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Abstract

The stability and the receptivity of three-dimensional flat plate boundary layers
is studied employing parabolised stability equations. These allow for computa-
tionally efficient parametric studies. Two different sets of equations are used.
The stability of modal disturbances in the form of crossflow vortices is studied
by means of the well-known classical parabolised stability equations (PSE). A
new method is developed which is applicable to more general vortical-type dist-
urbances. It is based on a modified version of the classical PSE and describes
both modal and non-modal growth in three-dimensional boundary layers. This
modified PSE approach is used in conjunction with a Lagrange multiplier tech-
nique to compute spatial optimal disturbances in three-dimensional boundary
layers. These take the form of streamwise oriented tilted vortices initially and
develop into streaks further downstream. When entering the domain where
modal disturbances become unstable optimal disturbances smoothly evolve into
crossflow modes. It is found that non-modal growth is of significant magnitude
in three-dimensional boundary layers. Both the lift-up and the Orr mechanism
are identified as the physical mechanisms behind non-modal growth.
Furthermore, the modified PSE are used to determine the response of three-
dimensional boundary layers to vortical free-stream disturbances. By compar-
ing to results from direct numerical simulations it is shown that the response,
including initial transient behaviour, is described very accurately. Extensive
parametric studies are performed where effects of free-stream turbulence are
modelled by filtering with an energy spectrum characteristic for homogeneous
isotropic turbulence. It is found that a quantitative prediction of the boundary
layer response to free-stream turbulence requires detailed information about
the incoming turbulent flow field.
Finally, the adjoint of the classical PSE is used to determine the receptiv-
ity of modal disturbances with respect to localised surface roughness. It is
shown that the adjoint approach yields perfect agreement with results from
Finite-Reynold-Number Theory (FRNT) if the boundary layer is assumed to
be locally parallel. Receptivity is attenuated if nonlocal and non-parallel effects
are accounted for. Comparisons to direct numerical simulations and extended
parametric studies are presented.

Descriptors: Receptivity, stability, optimal growth, three-dimensional bound-
ary layers, parabolised stability equations, adjoint PSE, crossflow instability
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Preface

The present thesis deals with the modal and non-modal stability as well as the
receptivity of three-dimensional flat-plate boundary layers. A brief introduc-
tion on the background and employed methods is presented in the first part.
The second part is a collection of the following articles:

Paper 1. D. Tempelmann, A. Hanifi & D. S. Henningson,
Spatial Optimal Growth in Three-Dimensional Boundary Layers accepted for
publication in J. Fluid Mech. (2009)

Paper 2. D. Tempelmann, A. Hanifi & D. S. Henningson,
Receptivity to Free-Stream Disturbances in Three-Dimensional Boundary Lay-

ers Internal report (2009)

Paper 3. D.Tempelmann, A. Hanifi & D. S. Henningson,
Receptivity to Roughness in Three-Dimensional Boundary Layers Internal re-
port (2009)
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Introduction





CHAPTER 1

Introduction

Reducing carbon dioxide emissions to attenuate global warming is one of the
biggest challenges engineers are facing nowadays. Potentials for reduction
may be found in many areas of life and over a wide range of technical
applications. Many of these are, to a greater or lesser extent, connected
to fluid mechanics. Increasing the use of natural resources like wind and
water for energy production while at the same time reducing the use of fossil
fuels constitutes one example. A major potential however, is to significantly
increase the efficiency of those technical applications which exist and are in
use already today. In particular the transport sector which is responsible for a
great part of carbon dioxide emissions needs to be considered. Aviation plays
an important role in this sector and the work presented in this thesis is mainly
related to the efforts of improving aircraft efficiency. This may be achieved
by reducing the aerodynamic drag of airplanes through the use of so-called
natural laminar flow wings. Since surface friction is significantly increased in
turbulent flow the profiles of such wings are chosen so as to obtain laminar flow
over the largest possible area of the wing. In order to design wings optimised
for these needs engineers require tools which reliably predict the performance
and accordingly the onset of transition from laminar to turbulent flow. There-
fore, an understanding of the fundamental mechanisms of transition is essential.

The classical route of transition starts with the receptivity phase. This
phase is characterised by the generation of disturbances inside a boundary layer
which is exposed to an external disturbance environment. Surface roughness,
free-stream turbulence or acoustic waves represent such external disturbances.
The excited boundary layer disturbances will grow while evolving downstream.
Initially this growth may be described by linear theory. Once the disturbances
reach a certain amplitude nonlinear effects will lead to amplitude saturation
promoting the growth of secondary instabilities which will quickly lead to a
breakdown of laminar flow to turbulence. This basic route is similar for both
two- and three-dimensional boundary layers. However, the type of disturbances
which are excited and which will dominate are different. The focus of this
thesis is on three-dimensional boundary layers. An illustration of the route
of transition in a swept flat plate boundary layer obtained from a large eddy
simulation by Schrader et al. (2009a) is presented in figure 1.1.
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Figure 1.1. The basic phases of laminar-turbulent transition
in a swept flat plate boundary layer. Courtesy of Schrader
et al. (2009a).

Transition prediction tools which are commonly used today, e.g. the
eN -method, are based on the linear amplification of modal disturbances and
thus consider only a part of the second stage of transition mentioned above.
The phase of receptivity is disregarded. Moreover, neither the initial non-
modal growth of disturbances, which can be of significant magnitude in three-
dimensional boundary layers as was shown by Breuer & Kuraishi (1994) and
Corbett & Bottaro (2001), nor nonlinear effects are considered. However,
Bippes (1999) reviews some experiments performed at the Deutsches Zentrum

für Luft- und Raumfahrt where the transition of a swept wing boundary layer
was studied experimentally in different wind tunnels. It was found that the
transition scenario is highly dependent on the external disturbance environ-
ment. For high levels of free-stream turbulence the transition was governed
by travelling crossflow vortices while stationary crossflow modes dominated for
low levels of free-stream turbulence. Similar results were obtained recently by
Schrader et al. (2009a) who performed large-eddy simulations of a swept flat-
plate boundary layer subject to different levels of free-stream turbulence and
to surface roughness. These results which were obtained both experimentally
and numerically clearly show the need to take into account the external distur-
bance environment and hence, the receptivity phase for transition prediction.
The work presented throughout this thesis is part of the effort to include recep-
tivity and non-modal disturbance growth into transition prediction tools and
to understand the underlying mechanisms.



CHAPTER 2

Transition in Three-Dimensional Boundary Layers

Three-dimensional boundary layers may be found in many different applica-
tions. Examples are the boundary layers over swept wings and turbine blades
or the boundary layer forming around a flying ball. They have been studied
experimentally, numerically and theoretically for swept wings, rotating cones,
corners, inlets, swept cylinders and rotating disks. A review on the early work
is given by Reed & Saric (1989). More recent reviews concentrating on transi-
tion in three-dimensional boundary layers dominated by crossflow instabilities
are given by Bippes (1999), Arnal & Casalis (2000) and Saric et al. (2003).
In the following an introduction is given reviewing some of the basic results
and achievements that have been made so far theoretically, numerically and
experimentally helping to understand and predict three-dimensional boundary
layer transition. These establish the background of the work presented in this
thesis.

2.1. Instability mechanisms

Transition phenomena observed in three-dimensional boundary layers are very
different from those seen in two-dimensional boundary layers. The reason
for this is the existence of different types of disturbances. The following list
presents those basic instability mechanisms which have been identified in three-
dimensional boundary layers and which may lead to transition. An illustration
is provided in figure 2.1.

• Tollmien-Schlichting (TS) waves were first predicted to exist the-
oretically by Tollmien (1929) and Schlichting (1933) for the Blasius
boundary layer. Experimentally they were observed first by Schubauer
& Skramstad (1947). TS disturbances are travelling waves and rep-
resent a viscous instability (i.e. they are stable in the inviscid limit).
These waves also exist in a swept-wing boundary layer where they are
sometimes called streamwise instabilities. Negative pressure gradients
stabilise TS waves while positive pressure gradients have a destabilising
effect.

• Görtler vortices are also present in both two- and three-dimensional
boundary layers over concave surfaces. For such surfaces centrifugal
forces destabilise the flow and lead to a stationary instability in the form
of counter-rotating vortices. A review on Görtler vortices, sometimes
also called centrifugal instabilities, is provided by Saric (1994).

3
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TS instability

Crossflow instability

Leading-edge contamination

Attachment-line instability Görtler instability

Q∞

Λ

TS instability

Crossflow instability

Figure 2.1. Illustration of instability mechanisms that might
dominate in different parts of a three-dimensional swept wing
boundary layer .

• Attachment-line instabilities may be found in the boundary layer
forming along the attachment line of a swept wing. Disturbances de-
veloping in corners such as the wing-root junction may propagate along
the attachment line leading to the so-called leading-edge contamination.
However, the attachment-line boundary layer itself can also give rise to
the attachment-line instability. Theoretically and numerically this in-
stability mechanism has been studied in the swept Hiemenz flow (see
e.g. Hall et al. (1984); Lin & Malik (1996)). These studies show that
the least stable instability wave is a two-dimensional travelling wave of
Tollmien-Schlichting type. A swept wing flow can be stabilised with re-
spect to the attachment-line instability by choosing a small leading-edge
radius.

• Crossflow vortices develop in three-dimensional boundary layers, e.g.
on swept wings and rotating disks, due to an inflection point in the
crossflow profile of the meanflow. This inflectional crossflow profile re-
sults from the combined effect of pressure gradient and sweep angle
which leads to a curved streamline in the outer potential flow. Inside
the boundary layer the pressure gradient remains constant while the
streamwise velocity reduces to zero at the wall. This leads to an imbal-
ance of centrifugal and pressure forces which in turn creates a crossflow
towards the concave side of the external streamline. Such a crossflow
profile is illustrated in figure 2.2. Crossflow vortices therefore represent
an instability of inviscid type. They were first identified theoretically
by Gregory et al. (1955) and take the form of counter-rotating vortices.
They exist as both, stationary and travelling waves and are destabilised
for negative pressure gradients. It should be noted that crossflow vor-
tices will appear as co-rotating vortices once the meanflow is superposed.
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Figure 2.2. Illustration of a three-dimensional boundary
layer forming above a swept flat plate under pressure gradi-
ent which is infinitely elongated in spanwise direction..

It becomes clear from the above descriptions that crossflow disturbances
are a specific feature of three-dimensional boundary layers which exhibit an
inflectional crossflow profile. The work presented in this thesis will mainly
focus on the stability and receptivity characteristics of crossflow dominated
boundary layers. However, it should be mentioned that interactions between
the different mechanisms may occur under natural conditions. Moreover,
conditions that may stabilise one instability type can destabilise another.
Such an example is given by the effect of different pressure gradients on
TS-waves and crossflow vortices. A negative pressure gradient destabilises
crossflow vortices while it stabilises TS-waves and vice versa for positive
pressure gradients. This exemplifies the difficulty involved in the design of
natural-laminar flow wings.

The classical route to transition is governed by excitation and growth of
the above mentioned instabilities. One of the most difficult parts of transition
prediction is to model the excitation of boundary layer instabilities by external
disturbances. However, it is also one of the most important parts since it
provides the initial conditions for any further study of boundary layer stability.
Initially the evolution of the excited disturbances may be described by linear
theory. At some position however, nonlinear effects will become important and
this position is strongly dependent on the initial conditions. Moreover, the
initial conditions of the above mentioned instabilities may differ significantly
for different disturbance environments. Finally, the disturbance amplitudes
will saturate due to nonlinear effects and the boundary layer becomes unstable
to secondary instabilities which rapidly lead to a breakdown to turbulence.

2.2. Receptivity

The term receptivity denotes the part of the transition process that links the
external disturbance environment to the excitation of boundary layer distur-
bances (e.g. the ones previously described). This process was devoted a lot of
attention in the 80’s and 90’s after several experiments with three-dimensional
boundary layers provided diverse observations with respect to the transition
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process. Careful experiments were then carried out by Bippes and co-workers
and Saric and co-workers in order to shed light on the receptivity process in
three-dimensional boundary layers and its consequences concerning transition.
Deyhle & Bippes (1996) performed experimental investigations in a crossflow-
dominated three-dimensional boundary layer of a swept flat plate. They
performed tests on the same model in systematically varied disturbance
environments and observed a complex dependence on the environmental
conditions. It was found that travelling crossflow modes, which according to
linear theory are less stable than their stationary counterparts, only dominate
for turbulence levels Tu > 0.2%. For lower turbulence levels stationary
crossflow modes were found to dominate and to lead to transition. Surface
roughness was thus identified as the key mechanism for the initiation of
stationary crossflow vortices. Further Deyhle & Bippes (1996) found the
receptivity to sound to be very weak.
Similar results were obtained by Radeztsky et al. (1999) who studied the
transition to turbulence in the boundary layer of a swept airfoil and the effect
of localised surface roughness. They found that surface roughness has a strong
influence on crossflow-dominated transition in that it leads to a domination of
stationary crossflow disturbances. It was observed that the transition location
is very sensitive to the roughness position. The most effective roughness
location regarding triggering transition was found to be the first location of
neutral stability of the excited crossflow mode.
Schrader et al. (2009a) recently reproduced the general experimental results
qualitatively for a swept flat plate boundary layer by means of large eddy
simulations. Hence, experimental and numerical investigations exemplify the
importance of including receptivity into transition prediction models. Without
being able to account for the effect of free-stream turbulence on the boundary
layer stability results from wind tunnel tests for aeronautical purposes may
be difficult to interpret. This is due to the fact that the turbulence level in
free-flight is assumed to be significantly lower than in many wind tunnels.
Stationary vortices excited by surface irregularities are therefore assumed to
dominate in free-flight while travelling disturbances could lead to transition in
wind tunnels with high levels of free-stream turbulence.

Receptivity modelling for three-dimensional boundary layers has in the
past mostly concentrated on the effect of surface roughness. Employing a linear
perturbation analysis, commonly referred to as Finite-Reynolds-Number Theory

(FRNT), which involves the parallel flow approximation Crouch and co-workers
as well as Choudhari and co-workers studied the receptivity to surface rough-
ness in three-dimensional boundary layers (see e.g. Crouch (1993, 1994); Ng
& Crouch (1999); Choudhari (1994); Choudhari & Streett (1994)). They were
also able to study the interaction between acoustic waves and surface rough-
ness. This mechanism was shown to be much weaker than the direct receptivity
mechanism related to surface roughness which corresponds to experimental re-
sults. They were also able to reproduce the experimental observation that a
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Figure 2.3. Receptivity coefficient Cr quantifying the initial
amplitude of the excited crossflow mode at the position of the
roughness xr for a swept flat plate boundary layer. Compar-
ison between FRNT (◦) and a method accounting for non-
parallel effects (—). A detailed discussion is given in Paper
3.

roughness location in the vicinity of the first neutral point results in maximum
effective receptivity. Moreover, using FRNT, Ng & Crouch (1999) observed
good quantitative agreement to experimental results obtained by Reibert et al.

(1996) who studied receptivity of a swept-wing boundary layer to surface rough-
ness. Other investigations showed however, that neglecting non-parallel effects
leads to an over-prediction of disturbance amplitudes (see e.g. Collis & Lele
(1999); Bertolotti (2000)). This is also shown in paper 3 and an example of
this effect is presented in figure 2.3. Schrader et al. (2009b) studied the re-
ceptivity to surface roughness in a swept flat plate boundary layer by solving
the linearised Navier-Stokes equations. Their main conclusion was that recep-
tivity to roughness is independent of the roughness shape in three-dimensional
boundary layers as long as the wavelength of the excited disturbance wave is
larger than the chordwise extension of the roughness.
Not much theoretical and numerical effort has been invested so far to study
and model the effect of free-stream disturbances such as free-stream vortic-
ity or free-stream turbulence in three-dimensional boundary layers. Schrader
et al. (2009b) identified a direct receptivity mechanism for vortical free-stream
disturbances in a swept flat plate flow by means of DNS. They showed that
the free-stream disturbances entraining the boundary layer undergo a scale-
conversion process by which unstable crossflow modes are excited. An efficient
new method allowing for the prediction of receptivity to free-stream vorticity
is the topic of paper 2. An example of the direct excitation of unsteady cross-
flow disturbances by vortical free-stream disturbances is shown in figure 2.4.
Schrader et al. (2009b) also considered the interaction between surface rough-
ness and free-stream vorticity and found two receptivity mechanisms. One is
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Figure 2.4. Illustration of a vortical free-stream mode (a)
and the corresponding direct receptivity mechanism which ex-
cites travelling crossflow modes in a swept flat plate flow (b).
A detailed discussion may be found in paper 2.

a direct mechanism, where a travelling mode is excited through the nonlinear
interaction of a stationary crossflow mode excited by surface roughness and a
travelling crossflow mode excited by free-stream vorticity. The second mecha-
nism, which was found to be much weaker, is related to scattering of free-stream
modes on the roughness surface.
An extension of theoretical and numerical prediction methods allowing for the
study of receptivity to free-stream turbulence and enabling quantitative com-
parisons to experiments is not straightforward though. A quantitative predic-
tion requires very detailed knowledge about the incoming turbulent flow. This
is discussed in more detail in paper 2.

2.3. Non-modal growth

One possible route to transition in two-dimensional boundary layers is the
so-called bypass transition. This term refers to the fact that the classical tran-
sition route associated with a breakdown of the modal TS wave instabilities
may be bypassed by the non-modal growth of streak disturbances. This break-
down mechanism is typical for two-dimensional boundary layers exposed to
free-stream turbulence. Non-modal disturbances in the form of streaks were
first observed in an experiment by Klebanoff (1971). Streaks are disturbances
elongated in streamwise direction which are characterised by alternating high
and low speed regions. The physical mechanism behind this phenomenon is the
so-called lift-up effect. Fluid particles keeping their horizontal momentum when
being displaced vertically due to streamwise vorticity lead to the formation of
streamwise perturbations in the form of streaks. The mathematical explanation
for non-modal growth is provided by the non-normality of the linear governing
operators and a detailed discussion may be found in Trefethen et al. (1993),
Schmid & Henningson (2001) and Schmid (2007). The characteristics of non-
modal streak instabilities and modal TS instabilities are principally different
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Figure 2.5. Illustration of how a spatial optimal disturbance
evolves smoothly into a crossflow mode in a swept flat plate
boundary layer subject to a favourable pressure gradient. For
a detailed discussion see paper 1.

and both disturbances dominate at different conditions.
This is different in three-dimensional boundary layers where not much work on
non-modal growth has been performed so far. In temporal studies Breuer &
Kuraishi (1994) and Corbett & Bottaro (2001) found that disturbances under-
going non-modal growth and the modal crossflow instability are quite similar
in structure. Corbett & Bottaro (2001) computed the temporal optimal distur-
bances i.e. the disturbances experiencing maximum energy amplification, in a
swept flat plate boundary layer exposed to both favourable and adverse pressure
gradients and observed explosive initial non-modal growth caused by the lift-up
effect. They also found the temporal output disturbance of non-modal growth
to be similar in shape to the least stable modal disturbance and concluded
that non-modal growth provides the proper initial conditions for the growth
of modal disturbances. Since disturbances excited by certain roughness ele-
ments as well as vortical free-stream disturbances resemble optimal disturban-
ces structurally one may relate non-modal growth to a receptivity mechanism
in three-dimensional boundary layers. The boundary layer response to free-
stream vorticity shown in figure 2.4 (b) supports this conclusion. Non-modal
behaviour becomes apparent upstream of the region of exponential growth.
A spatial framework to study non-modal growth in three-dimensional boundary
layers is introduced in paper 1. The method allows to compute spatial optimal
disturbances. Moreover, it describes the development of optimal disturbances
within the boundary layer and their smooth evolution into unstable crossflow
modes. Hence, the method provides a means to confirm the conclusions by
Corbett & Bottaro (2001). An example of the spatial evolution of an optimal
disturbance in a swept flat plate boundary layer is given in figure 2.5.
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2.4. Non-linear effects and breakdown to turbulence

Once the disturbances described in section 2.1 have been excited through a re-
ceptivity process they will grow while evolving inside the boundary layer. If the
disturbance amplitudes are low enough the growth can be initially predicted
based on linear theory. However, early onset of nonlinear effects in crossflow
dominated three-dimensional boundary layers was observed in several experi-
ments (see e.g. Deyhle & Bippes (1996) or the review by Saric et al. (1998)).
The nonlinear effects lead to amplitude saturation far upstream of the point
of transition. Deyhle & Bippes (1996) found that this saturation level and the
location of transition are strongly correlated. This finding points to the impor-
tance of considering receptivity and non-modal growth for transition prediction
since these determine the initial amplitudes and thus the position at which non-
linear effects will set in. The early onset of nonlinear effects may be explained
by the nature of crossflow modes. The presence of crossflow vortices leads to a
strong spanwise modulation which significantly affects the stability character-
istics and makes crossflow dominated boundary layers susceptible to secondary
instabilities. The onset of these will quickly lead to a breakdown to turbulence.
Secondary instabilities are however not the topic of the work presented in this
thesis.



CHAPTER 3

Non-local stability theory

This section provides a brief introduction to non-local stability theory which
builds the theoretical basis for the work presented in this thesis. Detailed
information on the methodologies employed is however given in each paper.

Fluid flow is described mathematically by the Navier-Stokes equations
which in its incompressible form read

∇ · U = 0 (3.1a)

∂U

∂t
+ (U · ∇)U = −∇P +

1

Re
∇2

U , (3.1b)

where Re = Uref lref/ν is the Reynolds number based on some dimensional
reference quantities Uref (velocity), lref (length) and the kinematic viscosity
ν. A solution to the equation system (3.1) yields the pressure P and the
velocity vector U . Since we want to study the transition process which is
characterised by the excitation, growth and breakdown of disturbances it is
meaningful to introduce a decomposition into mean- and disturbance quantities
of the form U = U+u′ and P = P +p′. Capital letters denote mean quantities
while perturbation quantities are represented by a prime. If the equations
describing the meanflow are subtracted from (3.1) and the resulting equations
are linearised by neglecting products of perturbation quantities we obtain

∇ · u′ = 0 (3.2a)

∂u′

∂t
+ (u′ · ∇)U + (U · ∇)u′ = −∇p′ +

1

Re
∇2u′. (3.2b)

The equation system (3.2) governs the linear evolution of disturbances. Hence,
the linear part of the transition process, which comprises linear receptivity
mechanisms and the subsequent linear growth of disturbances, is described by
its solutions. The system (3.2) may be solved numerically if the meanflow U
is provided. However, a typical industrial design process requires extensive
parametric studies which are expensive when performed by direct numerical
simulations. For this reason a number of techniques have been developed
which simplify equations (3.2) even further. A very successful approach that
accounts for the non-parallelism of boundary layers is represented by the
parabolised stability equations.

11
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The parabolised stability equations (PSE) were independently developed by
Herbert & Bertolotti and Dallmann & Simen in the late 80’s (see e.g. Bertolotti
et al. (1992); Simen (1992)). Due to their parabolic nature the PSE may be
solved very efficiently employing simple marching techniques. In their original
formulation they are used to describe the linear evolution of modal disturbances
in boundary layers. However, the PSE may be easily extended to allow for
describing the nonlinear evolution of modal disturbances (see e.g. Herbert
(1997)). Moreover, the PSE may be modified to account for the evolution of
non-modal disturbances. The development of these modified PSE constitutes
a major part of the present thesis (see papers 1 & 2).
The fundamental idea behind the PSE is to assume spanwise-periodic, wave-
like disturbances q′ = (u′, p′)T which are decomposed into a slowly varying
and a fast oscillatory part. The disturbances are assumed to take the form

q′(x, y, z, t) = q(x, z) exp iΘ(x, y, t) (3.3a)

Θ(x, y, t) =

∫ x

x0

α(x′)dx′ + βy − ωt, (3.3b)

where (x, y, z) denote chordwise, spanwise and wall-normal coordinates respec-
tively and (u, v, w) represent the corresponding velocity components of the
velocity vector u. The chordwise and spanwise wavenumbers are denoted by α
and β respectively and ω represents the angular frequency. Here, q is the shape
function which represents the slowly varying part of the disturbance q′. The
exponential part of (3.3a) on the other hand represents the quickly oscillating
part of the disturbance. Since both, the shape function and the phase function
(3.3b) are functions of the chordwise coordinate x the chordwise wavenumber
has to be chosen such that the assumption of a slowly varying shape function
is valid. Different approaches may be used. Two approaches are presented in
papers 1 & 2 which may be employed for different types of disturbances, i.e.
modal and non-modal disturbances.
The next step is to introduce a scale separation between the weak variation in
chordwise and the strong variation in wall-normal direction. Accordingly, the
chordwise derivative ∂/∂x as well as the wall-normal mean velocity component
W are assumed to be of order O(Re−1). Introducing this scaling, identify-
ing and neglecting terms of order O(Re−2) and higher yields the parabolised
stability equations which take the form

Aq + B
∂q

∂z
+ C

∂2q

∂z2
+ D

∂q

∂x
= 0. (3.4)

The linear operators A, B, C and D are given in detail in papers 1 & 2.
The equation system (3.4) is sometimes also referred to as nonlocal stability
equations. It should be noted that a composite scaling is applied when also
considering non-modal disturbances. In addition to the above described scaling
one additional scaling is employed. It is based on the boundary layer approxi-
mation and associated with non-modal disturbances. Terms originating from
both scalings are kept. This leads to one additional term in the wall-normal
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momentum equation compared to the classical PSE approach which was found
to be important for non-modal growth by Levin & Henningson (2003) and
Bagheri & Hanifi (2007). More details on the scaling approaches can be found
in papers 1 & 2.
Starting from an initial disturbance q(x0) the equation system (3.4) may be
solved by marching downstream while satisfying Dirichlet boundary conditions
at the wall and in the freestream.

Both the classical and the modified parabolised stability equations have
been employed in this thesis to study modal and non-modal stability in
three-dimensional boundary layers. In addition, the adjoint of the modified
parabolised stability equations may be used in conjunction with a Lagrange
multiplier technique to compute spatial optimal disturbances, i.e. those distur-
bances experiencing maximum energy growth, and the corresponding optimal
growth (see paper 1).
Moreover, Pralits et al. (2000) derived adjoint equations associated with the
classical PSE in order to study the sensitivity of modal disturbances to forc-
ing at the wall. Since sensitivity can be related to receptivity the approach
by Pralits et al. (2000) allows to study the receptivity of crossflow modes to
surface roughness in three-dimensional boundary layers (see paper 3).



CHAPTER 4

Summary of Papers

Paper 1

Spatial Optimal Growth in Three-Dimensional Boundary Layers.
In this paper a new method based on the well-known parabolised stability equa-
tions is presented that allows for predicting the spatial evolution of non-modal
disturbances. The Lagrange multiplier technique is employed to compute spa-
tial optimal disturbances which are associated with maximum energy amplifi-
cation.
For a swept flat plate boundary layer it is shown that optimal disturbances
take the form of vortices which are initially tilted against the direction of the
mean crossflow shear. While evolving downstream they rise into an upright
position and develop into bended streaky structures. Accordingly, two physical
mechanisms are identified for non-modal growth in three-dimensional boundary
layers. One is the lift-up effect where, due to vortical motion, fluid is trans-
ported from regions of higher to lower streamwise velocity causing streamwise
velocity perturbations. The second effect is the Orr-mechanism. Here, the ini-
tially tilted disturbances gain energy from the meanflow while being erected.
An extensive parametric study is performed in paper 1 which shows that non-
modal growth is of significant magnitude in both accelerated and decelerated
three-dimensional boundary layers. When entering the exponentially unstable
domain of the boundary layer optimal disturbances smoothly evolve into cross-
flow disturbances. It is therefore concluded that non-modal growth initiates
modal disturbances and may be related to a receptivity mechanism. However,
it is found that not all crossflow disturbances have the same potential for initial
amplification.

Paper 2

Receptivity to Free-Stream Disturbances in Three-Dimensional Boundary Lay-

ers.
The modified parabolised stability equations, employed in paper 1 to study
spatial optimal growth in three-dimensional boundary layers, are used in this
paper to study the response of the boundary layer to vortical free-stream dist-
urbances. The latter are modelled by eigenmodes of the continuous spectrum
of the Orr-Sommerfeld equation.
It is shown that the boundary layer response predicted by the modified PSE
agrees very well to results from direct numerical simulations. We therefore
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employ our new method to perform an extended analysis of the stability and
receptivity of boundary layers which already have been considered either nu-
merically or experimentally and where results are available in the literature.
In order to study some effects of free-stream turbulence the free-stream modes
are weighted according to a spectrum which is characteristic for homogeneous
isotropic turbulence. This approach allows to identify dominating scales and
frequencies of the boundary layer response. It is shown that the final dominat-
ing scales and frequencies correspond to the least stable modal disturbances
and are therefore also correctly predicted by linear modal stability analysis. It
is further found that a quantitative prediction of boundary layer receptivity to
free-stream turbulence requires a detailed knowledge of the incoming turbulent
flow field.

Paper 3

Receptivity to Roughness in Three-Dimensional Boundary Layers.
The receptivity to localised surface roughness is studied in this paper by em-
ploying the classical parabolised stability equations and their corresponding
adjoint equations. The solution of these provides information about the sen-
sitivity of modal disturbances with respect to velocity forcing at the wall. By
modelling surface roughness as a perturbation to the meanflow and by relating
receptivity to sensitivity the initial amplitudes of modal disturbances excited
by surface roughness are determined.
The receptivity to surface roughness of similar boundary layers as those con-
sidered in paper 2 is studied in this paper. Assuming locally parallel flow it
is found that the adjoint approach yields receptivity results which are in per-
fect agreement with Finite-Reynolds-Number Theory. In general it is shown
that nonlocal, non-parallel effects attenuate receptivity. We further find that
receptivity results obtained by employing adjoint PSE agree well to those ob-
tained from direct numerical simulations. Extensive parametric studies are
performed showing that maximum effective receptivity is obtained upstream
of the first neutral point and that receptivity decreases for positions further
downstream. Maximum receptivity is not observed for the mode which is least
stable at the roughness location. Finally we study receptivity for the swept flat
plate boundary layer considered experimentally at the department of Mechan-
ics at KTH. A complete receptivity analysis providing initial amplitudes for
the fundamental modes excited by two different spanwise arrays of cylindrical
roughness elements is presented.



CHAPTER 5

Conclusions & Outlook

Parabolised equations have been used in the present thesis to study stability
and receptivity of swept flat plate boundary layers subject to different
pressure gradients. A new methodology, referred to as modified PSE, has been
developed allowing for the study of both modal and non-modal growth in
three-dimensional boundary layers. It is shown that non-modal growth is of
significant magnitude in three-dimensional boundary layers. Moreover, it is
found that non-modal growth may be related to a receptivity mechanism initi-
ating modal disturbances. The receptivity to vortical free-stream disturbances
has been studied in order to model some effects of free-stream turbulence. The
approach considered allows to identify the dominating scales and frequencies of
the boundary layer response. However, the final goal of a receptivity analysis,
namely to give quantitative predictions for initial disturbance amplitudes, is
not straightforward. A very detailed knowledge about the incoming turbulent
flow field, which is seldom available though, would be required. A prediction
of initial disturbance amplitudes excited by surface roughness is easier as
becomes clear in paper 3 where quantitative comparisons to direct numerical
simulations yielded good agreement.

Future research will therefore focus on the development of models for
free-stream turbulence which provide the information needed to obtain
quantitative predictions of boundary layer receptivity. One possible way is to
combine initial direct numerical simulations of the turbulent inflow field with
the herein presented parabolic approach. Hence, direct numerical simulations
would provide the initial conditions for solving the linear parabolic equations.
Several studies on receptivity to surface roughness in three-dimensional
boundary layers exist in literature where results from theoretical methods
have been compared with data from experiments and numerical simulations.
In most cases theoretical predictions yield good agreement and so do the
receptivity results obtained here. However, further validation is needed in
order to understand when and why predictions fail and at which conditions
non-parallel effects become important.

In general it has been shown that both the classical parabolised stability
equations and the modified version developed here provide efficient means to
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study stability and receptivity in three-dimensional boundary layers. The mod-
ified equations presented here in incompressible form can be easily extended
to study compressible flows. Also surface curvature might be included. This
would allow to investigate the effects of compressibility and curvature on non-
modal growth and receptivity in three-dimensional boundary layers.
Parabolic equations can be solved very efficiently and therefore allow for exten-
sive parametric studies which would otherwise be infeasible employing direct
numerical simulations. This fact makes parabolic methods attractive for use
in commercial design where efficiency is an important factor. The methods
that have been developed in the framework of this thesis may therefore help to
establish receptivity analysis as a standard part in transition prediction.
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