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Abstract

This thesis investigates a multiscale version of the Landau-Lifshitz equa-
tion and how to solve it using the framework of Heterogeneous Multiscale
Methods (HMM). The Landau-Lifshitz equation is the governing equation in
micromagnetics, modeling magnetization dynamics. The considered problem
involves two different scales which interact with each other: a fine scale, on
which small material variations can be described, and a coarse scale for the
overall magnet. Since the fast variations are much smaller than the coarse
scale, the computational cost of resolving these scales in a direct numerical
simulation is very high. The idea behind HMM therefore is to use a coarse
macro model, involving some missing quantity, in combination with an exact
micro model that provides the information necessary to complete the macro
model using an averaging process, the so-called upscaling. This approach
results in a computational cost that is independent of the fine scale, ε.

The included papers focus on different aspects of the problem, together
providing both error estimates and implementation details.

Paper I investigates homogenization of the given Landau-Lifshitz equation
with a rapidly oscillating material coefficient in a periodic setting. Equations
for the homogenized solution and the corresponding correctors are derived
and estimates for the error introduced by homogenization are given. Both
the difference between actual and homogenized solution as well as corrected
approximations are considered. We show convergence rates in ε up to final
times T ∈ O(εσ), where 0 ≤ σ ≤ 2 in Hq Sobolev norms. Here the choice of
q is only restricted by the regularity of the solutions.

In Paper II, three different ways to set up HMM are introduced, the flux,
field and torque model. Each model involves a different missing quantity in
the HMM macro model. In a periodic setting, the errors introduced when
approximating the missing quantities are analyzed. In all three models the
upscaling errors are bounded similarly and can be reduced to O(ε) when
choosing the involved parameters optimally.

A finite difference based implementation of the field model is studied in
Paper III. Several important aspects, such as choice of time integrator, size of
the micro domain, boundary conditions for the micro problem and the influ-
ence of various parameters introduced in the upscaling process are discussed.
We moreover introduce the idea to use artificial damping in the micro problem
to obtain a more efficient implementation.

Finally, a more physical setup is considered in Paper IV. A finite element
macro model that is combined with a finite difference micro model is proposed.
This approach is based on a variation of the flux model introduced in Paper II.
A problem setting with Neumann boundary conditions and involving several
terms in the so-called effective field is considered. Numerical examples show
the viability of the approach.

Additionally, several geometric time integrators for the Landau-Lifshitz
equation are reviewed and compared in a technical report. Their properties
are investigated using numerical examples.



iv

Sammanfattning

I denna avhandling undersöks en multiskal-version av Landau-Lifshitz-
ekvationen och hur detta problem kan lösas med hjälp av så kallade he-
terogena multiskalmetoder (HMM). Landau-Lifshitz-ekvationen är huvud-
ekvationen inom mikromagnetism och modellerar magnetismens dynamik i
en ferromagnet. I problemet som behandlas i avhandlingen finns två viktiga
skalor: en mikroskala där variationer i det magnetiska materialet representeras
och en makroskala för hela magneten. Eftersom variationerna på mikroskalan
är mycket små jämfört med makroskalan blir beräkningskostnaden väldigt
stor i en direkt simulering där de små variationerna löses upp. Ett alterna-
tiv till en sådan direkt simulering är att använda HMM. Idén bakom denna
metod är att man använder en så kallad makromodell som saknar vissa para-
metervärden. Den kan diskretiseras med ett grovt beräkningsnät. De okända
värdena i makromodellen approximeras i en så kallad upskalningsprocedur,
där medelvärden bildas baserad på lösningen till ett mikroproblem. För varje
diskretiseringspunkt i makroproblemet löses ett sådant mikroproblem nog-
grannt i tid och rum. Med denna metod får man en beräkningskostnad som
inte beror på hur liten den fina skalan, ε, är.

Rapporterna som är en del av denna avhandling fokuserar på olika kom-
ponenter som behövs för att lösa och analysera problemet. De fel som uppstår
när man använder HMM undersöks och implementeringsfrågor utreds.

Artikel I handlar om homogenisering av det periodiska Landau-Lifshitz-
problemet med en snabbt oscillerande materialkoefficient. Vi härleder ekvatio-
ner för den homogeniserade lösningen och de tillhörande korrektorerna samt
analyserar felen som uppstår. Vi tar hänsyn till två olika fel, skillnaden mellan
lösningen till originalproblemet och det homogeniserade problemet samt till
korrigerade approximationer. För sluttider T ∈ O(εσ), där 0 < σ ≤ 2, visar vi
konvergenshastigheter med avseende på ε i Hq Sobolevnormer. Värdena som
kan väljas för q inskränks bara av lösningarnas regularitet.

I artikel II presenteras tre olika upplägg för HMM makroproblemet som
kallas för flödesmodell, fältmodell och vridesmomentsmodell. Skillnaden mel-
lan modellerna är att olika parametervärden saknas och därför behöver ap-
proximeras. För periodiska problem analyseras felen som uppstår på grund
av approximationen. För alla tre modeller kan liknande gränser för uppskal-
ningsfelen visas. Om man väljer alla parametrar optimalt får man ett fel som
är O(ε).

Artikel III beskriver en implementation av fältmodellen som är baserad på
finita differensmetoden. Den behandlar olika viktiga aspekter så som tidssteg-
ningsmetod, mikroproblemets storlek och vilka randvärden som kan väljas för
mikroproblemet. Dessutom undersöks påverkan av olika parametrar som ingår
i uppskalningen. Utöver det diskuteras idén att använda artificiell dämpning
i mikroproblemet för att få en mer effektiv implementation.

I artikel IV behandlas en version av Landau-Lifshitz ekvationen med en
oscillerande materialkoefficient som är närmare den fysikaliska modellen. Vi
använder finita elementmetoden för makromodellen och kombinerar den med
en mikromodell som diskretiseras med finita differenser. Grunden för detta
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tillvägagångsätt utgörs av en variation av flödesmodellen som introducerades
i artikel II. Dessutom tar vi i artikel IV hänsyn till Neumann-randvillkor och
tar med flera komponenter i den så kallade effektiva fälten, inte bara den
termen som beskriver interaktionen mellan magnetiska moment som används
i artikel I-III. Numeriska experiment visar att den föreslagna metoden ger
rimliga resultat.

Dessutom granskas och jämnförs flera geometriska tidsstegningsmetoder
för Landau-Lifshitz-ekvationen i en teknisk rapport. Deras egenskaper under-
söks med hjälp av numeriska exempel.





Preface

This thesis is divided into two parts. Part A gives an introduction to the topic
and provides background information, illustrating important concepts. Moreover, a
summary of the results in the included papers is given. Part B contains four scientific
papers as well as a technical report, which constitute the main contribution of this
work. These papers are:

Paper I
L. Leitenmaier and O. Runborg. On Homogenization of the Landau-Lifshitz equa-
tion with rapidly oscillating material coefficient (2020). Accepted for publication in
Communications in Mathematical Sciences.

The version included in this thesis has an additional appendix compared to the
submitted contribution. It is available on arXiv:2012.12567.

Paper II
L. Leitenmaier and O. Runborg. Upscaling errors in Heterogeneous Multiscale
Methods for the Landau-Lifshitz equation (2021). Accepted for publication in Multi-
scale Methods and Simulation.

Paper III
L. Leitenmaier and O. Runborg. Heterogeneous Multiscale Methods for the Landau-
Lifshitz equation (2021). Submitted.

The included version of this article is a slight modification of the preprint available
at arXiv:2108.09463.

In papers I-III, the author contributed to the ideas, did a significant part of the
mathematical analysis and wrote most of the manuscripts. Moreover, the author
performed all the numerical simulations.
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Paper IV
L. Leitenmaier and M. Nazarov. A finite element based Heterogeneous Multiscale
Method for the Landau-Lifshitz equation (2021). Submitted.

In paper IV, the author contributed significantly to the ideas, implemented part of
the code, did the numerical experiments and wrote the manuscript.

Paper V - Technical report
L. Leitenmaier. A note on geometric integrators for the Landau-Lifshitz equation
(2021).
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1 Introduction

Many different problems in science have multiscale character. They are determined
by interactions on several different scales in space and time. While the resulting
system typically comprises variations on each of these scales, one often is interested
in its behavior on a particular one, usually the so-called macro scale.

This thesis focuses on micromagnetics, which is a popular approach to describe
the dynamics of ferromagnetic materials. A common technique to develop high-
performing magnets, as required for modern applications such as wind turbines
and electric vehicles, is the use of nanocomposites. These materials combine a hard
and a soft phase to enhance certain properties such as magnetization saturation
and coercivity [88, 80]. The scale of the individual grains such a composite is made
up of and which determine its behavior is typically a few nanometers, considerably
smaller than the size of the overall magnet which one is interested in. One hence
deals with a multiscale problem.

Numerical modeling based on micromagnetics is an important tool in the process
of developing improved magnetic materials. However, this can be computationally
very challenging since a very fine resolution is required to properly capture the fine
scale [39].

This is a common issue in multiscale problems. A possible solution is to apply
homogenization, that is to derive a mathematical description of an effective system,
capturing the correct macro scale behavior without having to resolve the small scale.
However, homogenization theory only applies under very specific, rather restrictive
assumptions on the system under consideration.

A somewhat more generally applicable approach is to use numerical homogeniza-
tion. This can be done using several different techniques, depending on the specific
application, such as the Multiscale Finite Element Method [58, 35], Localized Or-
thogonal Decomposition [55, 69], equation free methods [62, 68] or Heterogeneous
Multiscale Methods (HMM) [32, 2]. In this thesis, we focus on the latter approach.
Local, accurate micro problems are combined with a macro model that can be
discretized using a coarse mesh in order to get a computationally more efficient
method.

Throughout the major part of the thesis, a simplified model for the dynamics

1
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in a composite magnetic material is considered, the Landau Lifshitz equation

∂tm = −m × ∇ · (aε∇m) − αm × (m × ∇ · (aε∇m)) , (1.0.1)

where m(x, t) ∈ R3 denotes the magnetization vector, aε is a material coefficient,
depending on a small parameter ε that represent the scale of the fast variations
in the material, and α is the so-called damping constant. This type of model was
first used in [54] and more recently in [8, 7]. Similar approaches are applied in for
instance [82] and [22].

The contributions of this thesis can be roughly divided in a more theoretical
and a more practical part.

• Paper I and Paper II are mostly about providing estimates for the errors
introduced in the process of using HMM to get an approximate solution to
(1.0.1) on a domain Ω ⊂ Rd, where d ∈ {1, 2, 3}, and considering periodic
boundary conditions. In particular, Paper I deals with homogenization errors
and Paper II with errors due to averaging in the HMM process.

• Paper III and Paper IV are more concerned with questions regarding the setup
of HMM in practice, focusing more on numerical experiments. In Paper III,
a finite difference HMM approach is presented and discussed. In Paper IV, a
finite difference micro model is combined with a finite element macro model,
providing more flexibility regarding geometries. Moreover, the setup in Paper
IV is closer to the physical model.

Moreover, in the technical report Paper V, selected methods for time integration
of the Landau-Lifshitz equation are reviewed.

The subsequent background chapters introduce several important concepts, which
form the basis for this thesis. The aim here is to illustrate some of the principal
techniques and to make the following papers more accessible for the reader. There-
fore a concise presentation of key points is favored over mathematical details. These
chapters are organized as follows. In Chapter 2, magnetization dynamics are intro-
duced and the Landau-Lifshitz equation is discussed in more detail. Some concepts
from homogenization theory are discussed in Chapter 3. In Chapter 4, numerical
methods required for the problem under consideration are presented. First, an
overview of methods developed to numerically solve the Landau-Lifshitz equation
in general is given in Section 4.1. Then the framework of Heterogeneous Multiscale
Methods, which we use for numerical homogenization is introduced in Section 4.2.
Finally, a summary of the results of the contributions that are part of the thesis is
given in Chapter 5.

1.1 Preliminaries

Since the magnetization m is a three component vector, mathematical notation for
operators applied to it is in some cases not entirely straightforward. Throughout
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this thesis, we use notation that resembles the one for scalar functions rather than
for example a summation-based notation to improve readability.

In particular, ∇m ∈ R3×d denotes the Jacobian of m,

∇m = [∂x1m · · · ∂xd
m] .

In general, the scalar product and cross product between u ∈ R3 and F = [f1 · · · fd] ∈
R3×d is done column-wise,

u · F = [u · f1 · · · u · fd] ∈ R3×d

and
u × F = [u × f1 · · · u × fd] ∈ R3×d.

Given F ∈ R3×d and G ∈ R3×d, the colon-operator : is defined as a generalization
of the scalar product, it holds that

F : G =
d�

j=1
fj · gj ∈ R.

To stay consistent with the scalar case, the divergence operator is applied row-wise,

∇ · F = [∂x1f1 + · · · + ∂xd
fd] ∈ R3.

Scalar differential operators L : R → R are applied component-wise to m. This is
consistent with the above. Let for example L = Δ, then

Lm =




Δm1
Δm2
Δm3


 = ∇ · ∇m.

Some properties of the cross product

Important key properties of the Landau-Lifshitz equation are due to its cross-
product structure. It is thus useful to recall the scalar and vector triple product
identities, given vectors a, b, c ∈ R3 it holds that

a · (b × c) = b · (c × a) = c · (a × b), (1.1.1a)
a × b × c = (a · c)b − (a · b)c. (1.1.1b)

We moreover define the skew-symmetric cross-product matrix [b]× as

[b]× :=




0 −b3 b2
b3 0 −b1

−b2 b1 0


 , (1.1.2)
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which implies that [b]×c = b × c. The eigenvalues of [b]× are known to be

λ1,2 = ±i|b|, λ3 = 0 ,

and the corresponding eigenvectors are a pair of complex conjugate vectors, w1 and
w2 = w̄1, and w3 = b. All eigenvectors are orthogonal to each other. Assuming
that the eigenvectors are normalized, the matrix

W := [w1 w̄1 b]

is normal, W∗W = WW∗ = I, where I denotes the 3 × 3 identity matrix, a
convention we keep in the following.

Furthermore, given |b| = 1, it holds for the sum and difference of the outer
product of the eigenvectors of the cross product matrix [b]× that

w1w∗
1 + w̄1w̄∗

1 = I − bbT (1.1.3a)
w1w∗

1 − w̄1w̄∗
1 = −i[b]× . (1.1.3b)

Note that since [b]× is a 3 × 3-matrix, one can easily compute its eigenvalues and
eigenvectors explicitly to verify these properties.



2 Magnetization dynamics

Simulation of magnetic materials and phenomena is a crucial tool in material sci-
ence and physics. Depending on the length and time scale of the dynamics one is
interested in, different descriptions are suitable. On the shortest scales, a quantum
mechanical approach using time-dependent density functional theory is appropriate
[38]. For somewhat larger scales, the method of atomistic spin dynamics can be
applied [38, 72, 40]. Here a discrete description of magnetism, based on individ-
ual magnetic moments or spins which are localized at the atoms in the material is
used. While this allows for a precise representation of atomic-scale phenomena, it
results in high computational cost. For larger computational domains, one therefore
typically uses the well-established approach of micromagnetics.

2.1 Micromagnetics

In micromagnetics, a vector field M : Ω → R3 is used to describe the local magne-
tization at every point inside a ferromagnet with domain Ω [70]. Micromagnetics
does not account for distinct magnetic spins inside the material and is thus suitable
for dealing with magnetization phenomena at “intermediate” scales, typically from
0.01 to 10µm, considerably larger than the distance between atoms in the material
but small enough to resolve relevant magnetic structures [44, 3]. Well below the
Curie temperature, the magnetization can be written as

M(x) = Msm(x), where |m(x)| = 1,

where the temperature-dependent material constant Ms denotes the spontaneous
magnetization. At zero-temperature, as considered subsequently, Ms is the satura-
tion magnetization [70, 3].

In the following, a short introduction to magnetostatics and magnetization dy-
namics is given based on [19, 70, 3, 42, 59, 44]. A more detailed discussion of
micromagnetics can be found in these references.

5
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Static micromagnetics

Equilibria of M(x) can be found by minimizing the so-called Gibbs free energy,
which is defined as

E(M, Hext) =
�

Ω

A

M2
s

|∇M|2 − µ0M · Hext + fani(M) − µ0
2 M · HdemdV. (2.1.1)

The first term in the integral on the right-hand side here describes the exchange
energy, with A being the exchange stiffness constant. The constant µ0 denotes the
vacuum permeability and Hext the external field that is applied to the material.
The third term represents anisotropy effects due to the crystalline structure of the
material. In the most simple case, uniaxial anisotropy,

fani(M) = K
�
1 − M−2

s (M · eani)2� ,

where K is an anisotropy constant and eani is the unit vector of the so-called easy
axis. The last term in the integral in (2.1.1) accounts for dipole-dipole interaction
and is referred to as demagnetization, stray field or magnetostatic energy. The
demagnetization field Hdem can be obtained using Maxwell’s macroscopic equations
[3]. In the absence of electric currents, one can simplify this and describe Hdem as

Hdem = −∇u,

where the scalar potential u satisfies

∇ · (−u + MχΩ) = 0, x ∈ R3, (2.1.2)

with χΩ being the indicator function for Ω in R3. Note that while the first three
contributions to the free energy E are localized, the magnetostatic energy is a long
range effect.

Using calculus of variations, one can show that any M that minimizes the free
energy satisfies the so-called Brown’s equation,

M × Heff = 0 (2.1.3)

at each point x ∈ Ω, while ∂M
∂n = 0 on the surface of the ferromagnet [70, 3]. The

effective field Heff is defined as

Heff := ∂E

∂M = Hex + Hani + Hext + Hdem,

where the exchange field Hex and anisotropy field Hani are defined as

Hex := 2A

µ0M2
s

ΔM, Hani := − 1
µ0

∂fani
∂M .
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Remark 2.1. A possible approach to modeling a ferromagnetic composite, consisting
of two different materials, is to replace the material constants in (2.1.1) by variable
coefficients. Taking the variational derivative then leads to somewhat different
formulations for the field terms. In particular, the exchange field becomes

Hex = Cex∇ · (a(x)∇M),

for a constant Cex, which leads to the model that is considered in the contributions
in this thesis.

The free energy functional (2.1.1) forms the basis for the classical approach to
micromagnetics, which was mostly limited to the solution of stationary problems
due to limited computational resources. While magnetostatics are a valuable tool
for investigating material properties like hysteresis, simulation of many problems
closer to experimental setups requires dynamic approaches [42, 3].

Magnetization dynamics

To describe the evolution of the magnetization in a ferromagnet that is not in
equilibrium, the Landau-Lifshitz equation is used. It was originally proposed by
Landau and Lifshitz in 1935, [65], in the form

∂tM = −γLM × Heff + αγLMs

�
Heff − MM · Heff

M2
s

�

= −γLM × Heff − α
γL

Ms
M × (M × Heff) , (2.1.4)

where γL is a gyromagnetic-type constant and α a material dependent damping
parameter. The first term on the right-hand side here describes the precession
of the local magnetization that is induced by Heff , while the second term is a
damping term. This damping term is phenomenological and was introduced to
take unspecified dissipative effects into account that were observed in experiments
and make it possible for the magnetization to eventually reach equilibrium. The
specific form of the damping term stems from the fact that as the magnitude of
the magnetization is to be preserved, only the components of Heff orthogonal to
M can contribute to the damping. The normalization is chosen such that α is
dimensionless [59, 70].

To better capture the dissipative effect, in 1955, Gilbert [48, 49] derived a dif-
ferent formulation of the damping term based on Lagrangian mechanics [3], which
results in

∂tM = −γGM × Heff + αGM × ∂tM. (2.1.5)

Up to a parameter transformation, the formulations (2.1.5) and (2.1.4) are equiv-
alent. The formulation (2.1.5) is often called Gilbert form. Note that in the lit-
erature, also the name Landau-Lifshitz-Gilbert equation is used to refer to (2.1.5)
but, somewhat inconsistently, sometimes also for (2.1.4).
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2.2 The Landau-Lifshitz equation

Throughout the rest of this thesis, we will consider the non-dimensional form of
the Landau-Lifshitz equation. To obtain this form, (2.1.4) is multiplied by 1/M 2

s .
Moreover, time and space are rescaled such that

t� = t/(γLMs)−1 = γLMst x� = x/�ex,

where the so-called exchange length �ex is defined as

�ex :=
�

2A

µ0M2
s

.

Then one obtains

∂tm = −m × heff − αm × (m × heff) , (2.2.1)

where m = M/Ms and thus |m| = 1 throughout Ω and for all t > 0. The non-
dimensional effective field is

heff := Δm + hani + hext + hdem,

where Δm represents the exchange field and the latter three terms, anisotropy,
applied and demagnetization fields, are rescaled versions of the corresponding di-
mensional quantities [70],

hani = Hani/Ms, hext = Hext/Ms, hdem = Hdem/Ms.

The corresponding Gilbert form of the normalized Landau Lifshitz equation is given
by

∂tm − αm × ∂tm = −(1 + α2)m × heff . (2.2.2)

Taking the cross product of m and (2.2.2), and using (1.1.1b) as well as the fact
that m and ∂tm are orthogonal, one furthermore finds that

m × ∂tm + α∂tm = −(1 + α2)m × [m × heff ] . (2.2.3)

2.2.1 Relevant time and spatial scales
Typical values for the material constants in (2.1.1), (2.1.4) for permalloy are Ms =
8 · 105Am−1 and A = 1.3 · 10−11Jm−1. Moreover, the vacuum permeability is
µ0 ≈ 1.3 · 10−6N/A2 and γ ≈ 2.2 · 105A−1ms−1 [70, 46, 74]. Based on these values,
the normalization factors for time and space are (γMs)−1 ≈ 6ps and �ex ≈ 5nm.

Consider a physical domain of size 1µm in each space dimension and a final
time of interest of order 10ns, which is what is used in many examples in the
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literature. After non-dimensionalization, this corresponds to a domain [0, L]d where
L = 1µm/�ex ≈ 200, and a final time T � ≈ 10ns/6ps = 5/3 · 103.

However, in numerical simulations, we often choose to rescale the PDE once
more to obtain a unit cell domain Ω in space. For the example considered here, this
means an additional scaling by a factor L in space. Adapting time correspondingly,
we find that

T ≈ 5/3 · 103 · 200−2 = 1/24
in the non-dimensional form and with a unit cell domain corresponds to a final time
of 10ns in the physical setting with a domain of size 1µm in each space dimension.
Note that the contributions to the effective field except for the exchange term have
to be rescaled by a factor L2 as well.

2.2.2 Boundary conditions
In physical applications, the Landau-Lifshitz equation (2.2.1) is typically posed
with homogeneous Neumann boundary conditions,

∂nm = 0 on ∂Ω, (2.2.4)

where ∂nm denotes the normal derivative of m. For the magnetization equilibrium
case and in the absence of surface anisotropies, this boundary condition follows
from the energy minimization that also leads to Brown’s equation (2.1.3) [25, 70].

In a more mathematical context, also periodic boundary conditions are consid-
ered, which in certain cases makes it possible to derive analytical solutions, see for
example [63, 60, 45].

2.2.3 Some important properties
An important characteristic of the Landau-Lifshitz equation is the length preserva-
tion property. Due to the structure of the right-hand side in (2.2.1), it follows by
(1.1.1a) that m and ∂tm are orthogonal. Consequently, it holds that

1
2∂t|m(x, t)|2 = m · ∂tm = 0, (2.2.5)

hence the length of m is preserved for all 0 ≤ t ≤ T . The fact that |m(x, t)| = 1
for all x ∈ Ω furthermore implies that

m · ∂xi
m = 1

2∂xi
|m|2 = 0, i = 1, ..., d.

Another important property is that given a time-independent external field,
∂thext = 0, the Landau-Lifshitz equation has a Lyapunov structure [79, 70]. Let E
denote the non-dimensional free energy, the normalized version of (2.1.1),

E(m) := 1
V

�

Ω

�
1
2 |∇m|2 + φani(m) − 1

2hdem · m − hext · m
�

dV, (2.2.6)
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where V denotes the volume of the ferromagnet and φani is a normalized version of
the anisotropy functional fani. Then one can show [70] that

∂tE = − α

V

�

Ω
|m × heff |2dV = − α

V (1 + α2)

�

Ω
|∂tm|2dV ≤ 0,

the free energy decreases until equilibrium is reached. In the special case of no
damping, α = 0, it holds that

∂tE = 0, (2.2.7)
the equation has a Hamiltonian structure and is energy preserving [23, 26].

Simplified problem

When treating (2.2.1) mathematically, it is common to only consider the term
involving the highest order derivatives in the effective field and set heff = Δm,

∂tm = −m × Δm − αm × (m × Δm) , (2.2.8a)
m(x, 0) = minit(x), (2.2.8b)

where |minit| = 1 for all x ∈ Ω.
In this special case, we have useful identities for the precession and damping

terms. In particular, it holds that

m × Δm = ∇ · (m × ∇m), (2.2.9)

and by the vector triple product inequality, (1.1.1b), together with the fact that
|m| = 1,

−m × (m × Δm) = Δm + (m · Δm)m = Δm + |∇m|2m. (2.2.10)

2.2.4 Existence of solutions
Existence of classical solutions to (2.2.1), (2.2.8) is only known given certain restric-
tions such as small initial data gradients or short final times [20, 21, 41, 71, 29]. For
example, in [20, 21] uniqueness and local existence up to times T < T ∗ of solutions
m ∈ C0([0, T ]; H2(Ω)) ∩ L2(0, T ; H3(Ω)) is proved on bounded domains as well as
R3. The time T ∗ up to which existence can be shown depends on the size of the
data. A similar result for solutions of higher regularity is shown in [24].

Local in time existence of smooth, unique solutions as well as existence of global
unique solutions are shown in [51], for 2D torus domains without boundary and
under the assumption that the energy of the initial data, �minit�H1 , is sufficiently
small (see also [81]). In [21], it is moreover proved for domains Ω ⊂ R2 that there
exists δ > 0 such that global, unique solutions m to (2.2.8) with homogeneous
Neumann boundary condition exist given that �∇minit�H1 ≤ δ.

In [41], the authors prove existence of arbitrarily regular solutions with respect
to space and time up to an arbitrary final time on bounded 3D domains, assuming
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that the initial data is sufficiently close to a constant function and has high enough
regularity.

Global existence and non-uniqueness of weak solutions m ∈ H1((0, T ) × Ω; S2)
to (2.2.8) was proved in [11]. Moreover, weak-strong uniqueness for (2.2.1) was
shown recently in [29], which means that as long as a strong solution exists, each
weak solution coincides with the strong solution and is thus unique.

2.2.5 Connections to other equations
In physical applications, the value of the damping constant α is positive but quite
small. For typical metallic materials such as cobalt or permalloys, nickel-iron com-
binations, it is on the order of 10−2 − 10−1 and one to two orders of magnitude
smaller for garnets or ferromagnetic oxides [70, 86, 84, 15]. However, the limit
damping cases, α = 0 and α → ∞, are interesting from a mathematical point of
view. In the former case, α = 0, (2.2.8) becomes

∂tm = m × Δm, m(x, 0) = minit(0), m : Ω × R+ → S2,

which is also known as Schrödinger flow for harmonic maps into the unit sphere
S2 := {u ∈ R3||u| = 1}, a special case of Schödinger flow from a Riemannian
manifold into a Kähler manifold [30, 52, 71].

As α becomes large, one instead obtains (a perturbed version of) harmonic map
heat flow into S2 [53, 50, 71, 34], which is given by

∂tu = Δu + |∇u|2u, u(x, 0) = uinit(0), u : Ω × R+ → S2.

To stress the connection between Landau-Lifshitz equation and heat flow for high
values of α, one can rewrite the damping term in (2.2.8) using (2.2.10), which yields

∂tm = α(Δm + |∇m|2m) − m × Δm. (2.2.11)

This connection for example inspired the proof of the non-uniqueness of weak so-
lutions to (2.2.8) in [11] as well as the proofs in [51]. Moreover, it inspired the
development of numerical algorithms, for example in [34].

A further relationship to the Schrödinger equation can be shown when consid-
ering a version of (2.2.8) that is linearized around the constant state m0,

∂tm = −m0 × Δm − αm0 × (m0 × Δm) , (2.2.12a)
m(x, 0) = minit(x), (2.2.12b)

with m0 ∈ R3 such that |m0| = 1 and for x ∈ Ω, where we assume periodic bound-
ary conditions on Ω. Using the cross product matrix notation given in Section 1.1,
we define

B(m0) := [m0]× + α[m0]2×, (2.2.13)
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and introduce a decomposition of [m0]×,

[m0]× = WΛW∗, where W = [w w̄ m0] and Λ =




i
−i

0


 ,

where w, w̄ and m0 are the normalized eigenvectors of [m0]× as discussed in Sec-
tion 1.1. Then (2.2.13) can be rewritten as

B(m0) = W(Λ + αΛ2)W∗, (2.2.14)
and (2.2.12a) becomes

∂tm = B(m0)Δm. (2.2.15)
As both W and Λ are constant and W is normal, it then follows from (2.2.15)
together with (2.2.14) that u(x, t) := W∗m satisfies

∂tu(x, t) = W∗∂tm = (Λ + αΛ2)Δu, (2.2.16a)
u(x, 0) = W∗minit. (2.2.16b)

Since Λ + αΛ2 is diagonal, (2.2.16a) implies that the components of u satisfy three
decoupled differential equations,




∂tu1
∂tu2
∂tu3


 = −




i − α
−i − α

0






Δu1
Δu2
Δu3


 =




(α − i)Δu1
(α + i)Δu2

0


 . (2.2.17)

This system can be solved explicitly in terms of the eigenfunctions φj and eigen-
values ωj of the operator −Δ. Let Ψ be

Ψ(x, t) :=
∞�

j=0
fje(i−α)ωjtφj(x) , where fj is such that minit(x) =

∞�

j=0
fjφj(x),

then the solution to (2.2.17) is

u(x, t) =
�
w∗Ψ(x, t), w̄∗Ψ̄(x, t), mT

0 minit
�T

. (2.2.18)
We thus find that

m = Wu = ww∗Ψ + w̄w̄∗Ψ̄ + m0mT
0 minit

= (ww∗ + w̄w̄∗)Re(Ψ) + i(ww∗ − w̄w̄∗)Im(Ψ) + m0mT
0 minit

= (I − m0mT
0 )Re(Ψ) + m0 × Im(Ψ) + m0mT

0 minit,

where (1.1.3) was used for the last step. Note that Ψ can also be directly obtained
by solving

∂tΨ(x, t) = −(i − α)ΔΨ, t > 0, (2.2.19a)
Ψ(x, 0) = minit, (2.2.19b)

which in the limit, as α → 0, becomes a system of Schrödinger equations. Lemma
3.1 in Paper II gives a more general version of this result.



3 Homogenization theory

The concept of homogenization first arose in the context of physics, with the goal
to construct effective homogeneous media that capture the characteristics of me-
dia that are microscopically non-homogeneous [61, 76]. Typical examples are to
describe the effective heat-transfer in two-phase media or the effective electric con-
ductivity in a material containing small-grain inclusions affecting its properties.

Mathematically, one often describes the local properties of such heterogeneous
media by rapidly oscillating coefficients, aε, where ε > 0 is a small parameter which
represents the characteristic length scale of the micro variations. Fully resolving this
ε-scale in a numerical simulation is very difficult and becomes infeasible as ε → 0.
Assuming a sharp length scale separation of micro and macro scale, one can instead
apply asymptotic analysis to obtain an effective macroscopic description of the
system. Given appropriate regularity assumptions, a formal asymptotic expansion
can be used to construct effective coefficients, encoding the relevant micro scale
information [61, 18, 76, 78].

A rather general description of the homogenization process is given in [76]:
Consider a family of linear partial differential operators Lε with rapidly oscillating
coefficients, depending on ε. Suppose that we are given the multiscale problem to
find uε such that in a domain Ω,

Lεuε = f in Ω,

uε subject to appropriate boundary conditions,

which is assumed to be a well-posed problem. Then the idea of homogenization is
to find a homogenized operator LH and to show that in the limit, as ε → 0, uε

converges in an appropriate way to u0 which satisfies the effective problem

LHu0 = f in Ω,

u0 subject to appropriate boundary conditions.

The coefficients of the homogenized operator LH are independent of ε and can for
periodic problems be computed in a relatively simple way. As the effective problem
is independent of ε, it can be useful to consider in numerical simulations.

13
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3.1 Homogenization for elliptic PDE

In this subsection, asymptotic homogenization for a simple example problem is
discussed based on [78, 18, 77]. More details can be found in these references.

Consider a uniformly elliptic PDE on a domain Ω = [0, L]d ⊂ Rd,

−∇ · (aε(x)∇uε) = f, for x ∈ Ω, (3.1.1)

with periodic boundary conditions, where we assume that aε(x) := a(x/ε) and a(x)
is a smooth, 1-periodic material coefficient. Moreover, we assume that ε = L/� � 1
where L ∈ R determines the size of the domain and � ∈ N.

To obtain a corresponding homogenized problem, the approach of asymptotic
expansions is applied. Formally, two spatial variables are introduced, the slow
variable x and the fast variable y = x/ε, which are assumed to be independent
in the following. One then writes uε(x) = u(x, y) and replaces the total spatial
derivative by derivatives with respect to both x and y, it holds that

∇u = ∇xu + 1
ε

∇yu.

The divergence and gradient in (3.1.1) are represented accordingly. For a shorter
notation, three linear operators are introduced, L0, L1 and L2 such that

L0u = ∇x · (a(y)∇xu),
L1u = ∇x · (a(y)∇yu) + ∇y · (a(y)∇xu),
L2u = ∇y · (a(y)∇yu).

Moreover, uε in (3.1.1) is substituted by a formal power series expansion,

uε(x, y) =
∞�

j=0
εjuj(x, y),

where the so-called correctors uj(x, y), j > 0, are assumed to be periodic in y.
Grouping the resulting terms by powers of ε then yields the following equations,

ε−2 : L2u0 = 0 (3.1.2)
ε−1 : L1u0 + L2u1 = 0 (3.1.3)
ε0 : L0u0 + L1u1 + L2u2 = −f. (3.1.4)

Terms involving higher orders of ε are not included in the subsequent considerations.
The ε−2-scale equation, (3.1.2), implies by the Fredholm alternative for periodic

elliptic PDE that the leading term in the asymptotic expansion is independent of
y, u0 = u0(x). Using this fact, the ε−1-scale equation, (3.1.3), becomes

L2u1 = −∇y · (a(y)∇xu0).
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One can therefore deduce for u1 that u1 = χ·∇xu0, where χ(y) satisfies the so-called
cell problem,

L2χ = −∇ya. (3.1.5)

This determines χ up to a constant, which we choose such that χ has zero average.
The homogenized equation corresponding to (3.1.1) then follows when combining
(3.1.4) with the information about the form of u0 and u1 obtained from (3.1.2) and
(3.1.3) as explained above. Integrating (3.1.4) with respect to y over the unit cell
and using the fact that integrals over y-derivatives of functions which are periodic
in y are zero, results in

−f(x) =
�

[0,1]d

L0u0 + ∇x · a(y)∇yu1dy =
�

[0,1]d

∇x ·
�
∇xu0a(y)(I + (∇yχ))T

�
dy,

where I denotes the d × d identity matrix. One thus defines

AH :=
�

[0,1]d

a(y)(I + (∇yχ))T dy, (3.1.6)

and obtains the homogenized problem

−∇ · (AH∇u0) = f(x). (3.1.7)

Remark 3.1. In the case of a scalar material coefficient as considered here, the
matrix AH is symmetric. This can be shown using integration by parts and (3.1.5).
Given i, j ∈ {1, ..., d} and i �= j, it holds that

AH
ij =

�

[0,1]d

a(y)∂yi
χjdy = −

�

[0,1]d

(∂yi
a)χjdy =

�

[0,1]d

(L2χi)χjdy

=
�

[0,1]d

χiL2χjdy = −
�

[0,1]d

χi(∂yj
a)dy =

�

[0,1]d

a(y)∂yj
χidy = AH

ji .

Remark 3.2. In case of a one-dimensional problem, the homogenized coefficient can
be computed without explicitly solving a cell problem. It holds that

AH =
�� 1

0
a(y)−1dy

�−1

.

Note that using the method of asymptotic expansions, one only obtains a pre-
diction for the homogenization limit. One then has to justify this prediction by
proving some type of convergence in the limit as ε → 0 [18]. This can be done us-
ing several approaches, for example two-scale convergence or directly using a priori
estimates for the difference between uε and u0 or a corrected approximation such
as u0 + εu1.
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3.2 Homogenization of the Landau-Lifshitz equation

When considering the Landau-Lifshitz equation with a highly oscillatory material
coefficient, which can be seen as a model for a composite material, see Remark 2.1,
we aim to find mε(x, t) such that for 0 ≤ t ≤ T ,

∂tmε = −mε × ∇ · (aε∇mε) − αmε × [mε × ∇ · (aε∇mε)] , (3.2.1a)
mε(x, 0) = minit(x), (3.2.1b)

on a domain Ω and with periodic boundary conditions. We assume that aε =
a(x/ε), where a(y) is smooth, 1-periodic and bounded by positive constants amin
and amax, it holds that 0 < amin ≤ a(y) ≤ amax for all y ∈ [0, 1]d. The correspond-
ing homogenized problem is to find m0(x, t) such that for x ∈ Ω and 0 ≤ t ≤ T ,

∂tm0 = −m0 × ∇ · (∇m0AH) − αm0 ×
�
m0 × ∇ · (∇m0AH)

�
, (3.2.2a)

m0(x, 0) = minit(x), (3.2.2b)

with periodic boundary conditions. The homogenized coefficient matrix AH is the
same as in the elliptic case, (3.1.6). To give a numerical example, we consider
(3.2.1) with damping constant α = 0.01 and material coefficient

aε(x) = exp(1.2 cos(2πx/ε)) (3.2.3)

in one space dimension, on the interval [0, 1]. For ε = 0.01, the actual solution to
(3.2.1) and the solution to (3.2.2) at time T = 0.1 are shown in Figure 3.1.

Figure 3.1: Solution mε and corresponding homogenized solution m0 (called m
in the plot) to (3.2.1) on the interval [0, 1] at time T = 0.1, with damping con-
stant α = 0.01 and oscillation period ε = 0.01. Material coefficient aε according
to (3.2.3). Initial data minit = m̃/|m̃|, where m̃ = 0.5 + [exp(−0.1 sin(2π(x −
0.2))), exp(−0.2 sin(2πx)), exp(−0.3 sin(2π(x − 0.9)))]T .
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To formally derive the homogenized problem, (3.2.2), from the multiscale equa-
tion (3.2.1), we proceed in a similar way as for the elliptic problem. However,
there are several important differences that have to be taken into account in the
homogenization process. First, due to the non-linearity of the equation, cross terms
appear when substituting the asymptotic expansion into the equation that have to
be considered on the respective ε-scales. Second, in contrast to the elliptic problem,
the Landau-Lifshitz equation is time dependent and the solution to (3.2.1) has fast
oscillations both in space and time. An additional difference is the fact that m is a
three-component vector rather than a scalar function. However, this mostly affects
notation.

To illustrate the fast oscillations in both space and time which are present in
the problem, we again consider the numerical example with material coefficient aε

according to (3.2.3) and α = 0.01, which is solved on [0, 1]. First, let ε = ε1 =
0.01. The x-component of the corresponding solution mε as well as the difference
compared to the homogenized solution, mε − m0, on a sub-interval of the domain
and a time interval [0, η] are shown in Figure 3.2a. The spatial sub-interval, [−µ, µ],
is chosen such that µ = 3ε1, and η = ε2

1. In Figure 3.2b, ε is halved, ε2 = ε1/2,
while the space and time interval are kept constant. This results in a doubling of
the number of oscillation periods in the given domain in space, while the number of
oscillations in time increases by a factor four, which shows that the fast oscillations
in space are proportional to ε, while the temporal ones are of order ε2. Note that
also the amplitude of the oscillations is halved when using ε2.

Based on the observed scales of fast variations in the problem, we introduce
fast variables y = x/ε and τ = t/ε2 and assume that the correctors take the form
uj(x, y, t, τ), periodic in y but not in τ . To include the fast temporal oscillations in
the model, the ansatz for the first corrector, m1, is

m1(x, y, t, τ) = ∇m0(x, t)χ(y) + v(x, y, t, τ),

where χ is the solution to the cell problem (3.1.5). In contrast to the elliptic
problem, an additional term v with fast time dependence is added. This term
satisfies a linear PDE in the fast variables,

∂τ v = −m0 × L2v − αm0 × [m0 × L2v] , (3.2.4a)
v(x, y, t, 0) = −∇m0(x, t)χ(y). (3.2.4b)

The initial data here is chosen such that at time τ = 0, m1 = 0. Note that (3.2.4)
is the same type of equation as (2.2.12) and can be solved explicitly in terms of the
eigenfunctions φj and eigenvalues ωj , j = 0, 1, ..., of the operator −L2, which yields

v(x, y, t, τ) = −
∞�

j=1
χjφj(y)e−αωjτ [cos(ωjτ)∇m0 + sin(ωjτ)m0 × ∇m0] .

This shows that the term v is orthogonal to m0 and decays exponentially with time
τ . The damping constant α determines the strength of this damping effect. This
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(a) ε = ε1 = 10−2, α = 0.01

(b) ε = ε2 = 5 · 10−3, α = 0.01

(c) ε = ε1 = 10−2, α = 0.1

Figure 3.2: Numerical example: x-component of solution mε as well as difference
between mε and homogenized solution m0 for two different values of ε and α. Fixed
domain size given by µ = 0.03 = 3ε1 and η = 10−4 = ε2

1. Same initial data and
material coefficient as in Figure 3.1.
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can be observed by comparing Figure 3.2a to Figure 3.2c, which show solutions to
the same problem but with different damping parameters. One can clearly observe
that in Figure 3.2c, with relatively high damping, α = 0.1, the temporal oscillations
get damped away as t increases, while the spatial ones persist.

Further details of the homogenization process are discussed in Paper I. There
the results stated here are confirmed using estimates which provide convergence
rates for the difference between actual and homogenized solution.

A necessary assumption for the error bounds proved in Paper I is that there is
a constant K, independent of ε, such that

�∇mε(·, t)�L∞ ≤ K (3.2.5)

for all times t in the considered time interval. At first glance it might seem un-
expected that there is such a constant independent of ε. However, we find that
this is the case for all the considered examples. For the numerical example con-
sidered previously, the Euclidean norm |∇mε(·, T )| at the final time T = 0.1 for
two different values of ε is shown in Figure 3.3. One can easily observe that it can
be bounded by a constant K independent of ε throughout the interval [0, 1], and
hence �∇mε(·, T )�L∞ ≤ K.

Figure 3.3: The norm |∇mε(·, T )| for ε1 = 1/100 and ε2 = 1/200. Same setup as
in Figure 3.1.

An intuitive explanation for this is that when reducing ε by a factor 2, both
the amplitude and the frequency of the variations in mε are halved. Hence the
maximum of the norm of the gradient does not increase. Moreover, one finds in a
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rather straightforward way that there is a constant K̃ such that

�∇mε(·, t)�L2 ≤ K̃. (3.2.6)

To show this, consider first �(aε)1/2∇mε(·, t)�L2 and let for briefness of notation
Hε := ∇ · (aε∇mε). Using integration by parts and (1.1.1b), we then find

1
2∂t�(aε)1/2∇mε(·, t)�2

L2 =
�

Ω
aε∇mε : ∇∂tmεdx = −

�

Ω
∇ · (aε∇mε) · ∂tmεdx

=
�

Ω
Hε · (mε × Hε + αmε × (mε × Hε)) dx

= α

�

Ω
Hε ·

�
(mε · Hε)mε − |mε|2Hε

�
dx

= α

�

Ω
|mε · Hε|2 − |mε|2|Hε|2dx ≤ 0.

Hence it holds that

�(aε)1/2∇mε(·, t)�L2 ≤ �(aε)1/2∇mε(·, 0)�L2 .

Since we assume that a is bounded by positive constants, 0 < amin ≤ a(y) ≤ amax,
it furthermore follows that

�∇mε(·, t)�L2 ≤ 1√
amin

�(aε)1/2∇mε(·, t)�L2 ≤
�

amax
amin

�∇mε(·, 0)�L2 .

As the initial data minit(x) = mε(x, 0) is independent of ε, this implies (3.2.6).



4 Numerical methods

In this section, an overview of numerical methods which are applied to solve the
Landau-Lifshitz equation is given. Furthermore, the concept of Heterogeneous Mul-
tiscale Methods, used for numerical homogenization of multiscale problems, is in-
troduced.

4.1 Numerical methods for the Landau-Lifshitz equation

For numerical solution of the Landau-Lifshitz equation, both finite difference and
finite element based approaches are commonly used. Spatial discretization of most
of the terms in (2.2.1) can be done in a rather straightforward way [75, 83, 3], as
explained in Sections 4.1.1 and 4.1.2. However, the computation of the demagneti-
zation field is challenging, since it involves solution of an open boundary problem,
see Section 4.1.3. A further interesting topic is time integration of (2.2.1) as briefly
discussed in Section 4.1.4.

4.1.1 Spatial discretization with finite differences
A spatial finite difference discretization of (2.2.8) can be done in a rather straight-
forward way. Assume that we consider a unit cell domain Ω = [0, 1]d, where d = 1, 2
or 3, and introduce a regular grid, with grid spacing Δx = 1/N and grid points
xj = x0 + jΔx, for a multi-index j ∈ {0, ..., N}d. Let mj(t) ≈ m(xj , t), then we
obtain the semi-discrete equation

∂tmj = −mj × Δjm − αmj × (mj × Δjm) , (4.1.1)

for j ∈ {0, ..., N}d, where Δjm ≈ Δm(xj , t), a discrete approximation to the
Laplacian of m in xj . This approximation can be done using a standard central
finite difference, for example, when d = 1,

Δjm = mj+1 − 2mj + mj−1
Δx2 ,

a second order accurate approximation which is used in many finite difference codes
for the Landau-Lifshitz equation [3]. However, as suggested in [75], to accurately

21
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capture certain magnetic phenomena such as Bloch walls, it might be advantageous
to use a fourth order central difference approximation instead.

Discretization of the additional anisotropy and applied field term in (2.2.1)
compared to (2.2.8) can be done in a straightforward way as they are local effects.
The computation of the demagnetization field is discussed in Section 4.1.3.

More advanced finite difference approaches, allowing for more flexibility regard-
ing the computational mesh, have for example been proposed in [47, 63].

4.1.2 Spatial discretization with finite elements
When working with finite elements, a weak formulation is required. A simple way
to obtain such a formulation for (2.2.8), including only the exchange field, is to use
the identities (2.2.9) and (2.2.10), which makes it possible to rewrite (2.2.8) as

∂tm = −∇ · (m × ∇m) + α
�
Δm + |∇m|2m

�
.

Multiplication by a test function v ∈ H1(Ω;R3), integration over Ω and integration
by parts then results in
�

Ω
∂tm · vdx =

�

Ω
(m × ∇m) : ∇vdx − α

�

Ω
∇m : ∇v + α

�

Ω
|∇m|2m · vdx.

(4.1.2)

Finite element schemes based on this type of weak formulation are for example
given in [64, 12]. To discretize the weak form, one introduces the finite element
space Vh, which is defined by

Vh := {vh|vh(x) =
N�

i=1
viφi(x), vi ∈ R3}.

Here {φi(x)}N
i=1 denote piecewise linear nodal basis functions for a given quasi-

uniform triangulation Th of the domain Ω. The set of all nodes in Th is denoted
Nh. As the solution m to (2.2.8) has to have length one, |m(x)| = 1, according to
the length preservation property (2.2.5), it is typically sought in the space

Mh := {mh ∈ Vh|mh(x) =
N�

i=1
miφi(x), s.t |mi| = 1 for i = 1, ..., N} ⊂ Vh.

A spatially discretized version of (4.1.3) thus is to find mh(t) ∈ Mh such that for
all vh ∈ Vh,

�

Ω
∂tmh · vhdx =

�

Ω
(mh × ∇mh) : ∇vhdx (4.1.3)

− α

�

Ω
∇mh : ∇vh + α

�

Ω
|∇mh|2mh · vhdx.
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Note that in the literature, finite elements schemes for the Landau-Lifshitz equa-
tion based on several different weak formulations are proposed, for example based
on the Gilbert form (2.2.2) in [17] and based on (2.2.3) for instance in [9, 6, 4, 10].
In this latter approach, one furthermore introduces so-called tangent spaces

Fmh
:= {wh ∈ Vh|wh(z) · mh(z) = 0 for all z ∈ Nh}.

Then the semi-discrete problem with only the exchange term contribution to the
effective field is to find mh ∈ Mh such that for all wh ∈ Fmh

,
�

Ω
[α∂tmh + mh × ∂tmh] · whdx = −(1 + α2)

�

Ω
∇mh : ∇whdx. (4.1.4)

The tangent space approach guarantees orthogonality of ∂tmh and mh as in the
continuous problem. Furthermore, the right-hand side in (4.1.4) is simpler than
in (4.1.3) since additional terms cancel due to the choice of test function space.
However, note that with this approach, formally, a new tangent space Fmk

h
has to

be constructed at each discrete point in time tk in a fully discrete scheme.

4.1.3 Computation of the demagnetization field
The demagnetization field typically is described as

hdem = −∇u,

where u satisfies

Δu =
�

∇ · m in Ω,

0 in R3\Ω,
(4.1.5)

with boundary conditions

[u] = 0, [∇nu] = m · n on ∂Ω, (4.1.6)

where [·] denotes the jump at the material-vacuum interface [47, 83], and

u(x) = O(1/|x|) for |x| → ∞.

Naively, one can use a truncation approach [3] and solve (4.1.5) on a domain Ωext,
significantly larger than Ω, and use homogeneous Dirichlet or Neumann boundary
conditions at the outer boundary ∂Ωext. The size of Ωext determines the accuracy
of the approximation, which means that the resulting computational cost can be
rather high.

Several more involved approaches to reduce the computational cost have been
proposed [5]. One class of methods, particularly popular in finite difference settings,
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uses the fact that using Green’s theorem, the solution to (4.1.5) can be expressed
as

u(x) = 1
4π

�

Ω
m(y) · ∇y

1
|x − y|dy, (4.1.7)

which can be approximated using for instance Fast Fourier transform based methods
[75, 3, 63, 26]. Another approach is to rewrite (4.1.5) as a hybrid finite element and
boundary integral problem. According methods have been proposed by [43] and
[47] and are commonly used.

4.1.4 Time integration
Regarding time integration of (2.2.1), it is desirable that numerical algorithms
mimic the conservation properties of the continuous Landau-Lifshitz equation, in
particular length preservation, (2.2.5), and energy conservation in case of α = 0 as
given by (2.2.7) [23, 27]. Due to the influence of the exchange field, the problem
furthermore is rather stiff. As a consequence, we observe that for typical explicit
time integrators, it is required for stability that

Δt ≤ CΔx2, (4.1.8)

where the constant C depends on α and the specific time integrator. This is further
explained by the eigenvalue considerations in Section 4.1.5.

A wide range of methods have been proposed for time integration of the Landau-
Lifshitz equation, addressing different aspects of the problem. An overview can be
found in the review articles [23, 46, 16, 3]. Most methods can be categorized
as either geometric integrators or projection methods. Geometric integrators are
constructed in such a way that they by design are norm, and in some cases energy
structure preserving. The most prominent integrator in this category is the implicit
midpoint method [27, 45, 3], which has the desired conservation properties. How-
ever, since the corresponding computational cost is high, a number of semi-explicit
geometric integrators have been proposed, as discussed in detail in the technical
report Paper V. However, then the time step size has to be chosen according to
(4.1.8) to obtain stable solutions.

In projection methods, a projection back to the unit sphere is added at the end
of each time step to keep the norm of the magnetization constant, which can be
seen as aphysical. However, this allows for more flexibility when dealing with the
stiffness of the problem. Examples for this are the Gauss-Seidel projection method
[85, 67] as well as the projection method proposed in [87]. Recently, two second
order accurate semi-implicit multi-step projection methods were proposed in [89].
Moreover, projection versions of standard integrators such as Runge-Kutta methods
are used commonly [3].

For finite element based methods, a further approach are tangent plane integra-
tors [9, 6, 10]. The idea behind this scheme is to work with (4.1.4) and to look for
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an approximation to ∂tm in the tangent space Fmh
, mimicking the orthogonality

of m and ∂tm which holds for the continuous equation. However, also with these
schemes, the length of m is only preserved exactly if an additional projection step
is added.

4.1.5 Eigenvalues of the semi-discrete finite difference problem
To gain a better understanding of the stiffness observed when integrating (2.2.8) in
time, consider a semi-discrete version of (2.2.8) in one space dimension and with
periodic boundary conditions, obtained discretizing space using finite differences as
explained in Section 4.1.1. Defining B as in (2.2.13), the semi-discrete equation
(4.1.1) can be expressed as

∂tmj = −B(mj)Δjm, for j = 0, ..., N. (4.1.9)

To obtain a system notation, let M ∈ R3(N+1) denote a vector containing all the
mj and define D2 ∈ R(N+1)×(N+1) such that Δ−2D2 is a second order central
finite difference approximation to the Laplace operator Δ. Moreover, let B(M) ∈
R3(N+1)×3(N+1) be a block-diagonal matrix corresponding to B(mj) for all j =
0, ..., N . Then we have

M =




m0
m2

...
mN


 , D2 =




−2 1 1
1 −2 1

. . . . . . . . .
1 −2 1

1 1 −2




, B(M) =




B(m0)
. . .

B(mN )


 ,

and the semi-discrete system (4.1.9) can be written as

∂tM = −B(M)Δx−2(D2 ⊗ I)M, (4.1.10)

where ⊗ denotes the Kronecker product and I is the 3 × 3 identity matrix. To get
a better understanding of numerical properties of this system such as stability, we
consider the eigenvalues of the corresponding Jacobian, J (M).

Subsequently, we assume that m is smooth. This implies that Δx−2(D2⊗I)M ≈
Δm = O(1) in terms of Δx. We can therefore approximate

J (M) = −Δx−2B(M)(D2 ⊗ I) + O(1). (4.1.11)

An approximation to the eigenvalues of J (M) can then be obtained proceeding
similarly as in Section 2.2.5. For reasons of simplicity, assume that m is such that
at least one of its components differs from one throughout the whole domain Ω.
Suppose that this component is m3. Then it is easy to derive an explicit expression
for the first normalized eigenvector of [m]×,

w(m) = 1�
1 − m2

3






−m1m3
−m2m3
1 − m2

3


+ i




−m2
m1
0




 ,
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so that w(m(x)) is a smooth function with the same periodicity as m. The matrix
of eigenvectors of [mj ]× thus is Wj := W(mj) = [w(mj), w̄(mj), mj ]. Then, in
correspondence to (2.2.14), it holds that

B(mj) = WjΛ̂W∗
j , where Λ̂ := Λ + αΛ2 =

�
i−α

−i−α
0

�
.

Let W = W(M) be the block-diagonal R3(N+1)×3(N+1) matrix containing all the
Wj , then it holds analogously that

B(M) = W(IN+1 ⊗ Λ̂)W∗, (4.1.12)

where IN+1 denotes the N + 1 × N + 1 identity matrix. Moreover, since both m
and W are smooth under the given assumptions, we have

W∗
j Wj+1 ≈ W(mj)∗W(mj+1) ≈ W(mj)∗W(mj) + O(Δx) = I + O(Δx),

which implies that

W∗(D2 ⊗ I)W = (D2 ⊗ I) + O(Δx). (4.1.13)

To determine the eigenvalues of J (M), we then combine (4.1.11), (4.1.12) and
(4.1.13), which yields

W∗J (M)W = −Δx−2W∗B(M)(D2 ⊗ I)W + O(1)
= −Δx−2(IN ⊗ Λ̂)(D2 ⊗ I) + O(Δx−1)
= −Δx−2(D2 ⊗ Λ̂) + O(Δx−1),

where the last step follows by the mixed-product property of the Kronecker product.
Given an eigenvector v of D2 with corresponding eigenvalue µ and an eigenvector
u of Λ̂ with corresponding eigenvalue λ̂, it hence holds that

W∗J (M)W(v ⊗ u) = −Δx−2(D2 ⊗ Λ̂)(v ⊗ u) + O(Δx−1) (4.1.14)

= − µλ̂

Δx2 (v ⊗ u) + O(Δx−1). (4.1.15)

As λ̂ ∈ {0, ±i−α} and ω = µ
Δx2 ≤ 0 is an eigenvalue of Δh, the discretization of the

Laplace operator, (4.1.14) shows that the eigenvalues λj of J (M) are approximately
zero and

λj ≈ −(±i − α)ωj + O(Δx−1). (4.1.16)
This moreover implies that

λj ∼ 1
Δx2 .

A similar derivation can be done for d > 1. The numerically approximated
eigenvalues of J (M) are shown in Figure 4.1, where one can observe the expected
scaling proportional to Δx−2 as well as the fact that the real parts of λj are influ-
enced by α according to (4.1.16).
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Figure 4.1: Numerically computed eigenvalues λj of the Jacobian J (M) for varying
α with Δx = 1/300 as well as varying Δx when α = 0.01. The behavior of the
eigenvalues is independent of the choice of M.

4.2 Heterogeneous Multiscale Methods

The framework of Heterogeneous Multiscale Methods (HMM) is an approach to
numerical homogenization that was first developed by Engquist and E [32] and
is applicable to a wide variety of problems. HMM is inspired by homogenization
theory and built on the assumption of length scale separation between the variations
on macro and micro level in the problem. As described in [33, 2, 37], the idea behind
HMM is to start from a description of the macro model that contains unknown
“effective” quantities where necessary. In very general terms, this can be stated as

F (U, D) = 0,

where U is the set of macroscopic variables and D denotes the missing data. These
unknown quantities D are then approximated on the fly at each discrete location
where they are required to numerically solve the macro model. This is done by
solving local micro problems,

f(u, d(U)) = 0,

where u denotes the micro variables and d(U) represents the fact that the micro
problems have to be constrained so that they are consistent with the local value of
the macro variable. The unknown quantities are then set in a data processing step
based on the micro solution, D = D(u).

HMM has successfully been applied to a wide range of applications, including
ordinary differential equations [31, 37], elliptic problems [1, 56], wave propagation
[36, 13, 14] and Maxwell’s equation [57]. Further applications are given in the
review articles [32, 33, 2].
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4.2.1 HMM for dynamical multiscale problems
More specifically, consider a dynamical multiscale problem involving fast oscillations
of order ε and assume that scale separation is given. Following [2], the HMM
procedure can then be described as follows. Consider a time discretization such
that tn = nΔt, where n = 0, ..., N and let Un denote the corresponding macro
states. Initial data for the macro problem is given, U0 = Uinit. Then at each macro
time step, for n = 0, ..., N , the following steps are taken.

1. Initialize the micro problem based on the current macro state Un,

u0 = RUn,

where R denotes some reconstruction operator, for example an interpolation.

2. Take M time steps of length δt of the micro solver Sδt,

um+1 = Sδt(um; Un).

Note that the discretization of the micro problem is chosen such that the fine
scale ε in the problem is resolved. However, the problem is only solved on a
small domain, with a size proportional to the fine scale. Hence the resulting
computational cost is independent of ε

3. Estimate the missing quantity D using some data processing operator DM ,
typically an averaging operator,

Dn = DM (u0, u1, ..., uM ).

This process is commonly called upscaling.

4. Update the macro state using the macro solver SΔt, which depends on the
upscaled quantity Dn,

Un+1 = SΔt(Un; Dn).

This scheme is schematically depicted in Figure 4.2.
For problems with a certain structure in the multiscale coefficients, for example

with fast variations that are locally periodic, quasi-periodic or stationary random,
HMM is a very efficient approach and results in computational cost that is inde-
pendent of the small scale [33, 2, 57]. This makes it possible to get reliable coarse
scale solutions to multiscale problems with fine scales whose resolution would result
in unfeasible computational effort.

For linear problems, where the unknown quantity depends linearly on the micro
solution, HMM can be implemented particularly efficient, as for example discussed
in [36]. Choosing linear initial data for the micro problems, it is possible to set up
a scheme which only requires solution of a few micro problems per grid point once.
The precomputed values can then be used to obtain the values for the unknown
quantity for all further time steps.
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Macro
scale

U0 U1 U2

...
SΔt(U0, D0) SΔt(U1, D1)

Micro
scale

u0 ... uM u0 ... uM

RU1 RU2D1(u) D2(u)

u0 u1 uM
...

D0(u)RU0

Sδt

...

Figure 4.2: HMM scheme for a dynamic multiscale problem

4.2.2 Efficient upscaling
When using HMM, the goal is to approximate the effective solution to the given
multiscale problem. By doing so, one introduces some error compared to the ac-
tual solution uε, ehom = uε(t) − U(t). Moreover, some additional error, eHMM, is
introduced due to approximating the unknown quantity in the macro model via
upscaling from the micro model. It is thus important to have an efficient upscaling
procedure that gives accurate approximations to the required quantity. A com-
monly used tool to achieve this are averaging kernels K [37, 36, 13, 2], chosen from
the space of smoothing kernels Kp,q, which is defined such K ∈ Kp,q when it holds
that

1. K ∈ Cq
c ([−1, 1]) and K(q+1) ∈ BV (R) ,

2. K has p vanishing moments,
� 1

−1
K(x)xrdx =

�
1 , r = 0 ,

0 , 1 ≤ r ≤ p .

Consider now a locally periodic function f(x, x/ε), where f(x, y) is 1-periodic
in the second variable and ε � 1. In the HMM upscaling process, we want to
average functions of this type over a small domain [−µ, µ], where µ ∼ ε. A common
convention for this type of problem is to denote by Kµ a scaled version of the kernel
K,

Kµ(x) := 1
µ

K

�
x

µ

�
.

In [14], the following error estimate, which is an improved version of an estimate in
[37], is proved.
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Lemma 4.1. If K ∈ Kp,q and f(x, y) is a 1-periodic, continuous function in y,
where ∂k

xf(x, y) is continuous and bounded for k = 0, ..., r such that

max
0≤k≤r

sup
y

sup
x

��∂k
xf(x, y)

�� ≤ Cf ,

then, with f̄(x) =
� 1

0 f(x, y)dy we have

����
�

R
Kµ(x)f(x, x/ε)dx − f̄(0)

���� ≤ CCf





�
ε
µ

�q+2
+ µr, p ≥ r,

�
ε
µ

�q+2
+ µp+1, p < r,

where the constant C does not depend on ε, µ, f or y but may depend on K, p, q, r.

This lemma shows that given sufficient regularity of the function f , the averaging
error can in theory be made arbitrarily small by choosing an averaging kernel K
from a space Kp,q with high enough p and q.

In many applications, it is advantageous to use symmetric kernels K for the
averaging [37]. When averaging in time rather than space, a common approach for
time reversible problems hence is to solve the micro problem both backwards and
forwards in time, to obtain an approximation on a time interval [−η, η]. However,
for dissipative problems, such as the Landau-Lifshitz equation with damping, this is
not possible. Instead a non-symmetric kernel has to be used for averaging in time.
In particular, in Paper II, we introduce the subspace Kp,q

0 ⊂ Kp,q, which contains
kernels K such that K(x) = 0 for x ≤ 0. Using kernels from this subspace, we can
then derive a bound for the averaging error in a similar way as in Lemma 4.1.

4.2.3 HMM for Landau-Lifshitz
Three different ways to set up HMM macro models for the Landau-Lifshitz equa-
tion are discussed and analyzed in Paper II, the so-called flux, field and torque
model. Each of these models contains a different unknown quantity that needs to
be approximated using the micro model. In all three cases, the micro model is the
same, the full Landau-Lifshitz equation (3.2.1) but only on a small domain [−µ, µ]d

in space and a short time interval, [0, η], where µ ∼ ε and η ∼ ε2. In Paper III,
a finite difference HMM implementation for the field model is described. In Paper
IV, a finite element HMM scheme based on the flux model is given. Further details
on these approaches can be found in Sections 5.2 to 5.4.



5 Summary of results

5.1 Paper I: On homogenization of the Landau-Lifshitz equa-
tion with rapidly oscillating material coefficient

In this paper, we derive equations for the homogenized solution as well as corrected
approximations corresponding to the Landau-Lifshitz equation with a highly oscil-
latory material coefficient aε = a(x/ε),

∂tmε = −mε × ∇ · (aε∇mε) − αmε × [mε × ∇ · (aε∇mε)] , (5.1.1a)
mε(x, 0) = minit(x) , (5.1.1b)

with periodic boundary conditions on a domain Ω = [0, L]d for d = 1, 2 or 3, length
L ∈ R and for time 0 ≤ t ≤ T . We assume that the initial data is normalized,
|minit(x)| = 1, and that the material coefficient a(y) is 1-periodic, smooth and
bounded by positive constants amin and amax, 0 < amin ≤ a(y) ≤ amax. The
damping constant α is such that 0 < α ≤ 1. Epsilon has to be chosen as ε = L/� �
1, for some � ∈ N.

We find that the homogenized solution m0 satisfies an equation very similar to
(5.1.1),

∂tm0 = −m0 × ∇ · (∇m0AH) − αm0 ×
�
m0 × ∇ · (∇m0AH)

�
,

m0(x, 0) = minit(x) ,

with periodic boundary conditions on Ω. Here AH ∈ Rd×d is the constant ho-
mogenized coefficient matrix that is known from elliptic homogenization, (3.1.6).
Furthermore, mε can be approximated by a truncated asymptotic expansion

m̃ε
J(x, t) = m0(x, t) +

J�

j=1
εjmj(x, x/ε, t, t/ε2), (5.1.3)

where the correctors mj have oscillations in both space and time. The spatial
oscillations are periodic while the temporal ones are not. It is shown in the paper
that mj(x, y, t, τ) satisfy linear equations in the fast variables (y, τ). For the first

31
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corrector, m1, we derive an explicit formulation,

m1(x, y, t, τ) = ∇m0(x, t)χ(y) + v(x, y, t, τ),

where χ denotes the solution to the cell problem (3.1.5). The first term on the
right-hand side here is independent of τ and thus only oscillates in space. The
second term, v, is a correction term with fast variations in time as described in
(3.2.4) in Section 3.2.

Error estimates
To obtain estimates for the errors between the actual solution to (5.1.1), mε, and
the approximations m0 as well as m̃ε

J , we consider times T ε = εσT with 0 ≤ σ ≤ 2
and for some fixed T ∈ O(1). Under certain regularity assumptions, as specified in
the paper, we are able to give convergence rates in ε for the errors in the Sobolev
norm Hq, where q is limited by the regularity of the solution to the detailed Landau-
Lifshitz equation and the homogenized equation. In particular, if we assume m0 ∈
C∞(0, T, H∞(Ω)), mε ∈ C1(0, T, Hq+1(Ω)), and that there exists a constant M
such that �∇mε�L∞ ≤ M independent of ε, we obtain the following version of the
main theorem in Paper I.

Theorem 5.1. Consider the final time T ε = εσT with σ satisfying
�

0 ≤ σ ≤ 2, J ≤ 2,

1 − 1
J−2 ≤ σ ≤ 2, J ≥ 3.

(5.1.4)

and let m̃ε
J be defined according to (5.1.3). Then we have results for three different

cases of T ε:

• Fixed time, σ = 0:

�mε(·, t) − m̃ε
J(·, t)�L2 ≤ Cε , �mε(·, t) − m̃ε

J(·, t)�H1 ≤ C , (5.1.5)

for 0 ≤ t ≤ T and 0 ≤ J ≤ 2.

• Short time, 0 < σ ≤ 1: for 0 ≤ t ≤ T ε,

�mε(·, t) − m̃ε
J(·, t)�Hq ≤ C

�
ε1+σ/2−q, J = 1,

ε2−(1−σ)(J−1)−σ/2−q, J ≥ 2.
(5.1.6)

• Very short time, 1 < σ ≤ 2: for 0 ≤ t ≤ T ε,

�mε(·, t) − m̃ε
J(·, t)�Hq ≤ Cε2+(σ−1)(J−1)−q, (5.1.7)

provided J ≥ 1.

In all cases, the constant C is independent of ε and t but depends on M and T .
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For very short times, one obtains better and better estimates when adding more
correctors. This is no longer the case as the final time becomes O(ε) or longer, due
to the fact that the norms of the higher order correctors grow algebraically with
time. For final times of order O(1), the L2-homogenization error, the difference
between m0 and mε, is O(ε), which is what is expected based on experience with
homogenization of other applications.

5.2 Paper II: Upscaling errors in Heterogeneous Multiscale
Methods for the Landau-Lifshitz equation

In Paper II, we introduce several ways to set up HMM for the Landau-Lifshitz
problem (5.1.1) in the same setting as in Paper I. To simplify the analysis, we
consider a micro problem that is set on the whole domain. For 0 ≤ t ≤ η and
x ∈ Ω, let mε satisfy

∂tmε = −mε × ∇ · (aε∇mε) − αmε × [mε × ∇ · (aε∇mε)] , (5.2.1a)
mε(x, 0) = minit(x) = RM, (5.2.1b)

with periodic boundary conditions, where the initial data mε(x, 0) is assumed to
be a restriction of the current macro solution M such that micro and macro model
are consistent. For the final time, we choose η ∼ ε2 since that is the scale of the
fast oscillations in time according to Paper I.

We then introduce three different possible macro models, involving unknown
quantities replacing the flux, field or torque in (5.1.1). These are given as follows.

1. Flux model: We are looking for a macro solution M(x, t) that satisfies

∂tM = −M × ∇ · F − αM × [M × ∇ · F] , (5.2.2a)
M(x, 0) = Minit, (5.2.2b)

with periodic boundary conditions, where the initial data Minit is the same
as for the original problem, (5.1.1). The unknown flux F is obtained by
averaging using the micro problem solution mε,

F =
� η

0

�

Ωµ

KµK0
ηaε∇mεdxdt. (5.2.3)

Note that we only average over a small domain Ωµ = [−µ, µ]d in space, where
we choose µ ∼ ε. In practice, one would not solve (5.2.1) over the whole
domain but only on a small domain around Ωµ. However, that introduces
some additional boundary errors that are not considered in the analysis in
Paper II.

2. Field model: In the field model, the macro solution M has to satisfy

∂tM = −M × H − αM × [M × H] , (5.2.4a)
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M(x, 0) = Minit, (5.2.4b)

with periodic boundary conditions. The unknown quantity H, which takes
the role of the effective field in the Landau-Lifshitz equation, is approximated
from the micro problem as

H =
� η

0

�

Ωµ

KµK0
η∇ · (aε∇mε)dxdt.

3. Torque model: Here we are looking for M such that

∂tM = −T − αM × T, (5.2.5a)
M(x, 0) = Minit, (5.2.5b)

where the torque T is approximated by

T =
� η

0

�

Ωµ

KµK0
η (mε × ∇ · (aε∇mε)) dxdt.

In this model, we average a quantity that is nonlinear in mε, which makes
the analysis more involved than for the first two cases.

Given a periodic material coefficient aε(x) = a(x/ε) and corresponding homo-
genized coefficient matrix AH , the upscaling errors in the three models are

Eup
1 : =

��F − ∇minit(0)AH
�� ,

Eup
2 : =

��H − ∇ · (∇minit(0)AH)
�� ,

Eup
3 : =

��T − minit(0) × ∇ · (∇minit(0)AH)
�� ,

where minit is the micro problem initial data. Using the results from Paper I, and
under very similar assumptions, we then obtain the following error estimates.

Theorem 5.2. Assume that the micro problem is such that certain regularity as-
sumptions as for Theorem 5.1 hold. Consider averaging kernels K ∈ Kpx,qx and
K0 ∈ Kpt,qt

0 and let ε < µ < 1 and ε2 < η < min(1, T ε), where T ε is given by
(5.1.4). Then for i = 1, 2, 3,

Eup
i ≤ C

�
ε +
�

ε

µ

�qx+2
+ µpx+1 + ηpt+1 + 1

µγi

�
ε2

η

�qt+1�
,

where γ1 = 0 and γ2 = γ3 = 1. In all three cases, the constant C is independent of
ε, µ and η but might depend on K, K0 and T .

Given µ > ε and η > ε2, we can reduce all but the ε-term on the right-hand side
here arbitrarily by choosing large values for the kernel parameters px, pt, qx and qt.
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Since the errors for all three models behave very similar, we come to the conclusion
that one can use other factors, such as suitability for certain numerical schemes, to
determine which model to use in an application.

The paper is concluded by numerical examples that show the influence of the av-
eraging domain sizes and kernel parameters on the approximation errors. Moreover,
the approximation errors for fixed parameters but decreasing ε are studied.

Overall, the numerical experiments fit well with the bound in Theorem 5.2,
except for the fact that in the periodic case, the convergence for low ε is in many
cases proportional to ε2 rather than ε.

5.3 Paper III: Heterogeneous Multiscale Methods for the
Landau-Lifshitz equation

Paper III builds on the results from the previous papers and gives a detailed de-
scription of a finite difference based implementation of HMM using the field model
introduced in Paper II, (5.2.4). In particular, four major aspects are discussed.

• Time integration. With typical explicit time stepping methods for the Landau-
Lifshitz equation, a time step restriction of

Δt ≤ CΔx2

has to be satisfied, where the constant C can be rather small, depending on the
specific integrator and the damping constant α. However, implicit methods
are not suitable for the HMM macro scheme due to the unknown quantity
which has to be approximated via the micro problems. Because of the scale
of the HMM micro problem, set on a domain [−µ�, µ�]d × [0, η], where µ� ∼ ε
and η ∼ ε2, explicit methods turn out to be more efficient also for the micro
problem. Another factor to consider when choosing a time stepping method
is that the length of the magnetization should be preserved, mimicking the
norm conservation of the continuous problem, (2.2.5).
After a comparison of several integrators, we recommend to use an adapted
midpoint extrapolation method (MPEA) for the macro scheme. This semi-
implicit method is a geometric integrator based on the implicit midpoint
method but using extrapolation to approximate the effective field. It has
order of accuracy k = 2. For time integration of the micro problem, Heun’s
method with an additional projection step to guarantee norm preservation is
suggested.

• Initial data for the micro problem. The initial data for the HMM micro
problem, minit, has to be set based on the current macro solution M in each
time step. The initial data should be normalized. Moreover, for reasons of
consistency, it is necessary that the initial data for the micro problem related
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to the macro grid point xi at time tj satisfies

∂β
x minit(0) = ∂β

x M(xi, tj) + O(ΔX�),

for |β| ≤ 2, where ΔX denotes the macro grid spacing. The term O(ΔX �)
determines the macro discretization error. To match with the order of accu-
racy of the time integrator, we suggest to choose the initial data such that
� = 2k = 4 when using MPEA for time stepping. Then the overall macro
scheme is fourth order accurate up to the upscaling error introduced by HMM.
We propose to choose the initial data based on a normalized 2kth order poly-
nomial interpolation and show that this satisfies the consistency requirement.

• Boundary conditions for the micro problem. In Paper II, the micro problem
was considered over the whole domain Ω. This is not a sensible approach in
practice since the related computational cost is unreasonably high. Instead we
solve the micro problem on a domain [−µ�, µ�]d for some µ� ∼ ε. However, this
means that (non-periodic) boundary conditions have to be added to the micro
problem, which introduces some additional error. To avoid that this error
influences the upscaling error in a significant way, we choose a computational
domain larger than the domain that is actually used in the averaging process,
µ� > µ. The choice of µ� depends somewhat on the specific problem and the
averaging time considered.

• Size of computational and averaging domains. Based on numerical examples,
the influence of the averaging domain size parameters µ and η, as well as
the micro domain size parameter µ�, on the upscaling error is investigated.
Suggestions on how to choose these parameters to obtain certain errors are
given. However, this has to be adapted depending on the specific problem.

After the discussion of the individual components in the HMM scheme, the
overall computational cost is considered. It is independent of the fast scale ε and
mostly determined by the macro grid spacing ΔX, which decides the number of
micro problems to be solved in each time step, as well as the number of grid points
used to resolve the micro problem. Numerical examples in 1D and 2D illustrate the
overall accuracy of the method as well as the fact that HMM also can be applied
to for example quasi-periodic and locally-periodic problems.

5.4 Paper IV: A finite element based Heterogeneous Multi-
scale Method for the Landau-Lifshitz equation

In Paper IV, we propose to combine a finite element macro model with a finite
difference micro model to gain more flexibility compared to a pure finite difference
approach as considered in Paper III. The new scheme is based on a variation of the
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flux model, (5.2.2). We consider a setting with homogeneous Neumann boundary
conditions,

∇M · n = 0 on ∂Ω,

where n is the normal to the boundary ∂Ω. This is the boundary condition that
is typically used for the problem in physics and material science in the absence of
surface anisotropies.

Additionally, a more general form of the so-called effective field is considered,

H(mε) = ∇ · (aε∇mε) + Hlow,

where the lower order terms, Hlow, were neglected in Papers I-III. We here consider
applied external field and demagnetization as lower order terms.

A weak form of the HMM macro model can then be formulated as
�

Ω
∂tM · wdx =

�

Ω
(M × F) : ∇wdx − α

�

Ω
F : ∇wdx + α

�

Ω
(∇M : F)(M · w)dx

−
�

Ω
(M × [HL(M) + αM × HL(M)]) · wdx,

for all test functions w ∈ H1(Ω,R3) where HL denotes an approximation to the
homogenized lower order terms and the unknown flux F is computed from the micro
problem solution according to (5.2.3).

This weak form is then discretized in space and time. For spatial discretization,
piecewise linear basis functions on a triangulation of the domain Ω are introduced.
The flux is represented as a piecewise constant function, computed by solving one
micro problem per triangle. The micro problem is assumed to be located in the
barycenter of each triangle, which results in micro problem initial data that is not
normalized.

In general, the micro problem solution and averaging can be done in a very
similar way as in Paper III. However, to deal with the fact that the initial data is
not normalized, we use the midpoint extrapolation method, which does not involve
any projections, for the micro time stepping. Moreover, an additional error term
is introduced due to the non-normalized initial data. However, this does not seem
to affect the resulting HMM error in a significant way in the considered numerical
examples.

In Figure 5.1, a numerical example for the HMM solution to (2.2.1) with a
periodic material coefficient,

aε(x) := (1.1 + 0.25 sin(2πx1/ε))(1.1 + 0.25 sin(2πx2/ε)) + 0.7 cos(2π(x1 − x2)/ε),

and homogeneous Neumann boundary conditions is shown, obtained using the sug-
gested finite element macro model. Initially, only the exchange term is considered,
but at time t = 0.5, an external field, Hex = [10, 10, 0]T , is applied, causing the
magnetization vectors to align accordingly as time progresses.
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t = 0.0 t = 0.5 t = 1.0

x

y

z

Figure 5.1: HMM solution to an example problem. Initially, only the exchange
interaction is considered. At time t = 0.5, an external field is activated.

5.5 A note on geometric integrators for the Landau-Lifshitz
equation

In this note, several geometric integrators for the Landau-Lifshitz equation are
reviewed and compared.

The most typical geometric integrator is the implicit midpoint method, which
intrinsically preserves both the length of the magnetization as well as the energy
structure of the continuous problem. However, the related computational cost is
high. An additional factor relevant in the context of this thesis is that it is not
possible to use the implicit midpoint method for the HMM macro problem due to
the very complicated dependence of the unknown quantities on the micro problem
with initial data determined by the macro solution. We therefore investigate several
semi-implicit geometric integrators, specifically

1. the midpoint extrapolation method proposed in [26],

2. the semi-implicit method called SIB in [73],

3. the rotation based integrator described in [28],

4. the Cayley transform approach given in [66].

Formulating all approaches in a common way, one can show that the latter three
methods are very similar, all using the same kind of predictor-corrector approach.
Numerical examples in 2D confirm that their behavior is almost identical for the
Landau-Lifshitz equation with only the exchange term. When regarding computa-
tional cost, though, scheme (3.) is at a disadvantage since it requires the evaluation
of expensive trigonometric functions not required for the other methods. The mid-
point extrapolation method, which is a multi-step method, tends to be somewhat
computationally cheaper than the other integrators.
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Furthermore, interesting variations of the proposed methods are examined.
One can observe that the choice of underlying spatial discretization, which can
be adapted using the cross product structure in the problem, has a large impact on
the obtained accuracy and stability of the time integrators. This opens up further
interesting research questions.
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