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Abstract

The use of ultrasonic standing waves for contactless manipulation of microparticles
in microfluidic systems is a field with potential to become a new standard tool in lab-
on-chip systems. Compared to other contactless manipulation methods ultrasonic
standing wave manipulation shows promises of gentle cell handling, low cost, and
precise temperature control. The technology can be used both for batch handling,
such as sorting and aggregation, and handling of single particles.

This doctoral Thesis presents multi-dimensional ultrasonic manipulation, i.e., ma-
nipulation in both two and three spatial dimensions as well as time-dependent
manipulation of living cells and microbeads in microfluidic systems. The lab-on-
chip structures used allow for high-quality optical microscopy, which is central to
many bio-applications. It is demonstrated how the ultrasonic force fields can be
spatially confined to predefined regions in the system, enabling sequential manipu-
lation functions. Furthermore, it is shown how frequency-modulated signals can be
used both for spatial stabilization of the force fields as well as for flow-free transport
of particles in a microchannel. Design parameters of the chip-transducer systems
employed are investigated experimentally as well as by numerical simulations. It is
shown that three-dimensional resonances in the solid structure of the chip strongly
influences the resonance shaping in the channel.
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Chapter 1

Introduction and Background

This Thesis concerns the contactless manipulation of living cells and microbeads in
microfluidic systems, i.e., systems with fluid channels or reservoirs of dimension a
few hundred micrometers or smaller. The developed methods use ultrasound as the
manipulation tool, more precisely the force field created by a resonant ultrasonic
field. Thus, we begin with a very brief history of the theory and practice of sonic
manipulation.

In 1866, German physicist August Kundt presented a method for measuring the
speed of sound in gases.[1] The method was based on the observation that when a
standing acoustic wave was set up in a transparent tube, fine powder (Lycopodium
spores or ground cork) strewn on the bottom of the tube would be collected to-
wards the pressure nodal planes of the sound field, enabling measurement of the
wavelength. Knowing the frequency of the sound, the speed of sound in the gas
in the tube could easily be calculated. The experimental setup lives on today as a
popular physics experiment in high schools and undergraduate physics, bearing the
name of its inventor - Kundt’s tube. However, the origin of the force is very seldom
mentioned when the experiment is performed at said levels, and the hand-waving
explanation on Wikipedia [2] makes the (as we shall see, erroneous) predicion that
the dust would move to the displacement nodes instead of the pressure nodes (as is
the actual case). Thus, we are led to suspect that the origin of the force is in fact
not all that easy to grasp.

During the beginning of the 20th century, giants such as Lord Rayleigh and Bril-
louin investigated the theory behind acoustic radiation pressure, i.e., the fact that a
sound wave (just like a light wave) can exert a time-averaged, directed pressure on
an object even though the pressure in the sound field (to first order) changes sign
periodically. In 1932, King wrote what came to be a seminal paper systematically
deriving expressions for the acoustic radiation force on incompressible spherical
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2 CHAPTER 1. INTRODUCTION AND BACKGROUND

particles.[3] King noted in the introduction to his paper that “the effects of com-
pressibility . . . and viscosity . . . are not taken into account, although the analysis
may be extended to include these effects”. However, it was not until 1955 that the
effects of compressibility of involved materials were investigated by Yosioka and
Kawasima [4], and viscosity came to take even longer. In 1962 Gor’kov wrote a
short (only 2.5 pages) paper deriving the expression for the force on a compressible
sphere in a resonant sound field [5] that most experimental physicists use as their
starting point today. The last theorist in the area to be mentioned in this very brief
background of the theory of the field will be Doinikov, who during the last decade
of the 20th century extended the theory to include, e.g., viscosity [6] and thermal
dissipation effects [7].

Many experimental studies have been conducted to verify the theory and develop
applications thereof. As the focus of this Thesis is on ultrasonic manipulation in
microfluidic systems, the reader interested in the history of acoustic manipulation
in macro-scale systems, other usages of ultrasound in cell-biological applications, or
acoustic levitation, is urged towards the literature on said subjects, such as Refs.
[8–10].

Microfluidic systems have been around for millions of years in nature - capillaries in
biological organisms are a nice example. It would seem that the first “microfluidic”
system in which particles were manipulated with ultrasound actually was a nature-
made one; blood vessels. Dyson et al. reported on being able to stop blood cells
but not the serum in blood flow in living tissue in 1971.[11] When it comes to
manipulation in man-made microfluidic systems, the field really took off in the late
90’s and early 2000’s, as the field was developed more or less in parallel by, e.g., the
groups of Hawkes, Hill, and Coakley in Great Britain, Dual in Switzerland, Benes
in Austria, and Laurell and Hertz, both in Sweden. For an extensive list of work
done during this period, see, e.g., the references in the review papers [12–14].

In the current ultrasound manipulation group at KTH in Stockholm, the work in
microfluidic systems was started by Hertz and Wiklund in the early 2000’s, with
the doctoral Thesis work by Wiklund [15] (preceded by a 1995 paper by Hertz
[16]). The present Thesis work started out under the auspices of the European
Commission project “CellPROM”, aiming to construct an automated microfluidic
platform for assaying and directed differentiation of stem cells [17]. This Thesis
focuses on the design and operation of chip-transducer systems, and on creating
manipulation functions that can be used for a variety of bio-assays using function-
alized microbeads and/or living cells. The aim has been to create force fields in
two or three dimensions and spatially confine these fields to pre-decided parts of
the microfluidic system.

The Thesis outline is as follows: Chapter 2 aims to give a very brief outline of
the theory of ultrasound acoustics, and introduce the radiation forces used for
the manipulation. In Chapter 3, the microfluidic principles most central to the
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present work are presented. Chapter 4 deals with contactless particle manipulation
methods other than ultrasound. Chapter 5 is dedicated to ultrasonic standing wave
manipulation, the chip-transducer systems used and numerical simulations thereof.
Lastly, Chapter 6 gives some application examples of ultrasonic manipulation in
microfluidic systems. A detailed walk-through of the seminal paper [5] by Gor’kov
is included as an Appendix.





Chapter 2

Ultrasound Acoustics

Sound can, in a very general way, be described as the propagation of a deviation
from static conditions in a mechanical property of a medium. Most often, this
property is taken to be displacement or velocity of a medium particle as a function
of time and space (in acoustics, “particle” is understood to mean a volume element
of very small size, but large enough to retain thermodynamic properties), or stresses
and strains, which in the simpler case of a fluid medium would give us the sound
pressure field. However, it is possible to use, e.g., density variations instead of
pressure variations (and indeed in first order calculations the transition between
them is trivial), but it is much less commonly done. Ultrasound is simply a case of
sound where the frequency (assuming a harmonic time-dependence, as will be the
case throughout this text) is greater than the hearing threshold for a human. This,
of course, varies from person to person, but the ultrasonic regime is generally taken
to begin around 20 kHz. The exact lower limit is somewhat of a moot point in this
text anyway, as we shall be working with frequencies in the range of 1-10 MHz. As
we shall see, sound behaves somewhat differently in solids and fluids, with fluids
being the mathematically more simple case. Thus, we begin with a sound in a fluid
medium.

2.1 Ultrasound in fluids

The main reason that the description of sound in a fluid medium (liquid or gas) is
mathematically simpler than that for a solid is the fact that fluids, in contrast to
solids, deform more or less continuously under shear stresses. This means that the
only stress that can exist to any greater degree is normal stress, which most often is
termed pressure. Here, one must take care to separate the pressure field induced by
the presence of a sound field from the equilibrium pressure in the fluid such as the
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6 CHAPTER 2. ULTRASOUND ACOUSTICS

hydrostatic pressure. We shall assume this to be constant throughout the volume
of our fluid and, thus, by “pressure” mean the sound pressure. We shall also assume
that the bulk velocity of our fluid, in the case it is flowing, is much smaller than
the speed of sound, and by “velocity field” in this Section mean the velocity field
imparted to the fluid by the sound. The basic acoustic theory presented in this and
the following Section is based largely on the book by Cheeke [18], but can be found
in any basic textbook on the subject.

Anticipating the practicality of a single scalar entity to describe the sound field, we
now introduce the (scalar) velocity potential ϕ, which relates to the pressure and
velocity fields as

v (r, t) = ∇ϕ (r, t)

p (r, t) = −ρ ∂
∂t
ϕ (r, t) ,

(2.1)

where v is the velocity at position r and time t, p is the (sound) pressure and ρ is the
(bulk) density of the fluid. It might be of interest to note that the second equation
is a first-order approximation, as is shown in the Appendix. It can be shown that
the velocity potential satisfies the expected wave equation for any entity proper for
describing the sound field, so we have that

∇2ϕ = 1
c2
∂2ϕ

∂t2
. (2.2)

Here, c is the speed of sound in the medium. This of course means that the entire
machinery of basic wave mechanics carries over and can be used.

In what follows, the reader is assumed to have some previous familiarity with con-
cepts such as plane waves, standing waves, and so on. It should also be mentioned
that we have now neglected effects of viscosity entirely. If the medium is assumed to
be viscous, the viscosity will give rise to damping of the sound field due to viscous
losses (heating) in the fluid. However, for water-like substances at MHz frequencies
over the distance scales relevant to us (i.e., hundreds of µm), this effect will be small
even when taking into account the fact that we might be interested in thousands
or tens of thousands of roundtrips in such a resonator.[19] Viscous properties can
however influence the expression for the force on a particle in a standing wave, as
we shall briefly discuss below. Effects of fluid viscosity also appear in a more impor-
tant context for this work, acoustic streaming. This phenomenon will be discussed
in Section 2.5.

2.2 Ultrasound in solids

When considering the propagation of sound in a solid material, the description
must necessarily be more mathematically complex. Apart from the compressional
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(longitudinal) waves that exist in a fluid, a solid can uphold shear (transverse)
waves. If we also, in addition to bulk waves, i.e., waves travelling in an infinite (very
large), solid, would like to include effects taking place at the boundary of a half-
infinite solid, or in thin solid plates, a plethora of phenomena appear. This Section
is not intended to cover all of these and the interested reader is recommended to
go to the literature, e.g., Ref. [18], on which the following is based. The increased
number of possible polarizations of the wave in three dimensions makes the scalar
potential description from the previous Section incomplete. The traditional way
to solve this in a solid is to express the (vectorial) displacement field s (r, t) in the
solid as a sum of a divergence and a rotation, so that we have

s (r, t) = ∇φ (r, t) +∇×ψ (r, t) , (2.3)

where we have introduced the scalar and vector displacement potentials φ and ψ.
These entities are nicely coupled to the longitudinal and transverse displacement
components sL and sT :

sL = ∇φ
sT = ∇×ψ.

(2.4)

This can be understood slightly heuristically by noting that, from basic vector
analysis, we have that

∇× sL = ∇× (∇φ) ≡ 0
∇ · sT = ∇ · (∇×ψ) ≡ 0,

(2.5)

the interpretation of which is that sL can only be connected to changes in volume
of an element - not angle between elements or rotations, and vice versa for sT .
In fact, in bulk material, both potentials fulfill wave equations, but with different
speeds of sound; the aptly named longitudinal and transverse (or shear) speeds of
sound cL and cT :

∇2φ = 1
c2
L

∂2φ

∂t2

∇2ψ = 1
c2
T

∂2ψ

∂t2
.

(2.6)

Figure 2.1 shows the displacement fields for longitudinal (center) and shear (bot-
tom) waves in a deformed-grid diagram covering two wavelengths. The undeformed
solid is shown at the top for comparison.

As previously mentioned, if the solid in question is, e.g., only half-infinite, surface
phenomena such as Rayleigh waves, waves guided along the surface of the solid,
might appear (see, e.g., Ref. [18] Chapter 8). However, a microfluidic chip struc-
ture, such as those to be considered in this Thesis, has a thickness of the order of
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x

y

Figure 2.1: Schematic of bulk waves in a solid; longitudinal (middle) and shear (bottom)
waves travelling in the x direction. The top diagram shows the undeformed solid for
comparison. Bold lines indicate planes of zero displacement.

x

y
d

Figure 2.2: Schematic of zero-order Lamb modes propagating in the x direction; unde-
formed plate (top), compressional mode (middle), and flexural mode (bottom). Displace-
ment amplitudes are exaggerated for clarity.
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the wavelength of the sound. Hence, we need to consider propagation of sound in
thin plates.

The propagation of sound in thin plates, known as Lamb waves [20], is a mathemat-
ically fairly cumbersome topic which nonetheless is well understood. For a rigorous
and extensive treatment see, e.g., Ref. [21]. Here, it will suffice to state some basic
properties of such waves. For sake of simplicity, we shall consider an infinite thin
plate of thickness d, and bear in mind that the finite extension of a microfluidic
chip will impose further restrictions on what modes will appear due to resonance
conditions in the dimensions along the chip surface. Firstly, Lamb modes come in
two distinctive varieties: Flexural (shear, antisymmetric) and extensional (longitu-
dinal, symmetric), as can be seen in Figure 2.2, showing the lowest order flexural
and compressional modes propagating in the x direction. Secondly, Lamb modes
are strongly dispersive, with the mode of order n (except the zero-order modes,
which exist at arbitrarily low frequencies) having a lower cut-off frequency set by
the condition that d = nλ

2 where n is a positive integer. It is important to realize
that once the frequency is above the cut-off for a certain mode, the actual displace-
ment field in the plate will be a superposition of that mode and the lower modes,
sometimes making it very hard indeed to distinguish “pure” higher modes. In the
context of this Thesis, basic knowledge of Lamb modes will be important when
we attempt to analyze the displacement field in the solid chip structure through
interpretation of simulation results, cf. Section 5.4. We now move on to consider
resonant fields in fluids - standing waves.

2.3 Ultrasonic standing waves

This Thesis concerns use of ultrasonic standing wave (USW) fields for manipulation
of microparticles, so this section gives a very brief introduction to resonant fields and
standing waves. A standing wave field in this context is taken to be one where the
spatial and time-dependent parts of the field separate. Consider first the simplest
of waves, a plane running wave travelling in the positive x direction in a fluid. This
wave can be characterized by, e.g., its pressure amplitude p0, its angular frequency
ω = 2πf , and its wave number k = 2πλ−1, thus:

p (x, t) = p0 sin (ωt− kx) . (2.7)

The simplest example of a standing wave is then realized by considering the super-
position of such a wave with an identical wave running in the other direction. Basic
trigonometry shows that in this case, the total wave field will be

ptot (x, t) = p0 sin (ωt− kx) + p0 sin (ωt+ kx)
= 2p0 sin (ωt) cos (kx) ,

(2.8)
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i.e., a field with twice the amplitude and the temporal part separated from the
spatial part. We shall call this a spatially harmonic standing wave. As it will be
shown below that the spatial part of the sound field in a microfluidic channel is not
necessarily harmonic, especially not in several directions simultaneously, we take
“standing wave” henceforth to mean simply any sound field where the temporal part
is separated from the spatial, but assume the temporal part to still be harmonic in
time, so we can write the pressure P in a general standing wave field as

P (r, t) = p (r) sin (ωt) . (2.9)

2.4 Radiation forces

As has been previously stated, a particle (we now use “particle” as meaning a small
physical body) immersed in a fluid medium and subjected to a sound field will also
be acted upon by time-averaged (steady-state) forces which are due to the presence
of the sound field. These forces are termed “radiation forces”, and this Section
aims to describe the two most central to this Thesis work: The primary radiation
force (PRF) FPRF in an USW in Section 2.4.1, and the (often weaker) secondary
radiation force (SRF) FSRF, also termed the Bjerknes force in Section 2.4.3. Pre-
emptively, we state that in the case of polymer microbeads or cells immersed in a
water-like medium, the PRF will tend to drive the particles towards the pressure
nodes of the field, where the SRF will be an attractive interparticle force. Figure
2.3 summarizes these effects graphically.

During the last century, authors have discussed different interpretations of what
the radiation force, most often on a flat surface and using plane waves, should be
interpreted as in terms of other quantities (cf., e.g., the 1982 review on the subject
by Chu and Apfel [22]). Others taking a more pragmatic approach to the issue and
simply derive the expression for the force (cf., e.g., Refs [3–7]). In this work, we
shall concentrate on the latter approach and leave the interested reader to form her
own philosophical opinion.

2.4.1 Primary radiation force

This Section will deal with the PRF in standing-wave fields only. It has been shown
that the magnitude of the radiation force on a small particle in a running plane
wave is orders of magnitude smaller [4, 6], and hence not of interest in the present
work. The most often-used expression for the force in an arbitrary sound field not
resembling a running wave is the one given by Gor’kov. In his 1962 paper [5],
Gor’kov gives the (time-averaged) PRF on a particle of volume V in an inviscid
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v, p

x

p
v

t1 t  2 t3

PRFs
SRFs

a) b) c) d)

Figure 2.3: Schematic summary of PRF and SRF: a) Pressure and velocity fields in
a one-dimensional standing wave. b-d) Location of particles at three consecutive times
t1 − t3. PRFs are drawn as black arrows, SRFs as gray arrows. The lengths of the arrows
are adjusted for clarity, and omitted from d) altogether.

fluid with density ρ and speed of sound c as the gradient of a potential function
thus:

FPRF = −∇U = −∇V
(

f1

2ρc2

〈
p2 (r, t)

〉
T
− 3

4ρf2
〈
v2 (r, t)

〉
T

)
, (2.10)

where the brackets 〈· · · 〉T denote time-averaging, and where f1 and f2 are contrast
factors describing the effect of the relevant material parameters of the medium and
fluid, defined as

f1 = 1− ρc2

ρpc2
p

= 1− βp
β
,

f2 = 2 (ρp − ρ)
2ρp + ρ

.

(2.11)

Here, index “p” means parameters pertaining to the particle, and β is the (isen-
tropic) compressibility. As a numerical example relevant to this Thesis, we have
for cells (erythrocytes) in a water-like fluid,with values for the cells taken from
Gherardini et al. [23], that

ρp = 1094 kg/m3 βp = 3.4 · 10−10 ms2/kg
ρ ≈ 1000 kg/m3 β ≈ 4.5 · 10−10 ms2/kg,

which gives the contrast factors f1 = 0.24 and f2 = 0.06. For a pressure amplitude
of 0.85 MPa (as in Paper I) and a particle/cell with a diameter of ∼ 10 µm, this
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would in a spatially harmonic standing wave (cf. Eq. 2.8) give a maximum force of
(cf. Eq. 2.18) some tens of pN at frequencies of a few MHz. Using, e.g., a strongly
focused resonator (as in Paper VI) this can be increased to a few hundred pN.

For the reader interested in a complete derivation of Gor’kov’s equation (Eq. (2.10))
for the PRF, a walk-through of the paper can be found in the Appendix of this
Thesis. Here, we shall just state that the derivation is done by considering the
flux of momentum through a surface surrounding the particle, and carrying out
the calculations using a second-order expression for the sound field. Using the
“normal” first-order expressions yields a time-averaged force of zero, as all fields
will be harmonic in time. The total field is expressed as a sum of the incident field
and the scattered field, the latter taken to be approximately equal to the first two
terms in a multipole expansion. It is also important to note that the calculations are
done in an inviscid fluid, meaning that no effects of viscosity are accounted for, and
neither is heat conduction. These derivations have been carried out by Doinikov
[6, 7] but the reader is warned that there is a large quantity of mathematics in those
papers. With this said, it should be noted that in the applications discussed herein,
i.e., manipulation of living cells and polymer microbeads, good agreement between
theory and experiments is found by entering first-order fields (not second-order)
into the equation for the force as given by Gor’kov (thus also disregarding viscous
effects).

2.4.2 Time-harmonic fields

For the case of a time-harmonic field, it is possible to carry out the time-averaging
in Eq. (2.10) explicitly, and rewrite the expression into one giving the force as a
function of the pressure (or velocity) field only, as done in Paper IV. This facilitates,
e.g., numerical calculations based on a simulated pressure field as discussed in
Section 5.4, and done in Papers IV-VI. Let us start by assuming a velocity potential
that separates in time and space, as discussed in Section 2.3:

Φ (r, t) = ϕ (r) cos (ωt) , (2.12)

with ω = 2πf being the angular frequency and ϕ (r) the spatial velocity potential
distribution. This yields a pressure field according to Eq. (2.1):

P (r, t) = −ρ ∂
∂t

Φ (r, t) = −ρωϕ (r)︸ ︷︷ ︸
p(r)

(− sin (ωt)) , (2.13)

which we now want to use to express our velocity field as a function of. We have,
also from Eq. (2.1), that

Φ (r, t) = ∂

∂t

∫
Φ (r, t) dt = −1

ρ

∫
P (r, t) dt, (2.14)
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giving us a velocity field as the gradient of the last integral equal to

v (r, t) = −∇1
ρ

∫
P (r, t) dt

= −1
ρ

cos (ωt)
ω

∇p (r) .
(2.15)

We thus have both the velocity and pressure fields separated in time and space,
and expressed as functions of the spatial pressure distribution p (r). Carrying out
the time-averaging now yields

〈
P 2 (r, t)

〉
T

= p2 (r) 1
T

T∫
0

(− sin (ωt))2
dt = 1

2p
2 (r) and

〈
v2 (r, t)

〉
T

=
(
−1
ρω

)2
(∇p (r))2

T∫
0

cos2 (ωt) dt = 1
2ρ2ω2 (∇p (r))2

.

(2.16)

Entering these two expressions into Eq. (2.10) and carrying out some simplifica-
tions, we end up with a potential and force according to

U = V β

4

[
f1p

2 (r)− 3f2

2k2 (∇p (r))2
]

and

FPRF = −V β2

[
f1p (r)∇p (r)− 3f2

2k2 (∇p (r) · ∇)∇p (r)
]
,

(2.17)

respectively. Here, k is the wavenumber of the sound field, defined as k = ωc−1.
This force, then, is the primary force used for the manipulation of microbeads and
cells throughout this Thesis.

To get a feeling for how the force works, the classic example is to consider a one-
dimensional spatially harmonic standing wave. Assuming a pressure field p (x) =
p0 sin (kx) and using Eq. (2.17), some simple calculations yield a force field

FPRF = −V β4 p2
0k

(
f1 + 3f2

2

)
sin (2kx) . (2.18)

However, it is important to note that the derivation is done for a single particle.
Thus, the equations do not contain any effect of particle-particle or particle-wall
interactions through scattered fields. The first of these is instead the topic of the
next Section.

2.4.3 Secondary radiation force

When more than one particle is present in the fluid, as is very often the case,
each particle will produce a scattered sound field which will influence the other



14 CHAPTER 2. ULTRASOUND ACOUSTICS

particles. This interaction gives rise to the secondary radiation force (SRF) [24,
25], often called the Bjerknes force (also secondary Bjerknes force or König force
depending on literature). Assuming, just as for the PRF, that the particles are
small compared to the wavelength (particle radius Rp � λ), and additionally that
the interparticle distance, measured center-to-center, is also small compared to the
wavelength (d� λ), it has been shown by Weiser et al. [26] that the SRF can be
written as

FSRF = 4πR6
p

(
(ρp − ρ)2 (3 cos2 α− 1

)
6ρd4 v2 (x)− ω2ρ (βp − β)2

9d2 p2 (x)
)
, (2.19)

where α is the angle between the line connecting the particle centers and the “prop-
agation direction” of the sound field, and we have assumed a one-dimensional stand-
ing wave in the x direction. By convention, a positive SRF means a repulsive force.
We also note that the force is inherently short-ranged, so that it comes into play
first when the particles are closely spaced. As the particles in our applications
will tend to gather quickly in the pressure nodes due to the PRF, the second term
in the parenthesis can be taken to be negligible, and the SRF becomes attractive
(as α ≈ 90◦ when the particles are close to the pressure nodal plane). Thus, the
physical effect of the SRF is to create closely packed aggregates in the nodal plane,
as shown in, e.g., Paper I.

2.5 Acoustic streaming

Acoustic streaming is a phenomenon characterized by static (time-independent)
flow patterns caused by the presence of a sound field in the fluid. The phenomenon
is usually split into three types [27] with different inherent length scales: Schlichting
streaming, Rayleigh streaming, and Eckart streaming, the latter also known as the
“quartz wind”. All types of streaming have their origin in viscous losses in the fluid,
the differences in length scale stemming from where the losses occur.

Schlichting streaming [28] is a name given to streaming occuring in the viscous
boundary layer close to a surface and has vortices of a scale much smaller than
the acoustic wavelength. In systems for ultrasonic manipulation of microparticles,
this type of streaming does not, to the best of our knowledge, have any noticeable
effect on the manipulation, and thus will be disregarded henceforth. Rayleigh-type
streaming [29], stems from losses in boundary layers driving streaming vortices on
the scale of a quarter wavelength outside the boundary layer itself [30, 31]. The
inherent length scale of the streaming means that it can greatly influence the be-
havior of the fluid and thus the particles, in a microfluidic system for ultrasonic
manipulation. Eckart streaming [32] is large-scale (container-scale) streaming due
to absorption in the fluid. Rather than giving a vortical pattern like Rayleigh
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streaming, Eckart streaming typically gives a flow in the direction of the propaga-
tion of the sound. In a closed system, however, counterflows will of course occur as
the fluid cannot escape the cavity. It has been shown that Eckart streaming can
be minimized in several ways, such as minimizing the size of the resonator (thus
preventing the Eckart streaming to build up), or by designing a resonator contain-
ing acoustically transparent foils [16, 33]. Figure 2.4 illustrates the length scales
and vortical pattern of Rayleigh and Eckart streaming. Note that the Rayleigh
streaming will always be directed “outwards” in the pressure nodal plane.

For applications where it is important to stably trap particles using ultrasound,
acoustic streaming is often considered an unwanted effect, as the streaming flow
gives drag forces (Stokes’ drag) on the particles according to (assuming spherical
particles of radius Rp) FStokes = 6πηRpv, where η is the viscosity of the fluid and
v the velocity of the same (cf. Chapter 3). As this force is proportional to the
radius of the particle, and the PRF is proportional to the volume, we see that for
larger particles the PRF will dominate while for smaller particles the Stokes’ drag
will dominate. The particle size limit where this happens depends on the geometry
of the resonating channel, which has a large influence on the amount of streaming,
but it is generally around 1 µm for polymer particles in water-like media in systems
of the kind discussed in the Thesis (cf. Ref. [34] and Paper VII). This effect can be
used for characterization both of ultrasonic force fields as done in Paper III, and
of fluid flows while manipulating particles as done in Paper VII. In the latter case,
1-µm particles were used as fluid tracers while manipulating 5-µm particles. As a
last note, the phenomenon of acoustic streaming can also be used as a desired effect,
e.g., to create acoustic micromixers.[35] It has also been shown to be employable to
increase the efficiency of bead bio-assays by using the mixing property to enhance
binding rates.[36]
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Figure 2.4: Two different types of acoustic streaming: a) Cavity-scale Eckart streaming.
b) Rayleigh streaming with λ4 -scale vortices in a resonator.



Chapter 3

Microfluidics

This chapter presents some aspects of microfluidics pertinent to the Papers under-
lying this Thesis. Loosely defined, a microfluidic system is any fluidic system where
the fluid is confined in at least one dimension to the micrometer domain. Today,
microfluidic systems are often the central part in what is called a lab-on-chip (LoC)
or micro total analysis system (µTAS) [37]. Due to scaling laws (cf. below), such
systems are attractive for a number of reasons, including short reaction and anal-
ysis times, low sample and reagent volumes, and laminar flows. Additionally, they
also often show low power consumption and manufacturing cost.

For a good review paper of the field of microfluidics and a very nice book on the
subject, the reader is recommended Refs. [38] and [39]. From the perspective of
conducting physical and chemical experiments in microsystems, the most important
feature are the scaling effects (for an extensive table, see Ref. [39] Section 1.2).
As an important but simple example, take surface- and volume-dependent forces:
Examples of volume forces are, e.g., inertia and gravity, while surface tension and
viscosity depend on surface properties but not volume. In “every-day life” we are
very used to dealing with volume forces, but as we decrease the length scale d of a
system, we see that the ratio between surface and volume goes to infinity, as it is
proportional to d−1. Thus, surface forces will dominate and give rise to important
properties of microfluidic systems. Of these, the most central might be that viscous
effects tends to dominate over inertial in flows, rendering the flows laminar.

A laminar flow (as opposed to a turbulent flow) is characterized by the fluid flowing
in “sheets” (laminae) with no intermixing of fluid between adjacent laminae, as
indicated in Figure 3.1. The most important parameter to predict whether a flow
will be laminar or turbulent is the Reynolds number Re, generally defined for a
fluid of (dynamic) viscosity η and density ρ as

Re = ρv0d0

η
, (3.1)

17
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Figure 3.1: FEM simulation of flow in an arbitrary microfluidic system with Remax ≈ 1,
showing laminar flow. The grayscale indicates flow speed, and the white lines are six
streamlines (lines of constant flow speed).

where v0 is a characteristic flow velocity, and d0 is a characteristic length scale
of the system. Turbulent flows occur at Re larger than about 4000, and flows
at Re larger than about 1500 are often termed transitional flows. For a typical
microfluidic system, the Reynolds number is often around or smaller than unity,
giving a laminar flow and greatly simplifying flow profile calculations.

The laminar flows in microfluidics means that mixing is more or less controlled by
diffusion. Albeit diffusion is a slow process in the macroscopic world, the small
length scales of microfluidics, together with different schemes for maximizing the
“contact area” between fluids with different solutes to be mixed, makes mixing
possible. As was mentioned in Section 2.5, acoustic streaming can be utilized to
this purpose, as can the radiation force in the case of the fluids showing acoustic
contrast according to Eq. (2.11) [40]. A review of different mixing schemes can be
found in Ref. [41]. It should be mentioned that the microbeads employed in the
experiments this Thesis is based on are too large for diffusion to be of importance
to their movements in the arragements considered. Instead of being transported by
diffusion, they are moved by the ultrasonic PRF or by the Stokes’ drag force, which
for a particle of radius Rp in a flow with low Reynolds number can be expressed as

FStokes = 6πηRpv, (3.2)

where v is the velocity of the flow. This drag force is what carries the particles along
in a fluid flow, and also the force that counteracts the PRF, very quickly giving the
particles a constant speed. The time constant for this force equilibration is on the
order of 10−7− 10−5 s in microfluidic systems. The fastness of this process enables
measurements of the PRF based on measurements of particle velocities using micro
particle image velocimetry (PIV) [42], as done in Papers.

The last force we shall concern ourselves with here is gravity, which is a volume force
and thus often disregarded in microfluidic systems. However, when the particles in
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a medium are heavier than the medium, as is the case with cells and polymer beads
they will, naturally, slowly sink. It can be shown [39] that the sedimentation time
assuming terminal velocity is reached instantaneously for sedimentation a vertical
distance h is given by

τsed = 9ηh
2 (ρp − ρ)R2

pg
. (3.3)

For the largest particles considered here, this time will be approximately 20 seconds,
meaning that for manipulations taking longer than that, a vertical ultrasonic force
(“levitation”) should be employed.





Chapter 4

Alternative Contactless
Manipulation Methods

This Thesis concerns the use of ultrasonic standing waves as a microparticle manip-
ulation tool, a topic which will be covered in the remaining Chapters. This Chapter
aims to give a brief overview of two alternative and widely used contactless methods
for manipulating micron-sized particles or living cells in microfluidic systems; opti-
cal tweezers (OTs, Section 4.1) and dielectrophoresis (DEP, Section 4.2). We shall
not herein discuss, e.g., physical microtweezers or micropipettes (not contactless),
nor the use of fluid flow to move particles. The latter method is employed in much
of the work this Thesis builds on, but is then based on the Stokes’ drag force (Eq.
(3.2)) and additionally perhaps not to be considered contactless. Two contactless
methods in addition to OTs and DEP that do deserve a short mention, however,
are electrophoresis and magnetic manipulation.

Electrophoresis [43] differs from electro-osmosis in that electrophoresis is the moving
of charges or particles with charged surfaces (which might be very small, such as
dissolved ions) in a medium, while electro-osmosis is the moving of the medium
itself. Electrophoresis has found great use in, e.g., separation techniques such as
capillary electrophoresis [44], gel electrophoresis [45], combinations thereof, and
free-flow electrophoresis [46]. Manipulation of living cells with electrophoresis is less
common, as the method relies on the object to be manipulated having an overall
electric charge large enough for the electrostatic force to have a significant effect
compared to other involved forces such as gravity and Stokes’ drag (Eq. (3.2)).
Thus, it is a method mostly used for smaller particles such as macromolecules.

Magnetic manipulation, or magnetophoresis [47], uses magnetic fields to create
forces on particles. An obvious requirement for this to work is the presence of
either an induced or permanent magnetization in the particle to be manipulated.

21
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Biological matter, as it turns out, very seldom is magnetic. Thus, this method
becomes indirect in that, e.g., most cells have to take up magnetic particles be-
fore they can be magnetically manipulated. Biofunctionalized beads, however, are
available loaded with magnetic nanoparticles or with magnetic cores, and the use of
magnetophoresis in microfluidics and bio-assays is not at all uncommon [48]. From
electric and magnetic fields, we now turn to electromagnetic fields: The use of light
for particle manipulation.

4.1 Optical tweezers

The use of optical fields to manipulate microparticles was pioneered in the 1960’s by
Ashkin et al., who in 1986 published the first paper on what today would be called
a single-beam optical tweezer (OT) [49]. The very next year, both optical trapping
of single viruses [50] and optical trapping using an IR laser, greatly enhancing the
viability of trapped cells [51], were demonstrated. Today, the single-beam OT is
still a useful tool, but it has been complemented by several more complex ways
of creating the optical traps and manipulators. Examples include using several
beams of light or optical fields created by spatial light modulators of different
types, enabling quite complex three-dimensional field geometries, multiple-particle
manipulation, and controlled rotation of trapped objects. A thorough and easy-to-
read review of optical manipulation has been written by Jonáš and Zemánek.[52]

For micron-sized particles (particles of sizes comparable to or larger than the optical
wavelength), the force can in theory be evaluated using the same starting point as
for the acoustic case (cf. Section 2.4.1 and the Appendix); by evaluating the flux
of momentum through a closed surface containing the particle. However, if the
particle is of the same scale or larger than the optical wavelength, Mie scattering
theory must be used. The calculations involved can become quite fearsome, and
numerical methods are often used. For particles much smaller than the optical
wavelength, Rayleigh scattering theory can be employed, and the general results
apply qualitatively also to larger particles.[52] Here, we shall simply state some of
the results without calculations.

Let us assume the particle to have a higher index of refraction than the surrounding
medium. The optical force can be split into three distinct components: The gra-
dient force, the scattering force and the absorption force. In a ray-optical model,
these correspond to momentum transfer by reflection, refraction and absorption,
respectively.[53] We will asssume the absorption force to be negligible in compari-
son to the other two. The gradient force, which is proportional to the gradient of
the electric field squared, will be directed towards regions of high intensity, e.g., the
axis of a Gaussian beam or a focus. The scattering force will always be directed
along the direction of propagation of light. Thus, in a (Gaussian) beam of constant
cross-section, a particle will be pulled towards the axis of the beam by the gradient
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force and propelled along the beam by the scattering force as indicated in Fig.
4.1a. In the single-beam OT, illustrated in Figs. 4.1b-c, a tightly focused beam
is used. This creates high field gradients in the axial direction in the vicinity of
the focus, enabling stable trapping of the particle at the point where the scattering
force balances the gradient force. Note that this point will never be in the focus,
but slightly displaced from it in the direction of the beam propagation as seen in
Fig. 4.1c. It should also be mentioned that this setup relies on the index of re-
fraction of the particle to be higher than that of the medium. To trap low-index
particles, more complex optical fields must be used, such as a beam with a central
optical singularity [54].

Incident beam

Fgrad

Fscat

a) b) c) Incident beamIncident beam

Fgrad

Fscat

Fgrad

Fscat

Figure 4.1: Simple examples of optical manipulation: a) An incident beam of light with
radially decreasing intensity impinges on a spherical particle (black ring). The gradient
force Fgrad pulls the particle towards the axis, and the scattering force Fscat pushes it
in the direction of propagation. The dashed line schematically shows the path of the
particle. b-c) A single-beam OT: As in a), but the tight focus gives high field gradients
also in the axial direction around the beam waist. The particle is trapped at a location
slightly “below” the focus, where the gradient and scattering forces balance.

By tuning the laser power, it is possible to tune the force exerted. Typical laser
powers range from a few mW up to almost 1 W, and the forces involved are in
the range of fN up to hundreds of pN.[52] Main advantages of using OTs for mi-
cromanipulation compared to using ultrasound include its higher spatial precision
and the possibility to accurately manipulate considerably smaller particles (down
to tens of nanometers [52]). Drawbacks include that the instrumentation needed is
more complicated, especially for the more complex manipulation, and more expen-
sive (sometimes by orders of magnitude). The effect is also spatially localized in
the system which might be an advantage or a drawback depending on the target
application. It should also be mentioned that OTs and ultrasonic manipulation eas-
ily could be employed in the same microfluidic system, with no obvious theoretical
obstacles such as too large crosstalk or interference between the two kinds of fields.
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4.2 Dielectrophoresis

Dielectrophoresis (DEP) can be defined as “the movement of a charge-neutral par-
ticle in a fluid induced by an inhomogeneous electric field”.[55] Like OTs, the tech-
nology was developed during the second half of the last century [56, 57] and adapted
for manipulation of living cells in microfluidic systems during the 1990s (see e.g.,
[58]). While both DC and AC fields can be used for DEP, we will here focus only
on AC-field DEP. An advantage of using (time-harmonic) AC fields is the lack of
time-averaged effects AC fields have on charges such as ions in the solution. Addi-
tionally, AC-field DEP works well on particles with non-zero electric conductivity.
The (time-averaged) dielectrophoretic force FDEP on a particle of volume V arises
from differences in the frequency-dependent polarizability and conductivity between
the particle and the surrounding fluid, and can be written as [55]

FDEP = 3V ε
2 Re {fCM}∇

(
E2
rms

)
, (4.1)

where ε is the permittivity of the fluid, “Re{· · · }” means real part and the fre-
quency dependence and differences in electric properties are included in the so-called
Clausius-Mosotti factor fCM defined as

fCM = ε̃p − ε̃
ε̃p + 2ε̃ , where ε̃p = σp + iωεp and ε̃ = σ + iωε. (4.2)

Here, σ is the electric conductivity, index p pertains to the particle and indexless
variables to the fluid. Thus, fCM plays a role analogous to the acoustic contrast
factors (Eq. (2.11)). It should also be pointed out that Eq. (4.1) is valid in dipole
approximation, i.e., higher-pole moments are considered small. We can see from
the above equations that a prerequisite for effective DEP is high gradients in the
electric field. Basic electric field theory tells us that one way to achieve this is to
use small sources, i.e., small electrodes. To realize this in a microfluidic structure,
small built-in electrodes can be integrated into the chip (cf., e.g., [59]). Depending
on the sign of fCM , the particles will be attracted to or repelled from the electrodes
(termed positive dielectrophoresis (pDEP) and negative dielectrophoresis (nDEP),
respectively). By using nDEP and several electrodes a stable three-dimensional trap
for particles can be realised [60] (as shown in Fig. 4.2). By controlling the voltage
and phase relationship between the electrodes, controlled rotation and deformation
of trapped aggregates or soft particles can be achieved.

Modern microfabrication techniques also allow the creation and precise control of
arrays of electrodes, giving the possibility of manipulation along predetermined
paths in two dimensions by sequential actuation as shown in, e.g., Refs. [61] and
[62]. As the driving frequencies (a few MHz) and voltages (up to tens of volts)
used for such applications are about the same as for ultrasonic manipulation in
microfluidic systems, and the commonly used channel dimensions roughly the same,
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Figure 4.2: 3D-caging of a biological cell by DEP. Four of eight electrodes are visible
(dark areas). Image courtesy of Magnus Jäger, Frauenhofer IBMT, Germany.

it is possible to combine the two manipulation schemes in one system.[63, 64] The
force magnitudes are also comparable, typically in the pN range for 10-µm particles
[59, 62].

An advantage of DEP over acoustic manipulation is the reachable precision and
single-particle manipulation capabilities. However, the channels have to be made
fairly shallow (20-40 µm) to generate the needed gradients in the electric field,
increasing the risk of clogging, and the force is short-ranged in the sense that it
decreases very rapidly with distance from the electrodes. Furthermore, while normal
cell medium shows a good electric contrast (high enough fCM ) to cells, the high
conductivity means that there is significant heating of the fluid.[65] This means
that media not suitable for long-term cell experiments must be used. In addition
to this problem, there are results suggesting that electric fields at DEP-relevant
frequencies and amplitudes cause considerable stress in cells [66].

Thus, it is important to realise that contactless manipulation does not have one
method which is simply “better” than the others, but is a vast field with different
tools suitable for different purposes. From these methods for contactless manipula-
tion, we now turn to the reasearch this Thesis is built on - ultrasonic manipulation,
which is the topic of the next two Chapters.





Chapter 5

Ultrasonic Standing Wave
Manipulation

This chapter will concern description of ultrasonic manipulation functions as well
as design considerations for, and simulations of, microfluidic systems for particle
or living-cell manipulation using ultrasonic standing waves (USWs). We shall dis-
cuss USW manipulation functions in one to three spatial dimensions (1D to 3D)
as well as dynamic manipulation using ultrasound to transport particles along a
microchannel (Sections 5.1 and 5.2). Section 5.3 concerns the different designs that
can be used for these manipulation puposes. In Section 5.4, the use of finite element
methods (FEM) to simulate the radiation forces as a step in the system design and
to glean deeper understanding of the transducer-chip system is discussed.

5.1 One-dimensional manipulation

The simplest chip arrangement conceivable for ultrasonic manipulation would be
a long, straight channel where the USW is set up along one dimension only. This
enables 1D focusing of particles for, e.g., concentration/sorting applications [67, 68],
deposition of particles on a surface using a λ

4 -resonator [69], concentration/sequential
washing applications [70, 71], and precise positioning of particles at the end of of
the channel for further extraction and analysis [72–74]. In the above-mentioned
manipulation schemes, the particles are manipulated in one dimension by the PRF,
and in another dimension using the Stokes’ drag (Eq. 3.2) by flowing the medium
down the channel. Fig. 5.1 shows 1D manipulation of 10-µm polymer beads in the
horizontal (Fig. 5.1b) and vertical (Fig. 5.1c) directions compared with flowing
the beads without any ultrasound actuation (Fig. 5.1a). We note that the focusing
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field seems to have a downwards directed force component in addition to the fo-
cusing force. This is further discussed in Section 5.4. The chip-transducer systems
employed are discussed in Section 5.3.1 and also in depth in Paper IV. Of course,
if this kind of 1D manipulation is desired, care should be taken when choosing the
channel dimensions so that the channel is only resonant in one direction.

a)

b)

c)

200 µm flow

Figure 5.1: 1D manipulation of 10-µm beads in a straight channel: a) The ultrasound
is off, the beads are disperserd throughout the cross-section. Note the large variations in
speed due to the zero flow velocity at the walls. b) Focusing of the beads using a single
frequency. c) Levitation of the beads using a single but different frequency. The flow is
from right to left in all images.

Quite often, a one-dimensional model is adopted as an approximation for the force
everywhere in the channel in cases where the channel is straight and has constant
(rectangular) cross-section. This is done in spite of the fact that it can be shown that
the field in the channel is influenced by the chip dimensions also in the directions
along the channel (cf. Papers IV and VII and Ref. [75]). The effect of this is further
discussed in Section 5.2.3. Nevertheless, the 1D-approximation for the force is often
a good first approximation. To show why, we take from Section 2.4.1 the 1D PRF
(Eq. (2.18)):

FPRF = −V β4 p2
0k

(
f1 + 3f2

2

)
sin (2kx) , (5.1)

which is, by virtue of simplicity, a good expression to use as an approximative force.
The limitations hereof, especially when running a system with very low or no flows,
will be discussed below. First, however, we move on to using USWs to manipulate
particles in more than one spatial dimension simultaneously.
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5.2 Multi-dimensional manipulation

Multi-dimensional USW manipulation can be achieved in several different ways.
Firstly, by using a single frequency signal (Section 5.2.1). This method can be
employed in, e.g., a cavity which is resonant in more than one direction, an ar-
rangement using a localized vertical field (often the near field of the transducer),
or by employing a focusing resonator geometry. Secondly, by using multiple fre-
quencies to excite resonances in different directions (Section 5.2.2). Thirdly, by
using frequency-modulated signals (Section 5.2.3). The latter allows both for spa-
tial stabilization of otherwise inhomogenous force fields and for time-dependent
manipulation in the form of flow-free transport of particles.

5.2.1 Single-frequency manipulation

In the discussion above, a single frequency was used to excite a resonance in one
direction. From here, the step is short to performing the two manipulation tasks
shown in Fig. 5.1 (focusing and levitation) simultaneously by letting the channel
have a square cross-section. This would guide particles along the center line of the
channel, and is used in, e.g., Paper V. One could of course also envisage using a
channel where the width and height are integer multiples of each other. A disad-
vantage of these approaches is that the force fields become spatially inhomogenous
throughout the channel due to 3D resonances in the solid structure (cf. Papers IV
and VII, Ref. [75] and Section 5.4), making it difficult to operate the system at low
flows rates such as fractions of µL per minute. The single-frequency approach also
means that it is not possible to switch the number of nodes in one direction with-
out doing so in the other. These problems can be mitigated by choosing channel
height and width to be resonant at different frequencies and using dual-frequency
excitation, as first presented in Ref. [76] and discussed in Section 5.2.2 and Paper
IV.

Another example of single-frequency 2D manipulation is the arraying of particles in
two dimensions by using a chamber resonant in two directions. This chamber can
either be the channel itself (cf. Paper III), or a larger chamber built as a part of the
channel structure [34, 77]. However, results show that, as in the abovementioned
case, the arraying is significantly improved by using two different frequencies, shifted
even by as little as 10 ppm (25 Hz) in the case of [77]. This effect is illustrated in
Fig. 5.2. The improvement here is due to the difference-frequency term in the total
field increasing in frequency until the bead aggregate cannot properly “follow” the
changes in the force field. This gives the same results as time-averaging the beating
term to zero.

The use of a localized vertical resonance, giving both levitation and retention below
or above the transducer has been employed by several authors as a simple way of
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trapping cells during controlled amounts of time, as shown in Paper I and, e.g.,
Refs. [78–80].

As a final example, using a focused resonator allows for trapping in 2D due to
the high pressure gradients (cf. Eq. 2.17) near the field waist either in the two
horizontal directions, as done in Paper VI (and in some sense in Papers V and
VII), or in one horizontal and the vertical direction [81].

5.2.2 Multiple-fixed-frequency manipulation

As stated above, 2D manipulation becomes both more efficient and more flexi-
ble if two different frequencies are used. In addition, using more than a single
frequency opens up possibilities to design a system that performs different manip-
ulation tasks in different sites in the system as well as 3D control of the particles.
All Papers included in this Thesis except Paper I describe systems designed for
multiple-frequency actuation. 2D arraying as described above but using two dif-
ferent frequencies has been carried out in a number of settings [77, 82, 83]. The
improved efficiency is clearly visible in Fig. 5.2.

200 µm

a) b)

Figure 5.2: 2D arraying of 10 µm polymer beads using two orthogonal sound fields: a)
Using two fields of the same frequency (2.56 MHz). b) Using two fields of slightly different
frequencies (2.56 MHz and 2.56 MHz + 25 Hz.). Images courtesy of S. Oberti, ETH Zurich
(adapted from Ref. [77]).

The use of two separate fields of different frequencies to focus and levitate particles
simultaneously in a flow-through system [76], as shown in Fig. 5.3, is a powerful
method to avoid sample-to-wall contact causing sample contamination, channel
clogging, or activation of sensitive cells. This type of 2D alignment in a channel is
employed in Papers III-VII.

The idea of separating different USW manipulation functions to different parts of
the system is also the main topic of Paper III, where it is shown that even small
differences in channel width (tens of microns) can be sufficient to de-couple regions,
but that the effect is more robust if larger differences are chosen. It is shown that
a resonance often “leaks” into a neighbouring section of different width (with a
“crossover region” of the size ∼ λ

4 ) but that the effect is negligible in flow-through
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200 µm flow
Figure 5.3: 2D alignment of 10 µm beads in a straight channel, using two different
frequencies for focusing and levitation (cf also Fig. 5.1).

operation. It should also be mentioned that here, too, the frequencies should be
chosen so that they are not, e.g., multiples of each other, to avoid unwanted reso-
nances and cross-talk between regions of the chip.

The idea of spatial confinement of resonances also lead to the concept of ultrasonic
microcages - a small (a few hundreds of µm long) part of the channel where particles
can be trapped in 3D and held against a fluid flow (cf. Papers V, VII and Ref. [35]).
Figure 5.4 shows examples of microcage designs, simulations of force potentials, and
experimental results of particle trapping therein. FEM Simulation of the force fields
is discussed in Section 5.4.

The top microcage in Fig. 5.4 is the main topic of Paper V. It is demonstrated that,
in addition to performing 3D caging of single particles and aggregates, it is possible
to reversibly control the dimensionality of a trapped aggregate. By adjusting the
amplitudes of the different fields, an aggregate can be switched from horizontal flat
(2D), to compact 3D, to vertical flat (2D). It is also possible to confine a field to
a larger chamber in the channel, such as the 5-mm diameter confocal resonator
described in Paper VI (cf. Fig. 5.11).
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a)

d)

c)

b)

Figure 5.4: Simulations of force potentials (left) and expermental trapping patterns of
5-µm polymer beads (right) in four different microcages. The yellow particles are fluid
tracers too small to be significantly affected by the PRF. The scale bars are all 100 µm.
In the simulations, blue indicates a low potential, i.e., a trapping site.
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5.2.3 Frequency-modulated manipulation

As mentioned above, single-frequency actuation of a straight channel often gives a
force field which varies strongly throughout the channel. The reason for this is 3D
resonances in the solid structure of the chip. This effect can be strongly mitigated
by using frequency-modulated signals, as shown in Paper VII. Figures 5.5a-d show
an example of this; four different but close single frequencies are used to actuate
a straight channel with a square cross-section of 110× 110 µm2. The channel was
homogeneously seeded with particles, and the ultrasound was allowed to influence
the particles for a few seconds. The experimental arrangement is described in
further detail in Paper VII. We clearly see large variations both in force magnitude
and direction. One way to remove these inhomogeneities is to sweep the signal to
the transducer over an interval of about 100 kHz around the single frequency used.
This scheme gives what in principle becomes an average of the force fields at all
frequencies in the interval. Figure 5.5e shows the effect of such a modulated signal.

c)

d)
e)

a) 6.85 MHz

b) 6.89 MHz
6.93 MHz
6.95 MHz

6.85-6.95 MHz

Figure 5.5: The effect of a 1-kHz modulated frequency sweep on the spatial force distri-
bution in a straight channel: a-d) Single frequency actuation at frequencies close to the
nominal λ2 -resonance, showing both areas of zero focusing force and forces pushing beads
to the walls. e) By sweeping the signal over the interval 6.85-6.95 MHz, the force fields is
greatly stabilized.

The beads are in fact focused in 2D, aligned along the center line of the channel
due to its square cross section. The same approach can be used to reduce the
need having to fine tune the system due to changes in ambient temperature, e.g.,
going from room temperature to 37 ℃. It can also be used to remove the effect
of small differences in transducer mounting in systems with external replaceable
transducers such as those described in Section 5.3. Correctly applied, we believe
this scheme could also improve the efficiency of acoustic-based separation methods.
Using frequency-modulated signals for spatial stabilization of the force fields also
enables use of very low flows for transport of particles down a channel, as the
particle will no longer enter regions where the levitation force is nil (or negative),
or where a horizontal force would push the particle towards the wall. It also reduces
the amount of acoustic streaming in microcages.
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Being able to reduce the flow speeds also has significant implications for applications
of ultrasonic microcages for single-cell analysis, as discussed in Chapter 6. This led
to the concept of transporting particles down the channel using the ultrasound only;
flow-free transport. Using frequency changes to move particles unidirectionally had
previously been shown in macro-scale systems [83–85], and using the phenomenon
of beats between two close frequencies to produce aggregate reshaping and rotation
was investigated by Oberti et al. [77].

Figure 5.6 illustrates the method for flow-free transport described in Paper VII.
The method uses 2D alignment stabilized by a quickly (1 kHz) modulated signal
in the inlet channel to the microcage described in Paper V shown schematically
in Fig. 5.6a). This is combined with a slowly (∼0.1-1 Hz) linearly sweeping sig-
nal setting up a field along the channel with moving nodes. Figures 5.6c-d shows
flow-free transport of aggregates of microbeads and living cells, respectively. The
principle behind the transport is the following: At the end of a sweep, when the
frequency drops back to the starting value for the next sweep, the particle(s) will
be closer to the starting location of the “next” node, and thus quickly move there.
Transport speeds up to 200 µm/s were achieved, and (time-resolved) particle im-
age velocimetry (PIV) [34, 42] measurements confirmed a more or less stationary
medium around the particles. The particles were transported into a microcage,
where they were held by the 3D force field of the cage and not transported out
again.

It is important to realise that in flow-through applications such as focusing and
sorting (cf. Section 6.1.1), force fields given by single frequencies and by frequency-
modulated signals will have nearly the same effect. When the particles enter a
section with poor focusing forces, they will simply continue in the streamline they
are in, and the parts where the force is directed towards the walls are short.

5.3 Design of USW manipulation systems

This Section concerns the design of systems for performing the USW manipula-
tion functions discussed above. As the “system” in this case, we shall mean the
ultrasound transducer and the part of the microfluidic system that is significantly
actuated by the sound. Thus we disregard fluidic connectors, pumps, wiring to the
transducer, detection methods (most often optical microscopy), and so on. Dur-
ing the last decades, many different system designs have sprung up, more or less
similar. These can be classified in terms of several parameters, such as:

• Medium: The fluid medium can be broadly divided into gases and liquids
(e.g., water, cell medium, PBS buffer). Examples of the first include control
of aerosols [86], but the latter is by far the most common and the only one
we shall discuss below.
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a)

100 µm

t = 3.2 st = 0.0 s

t = 7.4 st = 5.0 s

200 µm

d)

t = 1.0 s

t = 0.0 s

t = 2.0 s

b)

c)

Figure 5.6: Flow-free transport using a low modulation frequency combinded with spa-
tially stabilized 2D alignment (cf. Fig. 5.5): a) The particles are aligned on the centerline
of the channel using a fast sweep. b) A standing wave is set up along the channel, causing
aggregation into clumps held in 3D. c) Consecutive frames from a movie, showing flow-
free transport of aggregates of 5-µm polymer beads using a slow modulation of the signal
described in b). d) Consecutive frames from a movie showing transport of a single HEK
(human embryonal kidney) cell into a microcage followed by aggregation and caging. The
cells are fluorescently stained with the viability probe calcein.
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• Particles: The particles to be manipulated can be divided into more rigid/
semisolid (polymer particles, cf. Papers I, III-VII), and softer (red blood cells,
cf., e.g., Ref. [87] and other cell types, cf. e.g. Papers I, V-VII). This will
influence the magnitude of the force on the particles by virtue of the acoustic
contrast factors (Eqs. (2.10) and (2.11)).

• Resonator geometry: The resonator geometry determines basic properties
of the force field, and is thus a very central aspect of the design. Examples
include straight channels (Paper IV, and, e.g., Refs. [71, 80, 83]), capillaries
[88, 89], straight channels of varying cross-section (Paper III), larger chambers
(Papers I and VI, Refs. [34, 77]) and microcages (Papers V and VII). In
addition, the channels may be branched/split in places, with (as in Paper
III) or without [79] the possibility to individually manipulate particles in the
branches. The acoustic field in the resonator will also be decided by choice of
material and, to some extent, the fabrication methods used.

• Transducer: While the by far most common material for the actuator itself
is the piezoelectric ceramic PZT (lead zirconate titanate, another example in-
cludes lithium niobate [90]), the placement of the piezo element, the coupling
method, and the actuation scheme differ. The piezo element can be, e.g.,
fixed and integrated into the system [78, 80], temporarily glued directly onto
the chip [71, 91], split into subparts by use of strip electrodes [77], or fixed
onto a coupling wedge (Papers II-VII) which then together with the piezo el-
ement acts as an external replaceable transducer. The above-mentioned cases
all use the piezos in thickness-mode resonances, but it is also possible to use
a shear-mode piezo [92] or interdigited transducer to create surface acoustic
waves [90].

• Actuation: As discussed in the above Sections, the actuation can be clas-
sified as single-frequency, multiple-frequency or frequency-modulated. The
reader is referred to Sections 5.1 and 5.2 for details.

The scope of the rest of this Chapter will be limited to the the system design used
in Papers II-VII. This design includes use of wedge transducers (cf. Paper IV)
mounted on chips with a glass-silicon-glass sandwich structure where the channel
is etched through the silicon layer.

5.3.1 Wedge transducers and microfluidic chips

This Section will deal with the basic components of the chip-transducer system
used for almost all the research this Thesis builds on. The exception is the chip
used in Paper I, which was in-house built and fabricated from polydimethylsiloxane
(PDMS) defining the channel structure between two glass plates. The piezo element
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was fixed directly onto the glass surface, employing near-field trapping of cells. The
systems described in Papers II-VII use external and replaceable wedge transducers
glued onto a glass-Si-glass chip (cf. Fig. 5.7), where the channel structure has been
dry-etched through the silicon. All chips have been fabricated by GeSim [93] in
Germany.

Piezo

Channel

Fluidic
connection

Al wedge

[cm]

Figure 5.7: Photograph of glass-Si-glass chip with five mounted wedge transducers. The
chip was used to show spatial confinement of resonances and perform user-addressable
merging of particle streams (cf. Paper IV).

The wedge transducer itself consists of a piezo element (made from PZT) with silver
electrodes, fixed onto an aluminium wedge using silver glue. The piezo element
operates in thickness mode, meaning that the optimal frequency of the transducer
itself is mostly decided by the thickness of the PZT. However, the mass of the
aluminium wedge acts as a load on the piezo, broadening and somewhat shifting
the resonance. The transducers are glued onto the chips using a water-soluble glue,
resulting in the chip itself also acting as a small load. Thus, it becomes important
to consider the entire chip-transducer system together when designing both wedge
and chip. The design of wedge tranducers is discussed in Paper IV. The most
important point is that the resonance that builds up is a full-system 3D resonance
primarily determined by the solid structure, as the channel is a very small part
of the total system. Doing analytical calculations, of course using much simplified
models, on such a system gives only very rough approximates, and hence we turn
to numerical simulations for design purposes and for better understanding of the
system.
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5.4 Numerical simulations of ultrasonic resonances

The numerical simulations of the chip-transducer systems or parts thereof were all
conducted using the finite element method (FEM) software Comsol Multiphysics
[94] together with Matlab [95]. Since full 3D simulations of the system proved
to be beyond the capabilities of the available computer resources, all simulations
were done on 2D cross-sections of the system. It has been shown that while this
method does not correctly predict the frequency that will create a certain force
field, it does predict available force fields and is thus a very useful design tool (cf.,
e.g., Refs. [34, 35] and Papers IV-VI). This frequency error is not unexpected when
performing 2D simulations of 3D systems [34].

The boundary conditions of the models built are summarized in Table 5.1. The
Comsol modes used were “Plane Strain” for the solid materials and “Pressure Acous-
tics” for the fluids, both without damping. The reason two different modes must be
used is the difference between sound propagation in fluids and solids (cf. Sections
2.1-2.2). The actuation was simulated by prescribing a time-harmonic oscillation
on a boundary representing the piezo element.

Comsol Mode Boundary Boundary Conditions

Pressure acoustics Fluid channel walls Normal accelerations equal (as
fluid is assumed non-viscous)

Plane strain All inner solid-solid
boundaries

Handled automatically

Plane strain Top surface of Al wedge Time-harmonic normal displace-
ment

Plane strain Fluid channel walls Free surface with loading normal
force equal to pressure in fluid

Table 5.1: Boundary conditions used for FEM simulations.

The simulated pressure fields were then post-processed in Matlab and force po-
tentials or force fields were calculated according to the equation given by Gor’kov
in its pressure-dependent form (Eq. (2.17)). In the following Sections, it is impor-
tant to remember that while the Figures often show cut-outs of interesting parts of
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the chip, such as a microcage, the actual simulation was done on a cross-section of
the entire chip to better capture resonances in the solid structure and hence, e.g.,
inhomogeneities in the force field along a straight channel.

5.4.1 Straight channels

Simulations of the fields in straight channels are part of the base of Paper IV. It
is shown that as the solid structure makes up almost the entire system, the field
in the channel at different locations becomes highly dependent on the surrounding
structure. The most common situation using single-frequency actuation is one in
which the channel is only actuated by a displacement field giving high forces in
some locations. As we saw in Fig. 5.5a-d, other locations have a zero force field, or
a force pushing particles towards the walls. Top-view simulations, as shown in Fig.
5.8 together with the corresponding experimental images, predict this phenomenon
well. This type of simulation is further discussed in Paper IV.

p2

F

p2

F

Figure 5.8: Top-view simulation of squared pressure field in channel (top row, blue is low
and red is high) with focusing force component (middle row, blue means “downwards” in
the image and red means “upwards”) and corresponding experimental situation (bottom
row). The left column shows “good” focusing, while the right column shows the more
common “spotwise” focusing.

The same phenomenon applies to the levitating force throughout the channel - dur-
ing single-frequency actuation, there will in general not be a homogeneous vertical
force field. A simulation of this effect is shown in Fig. 5.9. The figure has been
rescaled horizontally to fit the page, the actual length of the simulated channel is
24.7 mm and the height is 110 µm, as described in Paper IV. The conclusion is that
frequency modulation, as discussed in Section 5.2.3 should be used to alleviate this
problem.

It should also be mentioned that in channels with a rectangular cross-section, it also
becomes important whether the pressure field set up in one direction has gradients
in an orthogonal direction. If this is true it causes, e.g., a nominally horizontal
resonance to have a force component in the vertical direction or along the channel.
Simulation results as shown in Fig. 5.10 predict this, and the effect is indeed seen in
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experiments. The focusing field used in Figs. 5.1 and 5.3 clearly has a downwards
component, as the beads sink quicker with only the focusing field on (cf. Figs.
5.1a-b), and move slower in Fig. 5.3 than in Fig. 5.1c.
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Figure 5.9: Normalized components of the levitating force field calculated from pressure
field simulations in a straight channel (red corresponds to an positive force in the image
and blue to a negative force). The black contours show where the absolute value of the
force is down to 10% of its maximum. The simulated channel is 24.7 mm long and 110
µm high.
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Figure 5.10: Normalized components of the focusing force field calculated from pressure
field simulations in a straight channel (red corresponds to a positive force in the image
and blue to a negative force). The black contours show where the absolute value of the
force is down to 10% of its maximum, and the white contours show locations of zero force,
showing that the focusing force has a weak negative y-component in almost the entire
channel.

5.4.2 Non-straight channels

The simulation of non-straight channels is done in complete analogy with what is
described in the previous section. However, while a straight channel has a fixed
width throughout, channels with microcages or larger focusing elements also has
the added complexity of the shape and size of the non-straight part playing an im-
portant role in the resonance shaping. As illustrated in Fig. 5.4, this enables design
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of spatially confined resonances in microcages, but also investigation of modes and
mode spacing in larger elements such as the 5-mm confocal element used in Paper
VI. Figure 5.11 shows an overlay of experimental data on the simulated pressure
field in such a chamber. The pressure field is shown in logarithmic scale to empha-
size the existance of weaker forces outside the stronger confocal mode. We now end
our discussion of manipulation functions and simulations and, in the next Chapter,
discuss some applications of these functions in different settings.

Figure 5.11: Pressure field simulation (logarithmic scale, red is high and blue is low)
and overlaid experimental data from a large (5 mm) focusing element for cytometry ap-
plications (cf. Section 6.1.1).





Chapter 6

Applications of USW Manipulation
in Microfluidic Systems

This Chapter is intended as a short discussion of applications of the manipulation
methods described in Chapter 5. Generally, these are gauged towards biomedical
or cell analysis of some kind. The most common applications include handling of
larger number of particles (cf. Section 6.1). In this respect USW manipulation can
be used as a pre-analysis separation method, or in other flow-through application
as discussed in Section 6.1.1, or an aggregating force (Section 6.1.2). It can also
be employed as a caging force field or a transport mechanism for single-cell studies
(Section 6.2). Reasons for using ultrasound for these purposes include the facts that
it is relatively gentle to living cells (cf. Paper I), it allows for precise temperature
control (cf. Paper II), it is inexpensive, and it can be used both for full-system
non-localized manipulation schemes and to create localized force fields (as shown
in Papers V and VII).

6.1 Batch manipulation

Batch handling, i.e., different types of handling of larger amounts of particles si-
multaneously, is a common application of USW manipulation. This stems from
the fact that, as we saw in the previous Chapter, it is relatively easy to build up
an ultrasonic force field that affects more or less the entire channel structure in a
microfluidic chip. Thus, due to the larger range of the ultrasonic forces compared
to DEP and the larger area that can be affected compared to OTs (cf. Chapter 4),
it is a very attractive method for such applications.

43
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6.1.1 Flowthrough batch manipulation

USW-based applications operated in flow-through mode are most often based on
achieving continuous separation of particles from other particles or a fluid. The
separation can be based on size or difference in acoustic contrast with respect to
the medium (cf. Eq. (2.10)), or concentration or alignment of particles. Another
example is lateral control of particle position in a channel for, e.g., washing.

Examples of separation applications include separating out lipid embolii from blood
in order to give homologous transfusions during major surgery [91, 96], and size-
based sequential separation [67], which also can be improved to separate, e.g., cells
of similar sizes and acoustic contrast by medium density manipulation [67]. The
lateral control of particles afforded by ultrasound has been used to perform washing
using adjacent laminar flows in a channel, yielding high selective purfication of, e.g.,
phosphopeptides or bacteriophages.[71] By washing particles through up to eight
fluids of different pH, it is possible to do a sequential eluation of different surface-
bound molecules for further analysis using mass spectroscopy.[70]

The lateral control of particles in a fluid flow can also be used in a chip with
branched channels or flow-splitting elements to perform user-addressable merging
of adjacent particle streams, as shown in Paper III. Therein is also shown how
two different frequencies can be used to align all the particles in a sample along a
single streamline in the center of a rectangular channel. This reduces the risk of
clogging, wall adhesion, and other effects from the walls on a delicate sample such as
contamination or activation of sensitive cells such as thrombocytes. It also reduces
sample dispersion in the flow as the particles travel along the same streamline, i.e.,
with the same velocity. This becomes of greater importance the larger the sample
particles are, since for small particles diffusion will somewhat mitigate this problem.
Together with multiple laminar medium flows and the above-mentioned techniques
this enables a platform of great versatility for particle washing, separation and
mixing.

Alignment of particles in a channel of circular cross-section has been investigated
as a sample preparation technique for flow cytometry.[89] In Paper VI, we discuss
a flow cytometry system where the ultrasound can be used for selection of cells or
particles of interest followed by ultrasonic retention in the chamber shown in Fig.
5.11 for further study or cultivation of cells.

6.1.2 No-flow batch manipulation

The concentration of cells and/or biofunctionalized beads into larger, often planar
aggregates can be used to study, e.g., cell-cell interactions [97], or the effect of
USWs on a batch of living cells as discussed in Paper I. It has also been shown
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to help increase the sensitivity of certain bead-based bio-assays [81, 88] (although
the first of these systems is not truly microfluidic). In a 2D rectangular resonator,
arraying of locomotive microorganisms has been used to investigate their motility
under different external conditions (temperature and illumination).[83]

The USW can also be used to create a retentive force, so that while the medium is
in fact flowing, particles are stopped and held against the flow. In Paper VI, this
technique is used on small batches of particles after pre-selection as mentioned in
Section 6.1. The method has also been used to sort out spermatozoa from cell lysate
for forensic analysis purposes.[79] As a last example, it is shown in Paper VII that
ultrasonic forces can be used as a batch transport mechanism, transporting larger
aggregates of particles down a channel without the need for medium flow (cf. Fig.
5.6). The transport speed depends linearly on the modulation frequency, and the
arrangement has the possibility to change direction of the transport by switching
from increasing to decreasing frequency sweeps.

6.2 Single-particle manipulation

The handling of very few particles using USWs is far less common than the batch
handling discussed above. While it is possible to turn a batch handling system
into one handling single particles by simply using very low concentrations of par-
ticles, few applications of this have been shown. As one example, it has been
shown that the size-dependence of the primary radiation force (cf. Eq. (2.10)) can
enable enhanced separation efficiency in capillary electrophoresis by retarding or
even stopping larger particles.[68] A different example of single-particle handling
using USWs is pre-positioning of crystals as a sample preparation step for X-ray
crystallography.[98]

The ultrasonic 3D microcage described in Papers V and VII is one example of
an element designed specifically for studies of a very low number of cells and their
interactions. The system design allows use of all kinds of optical microscopy, making
it feasible to study very small cell aggregates of, e.g., immune cells such as natural
killer (NK) cells and their target cells, or a cell and a single bio-functionalized
bead. The spatial dimensionality control discussed in Paper V and Section 5.2.2
also enables control of the number of neighbours a cell has, from two in a linear
(1D) aggregate, to up to six in a flat (2D) aggregate, to twelve in a close-packed
3D aggregate. When discussing this type of aggregation, it is important to realize
that there is a difference between aggregating “solid” spheres, such as functionalized
microspheres, and living cells, which are much more able to change their morphology
to aggregate [97]. In the first case, the final distance and forces between the particles
comes to depend not only on the ultrasound, but also on, e.g., van der Waals and
electrostatic interactions [80, 99].
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Figure 6.1: Particles caged in 3D in an ultrasonic microcage: a) Verification of 3D caging
of 10-µm polymer beads using confocal microscopy. b) Transmission-light microscopy of
a linear aggregate of four human embryonal kidney cells taken with a 20× objective. c)
Epifluorescence image of the same cells as in b). The cells have been stained with the
green viability probe calcein and the red membrane probe DiD.

Figure 6.1 shows the 3D trapping of a small aggregate of fluorescent beads in a
microcage (cf. Section 5.2.2 and Fig. 5.4, top row), as well as two high-resolution
images of caged living cells. Objectives up to 100×/1.3 have been used (cf. Pa-
per V), but in that case the cells must be dropped to the bottom of the cage to
accomodate the short working distance of our objective.

As the flow-free transport scheme described in Section 5.2.3 and Paper VII also
works on single cells, it is possible to inject single cells one by one into a microcage
where they then are trapped. This allows for precise studies of the interaction
between one cell (or a small aggregate of cells) when they come into contact with a
new cell. The nearly complete lack of net medium flow implies that the transport
of a new cell into the cage comes without the washing away of any signal factors
or other biomolecules in the cage. By loading the system with a low concentration
of different cell types, interactions between pairs or low numbers of different cells
can be studied in a controlled fashion. The selective injection of particles in the
cytometry system described in Paper VI (cf. also Fig. 5.11) also allows for injection
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of a very low number of cells into the retention region (as shown in Fig. 6.2),
especially if the injection step is built as a spatially confined region.

g)
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t = 0 s

500 µm
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t = 6 s
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t = 2 s
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t = 8 s

c)

t = 4 s
f)

t = 20 s

Figure 6.2: Selective injection of particles followed by retention in the cytometry chip
described in Paper VI. White lines show channel edges, and the arrow indicates the position
of an arbitrary particle to be trapped. a) Chip in “bypass” mode. b) Switching of frequency
in the pre-alignment channel leads to injection into the retention area. c-d) Switching the
frequency back to “bypass” limits the number of injected particles. e-f) Formation of a
2D aggregate levitated and retained against the medium flow. g) The aggregates formed
at the location indicated by the arrow in f) resulting from six consecutive one-second
injections.





Chapter 7

Conclusions and Outlook

Ultrasonic standing wave (USW) manipulation in microfluidic systems is still a
young field, but one that shows great promise. We have seen in the previous Chap-
ters that it is a versatile, inexpensive, and gentle manipulation method, capable
of performing particle handling on different length scales and for many different
purposes.

As discussed in Paper I, it is a gentle method when manipulating living cells. While
many studies remain to be done on the exact effect an ultrasonic standing wave
has on a living cell, single or in an aggregate, this will more likely open up new
possibilities than bring problems. Long-term handling in an 3D ultrasonic cage
(cf. Papers V-VII) could, e.g., be used to investigate changes in behaviour in an
adherent cell type when the cells are only allowed to adhere to each other and
not to a substrate. The caging provided by the ultrasound would make such a
system ideal for automated microscopic imaging. USW as a manipulation method
also allows for precise temperature control (cf. Paper II), something that is central
to performing living-cell studies for longer periods of time. The dimensionality
control afforded by the microcages also gives possibilities of studing differences in
cell response as a function of the number of neighboring cells. In cases of handling
sensitive cells, 2D pre-alignment (as shown in Paper IV and used in Papers V-VII)
prevents the walls of the system from influencing the cells upon contact and greatly
reduces risk of clogging. In case of a small sample plug injected into the system, 2D
pre-alignment also keeps the sample from dispersing in the laminar flow profile of
the microchannel. Frequency-modulated signals, as discussed in Paper VII, can be
used to stabilize the force fields spatially, giving even better alignment and control
of particles, as well as make the system more robust with respect to changes in,
e.g., temperature.

Spatially, USWs can be used both as a full-system manipulation method for many
applications, but can also be confined to pre-defined parts of a system as shown in
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Papers III and V. This opens up many possibilities for conveyor-belt type handling
in a microfluidic chip, with different downstream manipulation “stations” perform-
ing sorting, user-adressable merging, retention and other manipulation functions
on particles and/or cells (cf. Papers III-VII). The method of flow-free transport
presented in Paper VII could also be employed in a larger system as a whole, or in
part of the system by correct microchannel design.

On the simulation side, most work so far has been done on 2D cross-sections of
systems, as in Papers IV-VII. One main conclusion here is that for full characteri-
zation, the 3D resonances in the solid structure greatly influence the performance
of the chip. New software, better programming and better computers will enable
full-system 3D resonance simulations, work that is currently underway. This will
enable the controlled design of more efficient chip systems, yielding higher forces
and even better control of, e.g., spatial confinement of the force fields.

Thus, as always in Science, much remains to be done. This Thesis, however, ends
here.



Summary of Original Work

This Thesis is built upon the work presented in the Papers listed below. The
Papers are all directed towards developing tools using resonant ultrasonic fields for
micromanipulation of biofunctionalized microbeads and living cells in microfluidic
systems. The author was the main responsible researcher for papers III, IV, V, and
VII, and participated to various degrees in the experimental and theoretical aspects
of the other papers. This does not include development and handling of the PIV
software used in Paper III, or the culturing and handling of cells in Papers I and
V-VII.

Paper I investigates the viability and proliferation of COS-7 cells after ultrasonic
trapping for time periods up to 75 minutes in an in-house built glass-PDMS-glass
chip. The proliferation rate of the cells is found to be within the normal range for
the cell type.

Paper II concerns the regulation of temperature in the microchannel, investigat-
ing the possibilities to maintain a steady temperature around 37 ℃ during longer
periods of time. The Paper also investigates heating of the transducer and chip as
a consequence of absorption of sound, and the possibility to use this effect as part
of a temperature control system.

Paper III demonstrates spatial confinement of ultrasonic force fields to specific
parts of the channel by varying the channel width and by introducing flow-splitting
elements. The paper also shows operator-addressable merging of different particle
streams in the channel.

Paper IV investigates the properties of the wedge transducers and the transducer-
chip system using impedance spectroscopy, numerical simulation methods, and ex-
periments. The wedge angle is found to influence the force field patterns in the
channel, and the 3D resonances built up in the solid structure of the chip are found
to give rise to spatial inhomogeneities in the force field in the channel.

Paper V presents the first in-chip three-dimensional ultrasonic microcage, enabling
trapping of particles in 3D and retention against a medium flow. High-resolution
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imaging of caged cells is demonstrated, and the dynamics of aggregate formation
during medium flow are investigated.

Paper VI demonstrates selective injection of particles into a large (5 mm) confocal
resonance cavity for cell studies or bead assays. The capability of shifting particles
between bypassing the trapping region and retaining the particles in the chamber
is shown. The retaining forces are investigated, and live-cell imaging is shown.

Paper VII investigates the used of frequency-modulated ultrasound for manip-
ulation of particles in microchips. It is shown that a proper modulation scheme
can be used to greatly enhance spatial homogeneity of the ultrasonic force field in
a channel. The paper also demonstrates use of frequency modulation to perform
flow-free transport and subsequent caging of particles.
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Appendix A

Appendix: Walkthrough of
Gor’kov

This appendix is meant as a walkthrough of the paper “On the forces acting on
a small particle in an acoustic field in an ideal fluid” by Gor’kov [5]. The paper
contains an equation for the radiation force on a particle much smaller than the
wavelength of the sound, placed in an arbitrary standing wave field (Eq. (2.10)).
This is the equation a massive majority of the work in ultrasonic manipulation
of particles in microfluidics refers to. Of course, there are certain approximations
made to get to the equation in question. We shall here attempt to explain and
motivate these, as well as show all the intermediate steps in the calculations. For
the theory behind the fluid mechanics in this Chapter, the reader is referred to the
somewhat theoretical but very encompassing book by Landau and Lifshitz [100],
which is the book Gor’kov recommends as a fluid mechanics basis for the paper
[101]. The reader should also note that the road presented herein is not in all
steps the most elegant, but rather an attempt to stay with the paper and book in
question.

Firstly, a central approximation we make is that the fluid in which our particle is
immersed is ideal, i.e., inviscid; it deforms perfectly continuously under shear stress.
Calculations for the viscous case have been presented by Doinikov [6, 7], but are
mathematically very cumbersome. Secondly, a note on translation: The English
version of the paper has several errors in transcription of the equations. Thus, the
reader is urged to check the Russian-text original for the equations and the English
for text (unless, of course, the reader is proficient in Russian). Thirdly, equation
numbering in this appendix is as follows: Equations appearing as numbered in the
paper are numbered as G1, G2. . . and supplementary equations (included in the
appendix as intermediate steps in the derivation) are numbered A.1, A.2. . . Equa-
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tions appearing in the paper but unnumbered are numbered by a lower-case letter
following the last numbered equation in the paper, e.g, “(G4 a)”.

The derivations will be done using index notation for vectors, as we shall encounter
some tensor entities along the way. Occasionally, an expression will be shown in
vector form as well for clarity.

A.1 The first three equations from first principles

For the sake of completeness, we begin by deriving the first and third equations in
the paper (the force integral and the second-order pressure field) from more or less
first principles. The second equation in the paper is just a statement that the total
field can be divided into incident and scattered field, so no derivation is provided.

A.1.1 Derivation of the momentum flux tensor

We begin by noting that we can express the force on a particle by calculating the
flux of momentum through a surface enclosing the particle. If there is a positive
influx of momentum through such surface, the explanation is that the particle gains
momentum and thus is acted upon by a force (according to Newton’s second law,
Fi = dPi

dt , where Pi is the momentum). Now, the momentum per unit volume of the
fluid is ρvi, where ρ is the density and vi is the velocity. Taking the time derivative
of the momentum, we get

∂

∂t
(ρvi) = ρ

∂vi
∂t

+ vi
∂ρ

∂t
. (A.1)

Now, we use the equation of continuity, which in this case becomes a statement of
conservation of mass:

∂ρ

∂t
+ ∂i (ρvi) = 0. (A.2)

We shall also need Euler’s equation, which is basically the Navier-Stokes equation
with heat conduction and viscosity removed:

∂vi
∂t

+ (vk∂k) vi = −1
ρ
∂ip. (A.3)

where p is the pressure. Now, isolating the time-derivatives from Eq. (A.2) and
Eq. (A.3) and putting them into Eq. (A.1), we get as an expression for the time-
derivative of the momentum that

∂

∂t
(ρvi) = −∂ip− ρ (vk∂k) vi − vi∂k (ρvk) . (A.4)
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The two last terms can be collapsed into the derivative of a product, and we get

∂

∂t
(ρvi) = −∂ip− ∂k (ρvivk) . (A.5)

Now, since it would be handy to collect things into a single derivative on the right-
hand side, we rewrite the gradient of p so that it gets index k using the Kronecker
delta (∂ip = δik∂kp), and arrive at

∂

∂t
(ρvi) = −∂k (δikp+ ρvivk) ≡ −∂kΠik. (A.6)

The (symmetrical by inspection) tensor Πik is the momentum flux density tensor.
By integrating both sides of Eq. (A.6) over a volume and transforming the integral
of the right-hand side into a surface integral, we get

∂

∂t

∫
ρvidV = −

∫
∂kΠikdV = −

∮
ΠikdSk. (A.7)

Thus, we see that the tensor elements represent the i-th component of momentum
flowing through a unit area with a normal vector in the k-th direction in unit time.
If we now look again at Eq. (A.7), we note what we have here is the rate of change of
momentum in our volume on the left-hand side, i.e., a force, and on the right-hand
side a nice way to calculate it using a tensor built from velocity and pressure. Thus,
the time-averaged force on a particle inside the surface of integration becomes

〈Fi〉 = −
∮
〈Πik〉dSk = −

∮
〈pδik + ρvivk〉dSk, (G0)

where the brackets 〈· · · 〉 denote time-averaging. The equation appears unnumbered
in Gor’kov’s paper.

A.1.2 The second numbered equation

. . . and now for something completely different, just to follow the order of equations
in the paper. We shall do many calculations involving the velocity potential, a
scalar function (as the fluid is ideal), with the property that ∂iϕ = vi. In our case,
the total field will consist of an incident field and a field scattered from the particle.
Using the principle of superposition on the velocity potential, we can thus write

ϕ (r, t) = ϕin (r, t) + ϕsc (r, t) . (G1)

A.1.3 Derivation of the second-order pressure field

We now aim for Eq. (G2), the expression for the acoustic pressure p′ in Gor’kov’s
paper. It’s important to note that the derivation of this expression has to be done
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to second order (we shall do it to second order in enthalpy), or the time-averaging
when calculation the force according to Eq. (G0) will yield zero. This where the
oft-toted expression that the acoustic radiation force is a second-order effect comes
from. Luckily, the expression can be written using only first-order quantities, as
we shall see below. This will take some math, and a little bit of thermodynamics
- we shall start by assuming the propagation of sound to be an adiabatic process,
meaning in this case that the entropy S (taken per unit mass) is a constant. We
shall now rewrite Euler’s equation (A.3) into a form reflecting this fact. If we by
H denote the enthalpy per unit mass of the fluid, and by V the volume per unit
mass (i.e., V = ρ−1) we have

dH = T dS︸︷︷︸
=0

+V dp = dp

ρ
, (A.8)

which gives us that the gradients will be related as

∂iH = 1
ρ
∂ip. (A.9)

Thus, Euler’s equation is quite simple to rewrite into a form containing the enthalpy
- just exchange the right-hand side according to Eq. (A.9):

∂vi
∂t

+ (vk∂k) vi = −1
ρ
∂ip = −∂iH. (A.10)

Now, we are going to rid ourselves second term on the left-hand side by going over
to working with the velocity potential, which will kill off some space derivatives in
a nice way. We let ∂iϕ = vi, and get

∂

∂t
∂iϕ+ (∂kϕ∂k) ∂iϕ = −∂iH, (A.11)

which might not look like an improvement at first, but there is a nice vector cal-
culus identity we can use here (given in both index and nabla form for improved
readability):

∂i [(∂kϕ) (∂kϕ)] = 2 (∂kϕ∂k) ∂iϕ︸ ︷︷ ︸
*

+2εijk∂jϕ (εklm∂l∂mϕ)︸ ︷︷ ︸
=0

∇ [(∇ϕ) · (∇ϕ)] = 2 (∇ϕ · ∇)∇ϕ︸ ︷︷ ︸
*

+2∇ϕ× (∇×∇ϕ)︸ ︷︷ ︸
=0

.
(A.12)

The last term on the right-hand side is zero by virtue of being the rotation of a
gradient, and the first term on the right-hand side (marked “*”) is identical to the
term we wanted to improve on in Eq. (A.11). We now note that the left-hand side
of Eq. (A.12) is the gradient of the velocity field squared, and thus we get

∂

∂t
∂iϕ+ ∂i

v2

2 = −∂iH, (A.13)
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where v2 = vkvk. Moving everything to the left-hand side and integrating with
respect to space, we get

∂ϕ

∂t
+ v2

2 +H = f (t) , (A.14)

where f (t) is an arbitrary function of time. As a remark, this is one version of
what is known as Bernoulli’s equation. Let us now introduce the sound field as a
small disturbance of the medium, so that we to first order in pressure and density,
and second order in enthalpy have

p = p0 + p′

ρ = ρ0 + ρ′

H = H0 +H ′ +H ′′,

(A.15)

where index “0” means the unperturbed state and the primed entities are the per-
turbations that constitute the sound field. Thus, we have from Eq. (A.14):

∂ϕ

∂t
+ v2

2 +H0 +H ′ +H ′′ = f (t) (A.16)

Now, we absorb the constant H0 into the function f , and then absorb a spatially
constant term on the form

∫
f (t) dt into the potential (as the velocity is the spatial

derivative of the potential, this gauge transform does not affect the physical situ-
ation). Now, we expand H into second order in the pressure amplitude p′ (H is a
function of pressure by virtue of Eq. (A.9)):

0 = ∂ϕ

∂t
+ v2

2 +H ′ +H ′′

0 = ∂ϕ

∂t
+ v2

2 +
(
∂H

∂p

)
S

(p− p0)︸ ︷︷ ︸
=p′

+1
2

(
∂2H

∂p2

)
S

(p− p0)︸ ︷︷ ︸
=p′

2.
(A.17)

From Eq. (A.8), we get the derivative of H with respect to p under constant
entropy, so we have(

∂H

∂p

)
S

= 1
ρ
⇒

0 = ∂ϕ

∂t
+ v2

2 + 1
ρ
p′ + 1

2

(
−1
ρ2

)(
∂ρ

∂p

)
S

p′2

0 = ∂ϕ

∂t
+ v2

2 + p′

ρ
− p′2

2ρ2c2 ,

(A.18)

as the remaining derivative on the middle line by is equal to c−2, c being the speed
of sound. Now, all that remains is to do a Taylor expansion of the densities ρ
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(keeping only the first terms), isolate the un-squared p′, and write p′2 in terms of
velocity potential. The first two steps are straight-forward:

0 = ∂ϕ

∂t
+ v2

2 + 1
ρ0

(
1 + ρ′

ρ0
+ . . .

)
︸ ︷︷ ︸

≈1

p′ − 1
ρ2

0

(
1 + ρ′

ρ0
+ . . .

)2

︸ ︷︷ ︸
≈1

p′2

2c2 ⇒

p′ = ρ0

(
−∂ϕ
∂t
− v2

2 + p′2

2ρ2
0c

2

)
.

(A.19)

To get the right-hand side of the equation in terms of velocity potential only, we
derive a relation between ϕ and p′ valid to first order - we linearize Euler’s equation.
Starting with Euler’s equation as given in Eq. (A.10) and not exchanging the
pressure term for enthalpy gives, neglecting all terms of second order and higher,

0 = ∂vi
∂t

+ (vk∂k) vi + 1
ρ0 + ρ′

∂i (p0 + p′)

0 = ∂vi
∂t

+ (vk∂k) vi︸ ︷︷ ︸
second order

+ 1
ρ0

(
1− ρ′

ρ0
+ . . .

)
︸ ︷︷ ︸

≈1

∂ip0︸︷︷︸
=0

+∂ip′


0 = ∂vi
∂t

+ 1
ρ0
∂ip
′.

(A.20)

From this, we deduce the very useful result that to first order

∂

∂t
∂iϕ+ 1

ρ0
∂ip
′ = 0

∂i

(
∂ϕ

∂t
+ p′

ρ0

)
= 0(

∂ϕ

∂t
+ p′

ρ0

)
= g(t)

−ρ0
∂ϕ

∂t
= p′,

(A.21)

where we once again absorbed a time-dependent function into the velocity potential.
Using this relation together with Eq. (A.19), we now arrive at

p′ = −ρ0
∂ϕ

∂t
− ρ0

v2

2 + ρ0

2c2

(
∂ϕ

∂t

)2
. (G2)

Now, we insert this expression into the integral expression Eq. (G0) for the force
on our particle. The constant pressure p0 will not contribute to the force on the
particle, and thus we insert p′ as given above. Furthermore, assuming the time-
dependence of the sound field to be harmonic (of the form eiωt), we note that the
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time-average of the first term of p′ will be zero, yielding

〈Fi〉 = −
∮ 〈(

−ρv
2

2 + ρ

2c2

[
∂ϕ

∂t

]2
)
δik + ρvivk

〉
dSk, (G3)

where we have dropped the index 0 on the unperturbed density, as this index will
be used to denote particle properties hereafter, following Gor’kov’s notation in the
paper.

A.2 Derivation of the scattered wave field

To continue developing the expression for the force given in Eq. (G3), we now need
to consider how to express the scattered wave as a function of the incident wave.
Now, at some distance away from the particle, the potential ϕ must fulfill the wave
equation

∂i∂iϕ = 1
c2
∂2

∂t2
ϕ, (A.22)

where we have omitted the subscript on the potential since indeed this is valid for
both the potentials involved. Now, we invoke the fact that the particle is much
smaller than the wavelength of our sound field and place ourselves close to the
particle. In this region, the fluid around the particle will behave approximately as
an incompressible fluid, and thus instead satisfy the Laplace equation ∂i∂iϕ = 0. To
understand this, consider a characteristic time tc and characteristic length lc of the
fluid flow - a time and length during which the fluid velocity undergoes significant
changes. Being close to the particle, we take, e.g., the characteristic time as quarter
period of the sound field and the characteristic length of our particle such as the
radius. Now, if the time it takes for a sound signal to traverse the distance lc is
much shorter than the time during which the fluid velocity changes significantly
(tc), we interpret this as interactions on this length-scale being instantaneous, and
the fluid incompressible. Our condition, then, is of the type

tc �
lc
c
⇒

1
f
� lc

λf
⇒

λ� lc,

(A.23)

which is one of our basic assumptions, and so inherently true in our case. As a note,
far from the particle (in the wave zone) the characteristic length instead becomes
related to the wavelength of the sound, giving a criterion of the type λ� λ showing
that here the fluid cannot be regarded as incompressible (which we of course know
already - if it were we would not have a sound wave here). Now, we return to the
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velocity potential. We know for physical reasons that the solutions we are looking
for must be decreasing functions of distance from the particle. Let us introduce
a coordinate system with the origin in the particle, so we instead can speak of
decreasing functions of the radial coordinate r. Luckily for us, these solutions are
well-known and easy to find - they are simply r−1 and all higher space derivatives
thereof, multiplied by some (spatially constant) functions of time:

ϕsc = −a (t)
r

+Ai (t) ∂i
1
r

+ . . . (G4’)

The observant reader now notices that this is a solution to the Laplace equation as
it stands (as this equation carries no time dependence), and to the wave equation
if we use the retarded time τ = t − rc−1, when it becomes a multipole expansion
of the wave field. She will also notice that we use a different sign convention than
Gor’kov does in his paper. The reason for this is simply to get a more intuitive
picture and slightly simpler calculations in what follows. The final expressions will
of course not have their signs changed with respect to the paper.

A.2.1 Derivation of the first constant a

Here, it might be beneficial for the physical understanding of the situation to have
a look at the two (spatial) constants a and Ai to see what they “mean” (hence-
forth, the time-dependence of these will be suppressed in notation). We begin with
a. The velocity potential has dimensions of m2

s (it should yield a velocity when
differentiated with respect to space). Thus, a carries the dimensions of volume over
time. Let us now go back to looking at our small sphere, and assume that it is
pulsating, i.e,. changing its volume cyclically (emitting sound isotropically). If we
look at the mass flux through a spherical surface of radius R concentric with the
sphere, per unit time, we have that the flux out through this surface can be written
as ∮

ρvidSi =
∮
ρ∂iϕdSi. (A.24)

Now, letting the potential be the first term in our scattered potential, the one
containing a, and using the fact that over our spherical surface of integration, the
velocity will have a spatially constant absolute value and be parallel to the surface
normal, we get ∮

ρ∂iϕdSi = a

R2

∮
dS = 4πρa. (A.25)

Since this is the mass flux per unit time, we can interpret 4πa as the volume flux
per unit time out through our surface. We also see the reason of putting the minus
sign on a in Eq. (G4’) - we want a positive value of a when the velocity is directed
radially outwards. For the case of an incompressible fluid, this flux has to be equal
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of the time derivative of the volume V0 of the particle (from now on, index “0” will
be reserved for particle properties), hence

4πρa = ρV̇0

a = V̇0

4π

ϕ = − V̇0

4πr + . . .

(A.26)

where the dot notation is used for time derivatives. We now expand on the a term
and see what it becomes if we let the fluid and particle be compressible. This will
give rise to the first acoustic contrast factor in the expression for the force. The
mass flow per unit time through our surface of radius R will still be the total change
in mass inside the volume. However, the particle will retain its mass, so the mass
flux out of the spherical volume will be due the oscillations of the fluid, driven by
sphere which in turn is driven by the incident field. The total volume flow out of
our test surface will now be both due to the oscillations and to the compression
related to the compressibility of the materials. We thus split the total volume into
two parts:

4πatot = V̇ incomp − V̇ comp, (A.27)

where the first term on the left-hand side is incompressible sphere case (i.e. the
sphere retains its volume), and the second term is the “compressibility correction”.
As we allow differences in density in the particle and the surrounding medium and
these calculations are from the beginning based on mass flux, the volume in the
first term will be the volume of the surrounding fluid (which is what is flowing
out through our test surface) which would have occupied the space of the particle
were it not there. The rate of change in mass in this volume will be V0ρ̇, where
we assume the wavelength of the sound to be so large that the density is spatially
constant throughout our volume. This mass change corresponds to a volume change
by division with the density, so that

V̇ incomp = V0ρ̇

ρ
. (A.28)

For the second term of the right-hand side of Eq. (A.27), we start by noting that
when the pressure outside our particle changes (isentropically) by an amount dpin,
the volume of the particle will change by an amount

dV0 = V0

ρ0

(
∂ρ0

∂p

)
S

dpin. (A.29)

Taken as a change per unit time, we get that (switching to writing the time deriva-
tives out for clarity)

dV0

dt
= V0

ρ0

(
∂ρ0

∂p

)
S

dpin
dt

. (A.30)
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Here, we note that the partial derivative is related in a simple way to the speed of
sound, as in Eq. (A.18), and that the pressure change here can be understood as
the pressure amplitude p′. Now, using

p′in = dpin =
(
∂pin
∂ρin

)
S

dρin = c2ρ′in (A.31)

we get

dV0

dt
= V0

ρ0

(
∂ρ0

∂p

)
S

dpin
dt

= V0

ρ0

1
c2

0

d
(
c2ρ′in

)
dt

= V0
c2

ρ0c2
0

dρ′in
dt

.

(A.32)

Remembering that the time derivative of the density amplitude is identical to the
time derivative of the density as a whole, we get that

dV0

dt
= V0

c2

ρ0c2
0

dρin
dt

(A.33)

Finally, putting together Eqs. (A.27),(A.28) and (A.33), we get

4πatot = V0

ρ

dρin
dt
− V0

c2

ρ0c2
0

dρin
dt

4πatot = 4πR3
0

3ρ · dρin
dt

(
1− ρc2

ρ0c2
0

)
atot = R3

0
3ρ · ρ̇in

(
1− ρc2

ρ0c2
0

)
,

(G6’)

where R0 is the radius of our spherical particle. Note that the above expression
is the “compressibility-corrected” version of (G6) in the paper, which appears un-
numbered in the English translation but numbered as (G6’) in the original.

A.2.2 Derivation of the second constant Ai

The physical meaning of the vector entity Ai from Eq. (G4’) is slightly less easy
to grasp, but it is physically connected to momentum and energy of the fluid as it
flows past our particle, and the effect that when the fluid oscillates back and forth,
it will set our particle in a similar motion involving momentum transfer between the
particle and the fluid. Thus, this term will contain the density difference corrections
in our final equation. We shall begin by looking at how this vector is related to
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momentum transfer, on our way introduce the so-called induced-mass tensor, and
calculate how the total kinetic energy of the fluid is expressed in terms of Ai.
As discussed above, the flow around our particle is assumed to be incompressible
potential flow (∂ivi = 0 from the equation of continuity (Eq. (A.2)) with constant
ρ). We assume the fluid to have a velocity field vi with a potential defined by
∂iϕ = vi, and denote the velocity of the particle by ui. The total kinetic energy of
an incompressible fluid is

E = 1
2ρ
∫
v2dV , (A.34)

where the integral is taken over a large spherical volume of radius R, excepting the
volume occupied by the particle (i.e., “all” the fluid). Now, we shall engage in some
tricks motivated by the somewhat loathsome argument that we will end up with
a nice expression. We can rewrite this integral into an expression containing both
velocities by using the obviously mathematically correct equation∫

v2dV =
∫
u2dV +

∫
(vi + ui) (vi − ui)dV. (A.35)

Noticing that ui is independent of the coordinates, the first integral simply becomes
u2 (V − V0). Continuing by rewriting the second integral, we have∫

(vi + ui) (vi − ui) dV =
∫

(vi − ui) ∂i (ϕ+ ukrk) dV . (A.36)

Now, we would like to use the divergence theorem to transform this integral into a
surface integral. We do this by noting that∫

(vi − ui) ∂i (ϕ+ ukrk)dV =
∫
∂i [(ϕ+ ukrk) (vi − ui)]dV, (A.37)

as we have that the right-hand side when expanded will contain terms that vanish
as the flow vi is incompressible, and ui is independent of the coordinates:∫

∂i [(ϕ+ ukrk) (vi − ui)]dV =∫
∂i (ϕvi − ϕui + ukrkvi − ukrkui)dV =∫
vi∂iϕ− ui∂iϕ+ vi∂iukrk − ui∂iukrkdV =∫
(vi − ui) ∂i (ϕ+ ukrk)dV.

(A.38)

Transforming this to a surface integral, we get∫
v2dV = u2

(
4πR3

3 − V0

)
+
∮

S+S0

(ϕ+ ukrk) (vi − ui)nidS, (A.39)
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with ni being the outward unit normal, S the surface of our large sphere, and S0
the surface of our particle. On the latter surface, the boundary condition is that the
normal components of the velocities ui and vi must be equal (the fluid is inviscid),
and thus the integral over this surface is identically zero. Now it has become time,
at last, to include our constant vector Ai from the potential. The (term of the
total) potential and thus velocity field we are interested in investigating here is

ϕ = Ai∂i

(
1
r

)
= −Ai

ri
r3 = −Ai

ni
r2

vi = ∂iϕ = (Ak∂k) ∂i
(

1
r

)
= 3Aknkni −Ai

r3 ,

(A.40)

where we have used the fact that the outward unit normal vector of our sphere S
has everywhere the same direction as the position vector ri, and that Ai is spatially
constant. The last integral expression in Eq. (A.39) now becomes (noting that the
sphere is a surface of constant radius R and thus r = R and ri = Rni)∮

S

(
− 1
R2Ajnj + ujrj

)(
3Aknkni −Ai

R3 − ui
)
niR

2dΩ =

∮
S

(
−Ajnj +R3ujnj

)( (3Aknkni −Ai)
R3 − ui

)
nidΩ,

(A.41)

with dΩ being the solid angle element on the surface. Now, we carry out the
multiplication of the first (scalar) parenthesis into the second (vector) one, and
throw away terms that vanish as we let R→∞:∮

S

(
−Ajnj +R3ujnj

)( (3Aknkni −Ai)
R3 − ui

)
nidΩ =

∮
S

(
ujnj (3Aknkni −Ai) +Ajnjui −R3ujnjui

)
nidΩ =

∮
S

3Aknkujnjnini − ujnjAini +Ajnjuini −R3ujnjuinidΩ =

∮
S

3Aknkujnj −R3ujnjuinidΩ =
∮
S

3 (A · n) (u · n)−R3 (u · n)2
dΩ.

(A.42)

The last expression is also given on vector form for clarity. To carry out this integral,
we use the fact that integrating vector fields dot-multiplied by the surface normal
over all solid angles like this is equivalent to averaging the normal component and
multiplying by 4π (as the average will be the integral divided by the integral over all
solid angles, which is 4π). Now, what we want to average here are two expressions
of the type ainibknk where ai and bi are constant vectors (remember that Ai is



A.2. DERIVATION OF THE SCATTERED WAVE FIELD 75

spatially constant, and so is ui). We now have, using over-bars to denote averaging
in the mentioned sense, that

ainibknk = aibknink = aibknink = aibk
1
3δik = 1

3aibi, (A.43)

which follows since the value of nink is zero unless i = k, and we let the indices run
over i, k = (1, 2, 3) giving a mean value of one third. Our integral in Eq. (A.42)
now becomes ∮

S

3Aknkujnj −R3ujnjuinidΩ = 4π
(
Aiui −

R3

3 uiui

)
(A.44)

Inserting this in Eq. (A.39) and using Eq. (A.34) to get the energy, we end up with

E = 1
2ρ
∫
v2dV

= 1
2ρ

u2
(

4πR3

3 − V0

)
+
∮

S+S0

(ϕ+ ukrk) (vi − ui)nidS


= 1

2ρ
[
u2
(

4πR3

3 − V0

)
+ 4π

(
Aiui −

R3

3 u2
)]

= 1
2ρ
(
4πAiui − u2V0

)
,

(A.45)

which is the dependence of the total energy of the fluid on the velocity of the
particle. We still have quite a bit to do before arriving at the expression for Ai in
the case of a sphere in a sound field, where both the sphere and fluid are oscillating,
though. Finding the analytical expression for Ai can be done by completely solving
Laplace’s equation ∂i∂iϕ = 0 around the body in the fluid, something which is only
possible to do analytically in a few cases. Luckily, a spherical particle is one of
them. We have from Eq. (A.40) that vi = (3Aknkni −Ai) r−3, with the boundary
condition that the normal components of the velocities ui and vi must be equal on
the surface (a sphere with radius R0). We thus get

vini = uini

3Aknknini −Aini
R3

0
= uini

Ai = 1
2R

3
0ui,

(A.46)

a result we shall need fairly soon. First, we look in a more general way at the
momentum transfer. Generally, Ai will be a function of ui (as seen in the example
above). Now, as Laplace’s equation is linear in ϕ, and the boundary conditions of
this equation is linear in both ϕ and ui, we deduce that Ai will be a linear function
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of the components in ui - if it is not, this non-linearity would “propagate” and
cause, e.g., Laplace’s equation not to be linear in ϕ. Thus, we can write the energy
in Eq. (A.45) as

E = 1
2mikuiuk, (A.47)

where the (symmetrical) tensor mik can be calculated if the dependence of Ai on ui
is known. This tensor is called the “induced-mass tensor” or “added mass tensor”
depending on literature, for reasons that will soon be evident. Now, knowing the
expression for the energy we can calculate an expression for the total momentum
Pi: If the particle is acted upon by an external force and therefore moves with a
velocity ui, the momentum of the fluid will increase as the fluid is “pushed on” by
the particle. The momentum given to the fluid during time dt will be related to
this force by dPi = Fidt. Multiplying both sides of this equation by the velocity of
the particle we get that

uidPi = uiFidt, (A.48)
where the right-hand side is easily interpreted as the work done by the force Fi
over a distance of uidt, thus transferring the energy dE to the fluid. Putting Eqs.
(A.47) and (A.48) together, we have (since the induced mass tensor is constant -
Ai depends linearly on ui, and that factor ui was “extracted” to form Eq. (A.48))

dE = 1
2mikuiduk + 1

2mikduiuk = dPkuk. (A.49)

Integrating this expression, we see that the momentum can be expressed (as the
induced mass tensor is symmetric) as

Pi = mikuk. (A.50)

Comparing this with Eqs. (A.45) and (A.47), we also can draw the conclusion that

Pi = 4πρAi − ρV0ui. (A.51)

As for every action there is an opposite and equal reaction, we also note that the
force on the particle from the fluid can be written as

Fi,react = −dPi
dt

. (A.52)

We now move on to looking at what happens if the fluid is executing a oscillatory
motion around the particle (or the particle is oscillating in the fluid, which is the
same problem). Let the wavelength of the oscillation be much larger than the
particle, as always, to ensure that we can assume the unperturbed velocity as
constant over the dimensions of the particle. The equation of motion for this
system is found by equating the time derivative of the total momentum with the
driving force fi:

m0
d

dt
ui + d

dt
Pi = fi, (A.53)
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where m0 is the mass of the particle. Using Eq. (A.50), we can recast the left-hand
side of this equation as

m0
d

dt
ui + d

dt
Pi =

m0
d

dt
ui + d

dt
mikuk =

(m0δik +mik) d
dt
uk.

(A.54)

Now, we let the fluid oscillate with an (instantaneous) velocity vi and see what
the equation of motion becomes. If our particle was completely entrained by the
fluid, moving with the same velocity, the force acting on it would be the same as
the force acting on a fluid particle of the same size; the momentum carried would
be ρV0vi and the force the time derivative of this. However, we are interested in a
situation where the particle is not completely entrained, but moving with a velocity
ui which might be different from that of the fluid. The additional momentum from
this difference in velocity (from the particle “pushing”/“pulling” at the fluid) will
be mik (uk − vk), i.e. Eq. (A.50) but with the relative velocity plugged in. This
means that there will be an additional reaction force on the body according to Eq.
(A.52), and the equation of motion becomes (equating the time derivative of the
momentum of the particle with the total force on it)

m0
d

dt
ui = ρV0

d

dt
vi −mik

d

dt
(uk − vk) . (A.55)

Integrating this equation with respect to time and collecting the velocities on dif-
ferent sides we get

m0ui = ρV0vi −mik (uk − vk)
(m0δik +mik)uk = (ρV0δik +mik) vk,

(A.56)

where we have set the constant of integration to zero as we must demand that when
one of the velocities is zero, the other must also be identically zero. Also, if the
density of the particle is equal to that of the fluid, we recover that the velocities
are equal, which should also be true. Now, for our spherical particle we have Ai
from Eq. (A.46), which together with Eq. (A.50) gives that

Pi = mikuk = 4πρAi − ρV0ui

=
(

2πρR3
0 − ρ

4π
3 R3

0

)
ui

= 2πρR3
0

3 ui.

(A.57)

From this, we can deduce from this that for our spherical particle we have

mik = 2πρR3
0

3 δik. (A.58)
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Using this expression in the equation of motion (A.56) for our particle in the oscil-
lating fluid we now arrive at

(m0δik +mik)uk = (ρV0δik +mik) vk(
ρ0V0δik + 2πρR3

0
3 δik

)
uk =

(
ρV0δik + 2πρR3

0
3 δik

)
vk(

ρ0
4πR3

0
3 + ρ

2πR3
0

3

)
ui =

(
ρ

4πR3
0

3 + ρ
2πR3

0
3

)
vi

ui = 3ρ
2ρ0 + ρ

vi.

(G4 a)

This expression appears as an unnumbered equation in both the original paper and
the English translation. We are now getting very close to the end of this Section;
what remains is the actual calculation of our Ai and thus our ϕ. We have from Eq.
(A.40) that ϕ = −Ainir−2, and from Eq. (A.46) that Ai = 1

2R
3
0ui. There is only

one small but important pitfall left: When we did the calculation of Ai, we used
the velocity of the particle relative to the fluid. Thus, we must now take care to
still insert the relative velocity uk − vk:

ϕ = −Aini
r2

= −R
3
0

2r2 (ui − vi)ni

= −R
3
0

2r2

(
3ρ

2ρ0 + ρ
vi − vi

)
ni

= −R
3
0

2

(
2 (ρ0 − ρ)
2ρ0 + ρ

)
∂i

(vi
r

)
.

(A.59)

Finally, combining Eqs. (G4’), (G6’), and (A.59), we get our scattered potential as

ϕsc = −a (t)
r

+Ai∂i
1
r

= −R
3
0ρ̇in
3ρ

(
1− ρc2

ρ0c2
0

)
1
r
− R3

0
2

(
2 (ρ0 − ρ)
2ρ0 + ρ

)
∂i

(vi
r

)
≡ −R

3
0ρ̇in
3ρr f1 −

R3
0

2 f2∂i

(vi
r

)
,

(G7)

where we have introduced the (now hopefully explained) contrast factors f1 and f2:

f1 = 1− ρc2

ρ0c2
0

f2 = 2 (ρ0 − ρ)
2ρ0 + ρ

.

(G7 a)

These definitions appear unnumbered in both versions of the paper.
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A.3 The force potential in a non-plane wave

Let us now return to our integral expression Eq. (G3) for the force. For memory
refreshal, we have a force

〈Fi〉 = −
∮ 〈(

−ρv
2

2 + ρ

2c2

(
∂ϕ

∂t

)2
)
δik + ρvivk

〉
dSk. (A.60)

Inserting our total field (incident and scattered) into this expression yields a fairly
unwieldy equation that can easily be split into three distinct parts - one containing
only the incident field, one containing only the scattered field, and one with the
interference terms:

〈Fi〉 = −ρ
∮ 〈(

−v
in
m v

in
m

2 + 1
2c2

(
∂ϕin
∂t

)2
)
δik + vini v

in
k

〉
dSk+

− ρ
∮ 〈(

−v
sc
mv

sc
m

2 + 1
2c2

(
∂ϕsc
∂t

)2
)
δik + vsci v

sc
k

〉
dSk+

− ρ
∮ 〈(

−vinm vscm + 1
c2
∂ϕin
∂t

∂ϕsc
∂t

)
δik +

(
vsci v

in
k + vsck v

in
i

)〉
dSk,

(A.61)

where the notation deviates in the location of the indices from the paper by Gor’kov,
but should be clear. The first integral is the momentum flux density in the wave
were there no particle, and thus is no way influenced by the presence of our particle
- hence, it does not influence the particle. Now, we shall skip some steps in the
paper, since we are not interested in fields similar to plane running waves. In this
case, the result in the paper is based on calculating the momentum carried away
by the scattered wave in different directions. Since in a field similar to a plane
wave the time average of the incident field is spatially homogenous around the
particle, the term in Eq. (A.61) contributing to the force will be that with the
scattered field only. However, Doinikov has shown [7] the result acquired by such a
calculation to be incomplete, as the contributions to the actual force on the particle
from thermal and viscous effects can become non-negligible, so let us not dwell on
this. Comparing the second and third integral we see that the second one is the
momentum flux density in the scattered wave only, while the third integral has all
the interference terms. It can be shown [100] that the scattering cross-section of a
spherical particle goes as

(
2πλ−1R0

)4 = (kR0)4, and as λ� R0, the integral with
only the scattered field will generally be small when compared to the integral with
the interference terms. Looking at the term with the velocity potentials in the third
integral of Eq. (A.61), with the density factor outside the integral brought in, we
get that (using Eqs. (A.21) and (A.31)),

ρ

c2

〈
∂ϕin
∂t

∂ϕsc
∂t

〉
= ρ

c2

〈(
−p
′
sc

ρ

)(
−p
′
in

ρ

)〉
= c2

ρ
〈ρ′scρ′in〉 , (A.62)
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And we thus get a force, using only the third integral of Eq. (A.61),

〈Fi〉 = −
∮ (
−ρ
〈
vinm v

sc
m

〉
+ c2

ρ
〈ρ′scρ′in〉

)
δik + ρ

(〈
vsci v

in
k

〉
+
〈
vsck v

in
i

〉)
dSk.

(G10 a)

From here, we use the divergence theorem to transform this into a volume integral,
getting

〈Fi〉 = −
∮ (
−ρ
〈
vinm v

sc
m

〉
+ c2

ρ
〈ρ′scρ′in〉

)
δik + ρ

(〈
vsci v

in
k

〉
+
〈
vsck v

in
i

〉)
dSk

= −
∫
−ρ∂i

〈
vinm v

sc
m

〉
+ c2

ρ
∂i 〈ρ′scρ′in〉+ ρ

(
∂k
〈
vsci v

in
k

〉
+ ∂k

〈
vsck v

in
i

〉)
dV

= −
∫
−ρ
〈(
∂iv

in
m

)
vscm + vinm∂iv

sc
m

〉
+ c2

ρ
〈(∂iρ′sc) ρ′in + ρ′sc∂iρ

′
in〉

+ ρ
(〈

(∂kvsci ) vink + vsci ∂kv
in
k

〉
+
〈
(∂kvsck ) vini + vsck ∂kv

in
i

〉)
dV

= −
∫
c2

ρ
〈ρ′in∂iρ′sc + ρ′sc∂iρ

′
in〉+ ρ

(〈
vsci ∂kv

in
k

〉
+
〈
vini ∂kv

sc
k

〉)
dV ,

(A.63)

where the equality on the last line is achieved by noticing that indices k and m
are “dummy” indices to be summed over. We shall now attempt to simplify this
expression considerably. Here it has become time to invoke the time-averaging. We
note that while for an arbitrary periodic function the time-average is generally non-
zero, the time-average of the time derivative of the function is necessarily identically
zero. Thus, we have

0 =
〈
∂

∂t

(
ρ′scv

in
i

)〉
=
〈
ρ′sc

∂

∂t
vini

〉
+
〈
vini

∂

∂t
ρ′sc

〉
⇒
〈
ρ′sc

∂

∂t
vini

〉
= −

〈
vini

∂

∂t
ρ′sc

〉
,

(A.64)

and likewise of course for an exchange of incident and scattered fields. Furthermore,
writing the linearized equation of continuity for the total field we have that

∂

∂t
(ρ′sc + ρ′in) = −ρ∂i

(
vsci + vini

)
⇒

ρ∂iv
in
i = − ∂

∂t
(ρ′sc + ρ′in)− ρ∂ivsci .

(A.65)

Using this, we can rewrite the force expression. Taking it term by term, the first
term becomes, using Eqs. (A.31), (A.20) and (A.64) in that order:

c2

ρ
〈ρ′in∂iρ′sc〉 = c2

ρ

〈
1
c2 ρ
′
in∂ip

′
sc

〉
= −c

2

ρ

〈
ρ′in

ρ

c2
∂vsci
∂t

〉
=
〈
vsci

∂ρ′in
∂t

〉
. (A.66)
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The second term becomes identical but with incoming and scattered fields ex-
changed. The third term becomes, using Eq. (A.65),

ρ
〈
vsci ∂kv

in
k

〉
=
〈
−vsci

∂

∂t
(ρ′sc + ρ′in)− vsci ρ∂ivsci

〉
= −

〈
vsci

∂ρ′in
∂t

〉
, (A.67)

where we have disregarded higher-order terms which are not interference terms, i.e.
describe mixing of the fields (as we are calculating to first order). The fourth term
we leave intact, and thus get

〈Fi〉 = −
∫
c2

ρ
〈ρ′in∂iρ′sc + ρ′sc∂iρ

′
in〉 ρ

(〈
vsci ∂kv

in
k

〉
+
〈
vini ∂kv

sc
k

〉)
dV

= −
∫ 〈

vsci
∂ρ′in
∂t

〉
+
〈
vini

∂ρ′sc
∂t

〉
−
〈
vsci

∂ρ′in
∂t

〉
+ ρ

〈
vini ∂kv

sc
k

〉
dV

= −
∫ 〈

vini

(
ρ∂kv

sc
k + ∂ρ′sc

∂t

)〉
dV .

(G11 line 1)

From here we re-introduce the velocity potential, using the two relations (for the
second one, cf. Eq. (A.21))

∂kv
sc
k = ∂k∂kϕsc

∂ρ′sc
∂t

= ρ

c2
∂

∂t

(
c2ρ′sc
ρ

)
= ρ

c2
∂

∂t

(
p′sc
ρ

)
= − ρ

c2
∂2ϕsc
∂t2

.
(A.68)

Inserting this into Eq. (G11 line 1), we recover the remainder of Eq. G11 from the
paper:

〈Fi〉 = −ρ
∫ 〈

vini

(
∂k∂kϕsc −

1
c2
∂2ϕsc
∂t2

)〉
dV . (G11 line 2)

We note that the expression in the parenthesis is actually the wave equation for the
scattered field and thus an expression that is usually identically zero. In this case,
however, we have the source of the field inside out volume of integration, meaning
that we will be integrating over an expression containing delta functions in space.
We have from Eq. (G7) with the retarded time τ = t − rc−1 used to describe the
outgoing wave from the particle that

ϕsc = −a (τ)
r

+Ai (τ) ∂i
1
r

= −R
3
0

3ρ f1
ρ̇in (τ)
r

− R3
0

2 f2∂i

(
vini (τ)
r

)
.

(A.69)

Entering this into the wave equation under the integral gives us zero everywhere ex-
cept at the origin (where our very small particle is). There, we get three-dimensional
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spatial delta functions according to

∂k∂kϕsc −
1
c2
∂2ϕsc
∂t2

= −R
3
0

3ρ f1ρ̇in (τ) · (−4πδ (r))− R3
0

2 f2∂i
(
vini (τ) · (−4πδ (r))

)
= 4πR3

0
3ρ f1ρ̇inδ (r) + 2πR3

0f2∂i
(
vini δ (r)

)
.

(G11 a)

Our expression for the force now becomes

〈Fi〉 = −ρ
∫ 〈

vini

(
V0

ρ
f1ρ̇inδ (r) + 3

2V0f2∂n
(
vinn δ (r)

))〉
dV , (A.70)

where V0 is the volume of the particle. The first term is quite simple to integrate,
courtesy of the delta function. The second term has to be integrated by parts giving
one integral over the surface of our volume and one over the volume. We thus get

〈Fi〉 = −V0f1
〈
vini ρ̇in

〉
− 3

2ρV0f2

∫ 〈
vini ∂n

(
vinn δ (r)

)〉
dV

= −V0f1
〈
vini ρ̇in

〉
− 3

2ρV0f2

∫ 〈
vini δ (r) vinn

〉
dSn + 3

2ρV0f2

∫ 〈
vinn ∂nv

in
i δ (r)

〉
dV .

(A.71)

The surface of integration of the first integral does not contain the origin, and the
delta function thus makes this integral identically zero. The second integral is over
a volume containing the origin, and we have

〈Fi〉 = −V0

(
f1

〈
vini

∂

∂t
ρin

〉
+ 3

2ρf2
〈
vinn ∂nv

in
i

〉)
. (A.72)

Using the trick of Eq. (A.64) and Euler’s equation (Eq. (A.21)), the first term
can be rewritten into a function of the incident pressure field, remembering that
ρ̇in = ρ̇′in:

f1

〈
vini

∂

∂t
ρ′in

〉
= −f1

〈
ρin

∂

∂t
vini

〉
= f1

〈
p′in
c2

1
ρ
∂ip
′
in

〉
, (A.73)

giving a force expression of

〈Fi〉 = −V0

(
f1

1
ρc2 〈p

′
in∂ip

′
in〉+ 3

2ρf2
〈
vinn ∂nv

in
i

〉)
. (A.74)

From here, all we need to do is notice that the brackets in the first term is half the
gradient of the pressure squared, and use Eq. (A.12) on the second term to get

〈Fi〉 = −∂iV0

(
f1

1
2ρc2

〈
p′

2
in

〉
+ 3

4ρf2
〈
v2
in

〉)
, (A.75)
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which concludes this appendix, as we now have the force written as the negative
gradient of a potential

U = V0

(
f1

1
2ρc2

〈
p′2in
〉

+ 3
4ρf2

〈
v2
in

〉)
. (G12)
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