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Abstract

Topological excitations are subjects of intensive studies in physics and math-
ematics. In solid-state and soft matter physics, topological excitations can
largely determine the thermodynamic and electromagnetic properties of ma-
terials, while in high energy physics they were theorized as particles. The
corresponding theories are based on field models, which are among the pillars
of theoretical physics. Field theory models of superconductivity and mag-
netism are the theoretical basis for this work.

Topological excitations in superconductors and magnets have been studied
since the middle of the last century. Since then, a huge amount of work has
been accumulated on vortices, Bloch points and skyrmions. In this popular
topic, we discovered new phenomena. The main results are:

• Discovery and theory of skyrmion braids in cubic chiral magnets.

• Coexistence of type-I and type-II superconductivity signatures in muon
spin rotation measurements on ZrB12 explained by theoretical modeling
of vortex states giving qualitative agreement.

• Theory and experimental evidence of magnetic field controlled pairwise
interaction of skyrmions in cubic chiral magnets.

• Experimental observation of chiral bobbers predicted in theory by Ry-
bakov et al. (2015).

• Theory of a new type of magnetic ordering – antichiral ferromagnetism
– giving rise to unique skyrmions.

• Generalization of the Bogdanov-Yablonskii solution (1989) for classical
models of magnets from the case of a skyrmion with a topological charge
of -1 (+1) to the case of all integer charges.

• Positive answer to the Babaev-Faddeev-Niemi hypothesis (2002) on the
existence of knot excitations in the superconducting state by demon-
strating stable solutions in a model that takes into account the Andreev-
Bashkin effect.
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Sammanfattning

Topologiska excitationer har f̊att stor uppmärksamhet inom b̊ade fysik och
matematik. I den kondenserade materiens fysik kan topologiska excitationer
ha en avgörande roll för termodynamiska och elektromagnetiska egenskaper
av material, medan dessa excitationer i högenergifysik var teoretisk betrak-
tade som partiklar. De motsvarande teorierna är baserade p̊a fältmodeller,
vilka är av fundamental vikt för teoretisk fysik. Fältteoretiska modeller för
supraledning och magnetism är de teoretiska utg̊angspunkterna för denna av-
handling.

Topologiska excitationer i supraledare och magneter har studerats sedan
50-talet. Sedan dess har en stor mängd arbete ägnats åt att studera virvlar,
Bloch-punkter och skyrmioner. I detta populära forskningsomr̊ade har v̊ar
forskning lett till upptäckten av nya fenomen, de huvudsakliga resultaten är:

• Upptäckten av skyrmionflätor i kirala kubiska magneter och formule-
ringen av teorin rörande dessa.

• Förklaring av samexisterande typ-1 och typ-2 supraledande signaturer i
muon-spin-rotationsmätningar i ZrB12 genom teoretisk modellering av
virveltillst̊and som uppvisar kvalitativa överenstämmelser.

• Teoretiskt och experimentellt bevis för magnetisk justerbar skyrmion-
skyrmion interaktion i kirala kubiska magneter.

• Experimentell observation av kirala flötesstrukturer förutsp̊add av Ry-
bakov et el. (2015).

• Teori rörande anti-chiral ferromagnetism, en ny typ av magnetisk ord-
ning som ger upphov till unika skyrmioner.

• Generalisering av Bogdanov-Yablonskii lösningen (1989) för klassiska
modeller av magneter fr̊an fallet av en skyrmion med topologisk laddning-
1 (+1) till alla heltalsladdningar.

• Positivt besvarat Babaev-Faddeev-Niemi hypotesen (2002) rörande ex-
istensen av knutexcitationer i supraledare genom att ha demonstrerat
stabila lösningar i en modell som tar i beaktande Andreev-Bashkin ef-
fekten.
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Chapter 1

Introduction

Topological excitations are important objects in condensed matter physics [1, 2],
high energy physics [3, 4], and mathematics [5]. These objects are particlelike and
stringlike states, as well as singular points, and can largely determine the thermo-
dynamic, electrical and magnetic properties in materials. Topological excitations
and a wide range of related phenomena can be effectively described within the
framework of field theory models.

Field theories are among the pillars of theoretical physics. With this approach,
the complete model is usually formalized in one mathematical expression, and the
physical fields are the variables in question. The advantage of this formalism lies
in the applicability of rich mathematical methods developed in calculus of vari-
ations, differential equations, asymptotic analysis, approximation theory together
with programming, and homotopy theory. A remarkable feature of the latter is its
predictive power in relation to dynamic properties for solutions obtained in statics.
So for example, suppose that the model allows excitation ”A” and excitation ”B”
belonging to different homotopy classes, then it is known in advance that ”A” will
never transform into ”B”. In other cases, for example, topology can indicate the
presence of a singular point that cannot disappear inside the volume, but can be
eliminated by moving outside the sample. Thus, we can learn a lot about dynam-
ics without solving (and sometimes even not knowing) the dynamic version of the
model. With this in mind, we concentrate our efforts on static models.

Topological excitations in superconductors and magnets have been studied since
the middle of the last century. Since then, interest in this topic has only increased
and continues to be stimulated by discoveries. For example, at least ten reviews
devoted to magnetic topological excitations have been published during our research
presented in this thesis, see [6, 7, 8, 9, 10, 11, 12] and also [13, 14, 15] where some
of our results have already been taken into account.

In this work, we first describe the field theory models of superconductivity and
magnetism, which we used as a theoretical framework. We also provide the basics of
the topological classification applied to these models. We then describe the mathe-

5



6 CHAPTER 1. INTRODUCTION

matical methods that have been used to reveal new properties of superconducting
vortices and magnetic skyrmions, as well as to find previously unknown excitations
in both media. Finally, we present our results against the background of previous
research.



Chapter 2

Theoretical Framework

2.1 Used formalism

𝜑1(r)

r

0

Ω

Figure 2.1: Sketch illustrating the field ϕ1 defined in domain Ω.

A field theory model describes a physical system by a multiplet of fields, ϕ1(r),
ϕ2(r), ..., ϕn(r), see Fig.2.1. In the Cartesian coordinate system, vector r is (x),
(x, y) or (x, y, z) for one-, two-, or three-dimensional models, respectively. The
static part of the energy is described by the Hamiltonian

H =

∫
Ω

dr w

(
ϕi,

∂ϕi
∂rα

)
, (2.1)

7
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or, more generally, by

H =

∫
Ω1

dr w1

(
ϕi,

∂ϕi
∂rα

,
∂2ϕi
∂rβ∂rγ

, ...

)
+

∫
Ω2

dr w2

(
ϕi,

∂ϕi
∂rα

,
∂2ϕi
∂rβ∂rγ

, ...

)
+ ...,

(2.2)

where some of the domains Ωk overlap. So for example, domain Ω1 can represent
the whole space, R3, while Ω2 – sample of a finite volume, Ω1 ⊂ R3. Local minima
of such a functional correspond to stable states of the system.

For completeness of the statement of the variational problem (2.1) [as well as
(2.2)], one should also specify the space of function for all ϕi, including constraints,
if any. We will specify this on a case-by-case basis. However, in a sense, it can be
argued that the purpose of such additional description is to guarantee properties
that are natural from a physical point of view, such as, for example, boundedness
of energy:

−∞ < H <∞, (2.3)

or −∞ < 〈w〉 <∞ (for periodic solutions). (2.4)

2.2 Field theory models

2.2.1 Superconductivity. Ginzburg–Landau models

The basic field theory model for describing superconductivity, proposed by Ginzburg
and Landau in 1950 [16], reads:

H =

∫
Ω

dr

(
1

2m∗
| (−i~∇− q∗A)ψ|2 + α|ψ|2 +

β

2
|ψ|4

)

+
1

2µ0

∫
R3

dr |∇ ×A−Bext|2, (2.5)

where Ω denotes domain occupied by superconductor, Bext is the applied uniform
magnetic field, the order parameter is the complex-valued function,

ψ ≡ ψre(r) + ι̇ ψim(r), (2.6)

whose modulus squared, |ψ|2, is proportional to the density of superconducting con-
densate. The second objective field in (2.5) is the vector potential of the magnetic
field,

A ≡ (Ax(r), Ay(r), Az(r)), (2.7)

∇×A = B. (2.8)
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For the space of function for (2.5) see for example [17]. For microscopic derivation
of (2.5) see [18].

Note that the Hamiltonian (2.5) is invariant under the group U(1) acting on ψ.
Note also that the effective charge in (2.5) for the Cooper pair of electrons is a
negative quantity, q∗ ≈ −2 · 1.6 · 10−19 C, and the phenomenological parameter α
is negative in the superconducting regime.

The model becomes noticeably simpler in the two-dimensional case, i.e. when
r = (x, y), because the second integral in (2.5) vanishes in the exterior, and thus
the non-local part disappears. This two-dimensionality should be understood as an
infinitely long in z volume having a cross-section as Ω. In this case, there are no
stray fields, just like for an infinite solenoid.

In the three-dimensional case, it makes sense to replace the field A by linear
combination

A = Aext + Ad, (2.9)

where Aext is selected in such a way as to guarantee

∇×Aext = Bext. (2.10)

Thus, an explicit expression for Aext is needed for the Hamiltonian, which in turn
requires gauge fixing. Consider the case of the Coulomb gauge,

∇ ·Aext = 0, (2.11a)

∇ ·Ad = 0. (2.11b)

Accordingly, the following expression for Aext guarantees the equations (2.10)
and (2.11a) hold together:

Aext,x = (c2 + 1
2 )Bext,y z + (c0 − 1

2 )Bext,z y,

Aext,y = (c0 + 1
2 )Bext,z x+ (c1 − 1

2 )Bext,x z, (2.12)

Aext,z = (c1 + 1
2 )Bext,x y + (c2 − 1

2 )Bext,y x,

where c0,1,2 – arbitrary constants. In turn, the replacement of the last integrand
in (2.5) according to

|∇ ×A−Bext|2 →
∑

i=x,y,z

|∇Ad,i|2 (2.13)

guarantees equation (2.11b), see [19]. The new Hamiltonian obtained from (2.5)
by applying (2.9), (2.12) and (2.13) is equivalent, but has some advantages for
numerical methods [19].

Our research focuses on models that extend (2.5) to two-component cases. This
is a typical case of multicomponent superconductivity [20, 21, 22], for microscopic
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derivation see [23, 24]. The corresponding minimal model for the energy density
reads:

w =
1

2

∑
a=1,2

(
|Daψa|2 + αa|ψa|2 +

βa
2
|ψa|4

)
+

1

2
|∇ ×A|2, (2.14)

where all fields (ψ1, ψ2 and A) and constants are assumed to be dimensionless, and
the gauge-invariant differential operator is

Da ≡ ∇+ ι̇ ea A. (2.15)

The corresponding Hamiltonian follows from (2.14) by assuming the integrals as
in (2.5). Also, the applied magnetic field can be included as in (2.5).

In a somewhat more general case, the energy density in (2.14) can be supple-
mented by: (i) the potential term(s) [20]:

ν

2
(ψ1ψ

∗
2 + ψ∗1ψ2) (Josephson coupling), (2.16a)

σ|ψ1|2|ψ2|2, (2.16b)

others;

(ii) the intercomponent drag term [25, 26], reflecting the Andreev-Bashkin ef-
fect [27]:

1

2

∑
a,b=1,2

µab Ja · Jb, (2.17)

where

Ja ≡ Im(ψ∗aDaψa); (2.18)

(iii) over terms which we will not consider here.
Some useful notes:

• Model (2.14) is invariant under the group U(1)× U(1) acting on (ψ1, ψ2),
whereas (2.16a) breaks this symmetry.

• Model (2.14) is used both to describe multicomponent superconductivity and
for a mixture of fields/condensates. For example, the model emerges phe-
nomenologically in high energy physics [28], was applied to liquid metallic
hydrogen [29], etc. [22].

2.2.2 Magnetism. Heisenberg model, micromagnetics and
micromagnetostatics

The basic field theory model for describing magnetism is the continuum Heisenberg
model (a.k.a. Euclidean O(3) nonlinear σ-model):

H =

∫
Ω

dr A |∇m|2, (2.19)
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where Ω denotes domain occupied by magnet, A is the exchange stiffness parameter.
The dimensionless magnetization is a vector field

m ≡ (mx(r),my(r),mz(r)) (2.20)

under the constraint

m(r)2 = 1. (2.21)

In (2.19) we use standard notation

|∇m|2 ≡
∑

i=x,y,z

|∇mi|2. (2.22)

In a somewhat more general case, the energy density in (2.19) can be supple-
mented by: (i) the Zeeman term

−Ms m ·Bext, (2.23)

where Ms is the saturation magnetization, Bext is the applied magnetic field; (ii)
the anisotropy term

K ·


m2
x +m2

y,

m2
xm

2
y +m2

ym
2
z +m2

zm
2
x (cubic crystal),

others;

(2.24a)

(2.24b)

(iii) the Dzyaloshinskii–Moriya interaction [30, 31] term in the form of Lifshitz
invariants [32, 33, 34],

D ·


Λ(x)
xz + Λ(y)

yz (Cnv symmetry),

m · (∇×m) (T symmetry),

Λ(x)
zy + Λ(y)

zx (D2d symmetry),

others,

(2.25a)

(2.25b)

(2.25c)

where

Λ
(k)
ij ≡ mi

∂mj

∂rk
−mj

∂mi

∂rk
; (2.26)

(iv) over terms. For microscopic derivation of (2.25b) see [35, 36].
In addition to the above interactions, some problems require taking into account

the self magnetic fields, that is, dipole-dipole interactions. There are several quite
different approaches to accounting for the above fields [37, 38], which, nevertheless,
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must have the same solutions. We focus on the canonical field theory formulation,
which can be presented as an additive to the Hamiltonian in the form:

−
∫
Ω

dr Ms m · (∇×Ad) +
1

2µ0

∫
R3

dr |∇ ×Ad|2, (2.27)

where Ad is the part of the vector magnetic potential responsible for the magnetic
field arising in the system in addition to the applied one. Thus, if a solution to
the problem is found, then the total magnetic field at any point (either inside Ω or
outside) can be calculated by the formula

B = Bext +∇×Ad. (2.28)

A field theory model obtained by combining all the above terms is a subject of
micromagnetics/micromagnetostatics. The concepts of ”micromagnetics” and ”mi-
cromagnetostatics” were introduced by Brown [39, 40] and endorsed by Aharoni [41]
in 1959.

Some useful notes:

• The formulation of magnetostatics in terms of (2.27) is free of another field-
related variable traditionally denoted by the symbol H [37, 42]. In this regard,
it is noteworthy to mention that there are authors who strive to minimize the
use of H when presenting the theory of magnetism [43], and there are even
those who suggest avoiding H completely [44].

• From (2.27) it can be seen that neglecting magnetostatics corresponds to a
zero coupling constant, namely µ0 → 0.

2.3 Topological excitations

2.3.1 Preliminaries

The topological concepts used in our study are based on the properties of some
continuous maps [45, 46]. To illustrate the principle of the map, first, let’s consider
some physical volume (domain). This volume can be, for example, a straight line
in a one-dimensional problem, or, for example, a closed two-dimensional surface in
other cases, or the volume of a three-dimensional sample, etc. The map means that
each point of this volume corresponds to some value of the field. We also assume
that the values of the fields, due to some objective reasons, are belong to a compact
space, such as a sphere, see Fig.2.2. When mapping, after taking into account all
points from the preimage, some part of the image space will be “painted over”.
This painted-over part of the image is a geometric quantity so far. However, under
additional conditions, this quantity can become a topological invariant.

Although some models deal with unbounded volumes, they can be compactified.
Typical examples are Euclidean spaces such as line (R1), plane (R2), etc. If it is
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Q: What is the value of the field at this point? A: Some value

volume  ("preimage") space of all possible 

field values ("image")

⇨
map

Figure 2.2: Sketch illustrating the map from volume to space of all possible field
values.

given that all fields in the model are homogeneous at infinity,

ϕi → consti (|r| → ∞), (2.29)

then one may equate all infinitely distant points and denote such points as {∞}.
In turn, the stereographic projection establishes a homeomorphism [47],

Rk ∪ {∞} ∼= Sk, (2.30)

i.e. simplifying somewhat, one can assume that from a topological point of view,
such a volume is equivalent to a sphere with the same number of dimensions.

If, in addition to the above mentioned feature, the fields ϕi are constrained to
the n-dimensional sphere, i.e.

ϕ1(r)2 + ϕ2(r)2 + ...+ ϕn+1(r)2 = 1, (2.31)

then we have the map
Sk → Sn. (2.32)

Continuous maps (2.32) are described by homotopy groups of spheres [47], which
has a standard notation πk(Sn). Some of these groups are non-trivial, and for
example

πn(Sn) = Z (n ≥ 1), (2.33)

i.e. for the case of equal dimensions, the group is isomorphic to the group of
integers. In fact, this means that any field configuration corresponds to an integer
that is invariant and cannot be changed by any continuous field deformations that
preserve (2.29) and (2.31). Condition (2.29) is important, it sets and fixes the
base point (a.k.a. basic point), see [48]. This point can be seen as Brouwer’s
fixed point since the sphere in (2.30) is freely parameterizable, i.e. one can always
choose a coordinate system so that the {∞}-associated point is identical to the
limit in (2.29).
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2.3.2 Linear defects and the map S1 → S1

Consider a theory with two scalar fields, ϕ1,2, in the flat domain. This domain could
be, for example, a cutting plane in 3D space. Suppose that field discontinuities or
zeroes are generally unfavorable. Let’s admit, however, that this is possible, but
in small volumes, such as points (if viewed from three-dimensional space, then
these are lines). Accordingly, such point(s) or an area without such points can be
surrounded by a closed contour along which:

ϕ2
1 + ϕ2

2 6= 0. (2.34)

Without loss of generality, we consider a contour to be a circle, i.e. S1. Whereas
the condition (2.34) means that the target space is a plane without a point, that is,
a punctured plane, R2\{0}. For such a space, the sphere S1 is a strong deformation
retract and, therefore, can be regarded as a target space in a homotopy equivalent
sense, see [49]. Also, one can consider the homeomorphism

R2\{0} ∼= R1 × S1. (2.35)

From the above it follows that the topological invariant is related to the map

S1 → S1. (2.36)

Topological charge can be calculated by Poincaré–Hopf index formula:

Q` =
1

2π

∮
dl ·
(
ϕ1∇ϕ2 − ϕ2∇ϕ1

ϕ2
1 + ϕ2

2

)
. (2.37)
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Figure 2.3: Sketches of elementary vortex (Q` = 1) and antivortex (Q` = −1). Ar-
rows denote vector field (ϕ1, ϕ2).
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Figure 2.3 shows sketches of elementary vortex and antivortex. If the fields ϕ1,
ϕ2 are components of a vector, then the sign of Q` is unambiguous in the sense
that the choice of the coordinate frame does not matter, see Chapter 7 in [50]. If
the underlying field is complex-valued, then there is no such property, while the
formula can be written as

Q` =
1

2π

∮
dl · ∇ϑ, (2.38)

where the angle ϑ is the phase,

ϑ = arg(ϕ1 + ι̇ ϕ2). (2.39)

2.3.3 Point defects and the map S2 → S2

The extension of results of Sec. 2.3.2 to the n-dimensional case is straightforward. In
this regard see [51, 52, 53], and also [54, 55]. We need the case of three dimensions.
Consider a theory with three scalar fields, ϕ1,2,3, in a three-dimensional volume.
By analogy with Sec. 2.3.2 we now considering a spherical shell, S2, on which

ϕ2
1 + ϕ2

2 + ϕ2
3 6= 0. (2.40)

Accordingly, we now obtain that S2 is a strong deformation retract of R3\{0}. Al-
ternatively, a 2-sphere in the target space can be found due to the homeomorphism

R3\{0} ∼= R1 × S2. (2.41)

From the above it follows that the topological invariant is related to the map

S2 → S2. (2.42)

The topological charge can be calculated using the Kronecker integral, which in
spherical coordinates gives

Qp =
1

4π

∫
dθ dφ m · (∂θm× ∂φm) , (2.43)

where

m =
(ϕ1, ϕ2, ϕ3)√
ϕ2

1 + ϕ2
2 + ϕ2

3

. (2.44)

2.3.4 Map S2 → S2 for plane (skyrmions)

Consider a theory with three scalar fields, ϕ1,2,3, with support in R2, i.e. ϕi =
ϕi(x, y). Let the fields are constrained to the sphere S2, see (2.31). If condi-
tion (2.29) is satisfied, then from (2.30) it follows that effectively there is a map

S2 → S2, (2.45)
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Figure 2.4: Sketches of elementary skyrmion (Q = −1) and antiskyrmion (Q = 1).
Arrows denote vector field m.

and according to (2.33) the system admits a set of homotopy classes. Topological
charge can be calculated as follows:

Q =
1

4π

∫
R2

dr m · (∂xm× ∂ym) , (2.46)

where
m = (ϕ1(r), ϕ2(r), ϕ3(r)), m(r)2 = 1. (2.47)

x

y

z

x

y

z

Figure 2.5: Ambiguity in the choice of the coordinate frame.

Figure 2.4 shows sketches of elementary skyrmion and antiskyrmion. It is im-
portant to note that there is ambiguity in calculating the value of Q using (2.46)
due to the fact that one can choose a coordinate frame xyz in such a way that the
z axis will be directed in the opposite direction, see Fig.2.5. Switching between co-
ordinate frames in Fig.2.5 gives Q→ −Q. This circumstance requires clarification,
since the topological charge is an invariant, while the mentioned feature indicates
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some connection with the choice of the coordinate frame. The ambiguity is elimi-
nated by invoking the corresponding fundamental invariant of a unit vector field –
the vector of curvature [56, 57]:

b ≡ (m · (∂ym× ∂zm) ,m · (∂zm× ∂xm) ,m · (∂xm× ∂ym)) . (2.48)

Vector field b is a fundamental invariant of the given field m and, accordingly, does
not depend on the choice of the coordinate frame (i.e. in a coordinate change, the
components of b behave as vector components). Comparison of (2.46) and (2.48)
shows that calculation of Q requires the projection of vector b. Thus, to eliminate
ambiguity, the system must have a fundamental vector perpendicular to the plane
(so that one can project the vector b). In some cases, this vector exists naturally,
when, for example, at the infinitely distant point [see (2.29)], the corresponding
vector, m∞, is perpendicular to the plane. If so, then one can replace the integrand
in (2.46),

Q =
1

4π

∫
R2

dr m∞ · b (if m∞ ⊥ plane), (2.49)

which in turn guarantees the invariance of Q.
Note that topological charge is sometimes presented in the literature with sign

inversion. Choosing a prefactor between ”+1” and ”−1” for the right side of equa-
tion (2.46) [or its refined version (2.49)] is a matter of taste. Our choice is ”+1”,
as in [58, 59], while ”−1” can be found, for example, in [60, 61].

2.3.5 Map S3 → S2 (hopfions)

Consider a theory with three scalar fields, ϕ1,2,3, with support in R3, i.e. ϕi =
ϕi(x, y, z). Let the fields are constrained to the sphere S2, see (2.31). If condi-
tion (2.29) is satisfied, then from (2.30) it follows that effectively there is a map

S3 → S2. (2.50)

The map (2.50) is directly related to Hopf map (a.k.a. Hopf fibration) [62]. The
group corresponding to (2.50) is isomorphic to integers, π3(S2) = Z. Topological
charge (Hopf index) can be expressed as integral [63], but there is a subtlety. The
formula,

QH = − 1

16π2

∫
R3

dr a · (∇× a), (2.51)

is based on the auxiliary field a(r). Field a must be found such that its curl is equal
to the vector of curvature (2.48):

∇× a = b. (2.52)

A solution satisfying (2.52) can be found by integrals, for example

a(x, y, z) =

∫ x

−∞
dx b(x, y, z)× êx. (2.53)
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Thus, the aforementioned subtlety is that an explicit closed-form expression for the
topological charge of a given unit vector field, m ≡ (ϕ1, ϕ2, ϕ3), eventually involves
double integration. In this regard see also [64].

2.3.6 Map S3 → S3 (3D skyrmions)

Consider a theory with four scalar fields, ϕ1,2,3,4, with support in R3, i.e. ϕi =
ϕi(x, y, z). Let the fields are constrained to the sphere S3, see (2.31). If condi-
tion (2.29) is satisfied, then from (2.30) it follows that effectively there is a map

S3 → S3, (2.54)

and according to (2.33) the system admits a set of homotopy classes. Topological
charge can be calculated as follows:

QS = − 1

12π2

∫
R3

dr εijkεabcd ϕa
∂ϕb
∂ri

∂ϕc
∂rj

∂ϕd
∂rk

. (2.55)

It is important to note that any given 3D skyrmion always can be viewed as a
hopfion by closed-form expressions. Indeed, let’s define three scalar fields, ϕ′1,2,3 as
in [62]:

ϕ′1 = 2(ϕ1ϕ3 + ϕ2ϕ4),

ϕ′2 = 2(ϕ2ϕ3 − ϕ1ϕ4),

ϕ′3 = (ϕ2
1 + ϕ2

2)− (ϕ2
3 + ϕ2

4) (2.56)

The sum of the squares of these fields is equal to one:

ϕ′1
2

+ ϕ′2
2

+ ϕ′3
2

= (ϕ2
1 + ϕ2

2 + ϕ2
3 + ϕ2

4)2 = 1. (2.57)

Condition (2.29) for fields ϕ′ is met, since this condition is met for underlying
fields ϕ. Thus, it turns out that there is a map S3 → S2 in relation to fields ϕ′.
To calculate the corresponding Hopf index, Q′H, we use Eq. (2.51) for which the
required vector-potential is

a′ = 2 (ϕ2∇ϕ1 − ϕ1∇ϕ2 + ϕ4∇ϕ3 − ϕ3∇ϕ4) . (2.58)

Finally, after all the substitutions in (2.51), we get Q′H = QS. In this regard, see
also [65, 66, 67].
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Methods

We used numerical methods to find and study solutions to field theory models.
This approach can be roughly divided into three blocks: (i) approximation of the
continuous problem by a digital one, i.e. discretization; (ii) algorithm applied to
this connected problem; (iii) implementation of the algorithm in the form of a
program and operation by this program.

3.1 Discretization. Finite difference method

Hamiltonian of type (2.2) is function of functions,

H = H
(
ϕ1(r), ϕ2(r), ..., ϕn(r)

)
. (3.1)

Minimization of energy (3.1) involves finding suitable coordinate-dependent fields.
To treat the problem numerically, we approximate the fields ϕi(r) using grid and
nodal values, X ≡ (X0, X1, ..., XN−1). We assume that array X consists of the
densely packed node values of field ϕ1 collected across all nodes, followed by the
node values of field ϕ2, and so on. Consequently, we switch to the connected
problem

min
X∈RN

f(X), (3.2)

where the function f should be chosen in such a way as to approximate the energy
values well enough.

We used finite-difference schemes known for GL [68] and micromagnetics [69,
70] to take into account local interactions when constructing f . We used a uniform
rectangular grid throughout the region of interest. Superconducting and magnetic
regions were chosen in the form of rectangles or cuboids (depending on the di-
mension of the problem), and in some cases, periodic boundary conditions were
imposed.

To account for nonlocality, we based on a variational formulation that guarantees
the Coulomb gauge of the magnetic vector potential. For GL, such a variational

19
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formulation was justified [19], while we justified it for micromagnetics, see Eq. (1.12)
in IV. In turn, the Coulomb gauge guarantees that Ad satisfies the Laplace equation
in the exterior. Also, this clearly follows from (2.13). This is quite important
because there are methods for solving exterior problems for the Laplace equation
in R3, which can be integrated with the internal rectangular grid. Accordingly, we
used the Cartesian products of the optimal grids [71, 72, 73]. Also, we used another
method, which consists in representing Ad in the exterior by a linear combination
of linearly-independent solutions of the Laplace equation with regular behavior at
infinity, see Methods in I.

3.2 Energy minimization. Nonlinear conjugate gradients
method

set initial guess, X 

calculate G 

find  α = argmin f(X + α ΔX) 

iterate, X → X + α ΔX  

if 𝛾 ≠ 0, iterate, ΔX → β ΔX + G 

swap, G ⇄ G*

 G⋅(G - G*) 

G*⋅G*

set 𝛾 = 1 

if 𝛾 ≠ 0, calculate β =  

else, set           ΔX = G 

set 𝛾 = 0 

α 

Figure 3.1: Nonlinear conjugate gradients algorithm.

To solve problem (3.2) we used nonlinear conjugate gradients (NCG) algo-
rithm [74, 75, 76, 77] with Polak-Ribière-Polyak formula for β [78, 79]. The al-
gorithm is shown in Fig. 3.1, where G is an array of negative derivatives (steepest
descent direction),

G = −
(
∂f

∂X0
,
∂f

∂X1
, ...,

∂f

∂XN−1

)
, (3.3)
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and G∗ denotes the same array on previous iteration. One-dimensional search was
implemented by calculating the expansion of f into a polynomial,

f(X + α∆X) = c0 + c1α+ c2α
2 + ...+ cpα

p, (3.4)

and then by searching for α that provides the first (starting from α = 0) mini-
mum for that polynomial. The termination criterion for the NCG loop was chosen
according to principles described in Sec. 8.2.3. in [80] with a tolerance typically
about 10−10.

set initial guess, Xa 

calculate Ga 

find  (αa, αb) = argmin f(Xa + αa ΔXa, Xb + αb ΔXb) 

iterate, Xa → Xa + αa ΔXa 

if 𝛾a ≠ 0, iterate, ΔXa → βa ΔXa + Ga 

swap, Ga ⇄ Ga*

 Ga⋅(Ga - Ga*) 

Ga*⋅Ga*

set 𝛾a = 1 

if 𝛾a ≠ 0, calculate βa =  

else, set             ΔXa = Ga 

set 𝛾a = 0 

αa, αb 

set initial guess, Xb 

calculate Gb 

iterate, Xb → Xb + αb ΔXb 

if 𝛾b ≠ 0, iterate, ΔXb → βb ΔXb + Gb 

swap, Gb ⇄ Gb*

 Gb⋅(Gb - Gb*) 

Gb*⋅Gb*

set 𝛾b = 1 

if 𝛾b ≠ 0, calculate βb =  

else, set             ΔXb = Gb 

set 𝛾b = 0 

Figure 3.2: Block version of nonlinear conjugate gradients algorithm.

For models combining substantially different fields, to speed up convergence, we
used an approach somewhat similar to the alternating minimization methods [81,
82]. The approach is based on the partitioning of variables into blocks, for each
of which most of the subroutines should be performed independently. So, in the
simplest case, one can split all variables into two blocks,

X = (X0, X1, ..., Xk−1︸ ︷︷ ︸
Xa

, Xk, ..., XN−1︸ ︷︷ ︸
Xb

). (3.5)

For our Hamiltonians, the array Xa corresponds to variables associated with the
magnetic vector potential, A, and the array Xb – with either ψ-fields or m-fields.
The complete algorithm is the union of two parallel NCG loops by replacing one-
dimensional search with two-dimensional, see Fig. 3.2. In our works, this method
was first used in paper V.
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In magnetic problems, the constraint m2 = 1 was taken into account by the
”atlas” method, which consists in using a set of charts for the corresponding man-
ifold S2 and switching between them. For more details see [83] and Supplemental
Material in Ref. [84].

3.3 Search for minimum and ”crafting” method

The above methods were implemented in the program code designed for NVIDIA
CUDA [85]. There are two main advantages to using a GPU for computing: massive
parallelization to maximize performance and computer graphics for visualization.
We used graphics to display the results in real-time, and we also implemented an
interactive mode that allows one to make instant changes to the system using the
keyboard and mouse.

minimization

x

y

x

y

z

color coding for m(x,y) 

Figure 3.3: Snapshots of the ”crafting” process and the resulting solution, which is
a local energy minimum.

When searching for local minima, the initial guess is of great importance. To
make it as easy as possible to implement intuitive guesses into textures, we used the
”crafting” method, see Fig. 3.3. This example shows how the magnetic moments in
the area of a small ring reverse their direction following the mouse cursor. After the
texture is ”drawn”, the minimization algorithm starts. In this regard see also [86]
and Supplemental Material movies in VI.
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Overview and Results

4.1 Topological excitations in field theory models of
superconductivity

4.1.1 Overview

Topological excitations in superconductors are diverse. In this overview, we only
focus on those that are closely related to our results.

4.1.1.1 Vortices

Classical vortices [87, 88] have been studied in the superconducting state in great
detail [89, 90, 91]. One of the remarkable phenomena associated with vortices is that
they are carriers of a quantum of magnetic flux predicted in superconductors [92]
ahead of the theory of superconducting vortices. Vortices in the single-component
GL model (2.5) are topological excitations characterized according to Sec. 2.3.2,
see also [58]. Accordingly, in the two-component case, (2.14), the vortices are
characterized by a doublet of topological charges. Consequently, the physics of
vortices of the two-component model are far richer.

In the early 2000s, intensive studies of vortices in models based on (2.14) began.
In [93], it was shown that there are vortices that carry an arbitrary fraction of
magnetic flux quantum, including those that carry zero flux. In this regard see
also [94].

In [95, 96], it was shown that the two-component model admits vortices with
Lennard-Jones-type potential, i.e. attractive at a large length scale and repulsive at
a shorter length scale. In models (2.14), this phenomenon occurs when one coher-
ence length larger and another smaller than the magnetic field penetration length.
The corresponding coherence and penetration lengths should be understood as for-
mal expressions of the model parameters, since the dimensions that characterize
the actual solutions to a nonlinear problem involve complex combinations of all
factors. As a result of this interaction, the vortices join into clusters. This behavior

23
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is not typical either for type-I superconductivity, where domains are the essence of
inhomogeneities, or for type-II superconductivity, where repulsive vortices are the
essence of inhomogeneities. Accordingly, the term “type-1.5 superconductivity”
takes place [97]. For more details and review see [98, 99, 100, 101, 102, 103].

One among the methods for studying vortex states, including type-1.5 regime [104],
is the muon spin rotation (µSR) measurements.

4.1.1.2 Three-dimensional particlelike states

In [105], a hidden symmetry was revealed bridging the model of a two-component su-
perconductor (2.14) and the Skyrme-Faddeev model [106] from high energy physics,

H =

∫
R3

dr
(
A |∇m|2 + |b|2 + V (mi)

)
. (4.1)

For the definition of m and b see (2.47) and (2.48) respectively. In turn, the Skyrme-
Faddeev model can be considered as a modification of the Skyrme model [107, 108],
in which the function space manifold is projected onto the sphere S2, see [109].

Immediately after, a similar representation of free energy was shown for spin-
triplet superconductors [110]. All this gave impetus to the search for analogs of
hopfions [111, 112, 113, 114] or 3D skyrmions [108, 115, 116] in superconducting
models. Note, the aforementioned three-dimensional particlelike states are some-
times referred to as knotted solitons or simply knots.

However, subsequent numerical studies [66, 117, 118] did not find any stability
of 3D solitons in the basic model of a two-component superconductor. Although
some stabilizing terms were proposed as a formal modification to guarantee so-
lutions [119, 120, 121], however the question whether such objects could exist in
superconductivity-related models remained open.

In [25] it was argued that the Andreev-Bashkin effect [27] may serve as a natural
stabilization mechanism in superconductors. That is, the drag effect in the mixture
of condensates can prevent the collapse of the knot.

4.1.2 Results

4.1.2.1 Simultaneous signatures of type-I and type-II
superconductivity in muon spin rotation experiment.

In work III, it was found by µSR technique that dodecaboride ZrB12 simultaneously
exhibits the signatures of type-I-like and type-II-like superconductivity features in
a relatively wide range of temperature and applied field. It is unusual to observe
this in µSR experiment and challenging to obtain in field theory model. The true
nature of superconductivity in ZrB12 remains unclear, as the material is not fully
characterized, but there is evidence in favor of the two-band model [122]. Accord-
ingly, two-component model (2.14) was used for theoretical modeling. The model
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was used in type-1.5 regime where vortices have long-range attractive, short-range
repulsive interaction.

Unusual behavior is presented on Fig. 1(e) in III. The above distribution indi-
cates the presence of regions with a magnetic field, |B|, close to zero, as well as below
and above the applied one. In the theoretical model, we were able to find solution
for which the distribution of the magnetic field reproduces these characteristics, see
Fig. 3 in III.
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Figure 4.1: Sketch of a void in a vortex state.

The sketch of the theoretical explanation is presented in Fig. 4.1, where it should
be understood that there are many such voids in the total cross section. As was
found in the simulation, the model allows for a local minimum of free energy in the
applied magnetic field, so that the clustered vortices surround the void.

Note that the existence of above voids is somewhat similar to that in the many-
particle interaction model [123].

4.1.2.2 Hopf-Skyrme particlelike states

In theoretical work V, three-dimensional particlelike states were found for two-
component model equipped with the intercomponent drag term (2.17).

Stable solutions have been found and studied in the London limit, which means
a constraint on the total density of the condensate,

|ψ1|2 + |ψ2|2 = 1. (4.2)

On the other hand, Eq. (4.2) means that the function space manifold is S3. Thus,
topological excitations can be classified as 3D skyrmions, see Sec. 2.3.6. The de-
tailed structure of the found solutions is shown on Figs. 1, 2 in V.

The remarkable fact about found 3D skyrmions is that the relation between the
topological charge and the energy (see the last panel on Fig. 2 in V) does not resem-
ble classical 3D skyrmions. So, for classical 3D skyrmions [124], H ≥ const |QS|,
see Fig. 4.2(a). Whereas for the found solutions, the behaviour is much closer to
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Figure 4.2: The lower bound for the energy of classical 3D skyrmions (a) and
classical hopfions (b).

the case of classical hopfions [106], H ≥ const |QH|3/4, see Fig. 4.2(b). Thus, rep-
resentation of a 3D skyrmion by a hopfion described in Sec. 2.3.6, has significant
meaning here.

This result is a positive answer to a conjecture posed by Babaev et al. [105] on
the existence of knot excitations in the superconducting state.

4.2 Topological excitations in field theory models of
magnetism

4.2.1 Overview

Topological excitations in magnets are very diverse. In this overview, we only focus
on those that are closely related to our results.

4.2.1.1 Skyrmions

Demagnetizing fields can results in the stabilization of different domain patterns,
including vortex-like ones [125, 126]. In the 1960s, theoretical and experimental
work reported on a new type of magnetic domains. These were isolated domains
that have nothing to do with patterns, but have mobility and therefore are like
particles. Particlelike states of this kind are called magnetic bubbles or cylindrical
magnetic domains [127]. The Hamiltonian of the corresponding model is equivalent
to (2.19) equipped with (2.23), (2.24) and (2.27). In the framework of the model
approach, the sample geometry is usually a film having a thickness within the
critical range. Formally, some magnetic bubbles are characterized by charge Q
described in Sec. 2.3.4, and from the topological point of view they are skyrmions.
However, such an approach to the classification of bubbles is not sufficient. So,
for example, magnetic bubble can include Bloch points [128], see also Sec. 4.2.1.3.
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Fruitful theoretical and experimental research on magnetic bubbles gave birth to the
industry of bubble memory [129, 130]. We mention several recent works on magnetic
bubbles (skyrmions), the stability of which is due to dipole-dipole interactions: [131,
132, 133].

Together with the successes of the theory of magnetic bubbles, the problem of
the existence of skyrmions in a simpler model, i.e. not requiring coupling with de-
magnetization fields, remained open. In 1975, Belavin and Polyakov published [134]
the exact solution of model (2.19) in the two-dimensional case (Ω is R2) for arbitrary
skyrmions. However, despite the mathematical beauty of the result, it does not pre-
dict physically robust solutions. Indeed, even taking into account anisotropy (2.24)
with an arbitrarily small prefactor leads to the cancellation of the existence of par-
ticlelike solutions. This feature is dictated by the Hobart-Derrick theorem [135,
136, 3]. In other words one can say that a potential term entails a collapse of
skyrmions. It is interesting to note that collapse can be avoided if the model in
question denotes a certain limit, while the complete description of the system is
somewhat broader. So, for example, a dynamics [137, 138, 139] or a lattice [140,
141] can serve as a ”stabilizer”. Also, some stabilizing terms have been proposed
phenomenologically, see [142, 143].

In 1989, Bogdanov and Yablonskii showed [34] that Lifshitz invariants are nat-
ural terms providing stability for elementary skyrmion. In the case of invariants of
type (2.25a), (2.25b), its topological charge Q = −1, and for (2.25c), Q = 1. See
Fig. 2.4 for sketches. This and subsequent theoretical papers [144, 145, 146, 147,
148] present the basics of the theory of chiral magnetic skyrmions. The adjective
”chiral” traditionally comes from the linking of Lifshitz invariants with chiral phys-
ical interactions [149]. Chiral skyrmions have been observed individually in 2010,
see [150]. An extensive literature has accumulated on chiral magnetic skyrmions,
see the reviews [151, 152, 6, 10, 11, 14] and the literature cited therein. For rigorous
results, see [59, 153, 154, 155].

Note that other skyrmions were also studied, for which the field theory is based
on (2.19) and does not contain Lifshitz invariants. As an example, we mention
systems for which the continual model contains higher derivatives, see Refs. [145,
156] for the positive Heisenberg term and Refs. [157, 158, 159, 160] for the negative.
It is also worth mentioning the baby Skyrme model [161, 162], which actually is (4.1)
in the plane. There is a connection between this model and magnetism [163].

4.2.1.2 Skyrmion strings

In three-dimensional systems, the skyrmion naturally has additional degrees of free-
dom associated with the third dimension. Simplifying somewhat, such a skyrmion
can be considered as a string or tube, which, generally speaking, does not have to be
straight and uniform, but its cross sections are invariant concerning the topological
charge Q.

Skyrmion strings condensed into a lattice are attributed in the literature [164,
165, 166] to anomalous phases (A-phase) in MnSi and other compounds [167].
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In the frame of field theory model, it is shown that even for thin films of cubic
chiral magnets, the skyrmion should be considered as a string rather than a two-
dimensional particle, see [168]. The reason for this is the chiral surface twist effect
(in this regard see also [169]), which greatly affects the energy balance.

4.2.1.3 Bloch points. Skyrmion strings with Bloch points. Chiral
bobbers

The topological excitations classified in Sec. 2.3.3 were considered in magnetism as
early as 1965 [170, 171]. Although the singularity is unavoidable for Qp 6= 0 (that
is, there is always a point at which |∇mi| diverges), the integral (2.19) gives the
finite energy for the finite specimen [172]. Thus, such defects (known as hedgehog,
Bloch point, quasimonopole) are completely within the framework of the field theory
model, see also [173, 174]. It is also interesting to note that exact solutions of the
Euler-Lagrange equations of model (2.19) with arbitrary Qp are known [175, 176,
177] for unbounded space (Ω is R3).

The topology tells that defects with Qp 6= 0 are non-compact [178], and there-
fore, the sample surface always encodes the overall topological charge. In turn, the
surface skyrmion, which does not have a twin on the other side of the specimen,
is a natural ”footprint” pointing to the Bloch point below the surface. In such a
situation, the hedgehog is ”compactified” into a skyrmion string with an end. The
stability of such states can be achieved due to anisotropic/composite films [179, 180,
181, 182], or it is natural in chiral magnets, for which the corresponding particlelike
state, a chiral bobber, has been predicted [84].

In dynamic processes, Bloch points can appear on one surface of the sample and
move to another surface, thus creating or, conversely, destroying a skyrmion string.
Another option is the formation of a hedgehog and an anti-hedgehog, followed by
the scattering of singular points from each other. In this regard, see [183, 184, 185,
186, 187, 188, 189]. Note also that experiments have shown that bulk samples can
contain an array of Bloch points with positive and negative topological charges.
This is also observed in statics, and the magnetic textures between the points are
quite complex. In this regard, see [190, 191].

4.2.2 Results

In the following three sections, the theoretical part is based on model (2.19) equipped
with (2.23) and (2.25b). Dipole-dipole interactions were also taken into account
where required, which is equivalent to accounting for (2.27).

4.2.2.1 Evidence of chiral bobbers

In work VIII, theoretical chiral bobbers were discovered experimentally by observ-
ing individually. These particles were observed in films of B20-type FeGe by means
of quantitative off-axis electron holography, see Fig. 2 in VIII.
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skyrmion bobber

phase shift of an electron beam

Figure 4.3: Sketch of the phase shift for the skyrmion string and chiral bobber in
a plate of a chiral magnet.

The experiment was based on the idea that in a film/plate of moderate thickness,
the magnetic contrast from the bobber should be strong enough to be measured,
and at the same time weak enough compared to the well-studied reference contrast
from the skyrmion, see Fig. 4.3.

The experimental values of the magnetic contrast turned out to be quantitatively
consistent with those for theoretical solutions, see Fig. 4(i) in VIII.

4.2.2.2 Interaction of individual skyrmions

In work VII, both theoretically and experimentally, it was shown that the pairwise
interaction of skyrmions in cubic chiral magnets can be switched by an applied
magnetic field from attraction [Fig. 4.4(a)] to repulsion [Fig. 4.4(b)]. In the studies
leading up to this work, experimental observations indicating the nature of inter-
actions were based on collective phenomena [192, 193].
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Figure 4.4: Sketch illustrating the interaction of skyrmion strings in a plate of a
chiral magnet for (a) moderate and (b) strong applied magnetic field.

An intriguing switch from attraction to repulsion is associated with a second-
order phase transition. For a moderate applied field, the ground state of the system
is a conical phase. Skyrmion strings for such field regimes are similar to tubes
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passing through the thickness and having waviness caused by the modulation of the
surrounding cone, see Fig. 3 in VII. Such strings were previously described in [84],
and then in [194] it was shown that their asymptotics is fundamentally different
from the two-dimensional case and promotes attraction. In strong magnetic fields,
the conical phase disappears in favor of a collinear ferromagnetic state. Accordingly,
skyrmion strings become nearly homogeneous along the thickness, which effectively
makes them similar to two-dimensional skyrmions. In turn, the two-dimensional
skyrmions are repulsive [195]. Note that a certain longitudinal inhomogeneity is
always present in skyrmion string near the sample surfaces, mainly due to the chiral
surface twist effect [168].

4.2.2.3 Skyrmion braids

In work I, both theoretically and experimentally, it was discovered that magnetic
skyrmion strings in cubic chiral magnets can intertwine forming skyrmion braids.
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skyrmion braid
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Figure 4.5: Sketch of a typical skyrmion braid (a) that can unwind into skyrmion
strings (b) in a stronger applied field.

Figure 4.5 shows a sketch of a braid formed from six strings. See also examples
of short braids on Fig. 3 in I. The skyrmion braid is a consequence of the complex
interaction of the strings leading to the energetic benefit from intertwining. The
latter is true for both bulk material and thin plates.

Taking into account the results of Sec. 4.2.2.2, we can summarize: as the applied
magnetic field decreases, skyrmion strings stop repelling, then attract and form
clusters, and then intertwine into braids. However, depending on the geometry and
the number of interacting strings, hysteresis effects can appear, i.e. the potential
barriers that prevent intertwining into a braid or braid unwinding.
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4.2.2.4 Chiral skyrmions with arbitrary topological charge

In theoretical work VI, skyrmions with arbitrary topological charge Q were found
in classical models of a chiral magnet/helimagnet. These are models that com-
bine (2.19), (2.23), (2.24) and (2.25). It was shown that the well-studied Bogdanov-
Yablonskii skyrmion is not unique, but the situation is rather the opposite and the
model satisfies the Skyrme principle, i.e. contains stable particles (and antiparti-
cles) classified by different topological charges.
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Figure 4.6: Sketch of a chiral skyrmion with topological charge Q = −3.

In previous works, there were approaches to the consideration of skyrmions,
topologically different from the elementary one. However, in order to achieve sta-
bility, the authors had to involve something beyond the minimal model [196, 197].
It is also worth mentioning that in some anisotropic models [198, 199] with Lif-
shitz invariants outside the three listed in (2.25), in addition to the elementary
skyrmion, its antiparticle was found. In addition, a skyrmion with an antiskyrmion
in the same system was shown for parameters in which the global energy minimum
corresponds to magnetization lying in the plane rather than out of the plane, which
is more likely to be related to bimeron topic [200]. Even with that in mind, we have
extended the class of known solutions from Q ∈ {−1, 0, 1} to Q ∈ Z.

Simplifying somewhat, one can say that the stumbling block was the repul-
sive nature of two-dimensional chiral skyrmion. The elementary skyrmions placed
nearby scatter as a result of energy minimization rather than contract into one
multi-skyrmion. We managed to overcome this problem due to the correct guess
about the morphology of higher skyrmions, which turned out to be unexpected, see
Fig. 4.6. The crafting method also proved to be very useful, see Sec. 3.3.

Fig. 1 in VI shows morphology of several chiral skyrmions with different topo-
logical charges Q. Figs. 2, 6 in VI show an almost linear revealed dependence of
energy on Q. Recent theoretical studies have identified additional morphological
forms of chiral skyrmions, see IX.
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Remarkably, some of these results were quite recently realized [201] in experi-
ments with FeGe chiral magnet.

Note, right after the first version of this manuscript was posted on arXiv [202],
Foster et al. reported independent related study [203], where the authors also
observed counterparts to discussed skyrmions in liquid crystals. For the published
version, see [204]. Thanks to this work, the discussed skyrmions are known today
as skyrmion bags.

4.2.2.5 Antichiral ferromagnetism and skyrmions

In theoretical work II, a theory of a new type of magnetic ordering – antichiral
ferromagnetism – was presented. It was shown that in crystals with full tetrahedral
symmetry (Td point group) spontaneous modulation of the magnetization m(r)
may be neither chiral nor non-chiral. We understand chirality as the property of
being distinguishable from mirroring. Accordingly, for a coordinate-dependent field,
this property, generally speaking, is coordinate-dependent. How to unambiguously
conclude whether field m is chiral or not in the vicinity of point r? To answer this
question, we rely on the corresponding fundamental invariant, which is directly
related to nonholonomicity – Rogers’s mean geodesic torsion [205, 57]:

ρ ≡m · (∇×m). (4.3)

The field ρ(r) distinguishes right-handedness/left-handedness/non-chiral by nega-
tive/positive/zero values, respectively. Accordingly, the quantity ρ can be used as
a measure of chirality. The non-chiral, or in other words, the achiral component is

k ≡ |m× (∇×m)|. (4.4)

See the comparison of ρ(r) and k(r) for antichiral ordering on Fig. 3(f) in II.
The corresponding field theory model is (2.19) equipped with a term

mxmymz∇ ·m, (4.5)

which for a bulk crystal of type Td is unique among all combinations of mi∂αmj ,
mimjmk∂αml.

The calculations showed that the model in question has unique skyrmions. Inter-
action (4.5) is responsible for the stability of these skyrmions. Also, these skyrmions
inherit the features of antichiral ferromagnetic ordering – they equally include right-
and left-handed textures with relatively large average |ρ|. Found skyrmions with
topological charges Q = ±1 are depicted on Fig. 4 in II. The above skyrmions are
embedded in the modulated state. Note that modulated states are often an alter-
native to homogeneous states with respect to the ability to host skyrmions [206,
207, 208].

Note, right after the first version of this manuscript was posted on arXiv [209],
Ado et al. reported independent related study [210]. From communication with
authors we became aware that term (4.5) was presented earlier at the seminars [211].
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[15] B. Göbel, I. Mertig, and O. A. Tretiakov. “Beyond skyrmions: Review and
perspectives of alternative magnetic quasiparticles”. Physics Reports 895
(2021), pp. 1–28. url: https : / / www . sciencedirect . com / science /

article/pii/S0370157320303525.

[16] L. D. Landau and V. L. Ginzburg. “On the theory of superconductivity”.
Zh. Eksp. Teor. Fiz. 20 (1950), p. 1064.

[17] Q. Du, M. D. Gunzburger, and J. S. Peterson. “Analysis and Approximation
of the Ginzburg–Landau Model of Superconductivity”. SIAM Review 34
(1992), pp. 54–81. url: https://doi.org/10.1137/1034003.

[18] L. P. Gor’kov. “Microscopic Derivation of the Ginzburg-Landau Equations
in the Theory of Superconductivity”. Sov. Phys. JETP 36 (1959), pp. 1918–
1923. url: http://www.jetp.ras.ru/cgi-bin/e/index/e/9/6/p1364?a=
list.

[19] Q. Du and X. Wu. “Numerical Solution of the Three-Dimensional Ginzburg–
Landau Models Using Artificial Boundary”. SIAM Journal on Numerical
Analysis 36 (1999), pp. 1482–1506. url: https://doi.org/10.1137/

S0036142997330317.

[20] J. Garaud, M. Silaev, and E. Babaev. “Microscopically derived multi-component
Ginzburg–Landau theories for s+is superconducting state”. Physica C: Su-
perconductivity and its Applications 533 (2017), pp. 63–73. url: https:

//doi.org/10.1016/j.physc.2016.07.010.

[21] J. Carlström. “Multicomponent superconductivity: Vortex Matter and Phase
Transitions”. PhD thesis. Stockholm: KTH Royal Institute of Technology,
2013. url: http://urn.kb.se/resolve?urn=urn:nbn:se:kth:diva-
136279.

[22] B. Svistunov, E. Babaev, and N. Prokof’ev. Superfluid states of matter. CRC
Press, 2015.

[23] D. R. Tilley. “The Ginzburg-Landau equations for pure two band supercon-
ductors”. Proceedings of the Physical Society 84 (1964), pp. 573–584. url:
https://doi.org/10.1088/0370-1328/84/4/313.

https://doi.org/10.1063/5.0046950
https://doi.org/10.1088/1361-648x/ab5488
https://doi.org/10.1088/1361-648x/ab5488
https://doi.org/10.1021/acs.chemrev.0c00297
https://doi.org/10.1021/acs.chemrev.0c00297
https://www.sciencedirect.com/science/article/pii/S0370157320303525
https://www.sciencedirect.com/science/article/pii/S0370157320303525
https://doi.org/10.1137/1034003
http://www.jetp.ras.ru/cgi-bin/e/index/e/9/6/p1364?a=list
http://www.jetp.ras.ru/cgi-bin/e/index/e/9/6/p1364?a=list
https://doi.org/10.1137/S0036142997330317
https://doi.org/10.1137/S0036142997330317
https://doi.org/10.1016/j.physc.2016.07.010
https://doi.org/10.1016/j.physc.2016.07.010
http://urn.kb.se/resolve?urn=urn:nbn:se:kth:diva-136279
http://urn.kb.se/resolve?urn=urn:nbn:se:kth:diva-136279
https://doi.org/10.1088/0370-1328/84/4/313


BIBLIOGRAPHY 35

[24] M. Silaev and E. Babaev. “Microscopic derivation of two-component Ginzburg-
Landau model and conditions of its applicability in two-band systems”. Phys.
Rev. B 85 (2012), p. 134514. url: https://link.aps.org/doi/10.1103/
PhysRevB.85.134514.

[25] E. Babaev. “Andreev-Bashkin effect and knot solitons in an interacting mix-
ture of a charged and a neutral superfluid with possible relevance for neutron
stars”. Phys. Rev. D 70 (2004), p. 043001. url: https://link.aps.org/
doi/10.1103/PhysRevD.70.043001.

[26] J. Garaud et al. “Skyrmions induced by dissipationless drag in U(1)×U(1)
superconductors”. Phys. Rev. B 89 (2014), p. 104508. url: https://link.
aps.org/doi/10.1103/PhysRevB.89.104508.

[27] A. F. Andreev and E. P. Bashkin. “Three-velocity hydrodynamics of super-
fluid solutions”. Sov. Phys.-JETP 42 (1975), p. 164. url: http://jetp.
ac.ru/cgi-bin/e/index/e/42/1/p164?a=list.

[28] T. D. Lee. “A Theory of Spontaneous T Violation”. Phys. Rev. D 8 (1973),
pp. 1226–1239. url: https://link.aps.org/doi/10.1103/PhysRevD.8.
1226.

[29] E. Babaev, A. Sudbø, and N. W. Ashcroft. “A superconductor to superfluid
phase transition in liquid metallic hydrogen”. Nature 431 (2004), pp. 666–
668. url: https://doi.org/10.1038/nature02910.

[30] I. Dzyaloshinsky. “A thermodynamic theory of “weak” ferromagnetism of
antiferromagnetics”. Journal of Physics and Chemistry of Solids 4 (1958),
pp. 241–255. url: https://www.sciencedirect.com/science/article/
pii/0022369758900763.

[31] T. Moriya. “Anisotropic Superexchange Interaction and Weak Ferromag-
netism”. Phys. Rev. 120 (1960), pp. 91–98. url: https://link.aps.org/
doi/10.1103/PhysRev.120.91.

[32] V. G. Bar‘yakhtar and E. P. Stefanovsky. “Spin wave spectrum in antifer-
romagnets having a spiral magnetic structure”. Sov. Phys. Solid State 11
(1970), p. 1566.

[33] P. Bak and M. H. Jensen. “Theory of helical magnetic structures and phase
transitions in MnSi and FeGe”. Journal of Physics C: Solid State Physics
13 (1980), pp. L881–L885. url: https://doi.org/10.1088%2F0022-

3719%2F13%2F31%2F002.

[34] A. N. Bogdanov and D. A. Yablonskii. “Thermodynamically stable ”vor-
tices” in magnetically ordered crystals. The mixed state of magnets”. Sov.
Phys. JETP 68 (1989), p. 101. url: http://www.jetp.ras.ru/cgi-

bin/e/index/e/68/1/p101?a=list.

[35] V. A. Chizhikov and V. E. Dmitrienko. “Frustrated magnetic helices in
MnSi-type crystals”. Phys. Rev. B 85 (2012), p. 014421. url: https://
link.aps.org/doi/10.1103/PhysRevB.85.014421.

https://link.aps.org/doi/10.1103/PhysRevB.85.134514
https://link.aps.org/doi/10.1103/PhysRevB.85.134514
https://link.aps.org/doi/10.1103/PhysRevD.70.043001
https://link.aps.org/doi/10.1103/PhysRevD.70.043001
https://link.aps.org/doi/10.1103/PhysRevB.89.104508
https://link.aps.org/doi/10.1103/PhysRevB.89.104508
http://jetp.ac.ru/cgi-bin/e/index/e/42/1/p164?a=list
http://jetp.ac.ru/cgi-bin/e/index/e/42/1/p164?a=list
https://link.aps.org/doi/10.1103/PhysRevD.8.1226
https://link.aps.org/doi/10.1103/PhysRevD.8.1226
https://doi.org/10.1038/nature02910
https://www.sciencedirect.com/science/article/pii/0022369758900763
https://www.sciencedirect.com/science/article/pii/0022369758900763
https://link.aps.org/doi/10.1103/PhysRev.120.91
https://link.aps.org/doi/10.1103/PhysRev.120.91
https://doi.org/10.1088%2F0022-3719%2F13%2F31%2F002
https://doi.org/10.1088%2F0022-3719%2F13%2F31%2F002
http://www.jetp.ras.ru/cgi-bin/e/index/e/68/1/p101?a=list
http://www.jetp.ras.ru/cgi-bin/e/index/e/68/1/p101?a=list
https://link.aps.org/doi/10.1103/PhysRevB.85.014421
https://link.aps.org/doi/10.1103/PhysRevB.85.014421


36 BIBLIOGRAPHY

[36] V. A. Chizhikov and V. E. Dmitrienko. “Multishell contribution to the
Dzyaloshinskii-Moriya spiraling in MnSi-type crystals”. Phys. Rev. B 88
(2013), p. 214402. url: https://link.aps.org/doi/10.1103/PhysRevB.
88.214402.

[37] W. F. Brown. Magnetostatic Principles in Ferromagnetism. North-Holland,
Amsterdam, 1962.

[38] P. Asselin and A. Thiele. “On the field Lagrangians in micromagnetics”.
IEEE Transactions on Magnetics 22 (1986), pp. 1876–1880. url: https:
//doi.org/10.1109/TMAG.1986.1064664.

[39] W. F. Brown. “Micromagnetics: Successor to domain theory?” J. Phys. Ra-
dium 20 (1959), pp. 101–104. url: https://doi.org/10.1051/jphysrad:
01959002002-3010100.

[40] W. F. Brown. “Micromagnetics, Domains, and Resonance”. Journal of Ap-
plied Physics 30 (1959), S62–S69. url: https://doi.org/10.1063/1.
2185970.

[41] A. Aharoni. “Some Recent Developments in Micromagnetics at the Weiz-
mann Institute of Science”. Journal of Applied Physics 30 (1959), S70–S78.
url: https://doi.org/10.1063/1.2185971.
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[149] A. N. Bogdanov and U. K. Rößler. “Chiral Symmetry Breaking in Magnetic
Thin Films and Multilayers”. Phys. Rev. Lett. 87 (2001), p. 037203. url:
https://link.aps.org/doi/10.1103/PhysRevLett.87.037203.

[150] X. Z. Yu et al. “Real-space observation of a two-dimensional skyrmion crys-
tal”. Nature 465 (2010), pp. 901–904. url: https://doi.org/10.1038/
nature09124.

[151] N. Nagaosa and Y. Tokura. “Topological properties and dynamics of mag-
netic skyrmions”. Nature Nanotechnology 8 (2013), pp. 899–911. url: https:
//doi.org/10.1038/nnano.2013.243.

https://www.sciencedirect.com/science/article/pii/0370269384906099
https://www.sciencedirect.com/science/article/pii/0370269384906099
https://doi.org/10.1007/BF00750845
https://doi.org/10.1007/BF00750845
https://doi.org/10.1007/BF01045888
https://doi.org/10.1007/BF01045888
http://journals.ioffe.ru/articles/28895
https://www.sciencedirect.com/science/article/pii/S0304885397900214
https://www.sciencedirect.com/science/article/pii/S0304885397900214
https://onlinelibrary.wiley.com/doi/abs/10.1002/pssb.2221860223
https://onlinelibrary.wiley.com/doi/abs/10.1002/pssb.2221860223
https://www.sciencedirect.com/science/article/pii/0304885394900469
https://www.sciencedirect.com/science/article/pii/0304885394900469
https://www.sciencedirect.com/science/article/pii/S0304885398010385
https://www.sciencedirect.com/science/article/pii/S0304885398010385
https://link.aps.org/doi/10.1103/PhysRevLett.87.037203
https://doi.org/10.1038/nature09124
https://doi.org/10.1038/nature09124
https://doi.org/10.1038/nnano.2013.243
https://doi.org/10.1038/nnano.2013.243


BIBLIOGRAPHY 45

[152] R. Wiesendanger. “Nanoscale magnetic skyrmions in metallic films and mul-
tilayers: a new twist for spintronics”. Nature Reviews Materials 1 (2016),
p. 16044. url: https://doi.org/10.1038/natrevmats.2016.44.
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