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Abstract: Energy carried by engine exhaust pulses is critical to the performance of a turbine or
any other exhaust energy recovery system. Enthalpy and exergy are commonly used concepts to
describe the energy transport by the flow based on the first and second laws of thermodynamics.
However, in order to investigate the crank-angle-resolved exhaust flow enthalpy and exergy, the
significance of the flow parameters (pressure, velocity, and temperature) and their demand for high
resolution need to be ascertained. In this study, local and global sensitivity analyses were performed
on a one-dimensional (1D) heavy-duty diesel engine model to quantify the significance of each flow
parameter in the determination of exhaust enthalpy and exergy. The effects of parameter sweeps were
analyzed by local sensitivity, and Sobol indices from the global sensitivity showed the correlations
between each flow parameter and the computed enthalpy and exergy. The analysis indicated that
when considering the specific enthalpy and exergy, flow temperature is the dominant parameter and
requires high resolution of the temperature pulse. It was found that a 5% sweep over the temperature
pulse leads to maximum deviations of 31% and 27% when resolving the crank angle-based specific
enthalpy and specific exergy, respectively. However, when considering the total enthalpy and exergy
rates, flow velocity is the most significant parameter, requiring high resolution with a maximum
deviation of 23% for the enthalpy rate and 12% for the exergy rate over a 5% sweep of the flow
velocity pulse. This study will help to quantify and prioritize fast measurements of pulsating flow
parameters in the context of turbocharger turbine inlet flow enthalpy and exergy analysis.

Keywords: internal combustion engine; engine exhaust system; flow enthalpy and exergy; unsteady
flow; turbine upstream condition

1. Introduction

To meet CO2 emissions legislation, accelerating the electrification of transportation is
one solution, which is resulting in the demand for improving the thermal efficiencies of
technology that is in-use for internal combustion engines (ICEs) [1]. Besides developing
advanced combustion concepts, exhaust energy recovery technology has also been con-
sidered essential for high-efficiency ICEs. The exhaust energy recovery system driven by
the ICE exhaust pulses can utilize the exhaust energy to increase the total engine efficiency
by boosting the intake air or recovering the waste heat. An accurate assessment of energy
contained in the engine exhaust flow is vital to indicate its work potential. Based on
the evolution of exhaust energy, the working efficiency and energy losses of components
through the exhaust system can thus be identified and improved.

1.1. Literature Review

During the last few decades, extensive research has been performed in the area of
exhaust energy and its recovery. For example, the exhaust manifold was optimized for
reducing the losses of available energy in an ICE exhaust system [2]. Based on the flow
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thermal energy conversion ratios, the design of a heat exchanger was improved for better
waste heat recovery [3]. In particular, many turbocharger studies focused on the utilization
of energy carried by ICE pulsating flows, such as the impacts of different unsteady inlet
conditions [4–6] along with reducing the thermal dissipation of exhaust pulses upstream of
the turbine [7–9] and optimizing the configurations of turbocharging systems [10,11], to
name a few.

Based on the first and second laws of thermodynamics, the energy of the engine flow
is generally evaluated by energy or exergy [12]. Flow enthalpy is defined as the sum of the
internal energy and the flow work of a flowing fluid, while flow exergy refers to the part of
enthalpy that can be converted into work [13]. Additionally, the energy quantities inside
the ICE system can be discussed in specific (i.e., the unit mass basis) and mass flow rate
based forms. The specific energy quantity as an intensive property is commonly used to
compare the energy transport by unit mass under different operating conditions [7,14]. For
instance, the specific exhaust gas enthalpy and exergy in a gasoline compression ignition
engine were compared to indicate the input energy change of the turbocharger and waste
heat recovery efficiency under different combustion strategies [14]. On the other hand,
the mass flow rate based form accounts for the total amount of energy carried by the
flow. This form has been applied to evaluate the energy utilization associated with flow
devices, such as the pulsing flow exergy after exhaust valve opening [15], flow losses
within the turbocharging system [16,17], and the energy efficiency of waste heat recovery
systems [3,18].

To quantify the energy transport by the ICE exhaust, a common approach in the
literature is to evaluate the exhaust energy by the averaged values of these time-varying
flow parameters [8,17,19]. Regardless of flow dynamics, this approach has been used
mainly for comparing the energy distributions in different architectures of the exhaust
system. Such simplification assumes that the fluctuation of exhaust pulses has a limited
effect on energy quantification. However, since the work potential of pulsating flow is
larger than that of steady flow, according to [20], it still needs further investigation to
identify the difference between using instantaneous and averaged flow parameters in the
context of ICE applications.

For the studies regarding time-varying flow parameters of exhaust pulsation, due to
the challenges and limitations of on-engine time-resolved exhaust gas flow parameter mea-
surement, assessment of instantaneous exhaust energy in literature often seeks assistance
from simulations [6,17]. Apart from piezoresistive fast pressure sensors which are well es-
tablished and widely used in ICE research [21], many previous studies attempted to capture
the time-varying flow temperature and velocity (or mass flow rate) of exhaust pulsating
flows. The on-engine relevant studies measuring crank-angle-resolved temperature pulses
used signal reconstruction techniques based on multiple fine-wire thermocouples [22–24],
and direct measurement using resistance wire thermometers (RWT) or cold-wires [25,26] by
use of the isentropic relation based on fast pressure measurement [27]. Additionally, mea-
surement techniques based on laser diagnostics, ultrasound, and radiation thermometry
have been used for high resolution in-cylinder gas temperature measurements [28].

The reported techniques for time-resolved velocity measurement of exhaust pulses
are limited to particle image velocimetry [29], the total-static pressure based method
(e.g., Pitot tube) [30], and ultrasound [31]. Measurement techniques such as laser doppler
velocimetry and hot-wire anemometry have been applied to measure in-cylinder flow fields
and turbulence, although the latter technique was limited to motored engine operation [28].
While the listed techniques highlight the possibility to capture gas temperature and velocity
with high resolution in the on-engine context, their application and capability continues to
be an area in development or limits easy integration to engine experimental setups.

An alternative to measurements is based on one-dimensional (1D) engine performance
software (e.g., GT-Suite or AVL Boost), and another on computational fluid dynamics
(CFD) models wherein the instantaneous exhaust pulsating flows are simulated. The flow
energy can then be calculated in crank angle resolution. However, these simulation-based
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approaches highly depend on the accuracy of engine models and the boundary conditions
in use. Another approach for characterizing instantaneous flow energy is to integrate direct
measurement with ICE flow simulation or estimation [32]. For instance, the flow exergy
of exhaust pulsation is characterized, respectively, during blowdown and displacement
phases of exhaust processes by Mahabadipour et al. [15,33]. The evaluation of crank-angle-
resolved exhaust flow energy adopts pressure data from fast measurement, but the flow
temperature, velocity, and other parameters still rely on 1D simulation.

Since the pulse energy is a composite function of flow parameters, the significance of
these time-varying parameters on the energy characterization in crank-angle resolution may
also differ. Hence, the need to capture high-resolution flow parameters and its implications
on the computed energy pulses would further motivate the demand for accurate time
resolved flow parameters from a combination of simulations and experiments.

1.2. Objectives of the Present Work

To the best of the authors’ knowledge, there is no study so far that has evaluated the
significance of each flow parameter for characterizing the energy carried by the engine
exhaust pulses. Moreover, it remains to be answered whether resolving time-varying
flow parameters is required to quantify the energy of exhaust pulses. Additionally, the
methodology linking the resolution of time-varying flow parameters to accurate pulsating
energy estimation remains to be investigated. Therefore, in this paper, we attempt to
identify the significance of time-varying flow parameters in the determination of exhaust
enthalpy and exergy. The sensitivities of each flow parameter are discussed for motivating
high resolution of these fluctuating quantities. Concepts of flow enthalpy and exergy are
introduced to evaluate the energy carried by exhaust pulsation based on the first and
second laws of thermodynamics. Impacts of different flow properties are discussed by
using local and global sensitivity analyses.

The contributions of this research are as follows:

• Enthalpy and exergy transport by the ICE exhaust pulsation were computed and
compared in both specific and mass flow rate based forms.

• The analytical solutions of enthalpy and exergy sensitivities to flow parameters were
derived and further analyzed in the context of engine exhaust conditions.

• Based on the results of local sensitivity analysis, the requirements of accurate and
fast measurements (or estimation) for capturing the energy carried by exhaust pulses
are discussed herein.

• The Sobol indices in global sensitivity analysis quantify the significance of flow
parameters for evaluating flow enthalpy and exergy. Moreover, the interaction effects
among flow parameters were also identified.

1.3. Document Organization

The remainder of the paper is structured as follows. Section 2 introduces the assess-
ment of flow enthalpy and exergy. Then, local and global sensitivity analyses are also
formulated. The engine model and its exhaust flow properties are described in Section 3. In
Section 4, the enthalpy and exergy pulsations are firstly given based on the exhaust condi-
tions. Then, the significance of flow parameters on flow enthalpy and exergy is investigated
by different theoretical and numerical approaches. Section 5 concludes the paper.

2. Methodology
2.1. Flow Enthalpy and Exergy

Flow enthalpy and exergy are used in this study to quantify the energy carried by
ICE exhaust pulses. Note that the flow energy is defined as the thermo-mechanical energy
(i.e., flow sensible energy) without regarding the chemical reaction or phase transitions
inside the exhaust flow. The stagnation enthalpy of flow has been widely adopted to
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account for the amount of flow energy by including internal energy, flow work, and
kinetic energy:

h =
∫ T

T0

cp dT +
1
2

u2 (1)

where h is the specific stagnation enthalpy on mass basis. T and u are the static temperature
and flow velocity. T0 as the reference temperature fpr the lower limit of the integration.
cp denotes the specific heat capacity that can be approximated by the NASA polynomial
function of temperature [34] as:

cp

Rg
= a1 + a2T + a3T2 + a4T3 + a5T4 (2)

where the values of coefficients a1 to a5, and the gas constant Rg are determined by the
mixture property of gases. Enthalpy is widely accepted to represent the flow energy based
on the first law of thermodynamics. However, the enthalpy based approach in Equation (1)
may not fully reflect the losses or work potential inside the flows, since it neglects the
deterioration of flow energy quality [13,15].

Exergy, also known as available energy, denotes the maximum portion of flow enthalpy
that can be converted to work by interacting with the surrounding conditions (also referred
to as “dead state”) [13]. Similarly to enthalpy, flow exergy in this study refers to the
thermo-mechanical exergy (i.e., physical exergy) without regard to the chemical potential.
The flow exergy can be formulated by the differences of enthalpy and entropy between the
current flow condition and the dead state:

e = (h− h0)− T0(s− s0)

=
∫ T

T0

cp dT − T0

∫ T

T0

cp
dT
T

+ T0Rg ln
p
p0

+
1
2

u2 (3)

where e denotes the specific exergy of flow. s and p are the flow specific entropy and
static pressure. In this study, the dead state was chosen as the ambient condition, and
denoted by the subscript 0 (i.e., T0 = 298.15 K, p0 = 101.325 kPa). As the entropy change is
considered, the exergy-based approach in Equation (3) can further indicate the theoretical
work potential of working flow rather than simply showing the total energy quantity. In
other words, exergy is not conserved, since the flow work potential can be destroyed with
the amount of energy remaining the same. For instance, throttling effects and viscous
friction reduce the work potential of the flow, but such losses cannot be reflected merely in
the view of energy analysis.

Moreover, the total amounts of flow enthalpy and exergy need to be quantified in
association with the mass flow rate ṁ, especially for pulsating flows:

H = h ṁ = H̃ A (4)

E = e ṁ = Ẽ A (5)

where ṁ is the mass rate of engine exhaust flow; the H̃ and Ẽ are mass flux based enthalpy
and exergy rates; and A is the cross-sectional area of the flow section. The mass flow rate
of engine exhaust ṁ can be expressed as a composite variable depending on the flow static
pressure p, temperature T, and velocity u,

ṁ(p, T, u) = ρ u A (6)

where ρ = p/(RgT) is the flow density. In addition, the Mach number M is used to indicate
choked flow during the exhaust valve opening event.

M =
u√

γRgT
(7)



Energies 2021, 14, 6183 5 of 24

where γ is the heat capacity ratio determined by the gas composition. As mentioned before,
based on the compressible flow relations [35], different exhaust flow parameters can be
used for resolving flow enthalpy and exergy. The static pressure p, static temperature T,
and velocity u were chosen for studies of their impacts on enthalpy and exergy of engine
exhaust pulsation.

2.2. Sensitivity Analyses

Sensitivity analysis (SA) is a model-based method used to numerically examine the
impacts of selected parameters on the behavior of a system [36]. Two different approaches
(i.e., local and global SA) were employed in this study to conduct sensitivity analyses for
quantifying the importance of flow parameters on the flow enthalpy and exergy.

Local SA evaluates the sensitivity by sweeping the values of individual input variables.
For a dynamic system y = f (x) with a set of time-varying inputs x = [x1, . . ., xn], local
SA computes the sensitivity by taking the output increment ∆y with respect to a small
perturbation ∆x as follows:

∆y(x + ∆x) = f (x + ∆x)− f (x) ≈
n

∑
i=1

∂ f (x)
∂xi

∆xi (8)

where the perturbing value ∆xi represents the small change around the baseline of xi, and
Equation (8) approximates system variation with first-order terms with the assumption
that the input variables are independent. In this study, local SA of exhaust pulsation was
conducted under the crank angle-based resolution. The sweep variable was separately
varied over its deviation per cycle to examine the significance. Therefore, to compare the
dynamic responses, maximum absolute percentage error (MAPE) was used in local SA
procedure to show the maximum deviation of the perturbed response over an engine cycle,
i.e., for the crank angle θ ∈ [0, 720]. The MAPE can be calculated as:

MAPE = max
θ∈[0,720]

{|∆y(x + ∆x)/y(x)|} (9)

In contrast to the local SA, global SA can simultaneously quantify the relative sig-
nificance of all variables regarding the variances of system attributed by inputs [37]. A
variance-based approach of global SA proposed by Sobol in [38] formulates the contri-
bution of a single variable xi on the system output y(x) as the Sobol main (first-order)
effect index:

SIi =
Vxi (Ex−i (y |xi) )

V( y )
(10)

where V(·) denotes the variance of system response, and E( ·|xi ) denotes the conditional
expected value with a given xi. The set x−i denotes the rest of the variables of the set x,
except xi. Here, the main effect index, SIi, indicates the ratio between reduced variance due
to fixed xi and the original variance of system response. Moreover, besides the main index
SIi, the influences of other variables are also included by using Sobol’s total effect index:

SIT
i = 1−

Vx−i (Exi (y |x−i) )

V( y )
(11)

where the total index SIT
i is also the ratio of variations which indicates the total influence

xi by removing all the variance changes not related to xi. Note that since global SA is
a variance based method, the Sobol indices here only represent the relative significance
compared with the entire variance of system’s responses. In this work, the global SA indices
SIi and SIT

i were computed in SALib Python library [39] using the Monte Carlo method.
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3. Engine Specifications and Numerical Simulation

The engine system employed to provide reference exhaust pulses in this study is a
commercial heavy-duty diesel engine (see Table 1). A schematic of the engine exhaust sys-
tem is illustrated in Figure 1. To investigate exhaust pulsation under different speed/load
conditions, two test points were selected: (a) engine speed at 1300 rpm (revolutions per
minute), nIMEP (net indicated mean effective pressure) at 17.8 bar; (b) speed at 900 rpm,
nIMEP at 11.5 bar. Operating conditions at test points are listed in Table 2. The instanta-
neous exhaust flow was calculated through numerical simulations based on a calibrated
engine model. The 1D engine model was built and validated against experimental data
using the commercial software package GT-Suite. A simplified turbocharger model was
adopted by using experimental data and the combustion apparent heat release rate of the
simulation was imposed by the measured cylinder pressure data. The valve model used in
this study was built in a previous study [40] where the flow discharge coefficients of the
exhaust valve were measured in a steady flow bench by a thermal mass flowmeter.

Figure 1. An illustration of three locations (marked as red circles) for obtaining the exhaust pulsation
in simulations. The blue squares denote the measuring points of exhaust flow in engine experiments.

Table 1. Engine specifications.

Engine type Scania D13
Cylinder layout 6 inline
Bore × Stroke 130 mm × 160 mm

Compression ratio 18:1
Displacement 12.7 L

IVO/IVC 18 ◦CA BTDC/45 ◦CA ABDC
EVO/EVC 55 ◦CA BBDC/13 ◦CA ATDC

Fuel system Common rail
Turbocharger Honeywell GT-4594

Emission standard Euro VI

Table 2. Engine operating conditions.

Test Point (a) Test Point (b)

Speed [rpm] 1300 900
nIMEP [bar] 17.8 11.5
Load [kW] 245 110

Fuel mass injected [mg/cylinder] 202 136
Intake air flow [kg/s] 0.22 0.10
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With special interest in the instantaneous exhaust flow parameters, measurement
locations in the exhaust manifold were selected at the port outlet and the turbine inlet
to acquire flow pressure and temperature. The fast exhaust pressure was sampled by
water-cooled Kistler 4075A10 transducers and recorded at 200 kHz for 300 consecutive
cycles, then downsampled and transferred to crank angle-based resolution with 0.1◦ crank
angle (CA) interval. The flow temperature was measured by 3 mm K-type thermocouples,
and only the mean value was taken from the thermocouple for temperature measurement
due to its response limitation. The intake air flow rate was measured by an Annubar flow
meter and the fuel injection per cycle was directly read from the engine control unit. An
AVL GU21D pressure transducer was used to capture the cylinder pressure trace during
the tests. Figure 2 shows the model validation regarding engine performances, where
the maximum deviation is 3.6% for the exhaust mass rate at test point (b). In particular,
Figure 3 compares the crank-angle-resolved exhaust pressure traces from measurement
and simulation. The measurement data used in this study were obtained from a previous
experiment in [5].

Figure 2. Calibration of engine performance and exhaust conditions at engine operating points:
(a) 1300 rpm/17.8 nIMEP; (b) 900 rpm/11.5 nIMEP. The dots denote the cycle-averaged values of
engine parameters over one cycle from engine tests and numerical simulations.

In this study, three measurement locations (as cross-sections) were selected in the
exhaust system to analyze flow parameters, marked as red dots in Figure 1. The first
location named by “exhaust valve” indicates the location at one of the twin ports close
to the exhaust valve of cylinder 4. The “port outlet” location refers to the runner inlet
where the exhaust gases enter the exhaust manifold. The third location, “turbine inlet”,
was selected at an entry of the twin-entry radial turbine corresponding to the left-bank
of manifold. These locations were chosen to illustrate the exhaust flow conditions from
the opening of the exhaust valve to the entry of turbine. In particular, since the flow
condition at the “exhaust valve” location is highly determined by valve motions based
on the calibrated discharge coefficients [40], the effective area of exhaust valve and its
correlation with the valve lift are shown in Figure 4. The flow velocity through the exhaust
valve was chocked, i.e., M = 1, for roughly 50 ◦CA after EVO for both test points. In
addition, the effective area A of three measuring locations are listed in Table 3.

The flow pulsations at these measurement locations are illustrated in Appendix A.
Note that, as shown in Figures A1, test point (b) had a higher peak temperature than (a) at
the exhaust valve. This can be explained as, although the total mass of exhaust flow was
smaller at (b), the lower engine speed can cause a stronger blowdown process by the slower
valve opening. Additionally, the Mach 1 periods after EVO were similar for both test points
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as shown in Figure 4. Hence, the exhaust flow at test point (b) was mainly discharged at
the blow-down process, which led to a higher temperature.

Figure 3. A comparison of crank-angle-resolved exhaust static pressure between fast measurements
from engine tests and numerical simulations at engine operating points: (a) 1300 rpm/17.8 nIMEP;
(b) 900 rpm/11.5 nIMEP.

Figure 4. The effective area and valve lift of exhaust valve with the flow Mach number under two
operating conditions: (a) 1300 rpm/17.8 nIMEP; (b) 900 rpm/11.5 nIMEP.

Table 3. Effective areas of measurement locations.

Exhaust Valve Port Outlet Turbine Inlet

Effective area A [mm2] [0, 566.8] 692.7 1612.1

4. Results and Discussion

In this section, the impacts of exhaust flow parameters on the calculation of flow
enthalpy and exergy are studied. Based on the exhaust flow condition of the tested engine,
the enthalpy and exergy transport by engine exhaust pulsations were computed. Based
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on the crank-angle-resolved enthalpy and exergy, we then compared the potential errors
induced by using cycle-averaged flow parameters. After a preliminary discussion of the
effect of gas compositions on flow enthalpy and exergy computation, the sensitivities of
time-varying flow parameters and their correlations with exhaust flow conditions were
investigated. Apart from the theoretical analysis, the local and global SA methods were
also applied to quantify the sensitivities.

4.1. Enthalpy and Exergy Pulsations

Based on the flow conditions of the exhaust pulsation (see Figure A1), the flow
enthalpy and exergy were computed and analyzed on a unit-mass basis and mass flow rate
form, respectively. These results are taken as the references in the next sections to study the
impacts of flow parameters regarding the quantification of flow enthalpy and exergy of the
exhaust pulses.

Figure 5 illustrates the specific enthalpy and exergy pulsation of the exhaust flows at
different measurement locations. Naturally, the exhaust flow at test point (a) associated
with a high operating load contains more enthalpy and exergy per unit mass. The specific
enthalpy and exergy pulses have similar waveforms. Additionally, the specific enthalpy is
always higher than the corresponding exergy, since the exergy can be taken as the useful
part of enthalpy based on the second law [13]. In general, the enthalpy and exergy intensity
are diminished along the exhaust path. For the pulsation generated during EVO to EVC,
its enthalpy and exergy are reduced by the expansion and cooling process from the exhaust
valve to the port outlet. After the exhaust enters the manifold and interacts with the other
two pulses, the flow condition in the manifold has a limited effect on reducing the specific
enthalpy and exergy.

Figure 5. Specific enthalpy and exergy in exhaust pulsations at measurement positions operating at
test points: (a) 1300 rpm/17.8 nIMEP; (b) 900 rpm/11.5 nIMEP.
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The magnitudes of enthalpy and exergy rates (in Figure 6) scale with the load of the
tested points, the waveforms of enthalpy and exergy rates at the same test points differ
across measurement locations. As the outflows of two exhaust valves with the same phase
merge inside the port, the strongest enthalpy and exergy pluses appear at the port outlet.
However, the expansion effect of the exhaust manifold is obvious where the peaks of
enthalpy and exergy rates at the turbine inlet are reduced by half. As the turbine inlet
gathers exhaust pulses from three cylinders in the left-bank of manifold, the total enthalpy
and exergy rates at the turbine inlet are three times their values at the port outlet.

Figure 6. Flow enthalpy and exergy of exhaust pulsations at three measurement positions operating
at test points: (a) 1300 rpm/17.8 nIMEP; (b) 900 rpm/11.5 nIMEP.

4.2. Cycle-Averaged Enthalpy and Exergy

Based on the enthalpy and exergy of instantaneous exhaust flows discussed above, this
section presents the cycle-averaged results of flow enthalpy and exergy. The cycle-averaged
flow quantity y(T, p, u) denotes the mean-value of pulses over one engine cycle by:

y(T, p, u) =
∫ 720

0
y(T, p, u)dθ/

∫ 720

0
dθ (12)

The cycle-averaged flow quantities of enthalpy and exergy are listed in Table 4. Mean-
while, the “error” column in Table 4 is presented to compare the cycle-averaged flow
quantity with the result calculated by the mean value of the each flow parameter (i.e., by
using T̄, p̄, and ū).

error = y(T, p, u)/y(T, p, u)− 1 (13)

It was found that the specific enthalpy and exergy transport by the exhaust flow
decreases along the flow path. In contrast, the cycle-averaged enthalpy and exergy rates
keep increasing as the exhaust flows assimilate.

In addition, y(T, p, u) denote the flow quantities based on the mean values of flow
parameters (representative of “slow measurement”). As a result, from the measurement-
orientated perspective, “error” here indicates the necessity of using fast flow parameters
for engine exhaust studies. Confirming the conclusion in [20], the flow enthalpy and exergy
calculated by using the mean of flow parameters are less than the results by using flow
parameters having crank angle resolution. In particular, for the specific enthalpy, the “slow
measurement” can give results with a maximum 6% error at the exhaust valve. However,
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significant errors can be observed in the case of enthalpy and exergy rates. For instance,
at test point (b), there is an 8.4% error for exergy rate at the turbine inlet, where the flow
condition is relatively stable, and for the measurement locations close to the exhaust valve,
the error is significant, implying the requirement for fast flow parameter resolution.

Table 4. Cycle-averaged enthalpy and exergy transport by exhaust flows.

(a) Specific Enthalpy [kJ/kg] Enthalpy Rate [kW] Specific Exergy [kJ/kg] Exergy Rate [kW]
h(T , p, u) Error H(T , p, u) Error e(T , p, u) Error E(T , p, u) Error

Exhaust valve 585.9 −2.4% 18.8 −62.4% 334.4 −4.2% 11.2 −65.8%
Port outlet 561.0 −0.4% 36.1 −7.4% 308.1 −0.7% 20.2 −11.1%

Turbine inlet 544.2 −0.1% 103.7 −1.9% 291.5 0.1% 56.9 −2.7%

(b) Specific Enthalpy [kJ/kg] Enthalpy Rate [kW] Specific Exergy [kJ/kg] Exergy Rate [kW]
h(T , p, u) Error H(T , p, u) Error e(T , p, u) Error E(T , p, u) Error

Exhaust valve 584.3 −2.7% 8.4 −60.3% 267.5 −5.8% 4.5 −67.3%
Port outlet 536.0 −0.5% 16.9 −13.6% 245.9 −0.6% 8.3 −22.2%

Turbine inlet 529.0 −0.2% 46.8 −5.6% 234.5 0.0% 22.1 −8.4 %

4.3. Effect of Exhaust Gas Composition

Besides the time-varying flow parameters, the flow energy calculations in Equations (1)–(3)
also depend on the gas composition of exhaust flow. Therefore, before the analyses of time-
varying flow parameters, the effect of exhaust gas composition is discussed in this section.
Differently from flow parameters (e.g., T, p, and u) that change with the propagation of
exhaust pulses, the gas composition of engine exhaust is determined by the fuel–air ratio
of the combustion process; meanwhile, the molar concentration of each gas component
is constant during one engine cycle. In this study, the fuel–air equivalence ratio, φ, was
introduced to calculate the gas composition of exhaust [34]. The combustion chemical
calculations were conducted in a chemical kinetics Python library, Cantera [41], by using
n-dodecane as the diesel surrogate with Polimi reduced chemical mechanism [42]. The
exhaust molar concentrations of test points are listed in Table 5. Additionally, the gas
composition of fresh air (i.e., φ = 0) and burnt gases of stoichiometric combustion (i.e., φ = 1)
are included.

Table 5. Molar fractions of exhaust gases; unit: [-].

O2 N2 CO2 H2O

Test point (a) φa = 0.532 0.0946 0.7601 0.0697 0.0758
Test point (b) φb = 0.581 0.0843 0.7574 0.0760 0.0829
Stoichiometry φ = 1 0 0.7361 0.1269 0.1375

Air φ = 0 0.2101 0.7899 0 0

The effect of exhaust gas composition was examined by sweeping φ, while flow
parameters of the exhaust remained unchanged. As an example, the result for specific
exergy at the port outlet for test point (a) is shown in Figure 7. Note that the sweep of φ
was intended to change the flow enthalpy and exergy calculations based on the exhaust
gas composition, while the engine in-cylinder performance remains unchanged. The local
SA was applied by varying 5% and 20% of φ. It shows that the difference caused by 5%
φ sweeping was not significant for both specific and mass flow rate based flow enthalpy
and exergy. For instance, in terms of specific energy quantities, the maximum absolute
percentage error (MAPE) caused by the 20% φ sweeping was only 1.25% which occurred at
the port outlet, test point (a) for exergy. MAPE for enthalpy and exergy rates was less than
0.01% (exhaust valve, test point (a) for exergy). Hence, although gas composition regarding
the extreme cases (e.g., differences between air and the burnt gas from stoichiometric
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mixtures) can affect the flow enthalpy and exergy calculation, the local SA shows the
impact of the variation in fuel–air equivalence ratio is negligible.

Figure 7. The effect of fuel–air equivalent ratio φa on the specific exergy at port outlet. Test point
(a) 1300 rpm/17.8 nIMEP.

4.4. Analytical Solutions for the Sensitivity to Flow Parameters

In this section, the sensitivity to time-varying flow parameters is theoretically evalu-
ated by a gradient based method. The analytical solutions here examine the effects of each
flow parameter for computing the specific and mass flux based flow enthalpy and exergy,
respectively. Instead of the mass flow rate based quantities, the mass flux based H̃ = H/A
and Ẽ = E/A were used to remove interference from different flow areas of different cross
sections. In order to discuss the analytical solutions under the engine context, the ranges of
flow parameters were taken from the exhaust flow conditions at the discussed test points.
Moreover, because of the low sensitivity to the gas composition shown in the previous
section, parameters such as coefficients of heat capacity cp and gas constant Rg were taken
from the exhaust condition of the engine at test point (a).

For specific enthalpy and exergy, the sensitivities of flow parameters were computed
by taking the derivatives of Equations (1) and (3) with respect to temperature, pressure, and
velocity. Results of the gradient-based method are shown in Figure 8, and the derivations
of analytical solutions are presented in Appendix B. Since the derivative terms of flow
specific enthalpy and exergy are independent of other flow parameters, the sensitivities
discussed here are only determined by their corresponding flow parameters.

To compare the sensitivity among flow parameters, the derivatives and ranges of vari-
ables were normalized by the mean values of the exhaust parameters. Such a comparison
shows that temperature is the most significant for assessing both specific enthalpy and
exergy. The dominance of temperature was found for the evaluation of specific enthalpy.
The significance of temperature for exergy is relatively lower, as not all of the energy is
available to be transferred into work from the second law perspective. In the view of exergy
analysis, the heat-related energy needs to be converted based on the Carnot efficiency.
This indicates that the working fluid with higher temperatures has better energy quality
associated with the potential to be transferred into work. Therefore, as the temperature
increases, the increase of exergy sensitivity to temperature is more obvious than enthalpy.
On the other hand, for the flow pressure p, the impact on flow specific exergy decreases at
the high-pressure range; and for specific enthalpy, it does not affect it, since the pressure
term is not included in the computation of specific enthalpy (1). For the flow velocity v, a
comparable effect is noticed on enthalpy and exergy. This can be attributed to the kinetic
energy (represented by flow velocity), which can be considered as the highest quality
energy from the view of exergy analysis.
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Figure 8. Gradient-based sensitivity of specific enthalpy and exergy (kJ/kg) with respect to flow parameters.

For the mass-flux-based enthalpy H̃ and exergy Ẽ, the gradient-based sensitivities
turned out to be more complex due to the interactions of other flow parameters. In an
attempt to discuss the sensitivity of each parameter, results are demonstrated as contour
plots in Figure 9. The analysis was conducted in two steps: (1) fixing the values of target
parameters with selected low and high values, marked on the top of each contour plot;
(2) sweeping and normalizing the ranges of the remaining parameters based on the same
exhaust flow conditions used in Figure 8. Several characteristics can be found in these
contour plots. In general, exergy rate Ẽ is less sensitive to the changes in flow parameters
than enthalpy rate H̃ due to the smaller magnitudes of flow exergy. The importance of
pressure and velocity is increased compared to the previous case of flow specific h and
e. In contrast, the sensitivity to temperature for flow enthalpy H̃ and exergy Ẽ becomes
the smallest, and the effect only appears when the pressure and velocity are above the
mean values. In other words, temperature primarily affects the peak of flow enthalpy and
exergy pulsations. The temperature sensitivity is more considerable for enthalpy flux at
low-temperature conditions, but it shows an opposing trend for exergy. Additionally, the
effect of flow velocity on mass flux quantities increases significantly in the high-velocity
case, while the pressure sensitivity is also mainly affected by the flow velocity.

In summary, the analytical solution shows that the sensitivity of flow parameters are
all monotonic and independent with other parameters for the specific-based enthalpy and
exergy. The importance of temperature is dominant across the range of engine exhaust
gases. However, for the mass flux based case, the flow pressure and velocity appear to be
the most significant.

4.5. Local Sensitivity

Since the flow parameters are time-varying, their effects on the quantification of
enthalpy and exergy pulsation are still dependent on the exhaust flow conditions. To
investigate these impacts regarding the waveform of exhaust pulses, local sensitivity
analysis (local SA) was applied by sweeping 5% across flow parameters to observe the
resulting variations in flow enthalpy and exergy. Additionally, the cycle-averaged values
of parameters (i.e., T̄, p̄, and ū) were used to separately simulate the “slow measurement”
on corresponding flow parameters. The difference between using cycle-averaged value
and the instantaneous flow parameters indicates where the “fast measurement” is required
to capture the pulsation of flow enthalpy and exergy. The measurement purpose also
drove local SA to evaluate errors caused by inaccurate or slow response measurement.
Furthermore, maximum absolute percentage errors (MAPE) were adopted to quantify the
largest differences associated with such measurement uncertainties of flow parameters.
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(A) Enthalpy flux (B) Exergy flux

Figure 9. Gradient-based sensitivity of enthalpy and exergy flux (kW/m2) with respect to flow parameters. The normaliza-
tion of flow parameters was performed by taking the mean values as: T̄ = 790 K, p̄ = 2.5 bar (abs.), and ū = 310 m/s.

Results of local SA on specific enthalpy and exergy at test point (a) are depicted in
Figure 10A for the exhaust valve, and Figure 10B for turbine inlet. The left column of each
subplot is for enthalpy, and the exergy is on the right. By comparing the deviation by
sweeping flow parameters, it was found that the sensitivity of exhaust pulses changes with
flow waveform. Besides the dominant effect of temperature, the uncertainty brought by
pressure becomes significant at the non-peak part of pulse (i.e., low-p area). Meanwhile,
the velocity sensitivity mainly appears at the exhaust valve after EVO.

Such local SA results are also in agreement with the conclusions from theoretical
solutions discussed in Section 4.4. Moreover, MAPE in Figure 11A quantifies the maximum
deviation of specific enthalpy and exergy caused by 5% variations in flow parameters. For
the specific flow energy quantities of exhaust pulses, the high sensitivity of temperature
implies that the thermal energy contributed by flow temperature is the major portion
of specific enthalpy and exergy. It was found that a 5% sweep over the temperature
pulse lead to maximum deviations of 31% and 27% when resolving the crank angle-based
specific enthalpy and specific exergy, respectively. Although the sensitivity of flow velocity
on specific enthalpy and exergy are comparable as discussed in Section 4.4, the MAPE
of velocity on exergy is due to the lower magnitude of the exergy pulse compared to
the enthalpy.
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(A) Exhaust valve (B) Turbine inlet

Figure 10. Local sensitivity analysis on the specific enthalpy and exergy pulsations (y-axis unit: kJ/kg) at the exhaust
valve and operating at test point (a) 1300 rpm/17.8 nIMEP. From top to bottom, the shaded area in each subplot shows
the deviations of enthalpy and exergy pulses caused by the variations in T, p, and u. The black curve represents the
“true” enthalpy and exergy as a reference, while the dashed curves result from using the cycle-averaged value of each
corresponding flow parameter.

In addition, the comparison between using “fast” (instantaneous) and “slow” (cycle-
averaged) flow parameters shows that in order to capture the pulses of specific enthalpy
and exergy, the crank-angle-resolved temperature is needed. Meanwhile, resolving the
velocity pulse at the exhaust valve becomes more critical due to its large fluctuation in this
location. Furthermore, the similar trends of MAPE in Figure 11B indicates that instead of
engine operating conditions, the demand for using instantaneous flow parameters mainly
depends on the measuring location in the current assessment.

Since the results of local SA on enthalpy and exergy rates are similar, the exergy
rate at test point (b) was chosen to present the sensitivity at three measuring locations
in Figure 12. According to the local SA results of the 5% sweeps of instantaneous flow
parameters, the influence of temperature variation decreased considerably, and deviations
due to the variations in flow pressure and velocity are noticeable. These observations
support the conclusion from the theoretical analysis in Section 4.4. Moreover, compared
to the sensitivity of specific flow energy quantities, a lower deviation was caused by the
5% sweep for flow energy rates. The most sensible areas appear at the peaks of pulses
where the flow parameters are also at their peak values. On the other hand, the comparison
between using “fast” and “slow” flow parameters indicates the significance of using the
instantaneous velocity. Besides, the "fast" flow pressure is also necessary for quantifying
the flow exergy at the turbine inlet.
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(A) MAPE by the 5% sweep of flow parameters (B) MAPE by the cycle-averaged of flow
parameters

Figure 11. MAPE for the specific enthalpy and exergy at test points (a) and (b). The solid markers represent enthalpy, and
the hollow markers represent exergy.

Figure 12. Exergy rates (unit: kW) at the turbine inlet and operating at test point (b) 900 rpm/11.5 nIMEP. From top to
bottom, the shaded area in each subplot shows the deviations in enthalpy and exergy pulses caused by the variations in T,
p, and u. The black curve represents the “true” exergy rates of the exergy pulsation as a reference, and the dashed curves
are results of using the cycle-averaged values of each corresponding flow parameter.

MAPE of enthalpy and exergy rates quantification are shown in Figure 13. Regarding
the variation caused by flow parameter sweeping, velocity is higher than pressure for
exergy rate while they are similar for enthalpy. Note that MAPE by sweeping flow parame-
ter is higher for enthalpy rates, indicating that the exergy rate calculation is more robust
to the variations in instantaneous flow parameters. Flow velocity is the most significant
parameter requiring high resolution, with a maximum deviation of 23% for the enthalpy
rate and 12% for the exergy rate over a 5% sweep of the flow velocity pulse, as shown in
Figure 13A. Furthermore, the MAPE by “slow” flow parameters shows that the lack of
instantaneous flow velocity may lead to significant calculation errors of instantaneous en-
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thalpy and exergy rates at measuring locations where the fluctuations of pulses are intense,
such as exhaust valve and port outlet. Moreover, the instantaneous pressure becomes most
important for the enthalpy and exergy evaluations at the turbine inlet.

(A) MAPE by the 5% sweep of flow parameters (B) MAPE by the cycle-averaged of flow
parameters

Figure 13. MAPE for enthalpy and exergy rates at test points. The solid markers represent enthalpy, and the hollow markers
denote exergy.

4.6. Global Sensitivity

In this section, a variance-based analysis prioritizes the impacts of input variables
on the computation of flow enthalpy and exergy. In global SA, Sobol indices represent
the relative significance of each flow parameter regarding the flow condition at different
measuring locations and test points. Moreover, the interactions among flow parameters are
quantified by the differences between Sobol total and main effect indices (i.e., SIT

i − SIi).
Note that the Sobol indices in Figures 14 and 15 refer to the Sobol total effect indices, and
the shaded area denotes the flow parameter interaction.

(A) Test point (a) (B) Test point (b)

Figure 14. The significance of flow parameters for specific enthalpy and exergy at the tested operating points. The solid bars
represent enthalpy, and the hollow bars are for exergy.

Figure 14 shows the significance of exhaust flow parameters for specific enthalpy
and exergy in the exhaust pulses. For specific enthalpy, it clearly shows the dominant
significance of temperature, especially for the locations of port outlet to turbine inlet where
the fluctuations of the flow parameters are relatively minimized. Similarly, for specific
exergy, the maximum calculation uncertainty can still be attributed to temperature. The
impact of flow velocity increases at the exhaust valve, and pressure shows more significance
at the port outlet and the turbine inlet. Moreover, the sensitivities of p and u at test point
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(a) are higher than at (b) due to the intense exhaust dynamics at the high engine load and
speed. As there was no interaction among flow parameters here, they were independent
for assessing specific enthalpy and exergy.

(A) Test point (a) (B) Test point (b)

Figure 15. The significance of flow parameters on enthalpy and exergy rates at the tested operating points. The solid bars
represent enthalpy, and the hollow bars are for exergy.

In Figure 15, Sobol indices for computing enthalpy and exergy rates in the exhaust
pulses show the significance of using crank angle-based flow velocity and pressure. As
shown in previous sections, the significance of flow temperature reduced to less than 5.2%.
The importance of flow pressure rose at the turbine inlet, especially for test point (a) where
the change of flow p increased and u became stable due to the wider mass flow range.
The shadowed areas specifically denote the interactions among flow parameters in the
assessments of exhaust enthalpy and exergy rates. It can be found that the interaction
mainly happened between flow u and p, which means their sensitivities rely on each other,
wherein u has more influence on p. The largest interaction between u and p occurred at the
turbine inlet. At test point (b), the interaction with p caused 3.5% significance of u, and this
interaction counted for 8.7% of the significance of p.

5. Conclusions

In this study, the impacts of flow parameters on the enthalpy and exergy of pre-turbine
engine exhaust pulsations were evaluated. Referring to the unsteady exhaust conditions
of a heavy-duty diesel engine, the sensitivities of specific and mass flow rate based flow
enthalpy and exergy were respectively quantified in terms of flow parameters (i.e., T,
p, and u). Firstly, the exhaust gas enthalpy and exergy pulsation at selected measuring
locations were presented. This, followed by an analytical solution, illustrated the trends of
flow parameter sensitivities concerning different exhaust flow conditions. Additionally,
according to the results of local and global sensitivity analysis, the effects of flow parameters
on the energy assessment of exhaust gas pulses were further discussed.

• Based on the exhaust flow conditions at different locations, it was found that the
degrees of specific enthalpy and exergy fluctuation decreased from the exhaust valve
to the turbine inlet. This can be explained by the reduced fluctuation of the respective
flow parameters across the different locations due to expansion and pulse interaction
effects. Moreover, the waveforms of flow enthalpy and exergy rates are determined
by the instantaneous mass flow rate.

• For evaluating the cycle-averaged flow enthalpy and exergy using mean values of
the flow parameters (representative of “slow measurements”), the need for high
resolution flow parameters was indicated for accurate computations of the cycle-
averaged enthalpy and exergy rates irrespective of the physical location and with
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greater error reduction potential towards stronger pulsating flow (from turbine inlet
towards the exhaust valve). However, the errors in specific enthalpy and exergy
computation appear to have less significance for high resolution flow parameters,
especially in the turbine inlet conditions of the analyzed cases.

• The variations in exhaust gas composition had negligible impacts on the flow enthalpy
and exergy quantification.

• The analytical solution revealed that flow temperature fluctuations are the most sig-
nificant for computing specific enthalpy and exergy. However, pressure and velocity
fluctuations are the primary factors for assessing the total enthalpy and exergy rates.

• For specific flow enthalpy and exergy, the effect of flow pressure mainly occurred at
the low-p area of the pulse, whereas the influence of flow velocity was concentrated on
the high-u region. As previously mentioned, temperature’s sensitivity was observable
through the entirety of the exhaust pulse. Unlike the specific flow enthalpy and exergy,
for the enthalpy and exergy rates, the deviations caused by the sweep of 5% flow
parameter were minor, and the observed sensitivity mainly appeared at the peaks of
exhaust pulses where the flow parameters were also at their peak values.

• As a representation of the responses of “slow” flow measurements, the cycle-averaged
flow parameters were used in the local SA to illustrate the deviations of pulse shapes
in terms of the flow enthalpy and exergy. A comparison of cycle-resolved and cycle-
averaged flow parameters showed that high resolution temperature and velocity
are required to accurately capture the specific enthalpy and exergy. However, when
evaluating the total enthalpy and exergy rates, a high resolution of velocity is the most
important, especially at locations before the exhaust manifold, and high resolution of
the pressure pulse becomes necessary at the turbine inlet.

• Sobol indices in the global SA show that temperature contributed at least 88% sensi-
tivity to specific enthalpy and 66.9% to specific exergy. Moreover, the specific exergy
sensitivity to flow velocity was relatively larger than that of the the specific enthalpy.
On the other hand, for enthalpy and exergy rates, the sensitivity of flow velocity was
most significant for most cases. In addition, at the turbine inlet, the significance of
pressure increased to 62% for enthalpy rate and 70% for exergy rate.
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Nomenclatures
Abbreviations
ICE Internal combustion engine
nIMEP Net indicated mean effective pressure
BMEP Brake mean effective pressure
CA Crank angle
IVO Intake valve opening
IVC Intake valve closing
EVO Exhaust valve opening
EVC Exhaust valve closing
BBDC Before bottom dead centre
ATDC After top dead centre
SA Sensitivity analysis
MAPE Maximum absolute percentage error
Notations
H Enthalpy rate [kW]
E Exergy rate [kW]
h Specific stagnation enthalpy [kJ/kg]
e Specific exergy [kJ/kg]
s Specific entropy [ J/(kg ·K)]
ṁ Mass flow rate [kg/s]
p Static pressure [bar abs.]
T Static temperature [K]
u Flow velocity [m/s]
cp Specific heat capacity [ J/(kg ·K)]
Rg Specific gas constant of gaseous mixture [ J/(kg ·K)]
ρ Flow density [ kg/m3]
γ Heat capacity ratio [-]
ai Coefficients of NASA polynomial
M Mach number [-]
θ Crank angle [ ◦C]
H̃ Mass flux based enthalpy rate [ kW/m2]
Ẽ Mass flux based exergy rate [ kW/m2]
A Effective cross-sectional flow area [ mm2]
φ Fuel–air equivalence ratio [-]
p0 Ambient pressure [bar abs.]
T0 Ambient temperature [K]
SIi Sobol main effect index for the ith component [%]
SIT

i Sobol total effect index for ith component [%]
V(·) Variance of a variable
E( ·|x ) Conditional expected value with a given x
x, y Input and output variables for sensitivity analysis

Appendix A. Exhaust Flow Parameters at Three Measurement Locations

Flow conditions of exhaust pulsations at measurement locations are computed using
the calibrated GT-Power engine model. The flow parameters are illustrated in Figure A1,
while the mass flow rates are calculated based on Equation (6).
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(A) Test point (a): 1300 rpm/17.8 nIMEP

(B) Test point (b): 900 rpm/11.5 nIMEP

Figure A1. Exhaust flow conditions at three measurement locations operating at test points.

Appendix B. Derivation of Analytical Solutions

In this section, we present the mathematical derivations for the analytical solutions
for the sensitivities with respect to each individual flow parameter (i.e., T, p, and u). As
explained in Section 4.4, the solutions of such sensitivity can be interpreted as partial
derivatives of the specific-based and mass-flux-based flow enthalpy and exergy shown
in Section 2.1. In addition, the pressure and temperature at the dead state (i.e., ambient
condition) are denoted by p0 and T0. First, for the specific-based energy h(T, p, u) in (1),
the partial derivatives with respect to flow parameters are
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∂h
∂T

= cp (A1a)

∂h
∂p

= 0 (A1b)

∂h
∂u

= u (A1c)

Additionally, for the specific-based exergy e(T, p, u) in (3), the partial derivatives with
respect to flow parameters are

∂e
∂T

= cp (1− T0

T
) (A2a)

∂e
∂p

=
RgT0

p
(A2b)

∂e
∂u

= u (A2c)

However, for the mass-flux-based case, the interaction from other flow parameters
can be found. Based on (4) and (6), the partial derivatives of mass-flux-based energy
H̃(T, p, u) = H/A are

∂H̃
∂T

=
pu

RgT2 (cp T −
∫ T

T0

cp dT − 1
2

u2) (A3a)

∂H̃
∂p

=
u

RgT
(
∫ T

T0

cp dT − 1
2

u2) (A3b)

∂H̃
∂u

=
p

RgT
(
∫ T

T0

cp dT +
3
2

u2) (A3c)

Similarly, the partial derivatives of mass-flux-based exergy Ẽ(T, p, u) = E/A can be
given by using (5) and (6) as

∂Ẽ
∂T

= − pu
RgT2 (RgT0 ln

p
p0

+
∫ T

T0

cp dT − T0

∫ T

T0

cp

T
dT + cpT0 − cpT +

1
2

u2) (A4a)

∂Ẽ
∂p
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u

RgT
(RgT0 ln

p
p0

+
∫ T

T0

cp dT − T0

∫ T

T0

cp

T
dT + RgT0 +

1
2

u2) (A4b)

∂Ẽ
∂u

=
p

RgT
(RgT0 ln

p
p0

+
∫ T

T0

cp dT − T0

∫ T

T0

cp

T
dT +

3
2

u2) (A4c)

where the heat capacity cp can be approximated by a NASA polynomial function of tem-
perature, as shown in Equation (2). Therefore, its relevant integrations used in derivations
above are also polynomial functions of temperature:∫ T

T0

cp dT = Rg

5

∑
i=1

ai
i
(Ti − Ti

0) (A5a)

∫ T

T0

cp

T
dT = Rg

5

∑
i=2

ai
i− 1

(Ti−1 − Ti−1
0 ) + Rg a1 ln

T
T0

(A5b)

Note that the gas constant Rg and heat capacity coefficients ai are determined by
exhaust gas composition. In this study, for test points (a) and (b), these parameters are
computed by combustion reactions based on the fuel–air equivalence ratio φ. The result of
gas-composition-based parameters for exhaust flows is listed in Table A1.
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Table A1. Fuel–air equivalence ratio φ, mass-basis gas constant Rg and specific heat capacity
coefficients ai for exhaust gases at test points (a) and (b). The unit of Rg and cp is: [J · kg−1 · K−1].

φ Rg a1 a2 × 103 a3 × 106 a4 × 109 a5 × 1012

(a) 0.532 289.191 3.511 0.065 0.968 −0.132 −0.191
(b) 0.581 289.280 3.505 0.142 0.858 −0.504 −0.214
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