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Abstract

This thesis investigates frequency-domain correlations, both classical and quantum,
in nonlinear microwave circuits. The goal is to establish a compact method for generat-
ing quantum correlations between harmonic oscillators (modes) at different frequencies
in the microwave domain, thus realizing quantum entanglement in a continuous vari-
able system. En route to this goal we need to develop methods to generate and measure
microwave frequency combs. Hence this work also includes a study of undesirable fre-
quency mixing effects in analog IQ mixers, commonly known as mixer imbalance. We
use mitigating methods originally developed for telecommunications applications, based
on Kalman filters, and demonstrate their suitability for microwave experiments with su-
perconducting circuits. We use the experimental setup based on analog IQ mixers to
study classical correlations in frequency combs generated by driving a nonlinear Joseph-
son junction circuit.
Similarly to the telecommunication industry, the advent of fully digital microwave

methodspresent a significant advance in experimentswith superconducting circuits. This
thesis uses a new all-digitalmicrowave platform,which is capable of synthesizing andmea-
suring response at multiple comb frequencies with all frequencies being phase-coherent
to a single reference and enable us to dispensewith analog frequency converters such as IQ
mixers. We use this digital microwave system to detect photonic and phononic Gaussian
multipartite entanglement. The power of the platform is demonstrated by measuring a
covariance matrix of 64 modes, or frequencies. Using multipartite entanglement criteria
we present evidence of seven fully inseparable itinerant photon modes and four fully in-
separable phononic modes. While it is possible to generate entanglement between many
more modes, it becomes increasingly difficult to perform entanglement tests as the num-
ber of modes become larger. Another impediment is the added noise of the microwave
amplifiers used in this thesis.
Our work nevertheless demonstrates the possibility to generate resources for continu-

ous variable quantum information processing in very a compact device with a fully pro-
grammable digital control system. This thesis therefore represents a step toward the use
ofmicrowave frequency combs for one-way quantum information processing. Other ap-
plications include nonlinear characterization, quantum simulations and reservoir com-
puting. We can therefore conclude thatmicrowave frequency combs are a promising tool
for quantum engineering with superconducting circuits.
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Sammanfattning

Denna avhandling undersöker korrelationer i frekvensdomänen, av både klassiskt och
kvantmekaniskt ursprung, i icke-linjära mikrovågskretsar. Syftet är att utveckla en kom-
paktmetod för att generera kvantmekaniska korrelationermellan harmoniska oscillatorer
(s.k. moder) vid olika frekvenser i mikrovågsdomänen och därigenom förvekliga kvant-
sammanflätning av kontinuerliga variabler. Vägen mot detta mål kräver dock utveck-
ling av metoder för generering och mätning av mikrovågsfrekvenskammar. Därav stu-
derar denna avhandling även oönskade frekvenskonverteringar i analoga IQ mixrar, ett
fenomenoftast känt somobalanserademixrar. Viutnyttjar kalibreringsteknikerursprung-
ligen avsedd för telekommindustrin, baseradpåKalmanfilter, ochdemonstrerar dess lämp-
lighet för experiment med mikrovågor och supraledandekretsar. Vi använder en experi-
mentuppställning baserad på analoga IQ mixrar för att studera klassiska korrelationer i
frekvenskammar genererad av en driven icke-linjär krets som innehåller Josephson-över-
gångar.
I likhet med telekommindustrin, så är den kommande digitaliseringen av mikrovågs-

teknik en lovande utveckling för framtida experiment med supraledandekretsar. Denna
avhandling utnyttjar en ny digital plattform för mätningar i mikrovågsdomänen, som
är kapabel till att syntetisera samt mäta signalsvar vid flera kammfrekvenser och tillåter
oss att undvara analoga frekvenskonverterare som IQ mixrar. Vi använder den digitala
mikrovågsplattformen för att detektera sammanflätade Gaussiska foton- och fononsys-
tem. Kraften hos platformen demonstreras genom att mäta kovariansmatrisen mellan
64 moder, eller frekvenser. Genom att använda sammanflätningskriterier för flerdelade
system (dvs. system som består av fler än två moder), presenterar vi bevis för sju kvant-
mekaniskt fullt oskiljbara fotonmoder och fyra kvantmekaniskt fullt oskiljbara fonon-
moder. Potentiellt kan vår metod generera kvantsammanflätning mellan betydligt fler
moder, men sammanflätningskriteriernas snabbt ökande komplexitet med antalet moder
försvårar analysen. Ett ytterligare hinder är bruset vår mikrovågsförstärkare adderar.
Överlagdemonstrerar vårt arbetemöjligheten att generera resurser för kvantinformation

med kontinuerliga variabler i en kompakt enhet och med digitala kontrollsystem. Denna
avhandling utgör därmed ett stegmot användandet avmikrovågsfrekvenskammar för s.k.
enkelriktad kvantinformation. Andra tillämpningar inkluderar karaktärisering av icke-
linjära system, kvantsimuleringar och ‘reservoir computing’. Vi drar därmed slutsatsen
att mikrovågsfrekvenskammar är ett lovande verktyg för kvantteknik med supraledande
kretsar.
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1 Introduction

Noise and its mitigation strategies is an integral part of science and engineering. An
impressive example is the Laser Interferometer Gravitational-Wave Observatory (LIGO)
which reported the first detection of gravitational waves in 2016 [1]. LIGO is sensitive
to changes in the separation of its massive mirrors by as little as 4×10−18 m, smaller than
the diameter of atomic nuclei [2]. Such precision is only possible with extensive reduc-
tion and mitigation against noise and spurious pick-up from a vast array of sources, such
as thermal noise, seismic noise, internal modes of vibration, waves swells pounding the
coastline, vehicles rapidly breaking at the observatory entrance and power grid harmon-
ics, to name a few [1]. There is an interesting historical connection between gravitational
wave detectors and the topic of this thesis, namely squeezed states, which will be high-
lighted in the following sections.

1.1 Historical perspectives on noise

The concept ‘noise’ is incredibly broad – typically used as a catch-all term for unwanted
signals of various physical origin. Whether these signals are periodic, non-periodic, or
truly random, does not matter in particular. However this broad use of the term noise
has not always been the case. Noise was initially limited to the realm of acoustics, defined
as unwanted sound1 and did not attract significant attention from physicists for a couple
of centuries. Instead, the focus was on harmony – a concept which has been intricately
linked to a relationship between numbers since Pythagoras [4]. This feature remained
through theMiddle Ages and into the 17th century when Johannes Kepler published his
work titled The Harmony of the World which aimed to reconcile motion of the planets
with a contemporary theory of music. Since the time of the ancient Greeks, harmony
was also a model for how a society was to be governed and organized [5]. Consequently,
dissonance and noise had no place in a harmonic theory of the world.

1In theOxford Dictionary of Physics [3], the entry for ‘noise’ emphasizes this ‘unwantedness’.
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1 Introduction

Increasing urbanization and industrialization changed the soundscape in Europe and
broughtnoise to the forefront. In the early 19th century thephilosopherArthur Schopen-
hauer complained about the distracting noises of urban life [6]:

Hammering, the barking of dogs, and the crying of children are horrible
to hear; but your only genuine assassin of thought is the crack of a
whip; it exists for the purpose of destroying every pleasant moment of
quiet thought that any one may now and then enjoy.

Unfortunately for Schopenhauer, it would take a while until there was a concerted effort
at urban noise abatement. Acoustics as a discipline was still heavily influenced by the Eu-
ropeanmusical tradition and held a special place due to its intersection with the mechan-
ics of elastic bodies, musicology and physiology. In this context, noise was considered a
nuisance and given no rigorous treatment or discussion in either of the influential works
on acoustics byHermannHelmholtz and by LordRayleigh [4, 7]. By 1890, the discipline
of acoustics was considered a dormant and antiquated field of physics [8].

At the start of 1900s, the field of acoustics was re-invented as the harmony of music
was displaced by the cacophony of war. The industrialized nature of the First WorldWar
summoned the talents of many notable scientists of the era. The advent of long range ar-
tillery and submarines posed new engineering challenges, which led to innovative meth-
ods of detection. Examples include William Bragg developing advanced sound ranging
techniques to detect and locate enemy artillery [9], and Paul Langevin who initiated the
development of hydrophones for detection of enemy submarines [10]. An understand-
ing of different types of noise was necessary for successful detection of submarines or
artillery and the experiments required combining knowledge of acoustics with recent de-
velopments in electronics. Thehumming and static pickedupby these deviceswould lead
to the conceptualization of electrical noise as an analogy to acoustic noise [7]. Following
the end of the war in 1918, Walter Schottky described the two types of noise emitted by
an amplifier tube developed for audio frequencies – noise due to thermal agitation of
electrons and noise stemming from the discrete nature of electrons [11]. Today we call
these types of noise Johnson noise (or thermal noise) and shot noise, respectively. These
developments mark a conceptual shift. Given the proper theoretical framework, noise
could be a source of information, about artillery, submarines, or even the fundamental
properties of electrons [4].
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1.2 Squeezed noise: From noise to signal

1.2 Squeezed noise: From noise to signal

The shift in thinking about noise is also relevantwhen discussing squeezed vacuumnoise.
From quantum mechanics, there is a minimum amount of uncertainty or noise in any
physically observable quantity, set by theHeisenberg uncertainty principle [12]. Consider
for instance theposition x̂ andmomentum p̂operator of amassive particle. Weprepare an
ensemble of identical states andmeasure theposition (momentum)of all states. This gives
us a distribution to which we can assign a mean value ⟨x⟩ (⟨p⟩) and a variance ⟨(∆x)2⟩
(⟨(∆p)2⟩). According toHeisenberg’s uncertainty principle, the product of the variances
obey

⟨(∆x)2⟩ ⟨(∆p)2⟩ ≥ h̄2

4
. (1.1)

In this thesis, we will instead consider quadratures of the radiation field, the so-called
I orQ quadratures2 instead of position and momentum. We will therefore re-define the
position and momentum operators as the quadrature operators3

x̂ = â+ â†, p̂ = i(â† − â), (1.2)

where creation â† and annihilation âoperators satisfy the commutation relation [â, â†] =
1. We will use the convention in this thesis that x̂ and p̂ corresponds to the I and Q
quadratures respectively. Note that thexpor IQnotation is used interchangeably through-
out this thesis.
For the quadrature components, the uncertainty principle is instead

⟨(∆x)2⟩ ⟨(∆p)2⟩ ≥ 1. (1.3)

For vacuum states and coherent states (displaced vacuum states) there is an equality be-
tween left- and right-hand sides and the variances are equal, i.e. ⟨(∆x)2⟩ = ⟨(∆p)2⟩ = 1

[12, 13]. Consequentially, there is always noise present [14].
Suppose instead that the variances are not equal, i.e. ⟨(∆x)2⟩ ̸= ⟨(∆p)2⟩, then we

have something called a squeezed state [12]. According toNieto [15], squeezed states were
first discussed in 1927, then forgotten and re-discovered in 1970s – 1980s. Of particular

2IQ quadratures stems from the microwave engineering literature and refers to the in-phase or quadrature
(90◦ phase-shifted) components of a signal with respect to a local oscillator reference.

3Notice the quadrature operators are dimensionless.
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interest in the later yearswas the application of squeezed states to gravitationalwave detec-
tors [15]. Early investigations of gravitational wave detectors feared that the vacuumnoise
would wash out any signals of gravitational waves. As a solution, Caves published a paper
in 1981 [16] outlining how to use squeezed states to improve interferometer sensitivity.
The use of squeezed light in the interferometer is now part of what is called Advanced
LIGO [17, 18].

However squeezed states were explored for other applications beyond sensing. Lloyd
and Braunstein laid the theoretical foundations for quantum computing using contin-
uous variables. Lloyd [19], followed by Braunstein [20], pointed out the importance of
squeezing in quantum information processing with continuous variables. Due to these
theoretical foundations and the increasing accessibility of squeezed states in the lab, there
was a realization that large-scale entangled states could be created in a compact system
using squeezed states. This is particularly important for one-way quantum computing
using cluster states.
Originally developed in the context of qubits, one-wayquantumcomputinguses a type

of large entangled multipartite state known as a cluster state, on which quantum logical
operations are implemented with projective measurements [21, 22]. One-way quantum
computing was later extended to continuous variables in ref. [23], which spurred signifi-
cant research into cluster stater generationwith nonlinear optics [24–26]. In addition, for
compact generation one canuse an optical frequency comb,which is a set of equidistantly
spaced modes in frequency space, see ref. [27] for a comprehensive review.
Overall we observe a trend where the vacuum noise, which are random fluctuations

integral to quantumphysics, moves frombeing initially a hindrance to be considered a re-
source for information processing. As this thesis deals with squeezed states of microwave
radiation, we can invoke Rolf Landauer’s [28]words: The noise is the signal.

1.3 Thesis motivation and organization

Generating cluster states using frequency combs is not limited to optics. Quantum in-
formation in the microwave regime has seen enormous progress in the past two decades,
resulting in the field of circuit quantum electrodynamics (cQED) [29–31]. An important
key enabler is the Josephson junction, which provides a strong lossless nonlinearity. We
can also use Josephson junctions to build superconducting quantum interference devices
(SQUID:s) which acts as a tunable inductance for electrical parametric oscillators. We
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1.3 Thesis motivation and organization

can therefore use Josephson junction circuits to generate multipartite entanglement in a
microwave frequency comb.
This thesis documents the author’s experimental work in generating multipartite en-

tanglement inmicrowave frequency combs and some non-quantum applications of these
combs. Unlike optics, the microwave drive comb which is used to generate the entangle-
ment, is not created by pumping a parametric oscillator. Rather the comb is series of fre-
quencies which are carefully chosen to be integer multiples of a reference base frequency.
This combdetermines where in frequencywemeasure entanglement and also defines our
drive and demodulation frequencies from radio frequency (RF) to baseband (BB). In ad-
dition, unlike optics, our comb is generated digitally [32].
Since the comb is defined digitally, there are several appealing aspects such as coher-

ence, or one common phase reference for all tones in the comb, and the ability to arbi-
trarily define the amplitude and phase of the pump tones in the comb. The highly parallel
nature of the digital circuit that synthesizes the pump and measures the response offers
the potential to scale to many frequencies, thereby greatly reducing overhead in the form
of microwave electronics.
The main content of the thesis can be found in Paper I – Paper IV. In Paper I, the

phase and amplitude correlations between coherent tones in amicrowave comb is used to
provide information about present nonlinearities. In Paper II we consider the calibration
of an important auxiliary microwave technology, the IQmixer In Paper III and Paper IV
we investigate entanglement of surface acoustic waves and itinerant microwave photons
respectively, by analyzing the noise correlations between different frequencies.
The thesis is organized into six chapters excluding the current one. Chapter 2 intro-

duces some relevant terminology concerning the superconducting and acoustic devices
we have tested. In chapter 3, relevant information regarding the microwave techniques
are discussed with some focus on IQ mixers relevant to Paper II. The final three chap-
ters contain information relevant for Paper III and Paper IV. Chapter 4 introduces some
concepts inGaussian quantum information theory. In chapter 5 some elements ofmode-
coupling theory are used, most explicitly used in Paper III, while chapter 6 contains some
additional discussion of entanglement testing, mostly pertinent to Paper IV. The final
chapter 7 contains a brief summary and a discussion on future directions.
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2 Superconducting and
Acoustic Circuits

The work presented in this thesis focused on experimental investigations at low temper-
atures of two types of circuits, superconducting and acoustic. Despite differences in the
types of energymanipulated, electromagnetic vs. acoustic, the subsequent discussion and
analysis of their fluctuations in terms of Gaussian quantum information holds for both
systems. The collective degrees of freedom behaves as bosonic quantum oscillators at low
temperatures which we entangle throughmode-coupling. This chapter will briefly intro-
duce some basic concepts for each of these two types of circuits.

2.1 Superconducting devices

A vast majority of everyday electronics contains some finite resistance, which gives rise to
heat or dissipation. This dissipation is associated with a fluctuation of the circuit energy
through the fluctuation-dissipation theorem [14]. Typically these thermal fluctuations
are much larger than the quantum fluctuations that we are interested in exploring in this
thesis. This can be overcome by using superconducting materials, as they have vanishing
resistance at low temperatures.
A superconducting circuit can be fully characterized by the collective degrees of free-

doms charge Q and magnetic flux Φ. One can build a superconducting LC-circuit,
thereby connecting charge and flux to the common circuit variables voltage and current
using a capacitorC and inductor L respectively, which is the electrical analog of the me-
chanical mass-spring harmonic oscillator. In this electrical analog, position is replaced
by flux while charge replaces the momentum coordinate in the Hamiltonian mechanics
formulation [33]. However, when quantizing the harmonic oscillator the energy spacings
are equidistant, but non-equidistant levels, or anharmonicity, are necessary for frequency
mixing. Such oscillators are also said to be nonlinear. To achieve this, we need to intro-
duce an important circuit element which is the bread-and-butter of the cQED-field – the
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2 Superconducting and Acoustic Circuits

Figure 2.1: All Josephson junctions consists of a superconductor interrupted by a ‘weak link’ [36].
In our case, we use a SIS junction (superconductor – insulator – superconductor). The
superconductor in our case is aluminum (critical temperature 1.2 K) and the insulator is
aluminum oxide. The schematic illustration above presents an example of a planar SIS
junction. Josephson junctions are typically represented with a ‘X’ in circuit diagrams.

Josephson junction. This junction provides the essential nonlinear element, for example
in superconducting qubits [29–31] and parametric amplifiers [34, 35].

The Josephson junction consists of two superconducting electrodes connected through
a non-superconducting barrier in between, see fig. 2.1 for a schematic illustration. This
gives rise to a non-linear current-flux relation1

I = Ic sin(2πΦ/Φ0) (2.1)

where Ic is the critical current, i.e., themaximum supercurrent the junction can support,
and Φ0 = h/(2e) is the magnetic flux quantum [33, 36]. Note that if Φ ≪ Φ0, then
eq. (2.1) looks like the linear current flux relation

I = 2πIc
Φ

Φ0
=

1

LJ
Φ (2.2)

whereLJ = Φ0/(2πIc) is the Josephson inductance. The Josephson junction therefore
works as a nonlinear inductor and can be used to construct a nonlinear LC circuit [37].

Whenwe connect two Josephson junctions in parallel, forming a loop, we have a super-
conducting quantum interference device (SQUID) – see fig. 2.2. If the loop inductance
is small compared to LJ we can tune the effective critical current of the SQUID with

1Strictly speaking, the term inside brackets in eq. (2.1) is called the gauge-invariant phase difference and should
be ∆ϕ − 2πΦ/Φ0, where ∆ϕ is the difference between the phase of the superconducting condensates
across the electrodes [36]. However, we treat this term like Devoret does [33] and implicitly include the
phase into the flux term, thus defining a ‘generalized’ flux.
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2.1 Superconducting devices

a static external magnetic flux ΦDC. Given that the junctions have the same individual
critical current Ic (i.e. identical junctions), the critical current of the SQUID is

Im = 2Ic| cos(πΦDC/Φ0)| (2.3)

and the corresponding Josephson inductance provided by the SQUID device is [36]

LJ =
Φ0

2πIm
=

Φ0

4πIc| cos(πΦDC/Φ0)|
. (2.4)

We can therefore tune the effective Josephson inductance of the SQUIDwith an external
magnetic flux. Consequently, if we use this inductance to construct a LC circuit, the
corresponding frequency ω = 1/

√
LC also becomes tunable with flux. In this case, the

frequency is

ω = ω0

√
| cos(πΦDC/Φ0)| (2.5)

whereω0 =
√
4πIc/(Φ0C). In fig. 2.2, we plot the resonance frequency of a Josephson

parametric amplifier (JPA) device [34] found in Paper IV which is an LC circuit with an
embedded SQUID. The JPA was provided by NIST-Boulder. The plot shows the un-
wrapped phase of a reflected signal as a function of frequency vs. external flux in units of
the magnetic flux quantumΦ0. We can fit eq. (2.5) to data in fig. 2.2, fromwhich we can
extract the frequency ω0 = 7.77GHz. The tunable frequency is the crucial mechanism
by which we can couple frequency modes. By applying a rapidly time-varying external
magnetic flux in order to modulate the resonance frequency around a mean value, one
can build parametric amplifiers [34, 38] or frequency converters [39]. We use this prop-
erty in Paper III and Paper IV.

Besides the Josephson junction, another source of nonlinearity stems from the kinetic
inductance of the superconductor itself. The kinetic inductance, calculated by equating
the kinetic energy of Cooper pairs with the inductive energy [40], depends on the cur-
rent passing through the superconductor. Since the current is an externally controllable
parameter, the nonlinearity of kinetic inductors has been successfully used to build non-
linear devices such as amplifiers [41–44]. Characterizing the nonlinearity is therefore of
significant interest, where the nonlinearity of the kinetic inductance is enhanced with
superconducting nanowires, as in [45].
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2 Superconducting and Acoustic Circuits

Figure 2.2: A schematic circuit diagramof the JPA and a plot of the unwrapped phase (the constant
slope due to phase delay has been removed as well) of the reflected signal from a JPA, see
the setup in Paper IV. The JPA frequency (indicated by the white region with a dashed
line) is tuned with an external magnetic flux, applied with a nearby flowing current (in-
dicated as an inductor). The dashed line is the fit of eq. (2.5). For a general overview of
the state of the art JPA:s, see [34].
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2.2 Surface acoustic wave devices

The characterization relies on so-called intermodulation spectroscopy. By pumping a
nonlinear resonator with two RF tones ω1, ω2, one expects to see frequency mixing, or
intermodulation products, at

ωIMP = nω1 +mω2, (2.6)

wheren, m are integer numbers. Intermodulation spectroscopy attempts to reconstruct
the generating nonlinearity from the measured amplitude and phase of the mixing prod-
ucts. The procedure was initially developed in the context of mechanical oscillators [46].
Since nonlinear kinetic inductance is expected to generate intermodulation products as
well [47], the method is extended to superconducting circuits in Paper I.

2.2 Surface acoustic wave devices

There has been significant progress in creating so-called quantum hybrid circuits that
combine superconducting and mechanical degrees of freedom. Examples include cou-
pling nano-electromechanical resonators to superconducting qubits [48], coupling be-
tweenmultiplemicrowave andmechanical resonators [49] and transductionbetween itin-
erant microwave fields and mechanical oscillators [50].
Amechanicalmode of particular interest are the surface acoustic waves (SAW:s), which

are vibrations that travel predominantly along the surface of a medium [51]. SAW:s have
widespread use in the telecommunications industry as filters and delay lines [52]. There is
also significant application of SAW:s for quantum information, usually in combination
with superconducting circuits [53, 54]. For example, the slower propagation speeds of
SAW:s enable experiments which would have been difficult to perform with purely elec-
trical circuits, such as experimental realizations of giant artificial atoms. With SAW:s, it
is possible to construct two-level systems that are larger than the wavelength of the inter-
acting radiation [55]. In addition one can couple multiple densely packed SAWmodes to
a single qubit [56]. For an overview of various applications ranging from physics to the
life-sciences, see ref. [57].
We want to leverage the dense multimode spectrum to try to entangle SAW modes

using a four-wave mixing process, that is we want to selectively entangle SAWmodes with
frequencies ωi, ωj that satisfy the criterion ωi + ωj = 2ωp, where ωp is the frequency
of our pump. Ourmethod is presented in Paper III and amicroscope image of the device
is given in fig. 2.3.
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2 Superconducting and Acoustic Circuits

Figure 2.3: SAWdevice and schematic circuit diagram. The distance between the edges of the Bragg
mirrors is 560µm. The SQUID is indicated by the red arrow. The Bragg mirror with
integrated SQUID gives rise to a tunable nonlinear lumped-LC oscillator. The IDThas
a double finger structure to eliminate reflections from the IDT itself. See ref. [54] for
details on the circuit design. A fourth non-labelled structure is a qubit which was not
integrated into any measurements and left for future work.
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2.2 Surface acoustic wave devices

The basic layout in fig. 2.3 follows a standard SAW cavity. The center structure is an
interdigital transducer (IDT), which exploits the piezoelectric effect to convert between
acoustic waves traveling on the surface, and electrical signals traveling in a coplanarwaveg-
uide. To the right and left we can find the Braggmirrors of the device, which are periodic
gratings of metallic fingers. The device is consists of a layer of aluminum patterned on
top of a gallium arsenide substrate. For details, the interested reader is referred to Paper
III or Andersson’s thesis [54].
Themodes of a the SAWcavity are linear and theydonot interact. To couple themodes

we introduce a Bragg mirror with a SQUID connecting the top and bottom electrodes.
The mirror then forms an interdigitated capacitor connected in parallel with a SQUID
– a lumped-element LC resonator with a tunable nonlinear inductance. A nearby flux
line allows for modulating the inductance and hence the resonance frequency of the mir-
ror, using the aforementioned pump at frequency ωp. The appendix of Paper III pro-
vides a phenomenological model of the circuit by treating the SAW modes as coupled
only to a common electromagnetic mode with a rapidly modulating frequency. We treat
the nonlinear coupling as a perturbation and diagonalize the Hamiltonian by applying a
Schrieffer-Wolf transformation [30, 58], followed by a rotating wave approximation. The
final effective model describes coupled SAW modes, while the LC oscillator is now de-
coupled. The parametrically driven LC oscillator thereby mediates the inter-SAWmode
couplings.
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3 Microwave Techniques

An important part of any experimental science is the enabling technology and associated
techniques. This chapter therefore takes a look at two crucial instruments, viz. amplifiers
and IQmixers, particularly since their calibration is central to the experiments in this the-
sis. The final section touches upon the multifrequency lockin used in the experiments.
An important piece of technology that is absent from this chapter is the dilution refrigera-
tor. This is not to diminish its significance. In fact, its commercial availability is probably
one of the drivers behind the rapidly growing solid-state quantum computing industry.
However, the ins and outs of dilution refrigerators are explained better elsewhere and ad-
ditional detailswouldnot be necessarily illuminating. The interested reader is encouraged
to read Simoen’s thesis [38] for an excellent overview and to Probell’s monograph [59] for
further details.

3.1 Amplifiers

Experiments in cQED typically measure weak signals which involve only a handful of
microwave photons. For example, dispersive readout of superconducting qubits involves
fewer than 10 photons to ensure the readout is a quantum nondemolition measurement
[30]. Very low photon number is certainly true in our case since we seek to measure the
small vacuumfluctuations. The problembecomes clear if we compare to the average pho-
tonflux n̄ radiated by a black-body at room temperature. The average number of photons
at temperature T and frequency ω is calculated according to [31, 60, 61]

n̄ =
1

eh̄ω/kBT − 1
, (3.1)

where kB and h̄ are the Boltzmann constant and reduced Planck constant respectively.
At ω = 2π · 4GHz and T = 293K, the average photon number is n̄ ≈ 1500— large
enough to swamp out signals in the ten photon range.
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3 Microwave Techniques

3.1.1 Gain and noise

To boost the signal strength we use amplifiers. For our purposes, it suffices to consider
the power gain G, defined as the ratio between power dissipated at the load and the in-
put power, and the noise temperatureTN , defined as the temperature of an equally noisy
source. All our experiments (see for instance Fig. S1 in Paper IV) involve a chain of am-
plifiers, to boost the signal incrementally. The total gain is the product of each amplifier
while the noise temperature of the chain can be calculated according to Friis’ formula [62,
63]

T tot
N = TN1 +

TN2

G1
+

TN3

G2G1
+ . . .+

TNn∏n−1
m=1Gm

. (3.2)

The noise of the first amplifier will dominate, if its gain is very large. We therefore typi-
cally use a cryogenic low-noise HEMT amplifier from LowNoise Factory [64] situated at
the 4K-stage of the dilution refrigerator as our first amplifier, since it has a gain of 40 dB
and a noise temperature right above 2K in the 4 – 8GHz range. In Paper III, the first
amplifier was instead a Josephson travelling wave parametric amplifier (JTWPA) due to
its superior noise performance. It is a close relative of the JPA, but boasts impressive op-
erational bandwidths of 4 – 8GHz. The JTWPAwas provided by Lincoln Labs [65] and
full characterization can be found in [66]. Both sources document a system noise tem-
perature (with pump on) of about 600mK. JTWPAs and its sibling KTWPAs (kinetic
inductance travelling wave parametric amplifiers) are interesting enough to fill an entire
thesis. Interested readers are therefore referred to a recent review by Esposito et al. [35]
and references therein.

The JTWPA is however more sensitive to gain compression than a typical HEMT am-
plifier and extra pre-cautions must therefore be taken. Early versions of our SAW devices
had a sufficiently large coupling between flux line and RF input/output line (see Paper
III fig. 1) to allow the flux pump to leak through and cause amplifier compression. We
avoided this by sending in another tone to destructively interfere with the flux pump tone
through the JTWPA pump port. This technique was also used in ref. [67]. Later itera-
tions of the device (device B) had sufficiently small RF port-flux port coupling to avoid
amplifier compression.

Notice that the noise temperature of all amplifiers is still above the nominal base tem-
perature of 10mK. The amplifier will therefore emit noise out of the input and out-
put ports which is higher than the black-body radiation surrounding our quantum cir-
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3.1 Amplifiers

cuit. This is a source of concern, since the noise from the input risks reflecting off any
impedance mismatch and reduce the SNR. In addition, if the thermal noise reaches the
sample space, we will no longer squeeze (near) vacuum noise which is a pre-requisite for
entanglement. We call this process back-action and, following Yurke [68], the noise emit-
ted into the input line by the amplifier back-action noise. The noise emitted into the am-
plifier output line is referred to as amplifier noise.

To avoid back-action noise, we place an isolator between the signal source and the am-
plifier. The isolator is a circulator, a non-reciprocal three-port device, with a cold load
attached to it. The back-action noise is absorbed by the cold load, which only emits vac-
uum noise to the signal source. The amplified signal is therefore not dependent on the
back-action noise (or anything reflected off the amplifier for that matter) and is said to be
operated in the scattering mode [14].

The JTWPA, KTWPA, JPA and KIPA (kinetic inductance parametric amplifiers) are
all examples of (near-) quantum-limited parametric amplifiers. That means these ampli-
fiers add the (near) minimum amount of noise permitted by quantummechanics, which
is half-a-photon at the signal frequency, or equivalently, the zero-point noise of the field
mode. It is therefore common to cite the amplifier noise as added noise photons instead
of noise temperature. To see why theminimum amount of noise is not zero, we return to
our scattering amplifier and first assume the case of noiseless amplification [14] according
to1

bout =
√
Gain, (3.3)

bout† =
√
Gain

†
. (3.4)

The output operators violates however the bosonic commutation relations [bout, bout†] =
[ain, ain

†
] = 1. To satisfy the commutation relations, we introduce a vacuummode c and

modify the transformation according to

bout =
√
Gain +

√
G− 1c†, (3.5)

bout† =
√
Gain

†
+
√
G− 1c, (3.6)

where we assume c is not correlated with and commutes with ain, i.e. ⟨cnoiseain⟩ = 0 and
[cnoise, ain] = [cnoise, ain

†
] = 0 respectively. See ref. [14] for an in-depth discussion.

1Following is a very rough outline of the Haus-Caves derivation [69, 70] as given in ref. [14].
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We therefore have to contend with amplifiers adding noise. However, there is one ex-
ception. So far we have considered phase-insensitive amplification, i.e. the gain is not
dependent on signal phase. In contrast, we could choose to only amplify one quadrature
of a signal while de-amplifying the other quadrature. Such phase sensitive amplifiers can
in theory amplify without adding any additional noise [14, 37, 44].

3.1.2 Amplifier calibration

We have seen that amplifiers are a necessity, however they inevitably add additional noise
to our signal. This is particularly a problem if one wants to reconstruct the state of the
microwave field at the sample space before amplification. Knowledge of both gain and
added noise is then necessary, which requires the amplifier chain to be calibrated.
We use a procedure called Planck spectroscopy [71, 72] to calibrate the amplifier chain.

It relies on using the properties of Johnson-Nyquist noise as a probe. The noise power
spectral density emitted by a resistor at temperature T after passing through an amplifier
is

P = Ghf

[
1

2
coth

hf

2kT
+

1

2
(1 + 2n̄)

]
, (3.7)

whereG is the amplifier power gain and n̄ is the added amplifier noise in average number
of photons. In Paper III and Paper IV, wemeasure the noise emitted by the isolator 50Ω-
short and the attenuator attached to the mixing chamber input lines at various tempera-
tures of the chamber. Every data point was taken after 15 – 20min wait time to allow the
mixing chamber to reach thermal equilibrium. At lower temperatures the curve flattens
out which indicates that our measurement setup is truly measuring vacuum fluctuations
[14]. The technique is similar to the Y-factor method commonly used in microwave en-
gineering to calibrate RF amplifiers. The main difference being that the Y-factor method
typically uses only two points [62].
Thanks to our multifrequency capabilities, we can acquire gain and noise properties

as a function of frequency. In fig. S2 in Paper IV, the added noise photons fluctuates
between 10 – 25 photons with a period of roughly 120MHz. We attribute this to an
impedance mismatched transmission line between the isolator and cryogenic amplifier.
The observed variation of gain and added noise with frequency is a strong argument for
always performing these types of calibrations as a function of frequency and a reminder
that proper impedancematching is necessary to improve amplifier performance. This also
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renders our conception of the scatteringmode amplifier less realistic2. Similar oscillations
in the added noise is also observed in ref. [39] fig. 10.
The calibration method as we have implemented it has some shortcomings. Ideally

we want to know the properties of the microwave radiation at the cavity output. This
requires the noise source to be located at this point, as it defines a reference plane from
which the gain and added noise are calibrated from. However the noise emitted by the
mixing chamber input-attenuator and the isolator 50Ω-short needs to traverse cabling
before being amplified. Although if all cabling at the mixing chamber is at the same tem-
perature as the noise sources, then the reflections and losses are effectively mixing ther-
mal noise with equally hot thermal noise and does not change the nature of the probe
noise. Hence the reference plane for our calibration is found where a temperature gradi-
ent is first encountered which lies somewhere between the isolator and the first amplifier,
implying that other sources of noise, such as insertion losses from circulators and hy-
brid couplers, are ignored. The location of the calibration reference determines at which
point the quantum reconstruction takes place and hence the quantum state we recon-
struct includes insertion losses from cables. Possible improvements include a dedicated
temperature-variable noise source [73],measuring noise from dc voltage biased junctions
[74, 75], or using a qubit such as in ref. [76]. In Paper III appendix F we attempt an al-
ternative approach of estimating amplifier gain by measuring correlations between two
different frequencies. Assuming the amplifier noise to be white, the correlations should
contain information about the gain. This approach is by no means a proper gain calibra-
tion, but provides some kind of quantitative estimate.

3.2 Mixers

Modern RF transmitters and receivers architectures are typically equipped with mixers
[77–80]. The purpose is to translate signals in frequency space for access to very high fre-
quencies or facilitate filtering of spurious signals [29]. In cQED, mixers are used both at
transmission, to upconvert a lower intermediate frequency (IF) to the RF band (at GHz
frequencies), and at the receiver side, to downconvert incoming RF signals to baseband
(BB) where they aremore amenable to digital signal processing. Mixers are therefore used
extensively and this section provides a brief review of necessary terminology. For an ex-
cellent introduction to mixers, see the application notes fromMarki Microwave [81, 82].

2Ref. [14] contrasts the scattering mode with the so-called op-amp mode.
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3.2.1 Mixer basics

In Paper I and Paper II, IF signals are generated as continuous waves (CW) in the MHz
band which need to be upconverted to reach the 4–8GHz band required for our experi-
ments. This is accomplished using mixers in an architecture referred to as an IF transmit-
ter [83] or heterodyne transmitter architecture [80, 84] in wireless RF engineering. The
mixers are multipliers, which means that if the IF signal and LO signal are cos(ωt + ϕ)

and cos(Ωt) respectively, then the output at the RF port is simply

cos(ωt+ ϕ) · cos(Ωt) = 1

2
cos([Ω + ω]t+ ϕ) +

1

2
cos([Ω− ω]t− ϕ). (3.8)

In wireless engineering, this is referred to as real mixing [84, 85] and it ideally generates
two sidebands at frequencies Ω + ω and Ω − ω. It is common to refer to the desired
sideband as the signal and the spurious sideband as the image. For large IF, i.e. large ω,
the image sideband can be filtered at the RF output.
In contrast to real mixing, there is also complex mixing [84, 85] or IQ mixing [29, 31]

which is commonly used in cQED and employed in all of the experiments herein. It re-
quires an IQmixer, which is a four-port device. Two IF signals, x(t) and y(t), are relayed
to the I and Q ports of the mixer respectively, which generates the RF output [83]

r(t) = Re
[
(x(t) + iy(t))eiΩt

]
, (3.9)

whereRe[ · ] indicates the real part. Suppose that x(t) = cos(ωt) and y(t) = sin(ωt),
then according to eq. (3.9) the RF output is

r(t) = Re
[
eiωteiΩt

]
= cos(Ω + ω)t. (3.10)

Only one sideband is produced aftermixing, which is an advantage compared to real mix-
ing eq. (3.8). Driving y(t) = − sin(ωt) selects instead theΩ− ω sideband.
At the receiver end, a heterodyne architecture3 downconverts GHz signals to the base-

band for digital signal processing, which is similar to our heterodyne transmitter but op-
erated in reverse. Similarly we also employ complex mixing which gives at the IF ports
[85]

z(t) = LPF
[
r(t)e−iΩt

]
, (3.11)

3RF textbooks typically refer to this as a superheterodyne receiver [62, 78].
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where LPF[ · ] is a low-pass filtering operation that discards terms at 2Ω and z(t) is the IF
signal represented as a complex number4. Notice that if r(t) = cos(Ω−ω)t+ cos(Ω+

ω)t, then according to eq. (3.11) z(t) = 1
2e

−iωt + 1
2e

ωt = cosωt. Sidebands at Ω ±
ω will fold on to the frequency ω. If only one of the sidebands are desired, the other
sideband (image) needs to be filtered at the RF input to avoid adding additional noise or
distortion to the signal. However, as is discussed in more detail in appendix A, since we
are using complexmixing followedbydemodulating toBB, the additional image sideband
can be removed without filters – if the mixers are ideal.

3.2.2 Mixer imperfections

So far our discussion revolves around highly idealizedmodels ofmixers. Since actual mix-
ers are nonlinear and analog devices, they have imperfections. One such imperfection is
so-called mixer imbalance, the subject of Paper II. Hence for optimal performance, the
IQ mixers need to be calibrated. This is particularly important if an imbalanced upcon-
version stage and downconversion stage is used simultaneously. For instance, consider
Paper I where a comb of frequencies are used to drive a non-linear resonator. There it is
important that only one sideband is produced upon upconversion and/or the image side-
band is rejected during downconversion. Otherwise the signal will become too distorted
for a reliable reconstruction of the nonlinearity.
Additional imperfections include LO leakage and nonlinear distortion. LO leakage is

manageable, but nonlinearity which causes intermodulation distortion, is very hard to
compensate for. Intermodulation distortion is particularly an issue when up or down-
converting a frequency comb through the mixer. In Paper III and Paper IV, we solve this
by ridding of the analogmixer entirely and replacing it with a digital onewhich behaves as
an ideal mixer. The absence of mixer imperfections thus means that the image and signal
sidebands can be perfectly distinguished.

3.2.3 The multifrequency lockin

The generation and measurement of microwave combs was performed with a modified
version of the MLA-3 (in Paper I) and Vivace (in Paper II–Paper IV). Both instruments
were originally developed in the section for Nanostructure Physics at KTH, and are fur-
ther developed by Intermodulation Products AB [86]. MLA-3 [87] has 80MHz of band-
width and can handle up to 32 tones simultaneously. During my thesis project, a new
4The real part corresponds to the I port and imaginary part the Q port.
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digital microwave platform was developed, building on advances for 5G telecom or so-
called software defined radio. This new platform, named Vivace, circumvents the mixer
issues by replacing analogmixers entirelywithdigitalmultiplicationof signals, whichhave
no imbalances – see appendices in Paper III and Paper IV or the white paper [88]. Vivace
is based on the new Zynq UltraScale+ RFSoC chip from Xilinx [89]. The continuous
wave firmware for Vivace can performmodulation and demodulation at 32 frequencies5

and 500MHz bandwidth when using the digital mixer mode. The powerful capabilities
of Zynq UltraScale+ RFSoC chip is being explored by other groups for quantum tech-
nology, see for instance ref. [91, 92]. We should therefore expect to see more applications
based on this chip for direct digital synthesis and analysis, as it becomesmore common in
the field in the near future.

5The improved version of Vivace can nowadays handle up to 192 frequencies [90].
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4 Fundamentals in Quantum
Informationwith Gaussian
States

In classical digital computation, the fundamental unit of information is discrete, a bit
with the logical value 0 or 1. The state of the bit is definite, either 0 or 1. In quantum
information processing we have the quantum bit, or qubit for short as the fundamental
unit – |0⟩ or |1⟩. When we readout the state of a qubit it is either 0 or 1, like the classical
bit. However, unlike its classical counterpart, the qubit can be in a state of superposition,
e.g. of 1√

2
(|0⟩ + |1⟩), and pairs of bits can become entangled, e.g. 1√

2
(|0⟩ ⊗ |0⟩ +

|1⟩ ⊗ |1⟩). Superposition and entanglement are essential for quantum computing and
information [93].

Discrete carriers of information are not the only approach to computation. Prior to
1940s, tedious calculations were performed using so-called analog computers, where data
is typically represented with a continuous variable (CV) such as the voltage at a circuit
node or position of a rotating gear. Analog computers were, for example, used to predict
tides [94] or guide long range naval artillery in the early to mid-1900s [95]. One can also
encode and process quantum information with continuous variables. This chapter will
introduce some fundamental concepts in Gaussian CV quantum information.

4.1 Gaussian states

Re-call that for a harmonic oscillator, we can define the creation â† and annihilation op-
erators â, which act on the photon-number (Fock) states |n⟩ according to

â |n⟩ =
√
n |n− 1⟩ , â† |n⟩ =

√
n+ 1 |n+ 1⟩ . (4.1)
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Since we are only interested in bosonic states, the commutation relations are therefore
[â, â†] = 1. Furthermore, we introduce N harmonic oscillators, or modes, and define
the vector

b⃗ = (â1, â
†
1, â2, â

†
2, ..., âN , â

†
N )⊺, (4.2)

to express the bosonic commutation relations as

[⃗bi, b⃗j ] = Ωij , i, j = 1, 2, 3, ... 2N, (4.3)

where we now introduce the symplectic formΩ (the subscripts in eq. (4.3) indicate indi-
vidual elements), defined as [13]

Ω =
N⊕
i=1

ω =


ω 0 · · ·
0 ω
...

. . .

, ω =

(
0 1

−1 0

)
, (4.4)

using the direct sum operation⊕ to create a block diagonal matrix [96].

In CV quantum information, one works with operators having a continuous eigen-
spectra, such the quadrature operators x̂ and p̂, equivalent to the IQ-quadratures of the
microwave field, which we defined in eq. (1.2). Their eigenstates are respectively

x̂ |x⟩ = x̂ |x⟩ , p̂ |p⟩ = p |p⟩ , (4.5)

with eigenvalues x, p ∈ R. The two bases are related through a Fourier transform [13].

We introduce vector x⃗ = (x̂1, p̂1, ..., x̂N , p̂N )⊺1. If we use units2 such that h̄ = 2,
then the canonical commutation relation is

[x⃗i, x⃗j ] = 2iΩij . (4.6)

1The ordering of quadratures is important to pay attention to. The basis as just defined is referred to asmode
ordered. An alternative ordering that occurs occasionally in the literature is the quadrature ordered basis
x⃗ = (x1, ..., xN , p1, ..., pN )⊺.

2It is not uncommon to instead use h̄ = 1 and include a factor of 1
2
in eq. (1.2) in the literature, which gives

rise to extra factors of 1
2
. Care must therefore be exercised when comparing entanglement criteria!
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4.1 Gaussian states

In this thesis we are primarily concerned with Gaussian states, which are a subset of
CV states. Gaussian states are fully characterized by their first moment, or the mean

⟨x⃗⟩ = Tr(x⃗ρ̂), (4.7)

where ρ̂ is the state density matrix, and by their second moment given by

Vij =
1

2
⟨{∆x⃗i,∆x⃗j}⟩, (4.8)

also known as the covariance matrix V . For notational convenience, we have introduced
∆x⃗j = x̂j − ⟨x̂j⟩ and { · , · } is the anti-commutator. See ref. [13] for more de-
tails. Hence the phase-space (or IQ) distribution3 of aGaussian state is a 2N -dimensional
Gaussian function, whereN is the number ofmodes. Gaussian states simplify the theory
since only two moments are required to fully characterize the state. They are also easily
generated in a laboratory, as illustrated in the following chapters.

If the covariance matrix V is to describe a quantum state of a physical multi-modal
system, then V must be real and symmetric and

V + iΩ ≥ 0, (4.9)

which is a consequence of the commutation relations imposed on the quadrature oper-
ators x̂ and p̂. The constraint says that the matrix V + iΩ is positive semidefinite. A
consequence is that V must also be positive semidefinite. Covariance matrices satisfying
eq. (4.9) are said to be physical.

This thesis deals with the measurement and analysis of the covariance matrix, which
provides crucial information about the multimodal quantum state. In fact, in turns out
that the covariance matrix is necessary and sufficient to describe the entanglement of any
multimodal Gaussian state [13].

3Technically, the distribution that is Gaussian is the quasiprobability distribution known as theWigner func-
tion [13, 97]. We will however simply refer to it as a phase-space distribution or IQ distribution, since
the distinction is not vital for our purposes. For a discussion on how the Wigner function relates to other
quasiprobability distributions and how it is affected due to the presence of added measurement noise, see
[98].
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4.1.1 Common types of Gaussian states

The simplest example of a Gaussian state is the vacuum state. In our non-dimensional
normalized units, the covariance matrix is simply the identity matrix Vvacuum = I and
⟨x⃗⟩ = 0. In fig. 4.1awe have a 2×2-matrix representing the covariancematrix, in the IQ-
basis (or equivalently, xp-basis). The corresponding probability distribution describing
the outcome of measurements of I and Q is a circular Gaussian distribution in the non-
dimensional IQ plane. Another example of a Gaussian state is the thermal state, which
is simply Vthermal = (2n̄ + 1)I , where n̄ is the average number of photons. Another
important state is the coherent state. It has the same covariance matrix as the vacuum
state, but a non-zero first moment, i.e. ⟨x⃗⟩ ̸= 0 and can be represented as a Gaussian
‘noise ball’ displaced from the origin of the IQ plane.

A very important state is the single mode squeezed (SMS) state. Its covariance matrix
is

VSMS =

(
e2r 0

0 e−2r

)
(4.10)

where r ∈ R is commonly referred to as the squeezing parameter. Its 90◦-rotated coun-
terpart is depicted in fig. 4.1b, where the contours’ radii correspond to a standard devi-
ation of the Gaussian distribution. The dashed circle indicates the vacuum noise distri-
bution. Notice that the minor axis of the ellipse is smaller than the circular radius of the
vacuum state. The state is squeezed below vacuum whenever r > 0.

The simplest multimode entangled state is the two-mode squeezed (TMS) state. Con-
sider two modes labelled ‘−1’ and ‘1’. The covariance matrix of the TMS state is [13,
97]

VTMS =


cosh 2r 0 sinh 2r 0

0 cosh 2r 0 − sinh 2r
sinh 2r 0 cosh 2r 0

0 − sinh 2r 0 cosh 2r

. (4.11)

The state is occasionally also referred to as an Einstein-Podolsky-Rosen (EPR) state, due
to its similarities to the hypothetical state in the famous thought experiment from 1935
[99]. We can construct a cross correlation coefficient between the quadratures of two
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4.1 Gaussian states

Figure 4.1: Examples of Gaussian states, displaying both a 2D projection of the Gaussian distri-
bution in the IQ-plane and a covariance matrix. a) Vacuum state. b) Single mode
squeezed state. c) Two-mode squeezed state. For the two-mode squeezed state, the
Gaussian distribution is four dimensional, but we settle with only showing two pos-
sible 2D-projections. The dashed circle provides the vacuum state as a reference. The
bottom colorbar provides the scale for all matrices, which are given in untis of 2nwhere
n is the number of photons. All covariance matrices are given in the so-called normal
or standard form, which means that their IQ-correlations are zero. Applying single
mode phase rotations would change the colors of the off-diagonal elements of the ma-
trix, which may then cease to be in normal form. This would be visible as rotations in
the IQ plane.
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different modes, at different frequencies, e.g. I−1 and I1 (or equivalently x−1 and x1)
[100],

k2 =
cov2(I1, I2)
⟨I21 ⟩⟨I22 ⟩

=
sinh2 2r
cosh2 2r

−→ 1, as r → ∞.

At infinite squeezing, i.e. r → ∞, the I-quadratures of the modes will correlate per-
fectly. Similarly for the Q-quadratures, these become perfectly anti-correlated just as in
the EPR thought experiment. We should emphasize that states with infinite squeezing
are nonphysical as they require infinite energy [97].

In fig. 4.1c, the TMS state is plotted as a colored checkerboard to represent the co-
variance matrix eq. (4.11) together with two outlines of the distribution in the IQ plane.
Observe that the distributions of I−1 vs. Q1 and vice-versa, are circular and wider than
the vacuum reference, indicating larger, uncorrelated fluctuations in these quadratures.
This is in contrast to the cross-correlations I−1 vs. I1 orQ−1 vs. Q1, where we retain an
ellipse tilted 45◦ and with a minor axis thinner than the vacuum reference.

The covariance matrix formalism is very powerful for the analysis of entanglement in
multimodal systems. The partial trace of a Gaussian state, is simply equivalent to remov-
ing the rows and columns associated with the modes we want to trace over [96]. In the
case of the matrix of a TMS state, eq. (4.11), tracing over mode 1 leaves a diagonal 2× 2

matrix V = cosh 2rI which is equivalent to a thermal state with average number of
photons n̄ = cosh 2r−1

2 . Thus, as r increases for two-mode squeezing, the unsqueezed
fluctuations in each single mode also increase 4.

Covariance matricies have other interesting properties. For example, the tensor prod-
uct of two Gaussian states ρ̂−1 and ρ̂1 is the direct sum of their respective covariance
matrices V−1 ⊕ V1. We can also refer to the purity µ of a Gaussian state V which is
obtained from the determinant of the covariance matrix |V | as [96]

µ(V ) =
1√
|V |

. (4.12)

With our normalization of the vacuum state to be the identitymatrix, for a pureGaussian
state µ(Vpure) = 1.

4There is an interesting connection between particle creation on curved spacetimes, Hawking radiation and
two-mode squeezed states related to this. See for instance ref. [101].
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4.1 Gaussian states

4.1.2 Gaussian transformations

In the previous section, we encountered some commonmultimodal Gaussian states. We
will only concern ourselves with transformations that take Gaussian states into other
Gaussian states. These have very nice properties, as they can be represented as scatter-
ing matrices S which act on the first moments ⟨x⃗⟩ and second moments V of the state.
The scattering matrix S is real valued and we say that it is symplectic if it satisfies,

SΩS⊺ = Ω, (4.13)

whereΩ is given by eq. (4.4). The scattering matrix then transforms the first and second
moments according to

⟨x⃗⟩ → ⟨x⃗′⟩ = S⟨x⃗⟩+ d⃗ (4.14)

V → V ′ = SV S⊺, (4.15)

where d⃗ is the displacement of the state.

If a scattering matrix satisfies eq. (4.13), then it corresponds to a unitary transforma-
tion on the state operators [13, 96] (by virtue of being unitary, it also preserves the com-
mutation relations and purity of the state) which transforms Gaussian states into other
Gaussian states5. We list some common scattering matrices in table 4.1.

In general, according to theBloch-Messiah (BM)decomposition6 any symplectic trans-
formation can be decomposed into multiport interferometers and single mode squezers
[20, 96] as

S = O1ZO2, (4.16)

whereO1 andO2 are symplectic orthogonal matrices of dimension 2n which represent
multiport interferometers, and

Z =
n⊕

i=1

S̃(r), (4.17)

5This means that the Hamiltonian generating the time evolution is at most quadratic in the state operators x̂,
p̂. Hence Gaussian quantum information considers only second order interactions. See [96] for a better
treatment on the topic.

6Ref. [13] refers to the BM decomposition as the Euler decomposition.
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Transformation Scattering matrix S Note

Phase shifter
(

cos θ sin θ
− sin θ cos θ

)
θ ∈ R

Single mode squeezer
(
er 0
0 e−r

)
r ∈ R

Beam splitter


√
τ 0

√
1− τ 0

0
√
τ 0

√
1− τ

−
√
1− τ 0

√
τ 0

0 −
√
1− τ 0

√
τ

 τ ∈ [0, 1]

Two-mode squeezer


cosh r 0 sinh r 0
0 cosh r 0 − sinh r

sinh r 0 cosh r 0
0 − sinh r 0 cosh r

 r ∈ R

Table 4.1: Some common scattering matrices, adapted from ref. [13].

is a collection of n single mode squeezers S̃(r) (given in table 4.1). Note that if the input
states are vacuum states (or thermal states), then according to eq. (4.15) the interferome-
ter transformationO2 leaves the state unchanged and can hence be neglected. As a conse-
quence, any pure Gaussian state can be described as a collection of single mode squeezed
states passed throughmultimode interferometers. Single mode squeezed states can there-
fore be considered an irreducible resource, a basic building block, for Gaussian quantum
information [20].

Not all Gaussian transformations are symplectic, as for example transformations in-
volving losses/added noise. Such noisy quantum channels transform the covariance ma-
trix according to [13]

Ṽ = TV T ⊺ +N (4.18)
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4.2 Continuous variable entanglement

where T andN are real matrices and must satisfy

N + iΩ− iTΩT ⊺ ≥ 0. (4.19)

One noisy channel we are particularly interested in is the noisy amplification channel
in which T =

√
GI and N = (G − 1)(2n̄ + 1)I where G ≥ 1 is the amplifier

gain. Gaussian quantum channels are used to describe the transmission of states through
lossy cables or fibers, with transmission τ ∈ [0, 1]. In this case T =

√
τI and N =√

1− τ(2n̄+ 1)I . For additional properties, see ref. [102].

4.2 Continuous variable entanglement

In this section we introduce some terminology pertaining to entanglement of CV states,
with emphasis on Gaussian states. We will first discuss the basic nomenclature in the
context of bipartite states, i.e. statesρAB consisting of two subsystems or partitionsA and
B. These states reside in the combined Hilbert space ρAB ∈ HA ⊗HB . We close with
a discussion of separability and entanglement in multipartite states, where multipartite
specifically refers to composite systems consisting of more than two subsystems or more
than twomodes. Sincewe are discussingGaussian states, which are states of the harmonic
oscillator potential, we will use multimodal and multipartite interchangeably. We omit
details and the mathematically adept reader is encouraged to look up the references cited
herein for a more rigorous discussion.

4.2.1 Bipartite systems

Consider the two qubit state |Ψ⟩ = 1√
2
(|0⟩ |0⟩ + |1⟩ |1⟩). Since it cannot be written

as a product state, meaning that there are no two states |A⟩ and |B⟩ such that |Ψ⟩ =

|A⟩ ⊗ |B⟩, the two qubits are said to be entangled. Entangled states are a crucial re-
source for quantum information and quantum computation [93, 103]. A lot of effort is
expended into generating entangled qubits and devising methods to determine whether
or not entanglement exists, and to define quantitative measures of the entanglement.
The conceptof entanglement canbe extended tomultimodalGaussian states, forwhich

the tensor product⊗ between states |ψ⟩ is replaced by the direct sum⊕ between covari-
ance matrices V . TwoGaussian states are therefore entangled if the covariance matrix for
the combined state VAB cannot be written as a direct sum of two covariancematrices VA
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4 Fundamentals in Quantum Information with Gaussian States

and VB . For example, the TMS covariance matrix VTMS in eq. (4.11) cannot be expressed
as a direct sum of two matrices VTMS ̸= Va ⊕ Vb for all r > 0.

However this extensionworks only for pure states. Consider the bipartite state residing
in the combined Hilbert space. The bipartite state ρAB is said to be separable if and only
if

ρAB =
∑
j

pj(ρA,j ⊗ ρB,j), (4.20)

where the probabilities pj sum to unity,
∑

j pj = 1, and ρA,j , ρB,j are different mixed
states in the subsystems A and B respectively. If ρAB can not be written according to
eq. (4.20), then the state is said to be non-separable or entangled [93, 104].

This notion of separability applies to Gaussian states as well. The purity of the TMS
state in eq. (4.11) isµ = 1 according to eq. (4.12). We therefore need a systematicmethod
to determine whether a mixed bipartite state is separable. In this work we explore entan-
glement criteria for Gaussian states that we will broadly divide into two types: partial
positive transpose tests and entanglement witnesses.

The positive partial transpose (PPT) tests whether a bipartite densitymatrix is separable
by performing an operation known as a partial transpose [103, 104]. For the case of Gaus-
sian states, PPT amounts to changing the sign of themomentum operator (time reversal)
for one of the subsystems, i.e. (x1, p1, x2, p2) → (x1, p1, x2,−p2). The covariance
matrix V transforms according to

Ṽ = ΛV Λ, (4.21)

Λ = diag(1, 1, 1,−1). (4.22)

Simon in [105] shows that a necessary and sufficient condition for separability of the bi-
partite Gaussian state given by the matrix V , is

Ṽ + iΩ ≥ 0. (4.23)

Recall that this is the condition of being physical, see eq. (4.9). If the state remains physi-
cal after a partial time reversal, it is separable. However, the PPT test is only necessary and
sufficient for two-mode Gaussian states which is the simplest case. There are a few addi-
tional special cases where satisfying eq. (4.23) equals separability, such as 1×N Gaussian
states. See ref. [13] for a summary. The PPT test was used in Paper III for bipartite states.
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4.2 Continuous variable entanglement

Figure 4.2: An entanglement witness defines a line that divides all possible states into two subsets,
the states to the left of the line have negative mean values Tr(ρŴ ), while the states to
the right have positive. All states on the left are entangled. However not all states on the
right are separable. An entanglementwitnessŴ typically does not identify all entangled
states correctly, only a subset of them. We seek a witness that excludes separable states
and includes as many entangled states as possible to the left of the line. Adapted from
[103, 104].

Another approach to test for separability is to use an entanglement witness, which
should ideally not require full quantum state tomography and is therefore convenient for
very large entangled systems. Given aHermitian operator Ŵ , if for all separable bipartite
states ρseparable ∈ HA ⊗HB

Tr(ρseparableŴ ) ≥ 0 (4.24)

and there exists at least one entangled bipartite state ρentangled ∈ HA ⊗HB such that

Tr(ρentangledŴ ) < 0, (4.25)

then Ŵ is called an entanglement witness [103, 104]. There are an infinite number of Ŵ
that could satisfy these criteria, but some are better than others. A good entanglement
witness should be feasible to measure (ideally with as fewmeasurements as possible), and
should not be sensitive to only one type of entangled state, but encompass as many as
possible. We represent these features schematically in fig. 4.2. A typical entanglement
witness will not successfully identify all types of entangled states, but hopefully a signifi-
cant number of states that we expect to generate in the experiment.
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For CV states and Gaussian states in particular, entanglement witnesses amount to
testing linear combinations of second moments of the measured field quadratures to de-
termine inseparability. Hence such tests are only a sufficient condition for inseparability
for general CV states. For Gaussian states however, the condition for inseparability is
necessary and sufficient [106]. One such test is devised by Duan et al. [107]. Consider a
bipartite state ρAB ∈ HA ⊗HB . Assume we can measure the operators

û = |a|x̂A +
1

a
x̂B , (4.26)

v̂ = |a|p̂A − 1

a
p̂B , (4.27)

where a is an arbitrary real non-zero number. The state ρAB is separable if

⟨(∆û)2⟩+ ⟨(∆v̂)2⟩ ≥ 2(a2 +
1

a2
), (4.28)

where∆û = û−⟨û⟩ and similarly for v̂. TheDuan criterion provides a sufficient condi-
tion for entanglement between two CV subsystems. If the subsystems are also Gaussian,
then the criterion is a necessary and sufficient condition for inseparability. In terms of
the covariance matrix V , the left-hand side of eq. (4.28) can be written as

⟨(∆û)2⟩+ ⟨(∆v̂)2 = Tr(V u⃗u⃗⊺) + Tr(V v⃗v⃗⊺), (4.29)

with vectors u⃗ = (|a|, 0, 1a , 0)
⊺ and v⃗ = (0, |a|, 0,− 1

a )
⊺ describing the û, v̂ operators

in the (x̂A, p̂A, x̂B , p̂B)-basis (this assumes of course that the covariance matrix V is in
the same basis).

4.2.2 Multipartite systems

So far we have restricted the discussion to bipartite entanglement between exactlyN = 2

subsystems. Multipartite entanglement deals with subsystemsN > 2 subsystems. This
extension is necessary formore complex quantum tasks such as Gaussian boson sampling
[108] ormeasurement-based quantum computing (MBQC) [27, 109] using so-called clus-
ter states [25, 26]. The description of multipartite entanglement requires some additional
terminology beyond what we have already introduced for bipartite states.

38



4.2 Continuous variable entanglement

The condition for separability is the most straightforward to generalize tomultipartite
states. AnN -partite state ρ ∈ H1 ⊗ . . .⊗HN is separable if and only if

ρ =
∑
i

pi

N⊗
j=1

ρj (4.30)

where
∑

i pi = 1 and ρj ∈ Hj .
As an example, consider four statesABCD. The composite state ρABCD is separable

if it can be written as a sum of ρA,j ⊗ρB,j ⊗ρC,j ⊗ρD,j , where j labels different mixed
states. But there are plenty of different composite states that violate eq. (4.30). Suppose
instead that

ρABCD =
1

2
(ρA ⊗ ρBCD + ρAB ⊗ ρCD), (4.31)

where the state is a mixture of partially separable states. The state ρABCD is called bi-
separable, since it can be written as a mixture of states which are tensor products of bipar-
titions. Now consider instead the case

ρABCD =
1

2
(ρA ⊗ ρB ⊗ ρCD + ρAB ⊗ ρC ⊗ ρD), (4.32)

which consists of a mixture of tensor product states of three partitions of the composite
system. In this case, ρABCD is said to be a tri-separable state. In general, a state is k-
separable if it can be expressed as amixture of product states between k disjoint partitions
of the composite state [104].
We can view this as an entanglement hierarchy. Consider a composite system con-

sisting ofN modes. At the bottom of the entanglement hierarchy we findN -separable
states, also known as fully separable states described by eq. (4.30). At the next level up in
the hierarchywe have stateswhich are (N−1)-separable, and above thatwe find (N−2)-
separable states and so forth. At some point we arrive at bi-separable (2-separable) states,
which is the second highest point on the hierarchy. The top of the hierarchy is occupied
by stateswhich containnopartially separable states and are therefore called genuinelymul-
tipartite entangled (GME) states. Furthermore an N-mode system which is k-separable,
is also k′-separable with k′ < k. Conversely if the state is instead k-inseparable, then it is
also k′-inseparable for k′ > k [104].

It becomes clear that multipartite entanglement contains a lot of additional structure
not found in bipartite states that needs to be considered. Given a composite quantum
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state, it is not straight forward to figure out what kind of separability or inseparability
exists, see for instance ref. [103]. In Paper III and Paper IVwe use entanglement witnesses
tailored to some given partitioning of the composite system [110]. It is therefore com-
mon to perform a test between all types of partitions to exclude separability and conclude
where in the partial-separability hierarchy the state is found. However this can be com-
putationally heavy [111, 112], as the number of partitions7 grow rapidly with the number
of modes or subsystemsN .
In Paper III and Paper IV, we use a test developed by Shchukin and van Loock [106,

114] (henceforth referred to as the SvL criterion). The test states that a N -partite state
with a covariance matrix V is separable with respect to some k-fold partitioningP if

Tr(V IIH) + Tr(V QQG)− 2
k∑

i=1

|⟨⃗hPi
, g⃗Pi

⟩| ≥ 0 (4.33)

where h⃗ and g⃗ are real-valued vectors of length N , V II and V QQ are the block ma-
trices in V containing only II- and QQ-correlations respectively8, the rank-1 matrices
H = h⃗h⃗⊺ andG = g⃗g⃗⊺, and Pi denote indices of modes that belong to the ith parti-
tion inP = ∪k

i=1Pi (Pi is disjoint for all i). The vectors h⃗Pi and g⃗Pi are vectors with
elements from h⃗ and g⃗ corresponding to modes belonging to the partitionPi. For exam-
ple, suppose we have four modes labelled {1, 2, 3, 4}. We can then introduce the vectors
h⃗ = (h1, h2, h3, h4)

⊺ and g⃗ = (g1, g2, g3, g4)
⊺. The angled brackets ⟨·, ·⟩ indicate the

inner product. For the bipartition {1, 2|3, 4}, orP1 = {1, 2} andP2 = {3, 4}, we also
have vectors h⃗P1 = (h1, h2), g⃗P1 = (g1, g2), h⃗P2 = (h3, h4) and g⃗P2 = (g3, g4).
For a tripartition we would have three sets P1, P2 and P3, and the vectors would be con-
structed similarly.
In Paper III and Paper IV, we test all bipartitions and find that all possible bipartitions

are inseperable, i.e. we can find a pair of vectors h and g where eq. (4.33) is violated in
every bipartition. However we cannot convincingly establish GME. To show GME one
needs to find one single pair of vectors h⃗ and g⃗ that violates the inequality for all biparti-
tions. In the aforementioned papers we found different pairs of vectors h⃗ and g⃗ for each
bipartition (through numerical optimization). We therefore claim our state to be fully
inseparable, which means that no partition is separable from the rest of the composite

7The number of partitions is given by the Stirling number of the second kind [113].
8This is the so-called normal form or standard form of a covariance matrix, when IQ-correlations are zero.
Any covariance matrix can be cast into normal form using local linear unitary Bogoliubov operations
(LLUBO) [105, 107],which includes single mode operations such as phase rotations.
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system. Where this lies in the entanglement hierarchy is ambiguous. It definitely rules
out full separability, but what kind of separability remains unknown and requires a more
thorough analysis.
Notice that the triangle inequality implies for example that |h1g1 + h2g2 + h3g3| ≤

|h1g1 + h2g2| + |h3g3| or |h1g1| + |h2g2 + h3g3| ≤ |h1g1| + |h2g2| + |h3g3|.
The broader implication is that a violation of eq. (4.33) with k-fold partitioning will also
violate the criteria for k′-partitioning, where k′ > k. Entanglement in the bipartite case
will therefore also yield entanglement when testing higher order partitions. However, it
is not the case that bi-separability implies tri-separability. It can therefore still be useful to
probe higher order partitioning in the case of lower order separable states. See ref. [112]
for an interesting case of a bi-separable state that is not tri-separable. Furthermore, such
states may have some uses. In the review ref. [103], some applications of bi-separable non-
CV states are mentioned.

41





5 Multimode Coupling

This chapter will present some tools for calculating the scattering matrix, which was in-
troduced in sec. 4.1.2. There the scatteringmatrixS is given in thexp- or IQ-basis, which
is consistent with the covariance matrix. However, it is convenient to calculate the scat-
teringmatrix using the basis of ladder operatorsa, a†-basis, which is denotedwithS. The
scattering matrices S and S are related by a basis transformation, defined by the relation
between xp- and a, a†-basis in eq. (1.2). This chapter provides an overview of how to
calculate the scattering matrix of a coupled multimode system. The reader interested in
the details is referred to the references cited herein.

5.1 Input-output theory

We are interested in the statistics of the radiation emitted from the cavity. We therefore
need a method to deal with quantum systems connected to an environment. Exchange
of energy between a classical system and the many degrees of freedom in its environment
give rise to damping of the classical motion. In quantum systems the environment not
only causes relaxation, but also decoherence.

Damping in quantum systems needs particular care. Consider a classical damped har-
monic oscillator

dx
dt

=
p

m
(5.1)

dp
dt

= −γp−mω2x (5.2)

where γ is the damping rate andx, p is the position andmomentum of amassive particle.
If promoted to quantum mechanical operators, these should satisfy the commutation
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relations [x̂, p̂] = ih̄. Differentiating the commutator with respect to time results in
[115]

d
dt
[x̂, p̂] = −γ[x̂, p̂] (5.3)

and hence

[x̂(t), p̂(t)] = [x̂(0), p̂(0)]e−γt. (5.4)

We arrive at the incorrect conclusion that the commutator decays with time. Classically,
the commutator can be zero, but quantum mechanics requires that the commutator is
non-zero for conjugate variables. Open systems coupled to an environment must there-
fore be handled differently in quantummechanics.
As this thesis deals with Gaussian states, we only need the first and second order mo-

ments. A convenient approach is therefore the quantum Langevin equation (QLE)1,
which states that the time-evolution of the intracavity operator âm (we primarily work in
the Heisenberg picture) acts on the intracavity field is given by [60, 117]

d
dt
âm =− i

h̄
[âm,Hsys]

−
∑
n

(
[âm, ĉ

†
n]
{γn

2
ĉn +

√
γnb̂in,n(t)

}
−
{γn

2
ĉ†n +

√
γnb̂

†
in,n(t)

}
[âm, ĉn]

)
,

(5.5)

whereHsys is the Hamiltonian of the principal system not interacting with the environ-
ment, γn is the coupling rate between mode m and loss channel n and ĉn is a system
variable that bath b̂in,n interacts with. In this thesis, we use that ĉ is one of the intracavity
operators â. The subscript of b̂in indicate these fields head towards the cavity, or equiv-
alently [â(t), b̂in(t′)] = 0 for t′ > t [60]. The subscriptm on the intracavity operator
indicates that the system could be a multimodal system consisting of several cavities, or
modes. In such cases we would have a system of equations.
The first term is the contribution from Heisenberg’s equation of motion, while the

second term within brackets arises due to some loss channel linking the cavity to its en-
vironment with some rate γ. This could for instance be a capacitive coupling between a

1Similarly to the Langevin equation, one can write down a quantum stochastic differential equation. For
a rigorous discussion, see the paper by Gardiner and Collett [60] or the book by Wiseman and Milburn
[116]. These references also clarify how the QLE is related to the Lindblad master equation.
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resonator and a transmission line. Typically, a cavity is connected to its environment in
multipleways, as is the casewith internal losses or two-port devices. Each of these adds an-
other loss channel with some characteristic loss rate γn which contributes another term
to eq. (5.5), where n labels the loss channel. The loss channels can couple to different
intracavity variables or the same variable, hence the subscript on ĉn. Each loss channel is
also with incoming fields b̂in,n [117],which can be a coherent signal or, as is of interest to
us, noise (vacuum or thermal).

If the input is a coherent signal, we can replace all operators in eq. (5.5) with complex
values since coherent states are eigenstates of the annihilation operator â |a⟩ = a |a⟩,
where a is a complex eigenvalue. Such an equation describes the mean cavity field and
is a semi-classical expression, which means it produces no physics that can be exclusively
described using quantum mechanics, despite the quantum approach in eq. (5.5). As an
interesting side note, Yurke in ref. [117] shows how to quantize the harmonic oscillator
by first deriving the Langevin equation for a classical harmonic oscillator coupled to a
transmission line and then subjecting it to incoming vacuum noise.

It is very convenient to work in frequency space by applying a Fourier transform to
eq. (5.5). This is particularly true if eq. (5.5) is linear2 in all intracavity operators âi, which
is the case in Paper III and Paper IV. In the frequency domain we can write the matrix
expression as3

−iMa⃗[Ω] = Γext⃗bextin [Ω] + Γint⃗bintin [Ω], (5.6)

whereM is the mode coupling matrix, Γ is a diagonal matrix with Γmm =
√
γm and

a⃗[Ω] is a vector of intracavity field operators/amplitudes. The incoming field operators
entering the cavity from the loss channels are given by b⃗in[Ω]. The frequency at which the
expression or quantity is evaluated at is given byΩ. The superscripts indicate whether the
loss channels are external or internal, the difference beingwhether or not the channels are
accessible to an experimentalist.

2A famous system where this will not be automatically the case is the Duffing oscillator/Kerr cavity. The
equation of motions can then be linearized, see for example the approaches in [61] and [118].

3Throughout this thesis we will make the assumption that the integration bandwidth is a lot smaller than
the linewidth of the mode, which is valid for all our experiments. This permit us assume the noise to be
frequency independent within this bandwidth. We also assume that the couplings rates to the environment
are frequency independent, an assumption Gardiner and Collett called the first Markov approximation
[60]. Consequentially, we are assuming aMarkovian dampingmodel, i.e. the environment has nomemory
of past states of the system.
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5 Multimode Coupling

Coupling type Graph M a⃗

parametric amplifier a∗−1 a1

ϵ∗

−ϵ

∆1−∆∗
−1

(
−∆∗

−1 −ϵ
ϵ∗ ∆1

) (
a∗−1

a1

)

frequency converter
a−1 a1

ϵ∗

ϵ

∆1∆−1

(
∆−1 ϵ
ϵ∗ ∆1

) (
a−1

a1

)

Table 5.1: Coupling graph and matrix of two important parametric processes. For other coupling
processes, see ref. [121]. The last column a⃗ specifies the basis in which the vectors are
expressed and is also valid for the incoming noise fields b⃗in (simply replace ai by bin,i).

To explore a few properties of the mode coupling matrix we use some graphical meth-
ods developedbyRanzani andAumentado [119]. Apedagogical discussionof thesemeth-
ods can be found in ref. [120] and ref. [121]. Many types of couplings can be represented
by graphs and which are graphical representations of the coupling matrixM . For the
purpose of this thesis, it is sufficient to list two types of coupling: parametric amplifica-
tion and frequency conversion, as shown in table 5.14. Note that the operator notation
has been dropped, in order to emphasize that these parametric processes are not neces-
sarily quantum mechanical in nature5. In table 5.1, ϵ is an effective coupling strength,
proportional to the applied pump, and∆m = Ωm − ωm + iγm/2 is a frequency de-
tuning parameter. The mode frequency is indicated by ωm and the applied probe/signal
frequency isΩm. The total loss rate of modem is defined as γm = γextm + γ intm . For nota-
tional brevity we only list half of the linear equations necessary to fully specify the mode
coupling, henceM is written as a 2×2-matrix instead of the expected 4×4-matrix. The
remaining two equations can be obtained using the appropriate complex conjugation of
eq. (5.6).

With the mode coupling formulation, a linear relation can be formulated between the
intracavity field and input fields. Although this is typically insufficient since the intra-

4To be consistent with Paper III, we use another sign convention than for instance found in Naaman and
Aumentado [121].

5Wewill implicitly adopt Yurke’s approach [117]by treating the scattering and the system semi-classically and
only adopt a quantum approach once the incoming noise is (almost) vacuum noise. The ‘quantumness’ is
manifested as the fact that all covariance matrices generated by the scattering matrix must satisfy eq. (4.9).
This also allows us to claim entanglement, but only if the incoming noise is actually (almost) vacuumnoise.
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5.1 Input-output theory

cavity fields are not directly measured, but it is rather the outgoing fields emitted by the
cavity.

At least concerning squeezing, this distinction between intracavity and outgoing fields
has physical consequences. The intracavity field fluctuations can be squeezed by only a
factor of two [122] and therefore cavities were initially considered sub-optimal candidates
for generating squeezed states. However, the output field can be squeezed an arbitrary
amount [123], due to interference between the reflected and re-emitted fields [117].

In the loss channel labelledm, the relationship between intracavity fields and outgoing
fields bout,m are [117]

b̂extout,m =
√
γextm âm − b̂extin,m. (5.7)

In our experimental design we over-couple the transmission line to the cavity, i.e. Γint ≪
Γint, so that cavity losses are dominatedby the outgoingfields thatwemeasure (an external
loss channel). We therefore typically only consider external loss channels for simplicity.
A circulator allows for separation of the incoming from outgoing fields. With eq. (5.6) ,
we can write the matrix expression as

b⃗extout[Ω] =(iΓextM−1Γext − I )⃗bextin [Ω] + iΓextM−1Γint⃗bintin [Ω]

=Sb⃗extin [Ω] + S̃b⃗intin [Ω], (5.8)

where we introduce the scattering matrix

S = iΓextM−1Γext − I (5.9)

and the internal-to-external scattering

S̃ = iΓextM−1Γint. (5.10)

In the absence of any frequency translations, the scattering matrix is equivalent to the S-
parameters inmicrowave engineering [121]. Thenext section considers some simplemode
coupling cases and the scattering matrix in more detail.
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5 Multimode Coupling

5.2 Single parametric pump

As an example we can study the parametric amplifier case in table 5.1. We will neglect in-
ternal losses and assume both modes are identical, i.e. γ = γ±1 = γext, and the response
frequency is Ω±1 = ω±1, which simplifies ∆±1 = iγ/2. According to eq. (5.9), the
corresponding scattering matrix is

S =
1

γ2 − 4|ϵ|2

(
γ2 + 4|ϵ|2 −4iγϵ

4iγϵ∗ γ2 + 4|ϵ|2

)
, (5.11)

where b⃗in = (b̂ext†in,−1, b̂
ext
in,1)

⊺ and b⃗out = (b̂ext†out,−1, b̂
ext
out,1)

⊺. Observe that |S| is symmetric
(|·| denotes the absolute value) and thematrixS has a singularitywhere |ϵ| = γ/2. From
inspection of the diagonal elements S11 and S22, we can conclude that at |ϵ| = γ/2

there is infinite gain, which is nonphysical. This is due to the absence of any internal
losses and no pump depletion [61]. One can also compare this to a oscillator without
any damping, which has infinite response at resonance. The parametric pump could be
viewed as ‘plugging’ the leakage of energy due to damping that arises from the coupling
to the input port.

This is the general form of the well-known parametric amplifier case, where a single
pump (or monochromatic pump) couples twomodes, and constitutes the basic building
block for the mode coupling interactions in Paper III and Paper IV. It has been studied
in great detail by, e.g. refs. [61, 124]. The complex conjugation used here emphasises that
quantummechanics is not necessary at this stage and the operators can be instead treated
as complex values.

The scatteringmatrix eq. (5.11) is a measurable quantity and can be compared to data.
For example, consider the reflection plot in the upper part of fig. 5.1, where a weak probe
tone (frequency swept along the horizontal axis) and strong pump tone (vertical axis) are
applied at the interdigital transducer (IDT) of a SAW cavity with several coupled modes
(referring to the sample in Paper III and discussed in sec. 2.2). The vertical lines corre-
spond to SAWmodes and horizontal lines correspond to a shift in the background when
the pump drives a SAWmode.

The interesting feature is the collection ofwhite diagonal lines with a slope of 1
2 , which

is a consequence of the four-wave mixing criteriaΩp = 1
2Ωs +

1
2ωSAW, whereΩp is the

applied pump frequency and Ωs is the applied signal (or probe) frequency. Each SAW
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5.3 Two parametric pumps

mode ωSAW contributes to a line, giving rise to the grid-like appearance. This can also be
reproduced using our scattering model eq. (5.11), as shown by the bottom of fig. 5.1.
As a final point, we can compare the scattering matrix formulation to the Bogoliubov

transformation. A general linear unitary Bogoliubov transformation is given by [13, 20,
97]

b̂m =
∑
n

(
Ãmnân + B̃mnâ

†
n

)
+ βm (5.12)

whereβm is a complex number (a displacement transformation [13]), and Ãmn and B̃mn

satisfies

ÃB̃⊺ = (ÃB̃⊺)⊺ (5.13)

and

ÃÃ† = B̃B̃† + I (5.14)

which ensure preservation of the bosonic commutation relations. The Bogoliubov trans-
formations are equivalent to Gaussian transformations, i.e. it transforms Gaussian states
into Gaussian states [97]. From the scattering matrix eq. (5.11), we can extract Ã and B̃
to be

Ã =
γ2 + 4|ϵ|2

γ2 − 4|ϵ|2

(
1 0

0 1

)
, (5.15)

B̃ =
4iγϵ∗

γ2 − 4|ϵ|2

(
0 1

1 0

)
. (5.16)

Explicit calculation shows that eq. (5.13) and eq. (5.14) are satisfied. Indeed, the scattering
matrix eq. (5.11) turns out to be symplectic. However, in the presence of internal losses
the equality no longer hold.

5.3 Two parametric pumps

Next we can study a system relevant to Paper IV, namely parametric amplifier couplings
generated by twopumps. If the pumps have different frequencies, we call it a bichromatic
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5 Multimode Coupling

Figure 5.1: Two tone spectroscopy of coupled SAW modes. Top figure is data taken from a two
tone spectroscopy experiment onmulti-modal SAWcavity, where a strong pump (signal
generator) together with a weak signal (vector network analyzer) is supplied to the IDT.
The color scale depicts the reflected signal amplitude. The plot shows a series of white
diagonal lines, which satisfies the 4-wave mixing criterion. As a reference, lines with
slope of 1

2
is plotted in the upper left corner. A faint black diagonal is visible with slope

1, which corresponds to the pump bleeding through to the signal receiver. The bottom
figure is a simulation based on the simple two-mode parametric coupling model. The
same diagonal lines due to four-wave mixing appear in the simulation. The effect is
however small, which requires truncating the upper limit to the color scale to enhance
visibility. Pump coupling is |ϵ| = γext/2.2 andγext = 100 kHzwith negligible internal
loss.
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5.3 Two parametric pumps

pump (in contrast to a monochromatic pump which uses a single frequency). The sim-
plest mode coupling graph can be drawn as fig. 5.2, from which we can write down the
mode coupling matrix as

M =

∆−1 −ϵ 0

ϵ∗ −∆∗
0 −ϵ

0 ϵ∗ ∆1

 (5.17)

in the a⃗ = (a−1, a
∗
0, a1)

⊺ basis. The edges are generated by different pumps and they
can generally have different complex weights, but we will assume an identical weight ϵ for
simplicity.

a†0

a−1 a1

ϵ∗

−ϵ

ϵ∗

−ϵ
∆1∆−1

−∆∗
0

Figure 5.2: Three modes coupled to a common center mode.

Just as the two-mode case, we can calculate the scatteringmatrix. Assuming no internal
losses and only one port for each mode, the scattering matrix is

S =
1

γ2 − 8|ϵ|2

 γ2 −4iϵγ −8ϵ2

4iϵ∗γ γ2 + 8|ϵ|2 −4iϵγ

−8ϵ∗2 4iϵ∗γ γ2

. (5.18)

Notice the appearance of a singularity at |ϵ| = γ/(2
√
2), where we have infinite gain,

and that |S| is symmetric. As in the monochromatic pump case, the scattering matrix
eq. (5.18) satisfies the conditions laid out for the Bogoliubov transformation eq. (5.13)
and eq. (5.14).
Both monochromatic and bichromatic pump schemes can generate entangled states

from vacuum. The parametric amplifier is well known to generate two-mode squeezed
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5 Multimode Coupling

states, see for example refs. [61, 118, 124, 125]. However parametric amplification with
two pumps, or a bichromatic pump, has not been as extensively studied in the supercon-
ducting circuit literature [126, 127], although recently a bichromatic pumpwas employed
to generate two-mode squeezing in a TWPA [128]. In Paper IV, the bichromatic pump
scheme is used to generatemultipartite entangled states. Not only is the scatteringmatrix
useful in calculating resulting state, we can also use the scattering matrix formulation to
provide some intuitive understanding of how entanglement is generated. To that end we
proceed to the Bloch-Messiah decomposition.

5.4 Bloch-Messiah decomposition

The scatteringmatrices eq. (5.11) and eq. (5.18) are symplectic due to the absence of inter-
nal losses and can be decomposed according to the Bloch-Messiah (BM) decomposition
in eq. (4.16). The three-mode case is worked out in detail in appendix B. The conditions
of our experiment approximate vacuum fairly well, which justifies dropping the firstmul-
tiport interferometer transformationO2 since passing vacuummodes through still gives
us vacuum modes. This leaves us with the BM decomposition for vacuum input states
as6

S = O1Z. (5.19)

These remaining two transformations are schematically represented7 infig. 5.3. The squeez-
ing operator in the two-mode case fig. 5.3a and the three-mode case fig. 5.3b are respec-
tively

Z2 =
2⊕

i=1

(
γ+2|ϵ|
γ−2|ϵ| 0

0 γ−2|ϵ|
γ+2|ϵ|

)
(5.20)

and

Z3 =
2⊕

i=1

γ+2
√
2|ϵ|

γ−2
√
2|ϵ| 0

0 γ−2
√
2|ϵ|

γ+2
√
2|ϵ|

⊕ I, (5.21)

6Remember that the scattering matrix S is given in the IQ-basis, in contrast to S which is given in the a, a†-
basis.

7Phase shifters are also included in the network, but are ignored in the diagram for clarity.
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5.4 Bloch-Messiah decomposition

(a)Monochromatic parametric amplifica-
tion.

(b) Bichromatic parametric amplification
with three modes.

Figure 5.3: BM decomposition of scattering matrices in eq. (5.11) and eq. (5.18) represented using
beam splitters. In the monochromatic case, two single mode squeezed modes are sent
through a balanced beam splitter. In the bichromatic case, an additional beam splitter
is added, but with vacuum entering the one port.

where I is the identitymatrix. Comparing to the singlemode squeezing scatteringmatrix8

in table 4.1, the corresponding squeezing parameter is

r2 = ln
[
γ + 2|ϵ|
γ − 2|ϵ|

]
and

r3 = ln

[
γ + 2

√
2|ϵ|

γ − 2
√
2|ϵ|

]

respectively. The singularities in scattering matrices eq. (5.11) and eq. (5.18) can also be
interpreted as points of infinite squeezing. It should be emphasized that the squeezed
states in the BM decomposition does not correspond to the modes in our measurement
basis, rather they are linear combinations of our measurement modes, which can be visu-
alized as a network of interferometers and phase shifters. Or equivalently, the measure-
ment basis is a linear combination of the so-called squeezing basis.
We canmake an interesting comparison to squeezed state generation in optics. Fig 5.3a

depicts the generation of two-mode squeezed states using beam splitters, see for example
ref. [129]. A similar setup to fig. 5.3b has been used to realize cluster states [130] and
8The scattering matrix in table 4.1 minimizes the I-quadrature, or x-quadrature.
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5 Multimode Coupling

investigate EPR steering [131]. Teh andReid [132] refer to this arrangement as aCVEPR-
type state and they show that it generates genuine tripartite entanglement. Replacing the
vacuum state with another squeezed state results in a CVGreenberger–Horne–Zeilinger
(GHZ) state [132]. The evidence of genuine two-mode and three-mode entanglement in
those idealized systems are encouraging. However, to detect entanglement in our non-
ideal experiment, we must resort to the full machinery offered by the covariance matrix
formulation.

5.5 Beyond two pumps

When deriving the scattering matrix and subsequent BM decomposition, we have as-
sumed real pumps (i.e. all having the same phase of zero) of equal strength. As more
pumps are added, their relative strength and phase become important knobs that the ex-
perimentalist can easily control to tailor the scattering betweenmodes. We consider some
simple cases in this section.
We start by looking at the casewith fourmodes and three parametric amplifyingpumps

driving a four-wavemixing process, similar to the setup investigated in Paper III. A simple
simulation result is shown in fig. 5.4. Themode basis of the scatteringmatrix is indicated
with ai by the top and rightmost labels. The color codes the magnitude of the scatter-
ing matrix, plotted as a function the frequency offset between the pump comb and the
comb of coupled modes (x-axis), and the phase of one of the three pumps (y-axis). The
remaining two pumps are kept at a fixed phase of 0◦ and −36◦ respectively. Adjusting
either one of these phases shifts the red peak up or down along the phase-axis. It is in-
teresting to note that the scattering matrix is symmetric, representing a reciprocal device
that is invariant under the exchange of input and output ports.
Amore interesting scattering matrix is obtained when one of the three parametric am-

plifying pumps is replaced by a frequency converting pump. The frequency converting
pump is applied at a significantly lower frequency not shown in the schematic fig. 5.5,
corresponding to twice the separation between neighbouring modes, as indicated by the
length of the orange line. Here again only one pump phase is swept in the simulations
while the other twopumpphases (one parametric amplifier pump and the frequency con-
verter pump) are kept fixed at 0◦. Themagnitude of the scattering shows a wishbone-like
pattern as a function of offset and phase. But the matrix is now asymmetric, indicating
non-reciprocity. Non-reciprocal features also appears in the work by Hung et al. [133]
wheremultiple pumps were used to simulate a bosonic Creutz ladder, as well in the work
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5.5 Beyond two pumps

Figure 5.4: Simulated scattering matrix with three parametric amplifying pumps. The upper fig-
ure schematically depicts the comb of coupled modes labeled 0...3, a comb of pump
frequencies indicated by vertical arrows, and a comb of measurement frequencies in-
dicated by short vertical lines. The measurement frequencies are placed exactly in be-
tween each pump tone. The pumps drive four wave mixing processes which couple
the measurement frequencies. The bottom figure displays the scattering matrix as the
pump 1 phase (see label in figure) is varied (y-axis), while the remaining pump phases are
kept fixed. We also vary the comb-offset (x-axis), or detuning between themeasurement
(pump) comb and mode comb. At 0Hz detuning the combs align with the mode res-
onances and we have maximum scattering amplitude The simulation assumes a mode
linewidth of γext = 15MHz with no internal losses and identical pump amplitudes.
We assume the modes are located between 3.8GHz and 4.5GHz, equidistantly spaced
by 200MHz. The pump induced coupling strength is |ϵ| = γext/4.02.
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5 Multimode Coupling

Figure 5.5: Simulated scatteringmatrix for twoparametric amplifier pumps andone frequency con-
verter pump. Only onepumpphase is varied (labelled pump1). Every element produces
a wishbone-like shape, with a few exceptions which breaks the symmetry of the matrix.
The asymmetry here indicates non-reciprocity. Samemode frequency and spacing as in
fig. 5.4. Couplings are identical for both frequency conversion and parametric interac-
tion |ϵ| = γext/4.24.
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5.5 Beyond two pumps

of Lecocq et al. [39, 134, 135]where the goal was a non-reciprocal quantum limited ampli-
fier. How this non-reciprocal nature of the scattering affects the generation of Gaussian
multipartite states, will not be explored further in this thesis. It is left for the next gener-
ation of students to investigate.
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6 Entanglement Testing

In this chapterwewill briefly consider the effect of calibration andpumppower andphase
on entanglement. To start the discussion, we will review the covariance matrix recon-
struction procedure, which is implemented in Paper III and Paper IV. The procedure is
schematically depicted in fig. 6.1. Given a measured raw covariance matrix Ṽ , we ob-
tain a pre-conditioned matrix V ′ by inverting the amplifier transformation described by
eq. (4.18).

However, due to limitedmeasurement time andfinite number of samples, the elements
of the covariance matrix are polluted by measurement noise. In signal processing [136,
137], analytical and numerical studies shows that the noise gives rise to a probability dis-
tribution of eigenvalues. Furthermore larger dimensional matrices require more samples
to generate a narrower distribution. Although the added measurement noise is uncor-
related and could in principle be reduced by simply increasing the measurement time,
one would still be susceptible to inevitable slow-time drifts, which is to say that the noise
becomes larger at lower frequencies. At the limit of zero frequency (infinite time) this ex-
cess noise tends to infinity (1/f noise). We suspect that the combination ofmeasurement
and excess low frequency noise might cause the measured covariance matrices to become
nonphysical, i.e. violates eq. (4.9) [138].

As part of a mitigation strategy, we use an optimization method to find the nearest
statistically likely physical covariance matrix that is physical [114]. We run the function

min
V

[
max
ij

|Vij − V ′
ij |

σij

]
(6.1)

over all physical covariance matrices V . The matrix σ contains the measurement uncer-
tainties of the elements found in the pre-conditionedmatrixV ′. Byminimizing themax-
imum difference (weighted by uncertainties σij) between the pre-conditioned matrix V ′

and V , we ensure that all elements of the reconstructedmatrix are near the pre-condition
matrix V ′.
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6 Entanglement Testing

Figure 6.1: Graphical summary of analysis procedure. The final step involves single mode rotations
to cast covariance matrices into normal form. SvL test result normalized by its uncer-
tainty is labelled byΣn, n = 1, 2.... The weighted mean is denotedΣw .

We also divide our measurement data into smaller ‘chunks’, which are analyzed indi-
vidually and subjected to single mode phase rotations. The data is rotated to generate
covariance matrices in normal form. Since such rotations are local operations, they can-
not generate entanglement but instead transforms one entangled state into another [93,
107]. Each ‘chunk’ is ensured to be physical and tested for entanglement, generating test
results normalized by their uncertainty Σn, n = 1, 2, .... A weighted mean Σw is then
calculated. These numbers are presented in Paper III and Paper IV.

6.1 Comparison of entanglement criteria in
two-mode squeezed states

In section4.2, three different entanglement tests are discussed: thePPT test, theDuan cri-
terion and the SvL criterion. We explore these criteria in fig. 6.2, depicting data (points)
and theory curves for TMS states. The top figure shows the maximum (cerulean) and
minimum (mauve) standard deviation (in units of

√
2n where n is the number of pho-

tons) of the four-variable Gaussian distribution describing the TMS state. The x-axis is
the detuning between the half-pump frequency and the signal frequency. The horizontal
gray line corresponds to the vacuum noise reference. When the minimum value is below
this line, we say the TMS state is squeezed below vacuum. Data was taken by applying a
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6.1 Comparison of entanglement criteria in two-mode squeezed states

monochromatic pump to a JPA at twice its resonance frequency 8.6GHz. Noise is sam-
pled using a comb of frequencies centered at the half-pump frequency and with a comb
detuning of 2.3MHz, which then undergoes the data analysis described by fig. 6.1. The
calibration curves are found in the appendix of Paper IV.

The dashed lines illustrates the theoretical covariance matrix, generated by an effective
coupling strength of ϵ = i9.7MHz (see the mode coupling matrices in table 5.1) and
a mode linewidth of γext = 124MHz (no internal losses). The pump strength is de-
termined from the ratio between the pair of squeezing values at 2.3MHz in the top of
fig. 6.2. However, to make the theory curve intersect the first pair of data points, we need
to assume that the noise entering the JPA is not vacuum, but a thermal state with an aver-
age photon number n̄ = 0.197 photons. This corresponds to a black-body temperature
of 114mKat 4.3GHz! The large temperature value can stem from amultitude of sources
– presence of internal losses, imperfect amplifier chain calibration (i.e. not taking into ac-
count additional cable losses) or local heating of the JPA. The presence of the thermal
state causes the theoretical squeezing curve to not approach unity as detuning increases.

In the bottom image of fig. 6.2, we apply three different entanglement criteria. For
the Duan criterion eq. (4.28), we use a = 1. This coincides with the SvL criterion for
two modes, if we use h⃗ = (1, 1) and g⃗ = (1,−1). We also apply an optimized SvL
criterion, where we attempt to search (using a numerical optimizer) for pair of vectors
h⃗ and g⃗ that violate the inequality eq. (4.33) (as is done Paper III and Paper IV). In the
figure, weuse a formof theDuan criterionwhere both sides of the inequality is subtracted
by four. Hence, non-negative values indicate separability. The third criterion is the PPT
test eq. (4.23).

From fig. 6.2, obviously the data and theory does not fit well. The reason for this is
not well understood, as a limited amount of time prevented further analysis and better
measurements. Another observation is that all three entanglement tests for the theoret-
ical covariance matrix enter the separable region at the same detuning frequency. This
coincides also with theminimum squeezing leaving the below-vacuum region (values less
than unity). Due to the finite linewidth of the JPA, the correlations further from the
resonance frequency are too weak to compensate for the small amount of thermal noise
entering the squeezer. Third observation, the PPT and SvL tests reveal entanglement in
the 30MHz – 40MHz region, which is not the case with the Duan criterion. Another
choice of a in eq. (4.28) tailored to that region should reveal entanglement there as well.
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Figure 6.2: Top: The maximum and minimum squeezing or variance (in units relative to photon
numbern) of measured TMS states generated bymonochromatic-pumping a JPAwith
linewidth of 124MHz. The pump is applied at twice the resonance frequency. Dots
indicate measured points (with errorbars comparable to themarker size) of a TMS state
after removing amplifier noise as described by fig. 6.1. The dashed line depicts the theo-
retical squeezing. The x-axis corresponds to the signal (idler)-pump detuning. Bottom:
Comparison of three entanglement criteria applied to TMS data (points). The entan-
glement criteria of a theoretical covariance matrix is given by the dashed lines. See the
main text for an extended discussion.
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Figure 6.3: Duan criterion of a TMS state in after travelling through a lossy transmission line with
transmission τ . The Duan criterion is evaluated at the dashed vertical line which repre-
sents the reference plane for our calibration. We use squeezing parameter r = 2 for the
TMS and assume only vacuum noise is present in the problem.

6.2 Influence of calibration reference plane on
entanglement

As suggested previously, the entanglement is sensitive to losses that are not taken into
account in the amplifier chain calibration. This section will elaborate on this point. For
simplicity, let us consider a TMS state traveling towards a noisy amplifier through a lossy
transmission line and isolator as in fig. 6.3. The transmission line has some transmission
per unit length t. We canmodel the transmission line and isolator as a beam splitter, with
a total transmission τ which we treat as a parameter. A beam splitter transformation
followed by a noisy amplifier transforms the covariance matrix VTMS according to (see
ref. [13] for details)

ṼTMS = Gτ ′τVTMS︸ ︷︷ ︸
amplified TMS

+G(1− τ ′τ)N +GNA︸ ︷︷ ︸
added noise

, (6.2)

whereG andNA = (2n̄A+1)I is the amplifier gain and added noisematrix respectively,
andN = 2n̄+ 1 is the added noise from the lossy transmission line.
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We introduce a calibration reference plane, which is the position at which a known
probe state (vacuumor thermal state) is injected. From this point onward, the probe state
suffers losses τ ′ in the transmission line before going through amplification. If the plane is
positioned as indicated fig. 6.3, where the gain and addednoise of the lossy amplifier chain
isGeff = Gτ ′ and (Geff−1)Neff = G(1−τ ′)N+(G−1)NA respectively. SupposeGeff

andNeff are accurately obtained through calibration and we proceed to reconstruct the
covariance matrix (or the pre-conditioned matrix) V ′

TMS at this reference plane according
to

V ′
TMS =

1

Geff
(ṼTMS − (Geff − 1)Neff)

= τV + (1− τ)N.

Hence the obtained matrix V ′
TMS is not identical to V , but contains additional thermal

noise due to the losses suffered when traversing the remaining piece of transmission line
not accounted for by the calibration. The total transmission from source to reference
plane at position x is τ = tx. Therefore tuning the transmission τ can be viewed as an
adjustment of the location of the calibration reference plane. If τ = 1, then the reference
plane is located furthest to the left by the squeezing source. On the other hand, if τ = 0

then the reference plane is infinitely far away from the squeezing source. In fig. 6.3, the
Duan criterion eq. (4.28) is plotted as a function of total transmission τ . For the criterion,
we use a = 1 and thus values less than four indicate entangled states. The calculation
assumes that the noise added is vacuum noise, i.e. N = 1, or equivalently that n̄ = 0.
In the same figure, we also plot the purity of the two-mode state, calculated according to
eq. (4.12). At zero transmission, only vacuum noise remains which causes the purity to
become unity. To violate the Duan criterion by as much as possible, one needs to move
the calibration plane as close as possible to the TMS source.

6.3 Influence of phase drifts

As mentioned above, for long measurements, drift or excess low-frequency noise poses
a challenge for the reconstruction. To understand how phase drift influences the entan-
glement test, we consider a single mode squeezed (SMS) state produced by a parametric
amplifier (see the scattering matrix eq. (5.11)). In fig. 6.4 the elements of the covariance
matrix are plotted as a function of pump phase and for some select phases the Gaussian
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6.3 Influence of phase drifts

Figure 6.4: Singlemode squeezing as a function of pump phase. The IQ-distribution is plotted for
some select phases.

IQ distribution is outlined. As the pump phase changes, the squeezed Gaussian distribu-
tion rotates in the IQ plane. Imagine that if the pump phase drifts during the integration
time, then the result would be a smeared out SMS state. If the pump rotates several pe-
riods during the integration time, the resulting IQ distribution is expected to become
circular, reminiscent of a thermal state.

We attempt to investigate the effect of phase drifts on the entanglement by averaging
a number of covariance matrices evaluated at different pump phases. In fig. 6.5, aK0-set
consisting of threemodes generated by a bichromatic-pumped JPA (identical to the setup
in Paper IV) is analyzed for bipartite entanglement as a function of the rate of linear phase
winding. One of the pump phases is kept fixed while the other pump phase is allowed to
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Figure 6.5: Simulated SvL test on bichromatically pumped JPA. The pump frequencies are located
at 2× 4.2977GHz and 2× 4.3025GHz, with three modes at 4.2977GHz, 4.3GHz
and 4.3025GHz. Resonance frequency at 4.3GHz with external losses of 124MHz.
Two pumps with induced identical couplings of |ϵ| = 150MHz. See the two-pump
coupling matrix in eq. (5.17).

linearly grow or decrease at some rate n deg/minute1, but with a random initial phase.
This is repeated 60 times. The solid line indicates the mean and the shaded region cov-
ers two standard deviations. Observe that the bipartitions exhibit entanglement (negative
values) until the phase changes too rapidly, at roughly 10min. Perhaps the most impor-
tant observation is that a rotating phase only deteriorates the observed entanglement.

6.4 Influence of pump amplitude

Asmentioned in section 5.4, the squeezing increases with amplitude andwe therefore ex-
pect the pump amplitude to play an important role in entanglement generation. Fig. 6.6
presents some experimentalmatrices of bichromatic JPA:s at different pumppowers. The
most noticeable trend is the growing off-diagonal elements demonstrating stronger cor-
relations between modes.
The increased correlation can be both advantageous for the generation of entangle-

ment, and troublesome when testing that entanglement exists. As a larger number of
modes in the band of the JPA become increasingly correlated, every non-measured mode
1The time unit minute is arbitrary and specified only for the sake of the argument.
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6.4 Influence of pump amplitude

Figure 6.6: Measured covariance matrices generated by a bichromatic pump applied to JPA. The
figure titles indicate the pump powers (using identical pump powers). The covariance
matrix is given in units of 2n, where n is the number of photons.
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Figure 6.7: Bipartition test of 11 modes at different bichromatic pump powers. Only theK0 set
(see Paper IV for details) is considered in the plot above.

will effectively contribute additional classical noise to the covariance matrix. In other
words, our truncation of the measured covariance matrix to a manageable number of
modes for an entanglement test, throws away correlations and has the effect of increas-
ing the influence of added classical noise. The effect is reminiscent of the effects of partial
trace on a pure entangledmultimode state. For example, if a strong pump entangles a very
large set of modes, say 64, but only a smaller subset are measured and tested, say 11, then
we expect our test to reveal less entanglement than it would at lower pump amplitude,
as the subset of measurements behaves like a partial trace. Thus our measure may indi-
cateweaker entanglement, despite the presence of stronger correlations. This explains the
observation shown in fig. 6.7 where 11 modes were analyzed for entanglement. The re-
sults show that higher pump power tends toward weaker measure of entanglement (not
as large negativeΣw).

68



7 Conclusion andOutlook

This thesis has primarily looked at applications ofmicrowave frequency combs. Themain
result was the investigation of multimode squeezing of surface acoustic waves (SAW:s)
and itinerant microwave photons. We also used frequency combs to reconstruct nonlin-
ear model parameters. In our efforts to understand how frequency combs are converted
by analog IQ mixers, we developed some techniques for mixer sideband calibration. In
the theoretical analysis of frequency combs we demonstrated how the scattering matrix
formalism from mode-coupling naturally integrates with the Gaussian quantum infor-
mation framework. Finally we studied the entanglement structure of multiple modes at
comb frequencies, using bipartite tests that indicated the presence of inseparable multi-
partite states.

A natural next step is to demonstrate genuinemultipartite entanglement (GME) using
the experimentalmethodsdeveloped in this thesis. Possible impediments toGMEinclude
internal cavity losses, but perhapsmore important are the insertion losses fromcables, iso-
lators and circulators in the measurement chain. However, these insertion losses can in
principle be calibrated away from the measurement and reconstruction procedure, if the
plane of reference is located at the quantum circuit output. A better calibration of the
addednoise ofmeasurementneeds tobedevised and implemented, thatmoves the calibra-
tion reference plane closer to the entangling quantum circuit. Some possible alternative
methods have been mentioned in chapter 3.

OnceGMEhas been established, one can try to pursue the generation of cluster states.
Since not all Gaussian multimode states can be reduced to cluster states [139], some the-
oretical work remains before we can firmly establish that the that current scheme is suit-
able for cluster state generation. Theoretical research has been made on similar systems,
see for example ref. [140]. If we can generate cluster states, possibility of implementing
one-way quantum computing opens up. However, in order for such quantum computa-
tion to be universal, and not efficiently simulated on a classical machine, it is necessary to
introduce some non-Gaussian operation or non-Gaussian states [19, 141]. However, the
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7 Conclusion and Outlook

exact nature of these non-Gaussian states is still an active area of research, see for example
ref. [142].
Another enticing future direction is to usemultimodal entangled frequency combs for

reservoir computing [143] or simulation of quantum systems, where frequency becomes
a ‘synthetic dimension’, mapping for example the frequency comb to a spatial coordinate.
An example is to simulate the fermionicKitaev chain as proposed in ref. [144] and recently
multiplemodes in a superconducting cavity was used to simulate a bosonicCreutz ladder
in ref. [133]. The densemode spectrum of SAWcombs, in contrast to the comb ofmodes
in an electromagnetic cavity of a comparable size, presents the opportunity to quickly
scale tomanymodes within the frequency band accessible to our low noise amplifiers and
digital microwave electronics.
In conclusion, the use of fully digital microwave frequency modulation and demod-

ulation, and the techniques described herein, should prove to be a valuable addition to
the circuit quantum electrodynamics toolbox. As the superconducting quantum circuits
grow larger and more complex, we can expect to see squeezed states and SAW devices to
become an important complement to the already mature Josephson junction qubit tech-
nology, with possibly new and innovative applications for processing quantum informa-
tion.
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A Appendix: Signal and image
sidebands at
downconversion

We show in some detail how to separate the signal and image sidebands after downcon-
version in the heterodyne receiver used in our experiments1. We consider first the case of
an ideal mixer and then introduce mixer imbalances.

A.1 Ideal mixer

Consider the signal and image sidebands at the RF input of an IQmixer. Together these
form the real signal

r(t) = α cos ([Ω + ω]t+ θ) + β cos ([Ω− ω]t+ ϕ). (A.1)

We henceforth refer to theΩ+ω as the signal andΩ−ω as the image. We are interested
in the information encoded in the amplitude and phases, where it is implicitly assumed
that they may vary slowly with time. In this particular example we want α and θ.

The RF input enters an IQmixer, which can be modeled as

z(t) = LPF
[
r(t)e−iΩt

]
=
α

2
ei(ωt+θ) +

β

2
e−i(ωt−ϕ) (A.2)

according to eq. (3.11). The Rf signal is downconverted into an IF signal which enters a
digital demodulation stage, which we can model as another pair of IQ mixers with LPF,

1The derivation is partially based on notes by ThomasWeißl.
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A Appendix: Signal and image sidebands at downconversion

Figure A.1: Schematic of receiver stage. The RF signal enters an analog mixer with imbalances fol-
lowed by a digital demodulation stage which we can model as a pair of ideal IQmixers.
By combining the real and imaginary parts appropriately, one can extract the informa-
tion at both signal and image sidebands – provided any mixer imbalances are compen-
sated for.

see the schematic in fig. A.1. However there the mixing occurs with frequencyω instead.
The I port, orRe[z(t)], undergoes demodulation according to

x(t) = LPF
[
Re[z(t)]e−iωt

]
= LPF

[
(z(t) + z∗(t))

2
e−iωt

]
=
α

4
eiθ +

β

4
e−iϕ. (A.3)

The digital demodulation of the Q port, or Im[z(t)], is computed analogously as

y(t) = LPF
[
Im[z(t)]e−iωt

]
=
α

4
eiθ − β

4
e−iϕ. (A.4)

If both x(t) and y(t) are saved by the digital demodulator, the signal and image side-
bands are given by

signal :Zm = αeiθ = 4(x(t) + y(t)) (A.5)

image :Z−m = βeiϕ = 4(x∗(t)− y∗(t)). (A.6)
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A.2 Imbalanced mixer

Setting the digital demodulator to measure ω will give access to I and Q quadratures of
sidebands Ω + ω and Ω − ω. In Paper IV this trick is used to measure 64 frequencies
simultaneously instead of the nominal 32. However, this works only reliably with ideal
mixers.

A.2 Imbalanced mixer

For an imbalancedmixer, the operation of a downconversionmixer will be modified into

z(t) = LPF[r(t)(cos(Ωt)− iG sin(Ωt+ δ))] (A.7)

whereG is the relative gain imbalance between the mixer arms and δ is the relative phase
shift, seePaper II. Itmaybemore convenient toworkwith an alternative formof eq. (A.7),
which is [85, 145]

z(t) = LPF
[
r(t)(KeiΩ + Je−iΩ)

]
, (A.8)

where J = (1 + Ge−iδ)/2 andK = (1 − Geiδ)/2. If r(t) is still given by eq. (A.1),
then

z(t) =
αK

2
e−i(ωt+θ) +

αJ

2
ei(ωt+θ) +

βK

2
ei(ωt−ϕ) +

βJ

2
e−i(ωt−ϕ) (A.9)

We proceed to digitally demodulate the real and imaginary parts of z(t),

x(t) =
αK∗

4
e−iθ +

αJ

4
eiθ +

βK

4
e−iϕ +

αJ∗

4
e−iϕ (A.10)

y(t) = −αK
∗

4
e−iθ +

αJ

4
eiθ +

βK

4
e−iϕ − αJ∗

4
e−iϕ, (A.11)

and the digital demodulation is still assumed to be ideal.

Let us call the IQ-data for the ideal signal and image sidebands Zm and Z−m respec-
tively, and are defined in eq. (A.5)–(A.6). Naively, to extract both sidebands one would
calculate the linear combinations 4(x(t) + y(t)) and 4(x∗(t) + y∗(t)), but due to the
presence of imbalances, these will no longer reduce to the ideal sidebandsZm andZ−m.
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A Appendix: Signal and image sidebands at downconversion

Instead the linear combinations will return a distorted signal and image, Z̃m and Z̃−m.
The relationship between the ideal and distorted sidebands are given by(

Z̃m

Z̃∗
−m

)
=

1

2

(
J K

K∗ J∗

)(
Zm

Z∗
−m

)
. (A.12)

This expression also appears in Paper II. Unless thematrix is diagonal, the distorted signal
will contain contributions from the image sideband. The objective of the mixer calibra-
tion is to find parameters J andK , see Paper II.
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B Appendix: Bloch-Messiah
Decomposition

Due to the absence of any internal losses, we expect the scattering matrix eq. (5.18) to
preserve the bosonic commutation relations. Comparing the scattering matrix with the
general Bogoliubov transformation eq. (5.12), we can write down

Ã =
1

γ2 − 8|ϵ|∗

 γ2 0 −8ϵ2

0 γ2 + 8|ϵ|2 0

−8ϵ∗2 0 γ2

 (B.1)

B̃ =
1

γ2 − 8|ϵ|∗

 0 −4iϵγ 0

−4iϵγ 0 4iϵ∗γ

0 4iϵ∗γ 0

 (B.2)

which satisfies the conditions eq. (5.13) and eq. (5.14) as expected.

We are now ready to perform the Bloch-Messiah (BM) decomposition eq. (B.3) for the
three coupledmode case. According to Braunstein [20], the general Bogoliubov transfor-
mation given by the matrices (B.1) and (B.2), can be decomposed into

Ã = UADV
†

B̃ = UBDV
⊺,

(B.3)

where the diagonal matricesAD andBD are real.

To find these matrices, see ref. [146] and ref. [147] for details, we proceed by first per-
forming a singular value decomposition (SVD)

B̃ = UBBDV
†
B , (B.4)
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B Appendix: Bloch-Messiah Decomposition

where UB and VB are unitary matrices, andBD is a diagonal matrix. We find these ma-
trices to be

UB =

 0 − ieiθ√
2s

− e2iθ√
2

ie−iθ

s 0 0

0 ie−iθ
√
2s

1√
2

, (B.5)

BD = 4
√
2γ

√
|ϵ|2

(γ2 − 8|ϵ|2)2

1 0 0

0 1 0

0 0 0

, (B.6)

VB =

− e−2iθ
√
2

0 e−2iθ
√
2

0 1 0
1√
2

0 1√
2

, (B.7)

where we introduce some additional notation: θ := Arg(ϵ) is the pump phase and s :=
Sgn(γ2 − 8|ϵ|2) = ±1.

We could do a SVD of Ã, thus providing UA, AD and VA. However for this to be
a proper BM decomposition, UA must be equal to UB and VA must be the complex
conjugate of VB . Our decomposition therefore faces some additional constraints. Since
Ã and B̃ commute, they both should be simultaneously diagonalizable. We make the
ansatz that UA = UB , for which the SVD of Ã is Ã = UBADV

†
A. Using the property

of unitary matrices V †
AVA = I , the following must therefore be true

ÃÃ† = UB |AD|2U †
B . (B.8)

InsertingUB eq. (B.5) into eq. (B.8), we can solve for |AD|2,

|AD|2 =


(γ2+8|ϵ|2)2
(γ2−8|ϵ|2)2 0 0

0 (γ2+8|ϵ|2)2
(γ2−8|ϵ|2)2 0

0 0 1

 (B.9)
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and findAD up to a sign

AD =


± γ2+8|ϵ|2

γ2−8|ϵ|2 0 0

0 ± γ2+8|ϵ|2
γ2−8|ϵ|2 0

0 0 ±1

. (B.10)

With this expression forAD , we solve for VA according to

VA = Ã†UBA
−1
D =

 0 − ieiθ√
2s

e2iθ√
2

ie−iθ

s 0 0

0 ie−θ
√
2s

1√
2

. (B.11)

The BM decomposition is nearly complete. We have found the diagonal matricesAD

and BD , and enforced a common unitary UB . However a complete decomposition re-
quires that VA and VB be related to each other through complex conjugation, which is
currently not the case. To achieve this we use a Takagi factorization, see ref. [146].

If we can find a unitary matrix Y satisfying Y Y ⊺ = V †
AV

∗
B , then the unitary matrices

in the BM decomposition U and V are then given by U = UBY and V = VAY =

V ∗
BY

∗. If we assume that ϵ is real, i.e. θ = 0, then with some trial and error, the matrix
Y is found to be

Y =

 0 iSgn(ϵ)× s 0

iSgn(ϵ)× s 0 0

0 0 1

. (B.12)

Remember that s = ±1 depending on the sign of γ2 − 8|ϵ|2. We can finally findU and
V to be

U =


Sgn(ϵ)
2s ∓ i

2s ± 1√
2

− i√
2s

− Sgn(ϵ)√
2s

0

− Sgn(ϵ)
2s ± i

2s ± 1√
2

, (B.13)

V =


Sgn(ϵ)
2s ∓ i

2s ± 1√
2

± i√
2s

− Sgn(ϵ)√
2s

0

− Sgn(ϵ)
2s ± i

2s ± 1√
2

. (B.14)
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B Appendix: Bloch-Messiah Decomposition

Multiplying the matrices U (B.13), V (B.14), AD (B.10) andBD (B.6) shows that they
now satisfy the BM decomposition given by eq. (B.3).
The diagonal matricesAD andBD describes single mode squeezing operations acting

on twomodeswhile the thirdmode undergoes an identity operation. Hence, our original
scatteringmatrix eq. (5.18), if acting on vacuum, generates aGaussian state that looks like
two single mode squeezed states and a vacuum state in some particular basis. This basis is
the supermode basis analyzed in for instance ref. [138].
We can calculate the corresponding squeezing parameter r of this state in the super-

mode basis. We need to recall that theAD andBD matrices are given in the a, a†-basis,
while the singlemode squeezing transformation, see table 4.1, is given in thexp-basis. The
relation between the two is given by eq. (1.2). The squeezing parameter is therefore found
by summing the elements in the diagonalsAD andBD [20]. Comparing to table 4.1, we
arrive at the squeezing parameter r to be

r = ln
(
4
√
2γ

|ϵ|
|γ2 − 8|ϵ|2|

+
γ2 + 8|ϵ|2

|γ2 − 8|ϵ|2|

)
, (B.15)

where the absolute sign in the denominator originates from the choice of sign to make
the denominator positive.
If the incoming noise are vacuum fluctuations, then the multiport transformation V

becomes redundant [20], sincepassingmultiple vacuummodes through amultiport inter-
ferometer is still vacuum. The entire Bogoliubov transformation is then summarized by
a single-mode squeezing operation and a following multi-port beam splitter transforma-
tionU . Note thatU only depends on the sign of γ2 − 8|ϵ|2 and ϵ. TheU operation can
be realizedwith twobalanced beam splitters andphase shifters. The setup is schematically
depicted (neglecting phase shifters) in fig. 5.3b. Transmission and reflection are indepen-
dent of pump strength |ϵ| and coupling γ.
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Acronyms

BPF Band-pass filter
cQED Circuit quantum electrodynamics
CV Continuous variables
EPR Einstein-Podolsky-Rosen
GME Genuine multipartite entanglement
HPF High-pass filter
IDT Interdigital transducer
IF Intermediate frequency
JPA Josephson parametric amplifier
JTWPA Josephson travelling wave parametric amplifier
KIPA Kinetic inductance parametric amplifier
KTWPA Kinetic inductance travelling wave parametric amplifier
LO Local oscillator
LPF Low-pass filter
MxC Mixing chamber
PPT Positive partial transpose
QLE Quantum Langevin equation
SAW Surface acoustic wave
SNR Signal-to-noise ratio
SQUID Superconducting quantum interference device
TMS Two-mode squeezed

79





Bibliography

1. B. P. Abbott et al. “Observation of GravitationalWaves from a Binary BlackHole
Merger”. Phys. Rev. Lett. 116, 6 2016, p. 061102.

2. I. Angeli andK.Marinova. “Table of Experimental Nuclear Ground State Charge
Radii: An Update”. At. Data Nucl. Data Tables 99, 2013, pp. 69–95.

3. J. Daintith, ed.Oxford Dictionary of Physics. 5th ed. Oxford University Press, Ox-
ford, UK, 2005.

4. R. Wittje. “Noise: FromNuisance to Research Subject”. Phys. Today 73, 2 2020,
pp. 42–48.

5. A. Rothman. “Johannes Kepler’s Pursuit of Harmony”. Phys. Today 73, 1 2020,
pp. 36–42.

6. A. Schopenhauer. “On Noise”. In: The Essays of Arthur Schopenhauer: Studies in
Pessimism. Trans. by T. B. Saunders. Willey, New York, USA, 1942.

7. R.Wittje. “Concepts and Significance ofNoise inAcoustics: Before andAfter the
Great War”. Perspect. Sci. 24, 2016, pp. 7–28.

8. R. Wittje. “The Electrical Imagination: Sound Analogies, Equivalent Circuits,
and the Rise of Electroacoustics, 1863–1939”. Osiris (Bruges) 28, 2013, pp. 40–
63.

9. W. V. der Kloot. “Lawrence Bragg’s Role in the Development of Sound-Ranging
inWorldWar I”.Notes Rec. R. Soc. 59, 2005, pp. 273–284.

10. J. L. Butler and C.H. Sherman. Transducers and Arrays for Underwater Sound.
2nd ed. Springer International Publishing Switzerland, Cham, Switzerland, 2016.

11. C. Beenakker and C. Schönenberger. “Quantum Shot Noise”. Phys. Today 56, 5
2003, pp. 37–42.

12. P. L.Knight andV.Bužek. “SqueezedStates: BasicPrinciples”. In:QuantumSqueez-
ing. Ed. by P.D. Drummond and Z. Ficek. Springer-Verlag Berlin Heidelberg,
New York, USA, 2004.

81



Bibliography

13. C.Weedbrook, S. Pirandola,R.Garcı́a-Patrón,N. J.Cerf,T. C.Ralph, J. H. Shapiro,
and S. Lloyd. “Gaussian Quantum Information”. Rev. Mod. Phys. 84, 2 2012,
pp. 621–669.

14. A. A. Clerk, M.H. Devoret, S.M. Girvin, F. Marquardt, and R. J. Schoelkopf.
“Introduction toQuantumNoise,Measurement, andAmplification”.Rev.Mod.
Phys. 82, 2 2010, pp. 1155–1208.

15. M.M. Nieto. The Discovery of Squeezed States – In 1927. 1997. arXiv: arXiv:
quant-ph/9708012 [quant-ph].

16. C.M. Caves. “Quantum-Mechanical Noise in an Interferometer”. Phys. Rev. D
23, 8 1981, pp. 1693–1708.

17. L.McCuller,C.Whittle,D.Ganapathy,K.Komori,M.Tse,A. Fernandez-Galiana,
L. Barsotti, P. Fritschel, M. MacInnis, F. Matichard, K. Mason, N. Mavalvala, R.
Mittleman, H. Yu, M. E. Zucker, andM. Evans. “Frequency-Dependent Squeez-
ing for Advanced LIGO”. Phys. Rev. Lett. 124, 17 2020, p. 171102.

18. Y. Zhao,N. Aritomi, E. Capocasa,M. Leonardi,M. Eisenmann, Y. Guo, E. Polini,
A. Tomura, K. Arai, Y. Aso, Y.-C. Huang, R.-K. Lee, H. Lück, O. Miyakawa, P.
Prat, A. Shoda, M. Tacca, R. Takahashi, H. Vahlbruch, M. Vardaro, C.-M. Wu,
M. Barsuglia, andR. Flaminio. “Frequency-Dependent SqueezedVacuumSource
for Broadband Quantum Noise Reduction in Advanced Gravitational-Wave De-
tectors”. Phys. Rev. Lett. 124, 17 2020, p. 171101.

19. S. Lloyd and S. L. Braunstein. “Quantum Computation over Continuous Vari-
ables”. Phys. Rev. Lett. 82, 8 1999, pp. 1784–1787.

20. S. L. Braunstein. “Squeezing as an Irreducible Resource”.Phys. Rev. A 71, 5 2005,
p. 055801.

21. R. Raussendorf andH. J. Briegel. “AOne-WayQuantumComputer”. Phys. Rev.
Lett. 86, 22 2001, pp. 5188–5191.

22. R.Raussendorf, D. E. Browne, andH. J. Briegel. “Measurement-BasedQuantum
Computation on Cluster States”. Phys. Rev. A 68, 2 2003, p. 022312.

23. N.C. Menicucci, P. van Loock, M. Gu, C. Weedbrook, T. C. Ralph, and M.A.
Nielsen. “Universal Quantum Computation with Continuous-Variable Cluster
States”. Phys. Rev. Lett. 97, 11 2006, p. 110501.

82

https://arxiv.org/abs/arXiv:quant-ph/9708012
https://arxiv.org/abs/arXiv:quant-ph/9708012


Bibliography

24. J.-i. Yoshikawa, S.Yokoyama,T.Kaji,C. Sornphiphatphong,Y. Shiozawa,K.Makino,
andA.Furusawa. “InvitedArticle:GenerationofOne-Million-ModeContinuous-
Variable Cluster State byUnlimitedTime-DomainMultiplexing”.APLPhotonics
1, 2016, p. 060801.

25. M. V. Larsen, X. Guo, C. R. Breum, J. S. Neergaard-Nielsen, and U. L. Ander-
sen. “DeterministicGenerationof aTwo-DimensionalCluster State”. Science 366,
2019, pp. 369–372.

26. W. Asavanant, Y. Shiozawa, S. Yokoyama, B. Charoensombutamon, H. Emura,
R.N. Alexander, S. Takeda, J.-I. Yoshikawa, N. C. Menicucci, H. Yonezawa, and
A.Furusawa. “GenerationofTime-Domain-MultiplexedTwo-DimensionalClus-
ter State”. Science 366, 2019, pp. 373–376.

27. O. Pfister. “Continuous-Variable QuantumComputing in the QuantumOptical
Frequency Comb”. J. Phys. B 53, 2019, p. 012001.

28. R. Landauer. “The Noise is the Signal”.Nature 392, 1998, pp. 658–659.

29. P. Krantz, M. Kjaergaard, F. Yan, T. P. Orlando, S. Gustavsson, andW.D. Oliver.
“A Quantum Engineer’s Guide to Superconducting Qubits”. Appl. Phys. Rev. 6,
2019, p. 21318.

30. A. Blais, A. L. Grimsmo, S.M. Girvin, and A. Wallraff. “Circuit Quantum Elec-
trodynamics”.Rev. Mod. Phys. 93, 2 2021, p. 025005.

31. Y. Y. Gao, M.A. Rol, S. Touzard, and C.Wang. “Practical Guide for Building Su-
perconducting QuantumDevices”. PRX Quantum 2, 4 2021, p. 040202.

32. Multifrequency Lock-in Measurement. https://intermod.pro/support/
technical- docs/_technical- notes/MLA_technical_note.pdf. Ac-
cessed: 22-03-2022.

33. M.H.Devoret. “QuantumFluctuations inElectricalCircuits”. In:Quantumfluc-
tuations: LesHouches, SessionLXIII. Ed. by S.Reynaud, E.Giacobino, and J. Zinn-
Justin. Elsevier Science B.V., Amsterdam, Netherlands, 1995.

34. J. Aumentado. “Superconducting Parametric Amplifiers: The State of the Art in
Josephson Parametric Amplifiers”. IEEEMicrow.Mag. 21, 2020, pp. 45–59.

35. M. Esposito, A. Ranadive, L. Planat, andN. Roch. “Perspective on traveling wave
microwave parametric amplifiers”. Appl. Phys. Lett. 119, 2021, p. 120501.

83

https://intermod.pro/support/technical-docs/_technical-notes/MLA_technical_note.pdf
https://intermod.pro/support/technical-docs/_technical-notes/MLA_technical_note.pdf


Bibliography

36. M. Tinkham. Introduction to Superconductivity. 2nd ed. Dover Publications, Mi-
neola, New York, USA, 2004.

37. A. Roy andM.Devoret. “Introduction to Parametric Amplification ofQuantum
Signals With Josephson Circuits”. C. R. Phys. 17, 2016, pp. 740–755.

38. M. Simoen. “Parametric InteractionsWith Signals and the Vacuum”. PhD thesis.
Gothenburg, Sweden: Chalmers University of Technology, 2015.

39. F. Lecocq, L. Ranzani, G. A. Peterson, K. Cicak, R.W. Simmonds, J. D. Teufel,
and J. Aumentado. “Nonreciprocal Microwave Signal Processing With a Field-
Programmable Josephson Amplifier”. Phys. Rev. Applied 7, 2 2017, p. 024028.

40. A. J. Annunziata, D. F. Santavicca, L. Frunzio, G. Catelani, M. J. Rooks, A. Fry-
dman, andD. E. Prober. “Tunable SuperconductingNanoinductors”.Nanotech-
nology 21, 2010, p. 445202.

41. B. Abdo, E. Segev, O. Shtempluck, and E. Buks. “Intermodulation Gain in Non-
linearNbNSuperconductingMicrowaveResonators”.Appl. Phys. Lett. 88, 2006,
p. 022508.

42. B.Ho Eom,P. K.Day,H.G.Leduc, and J. Zmuidzinas. “AWideband,Low-Noise
SuperconductingAmplifierWithHighDynamicRange”.Nat.Phys.8, 2012, pp. 623–
627.

43. R. P. Erickson and D. P. Pappas. “Theory of Multiwave Mixing Within the Su-
perconducting Kinetic-Inductance Traveling-Wave Amplifier”. Phys. Rev. B 95,
10 2017, p. 104506.

44. D. J. Parker,M. Savytskyi,W.Vine,A.Laucht,T.Duty,A.Morello,A. L.Grimsmo,
and J. J. Pla.ANear-Ideal Degenerate Parametric Amplifier. 2021. arXiv: arXiv:
2108.10471 [quant-ph].

45. E. A. Tholén, A. Ergül, K. Stannigel, C. Hutter, and D. B. Haviland. “Paramet-
ric Amplification with Weak-Link Nonlinearity in Superconducting Microres-
onators”. Phys. Scr.T137, 2009, p. 014019.

46. D. Forchheimer. “Imaging Materials With Intermodulation: Studies in Multifre-
quencyAtomic ForceMicroscopy”. PhD thesis. Stockholm, Sweden:KTHRoyal
Institute of Technology, 2015.

47. T. Dahm and D. J. Scalapino. “Theory of Intermodulation in a Superconducting
Microstrip Resonator”. J. Appl. Phys. 81, 1997, pp. 2002–2009.

84

https://arxiv.org/abs/arXiv:2108.10471
https://arxiv.org/abs/arXiv:2108.10471


Bibliography

48. M.D.LaHaye, J. Suh,P.M.Echternach,K. C. Schwab, andM. L.Roukes. “Nanome-
chanicalMeasurements of a SuperconductingQubit”.Nature459, 2009, pp. 960–
964.

49. F.Massel, S. U. Cho, J.-M. Pirkkalainen, P. J. Hakonen, T. T. Heikkilä, andM.A.
Sillanpää. “Multimode Circuit Optomechanics Near the Quantum Limit”.Nat.
Commun. 3, 2012, pp. 987–987.

50. T. A. Palomaki, J.W. Harlow, J. D. Teufel, R.W. Simmonds, and K.W. Lehnert.
“Coherent State Transfer Between Itinerant Microwave Fields and a Mechanical
Oscillator”.Nature 495, 2013, pp. 210–214.

51. C. Campbell. Surface AcousticWave Devices and Their Signal Processing Applica-
tions. Academic Press, Inc., San Diego, California, USA, 1989.

52. K.-y.Hashimoto.SurfaceAcousticWaveDevices inTelecommunications:Modelling
and Simulation. Springer-Verlag Berlin Heidelberg, Berlin, Germany, 2000.

53. T. Aref, P. Delsing, M. K. Ekström, A. F. Kockum, M.V. Gustafsson, G. Johans-
son, P. J. Leek, E. Magnusson, and R. Manenti. “Quantum Acoustics With Sur-
face Acoustic Waves”. In: Superconducting Devices in Quantum Optics. Ed. by R.
Hadfield andG. Johansson. Springer InternationalPublishingSwitzerland,Cham,
Switzerland, 2016.

54. G. Andersson. “Quantum Acoustics With Superconducting Circuits”. PhD the-
sis. Gothenburg, Sweden: Chalmers University of Technology, 2020.

55. G. Andersson, B. Suri, L. Guo, T. Aref, and P. Delsing. “Non-exponential Decay
of a Giant Artificial Atom”.Nat. Phys. 15, 2019, pp. 1123–1127.

56. B. A. Moores, L. R. Sletten, J. J. Viennot, and K.W. Lehnert. “Cavity Quantum
Acoustic Device in the Multimode Strong Coupling Regime”. Phys. Rev. Lett.
120, 22 2018, p. 227701.

57. P. Delsing, A.N. Cleland, M. J. A. Schuetz, J. Knörzer, G. Giedke, J. I. Cirac, K.
Srinivasan,M.Wu, K. C. Balram, C. Bäuerle, T.Meunier, C. J. B. Ford, P. V. San-
tos, E. Cerda-Méndez, H. Wang, H. J. Krenner, E. D. S. Nysten, M. Weiß, G. R.
Nash, L. Thevenard, C. Gourdon, P. Rovillain, M. Marangolo, J.-Y. Duquesne,
G. Fischerauer, W. Ruile, A. Reiner, B. Paschke, D. Denysenko, D. Volkmer, A.
Wixforth, H. Bruus,M.Wiklund, J. Reboud, J.M. Cooper, Y. Fu,M. S. Brugger,
F.Rehfeldt, andC.Westerhausen. “The 2019 SurfaceAcousticWavesRoadmap”.
J. Phys. D: Appl. Phys. 52, 2019, p. 353001.

85



Bibliography

58. J. R. Schrieffer andP. A.Wolff. “RelationBetween theAnderson andKondoHamil-
tonians”. Phys. Rev. 149, 2 1966, pp. 491–492.

59. F. Probell. Matter and Methods at Low Temperatures. 2nd ed. Springer-Verlag
Berlin Heidelberg, New York, USA, 1996.

60. C.W. Gardiner andM. J. Collett. “Input and Output in Damped Quantum Sys-
tems:QuantumStochasticDifferential Equations and theMasterEquation”.Phys.
Rev. A 31, 6 1985, pp. 3761–3774.

61. B. Yurke and E. Buks. “Performance of Cavity-Parametric Amplifiers, Employing
Kerr Nonlinearites in the Presence of Two-photon Loss”. J. Lightwave Technol.
24, 2006, pp. 5054–5066.

62. D.M. Pozar.Microwave Engineering. 4th ed. JohnWiley & Sons, Inc., Hoboken,
New Jersey, USA, 2012.

63. T.Weißl. “QuantumPhase andChargeDynamics in Josephson JunctionChains”.
PhD thesis. Grenoble, France: Université de Grenoble, 2014.

64. Low Noise Factory AB. https://www.lownoisefactory.com. Accessed: 18-
01-2022.

65. C. Macklin, K. O’Brien, D. Hover, M. E. Schwartz, V. Bolkhovsky, X. Zhang,
W.D. Oliver, and I. Siddiqi. “A Near-Quantum-Limited Josephson Traveling-
Wave Parametric Amplifier”. Science 350, 2015, pp. 307–310.

66. H.R. Nilsson. “Characterisation of a Travelling-Wave Parametric Amplifier for
ImprovedQubitMeasurements”.Master’s thesis.Gothenburg, Sweden:Chalmers
University of Technology, 2019.

67. M.A. C.Beltran. “Developmentof a JosephsonParametricAmplifier for thePrepa-
ration and Detection of Non-classical States of Microwave Fields”. PhD thesis.
Boulder, Colorado, USA: University of Colorado, 2010.

68. B. Yurke. “Back-actionEvasion as anAlternative to ImpedanceMatching”.Science
252, 1991, pp. 528–532.

69. H. A. Haus and J. A. Mullen. “QuantumNoise in Linear Amplifiers”. Phys. Rev.
128, 5 1962, pp. 2407–2413.

70. C.M. Caves. “Quantum Limits on Noise in Linear Amplifiers”. Phys. Rev. D 26,
8 1982, pp. 1817–1839.

86

https://www.lownoisefactory.com


Bibliography

71. M. Mariantoni, E. P. Menzel, F. Deppe, M.Á. AraqueCaballero, A. Baust, T.
Niemczyk, E.Hoffmann, E. Solano,A.Marx, andR.Gross. “Planck Spectroscopy
andQuantumNoise ofMicrowave Beam Splitters”.Phys. Rev. Lett. 105, 13 2010,
p. 133601.

72. E. Tholén. “Intermodulation in Microresonators for Microwave Amplification
and Nanoscale Surface Analysis”. PhD thesis. Stockholm, Sweden: KTH Royal
Institute of Technology, 2009.

73. S. Simbierowicz, V. Vesterinen, J. Milem, A. Lintunen,M. Oksanen, L. Roschier,
L. Grönberg, J. Hassel, D. Gunnarsson, and R. E. Lake. “Characterizing Cryo-
genic Amplifiers With a Matched Temperature-Variable Noise Source”. Rev. Sci.
Instrum. 92, 2021, pp. 034708–034708.

74. L. Spietz, K.W. Lehnert, I. Siddiqi, and R. J. Schoelkopf. “Primary Electronic
Thermometry Using the Shot Noise of a Tunnel Junction”. Science 300, 2003,
pp. 1929–1932.

75. E. Hyyppä, M. Jenei, S. Masuda, V. Sevriuk, K. Y. Tan, M. Silveri, J. Goetz, M.
Partanen, R. E. Lake, L. Grönberg, andM.Möttönen. “Calibration of Cryogenic
AmplificationChainsUsingNormal-Metal–Insulator–Superconductor Junctions”.
Appl. Phys. Lett. 114, 2019, p. 192603.

76. Y. Lu, A. Bengtsson, J. J. Burnett, E. Wiegand, B. Suri, P. Krantz, A. F. Roudsari,
A. F. Kockum, S.Gasparinetti, G. Johansson, and P.Delsing. “CharacterizingDe-
coherence Rates of a Superconducting Qubit by Direct Microwave Scattering”.
NPJ Quantum Inf. 7, 2021, pp. 1–9.

77. W. Chen, K. Rawat, and F.M. Ghannouchi. Multiband RF Circuits and Tech-
niques for Wireless Transmitters. Springer-Verlag Berlin Heidelberg, Heidelberg,
Germany, 2016.

78. R. Rudersdorfer. Radio Receiver Technology: Principles, Architectures and Appli-
cations. JohnWiley & Sons Ltd, Chichester, England, 2014.

79. I. Dan, G. Ducournau, S. Hisatake, P. Szriftgiser, R.-P. Braun, and I. Kallfass. “A
Terahertz Wireless Communication Link Using a Superheterodyne Approach”.
IEEE Trans. Terahertz Sci. Technol. 10, 2019, pp. 32–43.

80. D.H. Morais. 5G and Beyond Wireless Transport Technologies: Enabling Back-
haul,Midhaul, and Fronthaul. SpringerNature SwitzerlandAG,Cham, Switzer-
land, 2021.

87



Bibliography

81. F. Marki and C. Marki. Mixer Basics Primer: A Tutorial for RF & Microwave
Mixers. https://www.markimicrowave.com/assets/appnotes/mixer_
basics_primer.pdf. Accessed: 18-01-2022.

82. D. Jorgesen. IQ, Image Reject & Single SidebandMixer Primer. https://www.
markimicrowave.com/assets/appnotes/IQ_IR_SSB_Mixer_Primer.

pdf. Accessed: 18-01-2022.

83. M. Windisch and G. Fettweis. “Adaptive I/Q Imbalance Compensation in Low-
IFTransmitter Architectures”. In: IEEEVehicular Technology Conference. Vol. 60.
2004, pp. 2096–2100.

84. P.Baudin.WirelessTransceiverArchitecture. 1st ed. JohnWiley&SonsLtd,Chich-
ester, England, 2015.

85. M. Windisch. “Estimation and Compensation of I/Q Imbalance in Broadband
CommunicationsReceivers”. PhD thesis.Dresden,Germany:TUDresden, 2007.

86. Intermodulation Products AB. https://intermodulation-products.com/.
Accessed: 18-01-2022.

87. MLA-3 Specification Sheet. https://intermodulation- products.com/
support/technical- docs/_spec- sheets/mla3_spec_sheet_and_

topology.pdf. Accessed: 18-01-2022.

88. OnDigital Synthesis andDetection ofMicrowave Signals forQuantumTechnology.
https://intermodulation-products.com/support/technical-docs/

_technical-notes/DDS_white_paper.pdf. Accessed: 18-01-2022.

89. Xilinx. https://www.xilinx.com/products/silicon-devices/soc/
rfsoc.html. Accessed: 18-01-2022.

90. Vivace Specification Sheet. https : / / intermodulation - products . com /
support/technical- docs/_spec- sheets/vivace_spec_sheet.pdf.
Accessed: 18-01-2022.

91. L. Stefanazzi, K. Treptow, N.Wilcer, C. Stoughton, S. Montella, C. Bradford, G.
Cancelo, S. Saxena, H. Arnaldi, S. Sussman, A. Houck, A. Agrawal, H. Zhang,
C. Ding, and D. I. Schuster. The QICK (Quantum Instrumentation Control Kit):
Readout andControl forQubits andDetectors. 2021. arXiv:2110.00557[quant-ph].

88

https://www.markimicrowave.com/assets/appnotes/mixer_basics_primer.pdf
https://www.markimicrowave.com/assets/appnotes/mixer_basics_primer.pdf
https://www.markimicrowave.com/assets/appnotes/IQ_IR_SSB_Mixer_Primer.pdf
https://www.markimicrowave.com/assets/appnotes/IQ_IR_SSB_Mixer_Primer.pdf
https://www.markimicrowave.com/assets/appnotes/IQ_IR_SSB_Mixer_Primer.pdf
https://intermodulation-products.com/
https://intermodulation-products.com/support/technical-docs/_spec-sheets/mla3_spec_sheet_and_topology.pdf
https://intermodulation-products.com/support/technical-docs/_spec-sheets/mla3_spec_sheet_and_topology.pdf
https://intermodulation-products.com/support/technical-docs/_spec-sheets/mla3_spec_sheet_and_topology.pdf
https://intermodulation-products.com/support/technical-docs/_technical-notes/DDS_white_paper.pdf
https://intermodulation-products.com/support/technical-docs/_technical-notes/DDS_white_paper.pdf
https://www.xilinx.com/products/silicon-devices/soc/rfsoc.html
https://www.xilinx.com/products/silicon-devices/soc/rfsoc.html
https://intermodulation-products.com/support/technical-docs/_spec-sheets/vivace_spec_sheet.pdf
https://intermodulation-products.com/support/technical-docs/_spec-sheets/vivace_spec_sheet.pdf
https://arxiv.org/abs/2110.00557


Bibliography

92. K.H.Park,Y. S.Yap,Y. P.Tan,C.Hufnagel, L.H.Nguyen,K.H.Lau, S. Efthymiou,
S. Carrazza, R. P. Budoyo, and R. Dumke. ICARUS-Q: A Scalable RFSoC-Based
Control System for Superconducting Quantum Computers. 2021. arXiv: 2112 .
02933 [quant-ph].

93. M.A. Nielsen and I. L. Chuang. Quantum Computation and Quantum Infor-
mation: 10th Anniversary Edition. CambridgeUniversity Press, Cambridge, Eng-
land, 2010.

94. G.O’Regan. Introduction to theHistory ofComputing:AComputingHistoryPrimer.
Springer Nature, Cham, Switzerland, 2016.

95. A. Clymer. “The Mechanical Analog Computers of Hannibal Ford and William
Newell”. IEEE Ann. Hist. Comput. 15, 1993, pp. 19–34.

96. A. Serafini. Quantum Continuous Variables: A Primer of Theoretical Methods.
CRC Press, Boca Raton, Florida, USA, 2017.

97. S. L. Braunstein and P. van Loock. “Quantum Information With Continuous
Variables”.Rev. Mod. Phys. 77, 2 2005, pp. 513–577.

98. C. Eichler, D. Bozyigit, and A. Wallraff. “Characterizing Quantum Microwave
Radiation and Its EntanglementWith SuperconductingQubitsUsing LinearDe-
tectors”. Phys. Rev. A 86, 3 2012, p. 032106.

99. A. Einstein, B. Podolsky, andN. Rosen. “CanQuantum-Mechanical Description
of Physical Reality be Considered Complete?” Phys. Rev. 47, 10 1935, pp. 777–
780.

100. E.W.Weisstein.MathWorld–AWolframWebResource: “CorrelationCoefficient”.
https://mathworld.wolfram.com/CorrelationCoefficient.html. Ac-
cessed: 07-03-2022.

101. L. P. Grishchuk and Y. V. Sidorov. “Squeezed Quantum States of Relic Gravitons
and Primordial Density Fluctuations”. Phys. Rev. D 42, 10 1990, pp. 3413–3421.

102. J. Eisert andM.M.Wolf.GaussianQuantumChannels. 2005. arXiv: quant-ph/
0505151 [quant-ph].

103. R. Horodecki, P. Horodecki, M. Horodecki, and K. Horodecki. “Quantum En-
tanglement”.Rev.Mod. Phys. 81, 2 2009, pp. 865–942.

104. L.M. Knips. “Efficient Quantum State Analysis and Entanglement Detection”.
PhDthesis.Munich,Germany:Ludwig-Maximilians-UniversitätMünchen, 2019.

89

https://arxiv.org/abs/2112.02933
https://arxiv.org/abs/2112.02933
https://mathworld.wolfram.com/CorrelationCoefficient.html
https://arxiv.org/abs/quant-ph/0505151
https://arxiv.org/abs/quant-ph/0505151


Bibliography

105. R. Simon. “Peres-Horodecki Separability Criterion for Continuous Variable Sys-
tems”. Phys. Rev. Lett. 84, 12 2000, pp. 2726–2729.

106. E. Shchukin andP. vanLoock. “GeneralizedConditions forGenuineMultipartite
Continuous-Variable Entanglement”. Phys. Rev. A 92, 4 2015, p. 042328.

107. L.-M. Duan, G. Giedke, J. I. Cirac, and P. Zoller. “Inseparability Criterion for
Continuous Variable Systems”. Phys. Rev. Lett. 84, 12 2000, pp. 2722–2725.

108. J.M. Arrazola, V. Bergholm, K. Brádler, T. R. Bromley, M. J. Collins, I. Dhand,
A. Fumagalli, T. Gerrits, A. Goussev, L. G. Helt, J. Hundal, T. Isacsson, R. B. Is-
rael, J. Izaac, S. Jahangiri, R. Janik, N. Killoran, S. P. Kumar, J. Lavoie, A. E. Lita,
D.H. Mahler, M. Menotti, B. Morrison, S.W. Nam, L. Neuhaus, H. Y. Qi, N.
Quesada,A.Repingon,K. K. Sabapathy,M. Schuld,D. Su, J. Swinarton,A. Száva,
K. Tan, P. Tan, V.D. Vaidya, Z. Vernon, Z. Zabaneh, and Y. Zhang. “Quantum
Circuits With Many Photons on a Programmable Nanophotonic Chip”.Nature
591, 2021, pp. 54–60.

109. S. Takeda and A. Furusawa. “Toward Large-Scale Fault-Tolerant Universal Pho-
tonic Quantum Computing”. APL Photonics 4, 2019, p. 060902.

110. J. Sperling andW. Vogel. “Multipartite EntanglementWitnesses”. Phys. Rev. Lett.
111, 11 2013, p. 110503.

111. S. Gerke, J. Sperling, W. Vogel, Y. Cai, J. Roslund, N. Treps, and C. Fabre. “Full
Multipartite Entanglement of Frequency-CombGaussian States”.Phys.Rev. Lett.
114, 5 2015, p. 050501.

112. S. Gerke, J. Sperling, W. Vogel, Y. Cai, J. Roslund, N. Treps, and C. Fabre. “Mul-
tipartite Entanglement of a Two-Separable State”. Phys. Rev. Lett. 117, 11 2016,
p. 110502.

113. E.W.Weisstein.MathWorld–AWolframWeb Resource: “Stirling Number of the
SecondKind”.https://mathworld.wolfram.com/StirlingNumberoftheSecondKind.
html. Accessed: 10-03-2022.

114. E. Shchukin and P. van Loock. “RecoveringQuantumProperties of Continuous-
Variable States in thePresence ofMeasurementErrors”.Phys.Rev. Lett. 117, 2016,
p. 140504.

115. H. J.Carmichael. StatisticalMethods inQuantumOptics 1:Master Equations and
Fokker-Planck Equations. 2nd ed. Springer-Verlag Berlin Heidelberg, New York,
USA, 2002.

90

 https://mathworld.wolfram.com/StirlingNumberoftheSecondKind.html
 https://mathworld.wolfram.com/StirlingNumberoftheSecondKind.html


Bibliography

116. H.M. Wiseman and G. J. Milburn. QuantumMeasurement and Control. Cam-
bridge University Press, New York, USA, 2010.

117. B. Yurke. “Input-Output Theory”. In: Quantum Squeezing. Ed. by P.D. Drum-
mond and Z. Ficek. Springer-Verlag Berlin Heidelberg, New York, USA, 2004.

118. C. Eichler, Y. Salathe, J.Mlynek, S. Schmidt, andA.Wallraff. “Quantum-Limited
Amplification and Entanglement in Coupled Nonlinear Resonators”. Phys. Rev.
Lett. 113, 11 2014, p. 110502.

119. L.Ranzani and J.Aumentado. “Graph-BasedAnalysis ofNonreciprocity inCoupled-
Mode Systems”.New Journal of Physics 17, 2015, p. 023024.

120. G. A. Peterson. “ParametricCouplingBetweenMicrowaves andMotion inQuan-
tum Circuits: Fundamental Limits and Applications”. PhD thesis. Boulder, Col-
orado, USA: University of Colorado, 2020.

121. O.Naamanand J.Aumentado.Synthesis ofParametrically-CoupledNetworks. 2021.
arXiv: 2109.11628 [physics.app-ph].

122. G.Milburn andD. F.Walls. “Production of Squeezed States in aDegenerate Para-
metric Amplifier”.Optics Communications 39, 1981, pp. 401–404.

123. B. Yurke. “Use ofCavities in Squeezed-StateGeneration”.Phys.Rev. A 29, 1 1984,
pp. 408–410.

124. W. Wustmann and V. Shumeiko. “Parametric Resonance in Tunable Supercon-
ducting Cavities”. Phys. Rev. B 87, 18 2013, p. 184501.

125. C. Eichler, D. Bozyigit, C. Lang, M. Baur, L. Steffen, J.M. Fink, S. Filipp, and
A. Wallraff. “Observation of Two-Mode Squeezing in the Microwave Frequency
Domain”. Phys. Rev. Lett. 107, 11 2011, p. 113601.

126. A. Kamal, A. Marblestone, and M. Devoret. “Signal-to-Pump Back Action and
Self-Oscillation in Double-Pump Josephson Parametric Amplifier”. Phys. Rev. B
79, 18 2009, p. 184301.

127. R.Garcés andG. J. deValcárcel. “StrongVacuumSqueezing fromBichromatically
Driven Kerrlike Cavities: From Optomechanics to Superconducting Circuits”.
Sci. Rep. 6, 2016, pp. 21964–21964.

91

https://arxiv.org/abs/2109.11628


Bibliography

128. J. Y. Qiu, A. Grimsmo, K. Peng, B. Kannan, B. Lienhard, Y. Sung, P. Krantz, V.
Bolkhovsky, G. Calusine, D. Kim, A. Melville, B.M. Niedzielski, J. Yoder, M. E.
Schwartz,T. P.Orlando, I. Siddiqi, S.Gustavsson,K. P.O’Brien, andW.D.Oliver.
Broadband Squeezed Microwaves and AmplificationWith a Josephson Traveling-
Wave Parametric Amplifier. 2022. arXiv: 2201.11261 [quant-ph].

129. A. Furusawa, J. L. Sørensen, S. L. Braunstein, C. A. Fuchs, H. J. Kimble, and E. S.
Polzik. “Unconditional Quantum Teleportation”. Science 282, 1998, pp. 706–
709.

130. S. Armstrong, J.-F.Morizur, J. Janousek, B.Hage,N. Treps, P. K. Lam, andH.-A.
Bachor. “ProgrammableMultimodeQuantumNetworks”.Nat.Commun.3, 2012,
pp. 1026–1026.

131. S. Armstrong, M. Wang, R. Y. Teh, Q. Gong, Q. He, J. Janousek, H.-A. Bachor,
M.D. Reid, and P. K. Lam. “Multipartite Einstein-Podolsky-Rosen Steering and
Genuine Tripartite Entanglement With Optical Networks”.Nat. Phys. 11, 2015,
pp. 167–172.

132. R. Y. Teh and M.D. Reid. “Criteria for GenuineN -Partite Continuous-Variable
Entanglement and Einstein-Podolsky-Rosen Steering”. Phys. Rev. A 90, 6 2014,
p. 062337.

133. J. S. C. Hung, J. H. Busnaina, C.W. S. Chang, A.M. Vadiraj, I. Nsanzineza, E.
Solano, H. Alaeian, E. Rico, and C.M. Wilson. “Quantum Simulation of the
Bosonic Creutz LadderWith a Parametric Cavity”. Phys. Rev. Lett. 127, 10 2021,
p. 100503.

134. F. Lecocq, L. Ranzani, G. Peterson, K. Cicak, A. Metelmann, S. Kotler, R. Sim-
monds, J.Teufel, and J.Aumentado. “MicrowaveMeasurementBeyond theQuan-
tumLimitWith aNonreciprocalAmplifier”.Phys.Rev.Applied13, 42020, p. 044005.

135. F. Lecocq, L. Ranzani, G. A. Peterson, K. Cicak, X. Y. Jin, R.W. Simmonds, J. D.
Teufel, and J. Aumentado. “Efficient Qubit Measurement With a Nonreciprocal
Microwave Amplifier”. Phys. Rev. Lett. 126, 2 2021, p. 020502.

136. R. Everson and S. Roberts. “Inferring the Eigenvalues of Covariance Matrices
FromLimited,NoisyData”. IEEETrans. SignalProcess.48, 2000, pp. 2083–2091.

137. R. B. Dozier and J.W. Silverstein. “On the Empirical Distribution of Eigenval-
ues of Large Dimensional Information-Plus-Noise-Type Matrices”. J. Multivar.
Anal. Journal of Multivariate Analysis 98, 2007, pp. 678–694.

92

https://arxiv.org/abs/2201.11261


Bibliography

138. R. Medeiros de Araújo, J. Roslund, Y. Cai, G. Ferrini, C. Fabre, and N. Treps.
“Full Characterization of a Highly Multimode Entangled State Embedded in an
Optical FrequencyCombUsingPulse Shaping”.Phys.Rev.A89, 52014, p. 053828.

139. C. González-Arciniegas, P. Nussenzveig, M. Martinelli, and O. Pfister. “Cluster
States from Gaussian States: Essential Diagnostic Tools for Continuous-Variable
One-Way QuantumComputing”. PRX Quantum 2, 3, p. 030343.

140. S. Zippilli andD. Vitali. “Dissipative Engineering of Gaussian Entangled States in
Harmonic Lattices with a Single-Site Squeezed Reservoir”. Phys. Rev. Lett. 126, 2
2021, p. 020402.

141. A.Mari and J. Eisert. “PositiveWigner Functions Render Classical Simulation of
Quantum Computation Efficient”. Phys. Rev. Lett. 109, 23 2012, p. 230503.

142. U. Chabaud, G. Ferrini, F. Grosshans, and D. Markham. “Classical Simulation
of Gaussian Quantum Circuits with Non-Gaussian Input States”. Phys. Rev. Re-
search 3, 3 2021, p. 033018.

143. A.Nokkala,R.Martínez-Peña,G. L.Giorgi, V. Parigi,M.C. Soriano, andR.Zam-
brini. “Gaussian States of Continuous-Variable Quantum Systems Provide Uni-
versal and Versatile Reservoir Computing”.Commun. Phys. 4, 53 2021, pp. 1–11.

144. A.McDonald,T. Pereg-Barnea, andA. A.Clerk. “Phase-DependentChiralTrans-
port andEffectiveNon-HermitianDynamics in aBosonicKitaev-MajoranaChain”.
Phys. Rev. X 8, 4 2018, p. 041031.

145. M. Valkama. “Advanced I/Q signal Processing for Wideband Receivers: Models
andAlgorithms”. PhD thesis. Tampere, Finland: Tampere University of Technol-
ogy, 2001.

146. W.McCutcheon.Structure inMultimode Squeezing:AGeneralisedBloch-Messiah
Reduction. 2018. arXiv: 1809.02544 [quant-ph].

147. R. P. Nordgren. Simultaneous Diagonalization and SVD of Commuting Matri-
ces. 2020. arXiv: 2006.16364 [math.GM].

93

https://arxiv.org/abs/1809.02544
https://arxiv.org/abs/2006.16364



