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“No one should be allowed to stop in one place any longer than necessary. A
man isn’t a tree, and settling in one place is his misfortune. It saps his courage,
breaks his confidence... Digging oneself in, marks the real beginning of old age
because a man is young as long as he isn’t afraid to make new beginnings. If he
stays in the same place, he must put up with things or take action. If he moves

on, he keeps his freedom; he’s ready to change places and the conditions
imposed on him. ”

Meša Selimović





Direct Numerical Simulation of Boundary-layer Transition
with Free-stream Turbulence

Kristina Ðurović
FLOW, Department of Engineering Mechanics,
KTH Royal Institute of Technology, SE–100 44 Stockholm, Sweden

Abstract
This thesis considers the generation and influence of free-stream turbulence to
boundary layer transition on both flat and curved bodies in the flow. Various
flow configurations such as flow around the flat plate with a sharp leading edge
and low-pressure turbine blades are considered. This study aims at contributing
to a better understanding of stability characteristics and different transition
mechanisms in such flows, which are of great interest for fundamental and
industrial applications.

In the first part of the thesis, we study the effects of the free-stream
turbulence characteristic length scales and intensity on the transition in an
incompressible flat-plate boundary layer through direct numerical simulations
(DNS). Computations are performed using the spectral element code Nek5000.
The numerical setup corresponds to the experimental investigations by Fransson
& Shahinfar (2020). Numerically generated homogeneous isotropic turbulence
upstream of the leading edge is designed to reproduce the characteristics of the
grid-generated turbulence in the wind tunnel experiments. Various combinations
of integral length scales are simulated. To ensure the quality of the data, classical
turbulence statistics and integral quantities are carefully evaluated, showing
close agreement with the corresponding experimental data.

In the second part, we study both the effect of the free-stream turbulence
level and the effect of the wake on the low-pressure turbine blades. The
homogeneous and isotropic free-stream turbulence is prescribed at the inlet as
a superposition of Fourier modes with a random phase shift. In the second
stage of the study, cylinders moving in front of the leading edge of the turbine
are included to model the effect of the wake coming from the upstream blade.
That is done using the tool NekNek which simultaneously runs two different
simulations that communicate with each other at each time-step through a
specific boundary condition.

We also analysed laminar/turbulent regions in the boundary layer flow for
both cases mentioned earlier. To achieve this, we proposed a topology-based
method based on extracting the extrema of the flow data. The goal was to
propose a method to reduce the subjective choices to a minimum and provide
efficient results regardless of the chosen flow case.

Key words: boundary layer, transition, receptivity, free-stream turbulence,
turbine blade.
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Direkta Numeriska Simuleringar av Laminär-Turbulent Om-
slag med Friströmsturbulens

Kristina Ðurović
FLOW, Institutionen för Teknisk Mekanik,
Kungliga Tekniska högskolan, SE-100 44 Stockholm, Sverige

Sammanfattning
Denna avhandling behandlar hur friströmsturbulens initieras samt påverkar
omslag från laminär till turbulent strömning på både plana och krökta kroppar.
Vi adresserar flöde runt den plana plattan med en skarp framkant och ett krökt
lågtrycksturbinblad. Denna studie syftar till att bidra till en bättre förståelse
av stabilitetsegenskaper och olika mekanismer för laminärt-turbulent omslag för
sådana flöden, som är av stort intresse för både grundläggande och industriella
tillämpningar.

I den första delen av avhandlingen studerar vi effekterna av friströmsturbu-
lensens karakteristiska längdskalor och intensitet på övergången i ett inkompres-
siblet gränsskikt genom direkt numerisk simulering. Beräkningar utförs med
hjälp av spektralelementkoden Nek5000. De numeriska parametrarna motsvarar
de experimentella undersökningarna av Fransson & Shahinfar (2020). Numeriskt
genererad homogen isotrop turbulens uppströms framkanten är utformad för
att imitera egenskaperna hos den nätgenererade turbulensen i vindtunnelförsö-
ken. Olika kombinationer av integrallängdskalor simuleras. För att säkerställa
datakvaliteten utvärderas klassisk turbulensstatistik och integrerade kvantiteter
noggrant, vilket visar nära överensstämmelse med motsvarande experimentella
data.

I den andra delen studerar vi både effekten av friströms turbulensnivå
och effekten av vaken på lågtrycksturbinbladen. Den homogena och isotropa
friströmsturbulensen föreskrivs vid inloppet som en överlagring av Fouriermoder
med en slumpmässig fasförskjutning. I det andra steget av studien ingår cylindrar
som rör sig framför turbinens framkant för att modellera effekten av vaken
som kommer från uppströms blad. Det görs med hjälp av verktyget NekNek
som tillåter att köra två olika simuleringar samtidigt som kommunicerar med
varandra vid varje steg genom ett specifikt randvillkor.

Vi analyserar också laminära/turbulenta regioner i gränsskiktflödet för båda
fallen, som nämnts tidigare. För att uppnå detta föreslog vi en topologibaserad
metod baserad på att extrahera extrema av flödesdata. Målet var att föreslå en
metod för att reducera de subjektiva valen till ett minimum och ge effektiva
resultat oavsett valt flödesfall.

Nyckelord: gränsskikt, laminär-turbulent omslag, receptivitet, friströmturbu-
lens, turbinblad.
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Preface

This thesis investigates the flow physics of boundary layer transition mechanisms
under the influence of free-stream turbulence. The first part provides an
introduction, along with an overview of the numerical methods and obtained
results. The second part consists of the written articles. The articles are
adjusted to comply with the present thesis format for consistency, but their
contents have not been altered.
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Generation of Three-Dimensional Homogeneous Isotropic Turbulence. Technical
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Numerical studies of the transition in a flat-plate boundary layer under the
influence of free-stream turbulence. To be submitted.

Paper 3. K. Ðurović, L. De Vincentiis, D. Simoni, D. Lengani, J. O.
Pralits, D. S. Henningson, & A. Hanifi, 2021. Free-stream Turbulence
Induced Boundary-Layer Transition in Low-Pressure Turbines. J. Turb. 143
(081015).

Paper 4. D. Lengani, D. Simoni, J. O. Pralits, K. Ðurović, L. De
Vincentiis, D. S. Henningson & A. Hanifi. On the receptivity of low-
pressure turbine blades. Under review for J. Fluid Mech.

Paper 5. L. De Vincentiis, K. Ðurović, D. Lengani, D. Simoni, J. O.
Pralits, D. S. Henningson, & A. Hanifi. Effects of upstream wakes on the
boundary layer over a low-pressure turbine blade. Submitted .

Paper 6. M. Dellacasagrande, D. Lengani, J.O. Pralits, D. Simoni, K.
Ðurović, A. Hanifi and D. Henningson, 2021. Statistical characterization
of free-stream turbulence induced transition under variable Reynolds number,
free-stream turbulence and pressure gradient . Physics of Fluids 33 (9), 094115.

Paper 7. T. Edwards, K. Ðurović, P. Schaltter and T. Weinkauf.
Binary Segmentation of 3D time-dependent Flows into Laminar and Turbulent
Regions. Submitted.
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Part I

Overview and summary





Chapter 1

Introduction

The study of streamlined bodies in contact with a moving fluid has a long
tradition given its importance for, e.g., airplane and wing design, turbines, cars,
and transport phenomena such as pipelines or heat exchangers. In most realistic
and practically relevant situations, it is impossible to avoid disturbances (e.g.
on the surfaces or inflow conditions) that may trigger unstable perturbations
in the flow. The evolution of an initially laminar flow into a fully developed
turbulent flow is called laminar-turbulent transition.

The transitional process is generally divided into three stages: receptivity
phase, disturbance growth and turbulent breakdown. The receptivity refers to
the different ways through which disturbances can enter the boundary layer. If
we focus on boundary layer flows, typical sources of external disturbances can
be free-stream turbulence, acoustic disturbances, vibrations, surface roughness
etc. They can generate small perturbations in the boundary layer, eventually
leading to a turbulent breakdown. In the disturbance growth stage, if the outer
disturbance level is relatively small, transition usually starts with the exponential
growth of small amplitude wave disturbances, e.g. Tollmien-Schlichting (TS)
waves, crossflow and Görtler vortices. When these perturbations attain sufficient
amplitudes, non-linear interactions usually become important, and a rapid
breakdown into turbulence may occur. If the disturbance amplitude levels
have a higher value, transition usually happens rapidly, bypassing the classical
scenario triggered by the TS waves. This type of transition is characterized
by the streamwise elongated streaky structures inside the boundary layer in
two-dimensional flows. As these streaks travel downstream, they break down
into turbulent spots due to their secondary instability. The spots grow and
merge until the flow is fully turbulent.

The boundary-layer transition caused by free-stream turbulence of higher
intensity levels (often called bypass transition) is a complicated multi-scale
problem. Relatively large-scale elongated streamwise streaky structures inside
the boundary layer are the main cause of transition in this situation. This
problem is of great relevance to engineering applications, where efficiency is
probably the most critical design parameter. This is especially true for gas
turbine engines, whether used in aircraft or power plants. A small change in
the efficiency of any component may cause a much more significant change in

1



2 1. Introduction

Disturbance Laminar Transitional Turbulent

Figure 1.1: Schematic diagram of the laminar-turbulent transition in the bound-
ary layer flows.

the power output. For instance, for the correct prediction of flow in the turbine,
where the impingement of turbulence from the wake of the stator influences
the boundary layers on the rotor blades, it is essential to know the transition
scenario taking place there.

Understanding the role of transition is vital to an aerodynamically and
thermally efficient design. The energy problem is a global issue that must be
faced, especially with the rapid increase in energy consumption. The transition
from laminar to turbulent flow in a boundary layer is accompanied by a sensible
increase in the skin friction drag. The skin friction drag constitutes more than
50 % of the total drag in an operating aircraft (Schrauf 2005). Therefore,
delaying transition is of great importance for reaching the CO2 reduction goal.
To understand the involved physics properly, it is necessary to simplify the
analyzed case and devise suitable models as an appropriate starting point for
the fundamental investigations.

The present work intends to develop a better understanding of transition
mechanisms in the presence of free-stream turbulence, which can lead to im-
proved transition prediction methods and eventually better designs to reduce
the transition-induced losses. It also aims to contribute to the available data on
bypass transition. Here, the cases under study are the boundary layers on flat
and curved surfaces. Using direct numerical simulations, we want to provide ac-
curate quantitative data to improve our understanding of the coupling between
free-stream turbulence and structures inside the boundary layer over a flat
plate with a sharp leading edge and low-pressure turbine blades. Both of these
studies follow the existing experimental works. Access to the high-resolution
flow fields and the parameter variation allows us to better explain the observed
flow behaviours.

Thesis structure. The First part of the thesis is organized into 4 chapters.
In chapter 2, the basic mathematical and physical formulations are presented.
Here, details about the numerical code used in the simulations, the free-stream
turbulence generation, as well as dynamic overset grid methodology, proper or-
thogonal decomposition analysis and laminar/turbulent discrimination methods
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are discussed. Chapter 3 presents the outline of the results found in our studies.
Concluding remarks are given in chapter 4.



Chapter 2

Numerical Methods

In the present work, we consider an incompressible fluid with constant properties
whose motion can be described by the solution of Navier-Stokes equations

∇ · u = 0, (2.1)

∂u
∂t

+ u · ∇u = −∇p+
1

Re
∇u + f. (2.2)

Here, u = (u, v, w) is the instantaneous velocity vector containing streamwise,
wall-normal and spanwise velocity components, t the time, p the pressure and
f the volume forces acting on the fluid. Further, Re is the Reynolds number,
defined as Re = UL/ν, where U represents the reference velocity, L the reference
length scale and ν the kinematic viscosity of the fluid.

2.1. Flow solver
In the studies presented in this thesis, we have used direct numerical simulations
(DNS) to study the transition of boundary layer flows at different conditions.
To accurately simulate the wide range of temporal and spatial scales present
in the flow, a high-order numerical method is necessary. Here, we have used
the open-source Nek5000 code developed by Fischer et al. (2008) which is
based on the spectral element method (Patera 1984). This method combines
the geometrical flexibility of finite elements with the accuracy of spectral
methods. The spatial discretization is done using the Galerkin approximation,
following the PN −PN−2 formulation. The velocity is represented by high-order
Lagrange interpolants through the Gauss-Lobatto-Legendre (GLL) quadrature
points, while the pressure is represented on the staggered Gauss–Legendre (GL)
quadrature points. The non-linear terms are treated explicitly by a third-order
extrapolation, whereas the viscous terms are treated implicitly by a third-
order backward differentiation scheme. De-aliasing of the non-linear terms is
performed using the over integration. Nek5000 is written in Fortran 77 and
C and parallelized with MPI. Parallel I/O is supported both through MPI
I/O and a custom parallel I/O implementation. The code has a checkpoint
implementation which allows a large simulation to be divided into several smaller
simulations which can be successively restarted without loss of information.

4



2.2. Free-stream turbulence generation 5

Figure 2.1: Snapshot showing the free-stream turbulence streamwise devel-
opment, where isosurfaces show λ2 (Jeong & Hussain 1995). Pseudocolours
indicate intensity of streamwise velocity, ranging from blue (low) to red (high).

2.2. Free-stream turbulence generation
The generation of unsteady synthetic turbulent flow fields is essential in nu-
merical simulations dealing with turbulent flows. It is well known that the
characteristics of the incoming turbulence can significantly affect the aerody-
namic behaviour of immersed bodies and profoundly contribute to both the
time-averaged and the fluctuating pressure and velocity fields. The inflow
perturbation field affects the downstream flow dynamics. In order to properly
simulate the behaviour of turbulent flows, inflow fluctuations must imitate the
real turbulence for the problem being studied. If the turbulent inflow fluctua-
tions are not realistic enough, they may dissipate significantly before reaching
the region of interest in the domain.

In our studies, the isotropic and homogeneous free-stream turbulence is
prescribed in a volume section close to the inlet boundaries through a volume
forcing or at the inlet boundary as a Dirichlet boundary condition. The free-
stream turbulence is prescribed as a superposition of Fourier modes with a
random phase shift. A general disturbance field can be written as

ui(x, y, z, t) =
∑

kx,ky,kz,ω

Aû(kx, ky, kz, ω)ei(kxx+kyy+kzz−ωt), (2.3)

where A represents the scaled amplitude of the free-stream modes, kx, ky, kz
are the streamwise, wall-normal and spanwise wavenumbers, respectively and ω
the angular frequency of the Fourier modes. Further, we use Taylor’s frozen
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Figure 2.2: Imposed one-dimensional von Kármán energy spectrum (left). Orbits
are described by the wavenumber vector k, showing the regular distribution of
points on a sphere (right).

hypothesis to relate the temporal scale of the modes to their streamwise scale
through relation ω = kxU∞.

In practice, we truncate the sum in equation (2.3) by considering modes
whose wavenumber vectors (kx, ky, kz) have an amplitude between given mini-
mum and maximum values (kmin and kmax, respectively). Then, the portion of
wavenumber space with amplitude between kmin and kmax is divided into a set
of concentric shells, each containing 20 wavevectors with the same length. The
amplitude of the free-stream modes on each spherical shell is scaled using the
von Kármán spectrum given by the relation

E(κ) =
2

3
Λ

1.606(κΛ)4[
1.350 + (κΛ)2

]17/6
q. (2.4)

Here, Λ represents the integral length scale and q the total turbulent kinetic
energy. Note that the length scale defined from the longitudinal two-point
correlation is related to Λ as

Λx =

∫ ∞
0

u(x)u(x+ r)

u(x)2
dr ≈ 0.643Λ. (2.5)

The method described above allows us to investigate the effects of the integral
length scale and turbulence intensity of the free-stream turbulence on the
boundary layer transition. A similar method for the generation of free-stream
turbulence has been used in Schlatter (2001); Brandt et al. (2004); Kleusberg
(2019) and Negi (2019).

2.3. Proper Orthogonal Decomposition
Coherent structures that populate turbulent flows are surprisingly tricky to
define and observe. Reducing the high-dimensional turbulent systems by ex-
tracting spatial structures or highlighting active regions is often essential. This
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is usually achieved by using the proper orthogonal decomposition (POD). POD
was first introduced to the fluid-dynamics community by Lumley (1967) as
an attempt to decompose the random vector field representing turbulent fluid
motion into a set of deterministic functions that each capture some portion of
the total fluctuating kinetic energy in the flow. The classical POD provides
the following decomposition of the velocity field u defined in space (x, y, z) and
time t

u(x, y, z, t) =
∑
k

χk(t)φk(x, y, z), (2.6)

where, φk are the POD modes (composed by the three velocity components
φu, φv, φw) and χk their time coefficients. The snapshot method of Sirovich
(1987) has been used for the computation of χk which are obtained as the
eigenvectors of the cross-correlation matrix C = UTU. The corresponding
eigenvalue of the kth mode represents the energy contribution of the mode to the
total kinetic energy of velocity fluctuations since the three velocity components
have been used in the definition of the POD kernel.

The original set of data, defined in Cartesian coordinates (axial, tangential
and spanwise direction), has been used for the initial computation. The POD
mode vector (φuc , φvc , φwc), obtained by this procedure is oriented in the
Cartesian reference system. However, in the complex geometries such as turbine
blades, where the flow is turning, it is convenient to discuss the POD results with
respect to the flow direction: i.e., streamwise (parallel to the time-averaged flow),
normal (perpendicular to the time-averaged flow, and locally to the wall) and
spanwise directions. The streamwise, normal and spanwise velocity components
are defined as (u, v, w): u = uccos(α) + vcsin(α), v = vccos(α) − ucsin(α),
and w = wc, where α is the local time-averaged flow angle. It is easy to
demonstrate that the modes oriented in the “streamline aligned” reference
system (φu, φv, φw) can be obtained by applying the same rotation to the POD
modes in the Cartesian reference system since unitary transformation applied
to the original snapshot matrix directly translates in a mode rotation (Brunton
& Kutz 2019). Therefore, POD modes have been computed in the Cartesian
reference system, and the rotation of the local angle α for each mesh point is
then applied to obtain the modes oriented in the “streamline-aligned” reference
system.

Furthermore, another version of the classical POD has been adopted to
identify the spanwise wavelength of the structures in the free-stream region and
inside the boundary layer. In this version, it will be referred to as POD-z, the
eigenvector basis is obtained along the spanwise direction z, i.e., the velocity
field is decomposed as

u(x, y, z, t) =
∑
k

χk(z)φkz(x, y, t) (2.7)

where the matrix of data is organized as for classical POD, except that the
snapshots are ordered along the z-direction and not along time. The eigen-
vectors χ(z) are spanwise coefficients with a specific wavelength. The POD-z
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modes describe the temporal evolution in the (x, y) plane of the spanwise wave
represented by the corresponding eigenvectors.

2.3.1. Extended POD

The extended POD procedure has been introduced by Borée (2003) as a tool
to correlate events in turbulent flows. Its original formulation was adopted to
correlate two different physical quantities in two integration volumes (Ω and V ).
These two different volumes may be equal, and one may or may not contain
the other. Given a matrix of velocity data UV defined on the volume V , the
matrix of the extended POD modes defined on volume V is computed as

ΦV,Ω = UV XΩ (2.8)

where the matrix of POD coefficients XΩ is computed for the volume Ω from
a physical quantity of interest. A priori, the quantity of interest may differ
(e.g., using velocity for UV , one can adopt pressure for the computation of
XΩ). However, in the present work, the velocity field in the different volumes is
adopted as the quantity of interest. Equation (2.8) may be further developed,
decomposing the field data U by POD (either classical or POD-z approaches)
computed in the domain V , as:

ΦV,Ω = ΦV XT
V XΩ (2.9)

This formulation highlights that the extended POD modes ΦV,Ω depends on
the product of two matrices given by the two bases of POD coefficients (XV

and XΩ) computed in the two different domains. Therefore, the matrix product
XT
V XΩ provides the degree of correlation of the velocity field in volume V with

that in the volume Ω.

2.4. Dynamic overset grid methodology
Dynamic overset grid methodology (DOGM) addresses many of the limitations
of traditional structured grids methods while at the same time maintaining their
advantages, such as different solution schemes and parallelisation. The method
allows for problem decomposition into several simpler grids that can arbitrarily
overlap. When dealing with multi-body problems, appropriate body-fitted grids
can be generated around each segment, making it possible to model essentially
any configuration. Since each body is independent of other grids, challenges
involving the relative movement of bodies are simplified.

Dynamic overset grid methodology is implemented in Nek5000 as a tool
called NekNek. Here, the DOGM has been modified in order to be able to
perform simulations in two different frames of reference interacting with each
other. The original methodology described in Merrill et al. (2016) is used. The
method was shown by Merrill et al. (2016) to maintain the spectral accuracy
and to have good scalability and has been used by Merrill & Peet (2017) to
study the effect of impinging turbulent wakes on the dynamic stall of a pitching
airfoil.
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Ωc Ωb

Figure 2.3: Numerical domain used in paper 5. Dashed lines belong to the
cylinder domain, Ωc, solid lines to the turbine blade domain, Ωb. Coupling
Dirichlet condition along the overlapping lines.

At each time-step, the specific point’s values on the subdomain’s boundary
Ωb are obtained by interpolating the solution computed in the subdomain Ωc.
Similarly, the variables on the boundary of Ωc are computed by interpolating
data from Ωb. The two subdomains communicate with each other through
Dirichlet boundary conditions on the overlapping region. Communication among
separate subdomains is done through a dual-session communication framework,
allowing two sessions to perform computations separately while enabling real-
time communication. Each session runs independently for its subdomain, where
MPI intracommunicators are established for communication among the local
processors (Merrill et al. 2016). To update variables at a certain point on the
interface, we first need to find among all the processes used for the subdomain
Ωc the one that owns the point, then to find within the elements owned by that
specific processor the element which contains the point and finally evaluate
the solution at that point. The first two steps are required only the first time
the interpolation is performed if the points on the interface are not changing,
e.g. when the mesh in the subdomains are not moving. Otherwise, we must
repeat the first two steps each time the interpolation has to be performed. The
temporal coupling at the boundaries can be done using a temporal interface
extrapolation scheme that uses the known solutions from the previous time
steps, with an arbitrary order of accuracy (IEXTm, where m is the order of the
scheme). In numerical simulations done in this thesis, three iterations per time
step were used to keep the third-order accuracy in time.

Here, we have used the DOGM method to simulate the flow over a turbine
blade subjected to periodically passing wakes, shed by a set of moving cylinders,
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as schematically shown in figure 2.3. The cylinders move with the velocity
vc = {0,−vc, 0} and for that reason the subdomain Ωc is simulated in a moving
frame of reference. As a consequence, to obtain the data at the boundary point
Pb(xb, yb, zb) belonging to the boundary of the subdomain Ωb, the following
steps are performed:

→ Compute the coordinate of Pb in Ωc,
→ Interpolate velocity of Pb in the frame of reference of Ωc using DOGM,
→ Add the velocity vc to the previously interpolated value.

At the first step, the only coordinate to be computed is the y-coordinate,
since the velocity of the cylinder in the other directions is zero, using the
following relation

yc = mod (yb − vc t, g) + ymin. (2.10)
Here, g = ymax−ymin is the blade pitch, and ymax and ymin are the highest and
the lowest y value of the interface. The mod operation returns the remainder of
the division between the term yb− vc t and the term g. An equivalent procedure
is applied to compute the values of the velocities on the boundary of the domain
Ωc.

2.5. Laminar/turbulent discrimination
In order to obtain a clear image of the transition process, and perform analysis
of transitional flows, discrimination between turbulent and laminar flow is
an important task. The transition does not happen at a fixed position, but
its location varies in time. Hence, the binary segmentation into laminar and
turbulent flow has to be obtained for every time step, and statistical analyses over
all time steps can then characterize the transition location for a particular case,
usually through an intermittency function. Intermittency function provides
us with information about the transition location as well as the length of
the transition region. In order to estimate the intermittency function, it is
necessary to choose a detector and a criterion function. A challenging part in
the intermittency estimate is its sensitivity to the threshold value, which makes
the choice of method essential for a good estimate of the transition location.
In the present work, we explore several different methods for discriminating
laminar/turbulent regions inside the boundary layer.

2.5.1. Detection-function methods

Kreilos et al. (2016a) propose a method for a binary segmentation based on
wall-shear stress for a data set that we also used in this work. To avoid
ambiguity related to the choice of a specific wall-normal position to perform the
segmentation, and to remove any bias, they focused on the spanwise wall-shear
stress as the quantity to base the identification upon. In our case, the threshold
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is estimated from the probability density function of spanwise wall shear stress,
shown in figure 2.4. The PDF is high near 0, drops as spanwise shear increases
and shows a peak. Associating the high values near 0 with patches of purely
laminar flow and the second peak around with turbulent patches, we place the
threshold at the local minimum separating the two peaks.

Figure 2.4: Probability density function for the rms of spanwise wall shear stress
on the coarser grid.

The data has been moved to a coarser grid before thresholding. This way
the probability of seeing white in the turbulent area will be smaller and the
method seems to be less sensitive to changes in the threshold value. After
applying the threshold some undesired effects remain, detecting a single laminar
cell in a turbulent region or showing a flickering of isolated turbulent cells in a
laminar region, only existent for a single timestep. To prevent those spurious
events from contaminating our statistics, we apply a Gaussian filter with kernel
size 0.5 cells in both spatial directions before applying the threshold.

In this work, we also present another way of distinguishing between laminar
and turbulent regions of the flow. We use the spatial root mean square (rms) of
the spanwise fluctuating velocity component (w′), where detection function (D)
is used in the following form:

D(xk, zm) =
k+2∑
i=k−2

m+2∑
j=m−2

√
(w′(xk+i, zm+j)− µ)

2

25
(2.11)

where µ is the mean value of w′ computed in each cell. The laminar flow is
indeed dominated by velocity fluctuations aligned with the main direction of
the flow since they are mainly due to the presence of ordered streaks (see e.g.,



12 2. Numerical Methods

Kreilos et al. 2016b). Turbulent regions are therefore characterized by high
values of the function D, whereas this latter is almost null in the laminar flow
regions. Once D was computed for the entire data set, a discrete laminar-
turbulent representation of each PIV snapshot was obtained based on the Otsu’s
method (Otsu 1979). The intermittency curve is then computed by means of
integration along the spanwise coordinate and the temporal one of the binary
PIV snapshots (0-laminar, 1-turbulent).

2.5.2. A Topology-Based Method

Kernel density estimation (KDE) is a data smoothing method. It is often
preferred to other non-parametric density estimators (no a priori knowledge of
the data distribution) due to its simplicity, while still efficiently approximating
the density. From a continuous and univariate density f , a random sample
s1, ..., sn is taken. Then the kernel density estimator f̂ is given by

f̂(x, h) =
1

nh

n∑
i=1

K
(x− si

h

)
, (2.12)

where K is known as the kernel function which satisfies the following condition
(Wand & Jones 1994, p. 12): ∫ ∞

−∞
K(x)dx = 1. (2.13)

In (2.12), K is a non-negative function and is a density function itself, while
h is a positive value known as the kernel bandwidth. The kernel is commonly
chosen such that it is symmetric about the origin. This guarantees that the
estimate in turn is a probability density function. The normal (Gaussian) kernel
is often used:

K(x) =
1√
2π
e−

1
2x

2

. (2.14)

Intuitively, (2.12) describes centering a scaled kernel of probability mass equal
to 1/n at each point of the sample. Then, for a bandwidth h and some x in
the domain, f̂(x, h) is the average of the summed weights from each of the n
kernels at point x. The reader can imagine summing weights which depend on
the distance between observations and the point x. Thus, regions where many
observations are located result in large estimate values, while regions with few
observations result in small values.

The bandwidth h is often referred to as the smoothing parameter, as this
variable determines how the probability mass of the kernel is distributed. For
small h, the kernels will be narrow and tall, as most of the mass is centered
around the kernel origin. For large h, the kernels will be flatter and wider,
indicating the mass is more equally distributed over the domain.

For multivariate KDE, let bold symbols denote vectors. Assume that there
is a random sample s1, ..., sn of dimension d from a density f . The general form
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for the kernel density estimator f̂ at a point x is then given by

f̂(x,H) =
1

n

n∑
i=1

KH(x− si), (2.15)

where KH is related to the d-dimensional kernel K as follows (Wand & Jones
1994, p. 91):

KH(x) = |H|− 1
2K(H−

1
2 x). (2.16)

In these equations, H is referred to as the bandwidth matrix. This matrix is
of size d× d and is symmetric and positive definite. However, in multivariate
cases, the matrix also affects the orientation of the kernel. It allows to apply
different levels of smoothing in different directions. Simplifications of H are
often made. A common simplification is to use a scalar h along its diagonal and
have all other entries be zero. Then the density estimate reduces to

f̂(x, h) =
1

nhd

n∑
i=1

K

(
x− si
h

)
. (2.17)

Similar to the univariate case, the kernel K has to satisfy∫
K(x)dx = 1. (2.18)

The multivariate kernel is taken to be a density itself. A very common
method for constructing K is the so-called product kernel

K(x) =
d∏
i=1

κ(xi), (2.19)

where κ is a univariate density kernel such as the normal (Gaussian) kernel
from (2.14).

The intuition for the multivariate kernel density estimation can easiest be
described for the two-dimensional case, see also Figure 2.5: for a random data
sample, place a “bump” of density mass 1/n at each point in the sample. The
kernel and bandwidth determine the shape of this “bump”. Then, for a point x
in the domain, the estimate at that point is the averaged weighted sum of each
“bump” where the distance from x to each sample point determines the weight.

The input to our method is a two- or three-dimensional scalar field s(x).
Technically, it could be any scalar that indicates turbulence through an abun-
dance of features. In our applications, we focus on the spanwise velocity as it is
directly obtained from the simulation without any further processing needs.

Our method consists of three steps:

1. We extract the locations of minima and maxima of s(x).
2. We compute a new scalar field g(x, h) indicating the density of the

extrema.
3. We convert the density field g(x, h) into a binary segmentation.
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(a) h = 0.8 (b) h = 2.0

Figure 2.5: Multivariate KDE using the product kernel with the normal (Gaus-
sian) kernel. The red dots are the data sample. One point of the sample has
its corresponding kernel visualized (wire mesh). The final density estimate is
shown as a semi-transparent surface.

We calculate the density of the extrema using a multivariate KDE in 3D.
We use the normal (Gaussian) kernel (2.14) in its multivariate 3D form created
via the product kernel (2.19):

K(x) =
1

2π
√

2π
e−

1
2‖x‖

2

(2.20)

where ‖ · ‖ refers to the L2 norm. This kernel has spherical level sets, i.e., K(x)
decreases with increasing radius from an extrema location x.

We restrict H to the set of scalar bandwidths, H ∈ S where S = {h2I :
h > 0}. Now only a single parameter h must be decided: in combination with
(2.20), changing h essentially adjusts the radius of the spherical kernel.

Given the locations of the extrema ei, the kernel density estimate can now
be computed as the scalar field

f̂(x, h) =
1

nh3

n∑
i=1

K

(
x− ei
h

)
, (2.21)

where n refers to the number of extrema.



Chapter 3

Outline of the results

This chapter summarises the results obtained through the works reported in the
thesis. The work is divided into two parts based on the geometry, one focusing
on the flat-plate geometry and the other one considering the low-pressure turbine
blades. In the first case, we examine the flat-plate boundary layer transition
under the influence of free-stream turbulence (FST) with different integral
length scales and turbulence intensities, presented in papers 2, 6 and 7. The
other part of the study is dedicated to analyzing the boundary-layer transition
process over a low-pressure turbine blade under the influence of low and high
levels of FST and the influence of periodically impinging wakes, which is the
main topic of papers 3-5. In addition, the thesis contains one more article that
represents the investigation of methods used here to generate the free-stream
turbulence used in our works.

3.1. Flat-plate boundary layer
Due to the engineering importance, many empirical relationships between the
location of transition onset and the turbulence intensity have been derived
for the plate-plate boundary-layer flows. In many experimental and numerical
works (Matsubara & Alfredsson (2001), Brandt et al. (2004), Jonáš et al.
(2000)) was found that an increase in the FST integral length scale advances
the transition location. However, in a more recent investigation Fransson &
Shahinfar (2020) have shown that the turbulence intensity level is not the only
relevant parameter. In this investigation, it is found that the FST length scale
has a weak but peculiar effect on the transition location. For low FST levels,
longer integral length scales advance transition, in agreement with the previous
investigations, but for high FST levels, the trend is the opposite as well as
weaker. To understand this observed behavior, we have performed extensive
numerical simulations of transition in a Blasius boundary layer subjected to
the free-stream turbulence, where the properties of the incoming turbulent flow
can be carefully controlled.

In Paper 1 we discuss our method for generation of homogeneous isotropic
free-stream turbulence. Here, we perform direct numerical simulations of a
double periodic box to investigate in details influences of different numerical

15
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and physical parameters (e.g resolution, domain size, integral length scale, and
turbulence intensity) on the downstream development of generated turbulence.

Figure 3.1: Left: turbulence intensity decay in the streamwise direction for
different flow cases. Turbulence intensity is scaled with a turbulence intensity
of each case at the forcing position of free-stream turbulence. Right: a measure
for the isotropy of the imposed free-stream turbulence is given in relation to the
different velocity fluctuations vrms/urms. For details of the cases see Paper 1.

The evolution of the turbulence intensity in streamwise direction is shown
for 8 different cases in figure 3.1 (right). Isotropic grid turbulence is known to
follow a decay as a power law where the decay rate is between 0.5 and 1 Westin
et al. (1994). By performing a least-square fit on the decay of the turbulence
intensity, we obtain a decay rate between 0.8 - 0.85, depending on a case, which
confirms the decay of the free-stream turbulence is similar to the grid turbulence
decay rate. Further, the degree of isotropy of generated turbulence is measured
by comparing the root-mean-square values of different perturbation velocity
components. As seen in figure 3.1 (left), a high degree of isotropy is found.

One- and three-dimensional energy spectra are important means to quantify
the homogeneous isotropic turbulence. We calculate one-dimensional spectra
using only one-dimensional Fourier transforms in each of the periodic directions
of domain. Figure 3.2 shows the comparison of the two one-dimensional spectra
in the free stream at a streamwise position where turbulence is forced. Both
one-dimensional spectra resemble the forced von Kármán spectrum (red line).

The refinement studies for the one-dimensional spectra and correlation
functions are shown in Fig. This figure shows that the solution on the fine and
coarse mesh is nearly identical in larger scales’ span. While, as expected, we
see a lack of resolution influencing the smaller scales significantly in the free
stream.

Paper 2 describes the direct numerical simulations of boundary-layer tran-
sition over a flat plate with a leading edge. Here, we report about the generation
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Figure 3.2: Generated one-dimensional energy spectra compared with the forced
von Kármán spectrum (red line). k2 and k3 are the wavenumbers in the two
cross-stream directions, E2 and E3 are the corresponding energy contain in
those wavenumbers. For details of the cases see Paper 1.

and characteristics of a large database consisting of three DNS cases. By in-
cluding the leading edge, we have taken in account the receptivity stage of
the transition process which has been missing in many of previous works. The
geometry and the mean flow parameters of our simulations follows closely those
used in the experiments by Fransson & Shahinfar (2020). We have also tried to
generate the FST with characteristics close to some of the cases investigated in
their experiments. The generated detailed database is also thought to be used
for future studies on the subject.

As mentioned above the main objective of these simulations have been to
understand effects of the FST scales on transition location. To visualise the
observed behavior, snapshots of the wall-normal vorticity over the flat plate for
cases studied in Paper 2 are shown in figure 3.3. As expected, the flow inside
the boundary layer is dominated by the meandering streaky structures. The
turbulent spots are generated at locations where structure with smaller length
scales grow on these streaks. Further, the downstream development of the
mean skin-friction coefficient cf , averaged in time and spanwise direction, for
different cases is presented in figure 3.4. Also shown are curves depicting laminar
and turbulent flow given by cf,lam = 0.664Re

−1/2
x and cf,turb = 0.059Re

−1/5
x .

Skin friction coefficient provides a good overview of the onset and length of
transition. Despite their matching free-stream turbulence intensities, all cases
have different transition locations due to differences in their energy spectra and
integral length scales at the inlet. We could define the onset of transition as the
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Figure 3.3: Snapshots of wall-normal vorticity over the flat plate for cases C1,
C2 and C3, studied in Paper 2. All cases have the same turbulence intensity
of 3.4%, with integral length scale decreasing from top to bottom.

location where cf is at its minimum state, and completion of transition is where
cf is maximum. The transition occurs early for the lowest integral lengths scale
inlet and the latest for the highest value of the integral length scale. The flow
remains transitional within the computational domain for the large integral
length scale, while the other two cases fully transition to a turbulent state. The
skin friction is lower than the Blasius value for streamwise positions closer to
the leading edge. This streamwise position corresponds to the leading-edge
region with a slight adverse pressure gradient, which causes the boundary layer
to thicken, which in return lowers the skin friction. The skin-friction overshoot
above the turbulent correlation is minimal, indicating that the streamwise mesh
resolution is adequate (Jacobs & Durbin 2001).

In the work presented in Paper 7 we perform additional analysis of the
flat-plate database, to distinguish the laminar and turbulent regions inside the
boundary layer. We combine classic methods of feature-based visualization and
data analysis to create a novel method for the binary segmentation of a boundary
layer into laminar and turbulent regions. The method builds upon the extraction
of extrema and the estimation of their density. Previous works suffer from
inconsistent results, is often tailor-made for a specific flow, or even restricted to
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Figure 3.4: Mean values of the skin-friction coefficient over the flat plate for
cases C1, C2 and C3, studied in Paper 2. All cases have the same turbulence
intensity of 3.4%, with integral length scale decreasing from top to bottom.

two-dimensional flows. Our method supports a full three-dimensional analysis,
enabling the study of the inclination of the turbulent spots, their vertical growth
rates and extent. The input to our method is a two- or three-dimensional scalar
field s(x). Technically, it could be any scalar that indicates turbulence through
an abundance of features. We consider different scalars in our evaluation and
compare the results. In our applications, we focus on the spanwise velocity as
it is directly obtained from the simulation without any further processing needs.
We assume s(x) is given on a grid for which we can query the neighborhood of
every vertex. Both structured and unstructured grids fulfill this criterion. Our
method consists of three steps:

1. We extract the locations of minima and maxima of s(x).
2. We compute a new scalar field g(x, h) indicating the density of the

extrema.
3. We convert the density field g(x, h) into a binary segmentation.

We have a mild assumption in our first step that a linear, bi-linear, or tri-linear
interpolation is suitable for the data. Figure 3.5 illustrates these steps and we
describe them in detail in Paper 7.

Finally, in Paper 6, the free-stream turbulence induced transition of a flat
plate boundary layer is studied using particle image velocimetry (PIV) under
variable Reynolds number, FST intensity, and adverse pressure gradient (APG).
Overall, 10 different flow conditions were tested concerning the variation of these
parameters. The streak spacing and the probability density function (PDF)
of turbulent spot nucleation are computed for all cases. The streak spacing is
shown to be constant in the transition region once scaled with the turbulent
displacement and momentum thickness, with resulting values of around 3 and
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(a) The scalar input data to our method, spanwise velocity, is visualized using a slice and
two isosurfaces. Blue colors indicate negative values, red colors indicate positive values. The
two isosurfaces are a form of thresholding and one can observe that directly thresholding
the input data would lead to inconsistent results, i.e., areas in the fully-developed turbulent
region are marked as laminar, and vice versa.

(b) The minima and maxima of the input data have been extracted and are visualized as
black dots. There are around 130 000 extrema in this time step, the overwhelming majority
within the turbulent region.

(c) The density of the extrema has been computed using a Kernel Density Estimate and is
volume rendered with a transfer function whose opacity increases with increasing density.

(d) The binary segmentation into laminar and turbulent regions has been obtained by
thresholding the extrema density. The visualization shows the turbulent region in blue and
leaves the laminar part transparent.

Figure 3.5: Overview of topology based method presented in Paper 7.

5, respectively. Nucleation events are shown to occur near the position where
the dimensionless streak spacing reaches such constant values. The streamwise
position where most turbulent spots are formed is strongly influenced by the
FST intensity level. Additionally, the PDF of spot nucleation becomes narrower
with increase in the APG, while FST has the opposite effect. A common
distribution of all the PDFs is provided as a function of a similarity variable
accounting for the streak spacing, the shape factor of the boundary layer, and
the FST intensity.

The time-mean velocity distribution and the root mean square of velocity
fluctuations were computed first for the statistical characterization of the
boundary layer. Additionally, the instantaneous PIV snapshots were used
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Figure 3.6: Wall-parallel instantaneous PIV realization showing perturbation
velocity vectors with superimposed the contour plot of (top) streamwise velocity
fluctuations u′, (middle) detection function D and (bottom) binarized contour
plot of detection function Dbinary. Streamwise and spanwise coordinates are
scaled with the plate length L.

to compute the streamwise and the spanwise wavelengths of boundary layer
streaks (wall-parallel plane) and to perform the quadrant analysis of velocity
fluctuations in the transitional and the turbulent boundary layer (wall-normal
plane). The intermittency function distribution was also computed for the
different cases based on a turbulent events recognition technique. The spatial
root-mean-square (rms) of the spanwise fluctuating velocity component (w′)
was used as detection function (D) for turbulent events recognition, described
in section 2.5.1.

Figure 3.6 depicts the successive steps of this procedure. The top plot
shows a PIV vector map of the perturbation velocity, where black and white
contoured regions of the u′ velocity component highlight the presence of high-
and low-speed streaks, respectively. In the middle plot, the contour of the
detection function D is superimposed to the perturbation velocity vectors for
the same PIV realization. The saturation of D is detected for x/L > 0.6 ,
where cross-flow fluctuations become significant. In the last plot, the discrete
laminar-turbulent reduction of D obtained by means of the Otsu’s method is
given. Grey contoured regions indicate turbulent portions of the boundary layer,
while laminar ones are white contoured.
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Figure 3.7 shows the PDFs of spot nucleation computed as described in
section 2.5.1 along with the intermittency functions for some of the cases studied
in Paper 6. Data presented here corresponds to the inflow turbulence intensity
Tu = 5% and 5 degrees opening angle of the test section. .

Figure 3.7: Normalized distributions of streamwise spot-inception location and
intermittency function. Form left to right: Re=70000, 150000 and 220000. In
all cases the turbulence intensity is Tu=5% and opening angle of the test section
α=9 degrees. For details see Paper 6.

The results presented here and in Paper 6 show that the maximum peak of
the PDFs of spot nucleation occurs at different spatial locations for the different
cases, highlighting the effects of the flow parameters variation on the location
where breakup events are more likely to occur. Additionally, peaks of the PDFs
also move with respect to the transition onset location, as shown by comparison
with the corresponding intermittency curves. At fixed pressure gradient and
FST intensity, the location where the maximum number of nucleation events
occur moves upstream as the Reynolds number increases (see figure 3.7, Re
increases from left to right) and the PDF becomes narrower. Under stronger
adverse pressure gradient, the region of maximum spot nucleation moves slightly
upstream. For the parameters studied here, the effect of APG variation on
transition location is found to be smaller than other parameters, which is in
good agreement with the observations reported by Abu-Ghannam & Shaw
(1980). Further, in order to find an empirical relation that could provide an
universal function PDF of spot nucleation different parameterisations were tested.
Based on the observed behavior of streak spacing the following non-dimensional
parameter was suggested

x̂PDF =
λz
θ
H12Tu. (3.1)

Here, λz is the streak spacing inside the boundary layer, θ the momentum
thickness and H12 the boundary-layer shape factor. The above expression can
be rewritten as

x̂PDF =
λzu

′
rms

ν

ν

U∞θ
H12 =

Reλz

Reθ
H12 (3.2)
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Figure 3.8: PDF of spot nucleation for all Reynolds numbers, Tu levels and
pressure gradients plotted as a function of the non-dimensional abscissa x̂PDF =
λzδ
∗

θ2 Tu. Conditions are labeled with the corresponding values of Re, Tu level
and opening angle of the channel. Fitting curve obtained by means of non-linear
fit to the data is also plotted with solid black line.

Thus, the non-dimensional abscissa defined in equations (3.1)-(3.2) can be
equivalently seen as a combination of a perturbation based Reynolds number
(Reλz

) and the momentum thickness Reynolds number (Reθ). Additionally, the
term Reλz

appearing in equation 3.2 can be also linked to the FST Reynolds
number introduced in the recent work of Fransson & Shahinfar (2020), where
the streak spacing was found to be linked to the FST characteristics. Figure
3.8 shows the different PDFs computed for all the cases plotted as a function of
the mixed variable defined in equation (3.1). Note that the quantity x̂PDF is
monotonically decreasing, so the flow direction in figure 3.8 is from the right
to the left of the plot. Interestingly, the PDFs are shown to collapse one to
each other, in terms of both the maximum peak location and their standard
deviation, with a good level of approximation (the higher dispersion is observed
at the beginning of transition). For reference, in figure 3.8, the parametric
function suggested by Kreilos et al. (2016b)

pdf(x) =
λ(r − 1)AE√

πσ
exp

(
−1 + (r − 1)e−λx

σAE

)2

exp (−λx) (3.3)

is also plotted. Here, the coefficient values r = 1.23, σ = 0.0375 and λ = 0.117
are obtained by means of a nonlinear fit to the normalized PDFs (with AE set
equal to 1 as in Kreilos et al. 2016b). Note that the coefficient values providing
the minimum mean squared error strongly depend on the coordinate adopted
and the quantity to be fitted.
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3.2. Low-pressure turbine blade boundary layer transition
Numerical simulations of fluid flow have become a necessary part of the turbo-
machinery design process. An essential aspect of turbine aerodynamic design is
understanding the flow transition process. Although the flow around turbine
blades is highly turbulent and unsteady, the flow next to the surfaces may be
either laminar or turbulent. The transition process in turbomachinery flows
can be triggered in many different ways due to different geometrical and flow
parameters like the level of free-stream turbulence intensities, the wide range
of Reynolds numbers, particular pressure gradient distributions, curvature ef-
fects and interactions with incoming wake or flow separation. The location
of the onset and the extension of laminar-turbulent transition are crucial for
the overall efficiency and performance of devices since they determine drag
and lift forces. Relative portions of the blade surface covered by the laminar,
turbulent and separated flow are directly correlated to the losses. Especially in
the low-pressure turbine applications, understanding of the transition process is
of significant practical interest since the behaviour of the boundary layer largely
determines the overall efficiency of a low-pressure turbine.

Investigation of transitional flows in the low-pressure turbine has been
performed by several researchers, both in experimental and numerical works. A
clear understanding of multiple effects during the real operation of low-pressure
turbine blades, like the elevated level of the free-stream turbulence or wake
passage, demands more in-depth knowledge of the dynamics characterizing
both the separated flow and the bypass type of transition processes. A detailed
characterization of the coherent structures that can penetrate inside the bound-
ary layer upstream of the separation position may increase the knowledge and
understanding of the complicated transition mechanisms. Studies have shown
that in the case of laminar boundary-layer separation, velocity fluctuations are
amplified at the inflection point of the velocity profile, which in turn induce the
formation of roll-up vortices (Hodson & Howell 2005; Stieger & Hodson 2005;
Wu & Durbin 2001; Wissink & Rodi 2003).

In Paper 3, we perform direct numerical simulations of the flow over low-
pressure turbine blades following the experiments by Lengani & Simoni (2015).
The test section in the experiments was constituted of a 7 blade large scale
planar cascade, representative of low-pressure turbine blade profiles. In our
simulations, the flow past only one blade is computed, with periodic boundary
conditions in the cross-flow directions to account for the cascade. The higher
free-stream turbulence intensity conditions promote a slight increase in skin
friction, which causes a delay of the boundary-layer separation. In figure 3.9
(b) the skin friction curve is plotted for both cases and shows that we have
somewhat higher values of skin friction in high FST case than in the low FST
case. We can also observe the extent of negative skin friction coefficient near the
trailing edge in the low FST case, which confirms the occurrence of boundary
layer separation. Interestingly, the boundary layer fails to reattach at the blade
trailing edge, consistently with the experimental results reported in Lengani &
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(a) (b)

Figure 3.9: Effects of FST intensity on the pressure- (left) and friction coefficients
(right) over the low-pressure turbine blade.

Figure 3.10: Mean velocity profile for low (left) and high FST case (right).
Streamwise direction increases from red to blue colour.

Simoni (2015). On the pressure side of the blade, we can also see that for the
low FST case we have a greater extent of separation length, indicated by the
negative skin friction between 20% and 50% of the chord.

Depending on the free-stream turbulence intensity, the dynamics through
which boundary layer transitions from laminar to turbulent state differ. An
appropriate way of giving further insight into this dynamics is through close
inspection of the time-mean boundary layer velocity profiles. Figure 3.10 shows
the comparison with the experiments Lengani & Simoni (2015) of the time-
and spanwise-averaged velocity profiles at different streamwise locations on the
suction side. These curves demonstrate the progressive change from laminar to
"turbulent" velocity profiles. In this figure, the horizontal axis corresponds to
the normalized streamwise velocity by its maximum, and the vertical axis shows
the wall-normal position normalized by the displacement thickness. The PIV
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Figure 3.11: Instantaneous λ2 structures for low (left) and high (right) FST
turbulence intensity

spatial resolution within the boundary layer is sufficiently high to be compared
with the DNS just for the low FST case.

Figure 3.11 visualizes the response of the boundary layer on the suction side
for both cases in the blade to blade plane. Contours of instantaneous vortical
structures identified with λ2 (Jeong & Hussain 1995) are shown (coloured with
streamwise velocity). The λ2–criterion indicates areas where rotation dominates
strain, which gives us more information about the vortical structures in the flow.
With the λ2–criterion, we can also see structures that resemble Kelvin-Helmholtz
(K-H) rolls. We observe that rolls appear around 80 % of the chord, and they
get convected downstream. We can also notice the appearance of the laminar
separation bubble. In the high FST case, we have quite distinct streamwise
streaky structures (right in figure 3.11). Streaks reach an amplitude of roughly
10% of free-stream velocity for the high FST case before the breakdown to
turbulence which is slightly less then what experiments by Lengani & Simoni
(2015) found and they reported the value of 20%. Turbulent spots appear at
around 90 % of the chord. The turbulent boundary layer that is formed close
to the trailing edge is attached to the blade surface.

In the Paper 4, we continue the investigation presented in Paper 3.
Emphasis is now posed on identifying the mechanisms driving the formation
and breakup of coherent structures in the high FST level case and how these
processes are affected by the leading-edge receptivity and/or by the continuous
forcing in the blade passage. Proper orthogonal decomposition (POD) has been
adopted to provide a clear statistical representation of the shape of the structures.
Extended POD projections provided temporal and spanwise correlations that
allowed us to identify dominant temporal structures and spanwise wavelengths
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(a) Contribution to Reynolds normal stresses of first POD mode

(b) Contribution to Reynolds shear stresses of first POD mode

Figure 3.12: Contribution to the Reynolds normal and shear stresses of the first
POD mode. (a) Iso-surfaces of partial u′2; v′2 and w′2 (from left to right) are
traced in red (0.001). (b) Iso-surfaces of partial u′v′ , u′w′ and v′w′ (from left to
right) are traced in red and blue indicating positive and negative contributions
(±0.0005), respectively.

in the transition process. The extended POD analysis shows that the structures
on the pressure side are not related to what happens at the leading edge. The
results on the suction side show that the modes defining the leading edge
and the passage bases correlate with coherent structures responsible for the
transition. The most energetic mode of the passage basis is strongly related
to the most amplified wavelength in the boundary layer and breakup events
leading to transition. Modes with a smaller spanwise wavelength belong to the
band predicted by optimal disturbance theory, they amplify with a smaller gain
in the rear suction side, and they show the highest degree of correlation between
the passage region and the rear suction side.

As an example, the contribution of the first POD mode to the normal
and shear components of the Reynolds tensor is reported in figure 3.12. The
first plot on the top left shows the normal stress related to the streamwise
fluctuations. The pattern shown by this quantity appears evidently ordered,
without a trace of bursting events. However, this quantity is the only term of
the Reynolds normal stresses with high values on the blade suction side. In
fact, no significant contributions of φ2

v and φ2
w (middle and right plot of figure

3.12a) can be observed on the whole suction side boundary layer.
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Figure 3.13: Degree of correlation between POD-z modes of leading-edge and
blade-passage regions and those inside the boundary layer at the rear part of
suction side.

The modal decomposition of the shear stress terms is reported for the same
mode in figure 3.12b. The iso-surfaces, in this case, represent positive (red) and
negative (blue) contributions to the corresponding shear stress term. The spatial
distribution of the modal contribution to u′v′ in the first plot of figure 3.12b
highlights finer scale structures just in the rear part of the suction side. Wedge
shaped regions fed by coherent small scale structures are clearly observable.
The pattern of this modal distribution changes with respect to Reynolds normal
stress shown in previous figures. The iso-contour of φuφv does not show a
preferred direction for the elongation of structures. These events closely mark
turbulent spots (Burgmann & Schröder 2008) and could be directly linked to
the breakup events induced by the later stage of streak breakdown.

The contour plots of φuφw in the mid of figure 3.12b highlight again the
occurrence of elongated filaments contributing to the shear stress in the rear
part of the suction side. Interestingly, the spatial scale in the z direction shown
here is evidently smaller than the corresponding trace of the mode contributing
to normal stress. Structures that are shown here still appear quite ordered (and
decrease their wavelength for higher order modes.

One interesting and important question is in which degree the structures
inside the boundary correlate with perturbations in different part. of the flow.
In order to answer to that, we have employed the extended POD analysis. Here,
correlation between the energetic POD-z modes inside the boundary layer (rare
part of the suction side) with those for the leading-edge and blade-passage
regions is computed. The result of this analysis is summarised in figure 3.13. As
can be observed there, the boundary-layer structures in the rare part of suction
side have a stronger correlation with perturbations in the blade passage region.

Additionally to these works, we performed new DNS study in Paper
5 aiming to investigate the unsteady flow field induced by the rotor-stator
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interaction. The flow is characterized by high level of free-stream turbulence
and periodically impinging wakes. As in the experiments by Lengani et al.
(2017), the wakes are shed by moving bars placed upstream of the turbine
blades modeling the rotor blades. To include the presence of the wake without
employing an ad-hoc model, we simulate both the moving bars and the stationary
blades in their respective frames of reference and the coupling of the two domains
is done through appropriate boundary conditions. The presence of the wake
mainly affects the development of the boundary layer on the suction side of
the blade. In particular, the flow separation in the rear part of the blade is
suppressed. Moreover, the presence of the wake introduces alternating regions
in the streamwise direction of high- and low-velocity fluctuations inside the
boundary layer. These fluctuations are responsible for significant variations of
the shear stress. The analysis of the velocity fields allows the characterization
of the streaky structures forced in the boundary layer by turbulence carried by
upstream wakes.

The breakdown events are observed once positive streamwise velocity fluc-
tuations reach the end of the blade. Both the fluctuations induced by the
migration of the wake in the blade passage and the presence of the streaks
contribute to high values of the disturbance velocity inside the boundary layer
with respect to a steady inflow case. The amplification of the boundary layer
disturbances associated with different spanwise wavenumbers has been com-
puted. It was found that the migration of the wake in the blade passage stands
for the most part of the perturbations with zero spanwise wavenumber. The
non-zero wavenumbers are found to be amplified in the rear part of the blade
at the boundary between the low and high speed regions associated with the
wakes.

In figure 3.14, snapshots of the streamwise perturbation velocity û in a
xy-plane are shown. The first frame corresponds to a time instance where the
wake hits the leading edge of the blade. This generates a region of negative
perturbation velocity on the suction side of the blade, in front of which there
is a region of positive perturbation velocity, figure 3.14(b). These two regions
are then advected towards the trailing edge while the next wake approaches
the blade and eventually hits it again. In particular, it can be noticed that the
positive perturbation region reaches the highest value after the middle of the
blade.

In figure 3.15, the RMS values of the tangential velocity perturbations,
ûrmsξ , is shown and compared with those obtained for the clean-inlet case (the
high FST case in Ðurovic et al. 2021). As can be seen there, the presence of
the wake increases the disturbance level significantly far away from the blade
surface. In the moving-bars case, the shape of the velocity profiles stays similar
along the blade. The migration of the wakes also influences the value of the
shear stress at the wall. The phase-averaged values of wall shear stress, 〈τw〉,
and their deviation from its mean values, τ̄w, are reported in figure 3.16. As seen
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(a) (b)

(c) (d)

Figure 3.14: Streamwise velocity perturbation field, û, at different time instances
t ∈ {t0, t0 + 0.25T, t0 + 0.5T, t0 + 0.75T} shown in a, b, c and d, respectively.
T is the period of cylinder passage.

there, the boundary-layer perturbations introduced by the wake result cause
variations with an amplitude close to 30% of the maximum τw. Data shown in
figure 3.16(a) tells that no large flow separations are observed even when the
negative streamwise velocity perturbations reach the rear part of the blade. As
can be seen in figure 3.16(b), once the perturbation enters the boundary layer,
it is advected downstream and leaves the blade in a time which is about twice
the period of the cylinder passing, T .

In Paper 7, we also apply our topology-based method for distinguishing
the laminar and turbulent regions, described in section 2.5.2, to the data from
simulations of flow over a low-pressure turbine blade (Paper 3). We focus on
the rear end of the blade as indicated by the black box in figure 3.17(a). As
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Figure 3.15: RMS of the tangential velocity perturbations on the suction side
of the blade for clean-inlet case (blue) and moving-bars case (red). The profiles
are shifted according to ûrmsξk

= ûrmsξ + 0.5 k with k = 1, 2, ..., 8. The profiles
are extracted at x ∈ {0.2, 0.5, 0.7, 0.75, 0.8, 0.85, 0.9, 0.95}.

(a) (b)

Figure 3.16: Phase-averaged wall shear stress (a) and its deviation from the
mean value (b).

seen in figure 3.17(b), the flow follows the curvature of the blade in a laminar
regime along the most part of the blade, but turbulence develops at the rear
end of the blade and continues downstream of the blade. The spanwise velocity
is shown in 3.17(c). We use this quantity as the input to our method. The
considered field contains around 530 000 extrema, for which we compute and
threshold the density resulting in the binary segmentation shown in 3.17(d).
This highlights the applicability of our method to complex data sets.
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(a) Geometry of the turbine blade. The black
box indicates the data region shown in (c)
and (d).

(b) Spanwise velocity shown from the side
clearly shows the development of turbulence
at the rear end of the blade.

(c) The spanwise velocity is shown with a slice
near the blade’s surface and two isosurfaces.
Blue indicates negative values, red indicates
positive values.

(d) Our segmentation into laminar and tur-
bulent regions. The turbulent part is shown
in blue, the laminar part is left transparent.

Figure 3.17: Application of our topology-based method for distinguishing the
laminar and turbulent regions to a data set from our simulation of flow over a
LPT blade.



Chapter 4

Conclusions and outlook

The main part of this thesis focuses on the investigation of boundary-layer
transition over different geometries under the influence of free-stream turbulence.
All the simulations were performed with the spectral-element code Nek5000
(Fischer et al. 2008). Paper 1 presents the free-stream turbulence generation
method used in our studies. Paper 2, Paper 6 and Paper 7 are focused on
the flat-plate boundary-layer flows, while Paper 3, Paper 4 and Paper 5 are
focused on the flow over low-pressure turbine blades.

As a starting point for all the numerical studies performed in this thesis,
we first describe a synthetic homogeneous isotropic free-stream turbulence
generation method in Paper 1. The method was validated using DNS of a
double-periodic channel, representing the incoming free stream. We investigated
impact of different numerical and physical parameters on the spatial and
temporal development of our synthetic free-stream turbulence. We demonstrated
that, for given values of turbulence intensity and integral length scale, the
method can produce a realistic turbulent flow with the desired energy spectrum.
Note that the range of wavenumbers which can be represented depends on the
domain extension and the numerical resolution.

The first part of our study consisted of performing DNS of the FST-induced
boundary-layer transition on a flat plate with a sharp leading edge. While the
turbulence intensity is known to strongly correlate with the transition Reynolds
number, characteristic length scales of the FST are often considered to have
rather a slight impact on the transition location. Conversely, a recent experiment
by Fransson & Shahinfar (2020) shows significant effects of FST scales. They
found that, for the low values of turbulence intensity, an increase of the integral
length scale advances transition, which agrees with literature. But, for the
high turbulence intensities, an increase of the integral length scale postpones
transition. Here, our aim was to examine generality of this finding and possibly
provide a physical explanation by performing a series of high-fidelity simulations.
By analysing the time- and spanwise-averaged skin friction, we have found that,
while keeping the FST intensity at a constant level (Tu = 3.4%), an increase of
the integral length scale causes delay of transition. This finding supports the
trends observed by Fransson & Shahinfar (2020). In all cases studied here, the
perturbation inside the laminar part of boundary layer appears mainly in the
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streamwise velocity component, in the form of elongated structures. Patches of
irregular motion are seen to appear further downstream; these are more evident
in the spanwise component. Our simulations also show that for the chosen FST
intensity the length of transition region decreases with decreasing integral length
scale. During the simulations, a large sets of flow snapshots has been collected.
All sets of data portray the evolution of flow from the laminar to the turbulent
state including the nucleation stage. Moreover, we provide detailed statistical
description of the flow both in the free-stream and inside the boundary layer.
All together, these build a big database to be used for further analysis.

In Paper 6, we combined classic methods of feature-based visualization
and data analysis to create a novel method for the binary segmentation of a
boundary layer into laminar and turbulent regions. The method builds upon
the extraction of extrema of a given quantity and the estimation of their density.
The presented method supports a full three-dimensional analysis, enabling
study of the inclination of the turbulent spots, their vertical growth rates
and extent. We can clearly see how the turbulence develops near the wall,
then grows downstream until it engulfs most of the vertical domain. This
information is relevant for the assessment of vertical momentum and scalar
diffusion. Furthermore, insight into the mechanisms of the turbulent breakdown
may be gained by understanding the three dimensional structure of the unstable
streaky structures.

In Paper 7 the free-stream turbulence induced transition of a flat plate
boundary layer has been studied using time-resolved particle image velocime-
try under variable Reynolds number, Tu level and adverse pressure gradient.
The statistical characterization of the BL structures and the overall transition
process has been provided in terms of the mean streak spacing, the streamwise
distribution of nucleation events and the quadrant analysis of the transitional
and the turbulent boundary layer.

The spanwise scale of streaky structures has been computed at each stream-
wise position by means of the auto-correlation function of the streamwise velocity
component. Once scaled with the local displacement and momentum thickness,
the streak spacing has been shown to converge to 3 and 5, respectively, for all
cases. Interestingly, the auto-correlation function of the streamwise velocity
component has shown that the streak spacing in the transition region scales well
with the displacement and the momentum thickness of the turbulent boundary
layer, irrespective of the Reynolds number, Tu level and streamwise pressure
gradient.

With the aim of providing a common distribution for the streamwise vari-
ation of nucleation events, all the corresponding PDFs have been plotted as
function of a newly defined variable accounting for the local values of the streak
spacing and the shape factor as well as for the Tu level variation. Interestingly,
the nucleation PDFs have been shown to collapse once plotted versus the non-
dimensional abscissa proposed here with an acceptable level of approximation.
The results discussed in this work suggest that a general shape for the PDF
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of spot nucleation may be provided accounting for the effects of all the main
influencing parameters. This analysis can be further extended to data from our
simulations of the flow over LPT blades to examine generality of the suggested
expression for nucleation PDF.

The second part of our study consisted of performing the DNS of the free-
stream turbulence-induced boundary layer transition on a low-pressure turbine
blade. We have investigated two different flow cases, steady case (Paper 3-4),
with changing levels of the free-stream turbulence intensity (Tu = 0.19% and
5.2%) and unsteady case (Paper 5), where in addition to imposed free-stream
turbulence of higher intensity we have periodic impinging wakes shed from
moving bars upstream of the blade . We observed that in the case with low
FST level, on the suction side, the Kelvin–Helmholz instability dominated the
transition process and full-span vortices were shed from the separation bubble.
The inspection of the three mutually orthogonal planes makes evident that
structures start affecting the boundary layer transition process into the dead
air region just close to the blade trailing edge. Transition on the suction side
proceeded more rapidly in the high FST case. In this case, streaky structures
reduce the inflectional state of the time-averaged velocity profile, retarding or
even suppressing separation. The transition mechanisms observed in simulations
are in agreement with the experimental results.

In the unsteady case (including the moving vars), inspecting the pressure
distribution and the wall shear stress, it was observed that the presence of the
wakes mainly affects the suction side of the blade. In particular, the pressure on
the suction side is slightly increased, which is due to a smaller angle of attack
caused by the presence of the wakes of moving bars. For what concerns the
shear stress, it is found that, in general, its value is higher compared to the
steady case, especially in the rear part of the blade. In the region of adverse
pressure gradient in the steady case, the boundary layer gets close to separation
and therefore, the shear stress at the wall decreases. In the unsteady case,
instead, the boundary layer maintains higher values of velocity close to the wall
causing a fuller profile that resists flow separation.

On the pressure side of the blade, we have identified the appearance of
longitudinal vortical structures, where we could observe that an increase of
FST gives rise to more longitudinal structures. They seem not to be caused
by Görtler instability and further works are needed to clarify their origin and
impact on the flow over the pressure side of the blades. A more detailed analysis
of these structures is necessary to fully understand their origin. The available
data from our simulations can be a start point for the future investigations.

Structures generated on the different parts of the blade have first been
identified with POD in Paper 4, adopting its classical formulation. Ordered
structures resembling streaky structures have been shown to mainly contribute
to normal stress in the streamwise direction on the suction side. The shear stress
between streamwise and spanwise directions (φuφw) marks shear effects between
the low- and high-speed streaks, while the shear between the streamwise and
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wall-normal direction (φuφv) highlights breakup events. The pressure side is
found to be dominated by structures that are characterized by high normal
stress in the spanwise and wall-normal directions and by their shear effects.

The extended POD formalism allowed us to quantify the correlation between
the structures growing on both sides of the blade with the leading-edge related
events and the forcing from free-stream turbulence in the blade-passage region.
This first version of extended POD highlights the time-averaged correlating
events between the boundary layer and the blade-passage/leading-edge regions.
The events appearing in the suction side boundary layer correlate better with
the temporal basis describing the free-stream oscillations in the passage. On
the pressure side, the degree of correlation between the boundary-layer and
the passage regions is even higher, while the correlation with the leading-edge
basis is extremely poor. This implies that the leading-edge receptivity does
not influence the generation and propagation of structures in the pressure side
boundary layer. Similar analysis can be performed for a flat-plate with a leading
edge using snapshots from our simulations for different turbulence integral
length scales. This may give us a better understanding of the leading-edge
receptivity mechanism.
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Summary of the papers

Paper 1
Generation of Three-Dimensional Homogeneous Isotropic Turbulence

The characteristics of the incoming turbulence are known to significantly affect
the aerodynamic performance of immersed bodies and highly contribute to
the overall losses. Due to the broad applicability of free-stream turbulence
for defining initial and boundary conditions used in CFD, giving necessary
attention to the generation of synthetic turbulent fields is essential for the
more accurate development process. The present paper describes a synthetic
homogeneous isotropic free-stream turbulence generation method. The method
is validated using direct numerical simulations of a doubly periodic streamwise
evolving channel, representing the free stream. It is demonstrated that input
specification of turbulence intensity and turbulence integral length scale can
reproduce realistic and self-consistent turbulence structures of the desired
spectrum. By varying numerical and physical parameters, we show free-stream
turbulence’s spatial and temporal development. This method can be used as an
inlet boundary for different types of flow found in industrial applications, like
wings and turbine blades.

Paper 2
Numerical studies of the transition in a flat-plate boundary layer under the
influence of free-stream turbulence

Free-stream turbulence (FST) and its effect on boundary-layer transition is a
complex multiscale problem. Under action of FST, elongated streamwise streaky
structures are generated inside the boundary layer, and their amplitude and
wavelength are crucial for the transition onset. While turbulence intensity is
strongly correlated with the transitional Reynolds number, characteristic length
scales of the FST are often considered to have a slight impact on the transition
location. Conversely, a recent experiment by ? shows significant effects of FST
scales. They found that, for low values of turbulence intensity, an increase in
length scale advances transition, which agrees with literature. However, for high
turbulence intensities, an increase in length scale postpones transition. Here, we
aim at physically understanding and verifying the results of ? by performing a
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series of high-fidelity simulations. These results provide understanding why the
FST integral length scale affects the transition location differently depending
on intensity. Knowing this relation is crucial for the development of transition
models, which are commonly used in turbomachinery and aeronautics. A correct
transition point is essential as all boundary layer properties, including friction
and heat-transfer coefficients, drastically change from laminar to turbulent, and
thus fundamentally affects the complete flow.

Paper 3
Free-stream Turbulence Induced Boundary-Layer Transition in Low-Pressure
Turbines

The transition scenario in a low pressure turbine (LPT) blade with different level
of free-stream turbulence (FST) are investigated numerically. The simulation
set-up is done to replicate previous experimental investigations. We find that
the results agree well with the experimental one. For flow level of FST the
boundary layer on the rear part of the suction side separates. We observe then
the formation of quasi two-dimensional Kelvin-Helmholtz vortices which are
responsible for transition. For high level of FST the separation is suppressed.
In this case we find that streaks to be responsible for the transition in the read
part of the suction side of the blade.

Paper 4
On the receptivity of low-pressure turbine blades

In the present work, we focus on identifying the mechanisms driving the forma-
tion and breakup of coherent structures in the case of a low pressure turbine
(LPT) at high level of free-stream turbulence (FST) and how these processes are
affected by the leading-edge receptivity and/or by the continuous forcing in the
blade passage. Proper orthogonal decomposition (POD) has been adopted to
provide a clear statistical representation of the shape of the structures. Extended
POD projections provided temporal and spanwise correlations that allowed
us to identify dominant temporal structures and spanwise wavelengths in the
transition process. The extended POD analysis shows that the structures on
the pressure side are not related to what happens in the leading edge. The
results on the suction side shows that leading edge and passage bases correlate
with coherent structures responsible for the transition.

Paper 5
Effects of upstream wakes on the boundary layer over a low-pressure turbine
blade

In the present work the evolution of the boundary layer over a low-pressure
turbine blade is studied by means of direct numerical simulations. The set-
up of the simulations follows the experiments by ?, aiming to investigate the
unsteady flow field induced by the rotor-stator interaction. The free-stream
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flow is characterized by high level of free-stream turbulence and periodically
impinging wakes. As in the experiments, the wakes are shed by moving bars
modeling the rotor blades and placed upstream of the turbine blades. To include
the presence of the wake without employing an ad-hoc model, we simulate
both the moving bars and the stationary blades in their respective frames of
reference and the coupling of the two domains is done through appropriate
boundary conditions. The presence of the wake mainly affects the development
of the boundary layer on the suction side of the blade. In particular, the flow
separation in the rear part of the blade is suppressed. Moreover, the presence
of the wake introduces alternating regions in the streamwise direction of high-
and low-velocity fluctuations inside the boundary layer. These fluctuations are
responsible for significant variations of the shear stress. The analysis of the
velocity fields allows the characterization of the streaky structures forced in
the boundary layer by turbulence carried by upstream wakes. The breakdown
events are observed once positive streamwise velocity fluctuations reach the
end of the blade. Both the fluctuations induced by the migration of the wake
in the blade passage and the presence of the streaks contribute to high values
of the disturbance velocity inside the boundary layer with respect to a steady
inflow case. The amplification of the boundary layer disturbances associated
with different spanwise wavenumbers has been computed. It was found that
the migration of the wake in the blade passage stands for the most part of the
perturbations with zero spanwise wavenumber. The non-zero wavenumbers are
found to be amplified in the rear part of the blade at the boundary between
the low and high speed regions associated with the wakes.

Paper 6
Statistical characterization of free-stream turbulence induced transition under
variable Reynolds number, free-stream turbulence and pressure gradient

In this work, the free-stream turbulence (FST) induced transition of a flat plate
boundary layer is studied using particle image velocimetry (PIV) under variable
Reynolds number (Re), FST intensity, and adverse pressure gradient (APG).
Overall, 10 different flow conditions were tested concerning the variation of these
parameters. The streak spacing and the probability density function (PDF)
of turbulent spot nucleation are computed for all cases. The streak spacing is
shown to be constant in the transition region once scaled with the turbulent
displacement and momentum thickness, with resulting values of around 3 and
5, respectively. Nucleation events are shown to occur near the position where
the dimensionless streak spacing reaches such constant values. The streamwise
position where most turbulent spots are formed is strongly influenced by the
FST intensity level. Additionally, the PDF of spot nucleation becomes narrower
with increase in the APG, while FST has the opposite effect. A common
distribution of all the PDFs is provided as a function of a similarity variable
accounting for the streak spacing, the shape factor of the boundary layer, and
the FST intensity.



46 Summary of the papers

Paper 7
Binary Segmentation of 3D time-dependent Flows into Laminar and Turbulent
Regions

Understanding the rise and evolution of turbulence is an important compo-
nent of designing vehicles and turbomachinery that both have long life and are
efficient. To this end, researchers study the complex phenomenon of turbulence.
Free-stream turbulence against a flat plate is a common research area in fluid
dynamics where one goal is to understand the transition from laminar to turbu-
lent flow when colliding with a physical plate. There are several methods that
have been tested, each based on a physical property of the flow, and each with
respect advantages and disadvantages. One such issue is that of thresholding,
which leads to flickering in animations. In this thesis, attempts to identify the
turbulence in done by extracting the extrema of the flow data, followed by
applying a Gaussian smoothing using Kernel Density Estimation to create a
density field of the extrema. The method in this thesis is applied both in 2D and
3D, where the 3D results are visualized in both 2D and 3D perspectives. The
results are then analyzed from the perspective of the smoothing method and
compared against both earlier results from previous methods and the original
data. Results of the method show that the extrema indeed can be be used to
identify turbulent regions of the flow data. However, there were small turbulent
regions visible in the original data that did not appear in the results of this thesis.
When applying the kernel smoothing, a bandwidth (smoothing parameter) of
4.5× 10−3 was used for the entire data set. Binary results from this choice of
bandwidth was possible through thresholding, however, slight flickering is still
observable. It is suggested that a larger bandwidth would give better results.
The visual 3D results support the hypothesis that the extrema can be used to
distinguish between laminar and turbulent regions of flow, and applying the
smoothing method only on 2D slices gives better results.




