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Abstract

In a deregulated electricity market with area-pricing it is often de-
sirable to be able to transfer as much electric power as possible between
the areas, since this is the most cost efficient way to use the power grid.
However, due to limitations in the system there is a maximal amount
of power that is possible to transfer between the areas of the system,
this limit is called the total transfer capacity (TTC). When the trans-
mission system operator (TSO) is setting the trading limits between
the different areas of a multi-area power system he cannot, however,
consider only the TTC but also has to consider the uncertainties in the
system. The aim of this project is to find good methods for estimating
the risk of violating the TTC when keeping a certain margin on the
transfers in the system. To do this one will have to decide which un-
certainties are important to consider since a truly accurate calculation
is not possible to perform in normal power systems.

The method used to attack the problem of evaluating the risk of
violating the TTC will be Monte Carlo Simulation. To perform such a
simulation we need to find the probability distribution of the demand,
the production and the state of the grid. Finding the distributions
of the demand and the production will be the major concern of this
thesis. The demand will be modeled as the sum of a deterministic
curve representing the mean and the solution to a stochastic differential
equation (SDE). This is a method commonly used at for example the
weather derivatives market to model the outside temperature. Since
outside temperature and electric power consumption are closely related
this seems like a valid model. The production will be modeled as
the sum of the planned production minus outages in production, the
primary control and the secondary control. It is though not trivial to
find an adequate model for the secondary control. Two different models
for the secondary control were tested and showed different results for
the risk of violating the TTC and thus for the appropriate margin to
be kept.
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Chapter 1

Introduction

1.1 Background

Since the deregulation of electricity markets around the world a lot of ef-
forts have been put on research in the area of electric energy trading. One
important issue that has been discussed is the area of transfer margins [1].
From a national economical point of view it is important to use the electric
power grid in an efficient way, however, we cannot allow the risk of system
failure to get too large. By using the power grid in an efficient way is meant
to use the cheapest available power plant to the largest possible extent, and
thus minimize the production cost in the system, while minimizing losses
maintaining reliability and fulfilling the existing standards on quality of de-
livery.

This will often imply that the grid will have to be used to transport a
lot of electric power from the areas where production is cheap, mainly areas
with a lot of hydro, nuclear and wind power, to areas where the produc-
tion is more expensive, areas using mainly fossil fuel energy. However, due
to physical limitations in the power system there is a maximal amount of
power that is possible to transfer between the areas of the system, this limit
is called the Total Transmission Capacity (TTC). Due to uncertainties in
future loading in the system and other parameters in the calculation of the
TTC a safety margin, a so called Transmission Reliability Margin (TRM),
is subtracted from the the TTC in order for the system to stay robust to
probable events. By robust we mean that the system should remain stable
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2 CHAPTER 1. INTRODUCTION

even after the probable event takes place. By subtracting the TRM from
the TTC we get what is called the Net Transfer Capacity (NTC). As will
be seen in Chapter 2, much work has been put on finding methods for an-
alyzing the risk of violating the TTC when keeping a certain TRM on a
section in a power system. However, the models of the consumption in the
system, which is an important issue when deciding an appropriate TRM,
are often very simple and assume that the consumption in different areas of
the system can be modeled using independent normally distributed random
variables. Also, often, no realistic model for the trading at the regulating
power market is used. The work reported in this thesis will focus on filling
this gap. An appropriate model of the consumption, including uncertainties
in future consumption, in the different areas of an electric power system is
presented. Also we investigate how the frequency control, primary control
and secondary control, can be modeled and what impact the different mod-
els will have on the risk of violating the TTC when keeping a certain TRM.
To fully understand the problem we need to take a look at the structure of
the markets on which electrical energy is traded.

1.2 The Market

Electrical power is traded in energy per trading period. Usually, trading is
performed hourly as on the European Energy Exchange [2], PJM [3], and
in the Nordic system [4]. Also, half-hour periods are used in some systems
such as for example in UK [5]. To resemble the Nordic power market, in this
project we assume a trading period of one hour, but the suggested models
and methods can be applied to any period length. The market structure
assumed in this project, which is the same structure that the Nordic power
market has, includes the following possibilities of physical trading of power:

• Day-ahead market: This is where most of the electric energy is traded.
The day-ahead market closes at noon on the day before the trading
period during which the actual exchange of energy will take place, thus
the name day-ahead market. Hence, energy at this market is traded 12
to 36 hours before it is actually delivered, and accurate forecasts of the
electric energy consumption and the state of the power grid are thus
needed. To this market the system operator delivers a transmission
capacity, NTC1, for each section in the system. NTC1 is what is
referred to as trading limit since this limit tells us the amount of
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electric energy that can be traded on the day-ahead market. If NTC1
shows to be to generous the system operator will have to apply counter
trading. Thus, for the system operator it is of economic importance
to set an adequate NTC1, but for the flows in the system and hence
the security of the system this limit is not of vital importance.

• Intra-day trading: Intra-day trading offers a possibility to adjust the
traded quantities from the day-ahead market according to updated
forecasts or to use non-accepted bids on the day-ahead market. It
is possible to continuously trade power on this market after that the
day-ahead market has closed and the traded quantities and prices have
been published, until one hour before the start of the actual hour. As
we move closer to the operating hour the NTC will be updated as
the information concerning the system state during the operational
hour get better, (e.g. will the grid be intact during the operational
hour). This NTC will also be of the type NTC1 and hence concern the
maximal allowed traded energy [MWh/h] between the different areas
of the system.

• The regulating power market: This market is what is referred to as
the secondary control market. On this market, the system operator
can trade power in order to keep a balance between production and
consumption in the system when necessary. This is a part of the fre-
quency control. In situations with excess power, the system operator
can accept bids corresponding to decreasing the net production in the
system (downward balancing). In the opposite situation, the system
operator calls bids corresponding to increasing the net production in
the system (upward balancing). Bids to this market can be submitted
shortly before the start of the operational hour. Let’s assume that in
our market bids can be submitted up till 10 minutes before the start of
the operational hour (as is the case on the Nordic market [4]). These
bids are then activated during the operation hour in order to keep the
frequency close to the nominal frequency. Bids are usually activated in
order of their cost but some considerations will also have to be taken
to the stability constraints, i.e. the NTC. The NTC used in this pe-
riod, NTC2 is the limit for the actual transfers in the system. Hence,
the NTC2 is in [MW] and concerns actual power transfer between the
areas.
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• Imbalance settlement: The difference between the actual energy con-
sumption / production and the traded quantity is called an imbalance.
some time after the operational hour in question the transmission sys-
tem operator (TSO) checks the imbalance for each actor on the elec-
tricity market. If a consumer has consumed more than he has bought
on the ahead markets, i.e. the day-ahead or the intra-day market, he
has a negative imbalance that he will have to pay for, if he on the
other hand has consumed less power than he has bought on the ahead
markets he will get payed for his positive imbalance.

Figure 1.1: Time line for physical trading of electricity.

A time-line showing the above trading possibilities is shown in Figure 1.1.
As mentioned above the large quantities are usually traded on the day-ahead
market, while the intra-day market can be used to decrease the imbalance
between quantities traded on the day-ahead market and the expected pro-
duction according to updated consumption forecasts. However when ana-
lyzing the NTC the market whose structure is of primary interest is the
regulating power market.

In other electricity markets the secondary control is handled by an auto-
matic system called Automatic Generation Control (AGC). AGC is prefer-
able when the underlying grid has a meshed structure in which case analyz-
ing the resulting power flows when altering the production in a production
unit becomes very complicated. However in the Nordic system the areas
are not so meshed and the secondary control can be allowed to be manually
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handled which will lead to a more efficient use of the system assets than
AGC would.

Two different types of NTC were mentioned above. NTC1 that was a
trading limit for the day ahead-market, and NTC2 that can be seen more
as a transmission limit. The capacity to be analyzed in this thesis will be
NTC2. However the methods described can, with some minor adjustments
also be used for evaluating NTC1 since a properly set NTC1 should be a
prediction of NTC2.

1.3 Problem Formulation

The NTC over a section in the system for a specific time period is constantly
updated as mentioned. As time evolves the prediction on the state of the
system (i.e. the state of all the components in the system) during the hour
in question gets more and more accurate. Therefore the NTC in the system
will change from time to time and thus it might be possible increase the
trading between the areas of the system compared to the initial NTC cal-
culated for the day-ahead market. However, there is a possibility that, for
example, a power line in the system for some reason is taken out of opera-
tion, decreasing the TTC between the areas, which may cause the TSO to
have to make a so-called counter trade, meaning that the TSO will have to
buy energy in the more expensive area to which the transfer was intended
and sell energy in the cheaper area from which the transfer was intended, to
make the transfers adjust to the new NTC. However this sort of stockpiling
of energy will take a while for systems like the Nordic system where this is
not done automatically, as it is in systems using AGC.

The aim of this thesis is to develop a new methodology, incorporating
uncertainties, for evaluating the risk of violating the TTC when using a cer-
tain TRM between the different areas of a multi-area power system with a
structure resembling the structure of the Nordic power system. As noted
above, due to the structure of the market, NTC for all the critical inter-
sections in the system will have to be updated continuously. Therefore the
method for determining the NTC will have to be fast and using for ex-
ample Monte Carlo Simulations with simple sampling may not be efficient
enough [6]. Figure 1.2 shows the different parts that comprises the NTC.
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Figure 1.2: The different limits considered when transferring electric power.

The abbreviations in the figure denote:

TTC The Total Transmission Capacity for a section in the system is the
maximal power that is possible to transfer through the section [1].
Note that this will not be a deterministic limit since various factors,
such as the weather, will influence the heat in the transmission lines
and thus affect the thermal limit for power transfer. Also the char-
acteristics of the loads and generators in the system will affect the
amount of energy that can be transferred through a section in the
system due to voltage and transient stability limitations. One ma-
jor factor that has to be taken under consideration when calculating
the TTC is the possibility of changed system conditions, such changes
include, e.g. the tripping of a power line. Often the so called (N − 1)-
criterion [7] is used to calculate the TTC. The (N − 1)-criterion states
that the system should be able to remain in a steady state operating
condition after losing any single component in the system, i.e. in any
of the N states with only N − 1 components left in the system.

TRM The Transmission Reliability Margin is the margin that has to be
kept in order for the system to be able to handle changed operating
conditions in the system [1]. This might be the loss of a power plant
in which case power flows might change dramatically due to the dis-
tribution, between the areas, of the primary control, i.e. the instant
production reaction to imbalances in the system.
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NTC The Net Transmission Capacity for any section in the system is
the maximal transfer that the system operator will allow for pass-
ing through the section in the system in question [7]. This limit will
thus be given by NTC=TTC−TRM.

When planning the system operation, the TSO wants to have a method
for calculating the NTC that is both fast and accurate. Therefore it is
of great importance to know what factors are crucial for calculating the
NTC and which can be omitted from the calculations in order to make the
computation more efficient. When analyzing the risk of violating the TTC
when keeping a certain TRM the following aspects will, however, have to be
considered:

Uncertainties in the TTC

In reality the only way of running the system entirely without risk of failure
is not to use it at all. The TTC is, as mentioned above, often calculated
using the
(N −1)-criterion. However, the parameters involved in the TTC calculation
are not certain. The uncertainties in the TTC are, for example, uncertainties
such as the ones induced by the uncertainty in future consumption, the
uncertainty in future available production, and the uncertainty in the future
state of the grid.

Uncertainties in the Trading at the Regulating Power
Market

When the consumption in the system increases the system frequency [8],
which in the Nordic system is normally 50 Hz [9], will decrease if the pro-
duction remains constant. This causes power plants that have a certain
amount of production capacity reserved for what is known as the primary
frequency control to increase their production. In the same manner a de-
crease in consumption or an increase in production will lead to an increased
system frequency and thus that the power plants with a capacity reserved for
frequency control decrease their production. All power plants that are used
in the frequency control have a certain gain, R[MW/Hz], which indicates
how the generation in this plant is changed when the frequency changes, the
production of the primary control will thus only depend on the system fre-
quency. The distribution of the gain amongst the different areas of a power
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system will thus decide how the transfers between the areas changes when
the load changes in some part of the system or one of the generating units is
suddenly taken out of service. Observe that the primary control only termi-
nates the change of frequency. When this angular acceleration/decelration
is stopped we will end up with a different system frequency. What then
happens is that the secondary control steps in to take the frequency back to
its nominal value. As mentioned above this secondary control is a market
called the “regulating power market” in the Nordic power system. How this
market works will thus have an influence on the size of the TRM. If the TSO,
which monitors the transfers through all the critical sections in the system,
can steer the secondary control to always keep the transfers below the NTC
a smaller limit for TRM can be kept than if the NTC is not considered at
all when activating bids from the regulating power market.

Forecast errors

The error when forecasting the electric energy consumption will also con-
tribute to the power transfer between the areas. Assume that the TSO have
made a forecast of the load in the system and that this forecast is inaccu-
rate. Then there will be a difference between the planned production and
the actual consumption. Hence, if no other measures are taken to remove
this difference, the primary control will have to take care of it. Now, as
mentioned above the primary control is often spread out over the system,
thus if this control is not distributed in the same way as the forecast errors
there will be an additional stochastic transfer between areas.

As mentioned above much work has already been put on calculating the
TTC based on certain models of the power system. This thesis will focus
on how to incorporate the uncertainties in the trading at the regulating
power market, the load variations within the hour and forecast errors when
calculating the risk of violating the TTC when using a certain TRM.

Load variations within the hour

Since the power consumption in an electric power system is a time-continuous
stochastic process we would, even if we knew the exact energy consumption
during the hour in question, not know how the load would vary within the
hour and these variations are taken care of by the frequency control, i.e. the
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primary and secondary control. Since the primary control reserve is spread
throughout the system, the variations within the hour will thus contribute
to the power transfers between the areas of the system.

1.4 Main Contributions

This thesis presents a new method for analyzing NTC in power systems
whose structure resemble the structure of the Nordic system is derived. The
main contributions of the work is can be summarized as follows:

1. A thorough review of the state of the art techniques for computing the
NTC is given.

2. A method of calculating the NTC2 applicable for the Nordic system is
proposed. This method needs an accurate time continuous model for
the consumption in the system.

3. A time continuous model for the consumption in the different areas
of an electric power system was therefore developed. This model is
derived as the solution to a Stochastic Differential Equation (SDE), an
approach commonly used when modeling temperature at the weather
derivatives market [10, 11].

4. To be able to use this model we had to find a way of simulating the
derived stochastic process given a forecast on its integral. This due
to the fact that when setting the NTC for a section in the system the
TSO will have a forecast on the energy consumption in the system.
Having a certain forecast will give us information about the behav-
ior of the energy consumption in the system, and thus also on the
power consumption. A fast technique for generating outcomes of the
consumption process given a forecast was therefore developed. This
process is called the constrained consumption process.

5. A methodology for modeling the secondary control and generation
outages was developed.

6. In a numerical example, incorporating the developed models, two very
different strategies for the trading at the regulating market was com-
pared.
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1.6 Outline

To aid the reader in getting the whole picture of the work presented in this
thesis an outline will be useful. Figure 1.3 shows an outline of the thesis.

Figure 1.3: Schematic sketch of the different chapters of the thesis.

• In Chapter 2 a brief introduction to the subject of NTC and what has
been done so far, by other researchers, will be given. Different methods
for determining the NTC will be discussed and a new method using
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Monte Carlo Simulation and variance reduction will be proposed. This
corresponds to contribution 1 and is not published yet.

• Chapter 3 gives a review of the subject of the Itô stochastic integral
and stochastic differential equations (SDEs) in the Itô sense. The
chapter starts of by defining Brownian motion and also gives the so
important strong Markov property of Itô diffusions.

• In Chapter 4 the time continuous stochastic process used to model the
electric power consumption in the system will be given. The parame-
ters of the model will be estimated from electric energy consumption
data for the countries Sweden, Norway, and Finland gathered by the
Nordic power market [19]. The material presented in this section is
contribution 3. This is also included in papers [15], [14], and [17].

• The fifth chapter will be devoted to two methods that can be used to
simulate the consumption in the different areas of an Electric Power
System given a forecast on the energy consumption in the system.
These two methods are designed specifically for this purpose which
makes the simulations very efficient. The material presented in this
section is contribution 4 and has not yet been published.

• In Chapter 6 we will explain how to use the models for the consumption
in the system and the methods for simulating the consumption given
a forecast of the energy consumption to simulate the transfers in the
system. To manage this task a model for the secondary control, i.e. the
activation of bids at the regulating power market, and a model of the
outages in generation are developed. Then, in order to calculate the
reliability of the system when using a specific NTC, a check of violation
of the different stability constraints will have to be performed for each
time step in the simulation. The material presented in this section is
contributions 5 and 6. This material has not yet been published.

• In Chapter 7 conclusions that can be drawn from the work will be
presented and further ideas for future work will be discussed.



Chapter 2

Transmission Capability
Margins

In this chapter the margins limiting the power transfer through a section
in the grid of an electric power system will be explained. A review of the
state of the art methods for an efficient determination of the risk induced by
choosing a certain TRM will also be given.

A question the importance of which has increased enormously with the
deregulation of the electricity markets is the determination of the Available
Transmission Capacity (ATC). The ATC is defined as

ATC = TTC− TRM− CBM− ETC, (2.1)

where TTC is the Total Transfer Capacity, TRM is the Transmission Relia-
bility Margin, CBM is the Capacity Benefit Margin, and ETC is the Existing
Transmission Commitment [1]. According to Nordel the TTC is defined to
be [7]:

TTC is the maximum exchange program between two areas compatible
with operational security standards applicable at each system if future net-
work conditions, generation and load patterns were perfectly known in ad-
vance.

The CBM and ETC are only relevant in systems where one or more
actor(s) own or rent(s) a part of the transmission lines that will be used

13
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solely for their purpose. The ETC is the part of the transmission capacity
that an actor owns and uses to export power from their plants in one area
to serve their customers in another area. The CBM is a part of the capacity
that an actor, a so called Load Serving Entity (LSE), has reserved in order
to be able to import electric power to be able to cover up for forecast errors
in the consumption of their customers or outages in their power plants. This
margin will allow them to omit keeping a reserve designated to this, without
the risk of having to buy power at the real time market or risk having to pay
for an imbalance settlement. On the Nordic power market, at least between
the areas of the system, this is not a common practice. These margins will
therefore not be considered in this project. This leaves us with what is
referred to as the the Net Transmission Capacity (NTC) [7]:

NTC = TTC− TRM. (2.2)

However, the TTC and TRM still mean the same thing, weather they con-
sider congestions in the Nordic power system or in any other power system.
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Figure 2.1: The risk involved in keeping a certain NTC.
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Figure 2.1 shows a plausible distribution function for the TTC for the
section between the two areas of a two-area power system. The uncertainties
in the TTC are, as explained in the introduction, uncertainties such as the
ones induced by for example the uncertainty in future consumption, the
uncertainty in future available production, and the uncertainty in the future
state of the grid. To incorporate these uncertainties when setting the NTC
the TRM is subtracted from the TTC to get the NTC. In the figure the blue
line represents a calculated TTC and the distance between the blue line and
the NTC is thus the TRM. The risk of violating the TTC (called Risk in the
figure) is the level at which the NTC crosses the distribution function FTTC

for the TTC. This risk represents the probability that the transfer will be
larger than the TTC. Hence the risk of system failure if the event used to
calculate the TTC occur, e.g. the worst (N − 1) case if TTC is calculated
using the (N−1)-criterion. Note, however, that since there are many critical
sections in a large power system, an actual distribution function as the one
in Figure 2.1 for a real system is a multi-dimensional distribution function
and is often very hard to find.

2.1 Total Transfer Capacity

The ability of a power system to transfer electric power from one node to
another is usually limited by one of the following constraints [20]:

Voltage Level Limit The voltage at each bus must lie within an accept-
able interval (e.g. 0.95 to 1.05 p.u.).

Transmission Line Thermal Limit Electrical loading of transmission
lines in MVA base should not exceed the normal and emergency ratings
in normal and contingency cases, respectively.

Voltage Stability Limit The system must withstand a disturbance that
may cause voltage collapse meaning that the operating state should
not be too close to the nose-point (one often uses a 15% margin of
nose-point power as a security limit). The nose-point defines a point
on the boundary between the area where the load-flow equations have
a solution and the area where they do not have any solution. The load-
flow equations are the equations determining the power flows in the
system given phase angels and voltages in some buses, active and and
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reactive power injections in some nodes and active power injections
and voltages in the remaining nodes. These equations are of the form
f = 0 where the equation is said to have a solution if it is possible
to find the unknown parameters in all nodes such that f = 0 holds.
Physically this means that it is not technically possible to transfer
more electric power than the limit corresponding to the nose-point.

Angular Stability This refers to the ability of synchronous machines of
an interconnected power system to remain in synchronism after being
subjected to a disturbance. Instability that may result occurs in the
form of increasing angular swings of some generators leading to their
loss of synchronism with other generators. Loss of synchronism can
occur between one machine and the rest of the system, or between
groups of machines, with synchronism maintained within each group
after separation from the rest of the system [21].

The nose curve is the curve showing the relationship between the voltage
and the injected power at each bus. This curve can be used to decide how
much power that can be extracted from each bus without causing the system
to become unstable due to voltage stability limitations of the system. The
TTC for any section of the system is the maximum amount of power that
can be transferred through the section given a certain ”perfectly known”
state of the grid. This limit is usually calculated by starting at some base
case and then increasing the parameter λ where,

PDi = P 0
Di

+KPDiλ, (2.3)

QDi = Q0
Di

+KQDiλ, (2.4)

where PDi and QDi are the active and reactive power consumptions in bus
i and the KPDi ’s and the KQDi ’s are scaling factors, used to designate the
rate of load change in the bus. These equations are to be applied to all i for
which i is an index for a node on the side of the section to which power is
to be transferred.
In the same way for buses on the side from which power is to be transferred:

PGi = P 0
Gi

+KPGiλ, (2.5)

QGi = Q0
Gi

+KQGiλ, (2.6)

where PGi and QGi are the active and reactive power consumptions in bus
i and the KPGi ’s and the KQGi ’s are scaling factors. While λ is repeatedly
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increased the nose curve for the new setting is calculated and the stability
constraints are controlled. Observe that for each set of scaling factors we
will only check for stability in one direction in the 2N dimensional “injected
power”-space, where N is the number of buses in the system. Therefore
some sort of simulation technique might be needed (e.g. Monte Carlo Simu-
lations), if there is no natural way of choosing the scaling factors (i.e. some
natural proportion in which a load at the receiver side or the generation at
the supplier side will increase). Such a proportion for the generation can be
found via the gain in the frequency control for the generation.

In Figures 2.2 and 2.3 two typical nose curves for a simple system are
given, the nose-point mentioned above is the rightmost point on these curves,
PC . One in which voltage limit is the critical constant and one in which
voltage stability is the critical constant.

Figure 2.2: Illustration of TTC with low voltage limit VC as the critical
constraint.
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Figure 2.3: Illustration of TTC with voltage stability limit as the critical
constraint.

• Vl: Low voltage with respect to bus voltage limit

• Vc: Critical voltage with respect to voltage collapse

• Pl: Active power corresponding to low voltage limit

• Ps: Oscillatory stability or transient stability limit

• Pt: Thermal overload limit

• Pc: Voltage stability limit

• TTC: min(Pl, Ps, Pt, Pc).
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2.2 Transmission Reliability Margin

According to the North American Electric Reliability Council (NERC),
Transmission Reliability Margin (TRM) is to be defined as [1]:

The amount of transmission transfer capability necessary to provide a rea-
sonable level of assurance that the interconnected transmission net-
work will be secure. TRM accounts for the inherent uncertainty in
system conditions and its associated effects on ATC calculations, and
the need for operating flexibility to ensure reliable system operation as
system conditions change. All transmission system users benefit from
the preservation of TRM by transmission providers.

The definition made by NERC is the one most commonly referred to in ca-
pacity margin calculation. Generally, the uncertainties associated with the
operation of the interconnected electric system increase as the time hori-
zon increases. These uncertainties can be attributed to weather conditions,
forced and scheduled transmission outages, and generation unavailability. In
the longer term, the health of the economy and the economics of generation
will greatly influence the level and location of demand and electric resources.
Because of these conditions, the uncertainties or “inaccuracy” of the TTC
also increase with time. The further into the future that TTC/ATC values
are projected, the greater the uncertainty. For instance, future customer
demands and generation dispatches are often quite uncertain, which greatly
impacts the transfer capability remaining in the physical transmission net-
work for further commercial activity over and above already committed uses.
Similarly, future electric power transactions are inherently uncertain and can
have significant impacts on transmission system loadings. Compounding this
problem is the difficulty that transmission systems not contractually asso-
ciated with a particular transaction can experience in trying to quantify its
impact on their respective systems. Therefore, the amount of TRM required
is time dependent, generally with a larger amount necessary for longer time
horizons than for near-term time periods [1].

According to Nordel, which is the collaboration organization of the TSOs
of Denmark, Finland, Iceland, Norway, and Sweden, the TRM is defined as
a security margin that copes with uncertainties in the computed TTC values
arising from [7]:
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1. Unintended deviations of physical flows during operations due to phys-
ical functioning of load-frequency regulation.

2. Emergency exchanges between TSOs to cope with unexpected unbal-
anced situations in real time.

3. Inaccuracies, e.g. in data collection and measurements.

Next will will look at how to calculate the TRM.

2.3 Determination of the TRM

TRM accounts for the inherent uncertainty in the system conditions and
the need for operating flexibility to ensure reliable system operation as the
system conditions change. There are several approaches proposed for calcu-
lating an appropriate TRM. These approaches can be divided into two main
categories [6]:

1. Deterministic approaches.

2. Probabilistic approaches.

Repeated power flow (REP) [22], continuation power flow (CPF) [23], and
optimal power flow (OPF) [24, 25] are based on power flow computation.
For these methods, the steady state constraints can easily be considered
but dynamic stability constraints are difficult to take into account, and the
computation time large. Sensitivity analysis [26] can provide results with
shorter computation time. References [27] and [28] adopt AI methods to
deal with uncertainties of power systems with a shorter computation time,
but with the system expansion, the validity and effect of the algorithm is
still to be verified. These methods all belong to deterministic methods. The
probabilistic methods include: Probabilistic Load Flow (PLF) methods [29]
that are, stochastic programming [30] and enumeration method in [10] which
consider uncertainties, but the computation time will increase rapidly when
the size of the system increases. Bootstrap procedure in [31] computes the
distribution of ATC value that reflects the recent market activities, while
it is hard to deal with uncertainties. Using Monte Carlo simulation as in
[32] can process uncertainties of power systems within a shorter computa-
tion time. Obviously a lot of work has been done in this area, which is not
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surprising considering the economical importance of keeping an adequate
margin when transferring large amounts of electric power. Two recently dis-
cussed methods that seem very interesting are the PLF method in [29] and
the Monte Carlo method.

Probabilistic Load Flow and Continuous Power Flow

The PLF method described in [29] approximates the system as linear around
some base flow. This base flow is preferably chosen to be the forecasted
load. Then the system parameters, i.e. the random variables representing
the loads, the available capacity and the state of the grid, are estimated to
be independent and the cumulants of these are calculated. The bus voltages
and flows between the areas are then estimated by the use of sensitivity
analysis. This produces the cumulants of the bus voltages and line flows
which can be transformed back to the probability density function (PDF)
of bus voltages and line flows using the Gram-Charlier expansion [33], this
is then compared to the limiting values of the TTC, which is calculated
using CPF on the base case to determine the limiting element. Then a
probability for crossing this limit can be calculated from the pdf and thus
give the probability of system failure if the considered base case is allowed.
The major advantages of this method are [29]:

• It is very fast in relation to ordinary Monte Carlo Simulations which
for normal systems are much more time consuming.

• It can give a certain probability of system failure which many methods
cannot.

Time is a relevant factor and fast computations will be necessary for a
method used in the hourly planning.

The major disadvantages of this method are:

• It does not consider dependence between the different system param-
eters, such as for example the dependence between the consumption
in the different areas, which at least in the Nordic system, where a
large amount of the power consumption is used for electric heating, is
considerable.
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• The base cases to be considered, which was assumed to be the fore-
casted system state, will, when considering the load, be the hourly
energy consumption. However, as we will see in Chapter 4, there is
a significant variation in the power consumption in the system within
the hour even if the forecast were to be exact. There is, hence, still an
uncertainty in the maximal power transfers.

• The method approximates the power flows as linear in terms of the
injected powers in the different nodes. This will be quite accurate
for small differences from the base case scenario. However, for larger
changes this will not be a good approximation [34].

It would thus be preferable to have a method where we can calculate
the transfers in the system and when considering dependent consumptions
in the different areas and that incorporates the adequate transfer limits, i.e.
thermal and voltage stability in the Nordic system. One such method is
Monte Carlo Simulation which is briefly surveyed below.

Monte Carlo Simulation

Monte Carlo Simulations are widely used in many engineering disciplines and
sciences e.g., physics, economics, and electrical engineering. The method is
preferably used whenever there is no analytical solution to a problem. If
we let Xk be the kth outcome of some random vector X, living in the
probability space (Rn,F ,P) we have, by the law of large numbers [35], that
for any P-integrable function g : Rn → Rm:

1

N

N
∑

k=1

g (Xk)
a.s.
−−→

∫

gdP, as N →∞, (2.7)

where N is the number of cases sampled, P is the probability measure associ-
ated with the random variable X and “a.s.” indicates that the convergence is
“almost sure” convergence [35]. The Monte Carlo method uses this relation
and generates N outcomes of X and then estimates the sought expected
value by the truncated sum

∑N
k=1 g (Xk). To apply this method to the

analysis of TRM using 5000 cases, which might be needed for a sufficient
accuracy when examining the probability of system failure for a certain base
case, would require generating 5000 outcomes of the system state and then
performing stability checks for each case which for voltage stability would
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require the solving a nonlinear system of equations. This will be very time
consuming. However, there are methods to drastically decrease the time of
computation when investigating the NTC.

One interesting method is to use variance reduction [13] for the Monte
Carlo Simulation. What variance reduction techniques are designed to do
is to increase the probability of obtaining more accurate results from the
simulation. This is done by either dividing the probability space into dif-
ferent strata where each strata has a smaller variance or by increasing the
probability of the important outcomes. Assume, for example, that we have
a system of two components in series each with a probability qi of failure
and independent failures. If these probabilities are small, say 0.001 each,
the risk of not getting a single system failure from 1000 scenarios of a Monte
Carlo Simulation of the system using Simple Sampling is more than 10%. If
we on the other hand were to use Dagger Sampling, which is a commonly
used variance reduction technique, to generate the outcomes we start by
partitioning the interval [0,1] into b1/qic segments {αk} of length qi and
possibly a reminder β of length 1-qi b1/qic for i = 1, 2, ... We then generate
two random numbers x1 and x2 from a U(0,1) distributed r.v. To generate
outcomes for the Monte Carlo Simulation we find the k such that xi ∈ αk
and let outcome number k be a failure of component i. If xi ∈ β no outcome
is a failure. This way the the risk of not getting a single system failure when
performing a Monte Carlo Simulation on the system described above will be
zero.

2.4 Evaluating NTC in a System of the Same
Type as the Nordic System

In this project the focus so far has been on the transmission of electric
power between the Nordic countries Sweden, Norway, and Finland. Each
of these countries is considered to be one area in this work. These areas
constitute different price-areas, hence, it is of high economic importance to
the society to fully utilize the available transmission capacity. The reason
for not including Eastern Denmark, which is also part of the Nordic system,
in the study is that Denmark has a large installed capacity of wind power.
Wind power is very special in modeling viewpoint, therefore the market of
Denmark needs special treatment (see the section discussing future work
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in Chapter 7). A schematic sketch of the considered system is shown in
Figure 2.4. This grid is not meshed which simplifies the calculations of the

Figure 2.4: A schematic sketch of the system.

power transfers. In more complicated systems like the one on the European
continent or the one in North America it is very hard to, from time to
time, predict the transfers on the limiting power lines. This calls for a more
advanced control of the generation in the different areas. In Europe and
North America a system called Automatic Generation Control (AGC) which
controls the transfers on the lines by changing the production in the different
areas of the system. This system might not always be the most economically
efficient, i.e. the power plants used might not always be the ones with the
lowest production costs. In the simpler Nordic system, however, the TSOs
will apply so-called counter trading if the transfers become too high. This
means that the TSO try to stockpile electric energy, hence using the cheapest
possible power plant to balance the power production between the different
areas. This will of course not be done immediately. Hence, the TRM will
have to account for the possibility that the transfer will cross the NTC.
To model this an accurate, time continuous model for the electric power
consumption given a forecast is needed. That model will be derived and
analyzed in Chapters 4 and 5. Then in Chapter 6 a model for the generation
including primary control, secondary control and outages in generation is
given. Then the procedure for estimating the risk of failure using Monte
Carlo Simulations is described. Figure 2.5 shows a schematic sketch of the
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Monte Carlo Simulation performed to analyze the risk of system failure
induced by keeping a certain NTC. A numerical example showing how this
Monte Carlo Simulating can be performed is also given in Chapter 6. It
should be noted that this method does not calculate a the maximal allowed
NTC in order to keep a certain risk. It rather evaluates the risk of system
failure induced by using a certain NTC.

Figure 2.5: A schematic sketch of the Monte Carlo Simulation to be per-
formed.





Chapter 3

Brownian Motion and
Stochastic Calculus

For the remainder of the thesis some knowledge of Brownian motion and the
Itô-integral is needed. A brief introduction of this theory will be given in this
chapter. We start by giving a description of the stochastic process referred
to as Brownian motion.

3.1 Brownian Motion

Brownian motion, sometimes referred to as the Wiener or Einstein-Wiener
process, was first mentioned in [36] written in 1828. In this paper the Scot-
tish botanist Robert Brown discussed the irregular movements of pollen
grains contained in a viscous fluid. Through his microscope he could see
that the grains were moving in an unexpected way. In [37] Albert Ein-
stein gave a physical description of the concept of Brownian Motion. It was
not until 1923, however, that the stringent mathematical proof of the ex-
istence of a stochastic process with the properties of Brownian motion was
derived by the American theoretical and applied mathematician Norbert
Wiener [38]. Brownian motion is one of the best known Lévy processes [39]
(Càdlàg stochastic processes with stationary independent increments) and
occurs frequently in pure and applied mathematics, economy, and physics.

A definition of Brownian motion is given by:

27
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Definition 1. Assume some given probability space (Ω,F ,P). A real-valued
stochastic process {Bt : t ∈ R+} is a Brownian motion starting in x ∈ [0,∞)
if it has the properties

(i) B0(ω) = x for all ω ∈ Ω.

(ii) Almost surely, the map t 7→ Bt is continuous.

(iii) For every t, h ≥ 0, Bt+h −Bt is independent of {Bu : 0 ≤ u ≤ t}, and
has Gaussian distribution with mean 0 and variance h.

If x = 0, then Bt is called standard Brownian motion.

For more on σ-algebras, filtrations, measures and especially probability
measures consult [35, 40].

To prove the existence of Brownian motion Wiener constructed Brown-
ian motion as a Fourier series [39]. Another way of proving the existence is
the following, given in the lecture notes of a course in stochastic analysis at
Royal Institute of Technology by Torbjörn Kolsrud:

Let H be a real separable Hilbert space [41] with complete orthonormal
system en and inner product (·, ·). For φ, ϕ ∈ H we have φ =

∑

(φ, en) with
convergence in H, and

(φ, ϕ) =
∑

(φ, en)(ϕ, en) (3.1)

Choose i.i.d. N(0, 1) variables Xn and define X(φ) =
∑

Xn((φ, en)), for all
φ ∈ H. Then X(φ) is centred Gaussian, with covariance

E[X(φ)X(ϕ)] = (φ, ϕ). (3.2)

Choose H = L2(R), then the process bt defined by bt = X(1[0,t)) is cen-
tered, has stationary increments and E[b2t ] =

∫

R
12

[0,t)(s)ds = t. Hence, bt is
standard Brownian motion. From here it is trivial to construct a Brownian
motion starting in x ∈ R.

One interesting characteristic of Brownian motion is that its paths are
fractal, meaning that a Brownian motion will look the same whether it is
observed on a microscopic or a macroscopic level. More specifically the
movement will be irregular no matter how much we zoom in on the path of
a Brownian motion. Figure 3.1 shows a simulated path of a 3-dimensional
Brownian motion.



3.2. MARTINGALES 29

Figure 3.1: A simulated path of a 3-dimensional Brownian motion.

3.2 Martingales

The theory of Martingales is essential when developing the Itô integral.
Therefore, the subject will be given a brief introduction before we dive into
the problem of formulating the Itô integral.

The following definition is taken from the well known textbook on stochas-
tic integration by Øksendal [42]:

Definition 2. A filtration (on (Ω,F)) is a family M = {Mt}t≥0 of σ-
algebras Mt ⊂ F such that

0 ≤ s < t⇒Ms ⊂Mt

(i.e. Mt is increasing). An n-dimensional stochastic process {Mt}t≥0 is
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called a Martingale with respect to the filtration {Mt}t≥0 (and with respect
to the probability measure P) if

(i) Mt is Mt-measurable for all t.

(ii) E[|Mt|] <∞ (i.e. Mt ∈ L
1(Ω,P)) for all t.

(iii) E[Mt|Ms] =Ms for all s ≤ t.

If instead of (ii), Mt ∈ L2(Ω,P), {Mt}t≥0 is called an L2-Martingale.

As an example we note that Brownian motion Bt in Rn is an L2-Martingale
with respect to the σ-algebras Ft generated by {Bs : s ≤ t}.

Let Π : 0 = t0 < ... < tn = T . The quadratic variation of the stochastic
process Xt over the interval [0, T ] is given by

〈X〉T = lim
‖Π‖→0

n
∑

i=1

(Xti −Xti−1)2, (3.3)

where the norm of Π is given by ‖Π‖ = max
i

(ti− ti−1) and the limit is taken

by for each step adding new points to the partition.

As an example of the importance of the quadratic variation of a Martin-
gale the following theorem is given [43]:

Theorem 1. Let Mt be an Ft-Martingale, then 〈M〉t is the unique contin-
uous adapted process such that

(Mt)
2 − 〈M〉t (3.4)

is an Ft-Martingale.

This is a special case that follows from Itô’s formula to be presented in
the next section. Thus, for Brownian motion we get 〈B〉t = t.

3.3 The Itô Integral

A stochastic integral is an integral of some (random) function with respect
to a stochastic process. The Itô integral is a special case of the stochastic
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integral for which we integrate a random process with respect to a Brownian
motion. For the more general case of the stochastic integral where integra-
tion is done with respect to a Martingale the interested reader is referred
to [43]. We start by defining the integrands to be considered:

Definition 3. Let V = V(S, T ) be the class of functions

f(t, ω) : [0 :∞)× Ω→ R

such that, when Ft is the filtrations of Bt,

(i) (t, ω)→ f(t, ω) is B×F-measurable, where B denotes the Borel σ-algebra
on [0,∞).

(ii) f(t, ω) is Ft-adapted, (i.e. f(t, ω) is Ft-measurable for all t ≥ 0).

(iii) f(t, ω) ∈ L2([T, S]).

Hence, under the norm

‖f‖ = E





T
∫

S

f2(t, ω)dt



 (3.5)

V is a Hilbert space. The Itô integral

T
∫

S

f(t, ω)dBt (3.6)

is then defined by studying the simple functions given by

φ(t, ω) =
∑

j≥0

ej(ω)1[j2−n,(j+1)2−n)(t), (3.7)

where ej is Fj2−n -measurable. For functions of this type it seems reason-
able [42] to define the Itô integral to be

T
∫

S

φ(t, ω)dBt(ω) =
∑

j≥0

ej(ω)(Btj+1 −Btj ), (3.8)
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where

tk = tnk =











k2−n if S ≤ k2−n ≤ T
S if k2−n < S
T if k2−n > T











.

The fact that ej is Fj2−n-measurable is very important and what makes the
Itô integral a Martingale. As an example consider the two functions

φ1(t, ω) =
∑

j≥0

Bj2−n(ω)1[j2−n,(j+1)2−n)(t),

φ2(t, ω) =
∑

j≥0

B(j+1)2−n(ω)1[j2−n,(j+1)2−n)(t).

We have that

E





T
∫

0

φ1(t, ω)dBt(ω)



 =
∑

j≥0

E[Btj (Btj+1 −Btj )] = 0

since Bt has independent increments. Whereas

E





T
∫

0

φ2(t, ω)dBt(ω)



 =
∑

j≥0

E[Btj+1 (Btj+1 −Btj )]

=
∑

j≥0

E[(Btj+1 −Btj )
2] = T.

This is due to the fact that Brownian motion is of infinite first variation
which disables us to define (3.6) in the Riemann-Stiltjes manner.

To extend the integral to cover integrands from all of V we need the
following isomorphism called the Itô isomorphism:

Theorem 2. Let φ(t, ω) be a simple function, then

E











T
∫

S

φ(t, ω)dBt





2





= E





T
∫

S

φ2(t, ω)dt



 . (3.9)

A proof of a more general setting of this theorem, where Bt is replaced
by a Martingale Mt, is given in [43]. Equation 3.9 is obviously an isomor-
phism from the space of simple functions to L2([S, T ]). Now, the set of all
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simple functions is dense in the Hilbert space V, hence the isomorphism can
be extended and the integral (3.6) is in L2(Ω). As a matter of fact there
exists a continuous version of (3.6) and (3.6) is an L2-Martingale [42].

To find the solution to (3.6) for a general f ∈ V it is often not favorable
to look at the approximation of f by a simple function. Instead we use
the analogue of the fundamental theorem of calculus. This is called Itô’s
formula and is given by:

Theorem 3. Let Mt be a continuous Martingale and f(t, x) ∈ C1,2([0,∞)×
R) then the Itô formula for f(t,Mt) says that

f(t,Mt)− f(0,M0) =

t
∫

0

∂f(s,Ms)

∂s
ds+

t
∫

0

∂f(s,Ms)

∂x
dMs

+
1

2

t
∫

0

∂2f(t,Ms)

∂x2
d 〈M〉s (3.10)

For a proof of the general setting of this theorem when t is replaced by
a stochastic process Vt of finite variation the reader is referred to Theorem
5.1 in [43]. For standard Brownian motion and f(x) ∈ C 2(R) we get

f(Bt)− f(0) =

t
∫

0

f ′(Bs)dBs +
1

2

t
∫

0

f ′′(Bs)ds. (3.11)

3.4 Stochastic Differential Equations

A stochastic differential equation (SDE) in the Itô sense is an equation of
the type:

Xt = X0 +

t
∫

0

b(s,Xs)ds+

t
∫

0

σ(s,Xs)dBs (3.12)

or in differential form

dXt = b(t,Xt)dt+ σ(t,Xt)dBt, (3.13)

where b(·, ·) : [0, T ]×Rn → Rn, σ(·, ·) : [0, T ]×Rn → Rn+m and Bt is an m-

dimensional Brownian motion, (i.e. Bt = (B1
t , ..., B

m
t )T where the B(i)

t ’s are
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independent one-dimensional Brownian motions). It is of course important
to know when such an equation has a solution. This is given by the following
theorem a proof of which is given in [42]:

Theorem 4. Let T > 0 and b(·, ·) : [0, T ]×Rn → Rn, σ(·, ·) : [0, T ]×Rn →
Rn+m be measurable functions satisfying

|b(x, t)| + |σ(x, t)| ≤ C(1 + |x|); x ∈ Rn, t ∈ [0, t] (3.14)

for some constant C, (where |σ|2 =
∑

|σ|2) and such that

|b(x, t)− b(y, t)|+ |σ(x, t) − σ(y, t)| ≤ D|x− y|; x, y ∈ Rn, t ∈ [0, t] (3.15)

for some constant D. Let Z be a square integrable random variable which is
independent of the σ-algebra generated by (Bs, s ≥ 0). Then the SDE

dXt = b(t,Xt)dt+ σ(t,Xt)dBt, 0 ≤ t ≤ T,X0 = Z (3.16)

has a t-continuous solution Xt with the property that Xt is adapted to the
filtration FZt generated by Z and (Bs, s ≤ t) and

E





T
∫

0

|Xt|
2dt



 <∞ (3.17)

i.e. Xt is L2(Rn × [0, T ],P ×L).

A solution to an SDE of the type in (3.13) is called an Itô diffusion.
The key to the solution of many SDEs is Itô’s formula. An example is

given by the following:

Example 3.1 The Ornstein-Uhlenbeck process. This process solves
the following SDE called the Langevin equation

dXt = −αXtdt+ σdBt, (3.18)

where α ≥ 0 is the proportional rate of mean reversion, and σ ∈ Rn×n is the
drift term.
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The solution to this SDE, in the one-dimensional case, is found by letting
f(t, x) = eαtx, then

d(eαtXt) =
∂f(t,Xt)

∂t
dt+
∂f(t,Xt)

∂x
dXt +

1

2

∂2f(t,Xt)

∂x2
d 〈X〉t

= αeαtXtdt+ e
αtdXt

= αeαtXtdt+ e
αt(−αXtdt+ σdBt)

= eαtσdBt (3.19)

Hence,

Xt = e−αt(X0 + σ

t
∫

0

eαsdBs). (3.20)

This process is frequently used in stochastic modeling and will be the pro-
cess upon which the model of the consumption in the system relies.

A more thorough treatment of SDEs can be found in [44].

3.5 The Markov property of an Itô diffusion

Heuristically, the Markov property states that the process is started anew
at each deterministic time. The strong Markov property states that the
process is started anew at each stopping time.

Definition 4. A (strict) stopping time w.r.t. the filtration Nt is a random
variable τ such that for each t, {τ ≤ t} is Nt-measurable.

As an example let Xt be an Itô diffusion, then τ = inf{t > 0 : Xt ∈ H}
is a stopping time for any Borel set H.

Definition 5. Let τ ba a stopping time w.r.t. Nt and N∞ be the smallest
σ-algebra containing Nt, for all t ≥ 0. Then the σ-algebra Nτ consists of all
sets N ∈ N∞ such that N ∩ {τ ≤ t} ∈ Nt, for all t ≥ 0.

We are now ready to state the important strong Markov property of an
Itô diffusion [42]:

Theorem 5. Let f be a bounded Borel measurable function on Rn and
τ a stopping time w.r.t Ft, the filtration generated by the m-dimensional
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Brownian motion driving the Itô diffusion Xt, such that τ <∞ a.s. Then

Ex[f(Xτ+h)|Fτ ] = EXτ [f(Xh)] for all h ≥ 0. (3.21)

An elegant proof of this theorem can be found in [42].



Chapter 4

Modeling the Electric Power
Consumption

In this chapter a time-continuous model of the electric power consumption in
an electric power system will be presented. The model is given by the sum of
a deterministic function representing the average consumption at each time
and a stochastic process describing the stochastic nature of the consumption.

When simulating the transfers in the system given a certain NTC2 it
would be preferable to have access to electric power consumption sample
data when creating a model for the power consumption. What we would
like to have is power consumption sample data, taken with a short sampling
time-step, along with the forecast error sample data. Then this sample data
could be used in the modeling of the energy consumption in order to get a
realistic behavior of the consumption model.

Unfortunately such data is not available, therefore a different approach
has been taken in the work presented in this thesis. Here we will derive a
stochastic model for the power consumption and then use samples of the
hourly energy consumption to estimate the parameters of the power con-
sumption model. One disadvantage of such an approach is that we will
model the short-term behavior of the consumption based on basic assump-
tions. Then estimate the parameters for in this model from data of the
hourly energy consumption.

37
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As mentioned in Chapter 1 a part of the uncertainty that has to be taken
under consideration when setting the NTC2 is due to the variation of the
electric power consumption in the system. To get a good estimate of the
probability distribution of these uncertainties a model that accurately de-
scribes the short term behavior of the consumption in the system is needed.

The forecasting of energy demand has become increasingly important
since the rise of the competitive energy markets. Therefore a lot of work
has been put on modeling the energy consumed in power systems during
the trading periods of the market, i.e. one hour periods in the Nordic power
market. In [45] an Auto Regressive Moving Average (ARMA) process [46] is
fit to the residuals obtained by removing the seasonality from consumption
data from the Californian power system gathered by the California Inde-
pendent System Operator (CAISO) [47]. Another approach is taken in [48]
where Artificial Neural Networks (ANN) are used in Short-Term Load Fore-
casting. As mentioned above these articles just (as most other) consider the
problem of finding a model for the energy consumed in the system during
each trading period. This focus is not surprising since this is the traded
quantity. To be able to get the variations of the electric power consump-
tion within the trading period into our Monte Carlo Simulations we will,
however, need a continuous time model of the consumption in the system.
In [49] an Ornstein-Uhlenbeck process is fit to data of the consumption in
the Californian Electric Power System. For forecasting of energy consump-
tion this does not improve the accuracy over the regular ARMA process and
hence the more simple ARMA process is preferable [49]. For our purpose,
the modeling of the short term behavior of the power demand in continuous
time in order to evaluate the risk induced by keeping a certain NTC2, this
model will on the other hand serve much better. Especially since we will
want to consider the power consumption given a certain energy consump-
tion forecast and will thus need to be able to obtain the distribution of the
consumption process given the time integral of the power consumption.

In the North American Power System and at the European continent
AGC is used to control the power transfers. Since this system is based on
measurements of production and flows in the system this enables researchers
to get accurate sample data of the consumption in each area of the system.
In the Nordic power system AGC is not used and we will have to rely on
hourly energy consumption data, gathered by the Nordic power market [19].



4.1. A 1-DIMENSIONAL LOAD MODEL 39

This makes the estimation of the parameters of the Ornstein-Uhlenbeck pro-
cess somewhat more complicated, but the problem is still manageable. In
this chapter our load model will be developed. We will start by presenting a
1-dimensional model, where the consumption in only one area is considered,
and then move on by generalizing this model to the consumption in the
different areas in a 3-area system. The 3-dimensional model can, without
any additional theory, be generalized to model the load in any multi-area
system. We will then finish the chapter be showing how to estimate the
parameters of the model from hourly mean consumption data of the load in
the 3-area power system where the modeled areas are the countries: Sweden,
Norway, and Finland (see Figure 4.1).

To use the work presented in this chapter when estimating the risk in-
duced by keeping a certain NTC2 we will have to use the method described
in Chapter 5. However, the model presented here is very general and can
be used also for other purposes when a stochastic model of the consumption
in the different areas of a multi-area power system is needed. One example
of such a case is given by [50]. In [50] the model is used when estimating
the imbalances caused by adding a large amount of wind power to a power
system.

4.1 A 1-dimensional load model

The load is modeled as the sum of a deterministic function (mt, t ≥ 0)
representing the mean of the load and a stochastic process (Xt, t ≥ 0), with
mean zero, modeling the stochastic nature of the load. If the stochastic
process describing the load variations over time is denoted by (Dt, t ≥ 0) we
thus have, for all t ≥ 0,

Dt = mt +Xt. (4.1)

The mean-function, mt

Since (Xt, t ≥ 0) is chosen to have mean zero, the mean-function mt is, as
its name implies, such that mt = E(Dt). The mean-function, mt, will vary
within the trading periods and thus contribute to the variation within the
trading period, therefore it is of great importance to find a good estimate
of mt.
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Figure 4.1: A map of the Nordic countries.

The driving noise process

It seems reasonable that at any 2 deterministic times t, s the distribution of
the differences between time consumption at time t, and the consumption at
time s, can be well approximated by a normal distribution, at least when we
have many independent loads in the system, due to the Central limit theo-
rem. Therefore, our choice of driving noise process is, as in [49], standard
Brownian motion (Bt, t ≥ 0) [42]. We assume that the quadratic variation
σ2
t ∈ R+ of the load is constant during the whole period we intend to simu-
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late. This assumption may not be entirely accurate due to the difference in
loads between day and night, but with the small amount of data at hand,
and the type of data (average consumption during entire trading periods
instead of sample data) this model is arguably the best possible. Moreover,
as more data are collected the model can be ’re-calibrated’ to adapt to the
changes in the load behavior.

Mean reversion

The square mean of the load process cannot, for example, rise day after day
for a long time, therefore, some sort of mean-reversion is needed in the load
model. Reasonably this mean-reversion should be proportional to the size
of the deviation from the mean.

Putting all the assumptions together, the deviation of the load from its
mean function is modeled by a stochastic process given by the solution to
the following Stochastic Differential Equation (SDE) [42]:

dXt = −αXtdt+ σdBt. (4.2)

The assumptions were:

• Mean-reversion should be proportional to the size of the deviation from
the mean (⇒ −αXt).

• The quadratic variation of the load is constant during the whole period
we intend to simulate (⇒ σ).

• Load differences between different times can be well approximated by
a normal distribution (⇒ dBt).

The solution to Equation (4.2)

The solution to (4.2) can be found by Itô’s formula (Theorem 3) and is given
by:

Xt = e−αt(X0 +

t
∫

0

σeαsdBs), (4.3)

where X0 is the initial deviation of the load from its mean and the integral is
taken in the Itô sense [43]. It is easily seen that if X0 is normally distributed
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then the load process is Gaussian. Moreover, if X0 has mean zero the mean
of the load process will be the mean load function.

4.2 A 3-dimensional load model

In this Section a 3-dimensional load model will be presented. The model
can, however, without adding any new theory, be expanded to apply to any
number of areas. The reason for choosing 3 dimensions is that we will later
estimate the parameters of the model using data from the 3-areas: Sweden,
Norway, and Finland of the Nordic grid.

A 3-dimensional load model should build on the same principle as a 1-
dimensional load model, but with the addition of covariances between the
different loads in the system. The 3-dimensional stochastic process describ-
ing the stochastic nature of the load will thus solve the SDE:

d
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(4.4)

or in shorter form

dXt = −αXtdt+ σdBt, (4.5)

where σ is a matrix whose properties will be discussed later. The solution
to (4.5) is given by

X
(i)
t = e−αit



X
(i)
0 +

3
∑

j=1

σij

t
∫

0

eαisdB(j)
s



 , (4.6)

for i = 1, 2, 3. This is a so-called 3-dimensional Ornstein-Uhlenbeck process.
A stochastic process is an Ornstein-Uhlenbeck process if it is stationary,
Gaussian, Markovian, and continuous in probability [51].
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The α-matrix

The elements of this diagonal matrix describe the rate of return of the pro-
cess to its mean value. For αi → 0+ we get a Brownian motion and for
αi →∞ we get a deterministic load.

The σ-matrix

This matrix describes the dependence of the load on the 3-dimensional Brow-
nian motion. The fact that this matrix can be chosen to be lower triangular
can be realized by observing the following. Any finite linear combination
of a number of Brownian motions is again a Brownian motion, the driving
noise process will thus always be a 3-dimensional Brownian motion. Since
Xt is Gaussian, the only factor that sets the dependence amongst the rows
of the matrix σ is the correlation between the dimensions of the Ornstein-
Uhlenbeck process, thus the correlation between the electric power demand
in the different areas. As we will see later this covariance is a function,
linear in the term σσT . Hence σ is found via a Choleski-decomposition of a
matrix, and in such a decomposition the resulting matrix can be chosen to
be lower triangular.

4.3 Parameter Estimation

We have previously derived the load model Dt = mt +Xt, where mt is the
mean function of the load and Xt is an Ornstein-Uhlenbeck process. This
stochastic process solves the SDE:

dDt =
{

dmt
dt

+ α(mt −Dt)
}

dt+ σdBt. (4.7)

Observe that the term dmt/dt is necessary to make Dt mean reverting
[11].

To illustrate how to estimate the parameters α and σ in the model, data
for the electric power consumption during four weeks in September in the
Nordic countries Sweden, Norway, and Finland are used.

Many TSOs do not, unfortunately, make instantaneous measurements of
the load in their power system, actually Svenska Kraftnät (the TSO of the
Swedish system) makes instantaneous estimates of the load, using load flow
calculations, but they do not save these estimates. Therefore, the parameters
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have to be estimated by the use of the total energy consumption per trading
period process that is actually measured. In Figures 4.2-4.5 we have aligned
the total energy consumption in the 3 areas Sweden, Norway and Finland
in the Nordic power system for the working weeks of September 2008 during
which the data to be analyzed was collected. In these figures the blue
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Figure 4.2: Electrical energy consumption in the system during the first
week of the data collection.

stairs represent the hourly energy consumption in Sweden, the red stairs
represent the hourly energy consumption in Norway, and the green stairs
represent the hourly energy consumption in Finland.

This data was collected by the Nordic electric power market Nord-
pool [19]. We will thus estimate our parameters α and σ and the mean
function mt from the energy consumption process ST (i.e. the integral of
the power consumption process, Dt = mt +Xt (see (4.6)), from time t = 0
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Figure 4.3: Electrical energy consumption in the system during the second
week of the data collection.
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Figure 4.4: Electrical energy consumption in the system during the third
week of the data collection.
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Figure 4.5: Electrical energy consumption in the system during the fourth
and last week of the data collection.

to time t = T ) which looks as follows,

S
(i)
T =

T
∫

0
Dtdt =

T
∫

0

(

m
(i)
t +X(i)

t

)

dt =

=
T
∫

0
m

(i)
t dt+X

(i)
0

T
∫

0
e−αitdt+

T
∫

0
e−αit
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∫
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,

(4.8)
for i = 1, 2, 3, where to get from row 2 to row 3 we have used the Itô formula
for integration by parts.
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Estimating mt

As can be seen in Figures 4.2-4.5 the data to be analyzed has an obvious
24 hour periodic trend. Therefore, the mean function is taken to be 24
hour-periodic. To find a good estimate of mt we have used the average over
all working-week days of the energy consumption during hour k to estimate
the mean value of the energy consumption during hour k for k = 1, 2, ..., 24.
Then a cosine series plus a linear term are fitted to the data representing the
average consumption from midnight up to time k, (i.e. the cumulative sum
of the average trading period consumption data). The fit is performed by
first choosing the linear term to get 24 hour periodic data and then use the
discrete cosine transform (DCT) to fit the cosine series to this data. This
obtained polynomial, obviously, represents an estimate of the integral of mt
from time 0 to time t, i.e. mt for 0 ≤ t ≤ 24 can be written

t
∫

0

misds = ai0t+
N
∑

k=1

aikω
i
k cos

(

π(2k − 1)(t− 1)

2N

)

(4.9)

where N is the number of data samples, ai0 is given by the periodization of
the data, and aik and ωik are given by the DCT, for i = 1, 2, 3. In Figure 4.6
a fit of (4.9) is shown where the solid line is the fitted curve and the markers
represent the measured data.

Here it is preferable to let N be slightly more than 25 which would be
the natural choice and instead include some values from the previous day
and some values from the following day to get rid of boundary effects, then
of course the integral on the left hand side of (4.9) have to be adjusted to
the new time interval. (mt, t ≥ 0) is then constructed by expanding (mt,
0 ≤ t ≤ 24) periodically. Figure 4.7 shows the estimate of mt and the
average energy consumption in the respective trading periods obtained from
the data.

One limitation of this model is that it is only 24 hour periodic and hence,
it does not take into account the seasonal variations. If there are considerable
seasonal differences in the power consumption then we have to partition the
data into several subsets in which the consumption is homogeneous enough
to be modeled by the same process.
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Figure 4.6: Estimation of
t
∫

0
mSwedens ds.

Estimating α and σ

If we had instantaneous measurements of the power consumption in the sys-
tem the methods used in [10] to fit the parameters of an Ornstein-Uhlenbeck
process to measurements of the temperature in Bromma outside of Stock-
holm in Sweden, could be used. In [10] the Martingale Estimation functions
presented in [52] are used for parameter estimation. This is arguably the
best available method for estimating these parameters, the method has a
much higher efficiency than the commonly used Maximum Likelihood (ML)
method which in this case might even be biased [52]. However, with our
type of data (energy consumptions during trading periods instead of instan-
taneous measurements of the effect consumption) we will once again have
to look to the energy consumption process ST , or rather at the integrated

Ornstein-Uhlenbeck process
T
∫

0
Xtdt, to get an estimate.

T
∫

0
Xtdt is an in-
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Figure 4.7: Estimate of mSwedent (top), mNorwayt (middle), and mFinlandt

(bottom).

tegrated diffusion called the Ornstein-Uhlenbeck position process [53] that
arises in mathematical finance. Integrals of diffusion process have been con-
sidered in the field of finance in relation to stochastic volatility models (see

e.g. [54–57]). The obstacle when using
T
∫

0
Xtdt instead of Xt to estimate

the parameters is that
T
∫

0
Xtdt is not Markovian [42] which disqualifies the

Martingale Estimation functions method presented in [52]. However, this
process is, like Dt, Gaussian and ML estimation can be used. Unfortunately
using ML-methods to estimate σ and α would require solving a very large
and ill conditioned equation system.
In [58] a method for estimating the parameters of a one-dimensional diffu-
sion from discrete observations of a integral of the process is presented. This

method could hence be used to estimate α and
3
∑

k=1
σ2
ik, however there is no

obvious way to estimate the non-diagonal elements of σ using this method.
In this project another method was developed instead, where the variance of
the energy consumption during hours and days are used to estimate α after
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which the σ-matrix can be computed. These estimates are then compared
to the estimates obtained by the methods from [58].

To estimate the matrices α and σ we use the variances and the covari-
ances of the data series. To do this we first need to calculate the covariance
between X(i)

t and X(j)
t . We start by noting that

Cov
(

X
(i)
u , X

(j)
t

)

= e−(αiu+αj t)Cov
(

X
(i)
0 , X

(j)
0

)

+e−(αiu+αj t)E

[(

3
∑
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σik
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0
eαisdB

(k)
s

)(

3
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3
∑
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σikσjk
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∫

0
e(αi+αj)sds =

= e−(αiu+αj t)Cov
(

X
(i)
0 , X

(j)
0

)

+

3
∑

k=1

σikσjk

αi+αj

(

e−(αi(t−u))∨(αj (u−t)) − e−(αiu+αj t)
)

,

(4.10)

where we to get from row 2 to row 3 have used the Itô isometry. Hence,

Cov
(

X(i)
u , X

(j)
t

)

→

3
∑

k=1
σikσjk

αi + αj
e−(αi(t−u))∨(αj (u−t)), when u, t→∞. (4.11)

To find the covariance Cov(X (i)
0 , X(j)

0 ) we note that we do not have any
information about the load previous to the time t = 0, where the measure-

ments start, hence X (i)
0 will have the asymptotic distribution. Thus

Cov
(

X
(i)
0 , X

(j)
0

)

=

3
∑

k=1
σikσjk

αi + αj
. (4.12)

This is a result that will be needed later on. The result in (4.12) for i = j is
the familiar covariance for a 1-dimensional Ornstein-Uhlenbeck process with
more than one driving noise processes, the sum of a number of Brownian
motions is still a Brownian motion. Equations (4.12) and (4.8) will now be
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used to calculate Cov(S(i)
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(

eαi(T∧U) − 1
)

+ e
−(αiT+αjU)

αi+αj

(

e(αi+αj)(T∧U) − 1
)

)

For U = T we get

Cov
(

S
(i)
T , S

(j)
T

)

=
3
∑

k=1

σikσjk
αiαj

(

T + 1
αi+αj

(

2− e−αiT − e−αjT
)

− 1
αj

(

1− e−αjT
)

− 1
αi

(

1− e−αiT
))

.
(4.13)
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Furthermore, if i = j then

Var
(

S
(i)
T

)

=

=
3
∑

k=1

σ2
ik

α2
i

(

T + 1
2αi

(

(

1− e−αiT
)2

+ 1− e−2αiT

)

− 2
αi

(

1− e−αiT
)

)

=

=
3
∑

k=1

σ2
ik

α2
i

(

T + 1
2αi

(

2− 2e−αiT
)

− 2
αi

(

1− e−αiT
))

=

=
3
∑

k=1

σ2
ik

α2
i

(

T − 1
αi

(

1− e−αiT
))

(4.14)
From (4.14) the αis can be estimated by

̂
Var

(

S
(i)
1

)

̂
Var

(

S
(i)
24

)

=

3
∑

k=1

σ2
ik

α2
i

(

1− 1
αi

(

1− e−1αi
)

)

3
∑

k=1

σ2
ik

α2
i

(

24− 1
αi

(1− e−24αi)
)

=
1− 1

αi
(1− e−αi)

24− 1
αi

(1− e−24αi)
(4.15)

Once the α-matrix is estimated the σ-matrix can be estimated by dividing
entry (i, j) in the covariance-matrix for time T = 1 by

3
∑

k=1

1

αiαj

(

T +
1

αi + αj

(

2− e−αiT − e−αjT
)

−
1

αj

(

1− e−αjT
)

−
1

αi

(

1− e−αiT
)

)

, (4.16)

for all pairs (i, j) to get the matrix C. Now by studying (4.13) we see that
C = σσT , hence the lower triangular version of σ is found by taking the
Choleski factorization of C. With this method α and σ were estimated to
be
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[

h−1
]

(4.17)

and

σ =







194.4861 0 0
57.3462 96.2602 0
−0.9233 −1.2169 80.3371






[MW] . (4.18)
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With these values of α and σ the covariance matrix of Dt at asymptotic
time is given by:

[

Cov
(

X
(i)
0 , X

(j)
0

)]

i,j
=







87761 28984 −519
28984 37078 −568
−519 −568 24775







[

MW2
]

(4.19)

It might seem strange that the electric power consumption in Sweden and
Norway are highly correlated, whereas they have a weak negative correlation
to the consumption in Finland. In part, this can be explained by electric
heating loads which are common in Sweden and Norway but not as common
in Finland. Also the weather is more correlated between Sweden and Nor-
way because of the shorter distance. In Figure 4.8 a realization of the load
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Figure 4.8: A realization of the load model

model for a working week is shown.

When simulating the variation of the consumption within the hour one
should bare in mind that the correlations of the different parts of Xt is esti-
mated from hourly consumption data. Therefor, the correlations might be
exaggerated since the long-term (hours) correlations is probably larger than
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the correlations of the short-term (minutes) behavior.

It might be worthwhile to mention that a research project devoted to
extracting instantaneous measurements from other data (system frequency
series and regulation bids) is currently in progress at the Division of Electric
Power Systems at Royal Institute of Technology (as of spring 2009).

4.4 A comparison to the method using
prediction-based estimating functions

In [58] estimation of the parameters of a one-dimensional diffusion from
evenly spaced observations of the integral of the process was carried out
using prediction-based estimating functions [59]. Prediction-based estimat-
ing functions are generalizations of the martingale-estimation functions [52]
discussed earlier. This new class of estimating functions has most of the
nice properties of martingale estimating functions. However, they may be
applied when no obvious or easily calculated martingales exist, as is the
case when the observed process is non-Markovian. Assume that Ut is a
one-dimensional Ornstein-Uhlenbeck process solving:

dUt = −βUtdt+ νdBt (4.20)

where Bt, as usual, is Standard Brownian motion. Now assume that we
have observations of the process

Yi =
1

∆

i∆
∫

(i−1)∆

Usds (4.21)

from which we would like get estimates β̂ and ν̂ of β and ν, respectively.
In [58] the estimators,

(1− e−β̂∆)2

2(β̂∆− 1 + e−β̂∆)
=

n
∑

i=2
Yi−1Yi

n
∑

i=2
Y 2
i

(4.22)

and

ν̂ = β̂3∆2(β̂∆− 1 + e−β̂∆)−1 1

n− 1

n
∑

i=2

Y 2
i , (4.23)
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were found using the prediction-based estimating functions developed in [59].

Using the residuals obtained by subtracting the consumption data by
the integral of the mean function mt these estimators gave the estimates:
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and






















√

3
∑

k=1
σ2

1k
√

3
∑

k=1
σ2

2k
√

3
∑

k=1
σ2

3k























=







152.5
137.7
76.2






[MW] . (4.25)

The α found here could be used together with our method of from α extract-

ing σ to estimate the parameters of Xt. However, αiX
(i)
t is the average rate

of return of the consumption in area i to the mean consumption in area i at

time t, when the consumption in area i at time t is X (i)
t . It will thus seem

reasonable that αi is close to the same in areas where the consumption is
large enough and of similar type. Therefore, the α obtained by our model,
which has a smaller spread, will be used in the future.

4.5 Comments to the model

In this Chapter a time-continuous stochastic process Dt describing the elec-
tric power consumption in a multi-area system was proposed. The model is
a sum of a deterministic function mt representing the mean of the process,
and a Ornstein-Uhlenbeck process Xt. Here,

mit = ai0 −
N
∑

k=1

aikω
i
k

π(2k − 1)

2N
sin
(

π(2k − 1)(t− 1)

2N

)

, (4.26)

where the coefficients are estimated using the DCT, and

X
(i)
t = e−αit



X
(i)
0 +

3
∑

j=1

σij

t
∫

0

eαisdB(j)
s



 . (4.27)
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Based on hourly consumption data the parameters can be estimated. The
process with parameters estimated with this method is very general and can
be used whenever one wishes to have a stochastic model of the consumption
in the different areas of a multi-area power system. One example of such a
case is given by [50]. In [50] the model is used when estimating the imbal-
ances caused by adding a large amount of wind power to a power system.

For our purpose we will, however need to simulate the process given a
forecast on its integral. In the next chapter we will present a new process
called the conditioned process that is a consumption process that has a given
time integral over a operational hour.



Chapter 5

Simulating the Electric
Power Consumption Given a
Forecast

In this chapter two methods that can be used to simulate the consumption in
the different areas of an electric power system given a forecast on the energy
consumption in each area of the system will be presented.

In Chapter 4, a stochastic process for modeling the electric power con-
sumption in the different areas of a multi-area power system was derived.
The parameters of this process when modeling the consumption in the coun-
tries Sweden, Norway, and Finland were then estimated using hourly energy
consumption data. This process is what has previously been referred to as
the consumption process.

When simulating a case for the Monte Carlo simulation we will have a
forecast of the energy consumption during the operational hour. We will
thus have to generate an outcome of a consumption process that has a
time-integral having the distribution of the forecasted consumption plus the
forecast error. In order to accomplish this we will first generate an outcome
of the energy consumption during the operational hour. Then we generate
an outcome of the consumption process that has a time integral equal to
the generated energy consumption. We call a consumption process which
has a forecast on its time integral over the operational hour a constrained

57
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consumption process.

In this chapter two different methods used for generating outcomes from
a constrained consumption process will be given. The same parameters
i.e. mt, α and σ will be used in the consumption process. However, since
we add a constraint on the process it will have a different distribution than
the consumption process and will not even be Markovian any more. One
way to generate samples from a constrained consumption process would be
to generate a lot of outcomes of the consumption process and then choose
to disqualify some, using a so called method of acceptance-rejection based
sampling (c.f. [60] p. 45) in order to get a process that has the correct
forecast error. This will, however, often be very time consuming, since many
generated outcomes might be disqualified. Therefore, other approaches is
taken.

5.1 The Forecast

The forecast is often performed by the TSO [61]. As an example, the Swedish
TSO, Svenska Kraftnät, use a program called AIOLOS where the input is
the type of day we want to predict (i.e. weekday and season), a temper-
ature prognosis and a wind prognosis [62]. Naturally, the forecast will be
better than the forecast one could get by only looking at the consumption
model and forecast using the consumption up to the current time. To realize
this consider the weather dependencies of the load. A weather forecast will
give a quite accurate prediction of the temperature. If, for instance, a low
pressure is coming in, the temperature will decrease. Thus, there is a high
probability that the electric power consumption in the system will increase.
However, whether or not a low pressure is coming in cannot be predicted
from observing the power consumption per area in the system.

Lets assume that we are still interested in the hour between 7 am and
8 am. The intra-day market for this hour closes at 6 am. We can thus
assume that the base production during this hour will equal the forecasted
energy consumption of a forecast made at 6 am. Assume that this forecast,
Ẑ, includes a forecast, D̂7 ∈ R3, of the power consumption at time t = 7,
i.e. D7, in each area. A forecast, Ẑ8 ∈ R3 of the energy consumption,
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Z8 =
8
∫

7
Dtdt, in each area between 7 am and 8 am. And a forecast, D̂8 ∈ R3,

of the power consumption at time t = 8, i.e. D8, in each area. In this
thesis nothing will be assumed about the forecast errors (except for in the
numerical example). There might be a correlation between the forecast error
in for example Norway and Sweden, but further analysis is needed.

5.2 A method for simulating the constrained

consumption process

We have now finally arrived at the crucial matter of generating an out-
come of the stochastic process Yt = (Dt ∈ R3

∣

∣ {D7 = d7, D8 = d8, Z8 = z8},
t ∈ [7, 8]).

We will present two ways of doing this, one is a brute force method that
generates outcomes of the stochastic process Yt at a number of different
times 7 = t0 < t1 < t2 < ... < tn−1 < tn = 8 using conditioning on the mul-
tivariate normal vector (Dt1 , ..., Dtn , Z8)|D7 = d7 to get the mean vector

and the covariance matrix of the multivariate normal vector
(

Yt1 , ..., Ytn−1

)T .

The other method, which we have chosen to call the Jump Simulation
method, assumes the process to be linear between the times 7 = t0 < t1 <
...tn−1 < tn = 8 of the discretization of the time line, then it uses a Bayesian
approach and the fact that Dt is Markovian to estimate the jump proba-
bilities of Yt. The first method is most appropriate for systems with fewer
areas, since this gives an exact simulation of the process Yt but for systems
with many areas or if we want many samples of the process, i.e. a large n,
the second method is better due to the high computation time of the first
method.

Both of the above mentioned methods will now be explained in detail
starting with the brute force method.

The Brute Force Method

This method generates outcomes of the stochastic process Yt at the times
of the partition Π : 7 = t0 < t1 < t2 < ... < tn−1 < tn = 8. If we arrange
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the elements of the vector in the order
(

Y Tt1 , ..., Y
T
tn−1

)

, we get a normal

vector. It is thus trivial to generate outcomes of
(

Y Tt1 , ..., Y
T
tn−1

)

once we

find its mean vector and covariance matrix. Note that
(

Yt1 , ..., Ytn−1

)

=
(

Dt1 , ..., Dtn−1

)∣

∣ {D7 = d7, D8 = d8, Z8 = z8}, and that
(

DTt1 , ..., D
T
tn
, ZT8

)

is

a normal vector (Z8 is not totally determined by
(

DTt1 , ..., D
T
tn

)

or the co-

variance matrix would be singular). It is well known that if (U, V ) ∈ Rl+m

form a multivariate normal distribution then U |V = v and V |U = u are
also multivariate normal for v ∈ Rm and u ∈ Rl, respectively (c.f. [63] p.
46, Theorem 3.7). Hence the mean vector and the covariance matrix can

be computed by conditioning the random vector
(

D
(d7)T
t1
, ..., D

(d7)T
tn
, Z

(d7)T
8

)

,

where the superscript d7 indicates that at time t = 7 the process takes the
value d7, on the event {D8 = d8, Z8 = z8}. The most efficient way of doing
this is by noting that for every t ∈ [7, 8]

E [Yt] = E [Dt| {D7 = d7, D8 = d8, Z8 = z8}] , (5.1)

we can thus find the mean vector of the random process. Finding the co-
variance matrix ΛY (Π) is then performed by noting that, for y ∈ R3(n−1):

f(
Y Tt1
,...,Y Ttn−1

)(y) =

f(
D

(d7)T
t1

,...,D
(d7)T
tn

,Z
(d7)T

8

)(y, dT8 , z
T
8 )

f(
D

(d7)T
tn

,Z
(d7)T

8

)(dT8 , z
T
8 )

. (5.2)

Hence, since we know the vector mY (Π) = E
[(

Y Tt1 , ..., Y
T
tn−1

)]

and it is

possible to evaluate, see (5.2), the expression
(

y −mY (Π)

)

Λ−1
Y (Π)

(

y −mY (Π)

)T
, (5.3)

for all y ∈ R3(n−1) we can simply choose y = mY (Π) + ei where ei is the
unit vector pointing in the direction of the i:th coordinate axis, to get the
diagonal elements of the matrix. Then, by letting y = mY (Π) + ei+ ej , i 6= j
and using simple algebra the remaining elements can be extracted. Once
this is done generating outcomes of
(

Yt1 , ..., Ytn−1

)

=
(

Dt1 , ..., Dtn−1

)∣

∣ {D7 = d7, D8 = d8, Z8 = z8} is reduced to
generating uncorrelated U(0, 1)-distributed random variables. This is per-
formed by letting

(

yTt1 , ..., y
T
tn−1

)

= mY (Π) + (Lu)T , (5.4)
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where L is the upper diagonal part of the Cholesky decomposition [63] of
ΛY (Π) and u is a vector of 3(n − 1) realizations of a U(0, 1)-distributed
random variable.

The Jump Simulation Method

In this method the process Yt is estimated to be linear in the intervals

[ti, ti+1] of the partition Π or rather, the integral Z8 =
8
∫

7
Dtdt is estimated

by the Riemann sum

n−1
∑

i=0

1

2
(Dti +Dti+1 )(ti+1 − ti). (5.5)

This method does not as the previous generate all the outcomes at the same
time. Instead it starts at t0 and then moves on through each of the times
t1, ..., tn−1 by approximating the distribution of

Yti |
{

Yt1 = y1, ..., Yti−1 = yi−1

}

(5.6)

with the distribution of

Dti |











Dti−1 = yi−1, D8 = d8,

8
∫

ti−1

Dtdt = z −
1

2

i−2
∑

k=0

(ytk + ytk+1
)(tk+1 − tk)











(5.7)
Using this method to generate outcomes from the process Yt will how-
ever yield a bias in the mean value and variance of the process. This
is due to the fact that at each step we estimate the integral up to the
current time with a Riemann sum like the one in (5.5). Assume that at
time t = ti we have generated the series Yt1 = y1, Yt2 = y2, ..., Yti = yi.
Now to get to the next step, i.e. generate an outcome of Yti+1 , we assume

that
ti
∫

t0

Ysds

∣

∣

∣

∣

∣

{Yt1 = y1, Yt2 = y2, ..., Yti = yi} =
i−1
∑

k=0

yk+yk+1

2(tk+1−tk) . This underes-

timates the variance of the Z8| {Yt1 = y1, Yt2 = y2, ..., Yti = yi} which in turn
induces a bias in the simulation. This problem can be corrected by instead of

assuming that for each step
ti+1
∫

ti

Ysds

∣

∣

∣

∣

∣

{

Yti = yti , Yti+1 = yti+1

}

=
yti+yti+1

2(ti+1−ti)
,
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generate an outcome vi of
ti+1
∫

ti

Ysds

∣

∣

∣

∣

∣

{

Yti = yti , Yti+1 = yti+1

}

and then, for

each step, use the distribution of

Dti+1

∣

∣











Dti = yi, D8 = d8,

8
∫

ti−1

Dtdt = z −
i−1
∑

k=0

vk











. (5.8)

to generate the outcome of the process at the next time in the discretization
of the time-line. Unfortunately this will double the time consumed by this
simulation. Therefore this method of improving the simulation is preferably
used only when long steps in time are taken, i.e. when min(ti+1− ti) is large.

Figure 5.1 shows a comparison of the actual variance, solid lined, and the
variance obtained by using the Jump Simulation method using only 10 steps,
i.e. n = 10, dots. In this figure the blue line corresponds the variance of the
Swedish consumption, the green to the variance of the Norwegian consump-
tion, an the red to the variance of the Finnish consumption. The comparison
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Figure 5.1: The actual variance and the variance using the Jump Simulation
method with 10 steps.

is done by simulating a consumption process starting at D7 = m7 and end-
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ing up in D8 = m8 with
8
∫

7
Dsds =

8
∫

7
msds. In other words the stochastic

process Xt starts in 0 at time t = 7 and ends up in 0 at time t = 8 and its
integral from on the interval (7, 8) equals 0. The simulation was carried out
using Monte Carlo Simulation with 50000 cases to get an exact estimate of
the variance. As can be seen the method slightly overestimates the variance,
but the result is still very good considering that we have only used 10 steps
in the simulation. The standard deviation in Sweden at the time t = 7.9
where the deviation is largest is as an example overestimated by 5%.

We used the same setting as above but instead of 10 steps we use 100
steps in our simulation and obtained the result presented in Figure 5.2.
Using this number of steps the error in the standard deviation is less than
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Figure 5.2: The actual variance and the variance using the Jump Simulation
method with 100 steps.

1%. This result indicates that this simulation method is suitable for use
when generating outcomes of the consumption process.

The mean values of the process proved to be almost exact in both cases.
Observe that this is only a test of the method at one specific case and a
more thorough study is really needed. One way of conducting such a study
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would be to randomize {D7, D8, Z8} and then simulate the load process
using both methods. Doing this a very large number of times and then
comparing the characteristics of the different outcomes would yield a good
test of the accuracy of the non-corrected Jump Probabilities method.

Which Method is Most Suitable?

When using the Brute Force method, generating one series from the random
vector

(

Yt1 , ..., Ytn−1

)

will be very time consuming. This method has a time
complexity that is proportional to N 4 where N = “number of areas”×n. As
an example, finding the mean vector and the covariance matrix for a system
of 3 areas when Π is 100 intervals takes about 6 seconds on a modern PC,
whereas 6 areas and 100 intervals in Π will take 2 minutes. However, once
we have extracted the mean vector and the covariance matrix, generating
more samples is very fast. If we have a very accurate forecast of the con-
sumption, there will be no need to generate outcomes of the random vector
(

Yt1 , ..., Ytn−1

)

for many different sets of (d7, d8, z8), since the variance of
the random variables {D7, D8, Z8} in this case is relatively small. Then the
Brute Force method is preferable since this will yield a fast and accurate
simulation.

However, it should not be used if there are many areas in the system or
if we want to use a Π with many intervals. The second method, however, is
much faster when generating one series from

(

Yt1 , ..., Ytn−1

)

. For a system
of 3 areas when Π is 100 intervals this method takes about 1 seconds on
a modern PC, whereas a generalization of a system with 6 areas and 100
intervals in Π will be simulated in only 8 seconds.

Another advantage of the Jump simulation method is that we can change
the length of the steps during the simulation. This can be used as a technique
to speed up the Monte Carlo Simulation in the following way:
Assume that we are simulating the risk of system failure in a power system
when the causing factor of system failure is the crossing of the TTC limit in
some section. If the system, when simulating the consumption in the system
given a forecast, is in a state far from any of the stability limits (Voltage
stability, thermal stability and transient stability) we can increase the step
length without running an unacceptably high risk of missing out on a state
which will lead to a system failure. If we on the other hand are close to
system failure due to the crossing of the TTC limit we might want to use a
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shorter step length in order not to miss any possible state which will lead to
system failure. If the step length becomes too long on the other hand it will
be necessary to use the exact Jump Simulation method which Simulates the
integral of the process instead of the method that approximates the integral
with the Riemann sum.





Chapter 6

Estimating the Risk of
System Failure Using Monte
Carlo Simulation

In this chapter we will explain how to use Monte Carlo simulation for es-
timating the risk of system failure induced by keeping a certain NTC2. To
manage this task a model for the secondary control, i.e. the activation of bids
at the regulating power market, and a model of the outages in generation are
developed. Then, in order to calculate the reliability of the system when us-
ing a specific NTC, a check of violation of the different stability constraints
will have to be performed for each time step in the simulation.

In Chapter 4 a stochastic process modeling the electric power consump-
tion in the areas Sweden, Norway, and Finland of the Nordic power system
was derived. The parameters of the consumption process was estimated
from hourly energy consumption data. When analyzing the behavior of
the consumption within the different operational hours this process cannot
be used without modification, since additional information such as weather
forecasts will be available. Hence, when planning the base case production
for the hour 7 am to 8 am, more information of the consumption between 7
and 8 am will be known than can be retrieved from the current and previ-
ous consumption. To cope with this, and get a realistic imbalance between
base case production and consumption, a method to simulate the electric
power consumption [MW] within the hour between 7 and 8 am given the
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energy consumption [MWh] between 7 and 8 am was developed in Chapter 5.

In this chapter we will explain how to perform a Monte Carlo simulation
to get the transfers in the system given a certain NTC2. We will assume
that the base production is equal to the forecasted mean consumption in
the system minus possible outages in power plants. Then we will generate
a consumption forecast error and simulate an electric power consumption
process that has this generated forecast error. The generated electric power
consumption process will then be used together with a model for the pri-
mary and secondary control to get the transfers between the areas given a
certain NTC2. At the end of this chapter a numerical example will be given.

A brief discussion of the modeling of the secondary control will be given
where both AGC and manual secondary control are discussed. For the nu-
merical example manual secondary control will be used.

We start by repeating the problem formulation. We have a certain fore-
cast Ẑ on the energy consumption in the system. This forecast is assumed to
have a known error distribution. The base case production, i.e. the planned
production, will be constant throughout the operational hours and give a
production equal to the forecasted energy consumption. On top of this we
have the primary and the secondary frequency control. The frequency con-
trol will affect the flows in the system. The objective is to find a method to
evaluate the risk of violating the stability constraints of the power system
induced by using a certain NTC2 during an operational hour.

6.1 The Frequency Control Reserve

To maintain a balance between generation and production in the system
there are two control systems working together, the primary control and
the secondary control. When the demand of electric energy in the system
increases the frequency in the system will drop and the power plants with
a reserve designated for what is called the primary control will increase
their production. The power plants participating in the primary control will
however only increase their production until the frequency stabilizes at a
new frequency lower than the nominal frequency of the system. Then the
power plants participating in what is known as the secondary control will
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Table 6.1: The Nordel agreement on the minimum gain in the frequency-
interval 50± 0.1Hz. [64]

Area Gain [MW/Hz] Reserve [MW]
Sweden 2370 237
Norway 2030 203
Finland 1370 137
Eastern Denmark 230 23
Synchronous System 6000 600

increase their production in order to take the frequency in the system back
to the nominal frequency which causes the primary control power plants to
decrease their production back to their original production, restoring the
primary control reserve in the system.

The power plants that are used in the primary control have a cer-
tain gain, R[MW/Hz], which indicates how the generation in this plant is
changed when the frequency changes. If a certain power plant has a gain of
r = 100[MW/Hz] and the system nominal frequency is f0 = 50Hz, then at
the system frequency f = 49.9Hz the production G in this power plant will
have increased ∆G = r(f0 − f) = −100 · (−0.1) = 10MW.

The distribution of the gain in the system will have a strong influence
on what the risk of system failure will be when keeping a certain TRM. If,
for example, a large part of the gain is located in one area in a multi area
system, then the failure of a high producing power plant in another area will
lead to a highly increased flow of energy between the areas.

Table 6.1 presents the agreed minimum gain in the frequency-controlled
normal operation reserve in the Nordic power system which acts when the
frequency is between 49.9Hz and 50.1Hz [64]. When the frequency drops
below 49.9Hz, in which case there is most likely a disturbance in the sys-
tem [64], the frequency-controlled disturbance reserve which acts in the fre-
quency interval 49.5Hz to 49.9Hz will start. The agreed minimum gain for
this reserve in the Nordic system is presented in Table 6.2.

This is only the agreed upon minimum gain in the system and hence
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Table 6.2: The Nordel agreement on the minimum gain in the frequency-
interval (49.5, 49.9)Hz. [64]

Area Gain [MW/Hz] Reserve [MW]
Sweden 805 322
Norway 792.5 317
Finland 570 228
Eastern Denmark 382.5 153
Synchronous System 2550 1020

the gain that the TSOs pay the power producers in their respective system
to keep. There will, however, be no economic reason for the producers to
keep a higher gain in their power plants, rather it will be economically dis-
advantageous to do so, since the power plants participating in the frequency
control are often the hydro power plants, at least in the Nordic system, and
they are normally run on the production level which gives them the best
possible degree of efficiency. Therefore the gain in the system will here be
assumed to be the minimum.

6.2 Simulating the Power Flow in the System

In Chapter 4 a model of the consumption in the areas Sweden, Norway, and
Finland was derived. It was then shown in Chapter 5 how to, using this
consumption model, generate outcomes of the electric power consumption
in some interval given a forecast of the energy consumption in the interval.
Now it is time to use these outcomes to obtain outcomes of the transfers
between the different areas of the system. Figure 6.1 shows a sketch of the
system. In this figure GSE

t , GNO
t , and GFI

t is the planned production plus the
production stockpiled at the regulating power market minus possible outages
in power plants in MW in each area. DSE

t , DNO
t , and DFI

t is the consumption
in MW in each area, and RSE

t , RNO
t , and RFI

t is the production of the primary
control in MW in each area. Let the gain, which is assumed to be the agreed
minimum gain for the system, in the different areas be denoted by rSE

1 , rNO
1

and rFI
1 , respectively, for the frequency-controlled normal operation reserve

and rSE
2 , rNO

2 and rFI
2 , respectively, for the frequency-controlled disturbance

reserve. Now, if we let r1 = rSE
1 + rNO

1 + rFI
1 and r2 = rSE

2 + rNO
2 + rFI

2 and
assume that no disturbances are too large to be handled by the frequency
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Figure 6.1: A schematic sketch of the system.

control, then

RSE
t =

rSE
1

r1
min(PDGt , 6000) +

rSE
2

r2
max(PDGt − 6000, 0) (6.1)

RNO
t =

rNO
1

r1
min(PDGt , 6000) +

rNO
2

r2
max(PDGt − 6000, 0) (6.2)

and

RFI
t =

rFI
1

r1
min(PDGt , 6000) +

rFI
2

r2
max(PDGt − 6000, 0) (6.3)

where PDGt = “losses” +DSE
t +DNO

t +DFI
t −G

SE
t −G

NO
t −G

FI
t is the dif-

ference between demand and non-frequency control production. From this
the transfers between the areas in Figure 6.1 can be calculated as

PNOSE
t = RNO

t +GNO
t −DNO

t (6.4)
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and

P SEFI
t = DFI

t −G
FI
t −R

FI
t . (6.5)

6.3 The Generation Process

The generation GSE
t , GNO

t , and GFI
t not including the primary control are

the sums of the base productions in the different subsystems, i.e. the ahead
planned production, and the production corresponding to secondary con-
trol minus the production lost due to possible outages in power plants.
The secondary control will be steered to try to always restore the fre-
quency in the system, hence making the production of the primary control
Rt = (RSE

t , R
NO
t , R

FI
t ) zero.

Included in the production model is the occurrence of outages in pro-
duction. This is modeled by the stochastic process Lt. (Lt ∈ R3, t ≥ t0),
is a random process representing the total amount of power generation lost
due to outages in the three areas. In [65] this process is given by:

Lit = Li0 +
∞
∑

k=1

I(T ik ≤ t− t0)V ik (6.6)

where Li0 can be set to 0, T ik is the time of failure number k after time t0 in
area i and V ik a random variable representing the production of the power
plant in area i that fails at time T ik. I is the indicator function, which is a
function such that I(A) = 1 if A occur and 0 otherwise. Observe that even
though the series is an infinite sum the probability of having an infinite
amount of failures in any finite time period is 0. In [65] Tk+1 − Tk is as-
sumed to be Exponentially distributed with a failure rate λi(Git). That the
failure rate is a function of the generation seems natural since the number
of power plants in use will depend on the generation in the system. In [65]
only one area is considered but in this project we have expanded this model
to account for the areas of our 3-area system. The failures in this model will
not be correlated to one another which seems reasonable since the failure in
power plants more often occur due to wear and deterioration. If the number
of on-line units in the system is large at all production levels Gt, λi(Git) can
be approximated by a constant λi [65].
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The V ik ’s are non-negative random variables with known distribution
functions FV i

k
(·, Git) reflecting the base production in the on-line units in the

system. Hence, the distribution function is dependent on Gt. In fact, V ik is a
discrete variable since the shut-down of units only can result in reducing Git
by one out of a finite number of production levels. If the number of on-line
units in the system is large and they are of different sizes, FV i

k
(·, Git) can be

approximated with a continuous function. This will be assumed to be the
case throughout this chapter. Further (and similarly as for the failure rate),
if the number of on-line units is large for all plausible Gt, FV i

k
(·, Git) can be

approximated by the function FV i
k
(·) which is independent of Gt.

Automated Secondary Control

If the secondary control is automated, using for example AGC, it can be
assumed that actions taken by the secondary control will start immediately
when necessary. It may also be assumed that, at time t, the secondary
control depend on the values of Gt, Rt and Pt, where Pt = (PNOSE

t , P SEFI
t )T

are the transfers between the subsystems. This can be modeled by an SDE
of the form:

dGt = b(t, Gt, Pt, Rt)dt+ dLt, (6.7)

Gt0 = Γ.

In (6.7) b : R × R3 × R2 × R3 → R3 is a function (or random process)
representing the rate of steering of Gt to meet the demand in the three
areas and possible losses in the system, if these are not neglected. Γ is a
random variable independent of anything that happens at time t > t0. Γ
represents the production at the start of the period, Gt0 . As an example b
would be

b = βRt (6.8)

if the change of electric power generation level in the secondary control is
done at a rate β ∈ R+ times the used primary control reserve in each area.
With β = 10 and Lt ≡ 0 the production (not including the primary control)
in Sweden, GSE

t , might look as in Figure 6.2.

The AGC will after a while be relived by what is called tertiary control.
In systems having AGC the tertiary control is what is in the Nordic system
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Figure 6.2: An example of how GSE
t could vary during the operational hour

if AGC where used in Sweden.

referred to as secondary control and is manually handled. One could also
reason that the Nordic system does not have any secondary control but
only a tertiary control, however we have chosen to refer to this as manual
secondary control. This leads us to the topic of how to model a manual
secondary control.

Manual Secondary Control

In this thesis the objective is to study a power system having the structure
of the Nordic system. In the Nordic power market the secondary control
constitutes a market. The bids on the market, concerning the power pro-
duction used in the secondary control, are in each subsystem activated in
order of their cost, at the same time some consideration will be taken to
planned transmission, i.e. NTC2 is considered but concern of considering
the exact NTC-level is somewhat stochastic [62]. The activation of these
secondary-bids are in theory supposed to start once the frequency deviates
from 50Hz but in practice there is always some time delay [62]. Hence, the
production will be steered in order to try to keep the transmission below the
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NTC2 but this steering is somewhat stochastic. In this case the production
can be modeled as,

Gt = Ĝt +At + Lt, t ≥ t0 (6.9)

Gt0 = Γ.

Ĝt is the planned production for the operational hour in question and is
thus during the operational hour a deterministic function of time, At is a
random process representing the secondary control, and Lt is as above a
random process representing the total amount of power generation lost, due
to outages in the system. To realize that At must be a stochastic process,
consider that it is a function of the consumption, the primary control and
the total amount of power lost generation.

The trading of the TSOs on the regulating market, which is the market
where secondary control is being traded, will depend on such factors as the
frequency in the system, and thus Rt, and the transfers in the system, Pt,
since these are the quantities measured by the TSOs of the different sub-
systems. In a realistic model it will probably also depend on the planned
production Ĝt and the forecast of the consumption in the system Ẑ and the
prices on the regulating market.

Possibly, there will be some time before a bid is activated to the time
the production level in some power plant is changed. Therefore, it is more
realistic to use a model of At that is correlated to Rt−η and Pt−η , where η
is the response time of the secondary control. This response time represents
the time from that the TSO realizes that a regulation bid has to be activated
to the time that a new power plant is started or a power plant in the system
changes its production. This response time will probably be random and
have different distributions for different subsystems.

As an example assume that the TSO in Sweden, Svenska Kraftnät, will
activate a rSE ·1200MW production bid if the frequency of the system drops
below 49.9Hz. If two such bids are accepted between 7:00 and 8:00 am the
production (not including the primary control) in Sweden, GSE

t , might look
as in Figure 6.3.

One nice way of enhancing the realism of this model would be to allow At
to also incorporate predictions of the future consumption, given the present
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Figure 6.3: An example of how GSE
t can vary during the operational hour.

consumption, in order to make a risk based decision of the trading at the
secondary control market. As an example, the TSO might find that when
three quarters of the operation hour have passed he will need to buy more
production for the secondary control. However, if mt were to have a peak at
exactly this time and then drop quite rapidly it might be preferable to wait
and see if the consumption decreases so that no additional bid needs to be
activated. This will of course also depend on the price of electric energy at
the regulating power market.

6.4 Checking the Stability Constraints

For every time step taken in each of the cases produced in the Monte Carlo
Simulation we will have to check that none of the stability constraints are
violated. In order to check the stability constraints one needs to consider
the properties of the underlying power system. For the Nordic system there
is a simplified 32 node model of the system called CIGRE Nordic 32 and a
41 node simplification of the system called the modified CIGRE Nordic 32
available [66]. Whatever model is chosen for the underlying power system it
will have to have more than 3 nodes for us to be able to produce results that
are accurate enough. Therefore the generation, frequency control generation
and the demand will have to be distributed between the different nodes of
the system using scaling factors as explained in Chapter 2. The model used
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for generation and consumption will, however, have to be generalized to
also take into consideration reactive power. This can be done by either
developing a new 6 dimensional consumption process with both active and
reactive power consumption or by just assuming that the reactive power
consumption depends linearly on the active power consumption in the area.
Since the first approach would require measurements of the reactive power
consumptions in the system, which are not available, the second approach
is preferred. Hence, the complex power consumption in each area are taken
to be:

Ψkt = Dkt (1 + iκkt ) (6.10)

for k equal SE, NO or FI. The process κt can be a stochastic process, a
deterministic function, or just a constant (e.g. 0.1 if the reactive power
consumption is assumed to always be 10% of the active power consumption).
The complex power consumption at node j of area k is then written

Ψkj,t = KD,kj,t Ψkt , (6.11)

where at all times t the (random processes) scaling factors KD,kj,t sum up to
1 in each area. As a simplification these scaling factors can as in Chapter 2
be assumed to be constants.

For the active power generation (without the primary control) the same
method of scaling factors is assumed, hence

Gkj,t = KG,kj,t G
k
t , (6.12)

where at all times t the (random processes) scaling factors KG,kj,t sum up
to 1 in in each area, i.e. for k equal SE, NO or FI. As above, these scal-
ing factors can be chosen to be constants, to simplify the simulation. In
the case of generation this is actually a quite reasonable assumption since
a large part, if not all, of these productions will be the planned production
levels and hence constant throughout the period (except for maybe a short
period of ramping at the beginning and the end of each operation hour [65]).

To incorporate the primary control in the model we will assume all gen-
erator nodes of the system to be PU-nodes, i.e. nodes where the injected
active power and the voltage is known, and then add a generator node to
each node having a power plant which is participating in the primary control.
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Assuming that each of these newly added nodes are slack nodes, i.e. using a
distributed slack node model [67] where the slack node is distributed over the
new nodes of the system according to the gain at each node. This will not
only solve the problem of reactive power generation but also give a realistic
model of the primary control. The distribution of the slack node over these
nodes, i.e. the fraction of gain at the corresponding node can be estimated
from real data. As an example, in Sweden a lot of hydro power is used in
the primary control, hence the slack nodes in the Swedish subsystem will
have a high density of slack in the northern part of the system.

Now, to check for stability we perform a load flow calculation. A load
flow calculation is the solving of the system of non-linear equations describ-
ing the power balance conditions at each node in the power system. The
inputs of a load flow are node voltages and active power injections for the so
called PU-nodes, active power and reactive power injections for PQ-nodes
and magnitude and angles of the voltage for slack nodes. The output of the
solution will be the unknown parameters in each node. The solution of the
system of non-linear equations is typically found via the Newton-Raphson
method [68]. From the load flow calculation we will obtain the power flows
on the lines in the system since these are functions of the voltages and angles
at the buses.

Thermal Stability Since we now have the line flows for all the lines of the
system we can check these against the line ratings.

Voltage Stability As described in Chapter 2 the properties of steady-state
voltage stability, which is the type of voltage stability that is commonly
considered when computing the NTC2, can be characterized by the
load flow calculation. Analyzing the convergence properties of the
load flow, proximity to voltage stability can be inferred.

Angular Stability This refers to the ability of synchronous machines of
an interconnected power system to remain in synchronism after being
subjected to a disturbance. Instability that may result occurs in the
form of increasing angular swings of some generators leading to their
loss of synchronism with other generators. Loss of synchronism can
occur between one machine and the rest of the system, or between
groups of machines, with synchronism maintained within each group
after separation from the rest of the system [21]. Accurate estima-
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tion of angular stability requires dynamic simulations. However, this
constraint can often be omitted in NTC2 calculation [69].

In theory the load characteristics (e.g. voltage dependence) have a major
impact on the voltage stability of a power system. Preliminary analysis of
the Nordic power system in a software called SPICA indicates, however,
that the load characteristics have limited impact on the voltage stability in
the specific case considered.

It will in the future be assumed that if the stability constraints are
violated a system failure will occur.

6.5 The Simulation Procedure

In this section the different steps involved in generating a case of the Monte
Carlo simulation are presented. Each case starts with setting up the simu-
lation. Then we step forward in time and simulate the events happening in
the system, while checking for violation of the stability constrains.

We assume that a forecast Ẑ, of the hourly energy consumption in all
areas, has been made. The reason for the importance of having a forecast
is that the base case generation will change throughout the day to meet the
forecasted energy demand. Hence, an error in the forecast will be handled
by the frequency control.

When a pre-decided number of cases have been simulated, the risk of
failure induced by keeping the NTC2, when having the specific forecast, Ẑ,
of the electric energy consumption in the different subsystems, can be eval-
uated.

Figure 6.4 shows a flow chart for the entire Monte Carlo Simulation.
Stratified sampling will be used for the process Lt (stratified sampling is
explained in more detail in Appendix A). We will pre-define the number of
outages in each case. Therefore the number of system outages will have to
be defined before starting the generation of each case.

When it comes to simulating the loss of production, Lt, the analysis in
[13] clearly implies that stratified sampling is preferable when generating the
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Figure 6.4: A schematic sketch of the Monte Carlo simulation, case simula-
tion is shown in Figure 6.5

system states. Hence, Lt is to be simulated using stratified sampling. When
generating outcomes of Lt using stratified sampling we will first generate
outcomes of Lt with 0 losses of production units, i.e. Lt ≡ 0 and estimate
the probability of system failure, PF0 . Then we generate outcomes of Lt
when there is 1 loss of a production unit and estimate the probability of
system failure, PF1 , and so on. Assume that Fk is the event that we have k
outages in power plants during the operational hour. Then the probability
of system failure can be calculated as

PF =
∞
∑

k

P (Fk)PFk . (6.13)
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Here, since outages in power plants are very rare events, there is in practice
often no need to evaluate cases with more than 2 outages during the same
productional hour, i.e. only up to N − 2 contingencies are considered. Also
there is often a very small, if any, risk of violating the stability constraints if
no outages occur, NTC2 is reasonably chosen, and the process At is a real-
istic model. Therefore, the simulations can be concentrated on cases where
1 or 2 outages in power plants occur during the operational hour. This will
allow us to use much fewer cases in our simulation than ordinary simple
sampling would.

Figure 6.5 shows a flow chart for the process of generating each of the
cases for the Monte Carlo Simulation.

Setting up the Simulation - t = 7

First of all we have to generate a starting-point for the simulation. Here,
we need to initiate:

Lt Since we use stratified sampling on the number of outages, Lt will be
set up, with the pre-chosen number of outages, for 7 ≤ t ≤ 8 when
starting the simulation.

Dt If we use the Jump simulation method D7| Ẑ will have to be generated.
If the Brute force method is used the constrained consumption process
is generated for the entire hour between 7 and 8.

G7 and R7 The production G7 and the primary frequency control produc-
tion R7 will have to be generated. This is not that simple since balance
between generation and production is not the only balance needed.
There will also have to be balance between R7 and A7. Hence we need
to generate an outcome of Gamma in (6.9).

If the failure intensity λi and the distribution of the size of the possible
failures V ik are functions of the total generation, Gt+Rt, this cannot be done
in an exact way if not Dt and Gt are simulated first. However, the variations
within the hour are often small compared to the total planned production.
Hence, λi and the distribution of the size of the possible failures V ik can of-
ten be approximated to be constant throughout the entire period. Another
possibility would be to use the expected value of the production level in each
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Figure 6.5: A schematic sketch the generation of one case of the Monte Carlo
simulation.

area instead of the actual production level.

When setting up the constrained consumption process, i.e. Dt given
the forecast Ẑ, we generate outcomes d7, d8, and z8 from D7| Ẑ, D8| Ẑ,
and Z8| Ẑ, respectively, as mentioned in Chapter 5. If the Brute Force
method is used, these outcomes will be used to create several outcomes of
Dti | {D7, D8, Z8} for some partition, {ti}, of (7, 8). Since generating new
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outcomes of the process using the same values of D7, D8, Z8 is very fast,
whereas creating the first outcome is very time consuming.

For R7 and hence G7 and P7 the problem is a bit more intricate. For
complicated models of Gt, e.g. a complicated model for either, the drift b in
Equation 6.7 if the secondary control is automated, or At in Equation 6.9
if the secondary control is manual, it might not be possible to find the
distribution of G7 given D7. In this case it might be preferable to start the
simulation some time ahead of the operational hour in question, say t = 7−
∆, using a generated outcome of D7−∆| {D7 = d7, Ẑ} and some G7−∆ as the
start point and then run the simulation up till time t = 7 whereD7 = d7 and
then start checking the stability constraints for each step of the simulation.
Using a large enough ∆ the generation will be tuned in, i.e. G7 will have a

distribution close to the distribution of G7|
{

D7 = d7, D8 = d8, Z8 = z8, Ẑ
}

.

Of course, the appropriate size of ∆ will depend on the initial guess G7−∆.
If we start at 6 am the generation G6 is probably known and we can simulate
up to time t = 7 where the real case starts. Once outcomes of G7 and D7 are
generated, R7 and can be found. Through equations (6.1)-(6.3) if losses are
neglected, and through a load flow calculation if losses are not neglected.
Then, the transfers at time t = 7, P7, can be calculated using equations
(6.4) and (6.5).

Increase t

To generate the next step, i.e. generate outcomes for a new, later, time the
time t will have to be updated. This can be done using a fixed step-length, δ,
by setting t← t+ δ as the time at the next step of the simulation. If we use
the Jump Simulations method (see page 61) we can at this point evaluate
the proximity to violation of any of the stability constraints to decide the
largest allowable length of the step. If the Brute Force method is used the
step-length will have to adapt to the pre-chosen times t1, ..., tn−1, since this
is the times for which the consumption process has been generated in this
case. To decide the distance from voltage collapse, i.e. the loss of voltage
stability, Singular Value Decomposition (SVD) of the load flow Jacobian
matrix can be used [70].
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Generate Outcome of the Consumption Dt

When generating the consumption process, Dt, given that D7 = d7, D8 = d8
and Z8 = z8 we use either of the methods presented in Chapter 5. If the
Jump simulation method is used then the step length can be chosen freely,
whereas if the Brute Force method is used, the times at whichDt is simulated
will always be the pre-chosen times t0, ..., tn.

Generate Outcome of the Generation Gt

To get the generation Gt we will need to simulate the secondary control
process At. At will highly depend on the market and how willing the TSOs
are to take risks in order to increase their profit, i.e. decrease their costs.
Building a realistic model in this case will be quite demanding and a deep
insight into the market structure and the regulations is needed. One inter-
esting problem within this area would be to try to find an optimal strategy
when trading at the regulating market in order to maximize the utilization
of the transmission system while still keeping an acceptable risk of system
failure. Since some time will pass between when the frequency changes,
i.e. Rt change, and a bid is activated, At will be generated using the value
of Rt−η, for some η > 0 rather than the present value.

Calculate the Generation of the Primary Control Rt

If not neglected, the losses in the transmission at time t can be found via
the load flow calculations used to check for voltage stability. In this case Rt
will be found when performing the load flow calculation when checking for
stability. Observe that if losses are not neglected, Rt will be found by adding
the production at the distributed slack nodes in each of the subsystems.

Check the Stability Constraints Using the Underlying Power
System

Now that we know the consumption and the generation in the different sub-
systems Sweden, Norway, and Finland the method explained in Section 6.4
can be used to find out whether the critical stability limit will be violated.
If this is the case we can assume that a system failure will occur and add
this case to the Monte Carlo Simulation.
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Add the New Case to the Monte Carlo Simulation

As soon as we get a system failure or our simulation reaches the time t = 8,
we add the new case to the Monte Carlo Simulation. If there are more cases
to be simulated we start all over again and generate a new outcome of the
demand and generation processes.

6.6 A Numerical Example Showing How to
Perform the Monte Carlo Simulation

In this section a numerical example showing how a Monte Carlo Simulation
to find the probability of system failure when keeping a certain NTC2 can
be conducted. In the numerical example we assume that all losses in the
system can be neglected and that the active limit, i.e. the limit constraining
the transfer, is the thermal line rating at the lines between the areas of the
system. The expansion of this example to consider also voltage stability
and angular stability is possible but time consuming (the underlying power
system has to be built up and data for the distribution of the gain in the
system and the scaling factors KG,kj,t , KP,kj,t , and KG,kj,t have to be estimated
from system data).

We assume that the system can transfer P NOSE
max = 3000MW between

Norway and Sweden and P SEFI
max = 3000MW between Sweden and Finland,

we also assume that system failure will occur once these limits are exceeded.
We assume that the failure intensity λi = 0.1, is equal in all areas, and that
the V ik ’s, which are also chosen to have the same distribution in all areas, are
independent of the production level and have densities as depicted in Fig-
ure 6.6 (and thus distributions as depicted in Figure 6.7). The distributions
of the Vk’s implies that at any time during the operational hour the power
plants of the system are triangularly distributed with end points 200MW
and 600MW and highest density at 400MW.

With a constant λ, Lt will be a sort of generalized Poisson process, the
generalization being that the size of each jump is a positive random vari-
able. To generate an outcome of Lt having i outages during the operational
hour we can argue that the time of the different failures will be indepen-
dent and uniformly distributed over the interval (7, 8). Hence, the times of
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Figure 6.6: The density function for Vk with the above assumptions.
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Figure 6.7: The distribution function for Vk with the above assumptions.
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the failures when having i failures is simulated using i U(0, 1)-distributed
random variables when λ is constant. A thorough proof of this fact is given
in, for example, [71]. Then for each of these outages we randomize the area

in which the outage occurs, with a probability λi/
3
∑

j=1
λj that the outage

occur in area i, i.e. 1/3 in each area in this example. Now the production
levels of the power plants in which outages occur will be randomized using
the distribution of the V ik ’s. If we would have an underlying power system
on which voltage stability were to be tested we would also, using the same
techniques, have to randomize in which node failure in production will occur.

Figure 6.8 shows an outcome of Lt where at approximately 7:18 a unit
producing 427MW is lost in Sweden and then at 7:52 a unit producing
558MW is lost in Norway.
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Figure 6.8: An example of an outcome of Lt with 2 outages.

Assume that there is a forecast indicating that the consumption during
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this hour will be

_

Z8 =







16000
14000
9500






[MWh] (6.14)

, and that

D7 =







15000
13000
9400






[MW] (6.15)

, and

D8 =







16700
14600
9600






[MW] . (6.16)

Assume also that this forecast has a forecast-error with independent er-
rors which are Gaussian with a standard deviation of 0.5% of the fore-
casted values. To be able to test out different types of At we assume
that at the beginning of the operational hour, i.e. at 7:00 the production is
G7 = (15000 + NTCNOSE + NTCSEFI, 13000−NTCNOSE, 9400−NTCSEFI),
i.e. if the forecast is correct the system will transfer NTCNOSEMW from
Sweden to Norway and NTCNOSEMW from Sweden to Finland. The aim
of the numerical example is to try out two different techniques of steering
the production, i.e. different measures for the secondary control process At.
One where no regard is taken to the NTC2 and one where regard is taken
to the NTC2. To compare the different ways of steering the secondary con-
trol to one another we look at the risk of system failure using a certain
NTC= (NTCNOSE,NTCNOSE) induces. This is of course not a completely
fair measure since the economic value of trading will also have to be consid-
ered.

Another option would be to start the generation process at 4:00 and use
10 samples per hour, i.e. 30 samples before 7:00, to tune in the generation
process Gt. Since the bias of the variance for 10 cases per hour when using
Jump Simulations method was fairly small, see Figure 5.1, this method could
be used to simulate the consumption process the hours prior to the star of
the operational hour at 7:00. This technique has the advantage that we can
try out different measures for At without having to do any new calculations.
The disadvantage of this method is that if no steering to keep the transfers
correct is used we might eventually end up with a negative production in
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one area due to repeated failures in that area.

To simulate the consumption in the system the Brute Force method is
chosen. This is both because we will try different settings of At and NTC,
which implies that many consumption processes with the same distribution
can be used and because the forecast-errors have a fairly small variance.

We first start to simulate the system using a At process that is a function
of the primary control. At in this case is chosen so that when the frequency
reaches 49.9Hz or 50.1Hz secondary control is used to take the frequency
back to 50Hz. This secondary control is distributed amongst the subsystems
in the same way as the primary control. An example showing the transfers
in the system when, NTC= (2500, 2500)MW is shown in Figure 6.9. The
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Figure 6.9: The transfers in the system from one case of the Monte Carlo
Simulation.

plot shows a curve in the transfer-space where the axes are the transfers
between the different subsystems. This movement is due to the changes
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in the consumption in the different subsystems. A fault occurs in Norway
at the last part of the operational hour, causing the apparent jump in the
transfer. One can see that this would result in a system failure since the
line between Norway and Sweden would be overloaded. If a better model
for the At would be used the transfers would be more centered around the
NTC. Figure 6.10 shows a 3-dimensional plot of the estimated risk of failure
as a function of the set NTC using this secondary control At.
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Figure 6.10: The probability of system failure when At is the simple model
for the secondary control estimated using Monte Carlo Simulation.

Next we move on to a model where the transfers are regarded in the
activations of the secondary control bids. To get the other extreme case
we assume that once the frequency reaches 49.9Hz or 50.1Hz, or the trans-
fers reach the NTC the secondary control will take the system back to a
frequency of 50Hz and transfers below NTC. This means that once the sys-
tem operator sees that NTC has been exceeded measures will be taken to
get the transfers below the NTC. There will however be a lag between the
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time where the system operator sees that the transfers limits have been ex-
ceeded and a secondary control bid is activated to the time a power plant
has changed its production. Therefore the values in one step are used to
calculate the values in the next step. This would correspond to a response
time which is 1/100 of an hour with our step-length. At is thus calculated
as in the earlier case except that the secondary control will be steered to try
not to let the transfers exceed the NTC. As in the previous case, an example
showing the transfers in the system with this sort of secondary control, when
NTC= (2500, 2500)MW, is shown in Figure 6.11. The curve starts in the

2450 2500 2550 2600 2650 2700 2750 2800 2850 2900
1700

1800

1900

2000

2100

2200

2300

2400

2500

2600

PSENO [MW]

P
S

E
FI

 [M
W

]

Figure 6.11: The transfers in the system from one case of the Monte Carlo
Simulation.

upper left corner at time t = 7 and as time propagates it moves to the lower
left corner. The strong peak seen in the transfer from Sweden to Norway is
due to the loss of a power plant producing around 500MW, in Norway. As
can be seen this curve is, as expected, steered to meet the NTC but some
fluctuations in the transfers that go above the NTC are inevitable due to
the stochastic nature of the consumption and the response time between the
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activation of a bid and the change in production of a power plant.

Figure 6.12 shows a 3-dimensional plot of the estimated risk of failure as
a function of the set NTC using this secondary control At.

2000
2200

2400
2600

2800
3000

2000
2200

2400
2600

2800
3000

0

0.2

0.4

0.6

0.8

1

NTCSEFI [MW]NTCNOSE [MW]

P
ro

ba
bi

lit
y 

of
 s

ys
te

m
 fa

ilu
re

Figure 6.12: The probability of system failure when At is the model for the
secondary control that also considers the NTC estimated using Monte Carlo
Simulation.

As can be seen the model for the secondary control will have a high
impact when setting NTC2. It is thus reasonable to expect that some con-
sideration to the NTC2 is taken when activating secondary control bids.
None of the models presented in this numerical example are very realistic.
The first one assumes that the TSOs only consider the used up frequency
control in their subsystem and not regard the transfers. The other model
assumes that the TSOs are very active in trading and activates a bid that
makes the transfers approach the NTC2 as soon as the transfers cross the
NTC2. In reality the case is probably somewhere in between these two cases.
To get a realistic model a thorough study of the rules and regulations at the
regulating market and the standard procedure when activating bids for the
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secondary control is needed.

6.7 Comments to this Chapter

In this chapter a method for evaluating the risk of system failure when
keeping a certain NTC2 was presented. The method uses Monte Carlo
simulation. Each case of the Monte Carlo simulation is a realization of the
events taking place in the system during an operational hour. From this the
risk of system failure is evaluated. Many of the ideas in this chapter are
sketchy and need further development. For example, the activation of bids
at the regulating power market needs a better model. It is also worthwhile
to point out that, even though outages has the largest impact on the safety
margin between the NTC2 and the set in transfer-space where the system
becomes unstable, the emphasis of the thesis has been the consumption
model. This is mainly due to the fact that much work has already been done
that considers outages in the system, but few articles use a time-continuous
model for the consumption and the secondary control when evaluating the
NTC2. Also, it would be preferable to have a method for calculating the set
of NTC2 that give a certain risk of system failure. This will be the inverse
problem to the one considered here. Using the methods developed here,
some extrapolation might be used to get an estimate. A thorough analysis
of this will be left as future work.





Chapter 7

Conclusions and Future
Work

7.1 Conclusions

In this thesis methods for calculating the Net Transfer Capacity (NTC) for
a section in an electric power system has been considered. In Chapter 2
a review of the state-of-the-art methods for computation of the NTC were
given. Common for these methods is that they merely consider the physical
behavior of the grid and use a very simple model for the generation and
consumption in the system. This might be acceptable for systems using
Automatic Generation Control for the secondary control like most power
systems do. However, in the Nordic system the secondary control consti-
tutes a market called the regulating power market. In this case a more
advanced stochastic model for the consumption and generation will have to
be used in order to gauge the effects of keeping a certain NTC.

The aim of this project is to find a way of calculating the probability of
violating the stability constraints of the system induced by using a certain
NTC during an operational hour when a forecast of the consumption for the
all the operational hours of the day is given. To do this the Monte Carlo
method was chosen. To simulate each case in the Monte Carlo Simulation
we need a way of generating outcomes of a stochastic process describing the
consumption in the system when a forecast is given, and a model for the
generation including primary control, secondary control, planned produc-
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tion, and outages in power plants.

To model the consumption in the power system Stochastic Differential
Equations (SDEs) [42] where used. The consumption model was chosen to
be the sum of a deterministic function representing the mean value of the
consumption and a so called Ornstein-Uhlenbeck process [?]. The param-
eters of both the mean value function and the Ornstein-Uhlenbeck process
were then estimated using data from the Nordic power market Nordpool [?].

Two methods for simulating the power consumption given a forecast on
the energy consumption was then developed. One is a brute force method
that generates outcomes of the constrained power consumption at a number
of different times using conditioning on the multivariate normal vector ob-
tained by observing the (unconditional) power consumption process at the
same times. The other method estimates the integral as the Riemann sum
of the values the process takes at the points of the discretization of the time
line, then it uses a Bayesian approach and the fact that the consumption
process Dt is Markovian to estimate the jump probabilities of conditional
power consumption. The first method is most appropriate for systems with
fewer areas, since this gives an exact simulation of the conditional power
consumption, but for systems with many areas or if we want many samples
of the process the second method is better suited due to the large compu-
tation time of the first method.

To simulate the generation a method similar to the one used in [65] was
used. This method implements the secondary control as a stochastic func-
tion of the primary control, i.e. system frequency, and the transfers through
the critical sections which are assumed to be the sections between the areas
of the system. The outages in generation are modeled by subtracting a gen-
eralized Poisson-process from the generation process.

The procedure of the Monte Carlo Simulation is then explained in Sec-
tion 6.5 and a numerical example is shown in Section 6.6. In the numerical
example two different models of the secondary control are tested. The test
is preformed by estimating the probability of system failure for a number of
settings of the NTC between the areas of the system. The example shows
that the developed techniques are efficient and easy to implement but also
shows that there can be a huge difference in the TRM needed when having
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different procedures of activating bids at the regulating market. Therefore,
more work is needed in the area of modeling the activation of bids at this
market. This is a possible future work in the project. In the following we
summarize challenging research ideas that should be further examined in
future work

7.2 Future Work

One way to make the load model developed here even more realistic could be
to obtain more load data or better load data, instantaneous effect consump-
tion measurements instead of energy consumption data in which case the
methods described in [52] can be used to estimate the parameters instead of
the methods used in Chapter 4. With more data mt can also be improved
to take into account seasonal variations as well. Another possibility, which
will also require more and better data, would be to, as was suggested but
never carried out in [49], instead use a more generalized diffusion process
Xt, solving the SDE:

dXt = −αXtdt+ σ (mt +Xt)
γ dBt, (7.1)

to model the stochastic behavior of the consumption in the system. In [49]
data from the Californian Electric Power System was analyzed and the new
parameter γ was estimated to lie in the interval (0.3, 0.8). When using (7.1),
with γ > 0 to model the consumption in the system the resulting load pro-
cess Dt will have a skew [35] distribution that is more thick-tailed than the
normal distribution assumed by our model. This seems reasonable since one
would expect the volatility [42] of the electric power consumption to increase
with increased consumption. Even though the power consumption with this
model is no longer a Gaussian process the Jump Simulation method can
probably still be used. In order to find the distribution of (5.7) we can no
longer use the normality of Dt. However, as mentioned in [72] the Feynman-
Kac formula [42] can be used to calculate this sort of probabilities for Itô
diffusions.

Wind power is rapidly becoming a more and more common energy source.
The production coming from wind power is not deterministic and due to its
low production cost the wind power will be used to the largest possible ex-
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tent.This will induce a new uncertainty in the determination of the NTC.

Further analysis of the importance of the ZIP-model (i.e. the voltage de-
pendence) of the load will have to be carried out. The voltage dependence
of the load have a major impact on the voltage stability of a power system.

It would be preferable to have a method for calculating the set of NTC2
that give a certain risk of system failure. This will be the inverse problem to
the one considered here. Using the methods developed here, some extrapo-
lation might be used to get an estimate.

So far we have only considered the pure technical reasons for setting the
NTC. We also need to analyze the economical value of keeping a certain
TRM. If the electricity customers in the system are very sensitive to inter-
ruptions a large TRM will have to be kept in order to avoid system failures in
case for example a tree should fall over an over head line causing it to trip.
If on the other hand the production cost, and hence the electricity price,
rises dramatically in one area it might be profitable to decrease the TRM
increasing the risk of system failure but also increasing the value of trading
between the areas of the system. As an example in the Nordic system we
sometimes have the case that at one operational hour we want to send as
much electric energy as possible in on direction and in the next operational
hour we want to send as much electric energy as possible in the opposite
direction [62].



Appendix A

Stratified Sampling

If there is a natural way to partition the sample space Ω of our probability
space (Ω,F , P ), into m subsets α1, α2, ..., αm, (such that (P (αi ∩ αj) =

0∀(i, j), i 6= j,
n
⋃

i=1
αi = Ω, αi ∈ F ∀i) called strata, and a partition

n1, n2..., nm of n such that

m
∑

i=1

(P(αi))
2 1

ni
Var(g(X)|X ∈ αi) <

1

n
Var(g(X)), (A.1)

then the variance will be reduced if we divide the sampling procedure into m
different Monte Carlo Simulations in which we constrain the r.v X to live on
α1, α2, ..., αm respectively, with p.m. induced by the conditional probability
P (∗|αi), and then weight the resulting estimates together using the weights
P (αi). When a partition is made we can use Neyman allocation to find the
ultimate choice of n1, n2..., nm. Let σh =

√

Var(Xh) be the variance of X
on αh and ωh = P(αh), for h = 1, ...,m. Then

nh = n
ωhσh
m
∑

k=1
ωkσk

, (A.2)

is the partition of n that minimizes the variance of our estimate. This
principle is called Neyman allocation [60].
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