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c!Outi Tammisola 2009

Universitetsservice US–AB, Stockholm 2009



Outi Tammisola 2009, Linear stability of plane wakes and liquid jets:
global and local approach

KTH Mechanics, SE-100 44 Stockholm, Sweden

Abstract
In this work, the linear stability of wakes and liquid jets is analysed with

global and local methods.

The first topic is the global instability of confined wakes, i.e. wakes with
near-lying walls. The problem is solved using 2D linear global modes. The base
flow, which starts from a wake inlet profile with di!erent velocity ratios between
the wake and the surrounding flow, is calculated by a spectral element method.
The global linear stability problem is discretised by Chebyshev polynomials in
both spatial directions, and solved by using a code based on a parallel version of
the Arnoldi Algorithm, with the aim of the mathematical libraries PARPACK
and ScaLAPACK. The frequency and growth rate of the most unstable mode,
and the spatial shape of the eigenfunction, are compared for confined and
unconfined wakes. The confinement is found to be stabilising at Re = 100,
and this is shown to be an e!ect of the di!erences in the streamwise mean flow
development between confined and unconfined wakes. For higher Reynolds
numbers, this e!ect disappears and the stability limits of the two types of
wakes approach each other. The highest Reynolds number studied was 500 to
get a good resolution of the modes.

The second topic is the e!ect of air co-flow on the stability of a plane liq-
uid sheet, which is studied theoretically and experimentally. A liquid sheet is
a liquid jet with an extent in the spanwise direction much larger than its ver-
tical thickness, so that the problem can be considered to be two-dimensional
in Cartesian coordinates. The flow studied is a water sheet in air, and is con-
vectively unstable due to an uniform inlet profile and a high Reynolds number
(Re = 2850). Therefore the flow can be studied with a local spatial approach.
The theoretical and experimental growth rates compare quantitatively well in
the case of stagnant air, and qualitatively well when air co-flow is introduced.
The largest di!erence between experimental and theoretical frequency-growth
rate curves is 20 %. The growth rate scales with the di!erence between gas and
liquid velocity. In addition, for a fixed gas velocity the growth rate scales with
the square root of the shear from gas at the free surface, or almost equivalently,
the gas boundary layer thickness.

The third topic is the global modes of a plane spatially developing liquid
sheet. The global stability problem is formulated, and preliminary results pre-
sented for the special case of an 0.55 mm thick water sheet in air for di!erent
Reynolds numbers.

Descriptors: Hydrodynamic stability, global modes, wake, liquid jet, confine-
ment, capillary instability, absolute/convective instability, papermaking.
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Preface

In this thesis the linear stability of plane wakes and liquid jets is inves-
tigated using global modes and local spatial stability analysis. The thesis is
divided into two parts. The first part gives an overview of the subject, model
equations, methods, and results found in the literature, and summarises the
results and conclusions of the present work. The second part consists of three
papers:

Paper 1 Outi Tammisola, Fredrik Lundell and L. Daniel Söderberg:
Global linear stability of confined wakes with co-flow

Paper 2 Outi Tammisola, Atsushi Sasaki, L. Daniel Söderberg, Fredrik
Lundell and Masaharu Matsubara:
Stabilisation of a plane liquid sheet by gas flow: experiments and theory

Paper 3 Outi Tammisola, Fredrik Lundell and L. Daniel Söderberg:
On the global stability of a viscous plane liquid jet surrounded by gas:
problem formulation and preliminary results

March 2009, Stockholm

Outi Tammisola
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Part I

Overview and summary





CHAPTER 1

Introduction

1.1. Jets and wakes in paper manufacturing

This paper you are holding in your hand right now is made of cellulose
fibres. However, its flat surface is not created by just pressing fibres
together — in that case it would hardly be possible to print anything on
it. To be able to get a homogeneous structure, we start with a suspension
of approximately 99 % water and 1% fibres. In a paper machine, this
suspension structures that either generate mixing for homogeneous fibre
distribution, or accelerate the flow to drag apart the dense structures
the elongated fibres tend to form together, called fibre flocs.

The suspension finally flows through a converging nozzle, the headbox
(figure 1.1), from which it enters air as a thin liquid sheet. The sheet
is typically 1 cm thick and 10 m wide. After a short distance this sheet
hits one or enters between two permeable nets, wires, where water flows
through and fibres remain (figure 1.2). Here the ”paper is made” — the
fibre network on the wires resembles the structure of the final paper.
The structure is also influenced by subsequent stages, where the paper
is pressed and dried. The pressing and drying section is more than
ten times longer than the wire section — so much energy is spent on
taking out the water that we put the fibres into in the first place! The
water is necessary in order to distribute the fibres homogeneously. A
more detailed description about the di!erent stages of the papermaking
process can be found in Norman et al. (2005).

Imagine now that we wish to make a paper with di!erent layers —
e.g. put some fine fibres on the surfaces, but less costly and unbleached
rough fibres in the middle to save both money and environment. Inside
the headbox, di!erent pulp streams could in principle be separated by
solid plates, vanes (figure 1.3). However, after the vanes we get wakes,
regions with locally lower velocity. Wakes are known to be susceptible for
oscillations (for a flow behind a cylinder, these oscillations are the famous
von Karman vortex street). Furthermore, when the liquid sheet moves

1



2 1. INTRODUCTION

Figure 1.1. The flow of a fibre suspension through a paper
machine nozzle, from where it enters air as a thin liquid sheet.
One aim of the sharp contraction is to drag apart fibre flocs.

Figure 1.2. The jet from the paper machine nozzle finally
hits two permeable wires, from which the water flows through
and fibres remain and build a ”fibre mat”. The structure of
this fibre network is important for the final paper sheet.

through the air, waves appear on its surface. Both flow instabilities, in
the wakes and in the sheet (figure 1.3), cause the pulp streams to mix
with each other, and distort the layers in the final paper.

The wake alone might be stabilised by base bleed — building a small
channel inside the vane from which water flows out at the vane end
turning the wake into a more stable jet, a region with a locally higher
velocity. The concept is called an AQ-vane. But even so, we have the
surface waves on the liquid sheet interface. It is not known how the
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water

air

Unconfined capillary jet
instability

Confined wake/jet instability

Figure 1.3. The hydrodynamic instabilities occurring near
the papermachine nozzle — 1) vortex shedding behind the
vanes (or a possible jet instability in the case of water filled
AQ-vanes) and 2) waves in the surface of the liquid sheet sur-
rounded by stagnant air. Confinement means near-lying walls.

di!erent kinds of instabilities will interact and how to achieve the most
stable flow conditions for the liquid sheet.

1.2. Hydrodynamic stability

By looking at the water tap, everyone has encountered both a laminar
and turbulent flow. When the flow velocity is low, the water stream is
clear and well-defined (laminar), but for high velocities there is an inten-
sive mixing of water with air, due to turbulence. By changing the veloc-
ity, we have changed the flow characteristics. The flow of water inside
a pipe also gives an illustrating example of some important parameters.
There we have two competing mechanisms — the fluid particles inertia,
that tends to spread their velocities towards a more disordered state,
and the internal friction forces of the fluid, that keeps them together.
As long as the velocity and pipe diameter are small enough, the frictional
viscous forces will win — the fluid feels the presence of the walls all the
way through and velocity variations in the mean flow are so much larger
than the stochastic velocity variations between individual particles that
these will fade away. But when particle inertia is big enough, the nature
will reach a state of increased entropy — turbulence, a stochastic flow
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a) b) c)

Figure 1.4. Illustration of stability concepts. The state of
the ball in the pictures is: a) stable, b) linearly unstable, c)
nonlinearly unstable.

velocity distribution with many di!erent scales present. The transition
for a pipe flow typically occurs when the Reynolds number characteris-
ing the ratio between inertia and internal friction forces of the fluid is of
the order 1000. The Reynolds number is defined as Re = Ub

! , where U
is the velocity in the middle of the pipe, b its radius and ! the kinematic
viscosity of the fluid. Thus, a high mean velocity and a large pipe radius
promote turbulence.

Fluid motion is under normal circumstances governed by the Navier-
Stokes equations. However, depending on the exact details of flow ge-
ometry and initial conditions these equations might have very di!erent
solutions. Some of the solutions are stable in the sense that any small
enough deviation decays and the flow returns back to this state. In ad-
dition to a steady flow field for low Reynolds numbers, there are also
stable periodic states, like the vortex street behind a cylinder that makes
the flag rod beat against the pole with a constant frequency on a windy
day. On the other hand, some other solutions can never be observed in
real life, because they are highly unstable to any noise from the envi-
ronment — for example, the laminar flow from the water tap at high
flow velocities, a solution which always exists in theory. The stable and
unstable solutions can be compared to a ball placed in a valley (figure
1.4 a) and on top of a hill (figure 1.4 b). In the first case, a slightly dis-
turbed ball will return to its initial position (the valley) by the influence
of gravity, and in the second, it will escape (from the top) also because
of gravity. Depending on the case, gravity acts here as a stabilising or
destabilising force. In the same manner, viscosity, surface tension, or
buoyancy might be stabilising or destabilising depending on the flow
problem under study.
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The above definition is related to the linear stability theory of flows
— the theory of what happens for infinitesimally small disturbances.
There might also be states that are une!ected by small disturbances,
but unstable to finite amplitude disturbances — compare to a ball in
a valley of a finite height (figure 1.4 c), that might roll over the hill to
the next valley if a strong enough impulse is given. The state described
above is nonlinearly unstable. Also, the new state an unstable flow will
finally reach cannot be determined from the linear stability problem
alone, but in that case nonlinear e!ects have to be considered. In this
thesis, we will focus on the linear stability of flows.

1.3. Global stability

Some unsteady flows behave like noise amplifiers — the response of the
flow is directly related to the disturbance level of the environment. If
acoustic excitation with a certain frequency is applied at the inlet, the
flow field will start to oscillate with that frequency, with an amplitude
that increases downstream. If the excitation is turned o!, the flow will
return to its undisturbed state. A boundary layer on a flat plate is a
typical noise amplifier.

Vortex shedding behind a cylinder, that was already mentioned in
the previous section, is a result of a di!erent kind of instability. The
oscillation frequency is the same in slightly di!erent experiments and
numerical simulations, and does not disappear even if we bring the noise
level down. The underlying steady flow field, that is ”never” seen, has a
resonance frequency that after the slightest excitation will continuously
be amplified by the flow field itself. This frequency, together with the
oscillation shape of the flow, is called a global mode, and such oscillations
are the main focus of this thesis.

1.4. About fibre suspension models

In this thesis, the flow stability is modelled for pure liquid, although the
initial motivation comes from papermaking, where a fibre suspension is
used. The internal friction forces, even called viscous forces, of a pulp
suspension containing fibres might di!er from the ones in pure liquid in
two ways:
a) The Newtonian viscosity µ depends on the fibre concentration. So
in a wake or jet, if fibres are added in only one of the streams, their
viscosities will be di!erent. So the instability scales might be di!erent
depending on whether they are put in the wake/jet or in ”free stream”
outside. This could be compared to the di!erent scales observed in hot
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Figure 1.5. Wakes in a channel — The wake develops from
a mixing layer at the inlet to parabolic profile far downstream

and cold jets.
b) The fibres are elongated, so depending on their orientation they make
a certain contribution to the shear and normal stresses. Their orienta-
tion in its turn depends on the velocity field. So the liquid becomes
non-Newtonian — the dependence of the viscous forces on the velocity
field does not follow the Newtonian law.

What comes to the property a), an e!ective viscosity varying with
concentration in space would be possible to include in the global stability
problem, despite some extra work in the implementation. The property
b) is more di"cult, both implementationally, and due to a lack of ap-
propriate models. The role of fibres will therefore not be investigated in
this thesis, but will remain as an issue for future work.

Some local analyses about the non-Newtonian e!ect on stability are
available in the literature. Bark & Tinoco (1978) investigated the local
linear stability of plane Poiseuille flow with fibres, using the viscosity
model of Batchelor (1970) with fibre orientation distribution based on
fibre movement in Stokes flow (Re = 0), and Azaiez (2000) used the same
model to calculate the stability of a mixing layer, but the orientation
distribution was assumed to vary stochastically around the flow direction
due to hydrodynamic interactions between the fibres. In both studies the
e!ect of fibres was to increase the critical Reynolds number. In addition,
in some experiments the wavelength has seen to be shifted towards longer
wavelengths. However, more research has to be done before making
general conclusions about influence of fibres on the stability.



1.5. SCOPE OF THE THESIS 7

air

water

air

Figure 1.6. An illustration of the flow in and around a plane
liquid sheet.

1.5. Scope of the thesis

The aim of the present study is to shed some light on the instability of
wakes and a plane liquid sheet, occurring e.g. in the nozzle of a paperma-
chine. Instabilities in this stage are rudimental to understand, predict
and control the structure of the final paper sheet.

We will analyse the hydrodynamic linear stability of two di!erent
flows: wakes in a channel (figure 1.5) and a liquid sheet in air (figure
1.6). The goal is not to characterise the stability of the paper machine
under operating conditions, but rather to understand more about the
basic character of the instabilities, and by which means they might be
avoided. The non-Newtonian behaviour of a fibre suspension is ignored,
both because it would substantially complicate the code implementation,
and due to a lack of a reliable viscosity models for fibre suspensions at
the moment. The results of the study are however not restricted to the
papermaking process, since it deals with two basic instabilities in fluid
mechanics. Both flow situations also occur in many other applications,
such as rocket fuel mixing for the confined wakes and spray and atomi-
sation for the liquid sheet. The aim in most applications is to enhance
the instability.

The thesis is organised as follows: We start by an Overview divided
in nine chapters, and then follows a second part — the Papers.
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Chapter 1 provides an introduction to the subject. The governing
equations are presented and linearised in chapter 2, while the presen-
tation of the linearised boundary conditions for each flow case are pre-
sented in detail in respective paper. In chapter 3 previous results in the
field are reviewed, and chapter 4 introduces the three flow cases of the
present study. Finally, results are briefly presented in chapter 5, and
summarised in chapter 6.

The second part consists of three reports in form of papers, for which
the work division between authors is presented in chapter 7.

In the first paper, co-flow wakes with di!erent amount of confinement
are studied with global modes. The Reynolds number is low (Re < 400)
to get a good resolution of the modes. In the following papers, we
focus on the liquid sheet. In paper 2, the e!ect of air co-flow on the
convective instability of a liquid sheet is investigated by local methods
and compared with experiments. Finally, in paper 3, global modes are
calculated for a relaxational liquid jet with a parabolic inlet profile.



CHAPTER 2

Governing equations

2.1. Navier-Stokes equations governing fluid flow

The fluid motion is usually governed by Navier-Stokes equations. In
these the fluid is assumed to be a continuous medium, and equations
of preservation of momentum, kinetic energy and mass can be derived
for an infinitesimal element "x"y"z, ”a fluid element”. Here we make
the assumption of incompressibility. This means that the volume of the
fluid particle remains constant — the fluid density should be constant
or slowly varying in space and time. Further, the fluid is assumed to be
Newtonian, i.e. there is a linear relation between the internal friction
forces and the local shear stress.

Let now the position of the fluid element be denoted by a vec-
tor r̄! = (x!, y!, z!), and its velocity components be called Ū!

tot =
(U!

tot, V
!

tot,W
!

tot)
1. The stars denote dimensional quantities. If possi-

ble, we let x! coincide with the streamwise, y! the vertical and z! the
spanwise coordinate of the flow. In addition, to determine the fluid
motion, the scalar pressure field P !

tot is needed.

With these assumptions, and without any volume forces such as
gravity, the Navier-Stokes equations describing the velocity Ū!

tot
= (U!

tot, V
!

tot,W
!

tot) and can be written as:

#
$Ū!

tot

$t!
+ #

!

Ū!

tot ·"
"

Ū!

tot = #P !

tot + µ"2Ū!

tot, (2.1)

" · Ū!

tot = 0, (2.2)

where # denotes fluid density and µ viscosity.

In addition, to be able to compare flows in di!erent geometries, e.g. a
flow in two pipes with di!erent diameters and flow rates, the problem is
nondimensionalised by scaling the length and velocity coordinates with
appropriate reference values:

1Here the subscript tot is used to distinguish from the steady base flow denoted with capital
letters in the next section

9
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r̄ = r̄!

Lref
, Ū = Ū!

Uref
, t =

t!Lref

Uref
, P = P

"!U2
ref

. Now the flow field resulting

from the above equation can be characterised in terms of one parameter,
the Reynolds number

Re =
#UrefLref

µ
, (2.3)

which properly defined describes the ratio between inertia and viscous
forces in the flow2. The flows with Re >> 1 are dominated by inertia
and called inviscid. More nondimensional parameters may appear from
the nondimensional boundary conditions, as is the case for the liquid
sheet. The nondimensional Navier-Stokes equations become:

#Ūtot
#t +

!

Ūtot ·"
"

Ūtot = #Ptot + 1
Re"

2Ūtot
!

" · Ūtot
"

= 0
(2.4)

Below the scalings for our two problems — confined wakes and a
liquid sheet — are mentioned in order to be able to define the rele-
vant nondimensional parameters in the equations. The flow cases are
presented more in depth in chapter 4.

2.1.1. Scaling parameters for the two flow cases

The wake problem is nondimensionalised using as reference parameters
the wake half thickness at the inlet h1, maximum velocity at the inlet U2,
and the liquid density and viscosity. For illustration of the parameters
see figure 1.5. This results in three nondimensional parameters — the
Reynolds number

Re =
#U2h1

µ
,

and two additional parameters characterising the inlet profile,
the confinement h:

h =
h2

h1
,

and the shear ratio #:

# =
U1 # U2

U1 + U2
.

The liquid sheet problem is nondimensionalised with the sheet half
thickness at the inlet b, the liquid mean velocity at the inlet Um, and

2This is not the only definition, however. For example for a fully developed channel flow
there is no inertia in the steady state. In this case Reynolds number represents the ratio
between convective and di!usive time scales.
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the density and viscosity of each phase (see figure 1.6). This results in
two di!erent Reynolds numbers, one for the liquid:

Rel =
#lUmb

µl
,

and one for the gas:

Reg =
#gUmb

µg
.

As will be seen in section 2.2, we get three additional nondimensional
parameters from the conditions in the boundary between liquid and gas.

2.2. Interface between liquid and gas

In the liquid sheet problem, we will solve one set of equations for each
phase — liquid and gas. The equations are most easily written out
in tensor form, where an index i means a component of a vector, and
repeated indices are summed over. The velocities and pressures in the
two phases will be coupled at the interface by the conditions below.
1) All velocity components are continuos at the surface:

U l
tot,i = Ug

tot,i. (2.5)

2) The tangential stress is continuous at the surface:

t̂tot,i(%
l
tot,ij # % g

tot,ij)n̂tot,j = 0, (2.6)

where %tot,ij = ##Ptot"ij + 1/2µEtot,ij , is the stress tensor with pressure

included, Eij =
#

#ui
#xj

+ #uj

#xi

$

the rate of deformation tensor, t̂tot is the

tangent vector and n̂ the normal vector of the surface seen from the
liquid side.
3) There is a jump in the normal stress due to surface tension:

n̂tot,i(%
l
tot,ij # % g

tot,ij)n̂tot,j = #&si, (2.7)

where & is the surface tension coe"cient between the liquid and gas, and
s is a surface divergence operator defined as:

si = (n̂tot,j
$

$xj
)n̂tot,i. (2.8)

Remember that due to the di!erent densities and viscosities for the
gas and the liquid, their nondimensionalisation is di!erent. We have the
following relations between dimensional and nondimensional variables:

U!l
tot = UmU l

tot

U!g
tot = UmUg

tot
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P !l
tot = #lU2

mP l
tot

P !g
tot = #gU2

mP l
tot

The nondimensional conditions on the surface thus become:

U l
tot,i = Ug

tot,i (2.9)

t̂tot,i(#P l
tot"ij + 1/2El

tot,ij + #̃P g
tot"ij # 1/2µ̃Eg

tot,ij)n̂tot,j = 0 (2.10)

n̂i(tot)(#P l
tot"ij + 1/2El

tot,ij + #̃P g
tot"ij # 1/2µ̃Eg

tot,ij)n̂tot,j =

# 1
We(

#
#xj

n̂tot,j)n̂tot,i,
(2.11)

where the Weber number is defined by

We =
#lU2

mb

&
(2.12)

and characterises the ratio between inertia and capillary forces (surface
tension), and #̃ = #g/#l and µ̃ = µg/µl.

To get a value of the surface normal, we need to know the position
of the surface, Htot, in each point. This is given by the free surface
equation of motion:

$ (y # Htot)

$t
+ Utot,j

$

$xj
(y # Htot) = 0, (2.13)

which says that a particle that once is on the surface, will always remain
there — the di!erence of the particle position y and the free surface
position following the particle path is zero.

These conditions are the starting point for the free surface treatment
in both the local stability analysis in paper 2 and the global in paper 3.

2.3. Linearised Navier-Stokes equations

In linear stability, the total flow field is decomposed into a time-independent
base flow (Ū , P ), usually a solution to the steady, laminar Navier-Stokes
equations, and a time-varying disturbance with zero mean (ū, p):

Ūtot = Ū + ū

Ptot = P + p.

The base flow is here assumed to be 2-dimensional with velocity distri-
bution

Ū = (U(x, y), V (x, y))

and pressure field
P = P (x, y).
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Since the norm of the disturbance (ū, p) is assumed to be small
compared to that of the base flow, the Navier Stokes equations are
linearised w.r.t. these disturbance quantities. The nondimensional, lin-
earised Navier-Stokes equations, with the base flow equations subtracted,
thus become:

#
$u

$t
# U

$u

$x
# V

$u

$y
# u

$U

$x
# v

$U

$y
+

#
$p

$x
+

1

Re

%

$2u

$x2
+

$2u

$y2
+

$2u

$z2

&

= 0 (2.14)

#
$v

$t
# U

$v

$x
# V

$v

$y
# u

$V

$x
# v

$V

$y
+

#
$p

$y
+

1

Re

%

$2v

$x2
+

$2v

$y2
+

$2v

$z2

&

= 0 (2.15)

#
$w

$t
# U

$w

$x
# V

$w

$y
+

#
$p

$z
+

1

Re

%

$2w

$x2
+

$2w

$y2
+

$2w

$z2

&

= 0 (2.16)

$u

$x
+

$v

$y
+

$w

$z
= 0. (2.17)

2.3.1. Global modes

Now we can make use of the translation invariance of the problem in
the spanwise direction. Since all coe"cients of the PDE system are
independent of z and t, the problem can be simplified by taking a Fourier
resp. Laplace transform in those variables:

ū =

'

D1

'

D2

(û(x, y,',(), v̂(x, y,',(), ŵ(x, y,',())ei($z"%t)d'd(,

(2.18)
where D1 and D2 are properly chosen integration contours in the com-
plex plane. We are looking at the discrete spectrum, where the integral
over t simplifies to a sum. Thus we Fourier/Laplace transform the equa-
tions 2.14–2.17 to get the following:
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#U
$û

$x
# V

$û

$y
# û

$U

$x
# v

$U

$y
+

#
$p̂

$x
+

1

Re

%

$2û

$x2
+

$2û

$y2
+ '2û

&

= #i(û (2.19)

#U
$v̂

$x
# V

$v̂

$y
# û
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If either ' or ( are given, the problem transforms to an eigenvalue
problem of the underlying di!erential operator. We get the global modes
by solving the temporal formulation of this problem, where a real wave
number ' is given, and a complex frequency ( is sought. The real
part of the eigenvalue ( then gives an oscillation frequency, and the
complex part an amplification rate in time for this frequency. To the
eigenvalue also corresponds a global eigenfunction q̂ = (û, v̂, ŵ, p̂) that
gives a distribution of the disturbance in space. Together the (-q̂-pair
is called a global mode.

For each ', there are many possible (. The result — the frequencies
against their growth rates — is called a spectrum. Then a given fre-
quency is defined to be unstable, if the imaginary part of ( is positive.
More specifically, after a long time the contribution to the flow response
comes in an increasing amount from the most unstable mode3.

From now on, we will for the global modes assume that ' = 0, i.e.
two-dimensional disturbances. We consequently have that w = 0. This
is a natural first case, especially when comparisons are made with local
methods, for which the Squires theorem is applicable (see next section).

3If a 3D base flow would be considered, then there might be ”absolute instability” also for
global modes with the above Ansatz, which would then dominate the flow response.
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In one of the studies, a 3D formulation of the stability problem will be
presented, but the results in all cases will be in 2D.

2.3.2. Local spatial stability

If the base flow is changing slowly enough in the streamwise direction,
we can assume the flow to be locally parallel. This implies that we ignore
all streamwise gradients of the base flow, and consequently, also ignore
all except the streamwise velocity component.

In other words, we take as the base flow the local streamwise velocity:
Ū = (U(y), 0, 0) and P = const.

This approach has the advantage that we now can Fourier-develop
the x-direction also. For the local Ansatz, there exists Squire’s theorem,
which says that a two-dimensional disturbance is always amplified for
lower Reynolds numbers than a three-dimensional one (Drazin & Reid
1981). For many flows, this makes it possible to calculate local stability
boundaries by only looking at two-dimensional disturbances. For the
liquid sheet problem this is not strictly true, since we have another
parameter a!ecting the stability in We. However, in our local liquid
sheet study we will look at two-dimensional disturbances, since this is
what is seen in the experiments. Therefore we drop the w-component
and the spanwise wavenumber. The Ansatz now becomes:

ū =

'

D1

'

D2

(û(y, k,(), v̂(y, k,())ei(kx"%t)dkd( (2.23)

In experiments, stability investigations of convectively unstable flows
are usually performed by forcing the flow at a certain frequency e.g. at
the inlet, and registering the amplitude development downstream. This
we can imitate in theory by adopting the spatial stability approach,
where the frequency ( is taken as real, and the complex wavenumber k
is sought. The real part of k is directly related to the wavelength, and
the imaginary part gives the growth rate in the streamwise direction. As
in the previous section, all possible values of k for a chosen ( constitute
a spectrum.

The spectrum is more important than the modes, and usually only
a few most unstable modes are of interest. Therefore it is advanta-
geous to reduce the number of equations to one by introducing the Orr-
Sommerfeld equation (Schmid & Henningson 2001):

(ikU # i()
!

D2 # k2
"

v̂l,g # ikD2Uv̂l,g = Re"1
l,g

!

D4 # 2k2D2 + k4
"

v̂.
(2.24)
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The u-component of the interesting modes can then be calculated after-
wards from the vorticity equation.

2.4. About boundary conditions

For the Navier-Stokes equations to be well-posed, we always need a
suitable set of boundary conditions for the velocities and/or the pressure.

In the Linearised Navier-Stokes equations, we need linear boundary
conditions for the disturbance mode (û, v̂, p̂). For the liquid sheet, the
interface conditions between gas and liquid will be linearised. Also, all
quantities will be extrapolated to the mean position of the surface, to
be able to remove base flow terms (base flow is assumed to satisfy the
interface conditions).

How the boundary conditions look like in detail depends on the
problem under study, and we therefore refer to the respective paper for
a description of these.



CHAPTER 3

Literature review

3.1. Recent advances in the global stability of flows

Global self-sustained oscillations of flows are an area of interest for ex-
perimental as well as theoretical work.The ultimate goal is to charac-
terise if a flow behaves as a noise amplifier returning towards the basic
state when the disturbance level is lowered, and which flows continue
amplifying the disturbance even if the disturbance source is removed.

As with stability problems in many other fields, growth of flow dist-
urbances is often addressed by looking at the linearised problem. In the
global linear setting, the growth of self-sustained oscillations is related
to the ability of the flow to support structures of the form:

u(x, y, z, t) = û(x, y, z)e"i%t

with a positive growth rate: (i > 0. But to solve the linear stabil-
ity problem with a three-dimensional eigenfunction û(x, y, z) requires
extensive computational resources, which have not been available until
recently.

Therefore, in two-dimensional cases with one dominating velocity
component, one has tried to find approximations of the flow behaviour
by looking at one-dimensional eigenfunctions of the local velocity profile
in each streamwise position. To classify di!erent kinds of oscillations in
the local setting, the pioneers of linear global stability of flows(Briggs
1964; Huerre & Monkewitz 1990) introduced the concept of absolute
and convective instability related to the linear impulse response of flows
(figure 3.1). This means that a flow field is disturbed locally at one
streamwise point at one instant in time, and the development of the
generated wave packet is investigated. If the amplitude of the linear im-
pulse response grows without a limit, but at the same time is convected
downstream from the source, the flow is locally convectively unstable.
If the impulse response in some point grows without a limit and is not
convected away as t $ %, the flow is locally absolutely unstable. For

17
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a) c)b)

Figure 3.1. The definition of di!erent kinds of flow insta-
bilities based on the linear impulse response: a) Stable, b)
Convectively unstable, c) Absolutely unstable.

slowly spatially developing flows, a large enough region of local absolute
instability should then give rise to a two-dimensional linear global mode:

u(x, y, t) = û(x, y)e"i%t

The determination of the predicted global frequency ( is of a deep math-
ematical character. In short, the local absolute frequency (0 is given by
a saddle point of the dispersion relation in the complex plane, such that
#%
#k = 0 (Briggs 1964). The frequency of the global oscillation is then
obtained by an analytic continuation of the dispersion relation to the
complex plane in the streamwise coordinate x and searching a point
such that #%0

#X = 0, where X is complex. Fortunately, there are standard
methods which make this point relatively easy to find (for a description
about the methods, see Briggs (1964) and Huerre & Monkewitz (1990)).

In their early review, Huerre & Monkewitz (1990) showed that a
finite region of local absolute instability is a necessary condition for
linear global oscillations to occur for the Ginzburg-Landau equation with
a slowly spatially varying term — a 1D equation with similar terms as
the Navier-Stokes equations governing fluid flow. Later, the concept of
local absolute instability has successfully been used for finding the onset
of global oscillations in certain flows, where the streamwise development
of the main flow is slow compared to the streamwise length scale of
the disturbances, e.g. for predicting the transition radius for flows over
rotating discs (Lingwood 1996).

With increasing computational power, we have recently seen global
modes in more and more complicated geometries. Development of nu-
merical methods to handle large eigenvalue problems has also stimulated
this field. With iterative Krylov methods it is possible to recover a large
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number of least stable modes of large systems. Memory need during the
computation is still a problem, that might be helped either by solving
the system in parallel, like in the present work, or by using a time-
stepping method based on a linear Direct Numerical Simulation code.
For problems where the base flow is three-dimensional, the last men-
tioned approach is the only existing alternative. Recently, a number of
global modes for such a 3D problem — jet in cross-flow — was computed
by Bagheri et al. (2009) by a time-stepping method.

A peculiarity of the global modes obtained by solving the full linear
problem for open flows is that they become increasingly nonorthogonal
for high Reynolds numbers. This means that we might get more tran-
sient growth — during a long time, the sum of the modes can grow faster
in amplitude than any individual modes, before we reach the asymptotic
behaviour. This growth might be enough to change the flow state in the
same way as an unstable global mode, even if the flow is globally stable.
Also, the transient growth makes it possible to study convectively un-
stable flows by looking at a sum of many stable eigenmodes. This was
done for the Blasius boundary layer by Ehrenstein & Gallaire (2005),
who by animating a sum of modes in the global spectrum got struc-
tures that propagated downstream and increased in amplitude at the
same time, resembling in shape the Tollmien-Schlichting waves found in
the local spatial analysis. Closely related to the transient growth is the
notion of an optimal initial condition — the initial sum of modes that
will result to the largest amplification of energy after a certain time.
This can be calculated at the same time with the transient growth —
for details, see Schmid & Henningson (2001). For the Blasius boundary
layer, the optimal initial condition was seen to consist of a combination
of Tollmien-Schlichting waves with another physical mechanism, the Orr
mechanism (Åkervik et al. 2008).

Another feature related to nonorthogonality is that the global mode
shape might not give a correct picture of the region where the flow is
most sensitive to excitation with the global mode frequency. Namely,
excitation always introduces a small modification of the base flow field.
Also, the discretised problem never exactly equals the continuous prob-
lem, not to mention an experimental setup. Sometimes, any such mod-
ification might introduce a substantial displacement of the global mode
spectrum (Chomaz 2005). The region where the spectrum is most sen-
sitive to modifications of the base flow can be identified by studying
the adjoint problem. This notion is intuitively related to the concepts
of controllability (adjoint modes) and observability (global modes). The
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largest response in a real flow field should be expected to occur in the re-
gion where global and adjoint modes overlap — this is sometimes named
the wavemaker region1 (Chomaz 2005; Giannetti & Luchini 2007). Re-
gions sensitive to periodic forcing can be determined in a similar man-
ner (Schmid & Henningson 2001). When the global modes are very
nonorthogonal, the regions of largest receptivity to disturbances (maxi-
mum of the the adjoint mode) and regions of largest response (maximum
of the global mode) may be widely separated in space. Then it is not
always obvious what will be seen. Chomaz (2005) shows that for the 1D
Landau equations, the nonlinear dampening e!ect occurs in the global
mode region, while the locally absolutely unstable region is very recep-
tive. This might lead to a di!erent phenomena, that will be discussed
below.

In parallel to the linear global modes always taking into account the
whole domain, another idea has developed the during the recent years
from the front concept, where the oscillating flow field is divided into
two parts — an upstream part which can be considered as linear, and a
downstream part which is in the bifurcated state, expressing a nonlinear
oscillation. If this division can be done, it could be possible to predict
the nonlinear frequency by looking at the linear stability properties in
the ”last linear point”? This attempt resulted in a theory named as
nonlinear absolute instability, defined in terms of the nonlinear impulse
response: If the trailing edge of a saturated nonlinear wave train induced
by any finite amplitude perturbation at t = 0 is moving downstream,
the instability is nonlinearly convective. If the trailing edge is moving
upstream, it is nonlinearly absolute.

In the local nonlinear theory for the Ginzburg-Landau equation with
variable coe"cients, the frequency of the nonlinear oscillation is selected
by the frequency of the point separating the locally linearly convec-
tively unstable and locally linearly absolutely unstable point, (ca (Pier
& Huerre 2001). So in this way, this theory returns to the early concepts
in Huerre & Monkewitz (1990), previously introduced to simplify the
linear global mode problem. The nonlinear elephant mode rises steeply
with the same shape as the spatial downstream propagating k"-wave
towards the onset point of local absolute instability, where it saturates.

It has been demonstrated recently that slowly spatially developing
flows might support this kind of nonlinear global mode. The review of

1This term is also used as a synonym for the absolutely unstable region, which is not what
is meant here.
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Chomaz (2005) reports about results for a synthetic parallel wake that
is globally linearly stable, but in DNS produces a vortex shedding with
a frequency agreeing with the local nonlinear theory. Pier & Huerre
(2001) compared the oscillation frequency in a rapidly varying flow, the
wake behind a cylinder, between the saddle point frequency (s (local
linear theory) and (ca(local nonlinear theory). In a marginally unstable
case, the frequency practically coincides with (s and departs from (ca

by more than 20 %, thus validating a linear local or global approach.
When the Reynolds number is increased beyond onset, the local linear
frequency (s gradually departs from the observed nonlinear frequency.
The flow becomes more parallel with increasing Re, so although not
shown, (s should gradually approach the frequency of a linear global
mode, which also should depart from the observed frequency. However,
(ca approaches the observed frequency and coincides with it around
Re = 180, just beyond the onset of three-dimensional oscillations. At
that point the deviation from (s is 50 %. This demonstrates the possibil-
ity of local linear analysis to predict frequencies in the globally nonlinear
regime. A similar analysis was made for a low-density jet numerically
by Lessha!t et al. (2005) and experimentally by Hallberg & Strykowski
(2006). This flow admits an absolutely unstable inlet profile, so the
concept of local convective/absolute transition is not directly applica-
ble. The local nonlinear theory conjectures instead that if the absolutely
unstable region is large enough, a nonlinear global oscillation will be ob-
served with the absolute frequency at the inlet. Both studies found a
reasonable agreement with that frequency.

Above, two di!erent competing and complementary approaches have
been presented. Obviously, there are flows that develop too fast in any
direction to be characterised by local methods only taking into account
one velocity component. Then either linear global modes or fully nonlin-
ear simulations should be used. This also applies to flows where a three-
dimensional disturbance is more amplified than any two-dimensional dis-
turbance — these cases are not accounted in the local analysis (whenever
Squire’s theorem is valid). But on the other hand, in the cases where
the streamwise direction of a 2D flow is more homogeneous, the global
modes itself might be too non-orthogonal to give a good picture of the
flow. In particular, it might be hard to decide the frequency of the non-
linear oscillation, determined by several global and adjoint modes. But
if we let us speculate a little bit: Maybe the adjoint analysis could point
out better wavemakers to the local analysis to calculate the frequency
in, than the first absolutely unstable point?
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Figure 3.2. The definition of a varicose (streamwise symmet-
ric) and a sinuous (streamwise antisymmetric) disturbance
mode

The answer to this and other similar questions will probably be clear
in the near future. But in the light of results presented above one would
expect the following ”separation of scales”:

i) Near the transition, disturbances with moderate growth, strongly
developing base flows — linear global modes helps to understand physics
behind the onset of global oscillations.

ii) Disturbances with a stronger growth, streamwise weakly devel-
oping 2D flows — oscillation is born near the first absolutely unstable
point, and therefore the oscillation frequency might be actively or pas-
sively controlled near that point.

iii) Strong growth and strongly developing base flow, or very strong
growth — we can only apply a fully nonlinear simulation to reveal some-
thing about the flow structure.

3.2. Stability of confined wakes

3.2.1. Background

Huerre & Monkewitz (1990) shortly considered the implications of lo-
cal absolute instability analysis on unconfined “wakes and jets”, with
constant velocity and density inside each layer. They concluded that
the absolute instability is enhanced by a high velocity ratio for both
wakes and jets, and that high density wakes and low density jets are
most unstable. In the wake the sinuous (antisymmetric) von Karman
mode becomes unstable first, while in the jet it is always a varicose
(symmetric) mode (figure 3.2).

Almost at the same time, Yu & Monkewitz (1990) analysed the e!ect
of viscosity, velocity profile and density ratio on unconfined jets and
wakes, and they postulated that the transition to absolute instability
was caused by interaction of the shear layers and was not a viscous
e!ect.
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However, the situation might be di!erent for confined wakes and
jets, for two reasons:
1) the degree and type of confinement considerably e!ects the mean flow
profile, and
2) the disturbance itself is also confined and has boundary layers near
the confining walls, and this might e!ect the stability properties.
In particular, the length of the locally absolutely unstable region is
known to be important for the onset of global oscillations, and this
length also naturally changes with the mean velocity profile.

The e!ect of confinement on a wake behind a cylinder has been
studied extensively, since the configuration is used for increasing the
amount of mixing and heat transfer in channels. However, according to
our knowledge, no viscous study on the e!ect of confinement on plane
2D wakes and jets has been published yet.

An inviscid study on confined wakes and jets, using the initial mixing
layer concept of Huerre & Monkewitz (1990), has recently been made
by Juniper (2007). His results will be reviewed more extensively in the
next section, since they have given a comparison case and inspiration
for the present study.

3.2.2. Inviscid instability of a confined double mixing layer

Juniper (2007) investigates the e!ect of confinement (walls) on the sta-
bility of a double mixing layer of the type of Huerre & Monkewitz (1990).
The symmetric base flow consists of two outer layers with thickness h2,
density #2 and velocity U2 and one middle layer with half-thickness h1,
density #1 and velocity U1 (figure3.3). Apart from the density ratio,
there are two relevant parameters in this inviscid study. The confine-
ment parameter h is defined as:

h =
h2

h1
(3.1)

and the shear ratio ):

) =
(U1 # U2)

(U1 + U2) .
(3.2)

Surface tension and interface displacement are included in the initial
model, but the fluids are inviscid, which leads to an analytical dispersion
relation. However, the stability is only investigated in the limit of zero
surface tension. The analysis is performed with normal modes and the
pinching technique. Firstly, the e!ect of density and velocity ratio on an
unconfined wake/jet is investigated. Secondly, the e!ect of confinement
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Figure 3.3. Illustration of the base flow configuration used
by Juniper (2007) (idea to the picture from Juniper (2007))
for studies of wake and jet instabilities: A double mixing layer
with uniform velocities inside the layers. The symmetric base
flow consists of two outer layers with thickness h2, density #2

and velocity U2 and one middle layer with half-thickness h1,
density #1 and velocity U1.

is studied for density ratio S = 1 (uniform density). The boundary be-
tween absolute and convective instability in the confinement-shearratio-
plane is plotted for the sinuous case in figure 3.4, for h = 0.1 # 10 and
# = #1.5 # 0. In a wake, the sinuous mode is known to be the most
unstable one. It is concluded that if the thicknesses of the wake/jet and
of the outer streams are of similar magnitude, the absolute instability is
enhanced by confinement.

3.3. Stability of liquid sheets

3.3.1. Background

The temporal stability of a liquid-gas interface has been studied for a
long time, mainly focusing on the axisymmetric liquid jet. Rayleigh
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Figure 3.4. The region of absolute instability in the inviscid
study of Juniper (2007) ,with respect to confinement h (3.1)
and inverse shear ratio 1/# (3.2) is colored with grey in this
picture, provided by M. Juniper

(1878) showed in his analysis of an inviscid liquid cylinder surrounded
by an inviscid gas that the jet was unstable to all wavelengths longer
than its circumference. The conclusion is that every long enough ax-
isymmetric liquid jet will finally break up into droplets, due to surface
tension. Weber (1931) investigated theoretically the influence of a ve-
locity di!erence between liquid and gas, and concluded that this should
enhance the capillary breakup process. Note that for jets entering a
stationary gas, there is always such a velocity di!erence. He derived a
nondimensional number that is widely used for free surface flows, the
Weber number We, representing the ratio between inertia and capillary
forces. These are the two instability mechanisms for cylindrical jets —
capillary instability and aerodynamic instability.
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Another application that has been studied to some extent is a plane
liquid sheet. The sheet is per definition assumed to be thin, i.e. its
spanwise extent is much longer than the vertical thickness. This means
mathematically that it can be assumed to be two-dimensional in a Carte-
sian coordinate system.

A liquid sheet is in one way fundamentally di!erent from a cylindrical
jet — except from the rims, which are assumed to be far apart, there
are no sharp curvatures. Hence there is no 2D instability caused purely
by surface tension. This was shown by Squire (1953), using the same
assumptions as Rayleigh (1878) for the liquid cylinder. However, as
soon as the interface is perturbed, e.g. by a velocity di!erence between
water and air (cmp. aerodynamic instability), a complex interplay of
inertia, capillary and viscous forces will decide the stability or form of
the instability.

Hagerty & Shea (1955) introduced a surrounding inviscid stationary
gas in the liquid sheet problem. They concluded that:
1) the only modes possible were antisymmetric (sinuous) or symmetric
(varicose),
2) the instability was of aerodynamic nature, i.e. caused by a velocity
di!erence between water and air, and
3) surface tension always acted as a stabilising force

This temporal stability analysis was extended to the case of a vis-
cous liquid sheet by Li & Tankin (1991). They found two instability
modes — firstly, the aerodynamic instability of an inviscid nature which
was not a!ected by Reynolds number, and secondly a viscosity-enhanced
instability mode. The latter mode showed a significant dependence on
Reynolds number, and became the dominant mechanism for low Weber
numbers (We & 0.1). For high Weber numbers (We >> 1), the more
common case where the aerodynamic instability is more important, they
found that the liquid viscosity stabilised the flow and shifted the insta-
bility to longer wavelengths.

The first absolute instability analysis for a viscous liquid sheet sur-
rounded by inviscid gas was made by Lin et al. (1990)2. They found
a pseudo-absolute instability for the sinuous mode for Weber numbers
below unity, which means that the impulse-response does not vanish in
any streamwise point in time, but always remains bounded. de Luca

2Before this, there had been other similar analyses disregarding the ambient fluid
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(1995) also looked directly at the impulse response for an inviscid liquid
sheet falling under gravity, and obtained the same critical We.

Later the absolute instability analysis was refined by Li (1993). The
conclusions are summarised below:

1. For We < 1 the sheet is pseudo-absolutely unstable, otherwise
convectively unstable,

2. for We >> 1, and #We << 1 the convective instability is sinu-
ous, and viscosity reduces the growth rate and shifts instability
to longer wavelengths,

3. for We >> 1 and #We >> 1 sinuous and varicose instability are
of the same magnitude,

4. for varicose instabilities the viscosity always reduces the spatial
growth rate and wavenumber.

However, the spatial analysis did not confirm the existence of two dif-
ferent peaks for low We discovered in the temporal case by their earlier
analysis (Li & Tankin 1991), since the viscosity-enhanced instability had
a very low spatial growth rate.

Another phenomenon related to the liquid viscosity is the base flow
velocity profile relaxation, for both the cylindrical jet and planar sheet.
This happens when the velocity profile at the inlet is not uniform, but
more parabolic, when the liquid emerges from a long channel or pipe.
The velocity changes gradually towards the uniform profile and due to
conservation of mass and momentum, the jet contracts.

The e!ect of relaxation on stability was first analysed for the cylin-
drical jet by Sterling & Sleicher (1975). The problem of the original
theory of Weber (1931) about the aerodynamic instability was that it
seemed to greatly underpredict the growth rates and break up length of
the jet seen in experiments. Sterling & Sleicher (1975) proved indirectly
that relaxation was destabilising the flow — by deriving a parameter to
account for the relaxational e!ect, and by comparing the fit to experi-
ments for various lengths of the inlet pipe. Another new feature Sterling
& Sleicher (1975) considered was the viscosity of the ambient gas. This
was done by a semi-empirical correction to the normal stress on the jet
surface, considering the pressure in a shearing flow over a wavy cylinder
instead of inviscid flow. The conclusion was that the viscosity of the
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ambient gas had a stabilising e!ect.

Up to this point, most calculations were made analytically. In the
1990:s, this was changed since the solution of Orr-Sommerfeld equations
became feasible, and more e!ects could be included. To support the
theory, many experiments and flow visualisations were made.

Hashimoto & Suzuki (1991) studied a relaxational liquid jet, and
found fine interfacial waves with wavelength smaller than the sheet thick-
ness near the nozzle. They tried to explain the waves by temporal sta-
bility analysis disregarding the ambient gas, and they found two sinuous
and two varicose modes in the calculations.

Söderberg & Alfredsson (1998) extended the study to viscous ambi-
ent gas experimentally and numerically, with local temporal and spatial
approaches. He found a fifth unstable mode, which was sinuous. The
most unstable mode found in the experiments could be explained by
looking at a linear combination of two of the sinuous modes. Later,
Söderberg (2003) also performed an absolute instability analysis for this
flow, and found a genuine absolute instability, even for We > 1. This
opposed the well-known previous result for the uniform sheet in inviscid
gas by Lin et al. (1990).

de Luca (1999) studied experimentally the break-up of a liquid sheet
with a uniform inlet profile, falling under gravity. He found that the wa-
ter sheet always ruptured at a We below unity, the deviation depending
on the degree of non-parallelism of the flow. He suggested that the
break-up was connected to global instability.

Lozano et al. (2001) made experiments with overblowing air with
di!erent velocities in parallel to a liquid sheet, aimed at understanding
the atomization process. The air velocity was consequently at least 10
times larger than the sheet velocity. They found that the air boundary
layer thickness damped the disturbances, reduced the wavelength and
growth rate. They also made temporal stability calculations, where the
agreement was only modest, but still better than if inviscid gas was
considered.

In addition, many flow visualisations have been made during the
years, in order to shed some light on the breakup process (Mansour &
Chigier 1991; Park et al. 2004), which is more complicated for the sheet
than for a cylindrical jet — first the sheet breaks up into ligaments and
then drops, with unpredictable sizes. The mechanism is of interest for
spray applications, and is not yet well understood. The most unstable
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mode is generally sinuous, and it is not clear why this would lead into
break-up, since the water surfaces oscillate in phase, preserving their
distance to each other. Jazayeri & Li (2000) studied the nonlinear de-
velopment of an inviscid liquid sheet in inviscid gas, and found that the
first harmonic of the most unstable sinuous mode is varicose. They sug-
gested this would imply thinning of the liquid sheet at the phase angle
3*/4 resp. 7*/4 of the sinuous wave and a subsequent breakup into
ligaments.

In the following, the results by Söderberg (2003) for the absolute
instability of a relaxational plane liquid sheet will be reviewed in detail,
to be able to compare with the global mode results later on.

3.3.2. Absolute instability of a plane relaxational liquid sheet

Regions of absolute instability for a relaxational liquid sheet were inves-
tigated by Söderberg (2003), numerically and experimentally. He found
a region near the inlet where the sheet did not respond to acoustic forc-
ing. In the theoretical analysis for the same parameters, he also found
a region of absolute instability near the inlet.

His water sheet (figure 3.5) emerged from a straight channel, and
in the stability analysis he assumed a parabolic outlet profile. The
sheet thickness at the inlet was held constant (0.55 mm) and he var-
ied the inlet velocity. This means that the Reynolds and Weber number
changed simultaneously. The resulting boundary of absolute instability
as a function of x/Re and Re can be seen in figure 3.6 by projection
of the three-dimensional curve to that plane. The absolutely unstable
region then extends from the inlet to the projection of the line.

For low Reynolds numbers Re ! 200 the whole sheet is absolutely
unstable, as is expected since then We < 1. For higher Reynolds (and
Weber) numbers there is a finite region of absolute instability, that moves
closer to the inlet with Reynolds number. For Re = 1000 the region only
extends to approximately 10 sheet half widths from the inlet.

An interesting detail is that in the flow visualisations in the same pa-
per, the sheet is seen to break up much closer to the inlet when Reynolds
number is increased. For low Reynolds numbers, this happens far down-
stream. At the same time, the extent of the absolutely unstable region
goes in the opposite direction, i.e. decreases with Re. Consequently, the
sheet break up is not seen to be directly related to the presence of local
absolute instability. There might be a link to the global studies here. In
many previous jet studies, the absolutely unstable region lies near the
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Figure 3.5. The experimental setup used in the liquid sheet
studies of Söderberg (2003): side view (left) and front view
(right). The sheet emerges from a straight channel. The pic-
ture is taken from Söderberg (2003).

inlet, while the global mode appears further downstream (e.g. Chomaz
(2005)). Of course, the break up might also be mainly a result of con-
vective instability. The character of the waves, absolute or convective,
is not evident from the pictures.
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Figure 3.6. Region of absolute instability for an 0.55 mm
thick water jet in air, as a function of Re and We (note that
these are coupled). Picture from Söderberg (2003).



CHAPTER 4

Flow cases

4.1. Global instability of confined wakes

In the present work, the e!ect on confinement on global linear stability
of viscous wakes with uniform density and viscosity is studied. The full
2D linear stability problem is solved, i.e. an Ansatz with 2D temporal
global modes is used.

The inlet profile for the base flow is a slightly smoothened double
inviscid mixing layer (figure 3.3 & 1.5). The wake developing from this
profile has often a region of reverse flow and therefore is unstable from
low Reynolds numbers, and also serves as a comparison with the earlier
inviscid study of Juniper (2007).

The global stability limit is investigated as a function of the ingoing
parameters, especially the limit of least co-flow at the inlet (base bleed)
when the wake is still unstable. With a large counterflow at the inlet
we would encounter a di!erent flow case; the total outflow rate for a
confined wake would be almost zero, making the exact geometry of the
inlet more important than any of the parameters involved in this study.

In order to define the viscous confined problem, three parameters are
needed. Two of them are chosen as in Juniper (2007) — confinement
h (3.1) and shear ratio # (3.2)1. The third parameter is the Reynolds
number, and here it is based on wake half thickness and outer stream
velocity (figure 1.5):

Re =
U2h1

!
(4.3)

As the inlet profile is chosen a slightly smoothened version of the uniform
layers used by Juniper (2007) (figure 4.1). Then the base flow wake is
developing from this inlet profile in a manner determined by confinement

1Velocity ratio U1/U2 would have been an equivalent choice, but shear ratio is more commonly
used for wakes

32
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Figure 4.1. Streamwise velocity profiles for the wake base
flow at di!erent downstream stations: a) x=0, b) x=2, c)
x=10, 4) x=25, and e) x=80.

Figure 4.2. Base flow streamwise velocity. Dark regions have
low or reverse velocity and light regions high velocity, for the
no slip case (above) and the slip case (below). The velocity
profiles in the same streamwise positions as presented in figure
4.1 are shown with grey lines on top of the picture.

and Reynolds number. For low to moderate Reynolds numbers, the
degree of confinement considerably e!ects the base flow downstream of
the inlet, and thus it is not possible to determine the stability of the
confined flow in a certain streamwise position based on unconfined base
flow and degree of confinement only.

4.1.1. Physics of the confinement

Physical explanation to the di!erence between confined and unconfined
wakes is sought by isolating the two di!erent e!ects of confinement.
First, confinement e!ects the base flow development — in the presence
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Figure 4.3. Two dimensional nozzles for liquid sheet ejection.

of a wall, boundary layers form on each side of the wake, and the wake
develops towards a parabolic channel flow profile downstream. The wake
region also becomes shorter than in the unconfined case. The other e!ect
is the change in boundary condition for the instability mode — when
the walls come closer, the oscillation is also confined to a smaller space,
which might e!ect its shape and growth rate.

To study the e!ect of base flow development, we use another base
flow with slip condition in the walls instead of no slip. In that case, the
streamwise extent and strength of the wake is not changed essentially
by confinement. The di!erence can be seen in figure 4.2, where the two
base flows are shown next to each other.

4.2. Convective instability of a liquid sheet with gas co-flow

The instability of a liquid sheet surrounded by air is analysed theoret-
ically and experimentally. The inviscid instability of a liquid sheet is
known to be of Kelvin-Helmholtz character. This should imply that
when air velocity is close to the liquid sheet velocity, the waves would
disappear.
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Figure 4.4. The streamwise velocity of the base flow with
Stokes’ gas flow model indicated by colors — red color rep-
resents high velocity, blue color low velocity. The velocity
profiles at x = 0, x = 60, x = 150 and x = 270 are plotted
with arrows on top of the color picture. The boundary be-
tween liquid and gas phases is marked by the thick violet line.
The liquid velocity profile is uniform all way through, and the
streamwise development of the gas boundary layer is seen.
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Figure 4.5. The base flow air velocity profiles (Ug = 0) from
Stoke’s (—) and Blasius (-·-) models at di!erent streamwise
positions: a) x=200, b) x=400, c) x=600, d) x=800 and e)
x=1000.

There are two main purposes for this study:

1. To quantify the assumed stabilising e!ect of co-flow of air parallel
to the liquid sheet, by computations and experiments, with veloc-
ities of the same order or less than the liquid sheet velocity. This
di!ers from the studies related to atomization and sprays where
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Figure 4.6. The streamwise velocity of the base flow for the
global mode problem indicated by colors — red color repre-
sents high velocity, blue color low velocity. The velocity pro-
files at x = 0, x = 60, x = 150 and x = 270 are plotted with
arrows on top of the color picture. The boundary between
liquid and gas phases is marked by the thick violet line. The
liquid velocity profile is relaxational — parabolic at the in-
let and goes towards a uniform profile — and the streamwise
growth of the gas boundary layer is seen.

the air velocity is typically an order of magnitude higher than the
liquid velocity and aimed at rupturing the sheet as fast as possible

2. To study the e!ect of air viscosity, and compare the experimental
results in stagnant air with computational results with viscosity
of air included.

The instability observed in the experiments is clearly convective,
why a local spatial Ansatz is used. The liquid velocity is assumed to
be uniform, an assumption which is consistent with the experimental
profiles.

4.3. Global modes on a plane relaxational liquid sheet

The global instability of a plane liquid sheet surrounded by stationary air
is analysed. Our liquid sheet is thought to emerge from a straight chan-
nel, with a fully developed parabolic outlet profile (figure 1.6). When
the liquid sheet leaves the nozzle and enters the air, the shear from the
channel walls is absent, and the liquid gradually ”relaxes” towards an
uniform velocity profile far downstream.
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At the same time, the sheet contracts in the vertical direction. The
reason can be understood by looking at the streamwise momentum bal-
ance and continuity of the liquid sheet. If a uniform and a parabolic
velocity profile with the same mean velocity are compared with each
other, the uniform profile contains less momentum2. Consequently, to
preserve the momentum (Navier-Stokes u-momentum eq.), the mean ve-
locity has to increase! And to preserve the flow rate (Continuity eq.)
with a higher mean velocity, the sheet contracts.

When the sheet enters air, an air boundary layer starts to develop
(figure 1.6). Since the moving surface necessarily extends the instability
waves to both phases, the shape of this boundary layer might a!ect
the instability. Also, the shear from the air boundary layer slightly
a!ects the mean flow of the liquid — in fact, after contraction the sheet
starts to expand slowly due to the shear from the air. So we have to
model the air boundary layer somehow. In this work, we use the same
analytic solution for the air boundary layer as in Söderberg (2003). This
assumption simplifies the computation of the liquid mean flow, as will
be seen in paper 3. This model is also used for the convectively unstable
jet presented in the previous section, and compares there favorably with
a physically more correct similarity solution (paper 2).

2This can be seen by a simple integration of the dominating streamwise velocity component



CHAPTER 5

Results

5.1. Confined wakes

Stability results of confined wakes for di!erent wall distances and inlet
velocities are presented here in short, and in detail in paper 1. Remember
that when walls come close to the wake, i.e. the wake is more confined,
the confinement parameter h decreases.

First, we will look at wakes with the same inlet velocity1, but di!er-
ent values of h, at Re = 100. The most unstable eigenvalue (max gives
the oscillation frequency and growth rate of the unstable global mode.
This eigenvalue is shown for wakes with di!erent values of h in figure
5.1.

The reference wake with h = 9 has one unstable mode, with a posi-
tive growth rate (i = 0.021, and oscillation frequency (r = 0.71. When
the walls are brought closer, two changes are seen. The growth rate
has a decreasing trend, and at h = 1 the wake becomes stable, with
(i = #0.035. Another change is that the frequency of the mode in-
creases monotonically with confinement. The comparison of disturbance
velocities for h = 9 and h = 1 gives a picture of the spatial changes of the
most unstable mode, and these are shown in figures 5.2 (a) and 5.2(b),
respectively. The maximum amplitude of the wake moves more near to
the inlet with confinement, and its wavelength decreases.

In Paper 1, it is found that these e!ects are due to a change of scales
of the wake mean flow with confinement. The boundary layers forming
in the walls come closer, and the wake region is shorter; the fast mean
flow development towards a parabolic profile dampens the instabilities.
The decreasing oscillation space due to walls is not important in this
case.

As the e!ect of confinement for Re = 100 is clearly viscous, one
would expect it to decrease with Reynolds number. Figure 5.3 shows the

1The form of the inlet profile cannot be exactly the same, because it goes rapidly to zero
near the walls, as shown in section 4.1. However, U1 and U2 are the same.
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Figure 5.1. The most unstable eigenvalue for wakes with dif-
ferent values of confinement parameter h. Crosses represent
data points (h = 1, 1.5, 2.33, 4, 9) that are connected by a solid
line.

neutral global stability curve in the #"1-Re-plane for a confined (h = 1)
and an unconfined (h = 9) wake. Remember that #"1 is coupled to the
inlet velocity of the wake; #"1 = #1 is a ”wake behind a flat plate”,
for #"1 < #1 the wake has outflow at the inlet (base bleed), and for
#"1 > #1 there is suction at the inlet. For Re = 50 the confined wake
is unstable at #"1 > #0.7, while the unconfined wake is stable for all
values of #"1. Otherwise, for 100 < Re < 400, the confined wake is
stable for a larger range of inlet velocities than the unconfined wake. As
expected, the di!erence between the two wakes decreases with Reynolds
number and for Re = 400 both stability limits are close to each other at
#"1 = #1.35 # 1.36.

These stability limits can also be related to the corresponding invis-
cid limits computed by Juniper (2007) with Briggs method, shown in
the same figure. In their case, there was no mean-flow development due
to viscosity, so the velocity profile was constant and very similar to our
inlet profile. However, the unconfined inviscid wake of Juniper (2007) is
stable for #"1 > #0.9, while the unconfined viscous wake at Re = 400 is
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Figure 5.2. Real part of the streamwise disturbance velocity
for an unconfined wake (h = 9, above), and confined wake
(h = 1, below). The figures need to be stretched by a factor
3.5 in the streamwise direction to get the physical aspect ratio.

stable only for #"1 > #1.36. Why the viscous unconfined wake is more
unstable becomes clear again when looking at the mean flow develop-
ment — even for inlet profiles with a positive velocity, there is a region
of reverse flow behind the inlet. For confined wakes the situation is the
opposite: the confined inviscid wake is stable for #"1 > #1.45, and the
confined viscous wake at Re = 400 for #"1 > #1.35.

5.2. Convective instability of a liquid sheet with gas co-flow

Experiments and computations on stability of a liquid sheet at Re =
2850 and We = 340 with gas co-flow are presented in paper 2. The aim
of both approaches is to quantify the stabilising influence of gas flow,
when velocities of liquid and gas are of the same order of magnitude.
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Figure 5.3. The neutral stability curves as a function of 1/#
and Re for an unconfined (–"–) and confined (–o–) wake. The
region on the right side of the curve is unstable. The inviscid
solution is also shown — unconfined (-·"-·) and confined (-·o-·)

The experiments are made by exciting di!erent frequencies with
loudspeakers at the inlet, and by measuring the time-varying inclina-
tion of the free surface at a range of streamwise positions. Air co-flow is
applied by blowing air along the sheet at the inlet. The computations
are made using a local spatial approach, with surface tension and vis-
cosities of both phases included. The co-flow is assumed to change the
free stream velocity of air.

The frequency-growth rate curves for stagnant air (Ug = 0) for ex-
periments and computations in figure 5.4 (a) show good agreement be-
tween measured and calculated values. This can be compared with the
solution obtained by Li (1993), where inviscid gas is assumed, shown in
figure 5.4 (b).

For Ug > 0 the air co-flow was stabilising in both experiments and
computations, when Ug < Ul. The results for Ug = 0, 2 and 4 are shown
in figure 5.5. There is a qualitative agreement between experimental and
computational values, although for Ug = 2 and Ug = 4 there is a quan-
titative di!erence in the curve shapes (up to 20 %). This might be due
to di"culties to control the exact shape of the air flow in experiments.
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Figure 5.4. a) The experimental (o) and theoretical (-) spa-
tial stability results (Re = 2850, We = 340) in stagnant air b)
Both growth rates compared to a solution where air is assumed
inviscid (Li 1993).
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Figure 5.5. The experimental (o) and theoretical (-) spatial
stability results (Re = 2850, We = 340), with di!erent gas
co-blowing velocities : a) Ug/Ul = 0, b) Ug/Ul = 2/7 and c)
Ug = 4/7.The quantitative shapes of the curves are similar,
but theory seems to underestimate the maximum growth rate
and wavenumber with gas co-blowing.
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linear fits for |Ug,!| > 0.4.

In the computations, two di!erent scalings were found. The stability
was found to scale linearly with the relative velocity between air and
water, when |(Ug#Ul)/Ul| > 0.4 (figure 5.6). This scaling is reminiscent
of inviscid Kelvin-Helmholtz instability. In addition, a viscous scaling
was seen: for fixed gas velocity, the growth rate scaled with the square
root of the mean flow shear at the surface.

5.3. Global stability of a liquid sheet

The global mode problem for a plane relaxational liquid sheets sur-
rounded by gas is formulated, implemented and the preliminary results
presented in paper 3.

The preliminary results indicate that the sheet is globally stable for
sinuous disturbances for Re < 1000. The stable spectrum for Re = 750 is
shown in figure 5.7. We have not encountered the unstable low frequency
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Figure 5.7. Global eigenvalue spectrum, Re = 750.
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Figure 5.8. Global eigenvalue spectrum, Re = 1000.

mode for lower Reynolds numbers, even if the sheet was absolutely un-
stable in the local analysis (Söderberg 2003). Instead, the sheet becomes
unstable for a range of high frequency modes at Re = 1000 (figure 5.8).
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Figure 5.9. A convectively unstable mode for Re = 316,
streamwise disturbance velocity. The figure needs to be
stretched by a factor 30 in the streamwise direction to get
the physical aspect ratio.

An eigenfunction for a stable high frequency mode (( = 1.6#0.091i,
Re = 316) is shown in figure 5.9. Although the wavelengths are di!er-
ent, many high frequency modes shear the same structure: maximum
amplitude is located inside the water, and the mode extends a few wave-
lengths to air. The amplitude of this mode grows downstream, indicating
convective instability, while the unstable modes are always localized in
space.



CHAPTER 6

Conclusions and Outlook

In this thesis, global and local linear stability of plane wakes and liquid
sheets is investigated. Here the main parts are summarised, and possible
directions for future work given.

6.1. Confined wakes

6.1.1. Present work

The geometry is a wake surrounded by walls. The wake is not formed
behind an obstacle, but created by giving a velocity profile at the inlet.
This inlet profile consists of three layers with constant velocity in each
layer. The wake inlet velocity is varied, concentrating on the co-flow
case (base bleed).

The global stability problem is solved with 2D temporal global modes.
These should be able to capture the physics of the vortex street insta-
bility near the transition to global instability1, when we have linear
dynamics and the mode is two-dimensional.

• We find that for the example wake at Re = 100 (and #"1 = #1.2)
the general trend is that confinement is stabilising.

• The oscillation frequency increases monotonically with confine-
ment for the example wake.

• From Re = 100 to at least Re = 400, the confined wake is stable
for a larger range of #"1, thus larger amount of co-flow, than the
unconfined wake. However, the di!erence between confined and
unconfined wakes decreases with Reynolds number.

6.1.2. Suggestions for future work

Future work could include higher Reynolds numbers, comparison of the
obtained results with DNS, and the interaction of several wakes close to
each other, instead of one confined wake.

1This is true unless the transition happens through a local nonlinear mechanism, a theory
that was reviewed in section 3.1.

46



6.2. CONVECTIVE INSTABILITY OF A LIQUID SHEET WITH GAS CO-FLOW 47

6.2. Convective instability of a liquid sheet with gas co-flow

6.2.1. Present work

The stability of a liquid sheet at Re = 2850, We = 340 is analysed,
experimentally and theoretically. In the experiments, the spatial growth
rate of the oscillation is obtained by measuring the local angle of the
sheet surface with a laser beam. The theory is based on local spatial
analysis. Viscosity of air and water, as well as their density and surface
tension between them, is taken into account in the stability calculations.
The base flow velocity profile in water is assumed to be uniform, based
on experimental observations. Two di!erent air flow models are used,
with similar results.

• In the measurements, it is seen that the growth rate is exponential.
• From flow visualisations it is apparent that a velocity di!erence

between water and air in both directions is strongly destabilising.
This is also expected from previous studies.

• The computed growth rates are in good agreement with the mea-
sured ones, while the growth rates found in the literature assuming
inviscid air are not.

• When air co-flow is introduced, there is still a good qualitative
agreement between theory and experiments. However, the exact
shapes of the growth rate curves di!er by at most 20 %. One
explanation is di"culties to achieve a perfectly even air flow dis-
tribution in the experiments.

• In theory, it is found that the maximum growth rate scales with
the ratio between velocity di!erence of liquid and gas to the liquid
velocity, |Ug #Ul|/|Ul|, for ratios between 0.4 and 1. This scaling
is termed inviscid, since velocity di!erence is the key parameter
in many inviscid studies.

• For a fixed gas and liquid velocity, the theoretical growth rates
scale as the square root of the shear from air at the surface. This
scaling is termed viscous, and is the reason that the calculated
growth decreases when going downstream. This could probably
be interpreted as a scaling with the air boundary layer thickness
as well.

6.2.2. Suggestions for future work

In the future, it might be interesting to do more detailed measurements
about the air (and water) boundary layer shape at di!erent streamwise
positions. Growth rate measurements at many streamwise positions
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could be done to investigate the viscous scaling. Also, it would be nice
to look to extend the experiments to the overflow case (Ug > Ul).

6.3. On global stability of a spatially developing liquid sheet

6.3.1. Present work

The stability of a plane liquid sheet surrounded by gas is analysed. In
this thesis, we present the following:

• The global stability equations, including surface tension, densities
and viscosities of both phases, and spatial variations of the flow
field and surface position, are formulated.

• A numerical tool that can handle the memory requirements of
the problem (system matrix of size & 500 GB), and perform the
global mode computations in parallel, has been developed.

• Preliminary results for an 0.55 mm thick water jet in air show that
the sheet is stable for sinuous disturbances for Re < 1000. We
did not find an unstable low frequency mode, previously found in
a local absolute instability analysis of the same flow, reviewed in
section 3.3.2. We would, however, like to point out that this is a
work in progress.

6.3.2. Suggestions for future work

Future work starts with further verification of the code. We aim to
find a case where local absolute instability analysis and global analysis
match, in order to verify the method. As a next step, we will extend
the study to varicose modes and varying Weber numbers. In a long
term, we would like to compare the findings to observations from Direct
Numerical Simulations and experiments.



CHAPTER 7

Papers and authors contributions

Paper 1
Global linear stability of confined wakes with co-flow
O. Tammisola (OT), F. Lundell (FL) & D. Söderberg (DS).

This paper deals with global stability of viscous wakes with di!erent
amounts of confinement and base bleed (co-flow). The computations
were made by OT under supervision of FL and DS. The writing was
made by OT with feedback from FL.

Paper 2
Stabilisation of a plane liquid sheet by gas flow: experiments and theory
O. Tammisola (OT), A. Sasaki (AS), F. Lundell (FL), D. Söderberg
(DS) & M. Matsubara (MM).

This work is of both theoretical and experimental character, and deals
with convective instabilities observed in a plane water sheet. The exper-
iments were made by AS under guidance of MM and a certain feedback
from OT and FL. The code used to the numerical studies was originally
written by DS. The numerical and theoretical consideration was made
by OT together with FL, with feedback from AS and DS. The writing
was made by OT and FL.

Paper 3
On the global stability of a viscous plane liquid sheet surrounded by gas:
problem formulation and preliminary results
O. Tammisola (OT), F. Lundell (FL) & D. Söderberg (DS).

This work deals with global modes on a plane liquid sheet, and con-
tains the problem formulation, implementation and preliminary results.
The work has been performed by OT, under supervision of FL and DS.
The writing has been made by OT with feedback from FL.
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Åkervik, E., Ehrenstein, U., Gallaire, F. & Henningson, D.S. 2008 Global
two-dimensional stability measures of the flat plate boundary-layer flow. Euro-
pean Journal of Mechanics B/Fluids 27, 501–513.

Azaiez, J. 2000 Linear stability of free shear flows of fibre suspensions. Journal of
Fluid Mechanics 404, 179–209.

Bagheri, S., Schlatter, P., Schmid, P.J. & Henningson, D.S. 2009 Global
stability of a jet in cross-flow. Journal of Fluid Mechanics, in press .

Bark, F.H. & Tinoco, H. 1978 Stability of a plane Poiseuille flow of a dilute
suspension of slender fibres. Journal of Fluid Mechanics 346, 181–200.

Batchelor, G.K. 1970 The stress system in a suspension of force-free particles.
Journal of Fluid Mechanics 41, 545–570.

Briggs, R.J. 1964 Electron-Stream Interaction with Plasmas. The MIT Press Clas-
sics.

Chomaz, J.-M. 2005 Global instabilities in spatially developing flows : Non-normality
and nonlinearity. Annual Review of Fluid Mechanics 37, 357–392.

de Luca, L. 1995 Instability of a spatially developing liquid sheet. Journal of Fluid
Mechanics 331, 127–144.

de Luca, L. 1999 Experimental investigation of the global instability of plane sheet
flows. Journal of Fluid Mechanics 399, 355–376.

Drazin, P. G. & Reid, W. H. 1981 Hydrodynamic Stability , 9th edn. Cambridge
University Press.

Ehrenstein, U. & Gallaire, F. 2005 On two-dimensional temporal global modes
in spatially evolving open flows: the flat-plate boundary layer. Journal of Fluid
Mechanics 536, 209–218.

Giannetti, F. & Luchini, P. 2007 Structural sensitivity of the first instability of
the cylinder wake. Journal of Fluid Mechanics 581, 167–197.

Hagerty, W.W. & Shea, J.F. 1955 A study of the stability of plane fluid sheets.
Journal of Applied Mechanics 22, 509–514.

Hallberg, M.P. & Strykowski, P.J. 2006 On the universality of global modes in
low-density axisymmetric jets. Journal of Fluid Mechanics 569, 493–507.

Hashimoto, H. & Suzuki, T. 1991 Experimental and theoretical study of fine inter-
facial waves on thin liquid sheet. JSME International Series II 34 (3), 277–283.

53



54 REFERENCES

Huerre, P. & Monkewitz, P.A. 1990 Local and global instabilities in spatially
developing flows. Annual Review of Fluid Mechanics 22, 473–537.

Jazayeri, S.A. & Li, X. 2000 Nonlinear instability of plane liquid sheets. Journal
of Fluid Mechanics 406, 281–308.

Juniper, M.P. 2007 The e!ect of confinement on the stability of two-dimensional
shear flows. Journal of Fluid Mechanics 565, 171–195.

Lesshafft, L., Huerre, P., Sagaut, P. & Terracol, M. 2005 Nonlinear global
modes in hot jets. Journal of Fluid Mechanics 554, 393–409.

Li, X. 1993 Spatial instability of plane liquid sheets. Chemical Engineering Science
48 (16), 2973–2981.

Li, X. & Tankin, R.S. 1991 On the temporal instability of a two-dimensional viscous
liquid sheet. Journal of Fluid Mechanics 226, 426–443.

Lin, S.P., Lian, Z.W. & Creighton, B.J. 1990 Absolute and convective instability
of a liquid sheet. Journal of Fluid Mechanics 220, 673–689.

Lingwood, R.J. 1996 An experimental study of absolute instability of the rotating-
disk boundary-layer flow. Journal of Fluid Mechanics 314, 373–405.

Lozano, A., Barreras, F., Hauke, G. & Dopazo, C. 2001 Longitudinal instabil-
ities in an air-blasted liquid sheet. Journal of Fluid Mechanics 437, 143–173.

Mansour, A. & Chigier, N. 1991 Dynamic behavior of liquid sheets. Physics of
Fluids A 3 (12), 2971–2980.

Norman, B., Engström, G. & co authors 2005 The Ljungberg Textbook - Paper
Processes 2005 . Fibre and Polymer Technology, KTH.

Park, J., Huh, K.Y., Li, X. & Renksizbulut, M. 2004 Experimental investigation
on cellular breakup of a planar liquid sheet from an air-blast nozzle. Physics of
Fluids 16 (3), 625–632.

Pier, B. & Huerre, P. 2001 Nonlinear self-sustained structures and fronts in spa-
tially developing wake flows. Journal of Fluid Mechanics 435, 145–174.

Rayleigh, L. 1878 On the instability of jets. Proceedings of London Society of Math-
ematics (s1-10(4)), 4–13.

Schmid, P. & Henningson, D. 2001 Stability and Transition in Shear Flows.
Springer Verlag.
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