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Abstract

The main part of this thesis, Part II, consists of four papers. A
summary and background is provided in Part I.

Paper A introduces blow-ups of derived schemes in arbitrary cen-
ters, which is a generalization of the quasi-smooth case from [KR19].
The blow-up BlZ X of a closed immersion j : Z → X of derived schemes
is defined as the projective spectrum of the derived Rees algebra as-
sociated to j. The main result of Paper A concerns the existence of
these Rees algebras, for which derived Weil restrictions are used.

In order to make sense of this construction, Paper A generalizes
the duality between Z-graded algebras and affine Gm-schemes, familiar
from classical algebraic geometry, to the derived setting. The former
are defined as derived algebras over a Lawvere-style theory, which pro-
duces an∞-category of M -graded simplicial algebras, for any commu-
tative monoid M .

The main open question not answered in Paper A is, whether the
description of derived blow-ups in quasi-smooth centers in terms of
virtual Cartier divisors goes through in the general setting. This is
answered affirmatively in Paper B, based on a detailed study of de-
rived Weil restrictions. This includes an algebraicity result for Weil
restrictions along affine morphisms of finite Tor-amplitude, which can
be of independent interest.

Paper B is also more general than Paper A, since it deals with blow-
ups of closed immersions of derived stacks. The main construction is
the derived deformation space via Weil restrictions, which leads to a
deformation to the normal bundle for any morphism of derived stacks
which admits a cotangent complex.

The viewpoint from Paper B reveals that the central constructions
are purely formal, so it is natural to ask for a further generalization.
This is provided by Paper C. Here, blow-ups are defined in an ax-
iomatic setting for nonconnective derived geometry—where the affine
building blocks are the spectra of nonconnective LSym-algebras in a
given derived algebraic context, in the sense of Bhatt–Mathew [Rak20].
Paper C first proposes a globalization based on these building blocks,
and then develops the basic theory needed in order to carry out the
blow-up construction and the deformation to the normal bundle in
such a geometric context. The main example of this, besides the one
for derived algebraic geometry, is derived analytic geometry.

Paper C leads to a significantly more streamlined proof of the ex-
istence of the Rees algebra. This is because, in the nonconnective set-
ting, the deformation spaceDX/Y is equivalent to the relative spectrum
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SpecRext
X/Y of the nonconnective, extended Rees algebra of X → Y , for

any affine morphism X → Y . Together with the algebraicity results
from Paper B, this can provide an interesting test-case for understand-
ing the relationship between nonconnectivity and algebraicity.

The main application of derived blow-ups in this thesis, provided in
Paper D, is a reduction of stabilizers algorithm for derived 1-algebraic
stacks over C with good moduli spaces on their classical truncations.
This is done using a derived Kirwan resolution, using derived intrinsic
blow-ups—the classical versions of which are used in [Sav20, KLS17]
for a reduction of stabilizers of classical Artin stacks. Paper D then
proceeds with successive blow-ups of the derived locus of maximal sta-
bilizer dimension. This is a generalization of the classical case defined
in [ER21], where it is used for another reduction of stabilizers algo-
rithm. The results of Paper D also explains the difference between
these two approaches.
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Sammanfattning

Huvuddelen av denna avhandling, Del II, best̊ar av fyra artiklar.
En sammanfattning och bakgrund ges i Del I.

Artikel A introducerar uppbl̊asningar av härledda scheman i god-
tyckliga center, vilket är en generalisering av det kvasi-glatta fallet
fr̊an [KR19]. Uppbl̊asningen BlZ X av en sluten immersion j : Z → X
av härledda scheman definieras som det projektiva spektrumet av den
härledda Rees-algebran associerad till j. Huvudresultatet av Artikel
A handlar om existensen av dessa Rees-algebror, där härledda Weil-
restriktioner används.

För att först̊a denna konstruktion s̊a generaliserar Artikel A dua-
liteten mellan Z-graderade algebror och affina Gm-scheman, känd fr̊an
klassisk algebraisk geometri, till det härledda fallet. De tidigare de-
finieras som härledda algebror över en teori lik Lawveres, vilken ger
en ∞-kategori av M -graderade simpliciella algebror, för en godtycklig
kommutativ monoid M .

Den huvudsakliga öppna fr̊agan som ej besvaras i Artikel A är om
beskrivningen av härledda uppbl̊asningar i kvasi-glatta center, i ter-
mer av virtuella Cartier-divisorer, sammanfaller i den mer allmänna
situationen. Denna fr̊aga besvaras positivt i Artikel B, baserat p̊a en
noggrann studie av härleddaWeil-restriktioner. Detta inkluderar ett al-
gebraicitetsresultat för Weil-restriktioner längs affina morfier av ändlig
Tor-amplitud, vilket kan vara intressant i sig självt.

Artikel B är ocks̊a mer generell än Artikel A, eftersom den be-
handlar uppbl̊asningar av slutna immersioner av härledda stackar. Den
huvudsakliga konstruktionen är det härledda deformationsrummet ge-
nom Weil-restriktion, vilket ger en deformation till normalbunten för
en morfi av härledda stackar som ett kotangentkomplex.

Synvinkeln i Artikel B klargör att de centrala konstruktionerna är
rent formella, s̊a det är naturligt att fr̊aga efter ytterligare generalise-
ringar. Detta tillhandah̊alls i Artikel C. Här definieras uppbl̊asningar
p̊a ett axiomatiskt sätt för icke-konnektiv härledd geometri—där de
affina byggstenarna är spektra av icke-konnektiva LSym-algebror i en
given härledd-algebrisk kontext, i Bhatt–Mathews mening [Rak20]. Ar-
tikel C föresl̊ar först en globalisering baserad p̊a dessa byggstenar, och
utvecklar sedan den grundläggande teorin som behövs för att utföra
uppbl̊asnings-konstruktionen och deformationen till normalbunten i
en s̊adan geometrisk kontext. Det huvudsakliga exemplet p̊a detta,
förutom det för härledd algebraisk geometri, är härledd analytisk geo-
metri.

Artikel C leder till ett betydligt mer strömlinjeformat bevis för
existensen av Rees-algebror. Detta eftersom att deformationsrummet
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DX/Y , i det icke-konnektiva fallet, är ekvivalent med det relativa spekt-
rumet SpecRext

X/Y av den icke-konnektiva, utvidgade Rees-algebran av
X → Y , för en godtycklig affin morfi X → Y . Tillsammans med resul-
tatet om algebricitet fr̊an Artikel B s̊a ger detta ett intressant test-fall
för att först̊a sambandet mellan icke-konnektivitet och algebraicitet.

Den huvudsakliga tillämpningen av härledda uppbl̊asningar i den-
na avhandling, ges i Artikel D och är en algoritm för reduktion av
stabilisatorer för härledda 1-algebraiska stackar med goda modulirum
hos deras klassiska trunkeringar. Detta görs med hjälp av härledda
Kirwan- och härledda intrinsiska uppbl̊asningar. De klassiska varian-
terna av dessa används i [Sav20, KLS17] för reduktion av stabilisa-
torer för klassiska Artin-stackar. Artikel D fortsätter sedan med en
successiv uppbl̊asning av det härledda lokuset av maximal stabilisator-
dimension. Detta är en generalisering av det klassiska fallet som defi-
nieras i [ER21], där det används för en annan algoritm för reduktion
av stabilisatorer. Resultatet i Artikel D förklarar ocks̊a skillnaderna
mellan dessa tv̊a tillvägag̊angssätt.
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1 Introduction

One of the central themes in geometry is various classifications of objects.
Often, a full classification is too hard, which leads to the development of
invariants. In certain cases, there are obstructions for computing these in-
variants, which one would thus like to resolve. One strategy for finding such
a resolution is to ‘blow-up bad loci’. To do this for a given X, one first has
to decide on such a locus Z ⊂ X. The problem is then to find X ′ which is
the same as X outside Z, in such a way that the obstruction becomes less
severe. By repeating this process, this should lead to a ‘nice’ object.

A widely used tool for these kinds of problems is called the blow-up
construction—the prototypical example of which is Hironaka’s famous result
on the resolution of singularities [Hir64]. Here, a point x in X is singular
when the number of tangent directions at x differs from the expected value,
such as when X is a curve intersecting itself at x. To resolve these singular-
ities means to find a smooth X ′ which is the same as X outside the set of
singular points x in X.

The blow-up BlZ X modifies X by replacing a center Z ↪→ X with the
space NZ/X of tangent directions of X at Z. This can also be used to define
the deformation space DX/Y for a given X over a base Y , which produces
(DX/Y )t over Y , parameterized by points t on the line A1. At a generic
point t ̸= 0 this is just (DX/Y )t = Y , and it deforms to NX/Y at the special
point t = 0.

In both the blow-up and the deformation space, we thus modify the
base over an exceptional locus in a controlled way, using tangent directions.
Often, there is more structure available than merely these tangent directions,
and a more refined tool is needed.

3
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Synopsis This thesis is a study in blow-ups and deformations to the nor-
mal bundle, through Rees algebras and Weil restriction, in derived algebraic
geometry. It contains a generalization of these concepts to nonconnective
derived geometries, and a derived reduction of stabilizers algorithm. The lat-
ter is applied to produce generalized Donaldson–Thomas and Vafa–Witten
invariants.

The first part of this thesis (Part I) is an extensive summary of the
four papers that constitute the main part of this thesis (Part II). Part I
also provides background material on ∞-categories and derived algebraic
geometry, intended to increase accessibility.

Paper B is a continuation of Paper A and [KR19], Paper C is a direct
generalization of the main concepts from Paper B, and Paper D uses all of the
other three papers. For this reason, Part I is written as one coherent story.
However, the four papers are each written in different levels of abstraction.
We therefore adopt the most general viewpoint in Part I—the one from
Paper C—and narrow down to specific contexts when needed.

In the rest of this introduction to Part I, we quickly review some of the
main definitions from classical algebraic geometry.

1.1 Blow-ups and Rees algebras in classical
algebraic geometry

In this section, we recall the classical definitions from algebraic geometry
relevant to this thesis. Later on in the summary, we will work in derived
algebraic geometry, but here everything is still classical. All rings are com-
mutative.

Rees algebras The most general way to define blow-ups is through Rees
algebras. Recall that this is defined, for a closed immersion Z → X with
vanishing ideal I, as the N-graded OX -algebra

RZ/X :=
⊕
n≥0

Intn := OX [It] ⊂ OX [t]

with t in degree 1. A slightly richer object is the extended Rees algebra
Rext

Z/X
:= OX [It, t−1] ⊂ OX [t, t−1]. By multiplying Rext

Z/X with t−1, one

recovers the filtration OX ⊃ I ⊃ I2 ⊃ . . . . In particular, we recover the
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algebra associated to the normal cone

Rext
Z/X/(t−1) ∼=

⊕
n≥0

In/In+1

Blow-ups The blow-up BlZ X of X in Z is the projective spectrum of
RZ/X . Pulling back π : BlZ X → X along Z → X gives us the exceptional
divisor EZX. Outside Z, the projection π is an isomorphism.

The map EZX → BlZ X is an effective Cartier divisor. In fact, π is
universal with this property: for any map X ′ → X such that Z×X X ′ → X ′

is an effective Cartier divisor, there is a unique morphism X ′ → BlZ X of
schemes over X.

1.2 Stabilizer reduction for classical Artin stacks

Recall that the stabilizer Gx of a point x in an Artin stack X is the pullback
of the inertia stack X ×X×X X → X along Specκ(x) → X. This is an
algebraic group that measures the stackiness: Deligne–Mumford stacks have
0-dimensional stabilizers, and schemes have trivial stabilizers.

The goal of stabilizer reduction applied to an Artin stack X is to con-
struct a stack X̃ over X such that the dimension of the stabilizers of X̃ is ‘as
low as possible’, and with the structure map X̃ → X an isomorphism over
the locus of stable points. The strategy to produce X̃ is to take successive
blow-ups (with a certain modification), with centers suitable loci (−)max of
points with maximal stabilizer dimension.

Currently there are four approaches: Kirwan’s original desingularization
result for quotient stacks [Kir85], the canonical stabilizer reduction [ER21],
the intrinsic stabilizer reduction [KLS17, Sav20], and the derived stabilizer
reduction in Paper D of this thesis. Both the intrinsic and the canonical
stabilizer reduction starts with an Artin stack X which has a good moduli
space, as defined in [Alp13]. The derived stabilizer reduction gives a derived
enhancement of the intrinsic stabilizer reduction, using a derived version of
the construction (−)max from [ER21]. It also explains the difference between
the intrinsic and the canonical variant.

Canonical stabilizer reduction For X an Artin stack with good moduli
space π : X → Y , the saturated blow-up of X in a center Z ↪→ X is obtained
by removing the points where BlZ X 99K Projπ∗RZ/X is not defined.
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For a Noetherian Artin stack X which has a good moduli space, the
locus of maximal stabilizer dimension is defined in [ER21] as a closed sub-
stack Xmax → X, with underlying topological space the points of X of
maximal stabilizer dimension d, such that for each strongly étale morphism
h : [U/G] → X with dimG = d, the pullback of Xmax → X along h is
[UG0

/G], where G0 is the (reduced) identity component of G. By the étale-
local structure of X, the locus Xmax is uniquely determined by these prop-
erties.

The canonical stabilizer reduction of X is then obtained by taking suc-
cessive saturated blow-ups in loci of maximal stabilizer dimension.

Intrinsic stabilizer reduction The intrinsic stabilizer reduction uses
Kirwan blow-ups. These are defined by discarding the unstable locus of
the intrinsic blow-up of a given Artin stack X with good moduli space. The
latter are defined étale-locally on [U/G] by embedding U as a G-equivariant
closed subscheme of a smooth G-scheme V , say with ideal I. Then one takes
the blow-up of V in the G-fixed locus V G, and defines the intrinsic blow-up
of U by taking a certain modified strict transform, where the moving part
of I is twisted by the exceptional divisor.

The étale-local picture is then glued to obtain the Kirwan blow-up for any
Artin stack of finite type which admits a good moduli space. This is a subtle
procedure, since one has to check that the result does not depend on the
local embeddings into smooth G-schemes. Once this is done, the intrinsic
stabilizer reduction is carried out by taking successive Kirwan blow-ups,
similar to the canonical stabilizer reduction.

1.3 Deformation to the classical normal cone

Let Z → X be a closed immersion of schemes. Then the deformation space
DZ/X is the open complement of the closed immersion

BlZ×{0}(X × {0})→ BlZ×{0}(X × A1)

Then DZ/X → X×A1 is an isomorphism above X×{t} for t ̸= 0. At t = 0,
we obtain the normal cone CZX. This classical procedure, called the defor-
mation to the normal cone, is used to define a specialization homomorphism
AkX → Ak(CZX) in Chow groups. When Z → X is regular of codimension
d, this induces the Gysin homomorphism AkX → Ak−dZ. See [Ful98, §5].



2 Connective and nonconnective derived
geometries

This chapter and the next one summarize the main results of this thesis. It
contains essentially no proofs, which instead can be found in the underlying
papers. The first section of the current chapter mostly contains established
background material on higher structures. For this reason, there are no
detailed references provided, and we leave it to the interested reader to
recover the arguments from the literature provided at the end of the section.
The remaining sections of this and the next chapter summarize the results
from the papers, and therefore contain more precise references in-text. It
also adds a small amount of extra material, mostly about how the different
papers relate to one another.

The convention used is that [Lem. C.4.3] refers to Lemma 4.3 from Paper
C. Some results can be found in different flavors in several papers from
Part II, in which case all of these are referenced. This also means that the
formulation in this summary will generally differ from the one used in the
papers. Sometimes parts of the original statement are even left out. This is
done with the exposition of this summary in mind.

In a way, the content of this chapter is still mostly preparatory, in that
it sets up the stage for the discussion of blow-ups and the deformation to
the normal bundle in the next chapter.

2.1 Higher categories and stacks

Derived algebraic geometry is most conveniently written in the language
of ∞-categories, which has several versions all mutually equivalent (made

7
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precise in terms of Quillen adjunctions between model categories). Two of
these have been widely used in derived algebraic geometry, one based on
quasi-categories, the other on simplicial categories. In addition, elements
from higher topos theory are used, most of which can be found in the litera-
ture formulated both in terms of quasi-categories, and in terms of simplicial
model categories. One way to approach derived algebraic geometry is thus
to choose a preferred model for ∞-categories, and to then pass to other
models when needed by means of the available comparison results.

Another, more flexible way of using this language is to work so-called
model independently. The idea here is that, in most applications, one does
not need any specific point-set model for the mathematical object at hand,
such as a simplicial ring or an∞-category. Instead, one uses pre-established
results on ∞-categories and higher topos theory, without reference to any
specific model. Since all approaches to ∞-categories are equivalent, a result
which holds in any one of these holds in all of them, as long as it is formulated
without using any specifics of the given approach. This justifies working
model-independently, the advantage of which is that the ‘correct’ level of
abstraction is forced. For example, it avoids the temptation of writing down
a functor explicitly as a function of simplicial sets, which can be impossible
in practice without being very insightful.

This section provides a short, practical guide on∞-categories and higher
topoi, from the model independent perspective which is used in this thesis. It
will be naive in the same sense that naive set theory is naive: not everything
is fully precise (including set-theoretical issues), but correct formalizations
are available. We mention one such at the end of this section, which also in-
cludes references to the literature, where all definitions and results presented
here can be found.

Basic terminology Throughout the rest of this summary, all categorical
terminology is implicitly ∞-categorical, unless otherwise stated. In partic-
ular, a category C is a collection C0 of objects, and for any two such objects
x, y ∈ C0 there is a mapping space C(x, y), the points of which are the mor-
phisms x→ y (or 1-morphisms), which can be composed in a homotopically
coherent way. This means that, first, for any two morphisms f : x→ y and
g : y → z, there is a contractible space of choices for their composition. Such
a choice is the datum of a morphism x → z, together with a homotopy (or
2-morphism) which establishes that the obvious triangle is commutative.
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Second, given a third morphism h : z → w, together with choices hg, gf, hgf
for the compositions, there is a higher homotopy (or 3-morphism) between
the homotopies associated to these choices, and so on for higher dimensions.

Notation 2.1.1. We write x ∈ C to mean that x is an object of the category
C.

A category C thus has n-morphisms for all n ≥ 1, which give homo-
topies between the different ways the (n− 1)-morphisms can be composed.
An n-morphism is invertible (or an equivalence) if it has an inverse, up
to homotopy. Since homotopies are paths in spaces, all n-morphisms are
invertible for n > 1. If all mapping spaces in C are k-truncated, then C is
called a (k+1)-category. Any classical category is a 1-category via the nerve
construction, and this construction is fully faithful.

All basic concepts and terminology from classical category theory go
through in the higher setting. Thus, a functor F : C→ D assign to each n-
morphism α in C an n-morphism Fα in D in a homotopically coherent way,
for all n ≥ 0, where 0-morphisms are objects by definition. In particular,
F induces morphisms Fxy : C(x, y) → D(Fx, Fy) of spaces, for all x, y ∈ C.
If all Fxy are equivalences of spaces, then F is fully faithful and C is a full
subcategory of D. The category of functors C→ D is written Fun(C,D).

A functorG : D→ C is right adjoint to F : C→ D, written (F ⊣ G) : C ⇄
D, if for all x ∈ C and y ∈ D, there is an equivalence of mapping spaces

D(Fx, y) ≃ C(x,Gy)

natural in x, y. This naturality, and thus the whole concept of adjunctions,
can be formulated in terms of a counit ϵ : FG→ id and a unit η : id→ GF .

Let Cat be the category of categories, and define the category S of spaces
as the full subcategory of Cat spanned by categories for which all morphisms
are invertible. We are thus thinking of spaces in terms of homotopy types
(or∞-groupoids), which classically are topological spaces (or simplicial sets)
up to weak homotopy equivalence, hence also are CW complexes (or Kan
complexes). The meta-mathematical statement that all of these approaches
are equivalent is sometimes called the homotopy hypothesis.

A morphism x→ y in a given category is a monomorphism if x ≃ x×yx.
If C→ D is a monomorphism in Cat, then C is a subcategory of D.

Write ∆ for the simplex category, i.e., the category of finite, non-empty,
linearly ordered sets. For n ≥ 0, the n-simplex is the category ∆[n] associ-
ated to the simplicial set representing [n] := {0 < 1 < · · · < n}. In other
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words, this is the category freely generated by a single n-morphism, in the
sense that Fun(∆[n],C) is the category of n-morphisms in C. An n-morphism
in C corresponding to a functor σ : ∆[n]→ C is non-degenerate if there is no
k-morphism τ with k < n such that the corresponding τ : ∆[k]→ C factors
through σ.

For a category C, the arrow category is defined as Arr(C) := Fun(∆[1],C).
Note that Arr(C) has as objects the morphisms x→ x′ in C.

Homotopies in higher category theory play a similar role as isomorphisms
in ordinary category theory. We will treat homotopies in a way familiar from
how isomorphisms are dealt with for 1-categories. Thus, when we call an
object ‘unique’, we mean ‘unique up to a contractible space of choices’. The
latter can also be recursively expressed as ‘unique up to unique homotopy’,
which clarifies the connection to 1-categorical language. Likewise, when we
say that objects are equivalent (in particular, when a diagram is commuta-
tive), we mean that there is an equivalence between them.

To a category C, one associates the homotopy category hC by collapsing
homotopies. More precisely, hC is the 1-category with the same objects as
C, but with hC(x, y) := π0C(x, y) for all x, y ∈ C.

Kan extensions and (co)limits Let F : C → D be a functor, E a cat-
egory, and F ∗ the functor Fun(D,E) → Fun(C,E) induced by composition
with F . If F has a left adjoint, written F!, then for φ : C → E we call F!φ
the left Kan extension of φ along F . Dually, if F has a right adjoint, written
F∗, then F∗φ is the right Kan extension.

Let t be an object in E. Then the over-category E/t is defined by pulling
back {t} → E, along the functor Arr(E) → E which sends s → t′ to the
target t′. The dual notion is written Et/. Now t is terminal if for all s ∈ E,
the mapping space E(s, t) is contractible. Equivalently, we may ask that the
forgetful functor E/t → E is an equivalence. Being initial is the dual notion.

Example 2.1.2. Let f : X → Y be a morphism of spaces. Then the pull-
back functor (−) ×Y X : S/Y → S/X has a left adjoint f! := f ◦ (−), and a
right adjoint f∗ which sends K ∈ S/X

f∗K := Y ×S/Y (X,X) S/Y (X,K)

where Y → SY (X,X) is the projection on idX .
The Grothendieck construction gives an equivalence S/T ≃ P(T ), for

any T ∈ S. The functor (−) ×Y X corresponds via this construction to
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fop∗ : P(Y )→ P(X), where fop : Xop → Y op is the opposite of f (considered
as functor). Then the left Kan extension fop

! corresponds to f!, and the right
Kan extension fop

∗ corresponds to f∗.
The relevance of this second perspective is that the stack-theoretic ver-

sion of fop
∗ gives rise to the Weil restriction along f , which is central in this

thesis. See Section 3.1.

The comma category D/F of F : C→ D is defined as the pullback

D/F Fun(C,D)/F

D Fun(C,D)

where the bottom horizontal arrow maps y ∈ D to the constant functor
x 7→ y, and the right vertical arrow is the forgetful functor.

An object π of D/F is called a cone, and gives rise to a collection of
morphisms πx : y → Fx for some fixed y ∈ D, natural in x ∈ C. If π is
terminal, then we write πx : limF → Fx, and call limF the limit. The
dual notion is a colimit, and (co)completeness of categories is defined as per
usual.

For y ∈ D, the slice category is the full subcategory Cy/F ⊂ D/F spanned
by cones π of the form {πx : y → Fx}x∈C. It can be computed as Cy/F ≃
Dy/ ×D C.

If a category is (co)complete, then (co)limits can also be defined in terms
of an adjunction in the familiar way. More generally, we have the following
central fact (and its dual):

Theorem 2.1.3. Let F : C → D be a functor. If E is complete, then the
right Kan extension F∗φ of any φ : C → E exists, and can be computed as
the functor D→ E which sends y ∈ D to the limit limy→Fx φx, indexed over
the slice category Cy/F .

A functor F : C→ D is cofinal if composition with F preserves colimits.
That is, for any other functor G : D → E, the natural map colimGF →
colimG is an equivalence (provided the colimits exist). The usefulness of
cofinal functors lies in the following well-known recognition theorem.

Theorem 2.1.4 (Quillen’s Theorem A). A functor F : C → D is cofinal if
and only if the space (Cy/F )

±1 is contractible, for all y ∈ D.
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Here, (−)±1 is the left adjoint to the inclusion S → Cat, i.e., it sends
a category E to the space E±1 freely generated by E, which is obtained by
localizing at all morphisms.

A category E is filtered if for any functor f : A → E on a finite poset
A, there is a functor f ′ : A ∪ {∞} → E extending f . If E is non-empty,
then it is called sifted if the diagonal E → E × E is cofinal. Colimits of
cosimplicial diagrams are called geometric realizations. A functor C → D,
with C cocomplete, preserves sifted colimits if and only if it preserves filtered
colimits and geometric realizations.

Presentable categories and the Yoneda embedding The presheaf
category of D is the category P(D) := Fun(Dop, S). This gives the familiar
Yoneda embedding D → P(D), which is a fully faithful functor that sends
y ∈ D to hy := D(−, y).

Let x be an object in a category C. We say that x is compact if the
functor

C(x,−) : C→ S

preserves filtered colimits. Write Cω for the full subcategory of C spanned by
compact objects. Then C is presentable if it is cocomplete, and Cω generates
C under filtered colimits. Write Pr for the full subcategory of Cat spanned
by presentable categories, and PrL for the subcategory of Pr obtained by
discarding all morphisms which are not colimit-preserving.

Example 2.1.5. Let y be an object of C. Then P(C)(hy,−) is the evaluation
functor evy : P(C)→ S at y, which sends X ∈ P(C) to X(y). Since colimits
in P(C) are computed pointwise, it follows that hy is compact. Since P(C)
is generated under filtered colimits by representable presheaves, we see that
P(C) is presentable.

The following theorem summarizes the main importance of presentable
categories to this thesis.

Theorem 2.1.6 (Adjoint Functor Theorem). Let C be presentable. A func-
tor C→ D is a left adjoint if and only if it preserves colimits. In particular,
a presheaf F : Cop → S is representable if and only if it preserves limits, in
which case the representing object is G(∗), where G is the right adjoint of
F op : C→ Spcop. Hence, C is also complete.
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A full subcategory C0 ⊂ C is reflective if the inclusion has a left adjoint.
The inclusion PrL → Cat has a left adjoint C 7→ P(C), but since PrL → Cat
is not full, this is not a reflective subcategory. However, this adjunction can
be used to show that a category C is presentable if and only the Yoneda
embedding C→ P(C) is reflective.

The inclusion ι : S → Cat preserves colimits, and S is generated under
colimits by ∗ ∈ Cat. By the adjoint functor theorem, ι has a right adjoint,
written C 7→ C≃. For a category C, we call C≃ the core of C, and consider
C≃ as a full subcategory of C via the counit of the adjunction ι ⊣ (−)≃.

Example 2.1.7. The category ∆[n] is not a space, unless n = 0, since
there is no morphism 1 → 0 in ∆[n]. Put ∆n := (∆[n])≃. Then ∆n is the
space freely generated by an invertible n-cell, in the sense that Fun(ι∆n,C)
is equivalent to the space of invertible n-cells in C≃, for any category C.

Example 2.1.8. Let the category of finite spaces, written Sfin, be the full
subcategory of S generated by ∗ under finite colimits. This category contains
each ∆n, and Sω is the closure of Sfin ⊂ S under retracts.

Group objects Let C be a complete category. A simplicial object X :
∆op → C satisfies the Segal condition if for all n ≥ 1 the map Xn →
X1 ×X0 · · · ×X0 X1 induced by the spine inclusion is an equivalence, and
that morphisms are invertible if the map X2 → X1 ×X0 X1 induced by
sending σ ∈ X2 to (d0σ, d1σ) is an equivalence.

A groupoid object in C is a functor G : ∆op → C which satisfies the Segal
condition and such that morphisms are invertible. If additionally G0 ≃ ∗,
then G is a group object in C.

For a groupoid G, we write BG for the colimit of [n] 7→ Gn. We often
conflate a group object G with the object G1 in C. In this case, we call the
simplicial diagram [n] 7→ Gn the bar construction.

A G-action of a group object G on a given object P ∈ C is given by a
groupoid object, over the bar construction of G, of the form

· · ·G×G× P →→→ G× P ⇒ P

such that the structure maps G×n × P → G×n and the boundary map
d1 : G× P → P are the projections.
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Grothendieck topologies and stacks The Čech nerve of a morphism
h : u→ x in a category C, written Č(h) or Č(u/x), is the simplicial diagram

[n] 7→ u×x(n) = u×x · · · ×x u

which has a natural augmentation Č(u/x)→ x. Formally, one defines Č(−)
(together with the augmentation) as a functor from Arr(C) into the category
of augmented simplicial diagrams in C via a right Kan extension. One says
that u→ x is an effective epimorphism if Č(u/x)→ x exhibits x as colimit
of Č(u/x).

Let T be a category, say with all finite limits for convenience. Then a
Grothendieck topology gives, for any x ∈ T, a covering family {uα → x}α.
The collection of all covering families satisfy familiar axioms: {id : x → x}
is a covering family, covering families are stable under base-change, and a
refinement of a covering family is again a covering family. Then a site is
a category T endowed with a Grothendieck topology (which we suppress
from notation). For convenience, we assume that the topology is always
subcanonical, so that

⊔
α uα → x is an effective epimorphism for any covering

family {uα → x}α.
Let T be a site. Then a stack on T is a presheaf F on T satisfying

descent, meaning that F : Top → S preserves products, and that for any
covering family {uα → x}α, the natural map

Fx→ limn

∏
|α|=n

F (uα)

induced by the Čech nerve of
⊔

α uα → x is an equivalence. Here, α such
that |α| = n is a sequence of indices α1, . . . , αn, and uα := uα1×x · · ·×x uαn .

Example 2.1.9. The canonical topology is the largest Grothendieck topol-
ogy for which all representable presheaves satisfy descent. By definition, any
covering family of a subcanonical topology is also a covering family for the
canonical topology. Hence, since we assume that the given Grothendieck
topology on the site T is subcanonical, all representable presheaves on T are
stacks.

A groupoid object G in X is called effective if the natural map G →
Č(G/BG) is an equivalence of simplicial objects in X. Then a topos is a
presentable category X such that all groupoids in X are effective, such that
x ×x⊔x′ x′ ≃ ∅ for all x, x′ ∈ X, and such that colimits in X are universal,
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meaning that they commute with base-change. The prime example of a
topos, which is the only one we will encounter, is the category of stacks on
a site.

Example 2.1.10. If G is a group object in a topos X, then ∗ → BG is an
effective epimorphism, and the Čech nerve of ∗ → BG is equivalent to the
bar construction of G.

Let X be a topos. Then any morphism f : x→ y can be factorized as an
effective epimorphism x→ im(f), followed by a monomorphism im(f)→ y
(called the image), simply by taking im(f) to be the colimit of the Čech
nerve of f . Since the Čech nerve of any morphism is a groupoid, a pleasant
feature of this factorization is that the natural map Č(x/y)→ Č(x/ im(f))
is an equivalence.

Formalization: quasi-categories and set-theory For completeness,
we give a very brief account of the quasi-categorical approach. We assume
basic familiarity with model categories (in the sense of Quillen). These
are only used in an essential way in the categorical foundations, meaning
familiarity is not needed in the main part of this work. In this subsection,
we suspend the assumption that all categorical language is implicitly ∞-
categorical.

The kth horn of the simplicial set ∆[n], where ∆[n] represents [n] ∈ ∆,
is the simplicial subset Λk[n] ⊂ ∆[n] spanned by all non-degenerate (n− 1)-
simplices of ∆[n], except dk(id[n]). A quasi-category is a simplicial set C
which satisfies the inner horn filler conditions, meaning that, for all 0 <
k < n, any map Λk[n] → C extends to ∆[n] → C. Endow the category of
simplicial sets with the Joyal model structure, which has monomorphisms as
cofibrations, and for which the fibrant objects are the quasi-categories.

For a quasi-category C, we think of C0 as the set of objects, and Cn as the
set of n-morphisms for n > 0. Although the definition is less transparent for
quasi-categories than it is for simplicial categories, it turns out that working
with the former is more convenient in practice. For example, functors are
just morphisms of simplicial sets, and the functor category is the internal
mapping object in the category of simplicial sets. In contrast, for simplicial
categories it is in general more difficult to get the ‘right’ homotopy type in
constructions such as the functor category.

At this point, the quasi-categories are still ‘small’, which is too restric-
tive. Since a quasi-category is a simplicial set, one is forced to include ‘large
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sets’ which are rich enough for the theory to make sense, meaning that they
adhere to powerful enough axioms. The most convenient approach is to use
Grothendieck universes, although this entails more assumptions than nec-
essary. However, more economical solutions (think: ‘classes’) are also more
technical, meanwhile the added generality will be mostly formal. We there-
fore tacitly adopt this approach in the background, meaning that we will
mostly ignore all set-theoretic issues. In particular, we skip over distinctions
such as between small limits and limits. More details can be found in papers
B and C.

The main source used in this work for∞-categories, as well as for higher
topos theory, is [HTT]. For Kan extensions, [Cis19] is a convenient source,
which also covers all that we need regarding∞-categories. Both are based on
the model of quasi-categories. An approach using simplicial model categories
can be found in [HAGI]. For group objects we refer to [NSS15], since this
also contains material not found in [HTT] but used in this thesis (namely,
on (twisted) principal bundles). For the theory of model categories, we refer
to [GJ09], which also contains what we use concerning simplicial sets.

Remark 2.1.11. The development of∞-categories and higher stacks seems
to have been a communal effort, where an intuitive idea of what such objects
should be existed well before the theory was formalized. For example, higher
classical stacks were defined before the theory of higher categories had fully
taken shape [Sim96]. Concerning the communal effort, see the discussion on
the origins of the Joyal model structure [Pav], which includes an interesting
quote by Joyal on how he passed on his notes on quasi-categories to Lurie,
knowing this could mean Lurie would continue his work on the matter.

2.2 Algebraic and geometric contexts

Stable categories One advantage of derived geometry is that it reveals
the (tensor) triangulated structures on derived 1-categories of geometric ob-
jects as 1-categorical shadows of higher phenomena. This leads to a theory
of ‘quasi-coherent complexes’ which resembles the classical theory of ordi-
nary quasi-coherent modules, and which fully captures the theory of derived
1-categories. We review stable categories in this subsection and symmetric
monoidal categories in the next, the theory of which expresses the higher
phenomena just mentioned.
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Let C be a pointed category, so that we have an object 0 ∈ C which is
both initial and terminal. Assume that C contains all finite limits and finite
colimits. For a morphism f : M → N in C, one defines the fiber of f by
pulling back f along the unique morphism 0 → N , and the cofiber as the
dual notion.

Definition 2.2.1. A pointed category C is stable if every morphism has
both a fiber and a cofiber, and every commutative square is Cartesian if and
only if it is coCartesian.

Let C be stable. We call a sequence of morphisms M → N → K exact
if M is the fiber of N → K, or, equivalently, when K is the cofiber of
M → N . The cofiber of X → 0 is written X[1], and the fiber of 0 → X is
written X[−1]. For n ∈ Z, one then defines X[n] iteratively, which gives an
equivalence (−)[n] : C→ C of categories with inverse (−)[−n].

The salient feature of stable categories is that stability, even though it
is a property, induces a canonical triangulated structure:

Theorem 2.2.2 ([HA, Thm. 1.1.2.14]). The homotopy category hC of a sta-
ble category C carries a triangulated structure, where the translation functor
is induced by (−)[1], and the distinguished triangles are induced by the exact
sequences.

A t-structure on a stable category C is a pair of full subcategories C≥0,C≤0

of C, such that the pair hC≥0, hC≤0 induces a t-structure on the homo-
topy category hC (with homological indexing). Given this, one writes C≥n

(resp. C≤n) for the image of C≥0 (resp. of C≤0) under the functor (−)[n].
Then, for all n ∈ Z, the inclusion C≥n → C (resp. C≤n → C) has a
right adjoint, written τ≥n (resp. a left adjoint, written τ≤n). An object
M ∈ C is n-connective (resp. n-truncated) if the natural map τ≥nM → M
(resp. M → τ≤nM) is an equivalence. For n = 0 we simply say connec-
tive. The heart of C is the full subcategory C♡ := C≥0 ∩ C≤0 of discrete
object, which is always an abelian 1-category. For M ∈ C, the object
π0M := τ≤0τ≥0M lies in the heart. For n ∈ Z we put πnM := π0(M [−n]).

A functor f : C → D between stable categories is exact if it preserves
exact sequences, which implies that it preserves all finite limits and colimits.
If C and D carry t-structures, then an exact functor f is right t-exact if
f(C≥0) ⊂ D≥0, and left t-exact if f(C≤0) ⊂ D≤0.
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Symmetric monoidal categories A comprehensive approach to sym-
metric mo-noidal structures can be found in [HA], which is based on ∞-
operads. A more straightforward approach uses Lawvere theories.

As we will see in the next subsection, this is also closely related to the
algebraic theory that we use. Let us collect the basic definitions of symmet-
ric monoidal categories from the perspective of Lawvere theories, found in
[Ber20].

Write Setfin for the category of finite sets. The (effective) Burnside
category Burn is the 2-category of spans in Setfin. Hence, an object of
Burn is a finite set, and Burn(X,Y ) is the subspace of Fun(Λ0[2], Setfin)≃

consisting of span diagrams of the form X ← U → Y .

Definition 2.2.3. A symmetric monoidal category is a functor Burn→ Cat
which preserves finite products. This leads to a category of symmetric
monoidal categories, where the morphisms are given by natural transfor-
mations.

Let C⊗ be a symmetric monoidal category. For each n ≥ 0, take a
set n of size n. Then C := C⊗(1) is a category. We will abuse notation,
and conflate C⊗ with C. Likewise, we will conflate a morphism C⊗ → D⊗

of symmetric monoidal categories with the underlying symmetric monoidal
functor C→ D.

The functor obtained by applying C⊗ to the span 2 = 2→ 1 is written

(−)⊗ (−) : C× C→ C

and sends (X,Y ) to the tensor product X⊗Y . Likewise, the span 0 = 0→ 1
gives the unit 1C ∈ C. This structure satisfies the ordinary requirements of
a symmetric monoidal 1-category in a homotopy coherent way.

Example 2.2.4. Let E be a category with finite products, such as Setfin.
Then (−) × (−) induces a symmetric monoidal structure on E, called the
Cartesian monoidal structure.

Let C be symmetric monoidal. Then an E∞-algebra in C is a symmetric
monoidal functor Setfin → C, where Setfin has the Cartesian monoidal struc-
ture. A module over a given E∞-algebra A is an object M ∈ C endowed
with a homotopy-coherent action A ⊗M → M . This can be made precise
along similar lines as what we have seen so far.
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A presentably symmetric monoidal category is a symmetric monoidal
category C such that the tensor product commutes with colimits in each
variable separately.

Example 2.2.5. The category Sp of spectra is stable and presentably sym-
metric monoidal.

Monadicity One can also define monoidal categories and A∞-algebras in
these categories, essentially by replacing Setfin by ∆op in the above discus-
sion. For example, the functor category Fun(C,C) of any category C has a
monoidal structure, given by composition.

An A∞-algebra in Fun(C,C) is a monad. A monad T : C → C induces
an adjunction

(T ⊣ U) : C ⇄ ModT (C)

where ModT (C) is the category of T -modules. We think of a T -module as
an object in C (with extra structure) via the forgetful functor U , and then
call it a T -algebra.

Conversely, one can wonder whether a given adjunction (F ⊣ G) : C ⇄ D

arises as the adjunction associated to a monad on C. The Barr–Beck–Lurie
theorem—used in papers A and C, and found in [HA, Thm. 4.7.3.5]—gives
precise criteria for when this happens. If it does, then the adjunction is
called monadic (dually: comonadic).

Algebraic contexts For C a category with finite coproducts, let PΣ(C)
be the category of presheaves that send finite coproducts in C to products
in S. This construction is the free cocompletion of C under sifted colimits,
see [HTT, Prop. 5.5.8.15]. Hence, a functor f : C → D with D cocomplete
extends uniquely to a sifted colimit-preserving functor F : PΣ(C)→ D, called
the left derived functor.

Definition 2.2.6 (Bhatt–Mathew (unpublished), [Rak20]). An algebraic
context is a presentably symmetric monoidal category C with a right-complete,
compatible t-structure, together with a full symmetric monoidal subcategory
C0 ⊂ C♡ closed under C♡-symmetric powers and finite coproducts, such that
C0 compact-projectively generates C≥0.

A morphism of algebraic contexts is a colimit-preserving, symmetric
monoidal functor C→ D which is right t-exact and carries C0 into D0.
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Here, right-completeness means that the canonical map colimn τ≥−nM →
M is an equivalence, and C0 compact-projectively generating C≥0 means that
the left derived functor of C0 → C≥0 gives an equivalence PΣ(C

0) ≃ C≥0.
See Paper C for more details.

Example 2.2.7. Let (ModZ)≥0 be the category associated to the model
1-category of simplicial Z-modules, and ModZ its stabilization. Then ModZ
has a canonical t-structure for which (ModZ)≥0 are the connective objects,
and also a symmetric monoidal structure, induced by the derived tensor
product of discrete Z-modules. The homotopy category of ModZ is then the
unbounded derived category over Z.

These data make ModZ into an algebraic context, with the category
ModfgfZ of finitely generated, free Z-modules as compact projective genera-
tors for (ModZ)≥0. In fact, this is the universal example in the sense that,
for any other algebraic context C, there is a unique morphism ModZ → C of
algebraic contexts.

Since (ModZ)≥0 ≃ PΣ(ModfgfZ ), one might as well start with this as
definition. ModZ can also be constructed by considering Z as E∞-algebra,
and then taking the Z-modules in spectra. This is a third way, which does
not involve stabilization.

This example suggest that we should think of C as the category of mod-
ules in the given context, so let us call them C-modules (or simply modules).
The following example suggests that there are two ways to define algebras.

Example 2.2.8 ([SAG, §25.1]). Let LSym: (ModZ)≥0 → (ModZ)≥0 be
the derived symmetric powers functor constructed in [SAG, §25.2.2]. Then
LSym carries a canonical monad structure such that the category of LSym-
algebras is the category of simplicial commutative rings, written DAlg≥0.
Since ModZ is symmetric monoidal, there is also a category of E∞-algebras
in ModZ, written CAlgZ, which are just E∞-rings over Z. Such a ring
is connective if its underlying spectrum is, and we write CAlgcnZ for the
subcategory of connective E∞-rings over Z.

There is a canonical comparison functor Θ: DAlg≥0 → CAlgcnZ , which
is well-known not to be an equivalence (although the relative version over
a discrete Q-algebra k is). Thus, in general only LSym-algebras are the
‘correct’ algebras for derived algebraic geometry.

Let C be an algebraic context (we suppress the additional data this in-
volves). Consider the left derived functor LSymC≥0

: C≥0 → C≥0 of the
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classical symmetric powers functor C0 → C≥0. The point of using algebraic
contexts in this thesis, is that LSymC≥0

extends to a sifted colimit preserving
monad LSymC : C→ C. This gives us an adjunction

(LSymC ⊣ UC) : C ⇄ DAlgC

where DAlgC is the category of LSymC-algebras, and UC is the forgetful
functor.

Definition 2.2.9. A C-algebra is an object A of DAlgC. We let DAlgC≥0
⊂

DAlgC be the full subcategory of C-algebras for which the underlying C-
module is connective, which are called C≥0-algebras or connective C-algebras.

The most important property for us will be the fact that DAlgC≥0
is freely

generated under sifted colimits by the finitely generated, free C-algebras
(defined in terms of LSymC). For A ∈ DAlgC, we define the category of A-
algebras DAlgA and A-modulesModA analogously to the case C = ModZ. In
Paper C, in the case thatA is connective, we show that the category DAlgA≥0

of connective A-algebras is also freely generated under sifted colimits, now
by the free algebras finitely generated over A.

Geometric contexts In Paper C, we define a geometric context as an
algebraic context C together with a Grothendieck topology J on AffC :=
DAlgopC satisfying two compatibility conditions. Roughly, the first says that
J induces a Grothendieck topology J≥0 on AffC≥0

:= DAlgopC≥0
, the second

that C-modules satisfy descent. We consider AffC and AffC≥0
as sites with

these topologies.

Notation 2.2.10. Throughout the remainder of this summary, we will work
in a fixed geometric context C (where J is suppressed from notation), unless
otherwise stated.

Taking connective covers on the algebra side induces a functor t : AffC →
AffC≥0

, and then composition with t induces a functor

i : StC≥0
→ StC

from the category of stacks on AffC≥0
, called C≥0-stacks, to the category of

stacks on AffC, called C-stacks.
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Example 2.2.11. In the case C = ModZ, we take the topology induced by
the familiar étale covering families {SpecAα → SpecA}α with A,Aα con-
nective (see [Toë14]). This gives an extension of ordinary derived algebraic
geometry to a nonconnective version, and it is the one we shall be using in
the case C = ModZ throughout.

In this context, in order to be compatible with standard terminology
from derived algebraic geometry, we call a C≥0-stack a stack and a C-stack
a nonconnective stack. Likewise, we call a C≥0-algebra an algebra, and a
C-algebra a nonconnective algebra. We do the same for the relative versions.
We also drop the ‘C’ in our notation, so that St is the category of stacks,
etc.

Notice that all algebro-geometric language is thus implicitly derived. If
the underived version is meant, then this is indicated by calling it classical.

A C-stack which is in the essential image of the Yoneda embedding,
written Specnc(−) : AffC → StC, is called nonconnectively affine. Likewise,
a C≥0-stack in the image of Spec(−) : AffC≥0

→ StC≥0
is called affine. The

relative versions of (nonconnective) affineness are defined via quasi-coherent
algebras (see next subsection). Our first main result tells us how noncon-
nective geometry relates to connective geometry.

Theorem 2.2.12 (Lem. C.3.5, Prop. C.3.9, Thm. C.3.10, Prop. C.3.26).
The functor i : StC≥0

→ StC is fully faithful, preserves affine morphisms, has
both a left and a right adjoint, and identifies StC≥0

with the smallest full
subcategory of StC which contains AffC≥0

and is closed under colimits.

Recall that passing from classical geometry to derived geometry, al-
though fully faithful and colimit-preserving, does not preserve limits. One
can thus think of derived geometry as a ‘correction’ of limits by adding more
structure. In this light, the point of the theorem above is that our extension
to nonconnective geometry is as conservative as one might hope for, in that
it does not ‘correct’ for anything.

Notation 2.2.13. For X ∈ StC, we write StX (resp. StX≥0
) for the category

of C-stacks over X (resp. of C≥0-stacks over X).

Quasi-coherent modules In analogy to derived algebraic geometry, the
functor StopC → Cat that sends a C-stack X to the category QCoh(X) of
quasi-coherent OX-modules is defined by right Kan-extending the functor
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SpecncA 7→ModA along the inclusion AffC → StC. Likewise for the category
of quasi-coherent OX-algebras, written DAlgX . Replacing C by C≥0 at each
step gives a second construction, and we show in Paper C that both give
the same answer when applied to C≥0-stacks.

Let X be a C-stack. Then QCoh(X) has a t-structure, induced by the
one on C. We use similar notation and terminology concerning connective
objects as in the affine case. The category AffX of C-stacks nonconnectively
affine over X is then equivalent to DAlgopX , and similarly for the connective
case.

Notation 2.2.14. The monadic adjunction (LSymC ⊣ UC) : C ⇄ DAlgC
globalizes to a monadic adjunction (LSymX ⊣ UX) : QCoh(X) ⇄ DAlgX ,
where UX is the forgetful functor, for any X ∈ StC.

Equivariant geometric contexts Let M be a discrete, commutative
monoid, and let CM := Fun(M,C) be the symmetric monoidal category with
Day convolution as tensor product. We show in Paper C that CM is an
algebraic context in a natural way, and that (C,M) 7→ CM is functorial in
both C and M. We write DAlgCM as DAlgMC etc., and N ∈ CM is written as
a 7→ Na.

Notation 2.2.15. For a ∈ M and N ∈ CM, the module N(a) ∈ CM twisted
by a is defined as N(a)b := Na+b. This gives an endofunctor (−)(a), and we
write (−)(a) ◦ (−)(b) as (−)(a+ b).

Example 2.2.16. We have an adjunction (p! ⊣ p!) : CM ⇄ C by applying
functoriality to the unique map p : M→ 0. Then p! is the forgetful functor,
and R[M] := p!p

!R for R ∈ DAlgC is a derived analogue of the monoid ring
construction.

Likewise, we have an adjunction (j! ⊣ j!) : C ⇄ CM induced by j : 0→M.
Here, j! sendsN ∈ C to the graded module which isN concentrated in degree
0. By some abuse of notation, we can write it as N(0), so that N(a) is the
M-graded module which has N concentrated in degree a. The functor j!

sends N ∈ CM to the graded piece N0.

Composing (−)(a) with j! yields the functor CM → C which sends N ∈
CM to Na, and it holds p!N ≃

⊕
a∈MNa.

Let G be a group object in StC, and X ∈ StC. Then the category
StGX of C-stacks over X with an (X × G)-action (or G-stacks over X) is



24 CHAPTER 2. DERIVED GEOMETRIES

equivalent to the category StX×BG. For a G-stack Y , the quotient stack
[Y/G] is the colimit of the bar construction. We write AffG

X ⊂ StGX for the
full subcategory of G-stacks affine over X.

Example 2.2.17. The unique morphismModZ → C sends Z[t, t−1] to 1C[Z],
and therefore Gm,C := Spec1C[Z] is naturally a group object in StC. The
action of Gm on A1 with weight −1 thus induces an action of Gm,C on
A1
C
:= Spec1C[Z≤0]. We take this action throughout this summary.

The theory of graded modules and algebras globalizes in the same way
as the ungraded case does. We write QCohM(X) (resp. DAlgMX) for the
category of M-graded, quasi-coherent OX -modules (resp. OX -algebras), for
X ∈ StC. Then also Example 2.2.16 globalizes in the obvious way.

Theorem 2.2.18 (Thm. A.3.6.2, Prop. C.2.25, Cor. C.3.27). The adjunc-
tion p! ⊣ p! : DAlgMC ⇄ DAlgC induced by p : M → 0 is comonadic, and
thus DAlgMC is equivalent to the category of coalgebra objects in DAlgC over
1C[M]. Specifying to M = Z and relativizing, for any C-stack X we thus
have an equivalence

Specnc(−) : (DAlgZX)op
∼−→ Aff

Gm,C

X

such that a Gm,C-stack over X of the form Specnc B is a C≥0-stack precisely
when B ∈ DAlgZX is connective.

The connective versions of the statements in this subsection, in the case
C = ModZ, were first shown in Paper A, using much more involved ar-
guments than the general, nonconnective case. Paper C thus completely
subsumes this part of Paper A.

Projective spectra Let B be an N-graded, quasi-coherent OX -algebra,
over a given C-stack X. Recall that we defined the quasi-coherent OX -
algebra B0, which is the part of B in homogeneous degree 0, by means
of the adjunction induced by 0 → N. It is a special feature of the map
0→ N that this adjunction works both ways, such that the induced sequence
B0 → B → B0 in DAlgNX is equivalent to the identity.

For X → Y any morphism of C-stacks, we define the pseudocomplement
Y \X as the C stack which sends T ∈ AffC to the space of morphisms T → Y
for which T ×Y X = ∅. We have a natural map i : Y \ X → Y , and since
T ×Y X = ∅ is a condition, i is monic.
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Remark 2.2.19. The reason for introducing pseudocomplements is that, at
the time of this writing, there is no good notion yet of underlying topological
spaces for C-stacks. In the context of algebraic geometry, there are several
moments in this thesis where an open complement of a closed immersion
is used, and the pseudocomplement fulfills this role in the general story.
Luckily, in the context of algebraic geometry, the pseudocomplement of a
closed immersion is the open complement.

It is reasonable to expect that one can define the underlying topological
space of a C-stack, depending on the topology of the context C, in such a way
that it generalizes the definition from algebraic geometry, and such that the
pseudocomplement of a closed immersion—at least in the connective case—
becomes an open immersion.

The projective spectrum of B over X is defined as the quotient stack

ProjB := [(Specnc B)◦/Gm,C]

where (Specnc B)◦ is the pseudocomplement of Specnc B0 → Specnc B, and
the Gm,C-action is induced by the N-grading.

Example 2.2.20. If B is connective, then Specnc B0 → Specnc B is a closed
immersion, which by definition means that the fiber of B → B0 (always
taken in C) is connective. For C = ModZ, the pseudocomplement is then
the open complement. Since the fiber of B → B0 is B+ :=

⊕
n>0 Bn, the

condition that B is connective cannot be dropped.

For the next result, recall that in the context of derived algebraic geom-
etry, all algebras and stacks are assumed to be connective, unless otherwise
stated.

Theorem 2.2.21 (Thm. A.4.1.3). In the context of derived algebraic geom-
etry, the stack ProjB is schematic over X, for any N-graded, quasi-coherent
OX-algebra B on a stack X.

The proof in Paper A only covers the schematic case. However, the
general case follows, since being schematic is affine-local on the target.

The cotangent complex Let f : X → Y be a morphism of C-stacks.
Roughly speaking, a cotangent complex for f is a quasi-coherent OX -module
LX/Y such that, for all g : T → X, the space of diagram fillers
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T X

T [M] Y

is naturally equivalent to QCoh(T )(g∗LX/Y ,M), where T [M] := Spec(OT ⊕
M) with OT ⊕M the trivial square zero extension affine-locally defined as
in [Rak20]. If a cotangent complex exists, then it is unique.

In [Rak20] it is show that morphisms of the form SpecncB → SpecncA
always admit a cotangent complex, and that, in the context of derived al-
gebraic geometry, the definition of trivial square zero extensions—hence of
the cotangent complex—agrees with the existing definition in the connective
case.

In Paper C, we verify that the cotangent complex in the general case
behaves in a similar fashion as for the case of derived algebraic geometry.
For example, we show stability under base-change, give the exact sequence

f∗LY/Z → LX/Z → LX/Y

associated to morphisms X
f−→ Y → Z, and show that nonconnective affine

morphisms admit cotangent complexes.

Remark 2.2.22. In the context of derived algebraic geometry, as part of
the definition we also require that the cotangent complex LX/Y is almost
connective (as is usual). This means that, for all h : T → X with T affine,
the restriction h∗LX/Y is eventually connective, i.e., h∗LX/Y [n] is connective
for some n ≥ 0. Clearly, this is unreasonable to ask in the nonconnective
case.

Notation 2.2.23. In the affine setting X = SpecncA, we write the cotan-
gent complex as LA (considered as an A-module via QCoh(X) = ModA).

2.3 Derived algebraic geometry

In this section, we consider everything in the context of derived algebraic
geometry.
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Smoothness and étaleness Let f : X → Y be a morphism of stacks.
In Paper B, we define f to be locally of finite presentation in terms of
cofiltered limits of affine schemes, in direct analogue to the definition for
spectral algebraic geometry from [SAG, Def. 17.4.1.1], itself an analogue of
the classical definition.

Let M be a module over an A-algebra. We can think of the homotopy
groups of M as the cohomology of M . In particular, we expect πnA = 0
for all n ̸= 0. Of course, this is true if and only if A is discrete, and so
the truncatedness of M is no good replacement for whatever cohomology is
supposed to measure in a given situation. The standard solution is to call M
of Tor-amplitude ≤ n if M ⊗A N is n-truncated for any discrete A-module
N . For example, a connective module M is flat over A if and only if it is of
Tor-amplitude ≤ 0.

Being of Tor-amplitude ≤ n is stable under base-change. One can thus
globalize the definition to quasi-coherent modules on any stack, in the ob-
vious way. Recall that a quasi-coherent module M on X is perfect if it is
dualizable, meaning that it has a dual M∨, which by definition corepresents
τ≥0(M ⊗ (−)). This leads to:

Definition 2.3.1. Let f : X → Y be locally of finite presentation. Then f
is quasi-smooth if it admits a perfect cotangent complex of Tor-amplitude
≤ 1. If additionally LX/Y is of Tor-amplitude ≤ 0 (resp. if LX/Y ≃ 0), then
f is smooth (resp. étale).

Schemes and algebraic stacks One defines geometric stacks and alge-
braic stacks along the following recursive lines. A stack X is k-geometric
(resp. k-algebraic) if it has a smooth atlas U → X by a 0-geometric stack,
and if moreover the diagonal X → X ×X is (k − 1)-geometric (resp. (k −
1)-algebraic), starting at disjoint unions of affine schemes (resp. algebraic
spaces) for the case k = 0. One defines the relative notions in the obvious
way. Note that a smooth atlas is always (k − 1)-geometric (resp. (k − 1)-
algebraic).

A geometric (= n-geometric for some n) stack X is k-algebraic if and
only if it is k-truncated. The latter is defined in terms of the homotopy
groups X(T ) for classical affine schemes T . Algebraicity thus measure how
high Xcl is up the ladder of higher algebraic stack in the sense of Simpson
[Sim96]. An argument for this well-known fact can be found in Paper B.



28 CHAPTER 2. DERIVED GEOMETRIES

An open immersion is a smooth and geometric monomorphism. A
scheme is then a geometric stackX such that there is a collection Uα → X of
open immersions, with each Uα affine, such that

⊔
α Uα → X is an effective

epimorphism.

2.4 Derived analytic geometry: ind-Banach and
shifted symplectic

Shifted symplectic geometry In Paper D, virtual fundamental classes
and virtual structure sheaves are defined on the stabilizer reduction of (−1)-
shifted symplectic 1-algebraic stacks. Even though this is only carried out
in the context of derived algebraic geometry over C, the definition of the de
Rham complex on affine objects—which is used to define shifted symplectic
structures—makes sense in any context C, which we will now briefly explain.

In this subsection, graded means Z-graded. For a C-algebra A, let A[ϵ]
be the Z-graded algebra such that ϵ is free in homogeneous degree 1 and
homological degree 1, hence with ϵ2 ≃ 0. Let k := 1C be the unit.

We write a k[ϵ]-module M as M =
⊕

pM
p, where Mp is the part in

homogeneous degree p.

Remark 2.4.1. Note that multiplication with t−1 on a graded Z[t−1]-
module N induces morphisms Nk → Nk−1. Meanwhile, multiplication with
ϵ on a graded k[ϵ]-module M induces morphisms Mp[1] → Mp+1. The dif-
ference is thus similar as between homological and cohomological indexing
notation, although, to avoid confusion, we will not use the latter terminology
in this context.

Definition 2.4.2 ([Rak20, Def. 5.3.3]). The forgetful functor DAlgZk[ϵ] →
DAlg has a left adjoint dR(−) : DAlgC → DAlgZk[ϵ], which sends A ∈ DAlgC
to the de Rham algebra dRA. It has underlying graded module

dRA ≃
⊕
p≥0

(
Λp
ALA

)
[p] ≃ LSymA(LA[1](−1))

Definition 2.4.3 ([PV18]). The space of n-shifted, closed p-forms on A is

Ap,cd := ModZk[ϵ](k(−p)[p− n], dRA)
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An element ω ∈ A2,cd thus induces a morphism ω : k → LA ∧ LA[n]. Upon
taking duals, we get a morphism ω♭ : L∨

A → LA[n]. Now ω is non-degenerate
if ω♭ is an equivalence.

To define shifted symplectic structures, from here on we specialize to
the context C = ModC of derived algebraic geometry over C. The functor
Ap,cd(−, n) then turns out to satisfy descent [PTVV13]. For a stack X, the
space of n-shifted closed p-forms on X is then

Ap,cd(X,n) := St(X,Ap,cd(−, n))

Definition 2.4.4 ( [PTVV13, Def. 1.18], [PV18, Def. 1.10] ). LetX be an al-
gebraic stack which is locally of finite presentation, so that LX is dualizable.
An n-shifted closed 2-form ω on X induces a morphism ω♭ : L∨

X → LX [n],
and ω is non-degenerated if ω♭ is an equivalence. If this is the case, then ω
is called an n-shifted symplectic structure on X.

Derived geometry over ind-Banach algebras The second example of
an algebraic context discussed in Paper C is the derived analytic geome-
try developed in a series of papers [BB16], [BM22], [BKK], [KKM22]. We
summarize it here.

Let R be a Banach ring, i.e., a complete normed abelian group with
a compatible ring structure, meaning that there is a constant C such that
|xy| ≤ C|x|·|y| (for all x, y ∈ R). If |x+y| is always bounded by max{|x|, |y|},
then R is called non-Archimedean. It not, then |x+ y| ≤ |x|+ |y|, in which
case R is called Archimedean. Either way, a classical Banach R-module is a
complete normed abelian group M with a compatible R-module structure,
meaning that there is a C ′ such that the linear map λ · (−) on M is bounded
of norm C ′|λ|, for all λ ∈ R. The 1-category of Banach R-modules is written
BanclR.

The algebraic tensor product V ⊗R W of V,W ∈ BanclR carries the pro-
jective semi-norm, defined as

∥x∥ := inf
{∑

∥vi∥ · ∥wi∥ : x =
∑

vi ⊗ wi

}
for x ∈ V ⊗R W .

Definition 2.4.5. The projective tensor product V ⊗̂RW is the separated
completion of the algebraic tensor product V ⊗RW with respect to the pro-
jective semi-norm—where the separated completion of a semi-normed space
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is defined in terms of Cauchy sequences, the same way as the completion of
a normed space is.

The projective tensor product makes BanclR into a closed symmetric
monoidal category, which however is neither complete nor cocomplete. For
this reason, we consider the 1-categorical ind-completion IndBanclR of BanclR.
The essential image of BanclR → IndBanclR is then the full subcategory of
compact objects in IndBanclR, and the full subcategory Ban0R ⊂ BanclR of
projective objects (in the 1-categorical sense) generates IndBanclR freely un-
der sifted colimits. We let BanR≥0

be PΣ(Ban0R), and BanR the stabilization
of BanR≥0

. Objects of BanR are called Banach R-modules.

Definition 2.4.6. The projective tensor product on BanclR induces a sym-
metric monoidal structure on BanR, and BanR has a t-structure for which
BanR≥0

are the connective objects. This data, together with Ban0R, is the
algebraic context of derived analytic geometry over R.

Interestingly, Ban♡R is neither BanclR nor IndBanclR. Instead, it is the
left heart of IndBanclR, in the sense of derived categories of quasi-abelian

categories [Sch99]. Concretely, this means that Ban♡R is the 1-category of
monomorphisms V →W in IndBanclR, localized at biCartesian squares

V W

V ′ W ′

The reason behind this, is that IndBanclR is not abelian in general, essentially
because the image of a morphism V →W is the closure of the set-theoretic
image.

Remark 2.4.7. IfR is non-Archimedean, the we also have the non-Archimedean,
projective semi-norm

∥x∥ := inf
{
max{∥vi∥ · ∥wi∥} : x =

∑
vi ⊗ wi

}
Using this semi-norm instead yields the algebraic context of non-Archimedean
derived analytic geometry, written BannAR .
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Example 2.4.8. The integers endowed with the trivial norm, written Ztriv,
is a non-Archimedean Banach ring. If V,W are classical Banach Ztriv-
modules with trivial norm, then the non-Archimedean projective semi-norm

on V ⊗Ztriv
W is again trivial, hence V ⊗̂nA

Ztriv
W ∼= V ⊗Z W .

Remark 2.4.9. At the time of this writing, there is no general definition
yet for a morphism of C-stacks (or even C≥0-stacks) to be smooth, and thus
no definition of algebraic C-stacks, for C an arbitrary geometric context. The
problem with the definitions from §2.3 is that they seem to be too restrictive
for analytic geometry. All results concerning algebraicity are therefore only
formulated in the context of derived algebraic geometry. However, it is
reasonable to expect that, with the correct generalization of algebraicity,
these results also go through in other contexts, such as the analytic one
(over a reasonable Banach ring R).





3 Derived blow-ups via Weil restrictions

This chapter summarizes the heart of this thesis. We introduce the blow-up
in any geometric context via the deformation space, which in turn is defined
via Weil restrictions. This theory is used to give a deformation to the normal
bundle in any context.

Since the theory of geometric contexts in general is much less developed
than derived algebraic geometry itself, all deeper results at the moment only
apply to this specific context, such as the reduction of stabilizers algorithm
in the last section. Of course, this immediately leads to many open questions
concerning the general theory of blow-ups in any given geometric context.
Some of these open questions have been spelled out in Paper C, which also
contains an overview of possible connections between our work and with
other approaches to blow-ups and normal bundles in contexts different form
the derived algebraic geometry one.

3.1 Weil restrictions

Let f : X → Y be a nonconnectively affine morphism of C-stacks. Then the
pullback functor StY → StX has a right adjoint, written f∗. We call f∗Z the
Weil-restriction of Z → X along f . If f is an affine morphism of C≥0-stacks,
then restricting each f∗Z along i : AffC≥0

→ AffC induces a right adjoint to
the pullback functor StY≥0

→ StX≥0
, also called the Weil restriction. This

is shown in Paper C, and it assures us that, for the connective case in the
context of derived algebraic geometry, Paper C is compatible with Paper A
and Paper B.

Remark 3.1.1. Barring set-theoretic issues, theWeil restriction exists along

33
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any f : X → Y and any Z over X. Since we only apply this to f affine, we
restrict our attention to the affine case in this summary. In papers B and
D, we do expand on these issues and sketch familiar solutions. Since it is
not relevant for the main story, here we leave this out.

A central question in the study of Weil restrictions concerns the alge-
braicitity of f∗Z, expressed in terms of certain properties of Z → X and of
f itself. In fact, the first application (by order of appearance in [SAG]) of
Lurie’s generalization of Artin’s representability result to spectral algebraic
geometry, is exactly about this question, see [SAG, §19.2]. In the context of
derived algebraic geometry, a more powerful result is obtained in [HLP19].
Since this does not fully cover the cases we are interested in, Paper B starts
with an investigation of this question, which constitutes a major part. Our
proof is also more direct, since it does not use the Artin–Lurie representabil-
ity theorem.

Another pleasant aspect of the proof, is that it builds on several general
statements about derived algebraic geometry that have a strong geometric
flavor. For example, it uses a description—in the locally finite presented but
not necessarily algebraic case—of effective epimorphisms in terms of liftings
along strict Henselian rings. Likewise, it uses a derived version of finite
Grothendieck duality. Although none of these statements are particularly
deep, some of them seem to be missing from the literature, and are thus
included in the paper.

Our main result on the algebraicity of the Weil restriction can be sum-
marized as follows.

Theorem 3.1.2 (Thm. B.3.14). Let f : X → Y be an affine morphism of
stacks in the context of derived algebraic geometry. Suppose that f∗OX is
perfect of Tor-amplitude ≤ d. Then for Z → X an n-algebraic morphism
of stacks, it holds that f∗Z → Y is (n+ d)-algebraic. If Z → X is a quasi-
smooth closed immersion, then f∗Z → Y (d − 1)-algebraic for d > 1, and
affine for d = 1.

3.2 Deformation spaces

The main application of Weil restrictions in this thesis is the construction
of the deformation space, which we now define.
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Definition 3.2.1. The deformation space of a morphismX → Y of C-stacks
is the Weil restriction

DX/Y → Y × [A1
C/Gm,C]

of X × BGm,C → Y × BGm,C along the zero section Y × BGm,C → Y ×
[A1

C/Gm,C]. We write DX/Y for the Gm,C-stack over Y × A1
C, obtained by

pulling back DX/Y along the projection Y × A1
C → Y × [A1/Gm,C].

In Paper A it is argued, for a closed immersion f : Z → X of classical
schemes in the context of derived algebraic geometry, say with vanishing
ideal I, that DZ/X is closely related to the classical extended Rees algebra

Rcl,ext
Z/X

:= OX [t−1, tI] of f . This is done by comparing a universal property of
the latter to the defining properties of the former. More precisely, we show
that DZ/X has the same universal property as SpecRcl,ext

Z/X in the regular
case. The argument also shows that this should not be expected in general,
and identifies the obstruction for this to happen. Forcing the obstruction to
vanish exactly recovers the classical blow-up from the derived blow-up, see
Theorem 3.5.6.

In short, the deformation space is a good candidate for defining Rees
algebras in the derived setting, and the following result shows that this is
indeed possible. In fact, in the general setting of nonconnective geometry,
we can relax the assumption that Z → X is a closed immersion, and only
ask Z → X to be affine. The price we have to pay is that the result might
fall strictly outside connective geometry, as is to be expected.

Theorem 3.2.2 (Thm. A.5.3.3, Thm. C.4.6, Thm. C.4.17). Let X → Y be
an affine morphism of C≥0-stacks. Then DX/Y → A1

C×Y is nonconnectively
affine. If X → Y is a closed immersion, then ODX/Y

moreover is connective.

The quasi-coherent OY×A1-algebra corresponding to DX/Y is called the
extended Rees algebra. More on this in the next subsection.

A proof of this result in the context of derived algebraic geometry first
appeared in Paper A. The arguments used are rather involved, essentially
because the category of A-algebras B such that A → B is surjective does
not seem to have a nice universal property. In contract, the proof of this
result in Paper C is significantly easier. This is because allowing the Rees
algebra to be nonconnective enables us to define it on all of DAlgA≥0

. By the
universal property of DAlgA≥0

, this boils down to defining the Rees algebra
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for A→ B := LSymA(M), where M is compact projective. In this case, one
can give an explicit construction, namely LSymA[t−1](M [−1](−1)) (which
has M [−1] in homogeneous degree 1), and show that it has the required
universal property.

As formulated in the introduction of Paper C, we expect that nonconnec-
tivity is related to algebraicity. Assuming this, extrapolating the previous
result suggests that, the ‘further’ X → Y is from being a closed immersion,
the higher the algebraicity of DX/Y can be. The next result confirms this,
at least in the context of derived algebraic geometry.

Proposition 3.2.3 (Prop. B.4.15). Let X → Y be a morphism of n-
algebraic stacks in the context of derived algebraic geometry. Then DX/Y is
(n+ 1)-algebraic.

3.3 Rees algebras

Recall that Gm,C acts on A1
Gm,C

with weight −1. We therefore write A1 ×
Y as SpecncOY [t

−1], for any Y ∈ StC, where the Z-grading on OY [t
−1]

corresponding to the Gm,C-action is such that t−1 is of degree −1.
For f : Z → X an affine morphism of C≥0-stacks, we defined the extended

Rees algebra of f as the quasi-coherent OX [t−1]-algebra Rext
Z/X such that

SpecRext
Z/X ≃ DZ/X

We endow Rext
Z/X with the Z-grading corresponding to the Gm,C-action.

Throwing away the part in strictly negative homogeneous degree defines
the Rees algebra, written RZ/X . For Z → X of the form SpecB → SpecA,
we write Rext

Z/X as Rext
B/A.

For a Z-graded k-algebraR, with k ∈ DAlgC≥0
, we say thatR is generated

in degree 1 over k if the fiber of the map LSymk(R1) → R is connective,
where R1 means the part of R in homogeneous degree 1. In the connective
case, this just says that LSymk(R1) → R is surjective on π0, as expected.
However, in the nonconnective case, the requirement that LSymk(R1)→ R
has connective fiber is in general stronger, as can easily be seen from the
associated long exact sequence (in both directions) of homotopy groups.
This stronger condition is needed to show that the Rees algebra of a closed
immersion is connective.
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The key properties of Rees algebras shown in Paper C are stability under
base-change, and the fact that Rext

Z/X is generated in degree 1 over OX [t−1].
Paper A also contain the following comparison with the classical Rees alge-
bra in the context of derived algebraic geometry.

Proposition 3.3.1 (Prop. A.5.12.1). Let A→ B be a surjective morphism
of ModZ-algebras (connective by assumption). Then the t−1-regularization
of π0R

ext
B/A is equivalent to the classical extended Rees algebra of π0A→ π0B.

Here, the t−1-regularization is obtained by freely forcing multiplication
by t−1 to be injective. More precisely, it is defined as a reflective localization
(−)τ of the 1-category of discrete, Z-graded OX [t−1]-algebras, such that
R→ Rτ is an isomorphism if and only if the image of t−1 in R is a regular
element. It can be calculated as Rτ ∼= R/Ann(t−1).

3.4 Deformation to the normal bundle

Let f : X → Y be a C-stack which admits a cotangent complex LX/Y . We
write N∨

X/Y
:= LX/Y [−1], and call it the conormal complex. The normal

bundle of f is the C-stack

NX/Y := Specnc(LSymX(N∨
X/Y (−1)))

We endow NX/Y with the Gm,C-action induced by the grading. For g : T →
X, the space of morphisms T → NX/Y over X is equivalent to the mapping
space QCoh(T )(g∗N∨

X/Y ,OT ). To see this, use that the functor AffC → StC
induced by Specnc(−) has a left adjoint StC → AffC induced by taking global
sections.

The right adjoint ρ : StC → StC≥0
to the inclusion i : StC≥0

→ StC is
induced by precomposition with the inclusion AffC≥0

→ AffC. For f a mor-
phism of C≥0-stacks, it follows that NX/Y is a C≥0-stack as well, and it can
be defined in StC≥0

via the universal property we just outlined. In particu-
lar, in the context of derived algebraic geometry, we recover the definition
used in Paper B.

One can show that D(−)/(−) is natural in both arguments. The cleanest
way—which also gives commutativity with limits for free—is to describe
this functor as a right adjoint, as is done in Paper B for derived algebraic
geometry, and which also goes through in any geometric context. Together
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with the functor of points of NX/Y as stack over Y , this leads to the following
deformation to the normal bundle.

Theorem 3.4.1 (Thm. B.4.10, Thm. C.4.15). We have a Gm,C-equivariant,
Cartesian diagram

X × {0} X × A1
C X ×Gm,C

NX/Y DX/Y Y ×Gm,C

Y × {0} Y × A1
C Y ×Gm,C

such that the middle column is induced by naturality of D(−)/(−), the map
X × {0} → NX/Y is the zero section, and NX/Y → Y × {0} is equivalent to
the composition of the structure map NX/Y → X with X → Y × {0}.

The most interesting part of the argument concerns the bottom left
square. Since NX/Y is defined as a bundle over X, describing the Gm,C-
equivariant functor of points of NX/Y as stack over Y is not immediate.

In Paper C, the deformation to the normal bundle is used to show the
connectivity of the Rees algebra of a closed immersion.

An immediate consequence is that, for X → Y an affine morphism of
C≥0-stacks, it holds that the quotientRext

Z/X/(t−1) is equivalent to the algebra

LSymX(N∨
X/Y (−1)).

3.5 Blow-ups

In the rest of this section, we specialize to the context of derived algebraic
geometry. In this context, we only consider blow-ups of closed immersions.

Virtual Cartier divisors We have two descriptions of the blow-up, one
in terms of the Rees algebra, the other in terms of virtual Cartier divisors,
which we will now explain.

Definition 3.5.1. A virtual Cartier divisor D → T is a quasi-smooth closed
immersion of virtual codimension 1, meaning that it is locally on T of the
form SpecA/(f)→ SpecA.
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A fundamental result shown in [KR19] says that [A1/Gm] classifies vir-
tual Cartier divisors, and that BGm → [A1/Gm] is the universal virtual
Cartier divisor. Paper B shows a relative version of this. Namely, a virtual
Cartier divisor over a given morphism f : Z → X of stacks is a commutative
diagram

D T

Z X

such that D → T is a virtual Cartier divisor. Then the universal virtual
Cartier divisor over Z → X is given by

NZ/X := [NZ/X/Gm]→ DZ/X

Definition 3.5.2. Let Z → X be a closed immersion of stacks. Then a
virtual Cartier divisor (T,D) over (X,Z) is strict if the underlying square
of classical schemes is Cartesian, and if the induced map g∗NZ/X → ND/T

is surjective on π0, where g : D → Z is the structure map.
The blow-up of X in Z is the stack over X which classifies strict virtual

Cartier divisors over (X,Z).

The following result gives the description of the deformation space in
terms of blowing-ups familiar from classical algebraic geometry.

Theorem 3.5.3 (Cor. B.5.11). The natural map DZ/X → DZ/X×A1 induces
an open immersion DZ/X → BlZ×{0}(X×A1), which exhibits DZ/X as open
complement of the closed immersion BlZ/X → BlZ×{0}(X × A1).

The comparison In [KR19], the blow-up of a quasi-smooth closed immer-
sion is defined as the stack over X classifying strict virtual Cartier divisors
over (X,Z). In Paper A it was first shown that this agrees with the blow-up
in terms of Rees algebras in the quasi-smooth case. One of the main goals
of Paper B was to show to what extent this also holds in general.

Perhaps surprisingly, the definition of a strict virtual Cartier divisor went
through in the general case exactly like stated for the quasi-smooth case,
even though in the latter case the conormal complex is of a very specific
form, and the proof in [KR19] relied heavily on quasi-smoothness.

The following result and its consequences are used in the proof of this
comparison.
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Theorem 3.5.4 (Thm. B.5.3). Let Z → X be a closed immersion of stacks.
Then the open complement of the closed immersion DZ/Z → DZ/X is the
natural map BlZ X → DZ/X .

Let T → DZ/X be classified by a virtual Cartier divisor (T,D) over
(X,Z). Then the space of lifts T → DZ/Z over DZ/X is equivalent to the
space of diagram fillers

D T

Z X

This is why we call (T,D) ‘strict’ if the corresponding T -point lies in BlZ X.

Using the fact that BlZ X → DZ/X is an open immersion, the comparison
is essentially reduced to a question of Spec k-points in DZ/X , which are
significantly easier. For example, Spec k only has two virtual Cartier divisor:
the empty one, and Spec(k ⊕ k[1])→ Spec k. This leads to:

Theorem 3.5.5 (Thm. B.5.11). For any closed immersion of stacks Z →
X, there is a natural equivalence BlZ X ≃ ProjRZ/X of stacks over X.

Finally, we mention the comparison result with classical blow-ups, which
mostly follows from the comparison between derived and classical Rees al-
gebras.

Theorem 3.5.6 (Thm. B.5.15). The map BlclZcl
(Xcl)→ (BlZ X)cl identifies

the classical blow-up with the schematic closure of (BlZ X)cl \ (EZX)cl in
(BlZ X)cl.

Remark 3.5.7. In Paper C the blow-up of an affine morphism X → Y
of C≥0-stacks, in any geometric context C, is defined as ProjRX/Y . With
the correct definition of a virtual Cartier divisor over X → Y , we expect
Theorem 3.5.5 to hold also in the general setting—meaning there should be
a description of ProjRX/Y in terms of ‘strict virtual Cartier divisors’ over
X → Y , at least when X → Y is a closed immersion.
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3.6 Derived reduction of stabilizers of algebraic
1-stacks

In this section we restrict to the context of derived algebraic geometry over
C throughout. We say that a 1-algebraic stack X has maximal stabilizer
dimension d, if the maximum of {dimGx}x∈|X| is d. Here, the stabilizers
are defined in terms of loop stacks, and their underlying classical schemes
agree with the stabilizers of the underlying classical algebraic stack.

For a reductive group G, write G0 for the identity component. Since
we are working over C, the group G is also linearly reductive, meaning
that BG → ∗ is a good moduli space (in the sense of [Alp13]). It follows
that every finite-dimensional G-module splits into a direct sum of simple
G-module, where a G-module is an algebraic representation G→ GL(V ) on
a vector space V .

An important tool in [ER21] is the étale-local structure theorem, which
says that a classical algebraic 1-stack satisfying certain niceness properties
is étale-locally a quotient stack of the form [U/G], with U affine. Paper D
contains a derived version of this statement:

Proposition 3.6.1 (Prop. D.5.13). Let X be a 1-algebraic stack for which
Xcl admits a good moduli space and is Noetherian. Then X is covered by
morphisms h : [U/G] → X, where U is an affine G-scheme for a reductive
group G with a G-fixed point, G is reductive, and h is affine and strongly
étale.

Here, [U/G] → X being strongly étale means that it is étale, and the
underlying classical morphism fits into a Cartesian diagram

[Ucl/G] Xcl

Ucl � G Y

were Xcl → Y is the good moduli space, and Ucl �G is the GIT-quotient. In
particular, the stabilizer Gx of any closed point x is reductive (and classical).

The following result is the first cornerstone of the reduction of stabilizers.

Theorem 3.6.2 (Thm. D.5.14). Let X be a 1-algebraic stack with affine
diagonal such that Xcl has a good moduli space. Suppose that X has maximal
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stabilizer dimension d. Then there is a canonical closed immersion Xmax →
X such that, for any strongly étale morphism [U/G] → X, were U is an
affine G-scheme for a reductive group G of dimension d, we have a Cartesian
diagram

[UG0
/G] [U/G]

Xmax X

The construction gives us a ‘bad’ locus Xmax → X. The set of points
|Xmax| are the points inX with maximal stabilizer dimension, which is easily
seen to be closed. The important part is the nilpotent and derived structure
on |Xmax| of a 1-algebraic stack, chosen in such a way that Xmax → X is a
closed immersion, and for which we can describe the étale-local structure of
Xmax as fixed loci.

Definition 3.6.3. Let X be a 1-algebraic stack which is quasi-compact,
locally of finite presentation, and with affine diagonal, such that Xcl admits
a good moduli space q : Xcl → M . The intrinsic blow-up of X is defined
as X intr := BlXmax X, and the Kirwan blow-up is the saturated projective
spectrum ProjqRXmax/X of the Rees algebra.

Here, the saturated projective spectrum of B ∈ QCohN(X) (with π0B
finitely generated) is the largest open substack Projq B ⊂ ProjB such that
the natural map

(Projq B)cl → (Proj q∗B)cl

is well-defined, where q : Xcl →M is the good moduli space.

In [Sav20], the classical Kirwan blow-up is defined as the open com-
plement of the unstable locus in the classical intrinsic blow-up. These are
then used to give a reduction of stabilizers procedure for classical 1-algebraic
stacks. The strategy used in Paper D for the derived reduction of stabiliz-
ers, is a comparison of our intrinsic and Kirwan blow-ups with the classical
versions. The result is summarized as follows:

Theorem 3.6.4 (Thm. D.7.7, Prop. D.7.2, Prop. D.7.6). Suppose that X
satisfies the requirements laid down in Definition 3.6.3. Then also X̂ satis-
fies these requirements. Moreover:
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1. The classical truncation of X intr is the classical intrinsic blow-up of Xcl

as defined in [KLS17]. Likewise, X̂cl is the classical Kirwan blow-up
of Xcl as defined in [Sav20].

2. The maximal stabilizer dimension of X̂ is strictly smaller than the
maximal stabilizer dimension of X, unless X is Deligne–Mumford, in
which case X̂ = ∅.

3. The construction (̂−) commutes with base-change along affine, strongly
étale morphisms.

4. The projection π : X̂ → X is an equivalence over the open locus of
properly stable points in X, i.e., over those points x ∈ |X| that have
finite stabilizer and are such that q−1(q(x)) = {x}, where q : Xcl →M
is the good moduli space.

5. There is a canonical sequence of Kirwan blow-ups

X̃ := Xm → Xm−1 → · · · → X1 → X0 := X

such that X̃ is Deligne–Mumford, hence has zero-dimensional stabiliz-
ers.

Virtual fundamental classes Let Y be a classical Deligne–Mumford
stack. Then we write K0(Y ) for the Grothendieck group associated to the
1-category of coherent OY -modules. Likewise, we write A∗(Y ) for the Chow
group.

For a 1-algebraic stack X with perfect cotangent complex LX , put TX :=
L∨X . The first application of the derived reduction of stabilizers is the fol-
lowing result.

Theorem 3.6.5 (Thm. D.8.15). Let X be a (−1)-shifted symplectic 1-
algebraic stack which satisfies the requirements laid down in Definition 3.6.3,
with stabilizer reduction X̃ → X. Then the restriction T

X̃|X̃cl
induces the

virtual fundamental cycle and virtual structure sheaf

[X̃cl]
vir ∈ A0(X̃cl) [Ovir

X̃cl
] ∈ K0(X̃cl)

constructed in [KLS17] and in [Sav20], respectively.
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[HAGI] Bertrand Toën and Gabriele Vezzosi, Homotopical algebraic ge-
ometry I: Topos theory, Advances in mathematics 193 (2005),
no. 2.

[Hir64] Heisuke Hironaka, Resolution of singularities of an algebraic va-
riety over a field of characteristic zero. I, II, Ann. of Math. (2)
79 (1964), 109–203; ibid. (2) 79 (1964), 205–326.

[HLP19] Daniel Halpern-Leistner and Anatoly Preygel, Mapping stacks
and categorical notions of properness, 2019, arXiv:1402.3204.

[HTT] Jacob Lurie, Higher Topos Theory, Princeton University Press,
2006.

[Kir85] Frances Clare Kirwan, Partial desingularisations of quotients of
nonsingular varieties and their Betti numbers, Ann. of Math. (2)
122 (1985), no. 1, 41–85.

[KKM22] Jack Kelly, Kobi Kremnizer, and Devarshi Mukherjee, An an-
alytic Hochschild–Kostant–Rosenberg theorem, Adv. Math. 410
(2022), Paper No. 108694.

[KLS17] Young-Hoon Kiem, Jun Li, and Michail Savvas, General-
ized Donaldson–Thomas invariants via Kirwan blowups, 2017,
arXiv:1712.02544.

[KR19] Adeel A. Khan and David Rydh, Virtual Cartier divisors and
blow-ups, 2019, arXiv:1802.05702.

[NSS15] Thomas Nikolaus, Urs Schreiber, and Danny Stevenson, Princi-
pal ∞-bundles: General theory, Journal of Homotopy and Re-
lated Structures 10 (2015), no. 4.

http://arXiv.org/abs/1402.3204
http://arXiv.org/abs/1712.02544
http://arXiv.org/abs/1802.05702


[Pav] Dmitri Pavlov, When did the Joyal model struc-
ture on simplicial sets originate?, MathOverflow,
URL:https://mathoverflow.net/q/425082 (version: 2022-06-
20).

[PTVV13] Tony Pantev, Bertrand Toën, Michel Vaquié, and Gabriele Vez-
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