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A B S T R A C T

The anisotropic properties and pressure sensitivity are intrinsic features of the constitutive response of fiber
network materials. Although advanced models have been developed to simulate the complex response of
fibrous materials, the lack of comparative studies may lead to a dubiety regarding the selection of a suitable
method. In this study, the pressure-sensitive Hoffman yield criterion and the Xia model are implemented for
the plane stress case to simulate the mechanical response under a bi-axial loading state. The performance
of both models is experimentally assessed by comparison to bi-axial tests on cruciform-shaped specimens
loaded in different directions with respect to the material principal directions. The comparison with the
experimentally measured forces shows the ability of the Hoffman model as well as the Xia model with shape
parameter 𝑘 ≤ 2 to adequately predict the material response. However, this study demonstrates that the Xia
model consistently presents a stiffer bi-axial response when 𝑘 ≥ 3 compared to the Hoffman model. This
result highlights the importance of calibrating the shape parameter 𝑘 for the Xia model using a bi-axial test,
which can be a cumbersome task. Also, for the same tension-compression response, the Hill criterion as a
special case of the Hoffman model presents a good ability to simulate the mechanical response of the material
for bi-axial conditions. Furthermore, in terms of stability criteria, the Xia model is unconditionally convex
while the convexity of the Hoffman model is a function of the orthotropic plastic matrix. This study not
only assesses the prediction capabilities of the two models, but also gives an insight into the selection of an
appropriate constitutive model for material characterization and simulation of fibrous materials. The UMAT
implementations of both models which are not available in commercial software and the calibration tool of
the Xia model are shared with open-source along with this work.
1. Introduction

Bio-based materials are broadly used in modern industry due to
their competitive bending stiffness vs. price, sustainability, lightness,
and relatively good mechanical properties (Jungstedt et al., 2020; Wang
et al., 2021). Also, the growing e-commerce trade results in a wider
usage of bio-materials in different packaging applications where paper
and paperboard have the largest volume in terms of production and
usage (Srinivasa and Kulachenko, 2015).

The base structure of the paper material is the Fiber Network (FN).
The small fibers bonded to each other due to hydrogen bonds (Roberts,
1996; Verma et al., 2014) are the main constitutive components of
the FN. This FN presents heterogeneity (Hagman and Nygårds, 2017;
Hristopulos and Uesaka, 2004), structural disorderliness (Alzweighi
et al., 2021; Lahti et al., 2020), and anisotropy (Considine et al.,
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2014) which result in difficulties in accurately predicting its mechanical
performance.

The natural way of addressing the fiber network is the micro-
mechanical approach which can include fiber properties, bonding be-
tween the fibers in the FN, and fibers alignment in 2D (Åström and
Niskanen, 1993; Hägglund and Isaksson, 2008; Isaksson and Hägglund,
2007; Rigdahl et al., 1984) and 3D (Brandberg and Kulachenko, 2020;
Heyden, 2000; Kulachenko and Uesaka, 2012). However, the complex-
ity of the micro-mechanical models, difficulties in characterizing the
properties of the fibers at the micro-level, and the prohibitive computa-
tional cost, limit the usage of direct FN simulations. Overcoming these
limitations is crucial for the proper product scale design and reliability
assessment (Hu et al., 2021) of fibrous materials.
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For product development, it is a competitive advantage to introduce
a modeling tool able to capture the investigated behavior of the mate-
rial and suitable for practical applications. The continuum modeling
approach is broadly employed to predict the mechanical response, as it
is simpler to calibrate and is computationally efficient, see Seidlhofer
et al. (2021), Mäkelä and Östlund (2003), Stenberg (2003), Beex and
Peerlings (2009), Nygårds et al. (2009), Robertsson et al. (2018). In
this approach, the material is often assumed to be homogeneous by
neglecting the local variations. The material heterogeneity can however
be accounted for by using stochastic spatial fields of model parameters,
Monte-Carlo simulations and the stochastic finite-element (FE) method,
see e.g. Mansour et al. (2019).

Different continuum models have been developed to replicate the
anisotropic properties of bio-based materials. The most common
anisotropic criterion used in paper modeling is the Hill criterion (Hill,
1948), which was employed to study the press forming process of
paperboard (Awais et al., 2017) and to investigate creasing and folding
(Huang et al., 2014). The Hill criterion has later been extended by Hoff-
man (1967) to account for different tension-compression properties
(Bilko and Małyszko, 2020).

Another widely used method was proposed by Xia et al. (2002), in
which the yield surface consists of 6 sub-surfaces to account for in-
plane anisotropic plasticity as well as asymmetric tension-compression
properties. Using Xia’s potential, Nygårds (2009) modeled the in-
plane elastic–plastic behavior of a multiply paperboard, and Tjahjanto
et al. (2015) studied the viscoelastic-viscoplastic mechanical behavior
of high dense cellulose-based materials. Li et al. (2016) proposed a
modification of the Xia model, with a reduced number of the material
parameters for a planar deformation incorporating nonlinear kinematic
and isotropic hardening. Later, this criterion was extended to account
for the out-of-plane plastic response (Borgqvist et al., 2015) and used
for packaging forming study (Robertsson et al., 2018). A coupling
between the sub-yield surfaces of the Xia model and a distortional
hardening rule able to account for the sequence loading in different
directions was also proposed by Borgqvist et al. (2014).

In the manufacturing process of paper and paperboard, a water
solution containing fibers is sprayed onto a moving fabric web. As the
fabric moves, the water-fibers solution drains through the fabric and the
fibers orient and stack to form a paper which thereafter is dried. The
process gives the paperboard its mechanical anisotropic properties and
the material directions are named: Machine Direction (MD), the Cross-
Machine direction (CD), and the thickness direction (ZD). It is noted
that the process of stacking the fibers on each other gives mechanical
properties in the MD-CD plane that is up to 100 times higher than the
mechanical properties in ZD. Hence, it is assumed that the mechanical
properties in the in-plane and out-of-plane (thickness direction) are un-
coupled. This gives a zero Poisson’s ratio in MD–ZD and CD–ZD. Here,
also in-plane stress condition is assumed, i.e., the out-of-plane stresses
are zero. Hence, due to the assumptions of mechanical uncoupling and
plane stress, the out-of-plane strains are also zero.

In this work, the bi-axial loading condition on bio-based materials
are investigated using three continuum models. Two models are based
on the Hoffman yield criterion and one model is based on Xia’s poten-
tial. The earlier studies for these models were mainly used for uni-axial
loading and were not systematically compared against each other for
the bi-axial loading case. The motivation for choosing those models
stems from the intrinsic difference between them. The Hoffman model
is of von Mises type while the Xia yield surface is composed of multi-
surfaces. These types cover to a large extent most of the continuum
model approaches for bio-based materials. Both models can present
asymmetric tension-compression response which is an important fea-
ture in many materials including bio-based materials. However, the
models are different in terms of material parameters and calibration
strategy which are discussed in this work. The performance of both
models is experimentally assessed by comparing the simulated me-
2

chanical response to bi-axial tests on cruciform-shaped specimens. The
specimens are loaded in different directions with respect to the material
principal directions. Furthermore, the Hoffman and Xia models are
implemented into a user material routine (UMAT) using the general-
purpose FE software Ansys. Both models are shared along with the
publication to facilitate the simulation of anisotropic materials with
different responses in tension-compression for academic and industrial
applications.

This paper is organized as follows. In Section 2, the theory of the
material models is presented. Section 3 presents the experimental setup
used in the verification. In Section 4, the FE simulation is presented.
Section 5 is devoted to the calibration of the models. Comparison
between experiment and simulation is presented in Section 6.

2. Material model

In this Section, the Hoffman criterion and the Xia model are pre-
sented for the plane stress assumption, which is typical for paper and
packaging applications. In Appendix the elastic–plastic equations and
numerics outlying the models are presented, as they are referred to
in the supplied source codes. The Hill model is also presented as a
particular case of the Hoffman model.

2.1. Hoffman yield criterion

The Hoffman criterion is considered to be an extension of the Hill
criterion with the ability to capture not only the anisotropic behavior
but also the difference in tension-compression response. The Hoffman
yield criterion can be written as (Hoffman, 1967),

𝑓 = 𝜎2𝑒𝑞𝑣 − 𝜎2𝑦 (𝜅). (1)

where 𝜎𝑒𝑞𝑣, 𝜎𝑦, and 𝜅 are the equivalent stress, hardening function,
and internal hardening parameter, respectively. The equivalent stress
is given by the sum of a quadratic and a linear term of the stress vector
𝝈 as

𝜎𝑒𝑞𝑣 =
√

1
2
𝝈𝑇 P𝝈 + q𝑇 𝝈. (2)

where the stress vector for the in-plane case is defined as 𝝈 =
[𝜎𝑥𝑥, 𝜎𝑦𝑦, 𝜎𝑥𝑦]𝑇 . The subscripts 𝑥𝑥 and 𝑦𝑦 refer to the in-plane directions,
MD and CD, whereas the subscript 𝑥𝑦 refers to the in-plane shear direc-
tion. The orthotropic plastic matrix, P, in (2) describes the anisotropy of
the material. Choosing the 𝑦-axis as the reference direction, i.e. 𝑅𝑦𝑦 = 1,
and setting 𝑅𝑧𝑧 = 1, the P matrix can be written as

P = 2

⎡

⎢

⎢

⎢

⎢

⎣

1
𝑅2
𝑥𝑥

−1
2𝑅2

𝑥𝑥
0

−1
2𝑅2

𝑥𝑥
1 0

0 0 3
𝑅2
𝑥𝑦

⎤

⎥

⎥

⎥

⎥

⎦

, (3)

where 𝑅𝑥𝑥, 𝑅𝑦𝑦, 𝑅𝑥𝑦, and 𝑅𝑧𝑧 are the ratio of the yield stresses in
the 𝑥𝑥, 𝑦𝑦, 𝑥𝑦, and 𝑧𝑧 directions, respectively, with respect to the
reference yield stress and can be determined experimentally. The vector
q features differences in yield stresses in tension and compression
according to

q =

⎡

⎢

⎢

⎢

⎢

⎣

− 𝜎𝑦,𝑡𝑥𝑥−𝜎
𝑦,𝑐
𝑥𝑥

𝑅2
𝑥𝑥

−
𝜎𝑦,𝑡𝑦𝑦−𝜎

𝑦,𝑐
𝑦𝑦

𝑅2
𝑦𝑦

0

⎤

⎥

⎥

⎥

⎥

⎦

, (4)

where the superscripts 𝑡 and 𝑐 stand for tension, and compression,
respectively. From (2) for the case q = 0, the Hill yield criterion
is recovered. The main difference between the Hill and the Hoffman
criteria, which both include the quadratic term of stresses, 𝝈𝑇 P𝝈, is the
linear term of stresses, i.e. q𝑇 𝝈. This linear term implies that the sign

of the stresses will affect the equivalent stress (pressure sensitivity).
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The hardening function in (1) for isotropic hardening rule is given
by

𝜎𝑦(𝜅) = 𝜎0 +𝐾(𝜅), where 𝐾(𝜅) = 𝐻0 𝜅1∕𝑛. (5)

n (5), 𝜎0, 𝐻0, and 𝑛 are the initial yield stress, hardening modulus, and
ardening exponent, respectively. The internal hardening parameter, 𝜅,
s equal to the equivalent plastic strain, 𝜀𝑝

𝑒𝑞𝑣
, i.e. 𝜅 = 𝜀𝑝

𝑒𝑞𝑣
. The equivalent

lastic strain is calculated from the plastic strain rate �̇�𝑝 according to

�̇�𝑝
𝑒𝑞𝑣

=
√

2
3
(�̇�𝑝)𝑇 �̇�𝑝, (6)

here the plastic strain rate vector is defined as �̇�𝑝 = [�̇�𝑝𝑥𝑥, �̇�
𝑝
𝑦𝑦, �̇�

𝑝
𝑥𝑦]𝑇 . The

volution of the plastic strains for associative plasticity is defined as
̇ 𝑝 = �̇� 𝜕𝑓

𝜕𝝈 (Dunne and Petrinic, 2005), where �̇� is the rate of the plastic
multiplier.

2.2. Xia yield criterion

To model the anisotropic properties with a different tension-
compression of paper material, Xia et al. (2002) introduced a non-
quadratic yield surface that differs from the anisotropic yield criterion
derived based on von Mises. The Xia potential for small strain and plane
stress case can be presented as

𝑓 (𝝈, 𝐾𝛾 ) =
6
∑

𝛾=1
𝜒𝛾

(

𝝈𝑇N 𝛾

𝐾𝛾

)2𝑘

− 1, (7)

where 𝛾 is the number of sub-surfaces. The values 𝛾 = 1, 2, 3
epresent tension in MD, tension in CD, and positive shear, respectively.
he values 𝛾 = 4, 5, 6 are the sub-surfaces of compression in MD,
ompression in CD, and negative shear, respectively. A switch control
𝛾 is defined as

𝛾 =
{

1 𝝈𝑇N 𝛾 > 0
0 otherwise. (8)

n (7), the exponent 2𝑘 is an even integer which controls the shape of
he yield surface, 𝐾𝛾 is the hardening function of the sub-surfaces and
𝛾 are tensors describing the gradient of the sub-yield surfaces 𝛾 and

re assumed to be of unit length as
𝑇
𝛾 N 𝛾 = 1, N 𝛾 =

∑

𝑖,𝑗
𝑛𝑖𝑗,𝛾𝑒𝑖𝑒𝑗 , 𝑖, 𝑗 = 1, 2. (9)

Isotropic hardening for the Xia yield surface was introduced by Xia
t al. (2002) for paperboard. However, uni-axial experimental tests
n CD showed that the influence of pre-straining in MD up to failure
s small (Borgqvist et al., 2014). When the uni-axial test was instead
erformed in MD, the pre-straining in CD had a higher influence
n the strength to failure which decreased by approximately 17%
Borgqvist et al., 2014). Borgqvist et al. (2015) introduced uncoupled
ardening to capture the paperboard with weak difference between
pre-strained or not pre-strained samples. Here, we adopt a similar

ncoupled hardening with power hardening law 𝐾𝛾 defined as

𝛾 (𝜅𝛾 ) = 𝐾0,𝛾 + 𝑐1,𝛾𝜅
1∕𝑐2,𝛾
𝛾 , (10)

here 𝐾0,𝛾 are hardening parameters, 𝑐1,𝛾 and 𝑐2,𝛾 are the hardening
odulus and the hardening exponent, respectively. The evolution law

or 𝜅𝛾 is defined as,

̇ 𝛾 = −�̇�
𝜕𝑓
𝜕𝐾𝛾

. (11)

2.3. Comparison of the flow rule stability

Drucker (1963) presented a set of stability criteria for the non-linear
stress–strain relation where the material is usually considered to be
stable, in the sense of constitutive response, if it satisfies these postu-
lates. Based on Drucker’s stability postulates of elasto-plastic behavior,
3

the convexity of the yield function and the normality for associative
plasticity are correlated with the material stability, cf. Justusson and
Phillips (1966), Rudnicki and Rice (1975), Rice (1976). The normality
of the plastic strain increment is satisfied for both Hoffman and Xia
models as the plastic strain rate is parallel to the gradient of the loading
function with respect to the stress.

The convexity shows that, for all possible 𝝈∗, the stress state 𝝈∗

hould lie behind the borderline perpendicular to the plastic strain
ncrement and this borderline must be a tangent to the yield surface.
he convexity provides the uniqueness of the solution for the current
tress tensor 𝝈. Furthermore, the yield function is convex in stress 𝝈, if

its Hessian is positive semi-definite. For the Xia model, the Hessian is
given by, cf. e.g. Ottosen and Ristinmaa (2005),

H𝑋𝑖𝑎 =
𝜕2𝑓
𝜕𝝈2

=
6
∑

𝛾=1
𝜒𝛾2𝑘(2𝑘 − 1)

(

𝝈𝑇N 𝛾

𝐾𝛾

)2𝑘−2 N 𝛾N𝑇
𝛾

𝐾2
𝛾

≥ 0. (12)

Eq. (12) implies that the Xia yield function is unconditionally convex
as this equation is always fulfilled. Similarly, for the Hoffman yield
function, its Hessian can be written as

H𝐻𝑜𝑓 =
𝜕2𝑓
𝜕𝝈2

= P =
⎡

⎢

⎢

⎣

𝑃11 𝑃12 0
𝑃22 0

Sym 𝑃33

⎤

⎥

⎥

⎦

. (13)

From (13), the Hoffman yield surface is convex if the P matrix is
positive semi-definite, i.e. if all its eigenvalues fulfill 𝜆𝑖 ≥ 0, cf.
e.g. Holzapfel (2002). These eigenvalues are given by

𝜆1 = 𝑃33 ≥ 0

𝜆2 =
1
2

(

𝑃11 + 𝑃22 +
√

(𝑃11−𝑃 22)2 + 4𝑃 2
12

)

≥ 0

𝜆3 =
1
2

(

𝑃11 + 𝑃22 −
√

(𝑃11−𝑃 22)2 + 4𝑃 2
12

)

≥ 0.

(14)

rom (14), the eigenvalues 𝜆1 and 𝜆2 always satisfy the condition 𝜆𝑖 ≥
. Meanwhile, for the third eigenvalue to be positive, the components
f the orthotropic plastic matrix P shall fulfill the condition

11 + 𝑃22 ≥
√

(𝑃11−𝑃 22)2 + 4𝑃 2
12. (15)

The Hoffman yield surface is therefore convex if Eq. (15) is fulfilled,
i.e. the model is conditionally convex.

3. Experimental setup

In this study, the cruciform shape is used for the bi-axial test. This
shape is motivated by the ability to allow in-plane deformation of
the material under different loading modes (Abu-Farha et al., 2009;
Hannon and Tiernan, 2008; Smits et al., 2006). This shape was a subject
of geometry optimization (Baptista et al., 2015), and investigation of its
geometry influence on the estimation of the planar bi-axial mechanical
properties (Hu et al., 2014). The cruciform shape was also used in
other studies. For example, in Kiriyama et al. (2019) the authors
developed bi-axial testing machine to get macroscopic information on
elastoplastic deformation of thin specimens. Li et al. (2017) used it
for a biaxial tensile-bending-combined micro-mechanical performance
test. Zhao et al. (2019) introduced a sandwich cruciform specimen to
obtain large plastic strains in the central zone of the specimen under
bi-axial loading conditions.

The geometry of the specimen and its dimensions are presented in
Fig. 1(a). These dimensions are chosen to be large enough to minimize
the variation in the mechanical response of the material. The test was
conducted using the bi-axial testing machine Zwick DO7144425 with
two setups. In the first setup, the MD and CD directions coincide with
the loading directions, as shown in Fig. 1(b) and the test is named the
MD-CD Test. In the second setup, the MD and CD are rotated 45◦ with
respect to the loading directions and named 45-Rot Test, as shown in
Fig. 1(c). The displacements U , U , and U , U applied by the axes
1 3 2 4
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Fig. 1. The cruciform specimen and the loading directions with respect to the material principal directions. (a) Geometry of the specimen, (b) MD and CD coincide with the
machine axes, (c) MD and CD are tilted with 45◦.
Fig. 2. The optical-extensometer device attached to the bi-axial test machine.
Fig. 3. Prescribed displacements applied to the machine axes (solid line) and the measured displacements using the optical extensometer device (dashed–dotted line).
1–3 and 2–4, respectively, are chosen to be large enough to trigger the
non-linear response of the material without damaging the samples.

During the bi-axial test, there could be an influence of sliding in the
clamps which can be considerable, due to the relatively high stiffness of
the material, the large width and the short length of the samples. This
slippage, even for a small value, can result in a large deviation between
the applied and measured displacements. The applied displacements
are relatively small and to minimize the measurement error, the Optical
Extensometer Device (OED) is used, see Fig. 2(a). This device uses
four optical markers defined on the speckle patterns of the specimen
4

to track the changes in the longitudinal distance and cross distance.
These distances are defined between the four tracking squares, cf.
Fig. 2(b).

During the test, as the axes of the machine move, the dotted area
contained in each square will move due to deformation. The pattern in
the squares is traced to derive the average displacement in the middle.
The initial distances between the centers of extensometers tracking
squares, C1-C3 and C2 -C4, are less than the distance between the clamps
which is 46 mm for axes 1–3 and 2–4, see Fig. 2(b). The selected
distances are the maximum allowed by OED in the used machine. For
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Fig. 4. Displacement fields in X and Y directions for the MD-CD test at three different load stages with OED sampling points shown by white squares.
Fig. 5. Displacement fields in X and Y directions for the 45-Rot test at three different load stages with OED sampling points shown by white squares.
larger distances, the focus of the camera used by OED would be missed
and the tracking would no longer be applicable.

The axes in the test move simultaneously in the opposite directions
according to the prescribed displacement and no axis is fixed. Here,
axes 1 and 3 move with the same magnitude in opposite directions
simultaneously. The same is also applied to axes 2 and 4. This simul-
taneous movement is to avoid the shifting of the mid of the sample
during the biaxial loading. The total axes movements and the measured
displacements using the optical extensometer device are shown in
Fig. 3(a) for MD-CD Test and in Fig. 3(b) for the 45-Rot Test. From
Fig. 3(b), it is evident that the measured displacement using the OED
for C1-C3 is larger than that for C2-C4, even though the maximum axes
movement is the same for both axes U -U and U -U . This difference is
5

1 3 2 4
to a large extent due to the locus of the optical tracking squares being
away from the grippers. For C1-C3 the tracking squares are closer to the
clamps compared to C2-C4. However, at this point, it is unclear if any
sliding in the clamps took place. We will investigate this in the next
section.

Furthermore, the OED does not track the full specimen, instead, it
tracks the areas defined by the tracking squares and the speckled pat-
tern within these areas. The advantage of using the OED is that it is an
integrated part of the system and does not require post-processing with
synchronization as opposed to the third-party Digital Image Correlation
(DIC) system. Instead, it reports the measured displacement directly
synchronized with the force measurements.
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Fig. 6. Measured reaction forces at different axes.
However, it is important to make sure that the displacement is
sampled from the areas without large strain gradients. We used the
camera system (videoXtens 1–270) of the OED and VIC-2D (VIC, 2021)
software to extract the displacement fields. In Figs. 4–5, the displace-
ment fields in X and Y directions for the MD-CD Test and 45-Rot
Test are presented for three different load stages at times 0.5 s, 1.0 s,
and 1.45 s. The locations of the tracking squares are also presented
in Figs. 4–5 which show the results of the DIC measurements. The
placement of tracking squares C1 and C3 are in regions with homoge-
neous displacement fields as they are close to the clamps. The tracking
squares C2 and C4 are located slightly away from the clamps due to
the limitations of the particular testing system but it is still in the area
where the displacement field is affine.

The measured reaction forces F1-F3 (blue line) and F2-F4 (red line),
from the MD-CD Test and 45-Rot Test are shown in Figs. 6(a) and (b),
respectively. Comparison between the reaction forces and the applied
displacements in Figs. 6 and 3, respectively, shows that the forces
approximately follow the form of the applied displacements. The forces
show some degree of relaxation during the period when the clamps are
in the hold position.

4. Finite-element simulation

A FE model using quadratic 2D plane stress elements (Plane183 in
Ansys) is employed for the simulation. Utilizing the symmetry of the
MD-CD Test setup in Fig. 1, the FE-model is presented in Fig. 7.
However, for the 45-Rot Test, the full geometry is used as the symmetry
conditions cannot be applied. The prescribed displacements at the
edges of the FE model were back-fitted so that the elements at the same
locations of the four tracking squares have the same displacements as
those measured by the OED. Then, in order to evaluate the amount of
sliding, Figs. 8(a) and (b) show the fitted displacements in the FE model
compared to the prescribed axes movements for the MD-CD Test and
45-Rot Test, respectively.

In Fig. 8(a) it is evident that the prescribed displacement U2-U4
(red line) in CD shows a small difference between the back-fitted
displacement and the axes movements. This suggests lower slippage
due to the significantly lower stiffness of the material in CD. At the
same time, for the prescribed displacement U1-U3 (blue line), a larger
difference is seen which indicates a larger amount of slippage in MD.
Although the estimated slippage is below 0.1 mm, it is significant for
the combination of geometry and material properties. From Fig. 8(b),
the prescribed displacements U1-U3 and U2-U4 for the 45-Rot Test show
similar differences between the back-fitted displacement and the axes
movements. This indicates the same amount of slippage for both tested
directions with a greater slippage at larger stresses. This is expected
6

Fig. 7. The FE model used for the MD-CD Test.

as the material has the same properties in the tested directions for the
45-Rot Test. In Appendix, the numerical scheme of the implemented
Ansys UMAT of the Hoffman and Xia models is outlined.

5. Material characterization

For the material characterization, uni-axial tests in MD, 45◦ and
CD were conducted. The samples used in this work are bleached
paperboard with clay coated top layer. The thickness of the material
is 0.38 mm. The size of the samples is 15 × 100 mm2 and the strain
rate is 100 mm/min, cf. ISO-1924-3 (2005). The test was done in a
climate-controlled room with 50% relative humidity and 23 ◦C which
is a standard for testing paper materials. The average (mean) tensile
test in each direction together with error bars representing the standard
deviations of the experimental measurements are shown in Fig. 9. The
average responses from Fig. 9 (black line) will be used to determine
the elastic and plastic material parameters in the following subsection.
In addition, the elastic–plastic characterization of the material is also
possible using the biaxial test. However, due to the inhomogeneous
spatial stress and strain field in the cruciform specimens, this procedure
commonly not as straightforward as for the uniaxial case (Schemmann
et al. (2018b)). This inhomogeneity in the strain and stress local fields
imposes the need of inverse parameter identification (Schemmann et al.
(2018a), Mahnken and Stein (1996)).
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Fig. 8. Prescribed displacements applied to the axes (solid line) and the applied displacements used in the FE model (dashed–dotted line).
Fig. 9. The average measured uniaxial response of the material in MD, 45◦ and CD.
Error bars show the standard deviation of the different measurements of the experiment.

Table 1
Elastic parameters.
𝐸𝑥𝑥 [MPa] 𝐸𝑦𝑦 [MPa] 𝐺𝑥𝑦 [MPa] 𝜈𝑥𝑦
4558 2359 1105 0.40

5.1. Material properties for the Hill and Hoffman models

The material parameters needed for the calibration of the Hill and
the Hoffman models are the in-plane elastic properties which represent
the components of the orthotropic elastic stiffness matrix and the plastic
parameters.

The elastic moduli 𝐸𝑥𝑥, 𝐸45 and 𝐸𝑦𝑦 for MD, 45◦, and CD, respec-
tively, are defined at 0.02% plastic strain (i.e. at a relatively low value
to preserve the smoothness of the fitting). The Poisson' s ratio in turns
is calculated as 𝜈𝑥𝑦 = 0.293

√

𝐸𝑥𝑥∕𝐸𝑦𝑦 (Baum et al., 1982). The shear
modulus 𝐺𝑥𝑦 is calculated as Lekhnitskii (1981)

𝐺−1
𝑥𝑦 = 4𝐸−1

45 −
(

𝐸−1
𝑥𝑥 + 𝐸−1

𝑦𝑦

)

+ 2𝜈𝑥𝑦𝐸−1
𝑥𝑥 . (16)

where 𝜈𝑥𝑦 is the Poisson’s ratio. In Table 1, the elastic parameters fitted
from the experimental data in Fig. 9 are tabulated.
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The plastic parameters in (3)–(5) are next to be calibrated. The
hardening modulus 𝐻0 and hardening exponent 𝑛 in (5) are defined
with the assumption that the CD is the equivalent direction, i.e. 𝑅𝑦𝑦 = 1
and setting 𝑅𝑧𝑧 = 1 . Although 𝑅𝑧𝑧 has an influence on the yield
surface even in the plane stress condition (de Souza Neto et al. (2008)),
excluding it from the set of fitting parameters did not impair the fitting
accuracy. The yield stress 𝜎0 is defined at 0.02% plastic strain. The
anisotropic plastic parameters 𝑅𝑥𝑥 and 𝑅𝑥𝑦 are defined by fitting (5) to
the uni-axial responses of the material. The plastic parameters in the
Hill model (q = 0) and the Hoffman model at tension are summarized
in Table 2. The corresponding fitting results are shown in Figs. 10(a)
and (b), respectively.

From Table 2 it is noticed that the initial yield stresses are different.
This is explained by the yield function of the Hoffman model, which
differs from that of Hill with the term q𝑇 𝝈, hence the yield surfaces
are different. The yield stress is the result of the fitting procedure in
which tests from the three directions are used simultaneously. Due to
differences in the yield surfaces, the optimal yield stress may appear
to be slightly different between various plasticity models. It is however
noted that, in contrast to bilinear plasticity case, the effect of these dif-
ferences on the reported results is minor with the non-linear hardening
law used here since the curve follows smoothly the response beyond
the yield limit.

5.2. Material properties of the Xia model

The elastic properties of the Xia potential are identical to the Hill
and Hoffman models, cf. Table 1. However, for the plastic response, the
N 𝛾 tensors describing the gradient of the sub yield surfaces are defined
based on the assumption that the plastic strain rate ratio equals to the
total strain rate (Borgqvist et al. (2014)), i.e.

�̇�𝑝𝑥𝑥
�̇�𝑝𝑦𝑦

=
𝑛11,1
𝑛22,1

= 𝜈𝑥𝑦 (17)

This assumption is due to the axial and lateral strain ratio for paper-
board materials remaining almost constant (Harrysson and Ristinmaa
(2008), Xia et al. (2002)). Here, N 𝛾 is of unit length such as
√

(𝑛11,1)
2 + (𝑛22,1)

2 + 2(𝑛12,1)
2 = 1 (18)

Furthermore, no coupling to shearing yields 𝑛12,1 = 𝑛12,2 = 0. Hence,
𝑛11,1 and 𝑛22,1 can be determined. A similar procedure can be used for
the CD direction. The components of N 𝛾 are tabulated in Table 3.

Since the benchmark involves bi-axial tensile tests, the characteriza-
tion is limited to 3 tensile sub-surfaces. The yield stress of the hardening
functions in (10) for the sub-surfaces 𝛾 = 1, 2, 3 is calculated based
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Table 2
Plastic parameters for the Hill and Hoffman models.
Model 𝜎0 [MPa] 𝐻0 [MPa] 𝑛 𝑅𝑥𝑥 𝑅𝑥𝑦 𝜎𝑦,𝑡

𝑥𝑥 − 𝜎𝑦,𝑐
𝑥𝑥 [MPa] 𝜎𝑦,𝑡

𝑦𝑦 − 𝜎𝑦,𝑐
𝑦𝑦 [MPa]

Hill 6.082 55.51 3.148 2.466 1.204 – –
Hoffman 4.526 55.51 3.148 2.406 1.237 6.84 2.71
Fig. 10. Hill, Hoffman, and Xia model calibration results compared to experimental measurements.
Table 3
Components of the normal to the yield sub-surface, cf. Borgqvist et al. (2014).

Sub-surface 𝛾 𝑛11 𝑛22 𝑛12
1 1∕

√

1 + 𝜈𝑥𝑦2 −𝜈𝑥𝑦∕
√

1 + 𝜈𝑥𝑦2 0
2 −𝜈𝑦𝑥∕

√

1 + 𝜈𝑦𝑥2 1∕
√

1 + 𝜈𝑦𝑥2 0
3 0 0 1∕

√

2
4 −1 0 0
5 0 −1 0
6 0 0 −1∕

√

2

on the experimental uni-axial test at 0.02% plastic strain. The internal
hardening parameter 𝜅𝛾 is calculated for MD and CD respectively as

𝜅1 =
𝜀𝑝𝑥𝑥
𝑛11,1

and 𝜅2 =
𝜀𝑝𝑦𝑦
𝑛22,2

, (19)

where 𝜀𝑝𝑥𝑥 and 𝜀𝑝𝑦𝑦 are the plastic strain in MD and CD, respectively. For
𝛾 = 3 which corresponds to positive shear, the corresponding internal
hardening parameter is given by

𝜅 = 𝑆𝜀𝑝 , (20)
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3 𝑥𝑦
where

𝑆 = 1
𝑛12,3

[

1 −
( 𝑛11,1 + 𝑛22,1

𝐶1

)2𝑘
−
( 𝑛11,2 + 𝑛22,2

𝐶2

)2𝑘
]1∕2𝑘

, (21)

where 𝜀𝑝𝑥𝑦 is the plastic strain in the 45◦ direction. The constants 𝐶1
and 𝐶2 are calculated as

𝐶1 =
𝑛11,1𝜎0,1
𝜎0,3∕2

and 𝐶2 =
𝑛22,2𝜎0,2
𝜎0,3∕2

. (22)

The hardening functions of the sub-surfaces 𝐾𝛾 can be defined from
experimental measurements using the plastic stresses and components
of N 𝛾 tensors as

𝐾1 = 𝑛11,1𝜎
𝑝
𝑥𝑥, 𝐾2 = 𝑛22,2𝜎

𝑝
𝑦𝑦 and 𝐾3 = 𝜎𝑝𝑥𝑦∕𝑆. (23)

Also, the hardening parameters in (10) can be written as

𝐾0,1 = 𝑛11,1𝜎0,1, 𝐾0,2 = 𝑛22,2𝜎0,2 and 𝐾0,3 = 𝜎0,3∕𝑆, (24)

where 𝜎0,1, 𝜎0,2 and 𝜎0,3 are the yield stresses for sub-surfaces 𝛾 =
1, 2, 3, respectively. Finally, the hardening moduli 𝑐1,𝛾 and harden-
ing exponents 𝑐2,𝛾 in (10) can be determined by a numerical fitting
procedure.
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Fig. 11. The shape of the Xia yield surface for different 𝑘 values.

Table 4
Plastic hardening parameters of the Xia model for different 𝑘 values.

𝑘 = 1, 2, 3, 100 𝑘 = 1 𝑘 = 2 𝑘 = 3 𝑘 = 100

𝛾 = 1 𝛾 = 2 𝛾 = 3 𝛾 = 3 𝛾 = 3 𝛾 = 3

𝐾0,𝛾 16.43 5.22 7.64 5.86 5.96 5.91
𝑐1,𝛾 188.49 51.56 74.76 54.96 53.51 51.26
𝑐2,𝛾 2.295 3.258 2.84 2.93 2.84 2.84

5.2.1. Impact of the Xia shape parameter, 𝑘
From (7) it is observed that the integer 𝑘 can influence the shape

of the Xia yield surface. Fig. 11 shows the changes of the yield surface
for different 𝑘 values. Lower 𝑘 values result in lower yield stresses for
bi-axial loading and vice versa.

This indicates that 𝑘 influences the shear sub-surface 𝛾 = 3 is
dominant, meanwhile its impact on sub-surfaces 𝛾 = 1, 2 is minimal.
The plastic parameters for the tensile sub-surfaces 𝛾 = 1, 2, 3 with
𝑘 = 1, 2, 3, 100 are determined by fitting the set of Eqs. (19)–(24) to the
tensile experimental data presented in Fig. 9. The plastic parameters
for the Xia potential are tabulated in Table 4 for different 𝑘 values.
Fig. 10(c) and (d) show the fitting quality for 𝑘 = 1 and 𝑘 = 2,
respectively. This dependency on the 𝑘 value of the Xia model for bi-
axial stresses suggests the need for bi-axial tests for the calibration of
the model. The bi-axial FE responses (see Section 4) of the Xia model
are shown in Fig. 12 for different 𝑘 values, together with the recorded
bi-axial forces from Fig. 6. A comparison between the simulations
and experiments in Fig. 12 shows a stiffer model prediction for higher
𝑘 values. To determine the 𝑘 value that best fits the experimental data,
the areas under the response curves for 𝑘 = 1, 2, 3, 100 are compared
to that from the experimental curves for both MD-CD Test and 45-
Rot Test. For 𝑘 = 1, the simulated bi-axial forces present the closest
matching to the measured bi-axial ones. The calibrations of the Hill,
Hoffman and Xia model to the uni-axial data in Figs. 10(a), (b), (c)
and (d), respectively, show an excellent fitting and all models perform
equally well.

5.3. Tension and compression for Hill, Hoffman, and Xia models

The asymmetric tension-compression response is featured in many
materials such as composite (Lv et al. (2020)), metals (Jung et al.
(2019)), and ceramic (Liu et al. (2019)). Several works aimed at
addressing this behavior. Cazacu et al. (2006) introduced asymmetric
orthotropic yield criterion for magnesium and titanium alloys based on
the deviatoric stresses to ensure insensitivity to the hydrostatic pres-
sure. Lee et al. (2008) used hardening law based on two surface model
to study stress–strain response of Magnesium alloy sheet including the
Bauschinger effect (Sowerby et al. (1979)). Using a modified Drucker–
Prager yield criterion, Ryou et al. (2007) presented elasto-viscoplastic
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model features asymmetric response to analysis the mechanical perfor-
mance of woven composites. Based on Tsai–Wu failure criterion (Tsai
and Wu (1971)), Kim et al. (2008) presented model for fiber reinforce
composites to account for inelastic nonlinear response with asymmet-
ric tension compression, later Michel and Billington (2014) extended
it to account for differential hardening in compression and tension.
N’souglo et al. (2019) utilized plastic orthotropic model with tension-
compression asymmetry to study the formation of necking instabilities
in titanium flat specimens subjected to dynamic loading. Nayebi et al.
(2021) coupled von Mises criterion with isotropic continuum dam-
age model to capture the tension-compression response of additively
manufactured alloys.

Although the presented material models can represent the compres-
sive part, the limitation of this study is the lack of verification of the
compressive response. Testing the compressive behavior of such thin
materials as paperboard is complicated by the dominance of geometri-
cal buckling. This would require an additional setup for its prevention,
which our group does not have at our disposal currently.

As mentioned earlier, the uni-axial experimental data are limited
to the tension case only. Hence, for illustration purposes, the shape of
the yield surface for the models at bi-axial compression is discussed.
The compressive data of bleach board from Borgqvist et al. (2014) are
utilized.

The stress–strain curves for tension-compression are shown in
Fig. 10(b). The Hoffman plastic parameters at compression are tabu-
lated in Table 2. The yield surfaces for the Hill and the Hoffman are
presented in Fig. 13(a) as a blue line and a black line, respectively. A
higher yield stress can be observed for the Hoffman model compared
to the Hill model for the bi-axial case. This is explained by the
contribution of the vector q in (4). The components of q increase the
yield stress for the bi-axial case proportionally with the difference in
the tension-compression response.

In Fig. 13(b) the Xia yield surface is plotted schematically as a blue
solid line for both tension and compression, i.e. the compression sub-
surfaces 4, 5 and 6 are equal to the tension sub-surfaces 1, 2 and 3,
respectively. The black dashed line in Fig. 13(b) corresponds to a Xia
yield surface where the compression sub-surface 4, 5 and 6 differ from
the tension sub-surface 1, 2 and 3, respectively. Since the Xia yield
surfaces are decoupled, the compression data does not influence the
pure tensile sub-surfaces.

6. Results and discussion

The simulation results of the Hill, Hoffman, and Xia model (for
𝑘 = 1, 2 and 3) are compared to the experimental measurements.
The simulation and experimental results are presented for the MD-
CD Test and the 45-Rot Test in Figs. 14(a) and (b), respectively. The
simulated reaction forces using the Hill, Hoffman, and Xia model for
𝑘 ≤ 2 are in agreement with the experimental results. As expected, the
simulated reaction forces are higher than the measured forces due to
the relaxation properties of the material and the absence of viscosity in
the models.

It can be observed from Figs. 14(a) and (b) that the Xia model with
𝑘 = 3 (see Borgqvist et al. (2014)) consistently shows a stiffer response
compared to the Hill and Hoffman models. Furthermore, when 𝑘 ≥ 3, it
is observed that the yield occurs earlier in the Hill and Hoffman models
compared to the Xia model.

For the Xia model with shape parameter 𝑘 = 2 (Xia et al., 2002),
the bi-axial response is similar to that from the Hoffman model. Also,
slightly stiffer bi-axial responses can be observed for the Xia model with
𝑘 = 2 and the Hoffman model compared to the Hill model. For the Xia
and Hoffman models, this stiffer response is due to the choice of shape
parameter 𝑘 and to the linear term of stresses q𝑇 𝝈 in (2), respectively.
It is also noted that the difference in the yield surfaces between the
Hoffman and Hill model is proportional to the tension-compression
yield stresses as in (4), see Fig. 13(a).
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Fig. 12. Bi-axial responses of the Xia model for different 𝑘 values together with the experimental bi-axial measured forces.
Fig. 13. The yield surfaces of the Hill, the Hoffman and the Xia model. (a) The Hill yield surface for symmetric responses and the Hoffman yield surface for asymmetric responses,
(b) the Xia yield surfaces for the same tension-compression and asymmetric response.
Fig. 14. Comparison of experimental measurements to the simulation results for the Hill, Hoffman, and Xia models. The Xia shape parameter 𝑘 = 1, 2, and 3 are used in the
simulation.
In order to systematically determine the model with the best pre-
diction, the areas under the simulated reaction curves for both MD-CD
Test and 45-Rot Test are calculated for all models and compared to
experiments, see Table 5. The differences between the areas defined
10
by the experimental curves and those defined by the simulated curves
are calculated for MD-CD Test and 45-Rot Test. For the Hill model,
the difference between the area beneath the simulated curves for both
tests and the area from the experiment is 65.20 N⋅sec. For the Hoffman
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Table 5
Areas defined by the curves of experiment, Hill, Hoffman, and Xia for 𝑘 = 1, 2, and 3.

Experiment Hill Hoffman Xia, 𝑘 = 1 Xia, 𝑘 = 2 Xia, 𝑘 = 3

Areas of MD-CD Test, [N⋅sec] 358.16 373.06 380 375.62 396.19 402.49
Areas of 45-Rot Test, [N⋅sec] 297.76 348.06 355.96 342.25 375.44 390.01
Table 6
Summary of the comparison between the Hill, Hoffman and Xia models.

Hill Hoffman Xia

Convexity Conditionally convex Conditionally convex Unconditionally convex
depending on the orthotropic depending on the orthotropic
plastic matrix plastic matrix

Number of plastic 5 7 12
parameters
d
f
c

model, the difference between the areas is 80.04 N⋅sec. For the Xia
model, the differences are 61.95 N⋅sec, 115.71 N⋅sec and 136.58 N⋅sec
for 𝑘 = 1, 2, and 3, respectively. The Xia model with 𝑘 = 1 followed
y the Hill model present the closest results to the experiments. The
offman and Xia model with 𝑘 = 2 show slightly stiffer responses

compared to the experiment with a closer response of Hoffman to the
experiment compared to Xia with 𝑘 = 2. Meanwhile, the Xia model with
𝑘 ≥ 3 shows a stiffer response and the deviation is greater compared to
the other models.

In terms of the number of material parameters, the Hill and Hoffman
models require five and seven plastic parameters, respectively, cf. Ta-
ble 2. The complexity of the Xia model is greater, requiring a minimum
of twelve plastic parameters: one parameter describing the shape of
the yield surface, nine parameters describing the hardening rule, cf.
Table 4, and two parameters describing the compression behavior (as-
suming perfect plasticity for the compressive part), cf. Borgqvist et al.
(2014). The unit vectors N 𝛾 controlling the direction of the sub-surface,
cf. Table 3, are excluded in the counting of plastic parameters, since
the direction is given by the Poisson’s ratio 𝜈𝑥𝑦. The greater number
of parameters gives the Xia model a better ability to characterize the
material. For each loading direction there are separate parameters for
yield stress, hardening modulus and hardening exponent. Meanwhile,
for the Hoffman model, these plastic parameters are defined for only
one loading direction. By using the components of the orthotropic
plastic matrix P, these components are used to match the response of
the experiment and may not always yield a good fit.

7. Conclusion

In this work, bi-axial tension experiments are conducted using
cruciform specimens with the material principal directions coinciding
with the machine axes as well as with the samples tilted by 45 degrees.
The results from the experiments are compared with FE simulations
using three elasto-plastic continuum models. The first two are based on
the Hoffman criterion while the third model is based on the Xia yield
criterion. The Hoffman and Xia models are able to replicate the pressure
sensitivity and anisotropic properties of the fibrous materials. Their
implementations, which are not available in commercial software, are
provided with the publication together with the complementary fitting
tool for the Xia model.

The comparison between the models and experiments showed that
Xia with 𝑘 = 1, followed by Hill, present the closest responses to the
experiments. This result suggests that for the case with a symmetric
tension-compression response, the Hill model is able to capture ade-
quately the mechanical response of the material for bi-axial loading
conditions. For the Hoffman and the Xia model with 𝑘 = 2, the closest
response to the experiment is presented by Hoffman compared to Xia
with 𝑘 = 2. But both models show slightly stiffer responses with respect
to the measured bi-axial responses. Meanwhile, for the Xia 𝑘 ≥ 3 the
i-axial response is stiffer and the simulated forces deviate from that
or the experiment.
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The Xia model has more flexibility in fitting the material properties
ue to the larger number of material properties and versatile yield
unctions. However, this study shed the light on the importance of
alibrating the 𝑘 parameters of the Xia model, as for 𝑘 ≥ 3 values a

stiffer bi-axial response is presented. This requirement of bi-axial tests
for Xia calibration can be a cumbersome task.

In terms of stability, the Xia yield surface is unconditionally convex
while the Hill and Hoffman yield surfaces are conditionally convex
depending on the components of the orthotropic plastic matrix P.
However, in the present study, the advantage was not substantial.

As opposed to the Hill model, the Hoffman model features a differ-
ent tension-compression response by changing the shape of the yield
surface. This change in the shape of the yield surface requires re-
calibration of both tension and compression responses. However, for
the Xia model, the difference in tension-compression does not influence
the tensile sub-surfaces and only the compressive sub-surfaces require
calibration. A summary of the comparison between the Hoffman and
the Xia model is presented in Table 6.

The conducted experimental study also shows the importance of
accounting for slippage at the grippers for the accurate testing and com-
parison against the experiments in the bi-axial testing, where the used
samples are wider and shorter than that used in uniaxial measurements.
It also indicated the importance of viscoelasticity as the observable
relaxation was recorded in the experiments even with relatively fast
loading rates.

8. Code availability

The UMAT implementations of Hoffman and Xia models for Ansys
and Abaqus together with Matlab calibration tool for the Xia model are
available at https://doi.org/10.5281/zenodo.5777175.
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Fig. A.1. Radial return mapping algorithm.

Appendix. Numerical scheme

The numerical scheme outlined in this section is implemented into
a user material routine (UMAT) using the general-purpose FE program
Ansys.

The relation between stress vector, 𝝈 =
[

𝜎𝑥𝑥, 𝜎𝑦𝑦, 𝜎𝑥𝑦
]𝑇 , and the

elastic strain vector, 𝜺𝑒 = [𝜀𝑒𝑥𝑥, 𝜀
𝑒
𝑦𝑦, 𝜀

𝑒
𝑥𝑦]

𝑇 , is given as

𝝈 = D𝑒𝜺𝑒, (A.1)

where the orthotropic elastic stiffness matrix is given by

D𝑒 = 1
(

1 − 𝜈𝑥𝑦𝜈𝑦𝑥
)

⎡

⎢

⎢

⎣

𝐸𝑥𝑥 𝜈𝑦𝑥𝐸𝑥𝑥 0
𝜈𝑥𝑦𝐸𝑦𝑦 𝐸𝑦𝑦 0

0 0 𝐺𝑥𝑦
(

1 − 𝜈𝑥𝑦𝜈𝑦𝑥
)

⎤

⎥

⎥

⎦

. (A.2)

The total strain is the sum of the elastic and plastic strain, i.e. 𝜺 = 𝜺𝑒+𝜺𝑝,
which inserted into (A.1) yields

𝝈 = D𝑒 (𝜺 − 𝜺𝑝) . (A.3)

The incremental form of (A.3) is given as

𝛥𝝈 = D𝑒 (𝛥𝜺 − 𝛥𝜺𝑝) , (A.4)

when D𝑒 is a constant.

A.1. Radial return method

The yield functions (1) for Hoffman and (7) for Xia are evaluated
for each strain increment 𝛥𝜺 . If 𝑓 ≤ 0 then the increment is elastic, else
the plastic deformation occurs and the radial return algorithm should
be used to fulfill the Karush-Kuhn–Tucker conditions (Simo and Hughes
(2006)) as

�̇� ≥ 0, 𝑓 ≤ 0, 𝜆𝑓 = 0. (A.5)

The incremental plastic strain vector, 𝛥𝜺𝑝, and the incremental internal
hardening vector, 𝛥𝜿, are given as, cf. Ottosen and Ristinmaa (2005),

𝛥𝜺𝑝 = ∫

𝜆(𝑛+1)

𝜆(𝑛)

𝜕𝑓
𝜕𝝈

𝑑𝜆 and 𝛥𝜿 = −∫

𝜆(𝑛+1)

𝜆(𝑛)

𝜕𝑓
𝜕K 𝑑𝜆, (A.6)

where 𝜆(𝑛+1) = 𝜆(𝑛) + 𝛥𝜆 and 𝛥𝜆 is the incremental plastic multiplier.
The superscript (𝑛 + 1) refers to the current integration step and the
superscript (𝑛) refers to the last integration step. Using Euler backward
scheme on (A.6) gives

𝛥𝜺𝑝 = 𝜕𝑓
𝛥𝜆 and 𝛥𝜿 = −

𝜕𝑓
𝛥𝜆, (A.7)
12

𝜕𝝈 𝜕K
where 𝜕𝑓∕𝜕𝝈 = (𝜕𝑓∕𝜕𝝈)(𝑛+1) and 𝜕𝑓∕𝜕K = (𝜕𝑓∕𝜕K)(𝑛+1) are evaluated
at the current increment, (𝑛 + 1).

Inserting the plastic strain increment in (A.7) into (A.4) and using
𝝈(𝑛+1) = 𝝈(𝑛) + 𝛥𝝈, gives

𝝈(𝑛+1) = 𝝈(𝑡𝑟) − D𝑒 𝜕𝑓
𝜕𝝈

𝛥𝜆, (A.8)

where 𝝈(𝑡𝑟) is the trial stress given by

𝝈(𝑡𝑟) = 𝝈(𝑛) + D𝑒𝛥𝜺 (A.9)

and 𝝈(𝑛) is the stress from the last integration step.
Fig. A.1 illustrates graphically the radial return mapping algorithm

derived in (A.8), where the stress from the last integration step, 𝝈(𝑛),
is updated into the current integration step, 𝝈(𝑛+1), using the Euler
backward scheme. The radial return algorithm assumes elastic strain in-
crement, and the current step is defined once the consistency conditions
are fulfilled, Ottosen and Ristinmaa (2005).

The residuals in stresses are defined using (A.8) as

R𝝈 = 𝝈(𝑛+1) + 𝛥𝜆D𝑒 𝜕𝑓
𝜕𝝈

− 𝝈(𝑡𝑟). (A.10)

Similarly, the residuals in the hardening function are introduced as

R𝐾 = K (𝑛) − K (𝑛+1) (𝜿(𝑛+1)) , (A.11)

where K (𝑛) is a variable and K (𝑛+1) is a function. The residual in the
yield function from (7) is defined as

𝑅𝑓 = 𝑓 (𝝈,K) . (A.12)

The residual vector R = [R𝝈 ,R𝐾𝛾
, 𝑅𝑓 ]𝑇 is a function of the state

variables S = [𝝈,K , 𝛥𝜆]𝑇 . The solution to the non-linear set of equations
R(S) = 0 is found iteratively using the Newton–Raphson method
according to

S𝑖+1 = S𝑖 −
(

𝜕R
𝜕S

)

R
|

|

|

|

|

𝑖

, (A.13)

with a specified tolerance on ‖R‖ =
√

R𝑇R and where 𝑖 is the iteration
number.

A.2. The algorithmic tangent stiffness matrix

For implicit solver, the tangential stiffness matrix is needed. Herein,
to achieve quadratic convergence, the algorithmic tangent stiffness ma-
trix is introduced. Inserting (A.9) in (A.10) and taking the derivatives
with respect to time yields

�̇� + �̇�D𝑒 𝜕𝑓
𝜕𝝈

+ 𝛥𝜆D𝑒 𝜕2𝑓
𝜕𝝈2

�̇� − D𝑒�̇� = 0, (A.14)

where superscript 𝑛+1 have been omitted for simplicity. Rearrangement
of (A.14) gives

�̇� = A
(

�̇� − �̇�
𝜕𝑓
𝜕𝝈

)

, (A.15)

where

A =
[

(D𝑒)−1 + 𝛥𝜆
𝜕2𝑓
𝜕𝝈2

]−1

. (A.16)

Taking the time derivative of 𝑓 (𝝈,K ) = 0 in (A.12) gives
(

𝜕𝑓
𝜕𝝈

)𝑇
�̇� +

(

𝜕𝑓
𝜕K

)𝑇
K̇ = 0, (A.17)

where

K̇ = 𝜕K
𝜕𝜿

�̇�. (A.18)

The time derivative of the incremental internal hardening 𝛥𝜿 in (A.7)
can be written as,

�̇� = −�̇�
𝜕𝑓

− 𝛥𝜆
𝜕2𝑓 K̇ , (A.19)
𝜕K 𝜕K2
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where it is assumed that the yield function 𝑓 has mixed derivatives
qual to zero, i.e. 𝜕2𝑓∕𝜕K𝜕𝝈 = 0. Inserting (A.19) into (A.18) yields

̇ = −H �̇�, (A.20)

here

=
(

I + 𝛥𝜆𝜕K
𝜕𝜿

𝜕2𝑓
𝜕K2

)−1

(A.21)

and I is the identity matrix.
Substituting (A.15) and (A.20) into (A.17) and solving for the rate

of plastic multiplier �̇�, yields

�̇� = 1
𝑏

(

𝜕𝑓
𝜕𝝈

)𝑇
A�̇�, (A.22)

where

𝑏 =
(

𝜕𝑓
𝜕𝝈

)𝑇
A 𝜕𝑓
𝜕𝝈

−
(

𝜕𝑓
𝜕K

)𝑇
H . (A.23)

Inserting (A.22) into (A.15) yields the algorithmic tangent stiffness
matrix D𝑎𝑡𝑠 as

�̇� = D𝑎𝑡𝑠�̇�, (A.24)

where

D𝑎𝑡𝑠 = A − 1
𝑏
A 𝜕𝑓
𝜕𝝈

(

𝜕𝑓
𝜕𝝈

)𝑇
A. (A.25)

A.3. Hoffman yield surface

The numerical schemes in Appendices A.1 and A.2 are adopted to
the Hoffman model presented in Sections 2.1 and 2.3 .

The Hoffman yield function in (1) is given using (2) as

𝑓 = 1
2
𝝈𝑇 P𝝈 + q𝑇 𝝈 − 𝜎2𝑦 (𝜅). (A.26)

The first and second-order derivative of (A.26) with respect to the stress
are given as

𝜕𝑓
𝜕𝝈

= P𝝈 + q𝑇 and 𝜕2𝑓
𝜕𝝈2

= P . (A.27)

The derivatives with respect to 𝜎𝑦(𝜅) are given as

𝜕𝑓
𝜕𝜎𝑦

= −2𝜎𝑦 and 𝜕2𝑓
𝜕𝜎2𝑦

= −2. (A.28)

By virtue of (A.8) and (A.27), the current stress 𝝈(𝑛+1) is written as a
function of the incremental plastic multiplier 𝛥𝜆 as

𝝈(𝑛+1)(𝛥𝜆) = 𝝈(𝑡𝑟) − 𝛥𝜆D𝑒 [P𝝈(𝛥𝜆) + q𝑇
]

. (A.29)

Inserting the expression of the current stress in (A.29) into the Hoffman
yield function in (A.26) and using (5) yields

𝑓 (𝛥𝜆) = 1
2
(𝝈(𝛥𝜆))𝑇 P𝝈(𝛥𝜆) + 𝝈(𝛥𝜆)q𝑇 − (𝜎0 +𝐾(𝜀𝑝

𝑒𝑞𝑣
(𝛥𝜆)))2. (A.30)

The Newton–Raphson iteration are used to update the incremental
plastic strain 𝛥𝜆 as

𝛥𝜆𝑖+1 = 𝛥𝜆𝑖 −
(

𝜕𝑓
𝜕(𝛥𝜆)

)−1
𝑓 (𝛥𝜆)

|

|

|

|

|

𝑖

. (A.31)

The iteration starts for 𝛥𝜆 = 0 and ends when the loading function in
1) is less than a specified tolerance.

.4. Xia yield surface

The numerical schemes in Appendices A.1 and A.2 are directly
pplied to the Xia model presented in Sections 2.2 and 2.3 .
13
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