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Abstract | i

Abstract
In this work, we develop a temporal logic-based safety framework for
Autonomous Intersection Management (AIM) to ensure the safety of
connected vehicles navigating through intelligent intersections. Traditional
AIM systems face challenges in balancing safety and efficiency, often
relying on central decision-making to enhance intersection coordination. Our
approach addresses this challenge by leveraging formal methods, specifically
temporal logic and reachability analysis, to provide rigorous safety guarantees.
We begin by specifying the required behavior for vehicles passing through
intersections as linear temporal logic formulas. These specifications are
then decomposed into a series of Hamilton-Jacobi reachability analyses using
temporal logic trees, allowing for the automated verification of intersection
behaviors. This method enables the computation of safe time-state corridors
for vehicles, facilitating explicit safety-efficiency trade-offs while considering
decision uncertainties. Additionally, we determine safe driving limits to
ensure vehicles remain within their designated corridors. Our framework
is evaluated using simulations of both 3-way and 4-way intersections,
demonstrating its ability to verify and enforce safety in real-time across various
scenarios.

Keywords
Safety framework, Intelligent Intersections, Connected Vehicles, Traffic
Safety, Temporal Logic, Reachability Analysis, Formal Methods
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Sammanfattning
I detta arbete presenterar vi ett nytt säkerhetssystem för intelligenta regioner
som möter utmaningarna med att koordinera uppkopplade och automatiserade
fordon. Intelligenta regioner omfattar områden som korsningar, motorvägar
och stadsgator, där trafiken hanteras av intelligenta transportsystem som
anpassar sig till realtidsförhållanden, regionala trafikmönster och specifika
händelser. Med hjälp av temporallogik och nåbarhetsanalys erbjuder vår metod
starka säkerhetsgarantier över olika trafiksituationer. Inledningsvis definierar
vi det önskade beteendet för alla fordon som navigerar genom korsningen
med hjälp av temporallogiska påståenden i form av en säkerhetsspecifikation.
Därefter dekonstrueras specifikationen automatiskt till en sekvens av mindre,
hanterbara Hamilton-Jacobi nåbarhetsanalyser genom en nyligen utvecklad
beräkningsmetod kallad temporala logikträd. Detta möjliggör automatiserad
verifiering av fordonsbeteenden och en explicit avvägning mellan säkerhet och
effektivitet. I detta steg tilldelas fordonen färdvägskorridorer som garanterar
att både traditionella trafikregler och specifika beteendekrav uppfylls. Vi
fastställer även säkra körgränser för att säkerställa att fordonen förblir inom
sina tilldelade korridorer. Vårt system demonstreras genom simuleringar
av trevägs- och fyrvägs-korsningar, där fordon med potentiellt kolliderande
färdvägar garanteras säker passage.

Nyckelord
Intelligenta Korsningar, Uppkopplade och Automatiserade Fordon, Trafiksä-
kerhet, Temporallogik, Nåbarhetsanalys, Formella Metoder
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Chapter 1

Introduction

Figure 1.1: An intelligent intersection that collaboratively help road users
coordinate safely.

1.1 Overview
Over the last decade, a new generation of Intelligent Transportation Systems
(ITS) has begun to emerge, driven by advances in computing and networking
[1]. Vehicles are expected to communicate with each other, infrastructure, and
the cloud to improve safety, efficiency, sustainability, and passenger comfort
[2]. Furthermore, with the rise of edge- and cloud-services, significant effort
has been directed into facilitating these objectives using off-board intelligence
in the local infrastructure [1, 3]. Autonomous Intersection Management
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(AIM) has, in particular, received considerable attention due to the complex
challenges that arise at intersections and the limited time that vehicles spend
there [4]. Intelligent intersections have shown that they can, even in mixed-
traffic, collaborate with partially automated vehicles to act as a safety filter,
alerting or possibly overriding the human driver if deemed unsafe [5, 6].
Notably, some researchers state that safety should never be compromised to
achieve efficiency [7, 8]. However, although many proposed systems claim
such improvements, the trade-off between safety and efficiency still remains
an open challenge and an important research direction [9].

Proving that behavior is safe poses major challenges [10]. To this
end, formal methods have been used to ensure safe collision avoidance
[11], perform automata-based verification of collision zones [12], and
construct specification-compliant driving corridors [13]. One of the core
challenges is the difficulty in computing the maximal controlled invariant
sets for intersections in a general, computationally-tractable way, since
finding the exact solution is an NP-complete problem [10]. To address this,
several approaches propose approximate solutions to the problems where
the maximal controlled invariant set is conservatively approximated and
leverage assumptions made about how the vehicles will pass through the
intersection [10, 14, 15]. Alternatively, some take a probabilistic approach
and provide lower bounds on vehicle collision probabilities in intelligent
intersections [16]. While these approaches do provide safety guarantees,
they are built upon specific intersection traffic rules. Due to the diverse and
evolving requirements of traffic passing through intersections, there is interest
to further investigate approaches that are able to provide more flexible safety
guarantees that easily adapt to updates to changing intersection traffic rules.

For more flexible safety guarantees in ITS, researchers have recently
proposed several approaches based on the formalization of traffic rules.
Used in the specification and verification of various types of complex
systems [17], temporal logic offers a compelling approach for formalizing
requirements on systems in a way that is both flexible and approachable to
human designers. For example, [18] shows that they can formalize current
German intersection traffic rules using metric temporal logic. Specifically for
designing intersection management, [12] use linear temporal logic to specify
and verify the safety of an intersection management algorithm. While they
do not use temporal logic, [19] similarly develop formal specifications for
intersection management by formalizing the responsibility-sensitive safety
model [20] using Hoare Logic that can be used for discovering conditions
that guarantee safety of the intersection. In this work, we show how to take
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intersection rules that are formalized in linear temporal logic and leverage
temporal logic trees [21] to directly use Hamilton-Jacobi (HJ) reachability
analysis to verify the feasibility of the intersection rules.

1.2 Problem Formulation
Although many of the current approaches to AIM provide complete solutions,
they are often difficult to safely extend or adapt as the safety guarantees are
typically built on particular design decisions of their intersection management
algorithm. Like earlier work, we wish to centralize traffic management
to address the challenges that arise at intersections. We also intend to
leverage formal methods to ensure specification satisfaction of encoded safe
behaviors. However, in contrast to earlier work, we intend to combine
these elements with dynamically relevant vehicle models. Explicitly, given
a multi-vehicle specification in linear temporal logic for an intersection, we
seek to automatically verify its feasibility to guarantee the full specification
is satisfied, while considering all of the vehicle’s dynamics and decision
uncertainty.

1.3 Contribution
The main contribution of this paper is a safety framework that help develop
provably safe AIM systems for intelligent intersections. In summary, this
paper’s contributions are three-fold:

1. we present a linear temporal logic-based sequential path planning
approach for intelligent intersections that allow AIMs to take conscious
design decisions about the trade-off between safety and efficiency,

2. we design a driving limits service for the intelligent intersection that
further facilitate the development of safe AIMs,

3. we evaluate the practical feasibility of the safety framework in multiple
scenarios of a 3-way and 4-way intersections.

To achieve strong safety guarantees, noted as a requirement by [7, 8], our
approach formalizes a safety specification using logic statements. Taking
inspiration from the sequential path planning approaches developed for aerial
vehicles in [22, 23], the contributed approach starts with formalizing an
intersection specification with, specifically, linear temporal logic formulae.
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Then, by using temporal logic trees for the verification of these formulae, we
develop an approach that results in both safety guarantees for the intelligent
intersection and is also able to automatically handle any changes to the
specifications. By computing the temporal logic trees with Hamilton-Jacobi
(HJ) reachability analysis, we also enabling efficient, real-time computation
of safe acceleration sets [24]. Although the computational complexity of
these methods have previously been impractical, preliminary indications
now show that computation time is fast enough for real systems. By
providing these features, which are both important and practically necessary
for intelligent intersections, we help accelerate the development of AIM and
vehicle automation generally.
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Chapter 2

Background

2.1 Preliminaries
This section outlines the preliminary material for our intelligent intersection
framework. We start by introducing the intersection model and system
dynamics. Then, we use temporal logic as a way to formulate behavior
specifications. Finally, for verification, we employ reachability analysis to
check specification satisfaction.

2.1.1 Intersection Model
Since the full system includes all road users in the intelligent region, we will
use a multi-vehicle model to describe the full system dynamics. Generally,
we do not require road users to be modelled equally. However, for simplicity,
in this work we assume that all road users are vehicles with the same single-
vehicle model.

For vehicle i, we define its state zi = [xi, yi, θi, δi, vi]
⊤, where xi, yi, θi, δi

and vi represent the vehicle’s x-position, y-position, heading angle, steering
angle, and velocity, respectively. The vehicle’s input is denoted as ui =

[si, ai]
⊤, where si is the steering rate and ai is the acceleration. We write

its dynamics as a control-affine system

żi = fi(zi) + gi(zi)ui, (2.1)
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where

fi(zi) =


vi cos θi
vi sin θi
vi tan δi

Li

0

0

 , gi(zi) =


0 0

0 0

0 0

1 0

0 1

 .

In this model, Li is the wheelbase length of the vehicle, zi ∈ R5 and ui ∈
U ⊂ R2. The dynamics żi is uniformly continuous, bounded, and Lipschitz
continuous in xi for fixed ui. The control function ui(·) is measurable and,
provided ui(t) remains within U for all t, then ui(·) belongs to the function
space U which contains all admissible control functions. The trajectory of
vehicle i is ζi(·; zi,0, t0, ui(·)), starting from the initial state zi,0 at t0 under
ui(·). For brevity, ζi(·) may be used to indicate the trajectory of vehicle i.

To study the behavior of multiple vehicles at an intersection, a multi-
vehicle model is developed. In an intersection where there are N vehicles,
the full multi-vehicle state is z = [z1, . . . , zN ]

⊤. The collective input and
disturbance are written as u = [u1, . . . , uN ]

⊤ and w = [w1, . . . , wN ]
⊤.

Following (2.1) we write the multi-vehicle dynamics

ż = f(z) + g(z)u. (2.2)

Here, the self-dynamics comprises each individual vehicle, f(z) =

[f1(z1), . . . , fN(zN)]
⊤ and, we similarly aggregate g(u) = [g1(u1), . . . , gN(uN)]

⊤.
Then, ζ(·; z0, t0, u(·), w(·)) is the full multi-vehicle trajectory. For brevity, this
trajectory may be simply referred to as ζ(·).

In this work, we will primarily direct our attention to sets of states in the
multi-vehicle system, rather than vehicles’ individual states. This approach
enables us to consider groups of trajectories collectively. Specifically, our
analysis will involve sets of states that incorporate a temporal dimension. This
is particularly useful when assessing the feasibility of intersections scenarios.
Let us denote the entire state space of the multi-vehicle system as S. We
represent time-state sets for this system as A ⊆ S × R. To retrieve state sets
at specific times, we introduce time-state set maps Ω : R → S. That is, for a
given time-state set A, there is an associated map ΩA where

A =
∪
t∈R

{(z, t) | z ∈ ΩA(t)}. (2.3)
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Similarly, we introduce the associated time window TA = [ta, tb] where

ta = inf {t ∈ R | ΩA(t) ̸= ∅} and
tb = sup {t ∈ R | ΩA(t) ̸= ∅}.

Finally, if {(z, t) ∈ A | ∃t′ ∈ TA, t
′ ̸= t, z /∈ ΩA(t

′)} is non-empty, we
say that A is invariant over the time window TA. The time-state sets, their
corresponding time-state set maps, associated time windows and the invariant
property will all be important for atomic propositions and the following
reachability analysis.

2.1.2 Linear Temporal Logic
To ensure safe navigation through the region, we will define temporal logic
specifications of permissible behaviors for vehicles. This allows us to
create high-level, human-readable requirements on how vehicles should be
moving through the intersection. For example, in Fig. 1.1, we might specify
the simple requirements “vehicle should turn left and avoid collisions with
other vehicles”. Using temporal logic, one can write a formal equation
representing this requirement using operators that correspond to intuitive
concepts in human language, i.e. “always stay below 50 km/h”, “always stay
in lane”, “eventually turn left”, or “eventually exit intersection with 30 km/h”
(more examples listed in Fig. 2.2). Others have leveraged the intuitive and
rich specification capability of temporal logic in a variety of transportation
problems [18, 25, 26]. In this work, we work with Linear Temporal Logic
(LTL) since it yields the benefits of temporal logic, while being simple to work
with and understand. Specifically, we use the operators {¬,∨,∧, U ,♢,□},
which correspond to the Boolean operators “not”, “or”, “and”, and the
temporal operators “until”, “eventually”, and “always”, respectively. We note
that similar methods to the one we present in this work can be applied to Signal
Temporal Logic by adapting the work with the approach presented in [27].

An LTL formula is constructed using a finite set of atomic propositions,
AP , of both logic and temporal operators [17]. The syntax of LTL can be
described by the following:

φ ::= true | p ∈ AP | ¬φ | φ1 ∧ φ2 | φ1 Uφ2. (2.4)

With the negation and conjunction operators, we can define the disjunction
operator, φ1∨φ2 = ¬(¬φ1∧¬φ2). Using the “until” operator, we can further
define two more temporal operators: (1) “eventually”, ♢φ = true Uφ and
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(2) “always”, □φ = ¬♢¬φ. In this work, in which we use continuous time
models, we exclude the discrete time operator ⃝. The semantics of LTL in
the context of multi-vehicle system trajectories are defined accordingly.

Definition 2.1.1 (LTL Semantics). For an LTL formula φ, a multi-vehicle
trajectory ζ(·), and a time instant check: t ≥ t0, the satisfaction relation
(ζ(·), t) |= φ is defined as

(ζ(·), t) |= p ∈ AP ⇔ p ∈ l(ζ(t)),

(ζ(·), t) |= ¬φ ⇔ (ζ(·), t) ⊭ φ,

(ζ(·), t) |= φ1 ∧ φ2 ⇔ (ζ(·), t) |= φ1 ∧ (ζ(·), t) |= φ2,

(ζ(·), t) |= φ1 ∨ φ2 ⇔ (ζ(·), t) |= φ1 ∨ (ζ(·), t) |= φ2,

(ζ(·), t) |= φ1 Uφ2 ⇔ ∃t1 ∈ [t,∞) s.t.{
(ζ(·), t1) |= φ2,

∀t2 ∈ [t, t1), (ζ(·), t2) |= φ1,

(ζ(·), t) |= ♢φ ⇔ ∃t1 ∈ [t,∞), s.t. (ζ(·), t1) |= φ,

(ζ(·), t) |= □φ ⇔ ∀t1 ∈ [t,∞), s.t. (ζ(·), t1) |= φ,

where p is an atomic proposition and l(·) is a labeling function defined as
l : S × R → 2AP . For a proposition p, we define the following function for
relating the proposition to a state set: L−1(p) = {z ∈ S × R}. Using l(·)
and L−1(·), we are able to associate sets in the multi-vehicle state space with
atomic propositions.

2.1.3 Reachability Analysis
After writing a behavior specification, we wish to automatically verify its
satisfaction. For this, we will employ reachability analysis, a method to
analyze how the system evolves. In reachability analysis, we ask: “Which
states can the system reach given a certain starting point?” With Fig. 2.1, we
highlight three common concepts. For this work, we will use the following
kinds of reachable sets:

Definition 2.1.2 (Robust Control Invariant Set). For the full multi-vehicle
system (2.2), A ⊆ S × R is said to be a robust control invariant set (RCIS)
over a time horizon T if, for all (z, t) ∈ A, there ∃u(·) ∈ U such that
∀τ ∈ [t, T ] : ζ(τ ; z, t, u(·)) ∈ A.
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(a) Forward and Back-
ward Reachable Sets.

(b) Maximal and Mini-
mal Reachable Sets.

(c) Reachable Sets and
Reachable Tubes

Figure 2.1: Common concepts when working with reachability analysis. (a)
By following trajectories forward or backward in time we can collect states
which we can reach from a particular target or states from which reach the
target. (b) While following trajectories, we can choose to look at the reachable
space using any or all control inputs. This corresponds to choosing ∃u(·)
or ∀u(·) in Definitions 2.1.3 and 2.1.4. (c) Some targets depend on time
and others don’t. With reachable sets, we follow trajectories that will reach
the target at a specific time. In contrast, with reachable tubes, we follow
trajectories that reach the target at any given time.

Definition 2.1.3 (Backward Reachable Set). Given the full multi-vehicle
system (2.2), computation time horizon T , a target set G ⊆ S × R and a
constraint set K ⊆ S× R, we define the backward reachable set (BRS) as

RB(G,K) = {(z, t) | ∃u(·) ∈ U,

∃τ ∈ [t, T ), ζ(τ ; z, t, u(·)) ∈ ΩG(τ),

∀τ ′ ∈ [t, τ ), ζ(τ ′; z, t, u(·)) ∈ ΩK(τ
′)}.

Namely, RB(G,K) is the set of states from which the system is able to reach
the target G while respecting the constraints K.

Definition 2.1.4 (Forward Reachable Set). Given the full multi-vehicle system
(2.2), computation time horizon T , a target set G ⊆ S × R and a constraint
set K ⊆ S× R, we define the forward reachable set (FRS) as

RF (G,K) = {(z, t) | ∃u(·) ∈ U, ∃(z0, t0) ∈ G
∃t ∈ [t0, T ), ζ(t; z0, t0, u(·)) = z,

∀τ ∈ [t0, t], ζ(τ ; z0, t0, u(·)) ∈ ΩK(τ)}.

Namely, RF (G,K) is the set of states that the system can reach when it starts
at the target G and respects the constraints K.
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2.1.4 Temporal Logic Trees
Once we have specified an LTL specification for our multi-vehicle model,
we need to check the feasibility of the specification. In this work, we will
perform these computations using a computational model called Temporal
Logic Trees [21] (example illustrated in Fig. 2.2). Intuitively speaking, the
leaf nodes of the temporal logic tree are the goals of the multi-vehicle system.
From the goals, we perform a series of reachability analyses to find the joint
set of feasible trajectories that satisfy the intersection specification. When
the computation finishes, if the TLT has been successfully constructed, we
know the intersection specification is feasible and possible to satisfy. This
verification result is detailed in [21, Theorem V.1]. By usingR(·) andRCI(·),
we are able to fully construct temporal logic trees. For more details, we refer
readers to [21].

Definition 2.1.5 (Temporal Logic Tree). A temporal logic tree (TLT) is a tree
for which

• each node is either a state set node, a subset of Rnz , or an operator
node, from {∧,∨, U ,□};

• the root node and the leaf nodes are state set nodes;

• if a set node is not a leaf node, its unique child is an operator node;

• the children of any operator node are set nodes.
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Figure 2.2: Illustration of the constructed TLT for the jth vehicle’s individual
LTL specification (3.1) that ensures safety at intersections.
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2.2 Motivation
In this work, we are interested in developing an approach for guaranteeing that
vehicles are safely coordinated through intelligent intersections. For example,
in Fig. 1.1, we illustrate a 3-way intersection example. The three vehicles have
reached the intersection at a similar time, posing a potential risk of collision.
For each of these vehicles, we can specify their overall behavior using their
corresponding LTL formulae:

φred = φleft ∧ φsafe,

φblue = φleft ∧ φsafe,

φpurple = φstraight ∧ φsafe.

These LTL formulae reflect each vehicle’s individual specification of passing
through the intersection while staying safe. Then, the specification for the
intelligent intersection itself can be described by the following multi-vehicle
LTL formula:

φ = φred ∧ φblue ∧ φpurple. (2.5)

This simple example is representative of the primary safety challenge of
intersections: how can vehicles pass through the intersection while avoiding
collisions? For the rest of the work, we will refer to this challenge as the
“intersection safety challenge.” As was mentioned earlier, this challenge is
addressed and solved by previous works. Thus, much like [12, 18], we seek
to leverage the richness of temporal logic to develop a safety framework that
can solve for solutions to the intersection safety challenge in a way that can
be easily adapted and built upon. Moreover, this allows us to create high-
level, human-readable requirements that correspond to intuitive concepts such
as ”always stay below 50 km/h“, ”always stay in lane“, ”eventually turn left“, or
”eventually exit intersection with 30 km/h“ (more examples listed in Fig. 2.2).

At the same time, we need to ensure that the admissible behaviors of
individual vehicles are not too conservative for the full intersection. For
example, consider a vehicle’s entire collection of safe trajectories, under
some safety specification such as φred, at the intersection show in Fig. 1.1.
Although 2.5 would ensure safety of all managed vehicles, it could still be
overly conservative with respect to φblue and φpurple by prioritizing the red
vehicle’s free movement. Imagine, for instance, the red vehicle driving very
slowly through the intersection. This behavior is sometimes necessary as it
might be the only safe way through the area. However, when unnecessary,
this behavior should not be allowed as it obstructs following vehicles and
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reduces intersection throughput. In essence, this is a trade-off relating to
how permissive the intelligent intersection is designed to be. Like with the
intersection safety challenge, throughout the rest of this work, we will refer
to this as “the problem of permissible planning.” When addressing the main
problem formulation of this work, see Section 1.2, we are further motivated by
the problem of permissible planning and how intelligent intersections should
ensure safety, yet make conscious design decisions about the trade-off between
safety and efficiency.
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Chapter 3

The Local Traffic
Management System

In this chapter, we develop the Local Traffic Management System (LTMS). We
first outline the high-level system design and our approach to finding solutions
to the intersection safety challenge described in Section 2.2. Then, we present
the computational methods developed for the LTMS to produce guaranteed-
safe time-state corridors and driving limits. Additionally, we address some
challenges that arise when employing those methods for traffic management
at intersections.

Figure 3.1: Conceptual design of the Local Traffic Management System.
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3.1 System Design
While acting between high-level city-scale route planning and on-board
control, the LTMS performs central planning and coordination of vehicles at
local regions. As illustrated in Fig. 3.1, it accounts for the safe operational
limits of all involved vehicles while ensuring they reach their destination.
Specifically, for an approaching vehicle j, we suggest the following:

1. The vehicle notifies the LTMS that it will enter the region within time
window T←j at state set G←j . Together with a requested exit G→j , this is
necessarily communicated to pass through the region.

2. Taking already scheduled vehicles into account, a safety analysis
inspired by the method developed in [22] produces a safe time-state
corridor for the approaching vehicle j.

3. Now, to address the problem of permissible planning, the trajectories
are further pruned such that only those satisfying the entry and exit
conditions imposed by T←j , G←j and G→j remain. Additionally, by
following these trajectories, that start sometime in T←j , we implicitly
get an exit time window T→j .

4. These results are then stored for as long as vehicle j is in the
region. Using them, the LTMS computes safe control bounds, such as
acceleration limits. If followed, these ensure that vehicle j stays within
the reserved corridor.

Steps 2. and 3. are particularly important and will form the main body of this
thesis. We will divide our safety analysis and planning into four “passes”. To
explain these, Fig. 3.2 conceptually illustrates the ideas we will present in this
chapter. At a high level, the goal is to compute the reserved time-state corridor
as shown in Fig. 3.1.

Notably, with the proposed level of abstraction, the procedure becomes
general enough to use with any type of environment or road topology.
Moreover, while we will not address inter-region management in this
thesis, we suggest that our approach provides the necessary interfaces for
composition. That is, when going between regions A and B that overlap in
GAB , then the handover could be done in TAB ×GAB , where TAB is the time
window for exiting region A and entering region B. Since entry time drives
exit time, TAB ⊆ TA→. However, to discuss inter-regional aspects, we must
first formalize our approach for an individual region which, in this work, will
be single intersections.
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(a) Pass 1. (b) Pass 2.

(c) Pass 3. (d) Pass 4.

Figure 3.2: Conceptual illustration of the four passes in our analysis. (a) shows
Φ1

j , the result of Pass 1, which ensures conformity to invariant constraints, such
as road geometries or static obstacles. This is illustrated by its shape on the
top. (b) shows Φ2

j when non-invariant constraints are added in the form of
Dj . (c) shows Φ3

j in the first step of refining the trajectories. After this pass,
all remaining trajectories that are embedded in Φ3

j satisfy the entry conditions
G←j . (d) shows Φ4

j after it has similarly pruned trajectories even further, now
also considering exit conditions G→j .
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3.2 Ensuring Safety at Intersections
In this section, we develop our approach to finding solutions to the intersection
safety challenge described in Section 2.2. We start by posing the intersection
safety challenge as a sequential path planning problem, inspired by the method
developed in [22]. Then, we formalize the sequential path planning problem
into LTL formulae. Finally, after we have obtained an LTL formulae, we detail
how to use TLT to compute satisfaction sets for the sequential path planning
specification using reachability analysis.

3.2.1 Sequential Path Planning for Intersections
As the basis of our approach to solving the intersection safety challenge,
we propose the formalization of the Sequential Path Planning (SPP) method,
which is outlined in [22, 23]. SPP is a structured approach for path planning
in multi-vehicle scenarios. As suggested by the name, the key idea in SPP is to
plan the paths of vehicles sequentially, prioritizing them based on a predefined
order. In this method, when a higher priority vehicle i plans its path, it
does so without considering subsequent vehicles. Since the path planning is
sequential, when planning for a lower priority vehicle j, where i < j, all
admissible trajectories of vehicle i are already known. Consequently, vehicle
i can be reserved in space and time, making it a known and deterministic
obstacle for vehicle j. The path planning problem for vehicle j is then solved
by computing the backward reachable set from a single-vehicle target set.
After computing the backward reachable set, similar to Definition 2.1.3, we
have a set that includes states from which vehicle j can reach its target within
a specified time frame while avoiding all obstacles. To make SPP more
extensible and easily adaptable, we specify an LTL formulae that we will be
able to leverage to create new intersection rules.

3.2.2 LTL Specification of Sequential Path Planning
For specifying LTL formulae for SPP, we start by outlining the required
specifications. First, we would like the vehicles to eventually reach their
targets. Second, while they reach their targets, they should adhere to the traffic
rules (speed limits, lane restrictions, etc.) in the intersection. Finally, while
they reach their targets, they should also avoid colliding with other vehicles.
As is done in SPP, instead of asking that the vehicles should avoid all other
vehicles, we specify that it is enough that the vehicles only avoid the vehicles
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that have higher priority. We can write an LTL formula that collectively covers
the listed specifications for an individual vehicle j:

φj = ♢gj ∧□cj ∧□¬
∨
i<j

dj,i. (3.1)

Here, ♢gj corresponds to the requirement that vehicle j should eventually
reach its goal, which is denoted by goal time-state set Gj ⊆ S × R. By
including specific parts of vehicle j’s state space in the goal set, a variety
of goals can be represented, such as turning right, turning left, going straight,
exiting the intersection with a specific speed, or exiting the intersection with
a specific heading (as is listed in green in Fig. 2.2). Then, □cj corresponds
to the requirement that vehicle j should follow traffic rules, which means its
trajectories stays within a time-state constraint set Cj ⊆ S × R. Similarly to
the goal set, a variety of traffic rules can be expressed through the constraint
set, such as staying below the speed limit, staying in a specific lane while
passing through the intersection, not allowing U-turns, and enforcing one-
way street directions (as is listed in orange in Fig. 2.2). Finally, the last term,
□¬

∨
i<j dj,i, corresponds to the requirement that vehicle j avoids collisions

with higher-priority vehicles. The proposition dj,i corresponds to the danger
time-state set Dj,i ⊆ S×R, which are states where vehicle j is able to collide
with a higher priority vehicle i. Notably, the highest priority vehicle (i = 1)
is not required to avoid any other vehicle. To handle this, we include a virtual
vehicle, i = 0, which cannot be collided with. Consequently, for any vehicle
j, Dj,0 = ∅ and dj,0 = false.

We note that the construction or computation of Dj,i is critically important
to the efficiency of the intersection. When Dj,i is large, (3.1) will result
in vehicle j driving more conservatively and, in turn, less efficiently. To
maximize the efficiency of the intersection, Dj,i should closely follow the true
trajectory of vehicle i. However, the less conservative Dj,i is, the higher the
risk that vehicle i will accidentally leave Dj,i. In other words, the computation
of Dj,i introduces an important trade-off between safety and efficiency. The
integration and development of computational approaches to computing Dj,i

will be addressed in Section 3.3.

3.2.3 Connecting LTL to Reachability Analysis
We will now aim to bridge the gap between the LTL specification in (3.1)
and the subsequent reachability analyses by constructing the TLT shown in
Fig. 2.2. We keep in mind that the collective objective is to satisfy φ =

∧
j φj ,
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yet the actual analyses will be made sequentially for each vehicle j’s objective
φj .

A. Computing Temporal Logic Trees

As indicated by Fig. 2.2, the leaf nodes in the TLT represent the goal
proposition gj , the state constraint proposition cj and the collision proposition
dj,i, respectively. Through the use of the target, state constraint, and collision
propositions, we are able to freely encode and adapt different desired behaviors
for the intersection. Once the specification is designed, the construction of the
TLT proceeds by computing the reachable tubesRB(·) andRCI(·) underlying
the “until” ( U ) and the “always” (□) temporal operators, respectively. The
“eventually” operator is a special case of the “until” operator and, thus, is also
captured by computing RB(·). Then, the presence of Boolean operators “not”
(¬), “or” (∨), and “and” (∧) correspond to applying set complements, union,
and intersection, respectively.

The application of the set operations underlying the Boolean operators is
well-known and often exact. However, when an intersection is naively applied
to two reachable tubes, this can result in an approximation error. This is due
to the fact that the two reachable tubes may have targets or objectives that are
conflicting and are not possible to simultaneously satisfy. This problem is
sometimes known as the “leaking corner problem” [24, 28, 29]. We will refer
to it as the “conflicting objectives problem” in this work. We address this
conflicting objectives problem by recomputing the reachable tube of lower
priority vehicles starting from the point in time where their tube intersects
with the danger time-state set of higher priority vehicles. In the rest of this
section, we detail the computation of the reachable tubes necessary for these
SPP LTL formulae and the different computational techniques we use to reduce
computational costs and avoid the conflicting objectives problem.

B. Reachability Analysis for Intersections

For intelligent intersection specifications, we construct temporal logic trees
using HJ reachability analysis. The computational approach we use for HJ
reachability analysis is a powerful approach that is based on finding the
viscosity solution to a Hamilton-Jacobi-Isaacs Variational Inequality (HJI VI).
For more details about this approach, we refer readers to [30]). HJ reachability
analysis is especially beneficial for addressing the intersection safety challenge
due to it’s ability to easily handle the nonlinear dynamics of vehicles and
non-convex road geometries. Moreover, the resultant value functions from
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HJ reachability analysis can be used to efficiently compute the acceleration
and steering rate limits for each vehicle [24].

C. Simplifying the Analysis

In search of reducing the computational cost further, we find that for our
particular problem, we can combine two temporal statements into one.
Specifically, a common case for intersections is that when vehicles reach
their goals in the intersection, it is the same as leaving the intersection. This
allows us to represent the satisfaction of ♢gj ∧ □cj with the single reachable
tube R(Gj; Cj). Normally, this reachable tube only represents the satisfaction
of cj U gj . However, since in the case where vehicles leave the intersection
when they reach their goal, to satisfy ♢gj , we only need to keep track of
trajectories that stop at Gj and do not need to worry about trajectories that
will leave Gj afterward. We find the same idea applies for □¬

∨
i<j dj,i in the

full specification (3.1). That is, we simplify (3.1) to

(cj ∧ ¬
∧
i<j

dj,i)U gj (3.2)

to combine temporal operators for computational reasons, which means the
reachability analysis becomes

RB(Gj; Cj ∩ DC
j ). (3.3)

In the next section, we will detail how to make this approach more practical
for traffic management.

3.3 Traffic Management at Intersections
In this section, we describe our approach to computing (3.3). Finally, we
demonstrate using a driving limits service how these corridors can provide
safety filters for intelligent intersections.

3.3.1 Pass 1 and Pass 2
While we formally wish to compute (3.3), higher priority vehicles will not
necessarily interact with vehicle j at all times. When higher priority vehicles
are not present, then computing R(Gj; Cj) is sufficient to verify (3.2). If
Gj and Cj are invariant, we can improve performance by pre-computing the
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corresponding TLT subtrees for ♢gj ∧□cj in Fig. 2.2 offline. That is, Dj will
often only impose constraints during a certain time window TDj

= [ta, tb]

during which vehicle j interact with higher priority vehicles. Consequently,
for any t > tb it is sufficient to verify ♢gj ∧□cj since Dj will be empty
and, consequently, □¬dj,i will be true. This in turn simplifies (3.3) to
RB(Gj; Cj), and since lane geometries, traffic rules and other state constraints
that constitute Cj are often static, it is possible to precompute RB(Gj; Cj)
offline. On the other hand, for any t ≤ tb we need to recompute the analysis
with the added collision constraint that ensures a safe interaction with higher
priority vehicles.

By doing these steps, we reduce the total amount of reachability analysis
as performed online and avoid the conflicting objectives problem. That is, we
precomputeRB(Gj; Cj) offline, fetch it from a lookup table at runtime and then
update with (3.3) only for the relevant time t ≤ tb. The purpose of the update
is to remove all trajectories that would enterDj and collide with higher priority
vehicles. As such, we introduce the “Offline Pass”, Pass 1, that precomputates
Φ1

j = RB(Gj; Cj) and the subsequent online passes start with Pass 2 which
produces Φ2

j ⊆ Φ1
j by updating the solution using

R(Gj ∪ {(z, tb) | z ∈ ΩR(Gj ,Cj)(tb)}; Φ1
j ∩ DC

j ). (3.4)

The passes are illustrated in Fig. 3.2a and 3.2b, respectively.

3.3.2 Pass 3 and Pass 4
As mentioned in the previous section, although the steps so far produce
time-state sets that ensure safe behavior, (3.1) also allows for behavior that
negatively impacts throughput. This is a drawback of sequentially planning
in general; we are not considerate of lower priority vehicles and the system
as a whole. We will now introduce two important additions that refine the
admissible trajectories of higher priority vehicles, Pass 3 and Pass 4.

Given entry location G←j and time window T←j for vehicle j, we want to
find all trajectories that start from the entry time-state set G←j = T←j ×G←j and
still satisfy the constraints imposed by (3.2). The latter is true as long as the
vehicle stays within Φ2

j . To achieve the former, we need to evaluate trajectories
using forward reachability analysis. Specifically, Pass 3 computes

Φ3
j = RF (G←j ; Φ2

j).

The resulting time-state set, illustrated in Fig. 3.2c, starts at the entry and
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grows into Φ2
j . This highlights a common aspect of AIMs. Even though

it is the vehicle that suggests entry conditions, there is a requirement that
G←j ⊆ Φ2

j . If this is not the case, there exists no safe entry that both vehicle
j and the intelligent intersection can agree on. This could, for example,
trigger a renegotiation depending on the control architectures of the intelligent
intersection.

After Pass 3, vehicle j must enter the region at G←j and exit at locationG→j .
However, Φ3

j still allows the vehicle to exit at a number of different times. The
last step in pruning the trajectories is done by selecting a time window T→j , and
consequently G→j = T→j ×G→j , for exiting the region. However, deciding T→j
can be done in different ways, either manually or automatically. In this work,
we suggest finding the earliest possible time window of length ∆. Using the
time-state sets, this is easily done by finding the earliest time we can safely
reach the exit:

E = Φ3
j ∩ (TΦ2

j
×G→j ),

t = inf{τ ∈ TE | [τ, τ +∆] ⊆ TE}.

From this, we get the exit time window T→j = [t, t+∆].
With G→j = T→j × G→j determined, we reach the final step of the

refinement. Simply, in Pass 4 we once again perform another backward
reachability analysis:

Φ4
j = RB(G→j ,Φ3

j).

As with the entry, it is required that G→j ⊆ Φ3
j , meaning that exit conditions

are satisfiable considering previous passes. In comparison with Φ2
j , which

subsumes most of the intersection, the resulting time-state set Φ4
j is now a

narrow corridor as shown in Fig. 3.2d. Notably, a large ∆ means a large exit
time window, which in turn leads to a larger Φ4

j . Yet, if ∆ is too small, there
might not be any feasible trajectory that satisfy all conditions. Therefore, ∆
directly affects the efficiency of the intersection, and constitutes a part of the
trade-off with safety.

3.3.3 Driving Limits Service
The result of Pass 4 is, for vehicle j, a corridor that is safe to traverse. With
this in mind, we suggest the design of a service that issues driving limits such
that the vehicle is ensured to stay inside its safe corridor.

For a set of states, our service computes least-restrictive control sets
Aj(zj, t) that guarantee satisfaction of (3.1). To compute the driving limits,
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we follow the steps described in [24, Section V.B]. Let VΦ4
j
(zj, t) be the

underlying value function in the HJ reachability analysis representing the safe
corridor. Using VΦ4

j
, we compute Aj(zj, t) as the half-space a + b⊤uj ≤ 0

with

a = VΦ4
j
(zj, t) +DtVΦ4

j
(zj, t)δt

+DzVΦ4
j
(zj, t)

⊤fj(zj, uj)δt

b⊤ = DzVΦ4
j
(zj, t)

⊤gj(zj)δt.

Taken over time, this is a set of admissible accelerations such as depicted in
Fig. 3.1. For further details, we refer to [24]. In the next chapter, we show that
this method practically feasible with current compute capabilities.
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Chapter 4

Numerical Results

To demonstrate this work, we present numerical results that highlight the
benefits of our method. First, we present a 3-way intersection that highlights
the safety verification. Then, we show that the illustrations in Fig. 3.2 reflect
the computations of Pass 2 and Pass 4. Next, we use the computed time-
state sets to calculate least-restrictive control sets that runs the driving limits
service. Finally, we end this section with examples of three-vehicle scenarios
and report their computational time. The code for all results is publicly
available on GitHub∗.

4.1 3-way Intersection Scenario
The 3-way intersection scenario is presented in simulation, shown in Fig.
4.1, and includes three vehicles that cross the intersection in a way that risk
collision if there is no coordination between them. Each vehicle is modelled
by (2.1) with working space and control constraints: Si = {zi ∈ R5 | −1.2 ≤
xi ≤ 1.2,−1.2 ≤ yi ≤ 1.2,−π ≤ θi ≤ π,−π/5 ≤ δi ≤ π/5, 0 ≤ vi ≤
1}, Ui = {ui ∈ R2 | −π ≤ si ≤ π,−0.5 ≤ ai ≤ 0.5}. The roads enforce
constraints on the vehicles’ heading, except in the middle of the intersection.
Furthermore, a lower-bound speed limit of 0.4 m/s is set to prevent the vehicles
from stopping and blocking the way for following vehicles. Finally, for each
road we define entry and exit targets. For example, vehicle 2 will enter at
G←2 = {z2 ∈ S2 | 0 ≤ x2 ≤ 0.5,−1.2 ≤ y2 − 0.7}. The reachability analysis
is performed using the Python package hj_reachability† which solves

∗https://github.com/kaarmu/safe_intersections
†https://github.com/StanfordASL/hj_reachability

https://github.com/kaarmu/safe_intersections
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Figure 4.1: Shown are the safe sets for all vehicles over time (left part) and the
sliced time snapshots of the safe sets for each vehicle, vehicle 1 (red), vehicle 2
(blue) and vehicle 3 (purple), with priority in the given order (right part). Since
the safe sets are computed starting from the goal state, we mark the goal state
of each vehicle with an icon. The top row of the right part shows the analysis
done for vehicle 1 w.r.t its individual objective φ1. Similarly, the second and
third rows show the analyses done for vehicle 2 and vehicle 3, respectively,
where the gray regions are the reachable sets of higher priority vehicles seen
as obstacles.

the HJI VI on a 31 × 31 × 31 × 7 × 11 grid of the discretized single-vehicle
state space Si.

In Figure 4.1, we show the time evolution of the computed safe sets of each
vehicle. The analysis’ time horizon starts at t = 0, which is the current time,
and ends at t = 10. The top row shows the evolution of the highest priority
vehicle. The plotted safe set corresponds to all of the locations the highest
priority vehicle can be in to satisfy the intersection specification. Then, after
the safe set of the highest priority vehicle is computed, the safe set is passed to
the computation of the next vehicle to be used as a danger set (grey set). We
repeat this for each lower priority vehicle. In other words, the red and purple
sets are the danger sets (D3,1 and D3,2) for the 2nd and 3rd priority vehicles,
respectively. Interestingly, we see the reachable set Θ3 as computed in the
online pass for vehicle 3 in blue. Here, we clearly see how the reachability
analysis ensures that vehicle 3 avoid the higher priority vehicles. The online
pass is computed over the time frame TD3 = [0, 6] during which it removes
states that would otherwise lead to a collision with either vehicle 1 or vehicle 2.
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(a) Seen from above, we
see the safe corridors of
both vehicles at a time in-
stance. Additionally, entry
and exit locations for the
second vehicle are shown
in green.

(b) Slicing the intersection
at y = −0.3, we view the
progression of the sets in x
through time. We compare
the result of Pass 4 (blue)
with that of Pass 2 (gray).

(c) A set of admissible
accelerations computed by
the driving limits service
for the second vehicle at
x2 = −0.75, y2 = −0.25
and θ2 = 0.

Figure 4.2: Two vehicles passing through the 4-way intersection perpendicular
to each other. The first vehicle (red) going in the vertical direction, and
the second vehicle (blue) going in the horizontal direction. Both vehicles
stay within their indicated reserved time-state sets. In more detail, we show
important aspects of the second vehicle’s safety analyses.

4.2 Perpendicular Two-Vehicle Scenario
In this scenario, shown in Fig. 4.2a, two vehicles are at a 4-way intersection.
We are interested in following the second vehicle (blue) going straight through
the intersection, left to right. It is preceded by another vehicle (red), that enters
the area 0.9 s earlier, also going straight, but from bottom to top. With this
scenario, we wish to show results that reinforce our conceptual understanding
from Fig. 3.1 and Fig. 3.2.

4.2.1 Reservation of Time-State Corridors
Using entry and exit locations defined for left, right, bottom, and top, we
perform the online safety verification with Pass 2, Pass 3 and Pass 4. In
Fig. 4.2b, we show a slice of the intersection at y = -0.3 m to compare with the
illustrations in Fig. 3.2. Specifically, the red region is a slice of the reserved
time-state set for the higher-priority vehicle, the gray region shows the second
vehicle’s time-state set from the safety analysis in Pass 2, the green regions
show the entry and exit conditions, and the blue region is Pass 4’s final time-
state set that is then reserved for the second vehicle.
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4.2.2 Output of Driving Limits Service
In this work, we have suggested that vehicles at the intersection subscribe to a
driving limits service. For a given set of states, the service returns saturation
points for the vehicle’s control inputs that ensure it stays within its reserved
time-state set. For example, at x = −0.50, y = −0.25 in Fig. 4.2a, the second
vehicle (blue) must adhere to control constraints given by Fig. 4.2c. That is,
when 0.2 ≤ v < 0.6, the vehicle can safely utilize the full acceleration space.
However, if standing still, the vehicle is not allowed to decelerate. Naturally,
we can also see that there is no allowed control for v ≥ 0.6 since this is above
the region’s speed limit and thus already outside the safe time-state set.

4.3 Multiple Three-Vehicle Scenarios

(a) Three consecutive
right turns.

(b) Straight, right, and a
left turn.

(c) Two U-turns and a left
turn.

Figure 4.3: Shown are scenarios that illustrate the flexibility of our approach.
By providing only G←j and G→j , it is possible to compute these safe corridors.

Lastly, we show three vehicles approaching the 4-way intersection in three
different scenarios. For each scenario, the vehicles take different routes
starting at slightly different times. Before reaching the intersection, each
vehicle j ∈ {1, 2, 3} requests a safe corridor from G←j to G→j , corresponding
to their selected route, with ∆ = 2 s. In Fig. 4.3 we show the safe corridors
in dimensions x, y and t, using colors corresponding to the priority of the
vehicles. In this case, priority is given according to FCFS principles, with red,
blue, and purple corridors being in highest-to-lowest order.

The first scenario seen in Fig. 4.3a places all vehicles on the same route,
taking a right-turn at the intersection. As vehicle 1 (red) is reserving a corridor,
vehicle 2 (blue) also requests to pass through the region. The intelligent
intersection reserves a second corridor tightly after the first one, yet never
so they overlap. Finally, vehicle 3 (purple) makes the same request. Due to
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Pass 2 [s] Pass 3 [s] Pass 4 [s] Total [s]

Sc
en

ar
io

1 Vehicle 1 0 1.39 1.14 2.57
Vehicle 2 0.86 0.17 0.89 1.98
Vehicle 3 0 0.18 0.93 1.16

Sc
en

ar
io

2 Vehicle 1 0 1.36 1.23 2.63
Vehicle 2 0.88 0.18 0.90 2.02
Vehicle 3 0.90 0.18 0.95 2.10

Sc
en

ar
io

3 Vehicle 1 0 1.33 1.11 2.48
Vehicle 2 0.84 0.17 0.12 1.20
Vehicle 3 0.12 0.16 0.95 1.29

Table 4.1: Computational time for online safety verification. Computed with
AMD Ryzen Threadripper 2970X and NVIDIA GeForce RTX 2080 Ti.

being placed shortly next to each other, the two latter corridors are noticeably
smaller. The second scenario seen in Fig. 4.3b presents a more dynamic
situation. The same vehicles are now passing through the intersection using
different routes. We also see that, if determined safe, vehicles can be scheduled
at the same time. In this case, vehicle 2 (blue) and vehicle 3 (purple) drive in
opposite directions, making it possible to safely pass through simultaneously.
Finally, the third scenario seen in Fig. 4.3c shows that our method is flexible
enough to accommodate non-conventional routes. At the same time, vehicles
1 (blue) and 2 (red) request to do mirrored U-turns. Shortly after, vehicle 3
(purple) wishes to drive left in the intersection, following the first vehicle.

These examples demonstrate that our method is highly flexible and can
be used for various scenarios. For each scenario and vehicle, we show the
computational time of the online verification in Table 4.1. The scenarios were
simulated on a system equipped with an AMD Ryzen Threadripper 2970X
processor and an NVIDIA GeForce RTX 2080 Ti graphics card. Moreover,
to measure the performance of the driving limits service, we compute least-
restrictive control sets for 100 randomly selected time-states for each scenario
and vehicle. From this, the average computational time of a driving limits
request was below 2 ms in all cases. These results indicate that, with
modern software tools and hardware, our method is computationally feasible
considering the real-time requirements of intelligent intersections.
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Chapter 5

Conclusion

5.1 Discussion
In this paper, we develop a method to improve AIM safety by computing safe
time-state corridors using reachability analysis. By addressing the problem of
permissible planning, we can explicitly manage the trade-off between safety
and efficiency. Additionally, we propose the driving limits service as a safety
filter for AIM. Specifically, a vehicle can request a safe corridor before entering
the intersection. Once inside, the vehicle can use the service to compute input
saturation points, ensuring it remains within the safe corridor. To demonstrate
our method, we show multiple scenarios of a simulated 4-way intersection.
The results show promising performance, indicating feasibility for intelligent
intersections and opportunities for integration with AIM.

Compared to other methods, our approach provides explicit guarantees of
safety while maintaining flexibility in handling diverse vehicle behaviors and
dynamic intersection scenarios. Many existing AIM systems rely on heuristic-
based or centralized optimization methods to produce single trajectories.
Following single trajectories, vehicles will be sensitive to deviations from the
plan. In contrast, the use of temporal logic and Hamilton-Jacobi reachability
allows our method to formalize and verify intersection specifications for all
existing admissible trajectories.

However, there are two major issues left unresolved in our method.
Firstly, how to inter-connect regions separately managed by different LTMS.
Secondly, what are the rules around managing reservations. On the former,
we suggested in Section 3.1 that our method provides the necessary interfaces
for composing regions. The general idea is that the reservations should be
made such that two corridors overlap in their G← and G→ respectively. This
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Figure 5.1: Illustration outlining inter-region coordination with our method,
showing the overlap of safe time-state corridors during handover between two
regions managed by different LTMS.

is illustrated by Fig. 5.1. During hand over, the vehicle must then comply
with both regions. This is easily achieved by subscribing to respective driving
limits service and intersecting the received least-restrictive control sets. The
operation prunes away all controls, and consequently all trajectories, that do
not satisfy both regions’ safety specifications.

On to the latter issue, there are a number of relating practical problems.
For example, when is the earliest and latest time a vehicle can call for a
reservation with the LTMS? It is unfeasible that a corridor should be reserved
for a vehicle that is very far away, perhaps hours in advanced. That causes the
system to become very inflexible, requiring robust mechanisms for increased
cancellations and re-reservations to handle vehicles deviating from their
original plans. However, if they reserve too late, there may be little to no
available time-state space to reserve a safe corridor. The LTMS could perhaps
re-reserve other nearby vehicles, but this would likely violate their priority
order which in turn invalidates assumptions in SPP, ultimately causing a full
re-computation of all affected reservations.

Although these issues still need to be addressed, our method shows
promising opportunities. It is very flexible and could be applied to other
settings, such as highway merging, parking lots, and other transport sites that
require a high level of interactions, e.g. goods depots, bus terminals and
electric charging stations. With an LTMS at such sites we can create safe
time-state corridors that could coordinate vehicles in these scenarios as well.
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This highlights the potential of our method to enhance safety and efficiency
across various transportation scenarios.

This technology motivates new actors to take an active part in traffic
management, leading to a changing market and, possibly, the emergence of
completely new industries. Though, it is not well understood how to scale this
technology or for which transportation actor it makes practical sense to provide
these services. Moreover, it is unclear which industry should develop the
technology, protocols and collaboration with road users. Such concerns affect,
for example, whether the LTMS should be hosted in the cloud or deployed
at the edge. Cloud-based systems offer centralized computational resources
and easier maintenance but may introduce higher latency, especially in areas
with unreliable connectivity. On the other hand, edge-based deployments
reduce latency and enhance responsiveness but require significant local
computational infrastructure. Generally, there have not been enough tests
and demonstrators that quantitatively evaluate advanced C-ITS deployed in
different architectures.

There are also several theoretical questions that remain unresolved. At
the considered transport sites (goods depots, bus terminals, electric charging
stations, etc.), interactions are cooperative and possibly ephemeral, i.e., short-
lived and non-recurring interactions between vehicles and infrastructure.
What control techniques are suitable for such interactions and how does
independent control systems, which only temporarily interact, affect each
other? Current theories of distributed optimization, transient stability, and
robust control provide partial solutions but lack the necessary integration to
address the unique requirements of advanced C-ITS. Additionally, questions
about data trust, secure communication, and real-time adaptability to
unforeseen conditions remain critical areas for further research.

5.2 Future Work
In future work we wish to further improve performance using system
decomposition such as [29]. In addition to techniques like [29], there are still
many optimizations that could be developed for HJ reachability analysis, for
example, using sparse representation of the level sets.

We also plan to implement an intelligent intersection for small-scale
connected and automated vehicles. Through this, we aim to evaluate the
performance of our framework with real hardware and communication similar
to [31]. Such an implementation would allow us to demonstrate its integration
with other C-ITS technologies such as set-based pedestrian detection [32] or
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movement prediction of occluded road users [33].
Finally, an important future work will be to study how to compose

safety analyses for inter-regional coordination. This includes investigating the
interaction between local and regional control layers. It is important to ensure
that traffic coordination is sound even as vehicles transition across regions. In
the long term, such work could possibly develop the theoretical frameworks to
bridge higher-level control layers, such as traffic flow analysis, to local traffic
planning and direct vehicle control with formal guarantees.
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