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Antonios Monokrousos
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Abstract

Both optimal disturbances and optimal control are studied by means of nu-
merical simulations for the case of the flat-plate boundary-layer flow. The
optimisation method is the Lagrange multiplier technique where the objective
function is the kinetic energy of the flow perturbations and the constraints in-
volve the linearised Navier–Stokes equations. We consider both the optimal
initial condition leading to the largest growth at finite times and the optimal
time-periodic forcing leading to the largest asymptotic response. The opti-
mal disturbances for spanwise wavelengths of the order of the boundary layer
thickness are streamwise vortices exploiting the lift-up mechanism to create
streaks. For long spanwise wavelengths it is the Orr mechanism combined with
the amplification of oblique wave packets that is responsible for the distur-
bance growth. Control is applied to the bypass-transition scenario with high
levels of free-stream turbulence. In this scenario low frequency perturbations
enter the boundary layer and streamwise elongated disturbances emerge due to
the non-modal growth. These so-called streaks are growing in amplitude until
they reach high enough energy levels and breakdown into turbulent spots via
their secondary instability. When control is applied in the form of wall blowing
and suction, within the region that it is active, the growth of the streaks is
delayed, which implies a delay of the whole transition process. Additionally,
a comparison with experimental work is performed demonstrating a remark-
able agreement in the disturbance attenuation once the differences between the
numerical and experimental setup are reduced.

Descriptors: boundary layer, control, estimation, optimal disturbances, La-
grange method
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Preface

This thesis deals with optimal control and optimal disturbances in flows over
flat-plate boundary layers. A brief overview of the basic concepts and methods
is presented in the first part. The second part is a collection of the following
articles:

Paper 1. A. Monokrousos, L. Brandt, P. Schlatter & D. S. Hen-

ningson, 2008
DNS and LES of estimation and control of transition in boundary layers subject
to free-stream turbulence. Int. J. Heat and Fluid Flow, 29, Issue 3 841-855

Paper 2. F. Lundell, A. Monokrousos & L. Brandt, 2009
Feedback Control of Boundary Layer Bypass Transition: Experimental and
Numerical Progress. 47th AIAA Aerospace Sciences Meeting, Orlando, FL

Paper 3. A. Monokrousos, E. Åkervik, L. Brandt & D. S. Henning-

son, 2009
Global optimal disturbances in the Blasius boundary-layer flow using time-
steppers. Submitted to the Journal of Fluid Mechanics.
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were done by EÅ. The writing of the paper was done by AM, EÅ and LB with
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Part I

Introduction



CHAPTER 1

Introduction

Fluids are all around us. We experience them in all kind of manners and ways.
We feel the water opposing us when we swim but also keeping us on the surface,
we sense the air around us when we run or bike, finally we just take a sip from
a glass of good red wine. However, we hardly realise and even less understand
the complicated phenomena taking place within them.

It is impressive how we are able to conceive and describe immense processes,
light years away from us, for instance how a star is born or how it dies and
also immensely small phenomena like how few sub-atomic particles interact
and combine to give us the huge variety of elements found in nature; yet again
something so familiar and commonplace like what happens to the flow of water
out of an open tap elude us: suddenly and for no apparent reason the simple
smooth laminar flow turns into a chaotic and turbulent motion.

This thesis deals with problems of the kind and also attempts to shed
some light on how one would try to prevent a catastrophic event like the one
described above by applying control. The shift of a flow from the laminar to
turbulent state is called transition to turbulence and it has been the subject
of study for more than a century. However, the more complicated the flow
configuration becomes i.e. the geometrical and physical characteristics of the
solid objects that the fluid interacts with, the less intuitive or apparent the
transition mechanisms are.

In real flows often (but not always) the transition is initiated by small
in amplitude perturbations and we can assume that their dynamics can be
described, at least at an initial stage, by linear theory. However, whether tran-
sition will occur or not does not depend solely on the perturbation amplitude
but also on its shape in space. Thus there must be some perturbations that
are more efficient at initiating transition than others. These are called optimal
disturbances and since they represent the path which the flow is taking in or-
der to go from the laminar state to the turbulent they can help understand the
transition process.
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CHAPTER 2

Theoretical background

2.1. Base flow, Governing equations

This study is concerned with the stability and control of the classical spatially-
evolving two-dimensional flat-plate boundary-layer flow subject to three-
dimensional disturbances. The system of partial differential equations (PDE)
used as a model for the flow are the Navier-Stokes equations. It is, however,
enough to assume perturbations of small amplitude and linearise around a base
flow enabling the use of optimisation theory that requires a linear system of
governing equations. The model describing the dynamics of the small pertur-
bations are therefore the linearised Navier-Stokes equations,

∂tu + (U · ∇)u + (u · ∇)U = −∇π +Re−1∆u + g, (2.1)

∇ · u = 0, (2.2)

where U = (U(x, y), V (x, y), 0)T is the two-dimensional base flow and u =
(u(x, t), v(x, t), w(x, t))T is the small perturbation representing the departure
from the base flow. u′ = U+u would be the total velocity vector. x = (x, y, z)T

is the spatial position vector where x corresponds to the streamwise, y to the
wall-normal and z to the spanwise direction. Our domain of interest is defined
by a rectangular box

Ω = [0, Lx] × [0, Ly] × [−Lz

2
,
Lz

2
]

where Lx,Ly and Lz are the corresponding lengths in the three directions. The
term g is a forcing function that can assume different roles depending on if
for instance we apply control or seek optimal forcing functions and π is the
perturbation pressure. All the quantities in equations (2.1) and (2.2) are non-
dimensional. In particular velocities are scaled with the free-stream velocity
U∞, lengths with the inflow displacement thickness δ∗0 and time with δ∗0/U∞.

The flow is considered to be incompressible and viscous. Two different
Reynolds numbers are used throughout this thesis. For the most part the
Reynolds number based on the displacement thickness δ∗,

Reδ∗ =
U∞δ

∗

ν
, (2.3)

but also the Reynolds number based on the distance from the leading edge x′,

Rex =
U∞x

′

ν
, (2.4)
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4 2. THEORETICAL BACKGROUND

Figure 2.1. The boundary layer flow. The dashed lines indi-
cate the computational box. The arrow shows the direction of
the flow.

are used. ν is the kinematic viscosity.

For this work both Direct Numerical Simulations (DNS) as well as Large
Eddy Simulations (LES) were used by employing a fully-spectral numerical
code (Chevalier et al. 2007b).

2.1.1. State-Space formulation

As it can also be seen from equations (2.1) and (2.2) for incompressible flows the
pressure only acts as a Lagrange multiplier to maintain divergence-free velocity
fields. The pressure itself can be formally expressed as a function of the velocity
vector u = (u, v, w)T enabling the use of u as the state variable and to re-write
the equations in a compact form (Kreiss et al. 1994). The momentum part of
the forced linearized Navier–Stokes equations can be written as

∂tu = −(U · ∇)u − (u · ∇)U +Re−1∆u + ∇π + g, (2.5)

where the pressure is a known function of the divergence-free velocity field u

and base flow U

∆π = −∇ · ((U · ∇)u + (u · ∇)U). (2.6)

Inversion of the Laplacian requires boundary conditions and formally we
may obtain these by projecting (2.5) on the outwards pointing normal of the
domain n. The solution of (2.6) is denoted as π = Ku so we have with the
following expression for the system operator

A = −(U · ∇) − (∇U) +Re−1∆ + ∇K. (2.7)

The resulting state space formulation of equation (2.5) reads

(∂t −A)u − g = 0, u(0) = u0 , (2.8)
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with solution

u(t) = exp(At)u0
︸ ︷︷ ︸

initial value problem

+

∫ t

0

exp(Aτ)g(x, t − τ) dτ

︸ ︷︷ ︸

forced problem

. (2.9)

Alternatively A may also be defined using semi-group theory, where it is
referred to as an infinitesimal generator. First, the evolution operator T (t) is
defined as the operator that maps a solution at time t0 to time t0 + t.

u(t+ t0) = T (t)u(t0) . (2.10)

The infinitesimal generator of T (t), A, is defined through the action of T for
an infinitesimal amount of time δt

Au = lim
δt→0

T (δt)u − u

δt
. (2.11)

See also Trefethen et al. (1993) and Bagheri et al. (2009).

2.2. Objective function and the Lagrangian approach

The optimisation method employed here is called the Lagrange approach. The
idea originates from classical mechanics where the Lagrangian is an alternative
way to write the energy of a dynamical system. Using calculus of variations one
seeks minima of the Lagrangian which often correspond to preferred (by the
system) states. The method is generalised so that new states (still solutions
to the original PDE) are recovered that correspond to extrema of a chosen
quantity/functional of the system. Additional constraints, apart from the gov-
erning equations themselves, can be added according to the needs of a specific
problem. Once the Lagrangian is set-up it is a calculus problem to rebuild
a new set of PDEs whose solution not only satisfies the original PDE but is
additionally an extremum with respect to the chosen objective. The chosen
functional is known as objective function and the method is referred to as the
Lagrange multiplier technique.

The objective function we choose is the kinetic energy of the perturbation
field while the constraints can be either physical, for instance the need to have
a divergence-free velocity field (part of the governing equations) or imposed like
the demand to have an initial condition of unit amplitude. Thus we introduce
the norm based on the kinetic energy of the perturbations

‖u(t)‖2 = (u(t),u(t)) =

∫

Ω

uHu dΩ. (2.12)

The general form of the Lagrangian used throughout this thesis is

L = (Objective function) − (p, (Gov. Eqs)) − (σ, (Additional constraints))

The quantities p and σ are called Lagrange multipliers and they are part of
the final system of PDEs. The Lagrange multiplier p, attached to the govern-
ing equations, will be computed as solution to a PDE similar to the original
governing equations and is called the adjoint variable or the co-state variable.
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Here we apply this method to two types of problems. One is finding optimal
disturbances, that is structures in the flow that lead to final states with high
energy while the other is designing controllers that when applied to a flow
minimise the perturbation kinetic energy of the system.



CHAPTER 3

Optimal disturbances

As mentioned above the first task is finding optimal disturbances. We are inter-
ested in two different types of disturbances. First we seek the initial condition
u(0) that will have the maximum energy amplification at fixed time. Second
we consider the spatial structure of the time-periodic forcing g that creates
the largest response at large times, that is when all transients effects have died
out. Our analysis will therefore consider flow states induced by forcing or ini-
tial conditions, where a flow state is defined by the three-dimensional velocity
vector field throughout the computational domain Ω at time t.

3.1. Initial condition

First we report the derivation relevant to the optimal initial condition. In this
case we assume the forcing term g in (2.8) to be zero, so that only the first
term on the right end side of the formal solution (2.9) is of interest. We wish to
determine the unit norm initial condition u(0) yielding the maximum possible
energy (u(T ),u(T )) at a prescribed time T . We define the objective function,
as the the kinetic energy of the perturbations at time T ,

J = (u(T ),u(T )). (3.1)

Formally, the task is to maximise the above quadratic measure subject to two
constraints: the flow needs to satisfy the governing equations (2.8) (the lin-
earised Navier-Stokes) (without forcing) and the initial condition must have
unit norm (u(0),u(0)) = 1. By introducing Lagrange multipliers we may for-
mulate an unconstrained optimisation problem for the functional

L(u,p, γ) = (u(T ),u(T ))−
∫ T

0

(p, (∂t −A)u) dτ−γ ((u(0),u(0)) − 1) . (3.2)

Therefore we need to determine u,u(0),u(T ),p and γ such that L is stationary,
necessary condition for first order optimality. Finding the stationary points of
L is equivalent to solving the eigenvalue problem

γ u(0) = exp(A†T ) exp(AT )u(0) , (3.3)

where exp(A†T ) exp(AT ) is the forward and adjoint composite propagator
whose leading eigenfunction is the optimal initial condition for time T . The
iteration scheme above can be seen as a power iteration scheme finding the
largest eigenvalue of the problem (3.3). The equations are solved iteratively as

7
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DNS
In

u(0) u(T)

Out In

p(0)

Out

DNS

Adj
p(T)

u(0) is the answer!

Set
u(0)=p(0)/

Check Convergence

|u(0)−p(0)/    |<     ?

Yes

No

p(T)=u(T)
Set

Pick random IC
u(0)

γ ǫ
γ

Figure 3.1. Power iterations scheme.

described in the block-diagram in figure (3.1). The method is applied in Paper
3.

Additionally the localised initial condition case is studied where a specific
region in space is chosen and the optimal shape contained within the region
is sought. A sample result is shown in figure (3.2). It is a three-dimensional
localised optimal disturbance with target time T = 1820 along with the cor-
responding response. A disturbance similar to a TS-wave is apparent while
the characteristic upstream-tilted structure is present in the initial condition.
The wave-packet acquires a large initial growth while aligning itself with the
wall-normal shear and continues to amplify as it travels downstream exploiting
the convective instability of the blasius boundary layer. Finally, it experiences
an energy growth of the order of 1700.

3.2. Forcing

This section will focus on the regime response of the system to time-periodic
forcing. Since the formulation of the optimal forcing problem in this framework
is novel we present the derivation of the new system more extensively. We
assume zero initial conditions, u(0) = 0, and periodic behaviour of the forcing
function, i.e.

g = ℜ (f(x) exp(iωt)) , f ∈ C, ω ∈ R, (3.4)

where f is the spatial structure of the forcing, ω is its circular frequency and ℜ
denotes the real part. With these assumptions, the governing equations become

(∂t −A)u −ℜ (f exp(iωt)) = 0, u(0) = 0. (3.5)

We wish to determine the spatial structure of the forcing f with frequency ω
in the limit of large times, that maximises the regime response of the flow.
The measure of the optimum is again based on the energy norm. In order to
formulate the optimisation problem we transform the problem in the frequency
domain, thereby removing the time dependence. By assuming time periodic
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Figure 3.2. Optimal initial condition and response for 3d
optimals for time T = 1820. For the corresponding amplitudes
of each structure look at table 1 in Paper 3. Note that we plot
both the disturbance and the response in the same figure since
they are well separated in space. a) streamwise, b) wall-normal
and c) spanwise component.

behaviour, u is replaced by the complex field ũ so that

u = ℜ (ũ exp(iωt)) . (3.6)

The resulting governing equations can then be written

(iωI − A)ũ − f = 0. (3.7)

Note that the spatial operator A remains unchanged. The objective function is
the disturbance kinetic energy of the regime response and the Lagrange function
is formulated as follows.

L(ũ, p̃, γ, f) = (ũ, ũ) − (p̃, (iωI − A)ũ − f) − γ ((f , f) − 1) . (3.8)

The time behaviour of the co-state or adjoint variable is also assumed to be
periodic

p = ℜ (p̃ exp(iωt)) . (3.9)

Taking variations of L with respect to ũ, p̃, f and γ gives

δL =

(
∂L
∂ũ

, δũ

)

+

(
∂L
∂p̃

, δp̃

)

+

(
∂L
∂f
, δf

)

+

(
∂L
∂γ

)

δγ. (3.10)
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Finally we set δL = 0 and obtain a system of equations
(
∂L
∂p̃

)

= 0 → −(iωI − A)ũ + f = 0 , (3.11)

(
∂L
∂ũ

)

= 0 → ũ − (−iωI − A†)p̃ = 0 , (3.12)

(
∂L
∂γ

)

= 0 → (f , f) − 1 = 0 , (3.13)

(
∂L
∂f

)

= 0 → f = γ−1p̃ . (3.14)

Equations (3.11) and (3.12) provide the two equations we have to solve, while
equation (3.13) gives the normalisation condition and (3.14) provides the op-
timality condition. It can be shown that the Lagrange multiplier technique
corresponds to the standard matrix method when the resolvent norm is con-
sidered

f =
1

γ
(−iωI −A†)−1(iωI −A)−1f . (3.15)

The above formulation leads to matrix-free method for computing the pseu-
dospectra of the given system. This is a new eigenvalue problem defining the
spatial structure of the optimal forcing at frequency ω that is solved iteratively;
the largest eigenvalue corresponds to the square of the resolvent norm

γ = ‖(iωI −A)−1‖2. (3.16)

The regime response for the direct and adjoint system is extracted from
the numerical simulations by performing a Fourier transform of the velocity
field during one period of the forcing.
The steps of the optimisation algorithm therefore are (similar to figure 3.1):
(i) Integrate (3.5) forward in time and obtain the Fourier transform response
ũ at the frequency of the forcing.
(ii) ũ is used as a forcing for the adjoint system which in time domain is written

(−∂t −A†)p −ℜ (ũ exp(iωt)) = 0 . (3.17)

(iii) A new forcing function is determined by normalising fn+1 = p̃/γ.
(iv) If |fn+1 − fn| is larger than a given tolerance, the procedure is repeated.

A sample result is shown in figure (3.3) relevant to the optimal forcing struc-
ture at spanwise wavenumber β = 0.6 and zero frequency. The wall-normal and
spanwise components of the forcing are displayed in figure (3.3a) and b) while
the streamwise component is very weak. In contrast the streamwise velocity
component of the response is dominant while the other two components negligi-
ble (3.3c). In this case lift-up effect is the prevailing mechanism where counter-
rotation vortices parallel to streamwise planes create streamwise streaks. This
mechanism is characterised by strong component-wise energy transfer.
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Figure 3.3. Isosurfaces of optimal forcing and response for
the spanwise wavenumber β = 0.6 subject to steady forcing.
a) Wall-normal component of optimal forcing structure. b)
Spanwise component of optimal forcing. c) Streamwise veloc-
ity component of the flow response. Both the forcing structures
and the response are elongated in the streamwise direction.

a)

b)

c)

As for the initial condition, localised optimal forcing was also computed but
in this case we were restricted to the spanwise periodic case due to the high
computational cost. A specific region in the streamwise direction is chosen and
the optimal shape contained within the region is sought.



CHAPTER 4

Optimal Control

In this chapter we show how the Lagrange multiplier technique can be applied to
solve the optimal control problem. The objective is disturbance attenuation and
transition delay. The problem is divided into two distinct and self-contained
problems. This is called the separation principle (Skogestad & Postlethwaite
2005). The first problem is full-information control where assuming full state
knowledge of the flow a feedback control signal is computed. Full-state knowl-
edge is a strong requirement and in order to relax it an estimator based on
wall measurements is built. The combination of an estimator and a full infor-
mation controller is called compensator, where the control law is based on the
estimated flow.

4.1. Full-information Control

In this section the design process of the full information controller is presented.
Therefore it is assumed that the exact state of the system is known. The
state-space formulation is adopted,

∂tq = Aq + B1w1 + B2φ , (4.1)

where q = [v η χ]T is the new state variable. In relation to the previous section
q can also be written as q = [u χ]T including χ, the velocity at the wall. B1w1

is the forcing due to external excitations w1 of stochastic nature and B2φ is
the forcing from the control signal φ. The operator A governs the dynamics of
the augmented system (Chevalier et al. 2007a). The control is applied through
non-homogeneous boundary conditions as a model for localised blowing and
suction at the wall and a lifting procedure is adopted so that the formulation
becomes compatible with the classical control theory where the control signal is
expressed in the equations as a volume forcing (Högberg & Henningson 2002).
In the case of full state-feedback control the signal is calculated directly from
the state q so B2φ = B2Kq where K is the control gain.

The aim is to compute the optimal control gain K so that the kinetic energy
of the mean-flow disturbances is minimised while at the same time the control
effort is kept at low levels. To this end the following objective function is
defined,

F =
1

2

∫ T

0

(
qHQq + φ∗Rφ

)
dt . (4.2)

12
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where (·)∗ denotes the complex conjugate and (·)H is the Hermitian transpose.
The term q∗Qq corresponds to the kinetic energy of the perturbations where
Q is the energy norm operator. The second term in equation (4.2) represents
the control effort where R is the actuation penalty.

We apply the Lagrange multiplier technique to find the optimal solution
to our problem. The Lagrangian is written as

L(q, p, φ) =

∫ T

0

[
1

2

(
qHQq + φHRφ

)
− p (∂tq −Aq − B2φ)

]

dt , (4.3)

where p is the Lagrange multiplier. The stochastic term B1w1 is dropped
since the deterministic approach is used for the full information control. The
variation of the Lagrangian functional can be written as

δL =

(
∂L
∂q

)

δq +

(
∂L
∂p

)

δp+

(
∂L
∂φ

)

δφ . (4.4)

Combining equations (4.3) and (4.4) and assuming δL = 0 leads to the set
of equations

∂tp+ AHp+ Qq = 0 (4.5a)

−∂tq + Aq + B2φ = 0 (4.5b)

Rφ+ BH
2 p = 0 . (4.5c)

A linear time dependent relation is assumed between the forward solution
q and the Lagrange multiplier p = Xq. Inserting this assumption into equation
4.5a and adding equations 4.5a and 4.5c we arrive at the differential Riccati
equation

∂X
∂t

+ AHX + XA− XB2R−1BH
2 X + Q = 0 . (4.6)

The optimal K is then given through the non-negative Hermitian solution X
of equation 4.6. A full derivation of the above equation is given by Lewis &
Syrmos (1995). A simplified version arises if an infinite time horizon is assumed,
yielding the steady-state Riccati equation

AHX + XA− XB2R−1BH
2 X + Q = 0 . (4.7)

with the control gain computed from

K = −R−1BHQX . (4.8)

4.2. Estimation

The estimator is designed to approximate the full three-dimensional velocity
field from wall measurements in real time. Measurements are taken from the
wall and the signal includes noise from the sensors. The estimator can be seen
as a filter operator, also termed Kalman filter, where the equations governing
the flow are used for the filtering process. Input is the measurements from the
real flow and output the estimated flow.
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In the estimation problem two flow fields are considered: The ’real’ flow
and the estimated flow. All the quantities that correspond to the estimated

flow are marked with a hat (̂·). The estimated field is assumed to fulfill the
following equation

∂q̂

∂t
= Aq̂ − L(r − r̂) + B2φ , (4.9)

where L is the measurement gain and r indicates the measurements. The latter
are extracted through the measurement operator C and since the measurements
process introduces noise, we write r = Cq + g and r̂ = Cq̂, where g is the
measurement noise. The following derivation provides with an operator L which
optimally minimises the difference between the real and the estimated flow,
namely the estimation error q̃ = q − q̂. The governing equation for q̃ reads

∂q̃

∂t
= (A + LC)q̃ + B1w1 + Lg = Aeq̃ + B1w1 + Lg . (4.10)

We employ the stochastic approach instead of the deterministic used in
the full-information control problem, since the equation is forced by stochastic
inputs. We assume that the external disturbances w1 and g are zero-mean
stationary white noise Gaussian processes (Chevalier et al. 2007a). Since the
system is forced by these stochastic processes, expected values of the relevant
flow quantities are examined. In particular for the estimation problem the
covariance of the estimation error P (Kailath & Hassibi 2000) is considered and,
as for the full information control, a steady state is assumed. The covariance
of the error satisfies the algebraic Lyapunov equation

AeP + PAH
e + B1WBH

1 + LGLH = 0 , (4.11)

where W and G are the covariances of w1 and g respectively. This equation
along with the objective function, F = r̃H r̃ (amplitude of the measurement dif-
ference) form a new Lagrangian M where the traces of the covariance matrices
are involved. The trace of covariance matrices correspond to rms (root-mean-
square) values of the quantity under consideration (Hoepffner et al. 2005).

M = trace(PQ) + trace[Λ(AeP + PAH
e + LGLH + B1WBH

1 )] (4.12)

where Λ is the Lagrange multiplier. The first term in equation (4.12) is the
objective function to be minimised and the second is the constraint coming
from the Lyapunov equation satisfied by the covariance error. The Riccati
equation that arises from optimising P reads

AP + PAH − PCHG−1CP + B1WBH
1 = 0 , (4.13)

with the estimation feedback gain given by L = −PCHG−1. For a similar
derivation see also Bagheri et al. (2007). In this project the theory above
is applied in a highly nonlinear case, where one may use the full (nonlinear)
equations when solving the estimation problem (4.9) while the L is computed
with the linear theory. This is the extended Kalman filter and it is expected to
be more accurate than the standard Kalman filter.
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4.3. Compensator

The compensator is the combination of full information control and state esti-
mation. The measurements taken from the real flow are communicated to the
estimator where they are used to compute the forcing needed to reproduce the
perturbations present in the real flow. The actuation signal is computed from
the estimated flow and it is applied to both the estimated and the real flow.
Although both the control and estimation gains were computed for linear sys-
tems, the control and estimation is applied to the full nonlinear Navier-Stokes
equations (Högberg et al. 2003c).

The model for the flow employed here is somewhat simplified in relation
to the optimal disturbance case. A parallel base flow is assumed and thus
the streamwise wavenumbers are decoupled. Hence we are able to apply a
Fourier transform along both the wall-parallel directions. We can treat each
wavenumber pair individually and instead of solving one problem with a large
number of degrees of freedom, we solve many smaller systems. This necessity
arises from the fact that we employ a matrix-based method to solve the Riccati
equation which would be intractable for the global problem. This assumption
stands as a good approximation due to the slow viscous growth of the boundary
layer.

The compensator problem assumes that measurements are taken and actu-
ation is applied continuously over the whole domain. This theory is applied to
a spatial boundary layer and both measurements and actuation are available
only on a part of the domain (see figure 2 in Paper 1). Two regions need to be
specified, one for the control and one for the estimator. For both regions, the
local laminar velocity profile is the base flow in the operator used to solve the
problems introduced in the previous section. Once the control and estimation
gains are calculated, the actuation forcing is limited to the actuation region by
a smooth transfer function in physical space with two smooth step functions
around the chosen locations (Chevalier et al. 2007a).

In figure 4.1 some sample results are shown. Figure 4.1a shows the wall-
normal maximum of the rms-value of the streamwise velocity perturbation for
the uncontrolled case and for both full information control and compensation.
As observed, the growth of the the streaks is reduced within the control region.
However, downstream of the control region, velocity fluctuations continue to
grow. This can be explained by the presence of the free-stream turbulence
above the boundary layer that is able to induce new perturbations inside the
boundary layer.

4.4. Approaching the experiment

In this section we describe how we designed a numerical simulation that re-
sembles the experiment done by Lundell (2007) in terms of flow case. Instead
of the opposition control strategy used in the experiment we use the optimal
control theory described above.
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Figure 4.1. (a): Wall normal maximum urms; (b): skin fric-
tion coefficient cf . No control, ; Full information con-
trol, ; Compensator, . The shaded areas indicate
the measurement and actuation region.

First we recall the differences between the actuator in the experiment and
in the simulations. These pertains the way the control signal is calculated and
the area over which control is applied. In the experiment opposition control
is adopted where the amplitude of the suction velocity and the time delay be-
tween the sensor an the actuator are varied. In the simulation an optimisation
of the distributed control is performed and no further tuning is required. Note
however that the control signal is computed assuming linearly evolving distur-
bances and parallel base flow. Secondly, it should be mentioned that the control
is active over a large area of the plate where relatively weak blowing/suction is
applied in the case of the numerical simulations. Conversely, small holes with
strong suction velocity are used in the experiment. Further, in the simulation
we apply control over the full spanwise width of the domain while in the exper-
iment control sets are only stationed near the middle of the plate on an area
about 20 mm wide.

These differences are reduced and further simulations were performed in
order to study how much and if the two cases converge. The control strategy
in terms of the way the control signal is calculated is not changed but the
focus is put on the geometrical/functioning aspects of the actuator itself. In
that context we first remove the blowing and keep only the suction. Then,
we restrict the area of actuation to spanwise stripes and limit the streamwise
extension of the area where suction is applied. Finally we employ a ‘cheaper’
control in order to obtain stronger suction to better mimic the experiment.

In figure 4.2 we show the streak growth and the efficiency of the control
Ω from the simulation where all the previous restriction on the actuator have
been applied. Ω is the relative decrease of the disturbance level in the boundary
layer due to the control,

Ω = 1 − urms,max,on

urms,max,off
. (4.14)
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In this case the control effect is almost the same for both the experiment and
the simulation near the actuation region but downstream there is a delay of
transition only for the numerical control. This can be explained by the fact
that in the experiment, control is applied near the middle of the plate and when
transition occurs, fully developed turbulence ‘invades’ the controlled area from
the uncontrolled sides.



CHAPTER 5

Summary of papers

Paper 1

DNS and LES of estimation and control of transition in boundary layers subject
to free-stream turbulence.
In this paper optimal control is considered where transition to turbulence oc-
curs in a flat-plate boundary-layer flow subjected to high levels of free-stream
turbulence. This scenario is denoted bypass transition and is characterised
by the non-modal growth of streamwise elongated disturbances called streaks.
Linear feedback control is applied in order to reduce the perturbation energy
and consequently delay transition. Control is applied by blowing and suction
at the wall and it is both based on the full knowledge of the instantaneous
velocity field (i.e. full information control) and on the velocity field estimated
from wall measurements.

The control is able to delay the growth of the streaks in the region where it
is active, which implies a delay of the whole transition process. The flow field
can be estimated from wall measurements alone: The structures occurring in
the ‘real’ flow are reproduced correctly in the region where the measurements
are taken. Downstream of this region the estimated field gradually diverges
from the ‘real’ flow, revealing the importance of the continuous excitation of
the boundary layer by the external free-stream turbulence. Control based on
estimation, termed compensator, is therefore less effective than full information
control.

Paper 2

Feedback Control of Boundary Layer Bypass Transition: Experimental and Nu-
merical Progress.
In this paper simulations of optimal feedback control have been performed for
a flow configuration similar to that used by Lundell (2007) and disturbance
attenuation as well as transition delay have been obtained. First, an effort is
made to match the disturbance behaviour in the experimental flow case and
in the simulation. Secondly control is applied in simulations of the matched
system aiming at approaching the type of actuation used in the experiments
(localised suction). Optimal feedback of the linear system is still the basis for
computing the control signal. Remarkable agreement is obtained in terms of
disturbance attenuation while the discrepancy in the transition delay can be

18
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explained by the fact that in the experiment the controlled region was very
narrow in the spanwise direction. Consequently, the controlled region is con-
taminated by turbulence from the sides.

Paper 3

Global optimal disturbances in the Blasius boundary-layer flow using time-
steppers.
In this paper optimal disturbances are computed for the case of the flat-plate
boundary-layer flow. Both the optimal initial condition leading to the largest
growth at finite times and the optimal time-periodic forcing leading to the
largest asymptotic response (pseudospectra) are considered. The Lagrange
multiplier technique is employed with objective function the kinetic energy of
the flow perturbations and constraints the linearised Navier–Stokes equations.
Additionally optimal disturbances are computed within a localised framework
which for some cases are more relevant to physical situations. In general two dif-
ferent type of disturbances are recovered; the first is relevant to the modal mech-
anism of a TS-wavepacket ignited by Orr-like structures and convectively ampli-
fying due to the streamwise non-normality; the second is relevant to streamwise
elongated disturbances, called streaks, generated by counter-rotating stream-
wise vortices associated with the strong component-wise transfer of energy due
to the lift-up effect. It was found that the first mechanism(s) is more pro-
nounced because of both the long computational domain and the relatively
high Reynolds number considered here.



CHAPTER 6

Conclusions and Outlook

Numerical simulations of flat-plate boundary-layer flows are performed. Linear
optimal disturbances are computed and optimal control is applied at the case of
the bypass transition. The Lagrange multiplier method is used with a quadratic
objective function.

The optimal initial conditions leading to the largest possible energy am-
plification at time T and the optimal spatial structure of time-periodic forcing
are considered. It is found that two mechanisms dominate the dynamics of this
configuration. One corresponding to a combination of the Orr mechanism and
the streamwise non-normality of the TS-wave and one to the lift-up inherent to
spanwise wavelengths of the order of the boundary layer thickness. It is found
that due to the the long computational box and the relatively high inflow Rey-
nolds number as well as due to the exponential-type of growth of the TS-wave
the former has more potential for growth. However the later grows much faster
and reaches its maximum sooner.

A linear-based feedback control is applied in order to delay transition, in a
flow with highly nonlinear behaviour. The estimator and controller are designed
within the Linear Quadratic Regulator (LQR) framework where a parallel base
flow is assumed simplifying the computation of the gains. The results show that
the control is able to reduce the energy of the streaks, responsible through their
secondary instabilities for the considered bypass-transition scenario and thus
delay the whole process. Both full-information and estimation-based control are
tested. Control based on estimation is less effective than the full information
control. The delay achieved is of order of the streamwise extent of the area
where control is applied. Additionally numerical simulations are performed for
a flow case analogous to the experiment performed by Lundell (2007). The
control strategy differs but the rest of the features are kept as close as possible.
Remarkable agreement is achieved in terms of disturbance attenuation.

Both of the studies presented in this work concern the relative restrictive
geometry of the flat-plate boundary layer. This simplified flow case was chosen
due to the importance of understudying processes acting on a fundamental level.
Additionally a restriction was imposed by the specific code used (Chevalier et al.
2007b) allowing only for simple shear flows. At a next stage we are interested in
exploring the optimisation tools developed so far in more complex geometries.
Therefore another code is employed e.i. the Nek5000 (Patera 1984; Tufo &
Fischer 1999). This code is built based on the spectral element method, so

20
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while retaining spectral accuracy it is more flexible allowing for the modelling
of curved geometries. The aim is to apply the method to still rather generic
geometries, simple enough to be able to accurately perform direct numerical
simulations. For example two of the cases we intend to investigate in the near
future are flow around a parabolic leading edge and through a diffuser.
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