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Foreword 
My interest in the analysis of slender concrete compression members started 40 years ago, 
when I was working at the institution of Bridge Building and Structural Engineering at the 
Royal Institute of Technology in Stockholm (KTH). Professor Georg Wästlund (head of the 
institution and one of the fathers of CEB) was then involved in the design of slender columns 
for the CEB Recommendations, together with Dr Andreas Aas-Jakobsen. In that connection I 
made my first computer programs for nonlinear analysis of slender columns. A report and an 
article were published in 1971. Since then I have come back to the subject with long intervals. 
 
Around 1980 the computer model was extended to biaxial bending. In the 90’s I was respon-
sible for clauses on the design of slender compression members in two publications, the HPC 
Design Handbook (1999) and the FIP Recommendations for Practical Design of Structural 
Concrete (1999). This gave an opportunity to develop simplified methods for practical design 
with nonlinear computer analysis as a basis. A background report was written in 1997.  
 
In the drafting of Eurocode 2 (2004), I was responsible for design clauses dealing with second 
order effects. A report (2004) explains the background to the simplified methods given there. 
After finishing this work a question kept lingering in my head. In the calibrations of simpli-
fied methods on the basis of nonlinear analysis, creep had always been taken into account in a 
simplified way, and shrinkage was always ignored. These simplifications were necessary, 
otherwise the calibrations would have been an overwhelming task. However, the question 
remained: was the accuracy acceptable despite these simplifications?  
 
The initiative to write some kind of “testament” of my work on slender columns came from 
Professor Jonas Holmgren at the division of Concrete Structures at KTH. Now that the work 
is finished, I am grateful to Jonas for pushing me into it. However, the work came to focus 
more and more on the above question about creep, and this finally became the main topic. 
Therefore, the result is not so much a testament of earlier work; instead most of it is new. Had 
I realised the amount of work that would follow, I might never have started.  
 
I have been employed 1/5 as a visiting professor at KTH since 2000, financed by Sven Tyréns 
Foundation, owner of the consulting company Tyréns AB where I have been working since 
1994. Although the primary purpose of my position at KTH was not to indulge in this type of 
work, it has nevertheless enabled me to do some research on my own, which has resulted in 
this report, and I am very grateful to the Foundation for this possibility. There has been no 
other funding of the work (apart from my own unpaid work). It has taken a long time since the 
work has been rather sporadic, and I thank Jonas for being so patient and encouraging all the 
time. I also want to thank Dr Anders Ansell at the same division for his moral support. 
 
My wife Kristina is the only person (apart from my colleagues at KTH) who has known about 
this work. By keeping it as secret as possible I have avoided many questions about its pro-
gress, which has been a great relief. I am looking forward to the surprise of my children, rela-
tives, friends and other colleagues when the secret is uncovered! 
 
Stockholm and Täby in May 2008 
 
Bo Westerberg 
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Abstract 
The report deals with the effect of time-dependent concrete properties in the analysis and de-
sign of slender compression members. The main focus is on how to take these effects into 
account in nonlinear analysis, not on the properties as such in a materials science perspective.  
 
Simplified methods for practical design have earlier been calibrated against accurate calcula-
tions based on nonlinear analysis. Creep was then taken into account in a simplified way, us-
ing an effective creep ratio and an extended concrete stress-strain curve; shrinkage and 
strength increase were disregarded. The significance of these simplifications is studied here 
by comparisons with a more rigorous analysis, including a complete creep function plus the 
effects of shrinkage and strength increase.  
 
A good reason for not taking into account strength increase in normal design is that high loads 
can occur early in the service life. For slender compression members, however, this means 
that strength at the beginning of the service life is combined with second order effects at the 
end of it (including the full effect of creep). This is conservative but in principle not logical. 
Therefore, the effect of strength increase has been studied here. (Whether it should be allowed 
to take it into account in design is another question, to be considered by code writers.)  
 
The reduction of concrete strength due to high sustained stress is studied from different angles. 
The conclusion is that there is no need to take this into account in design. There are several 
independent reasons for this, each sufficient on its own: load factors, lower stress levels in 
case of second order effects, strength increase.   
 
The realism of the models for creep, shrinkage and strength increase given in Eurocode 2 
(2004), when used in an accurate nonlinear analysis, has been examined by comparisons with 
tests of slender columns reported in the literature. Good agreement is found in most cases. 
The comparisons also confirm that high sustained stress has no effect in slender columns. 
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Summary 

Background 
This report deals with nonlinear analysis and practical design of slender compression mem-
bers, with special regard to the influence of the time-dependent properties of concrete. “Prac-
tical design” is a key concept here, for which the nonlinear analysis may serve as a basis. The 
time-dependent properties of concrete in a material science perspective is not the main topic; 
what is of interest from the design point of view is the effect of these properties and how to 
take them into account in the analysis and design, given certain mathematical models for 
shrinkage, creep and strength increase with time.  
 
The background to this study is the author’s involvement in the development of simplified 
methods for practical design of slender concrete compression members with regard to second 
order effects. The simplified methods have been calibrated against calculations with a general 
method based on nonlinear analysis. This type of analysis is known to be accurate and reliable, 
but the time-dependent effects have so far been taken into account in a simplified way. Thus, 
creep has been taken into account by means of an extended stress-strain curve, with all strain 
values multiplied by a factor (1+ϕef), where ϕef is a so called effective creep ratio. The effec-
tive creep ratio is based on the final creep coefficient, but is reduced with regard to the rela-
tive contribution of long-term bending moment in a load combination. Thus, with regard to 
creep there are two main simplifications, but there is also a third simplification, namely that 
the effect of shrinkage has not been taken into account. In summary, the three main simplifi-
cations that have been used so far are 

1. the use of an extended stress-strain curve,  

2. the use of a reduced creep coefficient (effective creep ratio), 

3. the disregarding of shrinkage.  
 
To the author’s knowledge, the significance of these simplifications have not been systemati-
cally studied before, and the main purpose of the present study has been to try to fill this gap 
by making comparisons with a more fundamental approach to the time-dependent properties 
of concrete.  
 
Another purpose has been to use the method of time-dependent nonlinear analysis developed 
in this study, together with the models for shrinkage, creep and strength increase given in 
Eurocode 2 (2004), for comparisons with tests of slender columns found in the literature. The 
material models in Eurocode 2 are likely to be much used in practical design for a long time 
to come, and therefore it is of interest to confront them with reality in an accurate nonlinear 
analysis of slender columns. 
 
The effects of nonlinear creep and of strength reduction under sustained high stresses are ad-
dressed in connection with both main topics. The structural effect of the concrete’s strength 
increase with time is also extensively studied. In structures without second order effects, there 
is no point in taking it into account in normal design, since high loads may occur before any 
significant strength increase has taken place. However, with second order effects, evaluated 
for creep and shrinkage at the end of the service life, there is a point in considering the effect 
of strength increase; to base different time-dependent effects on different concrete ages is con-
servative but not realistic. Whether it should be allowed to take strength increase into account 
in design is another question, to which no definite answer is given here. 
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Short description of contents in chapters 
Chapter 1 gives the background, explaining the simplified approach to creep in nonlinear 
analysis and discussing the possible effect of shrinkage and strength increase. 
 
Chapter 2 gives a brief literature review. The main focus is on investigations including long-
term tests of columns. A few references dealing with fundamental material aspects of the 
time-dependent behaviour of concrete are also reviewed, but as mentioned above this is not a 
main topic here; the literature in this field is extensive, and no attempt is made to cover it. 
 
Chapter 3 deals with design aspects in connection with nonlinear analysis and how to take 
into account long-term effects in design. The safety format, i.e. how to use the method of par-
tial safety factors in connection with design based on nonlinear analysis, is discussed from a 
fundamental point of view. The possible effect of strength reduction due to high sustained 
stresses is discussed on the basis of current rules for load combinations and load factors.  
 
Chapter 4 deals with the time-dependent properties of concrete and how to include them in the 
analysis. Different ways to consider the nonlinearity of creep are discussed. The effects of 
creep, shrinkage and strength increase are tested in highly simplified models of cross sections 
and columns. The simplified approach to creep (extended stress-strain curve and effective 
creep ratio, see above) is compared to the fundamental approach, where a complete creep 
function is used. Good agreement is found in most cases. The isolated effects of shrinkage and 
strength increase are studied. The simplified cross section and column models that are used in 
this chapter give qualitative answers to many questions, but in order to approach real cases, 
more realistic models are needed, which leads to chapter 5. 
 
Chapter 5 has four main parts. In part 1 the calculation procedure for a realistic nonlinear 
analysis is described in detail, with reference to chapter 4 for the time-dependent effects. In 
part 2 the effect of strength increase is examined in a parameter study. In part 3 another pa-
rameter study is made, this time for comparison between the simplified and accurate ap-
proaches to creep in uniaxial bending, with special regard to the role of the effective creep 
ratio in the simplified approach. In part 4 a similar parameter study is made for biaxial bend-
ing. The reason for a special treatment of biaxial bending is that the definition of the effective 
creep ratio is less “self-evident” than in uniaxial bending, since the relative long-term effect 
can be different in the two directions; therefore different options are compared. 
 
Chapter 6 deals with comparisons between test results and calculations. Test results are taken 
from the literature and calculations are made according to the methods and material models 
described in chapters 4 and 5. In this case only the fundamental approach to creep including 
shrinkage and strength increase is used. There are many investigations with column tests, and 
the total number of reported column tests was already in 1986 over 900 (a figure reported in 
2001). However, the present study has been limited to investigations including some kind of 
long-term loading. The twelve investigations that are studied in detail include a total of ca 285 
columns tests, ca 165 of which are long-term tests and the remaining 120 are short-term refer-
ence tests. All these tests are analysed in chapter 6. 
 
Chapter 7 gives main conclusions and a suggestion for future research, chapter 8 literature 
references and chapter 9 a list of symbols. Appendix A gives more details about the tests and 
calculations described in chapter 6. Appendix B is a translation into English of an early article 
by the author, Westerberg (1971), which may otherwise be difficult to find (or read, since the 
original article is in Swedish). Some findings in this article are still of interest.  
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Summary of main conclusions 

Design aspects 
The safety format for calculating a design value should be based on using design values of 
material parameters, including the concrete E-modulus. 
 
The most relevant design case is a long-term load followed by a short-term increase of the 
load to failure. As long as this case is considered, a long-term load leading to creep failure 
without load increase will not be governing. 
 
The possible reduction of the concrete strength due to high sustained stresses need not be 
taken into account in design. There are severeal independent reasons for this, each sufficient 
on its own (load factors, stress level for slender columns, strength increase of the concrete). 

Simplified approach to creep 
The simplified approach to creep is sufficiently accurate for practical purposes. Deviations on 
the “unsafe side” (in comparisons with the fundamental approach) may occur, but are found to 
be of little practical significance. In biaxial bending the effective creep ratio should then be 
based on the largest of the moment ratios in the two directions. 
 
Deviations are mainly due to the use of one single parameter (the effective creep ratio) for 
definition of the relative effect of creep in a load combination, and not so much to the use of 
an extended stress-strain curve. 

Comparisons with test results 
The main conclusions from the comparisons with test results can be summarized as follows: 

− Strength reduction with regard to high sustained stresses need not be included.  

− The nonlinearity of creep given by the nonlinearity of the stress-strain curve is sufficient.  

− The material models given in Eurocode 2 (2004) are realistic  

Suggestion for future research 
When design aspects have been studied here, the method of partial safety factors has been 
used, and the time-dependent properties of concrete have been treated as deterministic vari-
ables, based on mean values. Loads have been assumed to consist of a constant long-term load, 
based on the so called quasi-permanent load combination, followed by a short-term load in-
crease to the ultimate limit state design value.  
 
The method of partial safety factors is well established on the basis of probabilistic methods. 
However, the stochastic nature of the time-dependent properties and the implications thereof 
for cases with second order effects have not been studied systematically, at least not to the 
author’s knowledge.  
 
The suggestion for future research is to use a full probabilistic approach, where all significant 
parameters are treated as stochastic, i.e. material properties including shrinkage, creep and 
strength increase, geometrical parameters and loads having a random variation with time. One 
important result of such a study should be to tell whether it is reasonable to use mean values 
of time-dependent properties in combination with a long-term load according to the quasi-
permanent load combination, where only load factors ≤ 1 are used. 
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Sammanfattning 

Bakgrund 
Denna rapport behandlar icke-linjär analys och praktisk dimensionering av slanka tryckta bär-
verksdelar i armerad betong, med speciell inriktning på inverkan av betongens tidsberoende 
egenskaper. “Praktisk dimensionering” är ett nyckelbegrepp här, med icke-linjär analys som 
grund. Betongens tidsberoende egenskaper ur ett materialvetenskapligt perspektiv är således 
inte huvudämnet; vad som är av intresse ur dimensioneringssynpunkt är inverkan av dessa 
egenskaper och hur de beaktas i analys och dimensionering, givet vissa matematiska modeller 
för krympning, krypning och hållfasthetstillväxt med tiden.  
 
Backgrunden till denna studie är författarens tidigare engagemang i utvecklingen av förenkla-
de metoder för praktisk dimensionering av slanka tryckta konstruktioner med hänsyn till 
andra ordningens effekter. De förenklade metoderna har kalibrerats mot beräkningar med en 
generell metod baserad på icke-linjär analys. Denna typ av analys är känd för att vara nog-
grann och tillförlitlig, men de tidsberoende egenskaperna har av författaren hittills beaktas på 
ett förenklat sätt. Krypning har således beaktas med hjälp av en förlängd arbetskurva, där alla 
töjningar multiplicerats med en faktor (1+ϕef), där ϕef är ett s.k. effektivt kryptal. Effektiva 
kryptalet baseras på det slutliga kryptalet, men är reducerat med hänsyn till det relativa bidra-
get från långtidslast i en lastkombination. Med hänsyn till krypning finns således två huvud-
förenklingar, men det finns även en tredje förenkling såtillvida att inverkan av krympning har 
försummats. De tre huvudförenklingarna har således hittills varit 

4. användning av en förlängd arbetskurva,  

5. användning av ett reducerat kryptal (effektivt kryptal), 

6. försummande av krympning.  
 
Såvitt känt för författaren har betydelsen av dessa förenklingar inte studerats systematiskt 
tidigare, och huvudsyftet med denna studie är att försöka fylla denna lucka genom jämförelser 
med ett mer fundamentalt sätt att beakta de tidsberoende effekterna. 
 
Ett annat syfte har varit att använda den metod för icke-linjär analys som utvecklas här, till-
sammans med de modeller för krympning, krypning och hållfasthetstillväxt som ges i Euro-
kod 2 (2004), för jämförelser med försök på slanka pelare redovisade i litteraturen. Material-
modellerna i Eurokod 2 kan väntas få flitig användning framledes, och det är därför intressant 
att konfrontera dem mot verkligheten i en noggrann icke-linjär analys av slanka pelare. 
 
Inverkan av icke-linjär krypning och av hållfasthetsreduktion på grund av höga långvariga 
spänningar behandlas i samband med de båda huvudaspekterna enligt ovan. Inverkan av be-
tongens hållfasthetstillväxt med tiden studeras också ingående. För konstruktioner utan andra 
ordningens effekter är det ingen större idé att beakta hållfasthetstillväxt vid normal dimensio-
nering, eftersom höga lastvärden kan uppträda tidigt, innan någon större hållfasthetstillväxt 
hunnit äga rum. Med andra ordningens effekter, beräknade för slutet av konstruktionens livs-
längd, finns det emellertid anledning att ta hållfasthetstillväxten i beaktande; att basera olika 
tidsberoende effekter på olika tidpunkter är visserligen på säkra sedan, men inte realistiskt. 
Huruvida det sedan ska vara tillåtet att beakta hållfasthetstillväxt vid dimensionering är en 
fråga om säkerhetsfilosofi, som inte ges något slutgiltigt svar i denna rapport. 
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Kort beskrivning av innehållet i olika kapitel 
Kapitel 1 ger bakgrund, förklarar till det förenklade sättet att beakta krypning samt diskuterar 
de möjliga effekterna av krympning och hållfasthetstillväxt. 
 
Kapitel 2 ger en kort litteraturöversikt, med speciell inriktning på långtidsförsök av slanka 
betongpelare. Några referenser som behandlar fundamentala materialaspekter på betongens 
tidsberoende egenskaper redovisas också, men som nämnts ovan så är detta inte ett huvudspår; 
litteraturen inom området är omfattande, och något försök att täcka in den har inte gjorts. 
 
Kapitel 3 behandlar dimensioneringsaspekter i samband med icke-linjär analys samt beaktan-
det av betongens tidsberoende egenskaper. Säkerhetsformatet vid användning av partialkoef-
ficientmetoden i samband med icke-linjär analys diskuteras från en fundamental utgångspunkt. 
Den eventuella inverkan av hållfasthetsreduktion på grund av långvariga höga spänningar 
diskuteras med utgångspunkt från aktuella regler för lastkombinationer och lastfaktorer. 
 
Kapitel 4 behandlar betongens tidsberoende egenskaper och hur de kan inkluderas i analysen. 
Olika sätt att beakta icke-linjär krypning diskuteras. Inverkan av krympning, krypning och 
hållfasthetstillväxt studeras i starkt förenklade modeller för tvärsnitt och pelare. Det förenkla-
de sättet att beakta krypning (förlängd arbetskurva och effektivt kryptal) jämförs med det fun-
damentala sättet, där en komplett krypfunktion används. God överensstämmelse erhålls i de 
flesta fall. De isolerade effekterna av krympning och hållfasthetstillväxt studeras. De förenk-
lade modellerna för tvärsnitt och pelare som används i detta kapitel ger kvalitativa svar på 
många frågor, men för att närma sig verkliga fall fordras mer realistiska modeller, vilket leder 
till kapitel 5. 
 
Kapitel 5 har fyra huvuddelar. I del 1 beskrivs beräkningsmetoden för en realistisk icke-linjär 
analys i detalj, med hänvisning till kapitel 4 beträffande de tidsberoende effekterna. I del 2 
undersöks inverkan av hållfasthetstillväxt i en parameterstudie. I del 3 görs en annan parame-
terstudie, denna gång för jämförelse mellan de förenklade och fundamentala sätten att beakta 
krypning vid böjning i en riktning, framförallt med hänsyn till effektiva kryptalets roll i den 
förenklade sättet. I del 4 görs en liknande parameterstudie för biaxiell böjning. Anledningen 
till en särskild behandling av biaxiell böjning är att definitionen av effektiva kryptalet är 
mindre ”självklar” i detta fall, eftersom den relativa inverkan av långtidslast kan vara olika i 
respektive riktning; därför undersöks olika alternativ. 
 
Kapitel 6 behandlar jämförelser mellan försöksresultat och beräknade värden. Försöksresultat 
är hämtade ur litteraturen och beräkningar har gjorts med de metoder och materialmodeller 
som beskrivits i kapitel 4 och 5. I detta fall används endast det fundamentala sättet att beakta 
krypning, och krympning och hållfasthetstillväxt är alltid inkluderade. Det finns många un-
dersökningar med försök på pelare, och det totala antalet provade pelare som rapporterats var 
redan år 1986 över 900 (siffran redovisas i en artikel från år 2001). Den föreliggande studien 
har dock begränsats till undersökningar som innehåller någon form av långtidsförsök. De elva 
undersökningar som studerats i detalj omfattar totalt ca 280 pelarförsök, varav ca 160 är lång-
tidsförsök och de återstående 120 är tillhörande referensförsök med korttidslast. Alla dessa 
försök analyseras i kapitel 6. 
 
Kapitel 7 ger huvudslutsatser och förslag till fortsatt forskning (kapitlet återges nedan i sin 
helhet i denna svenska sammanfattning), 8 ger litteraturreferenser och 9  beteckningslistor. 
Bilaga A ger mer detaljer kring de försök och beräkningar som behandlas i kapitel 6. Bilaga B 
är en översättning av en tidig artikel på svenska av författaren, Westerberg (1971). Några slut-
satser i artikeln är fortfarande av intresse. 
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Huvudslutsatser 

Dimensioneringsaspekter 
Säkerhetsformatet för beräkning av ett dimensioneringsvärde1 på brottlasten med hjälp av 
icke-linjär analys diskuteras, och slutsatsen är att det bör baseras på användning av dimensio-
neringsvärden på materialparametrar, inklusive E-moduler. 
 
Det mest relevanta dimensioneringsfallet är en långtidslast följd av en korttidslast till brott. En 
långtidslast som leder till krypbrott utan lastökning är mindre relevant, enligt de dimensione-
ringsprinciper som är förhärskande idag. 
 
Eventuell reduktion av betongens tryckhållfasthet på grund av höga långvariga spänningar 
behöver inte beaktas vid dimensionering. Detta följer av klassificeringen av långtidslasten 
som en bruksgränslast och av de lastfaktorer som normalt gäller för brottgränstillstånd; den 
relativa spänningsnivå under långtidslast kan därigenom inte överstiga 74 % av hållfasthetens 
dimensioneringsvärde (vilket motsvarar 50 % av det karakteristiska värdet och 40 % av me-
delvärdet)2. För slanka pelare reduceras den relativa spänningsnivån under långtidslast ytter-
ligare på grund av slankheten. Betongens hållfasthetstillväxt med tiden är ytterligare en faktor
som skulle kunna kompensera för eventuell inverkan av hållfasthetsreduktion, oavsett lastfak-
torer, så länge dimensioneringen baseras på 28-dygnshållfastheten. 

 

                                                

Förenklat sätt att beakta krypning 
Huvudslutsatsen beträffande det förenklade sättet att beakta krypning är att det är tillräckligt 
noggrant för praktiska ändamål, såsom för att kalibrera metoder för praktisk dimensionering. 
Där det förekommer avvikelser på ”osäkra sidan” gäller följande: 
 
− Resultaten vid beaktande av krypning på förenklat sätt blir i de flesta fall på säkra sidan 

vid jämförelse, om hållfasthetstillväxt beaktas i den ”fundamentala” beräkningen. 
 
− De fall som fortfarande är på osäkra sidan ligger i de flesta fall utanför det praktiskt in-

tressanta området, med tanke på långtidslastens relativa storlek (dvs en långtidslast som är 
större än 74 % av brottlasten, jfr ovan). 

 
− Vid beaktande av krypning på förenklat sätt i samband med biaxiell böjning, bör effektiva 

kryptalet baseras på det största momentförhållandet för de två riktningarna (förhållandet 
mellan moment under långtidslast och moment vid brottlast). 

 
− Avvikelser beror huvudsakligen på användning av en enda parameter (effektiva kryptalet) 

för definition av krypningens inverkan, och inte så mycket på användning av en förlängd 
arbetskurva.  

Jämförelser med försöksresultat 
Huvudslutsatserna från jämförelser med försöksresultat kan sammanfattas på följande sätt: 
 
− Hållfasthetsreduktion med hänsyn till höga långvariga påkänningar behöver inte beaktas.  

 
1 Enligt partialkoefficientmetoden. Beträffande denna metod se t.ex. Eurocode -  Basis of design (2002). 
2 Siffrorna är baserade på partialkoefficienter m.m. enligt Eurokoderna. 
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o Om betonghållfastheten reduceras med den normala “omräkningsfaktorn” 0,853, men 
inte med hänsyn till höga långvariga påkänningar, är beräkningsresultaten i allmänhet 
något på säkra sidan. 

o Den bästa genomsnittliga överensstämmelsen totalt sett erhålls utan någon reduktion 
alls (således inte ens med ”omräkningsfaktor”). 

 
− Den icke-linearitet hos krypningen som ges av betongens krökta arbetskurva är tillräcklig.  

o Ytterligare icke-linearitet har ingen inverkan alls på beräknad brottlast efter en period 
av långtidslast.  

o Ytterligare icke-linearitet kan ha viss inverkan på beräknad tid till krypbrott under 
konstant last, men om betonghållfastheten reduceras med “omräkningsfaktorn” (se 
ovan) så blir överensstämmelsen totalt sett bättre utan ytterligare icke-linearitet.  

− De materialmodeller som ges i Eurokod 2 (2004) är realistiska  
o Icke-linjär analys av slanka pelare som inkluderar dessa modeller ger på det hela taget 

god överensstämmelse med försöksresultat.  

o I vissa fall har bättre överensstämmelse erhållits för ett annat värde på relativa fuktig-
heten än det som rapporterats, men detta kan ha att göra med speciella omständigheter 
vid försöken, t.ex. betongsammansättningen.4   

Diskussion och förslag till framtida forskning 
När inverkan av betongens tidsberoende egenskaper har studerats ur ett dimensioneringsper-
spektiv, har säkerhetsformatet baserats på partialkoefficientmetoden, med dimensionerings-
värden på materialparametrar så långt möjligt, dvs för hållfasthet och styvhet (E-modul), i 
princip också för geometriska storheter. Detta är idag det normala sättet vid praktisk dimen-
sionering att beakta den stokastiska naturen hos sådana parametrar. 
 
De tidsberoende egenskaperna krympning, krypning och hållfasthetstillväxt är naturligtvis 
lika “stokastiska” till sin natur som hållfasthet, styvhet och geometriska storheter (för att inte 
nämna laster, förstås, men hittills har endast “bärförmågesidan” beaktats). De modeller som 
använts här, baserade på Eurokod 2 (2004), sägs förutsäga krypning och krympning med en 
variationskoefficient på 20 respektive 30 %. De beräknade värdena bör betraktas som medel-
värden. Med tanke på de stora variationerna kan det i princip vara ”på osäkra sidan” att an-
vända medelvärden. 
 
En annan fråga är huruvida en korrekt uppskattning av krypeffekter och deras inverkan på 
bärförmågan erhålls genom att förutsätta en konstant långtidslast, följd av en korttidsbelast-
ning upp till dimensionerande brottlast, med tanke på att verkliga laster kan variera slump-
mässigt under hela livslängden. Den kvasi-permanenta lastkombination som definierar lång-
tidslasten tillhör bruksgränstillståndet, där inga lastfaktorer > 1 används. Det kan ifrågasättas 
om detta är ”säkert nog”, eller om man borde förstora även denna last, inte minst om man 
använder medelvärden på krympning och krypning. 
 

                                                 
3 Detta är en faktor som är inkluderad i partialkoeffienten γC = 1,5 i Eurokod 2 och många andra normer (t.ex. 
BBK 04), avsedd att täcka osäkerheter och systematiska avvikelser i relationen mellan betonghållfasthet i färdig 
konstruktion och hållfastheten hos standardprovkroppar. Denna faktor har ingenting att göra med hållfasthetsre-
duktion på grund av höga långvariga spänningar. 
4 Relativa fuktigheten har ibland varierats som ett enkelt sätt att kalibrera modellerna för krypning och krymp-
ning. I vissa undersökningar har betongen proportionerats speciellt för att ge hög krympning och krypning. 
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Ett förslag för fortsatt forskning är att studera dessa frågor med statistiska metoder, med beak-
tande av den stokastiska naturen hos alla ingående parametrar, inklusive de som styr betong-
ens tidsberoende egenskaper samt lasterna.  
 
Tabell 0-1 sammanfattar huvuddragen i beräkningsmetoder på olika nivåer, från förenklade 
metoder för praktisk dimensionering till mer eller mindre generella metoder. Den föreslagna 
studien skulle representera nivå 4, den föreliggande studien representerar nivå 3 och författa-
rens tidigare studier (1997, 2004) representerar nivå 2 och 1. De förenklade metoder på nivå 1 
som är ett resultat av dessa studier återfinns i FIP Recommendations (1999), HPC Design 
Handbook (1999) samt i i Eurokod 2 (2004). 
 

Tabell 0-1. Klassificering av metoder på olika nivåer. Nivå 1 representeras av de ovannämnda 

förenklade metoderna. Nivå 2 representeras av studier i Westerberg (1997) och (2004), och 

den jämförs med nivå 3 i föreliggande rapport. Nivå 4 föreslås för fortsatta studier. 

Materialegenskaper 

Krypning 
Nivå 

Metod  
Typ av ana-

lys 
Hållf., 
styvhet 

Krymp-
ning Modell Var. 

Hållf.-
tillväxt 

Laster 

1a 
 

Styvhets- 
metod 5 

Linjär, redu-
cerad styvhet 

1b 
 

Kröknings-

metod 5 
Baserad på 
krökning 

Dimen-
sione-

ringsvär-
den 

Ej inklu-
derad 

Effektivt 

kryptal ϕef 

Medel-
värde 

Ej inklu-
derad 

Dimen-
sioner-
ings-

värden 

2 
 

Partial-
koeffi-
cienter 

Icke-linjär  « « 
ϕef + förlängd 

σ-ε kurva 
« « « 

3 « « « 
Medel-
värde 

Komplett 
krypmodell 

« 
Medel-
värde 

« 

4 
 

Proba-
bilistisk 

« 
Stok-

astiska 
Stok-
astisk 

« 
Stok-
astisk 

Stok-
astisk 

Stok-
astiska 

 

  

                                                 
5 Alternativa förenklade metoder som ges i FIP (1999), HPC Handbook (1999) och Eurokod 2 (2004). De två 
förenklade metoderna är i huvudsak desamma i dessa olika publikationer, även om de kan skilja sig i detaljer. 
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1. Introduction 

1 Introduction 

1.1 General 
The practical design of slender compression members, or whole structures, with regard to 
second order effects is normally made with simplified methods, like for most types of design 
problems. In some cases, the design can be based directly on a reliable physical model, like 
for bending moment in cross sections with or without normal force. Another example of a 
physical model, although less obvious and less reliable than that for bending, is the truss 
model for shear in members with shear reinforcement, where different degrees of complica-
tion and realism can be included (for example, taking into account or disregarding the shear 
friction in cracks, strain compatibility etc.). For other problems, however, reliable physical 
models are lacking, like for instance shear in members without shear reinforcement, punching, 
anchorage of reinforcement etc. In such cases, empirical models calibrated against test results 
are used. 
 
For slender compression members with second order effects, there are reliable methods, based 
on physical models and nonlinear analysis. However, such methods are not (at least not yet) 
much used in practical design, due to their degree of complication; simplified methods that 
can be used for “hand calculations” are still dominating. However, it is not practicable to de-
velop such methods empirically on the basis of tests, like for shear. The number of variables 
involved, their range of variation and their influence are such that they can not be covered 
within test series of realistic proportions. Although a large number of test results can be found 
in the literature6, they are still not sufficient as a basis for purely empirical models.  
 
The solution is then to use accurate and reliable methods as a basis for calibration of simpli-
fied methods. 
 
The author has been involved in the calibration of simplified methods for two handbooks and 
one code [HPC Design Handbook (1999), FIP Recommendations (1999) and Eurocode 2 
(2004)]. The background to the methods in HPC and FIP is explained in Westerberg (1997) 
and for Eurocode 2 in Westerberg (2004).  
 
The physical model used as a basis for these calibrations, leading to what is called the “gen-
eral method” in Eurocode 2 and elsewhere, is based on a few simple assumptions: 
 
1. linear strain distribution  
2. equal strains in reinforcement and concrete at the same distance from the neutral axis 
3. given stress-strain relationships for concrete and steel  
 
These assumptions are “classical” and are known to give realistic results in comparisons with 
tests, see e.g. Westerberg (1971) and many other references given in chapter 8, where similar 
methods have been used for comparisons. In the stress-strain relationships, a tensile strength 
of the concrete can be included, or disregarded. If a tensile strength is included, the effect of 
tension between cracks can also be taken into account. However, usually no effects of con-
crete tension are included. This is more or less conservative, “less” rather than “more”, and 
furthermore, it is a common principle to disregard the direct effect of tension in concrete in 
ultimate limit state design. 

                                                 
6 Khalil et al (2001) found 909 tests reported in the literature up to 1986, see chapter 2. 
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In the calibrations of simplified methods made by the author, mentioned above, the following 
additional assumptions, related to the time-dependent properties of concrete, have been made: 
 
4. The effect of concrete creep has been taken into account by extending the concrete stress-

strain curve according to figure 1-1, i.e. all strain values are multiplied by (1+ϕef). ϕef is a 
so called effective creep ratio, based on the final value of the creep coefficient and re-
duced with regard to the relative effect of long-term load in a load combination. 

 
5. The shrinkage of concrete has been neglected. 
 
6. The strength increase of concrete with time has been neglected.  
 
Assumptions 4, 5 and 6 have usually been taken for granted and are seldom discussed or men-
tioned at all. The main objective of this report will be to examine these assumptions more 
closely.  
 

Figure 1-1. Ex-
tended stress-
strain curve to 
take into account 
creep. 
 

 

 

1.2 The simplified approach to time-dependent effects 

1.2.1 Creep (assumption 4) 
The use of an extended stress-strain curve and an effective creep ratio for the concrete is a 
very simple way of taking into account creep in nonlinear analysis. Various options for the 
definition of the effective creep ratio are discussed in Westerberg (2004), but the main prob-
lem is that this way of taking into account creep is in itself not at all on the same “physical” 
level as assumptions 1, 2 and 3. Therefore, its use in a model claimed to be “physical” and 
“general” can be questioned. However, there are some very good reasons for using this ap-
proach in the calibration of simplified models, as explained in the following. 
 
Apart from creep, the following parameters have a fundamental effect on the ultimate capac-
ity of a slender compression member with a given cross section, and have to be considered in 
the calibration of simplified methods:  

− amount and configuration of longitudinal reinforcement 

− slenderness 
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− boundary conditions 

− magnitude and distribution of first order moment (or eccentricity of axial load) 

− in case of biaxial bending:  
o another first order moment, independent of the first one 
o proportions of cross section 

 
These parameters have been varied in a more or less systematic way in the calibrations of 
simplified methods mentioned above. Creep has the effect of increasing the deflection, which 
reduces the ultimate load capacity. However, one and the same creep deflection can be given 
by different combinations of long-term axial load and first order bending moment, e.g. a small 
axial force and a large bending moment, or vice versa, also depending on slenderness. If we 
add, to the above parameters, the effect of different combinations of long-term axial load, first 
order moment and slenderness, and the effect of parameters that are fundamental for creep 
and shrinkage (relative humidity, size of cross section, concrete composition, age of concrete 
at loading, stress level etc), then the calibration task become overwhelming. 
 
With the simplified approach described above, however, different effects of creep can be de-
scribed by one single parameter, the effective creep ratio, which gives the combined effect of 
the basic creep coefficient (depending on relative humidity etc) and the relative effect of long-
term load (axial load and first order moment in relation to the same parameters in the design 
load combination). We will come back to the definition of ϕef. 
 
The problem is that neither the extended stress-strain curve nor the effective creep ratio reflect 
the fundamental creep behaviour of concrete, for the following reasons: 
 
1. The creep coefficient as a material property is defined for stresses within the elastic range. 

When used in the present way, the creep coefficient (or effective creep ratio if the load 
combination  also includes short-term load) is applied to the whole stress-strain curve, up 
to and beyond the peak stress, see figure 1-1. The extended stress-strain curve is then used 
in ultimate limit state calculations, where strains might in some cases reach beyond the 
peak stress (especially in case of low slenderness ratios). The extension of the stress-strain 
curve at and even beyond the peak stress has no connection with the physical reality. By 
applying the creep coefficient to the nonlinear stress-strain curve, a kind of nonlinearity of 
creep at high stresses is introduced, but it is uncertain whether this reflects the nonlinearity 
of creep in a correct way. 

 
2. The concrete stress changes with time due to creep, partly because deflections increase in 

a slender column, partly because stresses are transferred from concrete to reinforcement 
with creep (and shrinkage). The net result may be different in different parts of the cross 
section, i.e. the concrete stress may either increase or decrease. Nevertheless, a stress 
change at a certain time will give a different result than the same change occurring at 
some other time, since the “real” creep function depends on the time when a stress is ap-
plied. This can not be taken into account when using an extended stress-strain curve, 
based on the final value of the creep coefficient for stresses applied at the start of loading.  

 
3. The effective creep ratio, the advantage of which may also be its weakness: is it really 

possible to use one single parameter, whatever its definition, to describe the complex ef-
fects of different combinations and relative levels of long-term axial load and bending 
moment? 
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Considering these problems, the accuracy or realism in using an extended stress-strain curve 
based on an effective creep ratio becomes highly questionable. The author has not found any 
systematic study, and hardly even a discussion, of this problem (an apology to those who may 
have studied or discussed it, without the author’s knowledge).  
 
The simplified approach using an extended stress-strain curve can be criticized for the above 
reasons but, on the other hand, it is not meant to have a physical interpretation! It is only a 
simplified and practical way to take into account creep. Therefore, its relevance in connection 
with the “general method” should only be judged from the results it gives, in comparison with 
a more fundamental approach. 

1.2.2 Shrinkage (assumption 5) 
Shrinkage is a material property of concrete which is as inevitable as creep (at least until non-
shrinking concrete is in practical use). Taking into account the effect of shrinkage is self-
evident in many design situations, e.g. with regard to cracking in members with restraint to 
shortening, time-dependent losses of prestress and in accurate calculations of deflections. 
These design situations represent serviceability limit states. However, in ultimate limit states 
the effect of shrinkage, like many other types of imposed deformations, is usually disregarded. 
This is justified in most cases, due to the possibility for redistribution of stresses and moments.  
 
There are exceptions, where imposed deformations should be taken into account also in ulti-
mate limit states, namely if they consume part of the deformation capacity needed for planned 
redistributions. For example, uneven settlements of supports may consume part of the rotation 
capacity of critical sections in a continuous beam, but imposed deformations due to shrinkage 
will not have such effects. The only example that comes into the author’s mind, where shrink-
age might have such a similar effect, is a fibre reinforced concrete slab on ground; restrained 
shrinkage may then consume a significant part of the deformation capacity needed for mo-
ment redistribution.  
 
Slender compressive members are seldom restrained in such a way that it could give any ef-
fect of shrinkage on the member as a whole; furthermore, if there were such a restraint, it 
would rather be a favourable effect since it would reduce the axial force. This may be a reason 
why shrinkage is seldom (or never) discussed as a factor of importance for the load capacity 
of slender columns. However, shrinkage will have an effect on the internal stress distribution, 
which might in turn have an effect on deflections and hence on the ultimate load. Shrinkage 
leads to a transfer of compression from concrete to reinforcement, much like the effect of 
creep but independent of stress. This can be both favourable and unfavourable, depending on 
the concrete and reinforcement compressive stresses, cracking etc. It is difficult to say 
whether favourable or unfavourable effects will dominate. To the author’s knowledge this has 
not been systematically studied before, but it will be here. 

1.2.3 Strength increase (assumption 6) 
It is well established that the strength of concrete, at least the compressive strength, increases 
with time, due to the continued hydration of the cement. The tensile strength may not increase 
to the same extent, it may even decrease due to tension in the cement paste when the aggre-
gates resist the shrinkage, but as long as the tensile strength is not relied upon for direct ten-
sion in ultimate limit state design this can be ignored.  
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Different cements have different rates of strength growth, depending on, among other things, 
the chemical composition and the fineness of the cement. Older cements usually had coarser 
particles than modern cements and therefore had a slower development of the strength. This 
means that old concretes may have a very high strength reserve; strength increases of more 
than 100 % in existing structures have been reported, Thun (2006). Concrete with extremely 
fine ground cement, on the other hand, may have a very rapid strength increase (Lidström & 
Westerberg 1997); most of the strength increase will then occur within a short time and the 
strength reserve for the future is probably less7. Since the concrete strength is normally based 
on tests at 28 days age, the strength increase beyond that time will be different depending on 
the fineness (and other properties) of the cement. This is illustrated in figure 1-2. 
 
 

Figure 1-2. Illustra-
tion of different 
strength develop-
ments of concrete. 
Vertical axis = 
fc(t)/fc(28d), hori-
zontal axis = time t 
in years in loga-
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The normal assumption in concrete design is to neglect the effect of strength increase. This is 
natural, since one must always consider the risk that critical design conditions may occur in 
the beginning of the service life, before any major strength increase has taken place. The prob-
ability for the critical design conditions to occur is normally assumed to be the same for any 
part of the service life considered, i.e. when the whole service life is considered, there is the 
same probability for critical conditions to occur in the beginning as in the middle or end. Even 
if the probability for a certain high load to occur will be lower if a shorter time period is con-
sidered instead of the whole service life, there is usually not much point in discussing whether 
strength increase should be taken into account or not in the design of a new structure. 
 

                                                 
7 This investigation was focused on the strength increase up to 28 days, and the long-term strength development 
was not studied. 
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When there are second order effects, in which case other time dependent effects like creep 
and shrinkage become important, the problem is different. In the beginning of the service life, 
there is little strength increase but, on the other hand, deflections are not yet much influenced 
by creep (and shrinkage). Therefore, the critical design condition is normally assumed to oc-
cur at the end of the service life, when deflections are at their maximum due to the creep and 
to some extent shrinkage. On the other hand, at that time we also have the maximum effect of 
strength increase, and it is no longer self-evident that the most critical design condition is al-
ways to be found at the end of the service life; in principle it may occur at any time within the 
service life. 
 
Therefore, in this case there is a point in discussing strength increase. Without taking it into 
account, and assuming that the most critical design situation is at the end of the service life, 
we are in principle combining two design conditions which cannot exist at the same time: 
concrete strength at the beginning of the service life and deformations at the end of it.  
 
To the author’s knowledge, no design code explicitly allows strength increase to be taken into 
account in the design of a new structures.8 Nevertheless, it is still of interest to discuss the 
implications of taking strength increase into account. It is obvious that its overall effect will 
be favourable, since we will now be able to combine low strength with small deflections, me-
dium strength with medium deflections and high strength with large deflections.  
 
If it is found that shrinkage in most cases has an unfavourable effect on the load capacity of 
slender compression members, then it is on the unsafe side to neglect it, as has been done in 
previous calculations (see e.g. Westerberg 1997 and 2004). However, since strength increase 
has also been neglected, the net result might still be neutral or even conservative.  
 
The author is not advocating the systematic utilization of strength increase in the design of 
new structures with second order effects; there are good reasons for keeping it as a reserve for 
the future. Nevertheless, it is worth knowing what effect it might have, e.g. as a compensation 
for neglecting the effect of shrinkage and for the possibility that the simplified approach to 
creep could sometimes be un-conservative for other reasons. 

1.3 Strength reduction due to high sustained stresses 
In connection with strength increase another question arises, namely the possible effect of 
high sustained stresses, which may cause failure after a finite time if they are above a certain 
level. Does this have to be considered in the design of slender compression members? Can it 
be disregarded if strength increase is taken into account? Can it perhaps be disregarded even 
without relying upon strength increase, for other reasons? These questions will also be ad-
dressed. 

1.4 Summary of aim and scope of present study 
The aim and scope of the present study have been described above, and can be summarized as 
follows: 
 
Simplified methods for practical design with regard to second order effects in slender com-
pression members in reinforced concrete have earlier been calibrated against accurate calcula-

                                                 
8 There may be exceptions where strength increase is taken into account, e.g. concrete pavements for roads and 
industrial areas. The assessment and redesign of existing structures is another case; the real strength at the time 
considered can then be measured in the structure, and the 28-day strength can then be disregarded.  
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tions based on nonlinear analysis. In these analyses, the time-dependent properties of concrete 
have been taken into account in a simplified way. Thus, creep has been taken into account by 
using a so called effective creep ratio and an extended stress-strain curve. Furthermore, 
shrinkage and strength increase have been ignored.  
 
The main purpose of this study is to examine the significance of these simplifications by sys-
tematic comparisons with calculations, where the time-dependent properties are taken into 
account in a more fundamental way. The comparisons are made in a design perspective; there-
fore a discussion of the safety format in non-linear analysis is included. 
 
Mathematical models for creep, shrinkage and strength increase according to Eurocode 2 
(2004) have been used in all calculations. It is outside the scope of this study to compare dif-
ferent models for the time-dependent properties, but the models that have been used have 
been tested against reality in the form of numerous test results for slender columns.  
 
Finally, the question of strength reduction due to high sustained stresses, which has been 
much discussed e.g. during the development of Eurocode 2 (2004), is addressed from differ-
ent angles. 
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2 Literature review 

2.1 General 
A literature search was made for concrete creep and for slender concrete columns. Many an-
swers were received for both these subjects, and also for the combination of them, i.e. creep in 
slender concrete columns. 
 
The literature on creep is very extensive. Fundamental material aspects are dealt with, and a 
swarm of more or less empirical mathematical models for the prediction of creep have been 
presented over the years for both linear and nonlinear creep. Although this report deals with 
time-dependent effects in slender compression members, the specialized creep literature will 
not be reviewed in detail; this would require too much time and space, and therefore only a 
few references dealing with fundamental aspects of creep will be reviewed below. The main 
focus will be on literature combining slender columns and time-dependent effects. Reports on 
tests of slender columns including long-term loading are specially analysed in chapter 6. 

2.2 References in chronological order 
More than 70 references have been reviewed in more or less detail. Those that are of some 
relevance to the present study will be shortly reviewed below in chronological order. Twelve 
of the investigations, which include tests with both short-term and sustained loading, have 
been chosen for a deeper analysis including comparisons with calculations according to the 
methods described in this report. The main features of the tests and the main results of com-
parisons are presented in chapter 6, whereas more details are given in Appendix A.  
 
Viest, Elstner & Hognestad (1956) 
The object was to study the effect of high sustained loads on eccentrically loaded short col-
umns, and to find out what fraction of the ultimate short-term load that can be sustained in-
definitely. The investigation comprises 44 tests, the results of which are analysed and com-
pared with calculations in chapter 6 and Appendix A. This is the only of the investigations 
analysed in chapter 6 that deals with short columns, where second order effects are negligible. 
 
Gaede (1968) 
Tests on 22 slender square columns under short-term and sustained load with diagonal eccen-
tricity are reported. Diagonal eccentricity can be seen as a special case of biaxial bending. The 
tests are analysed and compared with calculations in chapter 6 and Appendix A. 
 
Green & Breen (1969) 
Ten eccentrically loaded slender columns were tested under sustained load. The main object 
was to study the deflections and load-moment-curvature relationship under sustained load, 
and the columns were generally not loaded to failure. The tests are analysed and compared 
with calculations in chapter 6 and Appendix A. 
 
Ramu, Grenacher, Baumann & Thürlimann (1969) 
Tests were made on 37 slender columns under eccentric short-term and sustained load. The 
tests are analysed and compared with calculations in chapter 6 and Appendix A. 
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Hellesland (1970) 
A complete analytical model is presented for the concrete stress-strain response, taking into 
account strength increase due to continued hydration, strength reduction due to high sustained 
stresses, shrinkage and creep, including creep nonlinearity at higher stresses. A series of 7 
slender columns were tested for comparison with analytical predictions. The tests include sus-
tained loading followed by a few cycles of load. This is the only investigation of those ana-
lysed in chapter 6 that deals with cyclic loading. The tests are analysed and compared with 
calculations in chapter 6 and Appendix A. 
 
Drysdale & Huggins (1971) 
Tests were made on 58 slender columns under biaxially eccentric short-term and sustained 
load. The tests are analysed and compared with calculations in chapter 6 and Appendix A. 
 
Goyal & Jackson (1971) 
A series of 46 slender columns were tested under short-term and sustained eccentric load. A 
theoretical nonlinear analysis is made, in which creep is taken into account by means of an 
extended stress-strain curve for the concrete and including the effect of shrinkage. The tests 
are analysed and compared with calculations in chapter 6 and Appendix A. 
 
Westerberg (1971) 
The article describes a calculation method based on nonlinear analysis and programmed for 
computer. Calculations are used to demonstrate the influence of various parameters, such as 
the shape of the stress-strain curve, the distribution of first order moment, tension stiffening 
etc. A comparison with 174 short-term tests from previous investigations is presented. (The 
article was published in Swedish, but a translation is given as Appendix A in this report.) 
 
Cranston (1972) 
Nonlinear analysis is described, simplified methods are described and comparisons are made 
with 381 test results. Creep is not considered in the calculations, other than by very simple 
means. The safety format in nonlinear analysis is discussed, and it is claimed that average 
material values should be used, except at critical sections where design values should be used. 
(The safety format is discussed also in clause 3.1 of the present report, but the conclusions are 
quite different from Cranston’s.) 
 
Fouré (1976) 
A series of 26 slender columns were tested under short-term and sustained loads with equal or 
different end eccentricities; in some cases there was also a horizontal load at mid-height. The 
tests are analysed and compared with calculations in chapter 6 and Appendix A. 
 
Warner (1976) 
The article deals with axial shortening of columns under serviceability conditions, which is an 
important issue in tall buildings and other large structures. It is stated that calculations should 
take into account the step-wise application of sustained loading, storey-by-storey, and the 
creep, shrinkage and ageing properties of concrete. Basic functions for creep are described. A 
linearization model is presented to simplify the calculation. On the whole this is a useful arti-
cle concerning the mathematical handling of creep, although this specific type of problem is 
not dealt with in the present report. 
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Warner (1977) 
Different aspects of slender concrete column behaviour are illustrated by means of a simple 
model consisting of two stiff rods connected in the middle by an elastic or nonlinear link. 
Visco-elastic creep is also illustrated, but nonlinear creep is not dealt with. 

The advantage of such a simple physical model is that it may facilitate a conceptual under-
standing of the behaviour of slender columns under both short-term and long-term loading. 
 
Bazant & Asghari (1977) 
The article presents a constitutive law that includes the effects of: 

a) linear  (low-stress) creep with ageing and with memory properties, applicable over a 
broad range of load durations 

b) uniaxial and multiaxial short-time stress-strain behaviour and failure conditions 

c) long-time strength, i.e. decrease of strength with load duration when stress is very high 
(over 0,8fc), and also increase of strength as a result of low sustained compression (adap-
tation) 

d) cyclic creep, i.e. acceleration of creep due to cyclic loading in the low as well as high 
stress range. 

Among other things, the authors state that the nonlinearity of short-term deformations is a 
special case of that for long-term deformations, both associated with microcracking.  
 

Wu & Huggins (1977) 
The article describes tests on 34 slender columns under short-term and long-term loading. The 
main purpose was to study the influence of size of cross section (volume/surface ratio) and 
age at loading on the time-dependent effects. Cross sections varied between 95 x 95 and 190 x 
190 mm, and the age at loading between 60 and 120 days. It is well-known that these parame-
ters have a significant effect on creep and shrinkage, and the tests confirm that they also have 
a significant effect on the load carrying capacity of slender columns under long-term loading. 
These tests are not analysed in chapter 6, however, since the article found does not present 
sufficient input data for calculations. 
 
Bazant & Sang-Sik (1979) 
Deals with nonlinear deviations from the linearity of creep: 

a) a sustained compressive stress at low level (service state) makes the response to subse-
quent load increase stiffer; the material adapts itself to the load (“adaptation”) 

b) a high load causes a gradual weakening and an intensification of creep (“flow”). 

It is stated that a realistic modelling of both these nonlinearities is important for making reli-
able evaluations of the capacity of slender concrete columns under combined dead and live 
loads. However, the application to slender columns is not further dealt with. 
 
Bazant & Tsubaki (1980) 
The article deals with the effect of long-term stresses on both stiffness and strength. A high 
sustained stress leads to increased creep (flow) and reduced strength, whereas a low or mod-
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erate stress leads to increased stiffness and strength for a subsequent load increase (adapta-
tion). Three types of loading are studied for a slender column: 

I. Constant sustained load until failure 
II: A high sustained load followed by a short-term load to failure 
III: A low or moderate sustained load followed by a short-term load  

Case III gives a much higher failure load compared to I and II, it is said to be up to twice as 
high as for a constant sustained load during the same time. A bilinear stress-strain curve is 
used for the concrete; and the nonlinearity of creep is taken into account separately. 
 
de Jongh (1980) 
The report describes creep models with the help of simple mechanical and rheological models. 
It is pointed out that the rheological models should not be seen as physical models, but only as 
illustrations of various mathematical formulations. The effects of time-dependent deforma-
tions are illustrated by simple and pedagogic examples, a few of which are shown below. 

The behaviour of slender columns is illustrated by a stiff cantilever, restrained by an elastic 
spring connected in series with a friction element. This gives elastic-plastic behaviour. In a 
load-deflection diagram, the ascending part will be governed by elastic behaviour: 

e

0
1 NN−

=
δδ  (2−1) 

where 

δ0 initial deflection 
lkN ⋅=e  elastic buckling load 

k spring constant 
l length 
 
The descending part will be governed by plastic behaviour: 

NlF ⋅=δ  (2−2) 

where F = friction force (which could represent “yielding”) 

An example is shown in figure 2-1, based on k=1, F=1, l=1 and δ0=1. 

Figure 2-1. Illustration of slender 
column with elasto-plastic behaviour. 
 

0 2 4 6 8 10
0

0.2

0.4

0.6

0.8

1

Ne δ( )

Np δ( )

N δ( )

δ

 11



2. Literature review 

The load deflection curve resembles that which can be calculated for a slender concrete col-
umn, and gives an intuitive understanding of what is affecting the different parts of the curve. 

If a “dashpot” is introduced in the same model, figure 2-2, a time-dependent behaviour, creep, 
can be simulated. The result when the stiffness has been reduced 25 % due to creep is shown 
in figure 2-3. In this case there is irreversible creep, i.e. the whole creep part of the deforma-
tion will remain even if the load is removed. 

Figure 2-2. Mechanical model with 
the addition of a “dashpot”. 
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Figure 2-3. Effect of stiffness 
reduction due to creep. 

Ne = buckling load without creep 

Ne1 = buckling with creep 

Np = plastic load 

N1 = min(Ne1,Np) 
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If the dashpot is connected in parallel with a spring, on the other hand, reversible creep will 
occur, i.e. a deformation in the dashpot will recover completely with time if the load is re-
moved, figure 2-4. 
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These two models represent two extremes, between which the creep behaviour of concrete 
can be found, i.e. creep is neither completely reversible nor completely irreversible. 

Figure 2-4. Model with reversible 
creep thanks to a spring in paral-
lel with the dashpot. See also fig-
ure 2-2. 
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The rest of the article deals with a model intended to represent a reinforced concrete column. 
The conclusions drawn from this model are well-known as regards the effect of creep and 
other parameters. However, the effects of cracking and material nonlinearity are never dealt 
with. Nevertheless, these simple models give an understanding of the basic mechanisms that 
govern the behaviour of slender concrete columns under long-term and short-term load. 
 
Mirza & McGregor (1989) 
This is an interesting and well written article about the stochastic variability of the ultimate 
load capacity of slender columns. It is studied on the basis of variations in concrete compres-
sive and tensile strengths and elastic modulus, steel yield strength and elastic modulus, overall 
cross section dimensions, concrete cover, effect of discrete bar sizes and model uncertainty. 
On the basis of comparison with 20 well documented tests, the coefficient of variation for the 
model error in the method used (based on nonlinear analysis of one cross section and assum-
ing parabolic curvature distribution) is taken as 0,065 for e ≥ ebal,  (ebal = eccentricity at bal-
anced conditions), linearly decreased to 0,03 for e = 0. The variations of other parameters are 
based on earlier studies. Only short-term loading is considered. 

Using Monte Carlo simulation, parameters were varied randomly 250 times for each column 
(given e, l/h, ρ and fc). 

The load capacity distribution for each case was compared to the capacity calculated accord-
ing to ACI (using a “stiffness method” similar to that in the Swedish code BBK 04 (2004)), 
with and without safety factors.  

The contributions to the overall variability from variations in steel properties, concrete proper-
ties and dimensions are shown as a function of the eccentricity. For low eccentricities, the 
dominating contribution is from concrete variations, whereas the effect of steel variations is 
small. For high eccentricities, the opposite is true. (This could be expected: for low eccentrici-
ties the concrete compressive strength is the most important strength parameter, and for large 
eccentricities the steel strength dominates.) The contribution from dimensional variations is 
small in the whole range of eccentricity from 0 to ∞. 
 
Li Zhaoxia & Qian Jicheng (1989) 

Nonlinear creep is studied from a fundamental material perspective, associating it with micro-
cracking. A distinction is made between bond cracks (aggregate-cement paste) and mortar 
cracks. 

 

 13



2. Literature review 

For sustained stresses below the long-term strength (a stress for which there will be failure 
after a finite time), damage due to mortar cracks can be neglected, and the microcracking 
process is stable, since it does not cause failure. The damage rate decreases with time. 

For sustained stresses above the long-term strength both bond, mortar and combined cracks 
occur, and the microcracking process is unstable, mainly due to the development of mortar 
cracks. 

The damage D is described by mathematical formulations. By introducing the damage con-
cept into the constitutive equation for linear creep, an equation for nonlinear creep is obtained.  

Comparisons with test results for plain concrete are shown, with good agreement. Analysis of 
a reinforced cross section in bending is also shown. However, the equations presented in the 
article can not be used by others, since no values of material parameters are presented. 
 
Lahoud (1991) 
The article deals with high strength concrete and comparisons between long-term and short-
term behaviour. Use of high strength concrete in lower storeys of high-rise buildings is said to 
grow rapidly. 

The effect of creep during 500 days is studied, together with the strength increase. For low 
slenderness ratios, the capacity increases during the sustained loading. The effect of strength 
increase then more than compensates for the effect of creep. For moderate to high slenderness 
ratios, the effect of creep dominates. 

The comparison between NSC and HSC shows that the reduction of the ultimate load for a 
given value of the creep coefficient is stronger for HSC; no explanation for this is given. On 
the other hand, the creep coefficient is significantly lower for HSC. 
 
Ghao & Bradford (1993) 
With respect to long-term deformations of columns, the deformation of interest in serviceabil-
ity limit states is normally shortening. The lateral deflection is generally small, due to ULS 
design with reduced material values and increased load values, and therefore of less interest. 

Shortening is caused by the average strain and the “flexural shortening” due to bending, in-
cluding the second order effect. 

Analysis is made for elastic material properties, including creep of concrete. Second order 
effects are considered.  

The effect of creep is taken into account both in one step and in multiple steps. It is concluded 
that multiple step calculation gives more effect of creep than a one-step calculation, particu-
larly if the concrete cracks due to increased deflections during the time period studied. Gener-
ally, however, the effect of axial shortening is greater than that of “flexural shortening”. 
 
Claeson (1998) 
The main topic of this investigation is slender columns in high strength concrete under short-
term loading. Only two tests were made with sustained loading, and these together with four 
reference short-term tests are analysed and compared to calculations in chapter 6 and Appen-
dix . 
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Khalil, Cusens & Parker (2001) 
The article gives a list of 909 tests on concrete columns described in the literature until 1986, 
presented in a systematic way, see table 2-1. Most tests before 1969 were short-term, after 
which tests with long-term load, with and without subsequent short-term load to failure, be-
came more frequent. 

The article also presents own tests of 11 columns with short-term loading and 8 with sustained 
loading. These tests are analysed and compared to calculations in chapter 6 and Appendix A.  
 

Table 2-1. Summary of column tests until 1986, Khalil et. al. (2001). Tests are classified with 
regard to column type: H = hinged, F = fixed end, B = biaxially loaded, and type of loading: 
S = short-term, L = sustained loading, C = cyclic loading and L-S = sustained load followed 
by short-term loading to failure. 

Type of column Type of loading Researcher Date No. of  
tests H F B S L L-S L-C L-CS C-S 

Baumann 1934 43 30 13 - 43 - - - - - 
Thomas 1939 14 14 - - 14 - - - - - 
Rambφll 1951 38 38 - - 38 - - - - - 
Ernst et. al. 1952 8 8 - - 8 - - - - - 
Gehler & Hutter 1954 50 50 - - 50 - - - - - 
Gaede 1958 16 16 - - 8 8 - - - - 
Kordina 1960 4 4 - - 4 - - - - - 
Aas-Jakobsen 1960 20 20 - - 20 - - - - - 
Chang & Ferguson 1963 6 6 - - 6 - - - - - 
Saenz & Martin  1963 52 - 52 - 52 - - - - - 
Breen & Ferguson 1964 6 - 6 - 5 - 1 - - - 
Ramamurthy 1965 55 - - 55 55 - - - - - 
Martin & Olivieri 1966 8 8 - - 8 - - - - - 
MacGregor & Barter 1966 8 4 4 - 8 - - - - - 
Furlong & Ferguson 1966 7 - 7 - 6 - 1 - - - 
Ferguson & Breen 1966 8 - 8 - 7 1 - - - - 
Green 1966 5 5 - - - 5 - - - - 
Pannell & Robinson 1968 17 9 - 8 17 - - - - - 
Green & Breen 1969 10 10 - - - 10 - - - - 
Mehmel et. al. 1969 16 14 2 - 16 - - - - - 
Breen & Ferguson 1969 10 10 - - 10 - - - - - 
Ramu et. al. 1969 37 37 - - 6 19 12 - - - 
Goyal 1970 46 46 - - 26 - 20 - - - 
Hellesland & Green 1971 7 7 - - - 16 - - 7 - 
Drysdale & Huggins 1971 57 8 - 49 26 - 15 - - - 
Cranston & Sturrock 1971 8 3 - 5 8 - - - - - 
Hirasawa 1974 55 11 - 44 35 - 10 2 3 5 
Kordina 1975 12 12 - - - - 12 - - - 
Green & Hellesland 1975 8 8 - - 2 - - 2 - 4 
Blomeier & Breen 1975 3 - 3 - 3 - - - - - 
Wu & Huggins 1977 34 - - 34 8 26 - - - - 
Pancholi 1977 39 39 - - 33 6 - - - - 
Gruber & Menn 1978 4 4 - - 4 - - - - - 
Dracos 1982 40 40 - - 36 2 2 - - - 
Behan & O’Connor 1982 67 67 - - 51 16 - - - - 
Schofield 1983 55 55 - - 50 5 - - - - 
Iwai et. al. 1986 36 - - 36 36 - - - - - 
Total  909 583 95 231 699 114 73 4 10 9 
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Mazzotti & Savoia (2002) 
Deals with the relationship between concrete damage and nonlinear creep at medium to high 
stress levels. Nonlinear creep is interpreted in the framework of damage mechanics. 

Experimental “short-term creep tests” (up to 1 hour) under uniaxial compression at different 
stress levels are presented. This is not of direct practical interest in connection with long-term 
effects in real columns, where the load duration is a matter of decades rather than hours, but it 
may still be of theoretical interest. 

A nonlinear creep amplification factor is presented: 
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A comparison between the above expression and that given in Eurocode 2 (2004) (see equa-
tion (3-14)) is shown in figure 2-5. There is no agreement whatsoever. The relevance of the 
results in the article for longer load durations is not discussed at all. 

Figure 2-5. Amplifi-
cation factor for 
nonlinear creep ac-
cording to Mazzotti 
& Savoia (2002), 
upper line,  in com-
parison with the 
corresponding fac-
tor in Eurocode 2, 
lower line (see 
equation (3-14) in 
this report). 
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Quast (2004) 
The article discusses what is meant by linear and nonlinear creep. Using a nonlinear stress-
strain curve with the strains multiplied by (1+ϕ), is this to be considered as one or the other? 
The author mentions that when he proposed this approach some 30 years ago, it was not well 
received. Creep is the domain of material specialists, and such a practical handling of creep 
was considered as “disturbing”. This subject is also discussed in clause 4.2. 
 
Bradford (2005) 
Tests on five slender columns under long-term load are described. They are analysed in chap-
ter 6. 
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3 Design aspects 

3.1 Safety format in non-linear analysis 

3.1.1 General 
Non-linear analysis is not much used for the direct practical design of slender compression 
members (nor for any other type of member for that matter), but it is a very useful tool as a 
basis for the calibration or checking of simplified methods suitable for practical design. With-
out this possibility, the simplified methods would have to be penalized by a high “coefficient 
of ignorance”, as formulated by Fouré (1976); today one would perhaps say a high “partial 
safety factor for model uncertainty”. See also clause 1.1. 
 
In the design of slender compression members, the ultimate limit state (ULS) is practically 
always governing. Deflections and cracking in serviceability limits states (SLS) are seldom of 
any concern.9 Therefore, only ULS will be considered here.10 The safety format used in most 
design codes today is based on partial safety factors, and this safety format will be used 
throughout this report. The method of partial safety factors is assumed to be familiar to most 
readers, therefore it will not be further described. 
 
The purpose of the non-linear analysis, as used in this report, is in most cases to determine a 
design value of the ultimate load. There is generally no doubt as to what this means in normal 
design: it is the load corresponding to the ultimate capacity of the governing cross section, 
determined by using design values of material properties and other relevant parameters. In 
such cases the safety format can be considered as self-evident.  
 
In non-linear analysis, or more generally in the analysis of whole members or structures rather 
than single cross sections, the safety format is no longer as self-evident. It has been the sub-
ject of extensive discussions, e.g. during the development of Eurocode 2 (2004). If the safety 
format is not clearly defined, a design value of the ultimate load can not be clearly defined 
either. The problem is that the end result is now governed not only by a single critical cross 
section, but by the behaviour along a whole member or structure. 
 
The safety format will be discussed in the following from a fundamental point of view. 

3.1.2 Uncertainties  
It is assumed that the uncertainties on the “action side” are taken into account in the normal 
way, i.e. by means of the partial safety factors for actions and by rules for load combinations; 
this will not be further discussed here (however, load combinations and load factors will be 
discussed below, clause 3.2.3). The discussion here will focus on the safety format on the “re-
sistance side”, i.e. how to define a design value of the ultimate load. 
 
Partial safety factors on the resistance side are used to take into account the following types of 
uncertainties: 
                                                 
9 There is one aspect of serviceability that can sometimes be very important, namely the axial shortening of col-
umns and load bearing walls in tall buildings, but this will not be considered in this report. Articles on this topic 
can be found in the literature, and a few are mentioned in chapter 2. 
10 For the calculation of long-term effects, a load combination defining the sustained load will also have to be 
considered. In the Eurocodes, this is the so-called quasi-permanent load combination, which belongs to the ser-
viceability limit state, see clause 3.2. Nevertheless, the design is always made in the ultimate limit state.  
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1. Variation of material properties and the risk that they might become more unfavourable 

than the characteristic values (“more unfavourable” usually means “lower”). 
 
2. Variation of cross section dimensions and the risk that they might become more unfavour-

able than the nominal values (“more unfavourable” usually means “smaller”). 
 
3. Model uncertainty, i.e. the risk that the model for calculating the resistance may give un-

safe results (i.e. overestimates the load capacity). 
 
This discussion will concern only items 1 and 2. Item 3, model uncertainty, will be left open 
for the moment, although we may find a reason to come back to it later. 
 
The variation of material properties is known from routine testing in connection with the pro-
duction of materials. This is the variation that is the basis for calibration of material safety 
factors. For concrete, a conversion factor also has to be included, taking into account system-
atic deviations and uncertainty in the relation between the properties of standard test speci-
mens and the same properties in the finished structure. In most cases, the conversion factor is 
hidden, included in the material coefficient γC for concrete. In certain cases, e.g. in the as-
sessment and redesign of existing structures, the “real” strength in the structure can be meas-
ured, and then the conversion factor can be removed from γC. Normally no such conversion is 
necessary for reinforcement (except in the case of fatigue tests and fatigue loading, where 
“conversion problems” may exist). 
 
The variations in geometry are usually assumed to be related to the execution tolerances used; 
these in turn are more or less related to deviations measured in real structures. For practical 
reasons, the effect of geometric deviations in cross sections is usually included in the material 
partial safety factor. As an alternative, which is a possibility given in e.g. the Swedish code 
BBK 04 (2004) and in Eurocode 2 (2004), the deviations can be taken into account directly in 
the calculation by using reduced dimensions, in which case the material safety factor may be 
reduced accordingly. The partial safety factors are, at least in principle, calibrated on a prob-
abilistic basis so as to give, together with the load factors, a certain level of safety against 
failure. The values γC = 1,5 for concrete and γS = 1,15 for steel reinforcement include the ef-
fect of geometric deviations (for concrete the conversion factor mentioned above is also in-
cluded).11 

3.1.3 Variations within or between members 
In non-linear analysis, or more generally in the analysis of whole members or even structures 
rather than single cross sections, an assumption has to be made about the variations in mate-
rial properties and geometry and their weakening effect along a member or even in a group of 
interacting members. Will these variations cause  
 
a) local weakening in a member (a single cross section),  
b) weakening along the whole member, or even 
c) weakening of a group of interacting members? 
 

                                                 
11 Partial safety factors for materials that include the effect of geometrical deviations and conversion are denoted 
γM, with capital subscript M replaced by C for concrete and S for steel, whereas small subscripts m, c and s are 
used if geometrical deviations and conversion are considered separately.  
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A schematic illustration of the first two alternatives is given in figure 3-1. For material prop-
erties, weakening is illustrated by division with the material safety factor γm, and for geometry 
by subtracting a deviation Δa from the dimension in question (here it is assumed that geomet-
rical deviations are considered explicitly, hence γm, not γM). 
 

 
Figure 3-1. Schematic illustra-
tion of the effect of variations in 
material properties and geometry 
along a member. 
 

 

a) Local weakening

anomanom-Δa
Geometry (e.g. 
effective depth)

fkfk/γm
Material property

b) Weakening along whole member

anomanom-ΔaGeometry

fkfk/γMaterial property

 

3.1.4 Discussion of “weakening” alternatives 

3.1.4.1 Deviations in geometry 
Deviations from nominal dimensions can of course vary along a member. Let us discuss ef-
fective depth, which is generally the most important geometrical parameter. A deviation ac-
cording to a) in figure 3-1 is possible in some cases, e.g. for small diameter top reinforcement 
in a slab, which may be stepped on and locally bent down. In most cases, however, a devia-
tion according to a) is simply not possible. If the effective depth becomes too low somewhere, 
it will become so over a considerable length of the member, since normal or large diameter 
bars are not likely to be locally bent by accident. Then a deviation according to b) is more 
likely.  
 
The effective depth for bottom reinforcement may also vary due to deviations in the concrete 
depth. A local deviation according to a) is theoretically possible, but again a deviation accord-
ing to b) is more likely. 
 
In columns and beams, the reinforcement is often prefabricated in the form of cages. The ef-
fective depth will then depend on the dimensions of the cage, the concrete depth and the dis-
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tances between cage and formwork. Neither of these factors is likely to deviate according to 
a); again b) is more likely. 
 
If local deviations in the effective depth of type a) should occur, they should normally be re-
garded as gross errors, and they would be rather easy to detect in case of an inspection. Gross 
errors in general are unpredictable and can not be covered by safety factors in a reasonable 
way; they can only be managed by inspection and quality control of the execution. 

3.1.4.2 Deviations in material properties 
The deviations of material properties are known from the routine testing in connection with 
production, and these are the deviations that are taken into account in the calibration of partial 
safety factors. If a property should fall far below the characteristic value, without this being 
detected in the production control, and the material is built into a structural member, then in 
most cases the whole member will be affected according to b) in figure 3-1.  
 
Local deviations in the member are of course also possible, e.g. due to locally insufficient 
compaction of the concrete or local deficiencies in the curing, and for reinforcement a local 
weakening could be caused by damage due to improper handling, e.g. in connection with 
welding or bending. However, such deviations should again rather be classified as gross er-
rors, which can not be taken into account in the calibration of partial safety factors, see above. 

3.1.4.3 Individual members or groups of members 
From the above it follows that deviations according to b) in figure 3-1 is generally the best 
basis for a safety format, but then another question arises. How much of a structure should be 
assumed to have reduced properties:  
 
• a single member,  
• a single span or several spans in a continuous beam or slab, or  
• a whole group of members?  
 
If, for example, the concrete strength becomes too low in one member, or in one span of a 
continuous member, is it then likely that it will become too low also in adjacent spans or even 
members? There is no general answer to this question; it will depend on circumstances related 
to construction sequence, concrete delivery, size of concrete batches and reinforcement 
charges, size of structure and of individual structural members etc.  

3.1.5 Implications for the safety format in non-linear analysis 

3.1.5.1  “Weakening” alternative 
The main conclusion from the above discussion is that a deviation of material properties 
and/or cross sectional dimensions according to a) in figure 3-1 is not realistic as the general 
basis for a safety format, neither in non-linear analysis nor in any other type of analysis. 12 
 

                                                 
12 This is the safety format that was advocated by Cranston (1972), and which was recommended for nonlinear 
analysis in the ENV (preliminary) version of Eurocode 2, ENV 1992 (1991). Thus, it was said that deformations 
should be calculated using mean values of material parameters, whereas design values should be used only in the 
critical section(s). This safety format is not used in the final (EN) version of Eurocode 2 (2004); for nonlinear 
second order analysis the safety format based on design values is instead recommended, which is in line with 
alternative b). 
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This means that a deviation according to alternative b) should normally be assumed, at least 
for structural members of “normal” size. For very large members, or for a whole bridge or a 
building structure in a global analysis, it is of course possible that local deviations can occur 
without affecting a whole member or structure, but “local” should then at least include a cer-
tain length. Whether single members or groups of interacting members should be “weakened” 
in design is an open question, but in the absence of better knowledge and on a reasonably 
simple level, a safe approach is appropriate. This implies weakening of groups of members 
and whole structures rather than single members. Again, the size of the structure will have an 
effect on this aspect.  

3.1.5.2 The significance of deformations 
In many cases, e.g. for a simply supported beam or slab, the absolute values of deformations 
have no influence on the calculated results in the ultimate limit state. However, for e.g. a con-
tinuous beam, the absolute magnitude of deformations will have an influence on the plastic 
rotations; these are in principle inversely proportional to the flexural stiffness, and if the stiff-
ness is reduced by e.g. a factor 1,2, then the necessary plastic rotations will increase by the 
same factor. In non-linear conditions it is not that simple, but a reduction of the concrete E-
modules will in any case lead to an increase of plastic rotations. This may have an effect on 
the calculated resistance, namely if the rotation capacity is a limiting factor for the redistribu-
tion of bending moments. 
 
However, the effect of deformations on the ultimate load is much more significant in cases 
with second order effects. Here it is essential that stiffness parameters are handled in a proper 
way, consistent with the partial safety factor format. Therefore, we will discuss the effects of 
deviations in material properties, including E-modulus, and geometry. 

For concrete, the factor γC = 1,5 takes into account variations in the strength itself (including 
the conversion from standard test specimen to finished structure) and variations in the cross 
section geometry. It is reasonable to assume that variations in geometry constitutes a “subfac-
tor” γc1 = 1,05, in which case the remaining factor for strength is γc2 = 1,5/1,05 = 1,43. The E-
modulus of concrete is proportional to fc

1/3, thus if the compressive strength is reduced to 
fc/1,36, then the design value of the E-modulus will be Eck/(1,431/3) = Eck/1,13 (assuming that 
the conversion factor for the E-modulus from standard test specimen to structure is also pro-
portional to fc

1/3). If, on the other hand, geometrical deviations are assumed to have a similar 
effect on the stiffness of a cross section as on its resistance, a reasonable value of the total 
partial safety factor for Ec would be γCE = 1,13⋅1,05 ≈ 1,2. This is the value recommended for 
second order analysis in Eurocode 2 (2004); it is also the value that has been used in the 
Swedish code BBK ever since 1979. 
 
Of course, there is a variation also in the relationship between E-modulus and strength, which 
could justify a higher value of γCE. However, the E-values given in codes are normally based 
on a conservative estimation of the relationship with the compressive strength. Therefore, this 
uncertainty can be assumed to be already covered, and then the value 1,2 is reasonable in 
most cases.  
 
Thus, a proper design stress-strain diagram for concrete for use in second order analysis 
should be according to figure 3-2. (It is assumed here that the difference between the mean 
value fcm and the characteristic value fck is 8 MPa; this is a common assumption, used e.g. in 
Eurocode 2 (2004).) 
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Figure 3-2. 
Example of de-
sign stress-
strain diagrams 
for concrete. 
The upper curve 
is based on 
mean values, 
the middle 
curve on char-
acteristic values 
and the lower 
(blue) curve on 
design values, 
all based on 
equation (3.14) 
in Eurocode 2 
(2004). Here fcd 
= fck/1,5 and 
Ecd = Ecm/1,2. 
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For steel, the safety factor γs can be assumed to consist of γS = γs1⋅γs2 = 1,05⋅1,10 ≈ 1,15, 
where γs1 = 1,05 considers variation in geometry and γs2 = 1,10 considers strength variation 
(note that γs1 considers the position of reinforcement i.e. effective depth, whereas the effect of 
variations in the cross section of bars are automatically included in γs2). The corresponding 
values for the E-modulus would be γSE = 1,0⋅1,05 = 1,05, since variation in the modulus itself 
is negligible. This is the value used in the Swedish code BBK, but in Eurocode 2 (2004) the 
value 1,0 is used. This is in principle on the unsafe side for second order analysis, but the ef-
fect on the calculated result is generally small, so the “unsafety” due to this is in most cases 
negligible. 

3.1.5.3 Is it too conservative to use design values along a whole member? 
In discussions during the development of Eurocode 2 (2004) it was sometimes claimed that 
the use of design values along a whole member would be too conservative, e.g. in second or-
der analysis. However, if the concrete strength becomes too low, this will affect not only the 
strength, but also the E-modulus, see above, and then not only in some critical section, but 
along a certain length. Considering the above discussion in connection with figure 3-1, the 
most realistic design assumption is to “weaken” a member along its whole length, alternative 
b). Variations in cross section dimensions will also affect both stiffness and resistance. There-
fore, not only the ultimate resistance of cross sections, but also their stiffness, should be re-
duced. Thus, it is justified to use design values along the whole member, also for the stiffness 
parameters.  
 
One argument against using design values in non-linear analysis, used in the above mentioned 
discussions, was that non-linear analysis is meant to be a realistic type of analysis, which can 
be used to predict the most probable behaviour of a structure. From this point of view, design 
values should not be used, since they are not realistic. However, the ultimate limit state is in 
itself not intended to be realistic, instead it is intended to represent a theoretical worst case, 
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with design values having a very low probability to occur in reality; such values are far from 
“realistic” in the above sense (even if they are theoretically possible). 
 
With design values, the stiffness will not only be reduced due the factor 1,2 for E-modulus, 
but also more or less by the reduction of the compressive strength with the factor 1,5, due to 
the non-linearity of the stress-strain curve. This is also fully justified, since this is how a re-
duced strength will affect the real stress-strain curve.  

3.1.5.4 Using no safety at all in the calculations of deformations 
If it is justified to use design values along the whole member, then it follows that it will be 
unsafe to use e.g. mean or characteristic values in the calculation of deformations and to use 
design values only in some critical section. If failure is governed by the cross section design 
capacity (which happens for low or moderate slenderness and/or a large eccentricity), there 
will be some safety in the calculated result. However, the safety will be too low, since second 
order moments will be underestimated from the design point of view, since there is no 
“safety” in the calculated deformations.  
 
Even worse: in cases where an instability failure occurs before the cross section capacity is 
reached, there will be no material safety at all in the calculated design value of the ultimate 
load. If deformations are calculated with mean values of material parameters, and if failure 
occurs inside the cross section capacity curve (interaction curve) for design values, the reduc-
tion of material parameters will not have any effect at all on the ultimate load, since the use of 
design values in a single “section” will not affect the deflections at all. This is illustrated in 
figure 3-3. Thus, the safety format advocated by Cranston (1972) and recommended in the 
European pre-standard ENV 1992-1-1 (1991) was in principle unsafe (see footnote 12 above). 
 
 

Figure 3-3. Illustration of 
instability failure at low 
strains, independent of sec-
tion capacity. Example 
where the first order mo-
ment is caused by a given 
eccentricity e0. 
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3.2 The effect of sustained loads 

3.2.1 General 
Under sustained loads deflections and hence second order moments will increase with time 
due to creep (and to some extent shrinkage). According to many codes, e.g. Eurocode 2 
(2004) and BBK 04 (2004), the sustained load to be used in design is defined in the so called 
quasi-permanent load combination, which includes all permanent loads and a fraction of vari-
able loads, intended to represent their time-average value during the service life. The quasi-
permanent load combination belongs to the serviceability limit state, and there are no load 
factors greater than 1 involved (the load factors will be dealt with more in detail below).  
 
When creep is taken into account in ultimate limit state design, it can be discussed which val-
ues of load and material properties should be used for calculating the creep deformations. The 
following should then be considered: 
 
− Some of the loads in a load combination, the variable loads, are assumed to vary with time 

in a random way. High values of such loads, such as the characteristic values and even 
more the ULS design values, are assumed to be temporary and will thus have little effect 
on creep deformations. The most relevant load for calculating creep deformations is 
probably the average load during the service life, which is represented by the quasi-
permanent load combination. 

 
− Unlike variable loads, material properties do not vary with time in a random way. If a ma-

terial property should have a low value, such as the ULS design value, it will have this 
low value during the whole service life and will therefore have an effect on creep defor-
mations.13 Therefore, it is logical to use ultimate limit state design values of material 
properties for the calculation of creep deformations under quasi-permanent load, despite 
the fact that this load in itself belongs to the serviceability limit state. 

                                                

 
These considerations should be the basis for including the effect of creep in design calcula-
tions. The possible effect of high sustained stress on the concrete strength will also be dis-
cussed.  

3.2.2 Basic load case 
In a real structure subjected to two or more independent loads, these loads may vary with time 
in different ways, see figure 3-4. 
 

 
13 Other types of variation of material properties with time, such as the systematic increase of concrete strength 
due to continued hydration, or the decrease of some strength due to deterioration, are not considered in this dis-
cussion; the effect of strength increase will be considered later, however. 
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Figure 3-4. Example of the variation of dif-
ferent loads or load effects with time. 
 
 
Load A in figure 3-4 could represent the effect of a permanent load with small variations, 
whereas B could represent the effect of a variable load. In design, the combined effect of dif-
ferent loads is taken into account, as illustrated by A+B in the figure. 
 
With a step-wise calculation and a sufficiently sophisticated model for taking into account the 
time-dependent effects, it would be possible to analyse the behaviour of a slender column 
with regard to load variations over a period of time. However, this is seldom of any practical 
interest, since the real variation of loads during the future service life can not be predicted. 
Instead, simplifications and idealizations are used. These are expressed in the form of load 
combinations. 

3.2.3 Design load case 
In the design of a slender member or structure under compression forces, the effect of creep is 
associated with the quasi-permanent load combination as mentioned above, including perma-
nent loads (mainly self-weight) and a fraction of the variable loads, representing their time-
average value. This fraction is estimated by means of a specific reduction factor, usually 
called ψ  with some subscript (in the Eurocodes, the factor for quasi-permanent load is called 
ψ2, in the Swedish code it is called ψ1). The ψ-factor for quasi-permanent loads in codes is 
normally given a more or less “pessimistic” value. Some variable loads however, like wind 
load, are low most of the time, and high values occur only very seldom. Furthermore, like in 
the case of wind, the direction of the load might change. This type of load does not give any 
significant contribution to creep, and is therefore not included in the quasi-permanent load 
combination, i.e. ψ2 = 0. Imposed loads on floors, at least the part originating from furniture 
etc, may on the other hand have relatively high values during long periods, and will therefore 
contribute to the quasi-permanent load. In between we may find loads like snow load, for 
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which the relative duration of high load values may vary due to geographic and climatic con-
ditions, or traffic load on bridges.  
 
In the quasi-permanent load combination, load values are used at their characteristic values 
(permanent loads) or at reduced values (variable loads, reduction depending on their variation 
with time as described above). It is essential that no load factors greater than 1 are used in 
this load combination. 
 
The design value of the load for which the structure is to be designed in the ultimate limit 
state, on the other hand, includes load values which are magnified to cover the possibility that 
they might become greater than the predicted (characteristic) values. The factor should in 
principle be related to the variations of each individual load, but for practical reasons loads 
are divided only into two distinct categories: permanent and variable loads, with a higher 
value of the load factor for variable loads. If permanent loads are dominating, the overall load 
factor may then become too low, and therefore there is usually a minimum value for the total 
load. In the Eurocodes, for example, this minimum load is 1,35 times the permanent load. 
Since there are no load factors > 1 in the quasi-permanent load combination, the quasi-
permanent load can never exceed 1/1,35 = 74 % of the design value of ultimate load. This has 
important implications for the effect of phenomena like non-linear creep and strength reduc-
tion for concrete under high sustained stresses. We will come back to this. 
 
For structures without second order effects, it makes no difference whether the design load 
occurs early or late during the time period considered, provided the material properties do not 
change or, if they do change, the changes are not taken into account. Unfavourable changes 
e.g. due to deterioration of materials must of course be taken into account, if they can be pre-
dicted, but favourable changes like the strength increase of concrete can be safely disregarded. 
As long as the probability of high load values is assumed to be the same during the whole 
service life of the structure, it is logical to ignore such favourable effects. 
 
When there are second order effects, on the other hand, the action effects will change during 
the service life, due to the increase of second order effects caused by creep and shrinkage. The 
later the design load is applied, the more these effects have developed, and the greater the 
deflections and second order effects will be. Therefore, for design purposes, a load-time his-
tory according to figure 3-5 is normally appropriate as a worst case, time td representing the 
design service life.  
 

Figure 3-5. Load-
time history for 
design purposes in 
cases with second 
order effects. Fqp 
is quasi-perma-
nent load, Fd is 
design load. 
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In a real structure, the concrete strength will normally increase with time due to continued 
hydration of the cement. Therefore, there is a theoretical possibility that time t0 or some time 
between t0 and td could be more critical, despite the fact that second order effects will have 
their highest values at the end of the service life. In practical design, the strength increase of 
concrete with time is normally ignored, however. Thus, if design is based on the 28-day 
strength, time td will always be governing. Nevertheless, it could be of interest to compare the 
capacity for different times with regard to creep and strength increase, which have opposite 
effects on the load bearing capacity. It may then be found that a time t < td is governing in 
some cases, and then the design concept according to figure 3-5 may not always be the most 
relevant one, but this is true only if strength increase is taken into account in design. This will 
be investigated and discussed later. 
 
Another question arises here. Is it possible to analyse only the ultimate limit state, point D in 
figure 3-5, without having to calculate the effect of creep separately for the quasi-permanent 
load? It is obvious that the effect of creep would be overestimated if it is evaluated for load Fd 
with the full value of the creep coefficient, but could a reasonable result be obtained by using 
a reduced creep coefficient? This will also be investigated later. 

3.2.4 The effect of high sustained stress on concrete strength 
There are a number of studies of the effect of high sustained stresses on the concrete compres-
sion strength; an early example is Viest et al (1956) but the most well-known is perhaps 
Rüsch (1960). Another example is Hellesland (1971), largely based on Rüsch. It is concluded 
that sustained stresses higher than 75 to 80 % of the strength at the time considered have det-
rimental effects on the load capacity.  
 
If the percentages were referred to the 28 day strength instead, however, they would approach 
100 %. This indicates that strength reduction due to high sustained stresses may not have any 
significant effect in real structures, as long as design is based on the 28 day strength. However, 
the same conclusion can also be drawn without considering the effect of strength increase at 
all, as indicated above and further confirmed below. 
 
The stress levels under sustained load that are likely to occur in practice can be considered 
from a design point of view, based on the rules for load combinations that are currently used 
in codes. The Eurocodes will be used as representing the current state of the art in design 
codes. Assuming, as a simple example, that there is one permanent load G and one variable 
load Q, load combinations according to table 3-1 will be considered for design in the ultimate 
limit state. The quasi-permanent load combination represents the sustained load, and is used 
for the calculation of creep effects in cases where there are significant second order effects. 
 
Table 3-1. Load combinations for design in the ultimate limit state. 

Quasi-permanent load combination (sustained part of load) Fqp = 1,0⋅Gk + ψ 2⋅Qk 

Fd  = 1,35⋅Gk + 1,5⋅ψ 0⋅Qk
Design load in ULS, the greater of the following two loads 

Fd  = 1,15⋅Gk + 1,5⋅Qk 
 
Here Gk = characteristic value of permanent load, Qk = characteristic value of variable load, 
ψ00 = reduction factor ≤ 1 (often around 0,7), ψ 2 = reduction factor < ψ 0 (often close to 0, 
sometimes 0, like for wind load). The load factors in the table are the so called recommended 
values in EN 1990 (2002). 
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Figure 3-6 shows the ratio [quasi-permanent load] / [design load] as a function of the relative 
variable load Qk/Gk, based on the assumption that ψ0 = 0,7 (a common value). 
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Figure 3-6. Ratio [quasi-permanent load] / [design load] as a function of the ratio between vari-
able and permanent load. The reduction factor ψ 0 has been given the value 0,7, whereas ψ 2 
is varied. 
 
Figure 3-6 shows that the sustained load will always be less than 74 % of the ultimate design 
load, and in most practical cases less than 70 %. For an un-reinforced cross section with cen-
tric axial compression, designed for full utilization of the compressive strength under design 
load, the stress under sustained load will be the same percentage of the design value of the 
compressive strength as the load according to figure 3-6. The relative concrete stress under 
sustained load will be similar even if the section is reinforced.  
 
It could also be worth remembering that 74 % of the design value means about 50 % of the 
characteristic value and 40 % of the mean value of the strength. 
 
In case of eccentric load, with the same eccentricity under sustained and ultimate load, the 
stress distributions will not be the same under the different loads: linear stress distribution 
under sustained load will lead to a relatively higher maximum stress than in non-linear condi-
tions under maximum load. However, if the maximum stress with linear distribution is high 
enough to cause strength reduction, stresses will be redistributed, see figure 3-7. After redis-
tribution, the stress distribution will come to resemble that in the ultimate limit state, and the 
relative stress will again approach the ratio between the loads. Therefore, it is not likely that 
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eccentric load will give more severe conditions than centric load. On the contrary, the condi-
tions can be expected to be less severe, since with eccentric compression only a part of the 
cross section is subjected to high stress. 
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Figure 3-7. Illustration of stress distributions under eccentric compression. 
 
 
In slender compressive members, the stress levels will generally have to be lower due to sec-
ond order effects that reduce the load capacity, and the “risk” of strength reduction due to 
high sustained stresses will be further reduced.  
 
The above reasoning is based on the assumption that the variable load leading to failure is 
“short time” enough not to have any significant ”long time” effect itself. This is the case for 
typical variable loads like wind load, traffic load, wave load, (in most cases) imposed loads on 
floors and many others. An example of a variable load that may have high values with longer 
durations is snow load. However, in reality a snow load corresponding to the ULS design 
value has a very low probability to occur at all, and is not likely to stay long enough to give 
any detrimental “long-term” effect on the concrete strength in e.g. a column. The same is 
probably true also for other variable loads with high values of relatively “long duration”.  
 
The author’s conclusion for practical design is that it should generally not be necessary to 
take into account strength reduction due to high sustained stresses. This conclusion is justi-
fied on the basis of the relative magnitude of sustained load and the corresponding concrete 
stress in an ultimate limit state load combination. The favourable effect of strength increase 
with time is another circumstance that will lead to the same conclusion. With both these cir-
cumstances existing at the same time, plus the effect of slenderness, there is no doubt left.14 

                                                 
14 In Eurocode 2 (2004) there is a factor αcc, to be used for taking into account strength reduction due to high 
sustained stresses. This factor is a so called nationally determined parameter that may be defined individually in 
each country. Many countries have traditionally had a reduction factor 0,85 in their codes, and will continue with 
this as their national choice in the Eurocode. However, the value recommended in the Eurocode, and chosen by 
other countries (e.g. Sweden), is 1,0. In discussions during the drafting of Eurocode 2, the main argument for the 
value 1,0 was the strength increase of the concrete, but as can be seen above, αcc = 1,0 can be justified even 
without taking this into account. Note that αcc should not be confused with the above mentioned reduction for 
deviations in the relation between strength of standard test specimens and strength in finished structures, al-
though they often have the same value 0,85. 
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3.3 Conclusions regarding safety format and time-dependent effects 
Unfavourable deviations in material properties and cross section geometry will lead to a 
“weakening” of cross sections, affecting both resistance and stiffness. In design with the par-
tial factor method, this is normally taken into account by using design values of material 
properties. The design values often include the effect of geometrical deviations but if they 
don’t, design values of dimensions are also used. 
 
In non-linear second order analysis, a decision has to be made whether this ”weakening” 
should be assumed to occur locally (in some critical cross section/s/) or along the whole mem-
ber. Sometimes a further question is whether ”weakening” should be assumed to occur in only 
one member at a time, or in a group of interacting members. 
 
The conclusion from the above discussion is that ”weakening” of whole members is much 
more realistic than local ”weakening” of single cross sections. It is not only more realistic, it 
is also necessary in the analysis with second effects, in order to obtain any effect on deforma-
tions (local increase of curvature in a single cross section has no such effect at all).  
 
As a consequence, the normal safety format in non-linear analysis - if the object is to calculate 
a design value of the ultimate load - should be to use design values for whole members (or 
groups of members). This will give a correct influence of weakening on the resistance of indi-
vidual cross sections, as well as on deformations, consistent with the partial safety factor for-
mat.  
 
This also implies that a safety format, where deformations are calculated “without safety”, e.g. 
using mean values, followed by an evaluation of cross section resistance with design values, 
will be on the unsafe side in all cases where the absolute magnitude of deformations is impor-
tant, since deformations will then be underestimated.15  
 
An underestimation of deformations may lead to unsafe design in cases where second order 
effects are significant. There are also other cases where an appropriate estimation of deforma-
tions is important, although not to the same degree. In continuous beams or slabs, underesti-
mation of deformations will lead to underestimation of the plastic rotations, against which the 
rotation capacity is to be checked, and moment redistributions may be then taken too far.  
 
This report deals with non-linear analysis of slender compression members, in order to find a 
design value of the ultimate load capacity, which can then be used as a basis for calibration of 
simplified methods for practical design.16 Many calculations presented in the report will 
therefore be based on design values of material properties. The obvious exception is where 
comparisons with test results are made (chapter 6); then the material values used in calcula-
tions should of course be as close to the real values as possible. 

                                                

 

 
15 This type of safety format, which was given in the pre-standard ENV 1992-1-1, has not been included in the 
final version EN 1992. For second order nonlinear analysis, EN 1992-1-1 gives the safety format based on de-
sign values described here. For other types of nonlinear analysis EN 1992-2:2005 (the bridge part of Eurocode 2) 
gives a safety format that would be unnecessarily conservative if used in second order analysis. A discussion of 
this can be found in Westerberg (2004). 
16 The calibration of the simplified methods given in Eurocode 2 (2004) has been done in this way; this is de-
scribed in detail in Westerberg (2004). 
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It has been demonstrated that, in practical design, there is no need to reduce the design value 
of the concrete strength for the effect of high sustained stresses. This follows for two main 
reasons, each of them sufficient on their own; for slender columns reason no. 3 can be added: 
 
1. The concrete compressive stress under sustained load will not exceed 1/1,35 = 74 % of the 

design value of the strength (50 % of characteristic and 40 % of mean value) according to 
current design rules (Eurocodes). Stresses at such levels will not lead to strength reduction. 

 
2. Sustained stresses lower than 75 to 80 % of the strength at the time considered will not 

have any detrimental effects on the strength. If referred to the 28-day strength, and con-
sidering strength increase due to continued hydration, the percentage would be around 100. 
In design normally only the 28-day strength is used. 

 
3. Quite apart from the two points above, a slender column can not carry long-term loads and 

stresses of a magnitude that could lead to strength reduction, since the load capacity will 
be reduced by second order effects, which in turn are increased by creep. 

 
In chapter 6 the same conclusion about the effect of high sustained stresses is drawn, but then 
on a different basis, namely comparisons with test results for slender columns.  
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4 Time-dependent properties of concrete 

4.1 Creep in linear conditions 

4.1.1 General 
In linear conditions, the creep deformation is assumed to be proportional to the stress. A gen-
eral expression for the total strain under a constant stress is 
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where 
t0 time of application of stress σc 
t arbitrary time for which the strain is to be determined 
tref a reference time, normally 28 days, with which the creep coefficient ϕ  is associated, con-

sidering the time variation of Ec  
 
If the stress changes with the amount Δσ during a time-step Δt, the strain increment will be, 
here written in a simplified form and disregarding the time-dependence of Ec 17: 
 

( )[ ] ϕεεϕσϕσε Δ+Δ=Δ++Δ=Δ σcccc 1 E  (4-2) 
 
Here Δϕ is the increase of the creep coefficient during the time-step Δt, depending on the 
time-function for the creep coefficient. If the creep function’s dependence on the age t0 at 
loading is disregarded, which will be assumed as a first simplification18, then ϕ can be 
stepped independently of t, which may be an advantage considering the strong non-linearity
the relationship between ϕ and t. (If shrinkage is considered together with creep, then the re
tionship between the respective time functions has to be considered, if ϕ is to be stepped in-
dependently of t. However, shrinkage will not be included until later in this chapter.)  

 in 
la-

                                                

 
Expression (4-2) is illustrated in figure 4-1. 
 

 
17 Later we will come back to the time dependence of both concrete strength and E-modulus. 
18 Later we will come back to the creep function’s dependence on the concrete age at loading. 
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Figure 4-1. Change of 

-
stress and strain during a 
time-step under linear con
ditions. 
 

 

4.1.2 Simple case with second order effect 
The combined effect of creep and second order effect will be illustrated, using a simple me-
chanical model: a stiff cantilever column with elastic end restraint, figure 4-2. 
 

 
 
 
 
 
 
 
 
Figure 4-2. Stiff cantilever with elastic end restraint. 
 

 

 
 
The end restraint is characterized by the following relationship between rotation and moment: 
 
θ = γ⋅M (4-3) 
 
The stiffness parameter γ is time-dependent: 
 
γ(t) = γ0⋅(1+ϕ(t))  or γ(ϕ) = γ0⋅(1+ϕ) (4-4) 
 
The following can be derived: 
 
M = H⋅l + N⋅l⋅θ equilibrium (4-5) 
 
θ = γ(ϕ)⋅M moment – rotation relationship (4-6) 

 33



4. Time-dependent properties of concrete 

 
M = H⋅l + N⋅l⋅γ0⋅(1+ϕ)⋅M after inserting the expression for θ (4-7) 
 
Solving for M gives 
 

)1(1)1(1 0 ϕϕγ +⋅−
⋅

=
+⋅⋅⋅−

⋅
=

A
lH

lN
lHM              where A = N⋅l⋅γ0 (4-8) 

 
This solution can be used for a case where the load is constant with time. An alternative solu-
tion is based on differentiation of the equilibrium expression and a step-wise calculation. If 
again the load is assumed constant: 
 
ΔM = N⋅l⋅Δθ (4-9) 
 
Δθ = ΔθM + Δθϕ = (1+ϕ)⋅Δθ0 + Δϕ⋅θ0 = (1+ϕ)⋅γ0⋅ΔM + Δϕ⋅γ0⋅ΔM    [cf expression (4-2)](4-10) 
 
Δθ = γ0⋅[ΔM⋅(1+ϕ) + M⋅Δϕ]             (4-11) 
 
ΔM = N⋅l⋅γ0⋅[ΔM⋅(1+ϕ) + M⋅Δϕ] (4-12) 
 
From this ΔM can be solved: 
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It can be shown that a step-wise calculation using expression (4-13) will give exactly the same 
result as expression (4-8), regardless of the number of steps chosen. However, in the step-wise 
calculation it is easy to introduce changes in the load with time. This will not be shown here, 
instead we proceed to the load case that is of most practical interest, namely a constant long-
term load followed by short-term load. 

4.1.3 Calculation for additional short-term load 
The simple stiff cantilever with flexible end restraint used above is subjected to long-term 
load and additional short-term load, figure 4-3.  

Figure 4-3. Stiff cantilever with 
elastic end restraint, long-term load 
and additional short-term load.  
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The development of deformations with load and time is illustrated in figure 4-4 for certain 
numerical assumptions. This is an example of creep in linear conditions, and the slight non-
linearity that can be seen in the figure is thus due only to the geometrical non-linearity (2nd 
order effect).  
 

Figure 4-4. Develop-
ment of deformation θ 
with time and load in 
example according to 
figure 4-3, with follow-
ing numerical assump-
tions: 

l = 1,0  
γ(ϕ) = γ0(1+ϕ) 
γ0 = 0,1  ϕ = 3 
Nlong = 1,9 ΔN = 1,9 
Hlong = 0,3 ΔΗ = 0,9 
 

 

 
 
The analysis for the ultimate short-term load Nu can be made in different ways. In the first 
alternative, which is the most “natural” one, the deformation is first determined for the long-
term load and then the load is increased up to failure in a short time. In the second alternative, 
the immediate and long-term deformations under load Nlong are calculated. The pure creep 
deformation, θ long,0 = θ long – θ 0 in figure 4-4, is then used as an initial deformation when cal-
culating the ultimate load “from scratch”.19 
 
The different load-deformation paths are described below (F = resultant of N and H): 
 

O→A Immediate deformation under long-term load Flong incl. 2nd order effect 
A→B Creep deformation including second order effect 

Alt. 1 B→D Short-term loading directly from Flong up to ultimate load Fu  
Alt. 2 B→C→D Short-term loading from 0 to Fu, with θ long,0 as an initial deformation 

 

                                                 
19 Alternative 2 is the one that was described and used in Westerberg (2004) for comparisons between “one-step” 
and “three-step calculations”. The reason for using this alternative, which may seem more complicated, was that 
it could be used with only minor alterations in the computer program developed at that time. 
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4.2 Creep in non-linear conditions, simplified approach 

4.2.1 The non-linearity of creep 
If the creep function is applied to the strain, and if the stress-strain curve is non-linear, like for 
concrete, then creep will also become non-linear, in the sense that it is no longer proportional 
to the stress divided by the reference E-modulus Ec(tref), as in expression (4-1). This can be 
assumed to give a reasonable effect of creep non-linearity. 
 
Another simple way to take into account non-linearity of creep is to multiply the creep coeffi-
cient with a factor ≥ 1, depending on the stress level; the magnified creep coefficient is then 
used together with the reference E-modulus, not with the non-linear stress-strain curve.  The 
following factor is given in Eurocode 2 (2004): 
 

1)45,0(5,1 σ ≥= −kekϕ  (4-14) 
 
where  
kσ  =  σc/fc 
fc  compressive strength (characteristic strength fck in design calculations20, measured 

strength in comparison with tests, sometimes mean value fcm) 
 
Expression (4-5) is illustrated in figure 4-5. Here ϕNL = kϕ⋅ϕ . 
 

Figure 4-5. Increase 
of creep coefficient 
for increased stress. 
Example based on 
concrete with fc = 30 
MPa and ϕ∞ = 3. 
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The multiplier in Eurocode 2 (2004) is intended to be applied to the linear strain σc/Ec(tref), 
not to the strain on the non-linear stress-strain curve.  

                                                 
20 A printing error in the 2004 version of Eurocode 2, according to which fcm should be used in design calcula-
tions, has now been corrected; the corrected version is used here. 
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Figure 4-6 shows the relationship between stress and strain based on ϕNL and fc = 30 MPa and 
Ec = 32 GPa. The result is a non-linear stress-strain relationship, not unlike the general stress-
strain diagram with all strain values multiplied by (1+ϕ). A comparison with such an extended 
stress-strain curve, based on expression (3.14) in Eurocode 2 (2004), is shown in figure 4-7. 
 

Figure 4-6. Relationship be-
tween stress and strain for 
creep coefficient ϕ = 3, magni-
fied with regard to non-linear 
creep according to figure 4-2. 
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Figure 4-7. Relationship accord-
ing to figure 4-6, compared to a 
general stress-strain relationship 
(black curve), in which all 
strains are multiplied by (1+ϕ). 
Concrete  with fc = 30 MPa and 
Ec = 32 GPa. 
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Figure 4-7 indicates that the use of a general stress-strain relationship with strain values mul-
tiplied by (1+ϕ) could give similar results, compared to the use of a linear creep model where 
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the creep coefficient is increased according to the above model for stresses above a certain 
limit. On the other hand, the outcome of this comparison will be different depending on the 
properties of the concrete. Figure 4-8 shows the same comparison for a concrete with a higher 
strength, fc = 60 MPa and Ec = 39 GPa. Here the linear model with creep coefficient muliplied 
y kσ gives comparatively more effect of nonlinear creep.  
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Figure 4-8. Relationship
according to figure 4-5,
compared to a general 
stress-strain relationship 
(black curve), in which al
strains are multiplied by 
(1+ϕ). Concrete with fc = 
6
 14

-

same 
hysical basis as the nonlinearity of the stress-strain curve, i.e. mainly microcracking.  

. 

 

in-

o 

chapter 6 for comparisons 
ith test results, with and without this “extra” creep non-linearity. 

h the non-linearity of the stress-strain curve 
an also be found in Quast (2004). See chapter 2. 

 
For design purposes, it appears to be a reasonable approach to use a general stress-strain dia
gram, in which all strains are multiplied by (1+ϕ). For a given relative stress level, it gives 
less effect of non-linearity the higher the concrete strength. This is not reflected by the multi-
plier kσ, but is probably correct, since nonlinearity of creep can be assumed to have the 
p
 
In a normal design situation the sustained load, corresponding to the quasi-permanent load 
combination, cannot exceed a certain percentage of the design value of the ultimate load, e.g
74 % with load factors according to Eurocodes (see 3.2.4). This means that the stress under 
sustained load will not exceed the same percentage of the design strength (see 3.2.4), which 
means 50 % of the characteristic strength and 40 % of the mean strength. Thus, stresses on a
level that would cause strength reduction and significant non-linear creep will not play any 
significant role in normal design situations. Despite this, there are many tests aimed at obta
ing a “creep buckling failure” under a constant sustained load and after a rather short time 
(preferably within the duration of a normal research project). In order to make comparisons 
between such test results and calculations, it may be necessary to consider the behaviour als
under very high stresses. Although such tests may be of interest from a theoretical point of 
view, they are of limited interest from a practical design point of view. Nevertheless, when 
comparing such test results with calculations, it may be justified to include some “extra” ef-
fect of creep non-linearity, e.g. according to expression (4-14). See 
w
 
A discussion of non-linear creep in connection wit
c
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According to Bazant & Sang-Sik (1979) (see chapter 2) there are two types of creep non-
linearity, one of which has been dealt with above. The other is the so called adaptation unde
stresses below a certain limit, giving a stiffer response to a subs

r 
equent stress increase. This 

type of non-linearity will not be considered at all in this study. 

-
-

creep. The fundamental approach with a complete model for creep will 
e introduced later (4.3). 

ubtracting the 
reep strains gives a stress according to the “virgin” stress-strain curve σ(ε). 

 

nder non-linear conditions. 

4.2.2 Step-wise calculation  
Now back to expression (4-2) and figure 4-1 in order to formulate the corresponding expres
sions for non-linear conditions. Figure 4-9 shows the same thing as figure 4-1, but for non
linear material properties. It is still assumed that there exists only one creep curve, corre-
sponding to the age t0 at the first application of stress. This assumption will be used21 in a 
simplified approach to 
b
 
A fundamental assumption in the following is that the strain remaining after s
c
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Figure 4-9. Change of stress 
and strain during a time-step 
u
 
 
During a time-step i, with time increment Δt, stress and strain will move from A (εi-1,σi-1) to B 
(εi,σi). During this time-step the creep coefficient increases by Δϕ and reaches the value ϕ i. 

espectively. The strain 
crement Δε can be subdivided into two parts, cf. expression (4-2): 

 

 
The stress and strain increments are Δσ = σ i - σ i-1 and Δε = ε i - ε i-1 r
in

ϕεεε Δ+Δ=Δ σ  (4-15) 

here in this case 

εσ = (1+ϕ i)⋅Δε0 (4-16) 

                                                

 
w
 
Δ
 

 
21  (and has been used, Westerberg (1997) and (2004)) 
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Δεϕ = Δϕ⋅ε0,i-1 (4-17) 

d Δε0 = ε0,i - ε0,i-1, 
ee figure 4-9. This will from now on be called the “basic concrete strain”. 

ely mathematical, but it can be given 

n corresponding to the change of stress Δσ along the ex-

 Δεϕ represents the strain increment due to the change in creep coefficient. 

f 
 

 concrete strain ε0i, see above. This strain is obtained 
backwards” in the following way: 

 
 = ε  + Δεσ + Δεϕ = ε i-1 + (1+ϕ)⋅(ε0,i-ε0,i-1) + Δϕ⋅ε0,i-1 (4-18) 

om which 
 

 
Here ε0 is the strain corresponding to a stress σ on the “virgin“ σ-ε curve, an
s
 
The subdivision of Δε into two terms Δεσ and Δεϕ is pur
the following, at least “semi-physical”, interpretations: 

• Δεσ represents the change of strai
tended σ-ε curve σ [ε / (1+ϕ i)].  

•
 
In non-linear analysis, with or without second order effects, an iterative process is normally 
used. The most central part of this process is the relationship between stresses and strains. In 
many of the calculations used throughout this report, a deformation parameter is used as the 
independent variable. This means that the central mathematical problem is to find the stress 
for a given strain. This strain is related to the global deformation of the structure, via the cur-
vature, and therefore the given strain is the total strain εi in figure 4-8, including the effects o
creep. This is also the strain that defines the stress in reinforcement. The concrete stress, on
the other hand, is related to the basic
“

ε i  i-1
 
fr

ϕ
εϕεε

εε
+

⋅Δ−−
+= −−

− 1
1,01

1,00
iii

ii  (4-19) 

he concrete stress σ i corresponding to the total strain ε i will now be  
 

 = σ  (ε ) (4-20) 

n 

ed 

oment; different stress-strain relationships for loading 
and unloading will be considered later. 

 basic relationships, see figure 4-10. This time the moment-rotation relationship is 
non-linear. 

 
T

σi c o,i
 
Here it has been assumed that the concrete stress increases with time. This could be due to a
increasing bending moment resulting from an increasing deflection due to creep. For a rein-
forced slender column with a load that is constant in time, however, it turns out that the con-
crete stress typically decreases, even if the bending moment increases. The effect of increas
moment is then compensated by the transfer of stresses from concrete to reinforcement (as 
long as the reinforcement has not started to yield, of course). This will be illustrated below. 
The above reasoning concerning stresses and strains is the same whether the stress increases 
or decreases, however, at least for the m

4.2.3 Simple cantilever column 
The stiff cantilever with flexible end restraint can be used as a simple mechanical model to 
illustrate the
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Figure 4-10. Change of mo-
ment M and rotation θ during 
a time-step under non-linear 
conditions. 
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During a time-step i, with time increment Δt, moment and rotation move from point A (θ i-1, 
Mi-1) to point B (θ i, Mi). During this time-step the creep coefficient increases by Δϕ and 
reaches the value ϕ i. 
 
The moment and rotation increments are ΔM = Mi - Mi-1 and Δθ = θ i - θ i-1 respectively. The 
rotation increment Δθ can be subdivided into two parts, cf. expression (4-2): 
 

ϕθθθ Δ+Δ=Δ M  (4-21) 
 
where in this case 
 
Δθ M = (1+ϕ i)⋅Δθ 0 (4-22) 
 
Δθ ϕ = Δϕ⋅θ 0,i-1 (4-23) 
 
Here θ0 is the rotation corresponding to a moment M on the “virgin“ M-θ curve, and Δθ0 = θ0,i 
- θ0,i-1, see figure 4-10. 
 
The two parts ΔθM and Δθϕ can be given the following interpretations: 

• ΔθM represents the rotation increment corresponding to the moment increment ΔM along 
the extended M-θ curve M [θ / (1+ϕ i)].  

• Δθϕ represents the rotation increment due to the change in creep coefficient. 

4.2.4 The development of stresses with time 
According to the load-time model in figure 3-5, the load is assumed to be constant during a 
long time, namely the service life of the structure. In a second order problem, however, this 
does not mean that stresses will be constant. Due to creep, the deflections and corresponding 
bending moments will increase, and thereby also the stresses will change. This does not nec-
essarily mean that the concrete stresses increase. They may even decrease, since more stress 
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will be transferred to the reinforcement due to the creep “softening” of the concrete, at least 
until the reinforcement yields. 
 
Figure 4-11 shows one example of the calculated development of concrete strain and stress 
during a creep interval from ϕ = 0 to ϕ = 3. Strain and stress represent the most compressed 
fibre of the cross section.  
 
Figure 4-11 shows how the concrete stress decreases, whereas the strain increases. The de-
crease of concrete stress is then compensated by an increase of reinforcement stress, i.e. load 
is transferred from concrete to reinforcement. This is what normally happens in a reinforced 
concrete cross section under creep, but it is not self-evident that the concrete stress will al-
ways decrease in a slender column, since here the bending moment increases due to creep. 
Obviously, in this example the effect of stress transfer to the reinforcement is stronger than 
the effect of moment increase, but there may also be cases where the moment increase has a 
stronger effect than stress transfer to reinforcement; here of course also the amount of rein-
forcement has an effect. Furthermore, if the reinforcement would yield in compression, con-
crete stresses would “have to“ increase with increasing bending moment. However, this will 
hardly occur under long term load in a practical case. 
 

Figure 4-11. Example of the de-
velopment of concrete stress and 
strain during a creep interval. 
 
Rectangular section 0,6 x 0,8 m 
l0 = 24 m  e0 =0,107 m  
N = 2,25 MN  fcd = 20 MPa 
Ecd = 26,7 GPa ω = 0,236 
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Figure 4-12 shows the increase of strain εs in the most compressed reinforcement and the de-
crease of the basic concrete strain εc0 (the strain on the “virgin” stress-strain curve, see also 
figure 4-6). The total concrete strain εc and the reinforcement strain εs of course follow each 
other closely (but are not equal, since the represent different “fibres” in the cross section). 
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Figure 4-12. Development of con-
crete and reinforcement compres-
sive strains during a creep inter-
val. Same example as in figure 4-
11. 
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Figure 4-13 shows the same thing as figure 4-11, but for a similar column with less rein-
forcement and lower axial load. The tendencies are very much the same here, although the 
concrete stress does not reach as high up on the non-linear stress-strain curve. 
 

Figure 4-13. Example of the de-
velopment of concrete strains and 
stress during a creep interval. 
 
N = 0,7 MN, ω = 0,100, otherwise 
like example in figure 4-11. 
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Regardless of whether the concrete stress increases or decreases during the service life, the 
creep model used so far is not fundamentally correct, since it assumes that all changes of 
stress and strain follow an extended stress-strain curve, based on the final creep coefficient for 
loading at a time t0. This is what will be called the simplified approach. In a more fundamen-
tal approach, it has to be considered that the creep function also depends on the age of the 
concrete at which any load application or stress change occurs; this leads to the next clause. 
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4.3 Fundamental approach to creep 

4.3.1 Material models  

4.3.1.1 General 
In the previous clauses, a simplified approach to the effect of creep was used, characterized by 
the use of an extended stress-strain curve and ignoring shrinkage and strength increase. In that 
case all that is needed is the final value of the creep coefficient. In a step-wise calculation the 
creep coefficient could be used as the independent variable, and a time function is not needed. 
 
In a more fundamental approach, a complete creep function is needed, to take into account the 
fact that stresses vary with time, both due to transfer of stress from concrete to reinforcement 
and due to increasing second order moment. In the fundamental approach also shrinkage and 
strength increase will be introduced.  
 
The material models - stress-strain relationship and functions for creep, shrinkage and 
strength development - will be taken from Eurocode 2 (2004). These models in turn are 
mainly based on Model Code 90 (1993) and fib (1999). They are considered to be sufficiently 
sophisticated for the purpose of the present study (although they may be too simple for spe-
cialists in these fields). These models can be expected to be much used in practice, and it is 
therefore of interest to see how they work, and they will also be tested against reality in the 
form of test results (chapter 6). First the stress-strain model and the creep function are intro-
duced. Shrinkage and strength increase will be introduced later. 

4.3.1.2 Stress-strain model 
The stress-strain function in Eurocode 2 (2004), applied to mean values, is: 
 

( ) ( )[ ]
( ) ( )ε

εεεσ
xk

xkxf
⋅−+

−⋅
⋅=

21
)( cm  (4-24) 

where 
x(ε) = ε / εc1 
k = 1,1⋅Ecm⋅εc1/ fcm 

εc1 = 0,7⋅fcm
0,31 (o/oo)   (strain at maximum stress) 

 
The tangent modulus Et(ε) is obtained by differentiation of expression (4-24). 
 
When used for non-linear analysis in the ultimate limit state, fcm and Ecm will be replaced by 
their design values fcd and Ecd. Figure 4-14 shows an example of the stress and the tangent 
modulus as a function of the strain. The figure shows design values according to Eurocode 2 
for fcm = 48 MPa, fck = 40 MPa and fcd = 40/1,5 = 26,7 MPa: 
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Figure 4-14. 
Stress-strain rela-
tionship in exam-
ple 1.1. Stress in 
MPa (solid red 
line), tangent 
modulus in GPa 
(dotted blue line). 
Design values for 
fck = 40 MPa. 
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4.3.1.3 Creep function 
The creep function according to Eurocode 2 (2004) is presented in the following. The creep 
coefficient after time t for a load applied at time t0 is: 
 
ϕ(t,t0) = βc(t,t0)⋅ϕ0(t0) (4-25) 
 
where 

t  time for which the creep is evaluated 

t0   time at which load is applied 
3,0

0H

0
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−+

−
=

tt
tt

c β
β    factor depending on time and the concrete age at loading 

β H  = min{1,5[1+(0,012⋅RH)18]⋅h0 + 250α3; 1500α3} factor depending on the relative hu-
midity and the size of cross section 

h0 = 2⋅A/u, equivalent size of cross section (mm);  A is area and u is perimeter 

RH  relative humidity (%) 

α3  = α 0,5 

α  = min(1; 35/fcm) 

fcm  = fck + 8 MPa 

ϕ 0  = ϕ  RH⋅β f⋅β t 
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C parameter depending on the type of cement: = 1 for class R (rapid) 
  = 2 for class N (normal) 
  = 3 for class S (slow) 
 
The creep function for different values of t0 is illustrated for cement type N in figure 4-15, 
based on the following input values: 
 
fcm = fck + 8 = 48 MPa, h0 = 500 mm and RH = 75 %.  
 
 

Figure 4-15a. 
Illustration of 
creep function 
according to 
Eurocode 2 
(2004), for load-
ing at concrete 
age 7, 28, 120, 
730, 3650 and 
10950 days.  
 
fcm = 48 MPa 
h0 = 500 mm 
RH = 75 % 
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Figure 4-15b. 
Same as figure 4-
15a but with 
logarithmic time 
scale. 
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4.3.2 Using the creep function in a step-wise calculation 
In 4.1 and 4.2 it was assumed that one and the same creep function versus time is valid all the 
time, independently of the time of load application or change of stress. This meant that it was 
sufficient to use the creep coefficient as an independent variable, to be increased stepwise, 
instead of time. However, both the time function and the final value of the creep coefficient 
are in fact strongly depending on the age of concrete at loading, as exemplified in figure 4-15. 
This means that for each time increment where the stress changes, creep should follow a new 
curve, depending on the starting time tj of the increment. It also means that it is necessary to 
use the time t as the independent variable in the incremental calculation procedure. 
 
The previous description of the step-wise non-linear calculation is modified in the following 
to take this into account. The non-linearity of creep is here taken into account only by apply-
ing the creep coefficient to the strains according to the non-linear stress-strain curve. Figure 4-
16 illustrates a time-step; the figure corresponds to figure 4-9. 
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Figure 4-16. Change of stress and 
strain during a time-step under non-
linear conditions. 
 

 



4. Time-dependent properties of concrete 

 
During a time-step i, with time increment Δti, stress and strain move from point A (ε i-1, σ i-1) 
to point B (ε i, σ i). Basic concrete strains on the “virgin” σ-ε-curve are called ε0. 
 
Figure 4-17 schematically illustrates the values of the creep coefficient for different times of 
loading and different times for evaluating the creep. Here ϕ i,j is short for ϕ(ti,tj), where tj is 
the time when the stress was applied and ti is the time for which creep is evaluated. 
 

Figure 4-17. 
Creep coefficients 
as a function of 
concrete age at 
loading and dura-
tion of load. The 
creep curves are 
only schematic; 
they are not based 
on any particular 
creep function.    
ϕ i,j is short for 
ϕ(ti,tj). 
 

 

 
For a stress applied at time t0 (concrete age at start of loading), the following applies at time 
t1, see figure 4-18: 
 
Δε1 = ε1 – ε0 = (1 + ϕ 1,0)⋅Δε0

1 + ϕ 1,0⋅ε0
0 = (1 + ϕ 1,0)⋅(ε0

1 - ε0
0)+ ϕ 1,0⋅ε0

0  
 
The new basic strain ε0

1 is: 
  

0,1

0
00,1010

0
0
1 1 ϕ

εϕεε
εε

+

⋅−−
+=  (4-26) 

Figure 4-18. Visualization of 
strains during the first time step. 
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Here it is assumed that the strain increase from 0 to ε0

0 is instantaneous, i.e. ε0
0 is acting fully 

during the whole first time step. 
 
In the next time step, t2, the total strain has changed to ε2 and the basic strain ε0

2 is sought, see 
figure 4-19. The change of strain Δε0

1 in the previous step will now give a contribution due to 
the increase of the creep coefficient, but since this increase is gradual and not instantaneous, a 
reduction factor, e.g. 0,5, should be introduced in order to improve the accuracy when a lim-
ited number of steps is used. In the term representing the increase in the current step, 
(1+ϕ 2,1)⋅Δε0

2, no such reduction is due, however, since this term represents the movement 
along the extended σ-ε-curve σ [ε / (1 + ϕ )], cf. figure 4-9 and text below. 
 
Δε2 = ε2 – ε1 = (ϕ 2,0 - ϕ 1,0)⋅ε0

0 + 0,5⋅ϕ 2,1⋅Δε0
1 + (1 + ϕ 2,1)⋅Δε0

2 =  
 
 = (ϕ 2,0 – ϕ 1,0)⋅ε0

0 + 0,5⋅ϕ 2,1⋅(ε0
1 - ε0

0) + (1 + ϕ 2,1)⋅(ε0
2 - ε0

1)  
 
 

( )
1,2

0
0

0
11,2

0
00,10,2120

1
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2 1

5,0)(
ϕ

εεϕεϕϕεε
εε

+
−⋅⋅−⋅−−−

+=  (4-27)  

 
 

Figure 4-19. Visualization of 
strains during the second 
time step. 

 

 
 
The corresponding next step, time t3, is shown in figure 4-20. 
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Figure 
4-20. 
Visu-
aliza-
tion of 
strains 
during 
the 
third 
time 
step. 

 

 
 
Like in the previous step, a reduction 0,5 is introduced for the creep term representing the 
strain increase in the previous step and the increment of the creep coefficient.  
 
Δε3 = ε3 – ε2 = (ϕ 3,0 – ϕ 2,0)⋅ε0

0 + (ϕ 3,1 – ϕ 2,1)⋅Δε0
1 + 0,5⋅ϕ 3,2⋅Δε0

2 + (1 + ϕ 3,2)⋅Δε0
3 = 

 
 = (ϕ 3,0 – ϕ 2,0)⋅ε0

0 + (ϕ 3,1 – ϕ 2,1)⋅(ε0
1-ε0

0) + 0,5⋅ϕ 3,2⋅(ε0
2-ε0

1) + (1 + ϕ 3,2)⋅(ε0
3 - ε0

2) 
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The term 0,5⋅ϕ 3,2⋅Δε0

2 could also be written 0,5⋅(ϕ 3,2-ϕ 2,2)⋅Δε0
2, in order to resemble the pre-

vious two terms; this makes no difference, since by definition ϕ 2,2 = 0. With this in mind, the 
corresponding expressions for an arbitrary time step i can be written: 
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where 
α = 0,5 for j = i-1 and i > 1, α = 1 otherwise 
ε j-1 = 0 and ε0

j-1 = 0 for j = 0 
 
The new value of the basic strain , can then be written 0

iε
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The above values of α correspond to the full sustained load being applied instantaneously in 
the first time step, whereas in following steps the load is kept constant while the strain 
changes gradually due to creep. This is illustrated in figure 4-21.  
 

Figure 4-21. Illustra-
tion of change of strain 
in each time step. 

 

 
 
In figure 4-21 it is assumed that all changes of strain for i > 0 are associated with changes of 
deflection and bending moment due to creep, and not with changes in the external load. In 
case of a load change for a time step other than i = 0, an instantaneous change of strain could 
be assumed also for i > 0. Figure 4-21 shows a case where the strain increases due to creep. In 
a reinforced section, it is common that the strain decreases instead, since stresses are trans-
ferred from concrete to reinforcement, cf. figure 4-11 to figure 4-13. 

4.3.3 Example 1 - plain concrete with centric compression 

4.3.3.1 Example 1.1, constant strain 
Figure 4-16 to figure 4-21 above show a general case where the total strain changes (here: 
increases). Here we will study a case where the total strain is constant, which means that the 
basic strain ε0 will decrease. Thus, it is an example of pure relaxation. Figure 4-22 to figure 4-
24 below show the corresponding visualization of strains for this case.  
 

Figure 4-22. First time step in a case 
of pure relaxation. 
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Figure 4-23. Second time step in a 
case of pure relaxation. 
 

 

 

Figure 4-24. Third time 
step in a case of pure re-
laxation. 
 

 

 
 
The above expression (4-29) applies; the only difference is that ε i = ε i-1 = ε0

0 for all values of 
i. Thus, expression (4-29) is simplified into 
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 (4-30) 

 
where 
α = 0,5 for j = i-1 and i > 1, α = 1 otherwise 
 
The following assumptions are made for the numerical example: 
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fck = 40 MPa 
Ecm = 35220 MPa 
εc1 = 2,324 %0        (strain at maximum stress) 
 
This report is mainly concerned with practical  design, using the safety format with design 
values as described in clause 3.1. Therefore, design values will be used here and in following 
calculations: 
 
fcd = fck / γC = fck / 1,5 = 26,7 MPa 
Ecd = Ecm / γCE = Ecm / 1,2 = 29350 MPa 
 
Assume that an initial strain ε 0 = 0,001 is applied at time t0 = 28 days. This corresponds to a 
stress σ = 20,3 MPa, see figure 4-14. 
 
Time is stepped logarithmically in n = 100 steps to tmax = 100 years = 36500 days. Thus the 
logarithmic time increment will be 
 
dl = [log(tmax) – log(t0)]⋅n-1 
 
dl = [log(36500) – log(28)]⋅100-1 = 0,0312 
 
The time at step no. i will be 
 

dlit
it

⋅+= )log( 010  days 
 
i = 1 
t1 = 10log(28)+1⋅0,0312 = 30,1 days 
ϕ1,0 = ϕ(t1,t0) = 0,214 using expression (4-25); details are not shown 

214,01
001,0214,0001,0

1 0,1

0,00,1
0,01,0 +

⋅
−=

+
⋅

−=
ϕ
εϕ

εε  = 0,000824 

i = 2 
t2 = 10log(28)+2⋅0,0312 = 32,3 days 
ϕ2,0 = ϕ(t2,t0) = 0,266 
ϕ2,1 = ϕ(t2,t1) = 0,215 
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No further steps are shown in detail, but the end result is presented in figure 4-25, showing the 
basic strain as a function of time in years. 
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Figure 4-25. 
Basic strain 
ε0 as a func-
tion of time. 
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A comparison will now be made with the simplified approach used in clause 4.2, assuming 
that there is only one creep curve, corresponding to t0 for the first loading. According to this 
assumption, the strain would develop according to expression (4-19): 
 

i
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εε
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− 1
1,01

1,0,0  

 
where 
ϕ  i = ϕ (ti,t0) 
Δϕ  i = ϕ  i - ϕ  i-1 
 
For the special case of a constant total strain, this can be shown to be identical with 
 

i
i ϕ

ε
ε

+
=

1
0,0

,0  (4-31) 

 
A comparison is shown in figure 4-26, based on the same assumptions as before. The agree-
ment between the two curves is good, perhaps better than one would expect. This indicates 
that the error caused by using only one creep curve is not necessarily too severe, at least not in 
this simple example with a constant total strain (i.e. pure relaxation). 
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Figure 4-26. 
Comparison 
between the 
complete 
creep model 
(solid red 
line) and the 
simplified 
model based 
on one creep 
curve (dotted 
blue line). 
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Increasing the number of time steps means that the accurate method will give a decreasing 
strain at the end of the period (t = 100 years). The final strain as a function of the number of 
steps is shown in figure 4-27. 
 

Figure 4-27. 
Final strain 
as a function 
of the number 
of steps. 
Curves for 
different val-
ues of the 
reduction 
factor in ex-
pression (4-
30). From the
upper to th
lower curve 
the factor ha
the value

 
e 

s 
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As can be seen in figure 4-27 the tendency is that the final value decreases with increasing 
number of steps, except for low values of the factor. It is also obvious that some reduction 
with regard to the gradual change of strain in a time step is justified; the strongest dependence 
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on the number of steps is obtained for factor = 1, i.e. no reduction at all. In any case, it seems 
that all the curves are converging towards a common final value. 
 
The development of the corresponding stress is shown in figure 4-28. Whereas the strain de-
creases to about 40 % of the initial value, the stress decreases to about 50 %. This difference 
is only due to the non-linearity of the stress-strain diagram. 
 

Figure 4-28. 
Development 
of correspon-
ding stress 
with time. 
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4.3.3.2 Example 1.2, constant stress 
This example represents what could be called “pure creep”. 
 
Expression (4-29) can be rewritten for cases where the basic strain ε0 (or the stress) is given, 
and the total strain is sought: 
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where 
Alternative 1) α = 0,5 for j = i-1 and i > 1, α = 1 otherwise  
Alternative 2) α = 1 generally 
 
The value of α can be used to choose between gradual (1) or instantaneous (2) change of 
strain (stress) in a time step. In alternative 1), instantaneous change is always assumed in the 
first step, like before. For the case of constant strain (stress) there will be no difference be-
tween the alternatives. Expression (4-32) can in this case be simplified into 
 
ε i = (1 + ϕ  i,0)⋅ε0

0 
 
since ε0

i – ε0
i-1 = 0 for all i > 0, ε0

i-1 = 0 for i = 0 and ε0 = ε0
0. 

 

 56



4. Time-dependent properties of concrete 

Figure 4-29 shows the development of strain for the following assumptions: 
 
σ = 20 MPa, ε0(σ) = 0,978⋅10-3 
t0 = 28 days 
 
Other assumptions are the same as in example 1.1. 
 
The development of strain in this case is just an image of the creep curve for t0 = 28 days, cf. 
figure 4-29. 
 

Figure 4-29. 
Example of 
pure creep. 
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4.3.3.3 Example 1.3, varying stress 
In this example the stress varies in steps at certain instances during the total time, figure 4-30: 
 

Figure 4-30.  
Assumed variation of stress in example 
1.3. Logarithmic time scale, where i = n 
corresponds to 100 years. 
 
Stresses and corresponding basic strains:  

σ = 20 MPa; ε0 = 0,98⋅10-3 
σ = 15 MPa; ε0 = 0,63⋅10-3 
σ = 20 MPa; ε0 = 1,60⋅10-3 
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The development of the total strain according to expression (4-32) is shown in figure 4-30 for 
alternative 1). A second curve is also included, based on the simplified approach with only 
one creep curve, namely that for t0 = 28 days. This model can be written 
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Figure 4-30. 
for 

 

 (4-33) 
 

Creep curves 
stepwise chang-
ing stress. εi is 
based on expres-
sion (4-32), ε1,i on
(4-33). Number of 
time steps is n = 
100.  

Solid red line = 
full creep model, 
dotted blue line = 
simplified model 
based on one 
creep curve. 
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Again, the agreement is rather good, based on n = 100 steps, although the simplified approach 
overestimates the change of strain when the stress changes. This is a consequence of the as-
sumption that the stress-strain curve is extended horizontally with the factor (1+ϕ i,0), cf. fig-
ure 4-7. 
 
A very simple way to improve the accuracy of the simplified approach is to introduce a reduc-
tion factor 0,5 to ϕ i,0 in the first creep term in expression (4-33), see expression (4-34): 
 

( ) ( ) ( 0
0,10,

0
1

0
0,1 5,01 iiiiiiii εϕϕεεϕεε ⋅−+−⋅⋅++= −−− )  (4-34) 

 
This reduction factor has no direct “physical” explanation, since the simplified approach is in 
itself not based on a complete “physical” creep model, but it happens to improve the compari-
son with the accurate approach significantly, see figure 4-31. 
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Figure 4-31. 
 Same as figure 4-
30, but with a 
reduction factor 
0,5 according to 
expression (4-34).  

Solid red line = 
full creep model, 
dotted blue line = 
simplified model 
based on one 
creep curve. 
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The effect of the number of steps on the final strain is shown in figure 4-32.  
 

Figure 4-32. 
Final strain as a 
function of the 
number of time 
steps. 
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Figure 4-32 shows that it is on the “safe side” to use fewer steps in the accurate approach, in 
the sense that the creep deformation is overestimated. For the same reason, the simplified ap-
proach is always on the safe side without the reduction factor 0,5 in expression (4-34). The 
difference between the simplified approach and the accurate one for n = 10000 is 16 %, and 
that between the accurate values for n = 10 and n = 10000 respectively is 4 %. 
 
The differences between the simplified approach with reduction (expression 3-34) and the 
accurate approach may seem large in figure 4-32, but this depends on the scale; in fact they 
are less than 4 %. 
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4.3.4 Reinforced cross section 

4.3.4.1 Centric compression 
We will now introduce a reinforcement area in the concrete section, figure 4-33. 
 

Figure 4-33. Reinforced section with centric 
compression. 

 

 
 
The following applies: 
 
N = σ(ε0)⋅Ac + min(Esε, fy)⋅As 
 
where, see figure 4-34,  
ε0  is the basic strain in the concrete 
ε is the total strain, which in this case is also the strain in the reinforcement 
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Figure 4-34. Definition of strains. 
 
ε0  =  basic concrete strain, i.e. strain corre-

sponding to the concrete stress on the 
“virgin” stress-strain curve 

 
εϕ  =  creep strain 
 
ε   =  total strain, i.e. strain corresponding to 

the total deformation (curvature) and to 
the steel stress 

 

 

 
 
In a time step, the following applies (expression 3-32) 
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This can also be written 
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where Σϕε is a shorter symbol for the summation term Σ […]. 
 
For an assumed value of Δεi (which can be 0 as a first guess) and corresponding Δε i accord-
ing to expression (4-35) we have: 
 
ε i = ε i-1 + Δε i 
 
ε0

i = ε0
i-1 + Δε0

i   

where 
1

0
1 −+

Σ−Δ
=Δ

i,i

i
i

εε
ϕ

ϕε
  

 
N1 = σ(ε0

i)⋅Ac +ε i⋅Es⋅As 
 
This value may deviate from the correct value N. A correction ΔΔε i  is therefore calculated. 
The correction will give a corresponding change in the calculated normal force, and the previ-
ous value plus this change should be equal to the given normal force N. Assuming the stress-
strain curves to be locally linear, we obtain the following correction: 
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The correction can now be determined: 
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 (4-36) 

 
New strains are ε i = ε i + ΔΔε and ε0

i = ε0
i + ΔΔε0 

 
A new value of N1 is calculated as above, and then new corrections if necessary. 

4.3.4.2 Eccentric compression 
Cross section model 
A simple cross section model with 
only three concrete areas and two rein-
forcement areas will be used in this 
chapter in order to illustrate the effect 
of various parameters, figure 4-35. 
 
 
 
 
 
 
 
 
 
 
Figure 4-35. Simple model of 
reinforced cross section with 
eccentric compression. 
 

 

The following parameters are given:  
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− Geometry (all areas are treated as discrete points without inertia)  
− The necessary material properties 
− Action effects N and M  
 
Basic parameters are: 
α = Es/Ecm 
Ac = A1c + A2c + A3c 
As = A1s + A2s 
A = Ac + α⋅As 

EA = Ecm⋅Ac + Es⋅As 
Ic = A1c⋅y1c

2 + A2c⋅y2c
2 + A3c⋅y3c

2  
Is = A1s⋅y1s

2 + A2s⋅y2s
2 

 
Symmetry is assumed, thus: 
I = Ic + Is 
EI = Ecm⋅Ic + Es⋅Is 
 
General: 
 
N = σ(ε0

1c)⋅A1c + σ(ε0
2c)⋅A2c + σ(ε0

3c)⋅A3c + ε1s⋅Es⋅A1s + ε2s⋅Es⋅A2s 
 
M = σ(ε0

1c)⋅A1c⋅y1c + σ(ε0
2c)⋅A2c⋅y2c + σ(ε0

3c)⋅A3c⋅y3c + ε1s⋅Es⋅A1s⋅y1s + ε2s⋅Es⋅A2s⋅y2s 
 
The deformation parameters can be defined by the mean strain εm and the curvature 1/r. The 
corresponding total strains in the concrete and the reinforcement are 
 

3...11
c m cc

=⋅+= ky
r kk εε  concrete 

2...11
sm ss

=⋅+= ky
r kk εε  steel 

 
First loading: 
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N

=m0,ε  

EI
M

r
=

1  

3...11
cm0,0, ss

=⋅+= ky
r kk εε  

2...11
s

0
m0,

0
0, ss

=⋅+= ky
r kk εε   

 
In a time step, the following applies, expression (4-36); like before i and j denote time steps, 
whereas k denotes area in cross section: 
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where in this case 
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For an assumed value of Δεi,k (which can be 0 as a first guess) and corresponding Δε0

i,k ac-
cording to expression (4-37) we have: 
 
ε i,k = ε i-1,k + Δε i,k 
 
ε0

i,k = ε0
i-1,k + Δε0

i,k  
  

∑∑

∑∑

==

==

⋅⋅+⋅⋅=

⋅+⋅=

2

1
,s

3

1
,

0
c1

2

1
,s

3

1
,

0
c1

s

sss

c

ccc

s

ss

c

cc

)()(

)()(

k
kkik

k
kkik

k
kik

k
kik

yAyAM

AAN

εσεσ

εσεσ

 (4-38) 

 
where 
σ c (ε 0) according to stress-strain relationship, expression (4-24) 

yyss -  and  but    )( ffE ≥≤⋅= εεσ  
 
These values may deviate from the correct values N and M. Corrections to the basic variables 
1/r and εm, ΔΔ(1/r) and ΔΔεm, will therefore be determined. With these corrections the calcu-
lated normal force and moment should approach the given values N and M. In determining the 
corrections, the derivatives of N and M with respect to εm and (1/r) are used, again assuming 
that the stress-strain curves are locally linear around the current stress-strain points. If, in or-
der to make the expressions more transparent, the time subscripts are left out and the symbol 
Δϕ  = ϕ i,i-1 is used, the derivatives can be formulated as follows: 
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The corrections to N and M can now be written: 
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This forms a linear expression system with ΔΔε and ΔΔ(1/r) as unknowns. The solution is 
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The corresponding corrections to the individual total strains are: 
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and to the basic concrete strains: 
 

3..1
1 c

1,

0 c
c =

+

ΔΔ
=ΔΔ

−
k

ii

k
k

ϕ
ε

ε  

 
New deformation parameters are 
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New values of N1 and M1 are calculated as above, and then new corrections if necessary. 
 
The above applies also for a case with more than three concrete areas and two reinforcement 
areas, but then with summations of more than three terms in the expressions for N, M etc. 

4.3.4.3 Example 2 - reinforced section with eccentric compression 
Basic assumptions 
Ac = 1    A1c/2c/3c = Ac / 3 
As = 0,02    A1s/2s = As / 2 
h = 1 
y1c = 0,45  y3c = -0,45  y2c = 0 
y1s = 0,45  y2s = -0,45 
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Calculations have been made using the complete creep model. Comparisons have also been 
made with the simplified approach, based on an extended concrete stress-strain diagram. 
 
The following N-M combinations have been studied: No. N MN M MNm 

 2.1 5 5 
 2.2 10 7 
 2.3 20 4 
 2.4 30 1 

Symbols used in diagrams 

ε s1 / s2 strain in reinforcements no. 1 and 2 (see figure 4-35) 
ε 01 basic strain in middle of most compressed concrete area 
ε 03 basic strain in middle of least compressed concrete area 
ε y yield strain in reinforcement 
c curvature 1/r 
J additional subscript denoting results according to simplified model 
i time step number; i = 0 is 28 days, i = 100 is 100 years, logarithmic time scale 
 
Note that strains are denoted positive in compression and negative in tension. 
 
Example 2.1 
N = 5 MN, M = 5 MNm  
 
Strains are shown in figure 4-36. The differences between the two models for taking into ac-
count creep are so small that they are hardly visible.  

Figure 4-36. Development 
of strains in example 2.1, 
N = 5 MN, M = 5 MNm. 
Solid lines = full creep 
mode, dashed = simplified. 
Thin blue dash-dot lines = 
yield strain. 
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The upper red line shows the ratio for the basic concrete strain on the compression side. It 
decreases with time, whereas the ratio for the total strain (upper blue line) increases. This re-
flects the fact that compressive stress is transferred from concrete to reinforcement due to 
creep, which has also been illustrated above.  
 
By showing the ratio between the corresponding values, the difference shows more clearly, 
see figure 4-37. The two reinforcement strains and the curvature are shown. 
 

Figure 4-37. Ratio be-
tween curvatures and 
reinforcement strains ac-
cording to simplified and 
accurate model in exam-
ple 2.1. 
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In figure 4-37 it can be seen that the simplified model gives somewhat lower strains at the end 
of the period, but the difference is only up to 1 % for the concrete and up to 2 % for the rein-
forcement. 
 
The irregularity at i = 53 is due to the fact that the middle concrete area is then passing from 
uncracked to cracked state (this can not be seen directly in figure 4-36, since the correspond-
ing strain is not shown there, but indirectly since the middle strain ε02 is the average of ε01 and 
ε03). According to the assumptions made here, concrete does not take any tension, and with 
only three concrete elements, the passing of one element from uncracked to cracked state will 
lead to such irregularities as those in figure 4-37.  
 
Example 2.2 
N = 10 MN, M = 7 MNm  
 
The difference between the two creep models is small also in this case, figure 4-38. See figure 
4-39 to study the differences. 
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Figure 4-38. Development 
of strains in example 2.2, N 
= 10 MN, M = 7 MNm. 
Solid lines = full creep 
mode, dashed = simplified. 
Thin blue dash-dot lines = 
yield strain.  
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Figure 4-39. Ratio between 
reinforcement strains and 
curvature according to simpli-
fied and accurate model in 
example 2.2. 
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The reinforcement reaches yield strain on both the compressive and the tensile side, figure 4-
38. (The irregularities around i = 60 occur when the tensile reinforcement reaches yield 
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strain.) From a practical point of view, this is a very extreme case for a long-term load, which 
would never occur in a practical design situation. Nevertheless, it is interesting to see that the 
simplified model performs well also in such an extreme case; deviations do not exceed 5 %. 
 
The simplified model gives lower strains at the end of the period. The most important parame-
ter is the curvature (black curve), which at the end of the period is underestimated by less than 
3 % by the simplified method.  
 
Example 2.3 
N = 20 MN, M = 3,8 MNm  
 
In this case the whole cross section remains in compression during the whole period.  
 
The differences between the two creep models are still very small, figure 4-40. See figure 4-
41 to study the differences. 
 

Figure 4-40. Development 
of strains in example 2.3, N 
= 20 MN, M = 3,8 MNm. 
Solid lines = full creep 
mode, dashed = simplified. 
Thin blue dash-dot lines = 
yield strain. (“Tension” 
here means less compres-
sion.) 
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The simplified model gives lower reinforcement strain on the “tension” side, but  the differ-
ence is smaller than 2 % despite the low absolute value of the strain. The curvature is some-
what overestimated, but less than 0,5 %. 
 
The irregularities at about i = 22 (corresponding to about 3 years) occur when the strain in the 
compressive reinforcement passes the yield strain.  
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Figure 4-41. Ratio between 
strains according to simplified 
and accurate model in exam-
ple 2.3. (“Tension” here 
means less compression.) 
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Example 2.4 
N = 30 MN, M = 1,7 MNm  
 

Figure 4-42. Development of 
strains in example 2.4. Solid 
lines = full creep mode, dashed 
= simplified. Thin blue dash-
dot lines = yield strain. (“Ten-
sion” here means less com-
pression.) 
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Figure 4-43. Ratio between 
strains according to simplified 
and accurate model in exam-
ple 2.4. (“Tension” here 
means less compression.) 
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The yield strain is reached in the compressive reinforcement at an early stage, and the total 
strain in the compressive reinforcement reaches high values at the end of the period. The sim-
plified model in this case overestimates the curvature during the whole period, figure 4-43, 
and the difference at the end is slightly above 2 %. 
 

Summary, example 2 
These calculations show that the simplified creep model, with only one creep curve and an 
extended stress-strain diagram for the concrete, is a good approximation. The differences in 
the most important parameter, curvature, are always below 3 %, compared to the values ac-
cording to the complete creep model. All examples are extreme from a practical point of view, 
with combinations of normal force and moment rather close to the interaction curve for the 
resistance, and causing reinforcement yielding in compression and sometimes also in tension. 
In practical design, the long-term (quasi-permanent) load combination will never give such 
extreme combinations of normal force and bending moment, see clause 3.2. 
 
One reason for the good agreement between the simplified and accurate approaches, despite 
extreme conditions, is that the basic concrete strains and hence the concrete stresses undergo 
rather moderate variations during the time period; in a hypothetical case where they would not 
vary at all, the two models would give identical results. 
 
The differences should also be seen in the light of the uncertainty associated with all material 
properties of concrete, and in particular with predictions of creep. For the creep model given 
in Eurocode 2 (2004), the uncertainty is said to correspond to a standard deviation of 20 %. 
This does not mean that the above comparisons are meaningless, however. It is also important 
to know the uncertainties associated with using simplified models for the structural effects of 
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creep, and if they turn out to be of a lower order of magnitude than the uncertainties in the 
creep models themselves, so much the better. 
 
In these examples the normal force and the bending moment have been constant. This is the 
normal assumption for considering creep in a design situation, cf. clause 3.2. However, if 
there are second order effects, the bending moment will increase with time, even if the axial 
force and the first order moment are constant. Therefore, the difference between the two mod-
els can be suspected to become greater if there are significant second order effects. This will 
be investigated in the following. 

4.4 Second order effect 

4.4.1 Example 3 – simple model with second order effect 
For the purpose of comparison between the simplified and the general creep models in the 
presence of second order effects, a simple mechanical model will be used, see figure 4-44.  
 

Figure 4-44. Simple model for taking into 
account second order effects. 
 
lf is the length of a flexible part of the col-

umn, with cross section according to the 
previous example 

 
lr is the length of the remaining part of the 

column, assumed to be perfectly rigid. 
 

 

 
The cross section in the flexible part of the column is the same as in the previous example, 
and for the column the following assumptions are made: 
 
lf = h 
lr is varied 
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No. N MN M MNm lr / h 
3.1 5 4,7 50 
3.2 10 5,0 25 
3.3 20 2,5 25 

The following combinations have been studied: 

(The intention was to use the same combinations of 
N and M as in example 2, but the moments had to 
be reduced to compensate for the second order ef-
fect, otherwise equilibrium was not possible.) 3.4 30 0,8 8 
 
Symbols used in diagrams 
ε s1/s2 strain in reinforcements no. 1 and 2 (see figure 4-35) 
ε 01 basic strain in middle of most compressed concrete element 
ε 03 basic strain in middle of least compressed concrete element 
ε y yield strain in reinforcement 
c curvature 1/r 
J subscript for results according to simplified model 
i subscript for time step number; i = 0 is 28 days, i = 100 is 100 years, logarithmic scale 
 
Like before, compressive strains are shown as positive in diagrams. 

4.4.1.1 Example 3.1 
N = 5 MN, M0 = 4,7 MNm, lr = 50⋅h  
 
The value of lr corresponds to a high slenderness, but since the normal force is low, the sec-
ond order effect will still be moderate. The difference between the two creep models is so 
small that it is hardly visible in figure 4-45. The differences are more clearly seen in figure 4-
46, showing the ratio between strains and curvature according to the two models. 
 

Figure 4-45. Develop-
ment of strains in example 
3.1. Solid lines = full 
creep mode, dashed = 
simplified. Thin blue 
dash-dot lines = yield 
strain. 
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Figure 4-46. Ratio between 
strains according to simplified 
and accurate model in exam-
ple 3.1. 
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The basic concrete strain ε01 at the compression edge is reduced with time, see upper the red 
curve in figure 4-45, whereas the total strain increases (upper blue curve, compression rein-
forcement). This reflects the well-known fact that stress is transferred from concrete to rein-
forcement due to creep, but in this case it happens despite the increase of the bending moment 
due to second order effect.  
 
Second order effects are moderate in this case, however, with a moment magnification factor 
at the end of the period equal to 1,24 according to the accurate model, see figure 4-47 (left). 
 
The tensile reinforcement is close to reaching its yield strain, figure 4-45. However, if the 
yield strain is reached, with the simple cross section model used here, the column will imme-
diately become unstable, since the curvature ⇒ deflection ⇒ bending moment will then in-
crease, without possibility for the cross section to resist an increased moment when the tensile 
reinforcement is already at its maximum force. Therefore, unlike in the previous examples 
without second order effect, no calculations where tensile yield occurs can be shown here. 
Furthermore, such calculations would have no practical significance, since a case where the 
reinforcement yields in tension already under long-term load should never occur in a practical 
design case. 
 
For the curvature, which is the most important deformation parameter in second order analy-
sis, the simplified method underestimates the final value by 1 %. However, 1 % difference in 
curvature gives no more than 0,2 % underestimation of the total moment, see figure 4-47 
(right). 
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Figure 4-47. Development of total bending moment related to first order moment (left). Relative differ-
ence in bending moment (%) between simplified and accurate method (right). 
 

4.4.1.2 Example 3.2 
N = 10 MN, M = 5 MNm, lr = 25⋅h  
 
The difference between the two creep models is small also in this case, figure 4-48.  

Figure 4-48. Development of 
strains in example 3.2. Solid 
lines = full creep mode, dashed 
= simplified. Thin blue dash-dot 
lines = yield strain. 
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The differences are on the whole very small, not more than about 1 % and for the curvature 
less than 0,5 %, figure 4-49. The irregularities at i = 39 occur when the strain in the compres-
sion reinforcement passes the yield strain, see figure 4-48. This causes a change in the redis-
tribution of stresses: since the compression reinforcement can no longer take more stress, no 
further redistribution from concrete to reinforcement is possible, and the basic concrete strain 
remains constant after i = 39, as can be seen in figure 4-48. It can be added that this is an ex-
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treme example; in practice no yield of reinforcement should be expected to occur under long-
term load. 

Figure 4-49. Ratio between strains 
according to simplified and accurate 
model in example 3.2. 
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Figure 4-50 shows the moment magnification (left) and the relative difference in bending 
moment between the simplified and accurate approach es (right). 
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Figure 4-50. Development of total bending moment related to first order moment (left). Relative 
difference in bending moment (%) between simplified and accurate method (right). 
 

4.4.1.3 Example 3.3 
N = 20 MN, M = 2,5 MNm, lr = 25⋅h  
 
This time the whole cross section remains in compression, and the differences between the 
two creep models become larger in this case, figure 4-51.  
 
This time the second order effect is high, with moment magnification 1,64 at the end of the 
period (accurate method). Again, this is an extreme example from a practical point of view. 
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Figure 4-51. Development 
of strains in example 3.3. 

0 20 40 60 80 100
0.003

0.002

0.001

0

0.001

0.002

0.003

0.004.004

0.003−

ε y

ε s1i

ε Js1i

ε 01i

0

ε 03i

ε s2i

ε Js2i

ε y−

1000 i  
 
For the first time, we can see significant differences between the accurate and the simplified 
models already in figure 4-51.  
 
The simplified model gives up to 15 % higher curvature at the end of the period, figure 4-52. 
The reinforcement strain on the “least compressed” side is underestimated by up to 40 %, but 
this is not as serious as it may seem, since the strain is close to zero, figure 4-51.  

Figure 4-52. Ratio between strains 
according to simplified and accurate 
model in example 3.3. 
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The total moment is overestimated by the simplified model by up to 6 %, figure 4-53. Thus, 
on the whole the simplified model gives a conservative result. 
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Figure 4-53. Development of total bending moment related to first order moment (left). Relative 
difference in bending moment (%) between simplified and accurate method (right). 
 

4.4.1.4 Example 3.4 
N = 30 MN, M = 0,8 MNm, lr = 8⋅h  
 
This is the last example and a very extreme one, with a high normal force and a low bending 
moment, together with a moderate slenderness. Strains are shown in figure 4-51 
 

Figure 4-54. Development 
of strains in example 3.4. 
Curves represent the cor-
responding strains as in 
figure 4-51 and earlier 
figures. 
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The simplified model gives up to 10 % higher strains at the end of the period, and 
it overestimates the curvature by up to about 25 % in this case. Again, the error is on the “safe 
side”. See figure 4-52. 
  

Figure 4-55. Ratio be-
tween strains according to 
simplified and accurate 
model in example 3.4. 
Upper curve is curvature, 
middle is strain compres-
sion reinforcement, lower 
is strain in “tension” rein-
forcement. 
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The second order effect is high; the moment magnification factor at the end of the period is 
1,77 according to the accurate model and 1,97 according to the simplified model. Figure 4-53 
shows the development of the moment magnification factors with time. The sharp increase 
starts when the compression reinforcement yields. The total moment is overestimated by up to 
11 % by the simplified model. 
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Figure 4-56. Development of total bending moment related to first order moment (left); upper curve 
= simplified model for creep, lower = complete model. Relative difference in bending moment (%) 
between simplified and accurate method (right). 
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4.4.1.5 Summary, example 3 
On the whole the simplified model gives very good agreement with the accurate model also 
when there are second order effects, as long as the compression reinforcement does not yield. 
However, such cases are of little practical interest, as pointed out several times above. Fur-
thermore, in those cases the deviations are on the “safe side”. i.e. the simplified model overes-
timates the curvature and hence the second order effect. On the whole, the simplified model 
behaves surprisingly well (surprising at least in the author’s opinion) also under such extreme 
conditions as in these examples. 

4.5 Shrinkage 

4.5.1 General 
So far creep has been studied separately, independently of shrinkage. The aim has been to 
isolate the effect of creep and to compare the simplified and accurate approaches. However, 
normal concrete will always shrink, mainly due to drying but also associated with the hydra-
tion of the cement paste (autogeneous shrinkage). Therefore, for normal concretes in normal 
environments, creep will always be accompanied by shrinkage, and an analysis including the 
effect of creep but not that of shrinkage is purely hypothetic. Whether shrinkage can be ig-
nored from a practical point of view is another question, which is of interest since effects of 
shrinkage are normally ignored in ultimate limit states. 
 
Shrinkage will have an effect on the stress distribution in a reinforced section, leading to a 
transfer of compressive stress from concrete to reinforcement, an effect similar to that of 
creep, although independent of stress. (In tensile zones, if a tensile strength of the concrete is 
taken into account and not exceeded, there will instead be a transfer of tensile stress from re-
inforcement to concrete.) 
 
Like for creep, the models in Eurocode 2 (2004) will be used here (cf. 4.3.1.1). A distinction 
is made between autogenous shrinkage and drying shrinkage. 
 
The autogeneous shrinkage depends on time and concrete strength level in the following way: 
 

( ) 6
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where 
t is time in days  
fck is characteristic compressive strength of concrete 
 
The drying shrinkage depends on time t, age at start of drying (= end of curing) ts, equivalent 
thickness h0 (same as for creep), concrete strength level fck, relative humidity RH and cement 
type C: 
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Parameters depending on cement type: 
 
Cement type C αds1(C) αds2(C) 
S (rapid) 1 3 0,13 
N (normal) 2 4 0,12 
R (slow) 3 6 0,11 
 

4.5.2 The effect of creep and shrinkage in a step-wise calculation 
Figure 4-57 illustrates the effect of shrinkage on concrete strains in addition to that of creep.  
The figure is analogous to figure 4-16, and shows the first time step.  
 

Figure 4-57. Con-
crete stress-strain 
relationship includ-
ing both creep and 
shrinkage, first time 
step. (The stress-
strain curve could 
also be extended into 
the tensile domain, 
which is not shown 
here, however.) 

 

 
 
There is also a concrete strain Δεcs,0 already before loading with the first stress σ 0 at time t0, 
which will have an effect on the stress distribution. This strain is the shrinkage that has devel-
oped from the time when there is sufficient bond between concrete and reinforcement for the 
strains to be connected. In the very beginning there is only autogeneous shrinkage, but from 
the end of curing the drying shrinkage is also added. 
 
The shrinkage strain before first loading is 
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Δεcs,0 = εca(ts) + εcs(t0,ts) (4-42) 
 
where 
εca(ts) is autogeneous shrinkage from setting of concrete to start of drying 
εcs(t0,ts) is total shrinkage (autogeneous + drying) from start of drying (ts) to loading (t0)  
 
When, in the next step, the shrinkage term Δεcs,1 is added in expression (4-26) we obtain: 
 
Δε1 = ε1 – ε0 = (1 + ϕ1,0)⋅Δε0

1 + ϕ1,0⋅ε0
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The effect of shrinkage will be analogous in following steps. Thus, expression (4-43) can be 
generalized into the following, cf. expression (4-29): 
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where  
Δεcs,i = εcs(ti,ts)- εcs(ti-1,ts)  the shrinkage from time ti-1 to time ti, with start of drying at time ts.  
 
In expression (4-44), the stress independent strains due to creep and shrinkage in a time step 
can be combined into one term, and expression (4-44) can then be simplified into (4-45). 
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4.5.3 Example 4 - effect of shrinkage 
The example is based on the same assumptions as example 3, for comparing the results with-
out and with the effect of shrinkage. This time we will only look at the curvature, which is the 
most important deformation parameter in second order analysis. We will also look at the mo-
ment magnification, which is a linear function of the curvature with the simple column model 
used (figure 4-44).  
 

No. N MN M MNm lr / h
4.1 5 4,7 50 
4.2 10 5,0 25 
4.3 20 2,5 25 

Combinations studied: 
 

4.4 30 0,8 8 
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Symbols used in diagrams 
c curvature 1/r  
k subscript for results including the effect of shrinkage (“krympning” in Swedish) 
i subscript for time step number; i = 0 is 28 days, i = 100 is 100 years, logarithmic scale 

4.5.3.1 Example 4.1 
N = 5 MN, M = 4,7 MNm, lr = 50⋅h  
 

 
0.005

Figure 4-58. Development of cur-
vature with time, with and without 
the effect of shrinkage. 
 
Upper blue: with shrinkage 
Lower red: without shrinkage 
 
 

Figure 4-59. Moment magnifica-
tion with and without shrinkage. 
 
Upper blue: with shrinkage 
Lower red: without shrinkage 
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Shrinkage has a significant effect, and in principle it will be on the unsafe side to ignore it, 
since it increases the curvature and thus the second order effect. However, the difference in 
bending moment at the end of the period is not more than 1 %, so the underestimation by ig-
noring the shrinkage is so far not severe.  
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This is an example with a low normal force but a high slenderness. In the following also the 
other combinations from example 3 will be examined. 

4.5.3.2 Example 4.2 
N = 10 MN, M = 5 MNm, lr = 25⋅h  

Figure 4-60. Development of 
curvature with time, with and 
without the effect of shrinkage. 
 
Upper blue: with shrinkage 
Lower red: without shrinkage 
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Figure 4-61. Moment magnifica-
tion with and without shrinkage. 
 
Upper blue: with shrinkage 
Lower red: without shrinkage 
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The difference in bending moment at the end of the period is greater this time, 2,3 %. 
 

4.5.3.3 Example 4.3 
N = 20 MN, M = 2,5 MNm, lr = 25⋅h  
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Figure 4-62. Development of cur-
vature with time, with and without 
the effect of shrinkage. 
 
Upper blue: with shrinkage 
Lower red: without shrinkage 
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Figure 4-63. Moment magnifica-
tion with and without shrinkage. 
 
Upper blue: with shrinkage 
Lower red: without shrinkage 
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The difference in bending moment at the end of the period is increasing with increasing nor-
mal force, and in this case it is 4 %, but the underestimation due to ignoring shrinkage is still 
not alarming. 

4.5.3.4 Example 4.4 
N = 30 MN, M = 0,8 MNm, lr = 8⋅h  
 
See figures 4-64 and 4-65 on next page. 

 85



4. Time-dependent properties of concrete 

Figure 4-64. Development of 
curvature with time, with and 
without the effect of shrinkage. 
 
Upper blue: with shrinkage 
Lower red: without shrinkage 
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Figure 4-65. Moment magnifica-
tion with and without shrinkage. 
 
Upper blue: with shrinkage 
Lower red: without shrinkage 
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The difference in bending moment with and without the effect of shrinkage continues to in-
crease with increasing normal force. In this case, with a very high normal force but a rather 
low slenderness, ignoring shrinkage leads to an underestimation of the bending moment at the 
end of the period by 8 %, and now the effect of shrinkage is becoming far from negligible. 

4.5.3.5 Discussion of example 4 and the effect of shrinkage 
Example 4 shows that the second order effect generally increases if shrinkage is taken into 
account, and this increase is higher the higher the normal force is. Thus, it will in principle be 
on the unsafe side to neglect the effect of shrinkage. However, the opposite effect of shrink-
age is also possible, at least theoretically: 
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Shrinkage leads to a transfer of compressive stresses from concrete to reinforcement. This 
may unload the concrete in such a way, that the effect of the non-linearity of its stress-strain 
curve becomes less pronounced, which in principle could lead to a reduction of the second 
order effect. Prerequisites for this are probably a high reinforcement ratio and/or conditions 
that permit the concrete to remain uncracked during the whole time period. Furthermore, the 
normal force should probably be low or moderate, to avoid yielding of the compression rein-
forcement. (This will always be fulfilled in a practical design case, as has been pointed out 
several times above.) 
 
The cases studied so far have been extreme, in the sense that they have been rather close to 
the limit of instability failure within the time period. In these examples, either the concrete has 
cracked or the compressive reinforcement has yielded, sometimes both. Yielding of the tensile 
reinforcement has never occurred in the examples, on the other hand; with the simple cross 
section model used in the examples it is simply not possible to maintain equilibrium when the 
tensile reinforcement has started to yield, with a bending moment that continues to increase 
due to creep (and shrinkage). 
 
In the following we will search for cases where the effect of shrinkage is negligible or even 
favourable (i.e. reduces the second order effect). 
 
In the previous examples the geometrical reinforcement ratio has been ρ = 0,02. If it is in-
creased to ρ = 0,04, it turns out that shrinkage still has an unfavourable effect in examples 4.1 
and 4.2 with low or moderate normal force, but in examples 4.3 and 4.4 with a high normal 
force, shrinkage instead reduces the second order effect. 
 
A more systematic study is shown in figure 4-66, where the ratio between the bending mo-
ments without and with the effect of shrinkage is shown as a function of the reinforcement 
ratio for the four cases studied above (4.1 to 4.4).  
 

Figure 4-66. Ratio 
between bending 
moments without 
and with the effect 
of shrinkage in-
cluded, as a func-
tion of the geomet-
rical reinforcement 
ratio ρ. Ex 4.1 etc 
refers to the combi-
nations of normal 
force, bending mo-
ment and slender-
ness used in previ-
ous examples. 
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According to figure 4-66, shrinkage has an unfavourable effect in most cases, i.e. it is on the 
unsafe side to ignore it. The cases where the opposite is true are few, and the deviations on the 
safe side are generally much smaller than those on the unsafe side (differences on the “safe 
side” are those where the second order effect is higher if shrinkage is ignored, and vice versa). 
The largest deviation on the safe side is 0,5 %, whereas the largest deviation on the unsafe 
side is 6 %. The irregular shape of the curves depends on stress redistributions occurring upon 
yielding of reinforcement.  
 
In this example yielding does not occur for the higher reinforcement ratios, and then the effect 
of shrinkage is always less than 1 % in either direction. In practical design situations, yielding 
should never occur under long-term load, regardless of the reinforcement ratio, as has been 
pointed out several times above. Therefore, the “unsafety” due to ignoring shrinkage in prac-
tical design will generally be small. 

4.6 Strength increase with time 

4.6.1 General 
One time-dependent effect remains to be studied, namely the strength increase of concrete due 
to the continued hydration of cement. This effect is not taken into account in normal design, 
which is justified by the fact that the design load may occur at any time during the service life. 
Thus, strength increase cannot be relied upon to have an effect on structural safety, at least not 
on a simple level. (There is a discussion of this also in clause 3.2.3.) 
 

Note. On a more sophisticated, probabilistic level, strength increase may have some effect, since the 
probability for a load to reach a certain high value will be lower for a short period of time (e.g. the be-
ginning of the service life, when the strength is lower) than for the whole service life (at the end of 
which the strength is higher). However, to take this into account in normal design appears to be over-
sophisticated and is hardly justified from a practical point of view. 

 
The situation is different when there are second order effects. If strength increase is not con-
sidered, the most critical time will always be the end of the service life, due to the increase of 
second order effects with creep and shrinkage. However, at the end of the service life there is 
a certain increase of the concrete strength (at least for the compressive strength of normal 
concretes under normal circumstances). Strength increase will then have a more obvious ef-
fect on safety. It will to some extent compensate the unfavourable time-dependent effects of 
creep and shrinkage, and it is no longer self-evident that the critical time for application of the 
short-term load up to failure will always be the end of the service life, as assumed in figure 3-
5. There could also be cases where the critical time is in the middle or even beginning of the 
service life, when the strength is lower, despite the fact that the second order effects have not 
yet reached their highest values. Thus, there would be a price for including strength increase 
in design, namely the need for checking different times during the service life. 

4.6.2 Model for strength increase 
In order to study the effect of strength increase we will again use a model that can be found in 
Eurocode 2 (2004). It is a simple model, but it is considered to be sufficient for the purpose of 
the present study, which is primarily aimed at finding general trends, not so much accurate 
predictions for a given concrete. (However, in chapter 6 comparisons with tests will be made, 
and then the model will also be tested against reality.)  
 
The mean compressive strength is assumed to develop with time according to 
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where 
fcm(t) mean compressive strength at the age of t days 
fcm mean compressive strength at 28 days (fcm = fck + 8 MPa) 
βcc(t) coefficient depending on the age of the concrete 
t age of concrete 
s coefficient depending on the type of cement: = 0,20 for class R (rapid) 
  = 0,25 for class N (normal) 
  = 0,38 for class S (slow) 
The time coefficient βcc is illustrated in figure 4-67. 
 

Figure 4-67. 
The coeffi-
cient βcc 
giving the 
time de-
pendence of 
the concrete 
compressive 
strength for 
the three 
basic cement 
types R, N 
and S. 
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The E-modulus is assumed to follow the same relationship with the mean compressive 
strength as for 28 days: 
 

( 3,0
cmcm )(1,022000)( tftE ⋅⋅= )  (4-47) 

 
The corresponding time coefficient for the E-modulus will thus be βcc(t)0,3, and is shown in 
figure 4-68. According to this relationship, the variations of the E-modulus are much smaller 
than for the compressive strength, but not negligible. 
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Figure 4-68. 
The coeffi-
cient βcc

0,3 
giving the 
time depend-
ence of the 
concrete E-
modulus for 
the three ba-
sic cement 
types R, N 
and S. 
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The time dependence is applied to the mean values of compressive strength and E-modulus. 
The time effect on design values will be taken as follows: 
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where (according to Eurocode 2 (2004)) γC = 1,5 and γCE = 1,2. 
 
Considering the increase in strength and E-modulus, and assuming the same stress-strain 
model as for t = 28 days, curves for loading at different concrete ages can be drawn: 

Figure 4-69. Stress-strain curves 
for loading at different ages: 7 
days, 28 days (black), 1 year and 
100 years.  
fcd = 26,7 MPa, Ecd = 29350 MPa 
(design values for fck = 40 MPa 
with γC = 1,5 and γCE = 1,2).  
 

0 0.001 0.002 0.003 0.004

10

20

30

40

σc ε 36500,( )

σc ε 365,( )

σc ε 28,( )

σc ε 7,( )

ε

 90



4. Time-dependent properties of concrete 

4.6.3 Strength increase in a stepwise calculation 
In a stepwise calculation, there will be a new stress-strain relationship in each time step. Fur-
thermore, the origin of the new stress-strain curve will have to be shifted along the ε-axis, so 
that the stress increase (or decrease) on the new curve starts from the same stress-strain point 
as where the previous time step has ended. The basic strain is now measured from the origin 
of the new curve. This is illustrated in figure 4-70.  
 

 
Figure 4-70. 
The effect of 
strength in-
crease in a 
time step. The 
red curve is 
the stress-
strain curve 
for loading at 
time ti, pass-
ing through 
the end point 
of the previ-
ous step. A 
case of in-
creasing 
stress is 
shown. 
 

 

 
In case of a stress increase like in figure 4-70, i.e. σ i > σ i-1, the stress-strain relationship to be 
followed in step i is  
 

( )iii t,0εσσ =  (4-49) 
 
where 
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ε  increase of basic strain in step i, cf. eq. (4-29) 
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A special case has to be handled in a computer program, namely when the stress increases 
from cracked condition in step ti-1 to compression in s 0tep ti. In that case ε i-1 < 0 and σ i-1 = 0, 

hich would give ε(σ i-1, ti) = 0. This would give an incorrect starting point for the new strain, 
and instead ε0

i should be defined as (see figure 4-71) 
w

 
0

1
0

1
0 )()( iicicii tEtE εεε Δ+⋅= −−  

 

 the concrete passes from 
racked to uncracked in a time 
tep. 

 

 
Figure 4-71. Strains in a case 
where
c
s
 
 
 
In figure 4-70 it can be seen that the stress-strain curve will be steeper in comparison with t
previous time step, if strength increase is cons

he 
idered. Thus, if the stress increases with time, 

e strain for a given stress will be less than it would be without strength increase, in other 

a 
crete to reinforcement when 

e concrete shrinks and creeps. Due to this, the concrete stress often decreases with time, 

ich 
ver on unloading). Therefore, 

e slope of the unloading path should be steeper, corresponding to the initial slope of the 
stress-strain curve for time ti, not the tangent, see figure 4-72. 

th
words concrete will behave in a stiffer way.  
 
On the other hand, if the stress decreases with time, then the strain for a given stress will be 
greater with strength increase than without it, due to the steeper stress-strain relationship. 
Thus, strength increase will lead to higher concrete strain for a given stress. This is in fact 
very common case in practice, since stress is transferred from con
th
despite the effect of increasing deflection and bending moment.  
 
This leads to a further consideration, namely the stress-strain relationship in case of unload-
ing. It is a well-known fact that, with or without strength increase, the stress-strain relation-
ship in unloading is governed by the initial E-modulus, rather than by the tangent modulus at 
the stress-strain point considered (one might say that the damage due to microcracking, wh
causes the non-linearity of the stress-strain curve, does not reco
th
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n 

 

Figure 4-72. Stress-
strain relationship i
case of decreasing 
stress, considering also 
the fact that the slope o
the stress-strain curv
follows the initial E-
modulus rather tha

f 
e 

n the 
ngent modulus. ta

 
 
 
Thus, the stress-strain relationship in time step i for unloading (σi < σi-1) should be: 

 

(4-50) 

ith 
e, creep) are the same. Unloading 

ecreasing stress) is handled according to figure 4-72. 

 
 4-

 

, 
llowing a steeper unloading curve with strength increase and unloading than without it. 

 

)(cd
0

1 iiii tE⋅Δ+= − εσσ  

 
Figure 4-73 shows an example of the development of the basic concrete strain and the total 
(reinforcement) strain in centric compression with constant load. The red curves show the 
strains when strength increase is not considered, whereas the blue curves show the same w
strength increase considered. All other effects (shrinkag
(d
 
The differences between the red and blue curves in figure 4-73 are negligible and hardly even
visible. To make them more visible, the differences are shown in a different scale in figure
74. Positive values mean that the strains are greater if strength increase, together with the 
separate unloading path according to figure 4-72, are considered than if they are not. From 
this point of view, strength increase and unloading have an “unfavourable” effect, leading to
larger strains, even if the effect is very small. The explanation of this effect, perhaps some-
what unexpected, is that the concrete stress decreases with time due to shrinkage and creep
fo
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Figure 4-73. The development of 
strains with and without strength in-
crease included. Centric compression 
with constant load N = 20⋅Ac, As = 
0,02⋅Ac, fck = 40 MPa. The time span 
is the same as in earlier examples, t0 
= 28 days and t = 100 years. 
 
Full lines = total strain (ε, εu) 
Dashed lines = basic strain (ε0, εu0) 
Blue lines = with strength incr. (ε, ε0) 
Red lines = without str. incr. (εu, εu0) 
 
Note. Subscript “u” here stands för 
“utan”, which is Swedish for “with-
out” (strength increase). 
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Figure 4-74. The difference between 
the blue and red curves in figure 4-73.
 
Full line = total strain (ε, εu) 
Dashed line = basic strain (ε0, εu0) 
 
(See comment on subscript “u” in 
figure 4-73.) 
 

 

0 20 40 60 80 10
0

1 .10

0

6

2 .10 6

3 .10 6

4 .10 6

5 .10 6

εi εui
−

ε0i
εu0i

−

i
 
 
If the load decreases with time, the differences are enhanced. Figure 4-75 and figure 4-76 
show the same as figure 4-73 and figure 4-74, but for a decreasing load. 
 
The deviations between the red and blue curves in figure 4-75 are larger and clearly visible in 
this case, although still quite small. The differences are shown in figure 4-76. The differences 
at the end of the period are about 4 times as large as in the previous case with constant load. 
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Figure 4-75. The development of 
strains with and without strength in-
crease included. Centric compression 
with N decreasing (linearly with 
logarithm of time) from 20⋅Ac down to
10⋅Ac, As = 0,02⋅Ac, fck = 40 MPa. 
 
Full lines = total strain (ε, εu) 
Dashed lines = basic strain (ε0, εu0) 
Blue lines = with strength incr. (ε, ε0) 
Red lines = without str. incr. (εu, εu0) 
 
(Blue = resp. upper lines) 
 
(See comment on subscript “u” in 
figure 4-73.) 
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Figure 4-76. The difference between 
the blue and red curves in figure 4-75.
 
Full line = total strain (ε, εu) 
Dashed line = basic strain (ε0, εu0) 
 
(See comment on subscript “u” in 
figure 4-73.) 
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For the sake of completeness, the same is shown for an increasing load in figure 4-77 and 
figure 4-78. The deviations between the red and blue curves in figure 4-77 are clearly visible 
also in this case, but now the blue curves show the lower values, i.e. strength increase leads to 
a reduction of strains. The differences are shown in figure 4-78, now negative. 
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Figure 4-77. The development of 
strains with and without strength in-
crease included. Centric compression 
with N increasing (linearly with loga-
rithm of time) from 10⋅Ac up to 
20⋅Ac, As = 0,02⋅Ac, fck = 40 MPa. 
 
Full lines = total strain (ε, εu) 
Dashed lines = basic strain (ε0, εu0) 
Blue lines = with strength incr. (ε, ε0) 
Red lines = without str. incr. (εu, εu0) 
 
(Blue = resp. upper lines) 
 
(See comment on subscript “u” in 
figure 4-73.) 
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 Figure 4-78. The difference between 
the blue and red curves in figure 4-77.
εu = strain without (“utan”) strength 
increase. 
Full line = total strain (ε, εu) 
Dashed line = basic strain (ε0, εu0) 
 
(See comment on subscript “u” in 
figure 4-73.) 
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This comparison is summarized in the following table, showing the difference in strains at the 
end of the time period, with and without the effect of strength increase: 
 

Δε = ε (with strength increase) – ε (without s. i.) 
Load variation with time 

Basic str. Δε0⋅106 Total str.  Δε⋅106 
Decreasing:  N/Ac = 20 → 10 MPa 0,016 0,020 

Constant:  N/Ac = 20 → 20 MPa  0,004  0,005 
Increasing:  N/Ac = 10 → 20 MPa - 0,043 - 0,057 
 
This comparison confirms what could be expected, namely that strength increase has an “un-
favourable” effect under decreasing load, whereas the effect is “favourable” under increasing 
load; “unfavourable” in the sense that strains become larger, “favourable” in the opposite 
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sense. However, the main conclusion is that the effect of strength increase on the strains is 
very small. It now remains to study the effect of strength increase in the presence of bending 
moment and second order effect.  

4.6.4 Example 5 – effect of strength increase 
In this example the effect of strength increase on the second order effect will be studied, using 
the previous examples 4.1 to 4.4 (including shrinkage) as a basis. 
 

No. N MN M MNm lr / h
5.1 5 4,7 50 
5.2 10 5,0 25 
5.3 20 2,5 25 

Combinations studied: 
 

5.4 30 0,8 8 
 
Symbols used in diagrams 
c curvature 1/r 
u subscript for results without (“utan” in Sw.) the effect of strength increase 
i subscript for time step number; i = 0 is 28 days, i = 100 is 100 years, logarithmic scale 
0 subscript for basic concrete strain 
s subscript for reinforcement strain 
 

4.6.4.1 Example 5.1 
N = 5 MN, M = 3,8 MNm, lr = 50⋅h  
 

Figure 4-79. Development of cur-
vature with time, with and without 
the effect of strength increase. 
 
Blue line: with strength increase 
Red line: without strength incr.  
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In figure 4-79 the development of curvature is not visibly influenced by the strength increase 
of the concrete. In order to notice the differences at all, one has to look at the ratio between 
curvatures with and without strength increase included, figure 4-80. The differences are quite 
negligible, and the curvature increases only 0,25 % with strength increase included.  
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Figure 4-80. Ratio between cur-
vatures with (c) and without (cu) 
the effect of strength increase. 
 

 

0 20 40 60 80 100
1

1.0004

1.0008

1.0011

1.0015

1.0019

1.0023

1.0026

1.003

ci

cui

i
 
The small effect of strength increase in this example is due to the fact that the basic concrete 
strain decreases, although very little, see figure 4-81 (dotted read curve). It can be noted that 
the tensile reinforcement strain εs2 (which is negative here) exceeds the tensile yield strain at 
an early stage, which also explains the steep part of the curve in figure 4-80. The compression 
reinforcement is also close to yielding, and on the whole the example is very extreme from a 
practical point of view. 
  

Figure 4-81. Development of 
strains in example 5.1. 
εy = reinforcement yield strain 
εs1 = strain in compression reinf. 
ε01 = basic concrete strain (dot) 
εs2 = strain in tension reinf. 
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4.6.4.2  Example 5.2 
N = 10 MN, M = 4 MNm, lr = 25⋅h  

Figure 4-82. Development of 
curvature with time, with and 
without the effect of strength 
increase. 
 
Red line: without strength 

incr.  
Blue line: with strength in-

crease 
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The effect of strength increase is still negligible, figure 4-82. The ratio between curvatures 
with and without strength increase, figure 4-83, reveals that in the beginning the curvature 
increases with strength increase included, but after a peak the ratio starts to decrease and at 
the end period it is < 1,0, i.e. strength increase has a “favourable” effect. The peak corre-
sponds to yielding of the compression reinforcement, see the development of strains in figure 
4-84. After that, no stress can be transferred from concrete to reinforcement, and the only way 
to match an increasing bending moment is to increase the concrete stress. Under increasing 
stress strength increase gives a stiffer behaviour, see e.g. figure 4-70, which reduces of the 
curvature. 

Figure 4-83. Ratio between cur-
vatures with (c) and without (cu) 
the effect of strength increase. 
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4. Time-dependent properties of concrete 

 

Figure 4-84. Development of 
strains in example 5.2. 
εy = reinforcement yield strain 
εs1 = strain in compression reinf. 
ε01 = basic concrete strain (dot) 
ε03 = basic concrete strain (dot) 
εs2 = strain in tension reinf. 
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4.6.4.3 Example 5.3 
N = 20 MN, M = 2,5 MNm, lr = 25⋅h  

Figure 4-85. Development of 
curvature with time, with and 
without the effect of strength 
increase. 
 
Upper red: without strength 

incr.  
Lower blue: with strength 

increase 
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In this example strength increase has a quite strong effect on the curvature, see figure 4-85. 
The reduction of curvature due to strength increase amounts to 18 %, see figure 4-86. 
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Figure 4-86. Ratio between cur-
vatures with (c) and without (cu) 
the effect of strength increase. 
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The development of strains is shown in figure 4-87. This time the compression reinforcement 
yields at an early stage and the “tension” reinforcement remains in compression all the time. 
The basic concrete strain is rather high, 1,6 o/oo at the end of the period, which explains the 
strong effect of strength increase: the higher up on the stress-strain curve, the stronger the 
effect of strength increase on the tangent stiffness. 
 

Figure 4-87. Development of 
strains in example 5.2. 
εy = reinforcement yield strain 
εs1 = strain in compression reinf. 
ε01 = basic concrete strain (dot)  
εs2 = strain in tension reinf. 
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4.6.4.4 Example 5.4 
N = 30 MN, M = 0,8 MNm, lr = 8⋅h  

Figure 4-88. Development of 
curvature with time, with and 
without the effect of strength 
increase. 
 
Upper red: without strength 

incr.  
Lower blue: with strength 

increase 
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The effect of strength increase is now very strong, figure 4-88. The curvature is reduced by up 
to 22 %, figure 4-89. As can be seen in figure 4-90, the basic concrete strain now reaches 1,9 
o/oo, which is a very high value on the “virgin” stress-strain curve.  

Figure 4-89. Ratio between cur-
vatures with (c) and without (cu) 
the effect of strength increase. 
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Figure 4-90. Development 
of strains in example 5.2. 
εy =  reinforcement yield 

strain 
εs1 =  strain in compression 

reinf. 
ε01 =  basic concrete strain, 

compression side (dot) 
ε03 =  basic concrete strain, 

tension side (dot) 
εs2 =  strain in tension reinf. 
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4.6.4.5 Summary of example 5 
In this example we can see that strength increase has practically no effect on the development 
of strains and curvature, as long as the compression reinforcement is in the elastic stage (ex-
amples 5.1 and 5.2). Then the basic concrete strain does not increase, instead it decreases 
slightly. Concrete stresses then follow the unloading curve, which will become steeper due to 
strength increase, which in turn leads to an increase of the curvature. However, the effect is 
very small, which also means that the effect on deflection and second order moment is small. 
Therefore, even if it could be on the “unsafe side” to ignore strength increase in such cases, at 
least theoretically, the “error” is absolutely negligible. 
 
If conditions are such as to cause yielding of the compression reinforcement, the effect of 
strength increase becomes much more pronounced, and it is now a “favourable” effect, in the 
sense that it reduces the curvature and hence the second order moment. The higher the basic 
concrete strain, the higher the effect of strength increase. The error committed by ignoring the 
effect of strength increase is several orders of magnitude larger than in the case of no yield, 
but the error is now on the “safe side”. 
 

Note. The conclusions here are drawn on the basis of calculations with a very simple model for cross 
section and column. In chapter 5 we will find out whether they are valid also for a more realistic 
model, where the effect of stress redistributions will be different due to a larger number of concrete 
elements in the cross section. 

 
In a practical design case, yielding of reinforcement under long-term load will never occur, 
since the long-term load is normally significantly lower than the design value of the short 
term load up to failure. The following conclusions can be drawn: 
 
- the effect of strength increase is negligible under long-term load only, but  

- this does not mean that it will be negligible when a short-term load is added. 
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4.6.5 Development of moment and moment capacity 
The effect of strength increase becomes a matter of practical interest when the development of 
the long-term moment is compared to the development of the moment capacity. This will 
have implications for the design philosophy as indicated earlier (3.2.3). Without strength in-
crease, the most critical time for applying the short-term load will always be the end of the 
service life, when the bending moment under long-term load has reached its highest value. 
With strength increase taken into account, this is no longer certain. With time, the moment 
under long-term load increases, but so does also the moment capacity (and the stiffness of the 
column; the latter will be governing in cases with instability failure before reaching the ulti-
mate moment). 
 
Figure 4-91 shows the development of long-term moment and moment capacity in example 
5.2, one of the examples where the reinforcement did not yield under long-term load. 
 

Figure 4-91. Development 
of long-term bending mo-
ment M and Mu (with and 
without strength increase 
respectively; practically no 
difference) and moment 
capacity MR in example 5.2 
(N = 10, M0 = 4, l = 25). 
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In this case both the moment and the moment capacity undergo rather moderate increases 
with time. The moment capacity becomes constant when it is governed by yielding of the ten-
sile reinforcement, which occurs when the concrete compressive strength has reached a cer-
tain value; the influence of the concrete strength then vanishes (see note below). The ratio 
between the two indicates that the end of the service life will be governing in this case, since 
the long-term moment constitutes an increasing part of the ultimate moment, see figure 4-92. 
Figure 4-92 also shows the same ratio without strength increase (thin red curve), and here of 
course the ratio increases more strongly, since the moment capacity does not increase in this 
case. 
 

Note. In a more realistic cross section model with more than three elements, the moment capacity 
would increase slightly with increasing concrete strength, even when the tensile reinforcement yields, 
due to redistribution of the concrete compressive stress, leading to an increased internal lever arm. 
Such a redistribution is not possible in the current load case and with only three cross section elements. 
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Figure 4-92. Long-term 
moment in relation to 
the ultimate moment, 
without (upper) and 
with strength increase 
(lower). Same example 
as in previous figure. 
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We will now make the same study for example 5.3, see figure 4-93. In this case there is a 
clear difference in the development of the long-term moment, depending on whether strength 
increase is included or not. The moment capacity shows a stronger increase with time in this 
case, which is due to the fact that the tensile reinforcement does not yield at failure, instead 
the concrete compressive strength is governing all the time. 
 

Figure 4-93. Development 
of long-term bending mo-
ment M and Mu (with and 
without strength increase 
respectively) and moment 
capacity MR in example 
5.3 (N = 20, M0 = 2,5, l = 
25). 
 
Upper line: MR 
Middle line: M (without) 
Lower line: M (with str.in.) 
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Looking at the utilization of the ultimate moment during long-term load, figure 4-94, we find 
that it is no longer self-evident that the end of the time period will be governing, if strength 
increase is considered. Thanks to the strong increase of the ultimate moment, the ratio be-
tween the long-term and ultimate moments even decreases in the beginning, and even if it 
starts to increase again after a while, it never exceeds the peak occurring in the beginning. 
  

Figure 4-94. Long-term 
moment in relation to 
the ultimate moment, 
without (upper) and 
with strength increase 
(lower). Same example 
as in previous figure. 
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Finally, we will make the same comparisons for example 5.4, figure 4-95 and figure 4-96. The 
relative increase of the ultimate moment is extremely strong in this case, which can be under-
stood from the interaction curves for different times, figure 4-97. For high normal forces, the 
moment capacity may be close to zero in the beginning of the time period, which means that 
the increase with time will be very strong in relative terms, as illustrated in figure 4-95. 
 
In figure 4-96 it can be seen that there is a strong increase in the ratio long-term to ultimate 
moment if strength increase is not considered, whereas there is a strong decrease in the same 
ratio if strength increase is considered. Thus, in this case it is the beginning of the service life 
that is most critical for the design, if strength increase is considered. This is probably a very 
unusual case, but nevertheless it shows that, in order to benefit from strength increase in de-
sign, one would have to apply the short-term ultimate load at different times, since it would 
no longer be certain that the “worst” case is always found at the end of the service life (and it 
is not certain that it will be at the beginning either, figure 4-92 and figure 4-94). 
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Figure 4-95. Development 
of long-term bending mo-
ment M and Mu (with and 
without strength increase 
respectively) and moment 
capacity MR in example 
5.3 (N = 30, M0 = 0,8, l = 
8). 
 
Upper line: MR 
Middle line: M (without) 
Lower line: M (with str.in.) 
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Figure 4-96. Long-term 
moment in relation to 
the ultimate moment, 
without (upper) and 
with strength increase 
(lower). Same example 
as in previous figure. 
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Figure 4-97. Interaction curves for As = 0,02 and different concrete ages (i = 0, 12, 33 and 
100, corresponding to  t = 28, 66, 299 and 36500 days). Note the strong relative effect of con-
crete age on the moment capacity for high values of the normal force, e.g. N = 30. 
 

4.7 Comment on magnification factor for non-linear creep 
A theoretical question related to the application of a magnification factor for creep in connec-
tion with non-linear analysis, expression (4-14), will be shortly discussed here. 
 
It has been stated above that the basic concrete strain and the corresponding stress often de-
crease with time, at least during certain parts of the time considered. This is due to the trans-
fer of stress from concrete to steel when concrete creeps and shrinks. This leads to a question:  
 
If the stress is at a level where the magnification factor is greater than 1, should it then be 
used also for a decreasing strain? 
 
If the creep coefficient is magnified by the factor, there will be a faster “creep recovery” than 
without magnification. In fact, it turns out that this might compensate or even over-compen-
sate the effect of increased creep, i.e. the “extra” non-linearity of creep could have a favour-
able effect!  
 
This does not seem reasonable at all, and it is not physically justified either. According to e.g. 
Mazzotti & Savoia (2002), non-linear creep is associated with damage due to micro-cracking. 
Such damage can not be expected to recover under a decreasing stress, and therefore the creep 
coefficient should not be magnified when the stress decreases. This is analogous with the 
stress-strain path in case of stress decrease as discussed above: it should follow the initial E-
modulus rather than the tangent modulus at the stress considered (see figure 4-72 and associ-
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ated text). The physical explanation is similar, since the non-linearity of the stress-strain curve 
is also associated with damage due to micro-cracking, which will not recover on unloading. 
 
Considering this, it turns out that the “extra” non-linear creep according to expression (4-14) 
has a clearly unfavourable effect on the time to creep failure under a constant long-term load, 
or on the deformations after a given time. No examples of this are shown here, but it may be 
of interest to consider this in comparisons with tests, in order to find out whether the non-
linearity of the stress-strain curve is sufficient, or if an “extra” creep non-linearity is needed. It 
will therefore be studied to some extent in comparisons with test results in chapter 6.  
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5 Complete model for nonlinear analysis 

5.1 Calculation method  

5.1.1 General 
In chapter 4 the time-dependent effects were studied by means of simple models for cross 
section and a simple mechanical model of a slender column. In this chapter realistic models of 
both cross sections and columns will be used, and the effects of creep etc will be extended to 
realistic cases including both long-term and short-term loading. In this first clause the calcula-
tion method for non-linear analysis will be described rather in detail.  
 
Non-linear analysis of slender compression members includes material and geometric non-
linearity (second order effects). The method used here rests on the following basic assump-
tions: 
 
• linear strain distribution  
• equal strains in reinforcement and concrete at the same level  
• given stress-strain relationships for concrete and steel  
 
Conditions of equilibrium and deformation compatibility are satisfied in a number of cross 
sections, and the deflection is calculated by double integration of the curvature, assumed to 
have a certain type of variation between the selected sections. A simplified alternative is to 
consider only one cross section (or a limited number of critical sections), assuming the curva-
ture to have a certain variation in other parts of the member. This gives simpler computer pro-
grams and faster calculation, but less accuracy. The two alternatives are illustrated in figure 5-
1, and comparisons between them can be found in Westerberg (1971). The simplified alterna-
tive has not been used in the present study. 

Figure 5-1. Illustration 
of accurate (left) and 
simplified versions 
(right) of non-linear 
analysis. 
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Creep can be considered in different ways, as described in chapter 4. The simplest alternative 
is to multiply all concrete strains with (1+ϕef), where ϕef is a so called effective creep ratio. 
One of the main topics of this chapter will be to study whether this is accurate enough in com-
parison with the more fundamental approach described in chapter 4, and also to study other 
time-dependent effects. The effects of shrinkage and strength increase will also be studied. 
 
Tension stiffening (i.e. the contribution from concrete in tension between cracks) can easily 
be taken into account in the analysis. In the calculations presented in this report, however, all 
contributions from concrete in tension have been ignored. This is consistent with the normal 
design assumption to ignore the effects of concrete in direct tension. 

5.1.2 Overview of the calculation procedure 
The analysis can be divided into two main parts: 
 
1. Member analysis; determination of deflections and corresponding bending moments. 
 
2. Cross section analysis; determination of the strain distribution for a given set of axial 

force and bending moments. 

5.1.2.1 Member analysis 

5.1.2.1.1 Deflections 
Conditions of equilibrium and deformation compatibility are considered in n sections along 
the length. 
 
In this calculation the curvature distribution in each direction is given. Deflection is calculated 
by numerical integration of the curvature. The integration is shown here for one direction. 
 
The basic case is a cantilever column, figure 5-2. The rotation at the base can be either zero 
(rigid restraint) or depending on the bending moment (flexible restraint).  
 

Figure 5-2. Curvature and deflec-
tion for a cantilever column. 
 
 
The following applies if the curvature is assumed to vary linearly between sections: 
 

 111



5. Complete model for nonlinear analysis 

( )
211
xcc iiii

Δ
⋅++= −−θθ  (5-1) 

32

2

111
xccx i

iiii
Δ

⋅⎟
⎠
⎞

⎜
⎝
⎛ ++Δ⋅+= −−− θδδ  (5-2) 

 
The rotation θ and the deflection δ can be calculated by summation from the bottom, where θ0 
= 0 or a function of the bending moment, independent of the curvature, and δ0 = 0. 
 
For a column braced at the top, the same expressions apply, but a correction with regard to the 
boundary conditions must be made. The deflection is then the distance between the straight 
line connecting the ends (dashed line in figure 5-2) and the deflection curve for the cantilever. 
Thus, with δ c as the deflection for the cantilever according to the above expressions: 
 

cc
i

i
ni l

x δδδ −⋅=  (5-3) 

 
In this case, if there are rigid or flexible restraints, i.e. if the column is hyperstatic, the end 
rotations have to be determined in a separate analysis, giving the moment distribution and the 
corresponding curvature distribution. The end rotations are included in the curvature distribu-
tion, and in the expressions above, θ0 = 0 should be then used. 

5.1.2.1.2 Second order bending moments 
Second order bending moments are defined as the moments caused by axial loads and deflec-
tions. Initial eccentricities and/or initial deflections (due to out-of-straightness) are regarded 
as first order effects. The calculation of first order moments is not further commented here. 
 
Figure 5-3 shows a cantilever column (unbraced column) with a given deflection and a given 
set of vertical loads (often there is vertical load only at the top, but in a general case vertical 
loads may also act elsewhere). The effect of eccentricities of the vertical loads is included in 
the first order moments. Therefore, in the determination of second order moments the vertical 
loads should act in the centre of the deflected cross sections. 

Figure 5-3. Cantilever column with deflec-
tion and axial forces acting in selected sec-
tions. 
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For a cantilever, the normal force and the second order moment can be obtained as follows: 
 

iii VNN += +1  (5-4) 

( iiiii NMM )δδ −⋅+= +++ 111  (5-5) 
 
Figure 5-4 shows a column supported at both ends (braced column). 

Figure 5-4. Column braced at the top with 
deflection and axial forces acting in selected 
sections. 
 

 

 
 
The normal force and second order moment can be obtained as follows: 
 

iii VNN += +1  (5-6) 

( ) xHNMVNN iiiiiiii Δ⋅+−⋅+=+= ++++ 1111 δδ  (5-7) 
 
The horizontal force H balances the vertical forces acting on the deflected part of the column: 
 

∑
=

⋅=
n

i
iiV

l
H

0

1 δ  (5-8) 

 
A common case is when vertical load acts only on the top of the column, in which H = 0. 

5.1.2.2 Cross section analysis 

5.1.2.2.1 Modelling of cross section 
The cross section is divided into a number of elements. In the case of uniaxial bending subdi-
vision is made only in one direction. In biaxial bending subdivision is made in two directions. 
Figure 5-4 illustrates the subdivision of the cross section and the linear distribution of strain. 
Note the notation that has been chosen here for biaxial bending: subscripts “y” and “z” refer 
to the direction in which the moment causes deflection22. This is practical, since moment My 
will then cause deflection δy etc. 
                                                 
22 Thus, the conventional definition referring to the axis around which the moment acts is not used 
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Figure 5-4. Subdivision of cross section into concrete and reinforcement  elements. Definition 
of moment directions in biaxial bending, with the symbols used in this report. 
 
Figure 5-4 shows a rectangular cross section as an example, but with this type of modelling, 
any shape of section and any distribution of reinforcement can be handled without problems. 
It is also possible to give the concrete different properties in different parts of the cross sec-
tion, e.g. with regard to confinement from stirrups, surrounding steel or carbon fibre weave. 
However, these effects will not be studied in this report. 

5.1.2.2.2 Axial force and bending moments for a given strain distribution  
The most central part of the whole analysis is the determination of normal force and bending 
moments for a given strain distribution. The strain linear distribution is defined by the mean 
strain εm plus the curvature c in one (uniaxial bending) or two directions (biaxial bending), see 
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figure 5-4. The curvature represents the strain gradient. Considering this, the concrete and 
reinforcement strains in individual elements are (in uniaxial bending, cy = c and cz = 0): 
 

iii zcyc c,zc,ymc, ⋅+⋅+= εε  (5-9) 

iii zcyc s,zs,yms, ⋅+⋅+= εε  (5-10) 
 

Note. When the time-dependent behaviour of the concrete is included, the strains referred to above 
are the total strains, i.e. the strains that determine the curvature and the reinforcement stresses. 
The basic strain23 in the concrete is less, and will not become perfectly linear, although the devia-
tions from linearity are not very large. In an earlier version of the calculation model also this strain 
was assumed to be linear, which lead to simplifications in the program and faster calculations. 
However, it was not theoretically correct in connection with the accurate approach to creep as de-
scribed in chapter 4. It was also found to slightly overestimate the load capacity, which is natural 
since it meant the introduction of a restraint, leading to a stiffer response. 

 
For each element, the stress is determined as a function of the strain according to the chosen 
stress-strain relationship for the material in question. Any stress-strain relationships can be 
used. For the concrete the tensile strength can either be included or neglected, and if it is in-
cluded, so called tension stiffening can be taken into account. For the reinforcement, strain 
hardening can either be included or neglected. In most of the calculations presented in this 
report, both tensile strength of concrete and strain hardening of steel have been neglected24. 
The effects of creep and shrinkage in concrete are disregarded at this stage, but they will be 
closely examined later.  
 
The resulting axial force and bending moments are determined by summation of stresses over 
the cross section (in uniaxial bending, only My is considered). If the stresses are assumed to be 
constant within each element the following applies25: 
 

∑∑
==

+=
sc

1
s,s,

1
c,c,

n

j
jj

n

i
ii AAN σσ  (5-11) 

∑∑
==

+=
sc

1
s,s,s,

1
c,c,c,y

n

j
jjj

n

i
iii yAyAM σσ  (5-12) 

∑∑
==

+=
sc

1
s,s,s,

1
c,c,c,z

n

j
jjj

n

i
iii zAzAM σσ  (5-13) 

 
The concrete stress is a function of the basic concrete strain, which is related to the total strain 
according to e.g. expression (4-29). 
 

                                                 
23 See 4.2.2 for the distinction between total strain and basic concrete strains. 
24  In comparisons with tests, however, strain hardening of the steel has been taken into account when the ulti-
mate strength is known. 
25 If the concrete section is divided into 10 elements or more in each direction, sufficient accuracy is obtained in 
the end result. Other assumptions concerning the stress distribution within elements are possible. For example, 
discontinuities can be avoided by assuming a more refined distribution in elements through which the neutral 
axis passes. Even if it does not affect the end result in a significant way, it will make the iterations smoother. 
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In iterations, the derivatives of N, My and Mz with regard to εm, cy and cz are used, see clause 
4.3. They are determined by summation at the same time as N, My and Mz: 
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Here 
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The same applies for the z-direction. The derivatives of N with regard to the curvatures then 
become: 
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Derivatives of bending moment My: 
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Derivatives of bending moment Mz: 
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The following derivatives turn out to be identical: 
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5.1.2.2.3 Strain distribution for given axial force and moments 
In the member analysis, deflections are determined based on integration of the curvatures 
along the column. Therefore, an important part of the analysis is to determine the curvatures 
for given axial force and bending moments: N, My and Mz. The full strain distribution must be 
determined, thus also εm, even if it is not used in the member analysis. 
 
For a given strain distribution (εm1, cy1, cz1) the axial force and moments are functions of the 
strain distribution according to the previous clause: 
 

( )1111 ,, zym ccNN ε=  (5-27) 

( )1111 ,, zymyy ccMM ε=  (5-28) 

( )1111 ,, zymzz ccMM ε=  (5-29) 
 
The functions N, My and Mz are assumed to be locally linear around (εm1, cy1, cz1). Increments 
Δε, Δcy and Δcz in the strain distribution will then give the following increments of the axial 
force and moments: 
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The increments of axial force and moments should fulfil the following conditions: 
 

NNN =Δ+1  (5-33) 

y11 MMM yy =Δ+  (5-34) 

z11 MMM zz =Δ+  (5-35) 
 
This gives the following linear expression system with Δε, Δcx and Δcy as unknowns: 
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The solution can be written 
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New values of the strain distribution are calculated: 
 

m12 εεε Δ+= mm  (5-46) 

yy1y2 ccc Δ+=  (5-47) 

zz1z2 ccc Δ+=  (5-48) 
 
The procedure is repeated with the new strain distribution until there is convergence. The 
main result of this iteration is the set of curvatures cx and cy, but also the mean strain εm is 
important, since it will serve as a starting value in the next iteration. 
 
In uniaxial bending the problem is reduced to the solution of an expression system with two 
unknowns, εm and c: 
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The solution is 
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New values of strain and curvature: 
 

εεε Δ+= 1m2m  (5-54) 

ccc Δ+= 12  (5-55) 
 
The effect of creep on the basic concrete strain is not shown in the above description, but it 
has been shown in chapter 4. The description of the iteration procedure in 4.3.4.2 is made for 
a simpler cross section model than the one used here and with partly different symbols, but it 
is fully valid also for a cross section with more than 3 elements, and it can easily be general-
ized to the case of biaxial bending. Then it remains to add the effect of shrinkage according to 
4.5.2 and finally that of strength increase according to 4.6.3. The details of this will not be 
shown here, instead we will focus on the problem of finding the maximum load, and then on 
results of calculations with different assumptions. 

5.1.3 Finding the maximum load 

5.1.3.1 Analysis with load control 
In this type of analysis the load is the independent variable. Bending moments and axial force 
are usually assumed to vary proportionally, and this is usually the case in tests, but it is of 
course not necessary in a practical case. For example, bending moment(s) that increase while 
the axial load is more or less constant could resemble many practical cases. On a simple level, 
it makes no difference how the loads are assumed to vary on their way to the ultimate limit 
state, but when creep and other time-dependent effects are included it will have some effect, 
although small.26 
 
The load applied to the column will give first order bending moments and deflections, and 
then second order bending moments and increased deflections. In a linear analysis the final 
                                                 
26 Even without time-dependent effects, the load history may have some effect if the steeper slope of the stress-
strain curve in unloading is considered; the effect of this was studied in Westerberg (1971). 
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deflections and bending moments can often be determined analytically in one step, but in a 
non-linear analysis they have to be determined stepwise in an incremental procedure, as out-
lined below: 
 
1. Calculate the first order bending moments 

2. Calculate the curvatures corresponding to the most recent bending moments  

3. Calculate the deflections by double integration of the curvatures  

4. Calculate the total bending moments including the effect of deflections 

5. Repeat from 2 until the difference between two steps is sufficiently small 
 
As long as the differences between subsequent steps are decreasing, the column is stable and 
the iterations will converge. When the differences starts to increase, on the other hand, the 
iterations will not converge,. This occurs when the load is close to or above the ultimate load, 
but convergence problems will always occur slightly below the ultimate load, which means 
that this load can never be determined with absolute accuracy. 

5.1.3.2 Analysis with deformation control 
To use deformation control instead of load control in the calculations is a possibility to find 
the maximum load with any desired accuracy.  
 
A certain deformation parameter is chosen as the independent variable, which is kept constant 
in each calculation step. In this way, deformations can not grow out of control, and there is in 
principle no problem to go beyond the peak in the load-deformation relationship. (“In prin-
ciple”, because it is in general more difficult to program a calculation with deformation con-
trol than one with load control, and other types of problems often arise.)  
 
The deformation parameter chosen here as the independent variable is the curvature in the 
most critical section and in the most critical direction. 
 
The calculation in a deformation step, i.e. for a given value of the critical curvature cm, can be 
described as follows: 
 
1. The distributions of curvature and bending moment are given from the previous calcula-

tion step. The new curvature distribution in each direction is  

previous
previousm,

m
new )()( xc

c
cxc ⋅=   (5-56) 

 
where x is a coordinate along the column.  
 
In the very first calculation, c(x)previous, or rather its distribution, has to be estimated (the 
absolute value does not matter, since all values are divided by the value in the critical sec-
tion and direction). A good first estimation is a distribution corresponding to the first order 
moments and the belonging flexural stiffness in the respective direction (for example, 
stiffness values for the uncracked section generally gives a good start). 
 

2. Deflections are calculated by double integration of the curvatures as described above. 
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3. The problem now is to find the load, for which there is compatibility in the most critical 
section and the most critical direction between normal force N, bending moment M and 
deflection δ. This normal force is found by varying the mean strain εm while the curva-
tures are kept constant at their given values. A certain value of εm gives a combination of 
normal force and bending moment, N(εm, cy, cz) and M (εm, cy, cz)  - in the following sim-
plified to N(εm) and M (εm). The mean strain for which the following condition is fulfilled 
will give the correct value of the normal force in the section: 
 

( ) ( )[ ] ( ) δεεε ⋅+= mm0m NNMM  (5-57) 
 
The following should be noted: M and δ could mean either the y- or z-direction, depending 
on which is the most critical one. δ stands for the deflection with which the normal force 
should be multiplied to give the second order moment. For example, for a column with 
constant normal force, δ is the maximum deflection; in case of varying normal force some 
other deflection will be representative. In more general terms, δ = M2/N, where M2 is the 
second order moment in the critical section and direction. 
 
The above expression is differentiated with respect to εm: 
 

( ) ( )[ ] ( ) δεεεεεε ⋅Δ++Δ+=Δ+ mm0m NNMM  (5-58) 
 
Using the derivatives of N and M with respect to ε, this can be written: 
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Solving for Δε gives 
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The first order moment can be independent of the normal force, or related to it. For exam-
ple, if the first order moment is caused by a first order eccentricity e0 , then 00 eNM =∂∂ . 
If the first order moment is independent of the normal force, then 00 =∂∂ NM .  
 
The calculation is repeated with the new value εm + Δε, until convergence is found. The 
normal force and the first order moments along the column are adjusted according to the 
current relationships, so that they correspond to N in the critical section. 
 

4. With the load and the deflections given, the total bending moments can be calculated.  
 

5. With the total bending moments given, the corresponding curvatures can be calculated 
according to clause 4.3.  
 

6. If the new curvatures along the column differ too much from the most recent values, cal-
culation is repeated from 1. Otherwise go to 7. 
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7. After convergence in a deformation step, a new critical curvature cm +Δc is selected, and 

the calculation is repeated from 1. Every time the load has decreased compared to the pre-
vious curvature step (i.e. when the maximum load has been passed), the curvature is step-
ped “backwards” with a smaller increment, and this is repeated every time the load de-
creases, until the maximum load has been established with sufficient accuracy. This is il-
lustrated in figure 5-5, using (-0,3Δc) as the new increment when going “backwards”. 

 

Figure 5-5. Finding 
the maximum load in a 
calculation with de-
formation control, 
using the critical cur-
vature as the inde-
pendent variable. 

 

 
The procedure for analysis with deformation control may appear simple when described like 
this, but there are many possibilities for iterations on different levels to go out of control. 
Each time a new convergence problem occurs, various methods for solving it can be added in 
the computer program, but finally this may make the program too complicated and difficult to 
grasp, so as a compromise some types of convergence problems may have to be accepted; 
when such a problem occurs, the input parameters are then changed until the obstacle is over-
come, or alterations in the program are made. (If the ambition of the author had been to make 
a user-friendly commercial program, much more effort would have been dedicated to over-
coming all kinds of convergence problems, but as it is, different versions of the program have 
been made with the only purpose to use them as a research tool.) 

5.2 Effect of strength increase in complete column model 
The examples in chapter 4 were based on a simple mechanical model with three concrete ele-
ments in the cross section and with only one flexible element along the column, where defor-
mation compatibility and equilibrium conditions were satisfied. The reason for these simplifi-
cations was to facilitate easy programming of the calculations in a software called Mathcad, 
where mathematical expressions are written like they appear in normal text. It is then easy to 
test analytical expressions in direct calculations, and it is easy to produce graphs. On the other 
hand, programming facilities are limited and calculations involving iterations may be very 
slow, which is the reason why such simple mechanical models were used.  
 
The general conclusions drawn from these examples are valid in qualitative terms, but in or-
der to approach practical cases and to make comparisons with test results, a more complete 
and realistic calculation model is necessary. This requires more than three concrete elements 
over the cross section, and more than one flexible element along the column. It should also be 
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possible to handle biaxial bending and a first order moment that varies along the column, like 
in the case of different end eccentricities. This leads to the so called “general method”, as de-
scribed above. Programming according to this model requires a “normal” programming lan-
guage; in this case a programming language called QuickBasic has been used.  

5.2.1 Examples with long-term load only 
A few examples of calculations with the general method will be shown in the following. The 
column is a cantilever with an axial force, a bending moment and a horizontal force at the top.  
The length of the column is 10 times the depth, i.e. the slenderness is l0/h = 2⋅l/h = 20, or λ = 
l0/i = 6,9⋅l/h = 69, see figure 5-6. The column length is divided into 11 sections for which de-
formation compatibility and equilibrium conditions are satisfied, and the cross section is di-
vided into 10 concrete areas and two reinforcement areas. For integration purposes, the curva-
ture is assumed to vary linearly between the 11 sections, and concrete stresses are assumed to 
be constant within each cross section area, corresponding to the average strain in the area. The 
reinforcement is symmetrical in two areas, each at a distance t = 0,1h from the edge. 

 Figure 5-6. Example column 
with longitudinal and trans-
verse subdivision into elements. 
  

 

5.2.1.1 Example 1 
Figure 5-7 shows the development of strains, curvature, deflection and maximum bending 
moment with time in the first example, where fck = 30 MPa, N = 10 MN, M0 = 1,5 MNm, H = 
0,1 MN, l/h = 10 and b = h = 1,0 m. (With these cross section dimensions, the values of N and 
M can also be interpreted as N/bh and M/bh2 in MPa.) The edge distance of the reinforcement 
is t = 0,1 m. Design values of material parameters were used in the calculation. 
 
Time is represented by the time step number, and the time at step i is 
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Thus, i = 0 represents t = 28 days and i = 100 represents t = 100 years, with logarithmic varia-
tion in between. 
 
The thick lines show the result with strength increase included, the thin dashed lines show the 
same results but without taking into account strength increase; the strength is then “frozen” at 
the value for t = t0, i.e. in this case the 28 day strength. 
 
 

Figure 5-7.  
a) Development of strains (o/oo) 
in example 1. Basic data: 
 
N = 10 MN 
M0 = 1,5 MNm 
H = 0,1 MN 
l/h=10 
l0/h = 20 
 
Thick lines: strength increase 
included. Thin lines: not in-
cluded. 
 
Symbols: 
ε’s  compression reinforcement 
ε0

c  max. basic concrete strain 
εs  tension reinforcement 
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b) Development of deflection 
(mm) in example 1. 
 
Thick line: strength increase 
included. Thin line: not in-
cluded. 
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c) Development of the maxi-
mum bending moment (MNm) 
in example 1. 
 
Thick lines: strength increase 
included. Thin line (hardly 
visible): not included. 
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The tendency is that taking into account strength increase reduces strains and deflection, and 
thus also the bending moment. In this example, however, the effect of strength increase is 
very small, particularly as regards the bending moment. This is an example with a moderate 
second order effect, where the bending moment increases by 30 % with time, despite the fact 
that the deflection increases by almost 150 % (the reason for this “discrepancy” is of course a 
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relatively high first order moment). It should be noted that the strain in the compression rein-
forcement passes the yield strain at i = 37 (t = 398 days). At that point the basic concrete 
strain starts to increase, after having decreased before (blue line in figure 5-7a). However, 
yielding of the compression reinforcement does not have any dramatic effects on the overall 
behavior of the column, instead the development of strains etc. slows down towards the end of 
the time period. 

5.2.1.2 Example 2 
The axial force is increased to N = 15 MN and the end moment is reduced to M0 = 0,4 MNm. 
The horizontal force H and the column length l are the same as in example 1. Figure 5-8 
shows the development of strains, deflection and bending moment. 
 
This time there is a significant difference depending on whether strength increase is taken into 
account or not. Without strength increase, strains and deflection start to increase uncontrolla-
bly at about i = 80 (t = ca 24 years), and for i > 97 convergence is no longer possible in the 
calculation, which indicates that the column has reached an unstable state. On the other hand, 
with strength increase, stability is possible during the whole period, and at the end of the pe-
riod the increase of deformations slows down in the typical way. In comparison with example 
1, the second order effect is relatively strong, and the bending moment increases 66 % from i 
= 0 to i = 100.  
 
 

Figure 5-8.  
a) Development of strains (o/oo) 
in example 2. Basic data: 
 
N = 15 MN 
M0 = 0,4 MNm 
H = 0,1 MN 
l/h=10 
l0/h = 20 
 
Symbols: 
ε’s  compression reinforcement 
ε0

c  max. basic concrete strain 
εs  tension reinforcement 
 
Thick lines: with strength incr. 
Thin lines: without str.incr. 
Dash-dot: compr. yield strain 
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b) Development of deflection 
(mm) in example 2.  
 
Thick lines: with strength incr. 
Thin lines: without str.incr. 
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c) Development of the maximum 
bending moment (MNm) in ex-
ample 2. 
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5.2.1.3 Example 3 
The axial force is further increased to N = 20 MN, the bending moment is reduced to M0 = 0,1 
MNm and the horizontal force to H = 0. All other assumptions are the same as before. 
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Figure 5-9.  
a) Development of strains (o/oo) 
in example 3. Basic data: 
 
N = 20 MN 
M0 = 0,1 MNm 
H = 0 MN 
l/h=10 
l0/h = 20 
 
Symbols: 
ε’s  compression reinforcement 
ε0

c  max. basic concrete strain 
εs  tension reinforcement 
 
Thick lines: with strength incr. 
Thin lines: without str. incr. 
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b) Development of deflection 
(mm) in example 3. 
 
Thick line: with strength incr. 
Thin line: without str. incr. 
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c) Development of the maximum 
bending moment (MNm) in ex-
ample 3. 
 
Thick line: with strength incr. 
Thin line: without str. incr. 
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This example shows the same tendencies as example 2, but in a more pronounced way. With-
out strength increase, instability is reached already at i = 65 (t = 8 years), and deformations 
start to increase sharply as soon as the compression reinforcement reaches the yield strain. 
This is true also with strength increase, but despite a strong increase of deflection and bend-
ing moment (the latter increases more than 5 times), stability can be maintained during the 
whole time period. 

5.2.2 Additional short-term load 
The previous examples are extreme compared to most practical cases, and in particular so no. 
2 and 3, where instability occurs under long-term load. In such cases strength reduction at 
high sustained stresses and a more pronounced non-linearity of creep should have been in-
cluded. This has not been done here, so the results should only be judged qualitatively with 
regard to the isolated effect of strength increase. In practical cases, there is normally a short-
term load, which governs the ultimate limit state design. This gives a margin for the long-term 
load, and instability under this load will then seldom be governing in design. We will now 
study the more realistic case described earlier (clause 3.2.3 and figure 3-5), with a long-term 
load followed by a short-term increase to failure after a certain time. 
 
The time after which the short-term load is applied is normally assumed equal to the required 
service life of the structure, typically 50 to 100 years. This is consistent with the normal de-
sign assumption, according to which the increase of the concrete strength after 28 days is not 
taken into account. As discussed above, however, if strength increase of the concrete is to be 
taken into account, then a shorter duration might become more critical. This has been demon-
strated in clause 4.6.5, see e.g. figure 4-95. 
 
Short-term load can easily be included in the calculation scheme used earlier, it is only to in-
crease the load without increasing the time. If the load is increased in steps, a stage will soon 

 129



5. Complete model for nonlinear analysis 

be reached where the calculation (which includes a huge amount of iterations) does not con-
verge, which indicates that a state of instability has been reached. However, it is difficult to 
find an accurate value of the ultimate load in this way, since lack of convergence will nor-
mally occur also slightly below the ultimate load, and the last load for which stability can be 
found may therefore be a more or less conservative estimate of the ultimate load. 
 
In order to find a more accurate value of the ultimate load, one may switch from “load con-
trol” to “deformation control”. With deformation control of the calculation, there is in princi-
ple no problem to find the maximum load; the independent deformation parameter can be 
stepped back and forth in order to determine the maximum load with any desired accuracy. It 
is also possible to go beyond the maximum load to study the descending part of the load-
deformation relationship. (This is seldom of any practical interest, however, since the aim of 
the calculation normally is to find the maximum load capacity.) 
 
Figure 5-10 shows an example based on the same assumptions as in example 2 above. The 
figure shows the load-time-deflection relationship in the same way as figure 4-4. Loading is 
applied in steps:  
 
1. Long-term load is applied at the age of 28 days (in order to show the non-linear relation-

ship between load and deformation, the load has been applied in a number of steps with-
out time delay; but this stepping does not influence the end result).  

2. The long-term load is kept constant while time increases, e.g. up to 50 or 100 years.  

3. After this time the load is increased to its maximum value (or rather, the independent de-
formation parameter is increased until a maximum value of the load is found). Time does 
not increase during this step. 

In this example, the bending moment and the horizontal force have been varied proportionally 
with the axial force, in such a way that the total first order moment corresponds to a constant 
maximum eccentricity of the axial load. 

The time for loading to failure (step 3) has been varied: 28 days, 0,5 years, 2 years, 10 years 
and 100 years. Strength increase has been both neglected and taken into account. Time 28 
days here means direct loading to failure without preceding long-term load. 

Without strength increase it is very clear that the ultimate load decreases with increasing time, 
which is self-evident, since the deflection increases whereas the strength does not increase.  

With strength increase the picture is more complicated. Also in this case, the lowest value of 
the ultimate load is obtained for the longest load duration, but the difference compared to the 
shorter loading durations is much less in this case, and in fact the capacity is slightly higher 
for loading after 0,5 years than after 28 days. This means that the increase of deflection with 
time can, in some cases, be more than compensated by the strength increase, as has been 
demonstrated earlier with the simple column model, clause 4.6.5. 
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Figure 5-10. Relationships between load and deflection for a column according to the as-
sumptions in example 2.  

 

Figure 5-11 shows the ultimate load as a function of the loading time with and without includ-
ing strength increase. Here it is clearly seen how strength increase compensates for the effect 
of increased deflection in the beginning of the service life, but not in the long run. Neverthe-
less, in the end the ultimate load is about 20 % higher with strength increase than without. 
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Figure 5-11.  
Ultimate load as a 
function of the du-
ration of long-term 
load (15 MN) be-
fore loading to 
failure. With and 
without strength 
increase. 
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5.2.3 Systematic parameter studies 
So far we have seen one single example of the effect of strength increase, from which of 
course no general conclusions can be drawn. Therefore, a number of cases will be studied 
more systematically. The following parameters will be kept constant, at least to start with: 
 
Concrete compressive strength, design value fcd = fck/γc = 30/1,5 = 20 MPa 
Stress-strain curve parameters according to EN 1992-1-1, using design values 
Reinforcement yield strength, design value fyd = fyk/γs = 500/1,15 = 435 MPa 
Reinforcement E-modulus Esd = Esm = 200.000 MPa 
Drying starts after ts = 7 days 
Long-term load is applied after  t0 = 37 days27 
Cross section  b x h = 1,0 x 1,0 m 
Reinforcement area (total)  As = 0,02⋅bh 
Reinforcement edge distance t = h/10 
 
The following parameters will be varied (to reduce the number of parameters, the horizontal 
force will always be H = 0; this only means that the first order moment will be constant along 
the column instead of varying from top to bottom): 
 
Long-term axial load Nl  (65 % of short-term ultimate load) 
Short-term load applied at time tu  (50 years) 
Slenderness l0 / h = 2l / h (20) 

                                                 
27 The reason for choosing t0 = 37 days  instead of 28 days was simply that graphs with a logarithmic time scale 
look better if the time starts at 0,1 years than at log(28/365). 
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Eccentricity of long-term load elong = Ml / Nl (0,1) 
Eccentricity of short-term load eu = Mu / Nu (0,5) 
Relative humidity  RH  75 % 
Cement type C  (N, normal hardening) 
 
The value within brackets is the value that has normally been used when one of the other pa-
rameters has been varied. 
 
Subscript “u” here stands for the design value of the ultimate load, Nu, which is sought as a 
function of the other variables.  

5.2.3.1 Level of long-term axial load 
The ultimate short-term load, applied after 50 years, is shown in figure 5-12 as a function of 
the level of the long-term axial load. The long-term load is given as a percentage of the ulti-
mate short-term load without long-term effects, in this case Nu(t0) = 7,70 MN. All other vari-
ables are as specified above. It should be observed that the value of Nu(t0) is about 1 % higher 
if strength increase is taken into account, since there is some strength increase already from 
28 to 37 days (see also footnote above). However, this difference has been neglected and the 
same value (7,70 MN) has been used as the reference value even if strength increase is taken 
into account. 
 
The relative eccentricities are elong/h = 0,1 and eu/h = 0,5. This reflects a common design 
situation, where the long-term load due to quasi-permanent actions has a small or moderate 
eccentricity, often mainly due to geometrical imperfections, whereas the short-term load may 
include the effects of wind or other variable loads, which may cause high bending moments. 
Of course, the relative eccentricities may assume any values, so this is just an example, but 
this kind of difference in relative eccentricities is typical for many practical cases. 

Figure 5-12. Ultimate 
short-term load Nu(50) 
applied after 50 years as a 
function of the long-term 
load Nlong related to the 
short-term ultimate load 
Nu(t0). 
 
l0/h = 20,  
elong/h = 0,1,  
eu/h = 0,5, 
ρ = 0,02. 
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The ultimate load, when applied after 50 years, is about 10 % higher if strength increase is 
taken into account, independently of the level of the long-term load.  
 
Figure 5-13 shows the ultimate load as function of the time of application for different levels 
of the long-term load. Here it is clearly seen how the effect of strength increase compensates 
for the effect of creep and shrinkage, even for such a high level of long-term load as 95 %. It 
can also be concluded that the most critical time for application of the short-term load in this 
example, if strength increase is taken into account, is as early as possible. At later times the 
effects of creep and shrinkage are more than compensated by the increased concrete strength. 
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Figure 5-13. Ultimate short-term load as a function of the time of its application, for different 
levels of long-term load. The percentage is the long-term load in relation to the ultimate 
short-term load at t = t0, Nlong/Nu(t0). l0/h = 20, elong/h = 0,1, eu/h = 0,5, ρ = 0,02. 
 
It should be observed that the vertical scales in figures 5-12 and 5-13 do not start at zero, 
which makes the differences look more dramatic than they actually are. For example, the ef-
fect of strength increase with the lowest value of the long-term load is a 7% increase of the 
ultimate load after 100 years, in comparison with the capacity calculated without including 
strength increase. 
 
A final comment to figure 5-13: the reason for the curves with and without strength increase 
to start at different values (Nu(t0) = 7,70 and 7,79 respectively) is that the reference strength fck 
is defined for 28 days age of the concrete, whereas loading in this example starts at t = 37 
days (0,1 years; see footnote above). Thus, the difference is due to the strength increase from 
28 to 37 days of age. The difference is no more than 1 %, but it looks greater in figure 5-13 
due to the scale. 
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For levels of the ultimate load above 80 to 85 % of the short-term ultimate load, one might 
think that a reduction of the compressive strength should be made, considering the effect of 
high sustained stresses on the concrete strength. However, for a slender column a load level of 
80 to 85 % does not mean that there is a long-term stress level of that magnitude, particularly 
not when strength increase is considered. Furthermore, such high levels of long-term load as 
80 to 85 % will rarely be found in practice, and therefore the results presented here for the 
highest levels of long-term load are extreme compared to real design situations. This matter 
has also been discussed in clause 3.1, and it will be further discussed in chapter 6 in connec-
tion with comparisons with test results. 

5.2.3.2 Slenderness  
The slenderness is varied from a moderate l0/h = 10 up to the extremely high value of l0/h = 
60, see figure 5-14. Here the vertical scale starts at zero, which shows that the differences due 
to the effect of strength increase are not so dramatic as it may seem judging from figures 5-12 
and 5-13. The long-term effects are small, with or without strength increase included (com-
pare the solid blue and red lines with the dashed red line). Without strength increase, of course, 
the ultimate load is always lower when applied after 50 years than at time t0. With strength 
increase, on the other hand, one has to go to very high values of slenderness to find any nega-
tive influence of all the combined long-term effects.  
 

Figure 5-14. 
Ultimate loads 
as a function of 
the slender-
ness. The long-
term load Nlong 
is 65 % of 
Nu(t0). 
  
elong/h = 0,1,  
eu/h = 0,5, 
ρ = 0,02. 
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To illustrate the above comments to figure 5-14 more clearly, the ratio between the ultimate 
loads applied after 50 years and t0 respectively is shown in figure 5-15. The effect of strength 
increase is not overcome by the effects of creep and shrinkage until l0/h > 50. However, a 
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general tendency is that strength increase becomes less important with increasing slenderness 
(i.e. the blue line approaches the red one). This can be understood as follows: with higher 
slenderness, the stiffness (E-modulus) of the concrete becomes more important than the 
strength, and the stiffness increases only with strength1/3 according to assumptions made here 
 
The irregularities of the lines in figure 5-15 depend on whether yielding of the compression 
reinforcement occurs (l0/h < 20) or not (l0/h > 25). 
 

Figure 5-15. 
Ratio between 
ultimate loads 
applied after 
50 years and t0 
= 37 days re-
spectively, as a 
function of the 
slenderness. 
 
elong/h = 0,1,  
eu/h = 0,5, 
ρ = 0,02. 
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5.2.3.3 Eccentricity 
In this example the initial eccentricity of the load will be varied, but now the eccentricities 
will be assumed to be the same for long-term and short-term load. This may reflect another 
typical design situation, different from the one described above. The column could be a mem-
ber in a frame structure, which is braced against horizontal forces by shear walls or other 
types of bracing systems. The bending moments in the columns will then be unaffected by 
wind load and instead the moments, transferred from adjacent beams (or slabs, in case of a 
flat slab system), will depend on the vertical load on the beams or slabs. If the loading con-
sists mainly of fixed actions, the eccentricity will then be about the same for long-term and 
short-term loading.  
 
The result is shown in figure 5-16. For small eccentricities, the capacity is almost unaffected 
by long-term effects if strength increase is taken into account, but for large eccentricities the 
effect of strength increase almost vanishes, i.e. the blue line approaches the red one. This is 
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quite natural, since the influence of the concrete strength is diminished when the loading of 
the cross section approaches pure bending. 
 

Figure 5-
16. Ulti-
mate loads 
as a func-
tion of the 
relative 
eccentric-
ity, in this 
case equal 
for long-
term and 
short-term 
load. 
 
Nlong/Nu(t0) 
= 0,65, 
l0/h = 20,  
ρ = 0,02. 
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In order to show the differences more clearly, the ratio between the ultimate loads applied 
after 50 years and t0 respectively is shown as a function of the relative eccentricity in figure 5-
17. Like in figure 5-15, there are irregularities in the curves, depending on whether the tension 
and compression reinforcements have yielded or not. This could of course be analysed more 
in detail, in order to find the exact points where the respective reinforcements start to yield. 
Then there would be sharp break-points in the lines, but this line of analysis will not be pur-
sued further, since it is considered to be of secondary interest in this connection. 
 
For the largest eccentricity, e/h = 1,0, the difference due to the effect of strength increase is 
negligible. For all eccentricities e/h > 0,4, strength increase does not compensate the effects of 
creep and shrinkage, which means that the most critical time for application of the short-term 
load will be at the end of the service life. This is contrary to the conclusions from previous 
examples with a small eccentricity of the long-term load, but it is quite natural since in this 
example the long-term eccentricity is the same as the short-term one, which gives a stronger 
effect of creep on the deflection.  
 
The same relationships as in figure 5-13 are shown in figure 5-18, but this time with elong/h = 
eu/h = 0,5. In this case, long-term loads above 80 % of the short-term capacity can not be sus-
tained during the whole time period; without strength increase, 80 % of the short-term capac-
ity can be sustained for less than 10 years. For long-term load levels above 50 % strength in-
crease does not compensate the effects of creep and shrinkage. Instead, the most critical time 
for application of the short-term load is the end of the service life. 
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Figure 5-17. 
Ratio between 
ultimate loads 
applied after 50 
years and t0 = 37 
days respective-
ly, as a function 
of the relative 
eccentricity. 
Nlong/Nu(t0) = 
0,65, 
 l0/h = 20,  
ρ = 0,02. 
 
Upper line = 
with, lower = 
without strength 
increase. 
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Figure 5-18. Ultimate short-term load as a function of the time of its application, for different 
levels of long-term load. Same as figure 5-13, but this time with elong/h = eu/h = 0,5. 
Nlong/Nu(t0) = 0,65, l0/h = 20, ρ = 0,02. 
 

5.2.3.4 Relative humidity and cement type 
So far RH = 75 % has been assumed. This parameter will now be varied. The result is shown 
for cement type N (normal hardening) in figure 5-19. It is well known that both shrinkage and 
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creep decrease with increasing relative humidity, and as could then be expected, the ultimate 
capacity increases with increasing RH. The increase is about 4 % from RH = 30 to 100 %. (In 
the model that has been used here, strength increase is not influenced by RH.) 
 

Figure 5-19. 
The effect of 
relative humid-
ity.  
 
Nlong/Nu(t0) = 
0,65, 
l0/h = 20,  
elong/h = 0,1,  
eu/h = 0,5, 
ρ = 0,02. 
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We will now also introduce the cement type as a variable. As shown earlier, the Eurocode 2 
(2004) models for long-term effects include three standard cement types: N (normal), S (slow) 
and R (rapid) cement, with regard to the hardening rate. The effect of cement type on the 
strength increase of concrete has been presented above, figure 3-76. This figure shows that the 
effect of strength increase will be significantly higher with slow hardening cement (S) and 
somewhat lower with rapid hardening cement (R), compared to normal cement (N). This is 
then based on using 28 days as the reference age. 
 
In figure 5-20 curves for the two other cement types have been included. The effect of the 
relative humidity is similar for all cases. Concerning the effect of strength increase, figure 5-
20 only confirms what could be expected from figure 4-67, namely that the effect of strength 
increase after 28 days is higher for slow hardening cement. Without taking strength increase 
into account, i.e. considering only creep and shrinkage, there are only small differences de-
pending on the cement type, and the curves converge to practically one and the same value for 
the limiting value RH = 100 %. 
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Figure 5-20. 
The effect of 
relative hu-
midity and 
cement type. 
 
Nlong/Nu(t0) = 
0,65,  
l0/h = 20, 
elong/h = 0,1, 
eu/h = 0,5, 
ρ = 0,02. 
 
Upper three 
lines = with, 
lower three = 
without 
strength in-
crease. 
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5.2.3.5 The isolated effect of shrinkage  
It has earlier been found that shrinkage has a negative effect in most cases, by increasing the 
deflection and thus the bending moment. The cases where the opposite is true are rare, and the 
deviations are then much smaller, see figure 4-66.  
 
These conclusions were based on the simple mechanical model used in chapter 4. They are 
confirmed by the present study with a more realistic column model. Figure 5-21 shows how 
much the ultimate load is overestimated if shrinkage is neglected. In this example, with basic 
assumptions as stated above, the overestimation is less than 4 %, however, which is not severe. 
When RH approaches 100 %, the curves approach zero, which is natural, since then only the 
autogeneous shrinkage remains, which is comparatively small in this case, with normal 
strength concrete. 
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Figure 5-21. 
The isolated 
effect of 
shrinkage. 
 
Nlong/Nu(t0) = 
0,65, 
l0/h = 20,  
elong/h = 0,1,  
eu/h = 0,5, 
ρ = 0,02. 
 
Upper line for 
each cement 
type = with, 
lower = with-
out strength 
increase. 
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5.2.4 Conclusions from parameter study 
Level of long-term axial load 
In the present example, with l0/h = 20 and e1/h = 0,1 and e2/h = 0,5, the ultimate load applied 
after 50 years is about 10 % higher if strength increase is taken into account, independently of 
the level of the long-term load. Even for such an extreme level of long-term load as 95 % of 
the initial ultimate load, the effect of strength increase compensates for the effect of creep and 
shrinkage. If strength increase is taken into account, the critical time for application of the 
short-term load is as early as possible. An important prerequisite for these conclusions is that 
the eccentricity of the long-term load is only 1/5 of that of the ultimate load. 
 
Slenderness  
In this example, where the eccentricity of the long-term load is only 1/5 of that of the ultimate 
load, the long-term effects are small even for very high slenderness values, and it is only for 
l0/h > 50 that a negative influence of the combined long-term effects (strength increase in-
cluded) can be found.  
 
Eccentricity 
When the eccentricity is varied with the same values for long-term and ultimate load, the ca-
pacity is almost unaffected by long-term effects for small eccentricities if strength increase is 
taken into account. For large eccentricities, on the other hand, the effect of strength increase 
almost vanishes. This is consistent with the (generally) small influence of the concrete 
strength for pure bending. 
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For eccentricities e/h > 0,4, strength increase does not compensate for the effects of creep and 
shrinkage, which means that the most critical time for application of the short-term load will 
be at the end of the service life. This is contrary to the conclusions from previous examples, 
where the long-term load had a small eccentricity compared to that of the ultimate load.  
 
Relative humidity and cement type 
The ultimate load capacity after 50 years increases with increasing RH. The increase is about 
4 % from RH = 30 to 100 %. This has primarily to do with the reduced shrinkage, but to some 
extent also with reduced creep. 
 
The cement type has an effect on the ultimate load applied after 50 years, if strength increase 
is taken into account. Thus, with slow hardening cement the ultimate load may be some 3 % 
higher than with normal cement, and 4 % if compared with rapid hardening cement. This is 
based on using 28 days as the reference age for all cement types.  
 
The isolated effect of shrinkage  
Disregarding shrinkage will in most cases lead to an overestimation of the ultimate load. In 
the present example, however, the overestimation is less than 4 %, which is not severe.  
 

5.3 Comparisons with simplified approach to creep in uniaxial bending 

5.3.1 General 
The simplified approach for taking into account creep in non-linear analysis has been dealt 
with in chapter 4, and some comparisons were made using a simple mechanical model. The 
simplification with regard to creep was then characterized by using an extended stress strain 
curve for the concrete, disregarding the effect of different creep curves for different times of 
load application or stress changes. The load in these examples was only long-term load, which 
meant that the “effective creep ratio” never came into play. 
 
A more systematic comparison between the simplified and the accurate models for taking into 
account creep will be undertaken here, and the “effective creep ratio” will be introduced, in 
order to handle cases where a short-term load is applied at the end of a period with long-term 
load. The simplified approach including an effective creep ratio was used in the calculations 
that were made for calibration of simplified methods as has been described in chapter 1. Thus, 
the following will be a test of whether these calculations were accurate enough. 
 
The simplified approach to creep with an effective creep ratio is used with the “general 
method” based on non-linear analysis, and what is simplified is thus the way in which time-
dependent effects are taken into account, and that some these effects are ignored. The “simpli-
fied general” method is characterized by the following: 
 
• A modified stress-strain relationship is used for the concrete, with all strain values multi-

plied by (1 + ϕef), where ϕef is an effective creep ratio. See figure 5-22. 
 
• The effective creep ratio is related to the final value of the creep coefficient, calculated for 

the end of the service period during which the long-term load is assumed to act, and is re-
duced to take into account the relative effect of long-term load in a load combination. 
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• The idea of the effective creep ratio is to characterize the creep effect with one single pa-
rameter, and to make it possible to calculate the failure load in one single step, without a 
separate analysis for long-term load. The effective creep ratio can also be (and is) used in 
simplified methods for practical design. 

 
• The following effects are ignored:  

− stress variations during the time considered 
− shrinkage  
− strength increase 

 
It would be quite easy to take into account both shrinkage and strength increase in the simpli-
fied approach, as indicated in figure 5-22; the approach would still be “simplified”, but the 
main idea is to ignore them, and to hope that possible unfavourable effects of shrinkage would 
be compensated by strength increase. 
 

Figure 5-22. Modified stress-
strain curve for concrete used in 
simplified calculations. The 
dashed line indicates how, 
within the scope of the simpli-
fied approach, it would be pos-
sible to take into account both 
shrinkage and strength increase. 
 

 

 
 
There is one very good reason for not including the effects of shrinkage and strength increase 
in the simplified approach. The great advantage, which will be demonstrated in clause 5.3.2, 
is that the effect of creep can be described by one single parameter, the effective creep ratio. 
This parameter is the product of the final creep coefficient and the ratio between first order 
moments under long-term load and design load respectively. Thus, it includes a variety of 
influences like concrete mix, cement type, relative humidity, time and loading conditions. If 
shrinkage and strength increase were also to be included, there would be at least one more 
parameter (shrinkage), which would have to be varied more or less independently of the effec-
tive creep ratio (the latter depends on the same parameters as shrinkage, but also on load con-
ditions).  
 
The stress-strain curve in figure 5-22 deserves a further comment. It is well known that the 
descending part of the curve is not a well-defined material parameter, since its slope is size-
dependent due to localization of the compression failure, see e.g. Borges et al (2004). Thus, 
the damage zone will be a larger or smaller part of the length over which the strain is meas-
ured, which will result in a more or less steep curve. In a beam, column or any structural ele-
ment subjected to bending, the moment distribution will have an effect for the same reason.  
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In the simplified approach for taking into account creep in non-linear analysis, a non-linear 
stress-strain curve with a descending part is used, and now it is even extended! However, this 
should not be interpreted “physically”. It is just a tool for calculations, and what is relevant 
then is whether these calculations give reliable results or not. Furthermore, the slope of the 
descending part of the extended stress-strain curve generally has little or no effects on the end 
result of a non-linear second order analysis. Once the peak of the curve is passed, deflections 
start to increase rapidly so that failure soon occurs. Therefore, a more or less steep descending 
part of the stress-strain diagram has little effect on the calculated failure load, particularly for 
columns of some slenderness [see Westerberg (1971), translated in Appendix A]. Under sus-
tained load, where the load level is always more or less far below the short-term failure load 
(design load), the peak of this fictitious stress-strain curve will never be reached in practical 
cases. For these reasons, there is no point in further discussing the “unrealism” of the ex-
tended stress-strain curve according to figure 5-22. 
  
However, a continuous stress-strain curve with a descending part is useful in non-linear calcu-
lations for practical reasons. In the numerical process to find the maximum load, using defor-
mation control, the peak load will be passed temporarily, and high strains may then be 
reached. A descending part of the stress-strain curve may then give a smooth transition into 
the post-peak region, which may facilitate the iterations needed to find the peak load.28 
 
The central parameter in the simplified model is the effective creep ratio. In the Swedish con-
crete code BBK 04 (2004) and in EN 1992-1-1, Eurocode 2 (2004), the following definition is 
used: 
 

u
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⋅= ϕϕ     (5-61) 

 
where 
ϕ  is the final creep coefficient for the time considered, taking into account concrete 

properties, RH etc 
M0

long is the first order moment under long-term (quasi-permanent) load 29 
M0

u is the first order moment under design load in ultimate limit state 29 
 
The idea behind the effective creep ratio is the following. Let us assume that we have plain 
uncracked concrete, subjected to a bending moment M, with values Mlong and Mu according to 
the above notation. The following applies for the curvature 
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curvature under design load, 
applied after a “long” time (5-63)

 
With an effective creep ratio, the curvature under design load would be expressed in the fol-
lowing way 
                                                 
28 Not always, however, since it is often the yielding of reinforcement that determines the transition into the post-
peak region, and then there will be discontinuities and iteration problems anyway. 
29 The symbols in Eurocode 2 are M0

Eqp and M0
Ed for quasi-permanent load and design load respectively; E 

stands for action Effect. 
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Combination of expressions (5-62), (5-63) and (5-64) leads to 
 

u
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ef M

M
ϕϕ =  (5-65) 

 
Expression (5-65) is analogous with (5-61) (although in (5-65) no special reference is made to 
“first order”). In Westerberg (2004) the effective creep ratio is examined in this basic way 
also for reinforced and cracked sections. It is found that the simple definition above, based on 
uncracked plain concrete sections, gives good results also for reinforced and cracked sections. 
However, another question is whether an effective creep ratio based on first order moment is 
relevant for a case with second order effects. This is also discussed in Westerberg (2004), and 
comparisons are made between different approaches for taking into account creep: 

− calculations with separate steps for long-term and short-term loads  

− one step calculation using the effective creep ratio according to (5-61). 
 
This was found to give satisfactory results in simple cases. However, in Westerberg (2004) 
also the separate long-term calculations were made with an extended stress-strain curve, i.e. 
one part of the simplified approach to creep (although then of course with the full creep coef-
ficient). This in itself is an approximation, which has been closely examined in chapter 4, but 
it still remains to compare the simplest approach, a “one-step calculation” using an extended 
stress-strain curve based on an effective creep ratio, with an analysis including the fundamen-
tal approach to creep for the long-term load and the addition of a short-term loading to failure 
at the end of the time considered, including the effect of shrinkage and with or without the 
effect of strength increase. 

5.3.2 Interaction curves 
A practical way to present the ultimate capacity of slender columns as a function of slender-
ness and first order moment is by means of interaction curves. One such curve shows the 
maximum first order bending moment that can be taken as a function of the normal force, for 
a given value of the slenderness. (Behind one such curve there are of course further assump-
tions, such as the distribution of the first order moment along the column and self-evident 
things like shape of cross section, amount and geometry of reinforcement and finally material 
parameters, including stress-strain curves). One example is shown in figure 5-23, with normal 
force and moment expressed in dimensionless form, n = N/(Acfcd) and m = M/(hAcfcd). 
 
The straight line represents the first order moment due to a constant first order eccentricity 
e0/h = 0,1 (this is just an example; the first order moment can also be independent of the nor-
mal force, or have any other relationship with it). The thin curved lines represent the relation-
ship between normal force and total moment, including second order moment, for different 
values of the slenderness λ = l0/i, assuming constant e0. The maximum normal force along one 
such line, marked on the line of first order moment, gives a point on the interaction curve for 
a certain slenderness. 
 

 145



5. Complete model for nonlinear analysis 

Figure 5-23. Example of inter-
action curves for columns of 
different slenderness, calculated 
with the general method. Rec-
tangular cross section. All 
curves are based on ω = 0,2 and 
ϕef = 0. First order moment is 
constant, caused by equal end 
eccentricities. From Westerberg 
(2004). 
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If the effect of creep is taken into account according to the simplified approach with an ex-
tended stress-strain curve and an effective creep ratio, then the effect of creep can be ex-
pressed by this single parameter and can be easily demonstrated in the interaction diagram, 
see figure 5-24. The reduction of the load-bearing capacity due to creep is illustrated by the 
arrows in a very simple and clear way. Unfortunately, this is not possible when the fundamen-
tal approach to creep is used, since then there is no such unique single parameter for the creep 
effect as the effective creep ratio. 
 

Figure 5-24. Interaction curves 
for ϕef = 2, i.e. with a concrete 
stress-strain curve like in figure 5-
22. Other parameters are the 
same as in figure 5-23.  
 
Dashed lines are the correspond-
ing curves for ϕef = 0 from figure 
5-23. Thus, the arrows represent 
the reduction of load bearing ca-
pacity due to creep. From Wester-
berg (2004). 
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5.3.3 Comparisons between simplified and accurate methods 

5.3.3.1 General 
As shown above, figure 5-24, the simplified method requires only one parameter to define the 
long-term effects, namely the effective creep ratio ϕef. However, a corresponding calculation 
according to the fundamental approach requires the definition of at least two parameters:  
 
1. Nlong / Nu  

2. M0
long / M0

u (or elong / eu) 
 
This means that there is no unique comparison for a given point on an interaction curve, in-
stead the accurate model will give a relationship instead of a point. Let us take an example: 
 
Final creep coefficient  ϕ = 3 
Effective creep ratio  ϕef = 2 
 
This means that the ratio between the long-term and short-term first order moments is 2/3. 
 
In the accurate calculation we need values of both the normal force and the first order mo-
ment under long-term load. If the moment is expressed for instance as an eccentricity, we 
have: 
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This will be satisfied for different combinations of normal force and eccentricity ratios, see 
figure 5-25: 
 

Figure 5-25. Combinations of eccentricity and 
normal force that would give the same effective 
creep ratio, in this case ϕef = 2 with final creep 
coefficient ϕ = 3. 
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If shrinkage is taken into account, another parameter is added, more or less independent of the 
creep effect, and with strength increase still another one. 
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5.3.3.2 Parameter study 
In order to compare the simplified approach to creep, based on an effective creep ratio, with 
calculations according to the accurate model, systematic parameter studies will be undertaken. 
The basic assumptions are the following: 
 
ρ = 0,02  total geometrical reinforcement ratio 
b x h = 1 x 1 m cross section dimensions 30 
t/h = 0,1  edge distance of reinforcement 
fck = 30 MPa concrete compressive strength 
fyk = 500 MPa reinforcement yield strength 
ts = 7 days start of drying 
t0 = 0,1 year start of long-term loading 
t = 50 years start of short-term loading to failure 
cement type 2 (normal) 
ϕ = 1,95  final creep coefficient 31 
 
The main variables are: 
 
l0/h  slenderness (10, 20, 30 and 40) 
Nlong long-term load (35, 65 and 80 % of the ultimate short-term load at time t0, Nu(t0) 
elong first order eccentricity of long-term load (h/30, 0,1h and 0,5h) 
eu eccentricity of short-term load to failure (h/30, 0,1h, 0,5h and 1,0h, but ≥ e0

long) 
 
One “case” is calculated in the following way: 
 

1. Given eu/h 

2. Calculate the ultimate short-term load Nu(t0) for this eccentricity 

3. Choose the long-term load Nlong as the given percentage of Nu(t0) 

4. Apply Nlong at time t0 with eccentricity elong and let it remain constant until time t  

5. Change the eccentricity to eu and increase the load32 until the ultimate load Nu(t) is reached 

6. Determine the effective creep ratio 
uu

longlong
ef )( etN

eN
⋅

⋅
⋅= ϕϕ  

7. Calculate the ultimate load Nu(ϕef) with simplified approach and effective creep ratio ϕef 
 
In step 5, the calculation is made first with load control and then with deformation control, as 
illustrated in figure 5-26. This is a trial and error process, and convergence problems some-
times arise, in which case one has to try with different load values for the load controlled cal-
culation, and then with different increments of the independent deformation parameter when 
using deformation control.  

                                                 
30 The dimensions 1 x 1 m were originally chosen in order that the normal force should be a direct measure of the 
average stress, easy to compare with the compressive strength of the concrete and thus giving a “feeling” for the 
relative magnitude of the load. The size of the cross section also has an influence on the values of shrinkage and 
creep, however; the final creep coefficient with RH = 50 % and fck = 30 MPa will be about 2. A higher final 
creep coefficient  and a more rapid development of shrinkage would have been obtained with a smaller cross 
section, but the conclusions from the parameter study would have been the similar.  
31 According to Eurocode 2 (2004) for RH = 50 %, b x h = 1 x 1 m, fck = 30 and t = 50 years 
32 Sometimes a decrease is necessary; this may happen if eu >> elong. 
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Figure 5-26. Illustrati
of a calculation with 
load control up to a 
load N1 followed by de
formation control unt
the maximum load Nu is 
found. 

on 

-
il 

 

 

 
In calculations according to the accurate approach, shrinkage has always been included. 
Strength increase has been both included and not for comparisons. In the calculations with the 
simplified approach, shrinkage and strength increase have generally not been included. 

5.3.3.3 Results of parameter study 
In a first series, about 90 “cases” have been calculated according to the above scheme, each 
case representing a combination of the four main variables as described above, i.e.  
− slenderness l0/h,  
− long-term load Nlong as a percentage of Nu(t0),  
− relative long-term eccentricity elong/h and  
− relative short-term eccentricity eu/h.  
 
Figure 5-27 shows all the results, expressed as the ultimate load ratio Nu(ϕef) / Nu(t), as a func-
tion of the effective creep ratio. Here Nu(ϕef) is the ultimate load calculated with the simpli-
fied approach using an effective creep ratio ϕef, and Nu(t) is the ultimate load applied after 
time t according to the accurate calculation. It should be noted that the scatter looks exagger-
ated due to the scale. 
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Figure 5-27. Ratio between ultimate loads calculated with simplified and accurate approach 
respectively, as a function of the effective creep ratio ϕef. Accurate calculation including the 
effect of shrinkage, but not the effect of strength increase.  
 
The resulting data points are well gathered around the value 1,0, with a few high values ap-
proaching 1,2 and a few low values approaching 0,9. Low values mean that the simplified 
approach is conservative, high values mean the opposite. The overall average is 1,03 and the 
standard deviation is 0,04. Thus, on an average, the simplified approach is 3 % on the unsafe 
side, and the largest deviations are found on the unsafe side. Note that strength increase is not 
yet taken into account in the accurate calculations. 
 
Figure 5-28 shows the same data points, but now as a function of the logarithm of the eccen-
tricity ratio eu/elong. The lowest eccentricity ratio used in this study has been 1,0 and the high-
est 30, but there is also a good distribution of values between the extremes. There is a ten-
dency that the load ratio increases with increasing eccentricity ratio up to a certain limit, and 
then decreases.  
 
Eccentricity ratios close to 1 (log(eu/elong) = 0) could represent columns in a structure with a 
separate bracing system. Column moments will then mainly depend on the vertical load on 
horizontal members, and the eccentricity will be similar for long-term and short-term loading. 
High eccentricity ratios could represent columns, where the long-term load has a small eccen-
tricity mainly due to geometrical imperfections, whereas the short-term load also includes 
high bending moments caused by wind load, for example columns in a frame structure with-
out a separate bracing system, where stability depends on bending moments in columns. (It 
should be noted that, according to codes, wind load is generally not assumed to give any long-
term effect at all.) 
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Figure 5-28. Ratio between ultimate loads calculated with simplified and accurate approach 
respectively, as a function of the ratio between short-term and long-term eccentricities (loga-
rithm of the eccentricity ratio). Strength increase is not included in the accurate calculations. 
The trend line is a third degree polynomial, which fits better than a straight line and shows 
the trend described in the text. 
 

Strength increase will now be included in the accurate calculation, in order to find out 
whether this can compensate for the simplified method’s overestimation of the load capacity 
in some cases. The result is shown as a function of the effective creep ratio in figure 5-29. 
Cases with slenderness l0/h = 10 (empty circles) have been separated from those with higher 
slenderness (filled circles). The reason for this separation is that strength increase has differ-
ent effects depending on the slenderness: at low slenderness, strength is more important than 
stiffness (E-modulus), and 

− when the strength increases, the E-modulus increases “only” by strength1/3, furthermore 

− with increasing slenderness, stiffness becomes more important than strength.  
 
The different effect of strength increase depending on slenderness is clearly illustrated by the 
separation made in figure 5-28. For l0/h = 10, the effect of strength increase is very strong, 
and consequently the ratios Nu(ϕef)/Nu(t) drop below 1. For l0/h = 20-40 the values also drop, 
but not as much, and a few values remain above 1.  
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Figure 5-29. Ultimate load ratio as a function of the effective creep ratio. Squares represent 
values where the accurate calculation does not include strength increase. Red circles are the 
corresponding values when the accurate calculation includes the effect of strength increase, 
with a distinction between slenderness l0/h = 10 and higher values of slenderness.   
 
Figure 5-29 shows that strength increase in most cases compensates for the un-conservative-
ness of the simplified approach, but there are still a few cases on the unsafe side. Those which 
are more than 3 % on the unsafe side are shown in table 5-1:  
 
Table 5-1. Cases where the simplified approach is more then 3 % on the unsafe side. 

Case Nu(ϕef) / Nu(t) Nu(t) / Nlong eu/h Nlong/Nu(t0) elong/h l0/h 
1 1,10 2,53 0,1 
2 1,04 2,73 0,5 

0,35 

3 1,11 1,16 0,1 
4 1,04 1,47 0,5 0,65 

5 1,05 1,13 0,1 
6 1,04 1,19 0,5 0,8 

0,0333 40 

  
 
All these cases occur for the highest slenderness l0/h = 40 and for the smallest eccentricity of 
the long-term load. Apart from that, they represent all the three chosen values of Nlong/Nu(t0), 
and they also represent both high and low values of the ratio Nu(t)/Nlong between the ultimate 
load at time t and the long-term load is close to 1. 
 
Cases where the ratio Nu(t)/Nlong approaches the value 1, like cases 3, 5 and 6, are not repre-
sentative from a practical design point of view, as has been shown earlier (see e.g. 3.2.4 and 
figure 3-6). With partial safety factors according to e.g. the Eurocodes, the ultimate limit state 
design value of the axial load will practically always be greater than the axial load in the 
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quasi-permanent combination (here Nlong), and the ratio will normally be at least 1,35 a simi-
lar value probably applies for most codes. (The word “practically” in the second sentence re-
fers to the possibility that the axial load on a column could theoretically, in a particular load 
combination and despite partial safety factors, be lower under ultimate limit state design con-
ditions than under quasi-permanent load, but such cases ought to be very rare.)  
 
The ultimate load ratio Nu(ϕef) / Nu(t) is shown in figure 5-29 as a function of the load ratio 
Nu(t)/Nlong. The vertical line represents the practical lower limit 1,35 mentioned above. The 
general trend is that the load ratio Nu(ϕef) / Nu(t) decreases with increasing value of the rela-
tive short-term load. 
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Figure 5-30. Ultimate load ratio Nu(ϕef) / Nu(t) as a function of the relative short-term load 
Nu(t)/Nlong. The vertical line at 1,35 represents a practical lower limit of Nu(t)/Nlong. Strength 
increase is included in the accurate calculation.  
 
 
Figure 5-31 shows the effect of slenderness. The general trend is that Nu(ϕef) / Nu(t) increases 
with increasing slenderness. For l0/h = 40 the mean value is > 1 even with strength increase 
included in the accurate calculation. This probably has to do with the effect of shrinkage, 
which is ignored in the simplified calculation.  
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Figure 5-31. Average load ratio as a function of the slenderness l0/h. Lower blue line = with 
strength increase included in the accurate calculation, upper red line = without. Full lines 
with markers = mean value, dashed lines = m-s and m+s respectively (m = mean value, s = 
standard deviation).   

5.3.3.4 Other values of the basic variables  
General 
The above comparisons are based on one concrete strength (fck = 30 MPa), one cement type 
(normal hardening) and one reinforcement ratio (ρ = 0,02). For more general conclusions to 
be drawn, other concrete strengths, cement types and reinforcement ratios should also be con-
sidered. However, in order to reduce the number of calculations, a limited number of cases 
will be chosen. The following cases have been chosen, as being those with the lowest and 
highest values of the ultimate load ratio for each slenderness, see table 5-2.  
 
In the following, strength increase will always be included.   
 
Table 5-2. Cases selected for study of the influence of concrete strength. Values for fck = 30. 

Case l0 / h Nlong / Nu(t0) elong / h eu / h 
( )

( )tN
N

u

efu ϕ  
( )

long

u
N

tN
 

1 0,35 0,5 1,0 0,973 2,94 
2 10 0,65 0,0333 0,0333 0,841 1,69 
3 0,35 0,0333 0,0333 0,893 2,97 
4 20 0,80 0,0333 0,5 1,001 1,24 
5 0,65 0,0333 0,0333 0,851 1,42 
6 30 0,80 0,0333 0,5 1,017 1,22 
7 0,35 0,0333 0,0333 0,890 2,53 
8 40 0,65 0,0333 0,1 1,101 1,17 
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Concrete strength 
Figure 5-32 shows the results obtained as a function of the concrete strength. The results ar
on the whole neutral with regard to the effect of concrete strength. Case 8 shows the most 
“unsafe” results, with the simplified approach giving generally 10 % higher ultimate load tha
the accurate approach. The explanation is probably that the simplified approach does not in-
clude the effect of shrinkage. As pointed out earlier, this case has a very low value of the ratio 
between ultimate load and long-term load, 1,17, and is th

e 

n 

erefore not so relevant from a practi-
al point of view (this is true for all values below 1,35). 
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ed to be proportional to strength1/3, which explains why there is no trend at 
ll for l0/h = 40.  

Figure 5-32. Ultimate load ratio Nu(ϕef) / Nu(t) as a function of the concrete strength fck. 
Strength increase is included in the accurate calculatio
r
 
Strength increase and cement type 
The same cases as for the effect of concrete strength will be studied h
s ck
 
The general trend is that the load ratio decreases when the cement type goes from rapid to 
slow hardening, particularly for low to medium slenderness; for l0/h = 40 there is no such 
trend at all. This could be explained in the following way: The slower the cement is, the more
of the strength increase remains after 28 days, and therefore the load ratio decreases. Further-
more, the effect of strength increase should be smaller the higher the slenderness is, since
concrete strength becomes less important and the E-modulus more important, and the E-
modulus is assum
a
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Figure 5-33. Ultimate load ratio Nu(ϕef) / Nu(t) as a function of the cement type, with strength
increase is included in the accurate calculation. Cement type 1 = rapid. 2 = normal and 3 = 
slow har n
3
 
Reinforcement ratio 
Again, the cases in table 5-2 will be used. Figure 5-34 sh
d
 
The general trend is that the differences in the load ratio decrease with increasing reinforce-
ment ratio. This is natural: the more reinforcement, the less the relative effect of differences in
the modeling of concrete properties. On the other hand, the less reinforcement the less effect 
of shrinkage; in the extreme case ρ = 0 there would be no effect of shrinkage at all. The effect 
of shrinkage is included in the accurate calculation (Nu(t)) but not in the simplified calculation 
(Nu(ϕef)). It has also been shown above that shrinkage may, in particular cases, have a positiv
effect on the load bearing capacity. This may explain case 8, where the trend is the opposit
c
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Figure 5-34. Ultimate load ratio Nu(ϕef) / Nu(t) as a function of the reinforcement ratio ρ. 
Strength increase is included in the accurate calculation. From upper to lower line in the 
right hand end of the graph: case 8, 6, 4, 1, 3, 7, 5, 2.  

5.3.3.5 Conclusions from parameter studies in uniaxial bending 
The aim of this parameter study has been to compare the simplified approach with the funda-
mental approach (also called accurate calculation). In both cases we are dealing with general 
methods based on non-linear analysis, but the time-dependent behaviour of the concrete is 
taken into account in different ways:   

− In the simplified approach creep is taken into account by means of an effective creep ratio 
and an extended stress-strain curve, and shrinkage has been  ignored33. This approach has 
been extensively used as a basis for the calibration of methods for practical design, see 
Westerberg (2004), and the validation of it therefore has a direct practical interest.  

− The accurate calculation takes into account the time-dependent effects in a more funda-
mental way, using a selected creep function, considering the stress history in every part of 
the cross section, and including the effect of shrinkage. The strength increase of concrete 
with time has been either ignored or taken into account, depending on the purpose of each 
comparison. The models for creep, shrinkage and strength increase that have been used 
are those found in MC90 (1990) and Eurocode 2 (2004). 

 

                                                 
33 The effect of shrinkage in the simplified approach will be studied later, in connection with biaxial bending. 
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The main conclusion is that the simplified approach is sufficiently accurate for practical pur-
poses, such as the calibration of methods for practical design. Where deviations are on the 
“unsafe side”, the following applies: 
 
− If strength increase is taken into account in the accurate calculation, the results of the sim-

plified approach in most cases become “safe”. 
 
− The cases which remain “unsafe” are in most cases found outside the range of practical 

interest, considering the relationship between long-term and short-term loads. Exceptions 
from this are found for the highest slenderness ratio, l0/h = 40. 

 
The effect of “extra” non-linear creep, in addition to the non-linearity given by the stress-
strain relationship (see 4.2.1), has also been studied. It is found that there is some effect in a 
few cases with l0/h = 10, but the effect is negligible. For l0/h ≥ 20, where the stresses under 
long-term load are not high enough, there is no effect at all. 

5.4 Comparisons with simplified approach to creep in biaxial bending 

5.4.1 Definition of the effective creep ratio 
When there is biaxial bending, the definition of the effective creep ratio in the simplified ap-
proach becomes less “natural” than in uniaxial bending. The reason is that the relative effect 
of long-term actions may be different in the two directions. For example, the moment in one 
direction may be caused mainly by long-term actions, whereas the moment in the other direc-
tion may be caused mainly by short-term actions, e.g. wind. Then, which direction should be 
governing in the definition of the effective creep ratio?  
 
It can be defined on the basis of moments in either of the two directions, but then one might 
suspect that the creep effect is overestimated if based on the direction with a relatively high 
long-term moment, and vice versa if based on the other direction. 
 
In Westerberg (2004), the following model is proposed, as a compromise between the border-
line cases mentioned above, and it was found to give good results in one example: 

resu,
0

reslong,
0

ef M
M

⋅= ϕϕ  (5-66) 

 
where 
ϕ   is final creep coefficient 
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M0
long  is first order moment from long-term actions in y- and z-directions respectively 

M0
u  is first order design moment in ultimate limit state in y- and z-directions respectively 

 
With first order moments due to eccentricity, the expression for ϕef can be written 
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where 
Nlong is the long-term axial load  
elong,y/z are the eccentricities of Nlong 
Nu is the ultimate short-term axial load after long-term loading 
elong,y/z are the eccentricities of Nu 
 
This model feels intuitively “right”, but it has been tested in just one example (Westerberg 
2004), and furthermore, the more “accurate method” with which the simplified approach was 
then compared, was itself not based on the full creep analysis including shrinkage, but instead 
on the simplified approach with an extended stress-strain curve. The fact that shrinkage was 
then disregarded in the more accurate calculation adds a bit of “unsafety”, which may need 
some compensation in the definition of the effective creep ratio. One way of compensation, if 
necessary i.e. if strength increase is not sufficient, could be to define the effective creep ratio 
on the basis of the most unfavourable direction, cf. above. Alternatively, shrinkage could be 
included also in the simplified calculation, which is in itself not at all complicated (see figure 
5-22). However, as explained in 5.3.2, this would be a severe disadvantage in the simplified 
approach. 

5.4.2 Calculation 
The extension of the computer program from uniaxial to biaxial bending is simple, in princi-
ple. One has to consider moments, deflections and curvatures in two directions, and the cross 
section must be divided into elements in both directions. The most complicated parts of this 
extension are the iteration schemes to find  

− the strain distribution for a given set of internal forces, each defined by three parameters 
(see 5.1.2.2), and  

− the load for given eccentricities and given curvatures (the latter problem occurs in a calcu-
lation with “deformation control”, see 5.1.3.2 and figure 5-5).  

 
Biaxial bending requires much more computer time than uniaxial bending. When calculating a 
large number of cases it is therefore desirable to reduce the computing time as much as possi-
ble. The calculation of one step is less complicated and much faster with “load control” than 
with deformation control, and the path from A to B in figure 5-26 is sometimes very long and 
requires a large number of steps with small increments. Therefore it is usually desirable to use 
load control to the highest possible value of N1 for which convergence is possible, but this has 
to be done by trial and error, since the upper limit Nu is not known at this stage. A warning of 
instability is that the deformations under a given load start to increase instead of decrease dur-
ing the iteration but, if a load too close to (or higher than) Nu is chosen, a stable state of equi-
librium can not be found and the calculation fails.  
 
The deformation parameter that has been controlled from A to B in figure 5-26 in these calcu-
lations is   
 

( ) ( )22 111 zy rrr += , 
 
where 1/ry and 1/rz are curvatures in the respective direction. 
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Figure 5-35 shows an example of a cross section divided into concrete and reinforcement ele-
ments with the symbols used. In this example the cross section is rectangular and the rein-
forcement is concentrated to the corners, where each area may represent one or more bars. 
Other shapes of cross section and/or reinforcement layouts are of course possible, but the one 
shown in figure 5-34 is the one which will be used in the studies presented here. The conclu-
sions drawn for this type of cross section are assumed to generally valid. 
 
The figure also shows the definition of eccentricities. Note that they are defined according to 
the axis along which they are measured, not according to the axis around which they cause 
bending. The same definition is used for bending moments, i.e. My = N⋅ey. Thus, eccentricities 
and bending moments are always associated with the direction in which they cause deflection. 
  

Figure 5-35. Example of cross 
section with division into con-
crete and reinforcement ele-
ments in the two principal di-
rections. 
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5.4.3 Parameter study 

5.4.3.1 General 
In the parameter study for uniaxial bending it has been demonstrated that there are many dif-
ferent parameters that can be varied independently, and that the range of variation for each 
parameter is wide. This resulted in a large number of individual cases to calculate. The main 
variables were then 
 
l0/h  slenderness (10, 20, 30 and 40) 
Nlong long-term load (35, 65 and 80 % of the ultimate short-term load at time t0, Nu(t0) 
elong eccentricity of long-term load (h/30, 0,1h and 0,5h) 
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eu eccentricity of short-term load to failure (h/30, 0,1h, 0,5h and 1,0h, but ≥ elong)
  
The number of cases that were actually calculated was 90 in the first round. In addition, some 
of these cases were also calculated for different values of concrete strength, cement type and 
reinforcement ratio, with and without the effect of strength increase. In all, some 250 cases 
were calculated.  
 
In order to make a corresponding study with biaxial bending, one would have to vary the ec-
centricities also in the other direction. Furthermore, the ratio width / depth of the cross section 
becomes an important parameter, since it will give different slenderness ratios and hence dif-
ferent second order effects in the two directions. If three values of this ratio are chosen, and if 
the eccentricity is varied in both directions in the same way as above, the total number of 
cases with all possible combinations of parameters would increase to about 8000.  
 
Such a study is not possible in practice, since the calculations are very complicated and often 
need “manual” assistance due to convergence problems in the iterations. For these reasons it 
is not possible just to feed the computer with all the input data and then wait for the result 
after a couple of days, weeks or whatever. When a convergence problem occurs one has to 
change the input data or trace the problem and make adjustments in the program, in order to 
get a result for this particular case. It would be possible to make a more “failsafe” program, 
but the author’s long experience with this type of calculations has taught that this in itself 
might require more work than making the calculations with a simpler program and some 
“manual” assistance. Furthermore, convergence problems are sometimes “justified” as a sign 
of instability. 
 
Another reason for reducing the number of cases is that each calculation takes much more 
computer time in biaxial bending than in uniaxial bending. Due to the division of the cross 
section into elements in two directions, the calculation volume increases by a factor at least 
equal to the number of elements in each direction (for example, with 10 concrete elements 
and 2 reinforcement elements in each direction, the factor of increase is 12). Other circum-
stances add to the increase in calculation volume, e.g. the number of iterations to find the 
strain distribution for a given set of internal forces, the number of iterations to find the curva-
ture distribution in the two directions, the integration of the creep function from time t0 in 
every time step and for every cross section element, etc. Certainly, for the purpose of this 
study, the accuracy would be sufficient with fewer cross section elements, e.g. 5 concrete 
elements, which would increase the computing time by “only” about 7 times. On the other 
hand, with fewer elements all iterations would run less smoothly, resulting in more conver-
gence problems. Therefore, 10 concrete elements in each direction have been used in all cal-
culations. In fact, it turned out that sometimes not even 10 is sufficient to avoid convergence 
problems, as will be commented later. 

5.4.3.2 Choice of parameter values 
In a first round, the following main parameters will be kept constant: 
 
ρ = 0,02  total geometrical reinforcement ratio 
h = 1,0 m cross section dimension in y-direction 
t/h = 0,1  edge distances of reinforcement 
fck = 30 MPa concrete compressive strength 
fyk = 500 MPa reinforcement yield strength 
t0 = 0,1 year start of long-term loading 
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t = 50 years start of short-term loading to failure 
cement type 2  normal hardening cement 
ϕ = 1,95  final creep coefficient for b = 1,0 m 
ϕ = 2,07  final creep coefficient for b = 0,5 m34 
 
and the following parameters will be varied: 
 
l0/h  slenderness (10, 20, 30) 
h/b ratio depth / width of cross section (1,0 and 0,5)  
Nlong long-term load (35 and 65 % of the ultimate short-term load at time t0, Nu(t0) 
elong,y eccentricity of long-term load in y-direction (0,1h and 0,4h) 
elong,z eccentricity of long-term load in z-direction (0,1b and 0,4b) 
eu,y eccentricity of short-term load in y-direction (0,2h and 0,8h, but always ≥ e0

long,y) 
eu,z eccentricity of short-term load in z-direction (0,2b and 0,8b, but always ≥ e0

long,z) 
 
The combinations of eccentricities that have been used are illustrated in figure 5-36. 
 

Figure 5-36. Combinations of eccentricities. 
 

 = eccentricities under long-term load 
 = ecc. under short-term load to failure 
= same ecc. for short- and long-term load 

 
The dotted lines indicate the combinations of 
long-term and short-term eccentricities that 
have been used. Example: long-term load with 
elong = {ey; ez} = {0,1b; 0,4h}  is followed by 
short-term load with eu = {0,2b; 0,8h}.  
  
In comparison with the previous study for uniaxial bending, the number of values for each pa-
rameter has been reduced, for reasons explained above. Using all possible combinations, the 
number of cases will now be 27 = 128. Depending on the results of this first study, also concrete 
strength, cement type and reinforcement ratio will be varied in some of the cases. The calcula-
tions with the accurate method will be made both without and with the effect of strength increase.  
 
One “case” with given values of slenderness, width/depth ratio and reinforcement ratio is cal-
culated in the following way, similar to that used for uniaxial bending: 

                                                 
34 With a smaller cross section the final creep coefficient increases somewhat according to the model used. 
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1. Calculate the ultimate short-term load Nu(t0) for given eccentricities eu,y and eu,z 

2. Choose the long-term load Nlong as a given percentage of Nu(t0) 

3. Apply Nlong at time t0 with eccentricities elong,y and elong,z and keep it constant until time t  

4. Change eccentricities to eu,y and eu,z and find ultimate load Nu(t) according to figure 5-26 

5. Determine the effective creep ratio ϕef according to expression (5-67) 

6. Calculate the ultimate load Nu(ϕef) with simplified approach 
  
In steps 4 and 6, like for uniaxial bending, the calculation is made first with load control and then 
with deformation control, cf. figure 5-26.  

5.4.4 Results of parameter study 
Figure 5-37 shows all the results for all the combinations of parameters as described above. 
The result is presented as the ratio Nu(ϕef)/Nu(t) between the ultimate loads calculated with 
simplified and accurate approach respectively, here as a function of the effective creep ratio 
ϕef. The effective creep ratio is defined according to expression (5-67). Later a different defi-
nition of ϕef will also be studied. 
 
The accurate calculation includes the effect of shrinkage but not that of strength increase. The 
simplified calculation includes neither shrinkage nor strength increase (later we will introduce 
the effect of shrinkage also in the simplified calculation).    
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Figure 5-37. Ratio between ultimate loads calculated with simplified and accurate approach 
respectively, as a function of the effective creep ratio ϕef. The accurate calculation includes 
the effect of shrinkage but not that of strength increase. The simplified calculation includes 
neither shrinkage nor strength increase.  
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According to figure 5-37, the simplified calculation is on the unsafe side in most cases, with 
most load ratios > 1 and only a few < 1. This can partly be explained by the fact that the sim-
plified calculation does not include the effect of shrinkage, but it may also have to do with the 
definition of the effective creep ratio, cf. 5.4.1.  
 
Before we introduce the effect of shrinkage in the simplified calculation, we will study the 
effect of including strength increase in the accurate calculation. Therefore, all cases have also 
been calculated with strength increase included in the accurate calculation. This results in 
slightly different values of the effective creep ratio, therefore all calculations have had to be 
repeated “from scratch”. 
 
Figure 5-38 shows the result in the same way as figure 5-37, both with and without strength 
increase included (thus the squares are the same as in figure 5-37).  
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Figure 5-38. Ratio between ultimate loads calculated with simplified and accurate approach 
respectively as a function of the effective creep ratio ϕef. Empty squares: the accurate calcu-
lation does not include strength increase (thus, the same data set as in figure 5-37). Grey cir-
cles: the accurate calculation does include strength increase. Shrinkage is not included in the 
simplified calculations.  
 
 
If the result of the simplified calculation is compared to the accurate calculation with strength 
increase included, the result is in most cases on the safe side, as can be seen by the grey cir-
cles and their trend line in figure 5-38. However, there are still a few cases where the result is 
slightly unsafe, which means that strength increase does not always compensate for neglecting 
shrinkage in the simplified approach, when at the same time an effective creep ratio based on 
moment resultants according to expression (5-67) is used.  
 
The next step is to include the effect of shrinkage also in the simplified approach. This is quite 
simple; the extended concrete stress-strain curve only has to be shifted along the strain axis a 
distance equal to the final shrinkage εcs,∞, figure 5-39. 
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Figure 5-39. How 
to include shrin-
kage in the simpli-
fied approach. 
 
 

 

 
 
Figure 5-40 shows the same comparison as figure 5-38, but this time shrinkage is included in 
the simplified approach, grey circles. Furthermore, strength increase is not included in the 
accurate calculation. Thus, the squares are the same as in figures 5-37 and 5-38. 
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Figure 5-40. Ratio between ultimate loads calculated with simplified and accurate approach 
respectively as a function of the effective creep ratio ϕef. Strength increase is not included in 
the accurate calculation. Empty squares: shrinkage is not included in the simplified calcula-
tion (thus, the squares are the same as in figures 4 and 5). Grey circles: shrinkage is included 
in the simplified calculation, “fief-res” means effective creep ratio based on expression (5-67). 

 165



5. Complete model for nonlinear analysis 

The following can be seen in figure 5-40: By including the effect of shrinkage in the simpli-
fied approach, the largest deviations on the “unsafe side” are eliminated, although deviations 
of up to 5 % remain. Deviations on the safe side increase significantly, with the lowest values 
of the load ratio now approaching 0,9. 
 
A systematic comparison between different cases and different calculation alternatives is 
made in table 5-3. 

 

Table 5-3. Comparison between different cases and calculation alternatives. Shrinkage is 
always included in the accurate calculation, whereas strength increase is never included in 
the simplified calculation. Each row represents the mean value and standard deviation for the 
ratio Nu(ϕef)/Nu(t) for 26 different combinations of eccentricities. Each row represents the 
mean value and standard deviation for 26 cases, each with a certain combination of eccen-
tricities and long-term load. Thus, for “all cases”, each row represents 7x26 = 182 cases. 

Type of calculation 
Accurate  Simplified Nu(ϕef)/Nu(t) b/h ρ l/h 

Strength increase Shrinkage Mean value  Stand.dev. 
- - 1,020 0,008 

included - 0,936 0,014 10 
- included 1,005 0,010 
- - 1,048 0,010 

included - 0,984 0,018 20 
- included 1,018 0,011 
- - 1,024 0,010 

included - 0,982 0,008 

0,02 

30 
- included 0,992 0,018 
- - 1,044 0,014 

included - 0,988 0,019 

1,0 

0,01 20 
- included 1,017 0,017 
- - 1,040 0,024 

included - 0,965 0,024 10 
- included 1,011 0,023 
- - 1,063 0,038 

included - 1,022 0,034 20 
- included 1,003 0,032 
- - 1,076 0,065 

included - 1,044 0,062 

0,5 0,02 

30 
- included 0,973 0,045 
- - 1,040 0,028 

included - 0,981 0,036 All cases 
- included 1,006 0,023 

 
The following observations can be made in table 5-3: 

− The standard deviation is always larger for the rectangular cross section (b/h = 0,5) than 
for the square one (b/h = 1). This means that the simplified approach, at least with an ef-
fective creep ratio based on moment resultants (expression (5-67)), is less accurate for rec-
tangular cross sections. 
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− For rectangular section, the agreement with the accurate calculation is improved if shrink-

age is included also in the simplified calculation (improved agreement means lower stan-
dard deviation and mean value closer to 1).  

 
− If strength increase is included in the accurate calculation, its effect will in most cases 

compensate the effect of disregarding shrinkage in the simplified calculation. In other 
words, a simplified calculation disregarding shrinkage, using the present definition of the 
effective creep ratio (expression (5-67)), is in most cases on the safe side compared to an 
accurate calculation including strength increase.  

 
− There are two exceptions to the above point: b/h = 0,5 with l/h = 20 and 30, where the 

mean value is > 1 even when strength increase is included in the accurate calculation. 
However, these are extreme cases; e.g. l/h = 30 means that the slenderness in the b-
direction is l/b = 60, or l/i = 208, a value that will rarely occur in practice. These cases 
also show the highest standard deviations.35 

5.4.4.1 Effective creep ratio based on maximum moment ratio 
So far the effective creep ratio has been based on moment resultants according to expression 
(5-67). An alternative definition is the following, based on the maximum moment ratio:
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With the present type of loading (axial load with given eccentricities) this can also be written 
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This definition will generally lead to higher values of the effective creep ratio than expression 
(5-67), and thus give more conservative results in the simplified calculation; however, if 
Mlong/Mu is the same in both directions it will give the same result as expression (5-67). Figure 
5-41 shows the same comparison as figure 5-37, but this time with the two definitions of the 
effective creep ratio.  
 
As can be seen in figure 5-41, the use of an effective creep ratio based on the maximum mo-
ment ratio, expression (5-68), reduces the largest deviations on the unsafe side. (Cases where 
the two definitions of the effective creep ratio coincide have been eliminated in the data set 
representing maximum moment ratios.) 
 

                                                 
35 For b/h = 0,5 and l/b = 40 and 60 there were some cases with such a low long-term load (due to the high slen-
derness), that the analysis could not be carried out through the intended life time. The reason was that only a 
small part of the cross section was in compression due to the low axial force, and the compression zone became 
smaller with time due to increasing deflection. During iterations the neutral axis would sometimes shift in such a 
way that some cross section elements were alternatively cracked or in compression, which lead to discontinuities 
and convergence problems. It would of course have been possible to overcome this problem, but it was not con-
sidered worth while, since these cases were so extreme from a practical point of view. Furthermore, any type of 
remedy would have slowed down calculations even more (the analyses for long-term load were already slow, for 
reasons explained above, which was trying considering the large number of cases to calculate). 
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Figure 5-41. Comparison between the two definitions of the effective creep ratio: “fief-res” = 
expression (5-67) and “fief-max” = expression (5-68). Strength increase is not included in the 
accurate calculation and shrinkage is not included in the simplified calculation. Thus, the 
squares are the same as in figures 4, 5 and 7. 
 
Table 5-4 shows a comparison between the total results using either of the two definitions of 
the effective creep ratio, with and without the effect of strength increase in the accurate calcu-
lation and with and without shrinkage in the simplified calculation.  
 
Table 5-4. Comparison of the total results using two different definitions of the effective creep 
ratio: based on moment resultants, expression (5-67), and based on the largest moment ratio 
for the two directions, expression (5-68), respectively. Shrinkage is always included in the 
accurate calculation. All calculated cases are included. 

ϕef based on  
M resultants (5-67) largest M ratio (5-68) Alterna-

tive 

Strength 
increase in 
accurate 
calculation 

Shrinkage 
in simpli-
fied calcula-
tion Mean  St. dev. Mean  St. dev. 

(a) - - 1,040 0,028 1,026 0,024 
(b) - Included 1,006 0,023 0,996 0,022 
(c) Included - 0,981 0,036 0,963 0,031 
(d) Included Included 0,950 0,026 0,932 0,024

 
Table 5-4 shows that an effective creep ratio based on the largest of the moment ratios 
Mlong/Mu for each direction gives more conservative results, as could be expected. The most 
conservative combination is the one with strength increase in the accurate calculation and a 
simplified calculation based on maximum moment ratio and including shrinkage. However, 
there are good reasons for neglecting shrinkage in the simplified approach, see 5.3.1, and 
therefore d) is included here only for comparison, not as a recommended alternative. 
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5.4.4.2 Conclusions concerning calculation alternatives in biaxial bending 
1. A simplified calculation using an effective creep ratio based on moment resultants (ex-

pression 1-2) and not including shrinkage gives unsafe results in most cases (ultimate load 
ratio 1,040 ± 0,028), compared to an accurate calculation without including the effect of 
strength increase.  

2. If, compared to the previous alternative, shrinkage is included also in the simplified calcu-
lation, the result is on the whole neutral (ultimate load ratio 1,006 ± 0,023).  

3. If strength increase is included in the accurate calculation, the result of the simplified cal-
culation in comparison becomes conservative in most cases (ultimate load ratio 0,981 ± 
0,036), even if shrinkage is not included in the simplified calculation. Thus, strength in-
crease compensates for disregarding shrinkage in the simplified calculation.  

4. More conservative results are obtained in the simplified calculation if the effective creep 
ratio is based on the largest of the moment ratios Mlong/Mu for each direction (expression 
3-4). The ultimate load ratio is then 0,963±0,031, if strength increase is included in the ac-
curate calculation.  

5. With the same definition of the effective creep ratio, and including shrinkage in the sim-
plified calculation and strength increase in the accurate calculation, the ultimate load ratio 
is reduced to 0,932 ± 0.024.  

6. The standard deviation is always slightly less when the effective ratio in the simplified 
calculation is based on maximum moment ratios, instead of moment resultants. 

 
The main conclusions are the following: 
 
− If it is acceptable to include strength increase in design, then shrinkage can be disregarded 

in the simplified calculation, and the effective creep ratio may be based on moment resul-
tants. 

 
− If strength increase is not relied upon in design, which is the normal case, then the effec-

tive creep ratio should be based on the largest moment ratio. Without shrinkage in the 
simplified calculation there may still be unsafe results, but deviations are not severe. 

5.4.4.3 Other variables 
A few of the cases presented so far will be chosen for a systematic study of the influence of 
concrete strength, cement type and reinforcement ratio. (The reinforcement ratio ρ has been 
0,02 in most cases, but one series with ρ = 0,01 has also been calculated, see table 5-3. How-
ever, there has been no systematic study of the influence of ρ so far.) 
 
The cases chosen for studying the influence of the concrete strength are shown in table 5-5. In 
order to limit the number of cases all of them have b/h = 0,5. Two combinations of relative 
long-term load and eccentricities have been chosen for each slenderness, representing a low 
and a high effect of creep respectively:  

a) Long-term load is 35 % of short-term ultimate load, eccentricity in weak direction is small 
under long-term load (elong,y/b = 0,1) but large under short-term load (eu,y/b = 0,8); eccen-
tricity in strong direction is moderate and the same under long- and short-term load 
(elong,z/h = eu,z/h = 0,4).  
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b) Long-term load is 65 % of short-term ultimate load, relative eccentricities are the same in 
both directions under both long- and short-term loads (ey/b = ez/h = 0,4). 

 
Combination b) is extreme as regards the influence of creep, resulting in high values of the 
effective creep ratio; the effective creep ratios are around 25 and 80 % of the final creep coef-
ficient in combination a) and b) respectively. It turned out that combination a) could not be 
analyzed for long-term load up to the end of the intended service life with l/h = 20 and 30, due 
to low values of the normal force; the reason has been explained above. The cases studied are 
shown in table 5-5. 
 

Table 5-5. Cases selected for study of the influence of concrete strength, cement type and re-
inforcement ratio.  

 Nlong / Nu(t0) elong,y / b elong,z / h eu,y / b eu,z / h l0 / h Case
a) 0,35 0,1 0,4 0,8 0,4 10 1 

10 2 
20 3 b) 0,65 0,4 0,4 0,4 0,4 
30 4 

 
All calculations are based on the same basic assumptions, namely: b/h = 0,5, strength increase 
included in the accurate calculation, shrinkage not included in the simplified calculation and 
effective creep ratio based on moment resultants. 
 
Figure 5-42 shows the influence of the concrete strength. 
 

Figure 5-42. 
Load ratio as a 
function of the 
concrete strength 
in “cases” ac-
cording to table 
5-5. Strength in-
crease is included 
in the accurate 
calculation. The 
simplified calcu-
lation uses an 
effective creep 
ratio based on 
moment resul-
tants and does 
not include 
shrinkage. 
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There is no clear trend, considering that the variations around 1,0 are very small, within 4 % 
in each direction. 
 
Figure 5-43 shows the load ratio as a function of the cement type.  
 

Figure 5-43. Load 
ratio as a function 
of the cement type 
in the cases shown 
in table 5-5. 1 = 
rapid hardening, 2 
= normal and 3 = 
slow hardening 
(see chapter 4). 
Strength increase is 
included in the 
accurate calcula-
tion. The simplified
calculation uses a
effective creep ra-
tio based on 

 
n 

mo-
ment resultants and 
does not include 
shrinkage. 
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The only trend that can be seen here is that the load ratio decreases with “increasing” cement 
type for l/h = 10 (cases 1 and 2), but is more or less independent of it for the higher slender-
ness ratios. The explanation is probably that for a low or moderate slenderness (in this case l/h 
= 10 and l/b = 20), the concrete strength is the important parameter, whereas for higher slen-
derness it is the stiffness that becomes most important. The slower the cement, the more in-
crease of strength remains after 28 days. When the strength increases with time, the increase 
of the E-modulus is proportional “only” to (strength)1/3. 
 
Figure 5-44, finally, shows the load ratio as a function of the reinforcement ratio ρ.  
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Figure 5-44. Load 
ratio as a function 
of the reinforce-
ment ratio in the 
cases shown in 
table 5-5. Strength 
increase is includ-
ed in the accurate 
calculation. The 
simplified calcula-
tion uses an effec
tive creep ratio 
based on 

-

nt mome
resultants and 
does not include 
shrinkage. 
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For the cases with low and moderate slenderness (1 and 2), there is no clear trend with regard 
to the reinforcement ratio, but for the cases with higher slenderness (3 and 4) the load ratio 
decreases with increasing reinforcement ratio. The general trend is that the four curves con-
verge towards a value slightly below 1 as the reinforcement ratio increases. This is what could 
be expected: with increasing reinforcement the differences due to different models for the 
concrete should be reduced. Again it should be pointed out that the trends are very weak, 
since all values are so close to 1.  

5.4.4.4 Conclusions concerning “other variables” 
The variations in figures 5-42 to 5-44 may seem large, but they are all within a few per cent. 
Considering this, there are no strong trends with regard to any of the variables, concrete 
strength, cement type or reinforcement ratio. 
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6 Comparisons with test results from literature  

6.1 Investigations 
Test results from 12 different investigations have been studied and compared with the results 
of calculations according to the models described in chapter 4 and 5. Among all the investiga-
tions dealing with slender concrete columns, see chapter 2, only those including tests with 
long-term loading are dealt with here. In those investigations, however, also the short-term 
tests are included here, since they have usually served as references for the long-term tests. 
The investigations are the following: 
 
1. Viest I M, Elstner R C & Hognestad E: Sustained Load Strength of Eccentrically Loaded 

Short Columns. ACI Journal, March 1956. 

2. Gaede K: Knicken von Stahlbetongstäben mit quadratischem Querschnitt in Richtung 
einer Diagonalen unter Kurz- und Langzeitbelastung. Mitteilungen aus dem Institut für 
Materialprüfung und Forschung des Bauwesens der Technischen Universität Hannover, 
1968. 

3. Green R & Breen J E: Eccentrically loaded concrete columns under sustained load. ACI 
Journal, November 1969. 

4. Ramu P, Grenacher M, Baumann M & Thürlimann B: Versuche an gelenkig gelagerten 
Stahlbetonstützen unter Dauerlast. Institut für Baustatik. Eidgenössische Technische 
Hochschule Zürich. Mai 1969. 

5. Hellesland, J: A study into the sustained and cyclic load behaviour of reinforced con-
crete columns. PhD dissertation, Department of Civil Engineering, University of Water-
loo, Ontario, August 1970. 

6. Drysdale R G and Huggins M W: Sustained biaxial load on slender concrete columns. 
Journal of the Structural Division, Proceedings of the American Society of Civil Engi-
neers, May, 1971. 

7. Goyal B B & Jackson N: Slender concrete columns under sustained load. Journal of 
ASCE, November 1971. 

8. Kordina K: Über den Einfluss des Kriechens auf die Ausbiegung schlanker Stahlbeton-
stützen. Deutscher Ausschuss für Stahlbeton, Heft 250, Berlin 1975. 

9. Fouré, B: Le flambement des poteaux compte tenue du fluage du béton. Annales de 
l’Institut Techniques du Bâtiment et des Travaus Publiques, 4-58. Paris, 1976. 

10. Claeson C: Structural behaviour of reinforced high-strength concrete columns. 
Chalmers University of Technology. Publication 98:1.Göteborg, August 1998. 

11. Khalil N, Cusens A R & Parker M D: Tests on slender reinforced concrete columns. 
Structural Engineer, vol. 79, no. 18, September 2001 

12. Bradford M A: Shrinkage and creep response of slender reinforced concrete columns 
under moment gradient: theory and results. Magazine of Concrete Research, Vol. 57, 
No. 4, May 2005 

 
The investigations deal with columns under short-term and sustained load. Most of the tested 
columns are more or less slender, but one investigation dealing with relatively short columns 
has also been included (no. 1). Most of the columns are subjected to uni-axial bending with 
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constant first order moment, but there are also tests with the first order moment varying along 
the column, and with biaxial bending. The following types of loading can be distinguished: 
 
1. Short-term loading to failure (reference tests) 
2. Sustained load followed by short-term load increase to failure 
3. Sustained load maintained until creep failure occurs  
4. Sustained load followed by cyclic loading (only investigation no. 5) 
 
The results of column tests of type 1, 2 and 3 have been compared to calculated values of ul-
timate loads and times to creep failure under constant load. Cyclic load however, type 4, is 
outside the scope of the present study, and therefore the only comparison that has been made 
with test results in investigation no. 5 concerns deflections; see also comment in 6.3.5. The 
total number of column tests reported in the above investigations is 284, of which 167 were 
subjected to some kind of long-term load.  

6.2 Input data in calculations 

6.2.1 Concrete properties 
The concrete strength is sometimes reported as the 28-day strength, sometimes as the strength 
at the start of the test and/or sometimes as the strength at the end of the test (other varieties 
can also be found). This has been taken into account by always associating the reported 
strength value with the corresponding age of the concrete, and by always including the effect 
strength increase in the calculations. However, the outcome of the comparisons may be 
slightly different depending on whether the strength is reported for 28 days or for the start t0 
or the end tu of the test, since the agreement between the model for strength increase that has 
been used, and the real strength development, may vary. This is illustrated in figure 6-1, 
where strength is reported as  
 
a) 28-day strength 
b) strength at start t0 of test 
c) strength at end tu of test 
 
The figure illustrates a case where the model overestimates the strength increase after 28 days; 
the opposite can of course also occur. 
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Figure 6-1.  
Illustration of the 
time for which the 
strength is reported 
and an example of 
possible differences 
between calculated 
and real strength 
development. 
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The calculations always include the effect of shrinkage.  
 
Strength values that are reported as cube strength have always been multiplied by 0,8 for con-
version to cylinder strength. A reduction factor 0,85 of the concrete strength has been in-
cluded or not, for comparisons. This reduction corresponds to the factor η, taking into account 
systematic deviations and uncertainty in the conversion from concrete strength of standard 
test specimens to the strength in a structure, and which is included in the partial safety factor 
γC in most codes (for example, in EN 1992-1-1 the conversion factor is 0,85, in the Swedish 
code it is 1/1,2). This factor should not be confused with the “long-term” reduction αcc, which 
in some codes is used in addition to the conversion factor, then often with the same value 0,85. 
 
The models for creep, shrinkage and strength increase described in chapter 4 have always 
been used. An “extra” non-linearity of creep, apart from the non-linearity given by the stress-
strain curve (see 4.2.1), has been included in some cases for comparisons. 
 
Where values of relative humidity during long-term tests have been reported, they have been 
used in the calculations; otherwise a default value of 50 % has been used. In some cases, other 
values than those reported have also been used for comparison, if they are found to give better 
agreement with the test results. This is just a simple way to calibrate the creep and shrinkage 
models, and should not be interpreted as distrust in the reported humidity values. In some in-
vestigations separate creep tests on plain concrete specimens have been made, and the results 
have then sometimes been used to calibrate the creep model by changing the relative humidity. 

6.2.2 Reinforcement properties 
In most investigations both yield strength and ultimate strength have been reported, some-
times as representative values for the whole test series, sometimes individually for each test 
specimen. Both yield and ultimate strength values have been used as input in calculations, 
assuming a straight line between yield point and ultimate strength at εu = 0,01. (In most cases 
strain hardening in the steel has no influence on the calculated result, since yielding of the 
steel usually leads to immediate failure of a slender column due to loss of stiffness. However, 
strain hardening sometimes helps to avoid convergence problems in calculations.) 

6.2.3 Geometrical data 
Test specimens are generally small, with cross sections ranging from 76 x 76 mm to 170 x 
265 mm or 200 x 200 mm. The dimensions reported are in some cases nominal values for the 
whole test series, in some cases individual values for each specimen. The first applies for, 
among others, that investigation where the smallest cross section was used (76 x 76 mm, in-
vestigation no. 7). In such small cross sections the effect of unintentional but unavoidable 
geometrical deviations (including position of reinforcement and eccentricity of load) may not 
be negligible. This may partly explain why test results for columns with identical properties in 
the same investigation sometimes vary significantly (another important explanation to devia-
tions is believed to be variations in concrete properties). 

6.3 Results of comparisons 

6.3.1 Viest, Elstner and Hognestad (1956) 
This is the only investigation (of those selected here) where relatively short columns were 
tested; the slenderness is only l/h = 8 (λ = 28), therefore second order effects are small. All 
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columns had b = h = 127 mm, l = 1016 mm, reinforcement with t = 19 mm, ρ = 0,0314, fy = 
299 and fu = 493 MPa. Concrete strength was measured on 150 x 300 mm cylinders.  
 
Loading types 1, 2 and 3 (see 6.1) were used. In this investigation loading of type 1 was fur-
ther subdivided into “fast” and “slow” loading; the latter meant that the load was increased 
slowly during a couple of days. The longest period of sustained load was 1052 days. The 
number of tests was 44. More details of the tests are given in Appendix A1. 
 
The ratios (test value) / (calculated value) are given in table 6-1. 
 
Table 6-1. Mean value ± standard deviation of Nu,test / Nu,calc for the different types of test, 
without and with reduction of the concrete strength; 0,85 is the “conversion factor” η.  

Nu,test / Nu,calc Type of test Number of tests 
1,0⋅fc 0,85⋅fc 

 1a “fast” 14 1,01 ± 0,07 1,10 ± 0,08 
 1b “slow” 11 0,92 ± 0,07 1,00 ± 0,07 
 2 13 0,95 ± 0,07 1,03 ± 0,09 
 3 6 0,88 ± 0,05 0,95 ± 0,03 
 All 44 0,95 ± 0,08 1,04 ± 0,09 

 
From table 6-1 it can be seen that the load ratio Nu,test / Nu,calc is generally about 10 % lower 
for loading type 1b and 3, i.e. slow loading to failure (generally 2 to 8 days) and sustained 
load to failure respectively, in comparison with loading type 1a, i.e. fast loading to failure. For 
type 2 loading, sustained loading followed by fast loading to failure, the average load ratio is 
somewhere in between. In loading type 2 the sustained load varied between 85 and 100 % of 
the subsequent failure load, and the load ratio Nu,test / Nu,calc is generally about 6 % lower in 
these cases than in type 1a. The calculated values do not include any reduction of the concrete 
strength with regard to high sustained stresses, therefore it can be concluded that slow or sus-
tained loading has reduced the load capacity by about 10 %. Second order effects are negligi-
ble due to the low slenderness (l/h = 8), and therefore the reduction is caused by the effect of 
high sustained stresses on concrete strength rather than by creep deflections.  
 
With the “conversion factor” 0,85 for concrete strength included, the ratio Nu,test/Nu,calc in-
creases by 9 % on an average (the scatter also increases by about the same amount). The re-
sult is then on the “safe side” in all types of test except no. 3, sustained load to failure, where 
it is still 5 % unsafe. The 28-day strength is not reported in this investigation, but there is no 
doubt that all results would have been on the safe side, including type 3, if the calculations 
had been based on normal design assumptions, which means 28-day strength and conversion 
factor 0,85 (but here of course without partial safety factors). A quick glance at figure 4-67 
and table A1-1 will confirm this. 
 
This is the only test series in which an effect of high sustained stresses on concrete strength 
can be clearly distinguished. All the other test series studied in this chapter have dealt with 
more slender columns. In such cases the concrete stresses are generally lower, and then it is 
the effect of creep (and to some extent shrinkage) on the second order effects, which gives the 
dominating long-term effect. The effect of high sustained stresses on the concrete strength 
seems to be negligible or non-existing in those cases, to judge from the analysis of the subse-
quent test series. 
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6.3.2 Gaede (1968)      
The tests comprise 22 columns with square cross section, 11 under short-term and 11 under 
long-term eccentric load. The load was eccentric in the diagonal direction; this can also be 
seen as a special case of biaxial eccentricity. All columns had b = h = 124 mm,  reinforcement 
with t = 15,5 mm, ρ = 0,01 and fy = 296-298 MPa. The slenderness was l/h = 27-29. Concrete 
strength was measured on 100 mm cubes, but the values presented in the report are converted 
to lower values for 200 mm cubes according to a German standard valid at the time. In the 
present calculations the values for 100 mm cubes are used, however, since they are more rep-
resentative for the small column cross sections, and the values are then multiplied by 0,8 for 
conversion to cylinder strength. For further details, see Appendix A2. 
 
Separate creep tests on plain concrete specimens were made, see table 6-2. The relative humi-
dity in the laboratory is reported to have been 55 %. However, the best agreement between 
calculated creep coefficients and the reported ones was obtained with RH = 44 %. 
 
Table 6-2.   Creep tests and comparison with calculated values.  

Tests values Calculated values of ϕ  for t days with 
Number of days t to reach 

Age at 
start 

t0 ϕ = 1 2 3 4 5 RH = 55 % RH = 44 % 

32 10 28 60 275  1,42 1,90 2,33 3,24  1,36 1,83 2,24 3,11  
23 6 27 62 172 262 1,28 1,97 2,47 3,11 3,37 1,23 1,89 2,37 2,99 3,23
76 10 69    1,05 1,72    1,01 1,71    
40 68     2,00     1,92     

0,88 ± 0,32 1,00 ± 0,36 Mean value ± standard  
deviation of ϕcalc/ϕtest 0,96 ± 0,33  1,09 ± 0,37  

 
Therefore, the column tests were analyzed for both values of RH, 44 and 55 % The results are 
shown in table 6-3. Contrary to the case with the creep tests, however, the agreement with the 
column tests is better for RH = 55 % than for RH = 44 %. The reason for this discrepancy is 
not known, but as can be seen in table 6-2, some of the values of the creep coefficient based 
on the creep tests are extremely high, particularly when considering the relatively short times 
involved: take for instance a creep coefficient of ϕ  = 5 after 262 days, or ϕ  = 4 after 172 
days. If values of ϕ exceeding 3 are excluded, then RH = 55 % gives better agreement also for 
the creep tests.  
 
Test results and calculated values for the column tests are given in table 6-3.  
 
Table 6-3 Test results and comparison with calculated values. Type of test, see 6.1. 

RH = 55 % RH = 44 % 
Type 
of test 

Number 
of tests 

calcu,

testu,

N
N

 
( )
( )calcu,

testu,

log
log

t
t

 
calcu,

testu,

N
N

 
( )
( )calcu,

testu,

log
log

t
t

 

1 11 1,07 ± 0,16  1,08 ± 0,16  
2 2 1,02 ± 0,16  1,04 ± 0,13  
3 10  1,05 ± 0,34  1,29 ± 0,42 

All 23 1,06 ± 0,24 1,16 ± 0,31 
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The scatter of log(tu,test) / log(tu,calc) is very large, but it is typical that variations in the time to 
failure in creep buckling tests can be very large (a similar phenomenon is the number of cy-
cles to failure in fatigue tests, which may also have very large variations). The scatter is un-
usually large also for Nu,test/Nu,calc in the short-term tests. Looking at individual values one 
finds very large variations between tests having very similar basic data, e.g. tests no. III,1 and 
III,2 with Nu,test = 90 and 105 kN respectively, or VI,2 and VI,3 with Nu,test = 50 and 64 kN 
respectively. (See Appendix A2 for more details.) 
 
In this case no comparison with a reduced concrete strength has been made, and no “extra” 
non-linearity has been included. The overall result is conservative despite this, and when the 
calculations were made it was not considered to be of interest to use assumptions that would 
make the result even more conservative.  

6.3.3 Green and Breen (1969)    
The tests comprise 10 columns with a slenderness l/h ≈18, b ≈ 153 mm, h ≈ 103 mm, rein-
forcement with t = 18 mm, ρ = 0,018, fy = 392-458 MPa, concrete strength fc = 24-38 MPa. 
The relative eccentricity e/h varied between 0,04 and 0,42. Details of the individual tests are 
given in Appendix A3.       
         
Two columns failed under sustained load, whereas one failed before reaching the intended 
sustained load. The remaining 7 columns were not loaded to failure; focus was instead on 
deflections and their development with time.     
         
The calculations for these tests were made with different assumptions: concrete strength with-
out and with reduction, relative humidity 75 % (the reported value), and lower values 50 and 
25 %. The few results concerning the time to failure under sustained load are shown in table 
6-4. The comparisons of measured and calculated deformations (in most cases deflections, in 
some cases curvatures) are summarized in table 6-5 and illustrated in figure 6-2. 
 

Calculated values 
1,0fc 0,85fc Test value

RH = 75 % 75 50 25 
S4 3,6 125 8 1,6 0,6 

Table 6-4.  
Measured and calculated  
times to failure under  
sustained load, days. 

S6 39 ∞ ∞ 87 27 
 
 

Test value / calculated value 
1,0fc 0,85fc Specimen

RH = 75 % 75 50 25 
S2 1,59 1,38 1,08 0,85 
S3 1,63 1,39 1,12 0,93 
S4 2,13 1,55   
S5 2,74 2,25 1,18  
S6 2,69 2,13 1,54  
S7 1,19 1,03 0,79 0,62 
S8 1,33 1,02   
S10 1,32 1,10 0,91 0,75 

Mean 1,82 1,48 1,10 0,79 

Table 6-5.  
Comparison between  
measured and calculated  
deflections. 

 

St.dev. 0,62 0,48 0,26 0,13 

 178



6. Comparisons with test results from literature 

With unreduced concrete strength and using the reported value 75 % for the relative humidity, 
the calculated deformations became much smaller than the measured ones (table 6-5), and no 
failures were obtained under sustained load for columns S4 and S6 (table 6-4). When the con-
crete strength was reduced by 0,85 there were still no calculated failures in S4 and S6, and 
calculated deformations were still too small. To obtain failure in S6 creep had to be increased 
by reducing the relative humidity to 50 %. 
 
One reason for these discrepancies could be that the shrinkage and creep functions used in the 
calculations gave too low values for the concretes used in the tests, or that they gave a too 
slow development with time. The time development of creep and shrinkage will have a strong 
influence, considering the relatively short times involved in the tests (4 to 575 days). A simple 
way to obtain a faster development of creep and shrinkage with time in the present model is to 
choose a lower relative humidity as input. This was the reason for making calculations also 
with RH = 50 and 25 %. As can be seen in both tables 6-4 and 6-5 and in figure 6-2, the lower 
RH values give much better agreement with the reported test values.  
 

Figure 6-2. 
Ratio meas-
ured to cal-
culated de-
formations 
for different 
assumptions. 
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In column S9, failure occurred a few minutes after application of the load N = 136 kN, which 
can thus be considered as the short-term failure load. However, the calculated short-time fail-
ure load is only 126 kN without reduction of concrete strength and 118 kN with reduction 
0,85. Thus, while comparisons for long-term load give “unsafe” results, unless some parame-
ters are changed in the unfavorable direction, comparisons with the only short-time test gives 
a conservative result, even without reduction of the concrete strength.    
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The fact that it is possible to obtain better agreement with measured values by reducing the 
concrete strength and assuming a lower relative humidity than the reported value does not 
mean that these parameters are arbitrary, of course. However, the models for creep and 
shrinkage that have been used here (see chapter 4) may not be fully representative for the spe-
cific concretes used in these tests made 40 years ago, and this may explain why values of RH 
other than those reported sometimes give a better agreement. The conversion factor 0,85 also 
contributes to a better agreement in this comparison (except for the only short-term load, 
where instead an increased concrete strength would have given better agreement).  
 
In comparisons with tests from other investigations the outcome is sometimes the opposite, i.e. 
the agreement is better without reduction of the concrete strength. We have already seen one 
example above, Gaede (1968), where the calculated values were conservative even without 
any reduction. Probably the need for a “conversion”, from strength of standard test specimens 
and strength in test column, may vary between different investigations, depending on circum-
stances like column size, casting position (horizontal / vertical), compaction, curing etc. It 
should be kept in mind that the conversion factor takes into account the uncertainty in the 
conversion of strength from test specimen to structure, in addition to systematic deviations. 

6.3.4 Ramu, Grenacher, Baumann and Thürlimann (1969) 
The tests comprise 37 columns with rectangular cross section, b x h = 250 x 150 or 250 x 100 
mm, slenderness λ = l/i = 50 to 150 (l/h = 14 to 43), reinforcement with t = 18 to 29 mm, ρ = 
0,01 to 0,043, fy = 454 to 528 MPa and concrete with fc = 27 to 47 MPa (after conversion from 
reported cube strength with factor 0,8). 
 
The comparison between test results and calculated values is summarized in table 6-6. For 
more details, see Appendix A4. Type of test is explained in 6.1. Calculations have been made 
with four different sets of assumptions: without and with reduction 0,85 of concrete strength, 
without and with “extra“ non-linearity of creep (apart from the non-linearity given by the 
stress-strain curve, see clause 4.2.1 and 4.8). For more details see Appendix A4. 
 
Table 6-6. Summary of comparison between test results and calculated values. 2 days have 
been added to the time values to avoid division by zero. NLC means “extra” non-linear creep.  

NLC:   no yes Type 
of test 

 
1,0fc 0,85fc 1,0fc 0,85fc 

1 calc0utest0u )()( tNtN  0,89 ± 0,07 0,97 ± 0,06   

2 calcutestu )()( tNtN  0,89 ± 0,05 0,97 ± 0,05 0,89 ± 0,05 0,97 ± 0,05 

3 
( )
( )2log

2log

calc

test
+
+

t
t  0,94 ± 0,34 1,33 ± 0,37 1,01 ± 0,24 1,45 ± 0,56 

All 0,92 ± 0,25 1,18 ± 0,33 0,98 ± 0,20 1,32 ± 0,52 
 
For load values, the best agreement is obtained with reduction of the concrete strength. With 
strength reduction, the overall agreement is good, and the scatter is on a normal level. The 
“extra” non-linearity of creep has no effect on load values. 
 
For time values, the best agreement between calculated and measured values is obtained with-
out reduction of the concrete strength, and with the “extra” non-linearity of creep. The overall 
scatter is significantly larger with reduction of the concrete strength than without. 
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6.3.5 Hellesland (1970) 
This is the only report that deals with sustained and cyclic loading, i.e. type 4 according to 6.1. 
A series of seven columns were tested under sustained load, followed by a few cycles of load 
and finally short time loading to failure.  
 
From a design point of view, cyclic loading of columns is of interest for bridge columns with 
regard to fatigue, where both vertical load and bending moments can vary with a large num-
ber of cycles due to variations in the traffic load. Another area of practical interest is cyclic 
loading of columns in earthquake situations, where horizontal deformations are cycled far into 
the plastic range. A few cycles of vertical load, as in these tests, may be of interest for com-
parisons with theoretical material models, which was a main topic of the investigation. How-
ever, it is a case that is seldom considered in practical design, and it is not considered at all in 
the present study. Therefore, the only comparison that will be made with the test results here 
concerns the deflections under sustained load and under maximum load in the first load cycle.  
 
Figure 6-3 shows the comparison between measured and calculated deflections. It was found 
that the best overall agreement was obtained when deflections were calculated for RH = 65 % 
instead of the very low reported values, RH = 17 to 29 %. For more details, see Appendix A5. 
 
For each tested column, there are three deflection values: 

1. short time deflection under sustained load Nlong at time t0 
2. deflection after time tlong with constant load Nlong 
3. short time deflection under maximum cyclic load Nc,max 
 
In the figure, no distinction is made between these different values. The empty triangles rep-
resent values calculated on the basis of the reported values RH = 17 – 29 %. These values of 
RH are extremely low, and with the creep and shrinkage models used in the calculations they 
obviously give too high values of the calculated deflection, on an average 20 % higher than 
the measured values. There are two main possibilities: either the reported values of RH are too 
low, or the creep and shrinkage models used here do not represent the actual testing and mate-
rial conditions very well. Therefore, deflections were also calculated with higher values of RH, 
which is a simple way to calibrate the material models, see also previous analyses. The filled 
circles in figure 6-3 represent the deflections calculated with RH = 65 %, which was found to 
give the best overall agreement with measured values. 
 
The concrete tensile strength has been ignored in all calculations in the present report. One 
source of deviations between measured and calculated values could therefore be the effect of 
tension stiffening when the columns are cracked. It could then be expected that the calculated 
deflections become too large compared to the measured values, in particular for columns that 
are cracked. The lower limit of the total eccentricity (initial eccentricity plus deflection) that 
would give cracking is h/6 = 30 mm (disregarding reinforcement). It is then found that three 
columns should be uncracked whereas the remaining four should be cracked. Figure 6-4 
shows the same comparison as in figure 6-3, but separated with regard to cracking, and this 
time in terms of deflection plus initial eccentricity. 
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Figure 6-3. Com-
parison between 
measured and 
calculated deflec-
tions. Empty tri-
angles represent 
values calculated 
with the reported 
values of RH (17-
29 %). Filled cir-
cles represent val-
ues calculated 
with RH = 65 %. 
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Figure 6-4. Comparison of deflection plus eccentricity, with uncracked and cracked columns 
separated. Like in figure 6-3, empty triangles represent values calculated with the reported 
values of RH (17-29 %), whereas filled circles represent values calculated with RH = 65 %. 
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The conclusion from figure 6-4 is that calculated values based on the reported (low) values of 
RH are too high, whereas the values calculated for RH = 65 % agree well with the measured 
values, and that there is no difference between uncracked and cracked columns in this respect. 
(Except for the smallest deflections, where the calculated values are too small, regardless of 
the RH used. However, for deflections less than 2 mm, cf. figure 6-3, various kinds of imper-
fections may influence the relative precision of measurements; therefore these values should 
be judged with caution.)  
 
The conclusion is that the calculated deflections are too large if the reported values of RH are 
used (17-29 %), whereas the agreement is good if a higher value of RH is used (65 %). The 
explanation may be either that the reported values of RH are too low, or that the concrete in 
the test columns happens to be better described with a “too high” value of RH.  
 
Another conclusion that can be drawn from figure 6-4 is that tension stiffening does not seem 
to play any significant role; if it did, the outcome of the comparisons ought to be different for 
cracked and uncracked sections, but there is no such difference. 

6.3.6 Drysdale and Huggins (1971) 
The tests comprise 58 columns tested under short-term and long-term biaxially eccentric load. 
The slenderness was very high, l/h = 31 or l/i = 108. The concrete had a high cement content 
with the specific purpose to give high values of creep and shrinkage. The following values 
were obtained in separate creep and shrinkage tests: creep coefficient ϕ ≈ 4 after 200 days and 
ca 0,5 o/oo shrinkage after 2 years.  
 
The main data for the tests are given in table 6-7. For more details see Appendix A6. 
 
Table 6-7. Summary of main data for tests. All columns had b = h = 127 mm, t = 19 mm, l = 
3962 mm, ρ = 0,0314 and fy = 387 MPa. Concrete strength varies between 24 and 30 MPa. 

Type of loading, number of tests Test group 1 2 3 
ey 

mm 
ez 

mm 
A, B 10 8 4 18,0 18,0 

C 4 4 4 23,5 9,7 
D 4  4 25,4 0 
E 4 2 2 35,2 14,6 
F 4 2 2 11,7 4,9 

All 26 16 16   
 
Calculations were made both without and with reduction of the concrete strength. The result 
of the comparisons is given in table 6-8. The full comparisons are shown in Appendix A6. 
 
The calculated values of failure loads are all conservative, whereas the calculated values of 
life-time under sustained load are in general higher than the test values if the concrete strength 
is not reduced. As mentioned above, the concrete was deliberately composed so as to have 
high values of creep and shrinkage, which may explain why the effects of creep and shrinkage 
have been underestimated by the models used in the calculations, which have been calibrated 
for more normal concretes. Calculations using a lower value of RH and perhaps other modifi-
cations of concrete parameters could have given better agreement for the time t to failure, but 
they would give even worse agreement for the short-term ultimate load Nu(t) after a period of 
sustained load.  
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Table 6-8. Result of comparisons. t0 = 28 days in all tests. Type of test, see 6.1. 

NLC:   no yes Type of test  
fc(1,0) fc(0,85) fc(1,0) 

1 calc0utest0u )()( tNtN  1,12 ± 0,04 1,19 ± 0,05  

2 calcutestu )()( tNtN  1,15 ± 0,06 1,22 ± 0,07 1,16 ± 0,06 

3 
( )
( )2log

2log

calc

test
+
+

t
t  0,89 ± 0,34 1,51 ± 0,36 0,93 ± 0,36 

All 1,07 ± 0,21 1,29 ± 0,48 1,04 ± 0,28 
 
A reduction of the concrete strength with 0,85 does not improve the overall agreement, on the 
contrary. The calculated failure loads become even more conservative, and the calculated life-
times now become much too low. When comparing the total result, ultimate loads and times 
to failure, the agreement is also better without reduction of the concrete strength. “Extra” non-
linear creep has a small effect and it somewhat improves the agreement for the time to failure, 
if at the same time the concrete strength is not reduced. The combination of both reduced con-
crete strength and non-linear creep was not studied here, since it is obvious that it would not 
give better agreement in any of the cases studied. 
 
In order to get higher values of the calculated failure loads in this case, one would in fact have 
to increase the concrete strength. However, if any systematic modification of the concrete 
strength is to be made, it should normally be a reduction (unless the reported values are 
known to be too low for some reason, but there is no such indication in this case). Further-
more, increased concrete strength would have the opposite effect on life-time. Therefore, in 
this test series it is difficult to get good overall agreement for both ultimate loads and times to 
failure under sustained load, at least with realistic input values. 

6.3.7 Goyal and Jackson (1971) 
In all 46 columns were tested under short-term and long-term eccentric load. They had h = b = 
76,2 mm and t = 12,7 mm; thus they have the smallest cross sections in the investigations 
studied. The length was l = 1,83, 1,22 and 2,74 m, i.e. the slenderness was l/h = 24, 16 and 36 
respectively. For details see Appendix A7.  
 
The result of the comparison between test results and calculated values is given in table 6-9. 
For each pair of short-term tests, the first test was performed about 28 days after casting, 
whereas the second test was made about 180 days later. The long-term tests were all started at 
about 28 days, and after 180 days under sustained load, the load was increased to failure. The 
sustained loads were 40 and 60 % of the associated short-term failure loads. No failures under 
sustained load were obtained.  
 
Calculations have been made both without and with reduction of the concrete strength. The 
reported relative humidity was 45-60 %. Separate creep tests indicated a creep coefficient at 
the end of the test period of about ϕ(t) = 2,4. However, the calculated creep coefficient be-
came too high (about 3,2) with the reported RH values. The value that gave the same creep 
coefficient as in the creep test was RH = 75 %, and this value was used in the calculations. 
(Calculations were also made with the reported values of RH, but they gave too low values of 
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the calculated failure load after sustained loading, which is consistent with the fact that they 
gave a too high creep coefficient.) 
 

Table 6-9. Summary of the comparison between measured and calculated ultimate loads. 
Nu,calc(1,0) means that no reduction of concrete strength has been made in the calculation, 
whereas Nu,calc(0,85) means reduction with factor 0,85. All calculated values are based on a 
higher RH value than those reported, 75 %. 

calcu,testu, NN  
Type of test Number of tests 

1,0fc 0,85fc 

1 26 0,98 ± 0,05 1,06 ± 0,06 

2 20 1,03 ± 0,07 1,11 ± 0,09 

All tests 46 1,01 ± 0,06 1,08 ± 0,08 
     
From table 6-9 it is clear that the agreement is better if the concrete strength is not reduced by 
the conversion factor 0,85, with regard to both mean value and scatter. Without reduction, the 
agreement is on the whole quite good. 
 
It should also be observed that neither strength reduction with regard to high sustained stress 
nor additional nonlinearity of creep have been included in the calculations. 

6.3.8 Kordina (1975) 
A total of 12 columns were tested under long-term load followed by short-term loading to 
failure. The columns had a cross section around b x h = 267 x 173 mm and a length around 
5,13 m, giving a slenderness of ca λ = 100 or l/h = 30. The concrete strength varied between 
23 and 38 MPa (cylinder strength after conversion with 0,8 from reported cube strength). The 
reinforcement ratio varied between 0,01 and 0,032 and the yield strength between 266 and 
462 MPa. The eccentricity of the load varied between 25 and 86 mm (e/h = 0,2 – 0,5). The 
long-term load was applied at concrete ages varying between 28 and 338 days, and the dura-
tion of long-term loading varied between 418 and 599 days. 
 
Table 6-10 shows the comparison between measured and calculated values of the ultimate 
load. In some cases the long-term load could not be sustained during the whole test period 
according to the calculation; the values in italics and within brackets are then the calculated 
time to failure. The “extra” non-linearity of creep did not have any effect in these calculations. 
For more details about tests and calculations, see Appendix A8. 
 
In table 6-10, the agreement between calculated and measured values is very poor for columns 
V and particularly IX, the calculated values being too low. The tendency is the same for no. 
VII and XI where, according to the calculation, the long-term load could not even be sus-
tained during the test period.  
 
In order to try and find a reason for these discrepancies, the reported values of concrete 
strength and E-modulus for different concrete ages were also studied. Table 6-11 shows the 
ratio between measured and calculated values of fc and Ec. 
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Table 6-10. Measured and calculated values of the ultimate load after long-term loading. 

Nu,calc calcu,testu, NN  
No. ρ e/h t0 

days 
t 

days 
Nu 

MN 1 0,85 1 0,85 
I 0,010 0,50 338 418 105 103 101 1,02 1,04 
II 0,010 0,50 200 418 098 104 102 0,94 0,96 
III 0,010 0,20 280 598 260 231 216 1,13 1,20 
IV 0,010 0,20 222 594 205 198 183 1,04 1,12 
V 0,010 0,14 96 540 530 377 342 1,41 1,55 
VI 0,022 0,20 77 588 350 330 313 1,06 1,12 
VII 0,010 0,20 70 492 232 (396) (136) - - 
VIII 0,032 0,20 63 492 430 393 370 1,09 1,16 
IX 0,010 0,14 28 480 535 314 285 1,70 1,88 
X 0,022 0,20 28 448 405 329 312 1,23 1,30 
XI 0,010 0,20 30 599 258 (280) (111) - - 
XII 0,032 0,20 29 565 376 371 347 1,01 1,08 

    Mean value 1,16 1,24 
    

All 
Stand. dev. 0,23 0,28 

    Mean value 1,07 1,12 
    

All except        
V and IX Stand. dev. 0,09 0,10 

 
 
Table 6-11. Ratio between measured and calculated values of concrete strength and E-
modulus at different times. 

Test / Calculation 
fc Ec No. 

t0 
 

days 

t 
 

days 

t0 + t 
 

days 28 t0 + t t0 t0 + t 

calcu,testu, NN
1,0fc 

I 338 418 756 1,08 0,97 1,02 1,01 1,02 
II 200 418 618 1,04 0,95 0,88 1,00 0,94 
III 280 598 878 0,96 0,97 0,92 0,98 1,13 
IV 222 594 816 1,06 0,96 0,81 0,97 1,04 
V 96 540 636 0,99 1,00 1,06 1,38 1,41 
VI 77 588 665 0,93 1,04 1,05 1,10 1,06 
VII 70 492 562 0,97 1,10 1,06 1,11  
VIII 63 492 555 1,01 1,04 1,05 1,06 1,09 
IX 28 480 508 1,00 0,87 1,09 1,18 1,70 
X 28 448 476 1,00 0,96 1,09 1,06 1,23 
XI 30 599 629 1,01 1,03 1,04 1,06  
XII 29 565 594 1,00 1,01 1,04 1,03 1,01 

  Mean value 1,00 0,99 1,01 1,08  
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In table 6-11, the agreement is generally good for the concrete strength, but not so good for 
the E-modulus, where the measured values at the end of the test period are very high in some 
cases, especially no. V and IX. This may at least partly explain why the measured ultimate 
loads are so much higher than the calculated ones in these cases. In the cases where the long-
term load could not be sustained in the calculation, VII and XI, the deviation in the E-
modulus is less. Obviously there must be some other explanation to the discrepancies than the 
E-modulus. 
 
The ratio Nu,test / Nu,calc is plotted as a function of the relative long-term load in figure 6-5. No. 
V and IX represent the lowest relative long-term loads. Furthermore, they represent the lowest 
relative eccentricities, see table 6-10. This means that these columns have been subjected to 
rather low stresses under the long-term load, which means that the concrete may actually have 
become stronger due to the effect of “adaptation”, described by Bazant & Sang-Sik (1979) 
(see chapter 2). Another contributing factor to the high loads in the tests could be that the col-
umns were unloaded before the short-term test to failure; column IX was even kept unloaded 
for five months, during which part of the long-term deflection was recovered. These effects 
are not taken into account in the calculations. For the above reasons, tests no. V and IX will 
not be included in the compilation of all data, see clause 6.4. 
 

Figure 6-5. Ratio test / calcula-
tion as a function of the relative 
long-term load. 
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6.3.9 Fouré (1976) 
In all 26 columns were tested. Eccentricities were in some tests different in the two ends of 
the column, with e1/e2 varying between 1,0 and -0,5, see figure 6-6. In some tests a horizontal 
force was applied at mid-height. A summary of the comparison between measured and calcu-
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lated values is given in table 6-12. For more details about tests and calculations, see Appendix 
A9. Test results are compared with calculated values in table 6-12.  
 

Figure 6-6. Different end eccentricities and 
(in some tests) horizontal force. 
 

 

 
 
 
Table 6-12. Summary of main comparisons between measured and calculated values. 
 

NLC: no Yes 
Type of test comparison No.

1,0fc 0,85fc 1,0fc 0,85fc 

1 calc0utest0u )()( tNtN  8 0,96 ± 0,05 1,06 ± 0,04 - - 

2 calcutestu )()( tNtN  8 1,25 ± 0,10 1,40 ± 0,08 1,25 ± 0,10 1,40 ± 0,08

3 )2log()2log( calctest ++ tt 7 0,92 ± 0,27 1,37 ± 0,28 0,93 ± 0,27 1,38 ± 0,28

All  23 1,05 ± 0,21 1,26 ± 0,23 1,10 ± 0,25 1,39 ± 0,21
 
For the short-term tests (type 1), the calculated values are on an average 4 % on the unsafe 
side compared to the test results, if the concrete strength is not reduced. If the strength is re-
duced with factor 0,85, on the other hand, the result is 6 % on the safe side. 
 
For the tests with long-term load followed by short-term load to failure (2), the calculated 
values are conservative, the average ratio Ntest/Ncalc being 1,25 or 1,40 without and with reduc-
tion of the concrete strength respectively. The reason for this poor agreement is not known.  
 
For the creep buckling tests (3), the calculated time to failure under sustained load is on an 
average 7-8 % on the unsafe side without reduction of the concrete strength and 37-38 % on 
the safe side with reduction; the figures refer to the logarithms of time values, with the addi-
tion of 2 days in order to avoid division by zero. Including an “extra” creep non-linearity 
(apart from that given by the non-linearity of the stress-strain curve) has an effect in some 
cases, but in most cases none at all. 
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In connection with this investigation another type of calculation was made, namely the sus-
tained load which gave the same life-time as in the creep buckling tests. The comparison is 
shown in table 6-13.36 It can be noted that the scatter is much less than when the correspond-
ing time values are compared, table 6-12. 
 
Table 6-13. Comparison between measured and calculated sustained loads giving 
the same life-time.  

NLC: no Yes 
Type of comparison Number 

1,0fc 0,85fc 1,0fc 0,85fc 

calcutestu )()( tNtN  7 0,99 ± 0,07 1,07 ± 0,07 0,99 ± 0,07 1,07 ± 0,07 

All comparisons 30 1,03 ± 0,19 1,21  ± 0,22 1,06 ± 0,21 1,27 ± 0,23 
 
Without reduction of concrete strength, the agreement is very good as regards the load values 
in the last comparison. On the whole, the agreement is better without reduction the concrete 
strength and without “extra” of creep non-linearity. 

6.3.10 Claeson (1998) 
The main topic of this investigation was high strength concrete columns under short-term load, 
and only two columns were tested for long-term effects. These will be studied here together 
with four short-term reference tests. All columns had b = h = 200 mm, l = 4000 mm, rein-
forcement with ρ = 0,0201, t = 31 mm, fy = 636 MPa, fu = 721 MPa and εu = 0,10. The eccen-
tricity of the load was 20 mm. Three columns had normal concrete strength, three had high 
strength. Test results and calculated values are summarized in table 6-14. For more details 
about tests and calculations, see Appendix A10. 
 
Table 6-14. Comparisons between test results and calculated values. 1,0 and 0,85 refer to the 
reduction of concrete strength. NLC is “extra” non-linear creep. 

Column test calcu,testu, NN  )1log()1log( calctest ++ ttConcrete 
strength Start Dur. Nlong Nu,test NLC: no yes NLC: no yes Test 
tc fc(tc) t0 tu kN kN 1 0,85 1 1 0,85 1 0,85

N201 28 35,5 28 22 644      0,53 0,68 0,55 0,70
N202 52 37,6 189 0  739 0,83 0,92        
N203 192 27 192 0  789 0,99 1,09        
H201 28 92,3 28 175 1110        1,05  1,10

   203 0  1367 1,05  1,05       
H202 113 103 203 0  1543 0,91 0,99        
H203 203 107 203 0  1607 0,82 0,90         

Mean value 0,92 0,98 1,05 0,53 0,86 0,55 0,90test / calc 
Standard deviation 0,09 0,08 - - 0,19 - 0,20

                                                 
36 The reason why this type of comparison was not made for all relevant tests is that it requires a large amount of 
trial and error calculations to find the load that gives a certain time to failure. To find the time to failure under a 
given load, on the other hand, requires only one calculation. 
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The average result is improved with a reduced concrete strength. There is also a “positive” 
effect of an extra creep non-linearity - positive in the sense that it improves the agreement 
between calculated and measured values. However, there are only two tests with sustained 
load, and therefore no certain conclusions can be drawn. Even if the calculated values are 
somewhat on the unsafe side, they are well within the range of scatter for all tests studied here. 

6.3.11 Khalil, Cusens & Parker (2001) 
Tests were made on 11 columns with short-term loading and 8 with sustained loading. Along 
with the sustained loading tests, short cylinders were also tested with regard to creep and 
shrinkage. Slenderness of columns ranged from l/h  = 18 up to the extremely high value of 
62,5. Eccentricity varied from e/h = 0,08 to 0,125 and reinforcement ratio from ρ = 0,026 to 
0,042. Concrete cube strength was 47 to 67 MPa. Dimensions of column cross sections were 
between 85 x 125 and 125 x 152 mm. More detailed data are given in Appendix A11. 
 
In the long-term tests, the load was kept constant for 90 days at a level of 60 % of the failure 
load for the corresponding short-term test. All columns sustained the load during this period, 
and were then loaded to failure. The short-term tests as well as the start of the long-term tests 
was always at a concrete age of 28 days. The relative humidity is not reported, therefore a 
default value of RH = 50 % was used in the first calculation. It was then found that this gave 
conservative results, thus many of the long term loads could not always be sustained for the 
period of 90 days. Therefore, calculations were also made with a higher value, RH = 75 %, in 
order to reduce creep and shrinkage effects.  
 
The comparison between calculated and measured values is shown in table 6-15. The concrete 
cube strength values have been converted to cylinder strength by multiplication with 0,8. For 
details about test results and calculations, see Appendix A11. In this case not only the mean 
values and standard deviations are shown, but also the individual values for each test speci-
men. The reason is that the results turn out to be strongly dependent on the slenderness, par-
ticularly for the short-term tests. This has not been observed in any other test series. 
 

calcu,testu, NN  
No. l/h 

1,0fc 0,85fc 
C1 18,0 0,85 0,95 
C2 18,0 0,75 0,84 
C3 26,5 1,17 1,27 
C4 26,5 1,08 1,19 
C5 28,8 0,92 1,00 
C7 33,6 0,87 0,94 
C9 38,4 0,92 0,99 
C11 45,0 1,05 1,13 
C14 50,0 1,16 1,27 
C17 55,6 1,59 1,64 
C19 62,5 1,80 1,85 

Mean 1,11 1,19 C1-C19 
St.dev. 0,32 0,31 
Mean 0,98 1,06 

Table 6-15. Comparison between  
measured and calculated values. 

a) Short-term tests. 

C1-C14 St.dev. 0,15 0,16 
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b) Long-term tests. The table shows Nu,test/Nu,calc where possible. Otherwise ( ) is the number 
of days that the test load could be sustained in the calculation (test duration was 90 days),    
“-“ means that the test load could not be sustained even for a short time in the calculation. 

RH = 50 % RH = 75 % 
NLC: no Yes NLC: no Yes No. l/h 

1,0fc 0,85fc 1,0fc 0,85fc 1,0fc 0,85fc 1,0fc 0,85fc 
C6 28,8 0,91 1,02 0,91 1,02 0,81 0,89 0,81 0,89 
C8 33,6 1,10 1,20 1,10 1,20 0,94 1,04 0,94 1,04 
C10 38,4 1,07 1,15 1,07 1,15 0,93 1,01 0,93 1,01 
C12 45,0 (48) (19) (47) (17) 1,29 1,38 1,29 1,39 
C13 45,0 (40) (19) (40) (14) 1,38 1,48 1,38 1,49 
C15 50,0 (72) (26) (72) (26) 1,27 1,34 1,27 1,34 
C18 55,6 - - - - (4,6) (1,0) (4,1) (1,0) 
C20 62,5 - - - - 1,06 1,09 1,06 1,09 

Mean 1,03 1,12 1,03 1,12 0,89 0,98 0,89 0,98 C6-
C10 St.dev. 0,10 0,10 0,10 0,10 0,08 0,08 0,08 0,08 

Mean - 1,10 1,18 1,10 1,18 C6-
C20 St.dev. - 0,22 0,22 0,22 0,22 

 
As can be seen in table 6-15 the high values of the ratio Ntest/Ncalc are found for the highest 
values of the slenderness, see also figure 6-7. Here values for both short-term and long-term 
tests are included. Values calculated without reduction of the concrete strength are shown. 
 

Figure 6-7. Ratio 
Ntest/Ncalc as a 
function of the 
slenderness. 
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The results of the separate creep tests are shown in table 6-16, together with the concrete 
strength and the name of the associated column test. 
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Table 6-16. Results of separate creep tests, expressed as creep coefficient, together with the 
associated concrete strength (converted to cylinder strength). 

Column C6 C8 C10 C12 C13 C15 C18 C20 
fc 50,5 49,8 49,3 42,6 41,5 53,6 44,2 44,2 
ϕ 2,11 1,55 2,41 2,15 2,68 2,21 2,04 2,26 

 
The creep coefficient versus the concrete strength is shown in figure 6-8. The scatter is large, 
but the trend is the expected one, i.e. the creep coefficient decreases with increasing concrete 
strength. 
 
The creep coefficients are high considering the short duration of the tests, 90 days. However, 
the values are not directly representative for the columns, since the creep specimens had a 
smaller cross section. Therefore, the creep coefficients for the columns ought to be lower. The 
value of RH giving agreement with the creep test values, using the associated concrete 
strength, is shown in table 6-17. 
 

Figure 6-8. Test values of creep 
coefficient versus concrete 
strength. 
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Table 6-17. Values of RH giving calculated values of the creep coefficient equal to the re-
ported ones. 

Column C6 C8 C10 C12 C13 C15 C18 C20 Average
fc 50,5 49,8 49,3 42,6 41,5 53,6 44,2 44,2 47 
ϕ 2,11 1,55 2,41 2,15 2,68 2,21 2,04 2,26 2,2 

RH 31 49 51 42 23 63 35 22 39 
 
The calculated value of RH varies a lot, and the average value, 30 %, is much lower than the 
value which was used in order to get better agreement with the long-term column tests, 75 %. 
Furthermore, despite high values of the measured creep coefficients, most of the columns in 
the long-term tests performed much better than according to the calculations. To this can be 
added the strong dependence of Ntest/Ncalc on the slenderness, see figure 6-7. Thus, for this test 
series there are strong discrepancies between analysis and test results, for which the reason is 
not known. 
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6.3.12 Bradford (2005) 
Tests were made on five columns with constant long-term loading from 12 to 270 days, after 
which the columns were not loaded to failure. The columns were 5 m long and had cross sec-
tion 150 x 150 mm and reinforcement ratio ρ = 0,0201. The slenderness was λ = 115. The end 
eccentricities were 50 mm at one end and 50, 25, 0, -25 and -50 respectively at the other end. 
Deflections were measured at 1/4, 1/2 and ¾ of the column length.  
 
Shrinkage and creep were measured on three separate specimens each. No details of the con-
crete composition are reported, and the concrete compressive strength is only given as the 
average of three tests; 29,3 MPa. The relative humidity is not reported; therefore different 
values were used as input in the calculations. The value that gave the best agreement with 
measured deflections was RH = 73 %.  
 
Table A12-1 shows measured values and values calculated for RH = 50 and 73 % respectively. 
No reduction of the concrete strength has been included, and no “extra nonlinearity” of creep.  
 
Table A12-1. Measured and calculated values of deflection, creep coefficient and shrinkage 
for t = 270 days. 

Deflection in mm 
Calculated Measured 

RH = 50 % RH = 73 % 
Column Nlong 

kN 
l/4 l/2 3l/4 l/4 l/2 3l/4 l/4 l/2 3l/4 

C1 70 33,5 44,5 33,5 39,5 54,1 39,5 32,7 44,8 32,7 
C2 70 21,6 28,5 19,9 29,2 38,5 27 23,3 30,5 21,2 
C3 80 15 18,5 12,2 23,2 28,5 18,3 17,5 20,8 13,1 
C4 80 9,2 9,2 4,8 12,3 12,3 6,1 9,2 8,9 4,2 
C5 85 3,6 0,7 -4,1 3,8 0 -3,8 3,3 0 -3,3 

mean  0,79 1,00 Test/calc 
st.dev.  0,12 0,10 

Creep coefficient ϕ 2,37 3,01 2,25 
Shrinkage εcs (o/oo) 0,33 0,54 0,39 

 
Since the relative humidity was not reported, the only thing that can be said about this com-
parison is that the value of RH that gives good agreement for the deflections also gives fairly 
good agreement for the creep coefficient and the shrinkage. Higher values of RH give better 
agreement for the shrinkage, but worse agreement for deflection and creep. The standard de-
flection for the deflection ratios also increases for higher RH. Concerning shrinkage, it has 
been assumed (as in all calculations presented in this report) that drying starts after 7 days. 
However, increasing this time to 12 days (which would imply that the specimens were kept 
sealed until the start of testing) makes no noticeable difference to the calculated result. 
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6.4 Summary, discussion and conclusions of test comparisons  

6.4.1 Summary 
The following three types of tests will be considered, cf. 6.1: 
 
1. Short-term loading to failure 
2. Sustained load followed by short-term loading to failure 
3. Sustained load until creep failure under constant load 
 
The following assumptions have been combined in calculations: 
 
− Concrete strength = measured fc without reduction, or with reduction 0,85 

− Effect of “extra” creep non-linearity (clause 4.2.1) not included, or included 
 
Generally, in a test series where a calculation without reduction and without non-linear creep 
had already given conservative results, there was no reason to make calculations with even 
more conservative assumptions. Therefore, reduced concrete strength and non-linear creep 
have not been included in the calculations for all test series.  
 
The results are summarized in tables 6-18 to 6-20. 
 
Table 6-18. Loading type 1, short-term ultimate load. Mean value ± standard deviation.  

calcu,testu, PP  
Investigation Number of tests

1,0fc 0,85fc 
1 14 1,01 ± 0,07 1,10 ± 0,08
2 11 1,07 ± 0,16 - 
4 6 0,89 ± 0,07 0,97 ± 0,06
6 26 1,12 ± 0,04 1,19 ± 0,05
7 26 0,98 ± 0,05 1,06 ± 0,06
9 8 0,96 ± 0,05 1,06 ± 0,04
10 4 0,89 ± 0,08 0,98 ± 0,09
11 9 0,98 ± 0,15 1,06 ± 0,16

1+2+4+6+7+9+10+11 104 1,02 ± 0,11 - 
1+4+6+7+9+10+11 93 1,01 ± 0,10 1,09 ± 0,10
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Table 6-19. Loading type 2, short-term ultimate load after sustained loading. NLC = 
“extra” non-linearity of creep according to 4.2.1.  

calcu,testu, PP  
NLC: no yes Investigation Number of tests

1,0fc 0,85fc 1,0fc 0,85fc 
1 13 0,95 ± 0,07 1,03 ± 0,09   
2 2 1,02 ± 0,13    
4 7 0,89 ± 0,05 0,97 ± 0,04 0,89 ± 0,05 0,97 ± 0,04
6 15 1,15 ± 0,06 1,22 ± 0,07 1,16 ± 0,06  
7 20 1,03 ± 0,07 1,11 ± 0,09   
8 8 1,07 ± 0,09 1,12 ± 0,10 1,07 ± 0,09 1,12 ± 0,10
10 1 1,05  1,05  
11 7 1,10 ± 0,22 1,18 ± 0,22 1,10 ± 0,22 1,18 ± 0,22

1+2+4+6+7+8+10+11 73 1,04 ± 0,12    
1+4+6+7+8+11 69 1,04 ± 0,12 1,11 ± 0,13   

4+6+8+11 38 1,07 ± 0,14 1,14 ± 0,15 1,07 ± 014  
4+8+11 22 1,02 ± 0,16 1,09 ± 0,16 1,02 ± 0,16 1,09 ± 0,16

 

 

Table 6-20. Loading type 3, time to failure under constant sustained load. A quantity Δ is 
added to t in order to avoid division by zero; in most cases Δ = 1 day (sometimes 0, 
sometimes 2). NLC is “extra” non-linearity of creep according to 4.2.1. 

( ) ( )Δ+Δ+ calctest loglog tt  
NLC: no yes Investigation Number of tests 

1,0fc 0,85fc 1,0fc 0,85fc 
2 9 1,05 ± 0,34    
3 2 1,21 ± 0,55    
4 16 1,00 ± 0,24 1,36 ± 0,37 1,01 ± 0,24 1,48 ± 0,57
6 16 0,89 ± 0,34 1,51 ± 0,86 0,93 ± 0,36  
9 7 0,92 ± 0,27 1,37 ± 0,28 0,93 ± 0,27 1,38 ± 0,28
10 1 0,53 0,68 0,54 0,70 

2+3+4+6+9+10 48 0,95 ± 0,30    
4+6+9+10 38 0,93 ± 0,29 1,39 ± 0,62 0,95 ± 0,30  

4+9+10 23 0,95 ± 0,26 1,33 ± 0,36 0,97 ± 0,26 1,41 ± 0,50

6.4.2 Discussion 
Considering all investigations, the best overall agreement is obtained without reduction of the 
concrete strength. This is true both for ultimate loads, with or without preceding sustained 
loading, and for the time to failure under sustained load. The fact that the result is better with-
out the “conversion” factor does not imply that this factor is unnecessary in practical design. 
It may be more or less so in comparisons with laboratory tests, where the “structure” itself is 
also a test specimen; see also comment below. However, in real structures one can expect 
larger variations in the ratio between strength in the structure and strength of standard test 
specimens. The conversion factor is sometimes said to cover systematic deviations between 
these strengths, but it also covers the uncertainty in the relation between the two.  
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However, the result clearly indicates that there is no need for a further reduction with regard 
to the effect of high sustained stresses. This conclusion is supported not only by tests on slen-
der columns, but also by the only test series dealing with short columns (series no. 1), despite 
the fact that concrete stresses are generally higher for short columns than for slender ones. 
The strength reductions due to high sustained stresses that can be found in the tests on short 
column is then more than compensated by the strength increase of the concrete, cf. figure 4-67. 
 
As for “extra” non-linear creep (see 4.2.1), it has practically no effect at all for loading of type 
2, i.e. sustained loading followed by short-term loading to failure, see table 6-19. For loading 
of type 3, sustained loading until creep failure, see table 6-20, there is some effect, although 
mostly small; the best agreement is then obtained with non-linear creep and without reduction 
of concrete strength. If the concrete strength is reduced with the “conversion” factor, on the 
other hand, then there is no need to include any “extra” non-linearity of creep, the overall re-
sult is quite conservative even without it. This indicates that, at least for design purposes, 
where long-term load followed by short-term loading to failure is the most relevant type of 
loading, the non-linearity of creep given by the stress-strain curve is quite sufficient. 
 
Looking at individual test series the overall results may vary considerably between different 
series, as can be seen in tables 6-18 to 6-20. Thus, concrete strength without reduction has 
given better agreement concerning ultimate loads in all investigations except no. 4 and 10. On 
the other hand, in no. 4 the agreement concerning times to creep failure is better without re-
duction. It seems that the need for any conversion at all may vary between different investiga-
tions. This is quite natural, considering circumstances like differences in specimen size, cast-
ing position (horizontal/vertical), compaction, curing, quality of work etc. These circum-
stances have not been the subject of closer examination, however, and the reported data would 
hardly be sufficient for a systematic study of this kind. 
 
The models used for creep and shrinkage used here (see chapter 4) are intended to represent 
modern concretes used in real structures, and may therefore not always be the ones best suited 
for the concretes used in the tests. The test specimens were often small (cross sections down 
to 76 x 76 mm) and the concretes often had small aggregates and sometimes high cement con-
tents, which may give higher creep and shrinkage values than according to the models used 
here (sometimes high creep and shrinkage values were explicitly aimed at). This in turn may 
explain why the assumption that gave the best agreement for ultimate loads (i.e. concrete 
strength without any reduction) could sometimes overestimate the time to creep failure. How-
ever, it should be remembered that, after all, concrete strength without reduction is the as-
sumption that gave the best overall agreement, also for the time to creep failure in loading 
type 3. 

6.4.3 Conclusions from comparisons with tests 
The main conclusions from these comparisons with test results, from a practical design point 
of view, can be summarized as follows:  
 
− There is no need for any reduction of the concrete strength with particular regard to high 

sustained stresses.  

o With the normal conversion factor 0,85 included, the calculated results are generally 
conservative; the best overall agreement is obtained without even this reduction.  
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− There is no need for any “extra” non-linearity of creep, apart from that given by the non-
linearity of the stress-strain curve.  

o “Extra” non-linearity of creep has no effect at all on the calculated ultimate load after 
a period of sustained loading, which is the most important load case (see clause 3.2).  

o It does have some effect on the overall result concerning the calculated time to failure 
under sustained load, but with the concrete strength reduced by the conversion factor 
0,85, the overall agreement is better without the “extra” non-linearity of creep.  

o The load case with a long-term load leading to creep failure has little practical interest 
(see clause 3.2). 

− The material models used in the calculations (stress-strain diagram, creep and shrinkage 
models), based on Eurocode 2, on the whole give good agreement with test results.  

− In some cases better agreement has been obtained with other values of the relative humid-
ity than those reported, which can be because the shrinkage and creep models used here 
are not the best suited for the particular concretes used in the tests.  
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7 Conclusions and suggestion for future research 

7.1 Main conclusions 

7.1.1 Design aspects 
The safety format for calculating a design value37 of the ultimate load by means of non-linear 
analysis is discussed, and the conclusion is that it should be based on using design values of 
material parameters, including the concrete E-modulus. 
 
The most relevant design case is considered to be a long-term load followed by a short-term 
increase of the load to failure. A long-term load leading to creep failure without load increase 
is not a relevant design case, according to the design rules that are prevailing today. 
 
The possible reduction of the concrete strength due to high sustained stresses need not be 
taken into account in design. This follows from the classification of the long-term load as a 
serviceability limit state load and from the normal load factors used in the ultimate limit state; 
thus, the relative stress level under long-term load will not exceed 74 % of the design strength 
(50 % of the characteristic strength, 40 % of the mean strength)38. For slender columns the 
relative stress level under long-term load will be further reduced due to the slenderness. The 
strength increase of concrete with time is a third factor, which could compensate for any 
effect of strength reduction, regardless of load factors, if design is based on the 28-day 
strength. 

7.1.2 Simplified approach to creep 
The main conclusion concerning the simplified approach to creep is that it is sufficiently 
accurate for practical purposes, such as the calibration of methods for practical design. Where 
deviations in comparisons with results from an accurate calculation are on the “unsafe side”, 
the following applies: 
 
− If strength increase is taken into account in calculations using the fundamental approach, 

the results of the simplified approach in most cases become “safe” in comparison. 
 
− The cases which remain “unsafe” are in most cases outside the range of practical interest, 

with regard to the relative magnitude of the long-term load (i.e. a long-term load greater 
than 74 % of the ultimate load, cf. above). 

 
− When using the simplified approach to creep in connection with biaxial bending, the 

effective creep ratio should be defined on the basis of the largest of the moment ratios in 
the two directions (ratio between first order moments under long-term load and ultimate 
load respectively). 

 
− Deviations are mainly due to the use of one single parameter (the effective creep ratio) for 

definition of the relative effect of creep in a load combination, and not so much to the use 
of an extended stress-strain curve. 

                                                 
37 According to the method of partial safety factors. For this method, see e.g. Eurocode -  Basis of design (2002). 
38 The figures are based on partial safety factors used in the Eurocodes. 
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7.1.3 Comparisons with test results 
The main conclusions from the comparisons with test results can be summarized as follows: 
 
− Strength reduction with regard to high sustained stresses need not be taken into account.  

o If the concrete strength is reduced with the normal “conversion” factor 0,8539, but not 
with regard to high sustained stress, the calculated results are generally conservative. 

o The best overall agreement is obtained without any reduction at all (thus, not even the 
“conversion” factor). 

 
− The non-linearity of creep given by the non-linearity of the stress-strain curve is sufficient.  

o More non-linearity of creep has no effect at all on the calculated ultimate load after a 
period of sustained loading.  

o More non-linearity does have some effect on the calculated time to failure under 
sustained load, but if the concrete strength is reduced with the conversion factor (see 
above), the overall agreement with tests is better without more non-linearity of creep.  

− The material models given in Eurocode 2 (2004) are realistic  

o Non-linear analysis of slender columns including these models on the whole give good 
agreement with test results.  

o In some cases better agreement has been obtained with a different value of the relative 
humidity than that reported, but this may have to do with special circumstances in the 
tests, e.g. the concrete composition.40  

7.2 Discussion and suggestions for future research 
When the effect of the time-dependent properties of concrete have been studied in a design 
perspective, the safety format has been based on the method of partial safety factors, with 
design values of material parameters as far as applicable, i.e. for strength and stiffness (E-
modulus), and in principle also for geometrical parameters. Today this is the normal way to 
account for the stochastic nature of such parameters in practical design. 
 
The time-dependent properties shrinkage, creep and strength increase are of course just as 
“stochastic” as strength, stiffness and geometrical parameters (not to mention the loads, of 
course, but here mainly the “resistance side” has been considered). The models used here, 
which are based on  Eurocode 2 (2004), are claimed to predict creep and shrinkage values 
with a coefficient of variation of 20 and 30 % respectively. The given values should be 
considered as mean values. Given the variability of creep and shrinkage, it can in principle be 
on the “unsafe side” to use mean values.  
 
Another question is whether a correct estimation of creep effects and their influence on the 
ultimate load is obtained by assuming a constant long-term value of the load, followed by 
short-term loading up to design load, considering the fact that real loads are likely to vary 

                                                 
39 This is a factor which is included in the partial safety factor γC = 1,5 in Eurocode 2 and many other codes, 
intended to cover uncertainties and systematic deviations in the relation between the concrete strength of 
standard test specimens and the strength in the finished structure. This factor has nothing to do with strength 
reduction due to high sustained stresses. 
40 The relative humidity has sometimes been varied as a simple means of calibrating the creep and shrinkage 
models. In some investigations the concrete has been composed specifically to give high creep and shrinkage. 
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randomly during the whole service life. The quasi-permanent load combination defining the 
long-term load belongs to the serviceability limit state, where no load factors >1 are used. It 
can be questioned whether this is “safe enough”, or whether this load should also be 
“factored”, particularly if mean values of creep and shrinkage are used. 
 
A suggestion for future research is to study these questions with probabilistic methods, 
considering the stochastic nature of all parameters involved, including time-dependent 
concrete parameters and load parameters.  
 
Table 0-1 summarizes the main features of methods on different levels, from simplified 
methods for practical design to more or less general methods. The proposed study would 
represent level 4, the present study represents level 3 and the author’s previous studies (1997, 
2004) represent levels 2 and 1. Simplified methods on level 1 resulting from these studies can 
be found in FIP Recommendations (1999), HPC Design Handbook (1999) and Eurocode 2 
(2004). 
 

Table 0-1. Classification of methods on different levels. Level 1 is represented by the above 
mentioned simplified methods. Level 2 is represented by the studies in Westerberg (1997) and 
(2004), and it is compared to level 3 in the present study. Level 4 is proposed for future studies. 

Material properties 
Creep Level  

Method  
Type of 
analysis 

Strength

Var. 
Strength 
increase 

Loads , 
stiffness e 

Shrinkag
Model 

1a 
 

Stiffness 
method 
41

Linear, 
reduced 
stiffness 

1b 
 

Curvatur
e method 
41

 

Based on 
curvature 

Design Effect. c  reepNot Mean Not Design 
values included ratio ϕef value included values 

Partial 
 Non-linear  

σ-ε curve factors « « 
ϕef + 

extended « « « 2 
 

3 « « « 
Complete Mean Mean 

value creep « « value model 
4 
 

Proba-
bilistic « Stoch-

astic 
Stoch-
astic « Stoch-

astic 
Stoch-
astic 

Stoch-
astic 

 
 

                                                 
41 Alternative simplified methods given in FIP (1999), HPC Handbook (1999) and Eurocode 2 (2004). The two 
alternative methods are basically the same in these different publications, but they may differ in details. 
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9 Symbols and abbreviations 
The list of symbols is divided into three parts: Latin lower case, Latin upper case and Greek. 
Symbols with prefix Δ are placed according to the main symbol. 

9.1 Latin lower case symbols 
(1/r)D curvature under design load, applied after a “long” time 
(1/r)L curvature under long-term load after a “long” time 
1/r curvature (also c) 
1/rx curvature in x-direction 
1/ry curvature in y-direction 
ΔΔ(1/r) correction of curvature increment in iteration process 
a geometric parameter 
anom nominal value of a 
Δa deviation of a 
b width of cross section 
c curvature (also denoted 1/r) 
cm curvature in most critical section 
cy curvature corresponding to moment My 
cz curvature corresponding to moment Mz 
Δcy change of curvature cy in iteration procedure 
Δcz change of curvature cz in iteration procedure 
dl logarithmic time increment 
dMr ∂M / ∂ (1/r)  derivative of moment with respect to curvature 
dMε ∂M / ∂ε  derivative of moment with respect to strain 
dNr ∂N / ∂ (1/r) derivative of normal force with respect to curvature 
dNε ∂N / ∂ε  derivative of normal force with respect to strain 
e eccentricity 
ebal eccentricity at balanced conditions 
elong eccentricity of long-term load 
elong,y eccentricity of long-term along y-axis 
elong,z eccentricity of long-term load along z-axis  
eu eccentricity of ultimate (design) load 
eu,y eccentricity of ultimate (design) load along y-axis 
eu,z eccentricity of ultimate (design) load along z-axis 
fc concrete compressive strength 
fcd design value of concrete compressive strength 
fck characteristic value of concrete compressive strength 
fcm mean value of concrete compressive strength 
fk characteristic value of material strength 
fu ultimate strength of reinforcement 
fy yield strength of reinforcement 
fyd design value of reinforcement yield strength 
h depth of cross section 
h0 equivalent size of cross section (mm) = 2⋅A/u 
i radius of gyration 
i subscript for time step in a stepwise calculation 
k parameter in expression for concrete stress-strain curve = 1,1⋅Ecd / fcd   
k spring constant 
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kc, ks subscripts denoting concrete/steel element number in cross section 
kh parameter in Eurocode 2 (2004) shrinkage model 
kϕ factor for nonlinear creep according to Eurocode 2 (2004) 
l length 
l0 buckling length 
lf length of flexible part in simple column model 
lr length of rigid part in simple column model 
m relative bending moment = M / (hAcfc) 
m0 relative first order moment 
mu relative ultimate moment 
n relative normal force = N / (Acfc) 
r radius of curvature 
s parameter in Eurocode 2 (2004) model for strength increase 
t  edge distance of reinforcement 
t time 
t0 age of concrete at loading 
t0C parameter in Eurocode 2 (2004) creep model 
td service life of structure 
tref reference time for creep coefficient ϕ, normally 28 days  
ts concrete age at start of drying (end of curing) 
ttest duration of long-term load in test followed by short-term load 
tu time for application of short-term load (duration of long-term load) 
tu,calc calculated duration of long-term load leading to failure 
tu,test duration of long-term load leading to failure in test 
Δt time increment in a stepwise calculation 
u perimeter 
x coordinate along column 
x relative concrete strain = ε / εc1   
Δx distance between cross sections in general calculation method 
yc distance from z-axis to center of concrete area  
ys distance from z-axis to steel area 

9.2 Latin upper case symbols    
A area  
A parameter 
Ac area of concrete cross section 
As area of reinforcement cross section 
Av amplification factor for nonlinear creep 
C parameter depending on type of cement 
D damage parameter 
D1-4 parameters used in iteration process 
EA axial stiffness of cross section 
Ecd design value of concrete elastic modulus 
Eck characteristic value of concrete elastic modulus 
Ecm mean value of concrete elastic modulus 
EI flexural stiffness of cross section 
Et tangent modulus 
F friction force 
F load in general 
ΔF load increase from long-term to ultimate load 
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Fd design value of load 
Flong long-term load, corresponding to quasi-permanent load combination  
Fqp load value in quasi-permanent load combination 
Fu ultimate load, design value in ULS 
G permanent load 
Gk characteristic value of permanent load 
H horizontal force 
I moment of inertia of cross section 
Ic moment of inertia of concrete area 
Is moment of inertia of reinforcement area 
J subscript denoting results according to simplified approach to creep 
M bending moment 
ΔM increment of M in stepwise calculation 
M0 first order bending moment 
M0

long first order bending moment under long-term load 
M0

long,res resulting bending moment in biaxial bending under long-term load 
M0

u first order bending moment under ULS design load 
M0

u,res resulting bending moment in biaxial bending under ULS design load 
My bending moment causing deflection along y-axis 
Mz bending moment causing deflection along z-axis 
ΔΜ moment increment in a stepwise calculation 
ΔMy change of moment My in iteration procedure 
ΔMz change of moment Mz in iteration procedure 
N normal force, axial load 
NB buckling load 
Nc,max maximum load in test with cyclic load 
Ncalc calculated value of load in comparison with tests 
Nlong long-term axial load  
Nlong,calc long-term load leading to failure, calculated 
Nlong,test long-term load leading to failure in test 
Ntest load value in test 
Nu ultimate axial load (also ULS design value) 
Nu,calc ultimate load, calculated 
Nu,test ultimate load in test 
ΔN change of normal force in iteration procedure 
Qk characteristic value of variable load 
RH relative humidity 
V vertical load  

9.3 Greek symbols     
α parameter expressing instantaneous or gradual strain increase in a time step 
α parameter in Eurocode 2 (2004) creep model 
α modular ratio = Es / Ec 
αcc reduction factor for concrete strength according to Eurocode 2 (2004)  
αds1 parameter in Eurocode 2 (2004) shrinkage model 
αds2 parameter in Eurocode 2 (2004) shrinkage model 
α1  parameter in Eurocode 2 (2004) creep model 
α2  parameter in Eurocode 2 (2004) creep model 
α3  parameter in Eurocode 2 (2004) creep model 
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βc parameter in Eurocode 2 (2004) creep model  
βcc parameter in Eurocode 2 (2004) model for strength increase 
βds parameter in Eurocode 2 (2004) shrinkage model 
βf parameter in Eurocode 2 (2004) creep model 
βH parameter in Eurocode 2 (2004) creep model 
βRH parameter in Eurocode 2 (2004) shrinkage model 
βt parameter in Eurocode 2 (2004) creep model 
δ deflection 
δ0 initial deflection 
ε strain, positive in compression 
ΔΔε correction of strain increment in iteration procedure 
ΔΔε0 correction of basic strain increment in iteration procedure 
εc concrete strain (positive in compression) 
εc1 concrete strain at maximum stress 
εca autogeneous shrinkage 
εcd drying shrinkage 
εcd0 parameter in Eurocode 2 (2004) shrinkage model 
εm strain in center of cross section 
Δεm change of mean strain in iteration procedure 
εs reinforcement strain 
Δεσ strain increment associated with stress change Δσ 
εu ultimate strain for reinforcement 
εu, εu0 strains calculated without (Sw. “utan”) the effect of strength increase 
ε 0, ε 0 basic concrete strain 
φ diameter 
γ rotation for M = 1 
γ0 rotation for M = 1 at t = t0 
γC partial safety factor for concrete strength 
γc1 sub factor in γC  
γCE partial safety factor for concrete elastic modulus 
γm partial safety factor for material property 
γM partial safety factor for material property, including the effect of geometrical 

deviations 
γS partial safety factor for reinforcement strength 
γs1 subfactor in γS 
γs2 subfactor in γS 
η conversion factor between concrete compressive strength in structure and strength 

of standard test specimen 
ϕ creep coefficient 
Δϕ increment of creep coefficient in a stepwise calculation 
ϕ 0 parameter in Eurocode 2 (2004) creep model 

ϕcalc calculated value of creep coefficient in comparison with tests 
ϕef effective creep ratio 
ϕNL creep coefficient including factor for nonlinear creep 
ϕtest value of creep coefficient according to test 
λ slenderness ratio = l0/i 
θ rotation 
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9. Symbols and abbreviations 

Δθ increment of rotation in a stepwise calculation 
θ1 rotation under long-term load before creep 
θL rotation under long-term load including creep 
θL0 rotation due to creep 
ΔθΜ increment of rotation associated with ΔM 
Δθϕ increment of rotation associated with Δϕ 
ρ geometrical reinforcement ratio = As/Ac 
σ stress 
σc concrete stress, positive in compression 
Δσc increment of stress in a stepwise calculation 
ω mechanical reinforcement ratio = Asfyd / Acfcd   
ψ reduction factor for load in a load combination 
ψ0 reduction factor for combination value of variable loads  
ψ2 reduction for quasi-permanent value of variable loads 
Σϕε parameter, summation of creep strains in equation (4-35) 

9.4 Abbreviations 
HPC high performance concrete 
HSC high strength concrete 
NLC (“extra”) nonlinear creep 
NSC normal strength concrete 
SLS serviceability limit state 
ULS ultimate limit state 
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APPENDIX A. Details of tests and comparative calculations  
Details of tests and comparative calculations 

A1. Viest, Elstner & Hognestad (1956)  
Viest I M, Elstner R C & Hognestad E: Sustained Load Strength of Eccentrically Loaded 
Short Columns. ACI Journal, March 1956 
 
In all 44 short columns were tested, 13 under short-term “fast loading”, 11 under short-term 
“slow loading”, 6 under sustained loading to failure and 14 under sustained loading followed 
by short-term loading to failure. All columns had b = h = 127 mm, l = 1016 mm (l/h = 8), 
reinforcement with t = 19 mm, ρ = 0,0314, fy = 299 and fu = 493 MPa.  
 
Main data, test results and calculated values are summarized in table A1-1. The calculated 
values are based on the reported concrete strength fc(tu), without and with reduction. The re-
sults are analyzed in table A1-2. Figure A1-1 shows the ratio Nu,test/Nu,calc as a function of the 
concrete strength for the different cases. (These tables and figures are placed after the text.) 
 
Explanations to tables A1-1, A1-2 and figure A-1: 
t0 = age at first loading, tu = duration of loading. fc(tu) is the concrete strength at end of load-
ing, i.e. at age t0 + tu. 

FA = fast loading to failure (type 1a in chapter 5) 

SL = slow loading to failure (type 1b in chapter 5) 

SU+FA = sustained loading followed by fast loading to failure (type 2 in chapter 5) 

SU = sustained loading to failure (type 3 in chapter 5) 

Nlong = sustained load, Nu = ultimate load. 

In the report, the eccentricity is measured from the tension reinforcement; whereas the eccen-
tricities given in table A1-1 instead refer to the cross section centre, as always in the present 
report. 
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Table A1-1. Basic data for the tests. Explanations are given in the text above. 

Test results, kN Calc. 
Test t0 

days 
tu 

days 
fc(tu) 
MPa Type of load e/h 

Nlong Nu Nu(1,0) Nu(0,85) 
20B 1a 29 0 15,8 FA 0,73  120 109 102 

 2a 30 2 17,6 SL 0,73  113 114 106 
 3a 35 505 16,2 SU+FA 0,73 108 111 108 98 
 4a 34 513 18,3 SU+FA 0,73 97,9 108 110 119 

20B 1b 31 0 14,6 FA 0,76  98,3 101 95 
 2b 37 8 17,4 SL 0,76  95,2 107 106 
 3b 83 0 15,9 FA 0,76  97,9 104 98 
 4b 83 458 12,8 SU+FA 0,76 91,6 97,9 97,6 101 

35B 1a 29 0 29,2 FA 0,50  219 198 181 
 2a 41 2 30,4 SL 0,50  198 202 187 
 3a 47 28 31,8 SU 0,50 194 194 194 197 
 4a 48 151 32,0 SU 0,50 193 193 193 196 

35B 1b 258 0 32,8 FA 0,45  214 229 207 
 2b 260 4 32,9 SL 0,45  203 229 220 
 3b 274 0 32,5 SU 0,45 192 192 224 206 
 4b 271 665 32,8 SU+FA 0,45 187 210 229 219 

50B 1a 28 0 37,0 FA 0,45  262 249 225 
 2a 29 8 39,1 SL 0,45  260 257 239 
 3a 40 552 37,4 SU+FA 0,45 247 254 247 224 
 4a 41 548 39,2 SU+FA 0,45 231 227 232 230 

50B 1b 46 0 30,1 FA 0,50  222 200 183 
 2b 48 0 31,3 SL 0,50  183 203 187 
 3b 52 438 32,7 SU+FA 0,50 186 220 220 191 
 4b 52 72 36,7 SU 0,50 184 184 221 204 

20C 1a 28 0 20,5 FA 0,25  256 248 228 
 2a 31 4 21,6 SL 0,25  236 254 234 
 3a 40 58 23,9 SU 0,25 234 234 273 247 
 4a 34 568 20,0 SU+FA 0,25 214 236 248 222 

20C 1b 33 0 10,8 FA 0,35  151 140 139 
 2b 34 5 12,5 SL 0,35  140 158 148 
 3b 43 5 12,5 SU 0,35 144 144 150 148 
 4b 43 436 12,2 SU+FA 0,35 129 142 147 146 

20C 1c 30 0 16,8 FA 0,25  222 220 204 
 2c 38 6 17,2 SL 0,25  214 222 206 
 3c 50 898 16,4 SU+FA 0,25 196 228 218 199 
 4c 82 970 19,4 SU+FA 0,25 192 215 236 218 

35C 1a 28 0 27,2 FA 0,25  311 293 270 
 2a 355 178 30,8 FA 0,35  254 257 237 
 3a 544 7 29,2 SL 0,35  246 248 229 
 4a 561 0 29,2 FA 0,35  226 248 229 

35C 1b 78 0 29,5 FA 0,35  240 252 232 
 2b 80 5 32,2 SL 0,35  220 267 245 
 3b 90 514 29,1 SU+FA 0,35 218 211 266 229 
 4b 87 458 28,4 SU+FA 0,35 214 254 261 226 
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Table A1-2. Measured / calculated values of ultimate load, Nu,test / Nu,calc. 
Without and with reduction of fc. 

1,0⋅fc 0,85⋅fc 
Test 

FA SL SU SU+FA All FA SL SU SU+FA All 
20B 1a 1,10    1,10 1,18    1,18 

 2a  1,00   1,00  1,07   1,07 
 3a    1,05 1,05    1,13 1,13 
 4a    0,87 0,87    0,91 0,91 

20B 1b 0,97    0,97 1,04    1,04 
 2b  0,85   0,85  0,90   0,90 
 3b 0,94    0,94 1,00    1,00 
 4b    0,93 0,93    0,97 0,97 

35B 1a 1,11    1,11 1,21    1,21 
 2a  0,98   0,98  1,06   1,06 
 3a   0,94  0,94   0,99  0,99 
 4a   0,92  0,92   0,98  0,98 

35B 1b 0,93    0,93 1,03    1,03 
 2b  0,86   0,86  0,92   0,92 
 3b   0,84  0,84   0,93  0,93 
 4b    0,90 0,90    0,96 0,96 

50B 1a 1,05    1,05 1,17    1,17 
 2a  1,01   1,01  1,09   1,09 
 3a    1,03 1,03    1,13 1,13 
 4a    0,89 0,89    0,99 0,99 

50B 1b 1,11    1,11 1,22    1,22 
 2b  0,90   0,90  0,98   0,98 
 3b    1,00 1,00    1,15 1,15 
 4b   0,83  0,83   0,90  0,90 

20C 1a 1,02    1,02 1,12    1,12 
 2a  0,91   0,91  1,01   1,01 
 3a   0,86  0,86   0,95  0,95 
 4a    0,97 0,97    1,06 1,06 

20C 1b 1,01    1,01 1,09    1,09 
 2b  0,88   0,88  0,95   0,95 
 3b   0,91  0,91   0,97  0,97 
 4b    0,94 0,94    0,97 0,97 

20C 1c 1,00    1,00 1,09    1,09 
 2c  0,95   0,95  1,04   1,04 
 3c    1,05 1,05    1,14 1,14 
 4c    0,90 0,90    0,99 0,99 

35C 1a 1,04    1,04 1,15    1,15 
 2a 0,97    0,97 1,07    1,07 
 3a  0,97   0,97  1,08   1,08 
 4a 0,89    0,89 0,99    0,99 

35C 1b 0,93    0,93 1,04    1,04 
 2b  0,81   0,81  0,90   0,90 
 3b    0,83 0,83    0,92 0,92 
 4b       1,02 1,02       1,12 1,12 

Mean 1,01 0,92 0,88 0,95 0,95 1,10 1,00 0,95 1,03 1,04 
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St. dev. 0,069 0,068 0,046 0,072 0,078 0,077 0,074 0,034 0,092 0,090 
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Figure A-1. Ratio Nu,test / Nu,calc as a function of the concrete strength. Filled squares = with-
out reduction of the concrete strength, empty circles = with reduction 0,85. 
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A2. Gaede (1968) 
Gaede K: Knicken von Stahlbetongstäben mit quadratischem Querschnitt in Richtung ei-
ner Diagonalen unter Kurz- und Langzeitbelastung. Mitteilungen aus dem Institut für 
Materialprüfung und Forschung des Bauwesens der Technischen Universität Hannover, 
1968 
 
In all 22 columns were tested, 11 under short-term and 11 under long-term eccentric load. The 
columns had square cross section and the load was eccentric in the diagonal direction. The 
main data are summarized in table A2-1.  
 
Table A2-1. Basic data for Gaede (1968) tests. All columns had b = h = 124 mm,  t = 15,5 
mm and ρ = 0,01.  
a) Short-term tests. t0 = concrete age at loading. fy = 296 MPa in all tests. 

t0 fc(t0) *) fy l e(diag) Type  
of test No. 

days MPa MPa mm λ = l/i mm 
III,1 20 26,9 296 3580 100 25 
III,2 28 26,9 « « « « 
IV,1 27 29,3 « « « 62 
V,1 42 27,1 « 3400 95 25 
V,2 58 27,0 « « « « 
V,3 51 27,5 « « « « 
VI,1 47 27,1 « « « 62 
VI,2 43 26,1 « « « « 
VI,3 31 29,5 « « « « 
VI,4 77 19,1 « « « « 

Sh
or

t-t
er

m
 

VI,5 103 22,8 « « « « 
V,4 63 24,8 298 « « 25 
V,5 54 24,0 « « « « 
V,6 55 26,4 « « « « 
V,7 31 24,1 « « « « 
V,8 26 26,5 « « « « 
V,9 23 32,5 « « « « 
VI,7 27 26,4 « « « 62 
VI,8 23 28,1 « « « « 
VI,9 25 35,3 « « « « 
VI,10 26 28,8 « « « « 

Lo
ng

-te
rm

 

VI,11 27 32,2 « « « « 

*) Based on tests of 100 mm cubes. The values given here are multiplied by 0,8 in order to 
correspond to the strength of cylinders. 
 
The relative humidity in the laboratory was reported as 55 %. Separate creep tests were made 
on plain concrete specimens, and better agreement with measured creep values was obtained 
for a relative humidity of 44 %, see table A2-2. Therefore, calculations for the columns were 
made also with RH = 44 %.  
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Table A2-2. Results of creep tests and comparison with calculated values. 
Tests values Calculated values of ϕ  for t days with 

Number of days t to reach 
Age at 
start 

t0 ϕ = 1 2 3 4 5 
RH = 55 % RH = 44 % 

32 10 28 60 275  1,42 1,90 2,33 3,24  1,36 1,83 2,24 3,11  
23 6 27 62 172 262 1,28 1,97 2,47 3,11 3,37 1,23 1,89 2,37 2,99 3,23 
76 10 69    1,05 1,72    1,01 1,71    
40 68     2,00     1,92     

1,21 0,81 0,66 0,69  1,36 0,91 0,75 0,78  
1,09 0,84 0,70 0,66 0,57 1,23 0,95 0,79 0,75 0,65 
0,89 0,76    1,01 0,86    

ϕcalc / ϕtest 

1,70     1,92     
0,88 ± 0,32 1,00 ± 0,36 Mean value ± standard deviation 

0,96 ± 0,33  1,09 ± 0,37  

Table A2-3. Test results and comparison with calculated values. a) Short-term tests. 
Calc. with RH = 55 % Calc. with RH = 44 %

Nu,test 
Nu,calc Nu,calc 

Test 
no. 

kN kN 
Nu,test/Nu,calc kN 

Nu,test/Nu,calc 

III,1 90,0 112,8 0,80 112,3 0,80 
III,2 105,0 111,2 0,94 110,5 0,95 
IV,1 47,2 46,0 1,03 45,7 1,03 
V,1 105,0 109,9 0,96 109,0 0,96 
V,2 112,0 108,5 1,03 107,3 1,04 
V,3 110,0 110,0 1,00 109,0 1,01 
VI,1 50,8 44,2 1,15 43,8 1,16 
VI,2 50,0 43,9 1,14 43,5 1,15 
VI,3 64,0 45,8 1,40 45,6 1,40 
VI,4 48,2 39,6 1,22 39,1 1,23 
VI,5 48,0 41,3 1,16 40,8 1,18 
Mean ± standard deviation: 1,07 ± 0,16  1,08 ± 0,16 

b) Long-term tests. When no value of Nu,test is given, failure occurred under long-term load Nlong. 
When a value of Nu,test is given, long-term load was followed by short-term loading to failure. 

Calc. with RH = 55 % Calc. with RH = 44 % 
Nlong tu,test Nu,test tu,calc Nu,calc tu,calc Nu,calc

Test 
no. 

kN days kN days kN 

( )
( ).log

log

cu,

t.u,

t
t

 
( )

c.u,

t.u,

N
N

( )days kN .log
log

cu,

t.u,

t
t

 
c.u,

t.u,

N
N

 

V,4 73,3 7  18  0,67  10  0,85  
V,5 74,1 4  13  0,54  7  0,71  
V,6 66,9 40  82  0,84  43  0,98  
V,7 75,2 13  10  1,11  6  1,43  
V,8 66,7 205  78  1,22  43  1,42  
V,9 71,2 108  108  1,00  55  1,17  
VI,7 28,0 337 38,6 337 34,8  1,11 337 33,8  1,14 
VI,8 36,3 147  22  1,61  13  1,95  
VI,9 44,8 0 44,8 0 48,2  0,93 0 48,1  1,01 

VI,10 34,8 83  60  1,08  33  1,26  
VI,11 38,6 37  13  1,41   7  1,86   

Mean ± standard deviation: 1,05 ± 0,34 1,02   1,29 ± 0,42 1,04 
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Concerning concrete strength, no comparisons with a reduced concrete strength were made 
(apart from the conversion from cube to cylinder strength). Furthermore, neither strength re-
duction with regard to high sustained stress nor additional nonlinearity of creep have been 
included in the calculations. As can be seen from table A2-2, the calculated results are still a 
bit conservative. 
 
The separate creep tests were made on plain prisms with the same cross section as the col-
umns. The results are given in table A2-3, together with values calculated for the reported 
relative humidity 55 % and for a reduced humidity 44 % respectively; the latter value was 
found to give the best average fit with the test values. The calculations were made with the 
models used in the present investigation. 
 
Table A2-3. Creep tests and comparison with calculated values. 
a) Test results. 

Number of days to reach creep coefficient ϕ Test fc(t0) t0 ϕ = 1 ϕ = 2 ϕ = 3 ϕ = 4 ϕ = 5 
V,7 24,1 32 10 28 60 275  
V,8 23,9 23 6 27 62 172 262 

VI,10 34,5 76 10 69    
VI.11 32,8 40 68     

 
b) Creep coefficient calculated for”number of days”, divided by ϕ above. RH = 55 %. 

V,7   1,21 0,81 0,66 0,69  
V,8   1,09 0,84 0,70 0,66 0,57 

VI,10   0,89 0,76    
VI.11   1,70     

Mean value:  0,88 
        

c) Creep coefficient calculated for number of days according to test. RH = 44 %. 
V,7   1,36 0,91 0,75 0,78  
V,8   1,23 0,95 0,79 0,75 0,65 

VI,10   1,01 0,86    
VI.11   1,92     

Mean value: 1,00 
 
In table 3 it can be seen that RH = 44 % gives the best average fit with the test results, but on 
the other hand, if values for ϕ  > 3 are excluded, RH = 55 % gives a better fit. Excluding these 
values is more relevant for the columns tests, and it is clear from table A2-2b) that RH = 55 % 
gives much better agreement between calculated and measured values of the time tu to creep 
failure. Here even a higher value of RH than 55 % would have given better overall agreement. 
The agreement concerning the short-term ultimate load, table A2-2a), is also better with RH = 
55 % (the difference is very small here, however; any effect of RH in short-term tests has to 
do with the effect of shrinkage, which is higher with RH = 44 %). 
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A3. Green & Breen (1969) 
Green R & Breen J E: Eccentrically loaded concrete columns under sustained load. ACI 
Journal, November 1969 
 
Ten columns were tested under long-term eccentric load. The main data are given in table A3-
1. The main test results are given in table A3-2. All columns were not loaded to failure; the 
main focus in this investigation was on deflections. 
 
Table A3-1. Main data for tests. 
 

h b t l ρ fy fc Column 
mm mm mm mm - MPa MPa 

S2 103 153 18 1930 0,0180 422 38,5 
S3 104 152 18 1905 0,0180 407 38,5 
S4 103 152 19 1905 0,0181 392 28,0 
S5 104 152 18 1905 0,0180 409 27,7 
S6 103 154 18 1905 0,0180 450 23,2 
S7 103 152 18 1956 0,0181 412 27,7 
S8 104 152 19 1905 0,0180 418 28,7 
S9 102 152 18 1905 0,0183 445 28,7 
S10 102 152 19 1905 0,0183 458 24,2 

 
Table A3-2. Test results. t = time for last measurement. y(t) = deflection at time t. h/r(t) = 
relative curvature at time t. “Failure” means failure under load Nlong after t days. t0 is age at 
loading, reported to be 49 days on an average with variations less than 7 days. 
 

Nlong e t0 t y(t) h/r(t) Column 
kN mm days days 

Note 
mm - 

S2 0,125 25 49 487   0,00448 
S3 0,193 3,8 49 575  0,0033  
S4 0,190 18 49 3,6 Failure 0,0215  
S5 0,188 11 49 458  0,0208  
S6 0,165 16 49 39 Failure 0,0256  
S7 0,131 15 49 458  0,0083  
S8 0,136 28 49 458  0,0256  
S9 0,136 43 49 0 Failure   
S10 0,082 43 49 539   0,00632 

 
Calculations were first made without reduction of the concrete strength and for the reported 
relative humidity RH = 75 %. It was then found that the calculated deformations were much 
smaller than the measured ones, and that no failure under long-term load was obtained for 
columns S4 and S6. Therefore, the concrete strength was reduced with factor 0,85. However, 
deformations were still to small and there was still no failure for S4 and S6. Therefore, calcu-
lations were also made with RH = 50 and 25 %. The results are shown in figure A3-1.  
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Figure A3-1. Ratio between deformations calculated with different assumption and measured 
values. 
 
With reduced concrete strength and lower values of RH, failure was obtained after finite times 
for columns S4 and S6, see table A3-3. 
 
Table A3-3. Times to failure (days) for columns S4 and S6. 
 

Calculated 
1,0⋅fc 0,85⋅fc Column Test 

75 % RH 75 % RH 50 % RH 25 % RH 
S4 3,6 125 8 1,6 0,6 
S6 39 ∞ ∞ 87 27 

 
Column S9 has not appeared in the comparisons so far. In the test, failure occurred a few min-
utes after application of the load N = 136 kN, which thus can be considered as the short time 
failure load. The calculated short-time failure load is only 126 kN without reduction of con-
crete strength (118 kN with reduction 0,85).  
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A4. Ramu, Baumann & Thürlimann (1969) 
Ramu P, Grenacher M, Baumann M & Thürlimann B: Versuche an gelenkig gelagerten 
Stahlbetonstützen unter Dauerlast. Institut für Baustatik. Eidgenössische Technische 
Hochschule Zürich. Mai 1969 
 
The test series comprises 37 slender columns with rectangular cross section and constant load 
eccentricity along the column. The main data are given in table A4-1. 
 
Table A4-1. Basic data for test specimens.  

Group No. b x h Reinforcement 
1 ρ 1 t 

2 λ = l/i fcube,28 fy 
3 fu 

3 
61 250x150 8φ10 0,0168 29,0 100 40,5 461 553
81 « « « 28,5 « 39,0 « « 
41 « « « 27,0 « 30,7 « « 
42 « « « 28,0 « 28,9 « « 
43 « « « 27,0 « 31,8 « « 
44 « « « 28,0 « 27,3 « « 
51 « « « 26,0 « 47,4 « « 
11 « « « 26,5 « 31,9 « « 
12 « « « 27,0 « 34,9 « « 
13 « « « « « 33,6 « « 
14 « « « 28,0 « 32,7 « « 
15 « « « « « 36,7 « « 
16 « « « 27,5 « 27,7 « « 
21 « « « « « 30,6 « « 
53 « « « 27,0 « 47,4 « « 
22 « « « « « 33,2 « « 
23 « « « « « 33,0 « « 
24 « « « « « 32,1 « « 
25 « « « « « 27,4 « « 
52 « « « 26,0 « 47,4 « « 
31 « « « 27,0 « 27,3 « « 
32 « « « 27,5 « 29,9 « « 

1 

33 « « « 27,0 « 31,5 « « 
55 « 4φ10+4φ6 0,0084+0,0015 27,5 « 40,3 454 544
56 « « « 26,8 « 40,3 « « 
83 « 8φ16 0,0430 27,5 « 39,0 528 590
64 « « « 28,5 « 31,1 « « 

2 

63 « « « 29,0 « 40,5 « « 
54 « 8φ10 0,0168 27,5 « 40,3 461 5533 
62 « « « 24,0 « 40,5 « « 
65 250x100 4φ10+4φ6 0,0170 18,0 150 31,1 454 544
71 « « « « « 35,7 « « 
82 « « « « « 39,0 « « 
66 « « « 18,5 « 31,1 « « 
72 « « « 18,0 « 35,7 « « 
73 250x150 8φ10 0,0168 28,0 50 « 461 553

4 

74 « « « 27,5 « « « « 
1 Total longitudinal reinforcement 
2 In some cases the average of two slightly different values 
3 In case of cross section with different bar diameters, average value 
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Test results and calculated values are given in table A4-2. Ratios between test values and cal-
culated values are given in table A4-3. All reported values of concrete strength have been 
reduced by 0,80 for conversion from cube to cylinder strength. The reduction 0,85 (where 
used) is applied on top of that. “Extra” nonlinear creep has been included or not included. 
 
Table A4-2. Test results and calculated values. “=” means tcalc = ttest. “NLC: no/yes” means 
taking into account “extra” nonlinear creep or not. 
   Calculated values 
   

Test results 
tlong Nu 

No. e/h t0 Nlong tlong Nu NLC:   no yes no yes 
  days kN days kN Red: 1,0 0,85 1,0 0,85 1,0 0,85 1,0 0,85

41 0,033 28  0 525     609 547   
42 « 33 416 10  28 7 19 3     
43 « 28 435 18  31 7 30 6     
44 « 23 436 4  7 1 5 1     
51 « 28 438 104 487     620 520 620 520 
11 0,10 28 151 93 314     355 323 355 323 
12 « « 234 321 256     295 264 295 264 
13 « « 311 14  24 7 24 7     
14 « «  0 389     452 410   
15 « « 349 4  9 2 9 2     
16 « « 330 7  2 1 2 0     
21 « « 266 199 273  156  152 306  306  
53 « «  0 478     564 515   
22 0,25 « 189 68  74 20 62 16     
23 « « 140 186 202   201 191 201 191   
24 « «  0 241     235 221   
25 « « 164 188 169     181 169 180 168 
52 « « 189 105 218     224 209 224 209 
31 1,0 «  0 80     88 86   
32 « « 70 138 69     77 75 77 75 
33 « « 64           
  70 73 140 75     79 77 79 77 

64 0,033 27 444           
  60 642 80  98 66 98 65     

63 0,25 28 192           
  56 351 477 343 ∞ 581 ∞ 527     

54 0,033 16 440 26  185 50 185 48     
62 « 56 437           
  90 496 153  135 0 132 0     

65 0,05 28 159 3  2 1 2 1     
71 « « 140 27  13 5 13 5     
82 « « 103 265 122 239 113 239 113     
66 0,375 « 17  17 17 17 17 59 57 59 57 

72 « « 
67 
62 26  10 3 9 3     

73 0,033 «  0 900     1064 937   
74 « « 651 69 995     1069 938 1069 936 
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Table A4-3. Comparison between test results and calculated values. 2 days have been added 
to the time values to avoid division by zero. 

( ) ( )2log2log calctest ++ tt  calctest PP  
NLC:   no yes no yes No. e/h 
Red: 1,0 0,85 1,0 0,85 1,0 0,85 1,0 0,85 

41 0,033     0,86 0,96   
42 « 0,73 1,13 0,82 1,54     
43 « 0,86 1,36 0,86 1,44     
44 « 0,82 1,63 0,92 1,63     
51 «     0,79 0,94 0,79 0,94 
11 0,10     0,88 0,97 0,88 0,97 
12 «     0,87 0,97 0,87 0,97 
13 « 0,85 1,26 0,85 1,26     
14 «     0,86 0,95   
15 « 0,75 1,29 0,75 1,29     
16 « 1,58 2,00 1,58 3,17     
21 «  1,05  1,05 0,89  0,89  
53 «     0,85 0,93   
22 0,25 0,98 1,37 1,02 1,47     
23 « 0,99 1,00 0,99 1,00     
24 «     1,03 1,09   
25 «     0,93 1,00 0,94 1,01 
52 «     0,97 1,04 0,97 1,04 
31 1,0     0,91 0,93   
32 «     0,90 0,92 0,90 0,92 
33 «     0,95 0,97 0,95 0,97 
64 0,033 0,96 1,04 0,96 1,05     
63 0,25  0,97  0,98     
54 0,033 0,64 0,84 0,64 0,85     
62 « 1,03  1,03      
65 0,05 1,16 1,46 1,16 1,46     
71 « 1,24 1,73 1,24 1,73     
82 « 1,02 1,18 1,02 1,18     
66 0,375 1,00 1,00 1,00 1,00 1,14 1,18 1,14 1,18 
72 « 1,34 2,07 1,39 2,07     
73 0,033     0,85 0,96   
74 «     0,93 1,06 0,93 1,06 
Mean value 1,00 1,32 1,01 1,42 0,91 0,99 0,93 1,01 

Standard dev. 0,24 0,36 0,24 0,55 0,08 0,07 0,09 0,08 
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Appendix A. Details of tests and comparative calculations 

A5. Hellesland (1970) 
Hellesland, J: A study into the sustained and cyclic load behaviour of reinforced concrete 
columns. PhD dissertation, Department of Civil Engineering, University of Waterloo, 
Ontario, August 1970. 
 
This report deals not only with sustained loading, but also with cyclic loading. 
 
A series of  seven columns were tested under sustained load, followed by a few cycles of cy-
clic load and finally short time loading to failure. Since cyclic load is not a topic in the present 
study, comparisons will only be made concerning deflections under sustained load and during 
the following first load cycle. 
 
The main data of the test columns are summarized in table A5-1. 
 
Table A5-1. Main data in Helleslands test. Nlong = sustained load, Nc,max = max. cyclic load. 

l b h t ρ Nlong Nc,max e t0 fc(t0) tlong Test 
mm mm mm mm % kN kN mm days MPa days 

C1 181  12,7 169 50,3 117 
C2 222 467 12,7 111 37,2 145 
C3 216 356 12,7 112 35,9 123 
C4 101 156 50,8 14 29,0 128 
C5 

1905 179 128 19 1,24 

105 185 50,8 28 31,4 122 
C6 141 229 50,8 14 32,1 131 
C7 

1905 179 128 22 3,50 
153 320 50,8 28 36,5 123 

 
 
Table A5-2 shows the calculated deflections together with the measured ones. Like in table 
A5-1, there are three deflection values for each tested column:  
 
1. short time deflection under sustained load Nlong at time t0 
2. deflection after time tlong with constant load Nlong 
3. short time deflection under maximum cyclic load Nc,max 
 
Table A5-2. Measured and calculated deflections in mm. 

Calculated 
Measured 

with RH = 17-29 % with RH = 65 % Test 
Nlong(t0) Nlong(tlong) Nc,max Nlong(t0) Nlong(tlong) Nc,max Nlong(t0) Nlong(tlong) Nc,max 

C1 0,8 1,6 - 0,9 1,9 - 0,9 1,6 - 
C2 1,7 3,4 5,8 1,3 3,4 8,5 1,3 2,8 6,6 
C3 2,0 3,4 4,5 1,2 3,1 5,0 1,2 2,6 4,1 
C4 4,2 10,2 12,8 4,9 11,3 17,0 4,8 9,4 13,7 
C5 4,3 9,1 16,2 5,2 10,7 19,4 5,0 8,9 15,7 
C6 5,0 8,2 11,1 4,6 9,1 13,4 4,5 7,9 11,9 
C7 4,9 8,4 16,5 5,3 9,3 21,1 5,1 8,1 17,5 
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Appendix A. Details of tests and comparative calculations 

A6. Drysdale & Huggins (1971) 
Drysdale R G & Huggins M W: Sustained biaxial load on slender concrete columns. 
Journal of the Structural Division, Proceedings of the American Society of Civil Engi-
neers, May, 1971 
 
In all 58 columns were tested under short-term and long-term biaxially eccentric load. The 
slenderness was high, l/h = 31 or l/i = 108. The relative humidity was 50 %, and the concrete 
had a high cement content in order to give high values of creep and shrinkage.  
 
The main data for the tests are given in table A6-1. Test results and calculated values are 
given in table A6-2. Calculations were made both without and with reduction of the concrete 
strength. For unreduced concrete strength calculations were also made with “extra” nonlinear 
creep. Comparisons between measured and calculated values are given in table A6-3. 
 
Table A6-1. Main data for tests. All columns had b = h = 127 mm, t = 19 mm, l = 3962 mm, 
ρ = 0,0314 and fy = 387 MPa. S+F = short-time load to failure. L+F = long-time until failure. 
L+S+F = long-time load followed by short-time load to failure. 

fc Type of loading, number of tests ey ez Group 
MPa S+F L+S+F L+F mm mm 

A-1 26,8 2   
A-2 26,6 2   
A-3 27,7 2   

 2  B-1 24,2 2   
 2  B-2 25,3 2   

B-3 26,1  4  
B-4 27,9   4 

18,0 18,0 

  2 C-1 27,3 
 2  
2   C-2 26,7  2  
2   C-3 28,4   2 

23,5 9,7 

2   D-1 30,3 
  2 
  2 D-2 29,2 

2   

25,4 0 

 2  E-1 26,8 
2   
2   E-2 30,3 
  2 

35,2 14,6 

2   F-1 28,5 
 2  
2   F-2 29,0 
  2 

11,7 4,9 

 Σ 26 16 16   
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Appendix A. Details of tests and comparative calculations 

 
Table A6-2. Test results and calculated values. t0 = 28 days in all tests. 

Calculated values 
NLC: no Yes Test results 

1,0fc 0,85fc 1,0fc Column 
Nu(t0) 

kN 
Nlong 
kN 

t 
days 

Nu(t) 
kN 

Nu 
kN 

t 
days 

Nu 
kN 

t 
days 

Nu 
kN 

t 
days 

A-1-C 167    152  143    
A-1-D 179    152  143    
A-2-A 175    151  143    
A-2-B 178    151  143    
A-3-C 171    154  145    
A-3-D 167    154  145    
B-1-A  73,6 181 139,7 122  116  122  
B-1-B  74,7 181 133,4 122  115  122  
B-1-C 151    146  138    
B-1-D 153    146  138    
B-2-A  83,2 728 134,8 116  111  116  
B-2-B  93,0 728 129,9 113  106  113  
B-2-C 168    148  140    
B-2-D 168    148  140    
B-3-A  98,3 507 133,4 112  104  112  
B-3-B  102 631 122,3 107   244 107  
B-3-C  69,2 217 145,4 122  119  122  
B-3-D  69,2 406 150,8 123  117  123  
B-4-A  120 22   26,7  10,5  29,2 
B-4-B  120 28   26,7  10,5  29,2 
B-4-C  136 0,5   1,5  0,2  0,8 
B-4-D  136 1,25   1,5  0,2  0,8 
C-1-A  106 201   964  240  1609 
C-1-B  103 301   ∞  690   
C-1-C  85,4 434 132,6 124  117  124  
C-1-D  84,1 434 151,2 124  118  124  
C-2-A 176    154  145    
C-2-B 174    154  145    
C-2-C  67,2 294 145,9 129  123  129  
C-2-D  66,5 294 154,8 129  123  129  
C-3-A 185    157  149    
C-3-B 177    157  149    
C-3-C  112 189   182  79  228 
C-3-D  116 68   100  43  113 
D-1-A 173    165  156    
D-1-B 172    165  156    
D-1-C  128 245   87  35  88 
D-1-D  120 294   477  149  571 
D-2-A  133 83   27  9,4  21 
D-2-B  133 14   27  9,4  21 

 225



Appendix A. Details of tests and comparative calculations 

Calculated values 
NLC: no Yes Test results 

1,0fc 0,85fc 1,0fc Column 
Nu(t0) 

kN 
Nlong 
kN 

t 
days 

Nu(t) 
kN 

Nu 
kN 

t 
days 

Nu 
kN 

t Nu t 
days kN days 

D-2-C 177    163  155    
D-2-D 180    163  155    
E-1-A           
E-1-B  85,4 238 100,1 101  95  101  
E-1-C 145    127  120    
E-1-D 149    127  120    
E-2-A 150    132  125    
E-2-B 149    132  125    
E-2-C  94,7 50   389  144  490 
E-2-D  94,7 66   389  144  490 
F-1-A 261    222  207    
F-1-B 248    222  207    
F-1-C  128 182 193,5 156  145  156  
F-1-D  133 182 178,4 153  141  153  
F-2-A 254    224  208    
F-2-B 254    224  208    
F-2-C  159 61   29  12  30 
F-2-D   165 47    16   6,2   16 

 
Table A6-3. Comparisons between measured and calculated values. 

calc0utest0u )()( tPtP calcutestu )()( tPtP )1log()1log( calctest ++ tt   
NLC: no NLC: no Yes NLC: no Yes Column 

1,0fc 0,85fc 1,0fc 0,85fc 1,0fc 1,0fc 0,85fc 1,0fc 
A-1-C 1,10 1,17       
A-1-D 1,18 1,25       
A-2-A 1,16 1,23       
A-2-B 1,18 1,25       
A-3-C 1,12 1,18       
A-3-D 1,09 1,16       
B-1-A   1,15 1,21 1,15    
B-1-B   1,10 1,16 1,10    
B-1-C 1,04 1,10       
B-1-D 1,05 1,11       
B-2-A   1,17 1,22 1,16    
B-2-B   1,14 1,22 1,15    
B-2-C 1,13 1,20       
B-2-D 1,13 1,20       
B-3-A   1,20 1,28 1,19    
B-3-B   1,17  1,14  1,17  
B-3-C   1,17 1,22 1,19    
B-3-D   1,23 1,29 1,22    
B-4-A      0,94 1,28 0,92 
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Appendix A. Details of tests and comparative calculations 

calc0utest0u )()( tPtP  calcutestu )()( tPtP  )1log()1log( calctest ++ tt  
NLC: no NLC: no Yes NLC: no Yes Column 

1,0fc 0,85fc 1,0fc 0,85fc 1,0fc 1,0fc 0,85fc 1,0fc 
B-4-B      1,01 1,38 0,99 
B-4-C      0,44 2,22 0,69 
B-4-D      0,89 4,45 1,38 
C-1-A      0,77 0,97 0,72 
C-1-B      0 0,87 0 
C-1-C   1,08 1,13 1,07    
C-1-D   1,23 1,28 1,22    
C-2-A 1,14 1,21       
C-2-B 1,13 1,20       
C-2-C   1,14 1,19 1,13    
C-2-D   1,21 1,26 1,20    
C-3-A 1,18 1,24       
C-3-B 1,12 1,19       
C-3-C      1,01 1,20 0,97 
C-3-D      0,92 1,12 0,89 
D-1-A 1,05 1,11       
D-1-B 1,04 1,10       
D-1-C      1,23 1,54 1,23 
D-1-D      0,92 1,13 0,90 
D-2-A      1,33 1,89 1,43 
D-2-B      0,81 1,16 0,88 
D-2-C 1,08 1,14       
D-2-D 1,11 1,17       
E-1-A         
E-1-B   1,00 1,05 1,00    
E-1-C 1,14 1,21       
E-1-D 1,18 1,24       
E-2-A 1,14 1,20       
E-2-B 1,13 1,19       
E-2-C      0,66 0,79 0,63 
E-2-D      0,70 0,84 0,68 
F-1-A 1,17 1,26       
F-1-B 1,11 1,20       
F-1-C   1,25 1,34 1,24    
F-1-D   1,17 1,26 1,16    
F-2-A 1,13 1,22       
F-2-B 1,13 1,22       
F-2-C      1,21 1,61 1,20 
F-2-D         1,37 1,96 1,37 
Mean 1,12 1,19 1,15 1,22 1,16 0,89 1,51 0,93 
St.dev. 0,04 0,05 0,06 0,07 0,06 0,34 0,86 0,36 
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A7. Goyal & Jackson (1971) 
Goyal B B & Jackson N: Slender concrete columns under sustained load. Journal of 
ASCE, November 1971 
 
In all 46 columns were tested under short-term and long-term eccentric load. The main data 
are summarized  in table A7-1. For each pair of short-term tests, the first (A1, B1 etc) was 
performed at about 28 days after casting, whereas the second (A2, B2 etc) was made about 
180 days later. The long-term tests were started at about 28 days, and after 180 days sustained 
load  the load was increased to failure. The sustained loads were 40 and 60 % of the associ-
ated short-term failure loads.  
 
Table A7-1. Main data for Goyal & Jackson (1971) tests. All columns had b = 76,2 mm (3 
inch) and t = 12,7 mm (0,5 inch). 

Columns, type of test fc fy ρ l l/h e e/h 
Short-term Long-term MPa MPa -  - mm  

A1, A2 A, B 19,9 38,1 0,500 
C1, C2 C, D 23,3 25,4 0,333 
E1, E2 E, F 21,9 12,7 0,167 
G1, G2 G, H 22,2 

352 0,0244 

19,1 0,250 
I1, I2 I, J 22,7 12,7 0,167 

K1, K2 K, L 22,8 19,1 0,250 
M1, M2 M, N 22,9 

1829 24 

25,4 0,333 
O1, O2 O 23,6 12,7 0,167 
P1, P2 P 23,6 19,1 0,250 
Q1, Q2 Q 19,9 

1219 16 
25,4 0,333 

R1, R2 R 21,4 12,7 0,167 
S1, S2 S 20,9 19,1 0,250 
T1, T2 T 20,7 

310 0,0171 

2743 36 
25,4 0,333 

 
 
Test results and calculated values are given in table A7-2. Calculations were made both with 
and without reduction of the concrete strength. The reported relative humidity was 45-60 %. 
Separate creep tests indicated a creep coefficient at the end of the test period of about ϕ(t) = 
2,4. However, with the reported RH values the calculated creep coefficient became too high 
(about 3,2), and in order to obtain the same value as in the creep test, RH = 75 % was used in 
the calculations.  (Calculations were also made with the reported values of RH, but they gave 
too low values of the calculated failure load after sustained loading.) 
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Table A7-2. All load values in kN. Nu,calc(1,0) means that no reduction of concrete strength 
has been made in the calculation, whereas Nu,calc(0,85) means reduction with factor 0,85. 

Short-term tests Long-term tests 
Column Nu,test Nu,calc(1,0) Nu,calc(0,85) Column Nlong Nu,test Nu,calc(1,0) Nu,calc(0,85)

A1 33,1 33,7 32,3 A 19,9 32,0 31,4 30,2 
A2 33,4 34,7 33,4 B 13,3 32,3 32,5 31,2 
C1 44,5 46,8 43,6 C 26,7 42,9 43,2 40,7 
C2 46,8 49,3 45,8 D 17,8 40,4 44,8 42,3 
E1 66,7 68,0 62,7 E 40,0 59,4 58,1 53,2 
E2 65,4 72,3 66,7 F 26,7 59,3 61,2 56,6 
G1 55,4 54,0 50,3 G 33,4 50,1 49,0 45,3 
G2 53,0 56,7 52,8 H 22,2 49,8 51,1 47,3 
I1 60,0 60,5 55,2 I 36,0 44,3 48,3 43,9 
I2 57,4 64,5 58,9 J 24,0 58,2 51,5 47,2 
K1 46,6 45,6 42,1 K 27,9 40,9 39,1 36,2 
K2 45,6 47,8 44,3 L 18,6 43,8 41,4 38,6 
M1 37,1 38,1 35,2 M 22,2 36,4 32,4 30,5 
M2 37,0 38,6 36,5 N 14,8 36,0 34,1 32,3 
O1 82,3 85,0 76,1 O 49,4 89,2 75,6 65,3 
O2 92,4 91,5 80,8      
P1 64,5 64,6 57,9 P 38,7 67,1 62,8 55,8 
P2 72,7 70,8 63,7      
Q1 51,4 47,8 43,2 Q 30,7 50,2 46,4 42,8 
Q2 48,9 51,8 46,8      
R1 33,4 30,3 28,4 R 20,0 24,1 24,0 22,5 
R2 31,1 29,6 28,0      
S1 23,0 24,1 22,9 S 14,0 21,6 20,7 20,0 
S2 24,3 24,2 23,2      
T1 19,4 20,7 19,4 T 11,7 19,7 18,1 17,4 
T2 20,5 20,7 20,0      

 0,98 ± 0,05 1,06 ± 0,06    1,03 ± 0,07 1,11 ± 0,09Nu,test/Nu,calc                                                           All 46 tests: 1,01 ± 0,06 1,08 ± 0,08
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A8. Kordina (1975) 
Kordina K: Über den Einfluss des Kriechens auf die Ausbiegung schlanker Stahlbeton-
stützen. Deutscher Ausschuss für Stahlbeton, Heft 250, Berlin 1975. 
 
The tests comprise 12 slender columns under long-term load followed by short-term loading 
to failure. Loading was started at ages between 28 days and one year, and the long-term load 
was kept for 1,5 to 2 years, during which deformations were measured. Table A8-1 gives the 
basic data for the tests. 

 
Table A8-1. Basic data for the tests. t0 denotes the start of the test whereas t denotes the dura-
tion of the long-term load. 

No. b 
mm 

h 
mm 

t 
mm ρ e 

mm 
l 

mm 
fc(t0) 
MPa 

fy 
MPa 

t0 
days 

t 
days 

Nlong 
kN 

Nu(t) 
kN 

I 265 172 22 0,0102 86 5140 26,7 266 338 418 63 105 
II 266 172 22 0,0101 86 5145 27,0 266 200 418 48 98 
III 265 173 22 0,0101 34 5145 29,0 266 280 598 140 260 
IV 264 171 22 0,0103 34 5135 23,7 266 222 594 156 205 
V 269 172 22 0,0099 25 5133 42,4 458 96 540 140 530 
VI 269 174 31 0,0217 34 5125 31,2 462 77 588 248 350 
VII 272 174 26 0,0098 35 5130 28,9 267 70 492 193 232 
VIII 269 173 32 0,0316 34 5130 29,6 423 63 492 307 430 
IX 265 172 25 0,0100 25 5135 34,7 460 28 480 146 535 
X 265 175 30 0,0219 35 5135 26,2 462 28 448 239 405 
XI 264 175 24 0,0101 35 5130 25,8 267 30 599 193 258 
XII 265 174 33 0,0319 34 5130 26,2 423 29 565 307 376 

 
Table A8-2 gives the calculated values. The values in italics and within brackets are the calcu-
lated number of days to failure under the long-term load in table A8-1, i.e. this load could not 
be sustained during the whole test period t. 
 

Nu,calc(t), kN Table A8-2. 
Calculated values. 

 
No. 

1,0fc 0,85fc

 I 103 101 
 II 104 102 
 III 231 216 
 IV 198 183 
 V 377 342 
 VI 330 313 
 VII (396) (136) 
 VIII 393 370 
 IX 314 285 
 X 329 312 
 XI (280) (111) 
 XII 371 347 
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Table A8-3 shows measured and calculated values of concrete compression strength (con-
verted from cube to cylinder strength with factor 0,8) and E-modulus. 
 

Table A8-3. Measured and calculated values for concrete strength and E-modulus. The calcu-
lated values are based on the measured strength at time t0. 

fc MPa Ec GPa 
test calc test calc No. t0 t t0+t

28 t0 t0+t 28 t0+t 28 t0 t0+t t0 t0+t 
I 338 418 756 24,1 26,7 26,7 22,3 27,6 28,2 30,0 30,0 29,5 29,8
II 200 418 618 24,0 27,0 27,0 23,1 28,3 23,8 26,0 30,0 29,6 30,1
III 280 598 878 23,4 29,0 29,2 24,4 30,2 25,5 28,0 30,0 30,3 30,6
IV 222 594 816 21,4 23,7 24,0 20,2 24,9 20,0 23,0 28,0 28,5 28,9
V 96 540 636 37,5 42,4 46,4 37,8 46,2 32,9 36,0 48,0 33,9 34,8
VI 77 588 665 26,4 31,2 36,0 28,3 34,6 30,0 32,5 35,0 31,0 31,9
VII 70 492 562 25,6 28,9 35,2 26,4 32,1 29,0 32,0 34,5 30,2 31,2
VIII 63 492 555 27,6 29,6 34,4 27,2 33,2 29,5 32,0 33,5 30,5 31,5
IX 28 480 508 34,7 34,7 36,8 34,7 42,1 35,0 35,0 40,0 32,0 33,9
X 28 448 476 26,2 26,2 30,4 26,2 31,7 31,9 31,9 33,0 29,4 31,1
XI 30 599 629 25,8 25,8 32,0 25,6 31,2 30,5 30,5 33,0 29,2 31,0
XII 29 565 594 26,2 26,2 32,0 26,1 31,8 30,7 30,7 32,0 29,4 31,1
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A9. Fouré (1976) 
Fouré, B: Le flambement des poteaux compte tenue du fluage du béton. Annales de 
l’Institut Techniques du Bâtiment et des Travaus Publiques, 4-58. Paris, 1976 
 
In all 26 columns were tested, all having b = 200, h = 150, l = 4500 mm, reinforcement with ρ 
= 0,0151 and t = 20 mm. Other data are given in tables below. 
 
Eccentricities were in some tests different in the two ends of the column, with e1/e2 varying 
between 1,0 and -0,5. In some tests a horizontal load was applied at mid-height. 
 
 

 
 
Figure A9-1. Details of test columns.  
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Table A9-1. Main data of Fouré’s tests. 

Eccentricities Series Test e2/h e1/e2 
Age t0 
(days)1 

Type 
of test3 

Horiz. 
force 

Duration of 
test (days) 

I I.1 0,1 1,0 11 1 - 0 
 I.2 0,1 1,0 12 3 -   180 2 
 I.3 0,1 1,0 12 2 -   180 2 
 I.4 0,1 1,0 12 3 -   540 2 

I bis 4 tests identical to the above ones 2 
II II.1 0,1 1,0 28 1 - 0 
 II.2 0,1 1,0 28 3 - 180 
 II.3 0,1 1,0 28 2 - 180 
 II.4 0,1 -0,5 29 3 - 360 

III(1) III.1 0,1 1,0 179 1 - 0 
 III.2 0,1 1,0 180 2 - 180 
 III.3 0,1 1,0 180 2 - 180 

III(2) III.4 0,1 -0,5 28 1 - 0 
 III.5 0,1 -0,5 28 3 - 360 
 III.6 0,1 -0,5 28 2 - 180 
 III.7 0,05 1,0 29 2 H 180 

IV IV.1 0,05 1,0 28 1 H 0 
 IV.2 0,05 1,0 28 2 H 180 
 IV.3 0,17 1,0 28 2 H 180 
 IV.4 0,2 0,5 29 1 - 0 
 IV.4 bis 0,2 -0,5 20 1 - 0 
 IV.5 0,2 -0,5 29 3 - 180 
 IV.6 0,2 -0,5 29 2 - 180 

1 Age at application of load 
2 These had premature failures; I.2 bis, I.3 bis and I.4 bis therefore had with lower loads 
3 See chapter 5 
 
Apart from the column tests according to table A9-1, tests on short columns and prisms were 
made in order to determine shrinkage and creep. 
 
In the following the test results are compared to calculated values. All calculations include the 
effects of both strength increase and shrinkage. A reduction 0,85 of the concrete strength is 
either included or not. This reduction corresponds to the conversion factor between strength in 
a structure and strength of standard test specimens, which is included in most codes (for ex-
ample, in EN 1992-1-1 the conversion factor is 0,85, in the Swedish code it is 0,83; this factor 
should not be confused with the “long-term” reduction, which is also equal to 0,85  in many 
codes.) 
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Table A9-2. Short-term tests. Calculated values with and without reduction of fc. 
Calculation, comparisons Eccentricities 

1,0⋅fc 0,85⋅fc 
Test 

2

1
e
e

 
h
e2  

Age t0 
days 

fc(t0) 
MPa 

fy 
MPa 

Nu,test 
kN 

Htest 
kN 

Nu,calc 
calcu,

testu,

P
P

 Nu,calc 
calcu,

testu,

P
P

I.1 1,0 0,1 11 30 457 395  393 1,01 358 1,10 
I.1bis 1,0 0,1 11 28,7 434 386  383 1,01 349 1,11 
II.1 1,0 0,1 28 39 474 453  450 1,01 412 1,10 
III.1 1,0 0,1 179 39 460 435  442 0,98 406 1,07 
IV.1 1,0 0,05 28 35,5 457 300 5,8 340 0,88 292 1,03 
III.4 -0,5 0,1 28 37,5 435 618  641 0,96 579 1,07 

IV.4bis -0,5 0,2 20 34,5 436 480  506 0,95 459 1,05 
IV.4 0,5 0,2 29 37,8 426 300  330 0,91 306 0,98 

Mean value 0,96  1,06 
Standard deviation 0,047  0,044

 
Table A9-3. Long-term load followed by short-term load to failure. a) Test results 

Eccentricities Test e1/e2 e2/h 
t0 

days 
fy 

MPa 
fc(t0) 
MPa 

Nlong 
kN 

tlong 
days 

Nu 
kN 

Hu 
kN 

I.3 1,0 0,1 12 439 31,0 265 70 320  
I.3bis 1,0 0,1 12 438 28,7 200 155 331  
II.3 1,0 0,1 28 496 39,0 255 206 337  
III.2 1,0 0,1 180 460 39,0 2902 194 372  
III.3 1,0 0,1 180 460 39,0 255 194 402  
III.7 1,0 0,05 29 452 35,8 280 178 280 5,3 
IV.2 1,0 0,05 28 435 37,5 335 113 335 2,4 
IV.3 1,0 0,17 28 397 37,5 155 206 155 5,6 
III.5 -0,5 0,1 28 454 35,5 3721 470 414  
III.6 -0,5 0,1 28 456 35,5 305 197 600  
IV.6 -0,5 0,2 29 398 37,8 275 206 414  

1 Average sustained load 
 
b) Calculated values. tcalc = time to failure under sustained load. Nlong according to calcula-
tion. Ncalc = calculated short-term load which, after long-term load Vlong during tlong days, can 
be carried together with (if any) horizontal force Hu. 

 tcalc
 Ncalc 

“Extra” nonlinear creep No Yes No Yes 
Reduction of fc 1,0 0,85 1,0 0,85 1,0 0,85 1,0 0,85

I.3 35 12 35 11     
I.3bis     260 233 260 233 
II.3  81  81 272  274  
III.2 75 22 72 22     
III.3  155  153 290  292  
III.7     209 189 209 189 
IV.2  65  65 297  298  
IV.3     121 112 121 112 
III.5 315 74 315 71     
III.6     481 420 481 420 
IV.6     381 325 381 325 
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c) Comparisons between measured and calculated values. 

 ( ) ( )calctest loglog tt  calctest PP  
“Extra” nonlinear creep No Yes No Yes 

Reduction of fc 1,0 0,85 1,0 0,85 1,0 0,85 1,0 0,85 
I.3 1,19 1,66 1,19 1,72     

I.3bis     1,27 1,42 1,27 1,42 
II.3  1,21  1,21 1,24  1,23  
III.2 1,22 1,68 1,23 1,68     
III.3  1,04  1,05 1,39  1,38  
III.7     1,34 1,48 1,34 1,48 
IV.2  1,13  1,13 1,13  1,12  
IV.3     1,28 1,38 1,28 1,38 
III.5 1,07 1,43 1,07 1,44     
III.6     1,25 1,43 1,25 1,43 
IV.6     1,09 1,27 1,09 1,27 

Mean value 1,16 1,36 1,16 1,37 1,25 1,40 1,24 1,40 
Standard deviation 0,08 0,27 0,08 0,29 0,10 0,08 0,10 0,08 

 

Table A9-4. Creep buckling tests. a) Test results. 

Eccentricities Test e1/e2 e2/h 
t0 

days 
fy 

MPa 
fc(t0) 
MPa 

Nlong 
kN 

tu 
days 

I.2 1,0 0,1 12 443 31,0 312 1 
I.4 1,0 0,1 12 443 31,0 290 5 

I.2bis 1,0 0,1 12 446 28,7 240 163 
I.4bis 1,0 0,1 12 442 28,7 220 >900 
II.2 1,0 0,1 28 477 39,0 285 197 
II.4 -0,5 0,1 29 498 39,3 372 130 
IV.5 -0,5 0,2 29 417 37,8 320 83 

 
b) Calculated values. tcalc = calculated time to failure with sustained load Nlong according to 
test. Ncalc = calculated load that can be sustained for time tu according to test. The values 
where “extra” nonlinear creep has had any effect are underlined. 

 tcalc Ncalc 
“Extra” nonlinear creep No Yes No Yes 

Reduction of fc 1,0 0,85 1,0 0,85 1,0 0,85 1,0 0,85 
I.2 3 0 3 0 325 308 325 300 

I.4 10 2 9 2 300 279 300 278 

I.2bis 84 30 81 30 230 215 229 215 
I.4bis 348 122 348 109 <212 <199 <212 <199 
II.2 62 19 62 19 262 241 262 241 
II.4 3765 177 3765 170 420 379 420 379 
IV.5 247 63 247 63 343 314 343 314 
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c) Comparisons between measured and calculated values (2 days are added to the time values 
in order to avoid division by zero). 

 ( ) ( )2log2log calctest ++ tt calctest PP  
“Extra” nonlinear creep No Yes No Yes 

Reduction of fc 1,0 0,85 1,0 0,85 1,0 0,85 1,0 0,85 
I.2 0,68 1,58 0,68 1,58 0,96 1,01 0,96 1,04 
I.4 0,78 1,40 0,81 1,40 0,97 1,04 0,97 1,04 

I.2bis 1,15 1,47 1,16 1,47 1,04 1,12 1,05 1,12 
I.4bis 1,16 1,41 1,16 1,44 1,04 1,11 1,04 1,11 
II.2 1,27 1,74 1,27 1,74 1,09 1,18 1,09 1,18 
II.4 0,59 0,94 0,59 0,95 0,89 0,98 0,89 0,98 
IV.5 0,81 1,06 0,81 1,06 0,93 1,02 0,93 1,02 

Mean value 0,92 1,37 0,93 1,38 0,99 1,07 0,99 1,07 
Standard deviation 0,27 0,28 0,27 0,28 0,07 0,07 0,07 0,07 
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A10. Claeson (1998) 
Claeson C: Structural behaviour of reinforced high-strength concrete columns. Chalmers 
University of Technology. Publication 98:1Göteborg, August 1998 
 
Six columns were tested for short- and long-term behaviour, all having b = h = 200 mm, l = 
4000 mm, reinforcement with ρ = 0,0201, t = 31 mm, fy = 636 MPa, fu = 721 MPa and εu = 
0,10. The eccentricity of the load was always 20 mm. The columns had normal concrete 
strength, whereas three had high strength. 
  
Table A10-1. Summary of test results and calculated values. Column H201 was first subjected 
to 1110 kN, and after 203 days it was loaded to failure. 

Nu,test Nu,calc Concrete 
strength Days at NLC: no NLC: yes kN 

 
 

1,0 0,85 1,0 0,85 Test 
tc fc(t) start end (1) (2) (3) (4) (5) 

(2)/(1) (3)/(1) (4)/(1) (5)/(1)

N201 28 35,5 28 50 644 804 735 794 728 0,80 0,88 0,81 0,88 
N202 52 37,6 189 189 739 957 861 - - 0,77 0,86 - - 
N203 192 27,0 192 189 789 783 701 - - 1,01 1,13 - - 

28 - 1110         H201 28 92,3 
203 203 1367 1549 1356 1549 1352 0,88 1,01 0,88 1,01 

H202 113 102,9 203 203 1543 1953 1769 - - 0,79 0,87 - - 
H203 203 107,0 203 203 1607 1975 1789 - - 0,81 0,90 - - 

Mean value 0,84 0,94 0,85 0,95 
Standard deviation 0,09 0,11 - - 

Note. The main topic of this investigation was short-term tests on columns with high strength 
concrete. Here only the two long-term tests and their four reference short-term tests are dealt 
with. 
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A11. Khalil, Cusens & Parker (2001) 
Khalil N, Cusens A R & Parker M D: Tests on slender reinforced concrete columns. 
Structural Engineer, vol. 79, no. 18, September 2001 
 
Tests were made on 11 columns with short-term loading and 8 with sustained loading, and 
short cylinders were tested with regard to creep and shrinkage. Slenderness of columns ranged 
from l/h  = 18 to 62,5 (l/i =  62 to 217), eccentricity from e/h = 0,08 to 0,125 and reinforce-
ment ratio from ρ = 0,026 to 0,042. Concrete cube strength was between 47 and 67 MPa. Di-
mensions of column cross sections were between 85 x 125 and 125 x 152 mm.  
 
In the long-term tests, the load was kept constant for t = 90 days at a level of 60 % of the fail-
ure load for the corresponding short-term test. All columns in the long-term tests sustained 
this load, therefore the load was subsequently increased to failure. Loading was started at an 
age of t0 = 28 days. 
 
Table A11-1. Main data for tests.Nu(t0) is ultimate load in short-term test, t0 = 28 days, Nlong 
is long-term load sustained for t = 90 days, Nu(t) is ultimate load after sustained loading. The 
concrete strength is cylinder strength, which has been estimated as 0,8 x the reported cube 
strength. 

No. b 
mm 

h 
mm 

t 
mm 

As 
mm2 ρ e/h l 

mm l/h fc 
MPa

Nu(t0) 
kN 

Nlong 
kN 

Nu(t)
kN 

C1 41,8 450   
C2 

125 125 21,3 452 0,0289 0,080 18,0
42,6 400   

C3 45,8 210   
C4 125 85 19,6 314 0,0296 0,118

2250
26,5 39,0 180   

C5 45,1 360   
C6 0,080 3600 28,8 50,5  203 269 
C7 41,4 250   
C8 0,080 4200 33,6 49,8  150 225 
C9 41,6 205   
C10 

125 27,5 804 0,0423

0,080 4800 38,4 49,3  123 157 
C11 37,9 102   
C12 42,6  61 88 
C13 

0,0297 0,100 4500 45,0
41,5  61 93 

C14 42,2 85   
C15 

100 21,0 

 0,100 50,0 53,6  51 73 
C17 43,8 65   
C18 90 21,6 

452 

0,0330 0,111 55,6 44,2  39 52 
C19 40,1 45   
C20 

152 

80 17,6 314 0,0258 0,125

5000

62,5 44,2  27 28 
 
The calculated values are shown in table A11-2. The relative humidity is not reported, there-
fore a default value RH = 50 % has been used. In some cases the long-term load in the test 
could not be sustained during 90 days; the calculated value is then the time during which the 
test load could be sustained. 
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Table A11-2. Calculated values of ultimate loads and, in some cases time tu to failure under 
long-term load. Values calculated for RH = 50 %.  

Short-term tests Long-term tests 
Nu(t) tu 

Nu(t0) NLC: no yes NLC: no yes No. 

1,0fc 0,85fc 1,0fc 0,85fc 1,0fc 0,85fc 1,0fc 0,85fc 1,0fc 0,85fc 
C1 528 473         
C2 535 479         
C3 180 165         
C4 166 151         
C5 390 360         
C6   296 265 296 265     
C7 287 267         
C8   204 187 204 187     
C9 222 207         

C10   147 137 147 137     
C11 96,7 90,0         
C12       48 19 47 17 
C13       40 19 40 14 
C14 73,1 67,0         
C15       72 26 72 26 
C17 41,0 39,7         
C18   39,5 *) 38,6 *) 39,5 *) 38,6 *)     
C19 25,0 24,3         
C20   25,5 *) 24,7 *) 25,5 *) 24,7 *)     
*) The long-term load in these tests could not be sustained at all in the calculation. 

Therefore the short-term ultimate loads were calculated instead. 
 
The results of calculations are generally conservative for the long-term tests, especially for no. 
C18 and C20, where the test load could not be sustained at all. Therefore, the long-term tests 
were also calculated for a higher value of RH, 75 %, which will give lower values of shrink-
age and creep and thus less conservative results. The result is shown in table A11-3. The cal-
culated values are still conservative, except for C6, C8 and C10. 
 
Table A11-3. Values calculated for the long-term tests with RH = 75 %. 

Nu(t) tu 
NLC: no yes NLC: no yes No. 

1,0fc 0,85fc 1,0fc 0,85fc 1,0fc 0,85fc 1,0fc 0,85fc

C6 334 302 334 302     
C8 239 217 239 217     
C10 168 155 168 155     
C12 68,1 63,6 68,1 63,5     
C13 67,5 62,7 67,5 62,6     
C15 57,3 54,4 57,3 54,4     
C18       4,6 1,0 4,1 1,0 
C20 26,3 25,8 26,3 25,8     
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Separate creep tests on plain concrete 76 x 267 mm cylinders were also made . The results are 
shown in table A11-4, together with the number of the associated column test. 
 
Table A11-4. Results of separate creep tests, expressed as creep coefficient, together with the 
associated concrete strength. 

Column C6 C8 C10 C12 C13 C15 C18 C20 
fc 50,5 49,8 49,3 42,6 41,5 53,6 44,2 44,2 
ϕ 2,11 1,55 2,41 2,15 2,68 2,21 2,04 2,26 

 
 

 

 

 

 

 

 

A12. Khalil, Cusens & Parker (2001) 
Bradford M A: Shrinkage and creep response of slender reinforced concrete columns un-
der moment gradient: theory and results. Magazine of Concrete Research, Vol. 57, No. 4, 
May 2005 
 
The description in clause 6.3.12 gives all the details necessary, of those available, for the pur-
pose of this study. Therefore, no further details are added here. 
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APPENDIX B. Computerized Calculation of Slender Con-
crete Columns 
Computerized Calculation of Slender Concrete Columns 
 

This is a translation of  

Westerberg B: “Beräkning av betongpelare med datamaskin”, Nordisk Betong (Journal of the 
Nordic Concrete Federation), 1971:4 (1971) 

made by the author in 2004. Notation and to some extent terminology have been brought up 
to date, and a few minor editorial errors have been corrected.   

Introduction 
The load capacity of an eccentrically loaded, slender column depends on the relationship be-
tween deflection and axial load. In the calculation of deflection, a certain distribution is often 
assumed. In that case, equilibrium conditions need to be checked in only one cross section, 
and since the relationship between deflection and curvature is known, calculation becomes 
comparatively simple. Usually the deflection is assumed to follow a sine curve, with inflexion 
points either at the column ends (Baumann 1934) or on the line of action of the external force 
(Broms & Viest 1958). The first alternative is theoretically correct only in the case of constant 
flexural stiffness and centric load, whereas the second alternative is correct also for a load 
with arbitrary end eccentricities. (Cf. figure 10.) 
 
In a concrete column, however, the flexural stiffness always varies with the bending moment 
due to nonlinear stress-strain curves and possible cracking, and it is therefore generally not 
constant along the column as soon as there is a deflection. The first order moment can also 
vary along the column, e.g. if caused by transverse load. Therefore, in a general and theoreti-
cally correct calculation, a deflection curve fulfilling both equilibrium and compatibility con-
ditions must be calculated in every single case. 
 
This article shows calculations of the load-deflection relationship and the ultimate capacity of 
slender concrete columns. By subdividing the column length into a number of elements a cor-
rect deflection curve can be determined for a first order moment with arbitrary distribution. 
Furthermore, by subdividing the cross section into a number of elements, arbitrary cross sec-
tions and stress-strain relations can be dealt with. The calculation method requires computer 
programming, since extensive iterations are required in order to determine the deflection 
curve. 
 
A calculation method of his type is well suited for the check of simplified calculation methods, 
or for the study of the effect of different parameters on the load capacity. A general calcula-
tion method can be preferable compared to laboratory tests in both these respects. In tests 
there is always some uncertainty concerning various parameters affecting the load capacity, 
such as strength and stress-strain curve for the concrete, unintended eccentricities, initial out-
of-straightness etc. In many cases, these uncertainties can be assumed to have more effect 
than the approximations made even in a “general” calculation. 
 
The article is based on a report by the author (Westerberg 1970). The report describes in detail 
how the method can be used for parameter studies, simplified alternatives (e.g. a predefined 
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deflection curve) and a certain approximate method42. Furthermore, an extensive comparison 
is made with test results, which illustrates the above mentioned uncertainties, such as concrete 
strength, unintended eccentricities etc. 
 
This article is largely a summary of the report. The comparison with the CEB method is not 
included, so those interested are referred to the report. On the other hand, the article contains 
some extensions compared to the report, e.g. concerning a certain type of deflection curve 
(figure 10), the effect of unloading in the concrete in the case of perfectly centric load (buck-
ling) and the effect of tensile stresses in uncracked concrete (tension stiffening). 
 

Description of the calculation method 

Assumptions 
The calculation method rests on two basic assumptions, in relation to which the calculation 
can be made arbitrarily accurate: 
 
1. Plane sections remain plane under deformation 

2. Stresses are unambiguously determined by the strain and the strain history (different rela-
tionships can be used for loading and unloading) 

 
The first assumption implies that shear deformations and slip between steel and concrete are 
neglected, and that all cross sections are considered to be cracked if an assumed ultimate 
strain is exceeded. In reality, the whole tensile zone contributes with some tensile stress in 
uncracked sections between cracks, which means both non-plane sections and slip. 
 
The second assumption means that the time dependence of deformations can not be taken into 
account in a theoretically correct way. This would require that time is introduced as a third 
variable in the σ-ε relationship. The effect of time can, however, be considered by “stretch-
ing” the σ-ε curve in the direction of the ε-axis, i.e. all strain values are magnified by means 
of a creep coefficient. 
 
The column is subdivided into elements in the longitudinal direction and over the cross sec-
tion in the direction of deflection. Within a column element the curvature is assumed to be 
constant, corresponding to the bending moment in the middle of the element. Within a cross 
section element the stress in concrete and possible reinforcement is assumed to be constant, 
corresponding to the strain in the middle of the element. A reinforcement area is subdivided 
into two parts, having the same centre of gravity as the original area. By using sufficiently 
small elements, any desired accuracy can be achieved. However, acceptable accuracy can be 
obtained with rather few elements. For e.g. a triangular curvature distribution with maximum 
at mid length, the theoretically correct deflection is Kl2/12. The corresponding stepped curva-
ture distribution with 7 elements is Kl2/11,88. For a homogeneous rectangular cross section, 
using 10 elements gives a moment of inertia of bh3/12,12. Thus, subdivision into 7 and 10 
elements respectively gives a deviation of 1 % (in both cases on the “safe side”). In most of 
the calculations presented here the length has been divided into 13 and the cross section into 
20 elements, and then the calculation is practically exact in relation to the basic assumptions. 
 

                                                 
42  Author’s note 2004: It is referred to a certain method then under development for the CEB Recommendations. 
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Relationship curvature – bending moment – normal force 
For a given normal force the deflection along a column is determined by the relation between 
curvature, bending moment and normal force, valid for a certain cross section and certain 
stress-strain relationships. This relationship (below called K-M-N relationship) is the very 
heart of the calculation. Due to cracking of the concrete and the nonlinear σ-ε relationships it 
becomes complicated. Furthermore, the stress in a cross section element depends not only on 
the actual strain, but also on whether it has been subjected to a higher strain earlier, and if so, 
the magnitude of this earlier strain. Therefore it is difficult to establish a general K-M-N rela-
tionship. Thus, in order to determine the third variable when the other two are given, iteration 
is generally necessary. 
 
In figure 2 this relationship is illustrated (for loading only), in the form of curves for moment 
and normal force for a constant curvature, for a rectangular cross section with σ-ε diagram 
and other assumptions according to figure 1. The envelope of all such curves is the interaction 
curve, showing the maximum capacity for eccentric compression. 
 
The calculation of a column is made in steps with gradually increasing deflection. For each 
step, after convergence of all iterations, the strains in all elements (over the cross section and 
along the column) are stored in the memory of the computer, if it is larger than in previous 
steps. If an element is unloaded, i.e. gets a lower strain than in any of the previous steps, the 
stress is determined by the unloading curve, which in turn depends on the largest strain that 
has previously occurred in the element. 
 
 

Figure 1. Stress-strain diagrams and cross 
section assumed for the calculations illus-
trated in figures 2 to 9 and 11 to 13. The 
stress-strain curve of the concrete consists 
of a second degree parabola up to a strain 
ε0 = 2 o/oo. After that, the stress is constant 
up to the value εu =-3,5 o/oo. During unload-
ing the stress follows a straight line parallel 
to the original curve at zero strain. 
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Figure 2. Relation between the 
moment and the normal force at 
different values of the relative cur-
vature Kh. 

 
 

Calculation of load-deflection curve 
The calculation of the load-deflection relationship is made in the following way: the deflec-
tion is increased step-by-step, and for each step the normal force and the deflection curve that 
fulfill the equilibrium and compatibility conditions along the column are calculated. Thus, 
deflection is the independent variable instead of the load. Hereby no convergence problems 
arise close to the maximum load. The deflection can be increased past this maximum up to 
some chosen failure criterion (a certain failure strain in concrete or reinforcement), unless the 
maximum load itself corresponds to such a failure criterion. If the normal force is used as the 
independent variable, for which the corresponding deflection is calculated, it is not possible to 
go beyond this maximum value, and at (or close to) the maximum value the calculation does 
not converge. This corresponds physically to the fact that no stable equilibrium is possible at 
this load. 
 
A calculation with the deflection as the independent variable corresponds to a test where the 
column is loaded with an imposed deformation, independent of the normal force (deformation 
control). The maximum load of a column can then be passed by without complete collapse. 
 
A calculation with the normal force as the independent variable corresponds to a test where 
the load is independent of the deformation of the column; a typical example is a gravity load 
carried directly by the column. As the load increases, complete collapse will always occur 
when the maximum load capacity is reached. 
 

Calculation of deflection 
The calculation of a deflection step is basically made in the following way: 

1. A maximum curvature is assumed 
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2. A preliminary deflection corresponding to this curvature is calculated, assuming a certain 
shape of the deflection curve. In the first step e.g. a parabolic (≈ circular) shape can be as-
sumed. In subsequent steps the preliminary deflection curve is given the same shape as the 
final shape in the previous step. 

3. The normal force corresponding to the curvature, the eccentricity (= deflection plus possi-
ble first order eccentricity) and the first order moment (if any) in the section with maxi-
mum moment is calculated. 

4. This normal force gives - with the present deflection – a certain bending moment along 
the column. The curvature corresponding to the normal force and this moment is calcu-
lated for each element. 

5. By double integration of the curvature according to 4, a new deflection is obtained along 
the column. With the new maximum curvature according to 4 and the new deflection ac-
cording to 5 the calculation is repeated from 3. 

 
The calculation circulates between 3, 4 and 5 until the change of normal force, curvature and 
deflection is sufficiently small. As long as the reinforcement does not yield, or the concrete 
does not approach the ultimate strain, convergence is usually very rapid. 

 
Figure 3 and 4. Relationship between the normal force and the deflection at different values 
of the eccentricity and the slenderness ratio. The calculation was discontinued at an ultimate 
strain of 3,5 o/oo in the concrete (points marked x) or at 10 o/oo strain in the reinforcement 
(points marked o). 
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Figure 5 and 6. Relation between moment and normal force for different values of eccentric-
ity and slenderness ratio. Curve 1 (----): tensile yield strain in the tension reinforcement. 
Curve 2 (----): compressive yield strain in the compression reinforcement. 
 
When the tensile reinforcement starts to yield (to a lesser degree also when the compression 
reinforcement starts to yield or when the concrete strain approaches the ultimate strain) the 
shape of the deflection curve is markedly changed. In this situation the element subdivision 
along the column will have a larger influence. When yield starts in the middle of an element, 
the whole element is assumed to have the same curvature, even if in reality yield occurs over 
a shorter length. Therefore, a coarse element subdivision can give rather large errors for large 
deflections. However, this does not affect the ultimate load of the column, since this is gener-
ally reached before or when the tensile or compression reinforcement starts to yield. 
 

Relationship normal force – deflection 
Examples of load-deflection curves are shown in figures 3 and 4 for rectangular columns with 
different slenderness and load eccentricity. The curves are based on assumptions according to 
figure 1 and on 13 elements along the column and 20 cross section elements. The calculation 
has been interrupted when the tensile reinforcement reaches a strain of 10 o/oo or when the 
concrete reaches ultimate strain 3,5 o/oo.  
 
In some cases the maximum load corresponds to ultimate strain in concrete, in other cases to 
yield strain in the tensile reinforcement. Furthermore, in some cases the maximum load is 
reached before any of these strains. Three main types of failure can be distinguished: com-
pression failure, tension failure and stability failure. 
 
Figures 5 and 6 show the bending moment, i.e. the normal force times the first order eccen-
tricity plus the deflection, as a function of the normal force. The figures also show the interac-
tion curve for the maximum cross section capacity, and curves for the attainment of yield 
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strain in tension and compression reinforcement respectively. The different failure types can 
be identified by means of these diagrams. At material failure the maximum value of the nor-
mal force is reached when the load-moment curve reaches the interaction curve for ultimate 
failure or reinforcement yield. Whether tension or compression failure then depends on which 
part of the interaction curve is reached, figure 5. In stability failures the maximum load is 
reached at a point inside the curves for reinforcement yield. 
 
If the maximum load is marked on the line corresponding to the first order moment m0, a 
point in the interaction diagram is obtained, which shows the maximum load for a given first 
order moment. Several such points for a given slenderness will form an interaction curve for 
the slender column. Figure 7 shows the load capacity for different slenderness ratios illus-
trated in this manner. 
 

 
Figure 7. Interaction curves 
based on general calculations for 
slender columns. These curves 
represent the load-bearing ca-
pacity as a function of the first 
order moment. 
 

 
 
On the basis of load-deflection curves some conclusions can be drawn concerning the differ-
ent failure modes. Compression failure occurs at rather small deflections, but they can be 
foreboded by the presence of cracks in the compression zone, since the concrete is subjected 
to high strains close to failure. Tensile failure is foreboded by large deflections and by tensile 
cracking. Stability failure, on the other hand, can be treacherous since it is not preceded by 
either large deflections or cracks. However, columns with stability failure can withstand a 
much larger deflection than that corresponding to the ultimate load, and still carry a consider-
able load. (Cf figure 4.) Theoretically, a column could be loaded up to maximum load without 
collapsing, provided sufficient load redistribution is possible when the column responds with 
a lower load to a given axial deformation. Afterwards it could still carry some load. However, 
since the axial deformation is small, this requires that the column forms part of a very stiff 
system, where redistribution of forces can occur for small deformations. A stiff testing ma-
chine, giving an imposed deformation independent of the load with which the specimen re-
sponds, will have the same effect. 
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The distribution of deflection along the column 
When the normal force and the deflection increase, the flexural stiffness and the moment dis-
tribution change along the column, which affects the shape of the deflection curve. For con-
stant stiffness and constant first order moment the shape of the deflection curve will be a cir-
cle (≈ parabola) for small deflections. For constant stiffness and initially centric load the de-
flection curve will be sine shaped. In these cases the relationship between maximum curvature 
and maximum deflection will be 
 
y = Kl2 / 8 and Kl2 / π2 ≈ Kl2 / 9,87 respectively 
 
The number in the denominator, 8 and π2 respectively, is a simple description of the shape of 
the deflection curve. This parameter, below denoted F, is used in the calculation of the pre-
liminary deflection in every new step. (F is then Kl2/y for the deflection in the previous step.) 
 
Figures 8 and 9 show how F changes with increasing deflection in two cases with different 
slenderness ratio and first order eccentricity. The figures also include curves for curvature, 
concrete strain and reinforcement strain in the midsection, and for the relative normal force. 

 

 
Figure 8 and 9. Shape of the deflection curve (as expressed by the parameter F = Kl2 / y), 
relative curvature (Kh), strains (εs and εc) and relative normal force (n), as functions of the 
relative deflection (y/h) at two different values of the slenderness and the eccentricity. 
 
It can be noted that F (for eccentric load) starts with the value 8 and then increases rather 
slowly as long as the reinforcement strain is below yield strain and the concrete strain is be-
low ε0. When, in particular, the tensile yield strain is reached, F suddenly increases more 
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markedly, and the deflection curve assumes a more and more triangular shape. For large de-
flections F may reach values of 20 (figure 9). 
 
However, for the maximum load, only the shape of the deflection curve at maximum load is 
of interest. In the examples in figures 8 and 9, F varies between about 9 and 10 at maximum 
load, which indicates that the deflection curve has a shape between a parabola and a sine 
shape. 
 
As an alternative to a sine shape with inflexion points at the column ends, or a parabola, part 
of a sine wave can be used, with inflexion points outside the column and on the line of action 
of the external load (figure 10). This deflection curve is theoretically correct for a column 
with constant flexural stiffness and linearly varying first order moment (also for different end 
eccentricities). 
 
In figure 11 a comparison is shown between the ultimate load according to a general calcula-
tion and a calculation using the latter type of deflection curve. As can be seen, the agreement 
is very good, and deviations are from a practical point of view negligible. 
 
A deflection curve consisting of a complete sine wave (inflexion points at the column ends) 
gives poorer agreement, and deviations are generally on the unsafe side. However, even in 
this case deviations are rather small from a practical point of view (figure 12). A parabolic 
deflection gives poorer agreement than the sine shape, but in this case all deviations are on the 
safe side (figure 12). 

Figure 10. Deflections along a part 
of a sine curve at equal and unequal 
values of the eccentricities at the 
ends. Theoretically correct deflection 
curve for a constant flexural stiff-
ness. 
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Figure 11. Comparison 
between interaction 
curves calculated on the 
basis of the deflection 
curve shown in figure 
10 (⎯⎯⎯) and those 
based on the general 
method (-------). 
 

 
 

Figure 12. Comparison 
between interaction 
curves calculated on the 
basis of a sine shaped 
deflection curve (com-
plete sine wave, 
⎯⎯⎯ ),  parabolic 
curve (-⋅-⋅-⋅-⋅-) and gen-
eral method (-------). 

 
 
Due to the extensive iterations necessary in the general method, the computer calculation 
takes a rather long time. If a certain shape of the deflection curve is assumed, equilibrium and 
compatibility conditions need to be fulfilled in only one cross section, which speeds up the 
calculation significantly.43 The computer time is reduced to about 10 % of that required for 
the general method. In order to produce e.g. interaction curves for different slenderness ratios, 
reinforcement ratios, cross sections, stress-strain curves etc a deflection curve according to 

                                                 
43 Author’s note 2004: Before and around 1970, when these calculations were made, this was very important. In 
those days there were no personal computers; instead every calculation cost money in proportion to the computer 
time used, which had to be paid within a certain budget. 
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figure 10 is then very suitable, provided the first order moment varies linearly along the col-
umn. 
 
For some other variation of the first order moment, approximate deflection curves can give 
larger deviation from the general calculation. For example, a triangular moment distribution, 
caused by a concentrated load at mid height or an initial deflection such that the column con-
sists of two straight parts, is more favourable than equal end eccentricities. The simplified 
deflection curves dealt with above will then yield results on the safe side. Cf figure 13. 
 
 

 

Figure 13. Effect of different distributions of 
the first order moment along the column, ac-
cording to general calculation. 
 

 
 

Calculation of centric buckling load 
The buckling load, i.e. the load capacity for centric normal force, can be obtained with the 
previous method, in which case the buckling load corresponds to a very small deflection. 
 
If a known buckling case is at hand, however, it is simpler to calculate the Euler load for the 
flexural stiffness corresponding to the load in question. There is a certain strain ε correspond-
ing to a given normal force N, with a corresponding tangent modulus Et and unloading 
modulus Eun for the concrete (figure 14). If the column is given a small deflection, stress 
changes on the “compression” side will be determined by Et and on the “tension” side by Eun. 
The sum of the stress changes is zero, since the normal force is unchanged. If the stresses give 
a bending moment dM and the strains correspond to a curvature dK, then the flexural stiffness 
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for the current normal force can be defined as dM/dK. In an equilibrium state with a deflection 
- which is the condition for N being the buckling load – the following condition is fulfilled: 
 

dK
dM

l
N ⋅= 2

2

E
π  

 
This buckling load is determined by iteration with the strain as the independent variable. If 
unloading is taken into account, the neutral axis has to be determined by iteration for every 
strain level, so that the sum of the stress changes is zero. 
 
The flexural stiffness when unloading is taken into account corresponds to an equivalent E-
modulus for the concrete, the so-called double modulus, which is always greater than the tan-
gent modulus. The buckling load including the effect of unloading will therefore always be 
greater than that based on the tangent modulus. Figure 15 shows a comparison based on the σ-
ε curve in figure 1. The double modulus buckling load is upp to 12 % higher than the tangent 
modulus load. 
 
The condition for the double modulus calculation is that no deflection occurs until the double 
modulus buckling load is reached. According to Shanley (1946), however, even a perfectly 
straight and centrically loaded column would start to deflect already when the tangent 
modulus load is reached, and then the above condition can never be fulfilled. Furthermore, in 
reality there are always imperfections in the form of eccentricities or out-of-straighness, and 
the column will then always start to deflect before any of the buckling loads are reached, 
which will further reduce the effect of the unloading module. For practical use, the calculation 
of buckling load can therefore be based on the tangent modulus. This is much simpler and 
also gives better agreement with test results (see below). 
 
 

Figure 14. Calculation of the 
axial buckling load taking into 
account the tangent modulus of 
elasticity and the modulus of 
elasticity in unloading. 
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Figure 15. Buckling load for different values 
of the mechanical reinforcement ratio ω as a 
function of the slenderness ratio. The load 
was calculated so as to take account of the 
tangent modulus only (⎯⎯⎯ ) or the double 
modulus, i.e. both tangent and unloading 
modulus (-------). Calculations were based on 
the assumptions in figure 1 (except that the 
reinforcement was varied here). 

 

Effect of the shape of the concrete σ-ε curve 
The effect of the shape of the concrete σ-ε curve will be demonstrated with some examples. A 
curve consisting of a parabola and a straight line has been used. The strain at maximum stress, 
ε0, and the inclination of the descending straight line were varied. Cf figures 16 and 17. 
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Figures 16 and 17. Effect of the stress-strain curve of concrete on the ultimate load at differ-
ent slenderness ratios. For other assumptions, see figure 1. Mechanical reinf. ratio ω = 0,2. 
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Values of ε0 like 4 and 6 o/oo give an idea of the effect of sustained loading. This effect is the 
greatest for high slenderness ratios and small to medium eccentricities. For example, the ulti-
mate load for slenderness l/h = 30 and eccentricity e/h = 0,1 is 27 % lower for ε0 = 6 o/oo than 
for ε0 = 2 o/oo. At slenderness 10 and the same eccentricity the corresponding reduction is only 
13 %. This reduction would correspond to a creep coefficient of ϕ = 2. 
 
The descending part of the stress-strain curve has little influence on the ultimate load, particu-
larly if the yield strain of the reinforcement is not greater than the concrete strain ε0. In figure 
17, where these two strains are equal (2 o/oo) the largest difference is 5 %, at slenderness 10. 
For slenderness values above 20 the descending part has no effect at all. 
 
The effect of the stress-strain curve in unloading will be illustrated on the basis of the strains 
at different stages of deflection. The distribution of strains and corresponding stresses over the 
cross section are  shown in figure 18. The shadowed parts show where unloading takes place 
during increased deflection. For the sake of clarity only three deflection stages are shown on 
the way to maximum deflection. Since the strain in those parts of the cross section that are 
unloaded has never been very large, the difference between the loading and the unloading 
curve is insignificant, and the effect on the ultimate load if unloading is neglected is found to 
be negligible. 
 
The above is true if the normal force increases to failure at a constant eccentricity. Unloading 
will have a greater effect if the normal force is applied first, and then kept constant while the 
bending moment increases to failure. Those parts of the cross section, which will be unloaded 
when the moment increases, will have been subjected to larger strains than in the previous 
case. In this sense the latter case resembles the hypothetical case of buckling. 
 

Figure 18. Strains and corresponding 
concrete stresses at three different 
stages: a) at half the maximum load, 
b) at maximum load and c) at maxi-
mum deflection. The shaded areas 
represent the regions where unloading 
takes place during increasing deflec-
tion.  
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Effect of tensile stresses in the concrete 
In all calculations accounted for so far the tensile strength of concrete has been assumed to be 
zero, and even if a tensile strength had been assumed, all cross sections would have been as-
sumed to be fully cracked when the ultimate tensile strain is exceeded. Within a column ele-
ment the curvature has been assumed to be constant and corresponding to the cracked cross 
section (unless the whole section is in compression). An uncracked cross section between 
cracks has, at the same loading, less curvature than a cracked section, and since an element in 
reality will also contain uncracked sections, the average curvature will be somewhere between 
that for cracked and uncracked cross sections. Assuming that the stress distribution in a 
cracked and an uncracked cross section respectively looks like in figure 19, a fictitious stress 
distribution with a stress α⋅fct over the cracked part of the cross section would give a curvature 
between that for the cracked and the uncracked sections respectively, if 0 < α < 1. The value 
of α, giving a curvature equal to the real curvature in the element, would depend on factors 
affecting crack spacing and crack width. 

 

 
Figure 19. 1) Stress distribution in concrete in a cracked section. 2) Assumed distribution in 
an uncracked section. 3) Fictitious distribution resulting in a curvature K3 between the values 
K1 and K2, for the same external load. 
 
A similar stress distribution should give an idea of the effect of tensile stresses on the ultimate 
load. Note that the load-moment curve (figures 5 and 6) calculated with the effect of tensile 
stresses included, must never go outside the interaction curve, which takes into account the 
cracking of individual cross sections. In tensile failures the intersection of the load-moment 
curve with the interaction curve for tensile reinforcement yielding, or the ultimate curve, will 
be governing, and in compression failures it will be the intersection with the interaction curve 
for compressive reinforcement yielding, or the ultimate curve. (Cf figures 5 and 6.) 
 
Figure 20 shows the effect of tensile stresses in the concrete according to the above model for 
two different assumptions for the tensile strength, corresponding to ultimate strains of εct = 
0,1 and 0,2 o/oo respectively, and for two different values of the mechanical reinforcement 
ratio, ω = 0,2 and 0,05 respectively. Obviously, tensile stresses can have some influence for 
combinations of high slenderness, large eccentricity and small reinforcement ratio. Reality 
can be assumed to be somewhere between the extreme cases α = 0 and α = 1 (curve 3 and 
curve 1 respectively), i.e. perhaps close to curve 2 for α = 0,5. The maximum difference be-
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tween curves 2 and 3 is 35 % for εct = 0,2 o/oo (l/h = 30). The corresponding difference for εct 
= 0,1 o/oo, which can be assumed to be a more realistic ultimate strain, is about 20 %.  
 
Thus, tensile stresses in uncracked sections can in some cases have an influence on the ulti-
mate load, which is not quite negligible. An estimation of this effect can be of interest in the 
comparisons with test results for short-term loading. 
 
Figure 20 also shows the decisive effect of the reinforcement ratio on the ultimate load. 

 

 
Figure 20. Effect on the load-bearing capacity of the contribution from tensile stresses in 
uncracked sections, using a fictitious concrete stress distribution according to figure 19. Re-
inforcement ratio ω = 0,2 (⎯⎯ ) and 0,05 (------). Parameter α = 1,0 (curve 1), 0,5 (curve 2) 
and 0 (curve 3) respectively. For definition of α, see figure 19 (3). 

Comparison with test results 
174 short-term tests from 8 different investigations have been compared to calculations ac-
cording to the general method. The tests cover a wide range of variations for the essential 
variables: 
 
• mechanical reinforcement ratio: ω = 0,02 – 0,40 
• yield stress of reinforcement:  fy = 210 to 440 MPa 
• concrete compressive strength:  fc = 15 to 36 MPa 
• eccentricity:  e/h = 0 – 0,83 
• slenderness:  l/h = 9 – 41 
 
The main data for the different test series are shown in table 1. Where not stated otherwise the 
following is true: rectangular cross section, equal end eccentricities, columns concreted in 
horizontal position. 
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Table 1. Compilation of test data, and mean value and standard deviation for the ratio be-
tween measured and calculated ultimate load in the respective test series. 

 

Reference 
Num-
ber of 
tests 

Eccen-
tricity 

e/h 

Mech. 
reinf. ratio 

ω 

Slender-
ness 
 l/h 

Note Mean ± COV 
for Ntest/Ncalc 

Baumann 1934 27 0-0,33 0,03-0,15 12-41 
12 columns 
cast verti-

cally 
1,05 ± 0,17 

Thomas 1939 14 0-0,06 0,11-0,40 15-23  1,02 ± 0,14 

Rambøll 1951 38 0-0,83 0,04-0,07 9-31  1,22 ± 0,17 

Ernst, Hro-
madik & Rive-
land 1953 

7 0-0,38 0,11 15-25  1,10 ± 0,11 

Gehler & Hüt-
ter 1954 (tests 
made 1942) 

2 
 
9 

0 
 
0 

0,06-0,24 
 

0,07 

10-40 
 

8-24 

circular sec-
tion 1,09 ± 0,13 

Gehler & Hüt-
ter 1954 (tests 
made 1952) 

36 0-0,40 0,02-0,33 15-40 

centric nor-
mal force; 
ecc. corre-
sponds to 
moment 

from trans-
verse load at 
midheight 

0,97 ± 0,12 

Gaede 1958 8 0,20-
0,50 0,05-0,08 29-35  0,91 ± 0,06 

Chang % Fer-
guson 1963 6 0,07-

0,38 0,09-0,13 31  0,88 ± 0,06 

Gaede 1968 11 0,14-
0,35 0,06-0,09 27-29 

square sec-
tion; deflec-
tion in the 
diagonal 

plane 

0,87 ± 0,10 

Kordina (data 
from Aas-
Jakobsen 1968) 

4 0,17-
0,50 0,04-0,06 29  1,04 ± 0,09 

Sum 174     1,08 ± 0,18 
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Assumptions for the calculation 
The reinforcement is assumed to have a bilinear stress-strain curve, with a maximum stress 
equal to the reported yield stress (also in compression). The concrete os assumed to have a 
maximum stress equal to the prism strength, the cylinder strength or 80 % of the cube strength. 
The stress-strain curve is assumed to consist of a parabola and a sloping straight line accord-
ing to Hognestad (1951) (figure 21), including the following empirical relationship between 
concrete strength and initial E-modulus E0: 
 
E0 = 12700 + 460⋅fc  (MPa) 
 
where fc is the compressive strength as described above. 
 
With the stress-strain diagram in figure 21 and this E-modulus, the following is obtained: 
 
ε0 = 2fc / E0 = fc / (63,5 + 0,23fc) o/oo 

 

Figure 21. Stress-strain diagram used for 
comparison between calculated values and 
test results. 
 

 
This relationship between fc and ε0 has been used in the calculations. (…)44 Concrete in ten-
sion is assumed to have the same modulus E0 and the ultimate strain εct = 0,125 o/oo. However, 
the effect of tension in uncracked sections has not been taken into account. The E-modulus in 
unloading has been taken as E0. 
 
For the cases of formally centric load, calculations have been made with and without consid-
ering unloading. The results given in Table 1 are those without taking into account unloading 
(i.e. only the tangent modulus has been used). The columns have been subdivided into 7 ele-
ments in the longitudinal direction and 20 elements over the cross section. 
 

                                                 
44 Author’s note 2004: A reference to, and comparison with, a contemporary Swedish code has been omitted here. 
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Results 
In table 1 the results are given as mean value and coefficient of variation (COV) for the ratio 
Ntest / Ncalc within each test series. Mean value and COV for the 62 columns with centric load 
is 1,01 ± 0,16 using tangent modulus and 0,92 ± 0,17 using double modulus. Thus, the agree-
ment is better if the effect of unloading is disregarded. Figure 22 shows the result for the cen-
trically loaded columns as a function of concrete strength, reinforcement ratio and slenderness. 
 

Figure 22.  
Ratio Ntest / Ncalc for 62 
centrically loaded col-
umns as a function of 
the concrete compres-
sive strength fc, the rein-
forcement ratio ω and 
the slenderness l/h. 
Dashed lines (---) show 
number of tests n. Solid 
lines (⎯⎯ ) show the 
ratio Ntest / Ncalc based 
on calculations with 
tangent modulus, dash-
dot lines (⎯ ⋅ ⎯ ) with 
double modulus. 
 

 
 
The result for 112 columns with eccentric load is 1,08 ± 0,18. The agreement is less good for 
large eccentricities, where calculated values are generally too low. It is found that these devia-
tions occur particularly in one test series (Rambøll 1951), where calculated failure loads are 
always too low compared to the test results for large eccentricities, and particularly for low 
slenderness values. If these results are excluded the result becomes 1,02 ± 0,16. 
 
With centric failure load calculated on the basis of tangent modulus, the result for all 174 tests 
is 1,06 ± 0,18. If the above mentioned tests (Rambøll 1951) are excluded the result is 1,02 ± 
0,16. Figure 23 shows the result for all 174 tests along the same principles as in figure 22. 
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Figure 23.  
Ratio Ntest / Ncalc for 
all 174 columns 
(⎯⎯ ) as a function 
of the concrete com-
pressive strength fc, 
the reinforcement ra-
tio ω, the relative ec-
centricity e/h and the 
slenderness l/h. Calcu-
lations for centric load 
are made with tangent 
modulus. 
 

 
 
The scatter is in general less within a single test series than for all tests together, and the mean 
value varies slightly between the different series (cf Tab 1). The coefficient of variation for 
the mean values, weighted with regard to the number of tests in each series, is 0,10. 
 

Discussion of the result 
Deviations between test results and calculated values have mainly three types of explanations: 
 
1. Column dimensions, straightness, bar positions, load eccentricity etc may deviate from 

nominal values. 
 
2. Strength and stress-strain curve are not known for the concrete in the column. The calcula-

tion has to be based on the strength of test specimens and on an assumed stress-strain 
curve. 

 
3. Deliberate simplifications are made in the calculations, such as disregarding concrete ten-

sion between cracks, subdivision into elements. 
 
As regards uncertainties of the first type, unintentional eccentricities and out-of-straightness 
may have a strong effect if the load is intended to be centric, but less if there is an intentional 
eccentricity. This is one reason why the tangent modulus gives the best agreement. This is a 
somewhat conservative simplification in the case of centric load, which might compensate for 
imperfections in the tests. 
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The uncertainty concerning the real concrete strength in the column is an important factor, 
which is hard to evaluate. The relation between this strength and the strength of test speci-
mens depends on factors like dimensions, compaction, casting in vertical or horizontal posi-
tion, stirrup reinforcement, rate of loading etc. It is likely that the combined effect of such 
factors varies between different investigations, but are more or less constant within one and 
the same test series. This would explain why the mean value of Ntest / Ncalc varies between 
different investigations and the scatter is often less within a single test series than for all tests 
together. 
 
The chosen stress-strain diagram and the relationship between fc and ε0 can be discussed. In-
stead of having the same shape of the curve for different strength values, one could let ε0 be 
more or less constant and instead vary the shape of the curve so that E0 follows a certain rela-
tionship with fc. Then the curve would become more curved for lower fc values, which is 
probably more correct. Considering all different factors that influence the strength and the 
stress-strain curve in the column it is difficult, however, to evaluate the contribution of the 
chosen stress-strain curve to the scatter. 
 
It can also be discussed whether the maximum stress should be equal to the cylinder or prism 
strength without reduction. However, the overall result indicates that this strength, used with-
out any reduction, gives a good agreement with the test results (this is stated without consid-
eration of design and safety aspects). 
 
Assuming that the reinforcement stress is constant above yield strain, the ultimate load for 
columns with large eccentricity corresponds to the attainment of this strain in the tensile rein-
forcement. However, if the stress-strain diagram is such that the stress increases significantly 
for higher strains, the ultimate load for large eccentricities might become higher, particularly 
if the slenderness is low. This might at least partly explain the systematic deviations in the 
above mentioned tests with high eccentricities (Rambøll 1951). 
 
It has been shown above that concrete tensile stresses in uncracked sections can affect the 
ultimate load significantly for combinations of large eccentricity, high slenderness and low 
reinforcement ratio. This might partly explain the above mentioned deviations, since the tests 
in question were made with a low reinforcement ratio (ω ≈ 0,05). This explanation is not quite 
sufficient, since the largest deviations were found for low slenderness ratios, but if there is 
also an effect of the reinforcement stress-strain curve, which is most significant for low slen-
derness, the deviations might perhaps be explained. 
 
The subdivision into 7 elements along the column gives a maximum error of 1 % for triangu-
lar first order moment (F = 12). Since the curvature at maximum load has a distribution which, 
in this connection, is more “favourable” (F = 9 à 10) as shown earlier, this error will become 
less than 1 %. Subdivision of the cross section into 20 elements gives, as shown earlier, less 
than 1 % error. Thus, the subdivision into discrete elements can not have had any significant 
effect on the results. 
 

Notation 
As area of reinforcement on one side of the cross section 
Ac gross area of cross section 
E modulus of elasticity in general 
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E0 initial modulus of elasticity for concrete 
Et tangent modulus for concrete 
Eun concrete modulus for unloading 
F = Kl2/y, factor describing the shape of the deflection curve
K curvature 1/r 
Kh relative curvature h/r 
M bending moment in general 
M0 first order moment 
M2 second order moment 
N normal force, axial load 
Ncalc calculated ultimate load in comparisons with test results 
Ntest measured ultimate load in test 
b width of cross section 
d effective depth of cross section 
fc compressive strength of concrete 
fct tensile strength of concrete 
fy yield stress of steel 
h total depth of cross section 
l0 buckling length 
m = M / (fcAch), relative moment 
m0 = M0 / (fcAch) 
m2 = M2 / (fcAch) 
n = N / (fcAc), relative normal force 
r radius of curvature 
y deflection 
ε strain in general 
εs steel strain  
εc concrete strain 
εu compressive ultimate strain in concrete 
εct tensile ultimate strain in concrete 
σ stress in general 
σc concrete stress 
ω = fyAs / (fcAc), mechanical reinforcement ratio 
 

Summary 
The present paper describes a general method for calculating the structural behavior and load-
bearing capacity of slender concrete columns with the help of a computer. The deflection 
along the column is determined so as to satisfy the conditions of equilibrium and deformation 
compatibility in all parts of the column, assuming linear strain distribution over the cross sec-
tion. The method is based on dividing the column into elements, which makes it possible to 
deal with arbitrary distributions of first order moment. The cross section is also divided into 
elements, whereby cross sections with arbitrary shape and reinforcement layout as well as 
arbitrary stress-strain diagrams can be treated. 
 
A computer program based on this method has been developed, and a study of concrete col-
umns has been made, dealing with the influence of various factors on the relation between 
load and deflection and on the ultimate capacity. The present program is adapted to hinged 
columns with symmetrically distributed moment, constant normal force and constant cross 
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section. However, the same method can be used for a more general program, which could deal 
with columns with different end eccentricities, elastic end restraints, varying normal force, 
varying cross section etc. 
 
The relation between load and deflection is illustrated for columns with different values of 
slenderness ratio and eccentricity. The effect of the distribution of deflection along the col-
umn is discussed. A calculation based on a given deflection curve, in the form of a sine curve 
with the inflexion points located on the line of action of the external force, generally gives 
results in very close agreement with the general method. When the deflection curve is given, 
the conditions of equilibrium and deformation compatibility have to be satisfied in only one 
point, preferably the point of maximum moment. 
 
The influence of the shape of the concrete stress-strain curve is discussed and illustrated. The 
slope of the ascending branch has a considerable effect on the ultimate capacity, particularly 
in the case of high slenderness ratio and small or moderate eccentricity. Enlargement of the 
strain coordinates of the stress-strain curve gives a possibility to study the effect of sustained 
load approximately. The descending branch of the stress-strain curve might have a minor in-
fluence at small slenderness, but in other cases it has no influence at all on the ultimate capac-
ity. 
 
The stress-strain path in unloading influences the centric buckling load. The buckling load 
based on the double modulus of elasticity (which takes into account both the tangent modulus 
and the unloading modulus) is up to about 10 % higher than the buckling load based on the 
tangent modulus alone. However, in the case of eccentric load the unloading modulus has no 
noticeable effect on the ultimate capacity, provided the normal force and the first order mo-
ment increase proportionally, as in the case of constant eccentricity. 
 
An approximate study is made concerning the effect of tensile stresses in uncracked cross 
sections. These stresses do not influence the ultimate capacity of a cross section, but they af-
fect the deflection of a slender column, and hence also its ultimate capacity. It seems that 
these tensile stresses could raise the capacity quite considerably in certain cases, namely when 
a high slenderness ratio is combined with large eccentricity and low reinforcement ratio. In 
such cases the ultimate capacity in short-term tests will obviously be underestimated if tensile 
stresses are neglected. In other cases, the contribution of tensile stresses to the ultimate capac-
ity is very small. 
 
Finally, a comparison is made with test results. On the whole, the agreement is good. How-
ever, the ratio of observed ultimate load to that calculated varies a great deal from one inves-
tigation to another, and the scatter is less within individual investigations that for all tests to-
gether. This is supposed to depend mainly on variations in the relation between the strength of 
test specimens and the strength of the concrete in the columns. This relation is likely to be 
more or less constant within an individual investigation. For columns subjected to nominally 
centric load, the tangent modulus gives results in good agreement with the test results, 
whereas the double modulus theory tends to overestimate the buckling load. This might partly 
be due to imperfections such as unintentional eccentricity of the load or initial curvature of 
the column, since the tangent modulus load is theoretically an approximation somewhat on 
the safe side. Furthermore, the double modulus buckling load is an upper limit which will not 
be reached even theoretically under idealized conditions. 
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Appendix B. Computerized calculation of slender concrete columns (Westerberg 1971) 
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