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Nicoló Scapin

May 2022
Technical Reports

Royal Institute of Technology
Department of Mechanics

SE-100 44 Stockholm, Sweden



Akademisk avhandling som med tillst̊and av Kungliga Tekniska Högskolan i
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“We compete against problems, not against people.”

John B. Goodenough
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Nicoló Scapin
FLOW, Department of Engineering Mechanics, Royal Institute of Technology
(KTH), Stockholm, Sweden, SE–100 44 Stockholm, Sweden

Abstract
Flows with evaporation and boiling are abundant in different contexts, such as
geophysics, the biomedical sectors, and industrial applications. Spray combus-
tion, boiling bubble flows, oceanic sprays, formation and evolution of clouds,
spreading of infectious diseases are all relevant examples where a deeper un-
derstanding of phase-changing flows is of great importance. Fully resolved
simulations may assume a central role of investigation as they can overcome
the current limitations of the experimental techniques and complement them.
In the first part of this work, we present novel methodologies to perform
interface-resolved simulations of phase-changing flows addressing the follow-
ing three challenges: i) handling abrupt variations of the velocity field across
the interface, ii) accurately evaluating the heat and mass interfacial fluxes,
iii) incorporate compressibility inevitably present in bounded domains. Both
sharp and diffuse interface formulations are considered and the resulting two
methods are designed for different classes of multiphase flows. First, we devise a
weakly compressible algorithm to describe incompressible evaporating droplets
surrounded by a compressible gas medium treated in the low-Mach limit. This
approach combines a volume of fluid method and the pressure-splitting tech-
niques of zero-Mach methods to ensure volume conservation of the liquid phase
and conservation of the mass of the compressible phase. Next, we develop a
fully compressible algorithm for compressible bubbles in boiling flows, where
rapid expansions and nonuniformity of the thermodynamic pressure fields make
the zero-Mach limit inadequate.
In the second part of the thesis, we discuss how these numerical tools can be
utilized to study relevant configurations of evaporating flows. Two flow regimes
are considered: i) dispersed droplets, and, ii) a horizontal gas-liquid interface.
Droplets are first considered in homogeneous shear turbulence in a dilute condi-
tion. Here, we benchmark the semi-empirical correlations for the evaporation
rate with the data extracted from DNS of finite-size droplets and study the effect
of deformation on the global and local evaporation rate. Thereafter, we move
then to a denser regime in a triperiodic domain and study the deviation from
the d2-law as a function of initial gas temperature and liquid volume fractions.
We confirm that even when evaporation is purely driven by diffusion, deviations
from the d2-law cannot be characterized only by the initial volume fraction, but
also temperature plays a role: high temperature promotes the departure from
the d2-law regime at higher volume fractions, while at ambient temperature,
this departure occurs at lower volume fraction. Next, we study the evaporation
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occurring at a gas-liquid interface in Rayleigh-Bénard convection. For this
configuration, we develop an analytical prediction of the interface temperature
and the global heat transfer modulation and interface-resolved simulations are
employed to assess the validity of the models. The excellent agreement opens
the possibility to employ the suggested law for those applications where accurate
predictions of interface temperature and heat transfer are sought.

Key words: Phase change, interface-resolved simulations, compressibility,
evaporating droplets, evaporation-driven thermal convection.
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Fasskiftande flöden: numeriska metoder och högupplösta
numeriska simuleringar

Nicoló Scapin
FLOW, Teknisk mekanik, Kungliga Tekniska högskolan, SE-100 44 Stockholm,
Sverige

Sammanfattning
Flöden med avdunstning och kokning är vanligt förekommande i olika samman-
hang, t.ex. inom omr̊adet geofysik och biomedicin samt industriella tillämpningar.
Sprayförbränning, kokande bubbelflöden, oceaniska sprayer, bildning och ut-
veckling av moln, spridning av infektionssjukdomar är alla relevanta exempel
där en djupare först̊aelse för fasskiftande flöden är av stor vikt. Högupplösta
numeriska simuleringar kan ha en viktig roll i undersökningen av dessa fenomen,
eftersom de kan övervinna begränsningarna hos de existerande experimentella
metoderna och komplettera dem.
I den första delen av detta arbete presenterar vi nya metoder för gränssnittsup-
plösta simuleringar av fasskiftande flöden som adresserar följande tre utmaningar:
i) att hantera snabba variationer av hastighetsfältet över gränssnittet, ii) att
noggrant utvärdera överföring av värme och massa vid gränssnittet, iii) att
inkorporera kompressibilitet av fluiden som oundvikligen finns i avgränsade
domäner. B̊ade skarpa och diffusa gränssnittsformuleringar behandlas här, och
de resulterande tv̊a metoderna är designade för olika klasser av flerfasflöden.
Först har vi tagit fram en algoritm för ett svagt kompressibelt flöde för att
beskriva avdunstning av inkompressibla droppar omgivna av ett kompressibelt
gasmedium i gränsen för l̊aga Machtal. Detta tillvägag̊angssätt kombinerar
en vätskevolymmetod och tryckdelningstekniken för beräkning av ett inkom-
pressibelt flöde för att säkerställa bevarande av av vätskefasens volym och
massan av den kompressibla fasen. Därefter har vi utvecklat en algoritm för
kompressibla bubblor i kokande flöden, där snabba expansioner och variationer
i de termodynamiska tryckfälten gör approximationen för ett flöde med l̊agt
Machtal otillräcklig.
I den andra delen av avhandlingen diskuterar vi hur dessa numeriska verktyg
kan användas för att studera relevanta fall av flöden där för̊angningsprocessen
ing̊ar. Här beaktar vi tv̊a flödesregimer: i) dispergerade droppar, och ii) en
horisontell gas-vätskegränsyta. Droppar betraktas först i ett homogent turbu-
lent flöde i utspätt tillst̊and. Här jämför vi de semi-empiriska korrelationerna
för avdunstningshastigheten med data fr̊an direkt numeriska simuleringar för
små droppar och studerar effekten av deformation p̊a den globala och lokala
för̊angningshastigheten. Därefter betraktar vi fall med högre densitet av droppar
i en domän med periodiska randvillkor i alla riktningar och studerar avvikelsen
fr̊an d2-lagen som en funktion av initial gastemperatur och vätskevolymfraktion.
Vi bekräftar att även när för̊angningen enbart drivs av diffusion, kan avvikelser
fr̊an d2-lagen inte karakteriseras endast av den initiala volymfraktionen, utan
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även temperaturen spelar en roll: hög temperatur främjar avvikelsen fr̊an d2-
lagsregim vid högre volymfraktion, medan vid omgivningstemperatur sker denna
avvikelse vid lägre volymfraktion. Därefter studerar vi för̊angningen som sker
vid ett gas-vätskegränssnitt i ett Rayleigh-Bénard-konvektion flöde. För denna
konfiguration utvecklar vi analytiska utryck för gränssnittstemperaturen och
den globala värmeöverföringsmoduleringen och använder gränssnittsupplösta si-
muleringar för att bedöma modellernas giltighet. Den utmärkta överstämmelsen
mellan modellen och simuleringsdata öppnar möjligheten för användning av den
föreslagna analytiska modellen för de applikationer där exakt prediktering av
gränssnittstemperatur och värmeöverföring eftersträvas.

Nyckelord: Fasskiftande flöden, gränssnittsupplösta numeriska simulering-
ar, kompressibelt flöde, avdunstning av droppar, för̊angningsdriven termisk
konvektion.
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Preface

This thesis summarizes a selection of studies on phase-changing flows, which play
a pivotal role in a different variety of fields, such geophysical flows, industrial
applications and in the biomedical sectors. A brief introduction of the basic
physical concepts and numerical methods is presented in Part I, followed by six
journal articles in Part II, see below. For consistency, all papers are formatted
in the jfm style as the rest of the thesis. Their contents remain faithful to the
original publications.

Paper 1. N. Scapin, P. Costa, L. Brandt, 2020. A volume-of-fluid method
for interface-resolved simulations of phase-changing two-fluid flows. J. Comput.
Phys. 407, 109251.

Paper 2. F. Dalla Barba, N. Scapin, A. D. Demou, M. E. Rosti, F.
Picano, L. Brandt, 2022. An interface capturing method for liquid-gas flows
at low-Mach number. Comput. Fluids 216, 104789.

Paper 3. N. Scapin, F. Dalla Barba, G. Lupo, M. E. Rosti, C. Duwig,
L. Brandt, 2022. Finite-size evaporating droplets in weakly compressible
homogeneous shear turbulence. J. Fluid Mech. 934.

Paper 4. N. Scapin, A. Demou, L. Brandt. Evaporating Rayleigh-Bénard
convection: prediction of interface temperature and global heat transfer modula-
tion. Submitted to J. Fluid Mech.

Paper 5. A. Demou, N. Scapin, M. Pelanti, L. Brandt, 2022. A pressure-
based diffuse interface method for low-Mach multiphase flows with mass transfer.
J. Comput. Phys. 448, 110730.

Paper 6. M. C.-Esposito, N. Scapin, A. D. Demou, M. E. Rosti,
P. Costa, F. Spiga and L. Brandt. FluTAS: A GPU-accelerated finite
difference code for multiphase flows. Submitted to Comp. Phys. Commun.
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Nicoló Scapin

ix



Division of work between authors
The main thesis advisor is Professor Luca Brandt (LB). Associate Professor
Christophe Duwig (CD) and Associate Professor Outi Tammisola (OT) act as
co-advisors

Paper 1. Pedro Costa (PC) and Nicoló Scapin (NS) developed the code. PC
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Part I

Overview and summary





Chapter 1

Introduction

Phase-changing flows play a critical role in a large wide of contexts, including
environmental flows, industrial applications, and biomedical sectors, to name
a few. Since they belong to the vast family of multiphase flows, it is often
convenient to categorize them depending on the flow regime (Crowe et al. 1998;
Lienhard & John 2005).
A first class of phase-changing flows is represented by dispersed evaporating
droplets, which are pivotal in different fields. An example is spray combustion,
where the efficiency of the overall process demands that the liquid fuel droplets
completely vaporize before the chemical reactions occur (see fig. 1.1(a) for
illustration). Incomplete vaporization and the presence of small amount of
liquid fuel near the flame region typically lead to large production of chemical
pollutants harmful to the environment (Birouk & Gökalp 2006). In the geophys-
ical context, droplets evaporation plays a key role in the air-sea mass exchange,
being responsible for modulating the dispersed-phase size distribution at the
ocean surface. Evaporation mostly dictates the lifetime of small droplets in the
so-called oceanic sprays (Veron 2015; Ganan-Calvo 2022), and the maximum
distance they can travel. Those droplets are also responsible for the transport of
phytoplankton and, therefore, improved predictions about their lifetime are rele-
vant for the estimation of the local concentration of organic materials (O’Dowd
et al. 2015). Another recent example of the importance of understanding droplet
evaporation in turbulence became apparent during the COVID-19 pandemic
(fig. 1.1(b) for visualization), where the droplet evaporation dynamics influence
the airborne route of host-to-host spread of SARS-COV-2 (Bourouiba 2020).
A second class is phase change on a gas-liquid interface (fig. 1.1(c)), which is
pivotal in wide variety of applications. For example, in geophysical processes,
moisture convection and water vapour distribution within the atmosphere are
keys to understanding the positive and negative feedback of vapour on the
greenhouse effects (Colman & Soden 2021). In industry and especially in the
management of the nuclear waste, understanding evaporation in coolant pools,
e.g. light hydrocarbons or water, is imperative for the safety of the process as
the heat generated from spent-fuel rood is mostly evacuated with evaporation at
the free surface. The gas-liquid configuration is also typical in film boiling. Since
vapour is typically a less efficient heat transfer medium than the corresponding
liquid, the formation of vapour blankets near walls is associated with a sudden
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2 1. Introduction

reduction of the heat transfer rate (Lienhard & John 2005). This phenomenon,
also known as liquid dryout, is often the cause of different failures in nuclear
power plants and, therefore, the prediction of its occurrence is essential (Crowe
et al. 1998).
A third relevant class of phase-changing flows is represented by bubble flows in
boiling regime (fig. 1.1(d)). This configuration finds large applications in the
energy sector, e.g. correct working condition of boiler in power plants, as well
as for bubble columns frequently employed in the chemical industry. However,
it is also of fundamental importance to study enhancement of the heat transfer
properties in multiphase thermal convection (Wang et al. 2019).

(a) (b)

(c) (d)

Figure 1.1: Different examples of the relevance of phase changing flows: (a)
droplets evaporation in combustion applications (Luque & Clark 2010), (b)
multiphase turbulent gas cloud from a human sneeze event (Bourouiba 2020),
(c) moisture convection in the ocean (picture credit: WHOI) and (d) boiling
bubble flows in micro channels (Narcy & Colin 2015).

All the aforementioned practical problems demand a fundamental under-
standing of the dynamics of phase-changing flows. This task can be performed
with a combination of experimental campaigns and numerical simulations, often
guided by theoretical reasoning. However, experimental campaigns for multi-
phase flows are still difficulties (Elghobashi 2019). For example, despite the
recent progress in the instantaneous measurement of bubble/droplet shape (Ma-
suk et al. 2019; Salibindla et al. 2020; Masuk et al. 2021), there is still a lack of
experimental data for the measurement of the instantaneous velocity fields of
both carried and dispersed phases as well as for the turbulent kinetic energy
and dissipation near the interface locations. When phase change occurs, other
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complexities emerge and so far instantaneous measurement of the velocity,
temperature and vapour mass fraction fields around a single evaporating droplet
at high temperature is still considered a challenging task (Verwey & Birouk
2018, 2020). Within such difficulties, interface-resolved numerical simulations
offer the possibility to relax such restrictions. Despite this advantage, numer-
ical simulations are still limited to simple configurations and moderate scale
separation, and also pose the challenge of the choice of the proper method to
fully resolve the two-phase interface.
In this thesis, we propose novel methodologies to perform interface-resolved
situations of phase-changing flows and apply them to demanding configurations,
which enables to extract essential information without introducing any modeling
techniques, i.e. fully-resolved simulations within the continuum limit.

1.1. Numerical methods
The development of numerical methods for phase-changing flow have some
intrinsic challenges. First, the choice of the most appropriate mathematical
formulation is not trivial (Scardovelli & Zaleski 1999). Among the two classes
of methods, i.e. sharp interface and diffuse interface methods, the former
has a more established mathematical framework but it requires quite different
approaches to implement it in numerical algorithms. Conversely, the latter still
does not have a unique mathematical formulation. Next, once the methodology is
chosen, the account for heat and mass transfer processes poses three additional
complexities with respect to the already complex frameworks of interface-
resolved methods for isothermal and adiabatic flows, see Scardovelli & Zaleski
(1999); Prosperetti & Tryggvason (2009); Soligo et al. (2021)) for a detailed
review on the topic: i) handling a discontinuous and non-solenoidal velocity field,
ii) accurate evaluation of the interfacial heat and mass-flux, iii) incorporating
inherent compressible effects. We present two novel algorithms for phase
changing flows, one for each family, that are able to deal with the above
mentioned challenges in an efficient and accurate manner.

1.2. Physical aspects
The availability of interface-resolved methodologies for phase-changing flows
opens the possibility to study those flows in great detail. In this work, we
focus on two distinct regimes: evaporating droplets and evaporating multiphase
Rayleigh-Bénard convection.
In regards to the evaporating droplets, we consider two conditions: i) the dilute
regime and ii) the dense regime. In the dilute regime, we consider isolated
droplets evaporating in homogeneous shear turbulence in a three parameters
space composed of the normalized gas temperature Tg,0/Tcr, the normalized
droplet size d0/η and the Weber number. The study provides an assessment of
the experimental correlations employed in the literature for the estimation of
the evaporation rate. Then, we consider the dense regime in triperiodic domain
and in the limit diffusion. Here, we focus on the deviation of the d2-law and
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characterize it in a two-dimensional parameter space composed of the initial
volume fraction and the normalized gas temperature. The main outcome is that
the deviation from the d2-law cannot be described solely by the volume fraction
but also by the initial volume fraction.
Finally, we consider a two-layer evaporating system in a thermal convection
configuration. Here, we develop a theory to predict the interface temperature
and the global heat transfer modulation, i.e., the Nusselt number, for the system.
In this case, interface-resolved simulations are employed to validate the derived
scaling laws.

1.3. Outline
This thesis is divided into two parts. In the first part, an overview of the research
background behind the work is provided. chapter 2 briefly introduces the physics
of phase changing flows and the fundamental differences between evaporation
and boiling. In chapter 3, the two main classes of methods to formally describe
multiphase flows are introduced: the sharp interface and the diffuse interface
formulation. For each of them, we provide a theoretical background focusing
on their applications for phase-changing flows. In chapter 4, we finally discuss
the physical configurations where we have applied the numerical methodologies
previously described: evaporating droplets and multiphase Rayleigh-Bénard
convection with evaporation. In the second part, we include the research outputs
of this thesis, in the form of journal papers.



Chapter 2

Physics of gas-liquid phase change

We define phase change the process through which a substance passes from a
well-defined phase (solid, liquid or gas) into a different one. The three most
common transitions are: i) solid-liquid (SL, melting-freezing), ii) liquid-gas (LG,
vaporization-condensation), iii) gas-solid (GS, sublimation-deposition). Note
that as remarked in the seminal paper by Landau (1936), other transitions are
possible (e.g., between liquids and crystals or between crystalline), but being
out of the scope for the present research, we will not cover them here.
One of the most convenient way to study processes involving phase change is to

Figure 2.1: Thermodynamic pressure-temperature diagram for water: the triple
point TTP = 273.16 K and pth,TP = 6.1168 · 10−4 MPa, the critical point
TCR = 647.10 K and pth,CR = 22.064 MPa.

analyze the thermodynamic pressure-temperature diagram, often simply called
pthT diagram and depicted in figure 2.1 for water. Both pth and T are intensive
thermodynamic variables which, in absence of net phase change, should be
specified to fully characterize a thermodynamic system. This ”homogeneous”
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6 2. Physics of gas-liquid phase change

state corresponds to the regions ”liquid”, ”vapour/gas” and ”solid” in figure 2.1,
while at the border of these regions, phase transitions occur. When this is the
case, pth and T are no more independent but, once one is specified, also the other
is automatically prescribed. Two thermodynamic states are also important.
The triple point (TP), which represents the thermodynamic condition at which
the three phases can coexist and the critical point (CR) which is the last
thermodynamic state at which liquid and gas can coexist. These two points are
connected by a curve, known as vaporization curve, which represents the locus
of all the thermodynamic states where liquid and gas coexist in equilibrium.
The other two curves are often called fusion curve and sublimation curve and
represent the set of points where liquid and solid phases and solid and gas can
coexist. In the following however and for the rest of this thesis, we restrict our
attention on the vaporization curve and on the transition between a gas and
liquid phase.

2.1. Clausius-Clapeyron law
For theoretical and practical reasons, it is convenient to determine the function
between pth and T along the vaporization curve. Different models are available,
but the first one to be proposed and subsequently extended is the Clausius-
Claperyon law. The idea behind it is to postulate chemical equilibrium for
all the points at the saturation curve. Mathematically, this translates in an
equality between the Gibbs potential between the two-phases, i.e., gA,1 = gA,2,
which is also valid differential form, i.e., dgA,1 = dgA,2. Using the Gibbs–Duhem
equation (derived from the thermodynamic formalism, see Lienhard & John
2005), we can express the Gibbs free energy as dg = −sdT + dpth/ρ. Under
chemical equilibrium this leads to

−sA,1dT+ 1
ρA,1

dpth = −sA,2dT+ 1
ρA,2

dpth →
dpth
dT

= ∆hlv
T
(
ρ−1
A,2 − ρ

−1
A,1

) , (2.1)

where ∆hlv is the latent heat and ρi=[A,1],[A,2] the density of two coexisting
phases. Equation (2.1) represents the ”exact” Clausius-Clapeyron model, that
once integrated provides the functional form between pth and T and, thus, the
expression of the saturation curve. For a straightforward integration, three
assumptions are usually made: i) the latent heat does not change with T and
pth, ii) ρ−1

A,2 >> ρ−1
A,1, iii) the vapour can be well-described from the ideal gas

law. Accordingly, equation (2.1) can be integrated from a reference state r at
which the saturation temperature is measured, Ts,r up to the condition ps,Γ
(see fig. 2.1),

ps(T, pth,r) = pth,r exp
[
−∆hlvM1

Ru

(
1
T
− 1
Ts,r

)]
, (2.2)

where M1 is the molar mass of the liquid and Ru is the universal gas constant
(Ru = 8.314 J/(K ·mol)). The three assumptions previously employed cannot
be considered valid for all the substances and for the entire T − pth space.
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Accordingly, more complex and accurate models have been proposed over the
years, e.g. the extended Antonine’s law and the Span-Wagner equation of
state (Reid et al. 1987). However, the Clausius-Clapeyron relation is still
useful as it provides a deep physical insight in the physics of gas-liquid phase
change. First, the relation between the saturation pressure ps(T, pth,r) has
an exponential relation with the temperature and, therefore, small changes in
temperature lead to larger change in the saturation pressure. Next, it is valid as
long as T < Ts,r. This last aspect allows to introduce two different mechanisms
in the phase transitions between a liquid and gas: evaporation and boiling.

2.2. Evaporation
Evaporation is a mass transfer process which occurs at any temperature below
the saturation one Ts,r, evaluated at that pressure pth,r. It is worth specifying
that among the different mass transfer processes, evaporation involves also phase
change, which occurs between two phases with different densities or specific
volumes. Thus, evaporation is also known as mass transfer with local volume
changes. As in all mass transfer processes, evaporation involves exchange of
mass at the interface dividing the two phases. Here, it is often assumed that
saturation conditions exist (i.e., equation (2.1) is valid). When part of the
liquid evaporates, it turns into vapour and mixes with the inert gas. We thus
introduce Y v1 and we defined it as the mass fraction of vapour per unit of total
mass of the gas. Clearly, Y v1 has a physical meaning only in the gas region
and, therefore, it is worth questioning which value Y v1 assumes at the two-phase
interface. We define Y v1,Γ the mass fraction of vapour at the interface and by
applying the definition of Y v1 , it reads as

Y v1,Γ = m1,Γ

m1,Γ +m2,Γ
= n1,ΓM1

n1,ΓM1 + n2,ΓM2
, (2.3)

where mi=1,2,Γ and ni=1,2,Γ are the mass and number of moles of the vapourized
species and inert gas at the interface. To obtain a more useful expression,
we further assume both the inert gas and the vapourized liquid can be well
approximated with i) the ideal gas law for the gas density and ii) the Dalton
law for the partial and total pressure (i.e., pth,r). Under this assumption,
equation (2.3) becomes

Y v1,Γ = p1M1

p1M1 + (pth − p1)M2
, (2.4)

where pi=1,2 are the partial pressure of both species. To compute p1, the
simplest model for evaporation is the Raoult’s law for which p1 = ps,Γ. More
advanced and accurate estimations can be obtained by relaxing the assumptions
of ideal gas in ideal mixtures with the inclusion of the fugacity and the activity
coefficient Reid et al. (1987).
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2.3. Boiling
Boiling is a phase change process which two substantial differences with respect
to evaporation and all the other mass transfer processes. First, it occurs only
at temperatures higher than Ts,r (evaluated at pressure pth,r). Next, it often
involves nucleation of bubbles in the liquid domain which typically causes
local expansion and contraction of the flow field. Accordingly, it cannot be
considered a process that affects only the regions close to the interface (where
phase change takes place), but also the regions where nucleation typically occur,
i.e., in the bulk liquid regions. It is customary to distinguish two main boiling
mechanisms (Lienhard & John 2005):

• Pool boiling: this regime occurs in free-fall driven by buoyancy with
formation of bubbles with a length-scale smaller than any other in the
domain.

• Flow boiling or forced convective bubbling: this regime occurs when the
motion of bubbles is driven by entrainment in the liquid flow. The size
of bubbles is typically larger than the smallest length-scale of the flow,
allowing them to have a direct influence and modulation on the local
transport properties.

A qualitative representation of these two phenomena is given in figure 2.2.
The exceeds of the saturation temperature Ts,r is not sufficient condition for

(a)

(b)

Figure 2.2: Flow boiling regimes: a) nucleation of benzene bubbles under
normal gravity condition Lienhard & John (2005), b) evolution the flow boiling
regime O’Neill et al. (2016) in a pipe, with bubbles forming at the bottom of
the pipe and reach the upper part where vapour accumulates.

bubble formation, but it requires also the presence of local nucleation site (also
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called vapor nuclei) whose growth is driven by a temperature gradient. These
nuclei are typically found closed to walls in the regions of larger roughness. The
characteristic length scale, Rb, of vapour nuclei is strictly related to superheating
temperature ∆Tsh, which represents the minimum difference between the local
temperature and the saturation temperature to promote the grow of such nuclei.
Using the Gibbs-Duhem relation and the Youngs-Laplace law, it is possible to
show that (Lienhard & John 2005),

∆Tsh = 2σTs,r
ρ1Rb∆hlv

, (2.5)

where Rb is the typical size of the vapour nuclei. When the local temperature
exceeds the saturation temperature of ∆Tsh, nucleation starts, bubbles grow
until buoyancy forces are sufficient to detach them from the crevice. Once
bubbles detachment occurs, the disperse phases interact with the local flow field
and the flow boiling regime is achieved.



Chapter 3

Methodologies for phase-changing flow

Two theoretical models are generally available to describe interfacial problems,
a classification applicable also for phase-changing flows: the sharp interface
(SI) and the diffuse interface (DI) approaches. The main difference between
them is the way the interface topology is conceived. Under the assumption that
the interface thickness is much smaller than any other length scale present in
the flow (Ishii & Hibiki 2010), the SI methods treat the interface as a three-
dimensional surface. Conversely, the DI methods, driven by the presence of a
small mixing region diving the two phases (Korteweg 1901; Cahn & Hilliard
1958), assume the interface of finite size. This conceptual difference has a
dramatic impact on the different methods to describe the phase-changing
multiphase flow. Before proceeding, it is worth mentioning that in this work
the term ”sharp” and ”diffuse” are exclusively referring to the mathematical
formalism without any reference to possible numerical implementations. This
clarification is necessary since a considerable number of numerical methods
based on the sharp interface formulation introduces a ”diffuse” transition region
between the two phases, mainly for ease of implementation and to improve the
robustness of the algorithms. Nevertheless, in this work, we still categorize
them within the ”sharp interface” class.

3.1. Sharp interface formulation
In all the methods which adopt the SI formulation, an indicator function H(x, t)
is typically defined as follows

H(x, t) =
{

1 if x ∈ Ω1,

0 if x ∈ Ω2,
(3.1)

where Ωi=1,2 are the two bulk regions of the liquid and gas phase and the
interface Γ = Ω1 ∩Ω2. H is assumed to be a conserved quantity and is governed
by the following hyperbolic equation (Scardovelli & Zaleski 1999),

∂H

∂t
+ uΓ · ∇H = 0, (3.2)

where uΓ is the interface velocity. Equation (3.1) is then coupled with the
transport of mass, momentum, energy, vapour species, defined everywhere

10
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except for the interface,
Dρ

Dt
= −ρ∇ · u, (3.3a)

ρ
Du
Dt

= −∇p+∇ · τ + ρg, (3.3b)

ρ
Dh

Dt
= ∇ · (k∇T ) + Dp

Dt
+∇u : τ , (3.3c)

ρ2
DY v1
Dt

= ∇ · (ρ2D12∇Y v1 ). (3.3d)

In equations (3.3a) and (3.3b), ρ is the density, u is the velocity field, p the
pressure, τ the viscous stress for a compressible Newtonian fluid, g is the gravity.
In equation (3.3c) and (3.3d), h is mixture enthalpy and Y v1 the vapour mass
fraction. The generic thermophysical property ξ (density ρ, dynamic viscosity
µ, thermal conductivity k and specific heat capacity cp) is computed with a
linear blending between the liquid ξ1 and the gas phase ξ2 properties,

ξ = ξ1H + ξ2(1−H). (3.4)

At the interface, the following conditions (Ishii & Hibiki 2010) apply

[u · n]Γ = ṁΓ

[
1
ρ

]
Γ
, (3.5a)

[p]Γ = σκΓ + 2 [µ∇u · n]Γ − ṁ
2
Γ

[
1
ρ

]
Γ
, (3.5b)

[k∇T · n]Γ = ṁΓ∆hlv + [cp]Γ (Tsat − TΓ), (3.5c)
ṁΓ(1− Y v1,Γ) + [ρ2D12∇Y · n]Γ = ṁΓ, (3.5d)

where the operator [·]Γ represents the jump of any vectorial or scalar quantity in
Γ. Note the interface condition (3.5d) require the knowledge of the vapor mass
fraction at the interface, Y v1,Γ, which can be evaluated as a function of pressure
and temperature using different equation of State (e.g., Clausius-Clapeyron and
Antoine’s law or the Span-Wagner relation) Reid et al. (1987).
The governing equations (3.3a), (3.3b), (3.3c) and (3.3d) coupled with the
interface conditions (equations (3.5b), (3.5c) and (3.5d)) represent the Jump
condition formulation. An alternatively approach, known as Whole-domain
formulation, includes the relations (3.5b), (3.5c) and (3.5d) as singular source
term in the right-hand side of equations (3.3b), (3.3c) and (3.3d). As remarked
in Tanguy et al. (2014), the two formulations are mathematically equivalent
but requires different numerical techniques to ensure accurate and efficient
discretization.
Phase change processes are inherently characterized by local change in volume,
which are important to quantify. Starting from the definition of the velocity
field, i.e., u = u1H + u2(1−H), we thus compute the local velocity divergence
as

∇ · u = (u2 − u1) · ∇H + (1−H)∇ · u2 +H∇ · u1. (3.6)
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The first term on the right-hand side represents the volume variation at the
interface due to phase change, while the second and the third come from the
density variations in the gas and in the liquid phase. Starting with the phase-
change contribution, we consider a reference frame moving with the interface
(also known as Frenet frame). Accordingly, we decompose the vector u2 − u1
along the normal nΓ, tangential tΓ and bi-normal directions bΓ:

u2 − u1 = (u2,n − u1,n)nΓ + (u2,t − u1,t)tΓ + (u2,b − u1,b)bΓ. (3.7)

Within the SI approach, the mass balance imposes that the velocity is continuous
along the tangential and bi-normal directions (i.e., u1,t = u2,t and u1,b = u2,b).
Instead, along the normal direction, the velocity has a discontinuity proportional
to the mass-flux ṁΓ (see equation (3.5a)). Thus, combining equation (3.6)
and (3.7) yields

∇ · u = ṁΓ

(
1
ρ2,Γ

− 1
ρ1,Γ

)
δΓ −

1
ρ1

Dρ1

Dt
H − 1

ρ2

Dρ2

Dt
(1−H), (3.8)

where ρi=1,2 can be computed using appropriate equations of state.

3.1.1. Numerical approaches
Equations (3.3) coupled with the interface conditions (3.5) with the local kine-
matic constrain (3.8) encapsulate three important challenges in the numerical
implementation of SI methods for phase-changing flows,

1. Boundary conditions (Dirichlet, Neumann and Robin type) must be
imposed on a moving interface to satisfy at discrete level the jump
conditions (3.8);

2. The velocity field u is discontinuous at the interface with a jump which
grows with the exchange mass-flux and the density ratios;

3. The velocity field is not divergence-free due to the velocity jump at the
interface and/or compressibility effects in the bulk of the two phases.

(a) (b) (c)

Figure 3.1: Qualitative comparison among the three main classes of SI meth-
ods: a) Volume-of-fluid method, b) Level-set, c) Front tracking (figure taken
from Rosti et al. (2019a)).
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The first two numerical challenges are peculiar only of the sharp-interface formu-
lation and will be discussed in the remaining of this section. The third aspect
is common to both formulations and will be detailed in section 3.3.
Given a similar mathematical framework, different numerical implementations
have been proposed so far in literature within the so-called interface captur-
ing methods, Volume-of-Fluid (VoF) and Level-set (LS), or interface-tracking
methods such the Front Tracking method (FT). Hereinafter, we provide a brief
overview of VoF, LS and FT methods mainly focusing on the differences for
dealing with phase-changing problems. Unless otherwise stated, we take as
reference a Cartesian grid with a uniform grid spacing in at least two directions
with possible grid stretching along the third direction, z (∆x and ∆y are the
grid size along x and y and ∆z the one along z in case also along this direction,
the grid is uniform). Moreover, we assume that the governing equations (3.3)
are discretized with a standard second order finite-difference methods (Scar-
dovelli & Zaleski 1999; Prosperetti & Tryggvason 2009). Finally, the momentum
equation (3.3b) is solved with a standard pressure-correction method where
the governing equations are advanced in time by ∆tn+1 = tn+1 − tn, with the
previous time-step indicated with ∆tn = tn − tn−1.

Volume-of-Fluid
Starting from the definition for the indicator function (3.1), the class of VoF
methods introduce the volume fraction φ

φ = 1
Vc

∫
Vc

H(x, t)dVc, (3.9)

with Vc = ∆x∆y∆z. Next, using (3.9), the transport equation for the indicator
function (3.2) is written in terms of φ,

∂φ

∂t
+∇ · (HuΓ) = φ∇ · uΓ. (3.10)

As sketched in figure 3.1a, φ is bounded between 0 and 1 and the interface is
the locus of all the points where φ = 0.5. In equation (3.10), uΓ is computed as

uΓ = u1 + ṁΓ

ρ1
nΓ. (3.11)

Note that due to phase change, u is discontinuous in Γ and, therefore, not
suitable to compute uΓ and, thus, transport φ. On the other hand, the VoF
methods are typically based on a whole-domain formulation of the momentum
equation and, thus, an accurate extraction of the liquid and gas velocity from u
is not straightforward. This problem has been already remarked in Schlottke &
Weigand (2008) and explains the limited number of phase-change studies using
the VoF methods and the whole-domain formulation so far. To overcome this
first challenge, two approaches have been proposed in literature.
The first strategy consists in building an extension of the velocity field of the gas
or the liquid, ue that it is defined beyond the domain pertaining to one of the
two phases. The extension should ensure that velocity field is continuous and
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well-defined across the interface and also divergence-free in case of incompressible
phase. In Palmore Jr & Desjardins (2019), the authors propose to solve an
Helmholtz equation in the form,

aψ +∇2ψ = ∇ · up,1, (3.12)

where ψ is an auxiliary variable, a is an arbitrary constant (typically set to
1/∆t2) and up the liquid or gas field extrapolated (using as example Aslam
(2004)) in the region pertaining to the other phase. The liquid or gas velocity can
be then computed as ue = up −∇ψ using the Hodge-Helmholtz decomposition.
In the second strategy, ue is found by subtracting from u the source of disconti-
nuity induced by phase-change:

ue = u− uj . (3.13)

Different choices can be done for the calculation of uj . One possibility is to
solve a Poisson equation for an auxiliary variable ψ and compute uj as:

∇2ψ = ṁΓ

(
1
ρ2
− 1
ρ1

)
δΓ,

uj = −∇ψ,
ue = u− uj .

(3.14)

This strategy has been proposed in Scapin et al. (2020). Note that in Malan
et al. (2021), the authors employ a variable-coefficient Poisson equation instead
of a constant coefficient. Nevertheless, as remarked in the comparison performed
in Bureš & Sato (2021), the two approaches lead to very similar results, despite
they differ in the computational effort. The constant-coefficient approach has a
lower computational cost (i.e., no need to factorize the matrix every time-step)
and, if ψ has homogeneous boundary conditions, it can benefit of the use of fast
FFT-based solvers (Swarztrauber 1977).
The second challenge in VoF methods is the accurate imposition of boundary
conditions (e.g., Dirichlet, Neumann and Robin) at the moving interface. To
explain this aspect, we consider the discretization of equation (3.3d) in an
irregular stencil reported in figure 3.2 requires to impose a Dirichlet conditions,
i.e., Y v1 = Y v1,Γ, while it should not be transported inside the liquid domain.
The semi-discrete form of equation (3.3d) reads

ρn+1
g

Y v,n+1
1 − Y v,n1

∆tn+1 = −ρn+1
g un · ∇Y v,n1 +∇ · (ρn+1

g Dn+1
lg ∇

1Y v,m1 ), (3.15)

with m = n+ 1 or n, depending on whether the diffusion term is discretized
implicitly or explicitly. The spatial discretization needs to be modified close
to the interface to prescribe the boundary condition at x = xΓ. To achieve
this, the finite-difference stencil is modified in grid cells close to interface by
using a signed distance field Φ from φ, as it will be later remarked. Here Φ > 0
corresponds to Ω1, and Φ < 0 to Ω2. The advection term can be discretized
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θxΔx
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liquid

Δx
Δy

Γ

Figure 3.2: Irregular stencil for the discretization of equation (3.3d) and (3.5d).

using an upwind scheme and taking the discretization in x as example, it reads:

u · ∇Y v1 = (uc + |uc|)
2

∂Y v1
∂x

∣∣∣∣
−

+ (uc − |uc|)
2

∂Y v1
∂x

∣∣∣∣
+
, (3.16)

where uc is the x-velocity component interpolated into the cell center (i.e.
uc = (uci+1/2,j,k + uci−1/2,j,k)/2). When the interface crosses a grid cell, the
discretized form of the gradients of Y vl should be modified to conform to the
interface boundary condition. This is achieved by considering a higher-order
one-sided difference on an irregular stencil. For instance, the gradient of Y v1 at
i− 1/2 is computed as follows (the procedure for i+ 1/2 is analogous):

∂Y v1
∂x

∣∣∣∣
−

=


β0Y

v
1,Γ(T−Γ,x) +

3∑
p=0

βp+1Y
l
1,i+p if Φi−1Φi < 0,

Y v1,i − Y v1,i−1

∆x otherwise,

(3.17)

where Y v1,Γ is computed as a function of pth and interface temperature T−Γ,x
estimated from the neighboring values of Φ (Kang et al. 2000; Tanguy et al.
2007):

T−Γ,x = Ti−1,j,k|Φi,j,k|+ Ti,j,k|Φi−1,j,k|
|Φi−1,j,k|+ |Φi,j,k|

. (3.18)

In eq. (3.17), the one-sided difference coefficients β are computed following
the approach reported in Fornberg (1988). The resulting stencil is given by
x = xi + {−θ−x , 0, 1, 2, 3}∆x. Using the signed distance function, the coefficient
θ−x = (xi − xΓ)/∆x is computed as proposed in Kang et al. (2000):

θ−x = |Φi,j,k|
|Φi−1,j,k|+ |Φi,j,k|

. (3.19)

In case of small values of θ−x < 0.25, the point xi is removed from the one-sided
difference stencil to prevent errors as it approaches a singular value.
The above procedure, which can be easily extended to the other three directions
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in dimension-by-dimension fashion, requires inherently the knowledge for each
Eulerian grid, within at least three grid cells close to the interface, of the
distance to interface. This information is not naturally embedded in volume-
of-fluid methods, so different strategies are available to retrieve it. The first
is to reconstruct the level-set function directly from φ, using the re-distancing
methods proposed by Russo & Smereka (2000) and as done in Scapin et al.
(2020). The procedure is typically iterative and should be done only for those
Eulerian grids close to the interface. A second option is to employ the height
functions to determine Φ as done in Malan et al. (2021). A third alternative is to
combined both VoF and LS methods (i.e., advancing both indicator functions)
where the transport of φ ensures mass conservation properties, while th transport
of Φ provides the signed distance to the interface (Martinez et al. 2021).

Level-set
The level-set (LS) method (Sethian & Smereka 2003) is based on replacing
the indicator function H with a suitable smooth and continuous differentiable
function Φ employed to define the interface position. As a result, Φ results to
be positive in one phase and negative in the other with the interface located
where Φ = 0. Φ is typically governed from the following advection equation

∂Φ
∂t

+ uΓ · ∇Φ = 0. (3.20)

Since Φ is at least continous and continous differentiable, topological properties
of the interface (i.e., normal vector and curvature) can be easily computed
simply by their corresponding definitions, i.e., nΓ = ∇Φ/|∇Φ| and κΓ =
∇ · nΓ. Moreover, standard numerical techniques can be employed to transport
eqn. (3.20). A suitable and well-established choice is to use the 5th-order
WENO5 and the 3rd-order Runge-Kutta method for the spatial and temporal
discretization (Sethian & Smereka 2003). To evaluate the thermophysical
property, a regularized indicator function Hls is retrived from Φ and reads as it
follows (Sethian & Smereka 2003)

Hls(Φ) =


0 if Φ ≤ −ε∆x,
1
2

[
1 + Φ

ε∆x
+ Φ
π

sin
(
πΦ
ε∆x

)]
if Φ ≤ ε∆x,

1 otherwise.

(3.21)

where ε∆x is the thickness of an artificial interface and it is typically taken equal
to 3∆x/2. It is important to note that Φ is not a conserved property and the
solution of the associated transport equation is not related to the conservation
of volume or mass. Moreover, due to numerical errors that accumulate in
time, the solution of equation (3.20) does not guarantee that the interface
position is preserved. This also leads to large errors in mass conservation. This
major drawback can be alleviated with periodic re-initialization of Φ to preserve
the property of being the signed-distance function, a procedure however that
still does guarantee mass conservation. Despite this, the LS method has been
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one of the first to be employed to study phase-changing flow, often coupled
with some corrections to improve the conservation properties (Ge et al. 2018;
Ningegowda et al. 2020). In particular, Tanguy et al. (2007) proposes a level-set
for vaporizing flows (later extended to boiling problems Tanguy et al. (2014))
using a canonical level-set method. Despite the errors in conservation (contained
with frequent reinitialization of Φ and highly-refined grid), the LS was employed
for its simplicity to evaluate in each Eulerian point the distance to the interface
and thus easily impose boundary conditions on the moving interface with a
similar procedure detailed in 3.1.1.
The challenge inherent to the discontinuous velocity is present also within the
LS framework and, therefore, the proposed remedies can be applied also to this
method. Nevertheless, owing the smoothness of the indicator function, another
approach has been proposed in literature in this case. The idea is to compute
the velocity field separately for each phase (where the field is smooth) and than
extended in the other domain using a divergence-free extension similar to the
one described previously in Tanguy et al. (2007, 2014); Martinez et al. (2021).

Front-tracking
Differently from the VoF and LS methods where the interface is implicitly
captured, in the front-tracking method (FT) (Unverdi & Tryggvason 1992;
Scardovelli & Zaleski 1999), the interface is explicitly tracked by a finite number
of material points (known as trackers or markers) distributed on the interface
(see figure 3.1c). Each markers is advanced with the following equation,

dxΓ

dt
= uΓ,nnΓ, (3.22)

where the normal component of the interface velocity can be easily computed
from the Rankine-Hugoniot condition:

uΓ,n = 1
2 (u1 + u2) · nΓ + ṁΓ

2

(
1
ρ1

+ 1
ρ2

)
. (3.23)

From the front position, in order to retrieve a regularized indicator function,
one needs to first compute its gradient G using a distribution kernel D (e.g., the
one proposed by Peskin in Peskin (2002)),

G(x) =
N∑
k=1
D(x− xk)nΓ,k∆Sk, (3.24)

where nΓ,k is the unit normal vector to the interface element of area ∆Sk with
centroid located in xk. The indicator function Hft is found in each Eulerian
point of the domain as

∇2Hft = ∇ · G. (3.25)
Equation (3.22) and (3.23) show the first remarkable advantage of FT in phase-
changing studies. Since the interface is explicitly captured by Lagrangian
markers, uΓ,n can be easily computed at the exact interface location and then
employed to advance the front. This eliminates the need of any divergence-free



18 3. Methodologies for phase-changing flow

extension of the velocity field. The second advantage is represented by the
straightforward discretization of equations (3.3d) and (3.5d) on the moving
interface. For eqn. (3.3d), leveraging the information stored in the Lagrangian
grids on the front position, it is possible to compute the distance of each
Eulerian grid to the interface (Irfan & Muradoglu 2017). For eqn. (3.5d), the
most employed approach is the so-called normal probe methods. Two Lagrangian
points are defined in gas phase at a difference distances along the normal to the
interface. The position is typically taken at ∆x and 2∆x. Then, the one-sided
finite difference is computed using this stencil support, as done in Juric &
Tryggvason (1998); Irfan & Muradoglu (2017); Lupo et al. (2019).
The main disadvantage of the FT methods is the requirement to handle two
grids: one Eulerian grid where the governing equations are discretized and one
Lagrangian one where the markers are stored. Furthermore, accurate description
of the interface requires to periodically redistribute points along the interface
and remove or add markers points in presence of complex topological changes
such coalescence and breakup (Lu & Tryggvason 2019).

3.2. Diffuse interface formulation
Within the DI framework, two classes of methods exist. The first one, originating
from the chemical-physical second gradient theory proposed by Koertweg (Ko-
rteweg 1901) and extended by Cahn and Hilliard (CH) in (Cahn & Hilliard
1958), assumes an interface thickness of physical finite width. In this region,
the exchange of mass, momentum and energy take place and can be rigorously
derived a function of the local Helmholtz/Gibbs free energy. The second one is
the Baer-Nunziato class of models (BN) (Baer & Nunziato 1986), which relies
on discontinuity capturing methods to account for the abrupt changes in the
material properties between the two phases without any explicit imposition of
the jump conditions at the interface. Thus, in this second case, the interface is
artificially diffused without any physical interpretation, but for a more conve-
nient choice in the numerical discretization.
Since they are derived based on different assumptions, these models present
two significantly different formulations. Thus, contrary to the SI framework,
there is not a unique DI mathematical formulation of the governing equations,
but instead at least two different classes which differ both in the mathematical
models and of the corresponding numerical implementations.

3.2.1. The Baer-Nunziato model
The Baer-Nunziato (BN) model is based on a 7–equation model proposed (Baer
& Nunziato 1986) to describe the multiphase flow with a set of equation for
each phase and accounting for the interaction at the interface with relaxation
procedures. A convenient starting point is the Baer-Nunziato system using the
variant of Saurel–Abgrall (Saurel & Abgrall 1999a), written in terms of the
vector of primitive variables, temperature Ti=1,2, velocity ui=1,2 and pressure
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pi=1,2, grouped in the vector w ∈ R7, and specified below as,

∂tw +A(w)∂xw = 1
τ

Ψ(w) + Φ(w), (3.26a)

where w = [α1, T1, T2, u1, u2, p1, p2]T , while A = A(w) reads as

A =



uI 0 0 0 0 0 0

−
[
ϕ1
Cp1

∆p1I − Γ1T1
α1

]
∆u1I u1 0 Γ1T1 0 0 0[

ϕ2
Cp2

∆p2I − Γ2T2
α2

]
∆u1I 0 u2 0 Γ2T2 0 0

∆p1I
α1ρ1

0 0 u1 0 1
ρ1

0
−∆p2I
α1ρ1

0 0 0 u2 0 1
ρ2

− ξ1
α1

∆u1I 0 0 ρ1c
2
1 0 u1 0

ξ2
α2

∆u2I 0 0 0 ρ2c
2
2 0 u2


,

(3.26b)
where ∆p1I = p1 − pI , ∆p2I = p2 − pI , ∆u1I = u1 − uI and ∆u2I = u2 − u1.
Then, Ψ = Ψ(w) reads as

Ψ =



µ̃∆p12

−
[
ϕ1
Cp1

∆p12 − Γ1T1
α1

]
µ̃∆p12 + ϕ1

Cp1
λ̃∆uI1∆u12 + ϕ1

Cp1
θ̃∆T12[

ϕ2
Cp2

∆p2I − Γ2T2
α2

]
µ̃∆p12 − ϕ2

Cp2
λ̃∆p2I∆u21 − ϕ2

Cp2
θ̃∆T21

λ̃
α1ρ1

∆u21

− λ̃
α2ρ2

∆u21
ξ1
α1
µ̃∆p12 + Γ1

α1
λ̃∆uI1∆u21 + Γ1

α1
θ̃∆T21

− ξ2
α2
µ̃∆p12 − Γ2

α2
λ̃∆uI2∆u21 − Γ1

α1
θ̃∆T21


,

(3.26c)
where ∆p12 = p1 − p2, ∆uI1 = uI − u1, ∆uI2 = uI − u2, ∆T12 = T1 − T2,
∆T21 = T2 − T1, ∆u21 = u2 − u1 and ϕ read

ϕk = 1 + Γ2
k

κpkTk
c2k

= 1 + Γ2
k

CpkTk
αkρkc2k

, ξk = Γk(pk − pI)− ρkc2k . (3.26d)

Here, the subscript I are the interface primitive variable. Vector Ψ(w) contains
all the relaxation source terms describing transfer processes that we consider in
the limit of instantaneous equilibrium: the velocity relaxation term λ(u2 − u1),
the pressure relaxation term −µ(p2 − p1), and the thermal relaxation term
θ(T2−T1). The relaxation parameters are redefined as λ = λ̃

τ , µ = µ̃
τ and θ = θ̃

τ .
Vector Sbn(w) contains all the other source terms (e.g. gravity).
It is possible to show (Murrone & Guillard 2005; Demou et al. 2022) that
in the limit of instantaneous velocity, pressure and temperature relaxation,
u1 = u2 = uI = u, p1 = p2 = pI = p, T1 = T2 = T , the 7−th order Baer-
Nunziato model reduces to the following 4–equation model (here assuming
Snb = 0),
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∂a1

∂t
+∇ · (a1u) +

(
S(3)
a − a1

)
∇ · u = 0, (3.27)

∂T

∂t
+∇ · (Tu) +

(
S

(3)
T − T

)
∇ · u = 0, (3.28)

∂(ρu)
∂t

+∇ · (ρu⊗ u) +∇p = 0, (3.29)

∂p

∂t
+ u · ∇p+ ρc2∇ · u = 0, (3.30)

where,

S
(3)
a

ρc2
=
[(

a1a2
ρ2c22
− a1a2

ρ1c21

)
+ TCp1Cp2

Cp1+Cp2

(
Γ2
ρ2c22
− Γ1

ρ1c21

)(
a1Γ2
ρ2c22

+ a2Γ1
ρ1c21

)]
,

S
(3)
T = ρc2T

Cp1+Cp2

(
Cp1Γ1
ρ1c21

+ Cp2Γ2
ρ2c22

)
,

1
c2

= ρ

(
a1

ρ1c21
+ a2

ρ2c22

)
+ ρTCp1Cp2
Cp1 + Cp2

(
Γ2

ρ2c22
− Γ1

ρ1c21

)2
.

(3.31)

The effects of viscosity, thermal conductivity and mass transfer are described by
source terms in the governing equations. To this purpose, it is better to start
from the formulation of the four-equation model with this enriched physical
description in terms of the conserved variables. Based on (3.31), we can write:

∂t(a1ρ1) + ~∇ · (a1ρ1) = M, (3.32)
∂t(a2ρ2) + ~∇ · (a2ρ2) = −M, (3.33)

∂t(E) + ~∇ · (E~u) + p~∇ · ~u = DE +K, (3.34)

where M , DE , K are the mass transfer, energy dissipation and heat conduction
terms, respectively. The corresponding source terms in the volume fraction,
temperature and pressure equations, are determined after the transformation
from equations for q̃ to w, defined as,

q̃ =

 a1ρ1
a2ρ2
E

 , and w =

 a1
T
p

 , (3.35)

with a transformation matrix,

∂q̃

∂w
=

 ρ1 a1φ1 a1ζ1
−ρ2 a2φ2 a2ζ2
E1 − E2 CEp CET

 , (3.36)

where φk = (∂ρk/∂T )p and ζk = (∂ρk/∂p)T and,

CEp = a1

(
∂E1
∂T

)
p

+ a2

(
∂E2
∂T

)
p

, (3.37)

CET = a1

(
∂E1
∂p

)
T

+ a2

(
∂E2
∂p

)
T

. (3.38)
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Therefore, the source terms of w (RHS(w)) are determined as,

RHS(w) =
(
dq̃

dw

)−1
 M
−M

DE +K

 =

 S
(1)
a M + S

(2)
a (DE +K)

S
(1)
T M + S

(2)
T (DE +K)

S
(1)
p M + S

(2)
p (DE +K)

 . (3.39)

Taking into account the expressions for the derivatives of Ek,(
∂Ek
∂T

)
p

= −χkΓk
φk, and

(
∂Ek
∂p

)
T

= 1
Γk

(1− χkζk), (3.40)

along with E1−E2 = ρ1h1− ρ2h2 and hk = (c2k −χk)/Γk, the coefficients of the
source terms are obtained as,

S
(1)
a = 1

D̄

[(
χ1
Γ1
− χ2

Γ2

)
(φζ)T +

(
a1
Γ1

+ a2
Γ2

)
φv

]
,

S
(1)
T = 1

D̄

[(
χ2
Γ2
− χ1

Γ1

)
(ζρ)T +

(
ρ1c

2
1

Γ1
− ρ2c

2
2

Γ2

)
ζv +

(
a1
Γ1

+ a2
Γ2

)
∆ρ
]
,

S
(1)
p = 1

D̄

[(
χ1
Γ1
− χ2

Γ2

)
(φρ)T +

(
ρ2c

2
2

Γ2
− ρ1c

2
1

Γ1

)
φv

]
,

S
(2)
a = 1

D̄
(φζ)T ,

S
(2)
T = − 1

D̄
(ζρ)T ,

S
(2)
p = 1

D̄
(φρ)T ,

(3.41)

where,
(φρ)T = a1φ1ρ2 + a2φ2ρ1, φv = a1φ1 + a2φ2, (3.42a)
(ζρ)T = a1ζ1ρ2 + a2ζ2ρ1, ζv = a1ζ1 + a2ζ2, (3.42b)
(φζ)T = a1a2(φ1ζ2 − φ2ζ1), ∆ρ = ρ2 − ρ1, (3.42c)

D̄ =
(
ρ1c

2
1

Γ1
− ρ2c

2
2

Γ2

)
(φζ)T +

(
a1

Γ1
+ a2

Γ2

)
(φρ)T , (3.42d)

χk =
(
∂P

∂ρk

)
Ek

= c2k − Γkhk. (3.42e)

3.2.2. The Koertweg and Cahn-Hilliard models
In this second class of diffuse interface methods, the zero-thickness assumption
of the interface is relaxed and replace by a mixing region diving the two phases,
where the exchanges of mass, momentum and energy occur. This approach
lays its theoretical foundation on the thermodynamic theory proposed by Van
der Waals (Van der Waals 1979) and Korteweg (Korteweg 1901). Starting
from the expression Helmholtz free energy for a generic pure substance, they
independently propose to divide it in three contributions: i) an ideal term (as if
the substance can treated as an ideal gas), ii) a thermodynamic contribution
(when the substance is in its homogeneous state), and iii) a non-local term
active when the substance undergoes to phase transition. Korteweg in particular
proves that the this last contribution is proportional to second-order gradient of
the local density, making this DI approach known also as second-order gradient
theory. The advantage of all the DI models based on the second-order gradient
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theory are several. First, it is possible to obtain an estimation of the interface
thickness and, therefore, it can be seen as a mesoscale formulation bridging the
discrete/atomistic modeling and the continuum mechanics formalism. Next,
the surface tension is no more an input parameter, but it can be computed
from first principles as integral of specific free energy (Lamorgese et al. 2017).
Finally, when coupled with the transport equations, it provides a suitable tool
to describe two-phase problems.
Within the second-order gradient theory, two important DI formulations are
derived. The first one, known as Navier-Stokes-Korteweg theory, is valid to
describe a pure substance undergoing phase transition with the nucleation of a
second phase belonging to the same substance (e.g., water and its vapour as
in boiling). The formulation, compressible and thermodynamically consistent,
read as (Lamorgese et al. 2017),

Dρ

Dt
+ ρ∇ · u = 0,

ρ
Du
Dt

= −∇p+∇ · τ + ρg +∇(α∇2ρ),
DE
Dt

+∇ · (Eu) = −p∇ · u +∇u : τ.

(3.43)

Note that the last term in the momentum equation (3.43), known as Korteweg
stress, resembles the surface tension forces acting at two phase interface.
The second formulation, descending from the first one, is known as Cahn-Hilliard
model and has been proposed for binary mixtures. Introducing the mass fraction
c ∈ [0, 1] of two-phase system (defined as c = ρ1/ρ2), the simplest and first
proposed model (in Jacqmin (2000)) read

Dc

Dt
= Dc∇2g,

ρ
Du
Dt

= −∇p+∇ ·
[
µ
(
∇u +∇uT

)]
+ ρg +∇(α∇2φ),

DE
Dt

+∇ · (Eu) = ∇ · (k∇T ).

(3.44)

Note that in the mass conservation equation of the system (3.44), Dc is a
diffusion coefficient and the potential µ is derived from the free energy of the
system as,

g = α1
dΨ(c)
dc

− α2∇2c, (3.45)

where Ψ(c) is typically approximated with a double-well potential, i.e. Ψ(c) =
(c + 1/2)2/(c − 1/2)2 and the coefficients α1 and α2 account for the relative
importance of the gradient ”energy” and the bulk energy density. It is possible
to show that the interface thickness is O(α1/α2) and the surface tension is a
function of √α1α2 (Lamorgese et al. 2017).
Despite the system (3.44) being one of the simplest CH model, it shows a
powerful advantage of this DI class. Once the free-energy of the system is
prescribed (either in a functional or tabulated form), it is possible to describe
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any system, no matter the complexity. For these reasons, CH models have been
proposed for studying complex flows such as wetting (Jacqmin 2000; Nakamura
et al. 2013), phase change (Badillo 2012; Wang et al. 2021) and also turbulent
multiphase-flow (Soligo et al. 2021). The main drawback of this DI approach
and more in general of all the methods belonging to the DI family is twofold: i)
a less accurate representation of the interface and calculation of its topological
properties, i.e., curvature and normal vector, ii) a non-negligible volume and
mass leakage between the phases (Jacqmin 2000; Badillo 2012; Elghobashi
2019). Both shortcomings can be alleviated with interface regularization and
compression techniques (Jain et al. 2020; Liu et al. 2021b; Soligo et al. 2021).

3.3. Compressible effects
Regardless of the employed formulation, phase change problems are inherently
associated with compressible effects, i.e., volume expansion and contraction
at the gas-liquid interface as well in the bulk of the two phases. From a
mathematical stand point, this implies a non-zero local velocity divergence (see
e.g. (3.6)). Furthermore, in many canonical flows of interest (e.g., channel flow,
duct flows, triperiodic and shear-periodic), a total volume constrain must be
also satisfied, ∫

V

∇ · udV = 0. (3.46)

Equation (3.46) and non-zero local velocity divergence due to phase change
cannot be satisfied at the same time and to accommodate such volume variations,
it is required to relax the assumption of uniform and constant properties of
at least one phase. Accordingly, for the canonical flows where (3.46) is valid,
a consistent mathematical formulation requires to take into account density
variations.
Simulations with variable properties and more specifically variable density are
notoriously challenging especially in the low Mach number regime. In fact the
direct solution of the fully compressible equations poses two challenges (Pirozzoli
2011). First, the pressure gradient term is ill-conditioned. Next, any numerical
algorithm must satisfied the acoustics time-step restriction which scales with
Ma2 = ur/cr. This last restriction becomes even more stringent in two phase
problems where there is typically a great disparity between the speed of sound
between the two phases (Saurel & Pantano 2018).
The above arguments suggest the need for methods that well-behaved for
different Ma (especially for Ma→ 0) without the need to satisfy the acoustic
time-step restriction. To this purpose, we follow the approach proposed in (Bijl
& Wesseling 1998) and we combine the mass conservation equation (3.3a) and
the internal energy equation for a compressible system,

∂E
∂t

+∇ · (uE) + ρc2∇ · u = Qµ +QK , (3.47)

where E is the internal energy, c2 is the speed of sound, Qµ = ∇u : τ is the
internal energy dissipation and QK = ∇ · (k∇T ) is the heat conduction term.
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We now let assume that p = p(ρ, E). Thus, we can differentiate,
dE
dt

= 1
Γ
dp

dt
− χ

Γ
dρ

dt
, (3.48)

where Γ = (∂p/∂E)ρ is the and χ = (∂p/∂ρ)E . By combining equations (3.47)
and (3.48), an equation for pressure can be derived:(

∂p

∂t
+ u · ∇p

)
+ ρc2∇ · u = Qµ + ρc2QK . (3.49)

It is worth noticing that equation (3.49) is well-posed for any value of c2 (i.e.,
for any Ma). The approach proposed in Bijl & Wesseling (1998) thus opens
two possible solutions,

• All-Mach methods: this class of methods are able to work for ”any Mach
number” since the governing equations (3.49) is well-posed regardless of
Ma. It is worth mentioning that despite all Mach methods perform well
at small and moderate Ma, the presence of pressure discontinuities when
shocks take place lead to oscillatory and numerically unstable results.
The main reason is that the pressure is not a conserved quantity across
the shock regions and, therefore, unless of specific treatments Jemison
et al. (2014), the solution of the fully explicit method is preferable;
• Zero-Mach methods: in this case, the limit for very high speed of sound

(i.e., Ma → 0) is taken in equations (3.49). The resulting system of
equations does not depend on Ma anymore and thus any solution is
valid only in the limit of zero-Mach number.

Based on this classification, the main difference between All-Mach and Zero-
Mach methods is in the way acoustic is treated. In the former, it is treated
implicitly, while in the latter it is filtered. Even though, both approaches allows
to remove the acoustic CFL, they require two different numerical algorithm
for the solution of the momentum equation. To illustrate them, we employ
for both methods a standard pressure-correction method, reported below in a
semi-discrete form, (

u?? − un

∆tn+1

)
= ft,1Mn

u − ft,2Mn−1
u , (3.50)

u? − u??

∆tn+1 =
(

Sn+1 − ∇p
n

ρn+1

)
, (3.51)

ψn+1 − ψn

∆tn+1 =
[
(u · ∇p)n +Qµ + (ρc2)n+1QK − (ρc2)n+1∇ · un+1] , (3.52)

un+1 = u? − ∆tn+1

ρn+1 ∇ψ
n+1, (3.53)

pn+1 = pn + ψn+1, (3.54)

where the operator Mn
u and Mn−1

u in equation (3.50) includes the convective
and diffusive terms computed at the current, n, and previous time level, n− 1,
neglecting the source terms included in S. Note that ft,1 and ft,2 depend
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on the employed time discretization method and correspond to ft,1 = (1 +
0.5∆tn+1/∆tn) and ft,2 = 0.5∆tn+1/∆tn for the second-order Adams-Bashforth
method and ft,1 = 1 and ft,2 = 0 for first-order Euler method. Use of higher-
order multi-stage methods (e.g., Runge-Kutta methods) is possible without any
conceptual change in the algorithm. All-Mach method and Zero-Mach methods
differs mainly in the way equation (3.52) is solved for ψ.

3.3.1. All-Mach formulations: numerical details
The idea behind any All-Mach method is maintain the Ma dependence of the
solution and treat the acoustic part in an implicit way. The most straightforward
way to do is to take the discrete divergence operator of equation (3.53) and
replace it in (3.52).

∇ · un+1 = ∇ · u? −∆tn+1∇ ·
(
∇ψn+1

ρn+1

)
, (3.55)

yielding the following Helmholtz equation for the pressure,

ψn+1 − (ρc2)n+1∇ ·
(

1
ρn+1∇ψ

n+1
)

= ψn − (ρc2)n+1∇ · u?+

(u · ∇p)n +
(
Qµ + (ρc2)QK

)n+1
.

(3.56)

Given the presence of the discrete time derivative of pressure and a variable
density, the solution of equation (3.56) requires the use of iterative solvers.
For Cartesian grid, an efficient choice is the use of the parallel semicoarsening
multigrid (PFMG) solver combined with a Red-Black (RB) preconditioner, both
available in the HYPRE library (Falgout & Yang 2002).

3.3.2. Zero-Mach formulation: numerical details
In zero-Mach methods, the speed of sound is assumed much larger that any
other characteristic velocity scale. Under this assumption, all the terms not
multiplied by the term ρc2 equation (3.52) can be neglected (i.e. we take the
limit Ma→ 0) and the governing equation for pressure reduces to a variable
coefficients Poisson equation,

∇ ·
(

1
ρn+1∇ψ

)n+1
= 1

∆tn+1

(
∇ · u? −Qn+1

K

)
. (3.57)

Despite being restricted to vanishingly smallMa, dealing with a Poisson equation
as in (3.57) instead of an Helmholtz equation as in (3.56) has two distinct
advantages. First, equation (3.57) can be recast in a constant coefficient
equation using the method proposed in Dong & Shen (2012); Dodd & Ferrante
(2014). When density gradients are smooth in the bulk, it was shown that this
approach can be used for low Mach problems without (Demou & Grigoriadis
2019; Dalla Barba et al. 2021) and with phase change (Dodd et al. 2021; Scapin
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et al. 2022). In particular, the approximated formulation reads

∇2ψn+1 = ρn+1
0

∆tn+1

(
∇ · u? −Qn+1

K

)
. (3.58)

where ρn+1
0 is taken as the minimum density in the whole computational do-

main. If direct solvers, e.g., FFT-based one when the pressure has homogeneous
boundary conditions in at least two directions, the divergence constraint can be
imposed up to machine precision. Nevertheless, as highlighted in Motheau &
Abraham (2016), the time-pressure splitting becomes less accurate as density
gradients occur, which is typical of combustion applications. In those cases,
the methodology proposed in Dalla Barba et al. (2021) is required. Finally,
note that the role of the pressure ψ is to impose the constrain on the velocity
divergence and looses any thermodynamic interpretation without any depen-
dence on temperature and density via the equation of state. Instead, it is the
thermodynamic pressure pth who has only a thermodynamic role. Through the
formalism of the asymptotic expansion (Majda & Sethian 1985), it is possible
to show that pth is uniform and vary just in time.

3.4. Summary and final discussions
In sections 3.1 and 3.2, we have discussed about the different mathematical
formulations to describe interfacial problems with phase change. In section 3.3,
we have introduced the two formalism to handle compressible effects without any
limitation introduced by the acoustic time-step restriction. In this last section
of this chapter, we propose two numerical tools able to describe phase-changing
flows within the SI or DI methods employing a Zero-Mach or an All-Mach
method.

3.4.1. Full algorithm for the sharp interface formulation
As SI method, we employ the volume-of-fluid approach for its ability to conserve
mass up to machine precision when the two phases are incompressible. For
compressible flows, this is not the case as volume conservation does not imply
mass conservation due to local variation of the phasic density. Accordingly, the
interface reconstruction methods typically based on the volume conservation
principle and which feature any VoF method become less useful (Jain et al.
2020). To find an optimal compromise between the need to account for compress-
ible effects in phase-change problems while ensuring satisfactory conservation
properties, we propose here a VoF method for phase-changing flow with the
following features:

1. The liquid is regarded as incompressible or treated within the Oberbeck-
Boussinesq limit for gravity-driven flows;

2. The gas is assumed compressible with variable properties;
3. Compressibility is handled in the limit of zero-Mach number (i.e., zero

Mach methods);
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4. A divergence-free extension of u is employed to construct the interface
velocity.

The first property allows to rigorously use any VoF method to transport the
liquid fraction as this is regarded as incompressible. For closed domains (i.e.,
eqn. (3.46) holds), the total volume conservation is ensured by the imposition
of divergence constrain (3.58), while the conservation of the mass of the gas is
ensured by the thermodynamic pressure. Let us assume that the gas density ρ2
is a function of thermodynamic pressure, temperature and composition through
a generic equation of state feos. We can integrate over the volume of the
compressible phase Ω2 the expression of feos,∫

Ωn+1
2

ρn+1
2 dΩn+1

2 =
∫

Ωn+1
2

feosdΩn+1
2 . (3.59)

Note that the left-hand side of (3.60) represents the total mass of the gas. If
the gas behaves as ideal, an excellent choice for feos is the ideal gas law,

ρn+1
2 =

pn+1
th Mn+1

m

RuT
n+1
2

, (3.60)

where Mm is the local mixture molar mass computed as harmonic average
between the liquid and the gas one, i.e., 1/Mm = Y v1 /M1 + (1 − Y v1 )/M2.
Employing eqn. (3.60) in eqn. (3.59) and recalling that pth is uniform yields

pn+1
th = Gn+1

2 Ru∫
Ωn+1

2

Mn+1
m

Tn+1
2

dΩn+1
2

, (3.61)

where Gn+1
2 is computed simply as G0

tot − Gn+1
1 . This choice ensures mass

conservation up to machine precision of G0
tot and Gn+1

2 in the limit of zero-net
phase change.
The pseudocode in 1 summarizes the main algorithmic steps in a typical volume-
of-fluid method accounting for evaporation with compressible effects accounted
in the gas-phase only.

3.4.2. Full algorithm for the diffuse interface formulation formulation
As DI method, we employ the 4 equations reduced model belonging to the BN
class. The reduced models, as well as the the complete 7 equations model, allows
to handle compressible effects in both phases and if an All-Mach method is
employed provides a robust tool to handle weakly and large compressible effects
without shocks. As DI method, the numerical receipt is typically simpler than SI
approaches since: i) no explicit interface reconstruction is employed, ii) spatial
discretization of gradient, divergence and laplacian operators is blind to the
interface positions. These two advantages come with one important drawback:
the calculation of topological properties of the interface (e.g., normal vector
and interface curvature) is less accurate than SI methods, which turns into
worse conservation properties for mass, momentum and energy conservation.
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Algorithm 1 Overall solution procedure
1: Variable initialization: φ, T , Y v1 , u and p.
2: ξ are calculated using equation (3.4) from φ;
3: n = 0 is set,
4: while (t < ttot ‖ n < Ntot) do
5: Set n = n+ 1 and ∆tn+1;
6: Compute φn+1 and update normal vector nn+1

Γ and κn+1
Γ ;

7: ρn+1, µn+1, kn+1 and cn+1
p is calculated from equation (3.4);

8: Compute Tn+1 and Y v,n+1
1 ;

9: Compute pn+1
th ;

10: Compute ∇ · un+1;
11: Predict the velocity u?;
12: Solve the Poisson equation for pressure pn+1;
13: Correct the velocity un+1;
14: Compute the velocity potential ψn+1, velocity jump un+1

j and extended
liquid velocity ue,n+1

j using the system eqn. (3.14);
15: Compute the interface velocity un+1

Γ using eqn. (3.11);.
16: end while
17: End of simulation.

Accordingly, interface regularization techniques Jain et al. (2020); Jain (2022)
and consistent mass-momentum and energy transports Jain et al. (2020) typically
alleviate these problems.
A step by step description of the overall solution procedure is presented in
Algorithm 2. Note a multi-stage method (i.e., 3rd order Runge-Kutta method
is employed).
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Algorithm 2 Overall solution procedure of the proposed methodology.
1: a1, T , u, p are initialized.
2: ρk are calculated using a generic EOS. ρ, µ and λc are calculated using the

corresponding phasic quantities and c is calculated as in Fl̊atten & Lund
(2011).

3: S(2)
a , S(2)

T , S(2)
p , S(3)

a and S
(3)
T are calculated from equations in the sys-

tem (3.41).
4: n = 0 is set.
5: while t < ttot do
6: n = n+ 1, m = 0, ∆tn+1 are set.
7: while m < 3 do
8: m = m+ 1 is set.
9: an,m+1

1 is calculated from eqn. (3.27).
10: Tn,m+1 is calculated from eqn. (3.28).
11: un,m∗ is predicted from eqn. (3.29).
12: Helmholtz Eq. (3.56) is solved and pn,m+1 is obtained.
13: un,m+1 is corrected.
14: ρk, ρ, µ, λc, c, S(2)

a , S(2)
T , S(2)

p , S(3)
a and S

(3)
T are updated.

15: if phase change conditions then
16: an,m+1

1 , Tn,m+1 and pn,m+1 are locally modified following the
relaxation procedure of De Lorenzo et al. (2019); Pelanti et al. (2019);
Pelanti (2021).

17: ρk, ρ, µ, λc, c, S(2)
a , S(2)

T , S(2)
p , S(3)

a and S
(3)
T are updated.

18: end if
19: end while
20: end while
21: End of simulation.



Chapter 4

Interface resolved simulations

4.1. Dilute suspension of finite-size droplets in a turbulent
shear flow

Homogeneous turbulent flows driven by a uniform and constant shear (i.e., HST)
represent an ideal configuration to perform fundamental studies on turbulence
and on multiphase turbulence for at least two reasons. First, the flow is self-
sustained with a natural production mechanism of turbulent kinetic energy (i.e.,
the mean shear). Next, the flow is homogeneous in all spatial directions.
We consider this set-up (Scapin et al. 2022) to study a dilute suspension
of evaporating droplets (α0 ≈ 0.14 %) with initial diameter larger than the
Kolmogorov length-scale (d0/η ≥ 10). The aim is to assess:

a. What is the level of approximation of the estimated evaporation rates
when the gas thermophysical properties are assumed constant?

b. What are the effects on the evaporation rate and on the liquid temper-
ature of the droplet size? Moreover, how does the ratio K/K0 (actual
evaporation rate in turbulence over the evaporation rate in stagnant
condition) changes when increasing the gas temperature in conditions
relevant for combustion applications?

c. How does the interface deformation affects the evaporation rate and how
does the local interfacial mass-flux correlates with changes in the droplet
shape?

4.1.1. Comparison of the three thermodynamic models
Through interface-resolved simulations, we assess the validity of the common
correlations to compute the evaporation rate (i.e., slope of the d2 law) for
isolated droplets in turbulence. Since variation of thermophysical properties
may play a role, we will consider three thermodynamic models: i) a uniform
property model (CP) where only the gas vary with thermodynamic pressure
(to accommodate low Mach effects), ii) a variable density model (also with
temperature and composition) VPρ, iii) a complete model where all the gas
properties are allowed to vary with the state variables. For each model, we
compare the evaporation rate between the values extracted from the DNS and
the one evaluated with the Ranz-Marschall correlation (Ranz et al. 1952). In
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(a) (b)

Figure 4.1: Normalized square droplet diameter, (d/d0)2, as a function of the
dimensionless time (based on the diffusion time-scale) for temperature ratio
(a) Tg,0/Tc = 1.50 and (b) Tg,0/Tc = 0.75 for ReS = 6700 and WeS = 0.02.
The dotted curves indicate the slope of the curves after the initial transient
(extracted from the DNS), whereas the dashed curves is the estimation from the
theoretical Frössling/Ranz-Marshall correlation. The length of the error bars
indicates the droplet with the fastest/slowest evaporation rate among the five
droplets in the simulations.

figure 4.1, we show the square of the normalized droplet diameter, which refers to
the averaged values over the five droplets initially in the computational domain
and error bars are included to represent the droplet with the largest positive and
negative deviation from the mean value. From the cases at Tg,0/Tc = 1.50, we
observe that the complete model and the constant property model provide simi-
lar evaporation rates; when the gas density is the only varying thermophysical
property, the evaporation rate is the highest. This behavior can be attributed
to the presence of colder gas around the droplets, leading to larger local gas
densities and, thus, to increased evaporation rates. Relaxing the assumption of
constant liquid diffusion coefficient reduces Dlg ∝ T 1.5

g . This counteracts the
effect of the higher gas density, decreasing the overall evaporation rate, which
approaches the values obtained assuming constant property values. The results
at Tg,0/Tc = 0.75 show a limited impact of compressibility on the evaporation
dynamics, with an almost identical evaporation from the CP and VPa models.
Once more, allowing only the gas density to vary leads to an overestimation
of the evaporation rate, which is explained by a lower gas temperature and
higher density at the interface. Note that in all the cases and regardless of the
model, the mean evaporation rate represents a good estimation of the evapora-
tion rate of the single droplet since the magnitude of the largest positive and
the negative deviations (represented by the error bars in figure 4.1) is within 5 %.
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4.1.2. Effects of the shear-based Reynolds number

(a) (b)

Figure 4.2: a) Normalized square droplet diameter (d/d0)2 as a function of
the diffusion time-scale tDlg/d

2
0. b) Ratio between the turbulent evaporation

rate K and the one at stagnant conditions, K0 = (8/λρ) log(1 + BM ) with
BM = (Y v1,Γ−Y v1,∞)/(1−Y v1,Γ). The data refer to the cases at ReS = 2800−6700
and Tg,0/Tc = 1.5, 1.00 and 0.75. The length of the error bars indicates the
droplet with the fastest/slowest evaporation rate among the five droplets in the
simulations.

We now consider the effect of the shear-based Reynolds number on the
evaporation rate. Reducing from ReS = 6700 to ReS = 2800 results in a
reduction of the ratio between the initial droplet diameter and the Kolmogorov
length scale from d0/η = 21.5 to d0/η = 10.5. For this analysis, we assume
WeS = 0.02, three temperature ratios, Tg,0/Tc = 0.75− 1.00− 1.50 and employ
the complete model (i.e., VPa), which has been considered the most reliable in
the previous analysis. We first examine the reduction of the droplet diameter,
(d/d0)2, as a function of the diffusion time-scale tDlg,r/d

2
0, see figure 4.2a. In all

cases, droplets with larger d0/η (i.e. higher ReS) evaporate faster, in agreement
with previous experimental studies in homogeneous isotropic turbulence (Verwey
& Birouk 2018, 2020) and in the presence of a mean flow (Marti et al. 2017).
This is explained by the enhanced surface vapor gradient and faster dispersion of
the vapor around the droplet for larger d0/η, related to the fact that larger flow
structures are more energetic. Note that a relative increase of the evaporation
rate, quantified as the ratio between the evaporation rate K extracted from
the DNS and the one computed in stagnant conditions, K0, occurs at all
temperatures as reported in figure 4.2b and it scales with the dimensionless
gas temperature with similar exponents for the two different d0/η investigated,
i.e. (Tg,0/Tc)−0.76 for d0/η = 21.5 and (Tg,0/Tc)−0.72 for d0/η = 10.5. The
experimental correlations in Birouk & Gökalp (2006) suggests that, at high
temperature and pressure i.e., when the evaporation is much faster than the
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turbulent time scale, the evaporation is only weakly dependent on the droplet
size d0/η. This is consistent with our results, where the difference in K for the
two droplet sizes examined decreases when increasing the temperature; however,
we do not observe the rate of evaporation to become independent of the size in
the parameter range considered.

4.1.3. Effects of the shear-based Weber number
Given the variation of the evaporation rate with the WeS , it is worth investigat-
ing whether the evaporation flux at the droplet surface is correlated to the local
curvature. This has been already assessed in laminar flows analytically for evapo-
rating droplets of spheroidal shapes (Tonini & Cossali 2013), and experimentally
for sessile droplets (Sáenz et al. 2017). In turbulent flows, this analysis is missing
and is performed here by computing the joint probability density function (joint
p.d.f.) of the normalized interfacial mean curvature κΓ/κΓ,eq and the dimension-
less interfacial mass-flux ṁΓ/ṁΓ,0, where κΓ,eq is the curvature of a spherical
droplet with same volume V (i.e., κΓ,eq = 4/deq with deq = (6V/π)1/3) and
ṁΓ,0 is the interfacial mass-flux for a purely diffusion-dominated evaporation
process, i.e.,

ṁΓ,0 = 8πρg,rDlg,r log(1 +BM )/d0. (4.1)

Note that ṁΓ is extracted from the DNS in all the nodal points cut by the
interface, whereas κΓ is computed directly from its definition, i.e., κΓ = ∇ · nΓ.
The reconstructed level-set function is employed for a more accurate estimation
of κΓ.
From the results at high temperature (i.e., Tg,0/Tc = 1.5) reported in figure 4.3,
we do not note a clear relation between ṁΓ and κΓ, yet there is a relatively broad
distribution of mass fluxes over the droplet surface, which can be attributed
to the local variations of vapor concentrations in the gas phase induced by
the turbulence and by the flow anisotropy. Indeed, the regions whose local
outward normal vector is parallel to the mean flow direction (i.e., droplet front)
experience higher surface vapor gradients, whereas larger concentration are
found in those where the normal vector is opposite to the flow (i.e, droplet
rear). Note also that the increase of WeS corresponds to a shift of the most
probable values of ṁΓ and κΓ towards higher values. When the gas temperature
is reduced (i.e., Tg,0/Tc = 0.75), the correlation between ṁΓ and κΓ is still weak
for WeS = 0.02, while for the case at WeS = 0.10 a higher interfacial curvature
is associated with a higher interfacial mass-flux. Also at lower temperatures,
the most probable values are located at higher κΓ when increasing the Weber
number. Comparing with the results at higher temperatures, figure 4.3, we
note that ṁΓ/ṁΓ,0 is larger: turbulence enhances evaporation more efficiently
at low temperature, when the evaporative time scale is longer and the ratio
with the turbulent time scales decreases. Finally, we display in figure 4.5 the
joint p.d.f. from the simulations at lower Reynolds number, ReS = 2800, for
Tg,0/Tc = 0.75−1.5 and WeS = 0.02. In this case, the reduction of Tg,0/Tc leads
to more pronounced deformation, i.e. larger values of κΓ/κΓ,eq (due to the slower
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evaporation and higher effective WeS) and to higher values of ṁΓ/ṁΓ,0 (more
pronounced effects of turbulence at lower absolute evaporation rates) and a
broader distribution, again attributed to fluctuations induced by the turbulence.
Comparing with the results at the same WeS and Tg,0/Tc but ReS = 6700 in
panels (a) of figures 4.3 and 4.4, we see that, for both temperature ratios, the
reduction in ReS restricts the range of attained values for the curvature and the
ratio ṁΓ/ṁΓ,0, confirming that the increase of deformation and evaporation
rate is more pronounced for bigger droplets.

(a) (b)

Figure 4.3: Joint p.d.f. of the dimensionless mass flux ṁΓ/ṁΓ,0 and the
normalized interfacial curvature κΓ/κΓ,eq for ReS = 6700, Tg,0/Tc = 1.5 and a)
WeS = 0.02, b) WeS = 0.10.

(a) (b)

Figure 4.4: Joint p.d.f. of the dimensionless mass flux ṁΓ/ṁΓ,0 and the
normalized interfacial curvature κΓ/κΓ,eq for ReS = 6700, Tg,0/Tc = 0.75 and
a) WeS = 0.02, b) WeS = 0.10.
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(a) (b)

Figure 4.5: Joint p.d.f. of the dimensionless mass flux ṁΓ/ṁΓ,0 and the
normalized interfacial curvature κΓ/κΓ,eq for ReS = 2800 for WeS = 0.02 and
a) Tg,0/Tc = 1.50 and b) Tg,0/Tc = 0.75.

4.2. Effects of the volume fraction on the evaporation rate
In the previous configuration, we observe that the d2-law (Ranz et al. 1952) is
attained both in laminar and turbulent conditions. On the other hand, it is
worth investigating under which conditions a deviation from this ”regime” is
achieved. For this purpose, we consider a dense suspension of liquid droplets in
a triperiodic box to study how the collective behavior influences the evaporation
rate and the liquid temperature at the interface. The fluid properties are
taken equal to the previous configuration. A two-parameter space is analyzed
and composed of the initial volume fraction α0 and the normalized initial
gas temperature T̂g,0/T̂cr with T̂cr the critical temperature of the substance.
Moreover, we restrict our attention to the case of evaporation purely driven by
diffusion and the only velocity field is due to Stefan flow associated with phase
change.
As reported in figure 4.6, deviations from d2 law (i.e., non-linear regime)
increase monotonically with α0 regardless of the investigated T̂g,0/T̂cr with
a linear regime rigorously attained only for α0 = 0.2 % (i.e., one isolated
droplet). Nevertheless, it is important to note that departure from the d2-
law is not only affected by α0, but also by the normalized gas temperature
T̂g,0/T̂cr. In particular, at T̂g,0/T̂cr = 1.5, this departure occurs for α0 > 5
% (fig. 4.6(a)), at intermediate temperature (i.e., T̂g,0/T̂cr = 1.0) a non-linear
behavior already manifests at α0 = 2.5 % (fig. 4.6(b)), while the departure occurs
for α0 ≈ 1 % at the lowest temperature level, T̂g,0/T̂cr = 0.75 (fig. 4.6(c)). This
effect can be explained with the enhancing role of temperature on evaporation.
At high T̂g,0/T̂cr, the loss in volume is sufficiently fast to reduce the inter-
droplet relative distances and making the droplets behaving as isolated up to
5 %. Lower gas temperature reduces the evaporation rate keeping a higher
inter-droplet relative spacing during most of the evaporation transient, thus
promoting a departure from the d2-law regime at lower volume fractions.
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(a) (b)

(c)

Figure 4.6: Normalized square droplet diameter, (d/d0)2, as a function of the
dimensionless time (based on the diffusion time scale) for temperature ratio (a)
T̂g,0/T̂cr = 1.50, (b) T̂g,0/T̂cr = 1.00, (c) T̂g,0/T̂cr = 0.75.

The interfacial liquid temperature T̂Γ is also affected from T̂g,0/T̂cr and α0.
Note that T̂Γ, which dictates together with the thermodynamic pressure the
maximum amount of vapour that can reside inside the domain, is the result
of a balance between the heat received from the gas and the cooling due to
evaporation. At high temperature, T̂g,0/T̂cr, evaporative cooling dominates the
heat from the gas resulting in a final value T̂Γ,f < T̂l,0 as reported in fig. 4.7(a).
For T̂g,0/T̂cr = 1.0− 0.75, (see fig. 4.7(b)-(c)), the heat released from the gas
dominates over the evaporative cooling resulting in T̂Γ,f > T̂l,0. Differently
from the case of isolated and single droplet, α0 modulates the final T̂Γ,f . At
high temperature, increasing α0 further decreases TΓ,f due to the reduction
of the heat available up to α0 % when the evaporative cooling is reduced due
to the collective effects of the droplets. Accordingly, TΓ,f has a decreasing-
increasing trend with α0 (blue line in figure 4.7(d)). At moderate and lower gas
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(a) (b)

(c) (d)

Figure 4.7: Normalized gas temperature at the interface as a function of the
dimensionless time (based on the diffusion time scale) for temperature ratio (a)
T̂g,0/T̂cr = 1.50, (b) T̂g,0/T̂cr = 1.00, (c) T̂g,0/T̂cr = 0.75. Here Tg,0 and Tl,0
are the initial gas and liquid temperatures. The solid vertical black lines in
(a)-(b)-(c) are set in correspondence of droplet life time.

temperature, TΓ,f shows an increasing-decreasing trend with α0: larger amount
of liquid reduces evaporative mass-flux and thus increase TΓ,f . This is valid
up to the saturation ”regime”, when the mean vapour content in the domain
reaches the one at the interface. In this equilibrium condition, which occurs
at α0 > 5.0 and α0 > 2.5 for T̂g,0/T̂cr = 1.0 and T̂g,0/T̂cr = 0.75, evaporation
stops, the two-phase system reaches a thermal equilibrium condition and TΓ,f
matches the uniform temperature of the system.

4.3. Evaporating Rayleigh-Bénard convection
The multiphase Rayleigh-Bénard configuration consists of two infinitely ex-
tended fluid layers (a liquid and gas one) confided by two walls at a fixed
temperature. The liquid layer can exchange mass, momentum, and energy
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and this mimics many relevant and practical problems in geophysical flows
and industrial applications. Thus, this set-up is ideal to study in a precise
and controlled manner how thermal convection is modulated when vapour is
ejected from a gas-liquid interface. Moreover, differently from the previous two
configurations, it offers the advantage that a meaningful stationary condition
can be easily achieved when evaporation and condensation events balance at the
interface. Accordingly, it is considered to study how the local thermophysical
properties and the global heat transfer of the system (i.e., the Nusselt number,
Nu) change when the vapour composition of the system is varied due to evapo-
ration (Scapin et al. 2022b).
We consider a cavity partially filled with an evaporating single-component
liquid and an initially dry gas, as shown in figure 4.8. The domain is laterally
unbounded and the two horizontal walls are separated by a distance l̂z and with
an imposed constant temperature, T̂h = (1 + ε)T̂r and T̂c = (1− ε)T̂r, where
ε = (T̂h − T̂c)/(2T̂r) = ∆̂T/(2T̂r) is the dimensionless temperature differential
and T̂r = (T̂c + T̂h)/2 is the mean temperature, taken, hereinafter, as reference
value (̂· indicates a dimensional quantity). Under these conditions, the system
eventually reaches a statistically stationary condition, i.e., the vapour saturates
the gas layer and evaporation and condensation balances at the interface Γ. It

(a)

(b)

(c)

(d)

(e)

Figure 4.8: Rayleigh-Bénard cavity for Ra = 108 and ε = 0.20 (taken from
the numerical simulations). Left: snapshots of the temperature distribution Θ
(a) at the start of evaporation (t = 0), and (b) after a statistically stationary
state is achieved (t > 300). Right: snapshots of the vapour mass fraction, Y v1 ,
distribution in the gas region at (c) t ≈ 60 (d) t ≈ 122 and (e) t > 300 (t is
scaled with the free-fall time t̂ff = l̂z//(2ε|ĝ|l̂z)0.5).

is important noticing that the mean vapour content in the gas, Y vl , is strongly
dependent on the interface temperature ΘΓ with the Raoult’s law and the



4.3. Evaporating Rayleigh-Bénard convection 39

equation of state for the vapour partial pressure ps,Γ. In particular,Y
v

1,Γ = λMps,Γ
λMps,Γ + (pth − ps,Γ) ,

ps,Γ = Π−1
P exp

[
B1ηsw +B2η

1.5
sw +B3η

2.5
sw +B4η

5
sw)(1− ηsw)−1] . (4.2)

where λM = M̂l/M̂g,r is the molar mass ratio between liquid and inert gas and
ΠP = p̂th,r/p̂cr with p̂th,r the reference thermodynamic pressure and p̂cr the
critical pressure. The quantity ηsw = 1− T̂Γ/T̂cr is the Span-Wagner parameter,
and the coefficients Bi=1,4 depend on the substance under consideration. By
introducing the dimensionless interface temperature ΘΓ = (T̂Γ − T̂r)/∆̂T ,
ηsw = 1−ΠT (1 + 2εΘΓ) with ΠT = T̂r/T̂cr. Equations (4.2) together with the
expression for ηsw show that Y vl,Γ is determined by five quantities: (i) the ratio
between the mean temperature and the critical temperature, ΠT , (ii) the ratio
between the reference thermodynamic pressure and the critical pressure, ΠP ,
(iii) the temperature differential ε, (iv) the interface temperature ΘΓ, (v) the
thermodynamic pressure pth. The first three quantities depend on the ambient
conditions (typically given or measured) and the type of substance, whereas ΘΓ
and pth depend on the flow in the two phases.
We thus develop an analytical theory to predict with good confidence ΘΓ, pth
and the Nusselt number Nu for an evaporating two-layer Rayleigh-Bénard
configuration in a statistically stationary condition. The theory is based on
three central assumptions:

1. the Grossmann-Lohse (GL) theory (Grossmann & Lohse 2000, 2001) for
thermal convection can be applied on the liquid and gas layer separately;

2. the vapour content in the gas, Y vl , can be taken as the mean value at
the gas-liquid interface, Y vl,Γ,;

3. the bulk gas temperature can be determined neglecting the contributions
of the thermal boundary layers.

The idea behind the derivation is to write for each phase an effective Rayleigh
number Rai=l,g and an effective Nusselt number Nui=l,g both based exclusively
on the bulk properties of the two phases and on the difference between the hot
temperature and ΘΓ for the liquid and ΘΓ and the cold temperature for the
gas. The theory can accomodate any Non-Oberbeck Boussinesq effect in both
phases but to obtain a simplified expression without any strict dependence on
the Prandtl number, Pr, we further assume that the gas density and vapour
diffusion coefficient is the only gas properties allowed to vary. The others are kept
constant and uniform, while the liquid is treated within the Oberbeck-Boussinesq
approximation. Within these assumptions, ΘΓ and pth reads as (Scapin et al.
2022b)

ΘΓ + 1
2 =

1 +
(

α0

1− α0

fl,∆l
fg,∆l

)1− 3γ
1 + γ

(
f2
g,∆ρ

Fλλβ

) γ

1 + γ
λ

γ − 1
1 + γ
k


−1

. (4.3)
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pth = fg,∆ρ

Mm

(1− ε) (1 + 2εΘΓ)
1 + ε (ΘΓ − 1/2) , (4.4)

where Fλ = λ2
ρλcp/λµ with λρ, λµ, λcp and λk the density ratio, dynamic vis-

cosity ratio, specific heat capacity ratio and thermal conductivity ratio between
the two phases. Moreover, λβ = β̂lT̂r (1 + εΘΓ − ε/2) and the expression of
fg,∆ρ can be derived from a mass balance on the whole domain,

fg,∆ρ = Gg
Vg

= fl,∆ρλρ

Y
v

l,Γ + (1− Y vl,Γ)fl,∆ρλρ
. (4.5)

Thus, solving with any iterative method the system of equations composed of

(a) (b)

Figure 4.9: Comparison between the analytical predictions (with γ ∈ [1/4, 1/3])
and the numerical simulations for (a) the interface temperature ΘΓ and (b) the
ratio Nue/Nu as a function ε for different values of Ra and (inset) normalized
scaling Nueg/Ra

e,1/3
g as a function of Raeg.

equations (4.3), (4.4), (4.5) coupled with equations (4.2) provides an estimation
of ΘΓ and pth together with an estimation of mean vapour content in air
Y 1,v ≈ Y

v

1,Γ. Moreover, by applying the same machinery on the gas layer only
and confronting the case with and without evaporation (e.g., dry gas), a direct
evaluation of heat transfer modification, i.e., Nue/Nu read as

Nue

Nu
=
(

1 + εΘe
Γ − ε/2

1 + εΘΓ − ε/2

)γ (Θe
Γ + 1/2

ΘΓ + 1/2

)1+γ f2γ,e
g,∆ρ

f1−3γ,e
g,∆l

. (4.6)

Equation (4.6) enables to predict the global heat transfer modulation, i.e. Nue,
for an evaporating system starting from a configuration without phase change
and described by the GL theory. Moreover, inspection of equation (4.6) allows
us to draw important conclusions on the role of phase change on the Rayleigh-
Bénard system. First, the change in liquid height influences the heat transfer
modulation only weakly, since its exponent is 1− 3γ ≈ 0. Second, higher gas
density decreases the interface temperature, as suggested by equation (4.3).
Nevertheless, despite in equation (4.6) the exponent of ΘΓ is larger than the
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exponent of fg,∆ρ, this last term is expected to be dominant given its stronger
dependence on ε, as it is clearly shown in 4.9(b). The analytical prediction
for ΘΓ and Nue/Nu are compared with highly resolved simulations of phase
change in the low Mach approximation. Results are reported in figure 4.9 for
ΘΓ ((a)) and Nue/Nu ((b)) for a scaling exponent γ variable in the interval
γ ∈ [1/4, 1/3].



Chapter 5

Conclusions

Motivated by their pivotal role in a wide range of sectors, comprising environ-
mental flows, combustion, and biomedical applications, phase-changing flows
represent the object of the present thesis.
After introducing the physics of phase change in chapter 2, we discuss in chap-
ter 3 the two families of formalism to describe interfacial problems, the sharp
interface and the diffuse interface formulations. Here, we focus on their pe-
culiarities and differences for simulations when phase change is included. We
conclude that regardless of the formulation, describing mathematically and
numerically phase changing flows requires: i) handling abrupt variations of
the velocity field across the interface, ii) accurately evaluating the heat and
mass interfacial fluxes, iii) incorporate compressibility inevitably present in
bounded domains. We present two novel algorithms for phase-changing flows,
one for each family, targeting different classes of problems. First, we introduce
a weakly compressible algorithm to describe evaporating droplets surrounded
by a compressible gas medium treated in the low-Mach limit. This approach
combines in one algorithm two techniques: a volume-of-fluid method to ensure
the conservation of the liquid phase and a zero-Mach approach to impose the
conservation of the mass of the gas at a discrete level. Next, we develop a fully
compressible algorithm targeting compressible bubbles in boiling flows, where
rapid expansions and non-uniformity of the thermodynamic pressure fields make
zero-Mach methods not adequate.
In Chapter 4, we present the results on the physics of phase change both in lam-
inar and turbulent environments. Specifically, we consider two distinct regimes
for evaporation: evaporating droplets and evaporating multiphase Rayleigh-
Benárd convection.
As regards the the first flow condition, we have studied droplet evaporation in
dilute and dense conditions and the latter in the limit of pure diffusion. In the
dilute regime, we consider isolated droplets evaporating in homogeneous shear
turbulence in a three parameters space composed of the normalized gas temper-
ature Tg,0/Tcr, the normalized droplet size d0/η, and the Weber number We.
This first study provides two important conclusions: i) a reasonable agreement is
found between the DNS and the semi-empirical correlations, typically employed
to evaluate the evaporation rate only when evaporation is in conduction domi-
nated regime, i.e., at high temperature, ii) the Weber number, a parameter often
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neglected in the evaluation of the evaporation rate, becomes more important at
low temperature when evaporation is in a convective-dominated regime. The
second study focuses on the deviations from the linear regime (d2-law) as a
function of the initial volume fraction and the gas temperature. We conclude
that deviations from the d2-law cannot be characterized solely by the volume
fraction but it is required to account also for the initial gas temperature.
As concerns the liquid layer evaporating in Rayleigh-Bénard convection, we
study how the presence of vapour in the dry gas modulates the heat transfer
properties of the system. For this purpose, we develop an analytical theory to
predict the interface temperature and the global heat transfer modulation, i.e.,
the Nusselt number. Interface-resolved simulations are employed to validate this
theory, finding an excellent agreement within the parameter space considered
in the study.
In the following, we outline the most important aspects that emerged from the
present work and provide a few suggestions for future researches. We divide
this discussion into two parts, the first about the numerical developments and
the second about the interface-resolved simulations.

Outline on the numerical developments
1. Phase-changing flows are always associated with local volume changes,

whose magnitude depends on the substances under consideration. In case
numerical algorithms are employed in bounded domains, i.e., periodic,
shear periodic, or wall-bounded domains, these inherent ”compressible”
effects must therefore be accommodated relaxing the assumption of
constant thermophysical properties in the bulk of the phases;

2. The combination of accurate sharp interface methods with the zero-Mach
approaches allows to build numerical schemes able to guarantee excellent
conservation properties of three observable: the liquid phase (supposed
incompressible), the mass of the compressible gas phase, and the total
volume. The first task is ensured by the advection of the color function,
the second with the calculation of the thermodynamic pressure pth, and
the third one with the solution of a constant coefficient Poisson equation,
possibly with direct solvers, e.g. FFT-based methods. In absence of
phase change, the conservation of all three quantities can be achieved
up to machine precision, if the interface capturing method conserves the
volume exactly. Improvements in the robustness of the algorithm for
large bulk density gradients can be achieved using iterative methods to
solve the variable coefficient Poisson equation;

3. Diffuse interface methods represent a powerful tool to study weakly com-
pressible multiphase flow as they do not rely on interface reconstruction
techniques, easily incorporate compressible effects, and do not suffer
from abrupt variations of the velocity field at the interface. Nevertheless,
they also possess an inherent shortcoming. Being any interface recon-
struction absent, they are less accurate than sharp interface formulations.
Possible remedies involve the use of interface regularization techniques
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to improve topological properties, i.e., curvature and interface normal
vector of the interface and the calculation of interfacial fluxes. So far,
such improvements have never been tested for phase-change problems
and, therefore, a systematic validation should be pursued in the future;

4. Both for weakly and fully compressible shock-free multiphase flows, the
solution algorithm can leverage the efficiency and robustness of the
pressure correction algorithm. In zero-Mach methods, the pressure is
governed by a Poisson equation, in all Mach methods it is governed
by a Helmholtz equation. The general solution procedure is similar for
both approaches and can be cast in a unified and general numerical
framework;

5. Extension of the proposed numerical methodologies to multicomponent
fluids is of interests since pure fluids represent an exception rather than
a rule. This is valid both for evaporating and boiling flows;

6. A crucial shortcoming of the SI-based numerical methods is the accuracy
on the evaluation of the interfacial gradients. Indeed, imposed values
(e.g., temperature and vapour mass fraction) on the moving interface are
typically prescribed with second-order accurate methods, resulting in a
first-order accuracy for interfacial gradients. Additional efforts should
be put in developing efficient second-order accurate methods also for the
interfacial gradients;

7. Despite the mentioned advantages, DI-based methods offer poor control
on the interface quantities (e.g., normal vector and curvature, interfacial
fluxes) and property, i.e. shape. This disadvantage, which is magnified
in presence of large topological changes, is caused by the absence of any
interface reconstruction technique and demands for remedies. A possible
solution involves the use of interface regularization methods to improve
the interface properties and quantities. So far, such improvements have
never been tested for phase-change problems and, therefore, a systematic
validation might be the object of future work.

Outline on interface-resolved simulations
1. Inteface-resolved simulations of evaporating droplets are potentially in-

teresting both in the dilute and dense regime. The dilute condition
represents an ideal configuration to assess the validity of semi-empirical
correlations for the evaporation rate. In this case, a deviation from
the linear regime, i.e. d2-law is not expected, but still the slope of the
curve, i.e., the evaporation rate can vary considerably depending on the
regime (diffusion-driven, laminar, turbulent and conduction or convec-
tion dominated). Given the formidable challenges in the experimental
measurements of temperature and vapor mass fraction fields, further
numerical studies in this configuration will be beneficial;

2. The dense regime is more unexplored rich as in this case, the evaporation
rate varies with time in a non-linear way. Moreover, even for the simplest
diffusion-driven configuration, exact solutions able to account for the



5. Conclusions 45

dependence on temperature and initial liquid fraction are not available.
Thus, contrary to the dilute regime, this configuration is of interests also
in the diffusion-driven and laminar regime;

3. The multiphase Rayleigh-Bénard configuration is promising to study
evaporating flows in a statistical equilibrium: evaporation and condensa-
tion events are balanced at the interface, i.e. no net evaporation in the
statistically steady regime and interface deformation easily controlled
solely adjusting the Weber number;

4. The same configuration is excellent to study the moisture transports in
thermal convection, a paradigmatic configuration that serves to better
understand many geophysical and industrial problems. Leveraging the
well-established Grossmann-Lohse (GL) theory, it is possible to predict
accurately global observable (e.g., heat transfer modulation and interface
temperature);

5. A first important limitation of fully-resolved simulations with phase
change is the inherent loss of volume of the dispersed phase. This
feature poses tremendous challenge in terms of grid resolution for fixed
grid methods. In case of higher volume fractions, this aspect is further
amplified as coalescence and breakup events generate a droplet size
distribution with thousands of droplets of the order of the grid spacing
and, therefore, computationally unfeasible to fully resolve. For fixed grid
methods, we foresee a combination of two possible remedies: i) a careful
selection of the Weber number to ensure that the starting droplet size
distribution is characterized mostly of ”resolvable” droplets, i.e., with an
initial diameter larger than 30− 40 ∆x, ii) adopt a multiple resolution
strategy and solve the transport of the indicator function, energy and
vapour mass fraction equations on a finer mesh (from 2 to 4 times finer);

6. A second limitation is the scarcity of experimental results that could
be employed to assess the validity of the DNS results obtained at large
volume fractions. On the other hand, experimental data are available
for isolated droplets, especially near ambient temperatures and up to
moderate thermodynamic pressure. These conditions can be considered
adequate for environmental studies, while less relevant for combustion and
energy applications, which typically operate at much higher temperature
and pressure. An additional effort to provide experimental results for a
wider range of thermodynamic conditions would be helpful to assess the
validity of different DNS codes.
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Papers





Summary of the papers

Paper 1
A volume-of-fluid method for interface-resolved simulations of phase-changing
two-fluid flows
In this first work, we introduce a numerical method for interface-resolved
simulations of evaporating two-fluid flows based on the volume-of-fluid (VoF)
method. The method is implemented in an efficient FFT-based two-fluid Navier-
Stokes solver, using an algebraic VoF method for the interface representation,
and extended with the transport equations of thermal energy and vaporized
liquid mass for the single-component evaporating liquid in an inert gas. The
conservation of vaporizing liquid and computation of the interfacial mass flux
are performed with the aid of a reconstructed signed-distance field, which
enables the use of well-established methods for phase change solvers based on
level-set methods. The interface velocity is computed with a novel approach
that ensures accurate mass conservation, by constructing a divergence-free
extension of the liquid velocity field onto the entire domain. The resulting
approach does not depend on the type of interface reconstruction (i.e. can be
employed in both algebraic and geometrical VoF methods). We extensively
verified and validated the overall method against several benchmark cases, and
demonstrated its excellent mass conservation and good overall performance for
simulating evaporating two-fluid flows in two and three dimensions.

Paper 2
An interface capturing method for liquid-gas flows at low-Mach number
In this second work, we propose a numerical approach to the simulation of
multiphase, viscous flows where a compressible and an incompressible phase
interact in the low-Mach number regime. In this frame, acoustics are neglected
but large density variations of the compressible phase can be accounted for as well
as heat transfer, convection and diffusion processes. The problem is addressed in
a fully Eulerian framework exploiting a low-Mach number asymptotic expansion
of the Navier-Stokes equations. A Volume of Fluid approach (VOF) is used
to capture the liquid-gas interface, built on top of a massive parallel solver,
second order accurate both in time and space. The second-order-pressure term
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is treated implicitly and the resulting pressure equation is solved with the
eigenexpansion method employing a robust and novel formulation. We provide
a detailed and complete description of the theoretical approach together with
information about the numerical technique and implementation details. Results
of benchmarking tests are provided for five different test cases.

Paper 3
Finite-size evaporating droplets in weakly compressible homogeneous shear tur-
bulence
In this third work, we propose a combination of the previous two researches
to numerically study evaporating flows in a low Mach number regime. The
resulting tool is then employed to perform interface-resolved simulations of
finite-size evaporating droplets in weakly-compressible homogeneous shear tur-
bulence (HST). The study is conducted by varying three dimensionless physical
parameters: the initial gas temperature over the critical temperature Tg,0/Tc,
the initial droplet diameter over the Kolmogorov scale d0/η and the surface ten-
sion, i.e. the shear-based Weber number, WeS . For the smallest WeS , we first
discuss the impact on the evaporation rate of the three thermodynamic models
employed to evaluate the gas thermophysical properties: a constant property
model and two variable-properties approaches where either the gas density or
all the gas properties are allowed to vary. Taking this last approach as reference,
the model assuming constant gas properties and evaluated with the ”1/3” rule,
is shown to predict the evaporation rate better than the model where the only
variable property is the gas density. Moreover, we observe that the well-known
Frössling/Ranz-Marshall correlation underpredicts the Sherwood number at low
temperatures, Tg,0/Tc = 0.75. Next, we show that the ratio between the actual
evaporation rate in turbulence and the one computed in stagnant condition is
always much higher than one for weakly deformable droplets: it decreases with
Tg,0/Tc without approaching unity at the highest Tg,0/Tc considered. This sug-
gests an evaporation enhancement due to turbulence also in conditions typical
of combustion applications. Finally, we examine the overall evaporation rate
and the local interfacial mass-flux at higher WeS , showing a positive correlation
between evaporation rate and interfacial curvature, especially at the lowest
Tg,0/Tc.

Paper 4
Evaporating Rayleigh-Bénard convection: prediction of interface temperature
and global heat transfer modulation
In this work, we consider a different multiphase flow regime consisting of
an evaporating gas-liquid layer in a Rayleigh-Bénard configuration. For a
statistically stationary condition, we propose an analytical model to estimate
the interface temperature ΘΓ and the Nusselt number Nu. The model is
based on three assumptions: (i) the Grossmann-Lohse theory for thermal
convection can be applied on the liquid and gas layers separately, (ii) the
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vapour content in the gas can be taken as the mean value at the gas-liquid
interface and (iii) the bulk gas temperature can be determined neglecting
the contributions of the thermal boundary layers. The resulting model can
accommodate any non-Oberbeck–Boussinesq effects in the liquid and the gas
phases, as well as the variation of the liquid height due to evaporation. To
obtain a simplified scaling between Nu and the Rayleigh number Ra, we specify
the model for the case of an Oberbeck–Boussinesq liquid and a gas phase
with uniform properties except for the gas density and the vapour diffusion
coefficient, which are function of thermodynamic pressure, local temperature and
vapour composition. We validate this simplified setting using direct numerical
simulations for Ra = 106, 107 and 108 and for four values of the temperature
differential ε = 0.05, 0.10, 0.15 and 0.20, which modulates the change of state
variables in the gas layer. The proposed model agrees very well with the
numerical simulations in the entire range of Ra− ε investigated.

Paper 5
A pressure-based diffuse interface method for low-Mach multiphase flows with
mass transfer
In this study, we explore the possibility to employ diffuse interface methods
to study phase-changing multiphase flows, targeting specifically boiling. Here,
local volume variations are described with a full compressible approach which
is considered more accurate than zero Mach methods to treat spatial variations
of the thermodynamic pressure. As interface capturing method, we employ the
four-equation model derived from the general Baer-Nunziato class of models.
In contrast to the classical conservative four-equation model formulation, the
adopted set of equations features volume fraction, temperature, velocity and
pressure as the primary variables. The model includes the effects of viscosity,
surface tension, thermal conductivity and gravity, and has the ability to incor-
porate complex equations of state. Additionally, a Gibbs free energy relaxation
procedure is used to model mass transfer. A key characteristic of the proposed
methodology is the use of high performance and scalable solvers for the solution
of the Helmholtz equation for the pressure, which drastically reduces the compu-
tational cost compared to analogous density-based approaches. We demonstrate
the capabilities of the methodology to simulate flows with large density and
viscosity ratios through extended verification against a range of different test
cases. Finally, the potential of the methodology to tackle challenging phase
change flows is demonstrated with the simulation of three-dimensional nucleate
boiling.

Paper 6
FluTAS: A GPU-accelerated finite difference code for multiphase flows
We present the Fluid Transport Accelerated Solver, FluTAS, a scalable GPU
code for multiphase flows with thermal effects. The code solves the incom-
pressible Navier-Stokes equation for two-fluid systems, with a direct FFT-based
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Poisson solver for the pressure equation. The interface between the two fluids is
represented with the Volume of Fluid (VoF) method, which is mass conserving
and well suited for complex flows thanks to its capacity of handling topological
changes. The energy equation is explicitly solved and coupled with the momen-
tum equation through the Boussinesq approximation. The code is conceived in
a modular fashion so that different numerical methods can be used indepen-
dently, the existing routines can be modified, and new ones can be included in
a straightforward and sustainable manner. FluTAS is written in modern For-
tran and parallelized using hybrid MPI/OpenMP in the CPU-only version and
accelerated with OpenACC directives in the GPU implementation. We present
different benchmarks to validate the code, and two large-scale simulations of
fundamental interest in turbulent multiphase flows: isothermal emulsions in
HIT and two-layer Rayleigh-Bénard convection. FluTAS is distributed through
a MIT license and arises from a collaborative effort of several scientists, aiming
to become a flexible tool to study complex multiphase flows.


