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Abstract

The communication modes are a mathematical technique for the descrip-
tion of structural information in optical �elds. These modes are orthogonal,
optimally connected functions characteristic of the optical system. Mathe-
matically they are obtained by the singular value decomposition (SVD) of
the operator that represents the �eld propagation. In this dissertation, the
foundations of the technique are described, and the theory is extended and
applied to a variety of speci�c systems.

In the Fresnel regime, the communication modes are closely related to
the prolate spheroidal wavefunctions (PSWF). Within this approximation,
the numerical propagation of the �eld in a one-dimensional optical system in
terms of the PSWFs is demonstrated and the problem of assessing the best
achievable realization of a given target �eld is addressed. Simpli�ed equations
for �eld propagation are presented. Approximate modes in large-aperture
systems are derived and shown to agree with Gabor's theory on optics and
information. The longitudinal resolution of an axicon is analyzed in terms of
the communication modes. It is shown that in a generalized axicon geometry
the communication modes are expressible in terms of the PSWFs, and that
in usual circumstances a version of the large aperture approximation applies,
resulting in quadratic waves in the aperture domain and sinc functions in the
image domain

Eigenequations for the communication modes in scalar near-�eld di�rac-
tion are derived and applied to a simpli�ed scanning near-�eld optical mi-
croscope (SNOM) geometry. It is suggested that the resolution of a SNOM
system is essentially given by the width of the lowest-order communication
modes. The best-connected mode is shown to e�ectively reduce to the Green
function.

Within the context of random �uctuations the communication modes are
de�ned for the cross-spectral density of partially coherent �elds. These modes
are compared to the well-known coherent modes. Expressions for the e�ec-
tive degree of coherence are derived, and it is demonstrated that optical �elds
of any state of coherence may readily be propagated through deterministic
systems by means of the communication modes. Results are illustrated nu-
merically in an optical near-�eld geometry.

The communication modes theory is further extended to vector di�raction
on the basis of Maxwell's equations. The polarization properties of the elec-
tromagnetic communication modes as represented by the Stokes parameters
are analyzed numerically for an example of a near-�eld geometry.

The work presented in this dissertation shows that the communication
modes are an advanced, versatile tool that can be applied to deterministic
and random, scalar and electromagnetic optical systems in far-�eld and near-
�eld arrangements. The method is likely to �nd further uses in applications
such as polarization microscopy.
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Chapter 1

Introduction

It is often convenient to analyze the spatial distribution of the optical �eld by
expanding it in some set of functions. In Fourier optics, the wave is expanded in
propagating and evanescent plane-wave components. Fields in cavities, waveguides
and �bers are studied in terms of eigenmodes that take into account the domain
and boundary conditions. Maybe the best known are the Hermite-Gaussian modes
in laser resonators. In optical coherence theory, the coherent mode expansion is one
of the central methods in describing the spatial coherence properties of scalar �elds.
The subject of this thesis is one particular expansion, the so-called communication
modes expansion [1�4]. The focus of the work is on the general properties of the
communication modes and on the application of this expansion to several di�erent
systems and geometries. As we shall see, the communication modes expansion is a
useful tool for assessing the optical �eld in a variety of circumstances.

The development of the communication modes is a result of the analysis of wave
propagation from the perspective of information theory. The following sections
contain a brief overview of information theory in optics pertinent to this work.

1.1 Historical background

Optics is a �eld of scienti�c study that is as old as science itself. Theoretical descrip-
tions of the behavior of light were developed already in ancient Greece (long before
science, in the modern sense, existed), when the foundations of geometrical optics
were laid by Euclid, Hero of Alexander, Ptolemy, and other philosophers. Although
what can be viewed as information-theoretical considerations have long been part
of optics � one example is Lord Rayleigh's famous resolution criterion [5, 6], another
is Abbe's resolution limit [5, 7] � information theory is itself a comparatively young
�eld of research.

The publication of Shannon's classic 1948 paper, �A mathematical theory of
communication� [8], is generally regarded as the event that established information
theory as a �eld of scienti�c study, although many concepts concerning the transfer
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2 CHAPTER 1. INTRODUCTION

of information had been developed earlier. Nyquist's work concerning bandwidth
requirements in telegraphy [9], and Hartley's work on the transmission of informa-
tion [10] are two examples.

More importantly in this context, in 1946, Nobel laureate Dennis Gabor pub-
lished the paper �Theory of communication� [11]. The paper concerns the descrip-
tion of signals in terms of both time and frequency. Gabor developed an uncertainty
relation, mathematically analogous to the Heisenberg uncertainty principle in quan-
tum mechanics, for the duration and frequency width of a signal. The uncertainty
relation establishes the minimum area occupied by a signal in the so-called in-
formation space, which is an abstract space that has time and frequency as its
dimensions.

Information theory soon found applications in optics. By an argument based on
the sampling theorem [12�14], di Francia [15] suggested that an optical image has
a �nite number of degrees of freedom. Later, applying his uncertainty principle to
optics, and expanding on previous work by Max von Laue [16], Gabor derived an
expression for the number of degrees of freedom of an optical image. He de�ned the
number of degrees of freedom as �the number of independent variables needed to
express as much of [the object] as we can learn from an optical image under certain
conditions of ray limitation� [17].

These works of di Francia and Gabor rely on the fact that the propagation of
waves through the system acts as a low-pass �lter of spatial frequencies. From a
Fourier-optics perspective, the wave propagating from an object can be decomposed
in a continuous spectrum of plane waves with di�erent angles of propagation (see
Sec. 2.2). The amplitude of each plane-wave component is given by the Fourier
transform of the wave�eld in the object plane, with large angles to the optical axis
corresponding to high spatial frequencies and vice versa. When the angular width
of the wave is limited, the high spatial-frequency content, i.e., �ne detail, is lost.

Gabor showed that the complicated beam emanating from an object can be
decomposed into elementary beams. The elementary beams, which he identi�ed as
Gaussians, have the smallest possible product of divergence and area. This product
is on the order of the square of the wavelength. The number of degrees of freedom
can therefore be expressed in terms of the area and divergence of the beam, and the
wavelength of the light. The elementary beams can be regarded as the structural
features of the entire beam. If the beam is made to converge to an image, the
elementary beams create Gaussian spots that form elementary structural elements
comprising the image. In this sense, the degrees of freedom provide structural
information [18, 19]. The number of degrees of freedom measures the structural
information content of the image.

The sampling-theorem argument by Di Francia is not entirely mathematically
consistent (see Chap. 3). Therefore, he later developed a di�erent approach [20],
where the wave is expanded in a complete set of orthonormal basis functions. Like
Gabor, he modeled the imaging process as essentially a band limiting operation.
The image and object are related through an integral equation that has a sinc func-
tion as its kernel. The eigenfunctions to this equation, which di Francia identi�ed
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as the degrees of freedom, form complete orthogonal sets for both the image and
the object. The number of signi�cant eigenvalues is the same as the number of
degrees of freedom predicted by the sampling theorem. The smaller eigenvalues
correspond to �weak� degrees of freedom that can mostly be neglected.

Both di Francia's and Gabor's theories assume planar surfaces and a geometry
that allows the paraxial approximation. The approach taken by Miller [1] is much
more general. He developed a method for rigorously de�ning the degrees of freedom
for scalar waves between two volumes of arbitrary shape and position (including
near-�eld type geometries). The wave resulting from sources in the transmitting
volume is described by the inhomogeneous Helmholtz equation. The corresponding
outgoing Green function is expanded bi-orthogonally in two sets of functions. The
orthogonality of the functions and the one-to-one coupling between them makes it
possible to de�ne them as independent communication channels. Mathematically,
the expansion of the Green function is equivalent to the singular value decomposi-
tion (SVD) (see Chap. 4) of the corresponding integral operation. The transmitting
and receiving functions, the communication modes, are the singular functions of the
propagation operator. As in the eigenenfunction approach of di Francia, the resolu-
tion is limited by the number of �useful� channels, i.e., the number of channels that
have a signi�cant coupling strength, which in turn is ultimately limited by noise.

The communication modes approach was further generalized by Piestun and
Miller to include electromagnetic waves [4]. The electromagnetic modes are rigor-
ously evaluated by expanding the tensor Green function, which relates the electric
�eld to the current sources in the transmitting volume, in a manner similar to the
scalar approach.

Rather recently, Miller extended his theory to admit functions of spaces that
include more features than spatial distribution, namely frequency and time [21, 22].
Making use of these extended spaces, he established a fundamental performance
limit for optical components, i.e., an upper boundary on their ability to separate
light beams in space, time, and frequency. It may provide answers to questions
such as how small a device can be that separates light of di�erent wavelengths with
a given wavelength resolution. The limit, which is valid for all linear components,
is based only on the size, shape, and dielectric constants of the component.

Degrees of freedom have also been introduced for incoherent imaging [23], where
the imaging system is linear in intensity rather than in amplitude, and for partially
coherent sources [24, 25]. In the latter case, the partially coherent source is repre-
sented by its cross-spectral density (see Sec. 2.5). The cross-spectral density can
be expanded in what are known as coherent modes [25, 26], and these may be re-
garded as the degrees of freedom of the source, as concerns its randomness. It is to
be emphasized, however, that these degrees of freedom are entirely di�erent from
the resolvable spots (or communication channels) mentioned earlier. This point is
discussed further in Sec. 6.7.
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1.2 Near-�eld optics

Apart from the propagating plane waves, discussed above in relation to Gabor's
theory on optics and information, the full plane-wave expansion of the �eld, its an-
gular spectrum, also contains non-propagating, or evanescent, components. These
correspond to spatial frequencies larger than the inverse of the wavelength of the
light, and their amplitudes decay exponentially with distance, so the mere propaga-
tion of the wave also acts as a low-pass �lter for spatial frequencies. At a distance of
only about one wavelength, the evanescent components are practically non-existent,
but in the close vicinity of matter, at distances much smaller than the wavelength,
their contribution is signi�cant. The behavior and properties of light in this region
is the subject of near-�eld optics.

In 1928, Synge proposed a microscope that would illuminate the sample and
collect the scattered light through a small aperture in the near �eld [27], in order
to achieve resolution beyond the Abbe limit. The realization of such a micro-
scope had to wait until it became technically possible to scan the aperture over the
sample with su�cient precision. The �rst successful implementation was not an
optical microscope but an instrument operating in the microwave range. Ash and
Nicholls [28] were the �rst to break the Abbe barrier, using 3 cm wavelength, in
1972. In 1984, Pohl and coworkers were able to resolve features as small as 25 nm
with visible light [29]. Microscopes of this type are known as scanning near-�eld
optical microscopes or SNOMs. The aperture consists of the end of a tapered op-
tical �ber. In a more recent development � apertureless SNOM or a-SNOM � local
�eld enhancement due to a small probe, typically a sharp metallic or dielectric tip,
close to the sample surface is used in order to achieve resolution orders less than
the wavelength. In a-SNOM, both the illumination of the tip and sample, and the
collection of scattered light is done in the far-�eld.1

Stimulated emission depletion (STED) microscopy [30, 31] is a technique that
makes use of the �uorescence of dye in the sample. The dye molecules are ex-
cited by a short laser pulse, immediately followed by another pulse, the �depletion�
pulse. The wavelength of the depletion pulse is tuned to cause stimulated emis-
sion, returning the excited electrons to the ground state. In the STED microscope,
the depletion beam is ring shaped, and accordingly the depletion is signi�cant ev-
erywhere except at the center of the depletion beam. The result is a very small
�uorescent spot. By increasing the intensity of the depletion pulse, the �uorescent
spot can, in theory, be made as small as a single molecule. The �uorescent spot
is scanned over the sample and the light is collected in the far �eld. With this
technique, resolution better than 25 nm has been achieved [32].

There are many recent books on the topic of near-�eld optics and near-�eld
microscopy, see, e.g.; Refs. 33�36.

1The tip-sample interaction is strongly, and non-linearly, dependent on the distance between
tip and sample. The component of the scattered light that originates at the vicinity of the apex
of the tip is separated from the background by means of lock-in ampli�cation at higher harmonics
of the tip vibration.
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1.3 Motivation and purpose

Optical waves are among the most important vehicles of information transfer. Most
optical systems � imaging devices, microscopes, optical communication systems,
optical memories, optical image synthesis devices, etc � can be considered as in-
formation gathering or information processing systems. Optics and photonics are
increasingly used to transport information both in guided structures (�bers and
waveguides) and free space. With the advances of nanophotonics, i.e., engineering
using the interaction of nanoscale phenomena with electromagnetic waves of light,
near-�eld optics is becoming more important. Moreover, real-world light sources
have some random �uctuations and there is a growing interest in the properties
of partially coherent light. While information concepts are frequently used for
conventional systems and photonic components, no systematic theory exists that
characterizes the information content carried by electromagnetic �elds when po-
larization and near-�eld e�ects have to be taken into account, or when the �elds
cannot be assumed to be fully coherent or fully incoherent.

The purpose of the work presented in this thesis is to extend the communication
modes theory, and to investigate its application to certain speci�c systems. The
theory is developed in far-�eld and near-�eld geometries. Both scalar and electro-
magnetic waves are considered. The scalar case includes partially coherent waves.
The application of the communication modes is discussed for axicons, that form
long axial images [37�39], and in particular for a SNOM-type geometry.

1.4 Brief summary of the research �eld

A theoretical framework for de�ning the degrees of freedom for scalar and electro-
magnetic waves between arbitrary disjoint volumes, and in the presence of scatter-
ers, has been developed by Miller [1�3], and Piestun and Miller [4]. In these works,
the authors have calculated the electromagnetic communication modes numerically
for one-dimensional (1D) transmitting and receiving domains, and 1D transmitting
and 3D receiving domains, with a distance of one wavelength. For scalar waves,
Miller has derived analytical results for rectangular prism volumes in the Fresnel
approximation, and calculated the modes numerically for thin (one tenth of the
wavelength) volumes at right angles to each other, at a distance of one wavelength.

A substantial amount of work has been published on the number of degrees
of freedom of the radiated �eld, evaluated by means of the singular value decom-
position of the radiation operator or scattering operator, for di�erent geometries,
by Pierri and others [40�42]. This body of work concerns the �eld radiated from
(electric or magnetic) current sources, or scattered from dielectric or perfectly con-
ducting objects, in the Fresnel and far-�eld domains.

For scalar waves, the communication modes can be expressed in terms of the
prolate spheroidal wave functions for one-dimensional or rectangular transmitting
domains (apertures or source domains) and observation domains in the Fraunhofer
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(a) (b) (c)

(d) (e) (f)

(g) (h)

Figure 1.1: The singular functions of the scattering or propagation operator (the
communication modes) have been found analytically or numerically for many dif-
ferent geometries: (a) one-dimensional transmitting and receiving domains in two-
dimensional space; (b) rectangular transmitting and receiving domains; (c) circular
transmitting and receiving domains; (d) rectangular prism volumes; (e) perpendic-
ular line domains in two-dimensional space; (f) lines in three-dimensional space; (g)
line to volume; (h) cylindrical or spherical transmitting and receiving domains.

and Fresnel approximations [1, 43, 44]. Analytical solutions also exist for circular
apertures and observation domains [43], and, in terms of the spherical and circular
harmonics, for cylindrical and spherical source and observation domains [40, 45�49].

In electromagnetic theory, analytical solutions have been derived in the cases
where the equations reduce to scalar equations in the Fraunhofer and Fresnel ap-
proximations, in various geometries, including cylindrical [49], parallel line source
(or scatterer) and observation domain [40], and orthogonal line source (or scatterer)
and observation domain [41, 42]. The modes have been calculated numerically for
distances down to a few wavelengths [40]. Electromagnetic (vector valued) modes
have been calculated numerically for a line source and line receiver [4]. In Fig. 1.1
the various geometries are summarized.
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1.5 Overview of own work

In this investigation, we study the communication modes from the viewpoint of
di�raction rather than scattering or radiation. We express the modes in terms of
the �eld, instead of sources, in both the aperture and observation domain.

First, we focus on the application of the modes to assess the limits of achievable
target �elds in di�ractive optics and demonstrate that the forward propagation of
the �eld using the modes is numerically feasible and that it agrees with the standard
Fourier method. (Paper I).

When the the system considered consists of two large linear or square apertures
in the Fresnel di�raction regime, simpli�ed communication modes can be found.
These approximate modes turn out to be the same as those employed in Gabor's
theory on optical information. (Paper II).

It is possible to express the communication modes in terms of the prolate
spheroidal wavefunctions for a generalized axicon geometry, in which the annu-
lar aperture of the axicon is the transmitting region and a segment of the optical
axis is the observation domain. The exact solutions may be approximated, when
the system has a large number of degrees of freedom, to complex exponentials (in
the transmitting region) and sinc functions (in the observation domain). We show
this and con�rm the accuracy of the numerical propagation using both exact and
approximate communication modes. (Paper III).

In a certain approximation, the propagation of the modes consists of a scaling
and a rotation (by −n · π/2, where n is the mode number) in the complex plane
of each mode. We derive this property, along with a conjugate relationship for the
transmitting and receiving modes in a general symmetrical system. We also derive
new eigen-equations for the communication modes in wide-angle di�raction and
calculate the modes for the case of rectangular transmitting and receiving domains
in the near �eld. (Paper IV).

Further, we apply the theory to the actual near �eld, where the distance from
aperture to observation domain is a fraction of the wavelength of the light. The
theoretical estimation of the resolution of a scanning near-�eld optical microscope
(SNOM) is a very complex problem. With a simple one-dimensional model of an
aperture SNOM, we obtain numerical results that compare reasonably with exper-
imentally observed resolution and the resolution estimated from more complicated
models. The analysis of the resolution is done in terms of the communication modes.
The resolution of the SNOM is, in our model, related to the width of the modes on
the sample side. In the limit of narrow aperture the lowest order mode coincides
with the Green function evaluated at the center of the aperture. The resolution is
thus ultimately limited by the Green function. (Paper V).

The statistical properties of partially coherent waves are represented by the
cross-spectral density (in the space-frequency domain). The cross-spectral density
can be propagated like a scalar wave, and therefore communication modes can
be de�ned for the cross-spectral density of a partially coherent wave. When the
medium is deterministic, the communication modes can be expressed in terms of
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the communication modes associated with a coherent wave propagating through
the same system. The e�ective degree of coherence can be calculated in a simple
manner by means of the communication modes. (Paper VI).

The communication modes approach is also valid for vector di�raction. In the
transverse electric (TE) and transverse magnetic (TM) polarizations, the eigen-
equations for the modes reduce to the scalar equations (in the electric or magnetic
�eld). The full electromagnetic modes assume more complex polarization structures
and can be calculated numerically. We calculate both the TE modes and the
electromagnetic modes in near-�eld geometries. Our results show that the strongest
coupled mode (i.e., the �eld in the di�racting aperture that gives the best possible
energy transfer to the receiving domain) has a well de�ned polarization over the
aperture for distances of a few wavelengths, while the polarization pattern is more
complicated when the distance is smaller. (Paper VII).



Chapter 2

Mathematical preliminaries

Mathematical models, de�nitions and results used in this thesis are introduced in
this chapter. The emphasis is on di�raction theory.

2.1 Di�raction theory

Di�raction [5, 50�53] is the departure from rectilinear propagation of light waves
(that cannot be interpreted as re�ection or refraction), e.g., the bending and spread-
ing of the wave that occurs as it passes the edge of an obstacle. Mathematically,
di�raction is usually treated in the form of the Fresnel-Kircho� di�raction integral
or the �rst or second Rayleigh-Sommerfeld di�raction integral. Fresnel [54, 55] de-
rived a di�raction integral on the basis of Huygens' principle [56]. Later, Fresnel's
theory, which included a few ad hoc assumptions, was given a more solid founda-
tion by Kirchho� [57, 58]. The Fresnel-Kirchho� theory has inherent inconsistencies
pertaining to the boundary conditions, but nevertheless gives accurate results in
most commonly occurring geometries. It also assumes that the light incident on the
obstacle is the result of a single point source, which limits the class of �eld distribu-
tions that can be treated by the theory. The inconsistencies of Kirchho�'s theory
were resolved by Sommerfeld. The resulting Rayleigh-Sommerfeld formulation is
rigorous, but only applicable to di�raction from apertures in a planar screen. Both
formulations regard the light as a scalar wave.

Scalar di�raction theory

Although light is vectorial in nature, it can often be treated by scalar theory. The
direction of the electric (and magnetic) �eld vectors, i.e., the polarization, can
in many cases be disregarded or assumed to remain the same. The directional
components of the �eld can sometimes be considered separately, at least in a good
approximation, leading to uncoupled scalar equations. Even when an accurate

9
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description requires a full electromagnetic treatment, scalar theory may still provide
useful qualitative results.

When the polarization is not considered, the light is described by a scalar func-
tion of time and space which solves (in free space) the scalar wave equation:

∇2U − 1
c2
∂2U

∂t2
= 0, (2.1)

where c is the speed of wave propagation in vacuum. Assuming a time-dependence
exp(−iωt), i.e., monochromatic light of frequency ω/2π, the solutions U(r, t) =
U(r) exp(−iωt) to the (time-dependent) wave equation are found from the (time-
independent) Helmholtz equation

(∇2 + k2)U(r) = 0, (2.2)

where k = ω/c is the wavenumber.

Fresnel-Kirchho� di�raction integral

The di�raction problem consists of obtaining the �eld in some region of observation
with knowledge of the �eld over the di�racting apertures. In the di�raction theory
developed by Kirchho�, this is achieved by employing Green's theorem∫

V

(
f∇2g − g∇2f

)
dV =

∮
S

(
f
∂g

∂n
− g ∂f

∂n

)
dS, (2.3)

with an appropriate choice of the functions f and g. In Eq. (2.3), S is the surface
that encloses the volume V , and ∂/∂n denotes the normal derivative

∂

∂n
f = n̂ · ∇f, (2.4)

where n̂ is the outward unit normal of S. Kirchho� chose f to be the wave function
U , and g as the so-called Green function, i.e., a solution to

(∇2 + k2)G(ρ, r) = −4πδ(ρ− r). (2.5)

The Green function describes the �eld at ρ = (ξ, η, ζ) resulting from a point source
at r = (x, y, z). However, in Kirchho�'s derivation it is merely employed as an
auxiliary function. It does not correspond to a physical (primary or secondary)
source, and r is chosen as the point of observation, lying within V . The exact
form of the Green function depends on the boundary conditions. In Kirchho�'s
di�raction theory, G is taken to be the in�nite-space outgoing Green function

G (ρ, r) =
exp(ikR)

R
, (2.6)
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where R = |R| = |ρ − r|. From the Helmholtz equation, Green's theorem, and
Eq. (2.5), we have

− 4π U(r) =
∮
S

(
U
∂G

∂n
−G ∂U

∂n

)
d2ρ. (2.7)

Taking the normal derivative of G we can write

U(r) = − 1
4π

∮
S

exp(ikR)
R

n̂ ·
[(

ik − 1
R

)
UR̂−∇U

]
d2ρ, (2.8)

where R̂ = R/R. In Fig. 2.1, a typical di�raction geometry is shown, with an aper-
ture in a planar screen. The surface of integration S is divided into three portions
S = Σ + Σ′ + Σ′′, where Σ coincides with the di�racting aperture and Σ′ coin-
cides with the screen limiting the aperture. Together with these two surfaces, the
spherical surface Σ′′ encloses the observation point r. If U ful�lls the Sommerfeld
radiation condition

lim
R→∞

R

(
∂U

∂R
− ikU

)
= 0, (2.9)

which can be assumed for outgoing waves, the integration over Σ′′ gives no con-
tribution as R → ∞. A detailed discussion on the vanishing of the contribution
from the integration over Σ′′ can be found in Ref. 5. For the screen and aperture,
Σ + Σ′, Kirchho� assumed that both the �eld and its normal derivative vanish on
Σ′, and, further, that both U and ∂U/∂n are the same over Σ as in the absence of
the screen. These boundary conditions give the result

U(r) = − 1
4π

∫
Σ

exp(ikR)
R

n̂ ·
[(

ik − 1
R

)
U R̂−∇U

]
d2ρ, (2.10)

which expresses the �eld at the point r in terms of the �eld over the aperture Σ.
There is a mathematical problem with the boundary conditions Kirchho� chose,

because a function that ful�lls both the Helmholtz equation and the above boundary
conditions on the screen has to vanish everywhere. Despite this inconsistency, the
Fresnel-Kirchho� integral gives accurate results. Note that both the �eld and its
normal derivative appear in the integrand. Normally, it is assumed that the aperture
is illuminated by a single point source, in which case the �eld over the aperture is

U(ρ) = A
exp(ikRs)

Rs
, (2.11)

and the normal derivative is

∂U(ρ)
∂n

= A
exp(ikRs)

Rs
n̂ · Rs

Rs

(
ik − 1

Rs

)
≈ ikA

exp(ikRs)
Rs

n̂ · R̂s, (2.12)
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Figure 2.1: Di�raction geometry. The position vectors of Po (the observation point)
and P (on the surface S) are r and ρ, respectively.

where Rs = |Rs| = |ρ− rs|, and rs is the position of the source. The approxima-
tion in the last step is valid when kRs >> 1, or, equivalently, when the distance
from source to aperture is a large number of wavelengths. Applying the same
approximation, the radiation approximation, to Eq. (2.10), we have

U(r) =
A

iλ

∫
Σ

exp[ik(R+Rs)]
R Rs

n̂ ·

(
R̂− R̂s

2

)
d2ρ, (2.13)

which is the Fresnel-Kirchho� di�raction integral.

Rayleigh-Sommerfeld di�raction integrals

From the previous section, it is clear that the �eld at r can be expressed as

U(r) = − 1
4π

∫
Σ+Σ′

(
∂G

∂n
U − ∂U

∂n
G

)
d2ρ, (2.14)

where G is a solution to Eq. (2.5), and satis�es the radiation condition. By picking a
G that vanishes over the aperture and screen, only U , and not its normal derivative,
has to be speci�ed, and the inconsistencies of Kirchho�'s theory can be removed.
This was achieved by Sommerfeld by choosing the Green function

GRS1(ρ, r) =
exp(ikR)

R
− exp(ikR′)

R′
, (2.15)
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where R′ = |ρ− r′|, and r′ is the mirror image of r. Assuming the aperture plane
is positioned at z = 0, r′ is explicitly r′ = xx̂ + yŷ− zẑ, and n̂ = −ẑ. This leads to

U(r) =
1

2π

∫
Σ+Σ′

exp(ikR)
R

(
ik − 1

R

)
ẑ · R̂ U(ρ) d2ρ. (2.16)

Eq. (2.16) may be rewritten as

U(r) =
1

2π

∫
Σ+Σ′

∂G

∂z
U(ρ) d2ρ, (2.17)

with G given by Eq. (2.6). This is the �rst Rayleigh-Sommerfeld solution, and it is
exact. If the integration is extended to the entire plane z = 0, i.e., if U is known
exactly on both the aperture and the screen, this equation is fully rigorous. For
most applications it can be assumed that R >> λ (the radiation approximation),
and that U vanishes on Σ′, which gives the simpli�ed expression

U(r) = − 1
iλ

∫
Σ

exp(ikR)
R

ẑ · R̂ U(ρ) d2ρ. (2.18)

In a similar way, with G equal to

GRS2(ρ, r) =
exp(ikR)

R
+

exp(ikR′)
R′

, (2.19)

the normal derivative of G vanishes over the screen and aperture, and only the
normal derivative of U has to be speci�ed. This choice of Green function leads
to the second Rayleigh-Sommerfeld solution, which in the radiation approximation
reads

U(r) =
1

2π

∫
Σ

exp(ikR)
R

∂U(ρ)
∂z

d2r. (2.20)

The �rst and second Rayleigh-Sommerfeld solutions are valid only for apertures in
a planar screen. Although a planar screen was assumed in the previous section, the
validity of the Fresnel-Kirchho� integral is not restricted to planar screens [5].

Unlike the Fresnel-Kirchho� solution, the derivation of the Rayleigh-Sommerfeld
integrals does not rely on the assumption that the �eld in the aperture results from a
single point source in z < 0, but when this assumption is made, the two Rayleigh-
Sommerfeld integrals and the Fresnel-Kirchho� integral give similar results. A
discussion of the di�erences can be found in Ref. 5.

Fresnel di�raction

Consider, once more, di�raction from an aperture in the plane z = 0. This time
the resulting �eld is observed in a plane at a distance z, in the positive z direction,
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from the aperture. When the observation point is close to the optical axis (the
normal to the aperture plane), the paraxial approximation

n̂ · R̂ = −ẑ · R̂ ≈ 1 (2.21)

holds. The R in the denominator of the integrand in Eq. (2.18) can then safely be
approximated to R ≈ z. With the R in the exponent, one has to be more careful
because kR is very large for optical frequencies, resulting in a rapidly varying phase.
In the Fresnel approximation R is approximated to the �rst two terms of its Taylor
series

R = |r− ρ| =
√

(x− ξ)2 + (y − η)2 + z2 ≈ z +
(x− ξ)2

2z
+

(y − η)2

2z
. (2.22)

With these approximations we have

U(x, y, z) =
exp(ikz)

iλz
exp

[
ik
2z

(x2 + y2)
] ∫

Σ

U(ξ, η) exp
[

ik
2z

(ξ2 + η2)
]

× exp
[
− ik
z

(xξ + yη)
]

dξdη. (2.23)

This is the Fresnel approximation, which essentially replaces spherical wave-fronts
with parabolic ones. The Fresnel approximation is a paraxial approximation, and
it is only valid close to the optical axis. It is, however, valid1 at distances down to
∼ 2λ [59].

Fraunhofer di�raction

When

z >>
k(ξ2 + η2)

2
, (2.24)

the quadratic phase factor exp
[
ik(ξ2 + η2)/2z

]
in the integrand of Eq. (2.23) can

be set to unity. Within the paraxial approximation, the factor exp
[
ik(x2 + y2)/2z

]
may also be dropped. The result is the paraxial Fraunhofer di�raction integral

U(x, y, z) =
exp(ikz)

iλz

×
∫

Σ

U(ξ, η) exp
[
− ik
z

(xξ + yη)
]

dξdη. (2.25)

The integral in Eq. (2.25) is recognized as a two-dimensional Fourier transform.
The paraxial Fraunhofer di�raction pattern is the Fourier transform of the �eld in
the aperture, evaluated at frequencies fx = x/λz and fy = y/λz.

1The Fresnel di�raction formula is a general solution of the paraxial wave equation. In this
sense it is valid for all z.
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Unlike the Fresnel approximation, the Fraunhofer approximation is valid out-
side the paraxial regime. Returning to the approximation of R in the exponent,
Eq. (2.22) can be rewritten as

R ≈ r − r̂ · ρ+
ρ2

2r
≈ r − r̂ · ρ, (2.26)

where r = |r|, r̂ = r/r, and, again, the quadratic dependence on the aperture
coordinates has been dropped. With

n̂ · R̂ ≈ ẑ · r = cos θ, (2.27)

and with R ≈ r in the denominator, the wide-angle Fraunhofer di�raction integral,

U(r, θ) =
exp(ikr)

iλr
cos θ

×
∫

Σ

U(ξ, η) exp (−ikr̂ · ρ) dξdη, (2.28)

is obtained.

Near-�eld di�raction

In the near �eld, i.e., at distances about a fraction of a wavelength from material
body, the vectorial nature of light has to be considered. However, a scalar theory
can still capture essential features. None of the approximations made above (the
radiation approximation, the paraxial approximation, the approximations of the
exponent) apply in the near �eld. Instead, one has to use the exact equation (2.17).
The equation can be rewritten as

U(r) = − 1
2π

∂

∂z

∫
Σ

exp(ikR)
R

U(ρ) d2ρ. (2.29)

To simplify the di�raction problem, one often considers a system in which all the
physical quantities are independent of one coordinate. If we choose y as this coor-
dinate, the di�raction integral is

U(x) = − 1
2π

∂

∂z

∫ x0

−x0

[∫ ∞
−∞

exp(ikR)
R

dη
]
U(ξ) dξ, (2.30)

where we have assumed that the aperture is centered around x = 0, and has the
extent 2x0 in the x direction. Making use of the Weyl expansion for a spherical
wave [60]

exp(ikR)
R

=
ik
2π

∞∫∫
−∞

1
m

exp {ik[p(x− ξ) + q(y − η) +mz]} dp dq, (2.31)
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where

m =
√

1− p2 − q2, p2 + q2 ≤ 1,
m = i

√
p2 + q2 − 1, p2 + q2 > 1,

(2.32)

the integration over η can be carried out as∫ ∞
−∞

exp(ikR)
R

dη =
ik
2π

∫∫ ∞
−∞

1
m

exp {ik[p(x− ξ) +mz]}

×
[∫ ∞
−∞

exp[ikq(y − η)]dη
]

dp dq

=
ik
2π

∫∫ ∞
−∞

1
m

exp {ik[p(x− ξ) +mz]} 2π
k
δ(q)dp dq

= i
∫ ∞
−∞

1
m

exp {ik[p(x− ξ) +mz]} dp

= iπ H(1)
0 (kR0), (2.33)

where H
(1)
0 is the Hankel function of the �rst kind and zeroth order, and R0 =

[(x− ξ)2 + z2]1/2. The last equality follows from the spectral representation of the
Hankel function [61]. Taking the partial derivative, we have

U(x) = − i
2
∂

∂z

∫ x0

−x0

H
(1)
0 (kR0) U(ξ) dξ

= − i
2

∫ x0

−x0

∂

∂z
H

(1)
0 (kR0) U(ξ) dξ

=
ikz
2

∫ x0

−x0

H
(1)
1 (kR0)
R0

U(ξ) dξ, (2.34)

where the property ∂H
(1)
0 (x)/∂x = −H(1)

1 (x), of the Hankel functions, has been

used. Here, H
(1)
1 is the Hankel function of the �rst kind and �rst order. We

have now arrived at a one-dimensional, scalar, near-�eld di�raction integral, given
by Eq. (2.34). In Chap. 6, this integral is used to calculate the scalar near-�eld
communication modes.

Vector di�raction

It is possible to derive a vectorial di�raction integral. For the special case of aper-
tures in a thin, perfectly conducting plane sheet, the electric �eld, observed at a
point r = (x, y, z), is given by the integral [52]

E(r) =
1

2π
∇×

∫
A

{n̂×E(ρ)}G(R)d2ρ, (2.35)
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where the subscript A denotes integration over the aperture. Like its scalar coun-
terpart, Eq. (2.17), this equation is fully rigorous (regardless of the nature of the
screen) if the integration is extended to the entire plane z = 0. In Eq. (2.35), the
vector n̂ is the unit normal to the aperture, pointing in the positive z direction,
and G(R) is the three-dimensional free-space (outgoing) scalar Green function

G(R) =
exp (ikR)

R
, (2.36)

with R = |r− ρ|. The aperture coordinate ρ is ρ = (ξ, η, 0), i.e., the aperture is in
the plane z = 0. The �elds are assumed to have time dependence exp (−iωt).

Matrix form

In order to derive the communication modes, it is convenient to write the di�raction
integral kernel in matrix form. Performing the cross-product and curl operation,
which operates on r and can therefore be brought in under the integral sign, we
obtain

Ex(r) = − 1
2π

∫
A

∂G

∂z
Ex(ρ)d2ρ

=
1

2π

∫
A

1− ikR
R3

exp(ikR) z Ex(ρ)d2ρ (2.37)

Ey(r) = − 1
2π

∫
A

∂G

∂z
Ey(ρ)d2ρ

=
1

2π

∫
A

1− ikR
R3

exp(ikR) z Ey(ρ)d2ρ (2.38)

Ez(r) = − 1
2π

∫
A

1− ikR
R3

exp(ikR)

× [Ex(ρ)(x− ξ) + Ey(ρ)(y − η)] d2ρ

= − 1
2π

∫
A

1− ikR
R3

exp(ikR)E0(ρ) · (r− ρ)d2ρ (2.39)

The integrals for the x and y components are recognized as the �rst Rayleigh-
Sommerfeld di�raction integral. We can now write Eq. (2.35) in the form

E(r) =
∫
A

Γ(r,ρ)E0(ρ)d2ρ, (2.40)

where Γ is

Γ(r,ρ) =

Γxx 0
0 Γyy

Γxz Γyz


=

1
2π

1− ikR
R3

exp(ikR)

 z 0
0 z

−(x− ξ) −(y − η)

 , (2.41)
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and

E0(ρ) =
[
Ex(ρ)
Ey(ρ)

]
. (2.42)

From the above equations we see that the z-component of the �eld in z > 0 is given
by the x and y components in the aperture.

Rayleigh-Luneburg di�raction integrals

Interestingly, the propagation of an electromagnetic wave can be represented by
identical di�raction integrals for all three components of the �eld vector. The
boundary value of the z component of E in the plane z = 0 is given by [62]

Ez(ρ) =
1

2π

∫
E(ρ′) · (ρ′ − ρ)

ik|ρ′ − ρ| − 1
|ρ′ − ρ|3

exp (ik|ρ′ − ρ|) d2ρ′. (2.43)

The boundary value can be found by taking the limit z → 0 of Eq. (2.39). Because
the z component of E obeys the Helmholtz equation throughout z > 0, and behaves
like an outgoing wave there, it can be found from the Rayleigh di�raction integral
[62], using the boundary condition in Eq. (2.43). In other words, Eq. (2.39) must
be equivalent to

Ez(r) =
1

2π

∫
A

1− ikR
R3

exp (ikR) z Ez(ρ) d2ρ, (2.44)

with Ez(ρ) given by Eq. (2.43). We can now write, for all three components [62�65],

Eα(r) = − 1
2π

∫
A

∂G

∂z
Eα(ρ)d2ρ, α = x, y, z. (2.45)

It may appear that Eq. (2.45) fails to ful�ll Maxwell's equations, but it is important
to remember that Ez(ρ) is not independent of Ex(ρ) and Ey(ρ), but is related to
those two components through Eq. (2.43).

2.2 Angular spectrum representation

The angular spectrum representation of scalar waves [5, 50, 66] is described brie�y
in this section. Let us assume that a wave is propagating into the half-space z ≥ 0.
The wave results from monochromatic sources that are all located in the half-space
z < 0. Because the sources are in z < 0, the complex amplitude U of the �eld in
z ≥ 0 satis�es the homogeneous Helmholtz equation

∇2U + k2U = 0. (2.46)

If U is known over the plane z = 0, it may be found at any point in z ≥ 0 by means
of its angular spectrum representation. Let the complex amplitude at z = 0 be

U(x, y, 0) = f(x, y). (2.47)
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Provided that U(x, y, z) is su�ciently well-behaved, it has a two-dimensional Fourier
representation at z = constant > 0

U(x, y, z) =
∫∫ ∞
−∞

Ũ(p, q, z) exp[ik(px+ qy)]dpdq. (2.48)

Inserting Eq. (2.48) into the Helmholtz equation, we have

∂2

∂z2
Ũ(p, q, z) + k2m2Ũ(p, q, z) = 0, (2.49)

where

m2 = 1− p2 − q2. (2.50)

Eq. (2.49) has the two independent solutions

Ũ1(p, q, z) = a(p, q) exp(ikmz), (2.51)

Ũ2(p, q, z) = b(p, q) exp(−ikmz), (2.52)

with

m =
√

1− p2 − q2, p2 + q2 ≤ 1,
m = i

√
p2 + q2 − 1, p2 + q2 > 1.

(2.53)

When m is real, the second solution represents waves propagating towards the half-
space z < 0, and when m is imaginary, it is exponentially growing with z, so we
will disregard it and focus on the �rst solution. We �nd from Eqs. (2.47), (2.48)
and (2.51), setting z = 0, that a(p, q) is the two-dimensional Fourier transform of
f(x, y),

a(p, q) =
(
k

2π

)2 ∫∫ ∞
−∞

f(x, y) exp[−ik(px+ qy)]dxdy. (2.54)

We can now write the wave in z ≥ 0 as

U(x, y, z) =
∫∫ ∞
−∞

a(p, q) exp[ik(px+ qy +mz)]dpdq. (2.55)

Physically, Eq. (2.55) is a superposition of plane waves. For p2 + q2 ≤ 1, the waves
are homogeneous propagating waves with directional cosines p, q, and m. When
p2 + q2 > 1, m becomes imaginary, and the corresponding plane-wave components
fall o� exponentially in z. These inhomogeneous waves are the so-called evanescent
components. The function a(p, q) is known as the angular spectrum of U .
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Propagation as a low-pass spatial �lter

While the homogeneous plane-wave components only change their phase on propa-
gation, the inhomogeneous components, because of their rapid decay, are e�ectively
�ltered out beyond a very short distance from z = 0. From the angular spectrum
representation (2.55), it is clear that the directional cosines are related to the x and
y spatial frequencies of the wave at z = 0. More precisely, the spatial frequencies
in the x and y directions are fx = p/λ and fy = q/λ, respectively. The condition
p2 + q2 ≤ 1 thus corresponds to a cut-o� at spatial frequency 1/λ.

2.3 The Whittaker-Shannon sampling theorem

The Whittaker-Shannon sampling theorem [5, 12�14] (also known as the Nyquist-
Shannon sampling theorem or simply the sampling theorem) states that a signal can
be reconstructed from its samples without loss of information if it is bandlimited
and the sampling frequency is greater than twice the bandwidth of the signal.

If f(x) is a continuous signal, its corresponding sampled signal can be written
(assuming the sampling interval X is constant)

fs(x) =
∞∑

n=−∞
δ(
x

X
− n)f(x), (2.56)

where δ is the Dirac delta function. The Fourier transform of fs, evaluated at
spatial frequency fx, is

Fs(fx) =

[ ∞∑
n=−∞

δ(fx −
n

X
)

]
⊗ F (fx), (2.57)

where ⊗ denotes convolution and F is the Fourier transform of f . Performing the
convolution, the relation between the spectra of the signal and the sampled signal
is obtained as

Fs(fx) =
∞∑

n=−∞
F (fx −

n

X
). (2.58)

In other words, the spectrum Fs of fs is the periodical repetition of F , with period
1/X on the frequency axis. To reconstruct the original signal f from the spectrum
Fs, the spectrum has to be �ltered so that only the term n = 0 remains. This can
be done provided that there is no overlap between two adjacent terms, i.e., provided
that

1
X

> 2Bx, (2.59)

where Bx is the bandwidth of f . In other words, the signal can be completely
reconstructed if the sampling frequency (the inverse of the sampling interval X) is
greater than twice the bandwidth of f .



2.4. PROLATE SPHEROIDAL WAVE FUNCTIONS 21

One possible choice of the �lter is

H(fx) = rect(
fx

2Bx
) =

 0, |fx| > Bx,
1/2, |fx| = Bx,
1, |fx| < Bx.

(2.60)

Applying this �lter to Fs we have

Fs(fx)H(fx) = F, (2.61)

or, taking the inverse Fourier transform,

f(x) = fs(x)⊗ 2Bx sinc(π2Bxx), (2.62)

where sinc (s) = sin (s) /s. Making use of Eq. (2.56) and the sifting property of the
delta function, and assuming that the sampling criterion is just ful�lled, i.e. that
2Bx = 1/X, we have

f(x) =
∞∑

n=−∞
f

(
n

2Bx

)
sinc

[
π2Bx

(
x− n

2Bx

)]
. (2.63)

This equation, which shows how f can be recovered exactly from its samples, is
known as the Whittaker-Shannon interpolation formula.

As we will see in the next chapter, the number of degrees of freedom of an image
may be estimated from the sampling theorem.

2.4 Prolate spheroidal wave functions

This section is a brief summary of the properties of the prolate spheroidal wave
functions (PSWF). The PSWFs and their properties and applications are described
in Refs. 43 and 67�70.

General properties

The PSWFs are bandlimited functions that are complete and orthogonal both on
a �nite interval and over the in�nite interval. They are also essentially invariant
to a �nite Fourier transform, a property which de�nes them uniquely [43]. More
precisely, the de�ning relation of the PSWFs is∫ x0

−x0

ψn (x) exp (iωxx) dx = in
√

2πλnx0/Ωx ψn (ωxx0/Ωx) , (2.64)

for all real ωx. In the previous sections, we have de�ned the Fourier transform with
a negative sign in the exponent of the integration kernel. By the same convention,
the �nite Fourier transform of ψn is then found from Eq. (2.64) by inverting the sign
of ωx. The result is a scaled and re�ected version of the same PSWF, multiplied
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by a complex constant having the phase n · π/2. The λn are eigenvalues to an
eigenequation, Eq. (2.69), stated below. The quantity Ωx is the spatial bandwidth
of the ψn. The bandlimitedness of the PSWFs can be shown by taking the Fourier
transform of both sides of Eq. (2.64), which gives the result:∫ ∞

−∞
ψn (x) exp (−iωxx) dx =

{
i−n
√

2πx0
Ωxλn

ψn

(
ωx

x0
Ωx

)
, ωx ≤ |Ωx|

0, ωx > |Ωx|
(2.65)

The orthogonality and completeness relations for the PSWFs on |x| ≤ x0 are∫ x0

−x0

ψm (x)ψn (x) dx = λnδmn, (2.66)

and

∞∑
n=0

ψn (x)ψn (x′) = δ (x− x′) , |x| ≤ x0, |x′| ≤ x0. (2.67)

The orthogonality relation for the in�nite interval is∫ ∞
−∞

ψm (x)ψn (x) dx = δmn. (2.68)

If a �nite Fourier transform operation in ωx is performed on both sides of (2.64),
the eigenequation∫ x0

−x0

sin [Ωx (x− x′)]
π (x− x′)

ψn (x′) dx′ = λnψn (x) (2.69)

is obtained. The eigenvalues λn and the eigenfunctions ψn depend implicitly on x0

and Ωx. The eigenvalues of the PSWFs display a step-like behavior with λn ≈ 1 up
to the order

N =
2Ωxx0

π
, (2.70)

after which they rapidly fall o� towards zero. Equations (2.69) and (2.70) are
extensively used in this thesis. They occur, e.g., in one-dimensional far-�eld and
Fresnel di�raction problems when the �eld is observed over a limited range centered
on the axis, where Eq. (2.69) de�nes the communication modes (see Chap. 6).

Prolate spheroidal wave functions and uncertainty

In the Heisenberg (or Gabor) uncertainty principle, the concentration of the signal
in space and spatial frequency (or time and temporal frequency) is measured by
its variances. Landau and Pollak [68] introduced a di�erent uncertainty principle,
where the uncertainty is de�ned in terms of the energy concentration of the signal
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within a given space interval and spatial frequency band. The uncertainty principle
is

Ωx2x0 ≥ Φ (α, β) , (2.71)

where 2x0 is the length of the interval, Ωx is the angular spatial frequency band-
width and α and β are de�ned by the equations

α2 =

∫ x0

−x0
|f(x)|2 dx∫∞

−∞ |f(x)|2 dx
, (2.72)

and

β2 =

∫ Ωx

−Ωx
|F (ωx)|2 dωx∫∞

−∞ |F (ωx)|2 dωx
, (2.73)

where F is the Fourier transform of the signal f .
The behavior of the function Φ (α, β) will not be described here, but when β = 1,

i.e., when all the energy is concentrated in the frequency band, the parameter α has
the maximum value

√
λ0, where λ0 is the largest eigenvalue of Eq. (2.69). From the

orthogonality relations above, it follows that the zero order PSWF is the maximally
concentrated of all bandlimited functions for a given space-bandwidth product.

2.5 Partially coherent light

The statistical properties of statistically stationary, partially coherent �elds can be
represented, in the space-time domain, by the mutual coherence function [50, 60,
71, 72]

Γ (r1, r2, τ) = 〈U∗ (r1, t)U (r2, t+ τ)〉 , (2.74)

where the angle brackets denote the ensemble average over all possible randomly
�uctuating �eld realizations. (In many cases, the ensemble average is equal to the
time average. The �eld is then said to be ergodic.) A �eld is statistically stationary
if the average properties of the random �eld realizations are independent of the
origin of time. The normalized form of the mutual coherence function

γ (r1, r2, τ) =
Γ (r1, r2, τ)√

Γ (r1, r1, 0) Γ (r2, r2, 0)
, (2.75)

is called the complex degree of coherence. It satis�es the conditions

0 ≤ |γ (r1, r2, τ)| ≤ 1, (2.76)

and the upper and lower limits represent completely coherent and completely inco-
herent �eld, respectively. Values in between indicate partial coherence.

It is often more convenient to analyze the �eld in the space-frequency domain.
According to the Wiener-Khintchine theorem, the di�erent frequency components of
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a statistically stationary �eld are uncorrelated, and so the coherence properties may
be considered for one frequency at a time. The correlation of the �eld at two points
for a given frequency ω = kc is described by the cross-spectral densityW (r1, r2, ω).
By the same theorem, the cross-spectral density is the Fourier transform of the
mutual coherence function, i.e.,

W (r1, r2, ω) =
1

2π

∫ ∞
−∞

Γ (r1, r2, τ) exp (iωτ) dτ. (2.77)

When the cross-spectral density is evaluated at a single point, it reduces to

S (r, ω) = W (r, r, ω, ω) , (2.78)

which is called the spectral density of the �eld. The space-frequency domain analogy
to the complex degree of coherence is the complex degree of spectral coherence,
de�ned as

µ (r1, r2, ω) =
W (r1, r2, ω)√
S (r1, ω)S (r2, ω)

. (2.79)

Like its space-time-domain counterpart, it satis�es

0 ≤ |µ (r1, r2, ω)| ≤ 1. (2.80)

and again the lower limit corresponds to spatially incoherent �elds, while the up-
per limit corresponds to completely coherent �elds. The main properties of the
coherence functions are described in Refs. 25, 26, 50, 60, 71 and 72.

The cross-spectral density at frequency ω may also be expressed as

W (r1, r2, ω) = 〈U∗(r1, ω)U(r2, ω)〉 , (2.81)

where the U(r, ω) are monochromatic realizations that represent the �eld [60]. Be-
cause the �eld realizations U(r, ω) satisfy the Helmholtz equation, the cross-spectral
density obeys the pair of Helmholtz equations

∇2
1W (r1, r2) + k2W (r1, r2) = 0, (2.82)

and

∇2
2W (r1, r2) + k2W (r1, r2) = 0, (2.83)

where ∇2
1 and ∇2

2 are Laplacian operators taken with respect to the point r1 and
r2, respectively.

The above equations make it possible to de�ne a propagation integral for the
cross-spectral density, in complete analogy with the di�raction integral for coherent
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�elds. For arbitrary partially coherent wave�elds traversing a deterministic linear
optical system, we can write

W (r1, r2) =
∫∫
A

Q(r1, r2,ρ1,ρ2)W (ρ1,ρ2)d2ρ1d2ρ2, (2.84)

where Q is the propagation kernel corresponding to the system. From this equation,
the communication modes for partially coherent �elds in deterministic media can
be derived (see Chap. 6).

2.6 Hilbert spaces

In this section, the properties of Hilbert spaces and Hilbert space operators that
are used in this thesis are listed. These mathematical tools are very clearly and
extensively described in Ref. 51, Ch. 1.

A Hilbert space is a complete linear space with an inner product [51, 73]. The
inner product has the properties

(f1, f2) = (f2, f1)∗ , (2.85)

(f1, cf2) = c (f1, f2) , (2.86)

(f1 + f2, f3) = (f1, f3) + (f2, f3) , (2.87)

(f1, f1) ≥ 0, (2.88)

where, in the last equation, equality obtains if and only if f1 = 0. The norm is
de�ned, for Hilbert spaces, as

||f || =
√

(f, f). (2.89)

Examples of Hilbert spaces

L2 spaces

An example of an inner product is

(f1, f2) =
∫ b

a

f∗1 (x)f2(x) dx, (2.90)

where f1 and f2 are vectors in the space of square-integrable complex-valued func-
tions. Its norm,

||f || =
√

(f, f) =

[∫ b

a

f∗(x)f(x) dx

] 1
2

=

[∫ b

a

|f(x)|2 dx

] 1
2

(2.91)

is an L2 norm, and the space is referred to as the L2(a, b) space. In order to deal
with functions that are not square integrable, or for other reasons, one can introduce
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a weighted inner product,

(f1, f2) =
∫ b

a

w(x)f∗1 (x)f2(x) dx, (2.92)

where w(x) ≥ 0. The corresponding norm, for this L2(a, b;w(x)) space, is

||f || =

[∫ b

a

w(x) |f(x)|2 dx

] 1
2

. (2.93)

Euclidean space

The N -dimensional Euclidean space EN is a Hilbert space, with inner product

(f1, f2) =
N∑
n=1

f∗1nf2n, (2.94)

and norm

(f, f) =

[
N∑
n=1

|fn|2
] 1

2

, (2.95)

where the subscript n denotes the n:th component of the vectors f , f1 and f2.

L3
2 spaces

When dealing with three-component, vector-valued functions of space, such as the
electric or magnetic �eld vectors, it is sometimes convenient to introduce an L3

2

space, having the inner product

(f1, f2) =

[
3∑

n=1

∫
V

f∗1n(r)f2n(r)d3r

] 1
2

. (2.96)

The Schwartz inequality

The Schwartz inequality

|(f1, f2)|2 ≤ ‖f1‖2 ‖f2‖2 , (2.97)

holds for every Hilbert space. Equality obtains if and only if f2 = γf1, where γ is
a constant.
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Operators and operator adjoint

Consider the Hilbert-space operator A that acts on vectors f in the Hilbert space
U, and produces images g,

g = Af, (2.98)

in the space V. The space U is called the domain of A, and the space of all the
images g, i.e., V or a subspace of V, is called the range of A.

The adjoint of A, denoted A†, is de�ned by

(g2,Af1)V =
(
A†g2, f1

)
U . (2.99)

Note that A† is an operator from V to U.

Vector adjoint

The adjoint f†1 of a vector f1 is an operator that results in the inner product of f1

and the vector on which it operates, i.e.,

f†1f2 = (f1, f2) . (2.100)

Matrix adjoint

In this thesis, the adjoint of a matrix A will be denoted A† and refer to its conjugate
transpose, i.e., the elements of A† are

A†ij = A∗ji, (2.101)

where the asterisk represents the complex conjugate. This is consistent with Eq. (2.99).





Chapter 3

Degrees of freedom and resolution

As described in the introduction, the conclusion that an image or a wave�eld has,
in practice, a limited number of degrees of freedom has been arrived at in several
di�erent ways. In the following, these approaches will be described in more detail.
The main idea is that all we can know about the wave can be speci�ed by assign-
ing values to independent variables [17]. The degrees of freedom associated with
these variables should be complete, in the sense that they must span the space of
possible �elds, and orthogonal, to make sure that their corresponding variables are
independent. Mathematically, this corresponds to making the expansion,

φ (r) =
N∑
n=1

anφn (r) , (3.1)

of the �eld φ(r) over the region where we choose to examine it, where the {φn} (the
degrees of freedom) are orthogonal, and N is the number of expansion coe�cients
(independent variables) needed to specify the �eld with the accuracy that can be
achieved given the speci�c properties of the system considered.

In an approximation, the degrees of freedom of an optical image can be taken
as the smallest resolvable spots of the system. Because any imaging system has a
�nite aperture, even if it is in every other sense perfect, it is subject to the laws
of di�raction and images object points as blur spots. To assess the information
content of the image, we could start by counting the number of smallest resolvable
spots. We would then think of these spots as indivisible elements of which the
image is made up, and if we neglect their overlap, the spots would be practically
mutually independent (or orthogonal). To express as much as we can learn about
the object from the image, we have to attach a value to each spot (corresponding to
its intensity). The {φn} are then Airy patterns, sinc functions, or Gaussian spots.
Although these functions are not truly orthogonal, their overlap may be reasonably
neglected. Further, if we know the intensity of each spot, we know the image to
the degree with which it can be resolved. In this sense, the completeness condition
is ful�lled.

29
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Because the concepts of degrees of freedom and resolution are closely related, a
brief discussion on resolution is given in the following sections.

3.1 Resolution

Resolution [50, 74] is the ability of an imaging system to transmit the �ne details
of the object to the image. Resolution can be estimated in a number of di�erent
ways. The perhaps most well-known approach is Rayleigh's criterion which is a
two-point resolution criterion, where the ability of the system to resolve two point
sources is considered. Resolution can also be estimated in terms of the visibility of
the interference pattern of periodic components in the object, or by considering the
statistical properties of a random distribution of sources. The last approach will
not be described here, as it lies outside of the scope of this thesis. Which estimate
is best suited depends on the properties of the object and the imaging system.

Rayleigh resolution

In Rayleigh's treatment of resolution, the light from each point of the object, due
to di�raction by the objective, gives a blur spot in the image plane, and the image
is then formed by superposition of the spots [50]. The shape of the spot is described
by the (di�raction limited) point-spread function (PSF) of the system. When a two-
point object is imaged, the smallest distance at which the points can be resolved is
directly related to the size of the PSF. The points are resolved when the two peaks
of the pattern resulting from the superposition of the PSFs can be distinguished.

The smallest resolvable distance is not well-de�ned. It depends on how the
image is processed, the amount of noise, and perhaps more importantly, on the
a priori knowledge of the object. Rayleigh chose as his criterion that the points
are considered to be resolved when the central maximum of one of the PSFs coin-
cides with the �rst zero of the other. For systems with a circular aperture, where
the di�raction limited PSF is the Airy pattern, the smallest angular separation of
resolvable points is given by [6, 50]

sin θ = 1.22
λ

D
(3.2)

where D is the diameter of the lens. At this separation, the ratio between the
central minimum in the composite intensity distribution and the maximum is 0.81.
Sometimes this 81% ratio is referred to as the Rayleigh criterion. For a microscope
the Rayleigh criterion translates to [5]

d =
0.61λ
NA

, (3.3)

where d is the separation between resolvable object points, and NA is the numerical
aperture

NA = n sinα, (3.4)
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where α is the collecting angle of the lens, and n is the refractive index of the
medium surrounding the lens.

Rayleigh's criterion is not to be regarded as an absolute rule. He chose it for
its simplicity and because it gives a rather accurate estimate of the resolution limit
when the intensity di�erences in the image are detected by the human visual system.
With modern detectors and computers to process the image data, the Rayleigh
criterion has become less relevant. For such systems, other criteria, such as the
Sparrow limit [75], are used as resolution estimates. Nevertheless, the Rayleigh
criterion remains important, because of its simplicity and because it is so well-
known.

The Airy disc is the far �eld di�raction pattern of the imaging aperture. There-
fore Rayleigh's resolution limit is only applicable to systems where the di�raction
pattern of the aperture can be assumed to be of the far-�eld variety. However, the
Rayleigh criterion can be generalized to any type of PSF, using the 81% criterion.

Abbe's theory

Ernst Karl Abbe formulated a theory for the resolving power of a microscope [60]
for the case of coherent illumination. He considered the imaging of a grating, and
stated that in order for the grating to be reproduced in the image, at least the
zeroth and one of the �rst order di�raction maxima must fall within the aperture
of the microscope. This gives the resolution limit as a function of wavelength and
size of the aperture. The limit is [7, 50]

d =
λ

NA
. (3.5)

where d is the grating period and NA is the numerical aperture of the objective.
With oblique illumination the Abbe resolution may be improved. The Abbe theory
is based on the assumption that the illumination is coherent. The theory also
relies on the far-�eld pattern produced by the grating, and thus is not valid in the
near-�eld.

3.2 The sampling-theorem argument

The sampling theorem argument [15] may be summarized as follows. A function
which is limited in both space and spatial-frequency range can be speci�ed by a �nite
number of parameters. The image, which has a limited spatial-frequency bandwidth
due to the �ltering inherent in the imaging process, and which obviously is limited
in space, therefore has a �nite number of degrees of freedom. This argument is only
an approximate one, because the optical wave can not be strictly limited in both
space and spatial frequency at the same time.

To add a little more detail, we consider one-dimensional imaging where the
image is a function of one spatial coordinate only. Because the image is spatially
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bandlimited, it may be speci�ed by a sequence of numbers consisting of the samples
f (n/2Bx) in Eq. (2.63).

The image can not be strictly limited in both space and spatial frequency, but if
most of its energy falls within a �nite line interval, we only have to count the samples
within that region. Therefore, with reasonable accuracy, the image is speci�ed by
a �nite number of samples. This can be taken as the number of degrees of freedom
of the image, and is also known as the Shannon number [15, 20, 76].

With Bx in Eq. (2.63) equal to the di�raction-limited bandwidth, the sinc func-
tions are the di�raction spots, and this analysis is equivalent to counting the re-
solvable spots as in the discussion in the introduction to this chapter.

3.3 Gabor uncertainty and degrees of freedom

The well-known Heisenberg uncertainty principle of quantum mechanics is a special
case of a more general uncertainty relation of Fourier transform pairs. It can be
shown [11] that for any function f(x) and its Fourier transform F (fx) there exists
a relation

∆x∆fx & 1, (3.6)

between the width, ∆x, of f(x) and its spatial-frequency bandwidth, ∆fx.
In order to facilitate the simultaneous description of a function and its Fourier

transform, Gabor introduced the so-called information space [11]. The information
space related to the function f is shown in Fig. 3.1. The uncertainty principle allows
the division of the space into elementary information cells so that every cell occupies
the minimum area, as illustrated in Fig. 3.1. Each cell contains one quantum,
or one logon in Gabor's terminology, of information. By associating to each cell

Figure 3.1: Gabor's information space. The space is divided into elementary cells
of area ∆x∆fx . 1/2.

an elementary beam, Gabor derived an expression for the number of degrees of
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freedom of the entire beam. He also proposed non-redundant representations of the
object [17, 77, 78].

Gabor considered an imaging system, in monochromatic illumination, with
plane-parallel object and image surfaces (Fig. 3.2). The rays are limited in the
Fourier plane by an aperture. The size of the aperture determines the spatial fre-
quency content of the image, i.e., it determines the size of the smallest resolvable
spot. Following Gabor, we now consider a plane, monochromatic wave of frequency

Figure 3.2: Imaging system with limiting aperture in the Fourier plane. The aper-
ture acts as a low-pass �lter for spatial frequencies.

ω [the time-dependence exp(−iωt) is omitted in the following]

U0 = exp(ikz), (3.7)

incident on an object at z = 0, having transmission t(x, y). For simplicity, we
assume that the incident wave has unit amplitude. The �eld immediately behind
the object then is

U(x, y, 0) = t(x, y). (3.8)

Expanding the object in terms of its Fourier components

t(x, y) =
∫∫ ∞
−∞

T (p, q) exp[ik(px+ qy)]dp dq, (3.9)

and disregarding the evanescent components, the �eld at a point (x, y, z > 0)
between the object and the lens is

U(x, y, z) =
∫∫

p2+q2≤1

T (p, q) exp(ikz
√

1− p2 − q2) exp [ik (px+ qy)] dp dq. (3.10)
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When the object is imaged through the imaging system, the angular spread of the
rays that reach the image is limited. If this limitation is assumed to be constant for
any object point (as is the case when a limiting aperture is positioned in the Fourier
plane), the degrees of freedom can be assessed by applying Gabor's uncertainty
principle, i.e., Eq. (3.6). If the object is divided into patches of e�ective area
∆x∆y, the e�ective solid angle of the di�racted beam from each patch is

Ωp = λ2∆fx∆fy ≥
λ2

∆x∆y
. (3.11)

In other words, there exists a relation

Ωp ·Ap
λ2

≥ 1, (3.12)

between the area, Ap, of the patch and the solid angle of divergence, Ωp, of the
di�racted beam emanating from it. To make up an object of area A, with the
accuracy that it can be reconstructed when the components outside the accessible
Fourier area, i.e., rays outside the maximum solid angle of divergence Ω, are cut
o�, a number N ,

N =
Ω ·A
λ2

, (3.13)

of beams (elementary beams) is needed. In other words, the object can be speci-
�ed by N independent (complex) data representing the (complex) weight of each
elementary beam, and the therefore has N (complex) degrees of freedom.

Non-redundant representations of the object

The continuous function t(x, y) is a redundant representation of the object, in the
sense that it contains (possibly in�nitely) more information about the object than
can be retrieved from the light collected by the system. In the simple case of a
rectangular object, with t(x, y) 6= 0 only when −∆x/2 ≤ x ≤ ∆x/2, −∆y/2 ≤
y ≤ ∆y/2, and a rectangular Fourier area, limited by −∆fx/2 ≤ fx ≤ ∆fx/2,
−∆fy/2 ≤ fy ≤ ∆fy/2, the object can be non-redundantly represented by means
of the Whitaker-Shannon interpolation formula for bandlimited function,

t(x, y) =
∞∑

m=−∞

∞∑
n=−∞

t

(
m

∆fx
,
n

∆fy

)
sinc [π (∆fxx−m)] sinc [π (∆fyy − n)] .

(3.14)
Because t(x, y) is zero outside the rectangle speci�ed above, the summation is ef-
fectively limited and we can write,

t(x, y) =
M/2∑

m=−M/2

N/2∑
n=−N/2

t

(
m

∆fx
,
n

∆fy

)
sinc [π (∆fxx−m)] sinc [π (∆fyy − n)] ,

(3.15)
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where M = ∆x∆fx, and N = ∆y∆fy. The above sum is not an exact represen-
tation of the object, as it does not go to zero outside the rectangle. This has to
do with the fact that the assumptions made (that the object is strictly limited in
both space and spatial frequency) can not hold exactly. For an object and Fourier
area of arbitrary shape, Gabor suggested Gaussian beams as the elementary beams,
because they have the highest space-frequency localization (in terms of variance)
of all possible beams, and because they are invariant to free-space propagation and
propagation through �rst-order systems [4, 17].

3.4 Eigenfunction approach

In reality the �eld in the image plane has to extend beyond the limits assumed
in the sampling theorem approach, either in terms of spatial extent or frequency
content, or both. Therefore, there should be additional degrees of freedom to those
counted in Eq. (3.15). However, it still gives results which agree with practical
measures such as the Rayleigh criterion.

The practical limitation on the number of degrees of freedom was clari�ed by
Di Francia [20] when he applied the research of Slepian and Pollack [67] on prolate
spheroidal wave functions (PSWF) to optical imaging. The problem of reconstruct-
ing a �nite object from a bandlimited image leads to an integral equation with the
same kernel as the eigenequation of the PSWFs.

This approach also resolved the apparent paradox that while practical experi-
ence suggests a �nite number of degrees of freedom, analytic continuation [79] of the
Fourier transform of the object leads to an in�nite number of degrees of freedom.
As we will see, the �extra� dimensions are reduced in amplitude (their eigenvalues
are smaller than unity) due to the band and space limitations. If only those degrees
of freedom whose eigenvalues are substantial are counted, the result is in agreement
with observed resolution and predictions based on the sampling theorem.

Di Francia considered a system like the 4f system in Fig. 3.3. He discussed both
incoherent and coherent imaging, but we will here, for simplicity, assume that the
�nite object is coherently illuminated. Further, we only consider one dimension. At
the Fourier plane, we have a �eld which is proportional to the Fourier transform,

T (ωx) =
∫ ∞
−∞

t (x) exp (−iωxx) dx, (3.16)

of the object. The stop in the Fourier plane causes a band limiting of the image,
and if we wish to reconstruct the object, we can only access frequencies within the
passband. However, because the object is �nite, its Fourier transform is analytic,
and if an analytic function is known over a �nite interval, the complete function can
be reconstructed by what is known as analytic continuation [79]. In other words, the
knowledge of the Fourier transform within the passband allows the reconstruction of
the complete Fourier transform, and consequently the object may be reconstructed
exactly. By analyzing the problem in terms of the PSWFs, di Francia showed how
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the behavior of their eigenvalues explains why the information contained in T (ωx)
outside the passband is essentially unavailable in practice. Assuming that the
stop removes all spatial frequencies outside the passband |ωx| ≤ Ωx, the complex
amplitude in the image plane is

t̄ (x′) =
1

2π

∫ Ωx

−Ωx

T (ωx) exp (iωxx′) dωx (3.17)

If the object has the width 2x0, combining Eqs. (3.16) and (3.17) gives

t̄ (x′) =
∫ x0

−x0

sin [Ωx (x′ − x)]
π (x′ − x)

t (x) dx. (3.18)

Making use of the eigenfunctions of Eq. (2.69), i.e., the PSWFs, which are orthog-
onal and complete in −x0 < x < x0, we can expand the object as

t(x) =
∞∑
n=0

anψn (x) . (3.19)

The complex amplitude in the image plane is then

t̄ (x′) =
∞∑
n=0

bnψn (x′) . (3.20)

Figure 3.3: A 4f system. The object (on the left) is Fourier transformed through the
�rst lens. The stop in the Fourier plane blocks high spatial frequency components,
and the image is formed from the bandlimited spatial-frequency spectrum by means
of the second lens.
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Here bn = λnan, where λn is the n:th eigenvalue of Eq. (2.69). Because the eigen-
values are approximately one up to the order

N =
2x0Ωx
π

, (3.21)

after which they rapidly fall o� to zero, as illustrated in Fig. 3.4, there are only a
limited number, N , of eigenfunctions that signi�cantly contribute to the image.

Although it is in principle possible to reconstruct the object completely by
calculating the expansion coe�cients through an = bn/λn, the result is highly
sensitive to error in bn when λn is small, i.e., when n > N , and the information
carried by the higher order eigenfunctions is practically lost. Therefore, we can say
that the system has in practice N = 2x0Ωx/π degrees of freedom.

Figure 3.4: Step-like behavior of the eigenvalues of the prolate spheroidal eigen-
functions.

3.5 Including more dimensions

Lukosz [80, 81] proposed a theorem that states that while the number of degrees
of freedom of an imaging system is invariant, its bandwidth is not. According
to his theorem, it is possible to extend the bandwidth at the expense of one of
the other variables. For instance, the bandwidth in one spatial coordinate may
be increased by reducing the bandwidth in another coordinate. The degrees of
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freedom for an imaging system includes all three spatial dimension as well as the
temporal dimension [80�82]. This means that, for instance, the spatial bandwidth
can be improved by reducing the temporal bandwidth, if the spatial information
is encoded on the temporal variables. A scanning microscope, in which the spatial
information is measured as a signal in time during the scanning process, is an
example of a system where this applies.



Chapter 4

Singular value decomposition

The spectral decomposition of Hermitian operators is well-known and widely used in
physics and other sciences. Less known is the related singular value decomposition
(SVD), but because it is not restricted to Hermitian operators it is applicable to a
much wider range of problems. The di�raction problems considered in this thesis
involve, in general, non-Hermitian operators. The SVD is central to this thesis
and, as we will see in Chap. 5, the communication modes are in fact the singular
functions of the propagation operator. The SVD, its properties and its applications
in image science are extensively described in Ref. 51.

4.1 Non-negative de�nite operator

Consider an operator A that maps a vector in the Hilbert space U to a vector in
the Hilbert space V. We now construct the operator H, as

H = A†A. (4.1)

The operator H is clearly Hermitian because

H† =
(
A†A

)†
= A†

(
A†
)†

= A†A. (4.2)

Now, we let ψ be an eigenvector of H and λ its corresponding eigenvalue, i.e.,

Hψ = λψ, (4.3)

and take the inner product of Hψ with ψ,

(ψ,Hψ)U = (ψ, λψ)U = λ (ψ,ψ)U = λ ‖ψ‖2 , (4.4)

where the subscript denotes the space in which the inner product is evaluated.
From the de�nition of the adjoint, Eq. (2.99), the same inner product is

(ψ,Hψ)U =
(
ψ,A†Aψ

)
U = (Aψ,Aψ)V = ‖Aψ‖2 . (4.5)

39



40 CHAPTER 4. SINGULAR VALUE DECOMPOSITION

Comparing Eqs. (4.4) and (4.5), we �nd that λ = ‖Aψ‖2 / ‖ψ‖2, i.e., the eigenvalues
of H are real and nonnegative. An operator having real, nonnegative eigenvalues
is said to be non-negative de�nite (or positive semide�nite). The eigenvalue is zero
only when ‖Aψ‖ = 0, i.e., when ψ is in the null space of A . If A has no null space,
all eigenvalues are strictly positive and the operator is positive de�nite.

We can form another Hermitian operator L = AA†. If φ is an eigenvector of L
with eigenvalue µ, we have,

(Lφ, φ) = µ ‖φ‖2 , (4.6)

and
(Lφ, φ) =

(
AA†φ, φ

)
=
(
A†φ,A†φ

)
=
∥∥A†φ∥∥2

, (4.7)

which shows that L is also non-negative de�nite.
The non-negative de�nite operators H and L are special cases of Hermitian

operators. The eigenvalues of a Hermitian operator are always real, but may be
negative as well as positive or zero.

4.2 Orthogonality of the eigenvectors

Consider two di�erent eigenvectors ψ1 and ψ2 of H with di�erent eigenvalues, λ1 6=
λ2. With the de�nition of the adjoint, we have, using the fact that H is Hermitian,

(ψ1,Hψ2) = (Hψ1, ψ2) , (4.8)

but because ψ1 and ψ2 are eigenvectors, this equation becomes

λ2 (ψ1, ψ2) = λ1 (ψ1, ψ2) , (4.9)

which can only hold if the two eigenvectors are orthogonal, i.e., (ψ1, ψ2) = 0. Note
that we have only used the hermiticity of H, i.e., this conclusion holds for all
Hermitian operators.

When two eigenvectors have the same eigenvalue, the eigenvectors may or may
not be orthogonal, but because any linear combination of the eigenvectors is itself
an eigenvector, suitable linear combinations can be chosen to ensure orthogonality
(Gram-Schmidt orthogonalization). The eigenvalues are not a�ected by normaliza-
tion of the eigenvectors. It is therefore possible to construct an orthonormal set of
eigenvectors.

4.3 Spectral decomposition

A Hermitian operator on EN has N eigenvectors, and so the orthonormal set of
eigenvectors forms a basis. If the Hermitian operator is instead de�ned on an
in�nite-dimensional Hilbert space, the eigenvectors can be shown to form an or-
thonormal basis provided that the operator is compact and the space is separable
[51, 83]. These are two versions of the spectral theorem, for �nite dimensional and
in�nite dimensional spaces.
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The spectral decomposition is the expansion

H =
N∑
n=1

λnψnψ
†
n (4.10)

of the Hermitian operator H in outer products of its eigenvectors. The spectral
decomposition follows from the orthonormality and completeness of the eigenvec-
tors. The proof is similar to that of the SVD, which is given below. If we allow
N to be in�nite, Eq. (4.10) is valid for compact Hermitian operators on separable
Hilbert spaces. That a space is separable means that it has a countable basis, i.e.,
that any vector in the space can be represented as f =

∑∞
n=1 anfn, where the {fn}

are vectors and the {an} are scalars. Fortunately, most Hilbert spaces, including
those relevant to this thesis, are separable. We will return to the compactness of
the operator in Chap. 5.

4.4 Singular value decomposition

If we assume that the operator H =A†A is compact, it has a discrete eigenvalue
spectrum, and its eigenequation is

A†Aψn = λnψn, (4.11)

where the eigenvalues λn are real and non-negative. From the spectral theorem, we
know that there exists an orthonormal basis of eigenvectors and we assume that
the set {ψn} constitutes that basis. If we let A operate on both sides of Eq. (4.11),
we have (making use of the associative property of the operators)

AA† (Aψn) = λn (Aψn) , (4.12)

which shows that λn is an eigenvalue also of AA†, with the eigenvector Aψn. We
will assume that AA† is compact. The inner product of two eigenvectors Aψm and
Aψn is

(Aψm,Aψn)V =
(
A†Aψm, ψn

)
U = λm (ψm,ψn)U = λmδmn, (4.13)

where δmn is the Kronecker delta. In other words, the eigenvectors of AA† are
orthogonal. Because AA† is Hermitian and compact, an orthonormal basis can
be constructed from the eigenvectors with proper normalization. If all the λn are
non-zero, the vectors

φn =
1
σn
Aψn, (4.14)

where
|σn| =

√
λn, (4.15)

form an orthonormal basis. When one or more of the λn is zero, i.e., when one or
more of the ψn is in the null space of A, the corresponding φn have to be found by
solving the eigenequation,

AA†φn = λnφn, (4.16)
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directly. In both these two cases, it is possible to construct an orthonormal basis
{φn} in V of eigenvectors of AA†.

We can expand an arbitrary vector ψ in U in the orthonormal basis {ψn} as

ψ =
N∑
n=1

anψn, (4.17)

where the expansion coe�cients are

an = (ψn, ψ)U = ψ†nψ. (4.18)

Here in the last step we use the equality in Eq. (2.100). It is customary to order
the eigenvalues in decreasing order, so that

λ1 ≥ λ2 ≥ . . . λR > 0, (4.19)

where R is the number of non-zero eigenvalues. We now let A operate on ψ, which
gives

Aψ =
N∑
n=1

anAψn =
R∑
n=1

anσnφn, (4.20)

where in the last step we have used Eq. (4.14). Making use of the expression (4.18)
for the expansion coe�cients, we have

Aψ =
R∑
n=1

(
ψ†nψ

)
σnφn =

(
R∑
n=1

φnσnψ
†
n

)
ψ, (4.21)

which shows that we can write the operator A as1

A =
R∑
n=1

φnσnψ
†
n. (4.22)

Equation (4.22) is the singular value decomposition of A. The set {φn, σn, ψn} is
the singular system of A. The {σn} are its singular values and the {φn} and {ψn}
its left and right singular vectors, respectively.

The SVD is usually de�ned so that the singular values are real (and nonnegative
because the real-valued singular values are σn =

√
λn). The singular values are

allowed to be complex here to conform with the communication modes theory
developed in Chap. 5. The choice of singular values (real or complex) only a�ects
the complex phase of the left singular functions.

The number R of nonzero singular values is the rank of the operator [51]. (The
rank is the dimension of the range of the operator.)

1In fact, we do not have to introduce the expansion coe�cients explicitly. Because the {ψn}
form an orthonormal basis in U, the identity operator can be written as the sum IU =

∑N
n=1 ψnψ

†
n

of outer products, which allows us to write A = AIU = A
∑N

n=1 ψnψ
†
n =

∑N
n=1Aψnψ

†
n =∑R

n=1 φnσnψ
†
n.
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4.5 Matrix SVD

Multiplying both sides of Eq. (4.22) with φ†m from the left and with ψm′ from the
right, we get

φ†mAψm′ = δmm′σm. (4.23)

In EN , A is represented by a matrix A, and φm and ψm′ are vectors with discrete
indices. Writing out the indices explicitly in Eq. (4.23), we have∑

i,j

φ∗miAijψjm′ = δmm′σm. (4.24)

We can write Eq.(4.24) on matrix form as

Φ†AΨ = Σ, (4.25)

where the n:th column of Ψ is the column vector ψn, the n:th column of Φ is the
column vector φn, and Σ is a diagonal matrix with diagonal elements σn. Because
Ψ and Φ are unitary, we can transform Eq. (4.25) to

A = ΦΣΨ†, (4.26)

which is the SVD of the matrix A.

4.6 Illustration of the SVD in E2

An illustration of the SVD for a 2x2 matrix is shown in Fig. 4.1. The matrix

A =
[

0.9015 1.7857
1.4318 0.5462

]
(4.27)

acts upon the unit circle. Figure 4.1(a) shows the two right singular vectors and
the unit circle. The asterisk marks the point [1, 0]. The �nal result of the matrix
operation is shown in Fig. 4.1(d). The e�ect of the adjoint of the right singular
matrix, Ψ†, on the unit circle is shown in Fig. 4.1(b). In this �rst step, the right
singular vectors are aligned with the x and y axes, and the unit circle has rotated
anticlockwise. The second step, multiplication from the left by Σ, gives the result
in Fig. 4.1(c), where the unit circle is stretched to an ellipse. In the �nal step,
the multiplication by Φ, Fig. 4.1(d), the ellipse is rotated and re�ected so that the
principal axes coincide with the left singular vectors (the columns of Φ), indicated
by arrows. (The ellipse is re�ected because {φ1, φ2} is a left-handed system.)

4.7 Alternative derivations

In the example shown in Fig. 4.1, the �rst right singular vector is transformed to the
semimajor axis of the ellipse, i.e., it is the unit vector ψ that maximizes ‖Aψ‖. It is
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Figure 4.1: Illustration of the SVD. The matrix A = ΦΣΨ† acts upon the unit
circle. In (a), the unit circle is shown together with the two right singular vectors
(the columns of Ψ†). The asterisk marks the point [1, 0]. The matrix action is
broken down into three steps. In (b), the e�ect of Ψ† on the unit circle is shown.
The right singular vectors have been aligned with the x and y axes. In (c), the unit
circle in (b) is stretched to an ellipse by the action of the diagonal matrix Σ. In the
�nal step, (d), the ellipse is rotated and re�ected by the action of the left singular
matrix Φ. After the rotation and re�ection, the principal axes coincide with the left
singular vectors, indicated by arrows in the �gure.

evident from Eqs. (4.15), (4.19), and (4.22) that this must be the case. In fact, we
may use this property of ψ1 as the starting point for an informal derivation of the
SVD [84]. Similarly, we can identify the �rst left singular vector as the unit vector
that maximizes

∥∥A†φ∥∥. In a more compact formulation, the �rst left and right
singular vectors can be found simultaneously as the unit vectors that maximize

φ†1Aψ1 = σ1. (4.28)

The scalar σ1 can be made real and positive by an appropriate choice of the complex
phases of ψ1 and φ1. In the following we will assume that σ1, σ2, etc, are real
and positive. We will also assume, for simplicity, that the singular values are
unique. From Eq. (4.28), it is clear that Aψ1 lies in the �direction� of φ1, i.e.,
Aψ1 = constant · φ1. It is also evident that A†φ1 lies in the direction of ψ1. From
this follows that Aψ1 = σ1φ1 and that A†φ1 = σ1ψ1. We now form the outer
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product
A1 = φ1σ1ψ

†
1. (4.29)

Note that φ†1A1ψ1 = σ1. Next, we form A(1) = A−A1, and seek the unit vectors
that maximize

φ†2A(1)ψ2 = σ2. (4.30)

The vector ψ1 is in the null space of A(1) because

A(1)ψ1 = Aψ1 − σ1φ1 = σ1φ1 − σ1φ1 = 0. (4.31)

Therefore, ψ2 must be orthogonal to ψ1 (in order to maximize σ2). Similarly, φ2

must be orthogonal to φ1, because

φ†1A(1) = φ†1A− σ1ψ
†
1 = σ1ψ

†
1 − σ1ψ

†
1 = 0. (4.32)

With
A2 = φ1σ1ψ

†
1 + φ2σ2ψ

†
2, (4.33)

and A(2) = A−A2, we continue to �nd unit vectors ψ3 and φ3 that maximize

φ†3A(2)ψ3 = σ3. (4.34)

By the same reasoning as in the previous step, ψ3 is orthogonal to ψ1 and ψ2, and
φ3 is orthogonal to φ1 and φ2. We can proceed in this manner until we have found
all R nonzero σn, when we have,

AR =
R∑
n=1

φnσnψ
†
n. (4.35)

Because A(R)ψ = (A−AR)ψ is zero (σn is zero for n > R) for any ψ in U, we
have Aψ = ARψ. In other words, A = AR, and Eq. (4.35) is the SVD of A.

We can arrive at the SVD in another way from the maximization of ‖Aψ‖.
Letting γ represent the maximum norm, we have

γ = (Aψ)† (Aψ) = ψ†A†Aψ, (4.36)

which is maximized when
A†Aψ = γψ, (4.37)

i.e., when ψ is the solution ψ1 to the eigenequation (4.11), with eigenvalue γ = λ1.

4.8 Input and output

Consider the mapping φ = Aψ, where ψ is an arbitrary vector in U, in terms of the
SVD,

φ =
R∑
n=1

φnσnψ
†
nψ. (4.38)
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The inner product ψ†nψ gives the expansion coe�cient an of ψ in the {ψn} [see
Eq. (4.18)], so we have

φ =
R∑
n=1

σnanφn. (4.39)

In the light of Eq. (4.39), the operation φ = Aψ can be described as follows: Expand
ψ in the (�rst R) right singular vectors {ψn}, multiply each expansion coe�cient
by the corresponding singular value σn, and take the result as the n:th expansion
coe�cient of φ in the left singular vectors {φn}. In other words, if we choose the
left and right singular vectors as the bases of V and U, the operation φ = Aψ is
greatly simpli�ed. By this choice of bases, we have diagonalized the operator.

We can think of the singular vectors as input and output vectors to the operator
A. If we let ψ be one of the right singular vectors ψm, we have

φ =
R∑
n=1

φnσnψ
†
nψm = σmφm. (4.40)

Each input vector is �connected� to one single output vector, and the strength of the
connection is determined by the corresponding singular value. The pair {φ1, ψ1}
is the strongest coupled of all possible unit vectors. In Chap. 5, we will let ψn
represent a �eld in a di�raction aperture (a secondary source distribution), and we
will let φn represent the normalized resulting �eld in the observation domain. The
function ψ1 then describes the aperture �eld which is most e�ciently propagated
to the observation domain.

4.9 Least-squares approximation

Suppose we want to �nd the vector ψ that results in a given φ = Aψ, where φ is a
vector in V that lies outside the range of A. Of course, this problem has no exact
solution, but we can �nd an approximate one. The least squares solution is the
vector ψ̄ that minimizes ∥∥Aψ̄ − φ∥∥2

. (4.41)

The least-squares method involves two steps. First, φ is projected onto the range
of A. Then, the equation

φ̄ = Aψ̄, (4.42)

is solved, where φ̄ is the projection of φ. The range of A is spanned by the set
{φn}Rn=1, so we have

φ̄ =
R∑
n=1

φnφ
†
nφ. (4.43)
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Substituting the SVD in Eq. (4.22) for A, and Eq. (4.43) for φ̄ in Eq. (4.42), we
have

R∑
n=1

φnφ
†
nφ =

R∑
n=1

φnσnψ
†
nψ̄. (4.44)

Because the {φn} are orthogonal, φ†nφ = σnψ
†
nψ̄, and the least-squares solution is

ψ̄ =
R∑
n=1

ψnψ
†
nψ̄ =

R∑
n=1

ψn
1
σn
φ†nφ =

(
R∑
n=1

ψn
1
σn
φ†n

)
φ. (4.45)

The expression within parentheses is known as the Moore-Penrose pseudoinverse of
A. When the inverse of A exists, it is identical to the Moore-Penrose pseudoinverse.
The σn in Eq. (4.45) are nonzero, but in many practical applications a number
of them are very small. The pseudoinverse is then sensitive to errors, and the
numerical matrix representation of A is said to be nearly singular. The problem
may be regularized by truncating the summation to include only terms with σn
above some threshold determined by the accuracy of the measurement or numerical
representation.

Truncated SVD

Let us �nally consider a slightly di�erent problem. Suppose that we wish to achieve
a general φ in V and want to determine how closely we can approximate it by letting
A operate on some ψ, when only P ≤ R basis vectors have a signi�cant σn. We
make the approximation

φ ≈ φ̄ =
P∑
n=1

σnanφn, (4.46)

i.e., we truncate the sum in Eq. (4.39) after P terms. Equation (4.46) is the
projection of φ onto the �rst P basis vectors. Because σm < σP for m > P , the
error ∥∥φ− φ̄∥∥2 =

R∑
n=P

|σnan|2 (4.47)

resulting from this method is the smallest (in the least-squares sense) that can be
achieved.





Chapter 5

Communication modes, general

theory

The �rst Rayleigh-Sommerfeld integral, and the di�raction integrals derived from
it, have the form

φ(r) =
∫
A

G (r,ρ)ψ(ρ)d2ρ, (5.1)

where the integration is over the di�racting aperture. To simplify the transition to
vector notation, di�erent symbols, ψ and φ, are used for the �eld in the aperture
and in the observation domain (although they denote the same physical quantity).
We can now de�ne the linear operator G so that

[Gψ(ρ)] (r) =
∫
A

G (r,ρ)ψ(ρ)d2ρ, (5.2)

i.e.,
Gψ = φ. (5.3)

The communication modes are the singular functions of the di�raction operator
G. In order to apply the SVD to G, we must �rst establish that it is a Hilbert
space operator, i.e., we must establish the Hilbert spaces involved. Further, we
must verify that G†G and GG† are compact. We will assume that the aperture,
A, is bounded, and that the region over which we observe the �eld, which we will
call the observation domain, or O, is also bounded. Considering only physically
realizable �elds, it is safe to assume that the �eld is square integrable over A and
O. We can then de�ne the Hilbert spaces A and O with inner products

(ψ1, ψ2)A =
∫
A

ψ∗1 (ρ)ψ2 (ρ) d2ρ, (5.4)

and

(φ1, φ2)O =
∫
O

φ∗1 (r)φ2 (r) d2r, (5.5)
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and (L2) norms

‖ψ‖ =
√

(ψ1, ψ2)A =
[∫

A

|ψ (ρ)|2 d2ρ

] 1
2

, (5.6)

and

‖φ‖ =
√

(φ1, φ2)O =
[∫

O

|φ (ρ)|2 d2ρ

] 1
2

. (5.7)

The operator G maps a vector ψ in A to a vector φ in O.

5.1 Compactness of G

The Hilbert-Schmidt theorem [51] states that an operator on the form (5.2) is
compact if ∫

A

∫
O

|G(r,ρ)|2 d2ρ d2r <∞. (5.8)

Because A and O are bounded, Eq. (5.8) is ful�lled if G is bounded. The function
G has a singularity only when the observation point r coincides with ρ. Thus, if
we assume that A and O are disjoint, G is compact. The compactness of G†G and
GG† follows.

5.2 Positive de�niteness of G

The operator G describes the propagation of a wave from the aperture to the ob-
servation domain. It should be clear for physical reasons that this operator has no
null space, i.e., the �eld vanishes over the (�nite) observation domain only when
the �eld in the aperture is zero. As a result, the operators G†G and GG† are positive
de�nite, i.e. all singular values of G are nonzero.

5.3 Note on the notation

When the �elds in the aperture and in the observation domain are expanded in
the communication modes, the e�ect of the di�raction operator is contained in its
singular values. To emphasize their importance, and their relation to the Green
function, it is natural to denote the singular values of G by gn, as in Ref. 1. This
notation is used in in papers I to VII, and throughout this chapter.

While the SVD expansion is usually written with the summation index starting
from one, the close relation between the communication modes and the PSWFs,
which have indices starting from zero in Refs. 43, 67�69, and 85 makes it natural to
let the lowest index of the communication modes be zero. This notation is adopted
in the following sections.
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5.4 Explicit forms

Adjoint of G
From the de�nition (2.99) of the adjoint of G, and of the inner products (5.4) and
(5.5), we have∫

O

φ∗ (r)
∫
A

G(r,ρ)ψ(ρ)d2ρd2r =
∫
A

[
G†φ

]∗
(ρ)ψ (ρ) d2ρ, (5.9)

or, rearranging the integrations,∫
A

[∫
O

G(r,ρ)φ∗ (r) d2r

]
ψ(ρ)d2ρ =

∫
A

[
G†φ

]∗
(ρ)ψ (ρ) d2ρ, (5.10)

from which it follows that

G†φ =
∫
O

G∗ (r,ρ)φ (r) d2r. (5.11)

The adjoint of the operation in Eq. (5.1) is obtained by taking the complex conju-
gate of the integration kernelG, and performing the integration over the observation
domain O.

Singular value decomposition - explicit form of the integration

kernel

From the de�nition (5.4) of the inner product, the de�nition (5.2) of the operator
G, and the de�nition (4.22) of the SVD, we have∫

A

G(r,ρ)ψ (ρ) d2ρ =
∞∑
n=0

φn(r)gn
∫
A

ψ∗n (ρ)ψ (ρ) d2ρ

=
∫
A

[ ∞∑
n=0

φn(r)gnψ∗n (ρ)

]
ψ (ρ) d2ρ, (5.12)

from which it follows that

G(r,ρ) =
∞∑
n=0

φn(r)gnψ∗n (ρ) . (5.13)

Eigenequations

In light of Eq. (5.11), the eigenequation (4.11) is

|gn|2 ψ (ρ) =
∫
A

K(ρ,ρ′)ψ (ρ′) d2ρ′, (5.14)
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where

K(ρ,ρ′) =
∫
O

G∗(r,ρ)G(r,ρ′)d2r, (5.15)

and Eq. (4.16) is

|gn|2 φn(r) =
∫
O

L(r, r′)φn(r′)d2r′, (5.16)

where

L(r, r′) =
∫
A

G(r,ρ)G∗(r′,ρ)d2ρ. (5.17)

5.5 Sum rule and the SVD

With the assumptions we have made, Eq. (5.8) is ful�lled, and we can de�ne the
(�nite) constant

γ =
∫
A

∫
O

|G(r,ρ)|2 d2ρ d2r. (5.18)

Making use of the expansion (5.13) of G, we have

γ =
∫
A

∫
O

( ∞∑
m=0

φm(r)σmψ∗m (ρ)

)∗( ∞∑
n=0

φn(r)gnψ∗n (ρ)

)
d2ρ d2r

=
∫
A

∫
O

∑
m,n

φ∗m(r)φn(r)σ∗mgnψ
∗
n (ρ)ψm (ρ) d2ρ d2r =

∞∑
n=0

|gn|2 , (5.19)

where we have used the orthonormality of the basis functions. This is the sum
rule of the communication modes [1]. From the above equations, we can draw the
conclusion that the number of strongly coupled modes must be �nite. The modes
may be derived from Eq. (5.18) using either of the two approaches in Sec. 4.7, as
is done in Refs. 1 and 4.

5.6 Mode propagation

As described in Sec. 4.8, the singular vectors can be thought of as input and output
vectors of the operator. The propagation of one input vector, i.e., one transmitting
communication mode, from the aperture to the observation domain, is [this is simply
Eq. (4.40) restated in the communication modes notation]

Gψn = gnφn, (5.20)

i.e., each mode is propagated separately. This is illustrated in Fig. 5.1. We can
think of the pairs {ψn, φn}, as independent spatial channels [1]. The strength of
the coupling between ψn and φn is given by the modulus of gn. We refer to gn as
the coupling coe�cient and |gn| as the coupling strength.
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When the �eld in the aperture is expanded in the modes, i.e.,

ψ =
∞∑
n=0

anψn, (5.21)

the resulting �eld in the observation domain is

φ =
∞∑
n=0

anGψn =
∞∑
n=0

angnφn. (5.22)

In other words, the expansion coe�cients for the �eld in the observation domain
are obtained as angn. The strongest coupled of all normalized �elds are the pair
{ψ0, φ0}.

(a) (b)

Figure 5.1: For a general expansion in discrete sets of functions in the transmitting
and receiving domain, one transmitting function may give rise to several receiving
functions (a). In the communication modes expansion, the modes are coupled one-
to-one (b).





Chapter 6

Communication modes, applications

The work presented in this thesis concerns the applications of the communication
modes theory, introduced in the previous chapter, to various geometries. These
applications and their results are discussed in the following section.

6.1 Target �eld resolution

In practice, the summation in Eq. (5.22) is always a �nite one. Usually, the upper
limit is de�ned as the lowest number N that satis�es

N−1∑
n=0

|gn|2 ≥ (1− ε) γ. (6.1)

The quantity γ is de�ned in Eq. (5.18) and ε is a given relative error. The quantity
1/ε is sometimes referred to as the signal-to-noise ratio. If we want to achieve
a certain target �eld φ in the receiving domain, by propagating a wave from the
transmitting domain, we can only use the �rst N modes, i.e., we have to make the
approximation,

φ̄(r) =
N−1∑
n=0

bnφn(r), (6.2)

in which

bn = φ†φ =
∫
O

φ∗n(r)φ(r)d2r. (6.3)

Equations (6.2) and (6.3) amount to substituting the truncated SVD of G for G.
As we have seen in Sec. 4.9, this provides the best possible approximation, in a
certain sense, of φ. This method, and its use for assessing target �eld resolution is
explored in Paper I.
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6.2 Far-�eld modes

Analytic expressions for the far-�eld communication modes can be derived starting
from the Fraunhofer di�raction integral, where the Green function is approximated
to

G (r,ρ) =
1

iλz
exp

[
−i

2π
λz

(xξ + yη)
]
. (6.4)

If we assume that there is no variation in the y direction, propagation is described
by the one-dimensional far-�eld Green function [61, 86]

G (x, ξ) =
1√
iλz

exp (ikz) exp
[
−i

2π
λz
xξ

]
. (6.5)

Inserting Eq. (6.5) into Eq. (5.15), we obtain

K(ξ, ξ′) =
1
λz

∫ x0

−x0

exp
[
−i

2π
λz
x (ξ − ξ′)

]
dx =

sin [kx0 (ξ − ξ′) /z]
π (ξ − ξ′)

. (6.6)

The eigenequation (5.14) for the transmitting modes becomes

|gn|2 ψn (ξ) =
∫ ξ0

−ξ0

sin [kx0 (ξ − ξ′) /z]
π (ξ − ξ′)

ψn (ξ) dξ. (6.7)

The solutions to Eq. (6.7) are the prolate spheroidal wave functions (PSWF) with
scale ξ0 and bandwidth Ωx = kx0/z, where x0 is the half-extent of the receiving
domain.

The integration kernel for the receiving modes eigenequation is

L(x, x′) =
1
λz

∫ ξ0

−ξ0
exp

[
−i

2π
λz
ξ (x− x′)

]
dξ =

sin [kξ0 (x− x′) /z]
π (x− x′)

, (6.8)

i.e., it has the same form as K(ξ, ξ′), and accordingly, the corresponding eigenfunc-
tions (the receiving modes) are also PSWFs, this time with scale x0 and bandwidth
Ωρ = kξ0/z. We know from Sec. 4.4 that the eigenvalues are the same as for
the transmitting modes. In fact, the de�ning parameter for the eigenvalues of the
PSWFs is the scale-bandwidth product

ξ0Ωx = ξ0kx0/z = x0Ωρ. (6.9)

The eigenvalues display a step-like behavior; they are approximately constant up
to the order N = (2ξ0)Ωx/π = (2ξ0)(2x0)/(λz), after which they fall o� rapidly to
zero. The number N depends only on the geometry of the system.
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Simpli�ed propagation

The far-�eld di�raction integral is, apart from the multiplication with a constant,
the �nite Fourier transform of the aperture �eld. Because both the transmitting
and the receiving modes are PSWFs, the �nite Fourier transform of a PSWF must
be another PSWF. In fact, as we have seen in Sec. 2.4, they obey the equation∫ ξ0

−ξ0
ψn(ξ) exp (iωxξ) dξ = in |gn|

√
2πξ0/Ωxψn(ωxξ0/Ωx). (6.10)

With ωx = −2πx/(λz), and making use of the de�nition of Ωx, we have∫ ξ0

−ξ0
ψn(ξ) exp

[
−i

2π
λz
xξ

]
dξ = in |gn|

√
2π(ξ0z)/(kx0)ψn (−xξ0/x0) . (6.11)

Combining Eq. (6.11) with Eqs. (6.5) and (5.20), we �nd

gnφn(x) =
exp (ikz)√

iλz
in |gn|

√
2π(ξ0z)/(kx0)ψn (−xξ0/x0) , (6.12)

or, making use of the fact that the PSWFs are alternatingly even and odd,

gnφn(x) = i−(n+1/2) exp (ikz) |gn|
√
ξ0/x0ψn (xξ0/x0) . (6.13)

Equation (6.13) shows how the phase of the coupling coe�cients depends on n, as
pointed out in Paper I.

The step-like behavior of the coupling strengths |gn| suggests the approximation

|gn| =

{
|g0| , n ≤ N,
0 n > N.

(6.14)

In this approximation, which is introduced in Paper IV, propagation of the �rst
N + 1 modes amounts, apart from the multiplication by a common complex factor,
to scaling and rotation of the mode by −n(π/2) in the complex plane.

6.3 Fresnel modes

In the Fresnel approximation, the Green function is

G (r,ρ) =
1

ikz
exp (ikz) exp

[
i
k

2z
(
ξ2 + η2

)]
exp

[
−i

2π
λz

(xξ + yη)
]

(6.15)

or, in one dimension,

G (x, ξ) =
1√
ikz

exp (ikz) exp
[
i
k

2z
ξ2

]
exp

[
i
k

2z
x2

]
exp

[
−i

2π
λz
xξ

]
, (6.16)



58 CHAPTER 6. COMMUNICATION MODES, APPLICATIONS

so the di�raction integral (5.1) becomes

φ(x) =
1√
ikz

exp (ikz) exp
[
i
k

2z
x2

] ∫
A

exp
[
−i

2π
λz
xξ

]
exp

[
i
k

2z
ξ2

]
ψ(ξ)dξ. (6.17)

If we de�ne φ̂(x) = exp
[
−i k2zx

2
]
φ(x) and ψ̂(ξ) = exp

[
i k2z ξ

2
]
ψ(ξ), we can write

φ̂(x) =
1√
ikz

exp (ikz)
∫
A

exp
[
−i

2π
λz
xξ

]
ψ̂(ξ)dξ, (6.18)

which is of the same form as the far-�eld di�raction integral. Accordingly, we can
�nd solutions ψ̂n and φ̂n to the eigenequations (5.14) and (5.16) that are the same
prolate spheroidal wave functions as in Sec. 6.2. The Fresnel-region communication
modes then are

ψn(ξ) = exp
[
−i

k

2z
ξ2

]
ψ̂n(ξ), (6.19)

and

φn(x) = exp
[
i
k

2z
x2

]
φ̂n(x). (6.20)

The quadratic phase factor exp
[
−i k2z ξ

2
]
is that of a converging parabolic (approx-

imately spherical) wavefront. The ψn in Eq. (6.19) are known as the converging
prolate spheroidal wave functions. Similarly, the factor exp

[
i k2zx

2
]
corresponds to

a diverging parabolic wavefront.

6.4 Large aperture approximation

In Ref. 17, Gabor presents a non-redundant representation of an optical object.
As was discussed in Sec. 3.3, when the object and Fourier planes are both rectan-
gular, the Whittaker-Shannon interpolation formula [see Sec. 2.3] may be applied,
resulting in a representation of the object as a �nite sum of weighted sinc functions.

It is possible to derive the same result from the communication-modes the-
ory [Paper II]. When the width of the kernel of an integral equation of the form
(6.7) is small compared to the range of integration, normalized harmonic exponen-
tial functions can be taken as approximate eigenfunctions, and the eigenvalues are
samples from the power spectrum of the kernel [87].

When the width 2ξ0 of the aperture is much larger than the width 2π/Ωx of the
sinc-kernel, the Fresnel transmitting communication modes can be approximated
to

ψn (ξ) = exp
[
−i

k

2z
ξ2

]
ψ̂n (ξ) , (6.21)

where

ψ̂n (ξ) =
1√
2ξ0

exp
(

in
πξ

ξ0

)
. (6.22)
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The approximate coupling coe�cients are

gn =
{

1, |n| ≤ N/2 = 2ξ0x0/(λz)
0, otherwise. (6.23)

(Note the di�erent numbering, which is introduced for convenience.) The approx-
imate receiving modes can be found by propagating the transmitting modes using
Eq. (5.20). The result is

φn (x) = exp
(
ikx2

0/2z
)
φ̂n (x) , (6.24)

where

φ̂n (x) =
exp (ikz)√

ikz

√
2ξ0 sinc

[
kξ0
z

(
x− nλz

2ξ0

)]
. (6.25)

Physically, the functions ψ̂n represent tilted planar waves, with the tilt determined
by the mode number n. The transmitting modes, ψn, are converging spherical
waves, that converge to a focus given by n. The �eld at the focus has the form of
a sinc function. According to the Rayleigh criterion [see Sec. (3.1)], the spots must
be separated by half the width of the central lobe of the sinc function in order to
be resolved. From Eq. (6.25), the minimum separation is

δx =
λz

2ξ0
, (6.26)

which is precisely the distance between the focii of two consecutive modes. The
number of resolvable spots is

N =
2x0

δx
=

(2ξ0) (2x0)
λz

, (6.27)

which is also the number of strongly coupled modes according to the communication
modes theory.

Because of the symmetry of the system with respect to the transmitting and
receiving apertures, as seen in the similarity of the kernels K and L of Eqs. (6.7)
and (6.8), respectively, we can make the approximation the other way around. In
that case, the transmitting modes become sinc functions (multiplied by a quadratic
phase factor having converging curvature). Thus, we obtain for the object the same
kind of representation as that described in Sec. 3.3.

6.5 Axicon imaging and axial resolution

Axicons are optical elements that produce a line focus along the optical axis. The
working principle of the axicon is that it refracts all rays at approximately the same
angle to the optical axis, producing a very narrow focal line through interference
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e�ects. The length of the focal line, which may vary from a few millimeters [88] to
several kilometers [89], depends on the size and design of the axicon. In general,
longer focal lines are also wider. Axicons, their properties, history, and applications
are described in, e.g., Refs. 37, 39, and 90.

The communication modes theory may be applied to axicons [Paper III]. Al-
though a similar analysis has been done for a line aperture and an on-axis observa-
tion domain [41, 42], Paper III is the �rst analysis of the communication modes for
an axicon geometry, i.e., a circular or annular aperture and an on-axis line focus.
The axicon geometry di�ers from the one considered in Sec. 6.3, but the modes can
be obtained on a similar form by means of a change of variables.

A general axicon geometry is illustrated in Fig. 6.1. We de�ne the transmitting

Figure 6.1: General axicon geometry. The transmitting region is the annular aper-
ture of the axicon, with inner radius R1 and outer radius R2. The receiving region
is the portion of the optical axis located between z = d1 and z = d2.

region as the annular aperture of the axicon, with inner and outer radii R1 and R2.
The receiving region is a portion of the optical axis, located between d1 and d2.
Note that d1 and d2 delimits the region we choose to observe, which may or may
not coincide with the length of the focal line.

The on-axis di�raction integral for a rotationally symmetric axicon is [Paper
III],

U(z) =
k exp (ikz)

iz

∫ R2

R1

U0(ρ)ρ exp
(

ik
ρ2

2z

)
dρ, (6.28)

where U0(ρ) is the �eld leaving the axicon aperture and U(z) is the �eld on the
optical axis. The e�ect of the axicon on the phase of the incoming wave is included
in U0(ρ). We now make a change of variables q = ρ2 −

(
R2

1 +R2
2

)
/2, after which

the integral reads

U(z) =
k exp (ikz)

2iz
exp

(
ik
2z
R2

1 +R2
2

2

)∫ Q

−Q
Û0(q) exp

(
ik
2z
q

)
dq, (6.29)
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where Û0(q) = U0(ρ) and Q = (R2
2−R2

1)/2. We can identify the Green function as,

G (z, q) =
k exp (ikz)

2iz
exp

(
ik
2z
R2

1 +R2
2

2

)
exp

(
ik
2z
q

)
. (6.30)

Of the three exponential factors, only the third depends on both z and q. The other
two may be excluded in the same way as described in Sec. 6.3 for the quadratic
phase factors in Eq. (6.15). The third factor is of the same form as the kernel of the
far-�eld di�raction integral (6.5). The axicon communication modes are therefore
closely related to the PSWFs. More precisely, the transmitting modes are [Paper
III]

ψn (q) = exp
(
− ikDsum

2
q

)
ψ̂n(q), (6.31)

the receiving modes are

φn (q) =
1
z

exp (ikz) exp
(

ik
2z
R2

1 +R2
2

2

)
φ̂n

(
1
z
−Dsum

)
, (6.32)

and the coupling coe�cients are

gn = i(n−1)
√
kπ |gnλn| . (6.33)

In the above equations, Dsum = (1/d1 + 1/d2)/2, ψ̂n(q) is the PSWF of order n,
scale Q and bandwidth kDdiff/2, where Ddiff = (1/d1 − 1/d2)/2. The function

φ̂n(1/z −Dsum) is the PSWF of order n, scale Ddiff , and bandwidth kQ/2.
The accuracy of Eqs. (6.31)�(6.33) is con�rmed by numerical propagation. The

results of propagation using these equations agree closely with the direct evaluation
of the di�raction integral [Paper III].

Resolution and structural information

The (e�ective) number of degrees of freedom, i.e., the number of strongly connected
modes, is

N =
kQdiff

π
=

1
2
λ
(
R2

2 −R2
1

)( 1
d1
− 1
d2

)
. (6.34)

This number increases with the size of the aperture and with the length of the
receiving region on the optical axis. It also depends inversely on the distance
between the aperture and the receiving region. The structural information is best
preserved on propagation when the aperture is large and the observation domain is
long and close to the aperture.

The on-axis resolution can be estimated in the following way. The n:th PSWF
has n zeros, and the N :th communication mode is the most rapidly oscillating mode
that is e�ectively propagated. If we introduce the variable s = 1/z − Dsum, the
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Figure 6.2: For axicons, as the distance z from the aperture increases, the highest
on-axis spatial frequency fz decreases. The on-axis resolution is calculated for
R1 =5.0 mm, R2 =10 mm, and the wavelength λ =633 nm.

distance between two adjacent zeros is ∆s = 2Ddiff/N = 2λ/(R2
2 − R2

1). Because
∆s = 1/(z + ∆z)− 1/z, the distance between two zeros on the z axis is

∆z =
z2∆s

1− z∆s
, (6.35)

and consequently the highest on-axis frequency of the propagated �eld is

fz = 1/∆z =
1
z

(
R2

2 −R2
1

2λz
− 1
)
. (6.36)

From Eq. (6.36), we see that the on-axis resolution does not depend on the size and
position of the observation domain, i.e., on d1 and d2, but only on the size of the
aperture and the position on the axis. Because the choice of d1 and d2 is arbitrary,
this is a reasonable result.

There is nothing in this analysis that assumes an actual axicon. The same
geometry applies to, e.g., the analysis of the on-axis resolution of a lens. It is well
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known that the depth of focus of a lens increases as the focal length increases. The
decrease in on-axis resolution with increasing distance from the aperture seen in
Fig. 6.2 is therefore reasonable.

Approximate modes

The eigenequation for the {ψ̂n} is [Paper III],

|gn|2 ψ̂n(q) = kπ

∫ Q

−Q

sin [kDdiff (q′ − q) /2]
π (q′ − q)

dq′. (6.37)

If the width of the kernel of the integral equation (6.37) is much smaller than the
range of integration, i.e., if U � 2π/kDdiff = λ/Ddiff , or, making use of Eq. (6.34),
if N � 2, the integration limits may be extended to in�nity. It is well known that
for a stationary kernel such as this, the eigenfunctions then become harmonic ex-
ponential functions and the eigenvalues are samples from the power spectrum [87].
Consequently, if there is a large number of communication modes with signi�cant
coupling strength, the integration limits may be extended, resulting in the approx-
imate transmitting modes

ψn(q) = exp
(
− ikDsum

2
q

)
1

2Q
exp

[
−i
(
n− N

2

)
π

Q
q

]
. (6.38)

The approximate receiving modes can be found from Eq. (5.20). They are [Paper
III]

φn(z) =

√
kQ

2π
1
z

exp (ikz) exp
(

ik
2z
R2

1 +R2
2

2

)
×

× sin [kQ (1/z −Dsum) /2− (n−N/2)π]
kQ (1/z −Dsum) /2− (n−N/2)π

. (6.39)

The coupling coe�cients are, in this approximation,

gn =

{
−i
√
kπ, n ≤ N,

0 n > N.
(6.40)

The approximate modes have a direct physical interpretation. Each ψn(q) repre-
sents a converging spherical wave (because q ∝ ρ2). It converges to a point on the
z-axis, determined by the mode number n. The receiving mode φn has a sharp
peak at this point, and is approximately zero over the rest of the axis. As the mode
number increases the point of convergence moves closer to the aperture.

The half-width of the central peak of φn is, in the variable s, equal to ∆s =
2λ/(R2

2 −R2
1). This is the same result as for the exact modes. The estimate (6.36)

for the on-axis resolution therefore also holds for the approximate modes.
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6.6 Scalar near-�eld modes

The scalar near-�eld communication modes can be found, in the one-dimensional
case, from the di�raction integral in Eq. (2.34), or from the eigenequations (5.14)
and (5.16). The �rst of these two eigenequations is explicitly [Paper IV]

|gn|2 ψn(ξ) =
(kz)2

4

ξ0∫
−ξ0

x0∫
−x0

H
(2)
1

{
[(x− ξ)2 + z2]1/2

}
[(x− ξ)2 + z2]1/2

×
H

(1)
1

{
[(x− ξ′)2 + z2]1/2

}
[(x− ξ′)2 + z2]1/2

ψn(ξ′)dξ′dx, (6.41)

where we have used the relation H
(1)
1

∗
= H

(2)
1 . Here H

(2)
1 is the Hankel function of

the second kind and �rst order.
The near-�eld modes may be found numerically by representing the integral op-

eration in Eq. (2.34) as a matrix and performing the SVD on that matrix. Examples
of these modes have been calculated in Paper IV.

Scanning near-�eld optical microscopy

In Paper V, we have presented a simple analysis of the scanning optical near-
�eld microscopy (SNOM) in terms of the scalar near-�eld communication modes
described in Sec. 6.6. In general, the communication modes and the coupling coe�-
cients are speci�c to the geometry. Even for small changes, such as the lateral shift
of the aperture or observation domain, the modes have to be in principle recalcu-
lated. However, for a typical SNOM geometry, in which the sample is much wider
than the detector (the SNOM aperture where the light is collected), the lateral
position of the detector has little e�ect on the shape of the transmitting modes, as
illustrated, for the zero-order mode, in Fig 6.3.

Likewise, the coupling coe�cients remain approximately unchanged during the
detector movement, so we can make the approximations

ψχn (ξ) ≈ ψ0
n (ξ − χ) = ψn (ξ − χ) , (6.42)

and

gχn ≈ g0
n = gn, (6.43)

where the superscripts denote the dependency on the lateral position χ of the
detector. In the near-�eld geometry, the gn do not display the same step-like
behavior as in the far-�eld and Fresnel approximations. However, they fall o�
quite rapidly and the contribution of the modes to the �eld at the detector may be
neglected for orders higher than some number N .
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Figure 6.3: When the sample (the transmitting domain) is su�ciently large com-
pared to the size of the detector (the observation domain), the shape of the lower-
order communication modes is not signi�cantly a�ected by the lateral displacement
of the detector. The �gure shows zero-order transmitting communication mode, cal-
culated for the detector placed over the center of the sample (bottom) and at 2λ
away from the center in the lateral direction (top). The sample is 10λ wide, the
size of the detector is λ/10, and the distance is z = λ/20. The mode is shifted
sideways, but its shape is retained.
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The intensity recorded, assuming that the detector is a simple bucket detector
that measures the total optical intensity integrated over its planar aperture, is

I =
∫
O

∣∣∣∣∣
N∑
n=0

angnφn(x)

∣∣∣∣∣
2

dx =
N∑
n=0

|an| |gn|2 , (6.44)

where we have made use of the orthonormality of the modes.
We now consider a point object at ξp, which has the expansion coe�cients

an =
∫
A

ψ∗n (ξ) δ (ξ − ξp) dξ = ψ∗n (ξp) . (6.45)

When the detector is scanned over the sample, the intensity recorded at the lateral
position χ is, from Eqs. (6.42), (6.43), and (6.45),

I (χ) =
N∑
n=0

|an| |gχn |
2 =

N∑
n=0

|ψχn (ξp)| |gχn |
2 ≈

N∑
n=0

|ψn (ξp − χ)| |gn|2 . (6.46)

Limit of small detector size

When the transmitting region becomes very small (is reduced to a point source), it
can be expected that the number of modes is diminished to one, and that the receiv-
ing mode is e�ectively the Green function. Interestingly, because of the symmetry
of communication modes representation as seen in Eqs. (5.14)�(5.17), a similar re-
sult is obtained for the transmitting modes in the limit of small detector size. When
the width of the detector, centered at the position xc becomes very small, we can
make the approximation

G (x, ξ) ≈ G (xc, ξ) , (6.47)

so the integration kernel (5.15) becomes

K(ξ, ξ′) ≈ G∗(xc, ξ)G (xc, ξ′)
∫
O

dx = OG∗(xc, ξ)G (xc, ξ′) , (6.48)

The eigenequation (5.14) then takes on the form

|gn|2 ψn (ξ) = G∗(xc, ξ)O
∫
A

G (xc, ξ′)ψn (ξ′) dξ′. (6.49)

The only solution is

ψn (ξ) = ψ0 (ξ) = C−1/2G∗(x0,ξ) , (6.50)

where the normalization constant C is

C =
∫
A

|G (xc, ξ)|2 dξ. (6.51)
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Figure 6.4: When the detector size (the size of the receiving domain) decreases,
the zero-order mode becomes e�ectively identical to the normalized form of the
complex conjugate of the Green function. The �gure shows the absolute value of
the zero order mode for di�erent detector widths. The absolute value of the Green
function, evaluated at the center xc of the detector is also plotted (in solid).

The coupling strength is

|g0|2 = O

∫
A

|G (xc, ξ)|2 dξ = CO. (6.52)

Thus, as the detector size becomes increasingly small, only one transmitting mode
survives, and it becomes e�ectively identical to the normalized form of the com-
plex conjugate of the Green function [Paper V]. This is con�rmed by numerical
calculations [Paper V], presented in Fig. 6.4.

In this limit, the detected intensity is, combining Eqs. (6.46) and (6.50),

I (χ) ≈ |ψ0 (ξp − χ)|2 |g0|2 ∝ |G (ξp − χ)|2 . (6.53)

The transmitting mode ψ0 (ξp − χ) is centered under the observation domain (the
detector). Its limited extent has the e�ect that the microscope only interrogates a
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small domain of the sample directly underneath the detector. A point object, which
in the lateral direction is farther away from the detector than about the half-width
of ψ0 (ξ) is not detected.

Two-point resolution

Consider now a source �eld consisting of two point sources, i.e.,

ψ (ξ) = δ (ξ − ξ1) + δ (ξ − ξ2) . (6.54)

In Eq. (6.54) we have assumed that the point sources are correlated and in phase,
because the sample is normally illuminated by an external light wave, and we are
considering sub-wavelength resolution. The detector-scanned total optical intensity
is now

I (χ) ∝ |ψ0 (ξ1 − χ) + ψ0 (ξ2 − χ)|2 . (6.55)

The two-point resolution is thus approximately given by the distance at which two
overlapping squared zero-order modes can be distinguished. In analogy with the
Rayleigh criterion, we may choose as resolution condition that the central minimum
is less than 81% of the maximum. The result of a numerical calculation of I (χ)
(normalized), with A = 10λ, O = λ/10, and z = λ, is presented in Fig. 6.5. In
this case, the Rayleigh criterion gives a two-point resolution of about δξ ≈ 0.14λ,
which agrees with the well-known result that the resolution of an aperture SNOM
is approximately equal to the aperture diameter, when the tip-sample distance is
su�ciently small [Paper V].

The dependence of the lowest order mode on the distance between the detector
and the sample is shown in Fig. 6.6. Combined with Eq. (6.55), the strong z
dependence implies that the resolution is dramatically improved with decreasing
distance, which also is in agreement with standard SNOM results.

6.7 Communication modes for partially coherent light

The propagation integral for the cross-spectral density, Eq. (2.84), is valid for arbi-
trary partially coherent scalar �elds, under the assumption that the randomness of
the �eld is not correlated to the possible �uctuations of the optical system. If we
further assume that the propagation kernel Q is bounded, and that the aperture
and observation domains are �nite, we can, in analogy to Eq. (5.13), make the
expansion [Paper VI]

Q (r1, r2,ρ1,ρ2) =
∑
n

dnΦn (r1, r2) Ψ∗n (ρ1,ρ2) . (6.56)

We consider the �uctuating system at a single frequency ω, and leave out the
frequency argument to simplify the notation. The functions Φn and Ψn are solutions
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Figure 6.5: In a near-�eld geometry, where the distance from sample (transmitting
domain) to detector (receiving domain) is small, and the detector is much narrower
than the sample, two-point resolution is approximately given by the distance at
which the two overlapping squared zero-order modes can be distinguished. The
�gure shows the detector-scanned total optical intensity pro�les for two point ob-
jects of separations δξ ranging from 0.05λ and 0.2λ. The other parameters have
the same values as in Fig. 6.3.

to the eigenequations

|dn|2Ψn(ρ1,ρ2) =
∫∫

A

Ha(ρ1,ρ2,ρ
′
1,ρ
′
2)Ψn(ρ′1,ρ

′
2)d2ρ′1d2ρ′2, (6.57)

and

|dn|2Φn(r1, r2) =
∫∫

O

Ho(r1, r2, r′1, r
′
2, )Φn(r′1, r

′
2)d2r′1d2r′2, (6.58)

where the kernels are

Ha(ρ1,ρ2,ρ
′
1,ρ
′
2) =

∫∫
O

Q∗(r1, r2,ρ1,ρ2)Q(r1, r2,ρ
′
1,ρ
′
2)d2r1d2r2, (6.59)
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Figure 6.6: Variation of the lowest order mode (absolute value) as a function of
distance z, for sample width 10λ and aperture size λ/10.

and

Ho(r1, r2, r′1, r
′
2) =

∫∫
A

Q(r1, r2,ρ1,ρ2)Q∗(r′1, r
′
2,ρ1,ρ2)d2ρ1d2ρ2. (6.60)

Deterministic medium

In the special case when the medium is deterministic, the communication modes
for partially coherent waves can be easily found from the coherent communication
modes. The cross-spectral density evaluated at r1 and r2 is (see Sec. 2.5),

W (r1, r2) = 〈U∗ (r1)U (r2)〉

=
〈(∫

A

G (r1,ρ1)U (ρ1) d2ρ1

)∗(∫
A

G (r2,ρ2)U (ρ2) d2ρ2

)〉
=

∫∫
A

〈G∗ (r1,ρ1)G (r2,ρ2)U∗ (ρ1)U (ρ2)〉d2ρ1d2ρ2. (6.61)
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Because we have assumed that the randomness of the �eld is not correlated to the
possible �uctuations of the system, the averages factor, and we can write

W (r1, r2) =
∫∫

A

〈G∗ (r1,ρ1)G (r2,ρ2)〉 〈U∗ (ρ1)U (ρ2)〉d2ρ1d2ρ2

=
∫∫

A

〈G∗ (r1,ρ1)G (r2,ρ2)〉W (ρ1,ρ2) d2ρ1d2ρ2. (6.62)

When the medium is deterministic, 〈G∗ (r1,ρ1)G (r2,ρ2)〉 = G∗ (r1,ρ1)G (r2,ρ2)
[60], and the propagation kernel Q is

Q (r1, r2,ρ1,ρ2) = G∗ (r1,ρ1)G (r2,ρ2) . (6.63)

Expanding G in the coherent communication modes, we have

Q (r1, r2,ρ1,ρ2) =
∑
m,l

φ∗m (r1)φl (r2) g∗mgl ψm (ρ1)ψ∗l (ρ2) , (6.64)

and we can now identify the communication modes of Q as [Paper VI]

Ψn (ρ1,ρ2) = ψ∗m (ρ1)ψl (ρ2) , (6.65)

and
Φn (r1, r2) = φ∗m (r1)φl (r2) , (6.66)

and the coupling coe�cients as
dn = g∗mgl. (6.67)

From the de�nition (2.81) of the complex degree of spectral coherence, we see that
the factored form of the modes means that they are completely coherent [60, Secs.
4.7 and 4.5.3].

Communication modes and coherent modes

The cross-spectral density is itself a Hilbert-Schmidt kernel [60]. It can be shown to
be Hermitian and non-negative de�nite and as a result it can be expressed, making
use of the spectral theorem, as

W (ρ1,ρ2) =
∑
n

λnα
∗
n (ρ1)αn (ρ2) , (6.68)

where the functions αn (ρ) are solutions to the eigenequation (Fredholm integral
equation)

λnαn (ρ2) =
∫
A

W (ρ1,ρ2)αn (ρ1) dρ1. (6.69)

Let us for comparison expand the cross-spectral density in A in the communication
modes. The result is

W (ρ1,ρ2) =
∑
m,l

Amlψ
∗
m (ρ1)ψl (ρ2) , (6.70)
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where

Aml =
∫∫

A

ψm (ρ1)ψ∗l (ρ2)W (ρ1,ρ2) d2ρ1d2ρ2. (6.71)

Although Eq. (6.70) resembles Eq. (6.68), they are distinctly di�erent. The com-
munication modes are de�ned by the system (by the propagation kernel Q), while
the coherent modes are modes of the cross-spectral density (characterizing the ran-
domness of the �eld). Once the communication modes have been established, the
same set of modes can be used for calculations on di�erent cross-spectral densities.
The expansion in communication modes is, however, less e�cient in the sense that
while the coherent-modes expansion diagonalizes the cross-spectral density, the ex-
pansion coe�cients for the communication modes are, in general, nonzero even for
the o�-diagonal elements Aml. (The fact that W is Hermitian reduces the number
of coe�cients that have to be calculated, because A∗ml = Alm, but still, a larger
number of coe�cients has to be found.)

E�ective degree of coherence

The e�ective degree of coherence is de�ned, in the domainD, by the formula [91�93]

µ2 =
∫∫

D

|W (r1, r2)|2 d2r1d2r2∫∫
S (r1)S (r2) d2r1d2r2

. (6.72)

It is an average of the degree of coherence over D, weighted with the intensity, so
that high-intensity regions contribute more than low-intensity regions, where the
statistical properties of the �eld are of little practical interest. The e�ective degree
of coherence is useful when one wishes to assess how coherent a �eld is (on average)
over, e.g., the aperture of an optical instrument.

Let us now consider the e�ective degree of coherence in A. From the orthonor-
mality of the communication modes it follows that the integration of the spectral
density over A is simply the sum of the expansion coe�cients having indices l = m.
Also, the integral of the modulus square of the cross-spectral density over A is,
again from the orthonormality of the modes, the sum of the modulus squared of all
the expansion coe�cients. Thus, the e�ective degree of coherence in A is [Paper
VI]

µ2
A =

∑
ml |Aml|

2

(
∑
mAmm)2 . (6.73)

The propagation of the communication modes for coherent light was described in
Sec. 5.6. The same rules apply to the communication modes for partially coherent
light, i.e., the expansion coe�cients of W (r1, r2) in O in the receiving modes are
the product of the Aml with the coupling coe�cient g∗mgl. This immediately gives
us the e�ective degree of coherence in O as

µ2
O =

∑
ml |gm|

2 |gl|2 |Aml|2(∑
m |gm|

2
Amm

)2 . (6.74)
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Communication modes in a random medium

Wave propagation through a random medium has previously been examined by
means of the communication modes expansion [94, 95]. The propagation kernel
was expanded in its singular functions and the statistics of the singular functions
and singular values was then studied.

The e�ect of a random medium may also be analyzed in the communication
modes for partially coherent light. When the medium is not deterministic, the
communication modes are no longer factors of the coherent communication modes,
but the expansion (6.56) still exists and can be calculated numerically by discretiz-
ing the propagation kernel Q to a matrix and performing a numerical SVD on that
matrix [96].

6.8 Communication modes in electromagnetic theory

Piestun and Miller [4] have extended the communication modes theory to electro-
magnetic waves. They considered electric or magnetic current sources, and the
communication modes are found from the SVD of the Green function.

The kernel of the vector di�raction integral (2.35) can be expanded in its singular
functions, resulting in communication modes expressed in terms of the electric �eld
in both the transmitting and the receiving domain [Paper VII]. We can de�ne G as
the integral operation in Eq. (2.40), i.e.,

GE0 =
∫
A

Γ (r,ρ) E0 (ρ) d2ρ. (6.75)

Because the component normal to the aperture of the electric �eld there does not
contribute to the �eld in the observation domain, the transmitting modes related
to G have two spatial components,

ψn (ρ) =
(
ψxn (ρ)
ψyn (ρ)

)
, (6.76)

while the receiving modes have three components

φn (r) =

φxn (r)
φyn (r)
φzn (r)

 . (6.77)

The adjoint of G is

G†E =
∫
O

Γ† (r,ρ) E (r) d2r, (6.78)

where Γ† is equivalent to the complex-conjugate matrix transpose of Γ [see Chap. 2],
and so the eigenequation for the transmitting modes is

|gn|2ψ (ρ) =
∫
A

K(ρ,ρ′)ψ (ρ′) d2ρ′, (6.79)
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where the kernel K is
K (ρ,ρ′) = Γ† (r,ρ) Γ (r,ρ′) . (6.80)

Combining Eqs. (2.41) and (6.80), we �nd after some simpli�cation that

K (ρ,ρ′) =
(
Kxx Kxy

Kyx Kyy

)
=
∫
O
S(R,R′)

(
z2 + (x− ξ) (x− ξ′) (x− ξ) (y − η′)

(y − η) (x− ξ′) z2 + (y − η) (y − η′)

)
d2r, (6.81)

where

S(R,R′) =
1

(2π)2 exp [ik (R−R′)] (1 + ikR) (1− ikR′)
R3R′3

, (6.82)

and R =
√

(x− ξ)2 + (y − η)2 + z2, and R′ =
√

(x− ξ′)2 + (y − η′)2 + z2.
The x and y-components of the transmitting modes are not independent. The

x-component of the n:th mode is

|gn|2 ψxn (ρ) =
∫
A

[Kxx (ρ,ρ′) +Kxy (ρ,ρ′)ψyn (ρ′)] d2ρ′, (6.83)

and its y-component is

|gn|2 ψyn (ρ) =
∫
A

[Kyx (ρ,ρ′) +Kyy (ρ,ρ′)ψyn (ρ′)] d2ρ′. (6.84)

It is clear that these two equations are coupled. The coupling arises through the
components Γxz and Γyz of Γ, i.e., the components of ψn are related through the
z-component of the observed �eld. As z increases, this coupling becomes weaker
and when z is large compared to the maximum extents of A and O, K becomes di-
agonal and the two components of the transmitting modes are solutions to identical
eigenequations. This means that when z is large, the modes are superpositions of
x and y-polarized waves. The strongest coupling between the �elds in A and O is
then achieved for a transmitting �eld which is uniformly polarized over the aper-
ture. This is con�rmed by numerical calculations. In the near-�eld, the situation
is di�erent, and the polarization of the modes generally varies over the aperture.
The fundamental mode in the near-�eld case is illustrated in Fig. 6.7.
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Figure 6.7: The lowest-order transmitting mode for z = λ/10, x0 = λ/2 and
ξ0 = λ/2. The graphs show the Stokes parameters (absolute value, normalized),
with dark red corresponding to large values and dark blue corresponding to small
values. The zeroth Stokes parameter (a), is the intensity pro�le of the �eld. Inter-
estingly, the fundamental mode has a hollow ring-shaped pro�le. The �rst Stokes
parameter (b) expresses the excess of linear x polarization over y polarization, i.e.,
a positive sign means that the wave is predominantly x-polarized while a negative
sign indicates that it is predominantly y-polarized. The direction (the sign of the
parameter) is indicated by white arrows. The second (c) and third (d) Stokes pa-
rameter measure the tendency of the �eld to be linearly polarized in the ±45 deg
direction, or circularly polarized, respectively. Again, white arrows indicate the
direction of the polarization.





Chapter 7

Summary and conclusions

The subject of this dissertation is the communication-modes expansion in opti-
cal di�raction. The di�raction integrals analyzed are the Fraunhofer and Fresnel
approximations, a rigorous scalar near-�eld di�raction integral, and the vectorial
generalization of the �rst Rayleigh-Sommerfeld solution. Coherent illumination is
considered in most cases, but the modes are also analyzed for partially coherent
light in scalar di�raction. The main results are listed below.

7.1 Summary of the results

Numerical propagation

The communication modes can readily be used for numerical propagation within
the Fresnel approximation, where they are closely related to the prolate spheroidal
wave functions, by means of built in functions in e.g. Matlab. This has been demon-
strated, and it has been shown that the communication-modes technique can be
applied to determine the (transverse) �eld resolution in the image plane [Paper I].

Large-aperture modes

Approximate modes have been derived for linear or rectangular apertures in the
Fresnel approximation for the case when either the transmitting or the receiving
domain is large. The approximate modes are the degrees of freedom obtained from
Gabor's application of the sampling theorem to one-dimensional optical systems
[Paper II].

Axicon modes

In an axicon geometry, i.e., a con�guration where the transmitting domain is an
annular disc and the receiving domain is a line segment on the extended axis of
the disc, the communication modes can be expressed in the prolate spheroidal wave

77
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functions, and the longitudinal resolution of the axicon may be assessed by means
of the communication modes expansion. Further, the modes may be simpli�ed to
complex exponentials and sinc functions in the transmitting and receiving domains,
respectively, when the number of degrees of freedom is large [Paper III].

Simpli�ed propagation

Within the Fraunhofer and Fresnel approximations, the step-like behavior of the
coupling coe�cients allows a simpli�cation of the communication-modes propaga-
tion method, which gives a visual physical picture of the propagation. The propa-
gation consists of a rotation in the complex plane (and a scaling) of a �nite number
of modes [Paper IV].

Scanning near-�eld resolution

Eigenequations have been derived for the scalar near-�eld communication modes
[Paper IV]. The theoretical resolution of a scanning near-�eld microscope has been
estimated by means of a simple one-dimensional, scalar model, in terms of the
communication modes. The resolution is related to the width of the modes in the
transmitting domain (the sample), and the resolution is shown to be ultimately
limited by the width of the Green function [Paper V].

Partially coherent waves and communication modes

The cross-spectral density, which represents the statistical properties of partially
coherent �elds, may be propagated like a scalar wave and, accordingly, the corre-
sponding propagation kernel can be expanded in the communication modes. For
deterministic media, these modes may be expressed in terms of the communication
modes for a coherent wave [Paper VI].

Vector-di�raction communication modes

Because the di�raction of electromagnetic waves can be represented as a linear
operator, the communication modes may be de�ned also in the electromagnetic
case. Numerical calculations for square apertures at a very small distance from each
other show that the fundamental mode in this case has a hollow ring distribution
with radial polarization, while already at the distance of a few wavelengths the
fundamental mode retains its usual bell-shaped pro�le and is uniformly polarized
over the transmitting aperture [Paper VII].

7.2 Conclusions

The communications-modes method is a general, though conceptually fairly ad-
vanced tool for both theoretical analysis and numerical examination of di�racted
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optical waves. The communication modes are related to the classic information-
theoretic descriptions of optical waves in terms of the prolate spheroidal wave func-
tions in resonators and imaging. In this dissertation we have started from the
basic foundations of communication modes and formulated the theory to various
far-�eld geometries, to analyze both transverse and longitudinal resolutions. We
have further extended the state of the art of communication-modes theory to in-
clude situations in which random �uctuations, whether in the �eld or in the system,
play a role. One of the main contributions of this dissertation is the extension of
the communication-modes theory to di�ractive near-�eld geometries, representing
sub-wavelength (quasi-static) optical systems. No limiting assumptions such as the
absence of non-propagating waves have been made.

Another major contribution of this dissertation is the generalization of the
communication-modes approach to electromagnetic di�raction on the basis of Max-
well's equations. It is of interest to recall that the analysis of propagation of electro-
magnetic �elds from a planar aperture (optical transmitter or sample) can be done
in at least two di�erent ways. The �rst, which we have explored, is by means of
the vector di�raction integral that expresses the three electric-�eld components in
the observation domain (receiver) in terms of the two transverse components in the
aperture. This method includes explicitly the electric-�eld divergence condition.
The second way is to propagate each component individually by the Rayleigh-
Luneburg equations. The divergence condition is here taken into account implicitly
in the electric-�eld aperture values. This method is left to be done.

Since the communication modes and coupling coe�cients are strictly the prop-
erties of the system, they provide general information about it without the need to
consider speci�c input or output �elds. Hence they do not have to be recalculated
when considering di�erent input waves. Related to this advantage is the drawback
that even small changes in the system parameters (such as the width or separation
of the apertures) result in a di�erent set of modes. In our work we have shown
that in spite of this, it is still possible to derive some general results, such as the
Green-function limit and resolution in scanning near-�eld imaging.

The main focus in this dissertation has been to formulate the communication-
modes method for general di�ractive optical systems under a variety of conditions
and to analyze certain simpli�ed geometries in detail. Several obstacles have been
overcome through the introduction of new ideas related the speci�c systems stud-
ied, and this has led to a number of important results as brie�y summarized in
the previous subsection. The application of the communication modes in realistic
optical systems encountered in practice still necessitates further work.

7.3 Suggestions for future work

We recall that the pair of lowest-order transmitting and receiving communication
modes is the most strongly coupled of all input and output �elds. Hence the
communication-modes approach immediately provides the �eld distribution that is
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most e�ciently propagated through the given system. The properties of the �eld,
such as spatial frequency content and polarization, may be analyzed to provide an
understanding of the limitations on �eld propagation in a given geometry.

While the resolution results obtained for the SNOM-geometry communication
modes agree with results reported in the literature, more work is needed to deter-
mine to what extent the simple model used captures the essential features of the
SNOM-like imaging system. The near-�eld scanning analysis, where the �eld in
the transmitting domain is essentially the Green function, highlights the interesting
symmetry property of the communication modes representation. The implications
of this symmetry, for various geometries, could be explored further.

In the near-�eld, a quasi-static approach could simplify the analysis of the modes
and possibly allow analytical solutions to the eigenequations. The systems studied
in this work all have hard edges. The e�ect of soft edges on the number of degrees
of freedom could be studied.

Further questions that should be addressed are the e�ect of polarization on
the degrees of freedom in near-�eld geometries or in the partially coherent case,
and the in�uence of the coherence properties on the information content of the
light, as well as the randomness of the medium. The e�ect of a random medium
has been considered to some extent [96] and could be investigated further. The
polarization properties of the modes need to be evaluated more carefully, analyzing
all three vector components of the �eld. Such an analysis could provide useful
results regarding, e.g., polarization microscopy.

The theory presented in Ref. 21, which incorporates time and frequency in
addition to the spatial dimensions, is very general and applicable to a wide range
of systems. The author analyzes a one-dimensional structure to demonstrate its
application, and similar analysis could be carried out for other types of systems.
Perhaps it is possible to derive general results on the fundamental properties for
classes of systems.

In this work, the communication-modes approach has been applied to simpli�ed
models of axicons and SNOMs. It is natural, as the next step, to consider how
this technique can be applied to realistic representations of these systems, and
other devices such as nanocavities, microstructured elements, photonic crystals,
or metamaterials. A requirement for the application of this technique is that one
must be able to write down a Green function for the system. This may prove very
challenging, but it is likely that a similar approach as that in, e.g., Ref. 97, where
a spherical domain is substituted for a more complex structure, can be taken in
order to simplify the problem and thus derive useful limits also for more complex
systems.
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