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Abstract

The main results of this thesis provide smooth classification of large
classes of perturbations of certain multidimensional time dynamical
systems: they show a form of preservation of differentiable structure
under small perturbations. In our work we obtain results for systems
with very different dynamical properties. In Paper A we study elliptic
dynamical systems, in Paper B parabolic, and in Paper C partially hy-
perbolic dynamical systems. Nevertheless, in all three papers we rely
on the same general method of KAM of construction of conjugacies via
successive iterations. Also, the groups whose actions we study in Paper
A and Paper B are abelian, while in Paper C the acting groups are
solvable and non-abelian. Linearization of specific non-commutative
relations in the acting group was not used in combination with KAM
theory before. This demonstrates the power of the method and also
reveals mechanisms needed for its application to other group actions.

Paper A generalizes results obtained by Moser in [Mos90] to tori of
any dimension. The local rigidity result is obtained under simultane-
ously Diophantine condition on rotation vectors of generators. We also
answer a question raised by Moser about higher-dimensional Diophan-
tine metric approximations, which implies that the local rigidity result
for Zm actions, for m ≥ 2, is strictly stronger then the one for the Z
action. Namely, there exists a continuum of Zm actions by Liouville
rotations which are simultaneously Diophantine.

Paper B studies simultaneous linearization of certain commuting
nearly integrable diffeomorphisms on the cylinder. To obtain a simul-
taneous linearization result, this time it is not enough to assume only
the proper arithmetic condition on rotation number for a certain gen-
erator of this action, but in turn we need two more conditions. One
condition is the intersection property for one of the generators of our
action, introduced by Moser in his famous paper about twist maps,
and the second condition is the existence of Lipschitz semi-conjugacy
between the second generator and the rotation map. Both of these two
conditions are in fact necessary since otherwise we construct counterex-
amples to simultaneous linearization. Further, we compare conditions
in our results with those used by Fayad and Krikorian in [FK09] and
conclude that their result cannot be used to obtain the results in this
paper.

Paper C studies rigidity properties of ABC group actions on the
torus T3, by affine transformations. The linear part of such an action
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is an ABC subgroup of SL(3,Z). We study affine actions whose linear
part contains a Z2 subgroup generated by parabolic matrices. The first
step is to investigate when a linear ABC action on T3 can be extended
to an affine action. The analysis in this paper shows that there are
generally two types of linear ABC actions on T3. Those that belong
to a large family of affine actions, and those that do not and which we
call stiff actions. Stiff actions have a factor that cannot be affinely per-
turbed. We prove conditional local rigidity statement, namely KAM
rigidity, for a full measure set of affine actions with a non-stiff linear
part. More surprisingly, for the actions that are stiff, we prove a new
form of local rigidity, which we label fiberwise KAM rigidity, where
we show that even a stiff action can have some local rigidity proper-
ties. We classify fiberwise perturbations of such actions. Namely, we
can consider stiff actions as extensions, where in the base we have the
identity map, and the main dynamics happens in the fibers. Fiberwise
KAM rigidity means that fiberwise perturbations are conjugate to the
initial action. The method of proof is the KAM iterative method,
where one solves the linearized problem approximately, shows that the
approximate solution has some good estimates, and uses it as the base
of KAM iteration. One important new ingredient is that we use the
whole non-commutative action, that is, we use linearization of even
non-commutative relations to deal with cohomological obstructions.
Another new ingredient is to obtain a posteriori estimates for obstruc-
tions that come from leafwise averages of the perturbation. Application
of KAM method to stiff actions, without any Diophantine assumptions,
shows the power of the KAM method. The method is applied to the
ABC action and the study of the non-commutative part is necessary
since without it there is not enough cohomological information that
would lead to an approximate solution of the linearized problem.
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Sammanfattning

Huvudresultaten i denna avhandling är glatta klassificeringar av
breda klasser av störningar av vissa flerdimensionella tidsdynamiska
system: resultaten påvisar en form av bevarande av differentierbar
struktur under små störningar. Våra resultat gäller för system med vitt
skilda dynamiska egenskaper. I Paper A studerar vi elliptiska dyna-
miska system, i Paper B paraboliska dynamiska system och i Paper C
partiellt hyperboliska dynamiska system. Fastän systemen vi stude-
rar har olika karaktär, använder vi i samtliga artiklar den allmänna
KAM-metoden för konstruktion av konjugeringar via successiva itera-
tioner. Grupperna vars verkan vi studerar är i Paper A och Paper B
abelska, medan de i Paper C är lösbara och icke-abelska. Linjärisering
av specifika icke-kommutativa relationer i den verkande gruppen har
inte använts i kombination med KAM-metoden tidigare. Detta påvisar
metodens slagkraft och synliggör även de mekanismer som behövs för
att tillämpa den på andra gruppverkningar.

Paper A generaliserar Mosers resultat i [Mos90] till torusar av god-
tyckliga dimensioner. Det lokala styvhetsresultatet gäller under samti-
digt diofantiska villkor på rotationsvektorer för generatorer. Vi besva-
rar också en fråga formulerad av Moser angående högre-dimensionella
diofantiska metriska approximationer, vilket innebär att det lokala
styvhetsresultatet för Zm-verkningar, givet m ≥ 2, är strikt starka-
re än det för en Z-verkan. Det finns nämligen ett kontinuum av Zm-
verkningar av Liouville-rotationer som är samtidigt diofantiska.

Paper B handlar om samtidig linjärisering av vissa kommutativa
nästan integrerbara diffeomorfier på cylindern. För att kunna bevis
ett samtidigt linjäriseringsresultat räcker det inte att endast ett arit-
metiskt villkor på rotationstalet för en viss generator av denna ver-
kan, utan vi behöver ytterligare två villkor. Det första villkoret är en
snitt-egenskap för en av generatorerna av vår verkan, vilket introdu-
cerades av Moser i hans berömda artikel om twist-avbildningar. Det
andra villkoret kräver existensen av en Lipschitz semi-konjugering mel-
lan den andra generatorn och rotationsavbildningen. Genom att kon-
struera motexempel för samtidig linjärisering visar vi även att dessa
två villkor är nödvändiga. Vidare jämför vi villkoren i vårt resultat
med de villkor som används av Fayad och Krikorian i [FK09] och drar
slutsatsen att deras resultat inte direkt kan användas för att hävleda
resultaten i Paper B.
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I Artikel C studerar vi styvhetsegenskaper hos ABC-gruppens ver-
kan på torusen T3 genom affina transformationer. Den linjära delen
av en sådan verkan är en ABC-delgrupp av SL(3,Z). Vi studerar affi-
na verkningar vars linjära del innehåller en Z2-delgrupp genererad av
paraboliska matriser. Det första steget är att undersöka när en linjär
ABC-verkan på T3 kan utvidgas till en affin verkan. Analysen i denna
artikel visar att det generellt finns två typer av linjära ABC-verkningar
på T3, nämligen de som tillhör en stor familj av affina verkningar, och
de som inte gör det. De senare kallar vi för stela verkningar. Stela verk-
ningar har en faktor som inte kan störas affint. Vi visar ett villkorligt
lokalt styvhetspåstående, nämligen KAM-styvhet, för en mängd affina
verkningar av fullt mått med linjära del som är inte stelt. Mer över-
raskande bevisar vi, för de verkningar som är stela, en ny typ av lokal
styvhet som vi kallar fibervis KAM-styvhet. Vi visar att även en stel
verkan kan ha vissa lokala styvhetsegenskaper. Vi klassificerar fibervisa
störningar av sådana verkningar. Vi kan betrakta stela verkningar som
utvidgningar, där vi i basen finner identitetsavbildningen, och där den
huvudsakliga dynamiken sker i fibrerna. Fibervis KAM-styvhet innebär
att fibervisa störningar av specifik typ är konjugerade till den initiala
verkningen. Bevismetoden bygger på den iterativa KAM-metoden, där
man approximativt löser det linjäriserade problemet, visar att den ap-
proximativa lösningen uppfyller bra uppskattningar, och använder den
som bas för KAM-iterationen. En ny och viktig ingrediens är att vi an-
vänder hela den icke-kommutativa verkningen, det vill säga vi använder
även linjärisering av de icke-kommutativa relationerna för att hantera
kohomologiska hinder. En annan ny ingrediens är att få a posteriori-
uppskattningar för hinder som kommer från bladvisa medelvärden av
störningen. För vår tillämpning krävs det dock en utförlig analys av de
icke-kommutativa relationerna. Detta påvisar återigen KAM-metodens
slagkraft. Metoden tillämpas på ABC-verkningen och studiet av den
icke-kommutativa delen är nödvändig eftersom utan den saknas den
kohomologiska information som i vårt fall leder till den approximativa
lösning på det linjäriserade problemet.
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1 Introduction

The theory of dynamical systems studies the long-term behavior of (deter-
ministic) systems subject to laws of motion and has its roots in differential
equations and mechanics. Roughly speaking, a dynamical system is a space
that is transformed by a set of deterministic rules, and by applying these
rules repeatedly, the space evolves over time. In the case when the time
is discrete, one encounters discrete time dynamical system. Allowing the
time to take the values from an interval, one encounters continuous time
dynamical system that is also subject to some rules that can, for example,
come from an ordinary differential equation. We will give a more abstract
and precise definition of what a dynamical system is, where the time can be
multidimensional or even have a more complicated structure, that will unify
these two concepts.

A classical question and basic motivation in the theory of dynamical
systems is how the system will develop over time, which provides predic-
tions about the future. The period of pandemic during the last three years
showed how important it is to be able to have at least some approximate
predictions about the future behavior of models of systems in nature and
society. However, most often mathematical models, whose dynamical prop-
erties can be rigorously analyzed, are merely approximations of systems
from nature. This is why studying changes of dynamical systems under
small perturbations is one of the primary goals in dynamics. The methods
of dynamical systems apply to all areas of science, especially to physics, biol-
ogy, economics, and epidemiology. For example, in physics, the behavior of
electrons at the Fermi surface, the motion of planets near a singularity, and
the motion of a confined atom are all connected to the study of certain dy-
namical systems. In classical dynamical systems, time is one-dimensional,

1
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discrete or continuous. In this thesis, we focus on studying systems with
multidimensional time. Such systems represent useful models in chemistry
(for example, the study of quasi-crystals) and of course, in computer science
(for example, multi-dimensional data storage). Due to its intimate connec-
tion to other areas of mathematics, such as geometry, number theory, and
analysis, it is not surprising that the dynamical approach can be applied to
solve or at least make progress on difficult problems in these areas that were
out of reach for a very long time.

This thesis builds upon groundbreaking discoveries made in the 1960s,
which showed that chaos, which was thought to be something that causes
instability, is, in fact, a potential source of stability. For systems with multi-
dimensional time, the relationship between chaos and stability is even more
surprising. A weaker chaotic behavior can lead to surprisingly strong forms
of stability, where the differentiable orbit structure of a system is completely
preserved under small perturbations. This phenomenon is usually labeled
as local rigidity. The purpose of this thesis is to prove that certain forms
of local rigidity phenomenon appear even for systems with strong chaotic
behavior provided there is a certain group structure in the multidimensional
time.

1.1 Dynamical systems and classification
questions

A dynamical system is an action of a group G on a set M :

ρ : G×M → M.

The action ρ corresponds to the set of rules, the set M corresponds to
the space that is transformed by applying these rules and the group G
corresponds to the time. For example, in the case of classical discrete time
dynamical systems, the group is the set of integers G = (Z,+) and the
action is generated by an invertible map f : M → M and its iterations:

f0(x) = x

fn(x) = f(fn−1(x)), x ∈ M, n ∈ Z.
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In the case of classical continuous time dynamical systems the group is
the set of real numbers G = (R,+) and the action is generated by a one-
parameter subgroup of maps {φt}t∈R that satisfies:

φ0(x) = x

φt+s(x) = φt(φs(x), x ∈ M, t, s ∈ R.

A particularly nice class of one-parameter subgroups is generated by com-
plete vector fields. In that case, the one-parameter subgroup of maps {φt}t∈R
comes as a solution to some ordinary differential equation. More general ex-
amples of dynamical systems include, for example, actions of the group Zk

that are generated by some commuting invertible maps or actions of the
group Rk, some of which can be generated by k commuting complete vector
fields.

Usually, one puts some extra structure, both on the space M and the
group action ρ, and on the group G itself. If one assumes that M is a smooth
manifold and ρ is a smooth group action, then one works with a smooth dy-
namical system, and if one only assumes that M is a (compact) topological
space, and ρ a continuous group action, then one deals with topological dy-
namics. One can go even further and define measurable dynamical systems,
but we will not work with such a general class of dynamical systems. In this
thesis, we work with smooth dynamical systems.

One of the fundamental questions in the theory of dynamical systems is:
given an initial state x0 ∈ M , can one predict its future? In other words,
what can one say about (some) orbits of this system:

O(x0) = {ρ(g, x0) : g ∈ G}.

Many questions arise, depending on the regularity of the system itself. For
example, are there fixed points, i.e. points whose orbit has only one element?
Are there periodic orbits? Are there orbits that fill the space M densely?
When are two systems considered to be the "same"?

A fundamental concept in dynamical systems that enable us to compare
dynamical systems is that of the conjugacy between the two systems. Two
systems ρ1, ρ2 : G × M → M are conjugate if there is a map h : M → M
such that:

h(ρ1(g, x)) = ρ2(g, h(x)), x ∈ M, g ∈ G.
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In other words, two systems are conjugate if the diagram

M M

M M

ρ1(g, ·)

h h

ρ2(g, ·)

commutes for every fixed g ∈ G. Since the orbits of the conjugated systems
are mapped one onto another, all the dynamical properties of one system
are the same as that of the other, provided the conjugacy has at least the
same regularity as the system itself. Therefore, the notion of equivalence
in dynamical systems is natural from the categorical point of view and it
is the natural starting point for the classification of dynamical systems. In
particular, smooth systems which are smoothly conjugate have the same
differentiable (smooth) orbit structure.

In mathematics, in general rigidity phenomenon is very rare. Loosely
speaking, rigidity in the theory of dynamical systems can be explained as
a phenomenon where a weaker form of equivalence implies a stronger one.
However, there are different forms of rigidity in dynamical systems: cocycle
rigidity, local rigidity, global rigidity, measure rigidity, centralizer rigidity,
etc. In this thesis, we obtain certain cocycle and local rigidity. Roughly
speaking, (some form of) local rigidity holds for a system if (some form of)
perturbations of the system are in the same smooth conjugacy class of the
system, i.e. the differentiable orbit structure is preserved under perturba-
tions.

Let G be a finitely generated group that smoothly acts on a smooth
compact manifold M and let r ∈ [1,∞] ∪ {ω}. We introduce a metric on
the set Actr(G,M) of all Cr G actions on M in the following way. If a fixed
set S generates G, then we define the norm

∥ρ∥r = sup
g∈S

∥ρ(g)∥r,

for any action ρ ∈ Actr(G,M), where ∥·∥r is the standard Cr norm on the
space Diffr(M). Of course, this norm is not independent of the generating
set S, but given any two generating sets of G, the associated metrics are
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equivalent since the group is finitely generated. In this way, we introduced
topology to the set of all group actions. This set is in fact a topological group,
meaning that the composition and inversion in Actr(G,M) are continuous
group operations.

Definition 1.1. A smooth G action ρ : G → Diff∞(M) is C∞ locally rigid if
for any smooth action ρ̃ : G → Diff∞(M), which is close enough to ρ in some
Cr topology, there exists a diffeomorphism h ∈ Diff∞(M) that conjugates ρ̃
to ρ, i.e.

ρ̃(g, h(x)) = h(ρ(g, x)),

for any g ∈ G and any x ∈ M .

Without any further assumptions made on the group action and/or the
manifold itself on which the group acts, in general, it is very common that
the action is not locally rigid. However, they can exhibit some weaker forms
of local rigidity, provided some constraints are met. These constraints are
usually stated by fixing some dynamical quantities that characterize the un-
perturbed action, called moduli, e.g. existence of an invariant measure, zero
averages of (some and hence all) acting group elements with respect to some
invariant measure, etc. The phenomena which we explore here are all con-
ditional local rigidity phenomena, which are also labeled as "KAM rigidity"
after the method of proof that is used.

Dynamical systems can be, roughly said, distinguished by the speed of
divergence of nearby orbits. Hyperbolic systems have exponential speed of
divergence, parabolic systems have polynomial speed, and if there is no di-
vergence of nearby orbits, then the systems are elliptic. Hyperbolic systems,
also called Anosov systems, are characterized by the fact that they possess
a continuous splitting of the tangent bundle into two parts: one subbundle
which is expanding, and the second subbundle which is contracting under
the derivative action. In between these systems are the partially hyperbolic
systems that display combined behavior: hyperbolic and parabolic/elliptic.
In this thesis, we work with all these kinds of systems.

One of the first to be mentioned results in the direction of classification of
dynamical systems is the structural stability result for all compact groups by
Palais, which led to understanding that "chaos implies stability". He proved
in [Pal61] that a Z action generated by a Cr diffeomorphism, r ≥ 1, of a
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closed manifold is always structurally stable and, in fact, the conjugacy is
also of class Cr. Very important result that needs to be mentioned is the
topological classification of Anosov Z actions by Franks [Fr69]. We stress
that in this case, the conjugacy is in general not smooth. For Anosov Zk

actions much stronger results were obtained: the topological conjugacy is
in fact smooth. This is done in seminal work of Katok and Spatzier [KS97]
where they obtained full local rigidity of algebraic Anosov Zk actions, for
k ≥ 2. This result relies on the existence of geometric structures (invariant
foliations) for Anosov actions. In this thesis, we obtain local rigidity results
for actions that lack such geometric structures and for which there is at the
moment no other methods available for studying local rigidity, other that
the KAM method.

Conjugacy problem for discrete group actions

Let G be a discrete finitely generated group, with generators g1, . . . , gm. Let
ρ, ρ̃ ∈ Act∞(G,M) be two smooth G actions on a smooth closed manifold
M . The conjugacy problem for ρ and ρ̃ is to find a smooth map H : M → M ,
such that

H ◦ ρ(g, x) = ρ̃(g,H(x)),

for all g ∈ G and all x ∈ M . This equation is called the conjugacy equation.
We will write the previous equation simply as

H ◦ ρ = ρ̃ ◦H. (1.1.1)

Without any further assumptions, this is the global conjugacy problem for
the two actions and its solution is very rare and usually requires some strong
geometrical, algebraic, and arithmetic assumptions like the existence of in-
variant foliations, hyperbolicity of the system, Diophantine conditions and
many more.

For the local conjugacy problem, we assume that the two actions ρ, ρ̃ ∈
Act∞(G,M) are close in some Cr topology. In other words, we can think of
ρ̃ as a small perturbation of ρ. Since we work with the torus Td = Rd/Zd

and ρ is an affine action, after lifting to the universal cover, any perturbation
ρ̃ can be written as ρ̃ = ρ+η, where η : G → Rd is a Zd-periodic map with a
small Cr norm. Since η is small in the norm, we can hope that the solution
H, if it exists, is close to the identity map again in some Cr norm, i.e.
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H = Id + h, where h is a smooth map having a small Cr norm. Since the
action ρ acts affinely on M , we obtain from the conjugacy equation that for
every g ∈ G

h ◦ ρ(g) − ¯ρ(g) ◦ h = η(g) ◦H,

where ρ̄ is a lift of the action ρ to Rd and it acts simply by multiplication.
Since H is close in norm to the identity map, linearizing this equation around
the identity map, we get a twisted cohomological equation

h ◦ ρ(g) − ¯ρ(g) ◦ h = η(g).

History of local stability/rigidity and applications of KAM
method

As we explain in detail in section 1.3, the KAM method is a far-reaching
generalization of original Newton’s idea of finding zeroes of non-linear func-
tions. Namely, given a non-linear problem (1.1.1) one can linearize it around
a point, then solve the linearized equation to obtain the first approximation
of the exact solution, and repeat the process. In this way, the sequence of
successive approximations is obtained, and one is left to show its conver-
gence to the exact solution of the non-linear equation.

The original KAM method was developed for classical elliptic systems
by Kolmogorov, Arnold, and Moser, as we explain in more detail below.
Moser was the first one to use it for multidimensional time elliptic systems
in [Mos90] (the time here was actually the Zd group, for d ≥ 2). The first
time when the method was used for partially hyperbolic systems with multi-
dimensional time was by Damjanović and Katok [DK10], and more recently
by Wang in [W19a], Hu, Shi and Wang in [HSW18] and by Damjanović
and Fayad in [DF19]. The main reason why the method works is due to
the fact that for multidimensional time the first cohomology is almost triv-
ial. For parabolic systems with multidimensional time the method has been
used recently by Damjanović and Katok in [DK11], by Wang in [W19] and
by Damjanović, Fayad and Saprykina in [DFS22]. There are local rigidity
types of results via different methods, more geometric in nature, but this
fails in the parabolic setting since there are no geometric properties of these
systems that one can use in this direction.
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1.2 The KAM story

In this section, we tell the story of how KAM theory was developed to an-
swer the question of the stability of our solar system. It is an interesting
story in the first place, but it is also intimately connected to the Swedish
leading mathematical institution - Institute Mittag-Leffler. This story also
reveals how the KAM theory emerged, the method of which is the main tool
used in this thesis and has a high point again in Sweden, at the ICM in
Stockholm in 1962.

The question of the stability of our solar system goes back to Newton,
who more than 300 years ago wrote down differential equations satisfied by
a system of massive bodies interacting through gravitational forces. In the
case of only two bodies, these equations can be solved explicitly and the bod-
ies revolve on ellipses. The real problem shows up if there is a third body and
this problem is known as the three-body problem. In that case, no explicit
solution exists, even in the case of our solar system where the masses of the
two bodies (the Earth and the Moon) are negligible compared to the mass
of the third body (the Sun). However, in this case, the mutual gravitational
force between the two planets is much weaker than the one between either
of the planets and the Sun. Therefore, one can try to solve this problem
perturbatively by ignoring the interactions between the planets. This gives
a system that can be solved explicitly and each of the planets is revolving
around the Sun, not affected by the motion of the second planet. After this,
the natural step would be to try to include the interactions between the
planets as well, in a perturbative fashion. This was done by astronomers
in the nineteenth century, developing the solutions in (formal) power series
expansions in the small quantity representing the ratio of the mass of the
planet to the mass of the Sun. The issue was the convergence of this series,
and it was never established. The difficulty in showing the convergence of
these series is coming from the presence of small divisors. One body exerts
a periodic force on the motion of a second body, and in the case the or-
bit periods are commensurable, this can lead to resonances and instability.
Moreover, the periods do not have to be exactly commensurable, it is in fact
enough that they are only approximately commensurable and this already
can lead to convergence problems in the perturbation theory.
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Henri Poincaré in his pioneering work at the end of the nineteenth cen-
tury studied the stability of our solar system and this study led to the
modern chaos theory. This was one of the main problems of the prize com-
petition in honor of the 60th birthday of King Oscar II, arranged by Gösta
Mittag-Leffler. Poincaré received 2 500 kronor from King Oscar II as a prize
for this work, together with a gold medal. Karl Weierstrass was in charge
of writing a detailed report on Poincaré’s winning memoir, but this had to
be postponed due to his poor health and only a short report was given.

Figure 1.1: Invariant curve picture from Theorem III

Poincaré showed that such a system or simpler one, the system of three
bodies moving according to Newton’s laws of gravity (the above-mentioned
three-body problem), need not be stable. He first made a mistake and
thought that he proved stability and soon after that he spotted a mistake
(thanks to Edward Phragmén’s persistent questions about missing details
in Poincaré’s manuscript) that could not be overcome and in fact suggested
the opposite - we could have instability. Unfortunately, at that time the
paper was already in print for Acta Mathematica. The mistake he made
was nothing that Poincaré and diplomatic Gösta Mittag-Leffler could not
turn in Poincaré’s favor. They agreed that Poincaré pays 3 500 kronor for
printing a new version of his paper, leaving Poincaré short for 1 000 kronor
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but still with the medal. The first printed version was almost completely
destroyed. The only copy is located in the library of Institute Mittag-Leffler
together with the original handwritten notes of Poincaré, the revised hand-
written manuscript, and the final memoir published in Acta Mathemat-
ica [Poin1890]. The first three mentioned documents were digitized at the
Center for History of Science, one of the research institutions of the Royal
Swedish Academy of Sciences.

It is possible to point out this mistake in both, the original hand-written
manuscript of Poincaré (see Figure 1.1) and the first printed version of his
paper. The mistake was a Corollary to a Poincaré’s Theorem III which
claimed that an invariant curve under certain conditions is closed, and that
was the basis of his later stability results. In the new version of his paper,
the new Theorem III replaced both the earlier Corollary and the old The-
orem III. In the proof, he had now four possible forms of that curve, three
of which he could exclude so that the only remaining case was that of the
curve with self-intersection.

After Poincaré’s discoveries, for around the next 70 years, chaos was
thought to be something that causes instability, and the systems like that
were not very much liked among the dynamicists. That belief dramati-
cally changes in the 1960s, after the groundbreaking discoveries made by
Kolmogorov, Arnold, and Moser. In 1954, in his address to the ICM in
Amsterdam, Kolmogorov suggested a way in which these problems could be
overcome. His suggestion consisted of two parts, which are essential to what
is now known as KAM method. As was already mentioned above, the first
part consisted of linearization of the problem about an approximate solution
and of solving that linearized problem. This is the point where small divisors
can show up. The second part was to inductively improve the approximate
solution using Newton’s method. Then the ideas of Kolmogorov were car-
ried out in detail by Arnold and Moser in the next ten years or so and
this led to the KAM theory (after Kolmogorov, Arnold and Moser). First
Arnold carried out this convergence scheme in 1961 for the linearization of
analytic circle diffeomorphisms [Arn61], and later in 1963 he published the
KAM theorem [Arn63a], [Arn63b]. Around that time, Moser was asked to
by the editors of Mathematical Reviews to review Kolmogorov’s published
version [Kol57] of his ICM address. However, he could not convince himself
that the scheme is converging even when he considered earlier Kolmogorov
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papers [Kol53] and [Kol54]. For that reason, Moser was very interested in
providing complete proof of the convergence of the scheme. He announced
the proof at his 1962 ICM address in Stockholm providing the first complete
proof of a KAM theorem [Mos62]. This result was about the persistence of
invariant curves for twist maps in the plane and it implied the existence
of invariant tori only for Hamiltonian systems with two degrees of freedom
and not for any number of degrees, as Kolmogorov had first claimed. Moser
used not only the ideas of Kolmogorov, but also the ideas of Nash which
allowed him to work not only in the analytic category but also in that of
finite differentiability. This was very surprising even to Kolmogorov.

1.3 KAM method, cohomology and linearization
The KAM method is an iterative method based on Newton’s convergence
scheme. As we saw above, solving the cocycle equations is a crucial step in
finding the conjugacy map. The method starts with the linearization of a
non-linear conjugacy equation around an approximate solution. Then the
linearized equation, given by a cocycle equation, is solved, usually using the
harmonic analysis/representation theory approach. It is worth mentioning
here that this is one of the reasons why there are no general theorems about
local rigidity and we are forced to study local rigidity from case to case. The
next step is to inductively improve the approximate solution by using the
(approximate) solution of the linearized equation as the basis of Newton’s
convergence scheme. That is, using this approximate solution the perturbed
action is conjugated and one (hopefully) shows that the new error, which
measures how far is the conjugated perturbed action from the unperturbed
one, is of the second order with respect to the old error. The simplest
example to which this method can be applied is the problem of finding
the analytic conjugacy between an irrational rotation of the circle with a
Diophantine rotation number, and a small analytic perturbation of it that
has the same rotation number and we briefly mention it bellow.

Cocycles and coboundaries

Cocycles and coboundaries appear in many different problems in dynamical
systems.

Let ρ : G×M → M be a smooth group action on a smooth manifold M
and let (Γ,+) be a smooth Abelian group.
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Definition 1.2. A smooth 1-cocycle over ρ twisted with a representation
α : G → GL(n,R) and with values in Γ is a smooth map

β : G×M → Γ,

such that
β(gh, x) = α(h)β(g, ρ(h, x)) + β(h, x),

for all g, h ∈ G and all x ∈ M .

If α is the identity representation then β is untwisted 1-cocycle, or simply
1-cocycle. Z1(ρ,Γ) denotes the group of all smooth 1-cocycles over ρ with
values in Γ under the pointwise addition. Very often Γ is the real line
(R,+). A very special and very important class of smooth 1-cocycles is that
of smooth 1-coboundaries.

Definition 1.3. A smooth 1-coboundary over ρ twisted by α and with
values in Γ is a smooth 1-cocycle β given by a smooth function f : M → Γ

β(g, x) = f(ρ(g, x)) − α(g)f(x).

B1(ρ,Γ) denotes the subgroup of all smooth 1-coboundaries over ρ with
values in Γ. We will often drop the prefixes and just write cocycles and
coboundaries instead of smooth 1-cocycles and smooth 1-coboundaries. There
is a natural notion of equivalence between two cocycles, they are equivalent
if they differ by a coboundary.

Definition 1.4. Two cocycles β, γ : G × M → Γ are cohomologous if there
exists a smooth map f : M → Γ such that

β(g, x) = f(ρ(g, x)) + γ(g, x) − α(g)f(x),

for all x ∈ M and all g ∈ G.

The map f is called the transfer map. Constant cocycles are the ones
that do not depend on M . In these terms, we can say that a cocycle is a
coboundary if and only if it is cohomologous to the zero cocycle.

These notions come from the cohomology theory. The set of smooth func-
tions on M C∞(M,R) and the set of smooth vector fields on M Vect∞(M)
under the action ρ become naturally G−module. Hence, we can define the
Chevalley-Eilenberg complex H∗(G,V ), over the action ρ with values in V ,
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where V is either C∞(M,R) or Vect∞(M). Moreover, in this case, H1(G,V ),
which is of principal importance to us, turns out to be naturally isomorphic
to the quotient vector space of all smooth cocycles over ρ by the subspace
of all smooth coboundaries over ρ.

Definition 1.5. The first cohomology group over the action ρ with values
in Γ is the quotient group

H1(ρ,Γ) = Z1(ρ,Γ)
B1(ρ,Γ) .

As usual, H1(ρ,Γ) measures the extent to which cocycles fail to be
coboundaries. If the group action ρ has some regularity, then it is also
possible to give some topology to Z1(ρ,Γ) and hence to B1(ρ.Γ). In that
case, we put quotient topology on H1(ρ,Γ).

The result which motivates the study of local rigidity of group actions
is the following local rigidity result of Weil [Weil64]. Let G be a finitely
generated group, H a Lie group and ρ a group homomorphism from G to
H that obviously gives us a G action on H. Since H is a Lie group, we
can define a linear G action on h, the Lie algebra of H, namely the adjoint
action. For every g ∈ G and every X ∈ h

ρL(g,X) = Ad(ρ(g))X = (ψg)∗X,

where ψg(a) = gag−1, for a ∈ G.

Theorem 1.6. If the first cohomology over the adjoint action ρL vanishes,
then the action ρ is locally rigid.

For groups of diffeomorphisms which we study in this thesis, the first
cohomology will never be trivial. Nevertheless, the previous theorem points
the importance of studying the first cohomology for group actions as the
first step to showing local rigidity phenomena. This theorem also motivated
mathematicians to try to replace Lie group H by Diffr(M) a group of Cr

diffeomorphisms of a manifold M , which is in turn a Lie group itself, but in
the context of Banach manifolds.
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Applications of cohomology to dynamical systems

Many questions in dynamical systems such as rigidity properties of smooth
actions, the existence of invariants, questions about extensions, and many
more can be reduced to the cohomological considerations about the action
itself. Below we list just a few.

Cocycles over a group action allow us to build more complex group
actions. We extend the group action in the base to an extended group
action on a fibered space. These are usually called skew-products and they
can be defined in the following way

ρ̃ : G×M × Γ → M × Γ
ρ̃(g, (x, γ)) = (ρ(g, x), γ + β(g, x)),

for all g ∈ G, x ∈ M and γ ∈ Γ. This is indeed a group action if β is
a cocycle over ρ with values in Γ. Moreover, note that if β is a cobound-
ary generated by a map f , then ρ̃ is conjugated to the dynamical system
I(x, γ) = (x, γ + f(x)) on M × Γ. Therefore, the first cohomology classifies
all possible extensions of the base dynamics.

Other applications of cohomology in dynamical systems include prob-
lems such as the existence of invariant volume forms and the stability of
hyperbolic systems. One very important application of cohomology, which
we study here in detail, is in the conjugacy problem in KAM theory for
small perturbations of some smooth systems.

In all the applications listed above, the main problem is to show whether
a given real-valued cocycle is or is not a coboundary, whether it is or it is
not cohomologous to another given real-valued cocycle and whether or not
the transfer map has some (higher) regularity or not. That is the main
reason why it is so important to investigate the solutions h : M → R of the
(twisted) cohomological equation

h(ρ(g, x)) − α(g)h(x) = β(g, x), (1.3.1)

for all g ∈ G and all x ∈ M , where β is a given real-valued cocycle over
the group action ρ. Usually, the representation α is the linear part of the
action ρ, and this is the case in this thesis as well. In that case, there is a



1.3. KAM METHOD, COHOMOLOGY AND LINEARIZATION 15

huge difference between hyperbolic and non-hyperbolic α (in particular, the
untwisted case). For example, in the continuous category, if α is hyperbolic,
then there is a unique continuous solution to the twisted cohomological
equation, while in the non-hyperbolic case that is very rarely the case, and
even if the (formal) solution exists, the regularity of the solution is a big
issue.

Obstructions to solving a cohomological equation

Usually, it is very difficult to determine whether the cohomological equation
has a solution, and even when it does, whether the solution is in some par-
ticular regularity class or not. The reason for this is the set of obstructions.
Since we study smooth group actions, we explain now in which form these
obstructions appear when one tries to show some form of local rigidity using
KAM method. Even in the case of Cr actions where it is possible to solve
the cohomological equation, the solution itself is usually not regular as the
action itself. Not to mention that it can be very discontinuous while the
system itself is analytic. This phenomenon is called loss of regularity or loss
of derivatives. However, we explain below how one can compensate for this
loss of derivatives in order to show the convergence of the iterative KAM
method towards a smooth solution of the non-linear conjugacy equation.
Therefore, it is a very important task to determine the set of all obstruc-
tions for a particular regularity class. For example, a very obvious set of
obstructions for solving the cohomological equation (1.3.1) is the set of all
Borel probability measures that are invariant under the action, if any. Since
H1(ρ,Γ) measures the extent to which cocycles fail to be coboundaries, it
is natural that the obstructions to the cohomological equation parameterize
the first cohomology.

There are not that many cases where we are able to completely charac-
terize the set of obstructions. Classical examples where this is possible are
Gottschalk and Hedlund for continuous systems and Livšic’s theorem for
hyperbolic systems. The first one deals with continuous minimal Z action
on a compact metric space, generated by a homeomorphism f of M . They
showed that the cohomological equation (1.3.1) has a continuous solution if
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and only if the sequence of functions

{
n∑

i=0
β(1, f i(x))

}
n≥1

is uniformly bounded in C0(M,R). For the second case, Livšic showed that
the only obstructions to the continuous solutions of the cohomological equa-
tion in the case of a C2 R action, i.e. a C2 flow, are given as the set of all
probability measures supported on the periodic orbits. This is sometimes
called the periodic data condition. More recent results that completely char-
acterize the set of obstructions are obtained by Forni [For97], for the area-
preserving flows on higher genus surfaces, by Forni and Flaminio [FF03] for
actions on SL(2,R)/Γ, then by Marmi, Moussa, and Yoccoz [MMY12] for
the interval exchange maps and by Flaminio and Forni [FF05] for flows on
nilmanifolds. Crucial for our analysis of obstructions over parabolic auto-
morphisms is Katok-Robinson [KR01] analysis of obstructions.

Cocycle rigidity

A phenomenon when the first cohomology group H1(ρ,Γ) over a G action is
"almost" trivial (trivial up to constants) is called cocycle rigidity over Γ and
it is also very rare, just like the local rigidity phenomenon. As we will see,
the cocycle rigidity over smooth vector fields will be our first step in proving
the local rigidity of the action using the KAM method, as described below.
Usually, one uses some additional assumptions to obtain cocycle rigidity and
one can think about these assumptions as that they parametrize the first
cohomology. In some particular cases, for example when the manifold is par-
allelizable, which is the case for the torus Td, one can show cocycle rigidity
over smooth vector fields by first showing the cocycle rigidity over constant
vector fields, and then showing the cocycle rigidity over smooth functions.
This is exactly the approach that we use in our papers. In the KAM method,
we only say cocycle rigidity without referring to the G-module.

Cocycle rigidity phenomenon for abelian actions was first discovered and
proved for classes of Anosov actions by Katok and Spatzier [KS94]. For
partially hyperbolic actions it is proved by S. Katok and A. Katok in [KK05].
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General KAM method

Let us now schematically show how the application of KAM method can
be seen from a cohomological point of view. Let G be a discrete finitely
generated group, with generators g1, . . . , gm and with finitely many relations
among the generators R1(g1, . . . , gm) = eG, . . . ,Rr(g1, . . . , gm) = eG, i.e.

G = ⟨g,. . . . , gm|R1, . . . ,Rr⟩.

Let ρ ∈ Act∞(G,M) be a smooth G action on a smooth closed manifold
M and let ρ̃ ∈ Act∞(G,M) be its small perturbation. Basically, KAM
method consists of showing the cocycle rigidity of the given action (possibly
by assuming some additional properties of the action and/or perturbation)
and showing good estimates. The steps of the method are the following.

1. Cocycle rigidity of the unperturbed action ρ gives an approximate solu-
tion h of the non-linear conjugacy equation.

2. Obtain a new system by conjugating the old one with H = Id+ h.

3. Show that the new error is of the second order with respect to the old
error.

4. Replace the perturbed system with the new one and repeat steps 1., 2.
and 3.

5. Show convergence of the sequence of approximate solutions to an exact
solution.

This method described above is the classical KAM method. However,
solving the cohomological equation is often a very difficult task, and more
often it is impossible due to the existence of non-vanishing obstructions.
However, even in the case where we have an exact and explicit solution
of the cohomological equation, it is only an approximate solution of the
non-linear conjugacy equation. Therefore, there is no need for solving the
cohomological equation precisely. It is enough to solve it approximately, up
to the second order, and we explain this now. Applying the condition from
the definition of a cocycle to the group relations R1, . . . ,Rr we obtain the
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linearized group relations, which are true only up to the second order with
respect to the size of the perturbed part of the action, i.e. the size of ρ− ρ̃.
Hence, the perturbed part of the action ρ− ρ̃ is a cocycle up to the second
order, while the potential solution H = Id + h to the non-linear conjugacy
equation (1.1.1) is a coboundary, again up to the second order. This mo-
tivates why it is so important to study the first cohomology over the given
action. It also suggests that as a good approximation of the solution to the
non-linear conjugacy equation we can take a solution of the cohomological
equation. However, as we already mentioned few times, a solution (exact or
approximate) to the cohomological equation is usually not as smooth as the
group action itself. Hence, this loss of regularity accumulates as we solve
the cohomological equation repeatedly and can cause the iterative scheme
not to converge to a smooth solution (step 5). The problem here is that the
linear operator (which is also the inverse of the first coboundary operator in
the cohomology complex) that assigns an approximate solution of the coho-
mological equation is not bounded as the operator between the same Banach
spaces (say Cr(M,R)), but in turn, it is only tamley bounded operator on
the sequence of Banach spaces {Cr(M,R)}r≥r0 , that is, it is a bounded op-
erator from Cr(M,R) to Cr−δ(M,R), where δ > 0 represents the amount
of derivatives that we lose at each step of the iteration. For example, this
is already present in the simple case of a rotation map on the circle and is
caused by the presence of small divisors as we explain in more detail below.
However, this can be overcome if the loss is not too big or, if necessary, by
making some additional assumptions that would guarantee this. Here one
usually uses a family of smoothing operators in a standard way to show that
the loss can be controlled due to the quadratic nature of the convergence of
this method.

Even if the system is overdetermined (in the case G has more than one
generator), the linearized group relations help us to show that if we solve the
cohomological equation for one generator of the action, then it does solve the
equations for all the other generators. Also, group relations help us to show
that the obstructions are of the second order as well. To be able to use this
method, one makes extensive use of group relations, one more time as we did
before for showing that a solution to a one generator cohomological equation
is also a solution to the cohomological equations for all the other generators.
Namely, one tries to show that even if the obstructions do not vanish, they
are however of the second order. Hence, in the schematic picture of the
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standard KAM method above, we should replace step 1. with the following
two steps, in no particular order.

1a. Find an approximate solution h to the cohomological equation.

1b. Use (linearized) group relations to show that the obstructions are of
the second order.

Steps 2,3, 4, and 5 from the standard KAM method remain the same.

KAM method for classical dynamical systems

A classical dynamical system is given by a smooth invertible map F : M →
M or by an ordinary differential equation, i.e. a flow {φt}t∈R which is gen-
erated by a complete smooth vector field X on M . KAM method is used for
the classification of the dynamical systems in the neighborhood of the given
one which is usually very well understood. As we already mentioned a few
times, this is not the case very often. We describe the method here for the
discrete case. The first example of using KAM method for a single map was
by Arnol’d in [Arn61] where he showed that small analytic perturbations
of the rotation Rω : T → T on the circle are conjugate to the rotation Rω

itself, provided they have the same rotation number ω which satisfies a cer-
tain arithmetic condition. The rotation number of an orientation-preserving
circle diffeomorphism represents how much, on average, the map rotates the
points on the circle and it does not depend on the point. The rotation num-
ber serves as the moduli of (local) classification and it is a dynamic invariant,
so the condition of having the same rotation number is indeed necessary to
make. Further analysis of the rotation number, using Birkhoff’s ergodic
theorem, shows in fact that the condition is also sufficient since it can be
shown that the space average of f is of the second order with respect to
the size of the perturbation. As this is the only obstruction for solving the
cohomological equation

h(x+ ω) − h(x) = f(x)

one is able to solve it in terms of Fourier series

hk = fk

e2πikω − 1
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and this is the first step in the KAM method. Therefore, the first coho-
mology over rotation on the circle is almost trivial, since it is parametrized
with all possible averages of smooth functions. If f is a smooth function, the
sequence of coefficients {fk}k∈Z decays faster than any power of k. However,
the denominators in the definition of the sequence {hk}k∈Z can be very small
and can produce a very wild h. This is the place where one encounters the
small divisors. To prevent this one needs to assume that ω is not very well
approximable by rational numbers, i.e. ω is a Diophantine number, and this
is exactly the arithmetic condition on ω that we mentioned above. Opposite
to Diophantine numbers are Liouville numbers, which can be approximated
very well with rational numbers. The set of all Diophantine numbers is of
full Lebesgue measure.

Definition 1.7. If the number ω ∈ T satisfies

|qω − p| > γ

|q|1+τ
, (1.3.2)

for all p ∈ Z and all q ∈ N \ {0} for some constants γ > 0 and τ > 0, then
we say that it is (γ, τ)-Diophantine.

Later, the global conjugacy problem was solved by Herman [Her78] in
the analytic category, as well as in the Cr category, for r ∈ [2,∞]. But the
solution was for a smaller class of rotation numbers, namely that of constant
type, i.e. the numbers for which the sequence of coefficient obtained in the
continued fraction algorithm is bounded. The solution to this problem used
Denjoy’s theorem which states that on the circle, as soon as f is of class
C2 (actually C1+BV is enough), with irrational rotation number ω, there is
a topological conjugacy between f and Rω. Hence, Herman started with
a topological conjugacy and boosted its regularity. Yoccoz, who was Her-
man’s student at that time, showed that the global result is in fact true for
all Diophantine numbers.

In a general case of Z (or even R) action, the procedure of the method
is the following. Given a small perturbation g : M → M of F , assuming
some additive structure around F , we can write g = F + f . The conjugacy
equation is F ◦ H = H ◦ g to be solved for a smooth function H = Id + h,
which is close to the identity map. Linearizing the conjugacy equation we
arrive at the following cohomological equation

h ◦ F − h = f.
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Making some additional assumptions on the perturbed maps, if necessary,
we suppose that the obstructions for solving this equation vanish or at least
that they are of the second order with respect to the size of the perturbation.
Hence, we solve the untwisted cohomological equation and use this solution
as the base for the KAM method described above.

In fact, the cohomological equation for a classical dynamical system typ-
ically should not be solvable (as is in the case of Diophantine rotation).
Moreover, there is a long standing conjecture by Katok that if the cohomo-
logical equation is solvable (i.e. if the cohomology is trivial), then the dy-
namical system is actually torus rotation (see [Hur85], [KR01] and [Kat03]).
Herman [Her79] conjectured this also for perturbations. This justifies why
in the classical systems we only have this example of rotation on the torus
to demonstrate the KAM method. However, we will see that the situation
is very different in the systems given by abelian group actions.

KAM method for abelian group actions

Over the last three decades, many papers exhibited local rigidity of different
smooth group actions on manifolds, mostly abelian. Most known examples
include (partially) hyperbolic Zk or Rk actions, for k > 1, as we already
explained above.

We mainly concentrate here on actions of Zm, m ≥ 2 and Rk, k ≥ 2, or
even to Zm × Rk. Application of KAM method for abelian group actions
(like Zk or Rk, for k > 1) is by now well understood (see e.g. [Mos90],
[FRH05], [DK10], [DK11], [DF19], [W19a], [P21], [CDP22] and references
therein). KAM method for abelian group actions relies on the fact that the
obstruction for one generator of the action is negligible due to commuting
group relations. This allows us to approximately solve the cohomological
equation for that specific generator of the action, but in turn, that approx-
imate solution also solves approximately all cohomological equations which
correspond to all the other generators. This is again due to commuting
group relations.

Moser showed in [Mos90] local rigidity of Zn action, n ≥ 1, on the unit
circle T, generated by circle rotations Rω1 , . . . , Rωn , provided the rotation
numbers ω1, . . . , ωn ∈ T are simultaneously Diophantine.
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Definition 1.8. If vectors ω1, . . . , ωm ∈ Td satisfy

max
j=1...,m

|⟨ωj , k⟩ − l| > C

|k|δ
, (1.3.3)

for all (k, l) ∈ Zd ×Z \ {0} for some constants C > 0 and δ > 0, then we say
that they are simultaneously (C, δ)-Diophantine.

It is a standard fact that the set of simultaneously Diophantine vectors
is of full Lebesgue measure in Td.

This result was later extended to the higher dimensional cases by many
authors, where contrary to rotation number on T, rotation vector of toral
homeomorphisms on Td, d ≥ 2, is not well defined. It is defined pointwise
and, in fact, it does not even have to exist at some (or every) point. The
rotation set is the collection of all rotation vectors. Even in the case when
this set is a singleton, it does not represent a complete topological invariant,
contrary to the rotation number in the one-dimensional case. See [FRH05],
[DF19], [NK18], [WX20] and [P21].

As we already said, the first time when KAM method is applied to par-
tially hyperbolic Zk actions was by Damjanović and Katok in [DK10], where
the first cohomology is trivial and hence, they obtain full local rigidity of
those actions. Later, these methods from [DK10] were combined by Dam-
janović and Fayad [DF19] to study local rigidity of parabolic Z2 actions on
Td. Very recent study of affine parabolic Zk actions on Td is by Damjanović,
Fayad and Saprykina [DFS22] where one of the generators of the action has
to have nilpotency step 2. In that paper, they label this type of rigidity as
KAM rigidity.

Definition 1.9. A smooth affine Γ action ρ on Td is KAM rigid if any
smooth volume-preserving perturbation ρ̃, which is close to ρ in some Cr

topology and with the averages zero of ρ̃ − ρ on group generators, with
respect to the invariant volume, is C∞ conjugate to ρ.

KAM method for non-abelian group actions

There are only few local rigidity results for non-abelian solvable group ac-
tions proved using KAM method [HSW18], [W19], [W19a], [WX20]. None
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of them relies on the study of non-abelian group relations and cohomology
associated to the whole group action. Instead, they use abelian part of the
action and cohomology over that abelian part. Besides that, there are also
not so many other results for such actions which do not use this method.
For example, local rigidity of analytic actions by Baumslag-Solitar group
BS(1, k), k ≥ 2, on the circle T studied in [BW04]. They also classify all
the conjugacy classes of such faithful actions.

We assume here that ρ is a smooth action of a discrete finitely generated
group with finitely many relations. The situation is very different from the
abelian case. While in the abelian case the obstructions to solving cohomo-
logical equation for one of the generators is negligible and an approximate
solution for this generator is also an approximate solution for all the other
generators, the situation here is very different. We need to try to find a
generator for which the obstructions are negligible, and then to construct
an approximate solution, and then use it (usually all of the group relations)
to show that this is also an approximate solution to cohomological equations
which correspond to all the other generators. This is very often not possi-
ble. In Paper C we study affine actions by Abelian-by-cyclic groups (ABC
groups) on the torus T3 for which it is possible to deploy KAM method and
obtain some forms of local rigidity.





2 Summary of Results

In this chapter, the labeling of definitions, theorems and corollaries follows
the corresponding labeling from papers A, B and C.

Paper A

Classification of Perturbations of Diophantine Zm Actions on Tori of Arbi-
trary Dimension
Regular and Chaotic Dynamics (2021) 700 - 716.

In Paper A we investigate local rigidity of Zm actions, m ≥ 1, on d−dimensi-
onal torus Td, d ≥ 1, generated by simultaneously Diophantine rotations
Rα1 , . . . , Rαm . This generalizes Moser’s local rigidity result from [Mos90]
for Zm actions on one-dimensional torus, to higher dimensional tori. It also
generalizes the local rigidity result of Karaliolios [NK18] for Z action on Td,
d ≥ 2, to Zm, (m ≥ 2), action on Td. We also answer the question posed
by Moser in [Mos90] by proving the existence of a continuum of m-tuples of
simultaneously Diophantine vectors such that every element of the induced
Zm action is Liouville.

On higher-dimensional torus, the rotation vector for a diffeomorphism
of the torus, which intuitively shows how much the orbits of the map ro-
tate in average, does not have to exist, and even when it exists, it is not
independent on the point, as it is the case in dimension one. Instead, one
defines a rotation set. This set is compact and connected and in dimension
two it is even convex (see [MZ89] and [MZ91]). We recall various definitions
of the rotation set for toral diffeomorphisms, but since we work with their

25
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convex hulls and the convex hulls of these sets are the same, there is no
ambiguity which definition to choose. In order to have conjugacy invariance
of the rotation set, which is again the case in dimension one for orienta-
tion preserving diffeomorphisms, we work with perturbations isotopic to the
identity map.

The main results of Paper A are the following theorems which generalize
results from [Mos90] and [NK18] to actions of Zm on Td, for any m ≥ 1 and
any d ≥ 1.

Theorem 4. There exists an uncountable set of tuples (α1, . . . , αm) of vec-
tors from Rd such that α1, . . . , αm are simultaneously Diophantine, but for
any a = (a1, . . . , am) ∈ Zm \ {0} the linear integer combination a1α1 + . . .+
amαm is a Liouville vector.

Theorem 5. Let m and d be positive integers, γ > 0 and τ > d. There
exist ϵ = ϵ(d, γ, τ) > 0 and l = l(d, γ, τ) > 0 such that, if the collection of
diffeomorphisms f1, . . . , fm ∈ Diff∞

0 (Td) and vectors α1, . . . , αm ∈ Rd satisfy

1. fj ◦ fl = fl ◦ fj, for 1 ≤ j, l ≤ m

2. α1, . . . , αm satisfy simultaneously Diophantine condition with constants
γ and τ

3. max
j=1,...,m

∥fj −Rαj ∥l < ϵ

4. αj is in the convex hull of the rotation set of fj, for 1 ≤ j ≤ m,

then there exists h ∈ Diff∞(Td) such that

h−1 ◦ fj ◦ h = Rαj , for 1 ≤ j ≤ m.

Moreover, h can be chosen close to the identity map in C∞ topology.

The KAM method is applied to the overdetermined system of equations
in order to prove Theorem 5. It is first shown how to approximately solve
linearized equations (cohomological equations) and then this solution is used
as the base for Newton’s method. This is done in Lemma 1 under the simul-
taneous Diophantine condition. This is called the higher rank trick and it is
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a consequence of commutation relations. The linearization of commutation
relations (cocycle equations) gives

f̃l ◦Rαj − f̃l = f̃j ◦Rαl
− f̃j , for 1 ≤ j, l ≤ m.

Hence, in terms of Fourier coefficients

f̃l(k)
e2πi⟨k,αl⟩ − 1

= f̃j(k)
e2πi⟨k,αj⟩ − 1

, k ∈ Zd \ {0}.

Therefore, thanks to the commutation relations, the obstructions vanish and
we can solve the overdetermined system of cohomological equations

h̃ ◦Rαj − h̃ = f̃j , for j = 1, . . . ,m,

by setting

h̃(k) = f̃l(k)
e2πi⟨k,αl⟩ − 1

, k ∈ Zd \ {0},

where l is the index for which the left-hand side in the definition of simul-
taneously Diophantine vectors attains its maximum. It is worth mentioning
that here is the place where one sees why the Diophantine condition, which
is necessary to assume in the case of Z action, can be replaced by a much
weaker one, namely the simultaneously Diophantine condition. At the same
time, it also shows how restrictive the perturbations of Zm actions must be,
for m ≥ 2, since Theorem 4 shows that even if all the vectors α1, . . . , αm

are Liouville, they can still be simultaneously Diophantine, and there is at
least a continuum of such vectors. We also remark how Lemma 1 is in fact
the study of the cohomology over the action. Lemma 1 is equivalent to the
exactness of the short sequence

0 −→ C∞
0 (Td,Rd) δ0

−→ C∞
0 (Td,Rd)m δ1

−→ C∞
0 (Td,Rd)m×m −→ 0,

where δ0 and δ1 are the first two coboundary operators. In fact, the construc-
tion of the (approximate) solution to the system of cohomological equations
corresponds to (approximately) inverting the first coboundary operator δ0

and showing that it is bounded. However, the cocycle equations are only
true up to the second order with respect to the size of the perturbation,
since they are obtained by the linearization of the commuting relations for
generators of the perturbation. Hence, h̃ is only an approximate solution to
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the system of cohomological equations, again up to the second order with
respect to the size of perturbation, and we use h = Id+ h̃ as the base of our
iterative scheme. In Lemma 2 we show how many derivatives we lose due to
the presence of small divisors. However, this loss is not too big as it is shown
that the scheme converges to a smooth solution of the conjugation equation.
This loss of regularity can also be understood as that the (approximate)
inverse of the first coboundary operator is not bounded on the spaces of the
same regularity, but in fact only tamely bounded on the sequence of Banach
spaces {Cr

0(Td,Rd)}r≥r0 . Thus, the method of the proof of Theorem 5 is
the KAM method with one new ingredient. This ingredient is a geometric
argument that shows that the obstructions, even if they do not vanish, are
of the second order with respect to the size of the perturbation. This is
ensured by assuming α1, . . . , αm belong to the convex hull of the rotation
sets of the generators f1, . . . , fm of the perturbed action, respectively. We
show that in this case the average of each f̃l, (l = 1, . . . ,m), with respect to
the Lebesgues measure, can be absorbed by higher order terms, and hence
it is itself of higher order. Then the iterative scheme is the standard KAM
scheme. The size of the perturbation depends on the constants from the
simultaneously Diophantine condition and the dimension of the action.

The second part of Paper A is devoted to proving Theorem 4. The
proof is an adaptation of Moser’s proof from [Mos90] to higher dimensions.
The reason why Theorem 4 is interesting is that it confirms that Theo-
rem 5 cannot be derived from the corresponding existing result for a Z
action. This reduction would be possible if there is a linear combination
β = a1α1 + . . . + amαm with integer coefficients, that is a Diophantine
vector. However, Theorem 4 shows that there is at least a continuum of
simultaneously Diophantine vectors for which any such linear combination
is Liouville. We reformulate the problem in geometric terms and introduce a
quantity µ(E,Γ) which distinguishes Diophantine and Liouville vector sub-
spaces E ⊂ Rk, with respect to a lattice Γ. The main result in this part of
Paper A is Theorem 7, which implies the arithmetic result in Theorem 4.

Theorem 7.
There exist uncountably many d−dimensional subspaces Ed ∈ D(Zl) of Rl

with µ(Ed) ≤ d+1
m−1 such that for any rational projection of rank 2 there exists

a one-dimensional subspace E1 ⊂ Ed such that P (E1) ∈ L(P (Zl)).
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Paper B

On simultaneous linearization of certain commuting nearly integrable
diffeomorphisms of the cylinder
(joint with Q. Chen and D. Damjanović)
Mathematische Zeitschrift 301, 1881 - 1912, (2022).

In Paper B we investigate simultaneous linearization/local rigidity of
smooth parabolic Z2 actions on the cylinder T × R, generated by two inte-
grable diffeomorphisms. We define F0(x, y) = (x + ω(y), y) and Tα(x, y) =
(x + y, y), where ω is a smooth diffeomorphism and α is a Diophantine
number. The main goal of Paper B is to see to what extent the commuta-
tivity condition imposes restrictions on small perturbations of twist maps.
The corresponding perturbations are denoted by F(x, y) = (x + ω(y) +
f1(x, y), y + f2(x, y)) and K(x, y) = (x + α + k1(x, y), y + k2(x, y)), respec-
tively.

The local rigidity problem considered here is all about the preservation
of smooth foliations under small perturbations. In general, it is impossible
to always find a smooth conjugacy between the Z2 action generated by F0
and Tα, and its perturbation generated by F and K. Even for a Z action,
it is known by Poincaré that the smooth foliation structure is in general
destroyed by an arbitrarily small perturbation. Here, we are motivated by
an attempt to investigate the following question:

For the smooth commuting cylinder maps F and K that are, respectively,
close to F0 and Tα in some Cr norm, is there a smooth map H such that
H ◦ F = F0 ◦H and H ◦ K = Tα ◦H?

This time, to answer the question above affirmatively, it was not enough
to only assume the proper arithmetic condition on α, but in turn, we need
two more conditions. The first condition is the intersection property for F ,
introduced by Moser in his famous paper about twist maps. However, we
do not suppose that K has intersection property. For example, any exact
symplectic map of T × R has this property, as well as any area-preserving
map of T × R having at least one homotopically nontrivial invariant circle.
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Definition 1.1. A map F : T × R → T × R is said to satisfy the intersec-
tion property if every homotopically nontrivial circle, which is C1-close to
{y = const} intersects its image under the map F .

The second condition is the existence of Lipschitz semi-conjugacy be-
tween K and Tα.

Definition 1.2. We say that the map K is Lipschitz semi-conjugate to the
rigid circle rotation Rα if there exists a Lipschitz continuous surjective map
W : T × R → T such that W ◦ K = Rα ◦W .

For example, K(x, y) = (x + α, y + k2(x, y)) is always Lipschitz semi-
conjugate to the rotation via the projection to the first coordinate. It should
be noted that the non-degeneracy assumption on the map ω implies that F0
is smoothly conjugate to the standard twist map (x, y) 7→ (x+ y, y).

We stress that both of these two conditions are in fact necessary since
otherwise, we provide counterexamples to simultaneous linearization. We
explain the construction of our counterexamples later.

The Paper B was inspired by studying small smooth perturbations of
two commuting twist maps: G1(x, y) = (x + y + α1, y) and G2(x, y) =
(x + y + α2, y). In this case, the appropriate arithmetic condition on α1
and α2 is again the simultaneously Diophantine condition. It is not diffi-
cult to show that in this case, the difference α = α2 − α1 is a Diophantine
number. Therefore, is G̃1 and G̃2 are small perturbations of twist maps G1
and G2, respectively, then G̃1 and G̃2 ◦ G̃1

−1 are again small commuting
perturbations of G1 and G2, respectively. Hence, one can take, without loss
of generality, G̃1 to be F and G̃2 to be K.

We now state the main results obtained in Paper B. The method of the
proof is the KAM method for abelian actions, as described in the Introduc-
tion. This time, the commuting relations were not enough to ensure that all
the obstructions are negligible and hence, we needed to assume intersection
property of F and Lipschitz semi-conjugacy of K with rigid rotation Rα.
Roughly speaking, the intersection property, together with the commuting
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relations, ensures that the obstruction, which are averages of the perturba-
tive part for F , is negligible with respect to the size of that perturbation.
The Lipschitz semi-conjugacy is then used to ensure that the obstruction
which comes from averages of the perturbative part for K is negligible as
well. In fact, it is enough for the semi-conjugacy to be Hölder with some
exponent close to 1, but we did not pursue this generality since nothing
qualitatively new would be obtained.

Theorem A. Let F ,K ∈ Diff∞
0 (T × R) be commuting diffeomorphisms de-

fined as above. Suppose that F satisfies the intersection property and K
is Lipschitz semi-conjugate to the rigid rotation Rα where α is a (σ, τ)-
Diophantine number. Then, there exists µ = µ(τ) > 0 such that: for any
δ > 0 and bounded open interval I ⊂ R we denote by Iδ = {y ∈ R :
dist(y, I) < δ} the δ-neighborhood of I, if

∥F − F0∥Cµ(T×Iδ) < ϵ0, ∥K − Tα∥Cµ(T×Tδ) < ϵ0

for a sufficiently small ϵ0 = ϵ0(τ, I, δ) > 0, then F and K can be simultane-
ously C∞-conjugated to F0 and Tα on T× I, in the sense that there exists a
C∞ diffeomorphism H from T × I onto its image such that

H−1 ◦ F ◦H = F0, H
−1 ◦ K ◦H = Tα.

That Theorem A does not hold without the semi-conjugacy assumption
follows from Proposition B.

Theorem B. Let α ∈ R, and I be a bounded open interval and δ > 0.
For any r ∈ N and any small ϵ > 0, we can always find two commuting
diffeomorphisms F ,K ∈ Diff∞

0 (T × R) where F satisfies the intersection
property and

∥F − F0∥Cµ(T×Iδ) < ϵ0, ∥K − Tα∥Cµ(T×Tδ) < ϵ0

but at least one of the maps F and K is non-integrable in T × I.

We remark here that there are no assumption on α in Proposition B, it
could even be a rational number. The proof of Proposition B is a construc-
tive one, using the standard Chirikov-Taylor family of maps

Sϵ(x, y) = (x+ y + ϵV
′(x), y + ϵV

′(x)),



32 CHAPTER 2. SUMMARY OF RESULTS

where V ∈ C∞(T×R) is 1-periodic in x. Let α be such that 0 < |α− p
q | < ϵ.

It is, in fact, enough to choose V (x) = − 1
(2πq)r+1 cos 2πqx, since then the

derivative of V is 1
q -periodic and consequently Sϵ commutes with K(x, y) =(

x+ p
q , y

)
. Let Q(x, y) = (x, ω−1(y)). Now Fϵ = Q ◦ Sϵ ◦ Q−1 and K is a

family of commuting pairs of small perturbations of F0 and Tα such that
the intersection property is satisfied but K is not Lipschitz semi-conjugate
to Rα, and at least one of the maps Fϵ and K is not integrable.

As a corollary of Theorem A and Proposition B, we obtain Corollary
C; which is the linearization result for two commuting small perturbations
G̃1, G̃2 of the twist maps G1 and G2.

Applying directly Theorem A, we obtain Corollary D: FA = A + f and
G = Tα + g are simultaneously linearizable to A and Tα, if FA satisfies the
intersection property and G is Lipschitz semi-cojugate to the rotation Rα,

where A =
[
1 n
0 1

]
is a toral automorphism for which n ∈ Z \ {0}.

We remark that we also compare our results with the results of Fayad
and Krikorian from [FK09] and conclude that their result cannot be used to
obtain the results in Paper B.
Note also that the proof of Theorem A would go verbatim in higher di-
mensions Td × Rd , d ≥ 2. However, the intersection property in higher
dimensions is not satisfied even by the unperturbed maps (by intersection
property here we mean that every d-dimensional torus close to the "horizon-
tal" torus {y = const} intersects its image under F ). On the other hand, it
could be the case that with a property weaker than the intersection property
the theorem can be extended to higher dimensions.

Contributions to the paper
The results and proofs of this paper grew out of joint discussions. My con-
tributions can be found in all aspects of the work.
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Paper C

Rigidity of solvable ABC group actions on the three dimensional torus
Preprint

Paper C studies rigidity properties of ABC group actions on the three
torus T3, by affine transformations. The linear part of such an action is an
ABC subgroup of SL(3,Z). Let Γ be an ABC group acting on T3.

Definition 1.1. An affine action of Γ on Td is a homomorphism ρ : Γ →
Diff∞(Td), which can be represented as ρ(g) = ρL(g) + Tα(g), g ∈ Γ, where
the homomorphism ρL : Γ → SL(d,Z) is called the linear part of the action,
and for g ∈ Γ, Tα(g) : Td → Td is the translation by α ∈ Td. The action
g 7→ Tα(g) is called the translation part of the action ρ.

The first step is to investigate when a linear ABC action on T3 can be
extended to an affine action that is ergodic. The analysis in Paper C shows
that there are generally two types of linear ABC actions on T3. Those which
can be linear part of an affine ergodic action, and those that cannot. The
latter we call stiff. Stiff actions have an identity factor which cannot be
perturbed to an affine ergodic action.

Definition 1.2. Let Γ be a group and let ρL : Γ → Aut(Td) be an action
on Td by toral automorphisms. ρL is said to be stiff if any affine Γ action
ρτ : Γ → Aff(Td) on Td, with linear part ρL, has an identity factor.

We first classify all ABC affine actions into four categories: Case I, Case
II, Case III and Case IV. We prove certain local rigidity results for actions in
Case I, which have stiff linear part, and Case IV which have non-stiff linear
part.

For actions in Case IV we show KAM rigidity. The following definition
of KAM rigidity comes from [DFS22].

Definition 1.5. A smooth affine Γ action ρ on Td is KAM rigid if any
smooth volume-preserving perturbation ρ̃, which is close to ρ in some Cr

topology and with the averages zero of ρ̃ − ρ on group generators, with re-
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spect to the invariant volume, is C∞ conjugate to ρ.

For non-stiff actions, the main reason for the existence of the conjugacy
is KAM rigidity of the parabolic Z2 action. Similar approach to showing
local rigidity for ABC actions on the torus where the abelian part of the
action is homotopic to the identity action has been used by Wilkinson and
Xue in [WX20].

The main novelty in Paper C is that in the stiff case we introduce and
prove a new type of local rigidity phenomenon, which we label fiberwise
KAM rigidity. Even though affine actions ρ with stiff linear part are never
KAM rigid, we show that all perturbations of specific form are conjugate to
the initial action. Namely, the stiff linear ABC action can be viewed as an
extension of the identity action on the circle to a T2−fiber bundle over the
circle, where the main dynamics happens in fibers.

Definition 1.6. A Γ action ρ on Td is said to be fiberwise KAM rigid if
it is fibered over an identity factor and any perturbation ρ̃ along the fibers,
which preserves fiberwise volume and is such that the fiberwise averages of
ρ̃− ρ are zero on group generators, is C∞ conjugate to ρ.

We classify fiberwise perturbations of such actions. One important new
ingredient is that we use the whole non-commutative action; that is, we use
linearization of even non-commutative relations to deal with cohomological
obstructions.

This is not the case for the results for non-stiff actions and in earlier
results such as [WX20]. Another new ingredient is to obtain a posteriori
estimates for obstructions that come from leafwise averages of the pertur-
bation.

The method of proof is the KAM iterative method, where one first lin-
earizes the nonlinear conjugacy problem, solves the linearized problem ap-
proximately, and uses that approximate solution as the base of iteration.
However, because the action group is an ABC group, a detailed analysis
of non-commutative group relations is required. Moreover, the systems we
consider can be parabolic or partially hyperbolic. Still, the same method
is applicable. This, once again, shows the power of the KAM method. In
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Paper C, the KAM method is applied to the ABC action, and the study
of the non-commutative relations is necessary since, without it, there is not
enough cohomological information that would lead to an approximate solu-
tion to the linearized problem.

The main results of Paper C are the following.

Theorem 1.2. Linear Γ actions ρL on T3 in Case I are fiberwise KAM
rigid.

As a direct consequence, in Case I, we get that the previous theorem
holds even for the affine Γ actions.

Theorem 1.3. In Case I, any affine Γ action ρτ on T3 is fiberwise KAM
rigid.

Note that in the previous theorem there are no arithmetic conditions to
the translation part of the action.

Using KAM rigidity of Z2 subaction with parabolic linear part from
[DFS22], we prove KAM rigidity in Case IV, under appropriate full measure
conditions on the translation part of the action.

Theorem 1.5. In Case IV, there is a full measure set of affine Γ actions
ρτ on T3, for which any sufficiently Cr small perturbed action, for some
r ≥ 1, is smoothly conjugate to an affine action ρτ

′ from Case IV, where
τ

′ = (α′
, β, γ) and α′ is of the form (p1, α2, α3) ∈ T3.

As a corollary, we obtain the following result.

Corollary 1.2. In Case IV, there is a full measure set of affine Γ actions
ρτ on T3 that are KAM rigid.
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