and using tabulated aerofoil coefficients. The grid is designed as a polar
grid with A number of node points in radial direction and B number of node
points in azimuthal direction. The grid resolution of the local grid will hereafter
therefore be notified as A/B grid. The mesh is equidistant in both radial and
azimuthal directions.

The main mesh, which is in cartesian coordinates, is noted as C/D where
C represents the number of nodes on each block side. Therefore a C number
of 48 for a simulation with 2 blocks represents a total number of grid points
equal to 483 · 2 ≈ 2.2 · 105. D represents the smearing of the mesh locally at
the disc radius. D corresponds to the number of points resolving the turbine
radius. The grid resolution will from now on be referred to as C/D-A/B.

The values between the two meshes are interpolated.

The loading for an annular area of differential size is:

f =
dF

rdθ
=

1

2
ρU2

rel

cB(CLeL + CDeD)

2πr
(10)

where f is defined in cylindrical coordinates as:

f = (fr, fθ, fz) (11)

and the resulting volume force:

f′ =
f

dz
(12)

In order to avoid singular behavior the aerodynamic forces are distributed
at the actuator disc at node points in a direction perpendicular to the disc in
a Gaussian manner. The smearing is done in a 1D manner perpendicular to
the actuator disc at the centre. At the tip a 3D smearing is performed since
the global grid is a cartesian type grid. In between, a blend of both 1D and 3D
smearing up to about 75% of the radius is applied. It is better to use the 1D
smearing towards the centre since the cartesian components of the tangential
part is cancelled out at the centre using the 3D approach.
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Figure 3. Definition of global and local mesh.

Prior to applying the forces the polar components are converted to cartesian
components trough the transformation matrix A.

Fxyz = A · Frθz (13)

The smearing is done by taking the convolution of the computed load f′

and the regularization kernel ηǫ.

f′ǫ = f′ ∗ ηǫ (14)

where the 3D regularization kernel is defined as:

ηǫ(p) =
1

ǫ3π3/2
e−(p/ǫ)2 (15)

where p is the distance between cell centred grid points and points on the
actuator disc. ǫ is introduced as a smearing parameter where the size of ǫ is
given in absolute values [R]. The 1D regularization kernel is defined as:

ηǫ(p) =
1

ǫπ1/2
e−(p/ǫ)2 (16)

The regularization force then becomes:

f′ǫ(r, z) =

∫ R

r=0

∫ 2π

0

F(s)

2π
ηǫdθdr (17)
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3.4. Definition of parameters used for evaluation

The power and thrust coefficients have been used in the evaluation. The power
coefficient is calculated according to the following:
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P

1
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∞
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(18)

where:
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The thrust coefficient is defined according to:
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as previously implemented by Mikkelsen [Mikkelsen 2003].

4. Actuator line method

This section deals with the second approach using the volume force implemen-
tation of the blades.

4.1. Introduction

The main limitation of the actuator disc method is that it distributes the
forces evenly in the tangential direction of the actuator disc. The influence of
the blades is therefore taken as an integrated quantity in the azimuthal direc-
tion. An extended three-dimensional method, Actuator Line Method (ACL),
has however been introduced by Sørensen and Shen, [Sørensen & Shen 2002].
The limitation of the Actuator Disc Method, where the influence of the blades
is taken as an integrated quantity in the azimuthal direction, has now been
overcome by using techniques where volume forces are distributed along lines
representing each blade. A full CFD simulation would require a great number
of nodes on the blades to resolve the boundary layer. With this method, node
points could be saved at the blades. This method therefore opens new possi-
bilities for turbine simulations using a well defined wake. The drawbacks are,
on the other hand, that the method still is based on tabulated data from which
CL and CD are functions of α and they are therefore dependent on the quality
of these experimental data.
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4.2. Applying forces

The aerodynamic forces that are distributed along the actuator line cannot be
applied in the actuator line points only because of numerical discontinuity. The
forces are therefore distributed among neighbouring node points in a Gaussian
manner. This is done by taking the convolution of the computed load frθz and
the regularization kernel ηǫ, where b is a blade number index.

fbǫ = fbrθz ∗ ηǫ (22)

where the regularization kernel is defined as:

ηǫ(p) =
1

ǫ3π3/2
e−(p/ǫ)2 (23)

where p is the distance between cell centred grid points and points at the
actuator line. ǫ is introduced as a smearing parameter where the size of ǫ is
related to the local grid size, [∆r].

The regularized force in all field points then becomes:

f3D
ǫ =

B
∑

b=1

∫ R

s=0

Fb(s)ηǫ(p
b)ds (24)

and the loading in one point of the actuator line becomes:

f3D
L (r) =

∫ +∞

−∞

∫ +∞

−∞

∫ +∞

−∞

Fb(s)ηǫ(p
b)dndτds (25)

where n, τ and s represents normal, tangential and radial directions in a local
coordinate system aligned with the actuator line.

Mikkelsen discovered that using a 3D Gaussian smoothing results in in-
consistencies near the tip region, [Mikkelsen 2003]. Therefore, a 2D Gaussian
distribution is used on a 2D-plane orthogonal to the actuator line. This smear-
ing of the forces is therefore done globally, i.e., every node point at a plane
orthogonal to the actuator line will be affected, even if the effect is negligible
far from the line, due to the Gaussian function. The 3D Gaussian, if applied,
would also increase the effective radius of the blade forces.

By taking the convolution of the computed load frθz and the 2D regular-
ization kernel ηǫ. The field value in all points are received as:

f2D,b
ǫ = fbrθz ∗ η2D

ǫ (26)

where the 2D regularization kernel is defined as:

η2D
ǫ (p) =

1

ǫ2π
e−(p/ǫ)2 (27)

The resulting loading in one point of the actuator line is then:
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f2D
L (r) =

∫ +∞

−∞

∫ +∞

−∞

Fb(s)η2D
ǫ (pb)dndτ (28)

The 2D Gaussian distribution is controlled by the parameter ǫ. The choice
of ǫ will also affect the numerical discontinuity at the tip, as a result of a 2D
distribution. The choice of the value of ǫ will therefore be critical and will,
especially, have great impact on the wake structure. This will be discussed
further in section 8.5.1.

r
z

sp

-n

t

Figure 4. The figure shows the actuator line concept. Each
blade is represented by a line with Jrot number of points.
Forces at each actuator point are Gaussian distributed at all
points, sp, positioned at a plane orthogonal to the actuator
line. The plane is infinite.

When the simulation starts, an initial velocity is introduced in the entire
flow field, i.e., the free stream velocity. Local velocities and angles of attack
at blade positions are then extracted. Using tabulated aerofoil data one can
then compute local body forces. These body forces are imported into the flow
field, at actuator line positions, and to a plane orthogonal to the actuator line,
controlled by the regularization kernel. Iteration subsequently begins. A new
velocity field is reached, new local velocities and angles of attack are attained
and so on.
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5. Validation of ACL

In this section the ACL method is validated. Special interest is given to param-
eters important for wake features such as circulation and tip spiral structures.

5.1. Simulation

This section deals with choice of numerical approach, numerical setup such as
grid design, simulation cases, etc. Simulations have been performed based on
two different mesh designs. Both structures use periodic boundary conditions
and therefore reduce the mesh size to a third, i.e., a 120 degree slice. All
simulations are based on steady state calculations and assume zero yaw. The
first mesh design is based on 5 blocks distributed axially after each other.
With that setup it is possible to run simulations on five processors using MPI
techniques. The second design, used for simulations with higher resolution,
is based on 40 blocks distributed both in axial and radial directions, allowing
the simulations to be run on up to 40 processors. Figure 5 illustrates how the
meshes are designed.

(a) (b)

Figure 5. The figure shows schematically the mesh topology.
(a) 5 block mesh (b) 40 block mesh. The radius of the block
closest to the centre axis corresponds to a 1.25 rotor radius.

5.2. Numerical method

The aim is to be able to simulate the wake to make it possible to evaluate
wake behaviour and therefore the ACL method is suitable since there is no
need to resolve the boundary layer. The computational power can therefore
be concentrated into the wake by resolving the wake well. Other methods
where the boundary layer is resolved, which requires a mesh of the blades
themselves, would necessitate many node points localized at the blade surfaces.
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This method also simplifies the mesh generation and allows a more effective way
of creating the mesh.

This all combined results in the actuator line method capturing effects in
the ambient flow from the blades with the lowest computational requirements.
Simulations have been performed using the software EllipSys3D discussed in
section 2.

One can generally say that the performed computation is an implicit LES or
no-model LES since it solves the Navier-Stokes equations but does not resolve
all scales.

5.3. Grid and boundary conditions

To evaluate the sensitivity of the grid, four different resolutions were used with
the 5 block mesh design: 48, 64, 80 and 96 nodes on each block side. The
total number of node points are then: 5.5 · 105, 1.3 · 106, 2.6 · 106 and 4.4 · 106.
Corresponding number of node points along the actuator line are 25, 33, 49
and 61. For the 40 block mesh design; 64 nodes on each block side were used.
The total number of node points is then; 10.5 · 106 while the number of node
points along the actuator line is 70.

All simulations have been performed using a 2D Gaussian distribution dis-
cussed in section 4.2.

Simulations were performed at operational conditions corresponding to a
tip speed ratio between 5.05 and 11.79, see figure 7. The actuator line was fixed
in the mesh. The rotational reference frame is created by an angular velocity
at boundaries. The simulations are valid for steady conditions only. No coning
of the blades was simulated in these computations.

5.4. Aerofoil data

The actuator line method uses tabulated airfoil data taken from 2D measure-
ments modified in order to agree with experimental data as previously described
in section 2.

Simulations were performed with tip speed ratios of 5.05, 5.89, 7.07, 8.84
and 11.79 with corresponding pitch angles of 2.00, 0.61, 0.54, 0.51 and 0.55
degrees. A tip speed ratio of 7.07 corresponds to optimum performance at a free
stream wind speed of 10 metres per second. In the present work, however, all
variables are made dimensionless so that the actual rotor configuration merely
serves to produce a realistic load or circulation distribution.

5.5. Sensitivity

A sensitivity study is performed. Four different parameters (the smearing pa-
rameter ǫ, grid resolution, Reynolds number and tip speed ratio λ) were changed
and the effect on parameters such as circulation, vorticity, position of vortices
and the power coefficient was studied, see figure 6.
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In order to evaluate the sensitivity of the Gaussian smearing function, three
different values of parameter ǫ were simulated. A study of how this parameter
affected the circulation, the position and the velocity of the vorticity core, and
the vorticity of the core will follow.

The sensitivity of the Reynolds number has also been studied. Six different
cases of Reynolds number have been simulated, see figure 7. A study of how
the tip speed ratio affected the circulation will also follow.

Figure 6. Parameter table.

Figure 7 shows a list of performed simulations where mesh represents the
number of nodes on each block side, ǫ the smearing parameter, JACL the num-
ber of nodes along the actuator line, nb the number of blocks used and λ the
tip speed ratio.

5.6. Definition of parameters used for evaluation

The power and thrust coefficients have been used in the evaluation. The power
coefficient is calculated according to the following:

Cp =
P

1
2U2

∞
πR2

(29)

where:

P = Ω

∫ ∫ ∫

V

sfǫθdV =

3
∑

b=1

Ω

∫ R

0

sf b
θds (30)

The thrust coefficient is defined according to:
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Figure 7. Case table.

CT =
T

1
2U3

∞
πR2

(31)

where

T =
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V

fǫzdV =

3
∑

b=1

Ω

∫ R

0

f b
zds (32)

as previously implemented by Mikkelsen [Mikkelsen 2003].

6. Circulation evaluation method

One purpose of using ACL is to understand more about the basic flow features
in the wake, especially circulation. This section will therefore deal with a
method developed to evaluate the circulation.

6.1. Evaluation in rz-plane

The performed simulations represent the entire flow field. When the circulation
is evaluated in the wake, integration is performed around a loop, enclosing the
vortex according to equation (33). Each vortex is evaluated in terms of its
circulation in a plane perpendicular to the turbine disc, see figure 8.
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Γ =

∮

~v · dS (33)

where ~v is the velocity along the curve S which encloses the vortex.

The vortex created at the tip, or at least close to the tip, is evaluated every
30◦ behind the blade in azimuthal angle. The root vortex is evaluated in the
same manner. As can be seen in figure 9a the vortices tend to be smeared
out further downstream because of diffusion. Therefore, it is more difficult to
evaluate the circulation further downstream. The circulation is integrated at a
specific value of the vorticity. In that way, one ensures that the integration is
done in a coherent manner and can be compared at different positions.

Figure 10 shows the mesh with 96 points at each block side. One can see
that the resolution, however, could be better. When evaluating the circula-
tion sensitivity to different parameters, the mesh size may affect the results.
The integration is performed by choosing a number of evaluation points at the
integration path. The values at these points are then attained by an interpo-
lation (2nd order) between surrounding grid points. A mesh with too few grid
points may therefore result in numerical errors. The number of grid points
does, however, affect the computational time to a great extent.

r
z

g

Figure 8. The vortices are evaluated in planes orthogonal to
the turbine plane. Every third vortex originates from the same
blade. The angle between the blades, i.e., the actuator line,
and the location of the evaluated vortex in rotational sense is
defined as γ.
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(a) (b)

Figure 9. (a) An axial cut in which integration is performed.
(b) Vortex structure at a position 60◦ azimuthal travel behind
the actuator line.

X

Y
Z

Figure 10. Close-up of the mesh in the integration area with
the 96 point mesh.

6.2. Evaluation in rt-plane

Another integration method is developed in order to integrate the circulation
without the need of identifying each vortex core position. The method will here
be noted as method 2. Instead of performing integration on a path surrounding
a vortex core on a plane in radial-flow direction, an integration is performed



Validation of methods using EllipSys3D 199

on a plane orthogonal to the flow direction. The integration is done at rotor
position and in steps of 0.5 radii down to 4.5 radii behind the turbine with one
extra step 0.25 radii behind the turbine. The integration path is taken outside
of the tip spirals and in between the tip and root spirals. A suitable choice of
radial position turns out to be 0.5 R and 1.5 R, where R corresponds to the
turbine radius. The value of the circulation for the three tip vortices will then
be identified by the difference between the inner and outer integration paths.
Theoretically, the outer integral should be zero, resulting in an equal value of
the circulation for the tip and root vortices. The inner integration path should
also correspond to three times the maximum circulation on the blade, since the
integration is performed around three tip and root vortices.

7. Simulation results using ACL

This section gives an overview of the results from the simulations.

7.1. Pressure distribution

Figure 11 illustrates the actuator line with colour coding for the levels of force
distribution. The contours between iso-surfaces correspond to the pressure
levels according to the legend. The blade actuator line representation is rotated
30◦, out of the pressure distribution plane, in the direction of the viewer. It,
therefore, appears unexpectedly short in relation to the tip vortex train.

The figure shows the pressure build-up in front of the turbine. The vorticity
spiral can be identified by the low pressure areas downstream of the actuator
line.

7.2. Velocity distribution

Figure 12 illustrates the actuator line with colour coding for levels of the pres-
sure distribution, where the actuator line is identified by an iso-surface of the
volume force. The plane, showing the velocity distribution, is rotated 30◦ from
the plane containing the actuator line in this plot. The figure therefore shows
the actuator line 30◦ in front of the plane showing the velocity distribution.

The figure shows the axial velocity distribution where the rotation of the
vortices is seen in clockwise orientation. The velocity in the wake is also reduced
as expected. Figure 12 also illustrates that the velocity in the centre line, i.e.,
the root vortex, is high compared to the mean wake velocity. This is partly
because the nacelle is not present in this simulation. The flow field behind a
real turbine does, however, also have a root vortex which may accelerate the
flow. This has been verified by experiments by Dahlberg, [Dahlberg 2005].

7.3. Vorticity

Figure 13 shows an iso-surface of the vorticity with a pressure distribution.
The x=0-plane illustrates the pressure distribution while the y=0-plane shows
the streamwise velocity distribution. By choosing the value of the parameter
for the vorticity, the ”vortex spiral” can be identified.
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Figure 11. Pressure distribution for the 96 point mesh sim-
ulation 30◦ after blade passage, Re = 10, 000.

Figure 12. Stream-wise velocity distribution for the 96 mesh
simulation 30◦ after blade passage, Re = 10, 000.
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Y

Z

X

Figure 13. x=0-plane, pressure distribution; y =0-plane,
streamwise velocity; iso-surface, constant vorticity with a sur-
face of a contour pressure distribution.
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8. Validation of the ACL method

In this section we follow up on the sensitivity study in section 5.5.

8.1. Position of the cores

The position of the centre of the vortex cores was extracted from the flow
field. The result shows that the position of the cores does not depend on the
smearing parameter, ǫ, see figure 14. Note that the radial position of the vortex
core starts close to the tip of the blade at a slightly smaller radial position than
the blade tip.
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Figure 14. Position of vortex cores.

8.2. Phase difference between tip and root vortices

Since the position of each vortex core is known, the phase difference between
the tip and root spirals can be calculated. Figure 15 shows how the root vortex
moves more slowly downstream compared to the tip vortex. The smearing
parameter, ǫ, does affect the phase difference between tip and root vortices.
This parameter then affects the vortices to the extent that they actually move
with different velocities. This qualitative behaviour is to be expected from
a theoretical standpoint using induction theory, where the tip vortex spirals
decelerate the whole flow in the wake.
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Figure 15. Phase difference between tip and root vortex
cores. The phase difference is defined as the difference in axial
position between root and tip vortices, at the same rotational
angle behind the blade, i.e., the ACL. A smaller value of ǫ
represents a tighter body force.

8.3. Influence of diffusion

Simulations with six different Reynolds numbers were performed, see figure 7.
Figures 16 (a) and (b) show iso-surfaces of the vorticity. Figure 16 (b) has a
higher value of Reynolds number. One can see that with a higher Reynolds
number, the vortex spiral can be traced further downstream, as expected, since
the viscosity in the Re=1,000 case destroys the structure of the wake to a
greater extent.

When investigating the dependence of the Reynolds number, the value of
the power coefficient, Cp (defined in equation (18)), was used in the analysis,
see figure 17.

Mikkelsen did the same type of analysis for the actuator disc method,
[Mikkelsen 2003]. He shows that when reaching a high enough Reynolds num-
ber, the value of Cp converges toward a stationary value. The same behaviour
is noted when using the ACL method. Therefore, the conclusion can be made
that the power coefficient is not affected when using a sufficiently high Reynolds
number.
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Figure 16. Iso-surface of constant vorticity, ζ = 4.95, with
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Figure 17. Cp value dependence on grid size and Reynolds
number. The experimental Cp at a tip speed of 7.07 is 0.489.

Figure 17 indicates that the change in the Cp value, for a high Reynolds
number, decreases with an increasing number of mesh points. Therefore, the
conclusion is that the difference between the Cp curves, at high Reynolds num-
bers, is due to numerical diffusion. When reaching a stationary level of the Cp

value, i.e., independent of even larger grids, an Euler solution has been reached.
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8.4. Influence on power due to grid size

In figure 17 it is also evident that the power coefficient depends on the grid
size. The value of Cp converges with higher numbers of grid points. However,
the converged value is about four percent lower than the experimental base
value. Mikkelsen, [Mikkelsen 2003], showed that when using the ACD method,
the deviation from experimental values was of the same order. In the ACD
case, however, the power was instead overestimated while when using the ACL
method the power is underestimated.

Power is extremely difficult to measure in reality, frequently due to the
accuracy of the anemometer used. The difference between calculations in terms
of Cp is, therefore, not necessarily indicative of calculation inaccuracy.

8.5. Evaluation of the circulation - method 1

This section presents results from the evaluation of the circulation using method
1, described in section 6.1.

8.5.1. Influence on circulation due to ǫ

The sensitivity of the circulation with respect to ǫ has been evaluated. The
evaluation was performed using three different grid sizes, 64, 80 and 96 node
points at each side of the blocks, as discussed in section 5.5. The results can
be seen in figure 18.

The solution converges when ǫ approaches one. The wiggles that appear
some distance downstream in figure 18 can probably be explained by too few
grid points when the circulation is integrated, see figure 10, and increased
smearing of the cores further downstream. The computation time does however
increase rapidly with an increasing number of grid points.

8.5.2. Influence on circulation due to grid size

The sensitivity of the circulation with respect to the grid resolution has also
been evaluated. The evaluation was performed using three different grid sizes,
64, 80 and 96 node points at each side of the blocks as discussed in section 5.5.
The results are presented in figure 19.

The solution converges with greater grid size. The wiggles that appear
some distance downstream in figure 19 can probably be explained on the same
basis as when evaluating the dependence on ǫ (see figure 18). When using a
finer grid, the integration could be performed further downstream without large
fluctuations in the result. This is because the vortices are more concentrated
further downstream with a finer mesh and therefore it is also possible to perform
the integration further downstream.
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Figure 18. The figure shows simulations with 96 points at
each block side, with different values of ǫ. A small value of ǫ
represents a tighter volume force distribution around the blade.

8.5.3. Influence on circulation due to diffusion

The wake structure in the near wake is determined by the distribution of bound
circulation, Γ = Γ(r), along the blade. The bound circulation is, according to
the circulation theorem by Joukowsky, related to the distribution of lift:

~L = ρ~Γ × ~Vrel (34)

where ~L is the lift and ~Vrel is the relative velocity on the airfoil section.
Since the actuator line method is based on airfoil data, the circulation is easily
computed from the lift coefficient:

Γ =
1

2
CLVrelc (35)

The circulation at the tip and root should therefore, at least for inviscid
flows, correspond to the maximum bound circulation at the blade. The circu-
lation at the blades is given in figure 20. The maximum normalized circulation
at the blade is for example 0.13 at 40% of the blade when λ = 5.89 and 0.12 at
40% when λ = 7.07, see figure 20. Figure 21 shows the result of the circulation
evaluation using method 1. The result depicted is for three different Reynolds
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Figure 19. Simulation for the Tjaereborg turbine. Meshes
with 64, 80 and 96 node points on each block side have been
performed.

numbers. The 96 point mesh has been used and the smearing parameter, ǫ,
was set to 1.

The wiggles starting about 500 degrees behind the blades for the root vortex
and about 800 degrees behind the blade for the tip vortex are most likely due
to integration errors when integrating the circulation. At these positions the
vortex core starts to be smeared out and it is therefore difficult to identify a
good integration path.

The result however corresponds fundamentally with classical theories by
Helmholtz. The tip vortex leaves the blade with a circulation value close to the
maximum bound circulation at the blades, whereas the root vortex leaves the
blade with a much lower circulation value. The circulation in the root vortex,
however increases rapidly and reaches values of the same magnitude as the
bound circulation. The reason the root vortex is smeared out earlier than the
tip vortex is partly because the vortex cores are located closer together at the
root and partly due to the radial gradient of the circulation.

The reason why the root vortex circulation grows faster with an increasing
Reynolds number may have to do with the fact that no distinct vortex is formed
to the same extent as for cases with a lower Reynolds number.
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Figure 20. Circulation distribution along the blade. The tip
speed ratio is 5.05 to 11.79. The Reynolds number is 50,000.
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Figure 21. Circulation distribution in the wake at a free
stream velocity of 10 m/s corresponding to a tip speed ratio
of λ = 7.07. Index Re1, Re2 and Re3 in the figure correspond
to Reynolds numbers of 10,000, 20,000 and 50,000.

8.6. Evaluation of circulation - method 2

This section presents evaluation of the circulation using evaluation method 2,
described in section 6.2.

Evaluation using method 2 has been performed for tip speed ratios between
about 5 and 9. The case corresponding to a tip speed ratio of 11.79 has not
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been evaluated with method 2. The simulation in that case did not result in
a converged wake flow field, with a chosen value of the smearing parameter
ǫ, and it was therefore impossible to find a suitable integration path. Note,
that already for the case corresponding to a case with a tip speed ratio of 8.84
the epsilon parameter was increased with a factor of two to reach a converging
solution.
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Figure 22. Results from evaluation of the circulation from
simulations with a tip speed ratio from about 5 to 9. The
integration is performed according to method 2. The figure
shows the difference of the integrated values on the inner and
outer loop. The Reynolds number is 50,000.

The results in figure 22 demonstrate that the integrated values correspond
well with the maximum circulation on the blades. In figure 23 it is evident that
the difference between the tip and root vortices is in the order of 10−4. Note
that for the case with a tip speed ratio of 8.84 m/s the difference between the
value of the circulation for the tip respectively the root vortex did deviate about
a factor 10 more than for the other cases with a tip speed ratio between 5.05
and 7.07. The reason for this is probably that the wake expansion is greater
in this case. It is therefore more difficult to choose a suitable radius of the
integration path that will separate the tip and root vortices downstream the
wake due to the expansion. The higher value of epsilon probably also affects
this value.
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Figure 23. The figure shows results from evaluation of the
circulation from simulation with a tip speed ratio between 5.05
and 8.84. The integration is performed according to method
2. The plot illustrates the difference between the values of
the circulation for the tip respective of the root vortex. The
Reynolds number is 50,000. The values have been normalized
to represent one blade only.

8.7. Evaluation of the vortex core

The vorticity in the core centre was extracted from the flow field. The results
for cases with a Reynolds number of 10,000 are shown in figure 24. The figure
shows that the vorticity increases with decreasing value of ǫ. It is also evident
that the vorticity is dependent on the grid size. The level of the vorticity in the
core could therefore be said to a great extent be dependent on the smearing
parameter and the mesh size.
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Figure 24. Vorticity in the vortex core. Left: The figure
shows how the vorticity depend on the smearing function.
Right: The figure shows how the vorticity depend on the grid
size.
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9. Validation of ACD

In this section we validate the use of the ACD method for use in larger simu-
lations of wind farms.

9.1. Simulation

This section deals with choice of numerical approach, numerical setup such as
grid design, simulation cases, etc.

9.2. Numerical method

The objective is to be able to simulate large wind turbine farms. Therefore, the
ACD method is suitable since the method does allow reasonably low resolution
while still resulting in converging solutions. It is however also possible to use
the ACL method for farm simulations. In that case it may be feasible to
accommodate up to about 5 turbines with present day computers while that
number can be increased with a factor of 4 when using ACD. The drawback is
that the ACD method does not result in tip vortices. This will have an effect
on the analysis of wake interaction. On the other hand using ACD makes it
possible to study performance of larger parks and how production depends on
the location inside the park as a function of wind direction.

Simulations have been performed using the EllipSys3D software discussed
in section 2. All simulations are performed as steady state and using the LES
approach also reviewed in section 2.

The reason we use LES for these steady state simulations is that the ob-
jective is to validate this method for large farm simulations using unsteady
simulations with LES.

9.3. Aerofoil data

The same data as for the ACL method has been used, see section 5.4.

9.4. Grid and boundary conditions

A two block mesh was used to verify the method and thereby analyse the
dependence of grid size, inflow angle and Reynolds number. Figure 25 shows
the block structure of the mesh used for validation.

The flow direction is in z-direction. In the mesh design the node point
distribution is concentrated toward the centre of the mesh in xy-direction. In
flow direction the mesh is smeared towards the inlet but equidistant from about
2 turbine radius in front of the turbine and rearward to the outlet. The inlet is
set to constant velocity normalized to represent a case with a tip speed ratio, λ,
of 7.07. For this specific turbine this corresponds to a free stream wind speed
of 10 metres per second. The side boundaries are all set to periodic. The outlet
is set to convective boundary conditions, allowing vortices to cross.

A local grid is introduced at which body forces representing the loading
are introduced. The body forces are determined by computing local angles
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of attack and using tabulated aerofoil coefficients as previously described in
section 3.3. The grid is designed as a polar grid with A number of node points
in radial direction and B number of node points in azimuthal direction. The
resolution of the local grid will from here on be noted as the A/B grid. The
mesh is equidistant in both radial and azimuthal directions.

The main mesh is noted as C/D where C represents the number of nodes
on each block side. Therefore, a C number of 48 for a simulation with 2
blocks represents a total number of grid points equal to 483 · 2 ≈ 2.2 · 105. D
represents the smearing of the mesh locally at the disc radius. D corresponds
to the number of points resolving the turbine radius. The grid resolution will
from now on be referred to as C/D-A/B.

Figure 25. Block design of the mesh.

9.5. Sensitivity

A sensitivity study is performed. Four different parameters (inflow angle,
smearing parameter ǫ, grid resolution and Reynolds number) were changed and
the effect on parameters such as the power coefficient, the thrust coefficient and
the axial interference factor was studied, see figure 26.

In order to evaluate the sensitivity of the Gaussian smearing function, eight
different values of parameter ǫ were simulated, ranging from 0.1 to 0.5. Note
here, that the definition on ǫ is in absolute distance [R]. (In the ACL case ǫ is
defined as related to local cell size.) A study of how this parameter affected
the power coefficient, thrust coefficient and interference factor will follow.

The sensitivity of the Reynolds number has also been studied. Seven differ-
ent cases of Reynolds number have been simulated for four different resolutions.

In addition, a study of how the resolution (both main and local grid, i.e.,
C/D-A/B) affects the power coefficient CP , the thrust coefficient, CT , and the
interference factor, a, as a function of inflow angles between 0◦ and 75◦ will
follow.
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Figure 26. Parameter table.

9.6. Validation

Figure 27 shows the result of a Reynolds number influence study. The result
demonstrates that upon reaching high enough Reynolds numbers the power
coefficient, Cp, reaches a stationary level. The result also shows that the curves
converge with increasing grid size.

Figure 28 illustrates the result of a study of how Cp, CT and the axial
interference factor a are influenced by the inflow angle. The local grid size is
in all cases 14/41. The main grid size varies from 48/6 to 80/8. The turbines
are at all times perpendicular to the wind direction. The result shows conver-
gence with increasing grid size and that variation depending on inflow angle is
relatively small. When reaching the highest inflow angle, 75◦, it is possible to
recognize that the values for all parameters, that is Cp, CT and a, are again
very close to the initial 0◦ case. This is due to geometrical aspects of the grid.
The flow with 45◦ inflow angle results in lowest grid point resolution in the flow
direction. The result also indicates convergence when reaching a sufficient high
resolution.

Figure 29 shows the result of an investigation of how Cp depend on main
and local grid resolution and inflow angle. Figure 29 illustrates the result with
the local grid resolution constant in each subplot. The result indicates that
there is a convergence for each local grid. However, there is still a change
between the three different local resolutions with regard to the Cp-value level.
An investigation has therefore been performed to check the dependence of local
grid size. Figure 30 shows the result of that investigation. The result clearly
indicates that convergence is reached when A/B is in the order of 100/400. The
figure also shows that the results reach convergence when the global grid size
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Figure 27. The figure illustrates how Cp depends on Reynold
number and grid size. The legend shows the C/D values for
each curve. The local disc grid resolution is 14/41 for all
curves.

(C/D) attains the order of 80/8. The result with a global resolution of 96/12
and 96/14 also indicates a small variation when increasing the density of the
global grid in the disc area.

Figure 31 illustrates the result of an investigation of how Cp, CT and a
depend on the smearing parameter ǫ. The result shows a large gradient when ǫ
is between 0.15 and 0.20. The result is depicted for the case with a resolution
of 64/8-14/41.
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Figure 28. The figure shows an investigation of how Cp, CT

and a depend on inflow angle.
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Figure 29. The figure shows how the Cp value depend on the
main and local grid size.
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10. Conclusions

Numerical simulations of the Navier-Stokes equations are performed to achieve
a better understanding of the behaviour of wakes generated by wind turbines.
The simulations are performed by combining the in-house developed computer
code EllipSys3D with the actuator line and actuator disc methodologies. In the
actuator methods the blades are represented by lines or a disc at which body
forces representing the loading are introduced. The body forces are determined
by computing local angles of attack and using tabulated aerofoil coefficients.
The advantage of using the actuator techniques is that it is not necessary to
resolve blade boundary layers. Instead the computational resources are devoted
to simulating the dynamics of the flow structures. In the present study we run
simulations using both the actuator line and actuator disc methodologies. The
influence of changing a number of parameters is evaluated. The study serves
as a validation and sensitivity study to both the actuator line and the actuator
disc methods. The result shows that both methods converge to realistic results.
There is however a sensitivity to some parameters.

The sensitivity study shows that some parameters in the actuator line
method are more susceptible to change than others. The study offers important
information with regard to establishing new simulations. The result indicates
that with sufficiently high resolution and Reynolds number, the Cp value is
independent of the Reynolds number and that both the smearing parameter
and the grid size effects circulation and vorticity. The result, however, converges
when the smearing parameter approaches one and a grid resolution of 96 nodes
on each block side is used.

The results from the simulations with the actuator disc method converge
when reaching high enough grid resolution and high enough Reynolds number.
The results shows that the Cp value is independent of the Reynolds number
and that the sensitivity of the smearing parameter is small compared to the
sensitivity of the grid size. (Compare figure 30 and figure 31.) The study
further shows that the inflow angle has a small impact on the results.

The sensitivity study of both methods result in an understanding of how
different parameters affect the result. Both methods show satisfying results but
also that the grid size and the smearing parameter are important to consider in
upcoming simulations. The limitations of the actuator disc method compared
to the actuator line method is that it does not result in tip and root vortices.
The actuator disc method does however make it possible to run simulations
with a larger number of turbines that would not be possible to run using the
actuator line method, with todays computer recourses. Considering the simpli-
fication these methods offer when in terms of distribution of loading, handling
boundary layers, etc., these results serve the objective very well. One should
also remember that each simulation is a trade-off between numerical accuracy
and available computer resources. Each simulation should therefore be verified
by experimental data if possible.
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