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Abstract

The Monte Carlo method is, practically, the only approach capable of

giving detail insight into complex neutron transport problems. In reactor

physics, the method has been used mainly for determining the keff in crit-

icality calculations. In the last decade, the continuously growing computer

performance has allowed to apply the Monte Carlo method also on simple

burnup simulations of nuclear systems. Nevertheless, due to its extensive

computational demands the Monte Carlo method is still not used as com-

monly as deterministic methods.

One of the reasons for the large computational demands of Monte Carlo

criticality calculations is the necessity to carry out a number of inactive cycles

to converge the fission source. This thesis presents a new concept of fission

matrix based Monte Carlo criticality calculations where inactive cycles are

not required. It is shown that the fission matrix is not sensitive to the errors

in the fission source, and can be thus calculated by a Monte Carlo calculation

without inactive cycles. All required results, including keff , are then derived

via the final fission matrix. The confidence interval for the estimated keff can

be conservatively derived from the variance in the fission matrix. This was

confirmed by numerical test calculations of Whitesides’s “keff of the world

problem” model where other Monte Carlo methods fail to estimate the confi-

dence interval correctly unless a large number of inactive cycles is simulated.

Another problem is that the existing Monte Carlo criticality codes are not

well shaped for parallel computations; they cannot fully utilise the processing

power of modern multi-processor computers and computer clusters. This

thesis presents a new parallel computing scheme for Monte Carlo criticality

calculations based on the fission matrix. The fission matrix is combined over a

number of independent parallel simulations, and the final results are derived

by means of the fission matrix. This scheme allows for a practically ideal

parallel scaling since no communication among the parallel simulations is

required, and no inactive cycles need to be simulated.

When the Monte Carlo criticality calculations are sufficiently fast, they

will be more commonly applied on complex reactor physics problems, like

non-linear steady-state calculations and fuel cycle calculations. This the-

sis develops an efficient method that introduces thermal-hydraulic and other

feedbacks into the numerical model of a power reactor, allowing to carry out

a non-linear Monte Carlo analysis of the reactor with steady-state core con-

ditions. The thesis also shows that the major existing Monte Carlo burnup

codes use unstable algorithms for coupling the neutronic and burnup calcula-

tions; therefore, they cannot be used for fuel cycle calculations. Nevertheless,

stable coupling algorithms are known and can be implemented into the future

Monte Carlo burnup codes.
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Chapter 1

Introduction

Progress cannot be organised.

Ludwig Von Mises (1881-1973)

The Monte Carlo method approximates solutions to mathematical problems via
statistical sampling experiments on a computer. The method is commonly applied
to problems with some probabilistic structure; but it is not limited to these prob-
lems. The main advantage is that, no matter how complicate the problem is, the
absolute error in the estimated solution can decrease as n−1/2 through collecting n
random observations. On the contrary, other (deterministic) methods that perform
n-point evaluations in d-dimensional space can converge as n−1/d at best [2]. The
Monte Carlo method can thus solve very complicate problems more efficiently than
the deterministic methods.

1.1 Brief History

Origins of statistical sampling methods can be traced back to the seventeenth and
eighteenth century when mathematicians started to form the probability theory.
Nineteenth-century statisticians realised that the mean of a continuous random
variable took the form of an integral, and statistical sampling methods could be
used to approximate the integral solution in a non-probabilistic problem. In the
early twentieth century, mathematicians noticed that solutions to stochastic prob-
lems often corresponded to solutions of partial differential equations, and, so the
stochastic problems could be solved by difference equation methods. It became
apparent later that, conversely, the partial differential and integral equations had
analogs in stochastic processes, and statistical sampling methods could be used to
approximate solutions of these equations. Yet, the statistical sampling methods
were of little use in the pre-electronic computing era.

The statistical sampling methods became useful with the advent of electronic
computers. The first ambitious statistical sampling experiments, simulating the

1



2 CHAPTER 1. INTRODUCTION

neutron transport in fissile materials, were suggested by Stanislaw Ulam and John
von Neumann after the World War II, and accomplished on the very first electronic
computer, the ENIAC (the Electronic Numerical Integrator and Computer). At
that time, the method was assigned a new attractive name, “the Monte Carlo
method”, by Nicholas Metropolis [3]. The Monte Carlo method was also further
developed and popularised by Enrico Fermi, Robert Richtmyer, and others.

In particular, Stanislaw Ulam and John von Neumann realised that the stan-
dard Monte Carlo method could be modified to generate the solution to the original
problem with a reduced variance at the same computational cost. The modified
methods, known as the variance reduction techniques, became essential for any
efficient application of the Monte Carlo method. The availability of the variance
reduction techniques distinguishes the Monte Carlo method from the simple sam-
pling experiments that preceded it historically. In fact, the notion “Monte Carlo
methods” is commonly used as a synonym for the variance reduction techniques.

Today, the Monte Carlo methods are successfully applied to many problems in
mathematics, physics, chemistry, environmental modelling, financial engineering,
and many other fields. In reactor physics, the Monte Carlo method is recognised as
the only feasible approach capable of providing detail insight into complex neutron
transport problems.

1.2 Thesis Overview

The author has focused on development of methods for three relating problems in
Monte Carlo reactor physics: efficient Monte Carlo criticality calculations, effec-
tive non-linear steady-state Monte Carlo calculations, and reliable and numerically
stable Monte Carlo burnup calculations.

Author’s work is presented exclusively in the included papers. Paper I demon-
strates and explains a dubious convergence of the fission matrix acceleration meth-
ods that have been suggested for accelerating the convergence of the Monte Carlo
fission source in criticality calculations. A new method, based on the fission matrix,
is suggested for criticality calculations in Paper II; the method allows to cancel the
inactive cycles, and thus solves the problem of the slow convergence of the fission
source in Monte Carlo criticality calculations. Paper III introduces a new parallel-
computing scheme for Monte Carlo criticality calculations. This scheme, based on
the method described in Paper II, is expected to be very efficient on computers
with a large number of processors. Paper IV describes an efficient iteration of
steady-state core conditions by the Monte Carlo approach; this method is useful
for effective Monte Carlo analyses of running power reactors. Finally, Paper V
reviews coupling schemes in existing Monte Carlo burnup codes, and demonstrates
their numerical instability in fuel cycle calculations; the paper recommends imple-
menting the stable coupling schemes from accomplished deterministic burnup codes
into the future Monte Carlo burnup codes. Papers I-V are briefly summarised in
Chapter 5.
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Chapters 2-4 introduce the known methods, phenomena, equations and quanti-
ties that the reader of the included papers should be informed about; these chapters
are introductory and do not describe author’s work. Specifically, Chapter 2 briefly
presents the Monte Carlo methods in general; Chapter 3 describes some elements of
the reactor physics that are relevant to the convergence of the Monte Carlo fission
source in criticality calculations; and Chapter 4 introduces the steady-state and
burnup problems.





Chapter 2

Introduction to

Monte Carlo Methods

The 50-50-90 rule:
Anytime you have a 50-50 chance of getting something right, there’s a 90% proba-
bility you’ll get it wrong.

Andy Rooney (1919 - )

This chapter describes the elementary algorithms needed to perform statistical sam-
pling experiments, and introduces the basic Monte Carlo methods.

2.1 Random Variables

A random variable X is a function that can take on either a finite number of
values xi ∈ R (discrete random variable), each with a certain associated probabil-
ity fX(xi) = P (X = xi), or an infinite number of values x (continuous random
variable) whose probabilities are described by a probability density function (pdf)
fX(x),

∫ ∞

−∞

fX(x)dx = 1.

The probability that a continuous random variable X gives a value smaller or equal
a certain x is given by the cumulative distribution function (cdf)

FX(x) ≡ P (X ≤ x) =
∫ x

−∞

fX(ξ)dξ.

The distribution function is defined for discrete random variables as

FX(x) =
∑

xi≤x

P (X = xi).

5



6 CHAPTER 2. INTRODUCTION TO THE MONTE CARLO METHODS

Each random variable X has an expectation value E[X] that is the mean of all
possible values x weighted according to their probability. The expectation value of
a continuous random variable is

E[X] =
∫ ∞

−∞

xfX(x)dx;

similarly, the expectation value of a discrete random variable is

E[X] =
∑

i

xifX(xi).

It is often important to quantify how the random values are spread about the
expectation value. A common measure of the spread is the variance Var[X], i.e.
the expected quadratic deviation from the expectation value,

Var[X] = E[(X − E[X])2]. (2.1)

It follows from Eq. (2.1) that

Var[X] = E[X2 − 2XE[X] + (E[X])2]

= E[X2]− 2(E[X])2 + (E[X])2

= E[X2]− (E[X])2.

(2.2)

It is convenient to measure the spread with the same unit as that of the expectation
value; therefore, the standard deviation σX has been introduced,

σX =
√

Var[X].

Sometimes, several random variables need to be combined. It is then useful
to know how the respective random variables relate to each other. This can be
quantified by the covariance Cov[X,Y ] of two random variables X and Y ,

Cov[X,Y ] = E[(X − E[X])(Y − E[Y ])]. (2.3)

It follows from Eq. (2.3) that

Cov[X,Y ] = E [XY − Y E[X]−XE[Y ] + E[X]E[Y ]]

= E[XY ]− E[X]E[Y ].
(2.4)

Since the covariance is an absolute measure of the relation between two random
variables it is sometimes useful to use the correlation coefficient

ρX,Y =
Cov[X,Y ]

√

Var[X]Var[Y ]
.

The correlation coefficient is always in the interval [−1, 1]. When ρX,Y > 0 then
X and Y are positively correlated, i.e. it is likely that both X and Y give large
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(or small) values at the same time. When ρX,Y < 0 then X and Y are negatively
correlated, i.e. it is likely that X gives a small value when Y gives a large value
and vice versa. If ρX,Y = 0 then X and Y are uncorrelated.

Uncorrelated random variables, however, still may be dependent on each other.
For instance [4], let X = Y 2 with Y being uniformly distributed between -1 and 1;
then ρX,Y = 0, although X is dependent on Y . Two random variables X and Y
are independent if for each x and y holds that

fX,Y (x, y) = fX(x)fY (y),

where fX,Y (x, y) is the probability that (X,Y ) = (x, y). Nevertheless, if two ran-
dom variables are independent then they are also uncorrelated.

2.2 Generators of Pseudorandom Numbers

A random variable can be sampled e.g. via the inverse transform method (see
Sec. 2.3) using random numbers generated from a uniform distribution between 0
and 1, U (0, 1). The most convenient and reliable way of generating the random
numbers for simulations is via deterministic algorithms - pseudorandom number
generators. In fact, the numbers produced by pseudorandom number generators
are not random; the same sequence of numbers will be generated on the same
conditions. Nevertheless, numbers generated by good generators should appear
to be statistically independent, not correlated; the sequence of generated numbers
should be indistinguishable from a real random sequence.

The most widely used generators are the linear congruential generators (LCGs)
[2, 5, 6]. Integer numbers, xn, are generated by the recurrence

xn = (axn−1 + c) mod m, (2.5)

where m > 0, a > 0, and c are integers called the modulus, the multiplier, and the
additive constant, respectively. The “mod m” is the operation of taking the least
nonnegative residue modulo m. In order to produce values un in the interval [0, 1],
one can divide xn by m,

un = xn/m.

In general, the maximal period length for LCGs is m. If c = 0 (multiplicative linear
congruential generator) then the maximal period length cannot exceed m − 1 as
xn = 0 must be avoided. Common values of m are m = 231−1 and m = 232. These
values, however, appear to be too small for the requirements of today’s simulations.

The following example illustrates generating several numbers via the LCG with
m = 231 − 1 = 2147483647, c = 0, and a = 16807 (originally suggested in [7]). For
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the initial seed x0 = 987654321 one gets

x1 =16807 × 987654321 mod m = 1605065384,

u1 =1605065384/m = 0.7474168133,

x2 =16807 × 1605065384 mod m = 1791818921,

u2 =1791818921/m = 0.8343807058,

x3 =16807 × 1791818921 mod m = 937423366,

u3 =937423366/m = 0.4365217716,

and so on. To correctly evaluate the products of the integer numbers, the described
generator must operate with 8 byte integer numbers (at least).

Many random number generators used for simulation are based on linear recur-
rences of the general form [8]

xn = (a1xn−1 + . . .+ akxn−k) mod m, (2.6)

where k is a positive integer, and the coefficients a1, . . . , ak are integers in

{1−m, . . . ,m− 1}

with ak 6= 0. The output is again un = xn/m. The generator (2.6), called a multiple
recursive generator (MRG), corresponds to LCG for k = 1.

There are other, more advanced, generators, e.g. the nonlinear generators [9,
10].

2.3 Generating Samples

Sample values of a random variable X may be generated by several various methods,
depending on the properties of FX . All methods, however, produce samples x from
FX by transforming the random variable U described by pdf U (0, 1).

The inverse transform method [11] provides the most direct way of generating
samples from FX(x) on the interval [a, b]; it uses the inverted form of FX(x),

F−1
X (u) = inf{x ∈ [a, b] : FX(x) ≥ u, 0 ≤ u ≤ 1}.

A random sample x of X can be obtained easily as

x = F−1
X (u),

where u is randomly sampled from pdf U (0, 1).
Although F−1

X exists for any random variable X, it may not be in a form suitable
for efficient computation. In such a case, the acceptance-rejection method [12] can
be more efficient. This technique generates samples from any pdf fX(x) using
another pdf h(x) for that holds that

fX(x) ≤ h(x)c,
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where
c = sup

x
[fX(x)/h(x)].

The value of c is ≥ 1. The algorithm generates two random numbers: x from pdf
h(x), and u from pdf U (0, 1); if

u · c · h(x) < fX(x), (2.7)

then x is accepted. If Eq. (2.7) is not satisfied then x is rejected, and the algorithm
must start from the beginning. It can be proved that the accepted samples have
pdf fX(x). The proportion of proposed samples which are accepted is

∫∞

−∞
fX(x)dx

∫∞

−∞
c · h(x)dx

=
1
c
.

Thus, to ensure a good efficiency, c should be close to unity. This can be satisfied
only when h(x) is chosen close to fX(x). Yet, it must be possible to generate the
samples from h(x) easily using the inverse transform method.

2.4 Sampling Methods

During Monte Carlo simulations, random variables with unknown pdf’s, that are
difficult to calculate deterministically to a required precision (e.g., neutron collision
densities in a fissile system), are studied via sampling the random variables with
known pdf’s (e.g., particle transport kernels). Sec. 2.4.1 describes the basic Monte
Carlo method, the simple sampling.

Often, some information about the solution is known or easily available. Meth-
ods, commonly referred to as the variance reduction techniques, can use this infor-
mation to increase the accuracy of the Monte Carlo calculations. The basic variance
reduction techniques are introduced in Sections 2.4.2 - 2.4.5. Nevertheless, reduc-
ing the variance does not necessarily implies an improvement of the computational
efficiency as the method may be computationally demanding. The efficiency of a
calculation may be expressed by the figure-of-merit (FOM),

FOM =
1
σ2t

, (2.8)

where t is the total computational time, and σ is the relative standard deviation of
a calculated quantity.

2.4.1 Simple Sampling

In its simplest form, a Monte Carlo calculation samples an unknown random vari-
able Y using a numerical model (function) g,

Y = g(X), (2.9)
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where X is an input random variable described by a known cdf FX . The objective
is to estimate the expectation value and variance of Y , and the variance of the
estimated expectation value of Y . The Monte Carlo calculation becomes useful if
the required results (e.g. the expectation value of Y ) cannot be computed easily
due to a very complex function g.

After sampling n values, y1, y2, . . ., yn , of Y , the expectation value of Y can
be estimated by the mean value of y1, y2, . . ., yn,

mY =
1
n

n
∑

i=1

yi. (2.10)

The mean value mY is also a random variable. According to the central limit
theorem [13], mY is normally distributed with a mean E[Y ],

E[mY ] = E[Y ].

The variance of mY , which estimates the precision of the computed mY , equals

Var[mY ] = E[(mY − E[Y ])2]

= E

[

(∑

yi
n
− E[Y ]

)2
]

= E

[

(∑

(yi − E[Y ])
n

)2
]

= E
[

(
∑

ξi)2

n2

]

=
E(
∑

ξi)2

n2

=
1
n2

[

∑

E[ξ2
i ] + 2

∑

E[ξiξi+1] + 2
∑

E[ξiξi+2] + . . .
]

,

(2.11)

where

ξi ≡ yi − E[Y ].

If ξi are statistically independent then the cross products E[ξiξi+1], E[ξiξi+2], etc.
in Eq. (2.11) equal zeros, and

Var[mY ] =
∑

E[ξ2
i ]

n2

=
nE[ξ2

i ]
n2

=
Var[Y ]
n

.

(2.12)
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Nevertheless, Var[Y ] in Eq. (2.12) is not known, and must be estimated by

s2
Y =

1
n

n
∑

i=1

(yi −mY )2

=
1
n

n
∑

i=1

y2
i −m2

Y ,

(2.13)

i.e., the variance of mY is approximated by

s2
mY =

s2
Y

n
. (2.14)

In order to estimate E[Y ] by Eq. (2.10) and Var[mY ] by Eq. (2.13), only the values
of
∑

y2
i and

∑

yi need to be updated after collecting a new sample of Y .
It is important to realise that even when Var[mY ] is estimated very small by

Eq. (2.13), the actual error in mY may be surprisingly large; the real error in mY

is not known. It is a common misunderstanding to assume that collecting more
samples will always result in a smaller error in the computed value of mY . In
reality, the error in mY may become larger when more samples are collected.

It is common to enumerate a confidence interval (mY − δ,mY + δ) that includes
the correct value of E[Y ] with some probability P . Assuming that mY is normally
distributed with the expectation value E[Y ], the pdf of mY can be written as

fmY =
1

σmY
√

2π
exp
(

− (mY − E[Y ])2

2σ2
mY

)

,

where σmY =
√

Var[mY ] is the standard deviation of mY .
The value E[Y ] is then present inside the interval [mY − δ,mY + δ] (and so the

value mY is present inside the interval [E[Y ]− δ,E[Y ] + δ]) with probability

P =
∫ E[Y ]+δ

E[Y ]−δ

1

σmY
√

2π
exp
(

− (y − E[Y ])2

2σ2
mY

)

dy

=
2

σmY
√

2π

∫ E[Y ]+δ

E[Y ]

exp
(

− (y − E[Y ])2

2σ2
mY

)

dy

=
2

σmY
√

2π

∫ δ

0

exp
(

− y2

2σ2
mY

)

dy

= erf
(

δ

σmY
√

2

)

,

(2.15)

where erf(x) is the Gauss error function. Since σmY in Eq. (2.15) is not known, it
must be approximated by smY . The probability P given by Eq. (2.15) is enumerated
for several δ/σmY in Table 2.1.
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Table 2.1: Probability level P for various confidence intervals [14].

P δ/σmY
0.6826895 1
0.9544997 2
0.9973002 3
0.9999366 4
0.9999994 5

2.4.2 Control Variates

In some cases, the numerical model g(X) from Eq. (2.9) with an unknown expec-
tation value E[Y ] ≡ E[g(X)] may be approximated by a simpler model (control
variate, see e.g. [15])

Z = g∗(X)

with a known expectation value E[Z]. The mean value of Y can be then computed
as

mY = m(Y−Z) + E[Z]

by sampling the difference between the random variables Y and Z, and computing
the mean value of the difference. The variance of mY is equal to the variance of
m(Y−Z),

Var[mY ] =Var[m(Y−Z)]

=
Var[Y − Z]

n

=
Var[Y ] + Var[Z]− 2Cov[Y,Z]

n
.

Therefore, if the control variate Z is strongly positively correlated to Y , it is then
possible that

2Cov[Y,Z] > Var[Z], (2.16)

in which case Var[mY ] will be decreased. Evaluating the function g∗(X) must,
however, not slow down the calculation, otherwise, the efficiency of the technique
may not be improved over the efficiency of simple sampling.

2.4.3 Correlated Sampling

Often, a difference between two very similar models g1 and g2 needs to be studied,

Y1 = g1(X),

Y2 = g2(X).

Commonly, g2 is a slightly modified model g1. Since the difference

E[Y1]− E[Y2]
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may be very small, the simple sampling would need to calculate E[Y1] and E[Y2] to
a very good accuracy, which could require a large computational time. Correlated
sampling can efficiently resolve this problem by studying the random variable

Z = Y1 − Y2

= (g1 − g2)(X).

Variance of Z is

Var[Z] = Var[Y1] + Var[Y2]− 2Cov[Y1, Y2].

Thus, if Y1 and Y2 are strongly positively correlated to each other, which is likely
when g1 and g2 are very similar, then simple sampling of Z is more efficient than
sampling Y1 and Y2 separately using independent input random variable X. While
correlated sampling can efficiently improve the estimate of E[Y1 − Y2], it does not
affect the accuracy of the estimates of E[Y1] and E[Y2].

2.4.4 Stratified Sampling

Depending on the numerical model

Y = g(X),

simple sampling the random variable X from fX may not be the most efficient way
of estimating E[Y ]. It may happen that g(x) is very large for some values x with a
very small fX(x). If these important values of X are not sampled, the value of E[Y ]
would not be estimated well. It is then appropriate to separate an interval with
important values of X, and analyse it separately. This is the idea of the stratified
sampling. The value interval for X is divided into several strata (groups), and each
stratum is analysed separately. In order to divide the values of X into strata some
knowledge about fY is needed.

Let X be divided into L strata Xi, i = 1, . . . , L. Since fX is known, the
probability ωi that x sampled from fX falls into Xi can be precisely calculated.
Dividing X into strata Xi causes Y be also divided into corresponding strata Yi;
i.e., samples x from Xi will generate samples y = g(x) from Yi. It can be shown
that

E[Y ] =
L
∑

i=1

ωi E[Yi],

and

Var[mY ] =
L
∑

i=1

ω2
i

Var[Yi]
ni

, (2.17)

where ni is the total number of samples x in Xi. Since E[Yi] is not known for any
i, the expectation value must be estimated by

mY =
L
∑

i=1

ωimYi .
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If strata have been designed well then it is likely that Var[mY ] given by Eq. (2.17)
is smaller than Var[mY ] resulting from simple sampling. On the other hand, a poor
stratification will result in an increased variance.

The variance given by Eq. (2.17) is minimised if the samples are distributed in
strata according to the Neyman allocation [16]

ni = n
ωiσYi

∑L
j=1 ωjσYj

, (2.18)

where σYi is the standard deviation of Yi. Nevertheless, Eq. (2.18) cannot be used
for distributing samples at the beginning of the calculation since σYi are not known
for any i. Therefore, the simulation is commonly divided into batches; the strata
in the first batch may contain equal number of samples. In the following batches,
σYi can be estimated for all i, and samples can be distributed more efficiently.
Nevertheless, there is a risk of estimating σYi incorrectly in the first batch, which
could result in a wrong distribution of the following batches. This would increase
the variance of E[Y ].

2.4.5 Importance Sampling

Importance sampling (e.g. [17]) is similar to the stratified sampling in the sense
that values of X that have larger impact on E[Y ] are preferred. This is achieved
by sampling X not from fX , but from another pdf fZ (the importance function).
This must be compensated by multiplying the sampled values of Y by a correction
factor

fX(x)
fZ(x)

.

Let the random variable Z be defined as

Z = g(x)
fX(x)
fZ(x)

.

If x is sampled from fZ then the expectation value E[Z] equals E[Y ],

E[Z] =
∫

x

g(x)
fX(x)
fZ(x)

fZ(x)dx

=
∫

x

g(x)fX(x)dx

= E[Y ].

The variance of Z is

Var[Z] = E[Z2]− E[Z]

=
∫

x

g2(x)
f2
X(x)
fZ(x)

dx− E[Y ].
(2.19)
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Thus, if the importance function is chosen such that

fZ(x) =
g(x)fX(x)

E[Y ]
(2.20)

then, according to Eq. (2.19),
Var[Z] = 0.

In this case, only one sample would be sufficient to obtain the precise value of E[Y ]
(with a zero variance). Therefore, this method is sometimes called the zero-variance
scheme.

Computing the precise importance function fZ(x) according to Eq. (2.20) is
computationally equivalent to enumerating the value of E[Y ]. Therefore, in prac-
tice, the importance function must be derived using numerical models much simpler
than g(x), so the zero variance is never obtained. Nevertheless, a certain variance
reduction can be achieved if the importance function is designed sufficiently well.
The efficiency, however, may not be improved proportionally to the variance since
the correction factors must be computed for each sample, which may be compu-
tationally expensive. Again, there is a risk that this technique will increase the
variance if the importance function is not optimal.





Chapter 3

Criticality Problems

How much easier it is to be critical than to be correct.

Benjamin Disraeli (1804 - 1881)

This chapter describes the general neutron transport equation, its relation to the
eigenvalue equation, and the Monte Carlo solution of the eigenvalue equation. Ex-
isting techniques designed to improve the convergence of the Monte Carlo fission
source are introduced.

3.1 The Transport Equation

The transport theory aims at determining the distribution of particles in a system,
accounting for the motion of particles and their interaction with the medium. In
order to determine the particle density N(r, t), that would be sufficient for most
applications, the particle velocity v must also be considered as there is no equation
that could adequately describe N(r, t) [18]. The distribution of particles is then
described by a particle phase space density function n(r,v, t);

n(r,v, t) d3r d3v (3.1)

equals the expected number of particles in d3r about r with velocity in d3v about
v at time t. If n(r,v, t) is known then the particle density can be obtained as

N(r, t) =
∫

d3v n(r,v, t).

The particle velocity vector v is usually decomposed into the unit vector in the
direction of motion, Ω = v/‖v‖, and the particle kinetic energy, E = mv2/2. The
particle phase space density is then defined so that

n(r, E,Ω, t) d3r dE dΩ (3.2)

17
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equals the expected number of particles in d3r about r with kinetic energy E in dE
moving about direction Ω in solid angle dΩ. Equating (3.1) to (3.2) shows that the
particle phase space density can be transformed between various sets of variables
as

n(r, E,Ω, t) =
v

m
n(r,v, t)

since

dΩ = sin θ dθ dϕ,

d3v = v2dv sin θ dθ dϕ,

dE = mv dv,

where (θ, ϕ) are the spherical coordinates. Similarly,

n(r, v,Ω, t) = v2n(r,v, t),

n(r, E,Ω, t) =
1
mv

n(r, v,Ω, t).

Sometimes, n(r, E,Ω, t) is referred to as the angular density to distinguish it from
the total particle density N(r, t).

The general form of the transport equation can be derived by equating the
substantial derivative describing the time rate of change of the local particle density
along the particle trajectory to the change in the local density due to collisions
(∂n/∂t)coll and sources q(r,v, t),

dn(r,v, t)
dt

=
(

∂n

∂t

)

coll

+ q(r,v, t). (3.3)

Since

dn
dt

=
∂n

∂t
+
∂r

∂t

∂n

∂r
+
∂v

∂t

∂n

∂v

=
∂n

∂t
+ v∇n+

F

m

∂n

∂v
,

where gradn = ∇n = ∂n/∂r, the transport equation takes the form

∂n

∂t
+ v∇n+

F

m

∂n

∂v
=
(

∂n

∂t

)

coll

+ q. (3.4)

In order to specify the collision term (∂n/∂t)coll, several following quantities
need to be defined:

• Σ(r,v) is the mean number of particle interactions per unit distance travelled
by particle of velocity v at position r, and is referred to as the macroscopic
cross section. The inverse of Σ(r,v) corresponds to the mean free path (mfp).
Σ(r,v) can be decomposed as

Σ(r,v) = NB(r)σ(r,v),



3.1. THE TRANSPORT EQUATION 19

where NB(r) is the number density of the medium. σ is referred to as the
microscopic cross section.

• f(r,v′ → v) is the scattering probability function that describes the prob-
ability distribution of velocities of the secondary particle (i.e. the collided
particle, not necessarily the same particle as before the collision). Exactly,

f(r,v′ → v)d3v

is the probability that a secondary particle induced by an incident particle
with velocity v′ at position r will be emitted with velocity v in d3v.

• c(r,v) is the mean number of secondary particles emitted in a collision event
experienced by an incident particle with velocity v at position r. In non-
absorbing and non-multiplying medium, c = 1.

• Σ(r,v′ → v), the collision kernel, is defined as

Σ(r,v′ → v) = Σ(r,v′)c(r,v′)f(r,v′ → v),

and equals the mean number of secondary particles of velocity v produced
per unit distance travelled by an incident particle of velocity v′ at position r.

The frequency of collision events experienced by a particle of velocity v is then
given by

vΣ(r,v),

and the rate at which the reactions occur in a unit volume equals

vΣ(r,v)n(r,v, t).

The collision term (∂n/∂t)coll can be thus written as
(

∂n

∂t

)

coll

=
∫

d3v′ v′Σ(r,v′ → v)n(r,v′, t)− vΣ(r,v)n(r,v, t).

So, the general transport equation takes the form

∂n

∂t
+ v∇n+

F

m

∂n

∂v
+ vΣn =

∫

d3v′ v′Σ(r,v′ → v)n(r,v′, t) + q. (3.5)

The term F

m
∂n
∂v

in Eq. (3.5) can be neglected in the theory of neutron transport.
Moreover, the neutron transport equation is commonly written in terms of the
angular flux

φ(r,v, t) ≡ vn(r,v, t)

as

1
v

∂φ

∂t
+ Ω∇φ+ Σφ =

∫ ∞

0

dE′
∫

4π

dΩ′ Σ(r, E′ → E,Ω′ → Ω)φ(r, E′,Ω′, t) + q. (3.6)
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Considering only the neutron transport in a medium without an external source of
neutrons (q = 0), Σ(r,v) and Σ(r,v′ → v) are known and independent of n(r,v, t);
therefore, Eq. (3.6) is linear, which means that if φ1(r, E,Ω, t) and φ2(r, E,Ω, t) are
solutions of Eq. (3.6) then any linear combination of φ1 and φ2 is also a solution of
Eq. (3.6).

The transport equation must be completed with the initial and boundary con-
ditions. The initial angular flux φ0(r, E,Ω) describes φ(r, E,Ω, t) for t = 0 for all r

and v, while the common boundary conditions usually include either the free surface
(neutrons can only escape through the surface) or reflecting boundary (neutrons
are reflected by the boundary) or interfaces (continuity of φ(r, E,Ω, t) is demanded
across interfaces).

The collision kernel Σ(r, E′ → E,Ω′ → Ω) in Eq. (3.6) is commonly separated
into two parts; a part

Σf(r, E′ → E,Ω′ → Ω)

that describes the fission events and a part

Σsc(r, E′ → E,Ω′ → Ω)

that describes all scattering events including (n, 2n), (n, 3n), capture and other
reactions. Since the fission neutrons are emitted isotropically, the corresponding
scattering probability function can be written as

ff(r, E′ → E,Ω′ → Ω) =
1

4π
χ(r, E′ → E),

where χ(r, E′ → E) is the normalised energy spectrum of fission neutrons that
is dependent of the fissile material; usually, it is possible to assume that χ is not
dependent on E′,

χ(r, E′ → E) = χ(r, E),

and can be approximated e.g. for 235U as [19]

χ(r, E) =

√

2
πe

e−E sinh
√

2E.

The mean number of secondary (fission) neutrons emitted in a fission event induced
by a neutron with energy E at position r is usually denoted as ν(r, E); thus,
Σf(r, E′ → E,Ω′ → Ω) can be written as

Σf(r, E′ → E,Ω′ → Ω) = Σf(r, E′)
χ(r, E)

4π
ν(r, E′).

The transport equation with the separated collision kernels is then written as

1
v

∂φ

∂t
+ Ω∇φ+Σφ =

∫ ∞

0

dE′
∫

4π

dΩ′ Σsc(r, E′ → E,Ω′ → Ω)φ(r, E′,Ω′, t)

+
χ(r, E)

4π

∫ ∞

0

dE′
∫

4π

dΩ′ Σf(r, E′)ν(r, E′)φ(r, E′,Ω′, t) + q.

(3.7)
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3.2 The Eigenvalue Equation

In general, the transport equation Eq. (3.7) yields a time-dependent neutron flux. A
solution that is not dependent on time can only be achieved in sub-critical systems
with external sources of neutrons (that are not in the scope of this thesis), or in
critical systems (fixed systems providing a constant power with no external source
of neutrons). In reality, however, there are no systems that are exactly critical;
the reactors must be controlled continuously by small movements of control rods
to maintain the required total power. Similarly, the numerical models of critical
reactors are also never exactly critical; Eq. (3.7) would give a solution strongly
dependent on time when applied on any system without an external source of
neutrons. Yet, computing the equilibrium solutions for fissile systems is of a large
importance to the reactor physics. The only way to achieve an equilibrium solution
is to force the numerical model to become exactly critical. This is usually done by
changing the value of ν(r, E) in Eq. (3.7) to

ν(r, E)
k

with the value of k such that the solution is not dependent on time, i.e. ∂φ/∂t = 0
in Eq. (3.7). This changes Eq. (3.7) into

Ω∇φ+ Σφ =
∫ ∞

0

dE′
∫

4π

dΩ′ Σsc(r, E′ → E,Ω′ → Ω)φ(r, E′,Ω′)

+
1
k

χ(r, E)
4π

∫ ∞

0

dE′
∫

4π

dΩ′ Σf(r, E′)ν(r, E′)φ(r, E′,Ω′),
(3.8)

where the external source of neutrons q is set to zero as Eq. (3.8) is designed for
systems without the external source of neutrons. As shown below, Eq. (3.8) is an
eigenvalue equation; it has many eigenvalues ki and corresponding eigenfunctions
φi. It should be, however, understood, that Eq. (3.8) has physical meaning only
when k = 1, which means practically never. Nevertheless, the equation can be used
to approximate the equilibrium neutron flux in systems that are almost critical, or
to quantify how far from criticality the system actually is (by studying the value of
k).

Using the following operators

Sφ = Ω∇φ,

Aφ = Σφ,

Scφ =
∫ ∞

0

dE′
∫

4π

dΩ′ Σsc(r, E′ → E,Ω′ → Ω)φ(r, E′,Ω′),

Fφ =
χ(r, E)

4π

∫ ∞

0

dE′
∫

4π

dΩ′ Σf(r, E′)ν(r, E′)φ(r, E′,Ω′),
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Eq. (3.8) can be rewritten into the form

(S +A− Sc)φ =
1
k
Fφ,

or
kφ = Lφ, (3.9)

where
L ≡ (S +A− Sc)−1F,

where (·)−1 denotes an operator inverted to the operator inside the brackets. The
k-eigenvalue spectrum of Eq. (3.9) may consist of infinite numbers of complex k-
eigenvalues; the eigenvalues may be ordered so that k0 > |k1| > |k2| > . . ., where
k0 is always real. Nevertheless, only one eigenfunction φ0 corresponding to the
fundamental mode (largest) eigenvalue k0 can be non-negative in the whole system,
and has thus a physical meaning. The largest eigenvalue k0 is denoted as keff .

Systems with keff < 1 are subcritical, and cannot maintain the fission chain
reaction (in reality); while systems with keff > 1 are supercritical, and the power
released during the fission chain reaction grows exponentially with time (in reality,
as long as the macroscopic cross sections are constant in time).

The neutron flux φ(r, E,Ω) closely relates to the distribution of fission neutrons
s(r, E) in the system; it is also possible to write the eigenvalue equation for s(r, E),

ks = Hs, (3.10)

where the operator H applied on s(r, E) gives the next generation fission source.
H is defined as

Hs ≡
∫ ∞

0

dE′
∫

V

d3r′ h(r′, E′ → r, E)s(r′, E′), (3.11)

where h(r′, E′ → r, E) dE d3r is an expected number of first generation fission
neutrons produced in the volume element d3r at r, in the energy element dE at
E, resulting from a fission neutron born at r′ with an energy E′. The angular
dependence is not considered since fission neutrons are emitted isotropically. Solv-
ing Eq. (3.10) is equivalent to solving Eq. (3.9), and φ0 and s0 can be computed
simultaneously.
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3.3 Monte Carlo Solution of the Eigenvalue Equation

Let the eigenfunctions sj and eigenvalues kj of H (from Eq. (3.10)) be ordered so
that k0 > |k1| > |k2| > . . . . The fundamental mode source s0(r, E) is usually
computed by the power iteration

s
(n)
0 =

Hs
(n−1)
0

k
(n)
0

, n = 1, 2, . . . , (3.12)

where s(0)
0 is an initial nonzero guess, and k(n)

0 (i.e. k(n)
eff ) may be computed, e.g., as

k
(n)
0 =

∫∞

0
dE
∫

V
d3r Hs

(n−1)
0 (r, E)

∫∞

0
dE
∫

V
d3r s

(n−1)
0 (r, E)

.

Any real function in the domain of H can be expressed as a weighted sum of
the eigenfunctions si of H; therefore

∃γi, i = 0, 1, . . . , s(0) =
∑

i

γisi. (3.13)

Equations (3.12) and (3.13) yield

s(n) = Hn
∑

i

γisi

=
∑

i

γiH
nsi

=
∑

i

γik
n
i si.

(3.14)

If (3.14) is multiplied by kn0 then

s(n)

kn0
= γ0s0 +

(

k1

k0

)n

γ1s1 +
(

k2

k0

)n

γ2s2 + . . .

Since 1 > |k1/k0| > |k2/k0| > . . . , s(n) converges to s0 as O ((k1/k0)n). The
convergence rate of the power iteration is therefore governed by the dominance ratio
k1/k0 [20]. Thus, the fission source converges slowly in systems with dominance
ratios close to unity.

The power iteration is adapted in all Monte Carlo codes that support the criti-
cality calculations. This is done by simulating successive neutron generations; each
generation (cycle) contains a certain number, m, of neutrons. The neutron trans-
port is simulated with the use of known pdf’s of various random variables (e.g., the
distance between collisions, the type of isotope and reaction at the collision site, the
number of new fission neutrons, scattering angles, etc.). The fission source is thus
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defined only in m sites in the system. The new fission neutrons sampled during
the neutron transport are added into the so-called delay bank. At the end of each
cycle, the delay bank is converted into the fission source for the subsequent cycle.

The neutron transport is usually not simulated analogously to the real transport.
A better efficiency can be achieved in non-analogue simulations where each fission
neutron is assigned a statistical weight that is multiplied at each collision by the
factor

Σs
Σt
.

A neutron is terminated when its statistical weight drops below a certain limit
value. At each collision c of a neutron history h, bh,c fission neutrons with unit
statistical weights are added into S (n),

bh,c
integer←−−−− fh,c

k
(n−1)
eff

,

where fh,c is the expected number of first generation fission neutrons, and fh,c/k
(n−1)
eff

is randomly rounded to a neighbouring integer. The value of fh,c can be computed
as

fh,c = wh,c

∑

q aq ν̄qσf q
∑

q aqσtotq

∣

∣

∣

∣

h,c

,

where q is summed over all nuclides of the material, aq is the atomic fraction of the
qth nuclide, wh,c is the statistical weight of the neutron h entering the collision c,
and ν̄q is the average number of neutrons produced per fission by the qth nuclide
at the incident neutron energy. The actual number of neutrons in S (n) may differ
from m at the end of cycle n; therefore, the statistical weights of neutrons in S (n)

are normalised so that their total statistical weight equals m.
The value of keff can be sampled in each history h by the collision estimator as

keffh =

∑

c fh,c
wh,0

,

where wh,0 is the initial statistical weight of neutron h (and also the statistical
weight of keffh). Thus, the value of keff can be estimated in cycle n by

k
(n)
eff =

∑

h wh,0keffh
∑

h wh,0

=

∑

h,c fh,c

m
, history h ∈ cycle n,

where index h is summed over all neutron histories in cycle n, and c is summed
over all collisions in history h.

A number of inactive cycles must be performed to achieve the convergence of
the fission source. The quantities of interest, like keff , neutron flux, reaction rates,
etc., must be combined over a number of active cycles with a converged fission
source.
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3.4 Convergence of the Fission Source

Random sampling introduces statistical errors of the order O(1/
√
m) into the Monte

Carlo source in each cycle. Although these errors decay in the subsequent cycles,
the net error propagation over cycles causes the expected source E(s(n)) to converge
to a biased stationary distribution s0,m rather than to s0. The difference between
s0 and s0,m is of the order O(1/m) [21]. It has been shown [22] that the expected
distribution of the Monte Carlo fission source E(s(n)) convergences to s0,m in the
order O ((k1/k0)n). Typically, the spatial distribution of a biased source is flatter
than the distribution of the fundamental mode source. Figure 3.1 shows an example
of the biased source (for several values of m) in a slab reactor.1

The biased fission source causes a bias in the keff estimator of the order O(1/m).
The biased keff is usually smaller than the correct one. This is caused partially
by an increased neutron leakage from the system, and partially by the reduced
concentration of the fission source in most reactive places due to the flatter source.
Figure 3.2 shows an example of the bias in keff in a slab reactor. The absolute value
of the bias in the fission source depends on the system properties. It has also been
shown that the standard method of computing the confidence limits is not valid
for iterated-source calculations due to correlation of the fission source between the
subsequent cycles [24–28].

The Monte Carlo fission source is defined only in a limited number of positions
(sites). This creates problems as the initial Monte Carlo fission source might not be
sampled in certain, possibly very important (most reactive), parts of the system.
This problem appears to be severe especially in criticality safety calculations of
loosely-coupled multi-component systems. If the fission neutrons are not present
in important components then these components become “invisible” in the system,
and the source convergence is not governed by the dominance ratio of the whole
system; instead it is governed by the dominance ratio of a system consisting of the
components with the fission source sampled in. Such dominance ratio may be very
close to unity, resulting in a slow convergence, although the real dominance ratio
may be small. While the fission source is not sampled in the important components
the keff estimate may be largely underestimated. This problem is known as the “keff

of the world problem” [29]. A reliable diagnostics of the source convergence appears
to be very problematic [30–42].

Choosing the batch size m affects the efficiency of the criticality calculation. It
is required, especially in systems with dominance ratios close to unity, to iterate
the fission source in many cycles (> 1000), which may require a small m (since the
computational time is proportional to nm for a one-processor calculation). On the
other hand a small m implies a large bias in the fission source and keff . Thus, m
should not be very small, but also not very large. This problem is demonstrated
in Figure 3.3 where the error in the cumulative fission source is measured in two

1Numerical calculations in this section have been accomplished by a proprietary Monte Carlo
code written by the author; the code is based on algorithms of the COHORT-II code [23].
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Figure 3.1: An example of the spatial distribution of the Monte Carlo fission source
in a slab reactor. Parameters - total number of neutron histories in active cycles:
3 × 109, the slab thickness: 1000 cm, material properties: 235U 0.14 g/cm3, 238U
1.0 g/cm3, Cnat 2.0 g/cm3, cross section library: JEFF 3.1.
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Figure 3.2: The keff estimate combined over the active cycles of the Monte Carlo
calculation specified in the caption of Figure 3.1.
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Figure 3.3: An example of the convergence of the cumulative fission source in a
Monte Carlo eigenvalue calculation with the neutron batch size of 50 and 5000
neutrons, respectively. Each calculation was repeated 10×. This example was
taken from Paper vii.

sets of test calculations; the first set uses the batch size of 50 neutrons, the second
set uses the batch size of 5000 neutrons. The cumulative fission source (i.e., the
fission source combined over the active cycles) is convenient for this demonstration
since its random noise decays in the order O(1/

√
mn). Convergence of the Monte

Carlo fission source is otherwise difficult to demonstrate due to its constant noise
O(1/

√
m).

In general, the optimal batch size depends on the error in the initial fission
source, the dominance ratio of the system and other properties of the system, and
the target number of simulated histories.

3.5 Improving the Convergence of the Fission Source

Improving the convergence of the Monte Carlo fission source is commonly done by
dividing the inactive cycles into several stages; the batch size is increased in each
subsequent stage, which allows to perform a large number of cycles, and decrease
the source bias gradually [43]. This section describes several other methods that
have been proposed to improve the convergence of the fission source.
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3.5.1 The Superhistory Powering

Brissenden and Garlick [21] have shown that the bias in the fission source and keff

is caused by normalising the neutron batch size at the end of each cycle. They
have suggested the superhistory powering method to reduce the bias by simulating
l neutron generations in each cycle. According to the authors, l-values up to 10
are easy to cope with. The number of fission neutrons may grow or decay over
the generations within a single cycle. Only the neutron batch generated in the last
generation of each cycle is normalised.

We have tested the superhistory powering method in Paper vii, and observed
that the method could considerably decrease the bias in the fission source at no extra
computational cost. Nevertheless, this method could not accelerate the convergence
of the fission source. Similar conclusions have been made by Blomquist and Gelbard
[44].

3.5.2 The Fission Matrix Acceleration Methods

The fission matrix acceleration methods approximate H in Eq. (3.10) by a fission
matrix H, and modify the delay bank using the fundamental mode eigenvector h

of H. A number, d, of space zones must be introduced over the system in order
to calculate the fission matrix. The (i, j)th element of H represents the probability
that a fission neutron born in zone j (Zj) causes the subsequent birth of a fission
neutron in zone i,

H[i,j]=

∞
∫∫

0

dEdE′
∫

Zi

d3r
∫

Zj

d3r′f(r′, E′→r, E)s0(r′, E′)

∞
∫

0

dE′
∫

Zj

d3r′ s0(r′, E′)
,

where f(r ′, E′ → r, E) dE d3r is an expected number of first generation fission
neutrons produced in the volume element d3r at r, in the energy element dE at
E, resulting from a fission neutron born at r ′ with an energy E′. The angular
dependence is not considered since fission neutrons are emitted isotropically.

The value of H[i, j] can be approximated during the nth cycle of a Monte Carlo
criticality calculation as

H
∗(n)[i, j] = F

∗(n)[i, j]/s(n−1)[j], (3.15)

where F
∗(n)[i, j] is the total expected number of fission neutrons from all collisions

in zone i produced by neutrons from S (n−1) originated from zone j, and s(n−1)[j]
is the sum of statistical weights of neutrons from S (n−1) in zone j. The fission
matrix computed by Eq. (3.15) is referred to as the cycle fission matrix H

∗(n). It
is possible to combine the fission matrix over all simulated cycles; such matrix is
then referred to as the cumulative fission matrix H

(n),

H
(n)[i, j] = F

(n)[i, j]/t(n−1)[j], ∀i, j,
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where

F
(n)[i, j] =

n
∑

l=1

F
∗(l)[i, j],

t(n−1)[j] =
n
∑

l=1

s(l−1)[j].

The fundamental mode eigenvector of H
(n) (H∗(n)) is denoted as h(n) (h∗(n)).

The existing fission matrix methods [45–49] assume that h(n) (or h∗(n)) con-
verges faster than the fission source in standard Monte Carlo calculations, which
can be utilised for accelerating the convergence of the fission source. The fission
matrix methods correct the fission bank using h(n) (or h∗(n)) in various ways. For
instance, Kadotani, et al. [46] proposed to set the number of the fission neutrons
in zone i to h(n)[i], where ||h(n)||1 = m. Similarly, Kitada, et al. [48] suggested
to normalise the total statistical weight of the fission neutrons in zone i to h(n)[i].
This method was tested on a large core, and an acceleration of the source con-
vergence was achieved with a batch of 10000 neutrons during 50 inactive cycles.
Urbatsch [47] proposed an additive correction to the fission source using both the
direct and adjoint fundamental mode eigenvectors of the cumulative fission ma-
trix. The high frequency noise in the additive correction was to be filtered, and
the correction had to be scaled down by a damping factor to enhance stability. An
acceleration of the source convergence with a batch of 5000 neutrons was achieved
during inactive cycles on several tested systems.

Yet, the success of existing fission matrix methods has been limited due to
stability problems and a dubious convergence of the fundamental mode eigenvector
of the fission matrix; therefore, these methods have not been considered reliable.
The fission matrix, however, represents valuable information about the system [50].
Therefore, some Monte Carlo codes [51, 52] calculate the fission matrix, although
the matrix is not used for the acceleration of the source convergence.

3.5.3 The Stratified Source Sampling

The stratified sampling technique described in Sec. 2.4.4 cannot be applied directly
on sampling the fission source since the pdf of the fundamental mode fission source is
not known. Yet, this technique inspired the existing Monte Carlo stratified source
sampling method [53–55] that addresses the convergence problems of the Monte
Carlo fission source in weakly-coupled multi-component systems.

At the end of each cycle, the expected statistical weight W (n)
i of the fission

source is computed in the ith component as

W
(n)
i =

m
∫

Vi
Hs(n−1) d3r

∫

V
Hs(n−1) d3r

, ∀i.



30 CHAPTER 3. CRITICALITY PROBLEMS

When W
(n)
i falls below a certain low weight cutoff threshold Wcut (user specified,

e.g. Wcut = 0.1), then a fission neutron carrying a unit statistical weight is sampled
in the ith component with a probability p = W

(n)
i ; no fission neutron is sampled

in this component with a probability p = 1 − W
(n)
i . If W (n)

i ≥ Wcut then an
integer number N (n)

i is found as the closest integer to W
(n)
i ; if N (n)

i equals zero
then exactly one fission neutron carrying the statistical weight W (n)

i is sampled in
the ith component. If N (n)

i is positive then N (n)
i fission neutrons each carrying the

statistical weight W (n)
i /N

(n)
i is simulated in ith component.

The Monte Carlo stratified source sampling method was shown to be effective in
several numerical tests [54, 56]. The method decreases the probability that fission
neutrons disappear, by chance, from some important component. The risk of losing
the fission neutrons from an important component can also be lowered by increasing
the neutron batch size m.

3.5.4 The Zero-Variance Scheme

The zero-variance scheme [57] has been also adapted [58, 59] for Monte Carlo
criticality calculations. The method biases the scattering angles and distances be-
tween neutron collisions so that neutrons get scattered into more important places,
which is compensated by correcting the statistical weights of simulated neutrons.
Although the method was designed to lower the variance of the computed keff ,
biasing the neutron transport can improve the convergence of the fission source.

First, we introduce the zero-variance scheme for reactor shielding calculations
here because the zero-variance scheme for criticality calculations is based on it.
Reactor shielding calculations seek for a response R of a small detector in a large
multiplying system. Most of the sampled neutron histories do not cross the small
detector, and thus are of no use. The zero-variance scheme tries to sample only
those neutron histories that contribute to the detector response. This is done by
changing the neutron transition and scattering probability distributions (transport
kernels) so that the neutrons tend towards the detector.

The detector response R can be formally written as

R =
∫

ηχ(P)χ(P) dP =
∫

ηψ(P)ψ(P) dP,

where P ≡ (r,Ω, E), χ(P) and ψ(P) are the emission and collision density, respec-
tively, and ηχ(P) and ηψ(P) are the detector response functions with respect to
χ(P) and ψ(P), respectively. χ(P) and ψ(P) are given by the transport equations

χ(P) = s(P) +
∫

K(P′ → P)χ(P′) dP′,

and

ψ(P) = s(P) +
∫

L(P′ → P)ψ(P′) dP′,
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where the transport kernels K and L are given as

K(P′ → P) ≡ T (r′ → r,Ω′, E′)C(r,Ω′ → Ω, E′ → E),

and
L(P′ → P) ≡ C(r,Ω′ → Ω, E′ → E)T (r′ → r,Ω′, E′),

respectively. The transition kernel

T (r′ → r,Ω′, E′) d3r

is the probability that a particle starting a flight path at r′ will have its next collision
in d3r at r. The collision kernel

C(r,Ω′ → Ω, E′ → E) dΩ dE

is the probability that a particle will exit a collision at r′ with direction Ω in dΩ
and energy E in dE.

During the neutron transport simulation, the transport kernel L(P′ → P) can
be efficiently biased using the adjoint form of ψ(P) as

L̄(P′ → P) ≡ L(P′ → P)
ψ∗(P)
ψ∗(P′)

,

which must be compensated by a suitable change of the statistical weight w of the
neutron, so that wL is conserved. The adjoint form ψ∗(P) is the solution of the
adjoint equation

ψ∗(P) = ηψ +
∫

L(P→ P′)ψ∗(P′) dP′.

Similarly, the adjoint form of χ(P) can be obtained, and used for biasing the trans-
port kernel K(P′ → P). The efficiency of biasing the neutron transport depends
on the precision of the adjoint functions that must be computed in advance.

The zero-variance scheme was adapted for criticality calculations by introduc-
ing a large virtual detector (superimposed on the whole system) with a response
function

ηψ = ν
Σf (P)
Σt(P)

.

Then, the detector response

R =
∫

νΣf(P)
Σt(P)

ψ(P) dP

reflects all new fission neutrons during each cycle, and keff can be computed as

keff =
R(n)

m
.

The adjoint functions may be computed, to some precision, by deterministic
codes. The efficiency of the zero-variance scheme in criticality calculations depends,
similarly as in the shielding calculations, on correctness of the adjoint functions.
The existing numerical tests [60] show that the method is more efficient when only
the collision kernel is biased since biasing the transition kernel is time consuming.
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3.5.5 The Wielandt Method

The Wielandt method is a known acceleration technique used in deterministic crit-
icality calculations where it guarantees a rapid and stable convergence. Recently,
the method has been adapted for Monte Carlo criticality calculations [61]. This
adaptation simulates several neutron generations in each cycle, which makes the
method similar to the superhistory powering. In contrast to the superhistory pow-
ering method, the neutron population always decays completely within a cycle.
Moreover, new fission neutrons for the subsequent cycle are sampled in all neutron
histories, i.e. not only in the last generation.

A fission neutron carrying the parent particle weight is emitted within the cur-
rent cycle from each collision with probability

w
Σf

Σt

ν

ke
,

where ke must be chosen larger than keff . New fission neutrons are tracked by the
same random walk process as other particles; they may produce progenies that are
also tracked within the current cycle until their deaths by escape, Russian roulette
and so on. If ke < keff then the fission chain will not terminate within the current
cycle.

A standard keff estimator will calculate an apparent eigenvalue, kw. The correct
keff of the system can be obtained as

keff =
(

1
kw

+
1
ke

)−1

.

Fission neutrons for the subsequent cycle are produced in each collision with prob-
ability

w
Σf

Σt

ν

kw
= w

Σf

Σt
ν

(

1
keff
− 1
ke

)

.

If ke > keff then the expected number of fission neutrons per collision is smaller than
in standard Monte Carlo calculations. However, all neutrons tracked within the
current cycle (including the new fission neutrons) may produce new fission neutrons
for the subsequent cycle; thus, the number of first generation fission neutrons is
preserved in each cycle. This causes the fission neutrons to spread more within a
cycle.

The existing numerical test calculations [61] show that the Wielandt method
decreases the number of cycles necessary to achieve the convergence of the Monte
Carlo fission source; however, the reduction of the total number of cycles does not
always compensate for the increased computer time per cycle (as more neutron
histories need to be followed at each cycle).



Chapter 4

Non-Linear Steady-State

and Burnup Problems

I have yet to see any problem, however complicated, which, when you looked at it
in the right way, did not become still more complicated.

Poul Anderson (1926 - 2001)

4.1 Non-Linear Steady-State Problems

Criticality calculations assume that the macroscopic cross sections in the eigenvalue
equation (3.8) are constant; thus, the criticality calculations solve the fundamental
mode neutron flux in static systems. In reality, however, the local coolant den-
sity, concentration of 135Xe, fuel temperature, etc. are all dependent on the local
neutron flux. Thus, a steady-state solution must describe unknown concentrations
of some isotopes (steady-state core conditions) and the corresponding equilibrium
distribution of the neutron flux. The eigenvalue equation (3.8) is not sufficient
to describe the solution of the steady-state problem, and must be completed with
equations for the unknown concentrations of relevant isotopes. Indeed, only a small
subset of all isotopes needs to be described by the additional equations as there are
many isotopes that do have constant (or almost constant) concentrations. The so-
lution of Eq. (3.8) where the macroscopic cross sections depend on the flux is not
linear, so the steady-state solution must be obtained by non-linear methods.

The Monte Carlo method has practically not been used in computing the steady-
state core conditions mainly due to extensive computational demands of multiple
criticality calculations needed to solve the non-linear problem. Moreover, the strong
thermal-hydraulic, Doppler, and 135Xe feedbacks, common mainly in thermal re-
actors, do not allow for solving the non-linear problem by the common fixed-point
method.

33
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4.2 Burnup Problems

Burnup calculations provide isotopic changes in irradiated nuclear fuel, and allow
to study neutronic properties of nuclear systems over long time periods, typically,
the fuel cycles of power reactors. In general, the time dependent neutron flux is
described by the transport equation (3.7). The time dependent macroscopic cross-
sections in Eq. (3.7) are, however, not known. The local macroscopic cross-sections
in Eq. (3.7) are dependent on the local neutron flux, and must be given by additional
equations. The concentration of the fuel isotopes can be described by the burnup
equation [62]

dN(r, t)
dt

= M(φ, T )N(r, t), (4.1)

where

M[φ(r, E, t), T (r, t)] =
∫ ∞

0

φ(r, E, t)X(T )dE + D, (4.2)

where X(T ) is a temperature dependant cross-section and yield matrix, and D is a
decay matrix. (In Eq. (4.1), Ni(r, t) is the concentration of isotope i at r time t.)
Eq. (4.1) has a formal solution [62]

N(r, t) = N(r)|t0 exp[M(φ, T )(t− t0)] (4.3)

for a known neutron flux φ(r, E, t). Other isotopes, present in e.g. in the coolant,
must be described by thermal-hydraulic equations. In general, the movements of
control rods should also be well specified to achieve criticality of the system at any
time.

Indeed, the numerical solution of the system of equations sketched above (com-
pleted with initial and border conditions) requires many simplifications. First of
all, the exact criticality of the numerical model can hardly be maintained by ad-
justing the control rods, that is why Eq. (3.7) is not used in burnup calculations.
Instead, the time period is divided into a number of time steps, and the neutron
flux in each step is approximated using the eigenvalue equation (3.9). The flux
is usually assumed to be constant during a time step; the matrix exponential in
Eq. (4.3) can be then enumerated using various algorithms. The simplest algorithm
approximates the matrix exponential by several terms of the power series

exp[M(t− t0)] = I + (t− t0)M +
(t− t0)2

M
2

2!
+ . . . . (4.4)

A good solution for typical burnup matrices and time steps, however, requires more
sophisticated algorithms [63–65].
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Summary of the Included Papers

The scientific theory I like best is that the rings of Saturn are composed entirely of
lost airline luggage.

Mark Russell (1932 - )

5.1 Paper I

The existing Monte Carlo fission matrix acceleration methods, briefly introduced in
Sec. 3.5.2, have been shown capable of accelerating the convergence of the Monte
Carlo fission source in several test criticality calculations [47, 48]. Nevertheless,
authors of these calculations have alerted to possible stability problems. These
problems have not been well described and explained in the literature; therefore,
we have decided to study this problem.

We have implemented the fission matrix acceleration method [48] into our pro-
prietary Monte Carlo code, and performed a series of test calculations. Performance
of the method appeared to be strongly dependent on the neutron batch size and the
total number of space zones used for computing the fission matrix. While studying
the spatial distribution of the iterated fission source and the fundamental mode
eigenvector of the fission matrix we could observe error propagation in the fission
matrix due to a feedback between the fission matrix and the fission source. Any
error in the fission source is reflected into the fission matrix at each cycle of the
Monte Carlo calculation. At the end of each cycle, the errors in the fission ma-
trix are transfered to the fundamental mode eigenvector from where these errors
affect the fission source in the next cycle (as the fission source is normalised by the
eigenvector).

When the neutron batch size is small with respect to the total number of space
zones, then the fission matrix is sampled with large statistical errors during many
inactive cycles; these errors are reflected to the fission source. Typically, the fis-
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sion source normalised by the eigenvector of a noisy fission matrix behaves very
chaotically over the cycles, and the calculation may diverge.

If the neutron batch size is large with respect to the total number of space
zones, then the fundamental mode eigenvector of the fission matrix may converge
faster than the fission source, and so the convergence of the fission source can be
accelerated. Nevertheless, if the space zones are relatively large, then the feedback
between the fission matrix and the fission source will slow down the overall conver-
gence rate (and so the acceleration method must be stopped after several cycles). It
is thus not surprising that the successful demonstrations of the Monte Carlo fission
matrix acceleration methods have been done only with large neutron batch sizes,
and the acceleration methods have been applied on several inactive cycles only.

It should be understood that standard Monte Carlo criticality calculations with
very large neutron batch sizes converge slowly since each cycle requires a large
computational time. Therefore, reducing the neutron batch size can improve the
performance of the standard Monte Carlo criticality calculations considerably. We
have noticed that the performance of the Monte Carlo calculations “successfully”
accelerated by the fission matrix acceleration method has generally not been better
than the performance of standard Monte Carlo calculations with optimised neutron
batch sizes.

5.2 Paper II

The Monte Carlo fission matrix is a very unique quantity that is worth of sampling
in the course of Monte Carlo criticality calculations. Its fundamental mode eigen-
value equals keff , and the corresponding eigenvector equals a spatially discretised
fission source in equilibrium. This paper describes a new concept of “fission matrix
based Monte Carlo criticality calculations”. It is explained that the Monte Carlo fis-
sion matrix can be sampled to a very good precision using inaccurate fission source
if the matrix is created using a space mesh with sufficiently small zones. Practically,
this means that no inactive cycles need to be performed before calculating the fis-
sion matrix. It is moreover possible to zone-wise decompose all random variables,
and make them dependent on the fission matrix. This way, no inactive cycles are
needed for sampling any of the random variables (like, a detector response, spatial
distribution of neutron flux, power, etc.). Space discretization into a large num-
ber of zones can produce very large fission matrices; however, such matrices are
very sparse, and their eigenvectors can be computed efficiently e.g. by the Arnoldi
method [66].

The way of using the fission matrix in the fission matrix based Monte Carlo
criticality calculations differs significantly from the way it is used by the Monte
Carlo fission matrix acceleration methods. In the fission matrix based Monte Carlo
criticality calculations, the fission source is not accelerated - it does not need to
since there are no inactive cycles. Moreover, the fission matrix is sampled during
all cycles, and all final results are derived using the fission matrix. On the contrary,
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the Monte Carlo fission matrix acceleration methods use the fission matrix only
during the inactive cycles for modifying the fission source, and the fission matrix is
used for no other purpose than biasing the fission source.

The fact that the fission matrix based Monte Carlo criticality calculations do
not use the inactive cycles implies that the calculations should, theoretically, pro-
vide a conservative (reliable) estimation of error in keff at any cycle. Conservative
error estimations can really be computed if the Monte Carlo calculation samples
also variances in the computed fission matrix. Our numerical test calculations of
Whitesides’ “k-effective of the world” model problem have confirmed this. This
makes the fission matrix based Monte Carlo criticality calculations especially at-
tractive for criticality safety calculations where conservative estimations of the error
in the computed keff is required.

5.3 Paper III

Any source convergence acceleration method, described in Chapter 2, will turn
out useless if it cannot run efficiently on multi-processor computers. Monte Carlo
criticality calculations require an efficient parallel computing scheme to lower the
computational time on modern multi-core and multi-processor computers. So far,
criticality calculations have been parallelised either by the master/slave scheme
(used e.g. in the MCNP5 code [OECD/NEA, 2008a]) or by combining the re-
sults from independent parallel simulations (used e.g. in the TRIPOLI-4 code
[OECD/NEA, 2008b]). The both schemes have disadvantages that do not allow for
the ideal parallel scaling. The master/slave scheme requires vast communication
among the processors, which limits the overall efficiency [68]. On the contrary,
the independent parallel simulations do not require any communication, but they
all converge at the same rate as a single-processor calculation. So the combined
computational time wasted in the inactive cycles in all parallel calculations may be
enormous.

We present a new parallel computing scheme based on the Monte Carlo fission
matrix. In this scheme, parallel criticality calculations (with unique initial seeds
in their random number generators) independently sample the Monte Carlo fission
matrix; thus, no communication among the processors is needed. At the end of the
calculation, the final fission matrix is combined from all parallel calculations. All
required results are then derived by means of the final fission matrix. No inactive
cycles are needed if the space mesh contains sufficiently small zones.

The efficiency of this scheme outperforms all existing parallel computing schemes
since the scheme does not require any communication among the processors, and
no inactive cycles are simulated. The scheme allows for a practically ideal parallel
scaling.
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5.4 Paper IV

In this paper, we have presented an efficient Monte Carlo method of iterative com-
puting the steady-state core conditions and neutron flux in a critical power reactor.
The method carries out a series of Monte Carlo criticality and thermal-hydraulic
calculations of a power reactor model. At each iteration step, the spatial distribu-
tion of neutron flux (power) from the Monte Carlo calculation is combined over all
finished iterations, and the resulting flux (power) distribution is used for improving
the accuracy of the core conditions (the spatial distribution of the coolant density,
strongly absorbing fission products like 135Xe, etc.) in the numerical core model.

Numerical stability of solving this non-linear problem is ensured by a newly
developed control of the step size and sample size parameters at each iteration
step. At the first iteration step, the Monte Carlo criticality calculation simulates a
small number of neutron histories (sample size) as the core conditions are not known
to a good precision yet. In each of the following steps, the Monte Carlo criticality
calculation simulates more neutron histories (the sample size grows) as the core
conditions are computed to a better precision. The final core conditions reflect
results from the Monte Carlo criticality calculations from all iteration steps, which
makes the calculation very efficient. According to the numerical test calculations,
this method reaches the highest possible convergence rate.

5.5 Paper V

A number of new Monte Carlo burnup codes [69–73] have been written during
the last decade. Usually, they couple the existing Monte Carlo criticality codes to
solvers of the burnup equations. The Monte Carlo burnup codes divide the target
time period into a number of time steps; at each step, the neutron flux and the
burnup matrix are computed [74] by the Monte Carlo criticality code, and these
data is used to compute the fuel burnup.

We have noticed that the existing major Monte Carlo burnup codes are numeri-
cally instable in fuel cycle calculations of critical reactors. Large spatial oscillations
of the neutron flux (power), 135Xe and fissile materials can be observed over the
time steps, which results in uselessness of these codes in the fuel cycle calculations.
The reason of this problem is that the affected Monte Carlo burnup codes couple
the criticality and burnup calculations by the explicit Euler method or the midpoint
method [75]; these methods are known to be only conditionally stable, i.e. stable
only for sufficiently short time steps [76]. The maximal length of the time step
that ensures a stable calculation depends on the problem being solved. We have
shown that even fuel cycle calculations with very short time steps of two days suffer
from serious numerical instabilities. The spatial oscillations of neutron flux are not
driven by propagation of the statistical errors [77, 78].

On the contrary, the existing deterministic burnup codes couple the criticality
and burnup calculations by more stable methods [79]. A common method used in
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deterministic burnup codes is the linear flux approximation [80] (the modified Euler
method). We have recommended implementation of the linear flux approximation
into the future Monte Carlo burnup codes.

It should be understood that in some cases, the affected Monte Carlo burnup
codes can provide correct results even with relatively large time steps. For example,
the spatial oscillations of the flux may not appear in systems with small dominance
ratios. Also, if the total power is small then the saturated density of 135Xe (and
other poisons) may be too small to provoke the spatial oscillations of the flux.
A fast neutron energy spectrum in fast reactors decreases the effective cross section
of 135Xe for neutron capture, which also improves the numerical stability. Many
problems assume only one burnable material in the system; in such cases the burnup
calculations are always stable since the spatial oscillations in the nuclide field are
not possible.





Chapter 6

Conclusions

Ah! Don’t say you agree with me. When people agree with me I always feel that I
must be wrong.

Oscar Wilde (1854 - 1900)

Monte Carlo calculations of reactor physics problems have been made possible only
thanks to the existence of electronic computers. The complexity of the Monte Carlo
calculations has been growing with the growing computing power. There is no ac-
celeration method that could have so big impact on the Monte Carlo calculations
as the progress in the computer technology. Nevertheless, the architecture of com-
puters changes. No longer the speed of a single processor doubles every two years;
instead, more processors are being implemented into a single chip. It is not un-
reasonable to assume that the near future mainstream computers will have several
hundreds of cores. Fast Monte Carlo calculations will be possible only with the
full and efficient utilisation of all available processors. Therefore, the future Monte
Carlo calculations (criticality, steady-state, and burnup) will have to be heavily
parallelised. We have presented new methods that will help to realise this.

41





Bibliography

[1] Cacuci, D. G., Aragonés, J. M., Bestion, D., Coddington, P., Dada, L., and
Chauliac, C., “NURESIM: A European Platform for Nuclear Reactor Sim-
ulation,” FISA 2006, Conference on EU Research and Training in Reactor
Systems, Luxembourg, March 13-16 2006.

[2] Fishman, G. S., Monte Carlo: Concepts, algorithms, and applications, Springer
Series in Operations Research, Springer-Verlag, New York, 1996.

[3] Metropolis, N., “The Beginning of the Monte Carlo Method,” Los Alamos
Science, Vol. 15, 1987, pp. 125–130.

[4] Amelin, M., On Monte Carlo simulation and analysis of electricity markets,
Ph.D. thesis, KTH, Electrical Engineering, 2004, ISBN: 91-7283-850-7.

[5] Knuth, D. E., The Art of Computer Programming, Volume 2: Seminumerical
Algorithms, Addison Wesley Longman, 2nd ed., 1981.

[6] L’Ecuyer, P., Handbook on Simulation, chap. 4. Random Number Generation,
Wiley, 1998, pp. 93–137.

[7] Lewis, P. A. W., Goodman, A. S., and Miller, J. M., “A pseudo-random number
generator for the system/360,” IBM System’s Journal, Vol. 8, 1969, pp. 136–
143.

[8] L’Ecuyer, P., Encyclopedia of Quantitative Finance, Vol. Simulation Meth-
ods in Financial Engineering, chap. Pseudorandom Number Generators, Rama
Cont, 2009.

[9] Eichenauer-Herrmann, J., “Inversive congruential pseudorandom numbers: A
tutorial,” International Statistical Reviews, Vol. 60, 1992, pp. 167–176.

[10] Lagarias, J. C., “Pseudorandom numbers,” Statistical Science, Vol. 8, No. 1,
1993, pp. 31–39.

[11] Devroye, L., Non-Uniform Random Variate Generation, chap. 2, Springer-
Verlag, 1986, p. 28.

43



44 BIBLIOGRAPHY

[12] von Neumann, J., “Various techniques used in connection with random digits,”
Applied Mathematics Series, no. 12, 1951, pp. 36–38.

[13] Cam, L. L., “The central limit theorem around 1935,” Statistical Science,
Vol. 1, No. 1, 1986, pp. 78–91.

[14] Kenney, J. F. and Keeping, E. S., Mathematics of Statistics, Princeton, 3rd
ed., 1962.

[15] Lavenberg, S. S. and Welch, P. D., “A perspective on the use of control variables
to increase the efficiency of Monte Carlo simulations,” Management Science,
Vol. 27, 1981, pp. 322–335.

[16] Neyman, J., “On the Two Different Aspects of the Representative Method:
The Method of Stratified Sampling and the Method of Purposive Selection,”
Journal of the Royal Statistical Society, Vol. 97, No. 4, 1934, pp. 558–625.

[17] Juneja, S. and Shahabuddin, P., Handbooks in Operations Research and Man-
agemant Science: Simulation, chap. 11, Elsevier, Amsterdam, The Nether-
lands, 2006, pp. 291–350.

[18] Duderstadt, J. J. and Martin, W. R., Transport Theory, John Wiley & Sons
Inc, New York, June 1979.

[19] Watt, B. E., “Energy Spectrum of Neutrons from Thermal Fission of U235,”
Phys. Rev., Vol. 87, No. 6, September 1952, pp. 1037–1041.

[20] Wachspress, E. L., Iterative Solutions of Elliptic Systems and Applications to
the Neutron Diffusion Equations of Reactor Physics, Prentice Hall, Englewood
Cliffs, NJ, 1973.

[21] Brissenden, R. J. and Garlick, A. R., “Biases in the Estimation of Keff and
its Error by Monte Carlo Methods,” Ann. Nucl. Energy, Vol. 13, No. 2, 1986,
pp. 63.

[22] Ueki, T., Brown, F. B., Parsons, D. K., and Kornreich, D. E., “Autocorrelation
and Dominance Ratio in Monte Carlo Criticality Calculations,” Nucl. Sci.
Eng., Vol. 145, 2003, pp. 279.

[23] Soffer, L. and Clemons, L., “COHORT-II - A Monte Carlo General Purpose
Shielding Computer Code,” Tech. Rep. NASA TN D-6170, National Aeronau-
tics and Space Administration, Cleveland, Ohio 44135, April 1971.

[24] MacMillan, D. B., “Monte Carlo Confidence Limits for Iterated Source Calcu-
lations,” Nucl. Sci. Eng., Vol. 50, 1973, pp. 73.

[25] Pederson, S. P., Forster, R. A., and Booth, T. E., “Confidence interval proce-
dures for Monte Carlo transport simulations,” Nucl. Sci. Eng., Vol. 127, No. 1,
1997, pp. 54–77.



45

[26] Gelbard, E. M. and Prael, R. E., “Computation of Standard Deviations in
Eigenvalue Calculations,” Prog. Nucl. Energy, Vol. 24, 1990, pp. 237.

[27] Nease, B. R.and Ueki, T., “Extension of MacMillan’s Approach to Autocor-
relation Estimation of Monte Carlo Fission Sources,” Trans. Am. Nucl. Soc.,
Vol. 93, 2005, pp. 563–565.

[28] Ueki, T. and Nease, B. R., “Time Series Analysis of Monte Carlo Fission
Sources-II: Confidence Interval Estimation,” Nucl. Sci. Eng., Vol. 153, No. 2,
2006, pp. 184–191.

[29] Whitesides, G. E., “A Difficulty in Computing the k-effective of the World,”
Trans. Am. Nucl. Soc., Vol. 14, 1971, pp. 680.

[30] Blomquist, R. N. and Gelbard, E. M., “Monte Carlo Criticality Source Con-
vergence in a Loosely Coupled Fuel Storage System,” Seventh International
Conference on Nuclear Criticality Safety, Vol. II, Tokai, Ibaraki, Japan, Octo-
ber 20-24 2003, pp. 500–507.

[31] Blomquist, R. N., “Monte Carlo analysis of a loosely coupled reactor,” Nuclear
criticality technology and safety project (NCTSP) annual meeting, San Diego,
CA, May 17 1995.

[32] Blomquist, R., Nouri, A., Armishaw, M., Jacquet, O., Naito, Y., and
Yamamoto, T., “OECD/NEA Source Convergence Benchmark Program:
Overview and Summary of Results,” Seventh International Conference on Nu-
clear Criticality Safety, Vol. II, Tokai, Ibaraki, Japan, October 20-24 2003, pp.
278–282.

[33] Ueki, T. and Brown, F. B., “Stationarity Diagnostics Using Shannon Entropy
in Monte Carlo Criticality Calculation I: F Test,” Trans. Am. Nucl. Soc.,
Vol. 87, 2002, pp. 156.

[34] Ueki, T. and Brown, F. B., “Informatics Approach to Stationarity Diagnos-
tics of the Monte Carlo Fission Sources Distribution,” Trans. Am. Nucl. Soc.,
Vol. 89, 2003, pp. 458.

[35] Ueki, T. and Brown, F. B., “Stationarity and Source Convergence Diagnostics
in Monte Carlo Criticality Calculation,” Nuclear Mathematical and Compu-
tational Sciences: A Century in Review, A Century Anew, Gatlinburg, Ten-
nessee, April 6-11 2003.

[36] Ueki, T., Brown, F. B., Parsons, D. K., and Warsa, J. S., “Time Series Analysis
of Monte Carlo Fission Sources-I: Dominance Ratio Computation,” Nucl. Sci.
Eng., Vol. 148, 2004, pp. 374.

[37] Ueki, T., “Entropy and Undersampling in Monte Carlo Criticality Calcula-
tions,” Trans. Am. Nucl. Soc., Vol. 91, 2004, pp. 119.



46 BIBLIOGRAPHY

[38] Naito, Y. and Yang, J., “The Sandwich Method for Determining Source Con-
vergence in Monte Carlo Calculation,” J. Nucl. Sci. Technol., Vol. 41, No. 5,
May 2004.

[39] Ueki, T. and Brown, F. B., “Stationarity Modeling and Informatics-Based
Diagnostics in Monte Carlo Criticality Calculations,” Nucl. Sci. Eng., Vol. 149,
2005, pp. 38.

[40] Ueki, T., “Information Theory and Undersampling Diagnostics for Monte
Carlo Simulation of Nuclear Criticality,” Nucl. Sci. Eng., Vol. 151, No. 3,
November 2005, pp. 283–292.

[41] Shim, H. J. and Kim, C. H., “Convergence Criterion of Fundamental Mode
Fission Source Distribution in Monte Carlo Calculations,” The Monte Carlo
Method: Versatility Unbounded In A Dynamic Computing World, American
Nuclear Society, Chattanooga, Tennessee, April 17-21 2005.

[42] Shim, H. J. and Kim, C. H., “Stopping Criteria of Inactive Cycle Monte Carlo
Calculations,” Nucl. Sci. Eng., Vol. 157, No. 2, 2007, pp. 132–141.

[43] Briesmeister, J. F., editor, MCNP - A General Monte Carlo N-Particle Trans-
port Code, chap. 2, Los Alamos National Laboratory, 2000, p. 178.

[44] Blomquist, R. N. and Gelbard, E. M., “Alternative Implementations of the
Monte Carlo Power Method,” Nucl. Sci. Eng., Vol. 141, 2002, pp. 85.

[45] Carter, L. L. and McCormick, N. J., “Source Convergence in Monte Carlo
Calculations,” Nucl. Sci. Eng., Vol. 36, 1969, pp. 438–441.

[46] Kadotani, H., Hariyama, Y., Shiota, M., and Takeda, T., “Acceleration of Fis-
sion Distribution Convergence Using Eigenvectors from Matrix K Calculations
in the KENO Code,” ICNC 91, Oxford, UK, September 9-13 1991, paper II-1.

[47] Urbatsch, T. J., Iterative Acceleration Methods for Monte Carlo and Determin-
istic Criticality Calculations, Ph.D. thesis, Los Alamos National Laboratory,
November 1995.

[48] Kitada, T. and Takeda, T., “Effective Convergence of Fission Source Distribu-
tion in Monte Carlo Simulation,” J. Nucl. Sci. Technol., Vol. 38, No. 5, 2001,
pp. 324–329.

[49] Kuroishi, T. and Nomura, Y., “Development of Fission Source Acceleration
Method for Slow Convergence in Criticality Analyses by Using Matrix Eigen-
vector Applicable to Spent Fuel Transport Cask with Axial Burnup Profile,”
J. Nucl. Sci. Technol., Vol. 40, No. 6, 2003, pp. 433–440.

[50] Kitada, T. and Takeda, T., “Evaluation of Eigenvalue Separation by the Monte
Carlo Method,” J. Nucl. Sci. Technol., Vol. 39, No. 2, 2002, pp. 129.



47

[51] “TRIPOLI-4.4 Monte Carlo Method Particle Transport Code, NEA-1716,”
2008, Abstract available from: http://www.nea.fr/abs/html/nea-1716.html.

[52] “SCALE: A Modular Code System for Performing Standardized Computer
Analyses for Licensing Evaluation, ORNL/TM-2005/39, Version 5.1, Vols. I-
III,” 2006, Available from Radiation Safety Information Computational Center
at Oak Ridge National Laboratory as CCC-732.

[53] Gelbard, E. M. and Roussel, B., “Proposed Solution to the “keff of the World”
Problem,” Trans. Am. Nucl. Soc., Vol. 73, 1995, pp. 201.

[54] Blomquist, R. N. and Gelbard, E. M., “Monte Carlo Stratified Source-
Sampling,” Tech. Rep. ANL/RA/CP-94187 CONF-9705169, Argonne National
Laboratory, 1997.

[55] Mohamed, A. and Gelbard, E. M., “Stratified Source-Sampling Techniques for
Monte Carlo Eigenvalue Analysis,” On the Physics of Nuclear Science and
Technology, Hauppage, NY, October 5-8 1998, pp. 152–159.

[56] Blomquist, R. N., “Monte Carlo Source Convergence and the Whitesides’ Prob-
lem,” Proc. Int. Topl. Mtg. Advances in Reactor Physics and Mathematics and
Computation into the Next Millennium, American Nuclear Society, PHYSOR
2000, Pittsburgh, Pennsylvania, May 2000.

[57] Haghighat, A. and Wagner, J., “Monte Carlo variance reduction with determin-
istic importance functions,” Prog. Nucl. Energy, Vol. 42, No. 1, 2003, pp. 25–
53.

[58] Christoforou, S. and Hoogenboom, J. E., “A Zero-Variance-Based Scheme for
Variance Reduction in Monte Carlo Criticality,” PHYSOR-2006, ANS Topical
Meeting on Reactor Physics, Vancouver, BC, Canada, September 10-14 2006.

[59] Christoforou, S. and Hoogenboom, J. E., “Implementation of an Approximate
Zero-Variance Scheme in the TRIPOLI Monte Carlo Code,” PHYSOR-2006,
ANS Topical Meeting on Reactor Physics, Vancouver, BC, Canada, September
10-14 2006.

[60] Hoogenboom, J. E., “NURESIM WP1.1/T1.1.1 Advanced Monte Carlo Meth-
ods,” Presentation at the 4th SP-1 NURESIM meeting in Paris.

[61] Yamamoto, T. and Miyoshi, Y., “Reliable Method for Fission Source Con-
vergence of Monte Carlo Criticality Calculation with Wielandt’s Method,” J.
Nucl. Sci. Technol., Vol. 41, No. 2, 2004, pp. 99–107.

[62] Bell, G. I. and Glasstone, S., Nuclear Reactor Theory, Van Nostrand Reinhold
Company, New York, N.Y. 10001, 1970.



48 BIBLIOGRAPHY

[63] Cetnar, J., “General solution of Bateman equations for nuclear transmuta-
tions,” Ann. Nucl. Energy, Vol. 33, 2006, pp. 640–645.

[64] Yamamoto, A., Tatsumi, M., and Sugimura, N., “Application of the Krylov
Subspace Method to Burnup Calculation for Lattice Physics Code,” Trans.
Am. Nucl. Soc., Vol. 95, 2006, pp. 713–714.

[65] Yamamoto, A., Masahiro, T., and Naoki, S., “Numerical Solution of Stiff Bur-
nup Equation with Short Half Lived Nuclides by the Krylov Subspace Method,”
J. Nucl. Sci. Technol., Vol. 44, No. 2, 2007, pp. 147–154.

[66] Saad, Y., Numerical Methods for Large Eigenvalue Problems, Manchester Uni-
versity Press, Manchester, England, UK, 1992.

[67] “MCNP5/MCNPX, A General Monte Carlo N-Particle Transport Code,
CCC-0740,” 2008, Abstract available from: http://www.nea.fr/abs/html/ccc-
0740.html.

[68] Persson, C. M., personal correspondence on criticality calculations with
MCNP5 on the SCYLD cluster, General Atomics, San Diego, 2007.

[69] Cetnar, J., Gudowski, W., and Wallenius, J., User Manual for Monte-Carlo
Continuous Energy Burnup (MCB) Code -Version 1C , Royal Institute of Tech-
nology, Stockholm, 2000.

[70] Poston, D. I. and Trellue, H. R., User’s Manual, Version 2.0 for Monteburns,
Version 1.0, 2nd ed., September 1 1999.

[71] Los Alamos National Laboratory, MCNPX, VERSION 2.6.A, 2005, LA-UR-
05-8225.

[72] Haeck, W. and Verboomen, B., “ALEPH 1.1.2 - A Monte Carlo Burn-Up
Code,” Tech. Rep. ISSN 1379-2407, Belgian Nuclear Research Centre, Mol,
Belgium, January 2006.

[73] Lee, Y. K., Roesslinger, B., and Tsilanizara, A., “TRIPOLI-PEPIN Depletion
Code and Its First Numerical Benchmarks for PWR High-Burnup UO2 and
MOX Spent Fuel,” International Topical Meeting on Mathematics and Compu-
tation, Supercomptuting, Reactor Physics and Nuclear Biological Applications
(M & C 2005), American Nuclear Society (ANS), Avignon (Palais des Papes)
France, September 12-15 2005, available on CD-ROM.

[74] Haeck, W. and Verboomen, B., “An Optimum Approach to Monte Carlo Bur-
nup,” Nucl. Sci. Eng., Vol. 156, No. 2, 2007, pp. 180–196.

[75] Fensin, M. L., Hendricks, J. S., Trellue, H., and Anghie, S., “Incorporation
of a Predictor-Corrector Methodology and 1-Group Reaction Rate Reporting
Scheme for the MCNPX Depletion Capability,” Trans. Am. Nucl. Soc., Vol. 95,
2006, pp. 317–320.



49

[76] Hoffman, J. D., Numerical Methods for Engineers and Scientists, Marcel
Dekker, Inc., New York, 2nd ed., 2001.

[77] Tohjoh, M., Endo, T., Watanabe, M., and Yamamoto, A., “Effect of error
propagation of nuclide number densities on Monte Carlo burn-up calculations,”
Ann. Nucl. Energy, Vol. 33, No. 17-18, 2006, pp. 1424–1436.

[78] Takeda, T., Hirokawa, N., and Noda, T., “Estimation of Error Propagation
in Monte-Carlo Burnup Calculations,” J. Nucl. Sci. Technol., Vol. 36, No. 9,
September 1999, pp. 738–745.

[79] Stamm’ler, R. J. and Abbate, M. J., Methods of Steady-State Reactor Physics
in Nuclear Design, Academic Press, London - New York, 1983, pp. 388.

[80] Yang, W. S. and Downar, T. J., “A Linear Time-Dependent Flux Approxi-
mation for Nuclide Depletion Based on a Perturbation Method,” Ann. Nucl.
Energy, Vol. 17, No. 1, 1990, pp. 37–42.


