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Hayatta en hakiki mürşit ilimdir, fendir.
Science is the most reliable guide in life.

Mustafa Kemal ATATÜRK
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Abstract

The investigation of the evolutionary history of organisms, both at
the cellular level and at the species level, is a relevant research topic
in computational biology. These investigations lead to a deeper un-
derstanding of developmental history, cancer progression, the genetic
similarity of species, and more. One way to study the relations be-
tween single cells or species is to examine the differences in their
genomes, including single nucleotide and copy number variations.
The genetic materials need to be extracted and sequenced to be used
in the analyses, but this data preparation is prone to errors. The
development of sophisticated, probabilistic models is of the utmost
importance in handling technological artifacts and including uncer-
tainty in the analysis.

In this compilation thesis, we studied various questions and pre-
sented four papers to address different challenges.

First, we focused on single cells from healthy tissue and developed
a probabilistic model to reconstruct the cell lineage tree. This task is
challenging in several aspects; i) the healthy cells have a low mutation
rate and, therefore, do not introduce many mutations at each cell
division, ii) healthy cells usually do not have significant structural
variations to improve the analysis, and iii) the sequencing technology
introduces errors, and some of these errors are hard to distinguish
from the mutations. With the experimental studies, we showed that
our model is fast, robust, and accurately reconstructs lineage trees.

Second, we focused on cancer cells. One research topic is identify-
ing structural variations in the cancer cells’ genomes and subsequently
grouping the cells with similar genome profiles. This two-step process
is vulnerable; the imperfections in the first step can irreversibly im-
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pact the analysis in the second step. To address this problem, we de-
veloped a variational inference-based model that simultaneously does
copy number profiling and cell clustering. In addition, we extended
the model to incorporate single nucleotide variations to improve the
performance.

Third, we approached the phylogenetic tree inference problem and
developed a variational inference-based model to make the inference.
The tree topology space, which contains all possible phylogenetic tree
structures, is enormous, and the consideration of each unique tree is
intractable. Typically, the existing variational inference-based meth-
ods need to constrain their analysis to a much smaller subset of the
tree space. Our proposed model does not require such constraints
and can obtain similar performance while requiring significantly less
time and memory.

Finally, we addressed a challenge in variational inference. The
variational inference methods target a complex, usually multimodal
posterior distribution and try to approximate it using simpler, of-
ten unimodal distributions. This design choice causes the variational
models to fit one out of many modes of the target distribution; hence
they do not capture the overall pattern of the target distribution. We
proposed a simple yet effective way to use separately trained varia-
tional models to capture the multimodality of the target distribution
and demonstrated the approximation performance using several vari-
ational methods and data types.

We addressed various challenges in computational biology with
these four papers and contributed to the progress of the field by
developing probabilistic models.

Keywords
Variational inference, single-cell DNA sequencing, cell lineage tree,
Bayesian phylogenetic tree inference



Sammanfattning

Undersökningen av organismers evolutionära historia, b̊ade p̊a cell-
niv̊a och artniv̊a, är ett relevant forskningsämne inom beräknings-
biologi. Dessa studier leder till en djupare först̊aelse för utveckling,
cancerprogression, arternas genetiska likhet med mera. Ett sätt att
studera relationerna mellan enskilda celler eller arter är att undersöka
skillnaderna i deras genom, inklusive enbaspolymorfier och kopie-
nummervariationer. Det genetiska materialet behöver extraheras och
sekvenseras för att användas i analyserna, men fel kan uppst̊a un-
der databeredningen. Utvecklingen av sofistikerade, probabilistiska
modeller är av yttersta vikt vid hantering av tekniska artefakter och
inkludering av osäkerhet i analysen.

I denna sammanställningsavhandling studerade vi olika fr̊ageställ-
ningar och presenterade fyra artiklar för att ta itu med olika ut-
maningar.

Först fokuserade vi p̊a enstaka celler fr̊an frisk vävnad och utveck-
lade en probabilistisk modell för att rekonstruera cellhärkomstträdet.
Denna uppgift är utmanande ur flera aspekter; i) de friska cellerna
har en l̊ag mutationshastighet och introducerar därför inte m̊anga
mutationer vid varje celldelning, ii) friska celler har vanligtvis inte
signifikanta strukturella variationer för att förbättra analysen; och
iii) sekvenseringsteknologin introducerar fel, och n̊agra av dessa fel
är sv̊ara att skilja fr̊an mutationerna. Med den experimentella stu-
dien visade vi att v̊ar modell är snabb, robust och exakt rekonstruerar
härstamningsträd.

För det andra fokuserade vi p̊a cancerceller. Ett forskningsämne
är att identifiera strukturella variationer i cancercellernas genom och
därefter gruppera cellerna med liknande genomprofiler. Denna tv̊a-
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stegsprocess är fragil; ofullkomligheterna i det första steget kan o̊ater-
kalleligt p̊averka analysen i det andra steget. För att lösa detta prob-
lem utvecklade vi en variationsbaserad modell som simultant utför
kopienummerprofilering och cellklustring. Dessutom utökade vi mod-
ellen för att inkorporera enskilda enbaspolymorfier för att förbättra
prestandan.

För det tredje adresserade vi problemet med inferens av fylo-
genetiska träd och utvecklade en variationsbaserad modell för att
utföra inferensen. Trädtopologirummet, som inneh̊aller alla möjliga
fylogenetiska trädstrukturer, är enormt och att ta hänsyn till varje
unikt träd är omöjligt i praktiken. De befintliga variationsbaser-
ade inferensmetoderna m̊aste begränsa sin analys till en mycket min-
dre delmängd av trädrummet. V̊ar föreslagna modell kräver inte
s̊adana begränsningar och kan f̊a liknande prestanda samtidigt som
den kräver betydligt mindre tid och minne.

Slutligen antog vi en utmaning i allmän variationsinferens.
Variationsinferensmetoderna riktar sig mot en komplex, vanligtvis
multimodal a posteriori-distribution och försöker approximera den
med mycket enklare, ofta unimodala distributioner. Detta design-
val gör att variationsmodellerna passar en av m̊anga moder av m̊al-
fördelningen, och s̊aledes f̊angar de inte det övergripande mönstret för
m̊alfördelningen. Vi föreslog ett enkelt men effektivt sätt att använda
separat tränade variationsmodeller för att f̊anga m̊alfördelningens
multimodalitet och demonstrerade approximationsprestandan med
hjälp av flera olika metoder och datatyper.

Vi adresserade olika utmaningar inom beräkningsbiologi med dessa
fyra artiklar och bidrog till fältets framsteg genom att utveckla prob-
abilistiska modeller.

Nyckelord
Variationsinferens, encellig DNA-sekvensering, cellhärkomstträd, Bayesiansk
fylogenetisk trädinferens



Özet

Organizmaların evrimsel tarihinin hem hücresel hem de tür düzeyinde
incelenmesi hesaplamalı biyolojide alâkalı bir araştırma konusudur.
Bu konudaki araştırmalar, gelişim tarihi, kanser ilerlemesi, türlerin
genetik benzerliği ve daha fazlası hakkında daha derin bir anlayışa
rehberlik eder. Tek hücreler veya türler arasındaki ilişkileri incele-
menin bir yolu, tek nükleotit ve kopya sayısı varyasyonları dahil
olmak üzere genomlarındaki farklılıkları incelemektir. Analizlerde
kullanılmak üzere genetik materyallerin çıkarılması ve dizilenmesi
gerekir, ancak bu verilerin hazırlanması hatalara eğimlidir. Sofistike,
olasılıksal modellerin geliştirilmesi, teknolojik hataların ele alınmasın-
da ve belirsizliğin analize dahil edilmesinde son derece önemlidir.

Bu derleme tezinde, çeşitli soruları inceledik ve farklı zorlukları
ele almak için dört makale sunduk.

İlk olarak, sağlıklı dokudaki tek hücrelere odaklandık ve hücre soy
ağacını yeniden yapılandırmak için olasılıksal bir model geliştirdik.
Bu görev birkaç açıdan zorlayıcıdır; i) sağlıklı hücreler düşük bir mu-
tasyon oranına sahiptir, bu nedenle her hücre bölünmesinde pek çok
mutasyon ortaya çıkarmazlar, ii) sağlıklı hücreler genellikle analizi
geliştirmek için kayda değer yapısal varyasyonlara sahip değildirler; ve
iii) dizileme teknolojisi hatalar ortaya çıkarır ve bu hataların bazılarını
mutasyonlardan ayırt etmek zordur. Deneysel çalışmalar ile mode-
limizin hızlı ve gürbüz olduğunu, ve soy ağaçlarını doğru bir şekilde
yeniden yapılandırdığını gösterdik.

İkinci olarak, kanser hücrelerine odaklandık. Kanser hücrelerinin
genomlarındaki yapısal varyasyonları belirlemek ve ardından ben-
zer genom profillerine sahip hücreleri gruplandırmaktır bir araştırma
konusudur. Bu iki adımlı sürecin hatalara zafiyeti vardır; ilk adımdaki
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kusurlar, ikinci adımdaki analizi geri döndürülemez şekilde etkileye-
bilir. Bu sorunu çözmek için, aynı anda kopya numarası profili ve
hücre kümelemesi yapan varyasyonel çıkarıma dayalı bir model geliştir-
dik. Ek olarak, performansı iyileştirmek için modeli tek nükleotid
varyasyonlarını içerecek şekilde genişlettik.

Üçüncü olarak, filogenetik ağaç çıkarım problemine odaklandık
ve bunun için varyasyonel çıkarıma dayalı bir model geliştirdik. Tüm
olası filogenetik ağaç yapılarını içeren ağaç topoloji uzayı çok büyük-
tür; ve her özgün ağacın dikkate alınması zordur. Mevcut varyasyonel
çıkarıma dayalı yöntemlerin, genellikle analizlerini ağaç uzayının çok
daha küçük bir alt kümesiyle sınırlaması gerekir. Önerilen modelimiz
bu tür kısıtlamalar gerektirmediği gibi, önemli ölçüde daha az zaman
ve belleğe ihtiyaç duyarak benzer performans elde edebilir.

Son olarak, varyasyonel çıkarımdaki bir zorluğu ele aldık. Varyas-
yonel çıkarım yöntemleri, karmaşık, genellikle çok modlu bir son-
sal dağılımı hedefler ve daha basit, genellikle tek modlu dağılımlar
kullanarak buna yaklaşmaya çalışır. Bu tasarım seçimi, varyasyonel
modellerin hedef dağılımın birçok modundan birine uymasına neden
olur; dolayısıyla hedef dağılımın genel yapısını yakalayamaz. Hedef
dağılımın çok modluluğunu yakalamak için basit ama etkili bir şekilde
ayrı olarak eğitilmiş varyasyonel modelleri kullanmayı önerdik; ve
birkaç varyasyonel yöntem ve veri türü kullanarak yaklaşım perfor-
mansını gösterdik.

Bu dört makale ile hesaplamalı biyolojideki çeşitli zorlukları ele
aldık ve olasılıksal modeller geliştirerek alanın ilerlemesine katkıda
bulunduk.

Anahtar Kelimeler
Varyasyonel çıkarım, tek hücre DNA dizilimi, hücre soy ağacı, Bayesçi
filogenetik ağaç çıkarımı



Acknowledgements

I met many amazing people throughout the years. It is hard to
mention and thank everyone, but I would like to highlight a few.

First and foremost, I want to thank my supervisor, Jens Lager-
gren, for your guidance, passion for research, always bringing inter-
esting research questions, and all the opportunities you provided for
me. I am honored to be a part of your group.

There are a few people with whom I collaborated, and I want to
thank them one by one. Oskar, it would be an understatement to say
how the course of my research has changed since we started to work
together. It is, and always will be, a great pleasure to work with
you. Harald, I am so happy that we got the chance to collaborate
for the last few years. I admire your organizational skills and critical
thinking. Negar, I thank you for our discussions and, more impor-
tantly, for your friendship. Niharika, thank you for your willingness
to immediately see the methods in action; it is inspirational. Thank
you, Hosein, for all the life advice and bioinformatics support. And
finally, I thank my first-ever collaborator within the group, Seong,
for your guidance and for making me not feel alone.

I would also like to thank the past and present members, visi-
tors, and interns of the Lagergren Lab: Alex, Ayan, Banhita, Gol-
naz, Hanna, Iris, Klas, Mandi, Olivier, Prasoon, Reza, Sarah, Semih,
Smaragda, and Vittorio. I thank the SciLifeLab Gamma 6 crew, in-
cluding Andrei, Daniel, Emir, Johannes, Ilaria, Markus, Matthew,
Parul, Patrick, Richard, and Yrin. It was a pleasure to hang out
with you in/after the office, play games, and go on excursions. Con-
tinuing with the SciLifeLab and KI, I thank Beste, Chris, Jyoti, and
Yerma, for your friendships and positivity; it is hard not to be happy

ix



x

around you. I thank my Klubb family -Anton, Raibhan, and Monica-
for livening my life in Sweden. I thank my friends who visited me
in the cold & dark yet cozy Stockholm winters and always bright &
beautiful Stockholm summers; thank you for keeping me company.
I thank all the instructors and TAs I have worked with at KTH. I
thank all my former teachers and colleagues who had a part in my
progress.

Mom. Dad. I told you I didn’t want to pursue academia many
years ago but look where I am now! Thank you for your endless
support and all the opportunities you provided for me to receive a
good quality education.

And last, but by no means least, I thank Gustavo for all the
pancake Saturdays and for always being there for me. You changed
my life, you brought so much happiness to me, and there are no words
to describe how grateful I feel. Thank you. For everything.



Contents

Abstract iii

Sammanfattning v
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Chapter 1

Introduction

In computational biology, we bring mathematical modeling and bio-
logical questions together. We develop statistical models tailored for
specific data types by considering the underlying biological processes,
data extraction techniques, technological challenges, and more. In
this thesis, we developed mostly variational, Bayesian methods for
phylogeny and single-cell genomics-related research questions.

The aim of this thesis is to develop accurate, robust, efficient,
and scalable probabilistic methods for various, primarily biological,
domains. First, we developed Scuphr, a probabilistic framework
to reconstruct cell lineage trees (CLTs) from single cells obtained
from healthy tissue. Scuphr is designed for whole-genome amplified
(WGA) single-cell DNA sequencing (scDNA-seq) data. Second, we
proposed CopyMix and its extension, SNV-CopyMix, to cluster tu-
mor cells and infer copy number variations (CNVs) simultaneously
using variational inference (VI). Third, we moved to the standard
phylogeny domain and introduced VaiPhy, a fast and efficient VI
method for Bayesian phylogenetic tree inference. Finally, we pursued
a common challenge in variational methods due to the multimodal-
ity of distributions and proposed multiple importance sampling evi-
dence lower bound (MISELBO), a simple yet versatile framework to
improve the results of variational methods.

In addition, we put extra effort into the reproducibility of our
methods; we used publicly available datasets and published the source
codes of each project, including the data preprocessing and bench-

1
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marking scripts.

1.1 Overview of the papers

This is a compilation thesis consisting of four scientific papers. The
papers will be discussed in more detail in the following chapters,
but I provide a graphical overview in Figure 1.1. All four papers
are based on Bayesian inference, while three are specifically varia-
tional inference methods. In Papers I and II, we developed models
for two different types of scDNA-seq data. We were interested in the
phylogenetic tree inference problem in Papers III and IV and used
benchmark multiple sequence alignment (MSA) datasets for Bayesian
phylogenetics.

(a) Papers grouped by methods

(b) Papers grouped by data types

Figure 1.1: An overview of thesis papers. Papers are grouped based
on (a) the methods and (b) the data types.

1.2 Thesis organization

The thesis focuses on statistical methods applied to or designed for
various biological tasks. I provide a conceptual biological background
in Chapter 2. In Chapter 3, I present the necessary statistical and
technical background without connecting them to the biological con-
cepts. The biological backgrounds are provided in Chapters 4 and
5. In Chapter 6, I gather some of the evaluation metrics used in the
thesis. I summarise the papers included in the thesis in Chapter 7.
Finally, in Chapter 8, I conclude my thesis and discuss possible future
work.



Chapter 2

Conceptual background

All living organisms contain genetic material. The nucleobases, ade-
nine, cytosine, guanine, and thymine, along with deoxyribose and a
phosphate group, create a nucleotide. A chain is formed by linking
a nucleotide’s deoxyribose to another nucleotide’s phosphate. The
deoxyribonucleic acid (DNA) consists of two chains of nucleotides
forming a double-helix shape, connecting adenine with thymine and
cytosine with guanine.

For the information in the DNA to be used, it is first transcribed
into ribonucleic acid (RNA) and later translated into proteins. The
proteins are used for a variety of functions. This information flow
from DNA to RNA and RNA to proteins is called the central dogma
of molecular biology.

Cellular organisms start with a single cell. With time, the cell
creates a copy of its DNA and partitions it into two identical parts,
along with the rest of the cell (cytoplasm, organelles, etc.), resulting
in two daughter cells. This process is called mitosis and happens
many times during an organism’s lifetime. To give an idea of the
number of times mitosis occurs in humans, the researchers estimated
the number of cells in the adult human body to be approximately 37
trillion (6).

In principle, all cells in a cellular organism have the same DNA.
However, this is rarely, if ever, the case. The cell division is erroneous,
and an error might happen during DNA replication. Or environmen-
tal factors such as ultraviolet lights can cause changes in the DNA.

3
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These errors often result in the change of one nucleobase to the other
and are called point mutations or single nucleotide variants (SNVs).
These mutations are propagated to the daughter cells, granddaughter
cells, and so on. As a result, a single cell inherits the mutations of
its ancestors and hence, its history. Figure 2.1 shows a series of cell
divisions represented with a CLT.

Figure 2.1: An illustration of a single-cell lineage tree. A single cell
divides and creates two daughter cells. This process is repeated sev-
eral times. Some errors are introduced during the process; the edges
are marked with the errors, and all the cells under that edge inherit
the mutation.

In some cases, it is sufficient to group cells with similar charac-
teristics together instead of working with the CLT. These cell sub-
populations are called clones and subclones, and as the names hint,
the cells belonging to the same population are “clones” of each other.
The clonal analysis is often performed in tumor heterogeneity inves-
tigations, where the researchers’ goal is to identify different subpop-
ulations in a tumor; the subclones often have different phenotypes
and distinctive patterns in their genomes (e.g., significant structural
changes such as the duplication or deletion of segments).

These cell and clonal-level variations can be used to group similar
cells together and determine lineage relations. Going back one more
level, we can investigate the evolutionary relationship between dif-
ferent species: the phylogenetic tree (Figure 2.2). Charles Darwin’s
observations built the foundation for his theory that the species share



5

a common ancestor (7). All living organisms share some subsets of
genetic material that are used for phylogenetic tree inference, that is,
the analysis of which species are closely related and which are further
apart in the molecular evolutionary sense.

Figure 2.2: Charles Darwin’s evolutionary tree sketch from his first
notebook on “Transmutation of Species” in 1837, modified for read-
ability. A, B, C, and D indicate different species.

It would have been phenomenal to observe the evolution of species
in real-time; however, the species evolved over millions of years,
and gathering real-time evidence is clearly unrealistic. Although re-
searchers sometimes record videos of isolated single cells and track
their lineage in some studies, tracking a cell lineage is often imprac-
tical.

In practice, we have the whole or the subset of the genetic ma-
terial of species or cells in a tissue. These genetic materials are ex-
tracted using well-established pipelines; however, the data extraction
methods and the processes to make them analysis-ready are prone to
artifacts and produce noisy information.

What we can do is develop sophisticated, robust, accurate, and
efficient probabilistic models to analyze noisy observations.
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Chapter 3

Statistical and technical
background

In this chapter, I cover some statistical and technical background
information.

3.1 Probability theory

Let X be a random variable (RV). If X is a discrete RV, it gets values
in a discrete set X , and the sum of the probabilities of its realizations
is one; ∑

x∈X
p(X = x) = 1. (3.1)

If X is a continuous RV, instead of the summation over discrete
cases, we have the integral∫ ∞

−∞
p(X = x) dx = 1. (3.2)

Let Z be another RV that gets values in Z. p(X = x|Z = z)
is a conditional probability; the probability of RV X being x, given
Z = z, for instance, the probability of having an umbrella, given the
morning was rainy.

We can do marginalization;

7
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p(X = x) =
∑
z∈Z

p(X = x, Z = z), (3.3)

where we first introduce the RV Z by summing, or integrating, over
all of its possible values.

Lastly, we can rewrite a joint distribution, p(X = x, Z = z), using
the chain rule;

p(X = x, Z = z) = p(X = x|Z = z) p(Z = z)

= p(Z = z|X = x) p(X = x).
(3.4)

3.2 Bayes’ Theorem

Introduced by Thomas Bayes in the 17th century (8), Bayes’ The-
orem constitutes the statistical basis of this thesis. The theorem
simply states that we have prior conceptions, and after the light of
observations, we adjust our conceptions. Bayes’ Theorem is;

p(z|x) = p(x, z)

p(x)

=
p(x|z) p(z)

p(x)
,

(3.5)

where p(z) is the prior probability, p(x, z) is the joint probabil-
ity, p(x|z) is the likelihood, p(x) is the evidence, and p(z|x) is the
posterior distribution, our updated beliefs.

Often, the evidence (marginal likelihood) term, p(x), is hard to
compute since it requires marginalization, i.e.,

p(x) =

∫
p(x, z) dz, (3.6)

and it constitutes a significant challenge in Bayesian statistics.
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Figure 3.1: An illustration of Thomas Bayes (9).

3.2.1 Conjugacy

In some special cases, the prior and posterior distributions belong
to the same family of distributions. This situation is called conju-
gacy, and the prior distribution is called the conjugate prior for the
likelihood function.

The conjugacy eliminates the need to derive the posterior dis-
tribution explicitly (and compute the marginal likelihood) since it
provides a closed-form solution that is easy to work with.

For instance, the Dirichlet distribution is the conjugate prior to
the Categorical distribution, and the vector sampled from it repre-
sents the probabilities of each event of the Categorical distribution.
The Beta distribution is the conjugate prior to the Bernoulli and
Binomial distributions; its samples are used for success or fail prob-
abilities, as shown below.

p ∼ Beta(p|α, β)
x ∼ Bin(x|N, p)

p|x ∼ Beta(p|α+
∑
n

xn, β +N −
∑
n

xn)
(3.7)

3.2.2 Bayesian networks

A Bayesian network is a directed acyclic graph that shows the relation
between the RVs, parameters, and hyperparameters. Typically, the
hyperparameter nodes are represented by a dot, and the parameters
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and variables are represented with circles, where the observed RVs’
nodes are shaded. The repetitive components are often indicated
using plates, as shown in Figure 3.2.

Bayesian network portrays the probabilistic model and helps to
investigate the queries of interest, e.g., the conditional independence
of the variables.

α. θd Zd,n Wd,n βk .η

KN

D

Figure 3.2: An example Bayesian network, modified from (10).

3.3 Computing expected values

The expected value is a weighted average of a function of the RV with
respect to a distribution. In the discrete case, the expected value is
simply a summation, and in the continuous case, it is an integration
of all possible values of the RV;

Epθ(x)[f(x)] =
∑
x

f(x) pθ(x)

Epθ(x)[f(x)] =

∫
x
f(x) pθ(x) dx,

(3.8)

where θ is the model parameters.

3.3.1 Closed-form expressions

In simpler settings, the expected value can have a closed-form ex-
pression. For instance, if X is distributed by a Normal distribu-
tion of form N (X|µ, σ2), then Epθ(x)[X] = µ, Epθ(x)[X

2] = µ2 + σ2,
Epθ(x)[X

3] = µ3 + 3µσ2, and so on.
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3.3.2 Monte Carlo approximation

In more complex settings, a closed-form expression for the expected
values might not be obtained. The Monte Carlo (MC) approximation
is an alternative way to compute the expected values if it is easy to
sample from p.

Various terms are used in the field to describe this subsection;
MC approximation, MC sampling, MC integration, MC simulations,
etc. The method approximates the expected value using the inde-
pendent samples drawn from p. The MC method can approximate
the expectation by;

Epθ(x)[f(x)] ≈
1

L

L∑
l=1

f(xl), x1:L ∼ pθ(x), (3.9)

where L is the number of samples used for the approximation.
The MC approximation algorithm is shown in Algorithm 1.

Algorithm 1 Monte Carlo approximation

Input: L, f(x), pθ(x)

1: initialize result = 0
2: for l = 1, . . . , L do
3: sample xl ∼ pθ(x)
4: compute f(xl)
5: add result + = f(xl) / L
6: end for
7: return result

3.3.3 Importance sampling

However, we might encounter instances where we cannot sample from
pθ(x) but can evaluate an already sampled value, pθ(xk). In such
instances, we use a proposal distribution, qϕ(x), to help.

Epθ(x)[f(x)] =
∑
x

f(x) pθ(x)
qϕ(x)

qϕ(x)

= Eqϕ(x)[f(x) w(x)],

(3.10)
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where w(x) = pθ(x)/qϕ(x) is the importance weight. Coupled with
the MC approximation, we can approximate the expected value by

Epθ(x)[f(x)] ≈
1

L

L∑
l=1

f(xl) w(xl), x1:L ∼ qϕ(x). (3.11)

3.3.4 Multiple importance sampling

In multiple importance sampling (MIS), multiple proposal distribu-
tions are used; {qϕs(x)}Ss=1 (11). There are various schemes to do MIS
(11); for brevity, we assume the proposal distributions are equiprob-
able. The importance weight becomes

w(x) =
pθ(x)

1
S

∑
s qϕs(x)

. (3.12)

Coupled with the MC approximation, we get

Epθ(x)[f(x)] ≈
1

L

L∑
l=1

f(xl) w(xl), x1:L ∼ {qϕs(x)}Ss=1. (3.13)

3.4 Methods for posterior approximation

Recall the Bayes’ Theorem described earlier;

p(z|x) = p(x|z) p(z)
p(x)

. (3.14)

The foundation of Bayes’ Theorem is the posterior distribution,
p(z|x), and its applications. However, the marginal likelihood term
might be intractable, and the posterior distribution cannot be com-
puted exactly. Instead, we can use methods to approximate the pos-
terior distribution instead of computing the exact distribution.

There are various methods to approximate the posterior distri-
bution. In this section, I cover the three of the methods we see in
Papers I, III, and IV of this thesis, either by the model we designed
or the models we benchmarked against.
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3.4.1 Markov chain Monte Carlo methods

As the name suggests, the Markov chain Monte Carlo (MCMC) meth-
ods combine Markov chains with MC approximations. Proposed in
the 1970s (12), the MCMC methods are commonly used in statistical
inference and appear in this thesis. Essentially, the MCMC method
generates samples from a target distribution (e.g., the posterior distri-
bution) by constructing a Markov chain with the target distribution
as its equilibrium distribution and sample states one by one. There
is a myriad of MCMC methods, such as the Metropolis algorithm,
Metropolis-Hastings (MH) algorithm, Gibbs sampling, and Hamilto-
nian MC (HMC), all with their unique use cases, advantages, and
limitations. We will focus on the Metropolis-Hastings and Metropo-
lis algorithms since they are the types of MCMC methods we use or
encounter most frequently.

Metropolis-Hastings algorithm

In the MH algorithm, the goal is to obtain a set of samples from the
target distribution, z1:L ∼ p(z|x). At each step t ∈ [T + L], a new
sample is proposed based on the previous sample using the Markov
property, z′ ∼ q(z|z(t−1)). The sample is accepted or rejected based
on an acceptance ratio,

A(z′|z(t−1)) = min

(
1,

p(z′|x)
p(z(t−1)|x)

q(z(t−1)|z′)
q(z′|z(t−1))

)
, (3.15)

that depends on the posterior and transition probabilities, p and q,
respectively. The often intractable marginal likelihood term appears
in both the numerator and denominator of the acceptance ratio, thus
canceling each other out. This way, the MH method can evade the
intractability problem. The acceptance ratio becomes

A(z′|z(t−1)) = min

(
1,

p(z′, x)

p(z(t−1), x)

q(z(t−1)|z′)
q(z′|z(t−1))

)
, (3.16)

and the algorithm is shown in Algorithm 2.
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Algorithm 2 Metropolis-Hastings algorithm

Input: L, T , x, q, p

1: initialize z(0) randomly
2: for t = 1, . . . , (T + L) do
3: sample candidate state z′ ∼ q(z|z(t−1))

4: compute A(z′, z(t−1)) = min
(
1, p(z′,x)

p(z(t−1),x)

q(z(t−1)|z′)
q(z′|z(t−1))

)
5: draw u ∼ U [0, 1]
6: if u ≤ A(z′, z(t−1)) then

accept candidate state z(t) = z′

7: else
reject candidate state z(t) = z(t−1)

8: end if
9: end for

10: return final L samples, z(T+1):(T+L)

Metropolis algorithm

A commonly used way to propose new states for a continuous pa-
rameter in the MH setting is to sample the candidate state using a
Normal distribution whose mean is the previous state;

z′ ∼ N (z|z(t−1), σ2). (3.17)

This version is often referred to as the random walk MH algo-
rithm. Since the Gaussian distribution is symmetric, the transition
probability from z(t−1) to z′ is equal to the transition probability from
z′ to z(t−1). Hence, the acceptance ratio becomes

A(z′|z) = min

(
1,

p(z′, x)

p(z, x)

)
, (3.18)

and the algorithm is called the Metropolis algorithm.

Advantages and limitations of the MCMC methods

The MCMC methods can sample from high-dimensional, complicated
distributions where, for instance, importance sampling methods fail.
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The methods are usually easy to design even if the target distribu-
tion is complex and straightforward to implement, as illustrated in
Algorithm 2.

Although the MCMC methods are commonly used in the field and
have theoretical guarantees, they have their limitations. The MCMC
chains need to run for a long time to ensure their convergence to
the target distribution. This process is often slow due to the num-
ber of iterations, large number of samples, high dimensionality of the
search space, and not parallelizable. However, it is common prac-
tice to run multiple chains in parallel (with different temperatures,
for instance) and occasionally exchange states between the chains.
Moreover, to ensure convergence, multiple MCMC runs should be
done with different starting states. MCMC methods often perform
small local changes rather than big ones, making it hard to traverse
the multimodal, high-dimensional space.

The choice of the proposal distribution impacts how some of the
MCMC methods work, and this choice could cause the investigation
of a single mode of a multimodal distribution (for instance, if the step
size is too small) or non-convergence if the step size is too large.

The HMC method is introduced to address the sampling prob-
lem in high-dimensional spaces (13; 14; 15). It introduces an aux-
iliary momentum parameter and leverages it to propose states effi-
ciently. The HMC method improves the state proposal scheme and
performs remarkably on high-dimensional space; however, it is re-
stricted to continuous space and sensitive to parameters specified by
the user. Hoffman and Gelman proposed an HMC extension called
No-U-Turn Sampler (NUTS) to decrease the user-specified parameter
dependency (16).

3.4.2 Variational inference

VI methods are used to approximate a probability distribution that
is hard to compute with a set of simplifying assumptions and opti-
mization (17; 18). In general, VI methods are used to approximate a
posterior distribution, pθ(z|x), that is hard to compute, via a simpler
variational distribution, qϕ(z|x);

pθ(z|x) ≈ qϕ(z|x), (3.19)
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where θ denotes the model parameters and ϕ denotes the varia-
tional parameters. The goal is to find qϕ distribution such that the
divergence between pθ and qϕ is minimized;

qϕ(z|x) = argminqϕ DKL(qϕ(z|x) || pθ(z|x)), (3.20)

where DKL(qϕ(z|x) || pθ(z|x)) is the Kullback-Leibler (KL) diver-
gence from qϕ(z|x) to pθ(z|x);

DKL(qϕ(z|x) || pθ(z|x)) =
∑
z

qϕ(z|x) log

(
qϕ(z|x)
pθ(z|x)

)
=
∑
z

qϕ(z|x) log

(
qϕ(z|x) pθ(x)

pθ(z, x)

)
= Eqϕ(z|x)

[
log

qϕ(z|x)
pθ(z, x)

]
+ log pθ(x).

(3.21)

Notice that the last term in the above equation has the evidence
term, pθ(x), which is usually the reason why we cannot compute the
posterior pθ(z|x). Even though we cannot compute the KL divergence
exactly, log pθ(x) is a constant term;

log pθ(x) = Eqϕ(z|x)

[
log

pθ(z, x)

qϕ(z|x)

]
+DKL(qϕ(z|x) || pθ(z|x)),

(3.22)
and to minimize the KL divergence, it is sufficient to maximize

the expected value in the above equation. This term is called the
evidence lower bound (ELBO),

LELBO = Eqϕ(z|x)

[
log

pθ(z, x)

qϕ(z|x)

]
, (3.23)

and the objective becomes

qϕ(z|x) = argmaxqϕ LELBO. (3.24)

Mean-field variational inference

In most cases, z consists of several variables, z = {zk}Kk=1, and differ-
ent variational distributions can be designed by varying dependence
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and independence assumptions between these variables. The most
straightforward choice is to assume the independence of all variables,

qϕ(z|x) =
∏
k

qϕ(zk|x); (3.25)

this configuration is called the mean-field VI. Using z¬k to denote
{z1, . . . , zk−1, zk+1, . . . , zK}, the ELBO can be written as

LELBO = log pθ(x) + Eqϕ(z¬k|x)

[
log pθ(z¬k|x)

]
+ Eqϕ(zk|x)

[
log pθ(zk|z¬k, x)

]
−
∑
k

Eqϕ(zk|x)

[
log qϕ(zk|x)

]
.

(3.26)

Only the last two terms depend on zk in the above equation. The
update for qϕ(zk|x) distribution can be derived by simply taking the
partial derivative of the ELBO with respect to qϕ(zk|x) and solving it
to find the distribution that maximizes ELBO. The update equation
of the kth component is

qϕ(zk) ∝ exp{ Eqϕ(z¬k|x)[log p(z1:K , x)] }. (3.27)

Each factor of the variational distribution is updated one at a time
while fixing the rest of the components. This scheme is called mean-
field coordinate-ascent VI (CAVI) (19). The algorithm is described
in Algorithm 3.

Algorithm 3 Mean-field variational inference algorithm

Input: x, p

1: initialize qϕ(zk|x) for k = 1, . . . ,K
2: while LELBO not converged do
3: for k = 1, . . . ,K do
4: update qϕ(zk) ∝ exp{ Eqϕ(z¬k|x)[log p(z1:K , x)] }
5: end for
6: end while
7: calculate approximation qϕ(z1:K |x) =

∏K
k=1 qϕ(zk|x)

8: return qϕ(z1:K |x)
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Advantages and limitations of VI methods

The VI methods are suitable for large, high-dimensional datasets.
Since the researchers define the variational distribution, there are
countless design choices, and these choices can be tailored with com-
putational resources in mind. The VI-based methods are usually
faster due to their design, independence assumptions, and paralleliz-
ability than the MCMC-based methods, which require many samples
and a burnin period to converge.

Besides its advantages, one should remember that VI is an ap-
proximate method; the distribution obtained from VI is not the true
posterior distribution. And with the design choices and indepen-
dence assumptions, the variational distribution could be significantly
different than the target distribution. The VI update equations could
consist of expected values that are hard to compute. Moreover, using
simple distributions to model the target distribution might cause the
variational distribution to approximate a single mode of a multimodal
target distribution, which is the motivation for Paper IV.

3.4.3 Variational autoencoders

In the variational autoencoders (VAE), the goal is to learn a latent
(hidden) representation of the observed data. The higher dimensional
input data, x, is encoded into a smaller latent state, z. Later, a
reconstructed version of the input data is decoded from the latent
state. The approximation is simply

pθ(z|x) ≈ qϕ(z|x), (3.28)

and the model is trained by maximizing the ELBO. The VAE is
illustrated in Figure 3.3.

3.5 Dynamic programming

Proposed in the 1950s, dynamic programming is a method to compute
a large problem by dividing it into smaller, repetitive subproblems
and solving it recursively (20). The critical aspect of dynamic pro-
gramming is to avoid repeated calculations of the same quantities.
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Figure 3.3: Illustration of VAE. fϕ(x) and fθ(x) are the encoder and
decoder mappings.

This is achieved by either using a cache and storing the value of sub-
problems the first time they are solved or by designing the order of
computations so each subproblem is encountered once.

Dynamic programming appears in the thesis papers; in Paper I,
it is used to marginalize the single-cell genotypes efficiently, and in
Papers III and IV, it is used for calculating the likelihood of a tree
using Felsenstein’s tree-pruning algorithm (21).

3.6 Bootstrapping

Pioneered by Bradley Efron in the late 1970s (22) and followed by
several sequel works (23; 24; 25), bootstrapping is a commonly used
resampling method in statistics. The bootstrapping method was
brought to the phylogeny domain by Joseph Felsenstein (26), and
it is one of the most cited works of all times, along with (22) (27).
Moreover, Bayesian bootstrapping is investigated by (28; 29).

Bootstrapping is used to create multiple samples from original
data, with slight variations, using the data itself. With an indepen-
dence assumption among the data features, the goal is to create data
with the same size as the original one by using the features repeti-
tively.

Figure 3.4 shows an example in the phylogeny domain. The data
in this setting is a matrix of nucleobases, where each row corresponds
to a specie, and each column corresponds to a genomic site. Boot-
strapping is a sampling with replacement method: to generate a sam-
ple, we randomly pick a column from the original matrix’s columns,
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one at a time, and record the values until we reach the same number
of columns. Figure 3.4a is the original matrix, and Figures 3.4b, 3.4c,
and 3.4d are the bootstrap samples.

(a) Original (b) Sample 1 (c) Sample 2 (d) Sample 3

Figure 3.4: An illustration of bootstrapping with (a) original data
matrix and (b-d) bootstrapped samples. The columns of the original
data matrix are sampled with replacement.

3.7 Neighbor-joining algorithm

The neighbor-joining (NJ) algorithm was proposed in 1987 by Naruya
Saitou and Masatoshi Nei (30). Given a pairwise evolutionary dis-
tance matrix, the NJ algorithm returns a tree, as shown in Figure 3.5.
The algorithm identifies two vertices close to each other and further
away from the rest of the vertices and merges them into a new vertex.
This process is repeated until a tree structure is obtained.

There are several methods based on the NJ algorithm, including
Fast NJ, where the authors proposed a lower complexity way to con-
struct trees using an optimal reconstruction radius (31), and BIONJ,
in which the variances and covariances of evolutionary distance esti-
mates are used for performance improvement (32).

3.8 Bipartitions of a tree

To define a tree’s bipartitions (splits), we need to make a few defini-
tions. In graph theory, a bipartite graph is a graph where the graph’s
nodes can be separated into two sets, and every edge of the graph
connects one node from one set to another node on the other set. A
tree is a connected, acyclic graph.1 Various forms of trees appear

1And, a bipartite graph.
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Figure 3.5: Illustration of NJ. Given a pairwise distance matrix, the
NJ algorithm returns a tree.

in this thesis; rooted tree, unrooted tree, binary tree, multifurcating
tree, etc., based on their use cases.

An edge of a tree splits the tree’s leaves into two disjoint sets. It is
a common practice to encode the edges using bitmasks (for instance,
see (33)), binary vectors indicating the disjoint leaf sets defined by
the edges. Each element in the vector corresponds to a leaf node, and
leaves belonging to one set are indicated by zero, while the others are
indicated by one.2

Figure 3.6 shows an example. In Figure 3.6a, bitmasks of three
trivial edges are displayed. A trivial edge is the edge of a leaf, simply
splitting the leaf set into the leaf node of interest and the rest of the
leaves. Bitmasks of some non-trivial edges are shown in Figure 3.6b.

(a) Bitmasks of trivial edges. (b) Bitmasks of non-trivial edges.

Figure 3.6: Illustration of bitmasks. (a) Bitmasks of a subset of
trivial edges. (b) Bitmasks of a subset of non-trivial edges.

2Bitmasks are symmetric; for instance, the bitmask [001101] defines the same
edge as [110010].
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Chapter 4

Single-cell genomics

genomics
“study of the structure, function, and inheritance of the
genome (entire set of genetic material) of an organism”
(34)

Two methods were developed for questions related to single-cell
genomics in this thesis: Scuphr (Paper I) and CopyMix (Paper II). To
make these methods more accessible to readers from different back-
grounds, I dedicate this section to covering the basis of single-cell
genomics in a simplified way.

4.1 Single-cell omics

Single-cell omics is a broad term to refer to a multitude of research
fields, including single-cell genomics, single-cell transcriptomics, single-
cell proteomics, and single-cell epigenomics. Each of these research
fields has its strengths, and they cover different aspects of molecular
biology and hence are suitable for different biological questions.

To name a few, single-cell genomics focuses on the DNA of cells:
heterogeneity in a tissue, developmental history, and relation of cells
(35; 36). Single-cell transcriptomics works with gene expressions; its
sub-field single-cell spatial transcriptomics also pays attention to the
location of the cells in the tissue (37; 38). Methylation profiles and
chromatin states are investigated by single-cell epigenomics (39).

23
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Moreover, there is single-cell multiomics, which combines multiple
single-cell omics data to benefit more information and make more
thorough analyses (40; 41).

In Papers I and II, we use single-cell genomics data; hence, the
other single-cell omics are out of the scope of this thesis.

4.2 Biological background

The human genome is diploid; one copy of the genome is obtained
from the mother’s egg cell, and the other copy is obtained from the
father’s sperm cell. These copies are often referred to as maternal and
paternal alleles. The human genome consists of 23 chromosome pairs;
an illustration is shown in Figure 4.1.1 The human genome is approx-
imately 3 billion base pairs long, and 99.9% of the genome is identical
in individuals, regardless of race or ethnicity (42). The remaining 3
million base pairs encode the differences between individuals.

Figure 4.1: Illustration of 23 chromosome pairs in the human genome.
The image is obtained from (43).

As briefly mentioned in Chapter 2, the genome contains four nu-
cleobases: adenine, cytosine, guanine, and thymine. If both alleles
have the same nucleobase at a base pair, that site is called homozy-
gous. If the nucleobase differs at the site, the site is called heterozy-
gous. If the heterozygosity is due to the sperm and egg cells, i.e., the

1The mitochondrial DNA is omitted for brevity.
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Figure 4.2: Illustration of gSNV and SNVs. All cells share the gSNV,
indicated with a blue circle marker. Cells 1, 2, and 3 share the red
SNV on their allele with the blue circle. Cells 1 and 3 share the
orange triangle SNV on their allele without the blue circle.

nucleobase from the egg is different than the one from the sperm, the
difference is called the germline single nucleotide variant (gSNV). If
the heterozygosity is due to external factors or errors due to DNA
processes, this difference is called an SNV or point mutation. Fig-
ure 4.2 illustrates the gSNVs and SNVs; gSNVs exist in every cell
belonging to the same donor. The somatic SNVs are shared by a
subset of cells.

Besides these single nucleotide differences, larger structural changes
occur in the genome for various reasons (44; 45). CNV is a term to

(a) Diploid genome (b) Genome with CNVs (c) Genome with CNVs

Figure 4.3: CNV illustration. The genome is divided into four re-
gions, indicated by different colors. The top and bottom rows repre-
sent different alleles. (a) A diploid genome without CNVs; all regions
have one copy on the maternal and one on the paternal allele. (b)
A genome with CNVs. The orange and purple regions in the genome
have copy number one. (c) Another genome with CNVs. The orange
region has copy number zero, and the green region has copy number
four.
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describe these structural changes; a healthy human genome is diploid,
has two copies (one maternal and one paternal), and thus has copy
number two. Sometimes, a region of an allele is deleted or duplicated,
changing the number of copies in that region. Figure 4.3 illustrates
different CNVs.

Starting from the zygote, the first cell of a human, a series of cell
divisions occur. With each cell division, the cell’s genetic material is
duplicated and later partitioned into two daughter cells. This process
happens throughout the organism’s lifetime, and various changes are
observed during this time. For instance, different cell types emerge;
blood cells, muscle cells, nerve cells, etc. Or some mutations that lead
to cancer occurs; a single cell with a specific mutation starts to divide
uncontrollably and create populations of harmful cells. The varia-
tions happening during the cell divisions (single nucleotide changes
or structural changes) are passed to daughter cells and from them to
their daughters, as illustrated in Figure 2.1.

4.3 Sequencing technologies

From the 1970s to today, sequencing technologies improved drasti-
cally and made it possible to understand biological life better, espe-
cially the single-cell sequencing methods, which were picked as the
“Method of the Year” in 2013 (46). In this section, I briefly cover the
three generations of sequencing technologies.

4.3.1 First-generation sequencing

There have been several attempts to sequence the DNA since its dis-
covery. Undoubtedly, the most well-known first-generation sequenc-
ing technology is Sanger sequencing, developed in 1977 (47). With
its chain-terminating technology, Sanger sequencing produces 400 to
900 base pairs long reads with low sequencing error rates (48). The
first sequencing of the complete human genome was done by Sanger
sequencing in 2007, costing 100 million USD (49; 50).
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4.3.2 Second-generation sequencing

The second-generation sequencers (also referred to as next-generation
sequencing, NGS, or high-throughput sequencing, HTS) overcame
the scalability issues of their predecessors. NGS technologies per-
form massively parallel analysis and produce shorter reads compared
to Sanger sequencing. In 2008, the first complete human genome
was sequenced in two months using NGS, costing 1.5 million USD
(50; 51). Nowadays, the cost to sequence the human genome is less
than 1 thousand USD (52), enabling the sequencing of thousands of
cells for analyses; hence the need for scalable computational method
developments.

4.3.3 Third-generation sequencing

The latest generation of sequencing technologies removes the depen-
dency on DNA amplification, and they sequence single molecules
one at a time. These technologies produce very long reads with
lower accuracy; for instance, single-molecule real-time sequencing and
nanopore sequencing can produce hundreds of kilobases long reads.

The sequencing machines report a quality score for each nucle-
obase they process. These quality scores indicate the machines’ con-
fidence in the nucleobases they report. Phred quality score is a com-
monly used measure (53; 54). The base calling accuracy, p, is

p = 10−0.1 × q, (4.1)

where q is the Phred quality score. According to the formula, a
Phred score of q = 10 corresponds to 0.9, q = 20 corresponds to
0.99, and q = 30 corresponds to 0.999 correct nucleobase calling
probabilities. These quality scores can be included in probabilistic
models to account for sequencing errors.

4.4 DNA sequencing types

There are several DNA sequencing types, each with its own strengths,
limitations, and use cases. In this section, I will cover three popular
DNA sequencing types; targeted sequencing, whole-exome sequenc-
ing, and whole-genome sequencing (WGS).
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4.4.1 Targeted sequencing

As its name indicates, the targeted sequencing targets a predefined
region in the genome. Typically targeted sequencing covers a small
region in the genome but produces a large number of reads at a low
cost.

4.4.2 Whole-exome sequencing

The exome is the collection of the exons, the coding regions, in the
genome. The exome consists of approximately 1% of the human
genome (55). Whole-exome sequencing is a splendid sequence type
for research problems such as the investigation of genetic disease, for
instance, see (56; 57; 58).

4.4.3 Whole-genome sequencing

In the WGS, the genome is sequenced in its entirety. The mutations
that happen in the non-coding regions of the genome can be captured
with WGS and used to unravel the developmental history of the or-
ganism, for instance, even though these mutations won’t impact the
phenotype. The dataset types in Papers I and II are WGS.

4.5 Bulk genomics

Prior to the advances of single-cell technology, bulk data were used for
analyses. This data consists of genetic materials from a large number
of cells taken from a tissue sample and, due to the heterogeneity of
cell populations, contains mixed signals of the genomic material.

We can use an analogy to describe the bulk data. Imagine we
have a hundred fruits of various kinds and counts; fifty bananas,
three strawberries, etc. Each fruit represents a single cell, and the
same fruit kind represents a subpopulation. We squeeze all the fruits
and obtain juice; this is our bulk data and the mixed signal from the
single cells. It will be hard to distinguish each fruit type and the
populations of each fruit type by tasting the juice; while we might
identify the fruits with the largest proportion in the juice, we might
not identify smaller subpopulations.
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As the above analogy highlights, the bulk data contains a large
amount of genomic material to analyze; however, the signal is mixed.
This mixed signal is the major challenge of bulk data, and researchers
have developed methods to tackle this problem and deconvolve the
mixed signals (59; 60; 61; 62).

4.6 Single-cell whole-genome DNA sequenc-
ing

In this thesis, we focused on whole-genome single-cell datasets ob-
tained from second-generation sequencing techniques.

In order to sequence single cells, first, individual cells must be
isolated. There are various techniques for cell isolation, including
laser capture microdissection (63; 64; 65), fluorescence-activated cell
sorting (66; 67), magnetic-activated cell sorting (68), and manual cell
picking.

As described previously, the bulk data contains many cells, thus, a
large number of genetic materials. The amount of genetic material is
sufficient for sequencing machines to produce reads for analysis; hence
does not require intermediary data preparation steps. However, this
is not the case for isolated, single cells. The quantity of data in a
single cell is not enough for the sequencer machines; therefore, the
amount of data needs to be increased to enable sequencing.

4.6.1 DNA amplification methods

The process of increasing the amount of available genetic material is
called DNA amplification.

In polymerase chain reaction (PCR), the DNA strands are sepa-
rated (69; 70). With the help of the primers, a complimentary strand
is formed for each separated strand, doubling the genomic material.
This process is repeated multiple times. There are many PCR-based
WGA techniques, such as the degenerate oligonucleotide-primed PCR
(DOP-PCR) (71).

Multiple displacement amplification (MDA) is a technique that
synthesizes approximately 10-20 kb long DNA fragments exponen-
tially (72). However, MDA suffers from amplification bias; some re-
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gions of the genome are amplified a lot, while others do not. This bias
leads to different non-uniform coverage across the genome; the regions
with more amplified fragments are more likely to be sequenced. If
no fragments are sequenced from an allele on a region, it is said the
allele is dropped; and the event is called allelic dropout (ADO). Zong
et al. report that for MDA method covers approximately 72% of the
genome with at least one read when they have, on average, 25 reads
across the genome (73). In the same work, the authors proposed a
new WGA method called multiple annealing and looping-based am-
plification cycles (MALBAC) (73). They show that MALBAC suffers
less from the amplification bias; when the genome has 25 mean read
depth, MALBAC covers approximately 93% of the genome with at
least one read.

Several studies compare DNA amplification methods in terms of
AE rates, average read depths, and coverage uniformity (73; 74; 75;
76; 77). Synthesis of new DNA fragments from the original DNA or
its copies is erroneous and leads to noisy sequences. De Bourcy et
al. report approximately 10−6 − 10−5 error rate per nucleobase for
MDA and 3 × 10−4 for MALBAC (74). The more copies generated
from the erroneous fragments, the more DNA fragments will contain
AEs and introduce significant imperfect signals for the analysis part.

As an alternative to WGA methods, Zahn et al. developed di-
rect library preparation (DLP), a technique to do WGS of single cells
without the need for DNA amplification, in 2017 (78). DLP achieves
higher coverage uniformity while having lower read depth, an ex-
pected outcome of the absence of amplification. Later, Laks et al.
published DLP+, an improved version of the DLP method (79).

4.7 Single-cell genomics research questions

One of the research topics in single-cell genomics is identifying muta-
tions in the genome; this task is called variant calling. Monovar was
the first method developed to call variants, designed explicitly for
single-cell data (80). There have been various methods with different
variant calling strategies, independence assumptions, and additional
features such as joint tree inference (81; 82; 83; 84; 85). Two meth-
ods, LiRA (86) and Conbase (87), use the gSNV sites to phase the
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observed reads and improve variant calling performance. A thorough
comparison of the single-cell variant callers is made by Valecha and
Posada (88).

Another research task that occasionally goes together with variant
calling is the lineage and clonal tree reconstruction. CLT reconstruc-
tion is focused on studies related to development and differentiation
(35; 89; 36; 90; 91; 92). In SPhyR, the author assumes a mutation
can happen once at a site but can be lost many times due to the copy
number changes (93). A similar mutation loss assumption is made in
SCARLET, and the authors combine SNV and CNV profile data to
infer a lineage tree (94). SCIΦ was published in 2018; it uses the infi-
nite sites assumption (ISA), and its MCMC-based framework jointly
makes mutation calling and CLT inference (82). However, SCIΦ can-
not scale due to its MCMC foundation, and its performance is pre-
sented using single-cell WES data (82). In the sequel method SCIΦN,
Kuipers et al. switch from infinite-sites assumption to finite-sites as-
sumption (85). SCIΦN’s model is restricted to a diploid genome, and
the method suffers from the MCMC-based scalability problems as
SCIΦ (85). In 2022, Edrisi et al. proposed Phylovar, a scalable al-
ternative for joint analysis of variant calling and CLT inference (84).
Phylovar derived a vectorized likelihood formula and used optimized
vectorized operations that can handle millions of sites for analysis.
The authors showed while Phylovar is faster and more scalable than
SCIΦ, their performance in terms of accuracy is non-distinguishable
(84). Lastly, CellPhy is a maximum likelihood-based method to infer
trees, implemented in RAxML-NG (95; 96).

The CNVs of single cells are also an active research area in com-
putational biology. There are various methods to detect the copy
numbers based on the single-cell data. In their comprehensive review
(75), Mallory et al. compare eight copy number detection models,
including HMMcopy (97), Ginkgo (98), SCICoNE (99), and CHISEL
(100). The copy number detection pipeline usually involves the bin-
ning of the genome, GC correction,2 removal of outlier bins and single
cells, segmentation of the genome based on the corrected read counts,
and absolute copy number calling (75). Typically, copy number pro-

2This is a known bias in sequencing technology that needs to be considered.
For details, see (101).
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filing is followed by clustering single cells with similar copy number
patterns. This process helps the researchers to gain insights into tu-
mor heterogeneity and the characteristics of tumor subpopulations.
However, this two-step process (copy number profiling and clustering)
is generally performed sequentially, making the result prone to errors
caused by the initial step. The impact of such sequential processes
is discussed in (102). It is important to note that CHISEL leverages
the germline single-nucleotide polymorphism information and further
partitions the called copy numbers into allele-specific and haplotype-
specific numbers (100).

4.7.1 Questions addressed in this thesis

Papers I and II of this thesis focus on single-cell genomics. Here, we
will briefly cover the papers, and later in Chapter 7, we will present
them in detail.

In Paper I, we focused on the CLT reconstruction problem, specif-
ically from single cells taken from healthy tissue. Lineage tree infer-
ence on healthy cells is challenging; since there are no significant
structural changes in the genome, the analysis must be made using
SNVs. In addition, we targeted the WGA data that exhibit imper-
fections such as non-uniform coverage, ADO, AEs, and sequencing
errors. We developed Scuphr, a scalable, probabilistic method that
computes pairwise distances between single cells and reconstructs the
CLT using the NJ algorithm. Scuphr uses an urn model to describe
the amplification process and read phasing to differentiate the SNVs
from AEs.

In Paper II, we targeted the copy number profiling and single-
cell clustering tasks. As aforementioned, copy number profiling and
single-cell clustering tasks are traditionally handled sequentially; the
copy numbers are profiled first, and the outcome of the profilers is
used for cell clustering. The artifacts obtained during the first part
might irreversibly affect the subsequent clustering analysis. In Copy-
Mix, we developed a VI-based approach to address both tasks simul-
taneously. We modeled the tumor subpopulations as mixture mod-
els; each mixture has a distinct copy number profile that is shared
by its members (the cells belonging to the cluster). We used VI to
approximate the posterior distribution over copy number profiles of



4.8. DATABASES 33

each cluster, single-cell assignments to each cluster, and model pa-
rameters. In addition, we introduced an extension to the CopyMix,
SNV-CopyMix, where we included SNV information to improve the
performance further.

4.8 Databases

There have been several collective efforts to make the datasets used
in scientific research publicly available and build a cohort. The
Sequence Read Archive (SRA)3 (103) and the European Genome-
phenome Archive (EGA)4 (104) are publicly available repositories to
store sequencing data, including scDNA-seq.

4.9 Reviews

Throughout the years, many researchers reviewed the status of single-
cell research: topics of interest, existing methods, advantages, chal-
lenges, future directions, and more. Here, I name a few; “Cancer
genomics: one cell at a time” and “The first five years of single-cell
cancer genomics and beyond” by Nicholas Navin (105; 106), “A quan-
titative comparison of single-cell whole genome amplification meth-
ods” by De Bourcy et al. (74), “Single-cell genome sequencing: cur-
rent state of the science” by Gawad et al. (107), “A short review
of variants calling for single-cell-sequencing data with applications”
by Wei et al. (108), “Enhancing the accuracy of next-generation
sequencing for detecting rare and subclonal mutations” by Salk et
al. (109), “Computational approaches for inferring tumor evolution
from single-cell genomic data” by Zafar et al. (110), “Methods for
copy number aberration detection from single-cell DNA-sequencing
data” by Mallory et al. (75), “Eleven grand challenges in single-cell
data science” by Lähnemann et al. (111), “Applications of single-cell
DNA sequencing” by Evrony et al. (112), “Identification of somatic
mutations from bulk and single-cell sequencing data” by Huang et al.
(113), “Recent advances in single-cell sequencing technologies” by

3Available at ncbi.nlm.nih.gov/sra.
4Available at ega-archive.org.

https://www.ncbi.nlm.nih.gov/sra
https://ega-archive.org/
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Wen and Tang (114), and “Somatic variant calling from single-cell
DNA sequencing data” by Valecha and Posada (88).



Chapter 5

Phylogenetics

phylogeny
“the history of the evolution of a species or group,
especially in reference to lines of descent and relationships
among broad groups of organisms” (115)

5.1 Biological background

In the 1830s famous voyage, Charles Darwin’s visit to the Galápagos
Islands led to one of the building blocks of biology. His observations
of the finches’ physical traits led to his pioneering theory of common
ancestry (7).

Species share various segments in their genetic materials (e.g.,
within their ribosomal DNAs, small and large subunit ribosomal
RNAs, and mitochondrial DNAs). And by looking at the variations in
these segments, one can state which species are genetically closer and
which are genetically further apart, hence inferring the evolutionary
history of the species.

Until 1977, the researchers partitioned the tree of life into two
groups; prokaryotes and eukaryotes. In 1977, Carl Woese and George
Fox hypothesized the tree of life is tripartite (bacteria, archaea, and
eukarya) using ribosomal RNA data (116). I recommend that read-
ers check Pace et al.’s informative article, “Phylogeny and beyond:
Scientific, historical, and conceptual significance of the first tree of

35
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life”, where the authors cover the events leading to the 1977 paper,
the reactions to the discovery from the community and the aftermath
(117).

The nucleobases sequenced from the species need to be processed
before the phylogenetic tree is constructed. The sequences are not
initially aligned; for instance, the first nucleobase of one specie does
not necessarily correspond to the same informative site on another
specie. Therefore, the nucleobase sequences should be aligned based
on different accuracy heuristics and alignment techniques (118; 119;
120; 121; 122; 123). Figure 5.1a shows the species’ sequences, and
Figure 5.1b illustrates the aligned sequences. These aligned sequences
are called MSA data. There have been several studies where the
researchers compared the accuracy of MSA software and investigated
how to use alignment uncertainties to improve the reliability of the
data (124; 125; 126; 127; 128).

Once the MSA data is obtained, it is used to infer the phylogenetic
tree, how the species evolved, and which species share a more common
ancestor, as illustrated in Figure 5.1c (for instance, see (129)).

(a) Sequences (b) MSA data (c) Phylogenetic tree

Figure 5.1: Phylogenetic tree inference. (a) Raw sequences from
species. (b) Multiple sequence alignment data. (c) The correspond-
ing phylogenetic tree.

5.2 Models of DNA evolution

The standard modeling choice for DNA sequence evolution is the
continuous-time Markov chains. The model has two components: a
stationary distribution of nucleobases, π = {πA, πG, πC , πT }, that
sums to one, and a rate matrix indicating the substitution rates from
one nucleobase to the other;
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Q =


qAA qAG qAC qAT

qGA qGG qGC qGT

qCA qCG qCC qCT

qTA qTG qTC qTT

 , (5.1)

with the constraint
∑

j∈{A,G,C,T} Qij = 0, where i ∈ {A,G,C, T}.
The mean substitution rate is

µ = −πA qAA − πG qGG − πC qCC − πT qTT , (5.2)

and the branch length, or the distance, is

b = t µ, (5.3)

a formula that depends on the mean substitution rate and the
time between two species, t. The more time spent, the more likely
a substitution will occur. A very common practice is to scale the
rate matrix such that the mean substitution rate is µ = 1, leading to
b = t.

The substitution probability from one nucleobase to the other de-
pends on the rate matrix and the time spent. Basing the substitution
model on the Markov chains enables obtaining the transition matrix
of nucleobases, that is, simply a matrix exponent,

P (t) = etQ =


pAA pAG pAC pAT

pGA pGG pGC pGT

pCA pCG pCC pCT

pTA pTG pTC pTT

 , (5.4)

where the sum of each row is one.

There are many DNA evolution models, such as the generalised
time-reversible (GTR) model (130), TN93 (131), T92 (132), HKY85
(133), F81 (134), K81 (135), K80 (136), and the Jukes-Cantor 1969
(JC69) model (137), with different constraints to the stationary dis-
tribution and the rate matrix. The GTR model is the most general
model among the established ones; it does not make any additional
assumptions on the stationary distribution and introduces some sym-
metry in the rate matrix, leading to eight free parameters in its model.



38 CHAPTER 5. PHYLOGENETICS

5.2.1 The JC69 model

More modeling assumptions increase the number of constraints and
lead to fewer free parameters. The JC69 model is the simplest of DNA
evolution models, with no free parameters in it (137). The model has
a discrete uniform distribution for its stationary distribution,

πJC69 =
[
0.25 0.25 0.25 0.25

]
, (5.5)

and its rate matrix is

QJC69 =


−1 1/3 1/3 1/3
1/3 −1 1/3 1/3
1/3 1/3 −1 1/3
1/3 1/3 1/3 −1

 , (5.6)

with the mean substitution rate µ = 1 and the branch length b = t.
This parameter setting leads to the transition matrix

PJC69(b) =


p0(b) p1(b) p1(b) p1(b)
p1(b) p0(b) p1(b) p1(b)
p1(b) p1(b) p0(b) p1(b)
p1(b) p1(b) p1(b) p0(b)

 , (5.7)

where

p0(b) = 0.25 + 0.75 e−
4
3
b (5.8)

is the probability of no substitution; e.g., pAA, and

p1(b) = 0.25− 0.25 e−
4
3
b (5.9)

is the probability of substitution; e.g., pAT . The JC69 model is com-
monly used in phylogenetics due to its simplicity (for instance, see
(138; 139)).

5.3 Databases and commonly used datasets

TreeBASE is a repository containing MSA datasets from publications
and includes other data types such as gene trees and population trees
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(140).1 One of the essential parts of the research is to make a fair
comparison with existing methodologies using established datasets in
the field, such as the famous MNIST (141) and Fashion-MNIST (142)
datasets for image processing projects. Although there is a plethora
of available MSA datasets, a few frequently appear in the Bayesian
phylogenetics articles and are commonly used for benchmarking (143;
144; 145; 138; 146; 139; 147). In Papers III and IV, we used a subset
of these datasets; Table 5.1 displays the dataset names, their details,
and their old and up-to-date accession IDs in the TreeBASE database.

In addition, Linder et al. curated a list of real and simulated MSA
datasets for benchmarking (148).

Table 5.1: Details of commonly used MSA datasets.

TreeBASE Matrix ID (140)

Name Legacy Up-to-date Legacy Taxa Sites Reference

DS1 M336 M2017 27 1949 (149)
DS2 M501 M2131 29 2520 (150)
DS3 M1510 M127 36 1812 (151)
DS4 M1366 M487 41 1137 (152)
DS5 M3475 M2907 50 378 (143)
DS6 M1044 M220 50 1133 (153)
DS7 M755 M2261 64 1008 (154)

5.4 Bayesian phylogenetics

In this thesis, we are interested in Bayesian phylogenetics; given the
MSA data, X, we focus on the posterior distribution over the tree
topologies, τ , and branch lengths, B;

pθ(τ,B|X) =
pθ(X|τ,B) pθ(τ,B)

pθ(X)
, (5.10)

where θ denotes the model parameters. The numerator of the
above equation is straightforward to compute. A tree is a graph with

1Available at treebase.org.

https://www.treebase.org/
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observations on its leaves, and the branch length set defines the tran-
sition probabilities between its nodes for a given evolutionary model.
With known tree topology and branch lengths, the likelihood of the
observed data is computed efficiently using dynamic programming,
commonly referred to as Felsenstein’s tree-pruning algorithm (21).
The prior probability of branch lengths typically depends on the tree
topology, and each branch length prior is considered independent
given the tree topology;

pθ(τ,B) = pθ(τ) pθ(B|τ)

= pθ(τ)
∏
e∈τ

pθ(Be|τ). (5.11)

In phylogenetics, it is common to use unrooted bifurcating trees to
represent the phylogenetic tree since the placement of the root node
is unknown. The prior of the tree topologies, pθ(τ), is assumed to be
a discrete uniform distribution, and the prior of each branch length
given the tree topology, pθ(Be|τ), is often modeled with an Exponen-
tial distribution due to its continuity and non-negativity constraints.

The problem arises when the denominator, the marginal likeli-
hood, needs to be computed;

pθ(X) =
∑
τ ′

∫
B′

pθ(X|τ ′,B′) pθ(τ
′) pθ(B′|τ ′) dB′. (5.12)

The binary unrooted tree space grows exponentially; for instance,
there are three possible tree topologies for four leaves, 15 topologies
for five leaves, 105 topologies for six leaves, and 2,027,025 unique
topologies for only ten leaves (155). The summation over the tree
topology space, and the integration over all possible branch lengths
for all edges in all tree topologies, make the marginal likelihood com-
putation intractable.

There have been several approaches to overcoming the problem
of intractability. In 2001, John Huelsenbeck and Fredrik Ronquist
published MRBAYES: MH and Metropolis-coupled MCMC ((MC)3,
(156)) methods to approximate the posterior distribution over phy-
logenetic trees (157). In 2003 and 2012, MrBayes 3 and MrBayes
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3.2 were published,2 where the authors introduced mixed models,
new tree proposal mechanisms, performance improvements, and more
(158; 159). Lakner et al. made a comparative study to investigate
the efficiency of MCMC tree proposals (143). Sebastian Höhna and
Alexei Drummond proposed new samplers for tree proposals and com-
pared the proposal distributions in terms of convergence time (144).
The MCMC-based methodologies propose tree topologies by making
slight variations in the structure, for instance, moving a subtree, re-
locating a leaf node, and swapping labels of two nodes. Considering
the size of the tree space, the MCMC-based methods require a large
number of iterations to converge, and this number also depends on
the modality of the tree space. Moreover, the MCMC methods are
sequential algorithms; this dependency prevents the parallelizability
of the method. However, some MCMC-based methods, such as the
MC3, have multiple chains, and each chain can be run in parallel.

Several studies have formulated the tree space, consisting of dis-
crete topology and continuous branch length space with a single con-
tinuous space (160; 161). Dinh et al. leveraged the continuous for-
mulation of the tree space and brought HMC methods to the phylo-
genetic tree inference domain (161). Following the HMC advances in
phylogeny, Johannes Wahle recently developed the NUTS extension
for phylogeny (162).

Building upon the subsplit Bayesian networks (SBNs, (145)), Cheng
Zhang and Fredrick Matsen IV brought variational approximations to
the Bayesian phylogenetics. In the variational Bayesian phylogenetic
inference (VBPI) method, they combined SBNs with branch length
distribution approximations and obtained good marginal likelihood
estimations (138; 147). The 2020 sequel paper uses normalizing flows
to improve the branch length approximations (146). These SBN-
based approaches (145; 138; 147; 146) rely on a good set of initial tree
topologies obtained from external methods (such as topology samples
from MrBayes (159), UFBoot2 software (163), or bootstrapping com-
bined with the NJ algorithm (26; 30)) and limit their tree topology
spaces and subspaces to the ones encoded by the input topologies. If
a bipartition is not defined in the input data, these methods cannot
sample a tree topology with that partition; hence the exploration of

2Available at nbisweden.github.io/MrBayes.

https://nbisweden.github.io/MrBayes/
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the exponential tree space is evaded.
Finally, Moretti et al. proposed two combinatorial SMC (CSMC)

based methods in 2021: the variational CSMC (VCSMC) and varia-
tional nested CSMC (VNCSMC) (139).

5.4.1 Questions addressed in this thesis

Papers III and IV of this thesis focus on Bayesian phylogenetics.
Here, we will briefly cover the papers, and later in Chapter 7, we will
present them in detail.

In Paper III, we approached the Bayesian phylogenetics from the
VI point of view and proposed a method called VaiPhy. We took an
unusual approach; we labeled the internal nodes of the trees, which
in turn expanded the tree topology space further. On the other hand,
this approach enabled us to derive coordinate-ascent VI (CAVI) up-
date equations. VaiPhy does not need the input tree set as SBN-based
variational methods and is much faster while performing comparably.
Moreover, we introduced two novel samplers; one for sampling tree
topologies and the other for sampling branch lengths under the JC69
model.

In Paper IV, we addressed different variational methods’ issues
when the posterior distribution is multimodal: the use of simpler
variational distributions might cause poor approximations. The mul-
timodality of the phylogenetic tree space was previously investigated
in (164). For the phylogenetic inference experiments, we used the
state-of-the-art VBPI-NF method (146). We showed that using an
ensemble of variational approximations improves the marginal likeli-
hood estimates using MISELBO.



Chapter 6

Evaluation metrics

This chapter briefly presents the evaluation metrics used (or closely
related) in the thesis papers.

6.1 Tree topology comparison metrics

6.1.1 Robinson-Foulds distance

The Robinson-Foulds (RF) distance compares two tree topologies
with the same leaf nodes (165). The metric considers the bipartitions
of the trees and reports the total number of bipartitions present in
either of the trees but not in both.

Figure 6.1 illustrates the sets of bipartitions defined by two tree
topologies. For this example, the RF distance is

RF(T1 || T2) = |X1|+ |X2|. (6.1)

If the RF distance is zero, the tree topologies are identical. The
higher the distance, the more the trees differ. The RF distance is
particularly useful for cases where the true topology is known.

Note that in trees with the same leaf set, there are identical “triv-
ial” bipartitions indicated by the incoming edges to leaf nodes. In
Paper I, we excluded the trivial bipartitions from the analysis, a com-
mon practice in the field; for instance, see (95).
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X1 C X2

T1 T2

Figure 6.1: Venn diagram of bipartitions indicated by the tree topolo-
gies T1 and T2. C is the set of bipartitions exist in both topologies,
X1 and X2 are the unique bipartitions defined by T1 and T2.

6.1.2 Normalised Robinson-Foulds distance

The number of bipartitions defined by the trees depends on the num-
ber of leaf nodes and the structure of the trees, e.g., bifurcating or
multifurcating; hence the maximum value of the RF distance differs.
We normalize the RF distance and limit its range to [0, 1] by simply
dividing the RF distance by the total number of bipartitions of the
two trees. As in the standard RF distance, zero means the topologies
are identical. Using the notations in Figure 6.1, the normalised RF
(nRF) distance is

nRF(T1 || T2) =
|X1|+ |X2|

|X1|+ |X2|+ |2C|
. (6.2)

6.1.3 Felsenstein’s bootstrap proportions

Frequently, we work with multiple tree samples obtained via boot-
strapping (26), and we need to summarize the information they con-
tain. Given a reference tree topology, R, and a set of bootstrap trees
(T1:B), for each edge e in the reference tree, Felsenstein’s bootstrap
proportions (FBP) calculate the proportion of bootstrap trees con-
taining the edge;

FBP(e,R, T1:B) =

∑B
b=1 1(e ∈ Tb)

B
, (6.3)

where 1 is the indicator function. FBP values are in the range [0, 1],
where zero means none of the bootstrap tree samples contain the edge
of interest, and one means the edge is present in all bootstrap trees.
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6.1.4 Transfer bootstrap expectation

Even though the FBP metric is intuitive, it heavily penalizes slight
structural variations, especially in large trees. Thirty-three years
after Felsenstein’s paper on bootstrapping, Lemoine et al. proposed
the transfer bootstrap expectation (TBE) metric to address this issue
(166).

Like FBP, the TBE metric computes a support value in the range
[0, 1] for each edge in a reference tree topology, given a set of bootstrap
trees. Instead of counting the presence and absence of an edge in the
tree samples, TBE calculates the minimum number of operations
(e.g., removal of a leaf node, transferring the leaf from one side of the
edge to the other) to obtain the same topology. Again, one means
the edge is present in all tree samples.

6.2 Comparison of probability distributions

Throughout the thesis, we tried to approximate a target distribution,
p, with a variational distribution, q. The target distribution in most
cases was the posterior distribution, pθ(z|x), but for brevity, we will
use pθ(x) in this subsection.

6.2.1 Kullback-Leibler divergence

As described earlier in Chapter 3, the KL divergence is a natural
choice for variational methods; the goal is to find a distribution q
that minimizes the divergence to p.

DKL(qϕ(x) || pθ(x)) =
∑
x∈X

qϕ(x) log
(qϕ(x)
pθ(x)

)
. (6.4)

6.2.2 KL divergence for multiple importance sampling

In the MIS case, a set of variational distributions are used. In Paper
IV, we assumed these variational distributions are equiprobable, and
the KL divergence becomes;
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DKLMIS
(qϕ1:S

(x) || pθ(x)) = DKL

(
(
1

S

S∑
s=1

qϕs(x)) || pθ(x)
)
. (6.5)

6.2.3 Jensen-Shannon divergence

Jensen-Shannon divergence (JSD) is another divergence metric to
compare probability distributions. However, in JSD, a set of distri-
butions is compared to their average,

DJS(qϕ1:S
(x)) =

S∑
s=1

DKL

(
qϕs(x) || (

1

S

S∑
s=1

qϕs(x))
)
. (6.6)

JSD takes values in the range [0, logS] and can be used as a mea-
sure of diversity; e.g., if qϕ1:S

are the same, the divergence becomes
zero.

6.3 Lower bounds on marginal loglikelihood

In the variational methods, the goal is to approximate the target dis-
tribution with the variational distributions as well as possible. This
goal is to minimize the KL divergence between the variational and
target distributions, which is a synonym for maximizing the ELBO
since the KL divergence and ELBO sum to the marginal loglikelihood,

log pθ(x) = LELBO +DKL(qϕ(z|x) || pθ(z|x)). (6.7)

We aim to develop models that get as close to their target distri-
bution, making the lower bounds as tight as possible.

6.3.1 Evidence lower bound

The standard ELBO is

LELBO = Ez∼qϕ(z|x)

[
log

pθ(x, z)

qϕ(z|x)

]
≤ log pθ(x). (6.8)
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In practice, the models are trained with several randomly initial-
ized states, and the average of ELBOs is reported;

L̄ELBO =
1

S

S∑
s=1

Ez∼qϕs (z|x)

[
log

pθ(x, zs)

qϕs(zs|x)

]
. (6.9)

6.3.2 Importance weighted evidence lower bound

Burda et al. introduced an improved version of the ELBO called
IWELBO in 2015 for VAEs as a training objective (167). The IWELBO
is used for marginal loglikelihood estimation in VAEs and other VI
methods (138; 168; 169; 146).

LIWELBO = Ez1,...,zL∼qϕ(z|x)

[
log

1

L

L∑
l=1

pθ(x, zl)

qϕ(zl|x)

]
≤ log pθ(x) (6.10)

The average of IWELBOs is

L̄IWELBO =
1

S

S∑
s=1

Ezs,1,...,zs,L∼qϕs (z|x)

[
log

1

L

L∑
l=1

pθ(x, zs,l)

qϕs(zs,l|x)

]
. (6.11)

6.3.3 Multiple importance sampling evidence lower bound

In Paper IV, we proposed MISELBO, a new lower bound to the
marginal loglikelihood using an ensemble of q distributions, {qϕs}Ss=1.
A summary of MISELBO and its indications are discussed in Chap-
ter 7.

LMISELBO =
1

S

S∑
s=1

Ezs,1,...,zs,L∼qϕs (z|x)

[
log

1

L

L∑
l=1

pθ(x, zs,l)
1
S

∑S
s′=1 qϕs′ (zs,l|x)

]
≤ log pθ(x)

(6.12)
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6.4 Wall-clock runtime comparisons

We valued making the projects we worked on to be easily used. Even
though the number of available computational resources increases day
by day and the processing power improves, the amount of available
data grows dramatically. It is important to develop fast, scalable, yet
accurate models.

All the methods of this thesis were developed using the Python
programming language since many bioinformaticians are familiar with
it, and it is usually less challenging to integrate into existing soft-
ware. We performed the wall-clock runtime comparisons on high-
performance computing clusters in Papers I and III and PC in Paper
IV. We reported the runtimes over several repetitions to diminish the
effects of outlier runs.



Chapter 7

Summary of the papers

This chapter provides a brief overview of the papers included in the
thesis, the background information, a summary, and the results of
the proposed approaches.

7.1 Paper I

Scuphr: A probabilistic framework for cell lineage tree re-
construction (1)
Hazal Koptagel, Seong-Hwan Jun, Joanna H̊ard, and Jens
Lagergren
Manuscript under review, bioRxiv, 2022.

Background

Before the development of single-cell sequencing technologies, the
state-of-the-art methods worked with bulk data obtained from tissues
and tried to infer CLTs and clonal trees. With single-cell sequencing
technology, a higher-resolution view of the tissues is enabled. How-
ever, the technology also came with challenges, like allelic dropouts
and amplification errors. Several methods were developed specifi-
cally for single-cell data that consider these challenges. Yet, due to
their model constraints, most methods limit their analysis to a few
thousand sites. Moreover, most methods target cancer data, where
more apparent structural changes are used to infer the underlying
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trees. However, for healthy cells, these structural changes are not
commonly observed.

Summary

We present Scuphr, a distance-based CLT reconstruction framework
using bulk and scDNA-seq data obtained from healthy tissues.

Scuphr is designed for single-cell WGA DNA sequencing data,
and we show that the probabilistic framework is accurate and ro-
bust. By collectively looking at single cells’ analysis-ready reads, a
number of genomic sites are selected for the investigation (candidate
mutation sites). Scuphr assumes the commonly used infinite sites
assumption; if a mutation occurs at a site, there will not be a second
mutation at the same site. Moreover, all the descendant cells of the
mutation’s origin must share the same mutation. We model the DNA
amplification as a Pólya urn model to reflect the experimental proce-
dure. Scuphr uses Bernoulli RVs to represent allelic dropout events.
Scuphr incorporates the Phred quality scores reported by the modern
sequencer machines in its model to account for technical artifacts.

The model calculates pairwise distances of single cells per candi-
date mutation site. Whenever possible, the model uses gSNV sites in
near proximity to the candidate mutation sites to further differentiate
the AEs from the mutations. Once the full pairwise distance matrix
is computed, we use the NJ algorithm to reconstruct the CLT.

The model’s conditional independence assumption of the sites
makes Scuphr’s distance computation part embarrassingly parallel.
It can be as fast as the capacity of the computing infrastructure,
which is easily achieved with today’s high-performance computing
clusters. Each candidate mutation site can be, in theory, analyzed in
parallel.

We provide an optional parameter estimation step using the MCMC
method to estimate the allelic dropout and amplification error prob-
abilities. Also, if the user wants to obtain confidence scores on a
lineage tree, we report the edge support values using bootstrapping.
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Results

We compared the performance of Scuphr with the state-of-the-art
MCMC-based method called SCIΦ (82). We showed Scuphr’s robust-
ness and accuracy with the synthetic data experiments. In the biolog-
ical data experiments, we showed that Scuphr unraveled more lineage
information via bootstrapping, which is challenging in healthy cells.
Thanks to the embarrassingly-parallel feature, Scuphr is shown to
be much faster than the inherently sequential MCMC-based method,
regardless of the choice of programming language.

Accessibility and availability

Scuphr is written in Python, and the source code is publicly available,
including the biological data processing pipeline scripts, parameter
estimation, simulated data generation, and the simulated experimen-
tal data analysis provided in the manuscript.

The biological data is a subset of the data used in (87); the raw
reads can be accessed through the original study’s authors (also avail-
able on EGA, accession number EGAS00001003108).

The manuscript has been submitted to a journal and is currently
under review. The latest version of the manuscript is available at
bioRxiv. Earlier versions of the work were presented as a poster at
the 2nd Cold Spring Harbor Conference on Probabilistic Modeling
In Genomics in 2018, as a talk at the 16th Bertinoro Computational
Biology Meeting in 2019, and at the 28th Conference on Intelligent
Systems for Molecular Biology in 2020.

• Manuscript: doi.org/10.1101/357442

• Source code: github.com/Lagergren-Lab/scuphr

https://ega-archive.org/studies/EGAS00001003108
https://doi.org/10.1101/357442
https://github.com/Lagergren-Lab/scuphr
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7.2 Paper II

CopyMix: Mixture Model Based Single-Cell Clustering and
Copy Number Profiling using Variational Inference (2)
Negar Safinianaini, Camila P. E. De Souza, Andrew Roth, Hazal
Koptagel, Hosein Toosi, and Jens Lagergren
Manuscript, bioRxiv, 2023.

Background

Tumors consist of subpopulations that have unique phenotypes. Un-
derstanding tumor heterogeneity and identifying subpopulations are
essential for cancer research and have significant clinical relevance.
The state-of-the-art approach consists of two steps; identification of
copy number profiles from observations and later clustering the cells
based on their profiles. Since this is a sequential process, clustering is
susceptible to the uncertainties and errors sourced from the profiling
step.

Summary

We propose CopyMix, a VI-based model for joint analysis of copy
number profiling and single-cell clustering. We modeled clusters as
a mixture model. Each cluster has its unique copy number profile
across the genome, and the observed reads of cells depend on the
clusters they belong to, as well as a cell-specific read depth rate.
The variational distributions are designed to approximate the cluster
assignments of the cells, copy number profiles of each cluster, and the
model parameters.

In addition, we propose SNV-CopyMix, an SNV-based extension
for CopyMix. In SNV-CopyMix, each cluster has its own SNV pro-
files, along with its copy number profiles. We used the analysis-ready
reads of single cells and calculated the likelihood of the observations
per cell per genomic location.

Results

First, we evaluated the clustering performance of CopyMix on syn-
thetically generated datasets. We used 16 different configurations to
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reflect various copy number changes. In the synthetic data analysis,
we showed that CopyMix obtained good results for all the configura-
tions except the one where the whole genome is duplicated.

We tested the performance of CopyMix on a DLP+ data of 891
ovarian cancer cells originating from three cell lines. An expected
outcome of the clustering is correctly assigning the single cells to
which of the three cell lines they belong. The experiments show
that CopyMix indeed successfully distributes the single cells to their
clusters. We showed that CopyMix outperforms the approach used
in the original study (79) in terms of different clustering metrics.
Moreover, we compared the performance with Ginkgo, a method that
has an outlier removal mechanism included in its clustering scheme
(98). Ginkgo was also able to partition the single cells into three
disjoint groups; however, the method removed 80% of the cells as
outliers during the process, while CopyMix successfully partitions
cells into clusters without cell removal. Finally, we ran SNV-CopyMix
on the DLP+ dataset and obtained similar results to the CopyMix;
no additional clusters were discovered.

Accessibility and availability

CopyMix and SNV-CopyMix are written in Python, and the source
code is publicly available, including the simulated datasets and the
results from the benchmark methods.

The biological data can be accessed through the original study
zenodo.org/record/3445364 (79).

The manuscript is available online.

• Manuscript: doi.org/10.1101/2020.01.29.926022

• Source code: github.com/negar7918/CopyMix

https://doi.org/10.1101/2020.01.29.926022
https://github.com/negar7918/CopyMix
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7.3 Paper III

VaiPhy: a Variational Inference Based Algorithm for
Phylogeny (3)
Hazal Koptagel1, Oskar Kviman1, Harald Melin, Negar
Safinianaini, and Jens Lagergren
36th Conference on Neural Information Processing Systems (NeurIPS),
2022.
Selected for oral presentation.

Background

In Bayesian phylogenetics, the goal is to obtain the posterior distribu-
tion of the tree topologies and their branch lengths, given the MSA
data of species. This is often challenging due to the exponentially
large number of tree topologies and continuous branch lengths.

In the last few decades, MCMC-based methods were primarily
developed and used for Bayesian phylogenetics, including MrBayes
(159). MCMC-based methods need many generations to converge,
and due to their proposal mechanisms, they require a large number
of operations to investigate the search space. Moreover, these meth-
ods are inherently sequential and cannot be parallelized to match
nowadays’ increasing data sizes.

Recently, variational methods have been applied to Bayesian phy-
logenetics. The SBN-based methods (138; 146) require an external
method to provide a list of highly probable trees to limit their tree
space. This dependency avoids searching the entire tree topology
space. Even if more topologies are supplied as input, these topologies
increase the number of parameters used in these methods, making the
inference slower. While the CSMC-based variational method (139)
brings a new perspective to the field, it is not on par with the other
methods in the field.

1Authors contributed equally.
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Summary

We propose VaiPhy, a VI framework for Bayesian phylogenetics. We
modeled the probabilistic ancestral sequences as latent variables and
used trees with labeled internal nodes, whereas it is common to trees
with only leaf nodes labeled. While this choice extended the tree
space further, it enabled us to derive the first-ever coordinate-ascent
VI updates for the phylogenetics problem.

We needed ways to sample tree topologies and branch lengths
within the framework. We developed SLANTIS, a method to sample
tree topologies, given a pairwise edge weight matrix inspired by (170).
In addition, we developed the JC Sampler, to our knowledge, the first
way to sample branch lengths directly from the JC69 model (137).

Moreover, we proposed an extension to our model, ϕ-CSMC,
where the output of VaiPhy is used as the parameter for a CSMC
model.

Results

For performance comparison, we reported the average of IWELBOs
and made runtime comparisons.

VaiPhy and ϕ-CSMC obtained comparable marginal loglikelihood
estimate results in seven MSA datasets of various sizes. The experi-
ments showed ϕ-CSMC is the best-performing CSMC-based method.

In the runtime comparisons, we showed that VBPI-NF is dras-
tically slower than the proposed methods due to its requirement for
auto-differentiation. Moreover, we showed the scalability of ϕ-CSMC
with the available cores.

Though VaiPhy and ϕ-CSMC did not outperform the estimation
performance of some of the state-of-the-art methods, we believe this
work, including the novel samplers, bridges the gap between VI and
Bayesian phylogenetics.

Accessibility and availability

VaiPhy is written in Python, and the source code is publicly available,
including the benchmarking scripts.
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The biological data is available within VaiPhy’s repository. The
data can also be accessed from their originating studies and former
Bayesian phylogenetic tree inference methods’ repositories, such as
(146; 139).

The manuscript has been accepted to the 36th Conference on
Neural Information Processing Systems in 2022 and presented in both
poster and oral formats. The paper was presented as a talk at the
5th Evolution in Sweden Meeting in 2023.

• Manuscript: doi.org/10.48550/arXiv.2203.01121

• Source code: github.com/Lagergren-Lab/VaiPhy

https://doi.org/10.48550/arXiv.2203.01121
https://github.com/Lagergren-Lab/VaiPhy
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7.4 Paper IV

Multiple Importance Sampling ELBO and Deep Ensembles
of Variational Approximations (4)
Oskar Kviman, Harald Melin, Hazal Koptagel, Vı́ctor Elvira, and
Jens Lagergren
25th International Conference on Artificial Intelligence and Statistics
(AISTATS), 2022.

Background

In Bayesian inference, the key aspect is to work with the posterior
distribution. However, for many problems, the posterior distribution
is intractable. VI is a Bayesian method where the target distribution,
e.g., the true posterior distribution, is approximated by simpler, easy-
to-be-sampled-from, often unimodal distributions. The simplicity of
the variational distributions makes it hard to capture the behavior of
a multimodal true posterior distribution.

The KL divergence to the true posterior distribution measures
the performance of the variational distribution. Minimizing the di-
vergence corresponds to maximizing the ELBO. The researchers train
the variational methods several times with different starting points
and report the average of ELBOs as the performance metric.

There are other improved ELBOs; for instance, IWELBO is com-
monly used in VAE and VI studies, and the researchers measure the
estimation performance by reporting the average of IWELBOs.

Summary

In this paper, we propose a simple yet versatile framework. We bridge
the MIS and VI fields and introduce MISELBO, a new lower bound
for marginal loglikelihood.

In MISELBO, we combine the independently trained models dur-
ing the lower bound computation. By its definition, MISELBO ob-
tains higher lower bounds if the trained models are diverse.
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Results

We compared MISELBO with the average of ELBOs and the average
of IWELBOs. We proved that MISELBO has a tighter lower bound
than the average of ELBOs and showed in the experiments that it
has a tighter lower bound than the average of IWELBOs.

In the VAE experiments, we used the state-of-the-art method
called nouveau VAE (171) and showed MISELBO consistently pro-
vides a higher lower bound than the average of IWELBOs. Moreover,
we showed that MISELBO outperformed IWELBO while being faster
and using 90% fewer importance samples.

In the phylogenetic tree inference experiments, we used VBPI-
NF as our variational method (146) and showed MISELBO obtains
a higher lower bound in six different datasets.

Accessibility and availability

MISELBO is written in Python, and the source code is publicly avail-
able.

The phylogenetic datasets are available within VaiPhy’s repos-
itory (3). The biological datasets also can be accessed from their
originating studies and former Bayesian phylogenetic inference meth-
ods’ repositories, such as (146; 139). The MNIST dataset is imported
from the “datasets” library (141; 172).

The manuscript has been accepted to the 25th International Con-
ference on Artificial Intelligence and Statistics in 2022 and presented
as a poster. The work is also accepted to the 12th SIAM Conference
on Computational Science and Engineering and will be presented in
a few weeks after the defense of this thesis.

• Manuscript:
https://proceedings.mlr.press/v151/kviman22a.html

• Source code: github.com/Lagergren-Lab/MISELBO

https://proceedings.mlr.press/v151/kviman22a.html
https://github.com/Lagergren-Lab/MISELBO
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Concluding remarks

Single-cell sequencing provides a high-resolution view of tissues and
enables precise analysis of cell lineages, clonal profiles, and tumor pro-
gressions. In Paper I, we worked with whole-genome amplified single-
cell DNA sequencing data from healthy tissues and attempted to re-
construct the CLT from noisy observations. We proposed Scuphr,
a probabilistic framework that identifies candidate locations in the
genome for analysis and computes pairwise similarities of single-cell
based on a novel and sophisticated probabilistic graphical model.
Through simulated studies and biological data experiments, we showed
that Scuphr is capable of unraveling lineage information in healthy
cells, which is difficult due to the small number of mutations in
healthy tissues. One of our future goals is to integrate the model
proposed in Paper I with MCMC to improve reconstruction perfor-
mance. The improved version would be slower due to the sequential
nature of MCMC; however, we expect a significant performance im-
provement thanks to the joint analysis. A preliminary investigation
of an earlier version of Scuphr is done in (173).

In Paper II, we offered an alternative approach to copy number
profiling and single-cell clustering tasks. We proposed CopyMix, a
VI-based model to jointly perform copy number profiling of clusters
and assign single cells to the clusters. CopyMix removes the sepa-
ration of the two tasks and hence, removes the irreversible profiling
artifacts that impact the clustering. In addition, we expanded the
probabilistic model and included SNV information to improve the
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performance further. We displayed the accuracy and robustness of
CopyMix using the simulated data experiments, and we showed that
CopyMix successfully partitions cells into distinct clusters in the bi-
ological data experiments. To improve CopyMix, one can infer the
number of clusters rather than using it as an input. Another fu-
ture improvement of CopyMix is to handle whole-genome duplication
events, a weakness we discovered during the simulated data analysis.

We moved to the Bayesian phylogenetics field in Paper III. We
proposed VaiPhy, a mean-field coordinate-ascent variational infer-
ence method, along with three contributions. First, we used VaiPhy
as a training procedure and proposed a CSMC-based method called
ϕ-CSMC. We used the output of the VaiPhy, ϕ, and showed that ϕ-
CSMC consistently outperforms other CSMC-based variational meth-
ods. Second, we introduced SLANTIS, a method to sample tree
topologies given a pairwise weight matrix to resolve the tree topol-
ogy sampling problems we encountered during the project. Third, we
presented the JC sampler, a Bayesian way to sample branch lengths
directly from the Jukes-Cantor 1969 DNA evolution model. Future
directions for this project include different variational distributions,
extending the model from the phylogeny domain to the single-cell
domain, and exploiting the scalability advantage of the method to
work with thousands of cells. We are combining the JC Sampler and
the NJ algorithm to make a simple, off-the-shelf software for bioin-
formatics. A recent attempt to sample branch lengths from the JC69
model is made by (174). Moreover, we are currently investigating
the expansion of the branch length sampling scheme to other DNA
evolution models.

Finally, in Paper IV, we brought the MIS methodology to the
VI domain and proposed MISELBO. MISELBO is a new, improved
lower bound on the marginal likelihood of the observed data; the
goal of variational methods is to find distributions that maximize the
lower bound. In this project, we used MISELBO as an evaluation
metric; we trained the variational methods independently, and at the
evaluation step, we considered them an ensemble. A natural next step
is to use MISELBO as a training objective and see how the learning
performance changes, currently being investigated by Kviman et al.
(175).
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In this thesis, we developed probabilistic methods for biological
applications. The amount of available data, both in terms of the
number of samples and the number of features, increases significantly
every day; and being able to perform a large-scale analysis is cru-
cial. Variational methods are equipped well for this task, and the VI
methods for these biological applications are becoming increasingly
popular. I believe the current variational methods constitute only
the tip of the iceberg, and we will see many impressive variational
methods in the following years.
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and Alexandros Stamatakis. RAxML-NG: a fast, scalable and
user-friendly tool for maximum likelihood phylogenetic infer-
ence. Bioinformatics, 35(21):4453–4455, 2019.

[97] Sohrab P Shah, Xiang Xuan, Ron J DeLeeuw, Mehrnoush Kho-
jasteh, Wan L Lam, Raymond Ng, and Kevin P Murphy. Inte-



BIBLIOGRAPHY 75

grating copy number polymorphisms into array CGH analysis
using a robust HMM. Bioinformatics, 22(14):e431–e439, 2006.

[98] Tyler Garvin, Robert Aboukhalil, Jude Kendall, Timour
Baslan, Gurinder S Atwal, James Hicks, Michael Wigler, and
Michael C Schatz. Interactive analysis and assessment of single-
cell copy-number variations. Nature methods, 12(11):1058–
1060, 2015.

[99] Jack Kuipers, Mustafa Anıl Tuncel, Pedro Ferreira, Katharina
Jahn, and Niko Beerenwinkel. Single-cell copy number calling
and event history reconstruction. BioRxiv, 2020. doi:10.1101/
2020.04.28.065755.

[100] Simone Zaccaria and Benjamin J Raphael. Characterizing
allele-and haplotype-specific copy numbers in single cells with
CHISEL. Nature biotechnology, 39(2):207–214, 2021.

[101] Yuval Benjamini and Terence P Speed. Summarizing and cor-
recting the GC content bias in high-throughput sequencing.
Nucleic acids research, 40(10):e72–e72, 2012.

[102] Alexander W Blocker and Xiao-Li Meng. The potential and
perils of preprocessing: Building new foundations. Bernoulli,
19(4):1176–1211, 2013.

[103] Rasko Leinonen, Hideaki Sugawara, Martin Shumway, and In-
ternational Nucleotide Sequence Database Collaboration. The
sequence read archive. Nucleic acids research, 39(suppl 1):D19–
D21, 2010.

[104] Mallory Ann Freeberg, Lauren A Fromont, Teresa D’Altri,
Anna Foix Romero, Jorge Izquierdo Ciges, Aina Jene, Giselle
Kerry, Mauricio Moldes, Roberto Ariosa, Silvia Bahena, et al.
The European genome-phenome archive in 2021. Nucleic acids
research, 50(D1):D980–D987, 2022.

[105] Nicholas E Navin. Cancer genomics: one cell at a time. Genome
biology, 15(8):1–13, 2014.

https://doi.org/10.1101/2020.04.28.065755
https://doi.org/10.1101/2020.04.28.065755


76 BIBLIOGRAPHY

[106] Nicholas E Navin. The first five years of single-cell cancer ge-
nomics and beyond. Genome research, 25(10):1499–1507, 2015.

[107] Charles Gawad, Winston Koh, and Stephen R Quake. Single-
cell genome sequencing: current state of the science. Nature
Reviews Genetics, 17(3):175–188, 2016.

[108] Zhuohui Wei, Chang Shu, Changsheng Zhang, Jingying Huang,
and Hongmin Cai. A short review of variants calling for single-
cell-sequencing data with applications. The international jour-
nal of biochemistry & cell biology, 92:218–226, 2017.

[109] Jesse J Salk, Michael W Schmitt, and Lawrence A Loeb. En-
hancing the accuracy of next-generation sequencing for detect-
ing rare and subclonal mutations. Nature Reviews Genetics,
19(5):269–285, 2018.

[110] Hamim Zafar, Nicholas Navin, Luay Nakhleh, and Ken Chen.
Computational approaches for inferring tumor evolution from
single-cell genomic data. Current Opinion in Systems Biology,
7:16–25, 2018.
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