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Abstract

This thesis studies some fundamental aspects of wireless communication in fu-
ture cyber-physical systems with special emphasis on constraints on computational
complexity and channel state information (CSI) at the transmitter. First, ma-
jor challenges in designing a suitable wireless communication solution for future
cyber-physical systems are initially discussed. A comprehensive overview of the
state-of-the-art wireless communication standards, which are suitable for future
cyber-physical applications, is presented and representative comparisons on some of
the most common wireless communication technologies including 5G, the next gen-
eration of the wireless technologies, are provided. Next, we focus on ultra-reliable
low-latency communication (URLLC), which is highly relevant for mission-critical
applications, and list the challenges of URLLC.

Next, a general background on the channel capacity is given. We then study
the theoretical limits on the transmission of packets in URLLC. However, since
theoretical analysis with stringent latency requirements in URLLC cannot rely
on conventional information-theoretic results, which assume asymptotically large
blocklengths, we introduce the maximum achievable rates in the non-asymptotical
regime, named as the finite blocklength regime. Based on these results we list sev-
eral encoder-decoder pairs that perform close to the bounds in the finite blocklength
regime.

The next part of the thesis is devoted to the problem of latency and reliabil-
ity trade-o� in URLLC in the presence of decoding complexity constraints. We
consider linear block encoded codewords transmitted over a binary-input AWGN
channel and decoded with ordered-statistic (OS) decoder. We first investigate the
performance of OS decoders as a function of decoding complexity and propose an
empirical model that accurately quantifies the corresponding trade-o�. Based on
the proposed model, several optimization problems including minimization of ag-
gregate latency, minimization of per-information-bit energy, and maximization of
the total number of transmitted information bits, which are relevant to the design
of URLLC systems, are formulated and solved. It is shown that the decoding time
has a drastic e�ect on the design of URLLC systems when constraints on decoding
complexity are considered. By extending the analysis on latency and reliability
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vi ABSTRACT

trade-off in URLLC in the presence of decoding complexity constraint, we next
investigate the optimal selection of transmission rate and power pair, while sat-
isfying the constraints. For this purpose, a multi-objective optimization problem
(MOOP) is formulated. In order to assess the overall performance among several
Pareto-optimal transmission pairs, two scalarization methods are investigated. To
exemplify the importance of the MOOP, a case study on a battery-powered com-
munication system is provided. It is shown that, compared to the classical fixed
rate-power transmissions, the MOOP provides the optimum usage of the battery
and increases the energy efficiency of the communication system while maintaining
the constraints.

The last part of the thesis deals with the constraint on the CSI at the transmit-
ter. In this part, we study a quantized feedback scheme to maximize the goodput
of a finite blocklength communication scenario over a quasi-static fading channel.
It is assumed that the receiver has perfect CSI and sends back the CSI to the trans-
mitter over a resolution-limited error-free feedback channel. With this partial CSI,
the transmitter is supposed to select the optimum transmission rate, such that it
maximizes the overall goodput of the communication system. Here, we study this
problem in two cases: with and without constraint on reliability. We first formulate
the optimization problems and analytically solve them and then present iterative al-
gorithms that successfully exploit the system parameters for both cases. It is shown
that significant improvement can be achieved even with coarsely quantized feedback
schemes. On the other hand, it is also shown that, the achievable maximum good-
put decreases with shorter blocklengths and higher reliability requirements.



Sammanfattning

Denna avhandling studerar några av grundläggande aspekter trådlös kommu-
nikation inom framtida cyberfysiska system, med fokus på beräkningskomplexitet
och Channel State Information (CSI) vid sändaren. Först diskuteras utmärkande
utmaningar som uppkommer vid utformning av en lämplig trådlös kommunika-
tionslösning för framtida cyberfysiska system. Vidare presenteras en översikt över
moderna standarder för trådlös kommunikation, lämpliga för framtida cyberfysiska
applikationer, samt representativa jämförelser av några av de vanligaste trådlösa
kommunikationsteknikerna, inklusive 5G. Därefter fokuserar vi på extremt pålitlig
kommunikation med låg latens (URLLC), vilket är relevant för operations kritiska
applikationer och listar utmaningarna med URLLC.

Därefter ges en allmän bakgrund till begreppet kanalkapacitet. Vi studerar se-
dan de teoretiska gränserna för överföring av paket i URLLC. Men eftersom teo-
retisk analys med stränga latenskrav i URLLC inte kan göras med konventionell
informationsteori, som antar asymptotiskt stora blocklängder, introducerar vi de
maximala hastigheterna i det icke-asymptotiska området, benämnd som det ändli-
ga blocklängdsområdet. Baserat på dessa resultat listar vi flera kodare-avkodare-par
som presterar nära gränserna i det ändliga blocklängdsområdet.

Nästa del av avhandlingen ägnas åt problemet med latens och tillförlitlighets-
avvägningar i URLLC under begränsningar i avkodningskomplexitet. Vi betraktar
linjära blockkodade kodord som överförs över en binär-ingång-AWGN-kanal och av-
kodas med en orderstatistisk (OS) avkodare. Vi undersöker först prestanda för OS-
avkodare som en funktion av avkodningskomplexitet och föreslår en empirisk modell
som exakt kvantifierar motsvarande avvägning. Baserat på den föreslagna modellen
formuleras och löses flera optimeringsproblem, inklusive minimering av aggrege-
rad latens, minimering av per-information-bit-energi och maximering av det totala
antalet överförda informationsbitar, som är relevanta för utformningen av URLLC-
system. Det visas att avkodningstiden har en drastisk effekt på utformningen av
URLLC -system när begränsningar för avkodningskomplexitet beaktas. Genom att
förlänga analysen av latens och tillförlitlighetsavvägning i URLLC i närvaro av
avkodning med komplexitetsbegränsning, undersöker vi sedan det optimala valet
av överföringshastighet och effektpar samtidigt som vi uppfyller begränsningar-
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na. För detta ändamål formuleras ett multiobjektiv optimeringsproblem (MOOP).
För att bedöma den övergripande prestandan bland flera Pareto-optimala överfö-
ringspar undersöks två skalningsmetoder. För att exemplifiera vikten av MOOP
undersöks en fallstudie om ett batteridrivet kommunikationssystem. Det visas att
MOOP, jämfört med de klassiska kraftöverföringarna med fast hastighet, ger opti-
mal användning av batteriet och ökar kommunikationssystemets energieffektivitet
samtidigt som begränsningarna bibehålls.

Den sista delen av avhandlingen behandlar begränsningar för CSI vid sändaren.
I denna del studerar vi ett kvantiserat återkopplingsschema för att maximera good-
put av ett ändligt blocklängdskommunikationsscenario över en kvasi-statisk fädande
kanal. Det antas att mottagaren har perfekt CSI och skickar tillbaka CSI till sän-
daren via en upplösningsbegränsad felfri återkopplingskanal. Med denna partiella
CSI antas sändaren välja den optimala överföringshastigheten, så att den maxime-
rar kommunikationssystemets övergripande goodput. Här studerar vi detta problem
i två fall: med och utan begränsning av tillförlitlighet. Vi formulerar först optime-
ringsproblemen och löser dem analytiskt och presenterar sedan iterativa algoritmer
som utnyttjar systemparametrarna för båda fallen. Det visas att betydande förbätt-
ringar kan uppnås även med grovt kvantiserade återkopplingsscheman. Emellertid
visas det också att den uppnådda maximala godheten minskar med kortare block-
längder och högre tillförlitlighetskrav.
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Chapter 1

Introduction

Transmission of information from a source to the receiver over a distance with-
out using cables or any other transmission wires is called wireless communication.
Wireless communication is a general concept that covers all methods of linking and
communicating between two or more devices through a wireless channel. Today,
a tremendous number of communication systems are wireless and this number is
growing every day because of the advantages and business benefits that wireless
communication systems can offer [1]. Wireless technologies offer cost effectiveness,
mobility, flexibility, connectivity, and speed. Since information is transmitted over
the air, wireless connectivity is counted as a cost-effective way to provide commu-
nication coverage to wide areas and therefore wireless networks are more affordable
to install and maintain. Transmission over the air also provides the freedom of
mobility which increase the flexibility and connectivity of the communication sys-
tem [2]. With the latest improvements on the wireless technologies, nowadays, they
offer data transmission speeds comparable to their wired competitors.

However, wireless communication also has its own disadvantages. For instance,
if not secured properly, the wireless medium is open to security threats [3]. Wire-
less communication spectrum is a limited resource and therefore has to be carefully
distributed over various technologies, applications, and companies [4]. On the other
hand, the wireless communication channel is a particularly hostile communication
medium. A signal is reflected, scattered and dispersed by various objects on its way
from the source to an intended destination, which can lead to severe attenuation of
the received energy and substantial distortion of its spectral properties [2]. Further,
since the environment can be rapidly changing, the received signal is subject to con-
siderable fading of its power due to destructive interference arising from multipath
propagation or due to objects blocking the signal propagation. Ensuring levels of
communication reliability, rate of information transmission and latency that are
comparable to more controlled communication mediums, such as wired communi-
cation, is essential for the successful realization of the services that cyber-physical
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systems promise.
A cyber-physical system is a complex heteregenuous system that is controlled

or monitored by a computer-based algorithm. Although, compared to the Internet-
of-Things (IoT) systems, cyber-physical systems requires a higher coordination be-
tween physical and computational systems, they are similar in the sense of network
architecture and communication systems design [5]. Some major cyber-physical sys-
tem applications can be listed as industrial communication systems, industrial IoT,
smart grid, medical monitoring, robotic systems. Hence, it is true that some appli-
cation scenarios can be conveniently classified under the IoT or the cyber-physical
systems.

1.1 Wireless Communication for the Cyber-Physical
Applications

Wireless connectivity is an indispensable component of cyber-physical infras-
tructure. The central design of the cyber-physical systems are the IoT infrastruc-
ture that are connected through the wireless communication systems [6]. The com-
munication architecture in these systems must enable devices with vastly different
characteristics and requirements to communicate seamlessly, over heterogeneous
networks, without human supervision. The need for autonomous and remote op-
eration of devices and systems implies that they should be capable of functioning
without being attached to any fixed wired or optical fiber infrastructure.

With the enhancements in wireless communication technologies and prolifera-
tion of connected devices such as mobile phones, today, we live the digital world.
On the other hand, it is still intended to broaden further the Internet into the
physical world by enabling seamless communication environment between physi-
cal objects in our daily lives and in industrial applications by the cyber-physical
systems and IoT, which are umbrella terms to cover the operation of low-power
and low-complexity communication devices to be applied in various fields such as
smart industrial applications, smart-transportation, wearable sensors, smart-grid,
and smart-home appliances [7].

However, currently there is no all-in-one wireless communication standard that
appropriately fits as a global solution since each field has its own characteristics and
therefore has different application areas. Thus, latency, data rate, and reliability
requirements may change for each field. For instance, energy efficiency is crucial
for battery-powered wireless sensor nodes since they are expected to be functional
and reliable for a number of years. Whereas low-latency and ultra-reliability is im-
portant for critical communication devices, such as real-time emergency monitoring
and safety traffic management, in order to guarantee the end-user quality of service
since an error in such applications may result in severe consequences. Hence, to
be able to provide the seamless communication between “things”, judicious incor-
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poration of the existing standards and new inventions for new approaches, that
are tailored to the needs of each application, is required, which is, of course, a
challenging endeavor [8]. For instance, general requirements of some industrial
communication traffic types can be listed as

• Monitoring traffic: The goal of this type of traffic is to collect information
from systems such as reading non-critical data logging from wireless sensors
in control or automation. For this traffic, data transmission can span from
minutes to hours, packet loss is common, and low reliability is acceptable.

• Non-critical alerting: In general, non-critical alerting traffics consist of
regular feedback data from control processes, such as non-critical temperature
readings.

• Critical alerting: Critical alerting traffic requires periodic controls from the
sensors. Depending on the application types, medium latency and reliability
values are acceptable.

• Remote control traffic: Remote control is critical for various future cyber-
physical applications. For instance, for autonomous vehicles latency and reli-
ability values up to 50 ms and %99.9 are required, respectively.

• Critical control traffic: Critical control traffic is required to ensure a
smooth flow of industrial processes such as robotic controls. Low latency
values up to 1 ms with block error rates not more than 10−8 are required.

• Emergency traffic: Emergency traffic is crucial for safety applications. For
instance, in an industrial environment leakage of poisonous gases or emission
of radiation need to be alerted immediately. Even a small delay on packet
transmission may cause severe results. Therefore, the communication system
that carries emergency traffic needs to support sub-milisecond latencies with
ultra-high reliability.

Based on the list above, latency and reliability requirements of some important
applications are listed below and in Table 11, where the traffic types are sorted in
least critical to most critical order.

As one can see that requirements change drastically from one application to
another. Increment in the level of criticality leads to lower latency with higher
reliability. Thus, variety of different wireless resources need to be investigated, to
meet the stringent requests of such applications.

1.2 State-of-the-Art Wireless Standards

Wireless communication became of the most popular technology in the last
decades. Nowadays, for many communication applications, wireless technologies
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Criticality Category Application Latency Reliability

Least Monitoring Static feedback Minutes Low

y
Non-critical alerting Temperature measurement Minutes Low

Critical alerting Periodic control checks Seconds Medium

Remote control traffic Unmanned vehicle control Miliseconds High

Critical control traffic Robotic motion control Miliseconds Ultra-high

Most Emergency traffic Safety traffic Sub-miliseconds Ultra-high

Table 11: Overview of typical requirements of some cyber-physical applications
[8–11].

are accepted to be the primary solution. This is of course achieved after many
significant improvements in both the physical and MAC layers.

Today, there are several standards which are suitable for cyber-physical de-
ployments of wireless communication. Significant ones, which are determined by
Institute of Electrical and Electronics Engineer (IEEE), are discussed next.

• IEEE 802.11: IEEE 802.11 is a set of standards for wireless local area net-
works and is originated from the need of wireless connection that can provide
robust and high data rate point-to-point or point-to-multipoint communica-
tion for urban areas [12]. Today, several different branches and versions of
IEEE 802.11 exist. The most common ones usually designate the protocols
of what most people know as Wi-Fi. Recently, new versions that are suitable
for industrial applications are developed as well [13].

– IEEE 802.11af : This standard is also referred as White-Fi and spe-
cializes in creating a suitable wireless protocol for several applications.
It uses the recently freed frequencies of broadcast television coverage.
These sub-1 GHz frequency bands lead to higher coverage and less power
consumption which is crucial for low-power wireless communication de-
vices [14].

– IEEE 802.11ah: This standard, referred as HaLow, uses industrial-
scientific-medical (ISM) frequency bands below 1 GHz and can support
a massive number of possible nodes. The main goal of the IEEE 802.11ah
standard is to enable communication with low-power consumption at the
sensor nodes. Short data packets with shortened packet loads are trans-
mitted to minimize the transmit time and power usage and maximize
the battery life [15].
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• IEEE 802.15: Wireless technologies that fall in the domain of wireless per-
sonal area network are standardized in IEEE working group 802.15 [16]. In
general, this standard covers applications that require low-power and low data
rate industrial and non-industrial applications. Today, ten major standard-
izing groups are working under this standard. Here, ones that have a better
support on cyber-physical applications will be the focus.

– IEEE 802.15.1: The wireless connectivity with portable and mobile de-
vices within personal operating space is covered by this standard. Among
others, one of the leading technologies that is based on IEEE 802.15.1 is
Bluetooth.

– IEEE 802.15.3: This standard defines the protocols and compatible
network equipment for high data-rate multimedia applications in wireless
personal area network. Some applications areasd of this standard covers
ultra-wideband communication and optical wireless communication.

– IEEE 802.15.4: The main focus of this standard is the low data rate,
low-power, and low-complexity wireless personal area applications [9].
There are several applications, such as ZigBee, WirelessHART, and
6LoWPAN, that run over this standard. Additionally, low data-rate
ultra-wideband communication applications are also standardized under
this standard.

– IEEE 802.15.4e: The goal of this standardization working group is
to improve and add functionalities to IEEE 802.15.4 to make it more
suitable for industrial needs [17]. Thus, the mission-critical industrial
applications which require low-latency and high-reliability constraints
are the main targets of IEEE 802.15.4e.

Note that there are other standards apart from the ones listed above. Here,
we only listed some of the most common ones referred as a possible solution for
cyber-physical applications. Next, various technologies, that are based on these
standardization activities, are presented.

1.3 Potential Wireless Solutions

Based on the standardizations listed above, today there are many state-of-the-
art technologies that are applicable for many cyber-physical application. Some
significant ones are listed here.

• Wi-Fi: Wi-Fi technology is based on IEEE 802.11.x standards. Up to now,
there are 6 main Wi-Fi generations, e.g. (i) 1st generation: 802.11b, (i) 2nd
generation: 802.11a, (i) 3rd generation: 802.11g, (i) 4th generation: 802.11n,
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(i) 5th generation: 802.11ac, (i) 6th generation: 802.11ax [18]. Every new
generation has high interoperability with the previous generations. In general,
Wi-Fi uses mid-range spread spectrum with orthogonal frequency division
multiplexing technology and offers high data-rate connection with relatively
higher power consumption and higher cost on transceiver modules, compared
to IEEE 802.15 based solutions. Of course, more power consumption degrades
the life-time of battery-powered transmitters which is not desirable for most
of the industrial applications. In order to deal with these problems, new IEEE
solutions such as White-Fi and Hallow are developed [13].

• Bluetooth: The main goal of this IEEE 802.15.1 based technology is to pro-
vide low-cost and energy-efficient transceiver modules to the market. Today,
millions of Bluetooth devices are being used and it is expected that more than
5 billion Bluetooth devices will be sold by 2022 [19]. Bluetooth uses univer-
sal short-range radio link with frequency hopping spread spectrum technology
which makes it highly immune to interference and increases the security. How-
ever, up to now, the main focus of Bluetooth technology was human-machine
interfaces. Recently, numerous number of researchers are proposing improve-
ments and new features on the current Bluetooth protocol in order to make
it compliant to the stringent requirements in cyber-physical applications [20].

• ZigBee: ZigBee is based on the IEEE 802.15.4 standard and proposed by
ZigBee Alliance, which is a non-profit open-source community group. Today,
with more than 70 million ZigBee devices operating worldwide, it is one of the
most widely used wireless communication solutions. ZigBee mainly focuses
on low-power, low-cost, and low data-rate transmission scenarios which suit
in most of the industrial applications [21]. However, ZigBee uses carrier sense
multiple access schemes which is not suitable for mission-critical applications
since it does not offer a consistent solution for high reliability and low end-
to-end latency constraints [9].

• WirelessHART: This protocol is based on the IEEE 802.15.4 standard and
is the wireless version of the wired Highway Addressable Remote Transducer
(HART) protocol. WirelessHART was originally developed by HART Com-
munication Foundations in 2007. Today there are more than 40 million devices
worldwide that are using WirelessHART, specifically for industrial measure-
ments and control applications. WirelessHART offers high reliability, up to
10−5 error rate, and high security by implementing time synched time division
multiple accessing technology [22]. However, no stringent constraint on end-
to-end latency is introduced. On the other hand, since WirelessHART does
not support the Internet protocol (IP), a significant interoperability problem
with the next-generation communication systems may arise.
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• ISA100.11a: Similar to WirelessHART, ISA100.11a is also based on the
IEEE 802.15.4 standard and uses time synched time division multiple access-
ing in the physical layer to increase reliability and security [23]. ISA100.11a
is designated to provide reliable and secure transmission for non-critical mon-
itoring, alerting, open and closed-loop control applications with end-to-end
latency values in the order of 100 ms [24]. WirelessHART and ISA100.11a
are very suitable for several industrial applications which does not require
ultra low-latency. However, interoperability issues with the current IP pro-
tocols stands as a serious problem that need to be tackled. Nevertheless, to
ensure seamless connection between IP and ISA100.11a, novel approaches are
proposed in [24].

• 6LoWPAN: Similar to the technologies listed above, 6LoWPAN is also based
on the IEEE 802.15.4 standard. The main advantage of this protocol is that
it enables the use of current and next-generation IP protocols, simultane-
ously [25]. By communicating over IP networks, 6LoWPAN allows the com-
munication system to directly connect to the other networks simply by con-
necting to an IP router, which significantly decreases the implementation cost
and makes it prominent for various IIoT applications. 6LoWPAN is capable
of meeting specific latency requirements as low as few miliseconds. However,
this can only be supported in unreliable mode [26].

• LoRa: Based on the media access protocol LoRaWAN, LoRa is a physical
layer protocol for low-power wide area networks. LoRa is a convenient and
promising technology for low-cost, low-power and long-range wireless net-
works. Similar to Bluetooth, LoRa also uses frequency hopping spread spec-
trum technology. On the other hand, LoRa uses unlicensed sub-1GHz bands
to enable better coverage in the order of several kms in urban environments
with data-rates up to 50 kbps [27].

• SigFox: Similar to LoRa, SigFox is also a low-power wide area network
solution for low-power, low-cost and long-range requirements. It is based on
a patented ultra-narrowband technology and uses sub-1 GHz bands. SiGFox
enables the connection of massive number of devices with ranges up to 20 km
in rural areas. A fixed packet size, e.g. 12 bytes, is transmitted successively
three times in order to increase reliability. However, end-to-end latency values
on the order of seconds are allowed [27]. SigFox and LoRa are suitable for
most of the monitoring applications, such as water-meter reading, but not for
mission-critical applications due to the high end-to-end latency values.

Table 12 summarizes and gives some numerical information about the existing
wireless technologies. In addition to the specified standards and technologies, the
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Technology Frequency band Max. rate Coverage Latency Standard

Bluetooth 2.4 GHz 2 Mbps 50 m 200-500 ms IEEE 802.15.1

White-Fi Sub-1 GHz 24 Mbps 3 km - IEEE 802.11.af

Halow Sub-1 GHz 100 Mbps 1 km - IEEE 802.11.ah

Wi-Fi 2.4 and 5 GHz 54 Mbps 100 m 20-250 ms IEEE 802.11a

ZigBee Sub-1 & 2.4 GHz 167 kbps 100 m 60-150 ms IEEE 802.15.4

WirelessHART Sub-1 & 2.4 GHz 250 kbps 225 m 0.5-10 s IEEE 802.15.4

ISA100.11a Sub-1 & 2.4 GHz 250 kbps 225 m 100 ms IEEE 802.15.4

6LoWPAN Sub-1 & 2.4 GHz 250 kbps 100 m 2-6 ms IEEE 802.15.4

LoRa Sub-1 GHz 50 kbps 15 km 600 ms LoRaWAN

SigFox Sub-1 GHz 100 bps 20 km 1-20 s Patented

LTE-M Licensed 1 Mbps 50 km 50-100 ms LTE Release 12

NB-IoT Licensed 50 kbps 40 km 1-10 s LTE Release 13

Table 12: Summary of the current wireless technologies [8, 9].

3rd Generation Partnership Project (3GPP) has been working on the standard-
ization of the next generation of mobile wireless communications, namely 5G, and
listed the requirements of several emerging applications.

1.4 5G: The Next Generation of Mobile Wireless
Communications

Next-generation wireless networks dramatically change the approach to most
of the communication services. Up to now, the goal of these services was mainly
human-to-human or human-to-machine interaction. However, with the latest trends
in industrial evolution, e.g., Industry 4.0, machine-to-machine type of communica-
tion is gaining significant importance [28]. Main usage scenarios of the next gener-
ation communication technologies, as shown in Fig. 11, are listed as: (i) enhanced
Mobile Broadband (eMBB), (ii) massive Machine-Type Communication (mMTC),
and (iii) Ultra-Reliable Low-Latency Communication (URLLC) [9].
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Figure 11: Three main scenarios and their requirements of the next generation 5G
wireless communication.

1.4.1 Enhanced Mobile Broadband

This service enables communication with extremely high data rates across a
wide coverage area. The goal is to provide better user experience than the current
mobile broadband services to enable emerging services such as UltraHD, 4K or 360◦
live video streaming, virtual reality media and applications, etc.

eMBB is planned to be the first commercialized technology of 5G and will be
the extension of the current 4G cellular technologies. In addition to the existing
services, eMBB will be capable of delivering higher capacity, e.g. minimum data
rate support at 100 Mbps but can be increased up to 10 Gbps, lower latency values
around few miliseconds to support virtual reality applications, and high mobility
up to 500 km/h in high-speed trains and 1000 km/h in airplanes [29].

1.4.2 Massive Machine-Type Communication

The purpose of mMTC is to enable massive number of devices to communicate
with the network infrastructure and between each other without any human inter-
action. mMTC deals with the connectivity of a massive number of devices, in the
order of 106 devices per km2 with moderate QoS requirements. This is a challenging
goal since, in contrast to classical human-centric communication, e.g., voice traffic,
where a constant sampling rate with a constant amount of data is sent, mMTC
transmission packets consists of different packet sizes with different QoS require-
ments and various service features such as (i) low or no mobility, (ii) short packet
transmission, (iii) low power consumption, (iv) priority alarm connections [30].
Therefore the following challenges have been identified for mMTC

• Very high connection density: in the order of 106 devices per km2.

• Very low-complexity and low-cost IoT devices and networks.
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Use case Latency Reliability Data size Range

Industrial automation 0.25-10 ms 10−9 10-300 bytes 50-100 m

Process automation 50-100 ms 10−4 40-100 bytes 100-500 m

Self driving car 1 ms 10−2 144 bytes 400 m

Smart grid 3-20 ms 10−5 80-1000 bytes 10-1000 m

Tactile internet 1 ms 10−7 250 bytes 10 km

Table 13: Overview of typical use case requirements of some URLLC applications
[31].

• Extreme battery life around 10 years.

• QoS requirements with end-to-end latency around 10 seconds or less depend-
ing on the application.

3GPP has been working on machine-type data transmission since 2009 and
investigating the requirements. So far, there are two main candidates standardized
by 3GPP, listed as

• Long Term Evolution machine-type communication (LTE-M),

• narrow-band IoT (NB-IoT).

LTE-M and NB-IoT are specialized to support low power wide area networks with
massive number of nodes. Numerical details regarding these two technologies are
given in Table 12.

1.4.3 Ultra-Reliable Low-Latency Communication

URLLC is needed mostly for mission-critical applications and it provides com-
munication support with stringent constraints on reliability and end-to-end latency.
In comparison to the aforementioned new services, URLLC is the one which requires
the most significant evolution on the current data transmission services since the
current technologies are specialized for human centric communication in which end-
to-end latency and reliability values are far from the desired targets of URLLC.
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1.5 Achieving URLLC in Cyber-Physical Applications

ETSI in 2011 identified the applications which require URLLC [32]. In 2015, a
development report, which lists the requirements and constraints of machine-type
communications and URLLC, is published by the International Telecommunication
Union (ITU) Radio Communication Sector [33]. Nowadays, the 3GPP Radio Ac-
cess Network working group aims at listing the official requirements for URLLC
applications in the recent major releases, Release-15 and Release-16. It is com-
monly accepted that URLLC is aiming to provide small payloads, around 32-256
bits, with end-to-end radio latency up to 1-10 ms and error probability of less than
10−9 [34].

Mission-critical services are the main application areas of URLLC. Thus, URLLC
is crucial for enabling these technologies, such as augmented reality, industrial
robotics, remote surgery, vehicle automation, smart-grid, and factory automation.
Here, in Table 13, we identified some use case requirements of URLLC for some
cyber-physical applications. An important note here is to recognize the differences
between Table 13 and Table 12. It can be seen that for most of the URLLC ap-
plications there is still no state-of-the-art solution that is eligible to satisfy the
requirements. Therefore, research is still ongoing on URLLC [31, 35, 36, and refer-
ences therein].

1.6 Motivation and Outline of the Dissertation

The main focus of this dissertation will be on investigating the optimal perfor-
mance parameters in the finite blocklength regime. A general outline of the rest of
the dissertation is as follows. Part I introduces the background knowledge and no-
tations in support of the successive chapters. In what follows, the main studies and
contributions are presented in two parts. Part II consists of Chapter 4, 5, 6, and
7 and focuses on finding the optimal transmission parameters for communication
system under latency, reliability, and decoding complexity constraints. Part III,
consisting of Chapter 8 and Chapter 9, covers goodput maximization with quan-
tized feedback in the finite blocklength regime. Finally, Part IV discusses some
future directions along with this line of research and closes the dissertation. The
content can be summarized more specifically as follows.

We first start introducing the theoretical limits on the capacity of wireless chan-
nels and achievable rates in the non-asymptotic regime where the blocklength of
the codeword is assumed to be finite in Chapter 2. Next, in Chapter 3, candidate
coding schemes, in terms of encoder and decoder, that have relatively good perfor-
mance in the finite blocklength regime are listed. Their performance comparison
are shown in short blocklength at various different transmission rates. Based on
these results we select an encoding and decoding scheme which can be used to
model the computational complexity of more general codes. Next, we focus on the
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ordered-statistics (OS) decoder and with the help of ordered statistics we present
an upper bound on its error probability.

In Chapter 4, we focus on computational complexity of the OS decoder. The
goal of this chapter is to investigate the maximal performance limits of short packet
communications under latency and reliability constraints when the decoding com-
plexity of the decoder is taken into account. Therefore, we consider the decoding
latency as a performance metric for the system design. We then investigate the
latency components that are caused by codeword transmission and codeword de-
coding, which appear to be the most relevant ones for latency constrained commu-
nication systems with computationally constrained receivers. A consistent way to
compute the aggregate latency due to the OS decoding process for complexity con-
strained receivers is presented. Next, a mathematically tractable model that can
accurately show the trade-off between the computational complexity of the OS de-
coder, in number of binary operations per-information-bit, versus the excess power
to the non-asymptotic achievability bound is introduced. The relation between the
processing capability and the maximum achievable rate is shown when latency and
reliability constraints are present. Finally, it is also illustrated that other families of
codes, such as tail-biting convolutional codes (TBCCs), Low Density Parity Check
(LDPC) codes, and polar codes, follow similar trends on the trade-off between com-
putational complexity versus excess power, which implies that the proposed model
can be adapted to be suitable for these families of codes as well.

In Chapter 5, several significant design problems for URLLC applications are
investigated. For instance, in order to decrease the aggregate latency, one may select
an OS decoder with relatively lower complexity, which in turn may compromise the
error probability of the decoder. This, therefore, reveals trade-offs among latency,
computational complexity, and reliability. This implies that a refined modelling
of these parameters must be considered. With the help of this model, we address
non-trivial optimization problems that are related to URLLC systems with OS
decoders and computational complexity constraints. The following optimization
problems are investigated:

• Given that a fixed number of information bits are intended to be transmitted
under reliability and power constraints, what is the optimum selection of
transmission parameters that leads to the minimum aggregate latency?

• Given that a fixed number of information bits are intended to be transmitted
under reliability, power, and latency constraints, what is the optimum selec-
tion of transmission parameters that leads to the minimum energy-per-bit?

• Under reliability, power, and latency constraints, what is the optimum se-
lection of transmission parameters that leads to the maximum number of
information bits to be transmitted?
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Solutions to the optimization problems reveal that the optimal parameter choices
are directly associated with the constraints. Thus, the optimal design of a URLLC
system is substantially influenced when decoding latency is taken into consideration.

In Chapter 6, we extend our analysis from Chapter 4 and Chapter 5. In this
chapter, we first quantify this back-off both in power and rate domains. Then,
based on this back-off, the optimum transmission parameter choices are discussed
thoroughly via a multi-objective optimization problem (MOOP) framework. Next,
we formulate the MOOP that searches the optimum rate and power selections
under latency, reliability, and decoding complexity constraints. Then the MOOP is
analytically solved and the attainable objective set and the set of optimal selections,
namely the Pareto boundary, are derived. Two methods for scalarization of the
MOOP, namely

• linear weighted-sum and

• weighted Chebyshev objective functions

are introduced and their performances are compared. It is subsequently shown that
based on the shape of the attainable objective set, some optimal points are not
accessible, depending on the selected scalarization method. This phenomena is dis-
cussed thoroughly and we analytically derive the regions where the optimum points
are not accessible. Finally, the importance of the MOOP is exhibited with a case
study on battery-powered communication. It is shown that the MOOP increases the
energy efficiency of the communication system while maintaining the constraints,
compared to the classical fixed parameter transmissions. We also show that the
weighted Chebyshev objective function performs better than linear weighted-sum
function in terms of energy efficiency.

In Chapter 7 to improve the overall performance of OS decoders, we present a
learning-based method, that helps us to predict the order of the decoder in a signal
adaptive manner. It is shown that this method allows us to significantly decrease
the mean complexity of the decoder without sacrificing the performance. Such
a method additionally allows to detect signals that may need a higher decoding
order than the one a complexity constrained decoder allows and therefore prevents
wasting resources.

Next, in Chapter 8 and 9 an adaptive quantized feedback scheme in the finite
blocklength regime that exploits the maximum achievable goodput is presented.
Instead of a fixed transmission rate communication, we study an adaptive scheme.
The proposed feedback scheme achieves the maximum goodput by searching the
optimum selections of quantization regions with corresponding transmission rates.
Thus, we first formulate the goodput maximization problem with quantized feed-
back for finite blocklength regime. The optimization problem is analytically solved
and an iterative algorithm is proposed that achieves the optimum feedback scheme.
A close approximation on the optimum selection of the transmission rate on each
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quantization region is also derived. Next, we study the quantized feedback scheme
for goodput maximization with reliability constraint. In that case we first study
the allocation of the maximum error allowance for each quantization region. There,
a waterfilling-like algorithm to assign the maximum error probability to each quan-
tization region is presented. Then the optimization problem is analytically solved
with the augmented Lagrangian method. An iterative algorithm that can achieve
the maximum goodput while guaranteeing the reliability constraint is proposed.
Notably, to broaden the generality of the study, the feedback design problem is
explicitly formulated, where no specific channel distribution is taken into account.
Thus, results are valid for any continuous channel distribution.

Chapter 10 concludes the dissertation with closing remarks.
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Chapter 2

Channel Capacity and
Achievability with Finite
Blocklength

In this chapter, we briefly summarize the theoretical background of asymptotic
and non-asymptotic maximum achievable coding rates for point-to-point channels
in information theory. Here, relevant problem definitions with their well-known
results are explained.

In Section 2.1, we start with some important definitions on channel coding
problems and show the asymptotic results.

2.1 Asymptotic Channel Coding Rates

Information transmission rate of a communication system is the ratio between
the log-size1 of the codebook, which represents the total number of messages, and
the length of a single codeword

r = logM
n

, (2.1)

where M = 2k represents the size of the codebook, which is the set of all possible
codewords and denoted as C, k is the number of information bits, and n is the
length of a codeword. Asymptotic channel coding rate shows the bounds on r in
which case reliable communication over a channel is possible where the length of
the codeword tends to infinity, n → ∞. More precisely, an upper bound on (2.1)
shows the codebook size that can be transmitted in n consecutive uses of a channel
with a small error probability, which tends to zero as n→∞.

1All logarithms in this dissertation are with base 2.
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BLOCKLENGTH

Here, we first start with introducing some important definitions that are fre-
quently used throughout the thesis. Let us first define, for the random sequences

X = [X1, · · · , Xn] (2.2)

and
Y = [Y1, · · · , Yn] (2.3)

and their corresponding realizations

x = [x1, · · · , xn] (2.4)

and
y = [y1, · · · , yn] (2.5)

where xi, yi ∈ R and x and y represent the n-length channel input and output
sequences, respectively.2

In this dissertation, we assume

Definition 2.1 (Channel transition probability). The channel transition probability
p(y|x) of a point-to-point channel without feedback gives the transition probability
between a discrete input alphabet X and a discrete output alphabet Y that is

P{Y = y|X = x} = p(y|x) (2.6)

for x ∈ X and y ∈ Y.

Remark 2.1. For a point-to-point channel without feedback, the channel transition
probability of a discrete stationary memoryless channel can be written as

p(y|x) =
n∏
i=1

p(yi|xi). (2.7)

Definition 2.2 (Encoding function). An encoding function maps from an index
set IM = {1, 2, 3, · · · ,M} to the set of n-length codewords X.

The n-length codewords can be denoted as x(1),x(2),x(3), · · · ,x(M). In this
dissertation it is assumed that the codewords are binary vectors and modulated to
antipodal symbols unless stated otherwise.

After transmitting the codewords over the channel, the receiver receives y ∈ Y.
In practice, the received symbols are usually taken from a larger alphabet than
the input symbols. For instance, it is possible that Y are real values where X are
binary.

2For brevity, the index i will be omitted in the following discussion whenever it does not cause
any confusion.



2.1. ASYMPTOTIC CHANNEL CODING RATES 21

Definition 2.3 (Decoding function). A decoding function is a deterministic rule
that assigns a guess to each possible received vector

D : Y→ {1, 2, 3, · · · ,M}. (2.8)

Definition 2.4 (Codeword error probability (CEP)). Codeword error probability
is the probability that the decoder decides in favor of a codeword that is different
from the one actually encoded by the encoder

ε = 1
M

M∑
i=1

P{D(Y ) 6= i|X = x(i)}. (2.9)

Definition 2.5 (Achievable rate). A fixed transmission rate r = logM
n is achievable

if there exists a sequence of codebooks with n-length codewords such that the error
probability ε tends to zero as n→∞.

Definition 2.6 (Channel capacity). The supremum of all achievable rates is called
the capacity of a channel.

The channel capacity of a discrete memoryless channel, where (2.7) holds, is

C = max
p(x)

I(X;Y ), (2.10)

where the maximum is taken over all possible input distributions p(x) and I(X;Y )
denotes the average mutual information of the channel, which is defined as

I(X;Y ) = E [ı(X,Y )] (2.11)

= E
[
log p(Y |X)

p(Y )

]
(2.12)

=
∑
x

∑
y

p(x)p(y|x) log p(y|x)
p(y) , (2.13)

where the random variable ı(X,Y ) is called the information density

ı(X,Y ) = log p(Y |X)
p(Y ) . (2.14)

The expectation in (2.11) is with respect to the joint distribution of (X,Y ) and
p(y) is the channel output distribution that is induced by the input distribution
p(x)

p(y) =
∑
x

p(x)p(y|x). (2.15)
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Remark 2.2. Claude E. Shannon in his pioneering 1948 paper [37] proved that
for any stationary memoryless channel, all rates below the channel capacity C are
achievable with the error probability tends to zero as the blocklength increases un-
boudedly n→∞.

So far we have considered discrete channels and therefore we used summations
for discrete inputs and outputs. However, the above expressions hold for continuous
inputs and outputs by replacing the summations with integrals.3 For instance, as-
sume a point-to-point memoryless additive white Gaussian noise (AWGN) channel
without feedback with a channel transition density p(y|x), that consists of input
symbols that are taking values on the real line x ∈ R. The channel model can be
written in the additive form as

yi = xi + zi, (2.16)

where xi is the ith channel input and zi is the zero-mean unit-variance independent
and identically distributed (i.i.d.) AWGN, zi ∼ N (0, 1). It is evident from (2.16)
that the output is also on the real line y ∈ R and the n-length channel transition
density is

p(y|x) =
n∏
i=1

p(yi|xi) (2.17)

= 1
(2π)n/2

exp
(
−||y − x||2

2

)
. (2.18)

Notably, the capacity of this channel is infinity since no power constraint on
the channel input is so far introduced. Without any limit on power, one can select
codewords which are arbitrarily far apart from each other which leads to reliable
communication even in the presence of AWGN noise. However, of course, this as-
sumption is not realistic, since it is also not possible to transmit a codeword with
infinite amount of power, due to the constraints on power amplifier and circuitry
design. Therefore, a constraint on the channel input power is needed to find mean-
ingful results. One solution to that problem is to introduce the following power
constraint on x

‖x‖2 =
n∑
i=1

x2
i 6 nP, (2.19)

where P denotes the power constraint. Notice that with unit-variance i.i.d. AWGN
noise, P is also numerically equal to the signal-to-noise ratio (SNR) of the commu-
nication system.

With such a constraint, it is guaranteed that each codeword in the codebook
satisfies

‖x(i)‖2 6 nP, ∀i ∈ IM . (2.20)
3We have used the same notation for PDFs and PMFs.
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Furthermore, one of the main results by Shannon in [37] states that in the asymp-
totic regime, where n → ∞, the capacity of a point-to-point AWGN channel with
SNR P is

C = 1
2 log(1 + P ). (2.21)

It is also worth mentioning that in some applications a point-to-point complex
AWGN channel is of the interest. In this case the channel noise is a zero-mean
unit-variance complex Gaussian random variable and the input and output of the
channel belong to the complex domain C. Notice that such a complex domain can
be represented with two orthogonal real domains, and the complex noise can be
divided into two zero-mean jointly Gaussian real random variable of 1

2 variance.
Thus, the transition probability is

p(y|x) =
n∏
i=1

p(yi|xi) (2.22)

= 1
πn

exp
(
−‖y − x‖2

)
, (2.23)

and the channel capacity is
C = log(1 + P ). (2.24)

2.2 Capacity of Discrete Input AWGN Channels

We have studied the capacity of a point-to-point AWGN channel. In a realistic
communication environment it is desired to have discrete channel inputs. This is
important in terms of fulfilling the power constraint on the codeword transmitions
and reducing the transceiver complexity. Therefore, discrete constellation points
have been introduced. In this case, discrete input alphabets, which can be real or
complex valued, are introduced according to the modulation type, modulation size,
and the power constraint. Notice that although the input is discrete, the output of
the channel is still the entire real line or complex domain.

2.2.1 Capacity of Binary-Input AWGN Channel

Binary-input AWGN (BI-AWGN) channel represents the AWGN channel when
the input is constrained to an alphabet of size two. In this case, the set of channel
input symbols is

ui ∈ {−1, +1}. (2.25)

Assuming that symbols are transmitted over an unit-variance AWGN channel, the
input of the channel can be represented as

xi ∈ {−
√
ρ,
√
ρ} (2.26)
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Figure 21: Probability distribution function for yi where ρ = 1, xi ∈ {−1,+1}, and
σ2 = 1.

and the output is yi ∈ R, where ρ represents the reference SNR value. The condi-
tional probability density function is given by

p(yi|xi) = 1√
2π

exp
(
− (yi − xi)2

2

)
. (2.27)

An illustration of p(yi|xi) is depicted in Fig. 21.
The output of this channel can be expressed as

y ∈ R,

{
p(y|x = √ρ) ∼ N (√ρ, σ2),
p(y|x = −√ρ) ∼ N (−√ρ, σ2),

(2.28)

and the capacity of this channel can be calculated as

CBI-AWGN = max
p(x)

I(X;Y ), (2.29)

= max
p(x)

∑
x

∫
y

p(x)p(y|x) log p(y|x)
p(y) dy. (2.30)

Due to the symmetry of this channel the capacity is achieved with uniform input
distribution. Thus, the capacity achieving input probabilities are

p(ui = −1) = p(ui = +1) = 1
2 . (2.31)
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For this input distribution, the output probability density function (PDF) is

p(y) = 1
2
√

2π

(
exp

(
−
(
y +√ρ

)2
2

)
+ exp

(
−
(
y −√ρ

)2
2

))
(2.32)

Thus,

CBI-AWGN = 1
2

∫ ∞
−∞

p(y|x = √ρ) log
p(y|x = √ρ)

p(y) dy

+ 1
2

∫ ∞
−∞

p(y|x = −√ρ) log
p(y|x = −√ρ)

p(y) dy, (2.33)

= 1
2

(∫ ∞
−∞

1√
2π

exp
(
−
(
y −√ρ

)2
2

)
log 2

1 + exp
(
−2√ρy

)dy
)

+ 1
2

(∫ ∞
−∞

1√
2π

exp
(
−
(
y +√ρ

)2
2

)
log 2

1 + exp
(
2√ρy

)dy
)

(2.34)

=
∫ ∞
−∞

1√
2π

exp
(
−
(
y −√ρ

)2
2

)
(1− log (1 + exp (−2√ρy))) dy.

(2.35)

= 1− 1√
2π

∫ ∞
−∞

exp
(
−

(y −√ρ)2

2

)
log (1 + exp (−2√ρy)) dy. (2.36)

A comparison between the AWGN capacity and BI-AWGN capacity is shown
in Fig. 22. It can be seen that the BI-AWGN capacity coincides with the AWGN
capacity in the low SNR regime. On the other hand, in the high SNR regime, where
the AWGN capacity increases unboundedly, the BI-AWGN capacity saturates to 1.
Next, we focus on some of the most common higher order modulation schemes.

2.2.2 Capacity of Higher Order Discrete Input AWGN
Channels

Among various different modulation types presented in the literature, here, we
will mainly focus on the most common digital modulation schemes that are (i) pulse
amplitude modulation (PAM), (ii) phase-shift keying (PSK), and (iii) quadrature
amplitude modulation (QAM). Among these modulation types PSK and QAM are
two-dimensional, i.e. complex-valued symbols, whereas PAM is a one-dimensional
modulation scheme, i.e. real-valued symbols.

For a point-to-point AWGN channel operating at SNR ρ, the constellation points
of anM-PAM can be defined as

xi ∈
√

ρ

cPAM
× {−(M− 1), · · · ,−1,+1, · · · , (M− 1)} , i = 1, 2, · · · , n, (2.37)
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Figure 22: Comparison between the AWGN capacity and BI-AWGN capacity.

whereM is an even power of 2 and shows the total number of constellation points
and cPAM represents the normalization factor that guarantees the average power of
the constellation diagram is equal to the maximum power constraint P .

On the other hand, for a complex point-to-point AWGN channel operating at
SNR ρ, the constellation points ofM-PSK are defined as

xi ∈
√
ρ
(

cos
( π

M
(2t− 1)

)
+ j sin

( π

M
(2t− 1)

)) ∣∣∣∣M
t=1

, i = 1, 2, · · · , n, (2.38)

where j =
√
−1 and constellation points ofM-QAM are

xi = xi,I + jxi,Q, i = 1, 2, · · · , n, (2.39)

where

xi,I , xi,Q ∈

√
P

cQAM
× {−(√ρ− 1), · · · ,−1,+1, · · · , (√ρ− 1)} (2.40)

with cQAM being the normalization factor to ensure the average power to be P .
As mentioned, the normalization factors in PAM and QAM ensure the average

power of the constellation points is equal to P , where the term ’average’ represents
the average of the individual power of each constellation point with respect to the
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input probability distribution p(x). This can be shown as the following

Ep(x)[||x||2] =
M∑
i=1

p(xi)||xi||2, (2.41)

= P, (2.42)

where xi is the ith constellation point of the corresponding constellation diagram.
It is worth mentioning that for most of the practical scenarios, the selection of the
constellation points is equally likely. In this case the requirement on the power
constraint simplifies to (2.19), which yields the normalization factors to

cPAM = 1
3(M2 − 1) (2.43)

and

cQAM = 2
3(M− 1). (2.44)

Capacity of a high order discrete-input continuous-output AWGN channel can
be computed with the following formula [38]

C = max
p(x)

I(X;Y ), (2.45)

= max
p(x)

M∑
i=1

p(xi)
∫ ∞
−∞

p(y|xi) log
(

p(y|xi)∑M
m=1 p(xm)p(z|xm)

)
dy. (2.46)

It is clear that due to the symmetry of the channel, the capacity achieving input
distribution in M-PSK modulations is the i.i.d. discrete uniform distribution for
any SNR value. Thus, the capacity expression for M-PSK modulations can be
further simplified to

CM-PSK = logM− 1
M

M∑
i=1

Ez

[
log
( M∑
m=1

exp
(
‖z‖2 − ‖xi + z − xm‖2

))]
. (2.47)

Notice that in (2.47) the integration is replaced by an expectation which is over the
normally distributed zero-mean unit-variance complex AWGN noise variable z.

Due to the non-symmetry of the experienced channel of each constellation points
in QAM and PAM, the optimum input distribution is a non-uniform distribution
and it is hard to find. However, in very low and very high SNR values the ca-
pacity achieving distribution is the uniform distribution, where all symbols are
equally likely transmitted. Assuming such an optimum input distribution defined
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as p∗PAM(xi) and p∗QAM(xi), the capacity ofM-PAM andM-QAM are

CM-PAM = −
M∑
i=1

p∗PAM(xi)

× Ez

[
log
( M∑
m=1

p∗PAM(xm) exp
(
‖z‖2 − ‖xi + z − xm‖2

2

))]
(2.48)

and

CM-QAM = −
M∑
i=1

p∗QAM(xi)

× Ez

[
log
( M∑
m=1

p∗QAM(xm) exp
(
‖z‖2 − ‖xi + z − xm‖2

))]
. (2.49)

Remark 2.3. Although the capacity expressions for all three modulation types are
different, it is clear that sinceM different symbols are transmitted, even with perfect
channel conditions with very high SNR values, maximum

logM (bpcu) (2.50)

amount of information can be transmitted, which is the entropy of discrete uniformly
distributedM different values.

2.3 Multi-path Propagation and Quasi-Static Fading
Channels

Multi-path propagation, which is caused by refraction and reflection of the trans-
mitted signal while propagating from the transmitter to the receiver, is the phe-
nomenon that causes receiving the transmitted signal from two or more paths.
In general, multi-path propagation causes the signal copies to add constructively
or destructively at the receiver. Apart from all, fading, which is a destructive
interference, is a main challenge in wireless communication. With fading, the in-
stantaneous SNR is no more fixed, but changes over time randomly with every
new channel realization. However, while characterizing the channel fading, it is
important to relatively compare the duration of the channel realization versus the
transmit duration of an information packet. For instance, for some scenarios, the
fading variation, also known as the coherence time of the fading channel, is slower
and therefore each codeword only observes a single channel realization. Thus, al-
though the instantaneous SNR for each codeword differs randomly with respect to
some probability distribution, it is fixed while receiving a single codeword packet.
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In this dissertation, when considering fading, we assume that the coherence time of
the fading channel is equal to the codeword transmit period. Hence, each codeword
only faces a single channel realization. This special fading channel is known as the
quasi-static or non-ergodic fading channel.

A quasi-static fading channel with a fading coefficient h can be written in ad-
ditive form as

y = hx + z, (2.51)

where x and y are the n-length complex channel input and output vectors, respec-
tively, and z is the i.i.d. zero-mean unit-variance complex AWGN noise, and finally
the fading coefficient h is a random variable that remains constant over the coher-
ence interval of the channel which is equal to the transmit interval of an n-length
codeword. The transition PDF of such a channel is

p(y, h|x) = p(h)
n∏
i=1

p(yi|h, xi) (2.52)

= p(h) 1
πn

exp
(
−‖y − hx‖2

)
, (2.53)

where p(h) denotes the PDF of the fading coefficient. Notably, the channel coeffi-
cient h is independent of both the channel input x and the noise z.

While characterizing the achievable performance of the system over fading chan-
nel, accurate knowledge of the channel-state-information (CSI) is required [39],
which can be achieved by transmitting separate training sequence that is already
known to the receiver [40]. Assuming perfect knowledge of the channel fading value
h at both transmitter and receiver, the instantaneous SNR of the channel is h2P .
The instantaneous channel capacity is then

C = log(1 + h2P ). (2.54)

Notably, the instantaneous channel capacity can be very small when the channel
is in deep fade, i.e. when h2 is small. This, however, prevents to achieve reliable
communication, i.e. ε → 0, even for asymptotically long blocklength, n → ∞,
which yields having zero capacity for many fading distributions, such as Rayleigh
fading.

Now, assume no CSI at the transmitter. In this case, a more realistic capacity
measure can be the outage capacity, which is the maximal transmission rate such
that the probability of the instantaneous channel capacity falling below the selected
transmission rate does not exceed a desired outage threshold. With the outage
capacity, positive capacity measures can be achieved over the fading channel with
at least 1 − εout probability, where εout > 0 is the outage probability which is a
non-vanishing error probability.
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Figure 23: Outage capacity comparison for the complex quasi-static Rayleigh fading
channel for different values of target error probability values εout.

For a given transmission rate r, the outage probability of a communication
system can be calculated as

εout = P{log(1 + h2P ) < r}. (2.55)

Thus, the outage capacity or the εout-capacity of a communication system can be
found as the largest r that fulfills Pr{log(1 + h2P ) < r} 6 εout:

Cε
out

= sup {r > 0 : P{log(1 + h2P ) < r} 6 εout} (2.56)

2.4 Achievable Rates in the Finite Blocklength Regime

With the stringent latency constraints of URLLC systems, the assumption on
arbitrarily large codeword blocklength cannot be justified [41]. Therefore, it is
important to investigate the achievable rates for shorter blocklenghts.

Research on maximal achievable transmission rates for finite blocklengths has
a history going back to the 1960s [42, 43]. Information theorists are taken two
different approaches to study the achievability in the finite blocklength regime.
As already known, for many channels the error probability ε decays exponentially
fast to zero with respect to blocklength n when the transmission rate is below the
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channel capacity and exponentially increases to one when the transmission rate is
above the channel capacity. Thus, in [42], Gallager considered a fixed transmission
rate and studied the exponential decay of error probability with respect to the
blocklength. However, since the exact calculation of the error exponents is hard to
compute, lower and upper bounds on the error exponents are presented.

The second approach was first presented by Strassen in 1962 [43], which is based
on defining the second-order coding rates and the dispersion of the channel. Unlike
Gallager’s approach, in which the transmission rate is fixed and the achievability
is studied based on error probability, in this case, the error probability is fixed
and the maximum achievable transmission rate is approximately calculated for any
given blocklength. Although this method has been first presented in 1960s, a sig-
nificant amount of progress has been achieved in the recent years (see [44] and
references therein). In this regard, the work by Polyanskiy [45] is the most notable
one, in which the non-asymptotic achievability and converse bounds for the finite
blocklength regime are derived.

Here, without presenting the proof of the expression derived in [45], we briefly
give the general idea. Let us first start with the information density ı(X,Y ). It
is shown that the fundamental quantity that shows the quality of a non-stationary
and non-ergodic channel with n channel uses is the normalized information density
random variable, which can be computed as

1
n
ı(X,Y ) = 1

n
log p(Y |X)

p(Y ) , (2.57)

where p(y) represents the marginal output distribution induced by the input distri-
bution p(x). In the asymptotic regime, where n→∞, the capacity of the channel
can be estimated by calculating the limits of the normalized information density
random variable. For instance, the outage probability can be approximated as

εout ≈ P
{(

lim
n→∞

1
n
ı(X,Y )

)
6 r

}
. (2.58)

Similar analogy can be used for non-asymptotic analysis. In this regime, the trans-
mission rate is upper bounded with the n-length normalized information density
random variable. Thus, the following approximation in the finite blocklength regime
is relevant

ε ≈ P
{

1
n
ı(X,Y ) 6 r

}
. (2.59)

Roughly speaking, for stationary memoryless channels, the expression

1
n
ı(X,Y ) (2.60)

can be seen as the time average of n independent information density random
variable and shows the quality of the channel during the n channel uses.
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By fixing the error probability ε in (2.59), one can study the limiting factors
on the transmission rate. Assuming independent channel realizations, it is possible
to approximate the time average of ı(X,Y ) with an appropriate variant of central
limit theorem, named as the Berry-Essen theorem.

Theorem 2.1 (Berry-Essen theorem). The probability that the sum of n indepen-
dent random variable zi, i = 1, · · · , n, with mean

E[zi] = µi, (2.61)

variance
Var[zi] = σ2

i , (2.62)

and absolute third moment
E[|xi − µi|3] = θi (2.63)

takes value in some interval can be described with the first and second moments of
the random variable and the Gaussian-Q function such as∣∣∣∣∣P

{
1√
n

∑n
i=1(zi − µi)√∑n

i=1 σ
2
i

> α

}
−Q(α)

∣∣∣∣∣ 6 6 1√
n

∑n
i=1 θi

(
∑n
i=1 σ

2
i )

3
2
, (2.64)

where Q(t) represents the Gaussian complementary cumulative distribution function
(CDF) function

Q(t) =
∫ ∞
t

1√
2π

exp
(
−u

2

2

)
du. (2.65)

Hence, with the help of the Berry-Essen theorem, it is shown in [45] that the
second-order coding rate is related to the channel dispersion function which can be
defined as

V =


min

p(x):I(X;Y )=C
V(X;Y ), ε < 1

2

max
p(x):I(X;Y )=C

V(X;Y ), ε > 1
2

(2.66)

where

V(X;Y ) = Var[ı(X,Y )], (2.67)

=
∑
x

∑
y

p(x)p(y|x)
(

log p(y|x)
p(y) − I(X;Y )

)2
, (2.68)

where Var[ı(X,Y )] represents the variance of the random variable ı(X,Y ). It is
further derived that the channel dispersion for point-to-point Gaussian channels
can be written as

V = P (P + 2)(log e)2

2(P + 1)2 . (2.69)
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Figure 24: Comparison between the channel capacity and achievable rates for BI-
AWGN channel. (a). CEP is fixed to ε = 10−5 and achievable rates values for
n = {64, 128, 256, 1024} are depicted. (b). n is fixed to 256 and achievable rates
values for ε = {10−3, 10−4, 10−5, 10−6} are depicted.
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Finally, it is proven that the achievable rates in the finite blocklength regime can
be closely approximated by

R(n, P, ε) = C −
√
V

n
Q−1(ε) +O

(
logn
n

)
(2.70)

where Q−1(·) is the inverse of the Gaussian complementary CDF.

Remark 2.4. Eq. (2.70) is called the normal approximation and shows that, com-
pared to the asymptotic limits, a rate penalty needs to be paid when transmitting in
the finite blocklength regime, which depends on the channel dispersion and block-
length.

Remark 2.5. Since the Berry-Essen theorem is more accurate when values are
close to mean, it is therefore shown that the normal approximation is more valid
when the operating transmission rate is close to the channel capacity.

Empirical comparison between the channel capacity and achievable rates for
BI-AWGN channel is Fig. 24, where in Fig. 24a the CEP is fixed to ε = 10−5 and
results for n = {64, 128, 256, 1024} are depicted and in Fig. 24b n is fixed to 256
and results for ε = {10−3, 10−4, 10−5, 10−6} are depicted. It can be seen that for
lower n the gap to the channel capacity is higher, compared to higher n values.
Similar results are also observed by varying ε.

This study attracted significant interest from the research community and sev-
eral studies on the non-asymptotic achievable bounds for various channels with
different fading environments have been published [46–48].



Chapter 3

Candidate Channel Coding
Schemes in the Finite Blocklength

A coding scheme is defined by the set of an encoder and a corresponding de-
coder with all parameters to be designed. A coding scheme gives the capability of
detecting or correcting errors that are introduced by transmitting of a modulated
information through a wireless channel. Today, there are various types of different
channel coding schemes that can be implemented in different channels. In general,
coding schemes are designated with respect to the channel environment in which the
coding scheme is intended to be used. For instance, fading channel coding schemes
are mostly designed for fading channels and use AWGN channel coding schemes
combined with interleaving, which helps to randomize the location of errors when
the errors are happening in bursts.

A good channel coding scheme can be selected by investigating its performance
that can be mostly visualized with the famous waterfall graphs which show its error
probability versus the reference SNR. It is important that selection of a channel
coding scheme that can achieve the bound is significant in terms of increasing the
transmission efficiency of the system. Thanks to the research in coding theory,
there are many coding schemes introduced in the literature. Here, a brief list on
some candidate fixed-rate channel codes, which achieve good performance in the
finite blocklength regime, is presented.

First, we will give a quick introduction on the maximum-likelihood (ML) de-
coder.

3.1 Maximum-likelihood Decoder

The probability of decoding error can be defined as the probability that the de-
coder decides in favor of a codeword that is different from the one actually sent. It is
clear that the probability of error depends on the type of the decoder. For instance,

35
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the hard-decision decoder uses the minimum-distance decoding. The received noisy
n-length codeword is first demodulated and passed through the decoder, where the
decoder compares the codeword with all possible codewords and decides in the favor
of minimizing the Euclidean distance between the two codewords. However, hard-
decision decoding neglects some extra information that lies in the received noisy
codeword. Instead of directly making a hard decision, a better decision can be
made by computing the distance between the received noisy codeword and symbol
sequence corresponds to the codeword, which is called the soft-decision decoder.

The ML decoder, which is mostly accepted as the optimum decoder, selects
the codeword which maximizes the likelihood between two codewords given the
demodulated received noisy codeword for equally likely codewords. This can be
written as

xML = argmax
x∈C

P{x|y}. (3.1)

Note that for most of the channels the SDD and the ML decoder are equivalent
and the correlation criterion can be used for finding the xML [49]. However, due
to its exponential complexity, which requires comparing the metrics for 2k possi-
ble sequences, the ML decoder is not practically used in communication systems,
whereas it can be used while deriving the error probability bounds.

3.2 Candidate Channel Coding Schemes

Next, some candidate coding schemes that can achieve relatively better perfor-
mance in the finite blocklength regime are presented.

3.2.1 BCH codes with OS Decoder

The Bose, Chaudhuri, and Hocquenghem (BCH) codes are one of the most
powerful error-correcting cyclic codes. BCH codes are independently discovered by
Hocquenghem [50] and Bose and Chaudhuri [51] in 1959 and 1960, respectively.
BCH codes are cyclic and flexible codes that can be generated with a wide variety
of k and n values. Their performance can outperform all other block codes with
the same n and k at moderate to high SNR values.

It is shown that there is a binary BCH code with minimum Hamming distance

dmin > 1 + 2(n− k)
log(n− 1) (3.2)

that can correct up to
n− k

log(n− 1) (3.3)

number of errors, where
n = 2m − 1 (3.4)
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for some integer m and
k > n−mt (3.5)

where t < 2m−1 [52].
Apart from their flexibility on code design and capability of correcting all ran-

dom patterns of up to n−k
log(n−1) number of errors, there are several decoding algo-

rithms for BCH codes proposed in the literature. Among these decoding algorithms,
here, OS decoder is the one which attracts more attention compared to the others,
due to its performance for short block-lengths and parametrized structure, that can
be changed with a single variable, i.e. the order of the OS decoder. Although it
is proven that there does not exist any BCH code that can achieve the capacity
as n → ∞, but it is shown in [53] and [54] that the performance of an extended
BCH code with OS decoder performs better than the other candidate codes and
approach to the normal approximation of the maximum achievable rate for short
block-lengths.

3.2.2 Convolutional Codes with Viterbi Decoder

Convolutional codes are one of the powerful and easy to implement codes. To-
day, they are used in several standards including IEEE 802.11 and satellite com-
munication standards as well. Convolutional encoding contains memories and has
a different encoding structure than the linear block codes. Due to the memories,
outputs at any given time unit depend on the inputs of the instantaneous time and
on the m previous inputs, where m is the number of memories in the encoding
scheme.

Convolutional codes are first presented by Elias in 1955 [55] as an alternative
to linear block code. An efficient decoding algorithm, which is based on finding the
most likely codeword from among the set of all possible codewords, is presented
by Viterbi in 1967 [56]. The Viterbi algorithm excessively decreases the decod-
ing complexity, but the complexity still scales exponentially with the number of
memories. It is numerically shown in [57] that, compared to other coding schemes,
convolutional codes with Viterbi decoder perform good and approach the maximum
achievable bound. However, this happens with high memory orders, which reveals
a trade-off for complexity constrained receivers.

3.2.3 LDPC Codes with Belief Propagation Decoding

LDPC codes have been first proposed by Gallager [58] in 1962. But due to its
computational burden they could not be used practically until 1997 when they were
rediscovered by Mackay [59]. Today, thanks to the developments made in the field
of integrated circuits, LDPC codes are being used in several wireless standards such
as IEEE 802.11n.
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Figure 31: CEP for several (128,64) codes over the BI-AWGN channel.

LDPC codes are linear codes and have low density, i.e. having relatively small
number of 1s in the parity check matrix, the decoding process is computationally
efficient. However, although LDPC codes with the iterative bilief propagation de-
coding approach capacity with long codewords, e.g. n > 105, their performance
degrades for moderate or short codeword lengths [54].
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Figure 32: CEP for several (128,85) codes over the BI-AWGN channel.

3.2.4 Polar Codes with Successive Cancellation Decoder

Polar codes are linear block error correcting codes and first discovered by Arikan
in 2009 [60]. It is proven that polar codes with successive cancellation decoder are
capable of achieving the capacity for binary memoryless symmetric channels when
the code length approaches infinity. Therefore, polar codes are proposed to be used
in 5G communications systems [61]. However, for short length codes, successive
cancellation decoding fail to satisfy reasonable error-correction performances com-
pared to other coding schemes. This issue has been solved by list decoding, albeit
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Figure 33: A general block diagram of data transmission.

the expense of computational complexity.

3.2.5 Performance Comparison

Performance comparisons among these channel coding schemes are presented in
Fig. 31 and Fig. 32 for several (128,64) and (128,85) codes over the BI-AWGN
channel. The finite-length performance benchmark is the normal approximation
shown in (2.70) and the benchmark error rate is computed as

εm = Q

(√
n

V
(C − r)

)
. (3.6)

The performance of OS decoders with several orders show that it approaches
the benchmark as the order becomes sufficiently high. Similar to the OS decoder,
tail-biting convolutional codes are also performs better than most of the codes and
their performance approach to the normal approximation as the memory number
increases. On the other hand, performance of LDPC codes with belief propagation
decoder and polar codes with successive cancellation and successive list decoding are
also depicted in the figure. Although, LDPC codes have slightly better performance
than the polar codes, both codes’ performance fall behind compared to the others.

In this dissertation, we mainly focus on BCH codes with OS decoders, since
empirical results show that they perform better relative to other short block length
codes. Next, we further focus on OS decoders.

3.3 Ordered-Statistics Decoder

A communication medium described in Fig. 33 in which communication over a
BI-AWGN channel is considered. Thus,

ui ∈ {0, 1}, (3.7)

and
xi ∈ {−

√
ρ,+√ρ}, (3.8)
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the received sample yi ∈ R, and h is the deterministic channel coefficient that is
known to the receiver and transmitter. Suppose that the encoder at the transmitter
is a linear block code encoder where the channel inputs are obtained as follows

x = u�G (3.9)

where� denotes Boolean multiplication and G is the generator matrix in systematic
form such as

G = [I|P ], (3.10)

where I and P are the k × k identity matrix and k × (n− k) parity check matrix,
respectively. Thus, the channel encoder takes k number of information bits and
produces an n length of codeword and the transmission rate is

r = k

n
. (3.11)

The binary n-length codeword is finally converted to transmit signals, where we
assume that if the ith codeword symbol is 0, it will be received as √ρ + zi, and if
it is a 1, it will be received as −√ρ + zi, where zi represents the ith i.i.d. zero-
mean unit-variance real Gaussian random variable. Thus, after receiving the noisy
channel output y at the receiver, the decoder maps the received sequence into an
estimate of the message.

For a linear block code (n, k, dmin) a brute-force approach to ML decoding is
generally impossible for non-trivial codes, since the computational demand is too
high. Various different decoding algorithms have been proposed in the literature
for decoding of linear block codes. Here, we will mainly focus on the OS decoder
which is a universal near-optimal soft decoder that can decode any linear block
code and originally presented by Lin and Fossosier in [62] in 1995. OS decoder is
based on ordered statistics of the received noisy codeword.

3.3.1 Statistics of Ordered Vectors

Let

s = [s1, s2, s3, · · · , sn] (3.12)

be a sequence of n i.i.d. realizations of the random variable S with respect to some
distributions. There, we define a new sequence wihich is the ordered sequence of
s, denoted as so, and ordered according to the amplitude values of s in decreasing
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order. We denote the the order statistics as

so1 = max{s1, s2, · · · , sn}, (3.13)
so2 = The second biggest of [s1, s2, · · · , sn], (3.14)
...

son−1 = The second smallest of [s1, s2, · · · , sn], (3.15)
son = min{s1, s2, · · · , sn}, (3.16)

In this part, we mainly focus on the distribution of the ordered sequence so.
Here, we first start with the distribution of the minimum, i.e. son. The CDF of

the minimum can be written as

Fson(x) = P(son 6 x) (3.17)
= 1− P(son > x) (3.18)
= 1− P(s1 > x, s2 > x, · · · , sn > x) (3.19)
= 1− P(s1 > x)P(s2 > x) · · ·P(sn > x) (3.20)
= 1− (1− Fsi(x))n , (3.21)

where we used the i.i.d. properties of the samples. Then we can achieve the PDF
by differentiating Fson(x)

fson(x) = ∂

∂x
Fson(x) (3.22)

= ∂

∂x
{1− (1− Fsi(x))n} (3.23)

= n (1− Fsi(x))n−1
fsi(x) (3.24)

Similarly, the CDF of the maximum is

Fso1 (x) = P(so1 6 x) (3.25)
= P(s1 6 x, s2 6 x, · · · , sn 6 x) (3.26)
= P(s1 6 x)P(s2 6 x) · · ·P(sn 6 x) (3.27)
= (Fsi(x))n , (3.28)

and its corresponding PDF is

fso1 (x) = n (Fsi(x))n−1
fsi(x) (3.29)

Theorem 3.1. The joint density of the ordered vector is

fso1, so2, ··· , son(x1, x2, · · · , xn) =
{
n!
∏n
j=1 fs(xj), if x1 > x2 > · · · > xn,

0, otherwise.
(3.30)
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Proof. Let us first write the joint CDF

P(so1 6 x1, s
o
2 6 x2, · · · , son 6 xn). (3.31)

We redefine the joint CDF and define it as

P(y1 < so1 6 x1, y2 < so2 6 x2, · · · , yn < son 6 xn), (3.32)

where
yn < xn 6 yn−1 < xn−1 6 · · · 6 y2 < x2 6 y1 < x1. (3.33)

Notice that there are n! different possible ordering sequences which all has the same
probabilities. Therefore, we can write

P(y1 < so1 6 x1, y2 < so2 6 x2, · · · , yn < son 6 xn) =
n!P(y1 < s1 6 x1, y2 < s2 6 x2, · · · , yn < sn 6 xn) (3.34)

Since the samples are i.i.d., we can simplify

P(y1 < s1 6 x1, y2 < s2 6 x2, · · · , yn < sn 6 xn) =
n∏
i=1

P(yi < si 6 xi) (3.35)

=
n∏
i=1

(Fs(xi)− Fs(yi)) . (3.36)

Thus,

P(y1 < so1 6 x1, y2 < so2 6 x2, · · · , yn < son 6 xn) =

n!
n∏
i=1

(Fs(xi)− Fs(yi)) . (3.37)

Notice that one can also define the left hand side as

P(y1 < so1 6 x1, y2 < so2 6 x2, · · · , yn < son 6 xn) =∫ xn

yn

∫ xn−1

yn−1

· · ·
∫ x2

y2

∫ x1

y1

fso1, so2, ··· , son(u1, u2, · · · , un)du1du2 · · · dun, (3.38)

which can be written in the form of the joint density by taking derivatives ∂
∂x1

∂
∂x2
· · · ∂

∂xn
.

Hence, differentiating (3.37) with respect to x1, x2, · · · , xn leads to (3.30), which
only holds if x1 > x2 > · · · > xn.

Theorem 3.2. The marjinal PDF of roi is

fso(x) = n!
(n− i)!(i− 1)!fs(x) (Fs(x))i−1 (1− Fs(x))n−i . (3.39)
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Proof. The marginal PDF of soi can be achieved by integrating out the unwanted
xjs from the joint PDF fso1, so2, ··· , son(x1, x2, · · · , xn). Let us start by integrating
out xn from the joint density. Since the joint density has been defined under the
constraint x1 > x2 > · · · > xn−1 > xn, the marginalization is done over −∞ and
xn−1

fso1, so2, ··· , son−1
(x1, x2, · · · , xn−1) =

∫ xn−1

−∞
fso1, so2, ··· , son(x1, x2, · · · , xn)dxn

(3.40)

= n!
n−1∏
i=1

fs(xi)
∫ xn−1

−∞
fs(xn)dxn (3.41)

= n!Fs(xn−1)
n−1∏
i=1

fs(xi) (3.42)

Continuing this process until we reach xi yields

fso1, so2, ··· , soi (x1, x2, · · · , xi) = n!
(i− 1)! (Fs(xi))i−1

i∏
j=1

fs(xj). (3.43)

Next, we can continue integrating off from the other side of the vector

fso2, ··· , soi (x2, · · · , xi) =
∫ ∞
x2

fso1, so2, ··· , soi (x1, x2, · · · , xi)dx1 (3.44)

= n!
(i− 1)! (Fs(xi))i−1

i∏
j=2

fs(xj)
∫ ∞
x2

fs(x1)dx1 (3.45)

= n!
(i− 1)! (Fs(xi))i−1

i∏
j=2

fs(xj) (1− Fs(x2)) . (3.46)

Similarly, this process can be continued until xi is reached and finally (3.39) is
achieved.

3.3.2 Overview of OS Decoding

Let us define the output of the AWGN channel as

yi = xi + zi, (3.47)

where zi represents the ith i.i.d. zero-mean unit-variance real Gaussian random
variable. When all the codewords in the codebook C have equal transmission prob-
ability, the log-likelihood-ratio (LLR) of the ith symbol of the received noisy code-
word can be computed as

Λ = loge
P{xi = 1|yi}
P{xi = 0|yi}

. (3.48)



3.3. ORDERED-STATISTICS DECODER 45

Notice that for the binary input transmission that is considered in this dissertation,
the LLR can be simplified to

Λ = 2yi. (3.49)

In the OS decoder, the scaled magnitude of the LLR is considered as the reliability
oif the received sample, which is defined as

ymi = |yi|. (3.50)

The decoding process is then briefly summarized as follows:

• Sort the received noisy codeword y in decreasing order with respect to the
absolute amplitude values and form the sorted binary vector yo,

yo = κ(ym), where |yo1| > |yo2| > · · · > |yon|. (3.51)

where κ(·) represents the permutation pattern.

• Hard-decode yo to produce

yh = sign(yo), where sign(z) =
{

0, if z < 0,
1, if z > 0.

(3.52)

• Re-order the columns of the generator matrix such that Go = κ(G) and apply
the Gauss-Jordan elimination to form the new systematic generator matrix
G∗.

– Note that it is possible that the first k columns of G′ may be linearly
dependent. In this case, reaching to a new systematic generator matrix
G∗ is not possible. Therefore, a second permutation is needed in order
to have k independent columns.

– Note that it is relevant to find out an ordered sequence in the first k
samples and the second n− k samples, such that

|yo1| > |yo2| > · · · > |yok| (3.53)

and
|yok+1| > |yok+2| > · · · > |yon|, (3.54)

after the second permutation which leads to k independent columns in
the permuted G matrix, i.e. κ2(κ1(G)), where κ1(·) and κ2(·) represent
the first and second permutation functions, respectively.

• Generate the set of error vectors, denoted as T , depending on the order−s.

– The order−s determines the search set of the decoder.
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– For instance, the test error vectors for order−2 OS decoder can be listed
as

order− 0 t1 = [000 · · · 000] (3.55)

order− 1



t2 = [000 · · · 001]
t3 = [000 · · · 010]
t4 = [000 · · · 100]
...
tk+1 = [100 · · · 000]

(3.56)

order− 2



tk+2 = [000 · · · 011]
tk+3 = [000 · · · 101]
tk+4 = [000 · · · 110]
...
t 1

2 (k2+k) = [101 · · · 000]
t 1

2 (k2+k)+1 = [110 · · · 000]

(3.57)

– It is clear that the number of test vectors generated at each order level
is (

k

s

)
= k!
s!(k − s)! . (3.58)

• The set of test codewords is then formed by mapping

(r ⊕ ti)Gκ, (3.59)

where ti ∈ T is the ith error vector and ⊕ represents the binary addition.

• Search over ti that minimizes the Euclidean distance between the encoded
binary vector and y′.

• The decoded information sequence is then produced by performing the inverse
permutation and selecting the first k bits.

Hence, the OS decoding of y can be formulated as

x̂OS = κ−1

(
argmax

{x̂| t∈T, x̂=(y∗⊕t)�G∗}
P(x̂|y′)

)
(3.60)

= κ−1

(
argmin

{x̂| t∈T, x̂=(y∗⊕t)�G∗}
‖y′ − x̂‖2

)
, (3.61)
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Figure 34: Block diagram of an OS decoder.

where κ−1(·) applies the inverse permutation to the codeword that minimizes the
Euclidean distance.

Note that, the key item of the decoder is the order−s of the decoder since it
determines the range of the codeword search and substantially affect the probability
of erroneous estimates. The cardinality of T for order−s, where s ∈ N, is

|T | =
s∑
i=0

(
k

i

)
. (3.62)

In this dissertation, we assume s ∈ Q+ due to the reasons that will be explained in
the next chapters. Associated with s, the list, T , of

|T | =
bsc∑
i=0

(
k

i

)
+
⌊

(s− bsc)
(

k

bsc+ 1

)⌋
(3.63)

test error patterns (TEPs), i.e., bit sequences of length k, is formed. This list
includes all the TEPs with Hamming weight 6 bsc and the most probable TEPs
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with Hamming weight bsc+ 1, which can be computed based on the probability of
having bsc+ 1 number of errors at different locations in the first k bits of the hard
decoded κ(y) [63, Lemma 1].

In fact, this number is the total number of codeword comparisons and polyno-
mially increases in the order of ks. As s → k the cardinality of T approaches 2k
since

k∑
i=0

(
k

i

)
= 2k (3.64)

and hence the decoding process will consider all possible codewords and the perfor-
mance will be equivalent to the ML decoding. However, in order to approach the
ML decoder performance, it is shown in [62] that assuming an AWGN channel, the
recommended decoding order is

sr = min
{⌈

dmin

4 − 1
⌉
, k

}
, (3.65)

where dmin represents the minimum Hamming distance of the codeword set and d·e
is the ceiling function. Therefore, by using OS decoder one can approach the ML
performance by eliminating at least

2k −
sr∑
i=0

(
k

i

)
(3.66)

number of unnecessary codeword comparisons.

3.3.3 Statistics of the Received Noisy Codeword

Without loss of generality, let us assume an all-zero codeword is modulated and
transmitted by the transmitter, in which case the codeword is

x = [0, 0, 0, · · · , 0], (3.67)

and the transmitted vector is

s = [−1, −1, −1, · · · , −1]. (3.68)

The received noisy vector is then

y = [y1, · · · , yi, · · · , yn] (3.69)

with
yi = −1 + zi, (3.70)

where zi represents the i.i.d. zero-mean unit-variance real Gaussian random vari-
able.
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Due to the channel statistics, PDF of each yi can be represented as

fy(x) = 1√
2π

exp
(
− (x+ 1)2

2

)
. (3.71)

Since the ordering is based on the magnitude of the received sample yi, we next
focus on the PDF of the magnitude of yi. The PDF of ymi can be written as

fym(x) =
{

0 , if x < 0
1√
2π

(
exp

(
− (x+1)2

2

)
+ exp

(
− (x−1)2

2

))
, if x > 0

(3.72)

and its CDF is

Fym(x) =
{

0, if x < 0
1−Q (x+ 1)−Q(x− 1), if x > 0

(3.73)

Given ym, we obtain the ordered vector yo in decreasing magnitude by ordering
ym

yo = [yo1, yo2, · · · , yon] (3.74)

such that
|yoi | > |yoi+1|, for 1 6 i 6 n. (3.75)

Notably, we denote the the order statistics as

yo1 = max{ym1 , ym2 , · · · , ymn }, (3.76)
yo2 = The second biggest of [ym1 , ym2 , · · · , ymn ], (3.77)
...

yon−1 = The second smallest of [ym1 , ym2 , · · · , ymn ], (3.78)
yon = min{ym1 , ym2 , · · · , ymn }, (3.79)

where, for simplicity, it is assumed that the second permutation in Gaussian elimi-
nation is identity.

Remark 3.1. Using the arguments of ordered statistics, we can write the PDF of
the ith component of yo as

fyo(x) = n!
(n− i)!(i− 1)!fy(x) (Fym(x))i−1 (1− Fym(x))n−i . (3.80)

Remark 3.2. Following the derivations in Theorem 3.1 and Theorem 3.2, the PDF
of the magnitude of the ith component of yo can be written as

f|yo|(x) = n!
(n− i)!(i− 1)!fy

m(x) (Fym(x))i−1 (1− Fym(x))n−i . (3.81)
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Notably, an exact closed form expression for the error probability of an order−s
OS decoder has not been derived yet in the literature. However, several bounds
have been presented. In [62] an approximation on the upper-bound on the error-
performance of an order−s OS decoder has been achieved. This approximated
bound requires computation of an s + 1-dimensional integral. Authors further
improved their analysis and derived a new two-dimensional approximation on the
upper-bound of the error probability of an order−s OS decoder in [64]. Next,
Dhakal et. al. [65] presented an upper bound on the error probability that can
be computed by evaluating a single-dimensional integral. It is shown that the
probability of having e number of errors in the first k positions of the permuted
noisy codeword yo can be expressed as

P{having e errors in the first k positions of yo} =

perror(e) =
∫ ∞

0

(
k

e

)
f∗(x)e(1− f∗(e))k−ef|yo

i+1|(x)dx, (3.82)

where
f∗(e) = Q (x+ 1)

1 +Q (x+ 1)−Q (−x+ 1) . (3.83)

Further, the error probability of an order−s OS decoder is upper bounded by

εOS(s) 6 εML + P{more than s errors occur in the first k positions of yo }

(3.84)

= εML +
(

1−
s∑
i=0

perror(i)
)
, (3.85)

where εML represents the error probability of the maximum-likelihood decoder.
Notably, Yue et.al. studied the OS decoder and its statistics and further im-

proved Eq. (7.4) in [63]. It is shown that the statistics of having e number of
errors between the ith and jth positions of an n-length ordered codeword yo, where
1 6 i < j 6 n, can be expressed as

perror(e)[i,j] =



(
n
e

)
(1−Q (−1))eQ (−1)n−e , if i = 1 and j = n,∫∞

0
(
j
e

)
f†(∞, y)e(1− f†(∞, y))j−e

×f|yo
i+1|(y)dy, if i = 1 and j < n,∫∞

0
(
n−i+1
e

)
f†(x, 0)e(1− f†(x, 0))n−i+1−e

×f|yo
i−1|(x)dx, if i > 1 and j = n,∫∞

0
∫∞

0
(
j−i+1
e

)
f†(x, y)e(1− f†(x, y))j−i+1−e

×f|yo
i−1|,|y

o
i+1|(x, y)dxdy, if i > 1 and j < n,

(3.86)
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Figure 35: CER performace of OS decoder with different orders compared to the the
normal approximation (3.6) error rate bound for BI-AWGN channel where n = 128
and k = 64.

where

f†(x, y) = Q (x+ 1)−Q (y + 1)
Q (x+ 1)−Q (−x+ 1) +Q (−y + 1)−Q (+y + 1) (3.87)

and f|yo
i
|,|yo

j
|(x, y) represents the joint PDF of the magnitude of the ith and jth

components of the ordered sequence yo. Notice that when i = 1 anf j = k, Eq.
(3.86) simplifies to Eq. (7.4).

Performances of OS decoders with different orders where k = 64, n = 128, and
dmin = 22 are shown in Fig. 35. The information bits are encoded with BCH
encoder and εm represents the normal approximation error rate bound derived
from 2.70. Fig. 35 shows that as the order−s increases, the performance of the OS
decoder increases and reaches εm when sr = 5. Note that although increasing the
order−s boosts up the performance, it also leads to an increase in the computational
complexity of the decoder as it will be shown in the next Chapter.
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Chapter 4

Decoding Complexity

Although the non-asymptotic achievable bounds reveal the theoretical limits,
achieving them is still an open problem. However, the selection of a channel en-
coding and decoding scheme that can perform close to the limit is significant in
terms of increasing the transmission efficiency of the communication system. Sev-
eral coding schemes that are suitable for URLLC are introduced in Chapter 3 and
in [53,54,66–70]. Their performances in the finite blocklength regime are also shown
therein where performance of a decoder, in general, is identified according to its gap
to the non-asymptotic limits. However, although it is observed that some channel
coding schemes can perform very close to the limits, computational complexity is
neither taken into account in the comparisons of the coding schemes nor in the
derivation of the theoretical limits.

There exists no generally accepted measure for the computational complexity
of a typical channel decoder. Nevertheless, the total number of operations per-
information-bit is often selected as a metric for the computational complexity as
shown in [71, 72]. In [73], the computational complexity of several decoding algo-
rithms, suitable for URLLC, is presented. Based on these results, it is shown in [74]
that complexity of the coding schemes exponentially increases as they approach to
the theoretical limits. It is also further shown that an excess power with respect to
the theoretical limits must be spent to achieve a fixed allowed error rate at a fixed
transmission rate, when a particular code is chosen. As discussed in [75] and [76],
latency due to the computational complexity of a decoder is inversely proportional
to the average computational power of a processor, in terms of speed. Therefore,
a computationally intensive decoding process takes relatively longer duration in
a complexity constrained receiver, such as low-budget IoT receiver. [77, 78]. In
such applications, latency due to decoding is a significant determinant of decoder
cost [79].

Latency due to the decoding of a packet is neglected in several studies as it
is assumed that decoding happens instantaneously [80–83]. In [81, 82] and [83],

55
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even though the decoding latency is assumed to be negligible, the inevitable delays
due to structural properties of LDPC and convolutional codes are investigated and
performance comparisons in case of equal structural delays are presented. A similar
analysis on structural delay for learning-based coding schemes is recently presented
in [84]. Decoding latency for the state-of-the-art codes such as LDPC and polar
codes is investigated in [85–87], in which low-complexity decoding schemes have
been proposed. Recently, extended BCH codes [52] with OS decoders [62] have
gained interest of the research community due to their good performance in the
finite blocklength regime [63,88]. It is shown that the OS decoder performs close to
the ML decoder for linear block codes with substantially lower decoding complexity.

The goal of this chapter is to investigate the maximal performance limits of
short packet communications when the decoding complexity of OS decoders is taken
into account. In this study, analyzes on decoding latency and reliability are pre-
sented which are based on the per-information-bit computational complexity of
OS decoders. Although the main focus is on OS decoders, we also discuss on the
applicability of the proposed model to the other families of codes.

For notational consistency, given a fixed codebook C containing 2k codewords
of length n, we denote an OS decoder as D(n, r, s, ρ), where it is meant that the
OS decoder of order−s operates at rate r with SNR ρ, and ε(n, r, s, ρ) denotes the
achieved CEP with the codebook C at SNR ρ with order−s.

4.1 Modeling the Decoding Complexity

The decoding complexity model that is proposed in the present chapter is based
on linear block codes with OS decoders, originally presented in [62]. The three
most important reasons of this selection can be listed as follows.

• In prior works, [54, 88], it has been shown that there exist linear block codes
with OS decoders that can perform very close to the information-theoretic
bounds for finite n.

• The decoding performance of OS decoders can be easily parameterized by a
single parameter, i.e., the order, s ∈ Q [62].

• Finally, the operations that are executed during decoding can be accurately
tracked and the decoding complexity can be efficiently and intuitively de-
scribed.

Although there exists no generally accepted measure for the computational com-
plexity of a typical channel decoder, it can be calculated by observing the number
of addition, subtraction, multiplication, division, comparison, and table look-up
operations. Since most of these operations are equivalent in terms of binary oper-



4.1. MODELING THE DECODING COMPLEXITY 57

ations, the total number of binary operations per-information-bit is often selected
as a metric for calculating the computational complexity of decoders [71–73].

4.1.1 Computational Complexity of the OS Decoder

Computational complexity of an OS decoder can be determined by decomposing
the steps of a typical OS decoder. Here, we assume the system model described in
the previous chapter. An uncoded binary information sequence

u = [u1, u2, . . . , uk], ui ∈ {0, 1} (4.1)

of k 6 n bits is mapped to an encoded binary sequence

b = u�G, (4.2)

where G ∈ {0, 1}k×n is the generator matrix, of n bits which are then mapped to
the transmitted codeword x using the rule

xi = 2bi − 1. (4.3)

At the decoder, we consider the use of an OS decoder with order−s. Thus, the
decoding steps at the receiver can be listed as

• Sorting the received noisy codeword with respect to the absolute amplitude
values. Using a standard sorting algorithm, this takes n log(n) operations.

• Using the same permutation function, the G matrix can be permuted simul-
taneously, i.e. in the same amount of time.

• Perform Gauss-Jordan elimination of the permuted matrix. Computing the
reduced row echelon form of a k×n matrix binary takes k2n binary operations
[89, Ch. 7.1]. Occasionally some additional permutation may be needed if
the reduced matrix is not itself in systematic form.

• Encode each test error pattern in T . Since we have a systematic generator
matrix, only the parity bits need to be computed, which can be done in
k(n − k) operations for each test error pattern, thus requiring |T |k(n − k)
operations all together.

• Find the correlation between each test codeword and the permuted received
pattern and choose the pattern with highest correlation. This is equivalent to
choosing the test codeword closest to the permuted received pattern. Since
each inner product requires n multiplication and addition operations plus a
single comparison. Thus, this step takes |T |n operations in total.
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• Extract the decoded information from the closest test codeword. This involves
applying the inverse permutation, already known, and it can be done with k
operations.

Hence, focusing on the computation intensive operations, the total number of
binary operations per-information-bit of an observed sequence, y can be calculated
by

K(n, k, s) = 1
r

log(n) + nk + |T |12

(
n− q + qn

k

)
, (4.4)

where q represents the number of quantization bits. Note that, here, K(n, k, s)
represents the number of binary operations per-information-bit that is required to
decode k number of information bits from an n-length noisy codeword with an
order-s OS decoder.

The first term in (4.4) is the complexity term corresponding to the sorting, the
second term is due to the Gauss-Jordan elimination of the permuted G matrix and
the third term is due to the mapping of the set of test codewords and comparisons
with κ(y). Notably, one can add additional complexity terms due to the other
processes. However, since their total complexities are relatively smaller compared
to the terms in (4.4) for short blocklengths, we skip them and adopt (4.4) in further
analysis.

Notice that when s < 2, (4.4) is dominated by the Gauss-Jordan elimination
and for s > 2, the second part dominates the complexity. To address the limiting
behavior of K(n, k, s), one can use Stirling’s approximation, given as

x! =Γ(x+ 1) (4.5)

≈
√

2πxx+ 1
2 exp (−x) , (4.6)

where Γ(·) is the Gamma function

Γ(z) =
∫ ∞

0
xz−1 exp (−x) dx. (4.7)

Implementing Stirling’s approximation for the binomial coefficient we have(
k

s

)
≈

√
2kπkk exp(−k)

Γ(s+ 1)
√

2(k − s)π(k − s)k−s exp(s− k)
(4.8)

=
(

1− s

k

)s− 1
2 exp(−k)(

1− s
k

)k ks

Γ(s+ 1) (4.9)

= O (ks) (4.10)

since as k → ∞ the first term, the denominator in the middle term, and exp(−k)
tend to 1. Then, we are only left with ks

Γ(s+1) . Thus, the complexity order of OS
decoder can be expressed as

K(n, k, s) = O(nks). (4.11)
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The choice of the order, s, limits the search space for the most probable test
codeword by limiting the size of the list, T . In comparison to the ML decoder,
that performs in general an exhaustive search over the codebook, which entails
exponential complexity in k, a choice of a moderate s leads to substantial reduction
in decoding complexity.

4.1.2 Relation of Decoding Complexity with Other
Communication Parameters

Next, in order to address the relation of K(n, k, s) with other communication
parameters, we define some easily verifiable properties of the considered codes by
comparing the relative performance of two decoders from the same decoder family
operating on the same codebook or on the sub-codebooks [73,77,90].

Property 1. Let two decoders, D1(n, r, s1, ρ) and D2(n, r, s2, ρ), operate on the
same codebook C with s1 6 s2 at the same SNR. It follows immediately by the
selection of the TEP lists that T1 ⊆ T2, which implies

K1(n, k, s1) 6 K2(n, k, s2) (4.12)

and
ε1(n, r, s1, ρ) > ε2(n, r, s2, ρ) (4.13)

for every ρ. Intuitively, more complex decoder leads to lower CEP.

Property 2. Let two decoders D1(n, r, s, ρ1) and D2(n, r, s, ρ2), operate on the
same codebook C with different SNR levels given that ρ1 6 ρ2. Then, it must be
true that

ε1(n, r, s, ρ1) > ε2(n, r, s, ρ2) (4.14)

where the complexities of two decoders are the same. Intuitively, higher operating
SNR leads to lower CEP.

Property 3. Take the following two decoders, D1(n, r1, s1, ρ) and D2(n, r2, s2, ρ).
Assume that D1(n, r1, s1, ρ) is operating over a sub-codebook of D2(n, r2, s2, ρ),
where r1 6 r2 and C1 ⊆ C2, at the same SNR and complexity, i.e. K1(n, r1, s1) =
K2(n, r2, s2). It is true that due to the size of the sub-codebook,

ε1(C1, s, ρ) 6 ε2(C2, s, ρ). (4.15)

Intuitively, more information leads to higher CEP.

Property 4. For the two decoders stated in Property 3, D1(n, r1, s1, ρ) and D2(n, r2, s2, ρ),
where r1 6 r2 and C1 ⊆ C2, D2(n, r2, s2, ρ) can achieve the same CEP level with
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Figure 41: CEP performace of OS decoders with n = 128 and k = 64 (black) and
k = 71 (blue) number of information bits at different orders compared to the the
normal approximation CEP bound for BI-AWGN channel.

D1(n, r1, s1, ρ), i.e. ε1(n, r1, s1, ρ) = ε2(n, r2, s2, ρ), by increasing its order such
that

s1 6 s2 (4.16)

and therefore
K1(n, k1, s1) 6 K2(n, k2, s2) (4.17)

Thus, more information leads to higher complexity.

Next, we validate the listed properties by analyzing the empirical performance
of OS decoders with various orders and transmission rates. In Fig. 41, performance
results of OS decoders with orders s = {0, 1, 2} where n = 128 and k = {64, 71} are
depicted with dotted lines. The extended BCH code [52] is used for the encoding.
The error bounds, shown with solid lines, are calculated from (2.70).

Property 1 and 2 can be seen by fixing k and letting the order−s to vary. It is
seen that as the order increases, the performance of the decoder improves and ap-
proaches the optimal decoder, albeit at the expense of higher decoding complexity.
Similar results are also achieved by fixing s and letting SNR vary.

Property 3 and 4 can be illustrated by fixing an order and letting k to vary. It
can be seen that for fixed SNR, the decoder with k = 71 has worse performance
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than the decoder with k = 64 and, from (4.4), it also has higher per-information-bit
complexity.

4.2 Latency with Decoding Complexity Constraints

The transmission latency, LT , is proportional to the blocklength, n, however,
the decoding latency depends on multiple parameters, i.e., (n, k, s), in a more com-
plicated way. With stringent aggregate latency and reliability requirements, the
optimal selection of the various parameters becomes a non-trivial task.

4.2.1 Decoding Latency

It is often encountered in the literature of latency-constrained communication
that the aggregate latency equals to the time required for the transmission of a
message over the communication channel. This implies that other operations nec-
essary for the successful delivery of the information, e.g., the time required for the
decoding, are assumed to happen instantaneously. However, this assumption is
not true for receivers with computational complexity constraints. Therefore, we
consider the aggregate latency LA as

LA = nTs + LD + LQ, (4.18)

where Ts is the symbol time and LD and LQ denote the decoding latency and
the duration for signal propagation and other auxiliary processes such as signal
processing and consequent decision making tasks, respectively. Since LQ does not
depend on encoding and decoding processes, we neglect it from further analysis.

The decoding time of an OS decoder is influenced by a series of factors such as
the particular hardware platform. Therefore, the definition of Ld is a controversial
process since it is directly related to the hardware platform and software capabili-
ties. However, for simplicity and generality, we assume that the binary operations
are handled sequentially by the processor which leads to a linear relation between
the total decoding duration and the time required for a binary operation on the
hardware platform, denoted as Tb [91]. Thus, the total transmission and decoding
latency for the transmission of a codeword of blocklength n can be written as1

LA = nTs + kTbK(n, k, s). (4.19)

Notice that kK(n, k, s) gives the total number of binary operations required for
decoding. Of course, a more accurate estimation on LD can be done by investigating
software optimization capabilities, memory timings, parallel computation, etc. But
since these are not in the scope of this part of the dissertation, we confine (4.19)
for further analysis. Interested readers may refer to [92].

1We assume that decoding starts right after the codework transmission.
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4.2.2 Constraint on Aggregate Latency

Suppose the latency constraint is

LA 6 LM , (4.20)

where LM represents the maximum allowed latency. In general, two different com-
munication strategies can be considered in URLLC applications [35,79]:

• continuous-mode,

• sporadic/bursty-mode.

A typical assumption for continuous-mode transmission is that decoding resources
are chosen so that LD is upper-bounded by nTs. On the other hand, as discussed
in [79] and [93], URLLC traffic can be event-driven, therefore, sporadic. The focus
in this chapter is on sporadic/bursty-mode communication, where a single packet
is transmitted with a latency constraint on LA. Thus, depending on LA, LD can
be longer that nTs.

The constraint in (4.20) imposes an upper bound on the per-information-bit
decoder complexity such that

K(n, k, s) 6 LM − nTs
kTb

, (4.21)

as long as
LM > nTs. (4.22)

For fixed n and k, the constraint in (4.20) restricts the order−s as follows

s 6 sm (4.23)
= arg max
{s|s∈Q+, LA6LM}

K(n, k, s), (4.24)

where sm denotes the maximum allowed order. Due to the sum of binomial coeffi-
cients, used while calculating |T |, a closed-form expression on sm does not appear
to be obtainable.

Theorem 4.1. An upper bound on the per-information-bit complexity that gets
tighter with larger s can be derived as

K(n, k, s) 6 nk + 2kh(
sm
k )−1

(
n− q + qn

k

)
, (4.25)

where h(z) = −z log(z)− (1− z) log(1− z) is the binary entropy function.
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Proof. Let k > 1 and s
k 6 1

2 . It is true that

1 =
( s
k

+
(

1− s

k

))k
(4.26)

>
s∑
i=0

(
k

i

)( s
k

)i (
1− s

k

)k−i
. (4.27)

Define
Ai =

( s
k

)i (
1− s

k

)k−i
for i ∈ [0, s]. (4.28)

Then

logAi = i log
( s

nk

)
+ (k − i) log

(
1− s

k

)
(4.29)

> s log
( s
k

)
+ (k − s) log

(
1− s

k

)
(4.30)

= −kh
( s
k

)
. (4.31)

Using (4.26) and (4.29) yields, after some algebra, 2kh(
s
k ) >

∑s
i=0
(
k
i

)
.

Theorem 4.2. A tight approximation on sm can be expressed as

sm ≈
k

2

1−

√
1−

(
1 + log τ

k

)4/3
 . (4.32)

Proof. From (4.25) we get

h
(sm
k

)
>

1
k

(1 + log τ) , (4.33)

where
τ = 1

n(k + q)− qk

(LM − nTs
Tb

− nk2
)

(4.34)

A lower bound on sm can be numerically evaluated from (4.33) since the binary
entropy function is monotonically increasing for

sm
k

6
1
2 . (4.35)

Finally, the prrof ends by using the tight approximation for binary entropy function
given as

h(z) ≈ (4z(1− z))3/4
. (4.36)

However, we note that a constraint on order−s may lead to a degradation in
the CEP performance of the OS decoder. In particular, if sm < sr, the CEP of the
most complex allowable decoder will be appreciably higher in comparison to the
ML CEP bound.
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4.3 Power Penalty

It is shown in (4.24) that the selection of an order−s for a particular code of
fixed n, k and ρ can be used to control the aggregate latency LA of the commu-
nication, albeit at the expense of reduced reliability. In Fig. 35 for a fixed SNR
the lowest CEP is given by the εm curve. Constraining the order−s of the decoder,
though, incurs a CEP degradation that is a vertical upwards step to the curve with
corresponding s. In order to satisfy a desired target reliability, a power penalty,
i.e., an amount of excess power, has to be paid. Visually, this can be represented as
a horizontal rightward step in Fig. 35. Hence, an interesting, yet complex, relation
between power, aggregate latency, decoding complexity arises.

Definition 4.1 (Power penalty). Fix a codebook C of 2k codewords of blocklength n.
For a reference SNR, ρr, consider the CEP, εm, given by the normal approximation
in (2.70) and the suboptimal decoder D(n, r, s, ρ) that achieves εm at SNR ρ′ such
that

ρ′ = min
{ρ∈R+, ε(n,r,s,ρ)6εm}

ρ. (4.37)

The quantity
∆ρ = ρ′ − ρr (4.38)

is the power penalty required, such that the suboptimal decoder can achieve the same
CEP as (2.70).

For a fixed rate r = k
n the reference SNR ρr can be computed by taking the

inverse of (2.70),
ρr = R−1(n, r, ε). (4.39)

R(n, ρ, ε) is strictly increasing in ρ and therefore invertible. Although there is
no closed form expression of ρr for BI-AWGN channels, it can be numerically
evaluated.

Remark 4.1. Since the ML decoder minimizes CEP, it holds that

∆ρ > 0. (4.40)

For a family of codes that does not achieve the bound even with ML decoding, it
holds

∆ρ > ∆ρML > 0, (4.41)

where ∆ρML is the power gap of the best code within that family of codes from the
normal approximation.

Theoretically, it is possible to operate at rate r with SNR ρr (or ρr + ∆ρML
for codes not achieving the bound), however, a possibly prohibitively complex de-
coder is required for such a power-rate selection. Similar empirical results are also
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presented in [74] and [94]. Extensive studies on OS decoders reveal that this expo-
nential increase is similar at all rates for fixed n [94].

It is clear from the above that a model is required to quantify the power penalty.
Bounds on the performance of OS decoders are available [62, 65], however, these
bounds are mathematically intractable for further analytical analysis. In Fig 42.a
we plot the required SNR values so that an OS decoder of order s achieves CEP
εm = 10−5 for a codebook of blocklength n = 128 and various rates. Each blue,
horizontal line joins the operating points of eBCH codes with OS decoding, CEP
εm and a fixed rate. Starting from right to left the order of the decoder increases
from s = 0 to s = 5 and each marker shows the required SNR of a decoder at a
fixed rate. Note that these SNR values are computed via extensive simulations of
the respective codes by starting the CEP analyses from low SNR and detecting the
required amount by gradually increasing it until CEP reaches εm. For the purpose
of comparison, we also show the capacity of the BI-AWGN channel with the dashed
line and the normal approximation with the solid line.

Fig. 42.a illustrates the following:

• The performance of OS decoders closely approachesR(n, ρ, ε) if s is sufficiently
high.

• As the decoding complexity increases with increasing s, the power penalty
required for the desired CEP decreases.

• Conversely, an aggregate latency constraint, which implies a decoding com-
plexity constraint, i.e., an upper bound on the order s, leads to a correspond-
ing power penalty, if a desired CEP is to be guaranteed.

In Fig. 42.b the total number of binary operations per-information-bit is plotted
as a function of the power penalty for order−s = {0, 1, 2, 3, 4, 5} where n = 128,
k = 64 and n = 64, k = 36 codes. Similar numerical results have also been produced
for various n and k values for fixed ε and it has been observed that for all cases,
the relation between the logarithm of the computational complexity, logK(n, k, s),
and power penalty can be modeled by a law of the type

F (∆ρ) ∆= 1
a
√

∆ρ+ b
, (4.42)

with appropriate choices of the constants a > 0 and b > 0.
This model describes in an accurate and tractable way the trade-off between

decoding complexity and power penalty for practical finite-length codes. The co-
efficients a and b can be found with an iterative approach that searches the values
which minimize the mean square error between the logarithmic computational com-
plexity of decoders at the specified power gap and the model F (∆ρ).
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Figure 42: (a). Power requirements of OS decoders with different orders at different
rates for εm = 10−5 when n = 128. (b). Power penalty values of OS decoders at
different orders versus their complexities for n = 128, k = 64, and n = 64, k = 36
where εm = 10−5.
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Based on extensive numerical simulations, it is observed that for fixed n, the
values of a and b do not appreciably change as k varies. Therefore, for simplicity,
we assume that a and b are functions of n only. As ∆ρ→ 0

lim
∆ρ→0

F (∆ρ) = 1
b

(4.43)

and the ultimate complexity of an OS decoder that can achieve the benchmark is
≈ 21/b.

Given that a and b are strictly positive, F (∆ρ) is a monotonically decreasing
function in ∆ρ, since

F ′ = − a

2
√

∆ρ
(
a
√

∆ρ+ b
)2 < 0. (4.44)

The monotonicity of F (∆ρ), which follows from (4.44), is a consequence of the
behaviour based on Fig. 42.b and is a direct consequence of the decoder’s operation
as given in Properties 1 and 2. Further, (4.44) reveals that a desired CEP can
be achieved with a lower complexity decoder as long as sufficient excess power is
available, and vice-versa.

Lemma 4.3. Consider the system model described in Sec. 8.1 and let a constraint
LA 6 LM with LM > nTs imposed on a complexity constrained OS decoder, where
the aggregate latency is expressed as (4.19). Based on the proposed model in (4.42),
the minimum amount of power penalty that is required to guarantee a desired CEP
is

∆ρmin =

1
a

[(
log LM − nTs

kTb

)−1
− b

]+
2

, (4.45)

where [z]+ = max{0, z}.

Remark 4.2. Lemma 4.3 shows the minimum amount of excess power that is
needed in order to fulfill the latency and reliability requirements for a complexity
constrained OS decoder with BI-AWGN channel. From (4.45), it is clear that for
fixed n and Ts, as Tb decreases, i.e., the receiver is equipped with a more powerful
processor, ∆ρm decreases and hence the gap to the normal approximation shrinks
and vanishes if

Tb 6
1
k

21/b[LM − nTs]+. (4.46)

On the other hand, for fixed n, if the transmission rate, r, increases, ∆ρmin also
increases and the gap to the normal approximation widens.

The latest argument expressed in Remark 4.2 can be explained as follows. Re-
call that selecting the maximum allowed K(n, k, s) leads to the minimum amount
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of power penalty and, based on the upper bound on per-information-bit decoder
complexity given in (4.21), for fixed n, as k increases, i.e., when transmitting at
higher rates, (4.21) decreases. Thus, in order to assure this inequality, as k in-
creases, a simpler decoder, with smaller s, is required, which eventually leads to
higher power penalty.

4.4 Maximal Information Rate with Latency Constraints

Here, an approximation on the maximal information rate that can be achievable
under latency, reliability, and complexity constraints is presented.

Lemma 4.4. For a complexity constrained receiver with aggregate latency expressed
in (4.19), the maximal achievable information rate subject to latency, LA < LM
with LM > nTs, and reliability constraints, denoted as M∗, can be closely approxi-
mated as

M∗ ≈M(n, ρ, ε), (4.47)

where
M(n, ρ, ε) = R(n, ρ−∆ρmin, ε). (4.48)

Proof. For fixed rate and blocklength n the maximum allowable decoding time can
be calculated using (4.19). This in turn yields the required power penalty ∆ρ via
(4.42) which eventually leads to ∆ρmin. Finally, according to (4.45), M(n, ρ, ε) can
be determined by shifting the normal approximation by ∆ρmin to the right.

Lemma 4.5. M(n, ρ, ε) is monotonically increasing in ρ.

Proof. Let us introduce the following two maximal rates: R(n, ρ1, ε) and R(n, ρ2, ε).
Suppose that ρ2 > ρ1, then using the monotonic structure of the channel capacity
[95],

R(n, ρ2, ε) > R(n, ρ1, ε), (4.49)

and therefore, using Remark 2,

∆ρmin2
> ∆ρmin1

> 0. (4.50)

Hence,
M(n, ρ2, ε) >M(n, ρ1, ε). (4.51)

In Fig. 43 the information rate is plotted as a function of the SNR in dB. The
dashed line corresponds to the capacity of the BI-AWGN channel and the solid line
to the normal approximation for n = 128 and εm = 10−5. The remaining three
plots in the figure correspond to maximal information rate when latency constraints
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Figure 43: Maximum achievable rates under latency and complexity constraints for
n = 128, ε = 10−5, Ts = 1µs, and Tb = 1ns.

LM = {10, 1, 0.3}ms are imposed. It is assumed that the symbol interval is Ts =
1µs and the time required for a binary operation is Tb = 1 ns. One can see that
the achievability bound shifts to the right more as the constraint on time shrinks.
It can be also observed that the gap between normal approximation and M(n, ρ, ε)
widens as r increases as it is mentioned in Remark 2.

Lemma 4.3 and Lemma 4.4 reveal that constraints on aggregate latency and
decoding complexity limit the maximal information rate. These results are crucial
to understand the capabilities of the communication system and to increase the
efficiency. Next, we will discuss some non-trivial optimization problems which affect
the efficiency of the communication systems.

4.5 Discussion

4.5.1 Higher Order Channel Selections

A complex-valued time domain signal represents a pair of two real-valued signals
carrying the real and imaginary parts. Therefore, as shown in [96, Ch. 5], the
complex channel can be thought of as two independent uses of a real AWGN channel
and therefore the capacity of the complex AWGN channel is two times the capacity
of the real AWGN channel.
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In this dissertation, the aim is on describing a general model abstraction that
shows in a general but tractable way the trade-off among decoding complexity, la-
tency, and error performance for short codes and creating a framework that can
be extended to multidimensional modulation formats. Thus, we analyze the trans-
mission of a real binary signal over a complex AWGN channel, since it is known
that most of the practical linearM-ary modulation formats over complex AWGN
channel can be decomposed into log(M) parallel BI-AWGN channels. It is straight-
forward to extend our results for linear multidimensional modulation formats by
taking a similar approach. This can be done by updating the capacity and dis-
persion formulas in Eq. (2.70) and adding an extra term to K(n, k, s) in Eq.
(4.4) which represents the total number of computations while calculating the bit
log-likelihood ratios.2 Hence, assuming multidimensional modulation does not con-
tribute any further insight and the assumption on selecting BI-AWGN channel does
not restrict the generality of the study. However, analysis that are based on higher
order modulation formats cannot be generalized due to their specific shape and
structure.

Due to the reasons that are listed above, other studies in [88, Ch. 8], [54],
[63], [97], [98], [99], [74], [100], [101] that mainly focus on coding schemes for next-
generation communication systems also present their results assuming BI-AWGN
channel.

4.5.2 Other Families of Codes

Thus far we have reviewed the cost of the decoding when computational compu-
tational constraints are taken into account. Results that have been presented so far
depend on the model that is introduced in Section 4.2 where the trade-off between
computational complexity and power penalty for a fixed reliability constraint is
modeled in a simple way. Although (4.42) was derived based on linear block en-
coder and OS decoders, results in the literature, [74, Fig. 6], [69, Fig. 6.1 to Fig.
6.9], reveal that when it comes to the relation between computational complexity
and power penalty in the short block-length regime, other families of codes follow
a similar pattern. Here, we further extend our conclusions to the following coding
schemes, which are considered as promising solutions for URLLC applications:

• TBCCs with list Viterbi decoding [102],

• polar codes under 7-bit cyclic-redundancy-check aided successive cancellation
list (SCL) decoding [54,103],

• binary LDPC codes with min-sum decoder [104],

2Notably, the extra term due to the calculation of the bit- log-likelihood ratios is some constant
term for fixed n and therefore does not effect the analysis
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and illustrate that their behaviour can be closely modelled by (4.42).
Notably, the field of practical codes is extensive and many tricks can be used

to reduce the complexity of a decoder. However, this is beyond the scope of this
study. Here, there is no intent to find the optimal decoder in terms of computational
complexity. Instead, we consider reasonably optimized off-the-shelf codes which are
also considered as promising solutions for URLLC applications and illustrate that
their computational complexity versus power gap behavior follow similar trends to
the OS decoder.

Recall that the complexity-reliability trade-off in OS decoders is controlled with
the order−s, whereas this parametrization in TBCCs, polar codes, and LDPC codes
can be controlled by the memory size, M, list size, L, and maximum iteration number,
I, respectively. Therefore, performance of TBCC with M = {1, 2, 4, 6, 8, 10, 12, 14}
[54,81], SCL for polar codes with L = {1, 2, 4, 8, 16}, and finally min-sum decoding
for LDPC with I = {1, 2, 5, 10, 20, 50, 100, 250} are investigated.3

CEP results of these codes for n = 128, k = 64 are shown in Fig. 44a. It is
seen that performance of TBCC codes is approaching the normal approximation
as M increases. The performance of LDPC and polar codes improves as I and L
increase. However, although polar codes are performing better than LDPC codes,
in terms of CEP, TBCC outperforms both of them, of course, at the expense of a
high decoding complexity, which are shown in the next figure.

In Fig. 44b the total number of binary operations per-information-bit is plotted
as a function of the power penalty for TBCC, LDPC, and polar codes to achieve
ε = 10−5, where the per-information-bit complexities of the decoders are obtained
from [73]. Although, the values of M, L, and I are not depicted, as one can predict,
these values are increasing as the decoder approaches the bound. One can see that
the trade-off between complexity vs. power penalty for TBCC, LDPC, and polar
codes can be closely pursued with the proposed model given in (4.42). Hence, it can
be advocated that (4.42) is a useful proxy for a general study of URLLC systems
with computational complexity constraints.

4.5.3 Parallel Processing

An important feature that can significantly reduce the decoding duration is
the availability of parallel processing, which is the possibility of executing multiple
computational processes in multiple processors simultaneously. Implementation of
parallel processing depends on the parallelizability of the computational task. Sup-
pose that a fraction α of a computational task is parallelizable, meaning that only
the fraction α of the total task before parallelization can be executed in parallel,

3It is worth to note that although the parameter change at the decoder does not effect the en-
coder structure and complexity in linear coding schemes, it may change the convolutional encoder
and increase or decrease its complexity.
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Figure 44: Power penalty values of TBCC, LDPC, and polar codes versus their
complexities for n = 128, k = 64 where εm = 10−5.
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Figure 45: The theoretical speedup of the latency of the computational task as a
function of the number of parallel processors, according to Amdahl’s law.

whereas the fraction (1 − α) of the task needs to be run sequentially. The theo-
retical upper bound on the speed-up of the execution duration is addressed by the
Amdahl’s law [105,106]

U = LD
LPD

= 1
α
P + (1− α) , (4.52)

where U , LD, LPD, and P represent the speed-up in time of the computational
task, the total decoding duration on a single processor, the total decoding duration
with parallel processing, and the number of parallel processors, respectively. Thus,
optimally, the execution time of a task with parallel processing is U times faster
than running the same task sequentially. Numerical examples are depicted in Fig.
45, where the theoretical speedup of the latency of the computational task, U , are
plotted as a function of the number of parallel processors, P, for various α values.

Using (4.19) and (4.52), one can relate the speed-up coefficient U to Tb as the
following

TPb = 1
U
Tb, (4.53)

where TPb can be named as the average time required for a binary operation in
parallel processing, in which all processors in parallel are identical and the execution
time of a binary process is Tb for all. Hence, (4.53) shows that the effect of parallel
computation is linear in Tb.
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4.6 Conclusions

The aggregate latency caused by codeword transmission and decoding is studied
in this chapter under decoding complexity constraints. An empirical model that can
accurately track the trade-off between computational complexity of OS decoders
versus their power gap to the normal approximation is proposed. Based on the
insights from the proposed model, it is shown that decoding time has a considerable
effect on the bounds of the short block-length codes if a latency constraint on the
system is present.



Chapter 5

Optimal Parameter Selection with
Latency, Reliability, and Decoding
Constraints

5.1 Motivation

The bounds in the finite blocklength regime show the theoretical limits. How-
ever, achieving these limits is still a challenge. One significant determinant of this
problem is the selection of a proper channel encoder and decoder pair which can
achieve performance levels close to the theoretical limits. Therefore, significant
amount of work has been published in the recent years to investigate the perfor-
mances of various coding schemes in finite blocklength regime to find the optimum
selection for URLLC applications. Empirical performance results for these coding
schemes have been investigated and compared in [54,66,74]. It is shown that linear
block codes with OS decoder and TBCC with Viterbi algorithm outperform and
their performance approach to the non-asymptotic limits. Due to their performance
in the finite blocklength regime, these two coding schemes have gained interest of
the research community. Bounds on the performance of OS decoders are derived
in [63] and a novel low-complexity algorithm is proposed. Performance of TBCC
is studied in [57] for URLLC applications and lists of generator polynomials lead-
ing to large minimum distance convolutional codes are presented. On the other
hand, structural delays, which is a significant factor for low-latency applications,
for linear block codes and convolutional codes are studied in [107]. It is shown
that convolutional codes have considerable advantages in terms of lower structural
delays. Possible implementation opportunities of polar codes in 5G applications are
discussed in [108]. Furthermore, research on deep-learning based coding schemes
for short blocklengths is also attracting significant interest as it is shown in [70,109]
that it is possible to create deep-learning based coding schemes for URLLC applica-
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tions. Additionally, learning based decoder complexity reductions for convolutional
codes and OS decoders are discussed in [110] and [111], respectively.

In general, performance of a decoder comes with an unavoidable cost: its compu-
tational complexity. The trade-off between the performance and complexity yields
many studies to mainly focus on decreasing the computational cost of a decoder.
Such trade-off, for instance, can be observed in OS decoders and TBCCs by chang-
ing their order and memory sizes, respectively. It is shown that such decoders with
higher order/memory perform better. Besides, their complexity, in terms of number
of binary operations per-information-bit, exponentially increases.

A consistent way to compute the aggregate latency due to the OS decoding pro-
cess for complexity constrained receivers is presented in the previous chapter. Then,
a mathematically tractable model that can accurately show the trade-off between
the computational complexity of the OS decoder, in number of binary operations
per-information-bit, versus the excess power to the non-asymptotic achievability
bound is introduced. In this chapter, with the help of this model, we address
non-trivial optimization problems that are related to URLLC systems with OS
decoders and computational complexity constraints. The following optimization
problems are investigated:

• Given that a fixed number of information bits are intended to be transmitted
under reliability and power constraints, what is the optimum selection of
transmission parameters that leads to the minimum aggregate latency?

• Given that a fixed number of information bits are intended to be transmitted
under reliability, power, and latency constraints, what is the optimum selec-
tion of transmission parameters that leads to the minimum energy-per-bit?

• Under reliability, power, and latency constraints, what is the optimum se-
lection of transmission parameters that leads to the maximum number of
information bits to be transmitted?

Solutions to the optimization problems reveal that the optimal parameter choices
are directly associated with the constraints. Thus, the optimal design of a URLLC
system is substantially influenced when decoding latency is taken into considera-
tion.

5.2 System Model

We consider communication over a discrete-time BI-AWGN channel. A sequence
of n symbols

x = [x1, x2, . . . , xn], xi ∈ {−1,+1}, (5.1)
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which is termed as codeword, is transmitted over the channel. The observed se-
quence at the receiver is

y = √ρx + z, (5.2)

where z ∼ N (0, In) and ρ denotes the signal-to-noise ratio (SNR).
Recall that the capacity C of this channel can be expressed, as a function of ρ,

by

C = 1√
2π

∫
exp

(
−z

2

2

)
(1− log (1 + exp (−2ρ+ 2z√ρ))) dz. (5.3)

The channel dispersion V for this channel is

V = 1√
2π

∫
exp

(
−z

2

2

)(
1− log (1 + exp (−2ρ+ 2z√ρ))− C

)2
dz, (5.4)

Given C and V , the achievable rate of the channel can be computed as given in
(2.70). Notably, the big O(·) notation in (2.70) describes the limiting behavior
of the third term as n → ∞. In our analysis, we take the first two terms of the
normal approximation into account and treat it as if it were exact, with the implicit
understanding that the terms of order O(·) and smaller are omitted.

5.3 Minimization of Aggregate Latency

We consider the transmission of a packet that contains a fixed number of in-
formation bits, k, and we are interested in minimizing the aggregate latency, LA,
subject to reliability and transmit power constraints. Such an optimization problem
can be encountered in scenarios of industrial control, where, e.g., a sensor trans-
mits a fixed-precision measurement or a control message out of a list of 2k possible
messages.

The formulation of the problem follows

minimize
n,ε,ρr,∆ρ,s

LA (5.5a)

s.t. ε 6 εm, (5.5b)
ρr + ∆ρ 6 ρm, (5.5c)
k/n 6 R(n, ρr, ε), (5.5d)
0 6 ρr, (5.5e)
0 6 ∆ρ, (5.5f)
0 6 s 6 k, (5.5g)
k 6 n. (5.5h)
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Here, it is assumed that Tb and Ts are fixed. The optimization variables are
n, ε, ρr, ∆ρ, and s. (5.5b) and (5.5c) represent error rate and power budget con-
straints, respectively. Lastly, (5.5d) indicates the maximal achievable rate without
decoding complexity constraints, as given by (2.70).

Lemma 5.1. The optimum point of (5.5) is achieved with equality in (5.5b).

Proof. We prove the lemma by contradiction. First of all, for fixed ρr and given
that

R(n, ρr, ε) 6 R(n, ρr, εm), (5.6)

the feasible set for n becomes the largest for

ε = εm. (5.7)

Then assume that the optimal decoder is

D(n∗, r∗, s∗, ρ∗r + ∆ρ∗) (5.8)

with
ε(n∗, r∗, s∗, ρ∗r + ∆ρ∗) < εm. (5.9)

For some σ > 0 small enough we can find a decoder

D(n∗, r∗, s∗ − σ, ρ∗r + ∆ρ∗) (5.10)

that can achieve
ε(n∗, r∗, s∗ − σ, ρ∗r + ∆ρ∗) = εm. (5.11)

However, the complexity of this decoder is smaller than the optimal one and hence
achieves a smaller aggregate latency without violating the CEP constraint.

The problem now can be further split into a countable sequence of problems,
one for every feasible n. Fixing n implies that the rate is also fixed, i.e., r = k/n.
Hence, the reference SNR, ρr, follows by solving r = R(n, ρr, εm). It must be noted
that a solution to the problem for fixed n can be found only if

ρr 6 ρm, (5.12)

otherwise the problem is infeasible for the particular n. Finally, the problem for
fixed n, when feasible, can be written as

minimize
∆ρ,s

K(n, k, s) (5.13a)

s.t. 0 6 ∆ρ 6 ρm − ρr, (5.13b)
0 6 s 6 k. (5.13c)
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or equivalently the objective function is the maximization of a
√

∆ρ + b, which is
achieved when

∆ρ = ρm − ρr. (5.14)

The optimal s is given by the following theorem.

Theorem 5.2. For a given n, such that the problem is feasible, the corresponding
order−s that minimizes lt can be closely approximated to

s ≈ 1
2

(
k −

√
k2 + 3

√
k2η4

)
, (5.15)

where
η = F (ρm − ρr) + 1− logn. (5.16)

Proof. F (∆ρ) is a monotonic decreasing function in ∆ρ. The complexity of the
simplest decoder that meets the constraints can be found while selecting the highest
power that is ρr + ∆ρ = ρm and the complexity of this decoder is

≈ 2F (ρm−ρr). (5.17)

Finally, (5.15) can be obtained by using the same analogy in (4.32).

The optimum selection can be found with exhaustive search over all n values. A
numerical example of the feasible region, denoted as S, for various n with respect
to ρ is illustrated in Fig. 51.a where k = 64, ρm = 5dB, εm = 10−5, Ts = 1µs, and
Tb = 1ns. Note that no decoder can be identified until the feasibility condition is
met. The optimum, that is shown with a circle, can be found by searching along
ρ = ρm. A computationally efficient algorithm, linear in n, is proposed in Algorithm
1.

Algorithm 1 Minimization of LA
1: for n = nmin, nmin+1, · · · , nmax do
2: compute: ρr from (4.39)
3: compute: F (∆ρ) from (4.42)
4: if ρm > ρr then
5: K(n, k, s) = 2F (ρm−ρr)

6: else
7: K(n, k, s) = ∅
8: end if
9: compute: LA(n) = nTs + kK(n, k, s)Tb
10: end for

In Fig. 51.b the aggregate latency is plotted as a function of the codeword
length, n. It can be seen that for small n the code rate of the selected codebook
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Figure 51: (a). Realization of the feasible set S where k = 64, ρm = 5 dB,
εm = 10−5, Ts = 1 µs, and Tb = 1 ns. (b). Minimum LA with respect to n for
several ρm where k = 64, εm = 10−5, Ts = 1 µs, and Tb = 1 ns.
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must be very high. Hence, either the transmission is not possible when the required
code rate exceeds (2.70) or the required decoder must operate close to the normal
approximation, which yields high decoding complexity. This translates to very high
aggregate latency. As n increases, the required rate is decreasing, hence it is more
likely that it can be supported by the power budget or a rate sufficiently far from
the normal approximation can be selected. In this case, a decoder with low com-
plexity can be selected and the aggregate latency is dominated by the codeword
transmission latency. For power constraints ρm ∈ {5, 7, 10}dB, the optimal code-
word lengths are nopt = {212, 142, 91}, respectively. Infinite ρm implies that the
symbols are transmitted error free and nopt = k since from (4.42), kTb ≈ 0 s and
hence LA = nTs and linearly increases in n.

5.4 Minimization of per-Information-Bit Energy

Here, we consider minimizing the per-information-bit energy consumption, where
the transmission contains a fixed number of information bits, subject to reliability,
transmit power, and latency constraints. This optimization problem is significant
for communication scenarios where power efficiency is crucial, such as battery pow-
ered URLLC systems. A rough analysis may yield the following; minimization of
per-information-bit energy is proportional to SNR minimization. However, given
that a fixed number of k information bits must be transmitted, low SNR values
may either lead to theoretically unachievable transmission rates or rates that are
very close to the limits and require very complex decoders which may eventually
violate the latency constraint.

The optimization problem can be formulated as

minimize
n,ε,ρr,∆ρ,s

eb (5.18a)

s.t. ε 6 εm, (5.18b)
LA 6 LM (5.18c)
ρr + ∆ρ 6 ρm, (5.18d)
k/n 6 R(n, ρr, ε), (5.18e)
0 6 ρr, (5.18f)
0 6 ∆ρ, (5.18g)
0 6 s 6 k, (5.18h)
k 6 n. (5.18i)

where eb = (ρr + ∆ρ)/r represents the per-information-bit energy. Similar to (5.5),
it is assumed that the hardware platform is fixed and variables are same. In com-
parison, an additional aggregate latency constraint is imposed via (5.18c).
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Figure 52: (a). Realization of the feasible sets for various n where k = 64, ρm = 5
dB, εm = 10−5, LM = 1 ms, Ts = 1 µs, and Tb = 0.1 ns. (b). Minimum eb values
for k∗ = 64 for several different complexity constrained receivers where LM = 1ms,
ρm = 5dB, and εm = 10−5.
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Lemma 5.3. The optimum point of (5.18) is achieved with equality in (5.18b).

Proof. Assume that the optimal decoder is D(n∗, r∗, s∗, ρ∗r + ∆ρ∗) with

ε(n∗, r∗, s∗, ρ∗r + ∆ρ∗) < εm. (5.19)

However, for some
∆ρ∗ > σ > 0 (5.20)

small enough, one can find a decoder D(n∗, r∗, s∗, ρ∗r + ∆ρ∗ − σ) that can achieve

ε(n∗, r∗, s∗, ρ∗r + ∆ρ∗ − σ) = εm, (5.21)

which requires lower SNR than the optimal one and hence achieves a smaller per-
information-bit energy consumption without violating the CEP constraint.

The power constraint in (5.18d) is directly proportional to eb and limits it such
that

eb 6
ρm
r
. (5.22)

Further, we fix n and split the problem into countable sequence of problems. Now,
the rate, r, and the reference SNR, ρr, are also fixed. For a feasible n, that meets
(5.18e) with ρr > 0, the problem (5.18) now reduces to

minimize
∆ρ,s

∆ρ (5.23a)

s.t. LA 6 LM (5.23b)
0 6 ∆ρ 6 ρm − ρr, (5.23c)
0 6 s 6 k. (5.23d)

Without the latency constraint, given in (5.23b), (5.12) gives the feasibility
condition. However, selecting ∆ρ closer to 0 corresponds to a decoder with high
complexity, which may require longer LD for complexity constrained receivers and
may violate the latency constraint.

Lemma 5.4. For a feasible n, there is a set of feasible solutions if

∆ρmin 6 ∆ρ 6 ρm − ρr (5.24)

for ∆ρ > 0. Thus, the feasibility condition is

ρr + ∆ρmin 6 ρm. (5.25)

Proof. It is shown in (4.45) that ∆ρmin gives the minimum amount of power penalty
that needs to be paid due to the latency constraint for a fixed CEP. Therefore,
selecting the minimum excess power as ∆ρmin, guaranties (5.24).
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Algorithm 2 Minimization of eb
1: for n = nmin, nmin+1, · · · , nmax do
2: compute: ρr from (4.39)
3: compute: ∆ρmin from (4.45)
4: if ∆ρmin + ρr 6 ρm then
5: eb(n) = (∆ρmin + ρr)/r
6: else
7: eb(n) = ∅
8: end if
9: end for

Finally, the optimization problem reduces to

minimize
∆ρ,s

∆ρ (5.26a)

s.t. ∆ρmin 6 ∆ρ 6 ρm − ρr, (5.26b)
0 6 s 6 k. (5.26c)

Hence, the objective function is minimized when

∆ρ = ∆ρmin. (5.27)

It is worth noting that this operating point lies on M(n, ρ, εm). The corresponding
order−s is given in (4.32). An efficient algorithm that solves (5.18) is shown in
Algorithm 2.

Numerical realizations of the feasible set, S, for various n are demonstrated in
Fig. 52.a for k = 64, ρm = 5 dB. As seen, no feasible point can be identified unless
(5.24) is satisfied. Notice that the optimum point, depicted with a circle, lies on
the ρr + ∆ρmin line.

Minimum eb values for different Tb are depicted in Fig. 52.b where LM = 1ms,
Ts = 1 µs, ρm = 5dB, and εm = 10−5. The red dotted line represents the power
constraint and a selection above that line is infeasible. Minimum eb values at each
n value are depicted for four different receivers such that Tb ∈ {0, 0.001, 0.1, 1} ns,
where Tb = 0 ns represents infinite computation power. Notice that, due to the
power constraint, for the receiver with Tb = 1 ns, feasible selections exist only in a
small portion of n and the minimum is located where ρr + ∆ρmin = ρm. For the
rest, one can claim that as the hardware capability gets better, i.e. Tb decreases,
the optimum selection of n increases whereas optimum eb decreases.

5.5 Maximization of Total Transmitted Information Bits

Next, we investigate the following optimization problem: What is the maximum
k that can be transmitted subject to latency, CEP, and power constraints? This
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problem is crucial in terms of increasing the efficiency of the communication system
and can be formulated as

maximize
n,k,ε,ρr,∆ρ,s

k (5.28a)

s.t. ε 6 εm, (5.28b)
LA 6 LM (5.28c)
ρr + ∆ρ 6 ρm, (5.28d)
k/n 6 R(n, ρr, ε), (5.28e)
0 6 ρr, (5.28f)
0 6 ∆ρ, (5.28g)
0 6 s 6 k, (5.28h)
k 6 n. (5.28i)

Similar to the previous optimization problems, here we show that optimum
solution is achieved with equality in (5.28b). The proof is straightforward by using
similar analogy that is shown in Lemma 5.1 and Lemma 5.3.

Next, let us first explain the solution to this problem where unlimited computa-
tional power is assumed. In this case, a codeword can be decoded instantaneously
and therefore LD = 0 and all the latency budget can be used for transmission of
the codeword, thus,

ninf = LM
Ts

(5.29)

symbols can be transmitted at a rate that is determined by (2.70), which yields

kinf =
⌊
ninfR (ninf, ρm, εm)

⌋
. (5.30)

Notice that SNR is chosen to be ρm due to the monotonic structure of the channel
[95].

However, with decoding complexity constraints, the following trade-off arises.
If n is selected small, the available duration for decoding can be sufficient so that
a high rate code can be used. As n increases, the available duration for decoding
shrinks and a code with decreasing code rate must be selected so that the aggregate
latency constraint is satisfied. The solution of such a problem for complexity con-
strained receivers is not trivial and may need a comprehensive search with various
parameters.

Without loss of generality, let us first set ε = εm and fix n and split the problem
into a countable sequence of subproblems. It should be noted that LM/Ts is an
upper bound of n. It is shown in Lemma 5.4 that the latency constraint in (5.28c)
can be converted to a power penalty constraint. There, it is also shown that the
feasibility constraint is ρr + ∆ρmin 6 ρm.
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Figure 53: (a). Realization of the feasible set S(n = 128) where ρm = 7 dB,
εm = 10−5, LM = 1 ms, Ts = 1 µs, and Tb = 1 ns. (b). Maximum k for several
complexity constrained receivers where LM = 1ms, ρm = 7dB, and εm = 10−5.
Optimums are shown with circles.
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Here, we further extend and instead of converting the latency constraint into a
power constraint, using Lemma 4.3, we convert it to a rate constraint. Thus, the
problem reduces to

maximize
k,ρr,∆ρ,s

k (5.31a)

s.t. ∆ρ 6 ρm − ρr, (5.31b)
k/n 6M(n, ρr, εm), (5.31c)
(5.28f), (5.28g), (5.28h), (5.28i).

Numerical realization of such a problem is demonstrated in Fig. 53.a where n is
fixed to 128 and εm = 10−5, ρm = 7dB, LM = 1ms, Ts = 1µs, and Tb = 1ns. The
feasible set is shown with S(n). Notice that, due to Lemma 4.5, the sub-optimum
rate-power selection is the topmost point of the set S(n), which is also the junction
point of M(n, ρ, εm) and ρ = ρm, that is

M(n, ρm, εm). (5.32)

Hence, the solution to the optimization problem in (5.28) follows

kopt =
⌊
noptM(nopt, ρm, εm)

⌋
. (5.33)

where nopt, the optimum n that maximizes k, follows

nopt = arg max
{n|n∈N+}

nM(n, ρm, εm). (5.34)

A computationally efficient algorithm, linear in n, is proposed in Algorithm 3.

Algorithm 3 Maximization of k
1: for n = nmin, nmin+1, · · · , nmax do
2: compute: R(n, ρ, εm) using (2.70)
3: compute: ∆ρmin using (4.48), ∀r ∈ (0, 1]
4: compute: M(n, ρ, εm) using (4.48)
5: compute: k(n) =

⌊
nM(n, ρm, εm)

⌋
6: end for

In Fig. 53.b numerical results that correspond to the investigated scenario
are plotted for LM = 1ms, ρm = 7 dB, and εm = 10−5. Four different choices
for execution times for a binary operation are shown: Tb ∈ {0, 0.001, 0.1, 1}ns.
The previously introduced trade-off is clear here and the maximums appear at
nopt = {227, 381, 734, 1000}, respectively. Corresponding kopt values are kopt =
{96, 169, 393, 901}. Ratios of kopt values found for complexity constrained receivers
to the kopt of infinite computation power receiver are ≈ 0.1, 0.18, 0.43, respectively.
Thus, one can conclude that if complexity constraints and decoding duration are
taken into account, depending on the receiver capabilities, the maximum achievable
values are much less than the theoretical limits.
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5.6 Conclusions

Based on the maximal achievable transmission rates with OS decoders under
stringent latency and computational complexity constraints, in this chapter we
highlight the effects of these constraints on transmission parameters and show that
decoding time has a considerable effect on the optimal parameter selections. Thus,
in order to find the optimal parameters of the URLLC system several optimization
problems have been formulated and solved. It is further shown that if computational
complexity constraints and decoding duration are considered in the URLLC system
design, the optimum selections of the transmission parameters vary significantly
depending on the computational capabilities.



Chapter 6

A Multi-Objective Optimization
Framework for Finite Blocklength
Analysis

6.1 Motivation

The trade-off between the computational complexity and performance of a de-
coder has been investigated in Chapters 4 and 5 extensively and it is shown that
decoding complexity has a considerable effect in URLLC applications when pro-
cessing capabilities are taken into account. In this chapter, we further extent the
study in Chapter 5 and formulate a multi-objective optimization framework for fi-
nite blocklength analysis with the goal of maximizing the throughput, in terms of
transmitted information rate, and energy efficiency of the system together.

Such a goal is crucial for the design of URLLC IoT use cases where reliable in-
formation transmission is required under latency constraint with an energy efficient
communication protocols, since very long battery lifetimes are required [112]. Thus,
we identify the optimal selections of communication parameters where constraints
on both latency and reliability are met under decoding complexity constraint.

Some of the similar works in the literature, where the optimal parameters for
URLLC are studied, can be listed as follows. Optimum rate and power allocation for
URLLC are investigated in [113]. This work has been extended to non-orthogonal
multiple access networks to achieve a distributed rate control system design with
reliability constraints [114]. The trade-off between energy efficiency and reliability
is studied in [115] for low-power short-rage communication, where a MOOP has
been formulated and achievability of the optimal parameters are studied. Simi-
larly, optimum power allocations under reliability constraints for hybrid automatic
repeat request schemes are presented in [116]. However, no constraint on decoding
complexity has been considered in these studies.

89
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6.2 System Model

We consider communication over a discrete-time BI-AWGN channel. k number
of information bits are encoded with a linear block encoder and modulated to form
the n symbol codeword

x = [x1, x2, . . . , xn], xi ∈ {−1,+1}, (6.1)

The codeword x is then transmitted over BI-AWGN channel and the ratio r = k/n

is the code rate of the selected codebook. The observed sequence at the receiver is

y = √ρx + z, (6.2)

where ρ denotes the signal-to-noise ratio (SNR) and z ∼ N (0, In).
We consider a communication scenario where data transmission is performed un-

der latency, reliability, and decoding complexity constraints. The transmitter and
receiver select a transmission pair, denoted as [r, ρ], according to the constraints.
The receiver captures y and selects a decoder that fulfills the constraints. The goal
of this study is to investigate the optimum choice of transmission parameters that
guarantees to fulfill the constraints and maximize the efficiency of the communi-
cation system in terms of the objective function, which will be discussed in the
following sections.

6.3 Rate Gap

Suppose that, given n and ε, based on the SNR ρ, the transmitter and receiver
agree on a transmission rate that meets the CEP constraint. We denote this rate-
power transmission pair as

[r, ρ]. (6.3)

The transmission efficiency, in terms of increasing information transmission per
channel use, is maximized by selecting the codebook that can achieve r = R(n, ρ, ε)
[117]. However, as shown in Chapter 4, this selection can lead to a very complex
decoder which is not practical for receivers having complexity constraints since it
may violate the latency constraint or it will make the total latency too large. For
instance, the optimum maximum likelihood decoder, which requires an exhaustive
search over the codebook, implies exponential complexity in k which is not practical
even for short blocklengths.

Suppose the latency constraint on aggregate latency LA is introduced as shown
in Section 4.2.2. Recall that it is possible to introduce some amount of power
penalty to be able to meet the constraints. Here, we further introduce a new
definition that will be used in further analysis.
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Definition 6.1 (Rate gap, ∆r). Consider the ML decoder, operating on a codebook
with 2k codewords of blocklenth n at a coderate r, achieves εm CEP at the reference
SNR ρs. It is true that one can further decrease the CEP to ε′m, where ε′m < εm, by
omitting sufficient amount of codewords from the codebook and let the ML decoder
to operate over a sub-codebook. Although this operation reduces the coderate to
r′, where r′ < r , it also gives the flexibility of selecting a suboptimal decoder,
D(n, r′, s, ρs) with εm but substantially lower decoding complexity that can decode
k′ = nr′ number of information bits at SNR ρs. Thus, the difference between r and
r′ is the rate gap,

∆r = r − r′, (6.4)

such that the suboptimal decoder can achieve the same CEP with the same SNR as
the ML decoder by sacrificing some amount of coderate.

Recall Lemma 4.4 where we introduced the maximal achievable information
rate subject to latency, reliability, and decoding complexity constraints, M(n, ρ, ε).
Here, we show its relation with the rate gap.

Lemma 6.1. Lemma 4.4 can also be introduced in terms of rate gap such as

M(n, ρ, ε) = R(n, ρ, ε)−∆rmin, (6.5)

where ∆rmin represents the minimum amount of rate penalty that is required to be
paid to guarantee the desired CEP for fixed n and ρ under the latency, complexity,
and reliability constraints.

6.4 Problem Formulation

Several optimization problems for URLLC with decoding complexity constraints
have been introduced and solved in the previous hapter. The main logic in all those
optimization problems is minimizing or maximizing a single cost function of interest
subject to a set of constraints. In those single-objective optimization problems there
are two main assumptions such as

• the objective function under consideration has dominating importance,

• a-priori information about the good values for the constraints is already
known.

However, in real life implementations of URLLC, these assumptions may not hold
and various parameters are supposed to be optimized together. Here, we take our
analysis in Chapter 5 one step further and set the optimal design of URLLC systems
in a MOOP framework.
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A general structure of a MOOP follows

minimize
x

[f1(x), f2(x), · · · , fm(x)] (6.6a)

s.t. x ∈ X, (6.6b)

where X represents the set of available resources and the goal of the objective
in (6.6a) is to minimize all the m number of objectives simultaneously [118, 119].
Similar to (6.6), possible objectives for MOOPs for URLLC can be formulated by
a valid combination of the following constraints, such as

• minimization of LA,

• minimization of ε,

• minimization of ρ,

• minimization of K(n, k, s), and

• maximization of r,

where the optimization performs subject to constraints on the remaining parame-
ters. Since maximization of r and minimization of ρ are one of the two key param-
eters of a communication system, in this chapter, we select m = 2 and focus on
these two objectives.

Suppose an n-blocklength codeword that belongs to a codebook of size 2nrR ,
where rR stands for the reference transmission rate, is intended to be transmitted
at CEP ε. If no constraints on latency and decoding complexity are present or if
Tb = 0 s, which stands for infinite computation power, the reference transmission
rate-power is

[rR, ρR], (6.7)

where
ρR = R−1(n, rR, ε) (6.8)

represents the reference SNR. However, constraints may prevent to achieve [rR, ρR].
Suppose, for instance, a selected transmission rate-power pair that meets the con-
straints is

[rR −∆r, ρR + ∆ρ]. (6.9)

This selection arises a very significant optimization problem, being “Given a
blocklength n and reference transmission rate-power pair, [rR, ρR], under latency,
reliability, and decoding complexity constraints, what is the optimum selection of
power penalty and rate gap that allows the transmission to satisfy the constraints
under some optimality criterion?".

This MOOP can be formulated as the following
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minimize
k,ε

[∆r, ∆ρ] (6.10a)

s.t. ε 6 εm, (6.10b)
LA 6 LM , (6.10c)
0 6 ∆ρ, (6.10d)
0 6 ∆r 6 rR, (6.10e)
k 6 n, (6.10f)

where (6.10b) and (6.10c) represent the reliability and latency constraints, respec-
tively, and εm is the maximum allowed CEP of the decoder. (6.10d) and (6.10e) are
the numerical constraints on the variables. Since the hardware platform is assumed
to be fixed in (6.10), Tb and Ts are fixed.

Notice that the overall goal of this MOOP is to achieve the ultimate point [0, 0].
However, although selecting ∆ρ = 0 and ∆r = 0 is theoretically achievable, it
requires a very complex decoder to achieve the desired CEP. On the other hand,
selecting ∆ρ > 0 and ∆r > 0 yields a reduction in decoder complexity, but it
will also cause performance degradation in the transmission efficiency since the
rate-power pair is receding from the ultimate point [0, 0].

6.5 Optimal Rate-Power Selection

The MOOP can now be reformulated for the OS decoder with the following
additional constraints

minimize
k,ε,s

[∆r, ∆ρ] (6.11a)

s.t. (6.10b), (6.10c), (6.10f), (6.11b)
0 6 s 6 k, (6.11c)
rm 6 rR −∆r 6 rR, (6.11d)
ρR 6 ρR + ∆ρ 6 ρm. (6.11e)

where (6.11c) is the constraint on the order−s. Additionally, we also introduce two
constraints on rate and power. (6.11d) represents the constraint on transmission
rate selection, such that the rate cannot be below some value, denoted as rm. Sim-
ilarly, (6.11e) represents the constraint on power budget, such that the maximum
power cannot be above some value, denoted as ρm.

The MOOP introduced in (6.11) is a challenging problem due to the nonlinear
relations between latency, reliability and power requirements. An exhaustive search
over OS decoders with various orders at different rates is on the other hand a very
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complicated and inefficient solution to the problem. In this section, we investigate
(6.11) and show the optimum solution. We first start with the following Lemma.

Lemma 6.2. The optimum is achieved with equality in (6.10b).

Proof. Without loss of generality let us first assume that ∆r is selected to be the
optimum, ∆r = ∆r∗, and we focus on the minimization of ∆ρ. For fixed ρR, given
that

R(n, ρR, ε) 6 R(n, ρR, εm), (6.12)

the feasible set for n becomes the largest for ε = εm.
Also assume that the optimal decoder is

D∗(n, rR −∆r∗, s, ρR + ∆ρ∗) (6.13)

with
ε∗(n, rR −∆r∗, s, ρR + ∆ρ∗) < εm. (6.14)

However, for some ∆ρ∗ > σ > 0 small enough, one can find a decoder

D′(n, rR −∆r∗, s, ρR + ∆ρ∗ − σ) (6.15)

that can achieve εm which requires lower SNR than the optimal one without vio-
lating the CEP constraint, which contradicts with the assumption.

Similarly, now, we assume that ∆ρ is optimum, ∆ρ = ∆ρ∗, and the search is
over ∆r. Suppose that the optimal decoder is

D∗(n, rR −∆r∗, s, ρR + ∆ρ∗) (6.16)

with
ε∗(n, rR −∆r∗, s, ρR + ∆ρ∗) < εm. (6.17)

However, for some α > 0 small enough, one can find a decoder

D′(n, rR −∆r∗ + α, s, ρR + ∆ρ∗) (6.18)

with CEP εm that has lower rate gap, i.e. higher number of information bits
transmitted with higher error rate but still does not violate the CEP constraint,
which contradicts with the assumption.

Hence, the optimum is achieved with equality in (6.10b).

Next, we focus on the latency constraint, LA 6 LM . Recall that this constraint
is written in the form of a complexity bound on K(n, k, s) in (4.21). Using the
model in (4.42), this bound can be converted to a power penalty constraint using
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the the model proposed in (4.42). Thus, in the light of Lemma 4.4 and 6.1, the
optimization problem now reduces to

minimize
k,s

[∆r, ∆ρ] (6.19a)

s.t. rm 6 rR −∆r 6 min
{
M(n, ρR + ∆ρ, εm), rR

}
, (6.19b)

0 6 ∆ρ 6 ρm − ρR, (6.19c)
0 6 s 6 sm, (6.19d)
k 6 n, (6.19e)

where the minimum in (6.19b) is due to the fact that, by definition, ∆r > 0. Notice
that constraints on k and s can be omitted for further analysis, since their effect
have already been represented in (6.19b). Thus, we have

minimize [∆r, ∆ρ] (6.20a)
s.t. rm 6 rR −∆r 6 min

{
M(n, ρR + ∆ρ, εm), rR

}
, (6.20b)

0 6 ∆ρ 6 ρm − ρR. (6.20c)

From (6.19), the attainable objective set follows

S =
{
{∆r,∆ρ}

∣∣ [rR −M(n, ρR + ∆ρ, εm)
]+

6 ∆r 6 rR − rm,

for all 0 6 ∆ρ 6 ρm − ρR
}
. (6.21)

An illustration on the attainable objective set S is depicted in Fig. 61, where the
reference transmission rate is rs = 0.5 and constraints on rate, power, and latency
are rm = 0.25 and ρm = 8dB, Lm = 1ms, respectively. It can be seen that
the attainable objective set S relies in between the constraints defined in (6.19b),
(6.10d), and (6.10e).

Remark 6.1. For a given ∆ρ, that is,

0 6 ∆ρ 6 ρm − ρR, (6.22)

if
M(n, ρR + ∆ρ, εm) < rm, (6.23)

no feasible pair can be found.

Lemma 6.3. The set of optimum solutions of (6.10) always leads to transmission
pairs that lie on M(n, ρ, εm).

Proof. Recall that M(n, ρ, εm) represents the maximal achievable limit under la-
tency, realibility, and decoding complexity constraints. Any transmission rate-
power pair that violates M(n, ρ, εm), also violates the constraints in (6.10). Thus,
no better solution can be achieved above M(n, ρ, εm) and therefore the optimum
selections of ∆r and ∆ρ yield the set of transmission pairs that lies on it.
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Figure 61: A numerical realization that shows the attainable objective set of the
MOOP, denoted as S, where the reference transmission rate is rR = 0.5 and rm =
0.25, ρm = 8dB. The ultimate transmission point [rR, ρR] is shown with the red
dot. As a comparison, the capacity and the maximum achievable rate, defined
in (2.70), are also depicted with the maximum achievable rate subject to latency,
reliability, decoding complexity constraints, where n = 128, εm = 10−5, Lm = 1ms,
Ts = 1µs, and Tb = 1ns.

Lemma 6.3 shows that (6.19) is equivalent to the following

minimize [∆r, ∆ρ] (6.24a)
s.t. rR −∆r = M(n, ρR + ∆ρ, εm), (6.24b)

min
{
ρR − ρm, ∆ρRmin} > ∆ρ > 0, (6.24c)

min
{
rR − rm, ∆rRmin} > ∆r > 0, (6.24d)

where ∆ρRmin and ∆rRmin represent the minimum amount of power penalty and
rate gap that is required to meet the constraints at rate rR and SNR ρR, respec-
tively. The minimum selections in (6.24c) and (6.24d) is due to the maximum limits
of ∆r and ∆ρ.

As an example, let the optimum ∆r is selected to be 0, which leads to the rate
r = rR. Assuming that ρR−ρm > ∆ρRmin , setting ∆r = 0 only allows a horizontal
movement in Fig. 61 and therefore a certain amount of power penalty needs to be
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added in order to meet the constraints. The optimum rate-power pair would be

[rR, ρR + ∆ρRmin], (6.25)

since rR = M(n, ρR + ∆ρRmin, εm).
Similar analysis can be applied if the optimum ∆ρ is 0. Assuming that rR−rm >

∆rRmin, only a vertical movement is permitted. Since rR−∆rRmin = M(n, ρR, εm),
the optimum rate-power pair is

[rR −∆rRmin, ρR]. (6.26)

Definition 6.2 (Pareto boundary [120]). The set of the optimal objectives of a
MOOP is called the Pareto boundary. Any objective pair the belongs to the Pareto
boundary cannot be dismissed since none of the objectives can be improved without
degrading the others.

Corollary 6.1. M(n, ρ, εm) for ρR 6 ρ 6 min
{
ρm, ρR + ∆ρRmin} represents the

Pareto boundary.

Hence, any objective pair that belongs to the attainable objective region, S, but
not to the Pareto boundary is suboptimal, since there exist other operating points
that are better or at least as good for every objective. Numerical realizations of
Pareto boundaries that are achieved with different processor speeds, i.e. different
Tb values, are depicted in Fig. 62. Notice that the ultimate point [0, 0] can be
achieved when Tb 6 10−15 s. However, as Tb increases, i.e. the processor speed
decreases, the boundary moves away from the ultimate pair and a wider Pareto
boundary is experienced, which leads to a broader set of optimal set of objectives.

6.6 Objective Scalarization

Solution to the MOOP leads to a set of Pareto-optimal transmission pairs.
When selecting a single optimum rather than a set of optimal points is desired,
scalarization techniques are applied. The purpose of the scalarization is to aggre-
gate the objectives into a single objective function and reduce the problem to a
constrained single-objective optimization problem [118]. Several scalarization tech-
niques have been presented in the literature, such as penalty-based intersection
method, normal boundary intersection method, and weighted-lθ norm scalarization
method [121–123]. In this chapter, the focus will be on weighted-lθ norm scalariza-
tion technique due to its simple structure and broad applicability.

Mathematically, this technique can be applied to (6.10a) as [121]

minimize
(
Aα(∆r)θ +B(1− α)(log ∆ρ)θ

) 1
θ , (6.27)

for θ > 1 and 0 6 α 6 1, where α and (1− α) represent the linear positive weight
of the individual objectives and indicate the priority, θ is the value of the norm,
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Figure 62: Numerical realizations of the Pareto boundaries with rR = 0.5 for various
Tb, where n = 128, εm = 10−5, Lm = 1ms, and Ts = 1µs.

and finally A and B are some constant weights. For the simplicity of the analysis,
we set A = 1 and B = 1. Observe that ∆r and ∆ρ do not share the same units. In
the celebrated formula of Shannon for the real AWGN channel the rate is related
to the signal power via the logarithmic function. For this reason, we also consider
the logarithm of ∆ρ in the objective function instead of ∆ρ itself.

Setting α = 1, the objective function shifts to the minimization of ∆r. In this
case ∆r = 0 and the optimum transmission pair yields (6.25). On the other hand,
if α = 0, the objective function considers only ∆ρ. Therefore, the optimum pair
is the one shown in (6.26). Pareto-optimal transmission pairs that lie in between
(6.25) and (6.26) can be accessed by selecting different values of α, depending on
the convexity-concavity of the Pareto boundary [123].

The selection of the norm, θ, is a significant determinant for accessibility of
the Pareto-optimal pairs, due to the shape of the attainable objective set S, which
depends on the objective functions and constraints, some optimal pairs cannot be
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(a) rR = 0.5 (b) rR = 0.7

(c) rR = 0.9

Figure 63: Comparisons between the Pareto boundaries and the accessible
Pareto-optimal points with the linear weighted-sum objective function for rR =
{0.5, 0.7, 0.9} when n = 128, εm = 10−5, Ts = 1µs, Tb = 1 ns, and Lm = 1ms.
Here, we assume that rm and ρm are sufficiently low and high, respectively, such
that they have no observable effect on the Pareto boundary.

accessed with the selected scalarization function. This will be discussed further in
the following Section. We continue our analysis by setting θ = 1 and θ =∞, which
are the two most frequently used weighted-lθ norm scalarization techniques, namely
linear weighted-sum and weighted Chebyshev, respectively.

6.6.1 Linear Weighted-Sum Objective Function: θ = 1

By setting θ = 1, the objective function reduces to the weighted sum of the
objectives. The objective function can be written as

minimize α∆r + (1− α) log ∆ρ. (6.28)
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The channel capacity C for BI-AWGN channel is bounded between [0, 1]. Due
to its monotonicity in ρ, it exhibits a sigmoidal shape. Similar to C, (2.70) also
follows a sigmoidal shape, which leads to having convex and concave portions that
are separated with an inflection point. The inflection point represents the point
where the shape of the maximal rate curve changes from convex to concave. It is
denoted as {ri, ρi} and is the solution to the equation

∂2R(n, ρ, ε)
∂ρ2

∣∣∣∣∣
ρ=ρi

= 0. (6.29)

Since M(n, ρ, ε) is the ∆ρmin amount shifted version of R(n, ρ, ε) and ∆ρmin is
monotonically increasing in ρ, M(n, ρ, ε) also has a sigmoidal structure, where the
inflection occurs at ρi + ∆ρimin.

Remark 6.2. Due to the geometry of M(n, ρ, ε) in ρ, the Pareto boundary is{
concave when ρR 6 ρi,

convex when ρR > ρi + ∆ρimin.
(6.30)

However, when
ρi + ∆ρimin > ρR > ρi, (6.31)

the Pareto boundary consists of both concave and convex regions.

Thus, depending on ρi and ρR, the accessibility of the Pareto-optimal pairs with
linear weighting objective function can be separated into three parts:

Low-SNR regime (ρR 6 ρi)

This is the regime where the Pareto boundary is concave. Only two Pareto-
optimal points, which are the end points of the Pareto boundary, described in
(6.25) and (6.26), are accessible.

Medium-SNR regime (ρi + ∆ρimin > ρR > ρi)

This is the regime where the Pareto boundary is convex over a certain region
and concave over a certain other region, where these regions are specified in Remark
6.2. Within this regime, due to convexity, the optimal points located between

ρ ∈ [ρi + ∆ρimin, ρR + ∆ρsmin] (6.32)

are accessible. However, due to the concavity, optimal points between

ρ ∈ (ρR, ρi + ∆ρimin) (6.33)

are not accessible. Only the optimal point where ρ = ρR is accessible since it is the
end point of the Pareto boundary.
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High-SNR regime (ρR > ρi + ∆ρimin)

This is the regime where the Pareto boundary is convex and Pareto-optimal
points in between (6.25) and (6.26) are accessible.

This phenomenon can be seen in Fig. 63.a, 63.b, and 63.c, where Pareto
boundaries and accessible Pareto-optimal ∆r and ∆ρ values are depicted for rR =
{0.5, 0.7, 0.9}, respectively. When rR = 0.5, the Pareto boundary is concave. Thus,
only two Pareto-optimal points are accessible with the linear weighted-sum objec-
tive function. However, when rR = 0.7, the Pareto boundary is convex over a
part of the region and concave over the rest of the region and therefore the Pareto-
optimal points on the convex part are accessible. When rR = 0.9, the feasible region
yields a convex Pareto boundary and enables the objective function to attain all
Pareto-optimal points by selecting different values of α.

6.6.2 Weighted Chebyshev Objective Function: θ =∞

Another way of scalarization can be achieved by setting θ = ∞ where now the
objective function transforms to a weighted min-max formulation. This scalariza-
tion technique is known as the weighted Chebyshev objective function, which can
be formulated as the following

minimize max{α∆r, (1− α) log ∆ρ}. (6.34)

The weighted Chebyshev objective function guarantees accessing all Pareto optimal
points regardless of having concave or convex structure.

Remark 6.3. The Pareto boundary and its shape are not related to which scalar-
ization method is selected. Its shape is drawn according to the set S which depends
on the objective functions and constraints. The scalarization method only deter-
mines the accessible set of the Pareto optimal points. At the end, depending on
A, B, and α, the scalarization function will find a final optimal point. Therefore,
the final selected Pareto-optimal point will be different with different scalarization
functions.

6.7 Case Study: Battery-Powered Transmission

In this section, we exemplify the importance of the MOOP by a case study.
Suppose a battery-powered transmitter is communicating with a complexity con-
strained receiver, under latency and reliability constraints. The transmitter trans-
mits codewords with n = 128 blocklength under a latency constraint, defined in
(4.18). The objective is to maximize both the total number of information bits
transmitted to the receiver until the battery dies and increase the energy efficiency
at the same time. The transmitter and receiver set an ultimate transmission pair
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[rR, ρR] and limits on rate and power, denoted as rm and ρm, respectively. The
rate limit represents the minimum amount of information bits that must be sent
with every codeword transmission and power limit is due to the power budget of
the system. Then, transceivers search for a transmission pair that can meet the
constraints given the battery level.

One can envision the communication environment as the following, when the
battery is full, the transmitter can sacrifice power to maintain the constraints in-
stead of introducing rate gap. Besides, as the remaining battery power level is
decreasing, power is becoming more precious and the transmitter may need to in-
troduce some amount of rate reduction instead of sacrificing more power. This can
be achieved by defining the weight α being related to the remaining battery power
percentage, denoted as t. Thus, a sigmoid relation between α and t, is defined as

α = 1−
(

1 +
(

t

1 + t

)2
)−1

. (6.35)

From (6.35), α gets values close to 0 when the battery level is high and hence the
goal of the optimization problem yields the minimization of ∆r. However, as the
battery level decreases, α increases and approaches 1. Therefore, the focus of the
optimization problem shifts to the minimization of ∆ρ.1 A significant observation
here is that with the introduction of (6.35), the transmission parameters are be-
coming adaptive with respect to t and constraints. An efficient algorithm to find
the optimum transmission pair is shown in Algorithm 1.

6.7.1 Numerical Results

Suppose that a battery with B = 1Wh capacity is used for data transmission
at the transmitter. For each codeword transmission, the transmitter computes α
with respect to t and selects a transmission rate-power pair based on a target rate
rR and minimum rate rm and the latency, reliability and decoding complexity con-
straints. Here, it is assumed that a sequence of data transmission is happening
until the fully charged battery dies. Notice that as transmission continues, the
transmitter calculates the remaining power from [124]. As the battery power de-
creases, α changes accordingly. Therefore, a new Pareto-optimal transmission pair
is selected at each codeword transmission. This setup is an appropriate assump-
tion for battery-powered URLLC IoT use cases where event-driven transmission is
occurring [93].

For the empirical analysis, we assume 30dB average signal power attenuation
at a reference distance of 1m and −110dBm noise power at the receiver [125].

1The relation between α and t given in (6.35) can be accepted as a general example. Different
relations according to the relevance of t in the case study can be proposed.
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(a) Comparison of the rate selections with respect to the remaining battery level.

(b) Ratio of the total number of codeword transmissions with different objective functions.

Figure 64: Comparison of the rate selections and total number of codeword trans-
missions for different objective functions, where rR = 0.5: i) minimization of ∆r:
α = 1, ii) minimization of ∆ρ: α = 0, iii) linear weighted-sum function, and iv)
weighted Chebyshev function.
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Algorithm 4 Multi-objective optimization
1: Given n and εm: compute: R(n, ρ, εm) using (2.70)
2: Given 0 6 rR 6 1: compute: ρR from (4.39)
3: compute: ∆ρmin using (4.45), ∀r ∈ (0, 1]
4: compute: M(n, ρ, εm) using (4.48)
5: compute: ∆rmin using (6.5)
6: if rR −∆rRmin > rm then
7: ∆ρstart = 0
8: else
9: ∆ρstart = M−1(n, rm, εm)
10: end if
11: if ρR + ∆ρRmin 6 ρm then
12: ∆ρend = ∆ρRmin

13: else
14: ∆ρend = ρm − ρR
15: end if
16: for ∆ρ = ∆ρstart : ∆ρend do
17: compute: ∆r = rR −M(n, ρR + ∆ρ, εm)
18: Given t: compute: α from (6.35)
19: Given A, B, and θ: compute: z(i) =

(
Aα(∆r)θ +B(1− α)(log ∆ρ)θ

) 1
θ

20: i = i+ 1
21: end for
22: Select [rR −∆r, ρR + ∆ρ] minimizes z

The distance between the transmitter and receiver is set to 100m. The list of all
simulation parameters with their corresponding values is shown in Table 61.

We first set rR = 0.5 and rm = 0. Numerical results on the selected Pareto-
optimal transmission rate at a codeword transmission with respect to t for linear
weighted-sum and weighted Chebyshev functions are depicted in Fig. 64a. Ad-
ditionally, for comparison purposes, we introduce two new objective functions: i)
minimize ∆r, i.e. α = 1, ii) minimize ∆ρ, i.e. α = 0, which are shown with
red dashed and dash-dotted lines, respectively. These objective functions do not
depend on t and can be assumed as examples for fixed parameter transmission.

It can be seen that setting α = 1 and α = 0 yield two distinct choices, i.e.
rR and rR − ∆rRmin for all α. More interesting pictures arise, as we allow α to
vary with t and select other objectives. We first start with the linear weighted-sum
objective function. As expected, due to the concave structure of the attainable
objective set, only two Pareto-optimal points are accessible

r =
{
rR when t is high
rR −∆rRmin when t is low.

(6.36)

Notice from Fig. 64a that a transition from rR to rR −∆rRmin happens approxi-
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Table 61: List of simulation parameters with their corresponding values.

Parameter Value Comment

n 128 Blocklength

B 1 Wh Battery capacity

rR 0.5 Target transmission rate

rm 0 Minimum transmission rate

ρR 3.55 dB Target SNR

ρm 10 dB Maximum SNR

Lm 10−3 s Maximum aggregate latency

εm 10−5 Maximum CEP

Ts 10−6 s Symbol duration

Tb 10−9 s Processor speed

pa 30 dB Attenuation power per meter

d 100 m Distance between transceivers

σ2 -110 dBm Noise power

mately when the remaining battery level falls below 50%. Besides, unlike the linear
weighted-sum, optimum rate selection of the weighted Chebyshev function follows
a smooth transition from rR to rR −∆rRmin and access all Pareto-optimal points
in-between.

Energy efficiency is crucial for IoT setups since very long battery life is re-
quired [124]. Numerical results in Fig. 64a show that the selected Pareto-optimal
transmission rate decreases as t reduces. Although this decreases the throughput of
the communication system, it also allows to select lower transmit power, which, in
the long run, allow more codeword transmissions and increase the energy efficiency
in terms of total number of transmitted information bits per Joule. To see this
effect, total number of codeword transmissions with a fully charged battery are de-
picted in Fig. 64b, where the left vertical axis represents the ratio of total number
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Figure 65: Comparison of the objective functions in terms of energy efficiency with
respect to various target rates: i) minimization of ∆r: α = 1, ii) minimization of
∆ρ: α = 0, iii) linear weighted-sum function, and iv) weighted Chebyshev function.

of codeword transmissions to the case where α = 0 and the right vertical axis shows
the energy efficiency which is computed according to the following formula [?]

Energy efficiency = n
∑

(rR −∆r)
3600B [bits/Joule], (6.37)

where the sum is over all codeword transmissions until the battery dies. Results
show that by implementing the MOOP, it is possible to transmit approximately
30% more codewords and increase the power efficiency when linear weighted-sum
or weighted Chebyshev objective functions are selected.

Next, we investigate the energy efficiency values of the MOOP framework for
various target rates. Based on the results, which are depicted in Fig. 65, one can
divide the figure into two regions: low and high target rate regions. In low target
rate region, the objective function with α = 0 achieves higher energy efficiency
compared to the other objectives. On the contrary, in high rate region, the max-
imum energy efficiency values are achieved when α = 1. However, notice that for
both regions the linear weighted-sum and weighted Chebyshev functions achieve a
performance that is in between. Also notice that although the weighted Chebyshev
function yields less number of codeword transmissions compared to linear weighted-
sum function, as shown in Fig. 64b, it leads to higher energy efficiency for all rs.
Finally, at the intersection of the low and high rate regions, the weighted Chebyshev
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function outperforms all other objective functions and achieves the highest energy
efficient communication.

6.8 Conclusions

We formulated a MOOP to find the optimum transmission parameter selections
under decoding complexity, latency and reliability constraints. The Pareto bound-
ary and the attainable objective set are derived and scalarization techniques, i.e.
the linear weighted-sum and weighted Chebyshev functions, are applied in order to
aggregate the objectives into a single objective function and reduce the problem to
a constrained single-objective optimization problem. Finally, the proposed MOOP
framework is applied to a case study and it is shown that the MOOP framework
increases both the throughput and energy efficiency of the system, compared to the
classical fixed parameter transmission.





Chapter 7

Learning-Based Adaptive
Ordered-Statistics Decoding

It is discussed in the previous Chapters that since the complexity of the OS
decoder grows exponentially with the desired order, it is then ill suited for com-
plexity constrained scenarios when the order is large. On the other hand, although
selecting a higher order yields higher reliability, it may often yield wasting resources
when the received noisy codeword can be decoded with lower order.

The idea of using neural networks (NNs) to decode linear codes is not new.
Decoding with NNs was popular since the late 80s’ and beginning of 90s’ [126–
129]. However, it is long time avoided due to the lack of available off-line training
capacities. In recent days, [130–133] addressed the problem of decoding linear codes
by the means of a NN. There have been mostly two ways presented in the context
of NN based decoders. One way is to learn the optimal weights of a Tanner Graph
in order to aid the traditional belief propagation algorithm as presented in [132].
The other type of methods use a NN to decode the codeword based on the received
signal [131,133]. The second kind approach, in particular the one presented in [131],
seems structurally inspired by the structure of OS decoders, while struggling to
approach the performance of an OS decoder, of order 2, for large codes.

The major challenge with NN based decoders is training the network with very
large number of codewords which is exponential in k, denoting the number of in-
formation bits encoded in a single codeword. Hence, in this Chapter, to improve
the mean performance of OS decoders we present a learning-based method, in a
grey box approach, to predict the order of the decoder in a signal adaptive manner.
This method allows us to significantly decrease the mean complexity of the decoder
without sacrificing the reliability. Such a method additionally allows to detect sig-
nals that may need a higher decoding order than the one a complexity constrained
decoder allows and therefore prevents wasting resources.

109
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Figure 71: Illustration of the proposed method.

7.1 System Model

As in the previous chapters, we assume the transmission of an n-length codeword
which is an output of a binary linear block encoder over a BI-AWGN channel. A
codeword c ∈ Fn2 is obtained from the k number of information bits u ∈ Fk2 using
the generator matrix G as

c = u�G. (7.1)

The codeword is mapped to an antipodal vector x through the following mapping
in R,

xi = 2ci − 1, (7.2)

where xi ∈ {−1,+1} and ci ∈ {0, 1} are the ith elements of x and c sequences,
respectively. The signal at the output of the channel is obtained as

y = x + w (7.3)

where w is the AWGN noise at the receiver where wi ∼ N (0, σ2). The average
transmitted signal power is 1 and the SNR at the receiver is equal to 1/σ2. The
illustration of the system model is shown in Fig. 71.

7.2 Complexity-Performance Trade-off

Order−s selection of an OS decoder allows the complexity-reliability tradeoff
since a direct relation between complexity and reliability is expected. Given a
latency constraint, the corresponding optimal order would be the maximum possible
s such that decoding finishes within the time limit, denoted as sm. However, the
following two scenarios yield waste of resource/latency on decoding: if

• sm < sr: no successful decoding,

• sm > sr: successful decoding but still wasting resources,

where sr represents the required order−s for decoding.
Hence, the question that arises in such a scenario is then: “Given a linear code

with n-length codewords and k number of information bits transmitted over a BI-
AWGN channel, is there a way to find the optimal decoding order of the OS decoder
for a given received signal y?”
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Figure 72: Comparison of per-information-bit complexities between the fixed-order
OS decoders (depicted with dotted black lines) and the optimum hybrid decoder
(depicted with blue solid line) for n = 128, k = 64, and sm = 5.

For instance, in Fig. 72 we show the per-information-bit complexity of an
optimum hybrid OS decoder, which can detect the required order sr after receiving
a codeword, for n = 128, k = 64, and sm = 5. As can be seen, although its
performance is equivalent with an order-5 OS decoder, the overall complexity of
the optimum hybrid OS decoder substantially decreases with high SNR.

It is derived in Chapter 3 that the probability of having e number of errors in
the first k positions of the permuted noisy codeword yo is

perror(e) =
∫ ∞

0

(
k

e

)
f∗(x)e(1− f∗(e))k−ef|yo

i+1|(x)dx, (7.4)

where
f∗(e) = Q (x+ 1)

1 +Q (x+ 1)−Q (−x+ 1) . (7.5)

By using perror(e) it is possible to calculate the probability mass function (pmf) of
the required order, sr, at each SNR level. This will actually expresses the amount
of resource wastage.

Fig. 73 depicts the reliability values of a fixed order−s OS decoder at different
SNR values. These reliability values are computed by calculating the probability of
having at most e number of errors in the first k number of samples of the permuted
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Figure 73: Reliability values of a fixed order−s OS decoder at different SNR for
n = 128, k = 64.

received codeword yo, that is

1−
e∑
i=0

perror(i). (7.6)

It can be seen that for fixed order−s as SNR increases higher reliability values can be
achieved. In other words it is possible to achieve similar reliability values with lower
orders for high SNR values. For instance, in order to achieve %99.999 reliability
with 3 dB and 5 dB SNR levels, order-5 and order-2 is required, respectively. Thus,
if one can detect the required order of a received codeword, sr, it is possible to
significantly reduce the complexity of the OS decoder without sacrificing from its
performance.

7.3 Baseline: Bound-Based Approach

When the SNR is known, one may use the tight and relatively simple to compute
bounds that are presented in Chapter 3 in order to obtain a guaranteed code error
rate for a specific SNR and order-s. Thus, by computing such bounds, we are able to
select the minimum order guaranteeing the desired performance. This approach has
the advantage of providing a fast way of obtaining a guaranteed mean performance
with a complexity reduction as SNR increases. This approach can be formulated
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as
ŝBBA = min

{s∈N+, εML+(1−
∑s

i=0
perror(i))6εm}

s (7.7)

However, this method does not apply when SNR is unknown. One has to estimate
the SNR at the receiver in order to be able to use it.

It is to be noted that recently, [63] proposed an approximation for the probabil-
ity of error of decoding with a given order s based on the knowledge of the received
signal and the weight enumerators of the code. They derived decoders according
to their approximations, see [63, Section VII], which requires heavy computation of
integrals to compute offline. The NN based methods presented in the next subsec-
tion avoids these computations by directly estimating the probability of success of
a given order.

7.4 Learning-Based Approach

We aim at estimating sr to successfully decode the codeword. Such task can be
seen either as a classification task or a prediction task for a variable representing the
success of the order−s OS decoder. The first option is to use a NN as a classifier,
that tries to find the class in the sense “what is the minimal order−s that allows
to successfully decode the message at the input”, by minimizing the cross entropy
between the output and the vector representing the class (that has a 1 at position
s and 0s elsewhere).

The classifier will then tend to output the probability that order i is the ex-
act required order to decode the message at the input, without indicating if the
considered order will still yield in a successful decoding, i.e. it outputs

P{soptimal order = i}. (7.8)

To address the mentioned problem of finding P{soptimal order}, the second option
is to have constructions similar to the ones of [134,135], that may provide guarantees
by fixing a threshold on the estimated probability of success such that the predicted
order is obtained as in the following.

The idea behind such structures is that by minimizing the cross-entropy between
the output of the network and the vector of successes (i.e. the vector that has a 1
at index i if the order−s decoding of the message is successful and 0 otherwise) the
NN output will approximate the likelihood of successfully decoding with order-s
for the given input. Further explanations and in depth derivations can be found
in [134].

Then, to use this network as an order predictor, set a threshold τ ∈ [0, 1], given
the output of the NN

fi(y,as=0) for i ∈ {0, 1, . . . , sm} (7.9)
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Figure 74: Illustration of the proposed learnin-based adaptive decoder.

trained to approximate the probability of success of OS decoder of order i, where
as=0 represents the output of the order-0 OS decoder. The estimated decoding
order is obtained by

ŝ = arg min
i∈{0,1,...,sm}

{i|fi(y,as=0) > τ}. (7.10)

The appropriate threshold will be determined by the desired codeword error level
for the system.

It is worth mentioning that one can envision using an OS decoder in combination
with a NN as presented in here for fading channels other than AWGN, with a slight
modification of the OS decoder, namely using the reliabilities ri = |h∗i yi| instead of
ri = |yi| and get similar performance whereas the methods of [63,65] would require
computing new integrals for each channel realization.

7.5 Numerical validation

In this chapter, we built a fully connected feed-forward NN, made of 3 layers
of size [n, k, sm + 1] where sm denotes the maximum allowed order (due to the
constraints), to estimate the order, between 0 and sm, necessary to decode the
given received signal y and the hard decoded codeword as=0. A visual illustration
of the proposed model is depicted in Fig. 74. Note that from [63], one can infer
that inputting the ordered list of reliabilities |yi| would be sufficient but we obtained
worse performance with such structure.

The networks were trained with categorical cross entropy loss for the classifica-
tion procedure and the mean of each of the output to target cross entropies for the
second type of constructions. Since the scope of this chapter is a proof of concept
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Figure 75: Comparison of the average latency values of the decoders in ms for
n = 128 and k = 64, between the bound based baseline with perfect SNR, bound
based baseline with estimated SNR, and learning-based classifier NN approach.
Reference lines (dashed black) represent the latency values of the regular fixed
order-s OS decoder (orders from 0 to 2).

rather than finding the optimal neural network, optimization was conducted using
the Adam optimizer [136] with a learning rate of 0.01.

The training data consisted in 80000 points, that is the pair (input,output)
where the input is the combination (y,as=0) and the output either the associated
optimal decoder order s∗ for the classification task or the vector of successes for the
success prediction task. Such a small number of training point is what allows this
grey-box approach to work for a relatively large code size when other methods such
as [131,132] fail because they require 2k or 2n−k, here 1.844× 1019, data points to
be trained on. The training data was generated across 8 different SNRs ranging
from −3 dB to 4 dB. The impact of the training size and which SNR points to pick
were not part of the study.

Figures 75 and 76 illustrate that for a given latency budget, when the SNR is
known the baseline based on the bounds of [65] (set with a CEP target of 10−2)
provides an optimal complexity performance tradeoff. However, when the SNR is
unknown at the receiver (or rather estimated at the receiver), the classifier based
NN based approach outperforms the bound based approach, providing a better code
error rate with similar latency performance, while the threshold based approach
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Figure 76: Comparison of the CEP values for n = 128 and k = 64.

mimics the bound based approach with known SNR while performing better than
mere SNR estimation.

7.6 Conclusions

In this chapter, we study the trade-offs between complexity and reliability for
decoding large linear block codes. We show that using artificial NNs to predict
the required order of an OS based decoder can reduce the average computational
complexity of the decoding process and hence its latency. We numerically validate
the approach through Monte Carlo simulations.
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Chapter 8

Communication with Quantized
Feedback Channel

As discussed in Chaper 1, one major bottleneck in wireless communication is the
presence of channel fading, which is caused by the multipath propagation and leads
to undesired fluctuations in the received signal power, which may result in loss of the
received packet. In this chapter, we consider finite blocklength communication over
a frequency-flat quasi-static fading wireless channel where the channel is assumed
to stay constant over some coherence time. One of the most important performance
criteria over quasi-static fading channels is the overall goodput of the system, which
can be measured by the achievable expected rate over a large number of packet
transmissions with variable transmission rates. While studying the achievable rates
over quasi-static fading channels, it is important to select the right performance
limit of the system [137].

• For applications that are latency tolerant, i.e. no constraint on latency is
introduced, it can be assumed that one packet can span over infinitely many
independent fading occurences. In this case, the valid performance limit of
the system can be computed with the ergodic capacity [138].

• On the other hand, for applications that are intolerant to latency, outage
capacity is the valid performance limit [139], which is the maximal transmis-
sion rate such that the probability of the instantaneous mutual information
falling below the selected transmission rate does not exceed a desired outage
threshold.

However, both ergodic capacity and outage capacity are appropriate performance
limits for arbitrarily large codewords, i.e. codewords that have infinite block-
length [140]. However, when stringent latency constraints are introduced, such as

119



120
CHAPTER 8. COMMUNICATION WITH QUANTIZED FEEDBACK

CHANNEL

Transmitter Receiver

𝜙1 𝜙2 𝜙3
𝛾

f(𝛾
)

i=1
i=2

𝛾i

x

h z

y

h

Figure 81: System model

in URLLC systems, performance limits that are achieved in the infinite blocklength
regime cannot be justified with finite blocklength [41].

While characterizing the achievable performance of the system over a fading
channel, accurate knowledge of the CSI is required [39], which can be achieved by
transmitting a separate training sequence that is already known to the receiver
[40]. However, CSI at the transmitter is also crucial for reliable communication
since, with this information, resources and the transmission strategy can be adapted
according to the channel state which can greatly improve the performance [39]. In
this study, it is assumed that perfect CSI is available at the receiver but only partial
knowledge is available at the transmitter. This assumption is a realistic scenario
for URLLC applications where CSI is crucial at the transmitter to maintain the
high-reliability level however transmission of the full CSI cannot be afforded due to
the latency requirements. Thus, based on this partial information, it is possible to
develop an information-theoretic approach to investigate the achievable goodput of
the system over a large number of blocks transmitted at variable rates.

8.1 System Model

We consider the discrete time complex baseband single-input single-output wire-
less communication system illustrated in Fig. 81. A codeword of blocklength n is
transmitted over a quasi-static fading channel, where the complex valued channel
coefficient h is an i.i.d. random variable according to some distribution but remains
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constant over the codeword transmission. The received signal can be expressed as

y = hx + z, m = 0, 1, 2, · · · , (8.1)

where x and z represent the n-length transmitted codeword and complex Gaussian
noise vector where the samples are i.i.d and zi ∼ CN(0, 1). Let γ = |h|2 describe
the i.i.d channel power. Notably, γ is a continuous random variable with its corre-
sponding PDF, denoted as f(γ), and CDF, F (γ). It is assumed that f(γ) is positive
over 0 6 γ 6∞ and both f(γ) and F (γ) are continuous.

It is assumed that the channel coefficient is known perfectly at the receiver. We
consider that the receiver divides the positive real line into Φ number of quantization
regions and applies a deterministic index mapping on the channel power, given as

M(γ) = i, (8.2)

when γ ∈ [ϕi, ϕi+1), i = 1, 2, · · · ,Φ, where ϕi and ϕi+1 represent the boundary
of the ith quantization region. The selected index, i, is then transmitted back to
the transmitter over the error-free quantized feedback channel. Therefore, CSI is
partially known to the transmitter.

Next, a transmission rate ri is selected according to i. Here, we study the opti-
mum feedback scheme that maximizes the long-term goodput of the communication
system, which is the overall correctly received information rate (in bits-per-channel-
use). For instance, for a fixed-rate communication system, i.e. Φ = 1, with error
probability ε the goodput of the communication system can be computed as

r(1− ε) (8.3)

where r is the transmission rate and (1 − ε) represents the success rate of the
communication system. Thus, the goal of the study is to investigate the optimum
selections of ris and ϕis such that the long-term goodput of the communication
system is maximized.

A power budget constraint is allocated on the power of the codeword such that

‖x‖2 6 P. (8.4)

It is clear that equality in (8.4) yields the maximum goodput since there is no cost
incurred with increasing the power up to the upper limit.

8.2 Infinite Blocklength Analysis

It is shown by Shannon in [37] that there exists a codebook describing the
collection of codewords, with size 2nC codewords, such that the CEP vanishes
as n → ∞, where CEP is the probability that the receiver decides in favor of a
codeword that is different from the one actually sent and C is the channel capacity
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and represents the maximum transmission rate for which error-free communication
can be achieved.

The goodput of the communication system can be maximized by increasing
the transmission rate up to the channel capacity and the channel capacity can be
maximized by selecting the maximum allowed power P . Thus, for a given channel
gain realization γ, the instantaneous channel capacity can be computed as

C(γ) = log (1 + Pγ) . (8.5)

When perfect CSI is available at the transmitter, it is possible to match the trans-
mission rate according to the instantaneous channel capacity, i.e. C(γ). In this case,
the maximum achievable goodput is the ergodic capacity of the channel which is∫ ∞

0
f(γ)C(γ)dγ. (8.6)

On the other hand, when no CSI is present at the transmitter, the maximum
achievable goodput can be found by solving the following optimization problem

maximize
r>0

∫ ∞
1
P (2r−1)

rf(γ)dγ. (8.7)

Notice that (8.6) and (8.7) provide the worst and the best performance bounds, i.e.
perfect and no CSI at the transmitter, to the quantized feedback scheme.

Let the transmitter select a capacity-achieving codebook according to the feed-
back index i, such that

ri = log (1 + Pγi) , (8.8)

where γi ∈ [ϕi, ϕi+1] represents the selected reconstruction point of the ith quan-
tization region. Now, suppose that a given channel realization γ belongs to the
ith quantization region, i.e. γ ∈ [ϕi, ϕi+1). We know that as long as ri 6 C(γ),
error-free transmission is possible. Thus, successful decoding is only possible when

γ > γi. (8.9)

If
γ < γi, (8.10)

the system is in outage.
Once γi, ∀i ∈ {1, 2, · · · ,Φ}, are selected, the outage probability of the system

can be computed as
Φ∑
i=1

F (γi)− F (ϕi). (8.11)

Notice that selecting γi = ϕi yields outage-free transmission. However, goodput
maximization is not guaranteed with this selection.



8.3. FINITE BLOCKLENGTH ANALYSIS 123

We, next, formulate the optimization problem on designing the feedback scheme
that maximizes the goodput in the infinite blocklength regime. The optimal feed-
back scheme is the solution of the following optimization problem

maximize
ϕi,γi,ri

Φ∑
i=1

ri
(
F (ϕi+1)− F (γi)

)
(8.12a)

subject to ϕi 6 γi, (8.12b)
γi 6 ϕi+1. (8.12c)

This optimization problem has been solved in [141] and [142]. It is shown that the
optimum can be achieved by setting

ri = log (1 + Pϕi) (8.13)

and the reconstruction points are found by an iterative algorithm that can solve
the following equation

F (ϕi+1) = F (ϕi) + 1
P
f(ϕi)(1 + ϕiP ) log

(
1 + ϕiP

1 + ϕi−1P

)
,

for i = 0, 1, · · · ,Φ, (8.14)

where the first quantization region does not necessarily start from zero and there-
fore a new variable ϕ0 = 0 is introduced. Thus, the overall outage probability of
the optimum feedback scheme is F (ϕ1). Notably, the equation in (8.14) can be
achieved by applying the Karish-Kuhn-Tucker (KKT) conditions to the optimiza-
tion problem. An iterative algorithm is proposed in [141] to find the optimum
reconstruction points.

8.3 Finite Blocklength Analysis

Now assume a blocklength constrained communication system where n is not
allowed to take arbitrarily large values. As discussed in Chapter 2, in this regime,
C(γ) is not a correct measure to calculate the maximal allowed transmission rate. In
this case the achievable transmission rate with codewords of length n with non-zero
CEP ε can be closely approximated by the normal approximation

R(n, γ, ε) = C(γ)−
√
V (γ)
n

Q−1(ε) +O

(
logn
n

)
. (8.15)

Notice that R(n, γ, ε) increases unboundedly as ε → 1. However, with strict CEP
requirements, i.e., small ε, the second term in (8.15) introduces a back-off from C(γ)
to ensure the transmission achieves the reliability requirements with n blocklength.
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Figure 82: Differences between the CEP characteristics in infinite and finite block-
length regimes.

Thus, the achievable rate decreases substantially. On the other hand, the achiev-
able rate increases monotonically as the blocklength n increases and converges to
Shannon’s capacity formula in the case of asymptotically long blocklength, i.e.,
n→∞.

Although (8.15) gives a close approximation on the limit of achievable rates, it
does not tell how to achieve it. In the recent years, several encoding and decod-
ing schemes have been proposed that can perform close to (8.15). Their perfor-
mance comparisons are depicted in [54,66,74]. In this study, it is assumed that the
transmitter selects finite-length codewords from a codebook that can achieve the
achievable rates given by (8.15).

For a given transmission rate r, the probability of decoding errors can then be
found by solving (2.70) for ε

ε = Ω(γ, r), (8.16)

where
Ω(γ, r) = Q

((
C(γ)− r

)√ n

V (γ)

)
(8.17)

The behavior of Ω(γ, r) is depicted in Fig. 82 for several blocklength values. As
expected, in the asymptotic regime, i.e., n → ∞, error-free transmission can be
achieved when r 6 C. On the other hand, if r > C, no information can be
sent. Unlike the asymptotic regime, in the finite blocklength regime, information
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transmission becomes possible even for transmission rates higher than the capacity,
albeit at the expense of high CEP values. On the other hand, even for rates lower
than the capacity, CEP may not vanish. This result shows that the optimal feedback
scheme in the asymptotic regime may not correspond to the optimal selections for
finite blocklength.

8.4 Finite Blocklength Analysis in Quasi-Static Channels

The instantaneous capacity of a channel, given a channel gain γ, can be calcu-
lated as in (8.5). Assuming that a fixed transmission rate r is selected, there is a
certain probability that the transmission is in outage and reliable communcation is
not possible. The outage probability of a communication system can be calculated
as

εout = P{log(1 + Pγ) < r}, (8.18)

where the probability is over the channel gain γ. Thus, the outage capacity or the
ε-capacity of a communication system can be found as the largest r that fulfills
P{log(1 + γP ) < r} 6 ε:

Cε
out

= sup{r > 0 : P{log(1 + Pγ) < r} 6 ε} (8.19)

Notice that the outage capacity Cεout reveals the maximum transmission rate such
that the CEP of the communication system is ε, assuming n→∞.

The performance of finite blocklength codes in quasi-static fading channels is
analyzed in [143] and [46], and it is shown that the channel dispersion V (γ) is zero
for many classes of channel models such that the achievable rate can be closely
approximated by the outage capacity

R
(
n, γ, εout) = Cε

out
+O

(
logn
n

)
. (8.20)

Notice that since the dispersion is zero, no additional term on V (γ)/n appears
in (8.20). This shows that R(n, γ, ε) in (8.20) converges to the outage capacity
Cε

out faster than R(n, γ, ε) in (8.15) converges to the capacity C(γ). Thus, one can
conclude that the blocklength in the finite blocklength regime under quasi-static
fading channels has smaller impact on the achievable rate.

However, this result does not hold for all types of channels. Consider, for exam-
ple, a Rician fading channel with h ∼ CN (µ, σ2). In case the line-of-sight compo-
nent µ remains constant and the variance σ2 of the non-LoS component converges
to zero, the channel approaches to an AWGN channel, where the maximum achiev-
able rate is given by (8.15). In that case, the convergence to the capacity occurs
on the order of 1/

√
n, not (logn)/n. Therefore, the expression in (8.20) does not

hold for such a channel.
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To extend the normal approximation in (8.15) for different types of quasi-static
fading channels, the following expression is proposed in [46]

ε = E
[
Ω(γ, r)

]
, (8.21)

where the expectation is taken with respect to the distribution of the random
channel gain γ. Hence, the overall success rate of the communication system can
be calculated as

1− ε =
∫ ∞

0
f(γ)

(
1− Ω(γ, r)

)
dγ. (8.22)

8.5 Conclusions

In this chapter, we briefly introduced the quantized feedback scheme for both
asymptotic and non-asymptotic regimes. The goodput maximization in the asymp-
totic regime is formulated and solved.



Chapter 9

Goodput Maximization with
Quantized Feedback in the Finite
Blocklength Regime

With the major releases of 3GPP Radio Access Network working group, to
support the URLLC applications, it is aimed at achieving reliability values not lower
than %99.9999 with end-to-end latency not higher than 1 ms [144–146]. In order to
meet such demands, it is required to increase the efficiency of the communication
system and decrease both the latency and the overall number of packet errors.
Thus, the target is to maximize the overall goodput of the system while reducing the
latency. However, one major bottleneck in wireless communication is the presence of
channel fading, which is caused by the multipath propagation and leads to undesired
fluctuations in the received signal power, which may result in loss of the received
packet.

9.1 Motivation

Fixed-transmission rate communication systems with perfect CSI over slowly
fading channels are studied in [147]. It is shown that the outage probability can
be minimized by adapting a power control system when perfect CSI at the trans-
mitter is available. A great amount of research has also studied the case where the
transmitter has partial CSI information. Notably, the benefit of sending partial
information over the feedback is to reduce the system overhead [148], compared to
the case that each receiver feeds all channel information back to the transmitter.
Minimization of outage probability with fixed transmission rate, when partial CSI
at the transmitter is available, is studied in [149]. A more systematic feedback
scheme is studied in [150] where the transmitter can only achieve quantized CSI
information. In [141], performance of a wireless communication system with partial
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CSI information at the transmitter, which is transmitted over a error-free quantized
feedback channel, is considered in asymptotic regime. An adaptive feedback scheme
is proposed that maximizes the expected rate.

Furthermore, a one-bit feedback scheme, where the user compares the received
signal strength to a threshold and sends back a binary signal informing the transmit-
ter that if the signal power is above or below the threshold, has been studied in [151].
Partial CSI information at the transmitter for orthogonal and non-orthogonal mul-
tiple access communication systems is studied in [152] and the sufficient conditions
are presented.

On the other hand, a well-studied sequential feedback system, named as hy-
brid automatic repeat request, also considers a communication system with partial
feedback. The performance of hybrid automatic repeat request protocols in infi-
nite blocklength regime is studied in [153]. Performance comparison between the
communication systems with quantized feedback and hybrid automatic repeat re-
quest protocol is studied in [142, 154], where a hybrid system is proposed in [142].
Recently, performance of communication systems with hybrid automatic repeat
request protocol in finite blocklength regime is studied in [155].

In this chapter, we continue from Chapter 8 and study of a quantized feedback
scheme to maximize the goodput of a finite blocklength communication scenario
over a quasi-static fading channel. It is assumed that the receiver has perfect CSI
and sends back the CSI to the transmitter over a resolution-limited error-free feed-
back channel. With this partial CSI, the transmitter is supposed to select the
optimum transmission rate, such that it maximizes the overall goodput of the com-
munication system. Here, we study this problem in two cases: with and without
constraint on reliability. We first formulate the optimization problems and analyti-
cally solve them and then present iterative algorithms that successfully exploit the
system parameters for both cases. It is shown that significant improvement can be
achieved even with coarsely quantized feedback schemes. On the other hand, it is
also shown that, the achievable maximum goodput decreases with shorter block-
lengths and higher reliability requirements.

9.2 Goodput Maximization with Quantized Feedback

The overall success rate given in Eq. (8.22) is achieved when the transmitter
selects a fixed rate. A better performance can be achieved if the transmitter has
knowledge on the channel gain. In this section, we investigate the goodput in finite
blocklength regime for the system model presented in Fig. 81.

Given a transmission rate ri and by using Eq. (8.22), the goodput of the quan-
tization region between ϕi and ϕi+1 yields

ri

∫ ϕi+1

ϕi

f(γ)
(
1− Ω(γ, ri)

)
dγ. (9.1)
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The total goodput of the communication system can be calculated by summing
(9.1) over all is. The integral in (9.1) can be decomposed as∫ ϕi+1

ϕi

f(γ)
(
1− Ω(γ, ri)

)
dγ = F (ϕi+1)− F (ϕi)−

∫ ϕi+1

ϕi

f(γ)Ω(γ, ri)dγ (9.2)

Notably, the objective function defined for infinite blocklength regime is equiv-
alent to the expression above without the third term. The third term in (9.2)
introduces a backoff due to the finite blocklength. Notice that setting ri = 0 yields
the goodput in (9.1) to be zero. As ri increases, (9.1) increases up to some value
but then it starts to decrease due to the third term since it can be shown that

lim
ri→∞

∫ ϕi+1

ϕi

f(γ)Ω(γ, ri)dγ = F (ϕi+1)− F (ϕi), (9.3)

which reduces the goodput to zero.
To demonstrate the differences between the achievable goodput values with

infinite and finite blocklength, we show a case study where h is Rician with K = 10,
K being the ratio between the power in the direct path and the power in the
scattered paths, and therefore γ is a noncentral-χ2 distributed random variable
with

fχ2(γ) = (K + 1) exp
(
− γ(K + 1) +K

)
I0

(
2
√
γK(K + 1)

)
, (9.4)

where I0(·) is the zero-order modified Bessel function of the first kind. We select
Φ = 3 and the quantization regions are ϕi = {0, 0.9, 1.2,∞}, not necessarily being
the optimum selections. The achievable goodput values for each quantization region
with respect to ri ∈ [0, 5] are depicted in Fig. 91. More specifically, the black solid
lines and dashed red lines represent the results achieved with (8.12a) and (9.1),
respectively. Maximums are highlighted with square and circle markers.

Fig. 91 reveals several important findings. It can be seen that there are sig-
nificant differences between the maximum achievable goodput values for finite and
infinite blocklength regimes at each quantization region. Due to the backoff, maxi-
mum achievable goodput is lower in finite blocklength for all quantization regions.
In addition, one can end up with even lower goodput values if the optimal scheme
for asymptotic regime is applied for finite blocklength. On the other hand, this
difference is slightly smaller for i = 1 but increases as i increases. Similar empirical
results are observed in various different channel types. Thus, the impact of finite
blocklength is smaller for quantization regions with lower channel power, i.e. i = 1,
whereas it increases for quantization regions with higher channel power, i.e. i > 1.
This is due to the fact that the channel dispersion, V (γ), is shown to be zero when
the channel experiences deep fading, which is the case when i = 1. However, when
i > 1, since the channel gain becomes higher, the channel converges to an AWGN
channel, i.e. V (γ) 6= 0, and the impact of finite blocklength becomes extremely
important.



130
CHAPTER 9. GOODPUT MAXIMIZATION WITH QUANTIZED

FEEDBACK IN THE FINITE BLOCKLENGTH REGIME

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

0

0.2

0.4

0.6

0.8

1

1.2

Figure 91: An illustration of the achievable goodput values with infinite and finite
blocklengths for Φ = 3 where ϕi = {0, 0.9, 1.2,∞}.

9.2.1 Problem Formulation

The optimization problem on the maximization of the goodput in finite block-
length regime can be formulated as

maximize
ri,ϕi

Φ∑
i=1

ri

∫ ϕi+1

ϕi

f(γ)
(
1− Ω(γ, ri)

)
dγ (9.5a)

s.t. ri > 0, (9.5b)
ϕi+1 > ϕi, (9.5c)

where the maximization is done over the variables ri and ϕi with the constraints
that are listed in (9.5b) and (9.5c), respectively.

The proposed optimization problem is difficult to solve since ri and ϕi are
coupled together. To circumvent this difficulty, we introduce a block coordinate
descent based iterative solution where we optimize one set of variables while keeping
the others fixed, and vice versa [156, 157]. Then, each sub-problem is solved in an
iterative manner. Below, the sub-optimization problems are introduced
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Optimization problem 1:

maximize
ri

Φ∑
i=1

ri

∫ ϕi+1

ϕi

f(γ)
(
1− Ω(γ, ri)

)
dγ (9.6a)

s.t. ri > 0. (9.6b)

Optimization problem 2:

maximize
ϕi

Φ∑
i=1

ri

∫ ϕi+1

ϕi

f(γ)
(
1− Ω(γ, ri)

)
dγ (9.7a)

s.t. ϕi+1 > ϕi. (9.7b)

Next, we investigate these two optimization problems.

9.2.2 Problem 1: Optimization of Transmission Rate

Theorem 9.1. For fixed ϕi, the optimum ri can be found by solving the following
equation

ri = −
∫ ϕi+1
ϕi

f(γ)
(
1− Ω(γ, ri)

)
dγ∫ ϕi+1

ϕi
H(γ, ri)dγ

, (9.8)

where

H(γ, ri) = − 1√
2π

exp
(
−
n
(
C(γ)− ri

)2
2V (γ)

)
f(γ)

√
n

V (γ) . (9.9)

Proof. We first investigate the convexity of the objective function with respect to
ri. The second-order derivative of the objective function follows

∂2

∂r2
i

ri

∫ ϕi+1

ϕi

f(γ)
(
1− Ω(γ, ri)

)
dγ =

2
∫ ϕi+1

ϕi

H(γ, ri)dγ + ri

∫ ϕi+1

ϕi

H(γ, ri)
n
(
C(γ)− ri

)
V (γ) dγ (9.10)

where we used the following equality

∂

∂t
Q(t) = − 1√

2π
exp

(
− t

2

2

)
. (9.11)

Since n > 0, C(γ) > 0, V (γ) > 0, and, by definition, f(γ) > 0, and, however,
H(γ, r) is always negative. Therefore, the first term in (9.10) is always negative.
Similar to the first term, the second term is also negative as long as C(γ) > ri.
However, depending on the interval ϕi and ϕi+1, the second integral becomes pos-
itive as ri increases. Thus, (9.10) is negative between ri ∈ [0, r′i] and the objective
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function is concave and for higher values of ri (9.10) is positive and the objective is
convex, where r′i is the point of inflection and can be found by solving the following
equation[

2
∫ ϕi+1

ϕi

H(γ, ri)dγ + ri

∫ ϕi+1

ϕi

H(γ, ri)
n
(
C(γ)− ri

)
V (γ) dγ

]
ri=r′i

= 0. (9.12)

We call this function a concave-convex function [158].
Since the function is concave-convex and since it tends to zero as ri = 0 and

ri → ∞, one can show that the maximum always lies within the concave region.
Therefore, the optimum value of ri that maximizes the objective function can be
found by taking the first derivative, setting it to zero, and solving it for ri, which
yields (9.8).

Although it is possible to numerically evaluate optimum ri, no closed form ex-
pression can be achieved due to the integrals. Next, we derive a close approximation
on ri.

Theorem 9.2. A close appoximation on the optimal ri can be achieved by solving
the following equation for ri[

F (min{∆2, ϕi+1})− F (max{∆1, ϕi})
]
u(ϕi+1 −∆1)u(∆2 − ϕi)

×
(

1
2 + b

(
a− E

[
γ
∣∣max{∆1, ϕi} 6 γ 6 min{∆2, ϕi+1}

]))
+ ri

[
F (ϕi+1)− F (max{∆2, ϕi})

]
u(ϕi+1 −∆2) = −ri

∫ ϕi+1

ϕi

H(γ, ri)dγ. (9.13)

where u(·) represents the unit step function

u(x) =
{

1 , if x > 0,
0 , otherwise.

(9.14)

and

∆1 = 1
2b + a, ∆2 = − 1

2b + a. (9.15)

with
a = exp(ri)− 1

P
, and b = −P

√
n

2π(exp(2ri)− 1) , . (9.16)

Proof. The objective function for single i can be approximated by linearizing the
Q(·) function at the point a = 1

P (exp(ri) − 1). The approximation of the Q(·)
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function can be written as [159]

Ω(γ, ri) ≈


1 , γ < ∆1,

1/2 + b(γ − a) , γ ∈ [∆1,∆2] ,
0 , γ > ∆2,

(9.17)

where b is the derivative of the Q(·) function at γ = a, that is

b = ∂

∂γ
Ω(γ, ri)

∣∣∣∣
γ=a

= −P
√

n

2π(exp(2ri)− 1) . (9.18)

Implementing a and b into (9.17) and solving the integral yields∫ ϕi+1

ϕi

f(γ)
(
1− Ω(γ, ri)

)
dγ ≈

0, if ϕi 6 ϕi+1 6 ∆1,

ri
( 1

2 + ba− bE [γ|∆1 6 γ 6 ϕi+1]
)

(F (ϕi+1)− F (∆1)) ,
if ϕi 6 ∆1 and ∆1 6 ϕi+1 6 ∆2,

ri (F (ϕi+1 − F (∆2))) + ri
( 1

2 + ba− bE [γ|∆1 6 γ 6 ∆2]
)

× (F (∆2)− F (∆1)) , if ϕi 6 ∆1 and ∆2 6 ϕi+1,

ri
( 1

2 + ba− bE [γ|ϕi 6 γ 6 ϕi+1]
)

(F (ϕi+1)− F (ϕi)) ,
if ∆1 6 ϕi 6 ϕi+1 6 ∆2,

ri (F (ϕi+1)− F (∆2)) + ri
( 1

2 + ba− bE [γ|ϕi 6 γ 6 ∆2]
)

× (F (∆2)− F (ϕi)) , if ∆1 6 ϕi 6 ∆2 6 ϕi+1,

ri (F (ϕi+1)− F (ϕi)) , if ∆2 6 ϕi 6 ϕi+1,

(9.19)

where
E [γ|γ1 6 γ 6 γ2] = 1

F (γ2)− F (γ1)

∫ γ2

γ1

γf(γ)dγ. (9.20)

represents the expected value of the truncated random variable γ such that γ can
only have values between γ1 6 γ 6 γ2. Merging all cases in (9.19) leads to∫ ϕi+1

ϕi

f(γ)
(
1− Ω(γ, ri)

)
dγ ≈

[
F (ϕi+1)− F (max{∆2, ϕi})

]
u(ϕi+1 −∆2)

+
[
F (min{∆2, ϕi+1})− F (max{∆1, ϕi})

]
u(ϕi+1 −∆1)u(∆2 − ϕi)

×
(

1
2 + b

(
a− E

[
γ
∣∣max{∆1, ϕi} 6 γ 6 min{∆2, ϕi+1}

]))
. (9.21)

Finally, setting the first order derivative of (9.21) to zero yields (9.13).
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9.2.3 Problem 2: Optimization of Quantization Regions

We now investigate the second step of the optimization problem where ri is
fixed but we let ϕi to vary. We assume that a constraint qualification holds at the
maximizers of (9.7), so that the KKT conditions are necessary optimality condi-
tions.

Theorem 9.3. For fixed ri, the optimal quantization regions can be calculated by
solving the following equation for ϕi

ri−1

ri
= 1− Ω(ϕi, ri)

1− Ω(ϕi, ri−1) . (9.22)

Proof. Let λi > 0 represents the Lagrangian multiplier associated with the CEP
constraints. The Lagrangian function of (9.7) is

L =
Φ∑
i=1

ri

∫ ϕi+1

ϕi

f(γ)
(
1− Ω(γ, ri)

)
dγ −

Φ∑
i=1

λi(ϕi − ϕi+1) (9.23)

where λi > 0 are the non-negative Lagrange multipliers that are associated with
the constraint in (9.5c).

By a direct investigation of the activeness of the linear constraint, we can write
the KKT conditions as

∂

∂ϕi
L = ri−1

(
1− Ω(ϕi, ri−1)

)
f(ϕi)− ri

(
1− Ω(ϕi, ri)

)
f(ϕi)− λi + λi−1,

= 0 (9.24)
λi(ϕi−ϕi+1) = 0, (9.25)

where in (9.24) we used the Leibniz integral rule which states that the derivative
of a definite integral can be expressed as

∂

∂v

(∫ u2(v)

u1(v)
h(v, t)dt

)
=
∫ u2(v)

u1(v)

∂

∂v
h(v, t)dt

+ h(v, u2(v)) ∂
∂v
u2(v)− h(v, u1(v)) ∂

∂v
u1(v). (9.26)

Solving the KKT conditions in (9.24) and (9.25) yields (9.22).

Solving (9.22) for ϕi leads to the quantization scheme that maximizes the overall
goodput with the sub-optimum rate selections, which are also updated with every
step of the iteration of the algorithm. Here, one can set ϕ1 = 0 and ϕΦ+1 = ∞,
and (9.22) needs to be solved for all ϕi, i = 2, · · · ,Φ in every iteration. Notably,
an interesting outcome of (9.22) is that the optimum selection of ϕi given ri and
ri−1 does not depend on f(γ).
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Algorithm 5 Goodput maximization
1: Initialize ϕi for i = 1, 2, · · · ,Φ + 1
2: repeat
3: for i = 1, 2, · · · ,Φ do
4: Solve (9.13) for ri
5: end for
6: for i = Φ,Φ− 1, · · · , 2 do
7: Solve (9.22) for ϕi
8: end for
9: until Convergence

The proposed algorithm is shown in Algorithm 1. It can be seen that the itera-
tive algorithm continues to run until the quantization regions achieve a steady state
in which the minimum difference between the values of the updated quantization
regions at two subsequent iterations is less than some previously setted threshold
value, denoted as τ .

9.3 Goodput Maximization with Constraint on CEP

The maximization problem studied in the previous section does not impose a
constraint on the CEP. However, reliability in a URLLC system is crucial and such
a constraint needs to be implemented. In this section, we jointly optimize the
goodput and reliability.

9.3.1 Problem Formulation

With a fixed rate ri, the CEP at the ith quantization region can be calculated
as

εi =
∫ ϕi+1

ϕi

f(γ)Ω(γ, ri)dγ (9.27)

and the overall CEP of the system is the sum of (9.27) over all is. Thus, with the
reliability constraint, the optimization problem can now be formulated as

maximize
ri,ϕi,εi

Φ∑
i=1

ri

∫ ϕi+1

ϕi

f(γ)
(
1− Ω(γ, ri)

)
dγ (9.28a)

s.t.
Φ∑
i=1

εi 6 εm (9.28b)

ri > 0, (9.28c)
ϕi+1 > ϕi, (9.28d)

where (9.28b) specifies the maximum error probability.
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Notably, (9.28b) introduces contraint on the sum of the CEPs of the quantization
regions. This constraint increases the complexity of the optimization problem such
that the optimum cannot be achieved due to the intractable complexity. However,
in order to relax the optimization problem, we introduce a new variable εi, which
denotes the CEP constraints on the ith quantization region such that the sum of
εis is less than or equal to the overall CEP constraint εm. Thus, the optimization
problem follows

maximize
ri,ϕi,εi,εi

Φ∑
i=1

ri

∫ ϕi+1

ϕi

f(γ)
(
1− Ω(γ, ri)

)
dγ (9.29a)

s.t. εi 6 εi, (9.29b)
Φ∑
i=1

εi 6 εm, (9.29c)

εi > 0, (9.29d)
ri > 0, (9.29e)
ϕi+1 > ϕi. (9.29f)

Notice that εi, for i = 1, 2, · · · ,Φ, are introduced as variables and the optimum
selection of εi is also unknown.

9.3.2 Problem 1: CEP Allocation

In this section, we evaluate the impact of the CEP allocation on the goodput
maximization problem with quantized feedback. Assuming fixed ϕi, we cast the
following CEP allocation problem

minimize
ri,εi,εi

Φ∑
i=1

ri

∫ ϕi+1

ϕi

f(γ)Ω(γ, ri)dγ (9.30a)

s.t. εi 6 εi, (9.30b)
Φ∑
i=1

εi 6 εm, (9.30c)

εi > 0, (9.30d)
ri > 0. (9.30e)

Notice that this problem is an NP-hard problem and it is exponentially complex to
find the optimal solution. However, we provide a suboptimal algorithm that can
find a suboptimal solution to the problem.

Let us first assume that the optimum is achieved with equality for the constraint
in (9.30b) noting that this assumption is a valid assumption for URLLC systems
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where εm is a small value, i.e. in the order of 10−6 or even lower. In this case, we
relax the problem and introduce the following

minimize
εi

Φ∑
i=1

riεi (9.31a)

s.t.
Φ∑
i=1

εi 6 εm, (9.31b)

εi > 0, (9.31c)
ri > 0. (9.31d)

Assuming that ri and εi are independent variables, optimum can only be found if
ris are all equal. In this case the optimum is εi = εm/Φ. However, for any other
cases no optimum solution can be found since the problem is unbounded and for
any target value there would be feasible points with objective values smaller than
the target.

Recall that ri and εi are connected according to Eq. (9.27). Using this rela-
tionship a grid search algorithm can be proposed. However, a significant drawback
here is the accuracy of the normal approximation since, as discussed in [160], the
normal approximation becomes inaccurate for very small blocklength, i.e., n < 100,
and for low CEP , i.e., ε < 10−5. Therefore, in this section, we propose a sub-
optimal waterfilling-like algorithm where we set each εi inversely proportional to
the truncated mean of γ within the quantized region.

Assume a long-term power constraint is introduced over the system model pre-
sented in (8.1) such that

Ω∑
m=1

Pm = Ptotal, (9.32)

where Pm is the average power constraint that is associated with the mth codeword
transmission and a total power constraint, that is denoted with Ptotal, is introduced
for Ω number of codeword transmissions. Supposing quasi-static channel model,
the optimum selections of Pms can be achieved by solving the standard waterfilling
solution. This solution states that the optimum power selection for the ith codeword
transmission can be found by solving

Pm =
[

1
δ
− 1
h2
m

]+
, (9.33)

where δ satisfies
1
Ω

Ω∑
m=1

[
1
δ
− 1
h2
m

]+
= nPtotal, (9.34)

where hm is the channel realization experienced by the mth codeword transmission.
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(a)

(b)

Figure 92: An illustration of the proposed CEP assignment when Φ = 4, h is Rician
with K = 10, and ϕi = {0, 0.5, 1, 2,∞} for i = 1, · · · , 5. (a) Truncated mean values
are depicted with respect to the quantization regions. Here, the PDF of the channel
power is also shown with the blue solid line. (b) The assigned CEP values are shown
with respect to the quantization regions, where εm = 10−5.
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Similar to waterfilling algorithm, here, we introduce the scaling coefficient α
such that

α = εm∑Φ
i=1 E [γi|ϕi 6 γi 6 ϕi+1]2

(9.35)

and the CEP constraint on the ith quantization region is

εi = α

E [γi|ϕi 6 γi 6 ϕi+1]2
. (9.36)

Thus, the CEP constraint on the ith quantization region is inversely related with the
truncated mean of the random variable γ. With this method, it is also guaranteed
that εi > 0 for all i values. Next, we introduce a block coordinate descent based
iterative algorithm where for each step the variables are updated respectively.

9.3.3 Problem 2: Optimization of Transmission Rate

Given a set of ϕis, one can estimate the required CEP constraints on every
ith quantization region. Next, we search for the optimal ri that maximizes the
goodput while still maintaining the CEP constraints. The optimization problem
can be written as

maximize
ri

ri

∫ ϕi+1

ϕi

f(γ)
(
1− Ω(γ, ri)

)
dγ (9.37a)

s.t. εi 6 εi, (9.37b)
ri > 0, (9.37c)

where the maximization operation is done over a single ri since the overall max-
imization of the goodput is equivalent to the maximization of every ith goodput
separately.

A two-step straightforward solution to this problem is

• Follow Theorem 1 and find r′i that maximizes the objective function without
any constraint on CEP.

• Check if r′i satisfies the CEP constraint on the ith quantization region. If it
does not, gradually decrease r′i until the constraint is met.

Remark 9.1. If the CEP constraint cannot be achieved with an ri > 0, then one
can only select ri = 0 which yields the CEP of the ith quantization region to be

F (ϕi+1)− F (ϕi). (9.38)

In this case, if
F (ϕi+1)− F (ϕi) > εi, (9.39)

no feasible solution can be achieved with this particular selections of εis. A possible
solution is to update ϕis and εis accordingly.



140
CHAPTER 9. GOODPUT MAXIMIZATION WITH QUANTIZED

FEEDBACK IN THE FINITE BLOCKLENGTH REGIME

9.3.4 Problem 3: Optimization of Quantization Regions

Next, we search for the optimal ϕis with the following optimization problem

maximize
ϕi

Φ∑
i=1

ri

∫ ϕi+1

ϕi

f(γ)
(
1− Ω(γ, ri)

)
dγ (9.40a)

s.t. εi 6 εi, (9.40b)
ϕi+1 > ϕi. (9.40c)

To solve this optimization problem we used a similar approach that is presented
in [161] that is called the augmented Lagrangian method [162]. The augmented
Lagrangian method has a wide variaty of applications including non-convex opti-
mization problems. Although the Lagrangian duality theory has been proven to
be an effective tool for solving the convex optimization problems with the pri-
mal or primal-dual computational methods, these methods are not powerful in a
non-convex problem due to the non-zero duality gap between the primal and dual
problems [163]. In order to reduce the duality gap for non-convex problems the
augmented Lagrangian method is introduced. In this method, the duality gap is
reduced by adding a penalized function, which consists of a quadratic term, to the
Lagrangian.

The Lagrangian of the optimization problem in (9.40) can be defined by

L =
Φ∑
i=1

ri

(
F (ϕi+1)− F (ϕi)−

∫ ϕi+1

ϕi

f(γ)Ω(γ, ri)
)

−
Φ∑
i=1

λi

(∫ ϕi+1

ϕi

f(γ)Ω(γ, ri)dγ − εi
)
−

Φ∑
i=1

µi (ϕi − ϕi+1) , (9.41)

for all λi ∈ R+ and µi ∈ R+. The augmented Lagrangian method eliminates
the constraints and adds them into the objective function. Thus, the augmented
Lagrangian function can be written as

La =
Φ∑
i=1

ri

(
F (ϕi+1)− F (ϕi)−

∫ ϕi+1

ϕi

f(γ)Ω(γ, ri)
)

− ρ

2

( Φ∑
i=1

([
β

(∫ ϕi+1

ϕi

f(γ)Ω(γ, ri)dγ − εi
)
− λi

ρ

]+
)2

−
Φ∑
i=1

([
ϕi − ϕi+1 −

µi
ρ

]+
)2)

, (9.42)

where ρ > 0 is the penalty parameter and β > 0 is the normalization factor since
the the CEP values can be very small compared to the other penalty terms. λi
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Algorithm 6 Goodput maximization with constraint on maximum CEP
1: Initialize ϕi for i = 1, 2, · · · ,Φ + 1
2: Set εi for i = 1, 2, · · · ,Φ accordingly
3: repeat
4: for i = 1, 2, · · · ,Φ do
5: Update εi according to (9.36)
6: end for
7: for i = 1, 2, · · · ,Φ do
8: Solve (9.13) for ri
9: if εi > εi then
10: repeat
11: ri = ri − τ
12: if ri == 0 then
13: Update ϕi and ϕi+1, and go to 4
14: end if
15: until εi 6 εi
16: end if
17: end for
18: for i = Φ,Φ− 1, · · · , 2 do
19: Set λ(1)

i , µ
(1)
i , and ρ(1)

20: repeat
21: Solve (9.43) for ϕi
22: Update λ

(l+1)
i , µ

(l+1)
i , and ρ(l+1) according to (9.44), (9.45), and

(9.46)
23: until Convergence
24: end for
25: until Convergence

and µi are the Lagrangian dual variables associated with the constraints in (9.40).
It is shown in [164] that the augmented Lagrangian La is locally convex when the
penalty terms are sufficiently large.

The solution to the problem can now be approximated by solving

maximize
ϕi

La. (9.43)

The essential feature of this method is that after each unconstrained maximization,
which yields a maximization point ϕi, the variables ρ, λi, and µi are updated by
means of the iteration. Thus, the Lagrangian dual variables are updated according
to

λ
(l+1)
i =

([
ρ(l)β

(∫ ϕi+1

ϕi

f(γ)Ω(γ, ri)dγ − εi
)
− λ(l)

i

]+
)2

, (9.44)

µ
(l+1)
i =

([
ρ(l)(ϕi − ϕi+1)− µ(l)

i

]+)2
(9.45)
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and the penalty parameter ρ is updated as

ρ(l+1) = 2ρ(l), (9.46)

where the upper-script in z(l) represents the variable z at the lth iteration step.
Notice that, with the augmented Lagrangian method, constraint violations are in-
creasingly penalized as the penalty parameter ρ increases in every iteration step.
This imposes the maximizer of Eq. (9.43) to be in the feasible region.

The proposed method is described in Algorithm 2. It can be seen that at
each iteration, as ϕis and ris change, εi values are also updated accordingly. The
algorithm terminates as convergence is achieved. Otherwise, no feasible solution is
found.

9.4 Numerical Results and Discussions

The behavior of the Algorithm 1 for a simple case where Φ = 3 is shown in Fig.
93, where the horizontal axes represent the quantization variables ϕ2 and ϕ3 and
the vertical axis represents the goodput.1 The contour surface in Fig. 93a depicts
the maximum achievable goodput according to the selections of ϕ2 and ϕ3. The
solid line with circles shows the path of updated ϕ2 and ϕ3 in every subsequent
iteration until the algorithm terminates. Notice that no values are shown in the
upper left half of Fig. 93a since the numerical selections of ϕ2 and ϕ3 in this region
violate the constraint in (9.5c) and therefore no feasible result can be achieved.
In this example, the initial values of ϕ2 and ϕ3 are selected to be ϕ2 = 5 and
ϕ3 = 10. The channel coefficient h is selected to be distributed according to the
Rician distribution with K = 10. Selections of ϕ2 and ϕ3 in every iteration are
shown with a circle in Fig. 93a. As can be seen, the algorithm can efficiently track
the path to the optimum and reach it.

The corresponding goodput values after each iteration are also shown in Fig.
93b, where one can see that the algorithm is able to find better selections of ϕis
and ris in every iteration such that they lead to higher goodput and finally reach
the optimal values. On the other hand, we also show the overall CEP value of the
system with the corresponding feedback scheme with the blue solid line in Fig. 93b.
It can be seen that as the goodput increases, the overall CEP decreases and reaches
to a steady state after 50 iterations.

Next, we show the maximum goodput values achieved by several feedback
schemes with different numbers of quantization regions and blocklengths in Fig.
94. Results for Rayleigh and Rician channels are depicted in Fig. 94a and Fig.
94b, respectively, for Φ = {1, 2, 4} and n = {32, 64, 128}. For comparison purposes,

1Notice that for Φ = 3 only two quantization variables, which are ϕ2 and ϕ3, need to be
optimized.
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Figure 93: The behavior of the algorithm for the feedback scheme with Φ = 3 and
h is Rician distributed with K = 10. (a) The contour of the goodput for all possible
selections of ϕ2, ϕ3 ∈ [0, 5]. The path of updated ϕ2 and ϕ3 in every subsequent
iteration is shown with the solid blue line with circle markers. (b) (LHS) Achievable
goodput and (RHS) the corresponding CEP of the system versus iteration number
are depicted.
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the ergodic capacity and achievable goodput values in the asymptotic regime [141]
are also plotted.

Notice that Φ = 1 represents the case where no CSI at the transmitter is avail-
able. Thus, it is important that even with coarsely quantized systems, significant
gains for both channel distributions are observed in both finite and infinite block-
length regimes. For example, in infinite blocklength regime, to achieve a target
goodput of 1 bpcu, feedback schemes with Φ = 2 and Φ = 4 require a power of
roughly 2 and 3 dB less than a Φ = 1 system does, respectively. Similar advan-
tages are also observed for finite blocklength cases. It can be seen that with the
quantized feedback scheme, the goodput of the communication system can be sig-
nificantly increased. As expected, for all cases, i.e. fixed SNR and Φ, goodput with
infinite blocklength are higher than finite blocklength. Thus, longer blocklength
results in higher goodput. Except the case with Rayleigh distribution and Φ = 1.
In this case differences among all schemes are negligible. This is due to the fact
that the dispersion of the channel is zero, which is explained in detail in Sec. V.
Therefore, the blocklength of the channel code does not have any impact on the
achievable rate. Furthermore, one can also observe that the gap between the finite
and infinite blocklength cases is higher in Rician channel compared to Rayleigh.
This is because channel dispersion is higher for Rician with high K and therefore
blocklength has higher impact on the achievable rate. For instance, the goodput
gap between infinite blocklength and n = 128 for Rayleigh channel with Φ = 4
at 10 dB SNR is 0.11 bpcu. However, this gap increases to 0.16 bpcu for Rician
channel.

Up to now we showed the empirical results without any constraint on CEP.
Next, we focus on the second optimization problem where restriction on CEP is
imposed. In this case, we particularly focus on Rician channel with K = 10 dB with
P = {10, 20} dB SNR. Maximum goodput values achieved by different schemes with
CEP constraint are plotted in Fig. 95 for n = {32, 64, 128} where the horizontal
axis represents the maximum allowed CEP value εm ∈ [10−1, 10−7]. Algorithm 2
is used to solve the optimization problem with CEP constraint. Additionally, the
ergodic capacity and achievable goodput values with no CEP constraint, which are
attained by Algorithm 1, are also plotted for comparison purposes. Since these
values do not change with εm, they all have the same value for different εm and are
represented with a straight horizontal line in Fig. 95.

Notice that, in Fig. 95, significant goodput gaps between the achievable values
with and without CEP constraint are observed. This gap increases as εm decreases.
For instance, to achieve εm = 10−3 with n = 128 when P = 10 dB, it is required to
introduce 0.53 and 0.26 bpcu of rate backoffs when Φ = 2 and Φ = 4, respectively.
However, if εm = 10−5, these gaps become 1 and 0.53 bpcu for Φ = 2 and Φ = 4,

2 We used the red color to show the maximum achievable goodput values for Φ = 4 in Fig.
94b for finite blocklength results since they are mixed with the results of Φ = 2.
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Figure 94: Maximum goodput achieved without any CEP constraint over Rayleigh
and Rician channels with different feedback schemes, Φ = {1, 2, 4}. Values for finite
n are depicted with blue solid lines, where we show results for n = {32, 64, 128}.
Notice that, for all cases, goodput values for n = 128 are the highest ones and n = 32
are the lowest. For comparison, the ergodic capacity and achievable goodput in
asymptotic regime are also shown with dash-dotted and dashed lines, respectively.
(a) Rayleigh channel. (b) Rician channel with K = 10 dB.2
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Figure 95: Maximum goodput values with and without constraint on CEP over
Rician channel with K = 10 dB and (a) P = 10 dB, (b) P = 20 dB. Results for
different feedback schemes with Φ = {2, 4} and n = {32, 64, 128} are depicted with
respect to several εm values ranging from 10−1 to 10−7.
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respectively. Thus, it is shown that imposing a restriction on CEP reduces the
maximum goodput of the system. Or, in other words, the feedback scheme achieves
the required reliability by decreasing the transmission rate. Notably these gaps are
even higher when P = 20 dB. Furthermore, it can also be seen that for very low
reliability values, i.e. εm < 10−2, goodput results with CEP constraint converge
to the results achieved without a CEP constraint, since the overall CEP that is
achieved with Algorithm 1 is already lower than εm.

Recall that Algorithm 2 can only find a feedback scheme when a feasible set that
fulfills the constraints is achieved, otherwise no feasible set can be constructed. This
problem, for instance, arises for n = 128 and P = 10 dB when εm < 10−6. In this
case, no results are shown. Similarly, when n = 64 and n = 32, no solution is
achieved when εm < 2.5 × 10−6 and εm < 6 × 10−6, respectively. One possible
solution to this problem is to increase the SNR of the received codeword. Thus,
as seen in Fig. 95b, it is possible to achieve a feedback scheme for n = 128 and
εm = 10−7 when P = 20 dB. Similar results are observed for n = 64 and n = 32,
as seen in Fig. 95b.

9.5 Conclusions

We study the optimal quantized feedback scheme design for goodput maxi-
mization problem in the finite blocklength regime, where we assume a commu-
nication scenario with partial CSI knowledge at the transmitter over quasi-static
channel. Numerical results with and without constraint on CEP are presented.
Differences between the achievable goodput results in the asymptotic and non-
asymptotic regimes are shown. We observed that when constraint on reliability
is imposed, the feedback scheme achieves the required reliability by decreasing the
transmission rate and therefore maximum achievable goodput decreases with higher
reliability constraint.
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Chapter 10

Conclusions and Future Research

10.1 Concluding Remarks

In this thesis we have discussed various fundamental aspects of constrained com-
munication in the finite blocklength regime. In Part II the aggregate latency caused
by codeword transmission and decoding is the main focus. In Chapter 4, we have
presented an empirical model that can accurately show the trade-off between com-
plexity of OS decoders versus their power gap to the normal approximation. Based
on the insights from the proposed model, maximal achievable transmission rates
with OS decoders under stringent latency and computational complexity constraints
are presented. In particular, our results highlight the effects of these constraints
on transmission parameters and hence show that decoding time has a considerable
effect on the bounds of the short block-length codes when complexity constraints
are taken into account.

Next, in Chapter 5, we study the optimum transmission parameters for lin-
ear block codes with OS decoders in finite blocklength under latency, reliability,
and decoding complexity constraints. Several optimization problems that aim to
increase the transmission efficiency of the URLLC system with OS decoder have
been formulated and solved. It is shown that when complexity constraint and
decoding duration are considered in a low-latency communication scenario, the op-
timum selections of the transmission parameters vary significantly compared to the
unconstrained decoder scenarios.

In Chapter 6, a MOOP that targets to find the optimal transmission rate and
power under latency, erliability and decoding complexity constraints is formulated
and solved with the help of the proposed empirical model. The attainable objec-
tive set and the Pareto boundary are characterized for two different multi-objective
scalarization functions, namely the linear weighted-sum and weighted Chebyshev
functions. Then, the accessability of the Pareto-optimal points are analyzed. It
is also shown that depending on the convexity/concavity of the Pareto boundary,
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the Pareto-optimal points cannot be accessed by the linear weighted-sum objective
function. Finally, benefits of the MOOP are shown with a case study on battery-
powered transmission, where the weights for the scalarization of the MOOP is
configured according to the remaining battery level and thus the optimum selection
of the MOOP varies with the remaining battery level. This, therefore, introduces
an adaptive transmission parameter selection. It is further shown that, MOOP
framework increases both the throughput and energy efficiency of the system, com-
pared to the classical fixed parameter transmission, while the constraints on latency,
reliability, and decoding complexity are still met.

Next, in Chapter 7, we have shown that neural networks can be used as an
order predictor for OS decoders when properly trained. A learning-based method,
to predict the order of the OS decoder, is presented. It is further shown that the
proposed method allows us to significantly decrease the mean complexity of the
decoder without sacrificing the reliability.

And finally, in Part III, goodput maximization in the finite blocklength regime
for a communication scenario with partial CSI knowledge at the transmitter over
a quasi-static channel is studied. An adaptive quantized feedback scheme that ex-
ploits the maximum goodput by searching the optimum selections of quantization
regions with corresponding transmission rates is deeply investigated and formu-
lated. This problem is then analytically solved and an iterative algorithm is pro-
posed. Next, optimal quantized feedback scheme design for goodput maximization
is studied under reliability constraint. A sub-optimum CEP allocation technique is
presented. Then the problem is analytically solved with the augmented Lagrangian
method and an iterative algorithm that can achieve the maximum goodput while
guaranteeing the reliability constraint is proposed. Lastly, numerical results of the
optimization problem with and without constraint on CEP are presented. It is
shown that significant improvement in goodput can be achieved even with coarsely
quantized feedback schemes. However, differences between the achievable goodput
results in asymptotic and non-asymptotic regimes are observed. It is shown that
these differences vary with different channel distributions. Furthermore, we no-
ticed that when constraint on reliability is imposed, the feedback scheme achieves
the required reliability by decreasing the transmission rate and therefore maximum
achievable goodput decreases with higher reliability constraint. Finally, it is worth
mentioning that results that are presented in this part are valid for any continu-
ous channel distributions since the optimization problems are explicitly formulated
without any specific channel distribution.

10.2 Future Research

In this thesis, we made significant progress towards understanding the effect of
decoding latency on URLLC systems with computational complexity constraints.
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It would be interesting to build upon the frameworks that are presented in Chapter
5 and 6. Thus, an immediate future direction is the extension of the proposed model
in Part II to computational complexity constrained URLLC over fading channels.

On the other hand, one main assumption in our studies is that the decoding
process starts right after receiving the n-length codeword. However, this is not
required for all coding schemes. For instance, for convolutional codes with Viterbi
decoding, the process can start before receiving the whole codeword. Therefore,
studying the optimal parameter selections for such coding schemes under compu-
tational complexity constraints in URLLC would also be of practical relevance.

Deep-learning based NN estimators have great potentials in communication sys-
tems. As we showed in Chapter 7, it is possible to decrease the overall complexity
of OS decoders while maintaining the reliability. A possible future direction in
that sense is learning-based NN estimator applications to other candidate coding
schemes for URLLC. For instance, one of the main problems in decoding TBCCs is
to estimate the initial state of the received codeword, which exponentially increases
the computational complexity. Thus, a learning-based NN estimator to detect the
initial state of the codeword for TBCCs can be a possible future study.

An interesting direction related to the goodput maximization with quantized
feedback problem is to assume long-term power constraint while designing the op-
timum quantization scheme. Although this problem has been studied for asymp-
totic regime, no solution has been presented for finite blocklength. On the other
hand, a second problem of interest is to study the optimum quantization scheme
with imperfect CSI at the receiver or noisy feedback channel. This approach can
be continued as a future direction in this area.
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