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Abstract

This thesis deals with a class of multi-marginal optimal transport prob-
lems, which we call graph-structured multi-marginal optimal transport. The
aim of the thesis is to work towards a unified framework for this class of prob-
lems. The included papers explore theoretical, computational, and practical
aspects of the novel framework, e.g., connections to related areas, numerical
algorithms for solving the problem, and applications in various fields.

The first paper treats multi-marginal optimal transport problems with
cost functions that decouple according to a tree. We show that the entropy
regularized version of this problem can be seen as a generalization of the
Schrödinger bridge problem to the same underlying tree. This connection is
utilized to derive an efficient method for approximately solving the optimal
transport problem.

The second paper applies the framework to inverse problems in radar
imaging. In this setting only partial information of the marginals in the op-
timal transport problem are available. We extend the methods from the first
paper to handle the case of partial information. Several numerical examples
illustrate that the framework can be used to find robust estimates of spatial
spectra in information fusion and tracking applications.

In the third paper we model network flow problems by utilizing graph-
structured multi-marginal optimal transport. In particular, we show that the
dynamic minimum-cost multi-commodity network flow problem can be formu-
lated as a multi-marginal optimal transport problem that has an underlying
structure, which can be described by a graph that contains cycles. The com-
putational methods from the previous papers are extended to efficiently solve
network flow problems.

The fourth paper applies the graph-structured multi-marginal optimal
transport framework to estimation and control problems for multi-agent sys-
tems. Moreover, the framework is utilized to prove a duality result between
estimation and control of multi-agent systems.

The fifth paper explores connections between graph-structured multi-
marginal optimal transport and probabilistic graphical models. We show
that the entropy regularized optimal transport problem is equivalent to an
inference problem for probabilistic graphical models with constraints on some
of the marginal distributions.

The sixth paper proves complexity results for graph-structured multi-
marginal optimal transport. Moreover, based on a junction tree factorization
of the underlying graph we provide a general algorithm for approximately
solving graph-structured multi-marginal optimal transport. Our complexity
bounds match the best known results for the optimal transport barycenter
problem and the general multi-marginal optimal transport problem.
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Sammanfattning

Denna avhandling behandlar en klass av optimal-transportproblem med
flera marginaler, vilka vi benämner som grafstrukturerade multi-marginala
optimal-transportproblem. Syftet med avhandlingen är att arbeta mot ett
enhetligt ramverk för denna klass av problem och artiklarna utforskar teore-
tiska, beräkningsmässiga och praktiska aspekter av det nya ramverket. Till
exempel utforskas kopplingar till relaterade områden, numeriska algoritmer
för att lösa problemet och tillämpningar inom olika områden.

Den första artikeln behandlar multi-marginala optimal-transportproblem
med kostnadsfunktioner som är arrangerade i enlighet med en trädstruktur.
Vi visar att den entropiregulariserade versionen av detta problem kan ses
som en generalisering av Schrödingers broproblem med samma underliggande
träd. Denna koppling används för att ta fram en effektiv metod för att lösa
detta optimal-transportproblem approximativt.

Den andra artikeln tillämpar ramverket på inversa problem inom bildre-
konstruktiuon för radar. I detta fall är endast partiell information om margi-
nalerna i optimal-transportproblemet tillgängliga. Vi utökar metoderna från
den första artikeln för att hantera fallet med partiell information. Flera nu-
meriska exempel illustrerar att ramverket kan användas för att hitta robusta
skattningar av spatiala spektrum inom tillämpningar för informationsfusion
och estimering.

I den tredje artikeln modellerar vi nätverksflödesproblem genom att an-
vända grafstrukturerade multi-marginala optimal-transportproblem. Vi visar
att det dynamiska min-kostnadsproblemet för nätverksflöden med flera typer
av varor kan formuleras som ett multi-marginalt optimal-transportproblem
med en underliggande struktur, vilken svarar mot en graf som innehåller cyk-
ler. Beräkningsmetoderna från de tidigare artiklarna utökas för att effektivt
lösa dessa nätverksflödesproblem.

Den fjärde artikeln tillämpar ramverket för grafstrukturerade multi-margi-
nala optimal-transportproblem för estimerings- och styrproblem för system
med många agenter. Dessutom används ramverket för att bevisa ett duali-
tetsresultat mellan estimering och styrning av system med många agenter.

Den femte artikeln utforskar sambanden mellan grafstrukturerade multi-
marginala optimal-transportproblem och probabilistiska grafiska modeller. Vi
visar att det entropiregulariserade optimal-transportproblemet är ekvivalent
med ett inferensproblem för probabilistiska grafiska modeller med bivillkor
på vissa av marginalfördelningarna.

Den sjätte artikeln bevisar ett komplexitetsresultat för grafstrukturerade
multi-marginala optimal-transportproblem. Baserat på en korsningsträdfak-
torisering av den underliggande grafen föreslår vi dessutom en generell algo-
ritm för att approximativt lösa grafstrukturerade multi-marginala optimal-
transportproblem. Våra komplexitetsgränser matchar de bästa kända resul-
taten för båda av de två specialfallen optimal-transportproblemet för bary-
centerproblem och det generella multi-marginala optimal-transportproblem.
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1 Introduction

Optimal transport has become an important tool in a wide range of applications,
from image processing over machine learning to control theory [26, 59]. The classi-
cal optimal transport problem is to find a coupling between two distributions that
minimizes a given associated cost. Multi-marginal optimal transport is a general-
ization of this problem to several distributions [71]. This multi-marginal setting has
lately received a lot of attention from theoretical and applied perspectives [10, 70].
In particular, the multi-marginal optimal transport has found applications in, e.g.,
imaging, finance, and physics [1, 8, 11]. In many of these applications the problem
has underlying structures. The purpose of this thesis is to introduce a framework
for a special class of multi-marginal optimal transport problems, which have a struc-
ture that can be described by a graph. We study computational, theoretical, and
practical aspects of the novel framework.

From a computational perspective, multi-marginal optimal transport problems
are typically very challenging. A popular method to find an approximate solution to
the classical optimal transport problem is to solve an entropy regularized version of
the problem. However, the same approach only partly alleviates the computational
burden in the multi-marginal setting. In this thesis we develop efficient numerical
methods for approximately solving the problem by exploiting the underlying graph
structure.

Theoretical contributions of this thesis are concerned with the relationship be-
tween graph-structured multi-marginal optimal transport and connected fields. We
will see that the entropy regularization connects the graph-structured optimal trans-
port problem to related topics like Schrödinger bridges and probabilistic graphical
models.

Practical aspects of the thesis are to explore how graph-structured multi-mar-
ginal optimal transport can be utilized to model problems from various application
fields, e.g., radar localization, network flow problems, estimation and control of
multi-agent systems, and collective graphical models.

The thesis consists of two main parts, which are structured as follows. The first
part of the thesis is an introduction to the results of this work. More detailed,
Chapter 2 reviews background on optimal transport theory. In particular, different
formulations of the optimal transport problem are introduced, we describe a popular
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2 CHAPTER 1. INTRODUCTION

scheme for approximately solving it, called Sinkhorn iterations, and the multi-
marginal optimal transport problem is introduced. Chapter 3 gives an overview
of the main contributions of this thesis. First, it briefly introduces the graph-
structured multi-marginal optimal transport problem mathematically and gives a
few examples of common graph structures. It also summarizes the results of the
papers that are included in this thesis. The second part of the thesis contains these
six scientific papers.



2 Background on optimal transport

The problem of optimal transport dates back to 1781, when it was first defined
by the mathematician and civil engineer Gaspard Monge [67]. Monge’s intention
was to optimize the transportation of soil from excavation sites to construction
sites [89]. In the 1940s the problem has been independently rediscovered by Leonid
Kantorovich [52]. He considered the problem as an example of his ground breaking
new theory of linear programming and duality theory. A few years later Kan-
torovich also discovered the connection of his linear program to Monge’s problem
[53]. In 1975 Kantorovich won the Nobel Memorial Prize in Economic Sciences for
his "contributions to the theory of optimum allocation of resources" [89]. For the
sake of its two founding figures, the optimal transport problem is also called the
Monge-Kantorovich problem. Another view on the optimal transport problem is
due to Yann Brenier who connected the problem to fluid mechanics [14]. This has
establised optimal transport theory in the field of partial differential equations and
has lead to various developments in both research fields [39].

Optimal transport theory has found applications in a wide range of areas. The
first applications of optimal transport focused on problems in economics, e.g., re-
source allocation and production planning [49, 54]. The field of applications has
then widened to statistics, where it is used that the transport plan can be seen as
a joint distribution between probability distributions [76, 81]. Some physical ap-
plications include the modeling of atmospheric flows and interacting gases [30, 63].
Moreover, optimal transport has been used to reconstruct the state of the early
universe [42].

Nowadays, optimal transport is still used for modern problems in economics and
physics [8, 15, 19, 28, 36]. In addition, the intriguing geometric properties of optimal
transport have also proven to be a natural tool for comparing images and data.
This has lead to a plethora of applications within image processing and machine
learning, see the review paper [59] for an overview. For instance, image processing
applications using optimal transport include shape recognition [44], image retrieval
[79], color transfer [69], and tomography reconstruction [1, 56]. In machine learning
applications optimal transport is used for, e.g., generative adversarial networks [6],
bayesian inference [37, 78], classification [50], and domain adaptation [29, 77].

Recently, the optimal transport problem has also become a useful tool for ap-
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4 CHAPTER 2. BACKGROUND ON OPTIMAL TRANSPORT

T

μ

ν

Figure 2.1 – Illustration of Monge’s optimal transport problem.

plications in systems and control, e.g., for density control [23, 24], and tracking of
multi agent systems [27], see also the review paper [26].

Albeit its wide range of applications, for many problems of relevant size optimal
transport has remained computationally challenging. An important breakthrough
was achieved in 2013 by Marco Cuturi [31]. He suggested to regularize the problem
with an entropic barrier term and solve it with an easy iterative scheme called
Sinkhorn iterations. This advancement has made optimal transport suitable for a
multitude of large scale applications [10, 32, 46, 56, 58, 77].

Interestingly, the entropy regularized optimal transport problem is tightly con-
nected to a classical problem in statistical mechanics, called the Schrödinger bridge
problem. In 1931 Schrödinger posed the following question [84]: Given observations
of a particle cloud at two time points, what is the most likely particle evolution
that results in the two observations? The problem can be studied by represent-
ing the particle cloud as a distribution. Thus, informally speaking, the optimal
transport problem and Schrödinger bridge problem both study evolutions between
two distributions. In fact, there are many connections between the two problems
[21, 22, 60, 61, 66]. These connections motivate the idea that the entropy regulariza-
tion does not only facilitate solving the optimal transport problem numerically, but
also induces stochastic robustness to the problem. Thus, the Schrödinger bridge
problem has gained a lot of independent interest for applications, e.g., inference
from data [73], brain image analysis [57], covariance steering [7, 23, 26], generative
modeling [33], and robust network routing [25].

2.1 Monge’s and Kantorovich’s formulation

Consider two non-negative measures µ ∈ M+(X) and ν ∈ M+(Y ) with the same
total mass that are defined on two metric spacesX and Y , respectively. To illustrate
the idea, µ could model an excavation site, and ν a construction site, as depicted
in Figure 2.1. Informally speaking, the optimal transport problem is to move the
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mass from µ to ν in the most efficient way. Efficiency is here measured in terms of
a given measurable cost function c : X × Y → R, where, c(x, y) denotes the cost
of moving a unit-mass from x ∈ X to y ∈ Y . The difference between Monge’s and
Kantorovich’s formulation of the optimal transport problem lies in how the notion
of transport from µ to ν is defined mathematically.

Monge defined the transport through a measurable map T : X → Y that pushes
the mass from µ onto ν. That is, T (x) ∈ Y represents the destination for the mass
initially located in the point x ∈ X. More precisely, it must hold that for a set
A ⊂ Y , the mass in this set, ν(A), must be the same as the mass transported to it,
µ(T−1(A)), i.e., it holds that ν(A) = µ(T−1(A)) for any measurable set A ⊂ Y , or
expressed in integral form,

∫

A

dν(y) =
∫

T −1(A)
dµ(x),

for any measurable set A ⊂ Y . This requirement is also denoted as T#µ = ν, and
ν is called the push-forward measure (or image measure) of µ with respect to T , cf.
[12, Section 3.6]. Monge’s optimal transport problem thus reads

minimize
T :X→Y

∫

X

c(x, T (x))dµ(x)

subject to T#µ = ν.

(2.1.1)

The constraint in this problem is highly non-convex, which makes solving the prob-
lem difficult. Moreover, Monge originally considered the cost c(x, y) = |x − y|,
in which case the problem is especially hard, since this cost is not strictly convex
[3, 65]. Some of these obstacles have been alleviated in the 1940s.

Without being aware of Monge’s work, Kantorovich introduced an alternative
formulation of the optimal transport problem. In Kantorovich’s version the trans-
port is described by a so-called transport plan, which is defined as a non-negative
measure m ∈ M+(X × Y ) on the product space X × Y . Here, m(x, y) represents
the amount of mass that is moved from point x ∈ X to point y ∈ Y . A transport
plan m describes a feasible transport from µ to ν if it satisfies m(A×Y ) = µ(A) for
any measurable set A ⊂ X, and m(X ×B) = ν(B) for any measurable set B ⊂ Y .
Thus, Kantorovich’s formulation of the optimal transport problem is

minimize
m∈M+(X×Y )

∫

X×Y

c(x, y)dm(x, y)

subject to
∫

A×Y

dm(x, y) =
∫

A

dµ(x), for all measurable sets A ⊂ X
∫

X×B

dm(x, y) =
∫

B

dν(y), for all measurable sets B ⊂ Y.

(2.1.2)

This is a linear program, and therefore it is often easier to handle than Monge’s
problem (2.1.1). Another advantage of the Kantorovich problem (2.1.2) is that
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(a) Illustration of transport plan between two
Dirac distributions.
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(b) Illustration of a transport plan that "splits"
mass.

Figure 2.2 – Optimal transport plan m for the two problems in Example 2.1.

its feasibility region is non-empty for any given marginal measures. This can be
seen by noting that the measure µ(X)−1(µ× ν) satisfies the constraints in problem
(2.1.2). On the other hand, the Monge problem (2.1.1) may be infeasible. Note
for instance that the Monge transport map T assigns a destination for each point
in the source space X, and thus does not allow for splitting mass. The following
example illustrates some of the differences between the Monge and Kantorovich
formulation.

Example 2.1. We want to solve an optimal transport problem between two mea-
sures µ, ν ∈M+(R).

First, consider the case where µ = δ0 and ν = δ1, where δx is the Dirac measure
centered on point x, i.e., the measure that is 1 for any set that contains the point
x, and 0 otherwise, cf. [12, page 11]. In this case, a Monge transport map needs to
satisfy T (0) = 1. The only feasible transport plan for the Kantorovich problem is
the measure m = µ×ν = δ0×δ1, illustrated in Figure 2.2a. Note that the transport
map T and transport plan m are related as m = (id×T )#µ. Moreover, it is easy to
see that the two optimal transport formulations (2.1.1) and (2.1.2) have the same
optimal value.

Now we let the target measure be ν = 1
2δ−1 + 1

2δ1. In this case the only feasible
Kantorovich transport map is m = µ × ν = δ0 ×

( 1
2δ−1 + 1

2δ1
)
, see Figure 2.2b.

However, the Monge problem is infeasible, since any Monge map satisfies T#µ =
δT (0), which cannot equal ν, i.e., a Monge transport map cannot split mass. We
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M

   

Figure 2.3 – Solution to Kantorovich optimal transport (2.1.2) with squared Eu-
clidean cost.

can also note that the transport plan m cannot be expressed as m = (id × T )#µ
for any T .

Given a feasible Monge map T , a feasible Kantorovich transport plan is induced
as m = (id×T )#µ, cf. [3, Proposition 2.1]. Note that in Example 2.1 the transport
plan m constructed in this way is optimal, but it should be noted that the optimal
solutions to both problems are not equivalent in general. In fact, Kantorovich’s
formulation can be seen as a relaxation of Monge’s optimal transport problem [83,
Chapter 1.5]. If the Monge problem is feasible, its optimal value is an upper bound
for the optimal value to the Kantorovich problem [4].

There has been a considerate research effort on studying conditions that guaran-
tee unique solutions to the Monge problem and equivalence to the Kantorovich prob-
lem. One of the first results was given by Brenier [14], see also [88, Theorem 2.12],
[89, Theorem 9.4]. Brenier’s theorem considers the case where X = Y = Rd, the
measures µ and ν have finite second moment, and the cost function is the squared
Euclidean distance, i.e., c(x, y) = ‖x− y‖2. Then, if µ is absolutely continuous
with respect to the Lebesgue measure, the Monge problem has a unique optimal
solution T . Moreover, the unique optimal solution to the Kantorovich problem is
m = (id× T )#µ.

Conversely, a Kantorovich plan is induced by a Monge map if it concentrates on
a graph [3, Proposition 2.1]. The Kantorovich plan between two measures, where
the underlying cost is the squared Euclidean distance, is illustrated in Figure 2.3.
Note that the transport plan concentrates on a graph, and that this graph describes
the corresponding Monge map. That is, the transport plan can be written as
m = (id× T )#µ, where T is a Monge map.
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We finally remark in passing that the assumptions in Brenier’s theorem have
been extended to more general settings, such as a broader class of cost functions
and underlying spaces [16, 43, 64]. More details can be found, e.g., in the text
books [88, 89].

2.2 The discrete optimal transport problem

Many of the results in this thesis are concerned with a discrete version of the op-
timal transport problem. Some applications naturally give rise to discrete optimal
transport problems. For instance, in image processing applications the marginal
distributions typically have a finite number of support points, which correspond to
the pixels of an image [40]. In data analysis applications the distributions often
describe a finite number of data points [74]. Discrete distributions may also de-
scribe structured objects, like graphs [87]. In other cases discrete optimal transport
problems appear as discretizations of continuous problems. For instance, in order
to solve the problem (2.1.2) numerically it typically has to be discretized first.

Assume that the two measures µ and ν are supported on the set of points
x1, . . . , xn ∈ X and y1, . . . , yn ∈ Y , respectively. Denote the amount of mass of µ
on point xi as the non-negative scalar µi ∈ R+ and similarly denote the amount of
mass of ν on yi as νi ∈ R+, i.e.,

µ =
n∑

i=1
δxiµi, ν =

n∑

i=1
δyiνi.

Then the marginals can be expressed as vectors µ = [µ1, . . . , µN ] ∈ Rn
+ and

ν = [ν1, . . . , νN ] ∈ Rn
+. In this setting a transport plan between µ and ν can be

represented by a matrix M ∈ Rn×n
+ that satisfies

n∑

j=1
Mij = µi, for i = 1, . . . , n,

n∑

i=1
Mij = νj , for j = 1, . . . , n.

Note that these conditions can also be written as M1 = µ and MT 1 = ν, where
1 ∈ Rn denotes a vector of ones. Moreover, we define a cost matrix C ∈ Rn×n with
entries Cij = c(xi, yj). The total cost for a given transport plan M is then

n∑

i,j=1
CijMij = trace(CTM).
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Thus, the discrete version of Kantorovich’s optimal transport problem is

minimize
M∈Rn×n

+

trace(CTM)

subject to M1 = µ

MT 1 = ν.

(2.2.1)

The discrete optimal transport problem is a linear program. Therefore, standard
linear programming solvers can be used to address this problem. However, note that
problem (2.2.1) has n2 variables. In many applications n is so large that solving
the linear program directly is not feasible. The next section discusses numerical
approaches to (approximately) solve (2.2.1).

2.3 Entropy regularization and Sinkhorn iterations

There has been a major research effort on developing efficient numerical methods
to solve the optimal transport problem. The first methods have focused on the
discretized problem (2.2.1). This linear program can be handled using standard
solvers. Specialized methods improve on the performance, for instance, network
Simplex, dual ascent, and auction algorithms [74, Chapter 3]. However, often
the number of variables is prohibitively large. Brenier’s formulation [14] initiated
the development of partial differential equation solvers to numerically address the
optimal transport problem, see [74, Chapter 7]. These methods include augmented
Lagrangian methods [9], and proximal splitting [68]. A third line of algorithms is
based on the Monge formulation (2.1.1). For instance, optimal Monge maps can be
found using gradient descent methods [5, 48]. A nice overview of different numerical
approaches and their main advantages and drawback can be found in [59, Table 2].

In this thesis we develop methods that are based on an approach that was first
introduced by Cuturi in 2013 [31]. Therein, it is suggested to solve a version of the
linear program (2.2.1) with an entropic regularization term. In contrast to methods
utilizing the fluid dynamics or the Monge formulation, this technique can be used for
general cost functions c(·, ·). Moreover, it allows for finding an approximate solution
to the Kantorovich problem (2.1.2) by a surprisingly simple and efficient scheme
called Sinkhorn iterations. This method has made optimal transport a feasible tool
for a wide range of new applications, and has also lead to new theoretical results.
The approach will be described in more detail in the following.

In particular, Cuturi suggested to regularize the discrete optimal transport prob-
lem (2.2.1) with an entropy term

H(M) =
n∑

ij=1
Mij log (Mij) , (2.3.1)
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which leads to the entropy regularized optimal transport problem

minimize
M∈RN×N

+

trace(CTM) + εH(M)

subject to M1 = µ

MT 1 = ν,

(2.3.2)

where ε > 0 is a small regularization parameter. It turns out that the solution to
(2.3.2) has a very simple structure. This can be seen by considering the Lagrangian
function

L(M,λ1, λ2) = trace(CTM) + εH(M) + λT
1 (µ−M1) + λT

2 (ν −MT 1), (2.3.3)

where λ1, λ2 ∈ Rn denote dual variables. For given dual variables, the Lagrangian
(2.3.3) is minimized with respect to the matrix element Mij ∈ R if

0 = ∂L(M,λ1, λ2)
∂Mij

= Cij + ε log(Mij) + ε− (λ1)i − (λ2)j .

Thus, the minimizer of (2.3.3) is given by

Mij = exp
(

(λ1)i − Cij + (λ2)j

ε
− 1
)
.

By defining the vectors u = exp(λ1/ε) and v = exp(λ2/ε) we see that the solution
to (2.3.2) is of the form

M = diag(u)Kdiag(v), (2.3.4)
whereK = exp(−C/ε−1). The optimal solution to (2.3.2) is therefore fully specified
by the two vectors u and v, and can be expressed in terms of 2n instead of n2

variables. A result by Sinkhorn from the 1960’s states that for a matrix K with
positive elements, there is a pair of positive scaling vectors u and v that is unique
up to multiplication with a constant, such that the matrix in (2.3.4) has given row
and column sum, and that these scaling vectors can be found by iteratively scaling
the matrix K to satisfy the given marginals [85, 86]. Since the solution to (2.3.2)
is of the form (2.3.4) and must satisfy the constraints M1 = µ and MT 1 = ν, by
Sinkhorn’s theorem the scaling vectors u and v are unique up to multiplication with
a constant and can be found by iteratively scaling the rows and columns of (2.3.4)
according to

M1 = diag(u)Kv = µ ⇒ u← µ./(Kv),
MT 1 = diag(v)KTu = ν ⇒ v ← ν./(KTu).

(2.3.5)

This scheme is called Sinkhorn iterations, or iterative proportional fitting procedure
[41, 80, 85, 86]. The latter term comes from the statistics application of estimating
contingency tables. In fact, in this context the scheme was already studied 20 years
before Sinkhorn rediscovered it [35]. It is worth noting that the Sinkhorm scheme
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M

   

(a) ε = 10−2

M

   

(b) ε = 10−3

Figure 2.4 – Illustration of optimal transport plans to the regularized problem
(2.3.2) with varying regularization parameter ε.

can also be derived as iterative Bregman projections [10], or as a block coordinate
ascend in the dual of (2.3.2) [56]1.

The entropic regularization connects the optimal transport problem to the
Schrödinger bridge problem. For the continuous formulations the regularization
parameter ε can be interpreted as a diffusion parameter in the Brownian motion,
which describes the underlying particle dynamics in the Schrödinger bridge setting.
As this diffusion constant tends to zero, the Schrödinger bridge problem approaches
an optimal transport problem [66]. Moreover, the Schrödinger bridge problem can
be seen as a regularization of the quadratic-cost optimal transport problem [61].
The larger ε, the more smoothed out is the solution to (2.3.2). This is demonstrated
in Figure 2.4, which shows the optimal transport plans for the regularized coun-
terparts to the problem illustrated in Figure 2.3. Note also that, as ε decreases,
the transport plan concentrates more and more on a graph and approaches the
transport plan for the unregularized problem, where ε = 0, in Figure 2.3.

2.4 Multi-marginal optimal transport

The multi-marginal optimal transport problem is a generalization of the standard
optimal transport problem, where one seeks a coupling between a set of J > 2
marginals [45, 70, 71, 82], [83, Chapter 1.7.4]. More precisely, let µ1, . . . , µJ be

1In fact, the iterative Bregman projection method is a special case of dual block coordinate
ascend [62].
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a set of non-negative measures over the spaces X1, . . . , XJ , respectively, and as-
sume that these measures have equal total mass. Moreover, define a cost function
c : X1 × · · · ×XJ → R. For a set of points xj ∈ Xj , for j = 1, . . . , J , the value
c(x1, . . . , xJ) is associated with the cost of "transport" associated with the tuple
(x1, . . . , xJ).

A generalization of Monge’s optimal transport to the multi-marginal setting is
to find a set of mappings Tj : X1 → Xj for j = 2, . . . , J , that minimize

minimize
T2,...,TJ

∫

X1

c(x1, T1(x1), T2(x1), . . . , TJ(x1))dµ1(x1)

subject to (Tj)#µ1 = µj , for j = 2, . . . , J.
(2.4.1)

In the multi-marginal version of Kantorovich’s optimal transport the trans-
port plan is described by a non-negative measure m ∈ M+(X) over the space
X = X1 × · · · ×XJ . In the multi-marginal setting the interpretation of transport-
ing mass is less intuitive than in the bi-marginal case, since mass is simultaneously
associated with all marginals. It may be more natural to think of the transport be-
tween several marginals as a coupling between the given distributions. That is, here
m(x1, x2, . . . , xJ) describes the amount of mass associated with the coupling of the
tuple (x1, . . . , xJ). The multi-marginal version of Kantorovich optimal transport
reads

minimize
m∈M+(X)

∫

X

c(x1, x2, . . . , xJ)dm(x1, x2, . . . , xJ)

subject to
∫

X(j,Aj )

dm(x1, x2, . . . , xJ) =
∫

A

dµj(x),

for all measurable sets Aj ⊂ Xj , for j = 1, . . . , J,

(2.4.2)

where X(j,Aj) = X1 × · · · × Xj−1 × Aj × Xj+1 × . . . XJ for j = 1, . . . , J . The
constraints in (2.4.2) are a generalization of the constraints in the bi-marginal
problem (2.1.2). In particular, a transport plan is feasible if it has the marginal
measures µ1, . . . , µJ .

Extensions of Breniers Theorem to the multi-marginal setting have first been
considered in [45]. In analogy to the classical optimal transport theory result, it
turns out that if the solution to the Kantorovich problem (2.4.2) is concentrated
on a graph, then it gives rise to a unique solution of the Monge problem (2.4.1),
see [70, 71]. In recent years various conditions that assert the existence of Monge
maps and uniqueness of solutions to (2.4.2) and (2.4.1) have been studied, see, e.g.,
[18, 45, 70, 71, 72].

The multi-marginal optimal transport problem has also been utilized for a num-
ber of applications. For instance, an early application of multi-marginal optimal
transport problems was to numerically solve generalized Euler flow problems [10,
Section 4.3]. In quantum physics, the multi-marginal optimal transport problem
provides a tool to model systems of interacting electrons by using electronic den-
sity functional theory [11, 15, 28], see also [71, Section 3.2]. Multi-marginal optimal
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transport problems with additional martingale requirements are studied in finance
for derivative pricing [8, 36, 47]. Other applications include tomographic recon-
struction [1], generative adversarial networks [17], and regression for distributions
[55].

An important type of multi-marginal optimal transport problems are barycenter
problems [2]. In this problem one marginal is unknown and is estimated as the
barycenter, or generalized average, of the set of given measures [2]. The cost tensor
decouples then into a sum of pairwise costs between the unknown marginal and each
of the given marginals. In fact, some of the first applications of multi-marginal
optimal transport give rise to this structure, e.g., texture mixing [75], and team
matching [19, 20] [71, Section 3.1]. There are many more applications of optimal
transport barycenters, including, e.g., clustering [32, 34], sensor fusion [38], and
color transfer [13].

The type of problems considered in this thesis can be understood as a gener-
alization of the barycenter optimal transport problem. In particular, we introduce
a class of multi-marginal optimal transport problems, where only some marginals
are known and the cost tensor decouples into a sum of pairwise cost terms. This
will be introduced in detail in the next chapter.





3 Main contributions

This thesis deals with a special class of multi-marginal optimal transport problems
with underlying structures that can be represented by a graph. A graph is a pair
G = (V,E), where V is a set of vertices, and E is a set of edges, i.e., paired
vertices. We associate each marginal of a multi-marginal optimal transport problem
with a vertex and let edges describe interactions on the marginals that correspond
to the linked vertices. We focus on the case, where the interactions are given by
pairwise cost terms. However, it turns out that the notion of interaction can also be
generalized to joint constraints on the two corresponding vertices. The aim of this
thesis is to develop and study this novel framework, which we call graph-structured
multi-marginal optimal transport. The main contributions are the following:

• Develop algorithms for approximately solving multi-marginal optimal trans-
port problems by utilizing underlying structures, and prove convergence and
complexity results.

• Study connections between graph-structured optimal transport and related
topics, e.g., the Schrödinger bridge problem and probabilistic graphical mod-
els.

• Show how graph-structured optimal transport can be used to model problems
from various application areas, e.g., estimation and control, network flow
problems, and machine learning.

In Section 3.1 we briefly introduce the graph-structured multi-marginal optimal
transport problem. Section 3.2 contains summaries of the papers that are included
in this thesis.

3.1 Graph-structured multi-marginal optimal transport

In order to establish the novel framework for graph-structured multi-marginal op-
timal transport, this section is dedicated to defining the problem formally and
presenting some basic examples.

We associate each marginal of a multi-marginal optimal transport problem with
a vertex, that is V = {1, 2, . . . , J}. A graph-structure is induced to the problem by

15
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considering cost functions that decouple into pairwise cost terms, i.e.,

c(x1, x2, . . . , xJ) =
∑

(j1,j2)∈E

c(j1,j2)(xj1 , xj2), (3.1.1)

where E denotes a set of edges.
Moreover, we generalize the multi-marginal Kantorovich optimal transport prob-

lem (2.4.2) to the case where not necessarily all marginals are constrained. That
is, we define the multi-marginal optimal transport problem as

minimize
m∈M+(X)

∫

X

c(x1, x2, . . . , xJ)dm(x1, x2, . . . , xJ)

subject to
∫

X(j,Aj )

dm(x1, x2, . . . , xJ) =
∫

Aj

dµj(x),

for all measurable sets Aj ⊂ Xj , for j ∈ Γ,

(3.1.2)

where Γ ⊂ {1, . . . , J} is a set of indices. In the case of a standard multi-marginal
optimal transport problem (2.4.2), constraints are given on all marginals, i.e.,
Γ = {1, 2, . . . , J}. In this thesis we typically consider the case where some marginals
are not given and Γ is a strict subset of {1, 2, . . . , J}.

We call such a problem (3.1.2) with a cost of the form (3.1.1) a multi-marginal
optimal transport problem with graph-structured cost, or graph-structured (multi-
marginal) optimal transport problem.

Example 3.1. Figure 3.1 illustrates three examples of graphs that appear in op-
timal transport applications.

A well-known example is the barycenter problem, which is to find a generalized
average of a set of distributions [2]. The optimal transport barycenter is found as
the distribution that minimizes the sum of pairwise optimal transport distances to
each of the given distributions. The structure of this problem can be described
by a star graph, as depicted in Figure 3.1a, where the central node symbolizes the
barycenter, the other nodes are associated with the given distributions, and the
edges represent pairwise optimal transport problems. The barycenter problem can
also be formulated as a multi-marginal optimal transport problem (3.1.2) with a
graph-structured cost (3.1.1). Then the underlying graph is given by the same star
graph and the constraint set Γ contains all marginal indices except the one that
corresponds to the barycenter.

Figure 3.1b illustrates a path graph, which describes a sequentially structured
cost function. In this setting typically the marginals corresponding to the two end
nodes are given and the intermediate marginals are to be estimated. These esti-
mated distributions can be understood as interpolants between the two given distri-
butions. In particular, we will see that this structure describes a time-discrete dis-
placement interpolation problem, and is connected to the time-discrete Schrödinger
bridge problem.
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(a) Star graph describing
barycenter problems.

(b) Path graph describing interpolation problems.

(c) Caterpillar graph describing a type of hidden Markov model.

Figure 3.1 – Graphs illustrating the cost structure in three applications of multi-
marginal optimal transport. Gray and white nodes represent constrained and un-
constrained marginals, respectively. Edges describe pairwise interactions in the
cost.

We call the graph illustrated in Figure 3.1c a caterpillar graph. The corre-
sponding optimal transport problem can be understood as a combination of the
barycenter and interpolation problem. If we associate the given marginals with ob-
servations, and the unknown marginals with hidden states, this problem describes a
type of hidden Markov model. In particular, in the case that each hidden marginal
is only connected to one given marginal, the graph in Figure 3.1c coincides with
the structure of a standard hidden Markov model.

The papers in this thesis deal with graph-structured multi-marginal optimal
transport problems (3.1.1)–(3.1.2) and some extensions of the problem. In partic-
ular, they explore theoretical, computational, and practical aspects of the novel
framework.

The outline is as follows. We start by studying the case, where the underlying
graph is a tree, and show that the tree structure can be exploited to efficiently solve
the entropy regularized optimal transport problem. This is done in paper A, and
driven by different applications, the next three papers explore various extensions
to the framework. The final two papers draw a connection between multi-marginal
optimal transport and probabilistic graphical models. Based on this, we prove
complexity bounds for solving graph-structured optimal transport problems.
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3.2 Summary of papers

The papers in this thesis are edited versions of the following scientific papers:

[Paper A] Isabel Haasler, Axel Ringh, Yongxin Chen, and Johan Karlsson. Multi-
marginal optimal transport with a tree-structured cost and the Schrödinger bridge
problem. SIAM Journal on Control and Optimization, vol 59.4, pp. 2428-2453,
2021.

[Paper B] Filip Elvander, Isabel Haasler, Andreas Jakobsson, and Johan Karlsson.
Multi-marginal optimal transport using partial information with applications in
robust localization and sensor fusion. Signal processing 171, 2020.

[Paper C] Isabel Haasler, Axel Ringh, Yongxin Chen, and Johan Karlsson. Scal-
able computation of dynamic flow problems via multi-marginal graph-structured
optimal transport. Preprint: http://arxiv.org/abs/2106.14485, 2021.

[Paper D] Isabel Haasler, Johan Karlsson, and Axel Ringh. Control and estimation
of ensembles via structured optimal transport: A computational approach based
on entropy-regularized multi-marginal optimal transport. IEEE Control Systems
Magazine, vol 41.4, pp. 50-69, 2021.

[Paper E] Isabel Haasler, Rahul Singh, Qinsheng Zhang, Johan Karlsson, and
Yongxin Chen. Multi-marginal optimal transport and probabilistic graphical
models. IEEE Transactions on Information Theory, vol 67, no 7, pp. 4647-4668,
2021.

[Paper F] Jiaojiao Fan, Isabel Haasler, Johan Karlsson, and Yongxin Chen. On
the complexity of the optimal transport problem with graph-structured cost. Pro-
ceedings of The 25th International Conference on Artificial Intelligence and
Statistics, 2022.

In the following, the results of these six papers are summarized.

Paper A: Multi-marginal optimal transport with a
tree-structured cost and the Schrödinger bridge problem
In this paper we consider a discrete version of the graph-structured multi-marginal
optimal transport problem (3.1.1)–(3.1.2), where the underlying graph is a tree, i.e.,
it does not contain any cycles. This includes the examples described in Figure 3.1.
In this work we suggest to regularize the multi-marginal optimal transport problem
with an entropy term similar to (2.3.1). We show the following results for the
entropy regularized multi-marginal optimal transport problem with tree-structured
cost.
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1. We lift the connection between optimal transport and Schrödinger bridges to
tree-structured problems. It is well known that the classical optimal transport
problem is tightly connected to the Schrödinger bridge problem. We general-
ize this result by showing that the entropy-regularized multi-marginal optimal
transport problem with tree-structure can be interpreted as a Schrödinger
bridge problem generalized to the same tree.

2. We derive an efficient numerical method for the tree-structured multi-marginal
optimal transport problem based on the entropy regularization introduced in
Section 2.3. The number of variables in the multi-marginal optimal transport
problem scales exponentially with respect to the number of marginals. Un-
fortunately, extending the Sinkhorn iterations (2.3.5) to the multi-marginal
setting requires computing projections of a tensor on one marginal, which still
scales exponentially in the number of marginals. By utilizing the structures
in the cost tensor, we derive a numerical method that scales linearly in the
number of marginals. In particular, the algorithm requires only matrix-vector
multiplications of relatively small dimensions.

3. We show that the developed method improves on the numerical performance
compared to methods utilizing the formulation based on coupled bi-marginal
optimal transport. Because the underlying graph is a tree, the multi-marginal
optimal transport problem can also be expressed as a sum of coupled bi-
marginal optimal transport problems (2.2.1). One approach to find an ap-
proximate solution is then to regularize each bi-marginal optimal transport
problem with an entropic penalty, as in (2.3.2). We show that the solution to
the formulation with multi-marginal regularization is less diffused than the
solution using pairwise regularization, which is typically desired in applica-
tions.

We motivate our findings on numerical simulations that utilize various tree
structures. In particular, we show how to use the framework on a caterpillar tree,
as illustrated in Figure 3.1c, in order to estimate the hidden states of a partially
observed ensemble that is modeled by a stochastic process.

Contribution of the author: The author of this thesis came up with the main
idea for this paper. The idea was outlined in discussion between all authors. The
author of this thesis is the main contributor to the theoretical results, the numerical
implementations and simulations, and the writing of the manuscript.

Paper B: Multi-marginal optimal transport using partial
information with applications in robust localization and sensor
fusion
In this paper, we consider multi-marginal optimal transport problems, where the
marginals are not directly observed, but manifested through linear measurement
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equations. We refer to this modified version of problem (3.1.2) as multi-marginal
optimal transport with partial information. This class of problems is motivated
from inverse problems, where one can only make indirect observations of the distri-
butions of interest. In particular, we consider spatial spectral estimation problems,
where the distributions describe power spectra and are observable from covariance
matrices that correspond to a set of sensor arrays.

We consider several application settings that give rise to multi-marginal optimal
transport problems with the underlying tree-structures illustrated in Figure 3.1. For
instance, we demonstrate that the optimal transport barycenter problem illustrated
in Figure 3.1a can be used for modeling information fusion scenarios, and the se-
quential problem described in Figure 3.1b can be used for tracking the evolution of
mass distributions over time. We also consider a combination of both settings, i.e., a
barycenter tracking example, which is based on the caterpillar graph in Figure 3.1c.

The problem structures in this work fall into the framework introduced in paper
A and can therefore be leveraged for efficient computations. We extend the methods
in paper A to take into account that only indirect observations of the marginals are
available. In particular, in each Sinkhorn iteration a non-linear system of equations
appears, which we solve using Newton’s method.

We showcase our methods on several radar imaging examples. Thanks to the
geometric properties of optimal transport the resulting estimates are robust to
spectral perturbations. Furthermore, we show that by incorporating knowledge
of underlying dynamics in tracking scenarios, one may arrive at accurate spectral
estimates, as well as faithful reconstructions of spectra corresponding to unobserved
time points.

Contribution of the author: The idea for this paper was developed jointly
by the authors. The author of this thesis contributed to the derivation of the
computational methods, their implementation, and the writing of the manuscript.

Paper C: Scalable computation of dynamic flow problems via
multi-marginal graph-structured optimal transport.
In this paper we utilize graph-structured multi-marginal optimal transport to model
network flow problems. In particular, we show that the dynamic multi-commodity
minimum-cost network flow problem can be formulated as a multi-marginal optimal
transport problem with some additional constraints. More precisely, we extend the
multi-marginal optimal transport problem (3.1.2) by allowing for i) inequality con-
straints on marginals, and ii) constraints on the joint distribution of two marginals.

As described in Section 3.1 we associate the structure of the optimal transport
problem with a graph, where vertices represent marginals. In this paper edges
represent a coupling between the two linked vertices through either a joint cost
term or a joint constraint. The dynamic multi-commodity minimum-cost network
flow problem can then be modeled as a graph-structured multi-marginal optimal
transport problem.
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The graph describing this multi-marginal optimal transport problem contains
cycles, and thus the problem cannot be tackled by using the methods for tree-
structured problems presented in paper A. However, using a similar approach as in
paper A, we develop a method for solving the entropy regularized optimal transport
problem, which leverages the underlying graph structure. More precisely, we show
how to utilize the graph structure to efficiently compute the projections needed
in the corresponding Sinkhorn iterations. This results in an elegant and easily
implementable method that does not require explicitly setting up the time-expanded
network for the flow problem and is computationally efficient.

To illustrate the performance of our algorithm, we compare it with a state-of-
the-art linear programming solver. We achieve good approximations to the solution
at least one order of magnitude faster than the linear programming solver. Finally,
we showcase the methodology on a traffic routing problem with a large number of
commodities.

Contribution of the author: The idea of this paper is due to the author of
this thesis and Johan Karlsson. The author of this thesis is the main contributor
to the theoretical results, the numerical implementations and simulations, and the
writing of the manuscript.

Paper D: Control and estimation of ensembles via structured
optimal transport: A computational approach based on
entropy-regularized multi-marginal optimal transport
In this paper we show how to use graph-structured multi-marginal optimal trans-
port to solve estimation and control problems for multi-agent systems. On the
one hand, this paper reviews the graph-structured multi-marginal optimal trans-
port framework. It summarizes some of the methods introduced in the previous
papers, in particular paper A and paper C. On the other hand, we focus on a new
type of application and describe how to model problems within control and estima-
tion of multi-agent systems by utilizing graph-structured multi-marginal optimal
transport.

Moreover, we show that optimal transport problems can be interpreted as a
maximum likelihood estimation problem or a minimum energy control problem.
Based on this we present a duality result between control and estimation for multi-
agent systems, which is similar to the classical work by Kalman [51].

The graph-structured optimal transport framework is applied to several illustra-
tive examples of estimation and control problems for multi-agent systems. Finally,
we present a larger optimal control example, where a crowd of people is steered to
exit a stadium.

Contribution of the author: The idea for this paper emerged from discussion
between all authors. The author of this thesis is the main contributor to the nu-
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merical implementations and simulations, and contributed to the theoretical results
and the writing of the manuscript.

Paper E: Multi-marginal optimal transport and probabilistic
graphical models.
In this paper we study connections between graph-structured multi-marginal op-
timal transport and probabilistic graphical models. In particular, we establish an
equivalence between the entropy regularized version of the optimal transport prob-
lem and the inference problem for a probabilistic graphical model on the same
graph, where some marginal distributions are fixed. This connection provides new
insights to both fields, multi-marginal optimal transport and probabilistic graphical
models.

In this work we utilize the connection between the two problems to develop nu-
merical methods for multi-marginal optimal transport. More precisely, we propose
to solve graph-structured optimal transport problems by adapting message-passing
algorithms for probabilistic graphical models, e.g., belief propagation and the norm-
product algorithm. If the underlying graph is a tree the developed algorithms
convergence globally.

The performance of the developed methods is studied numerically on different
underlying graphs. Moreover, we illustrate the framework on two types of applica-
tions, a color transfer example and a filtering problem for the collective dynamics
of a large group of agents. In particular, the latter application describes a collective
graphical model, i.e., a large collection of identical graphical models, where only
aggregate state counts are observed.

Contribution of the author: The author of this thesis, Rahul Singh, and Qin-
sheng Zhang contributed equally to this paper. The main idea of this paper is due
to Yongxin Chen, and was discussed between all authors. The author of this thesis
contributed mainly to the formal development of the idea, and the writing of the
manuscript.

Paper F: On the complexity of the optimal transport problem
with graph-structured cost.
In this paper we prove computational bounds for approximately solving graph-
structured multi-marginal optimal transport problems. For general multi-marginal
optimal transport problems the best known complexity result for finding an approx-
imate solution scales exponentially in the number of marginals. By utilizing the
Sinkhorn belief propagation algorithm, that was introduced in paper E, we achieve
a computational bound with polynomial dependence on the number of marginals.

More precisely, we utilize Sinkhorn belief propagation with a random update
rule. We show that for a tree-structured problem we can find an ε-approximation of
the solution within Õ(d̄(G)mn2ε−2) operations, wherem is the number of marginals,
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n is the number of support points in each marginal, and d̄(G) denotes the average
distance between two leaves of the tree. This improves on the previous result of
Õ(m4n2ε−2) that was given in paper E.

Moreover, we extend the algorithm to multi-marginal optimal transport prob-
lems that are structured according to a general graph, by factorizing the graph
as a junction tree. Based on this algorithm, we prove that a complexity bound
for solving general graph-structured multi-marginal optimal transport is given by
Õ
(
d̄(T )mnw(G)+1ε−2), where T is a minimal junction tree over the graph G, and

w(G) denotes the tree-width of G. Our results match the best known complexity
bounds for the general multi-marginal optimal transport problem and the barycen-
ter problem when no further acceleration is employed.

Contribution of the author: The author of this thesis and Jiaojiao Fan con-
tributed equally to the paper. The idea of the paper emerged from discussions
between all contributing authors. The author of this thesis contributed majorly to
the theoretical results, and the writing of the manuscript.
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