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Abstract
This work explores the effects of weak nonlinearity on harmonic oscillators. Two particular systems are studied experimentally: A superconducting
resonator formed from a coplanar waveguide that oscillates at microwave frequencies, and the cantilever of an atomic force microscope (AFM) vibrating
at ultrasonic frequencies. Both of these systems are described in the introduction, followed by a theory chapter giving a general theoretical framework
for nonlinear oscillators. Basic properties of nonlinear oscillators, such as
bifurcation and intermodulation, are explained using simple models. Experimental methods, including cryogenic and microwave measurement techniques,
are described in some detail.
The nonlinear superconducting resonator is studied for use as a parametric amplifier. A strong drive tone, called the pump, drives the oscillator near
the point of bifurcation. A second, much weaker drive signal that is slightly
detuned from the pump, will cause energy to move from the pump to the
signal, giving signal amplification. We have measured a signal gain greater
than 22 dB in a bandwidth of 30 kHz, for a resonator pumped at 7.6 GHz.
This type of amplifier is phase-sensitive, meaning that signals in phase with
the pump will be amplified, but signals in quadrature phase of the pump will
be deamplified. Phase-sensitivity has important implications on the amplifier’s noise properties. With a parametric amplifier, a signal can be amplified
without any additional noise being added by the amplifier, something that is
fundamentally impossible for a standard amplifier.
The vibrating AFM cantilever becomes a nonlinear oscillator when it is
interacting with a surface. When driven with two frequencies, the amplitude and phase of the cantilever’s response will develop mixing products, or
intermodulation products, that are very sensitive to the exact form of the
nonlinearity. Very small changes in the surface properties will be detectable
when measuring the intermodulation products. Simultaneously measuring
many intermodulation products, or acquiring an intermodulation spectrum,
allows one to reconstruct the tip-surface interaction. Intermodulation AFM
increases the sensitivity of the measurement or the contrast of the acquired
images, and provides a means of rapidly measuring the nonlinear tip-surface
interaction. The method promises to enhance the functionality of the AFM
beyond simple topography measurement, towards quantitative analysis of the
chemical or material properties of the surface.

Keywords: Superconductivity, Atomic Force Microscopy, Nonlinear oscillators, Parametric amplification
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Chapter 1

Introduction

T

he particular physical systems studied in this work are introduced:
The superconducting microresonator and the atomic force microscope
cantilever. At ﬁrst glance these system may seem very diﬀerent, however they have many properties in common: They are weakly nonlinear
oscillators and they will generate mixing products when stimulated by two pure
harmonic tones.

1.1

Linear and nonlinear systems

The atomic force microscope cantilever and the superconducting microresonators
described here are examples of weakly nonlinear systems. The behavior of such
systems is similar to linear systems, but with some additional features. By a system
we mean an isolated physical system with an input signal, for example a force or a
voltage, and an output signal, for example a displacement or a current. A system is
linear if the output signal is proportional to the input signal. Linear systems have
been studied in great detail and they are well understood. One of the main results
from linear system theory is that if the input signal consists of a particular set of
pure harmonic tones at speciﬁc frequencies, then the output signal can only contain
these input frequencies. The relative amplitude at these speciﬁc frequencies may
have changed, so that some of them may seem to have disappeared, as for example
in a ﬁlter, but there can be no new frequencies in the output, which were not present
in the input.
In contrast, a nonlinear system can have new frequencies in the output, that
were not present in the input. For weakly nonlinear systems, such as the ones
studied here, the output frequencies only exist at integer linear combinations of the
input frequencies. Mathematically, a weakly nonlinear system can be treated as
a linear system with a small perturbation. The eﬀect of this perturbation opens
up a rich ﬂora of phenomena other than frequency mixing, such as bifurcations,
parametric resonance, coupling between oscillator modes etc.
1
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If a system is strongly nonlinear even more frequencies can appear, often starting
at half the input frequency and then spreading out more and more as the system
becomes more nonlinear. Strongly nonlinear systems are not well described by
perturbations of a linear system, and often their behavior is chaotic.

1.2

Historical perspective on frequency mixing

The ﬁrst scientiﬁc description of frequency mixing is probably the Trattato di musica secondo la vera scienza dell’
armonia [1] – a book on music theory written in 1754
by the Italian violinist and composer Giuseppe Tartini.
Tartini describes that while playing two diﬀerent tones
at the same time, a third tone, called il terzo suono, can
be heard. Tartini’s own visualization of the third tone is Figure 1.1: Tartini’s ilshown in ﬁgure 1.1. Tartini does not speculate about the lustration of the third
origin of the third sound, but he concludes that it must sound. The ﬁlled note
be a phenomenon that occurs when two sounds meet each is the third sound that
other. It has later been established that hearing itself is is heard while the hola highly nonlinear process and that the extraordinary dy- low notes are played.
namic range of up to twelve orders of magnitude is only
achievable thanks to nonlinear eﬀects [2–4].
Tartini realized that these third sounds, or intermodulation products, could be
useful and he developed a method of using them for tuning musical instruments.
However, it was when the apparatus for transmitting voice over radio was developed, around 1900, that frequency mixing became a widespread and technologically
very important eﬀect. An early and popular radio receiver could consist of a long
antenna, a crystal (eg. galena), a thin metallic wire and a pair of headphones [5]
(but no power source). The wire, called cat’s whisker, was spring loaded and could
be touched down on the crystal surface. At the contact point a so called Schottky
diode was formed which rectiﬁed a signal picked up by the antenna. The rectiﬁcation is a nonlinear process that converted high frequency radio signals into audible
frequencies which could then be played by the headphones. Radio has been developed through several generations of technologies such as vacuum tubes, transistors
and digital electronics. Throughout the whole development into modern telecommunication equipment, the core of the radio circuit has always been a nonlinear
device that can perform the frequency conversion of the signal that is to be transmitted.

1.3

Superconducting microresonators

The superconducting microresonators studied here are based on coplanar wave
guides (CPW). They are fabricated by etching out a thin superconducting wire
from a superconducting plane, where two cuts have been made to isolate a ﬁnite

1.3. SUPERCONDUCTING MICRORESONATORS

3

Figure 1.2: A schematic illustration of a chip with a superconducting coplanar
resonator. Electromagnetic waves inserted from the left patch will follow the thin
stripline and exit at the right patch. If the electromagnetic wavelength matches
the length of the stripline (around 10 mm) a standing wave with large amplitude
builds.

length of the wire as illustrated in ﬁgure 1.2. The isolated section is called a coplanar wave guide resonator, or “cavity”. Capacitive coupling across the cuts at each
end of the cavity causes electromagnetic waves not only to reﬂect at the ends, but a
small fraction of the wave continues across the cut. A wave can thereby be inserted
into the cavity from one of the ends. At the other end of the cavity most of the wave
is reﬂected back into the cavity, but a small fraction of the wave continues across
the cut and escapes out of the cavity. Inside the cavity the reﬂected wave bounces
back and forth, and since the wire is superconducting, it can travel back and forth
many times without signiﬁcant loss of energy. If the wavelength of the incoming
wave matches the length of the cavity (around 10 mm), a constructive interference
occurs between the waves bouncing inside the cavity and the new waves that are
coming in all the time. As a result, a large amplitude is built up inside the cavity.
This resonance phenomenon is very sensitive to the wavelength of the incoming
wave and can therefore be used as a sensitive detector in various applications [6, 7].
Due to special properties of the current ﬂow in superconductors, a superconducting resonator can be nonlinear. The source of this nonlinearity is described in
more detail in chapter 2. The nonlinearity and accompanied frequency mixing can
be used to construct an ampliﬁer. We do this by injecting one strong drive tone
which drives the resonator into its nonlinear regime. The signal we want to amplify
plays the role of the second drive frequency, but it is much weaker than the drive
tone. It turns out that, due to the nonlinearity, power is transfered from the drive
tone to the signal tone, and thereby the signal is ampliﬁed (an eﬀect called parametric ampliﬁcation). Moreover, the third tone, resulting from frequency mixing
due to the nonlinearity, also reaches a high amplitude, comparable to that of the
ampliﬁed signal. The third tone is called an intermodulation product or idler.

4
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All ampliﬁers add noise to the signal [8] but parametric ampliﬁers of this type
may add less noise than other ampliﬁers. When operated correctly, they may
even add less noise than what the standard quantum limit predicts [9]. Ampliﬁers
with low noise are always useful, and this type of ampliﬁer may be well suited
for example in astronomical observatories, rare particle detectors or for very demanding communication applications. Our particular ampliﬁer was designed with
superconducting quantum circuits in mind, and it can easily be fabricated on the
same chip as these circuits, since linear resonators of this type are already being
used with great success for coupling an electromagnetic ﬁeld to superconducting
quantum bits [7, 10–15]. Such superconducting quantum circuits are the building
blocks of quantum computers, a new and fundamentally diﬀerent type of computers
that can perform certain calculations in a much more eﬃcient way than standard
computers [16]. Other types of superconducting quantum circuits are designed to
explore fundamental properties of quantum mechanics or make extremely sensitive
measurements of electric charge [17] or magnetic ﬂux [18]. The signals from these
quantum circuits are extremely weak, often just above the vacuum noise level, causing very high demands on the ampliﬁer. One may, for example, want to be able to
measure one or only a few photons emitted from a cavity [14], where the vacuum
noise corresponds to one half photon [19].
Furthermore, a parametric ampliﬁer is phase-sensitive, a property that allows
it to squeeze the quantum state of an electromagnetic ﬁeld. This opens up possibilities for using the parametric ampliﬁer for more advanced quantum information
processing than just to amplify a signal. For a recent review, see [19].

1.4

Atomic force microscopy

A scanning probe microscope (SPM) is distinctly diﬀerent from a normal optical
microscope that performs the imaging by reﬂecting light oﬀ a surface. In the SPM
a tiny probe is scanned over the surface. By recording interactions between the
probe and the surface, an image of the surface is reconstructed. Many diﬀerent
types of probes and types of interactions can be used. For example, in a scanning
tunneling microscope [20] (STM), the probe is a thin conducting wire and the
tunneling current between the surface and the wire is measured while scanning.
One of the more general-purpose types of SPMs is the atomic force microscope
[21] (AFM), where the probe is a micron-sized diving board, or cantilever. The
cantilever is ﬁxed at one end and at the other end a sharp tip is attached (see
ﬁgure 1.3). As the tip is brought close to the surface, intermolecular forces between
the tip and the surface cause the cantilever to bend. The bending can be detected by
a laser beam reﬂected oﬀ the end of the cantilever. There are many variations of the
AFM. For example, the MFM is a force microscope where the tip is magnetized and
can thereby pick up magnetic ﬁeld gradients near the surface while it is scanning.
In an amplitude modulated atomic force microscopy (AMAFM), the cantilever
is shaken, or driven, at the ﬁxed end by a piezoelectric crystal. The shaking occurs

5
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Piezo shaker

Photo-diode

lever
Canti

r
nne
Sca

Figure 1.3: A schematic view of an AFM head. The cantilever is deﬂected, or bent,
by forces between the surface and the tip of the cantilever. The bending is measured
by measuring the position of the laser spot on the photo-diode. By scanning the
sample under the tip, an image can be constructed from the cantilever deﬂection
measurements.

at a ﬁxed frequency close to the resonance frequency of the cantilever. Thereby,
the cantilever builds up much larger oscillations at the free end than at the ﬁxed
end. Even a very small force between the tip of the cantilever and the surface can
now cause the resonance frequency to shift and, since the drive frequency is not
changing, the oscillation is not on resonance anymore. Due to the shift of resonance,
the amplitude of the oscillation becomes much smaller. Thanks to this resonant
detection scheme the AMAFM is more sensitive than normal AFM.
The cantilever in AMAFM is well approximated by a linear system when the tip
is far away from the surface where the tip-surface force in negligible. The restoring
force in a bent cantilever is a linear function of the bending amplitude, and the
energy dissipation is caused by a linear function of the tip velocity. When the tip
approaches the surface, an attractive force between the tip and the surface appears;
and if the tip is pushed into the surface the force changes to being repulsive. Thus
the tip-surface force is not a linear function of the bending of the cantilever. The
oscillating cantilever is a nonlinear system when interacting with the surface, so, if it
is driven with two frequencies, frequency mixing occurs. The exact behavior of this

6
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Figure 1.4: Although the superconducting resonator and the AFM cantilever seem
like completely diﬀerent physical systems, they also have a lot in common. Here the
output spectra from, (a) a superconducting resonator and (b) an AFM cantilever,
are shown. The amplitudes (ζ) have been normalized to respective maximum amplitude. Both systems were driven by two tones, which can be seen as the two largest
peaks in each ﬁgure. The other peaks constitute the intermodulation response.
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frequency mixing is very sensitive to the details of this nonlinear tip-surface force
and the goal of our work on AFM is to extract this nonlinear force by measuring the
frequency mixing. The ability to extract the nonlinear force would greatly enhance
the functionality of the AFM since the standard AFMs today can provide only very
little information about the surface it is imaging.
The similarities between the superconducting resonator and the AFM cantilever
are revealed by examining the frequency spectra of the output from these systems
when they are driven with two pure harmonic tones near resonance, as shown
in ﬁgure 1.4. Both systems show a rich intermodulation response, arising from
their nonlinearity. The investigation of and application of intermodulation in these
resonators is the subject of this thesis.

Chapter 2

Theory

P

hysical models used to describe the AFM cantilever and the superconducting microresonator are introduced. Basic principles of nonlinear
oscillators are described, such as bifurcation and intermodulation. The
use of nonlinear oscillators as parametric ampliﬁers is explained, and the
concepts of signal squeezing is described. Finally, squeezing of zero-point motion,
or quantum noise of a resonator is described.

2.1

AFM cantilever model

The dynamics for the bending of an AFM cantilever (see section 1.4) can be described by the Euler-Bernoulli beam theory. With this theory, the time-dependent
deﬂection along the cantilever can be found as a function of the motion of the
piezoelectric actuator, a hydrodynamic damping coeﬃcient and the parameters of
the cantilever: The distributed mass, Young’s modulus, area moment, length and
the mass of the tip. The Euler-Bernoulli theory is general in the sense that it
can describe multiple resonant modes with diﬀerent wavelengths and frequencies.
However, the Euler-Bernoulli equation is diﬃcult to solve, and if the nonlinear
tip-surface force is included, the problem becomes very hard to penetrate.
For small deﬂections of the cantilever (in AFM, the cantilever is typically 100 µm
long and the deﬂection is typically 10-50 nm), it is possible to derive an equivalent
point-mass model to describe the dynamics [22–24]. This is depicted in ﬁgure 2.1
where the eﬀective mass m, eﬀective spring constant k and eﬀective viscous damping
coeﬃcient c can be derived from the parameters of the Euler-Bernoulli theory.
Each eigenmode has diﬀerent parameters, and a cantilever with multiple modes
can be modeled by coupling together one equation for each mode. For a standard
rectangular cantilever with fundamental resonance frequency f0 , the higher modes
will have resonance frequencies1 f1 = 6.3f0 , f2 = 17.5f0, f3 = 34.4f0 [25–27].
1 The frequencies are given for an “ideal” rectangular cantilever. In practice the mass of the
tip and and other imperfections can significantly alter these frequencies.

7
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Piezo shaker

k(z − z0 )

cż

zP

FD
m
z0
FTS (z)

z

FTS (z)

Figure 2.1: The left panel shows a mechanical model of an AFM cantilever. A
piezoelectric crystal shakes one end of the cantilever at the resonance frequency
with an amplitude zP . At the free end a large oscillation builds up. The right
panel shows an equivalent point mass model of the system with eﬀective mass m,
eﬀective spring constant k, eﬀective viscous damping c and an eﬀective drive force
FD . In both models the equilibrium position of the tip is z0 , the tip position z and
the tip-surface force FTS .

The higher eigenmodes are far away from the fundamental eigenmode in frequency,
and they do not appear at integer multiples of the fundamental frequency, where
the harmonics of the drive signal appear. Therefore, the higher eigenmodes of the
cantilever are not excited, even if the oscillator becomes slightly nonlinear. In this
work, only the fundamental mode of the cantilever is considered.
The equation of motion for the tip is
mz̈ + cż + k(z − z0 ) + FTS (z) = FD (t),

(2.1)

where z is the coordinate of the tip, normal to the surface, as shown in ﬁgure 2.1.
The optical lever, consisting of a laser beam reﬂected oﬀ the end of the cantilever
into a photo-diode detector (see ﬁgure 1.3) measures the angle, or bending, of the
cantilever. For small deﬂections the bending is proportional to the displacement
z − z0 . For more details see [24] and references therein.

AFM nonlinearities
When the tip is far away from the surface (i.e. FTS = 0), the cantilever behaves as
a linear harmonic oscillator. As the tip is brought close to a surface, a nonzero tipsurface force FTS (z) appears. There is only a surface below the tip and never above.
Therefore the tip-surface force is asymmetric with respect to the equilibrium point
of the cantilever (z0 ), so FTS (z) is always nonlinear. Several diﬀerent models for the
tip-surface interaction have been proposed such as DMT, DLVO or JKR [24]. Which
of these contact models is most suitable will depend on the nature of the surface,

2.2. SUPERCONDUCTING RESONATOR MODELS
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Figure 2.2: A model for the tip-surface force FTS in an AFM. Here, the DMT model
consisting of an attractive van der Waals force and a repulsive Hertz contact force
is combined with an additional capillary force. The capillary causes a hysteresis of
FTS (z) and a jump to contact on the approach curve.

the environment (air, vacuum or liquid) and the tip. Qualitatively these models
are quite similar: as the tip is brought closer to the sample it feels an attractive
van der Waals force towards the surface. When the tip touches the surface, it is
pushed back as the surface is deformed. In general, the tip-surface force can be
non-conservative. If the AFM operates in moist air, for example, a liquid capillary
forms when the tip is brought close to the sample. When the tip is retracted the
capillary breaks and energy is dissipated. The capillary force model [24] deals with
this case by introducing a hysteresis in FTS (z). Figure 2.2 illustrates the DMT
force model with additional capillary force.
A force-distance curve is a measurement of the cantilever deﬂection z − z0 as
directly measured from the photo-diode signal, when the probe is moved toward the
surface and back again by ramping z0 . This curve will depend on a combination
of FTS (z) and the restoring force of the cantilever k(z − z0 ). Here we note that
hysteresis of FTS is distinct from the hysteresis of the force-distance curve. Due
to the nonlinear nature of FTS (z), the force-distance curve can be hysteretic even
though there is no hysteresis in FTS (z) (i.e. FTS (z) is conservative).

2.2

Superconducting resonator models

The wavelength of the electric signal in a superconducting resonator is comparable
to the length l of the cavity (in these experiments the cavity length in l = 5−25 mm),
and therefore a complete model must consider the wave propagation along the
transmission line. An ideal coplanar waveguide with transverse dimensions much
smaller than the wavelength supports a transverse electromagnetic (TEM) mode of

10
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wave propagation, where the electric and magnetic ﬁelds are always perpendicular
to the direction of propagation [28]. Here all transverse dimensions are smaller
than 10 µm and the wavelengths are larger that 5 mm. Thereby the problem
can be decoupled into a one-dimensional electrodynamic problem in the coordinate
along the direction of propagation, and a two-dimensional electrostatic problem for
the ﬁelds in the plane which is normal to the direction of propagation. Here we
neglect the meandering shape of the resonator since the bending radius (≈ 300 µm)
is much larger than the transverse dimensions.

Cross section model
For the type of experiments described in this thesis where we only measure input
and output voltage of the resonator, one can often neglect the details of the electric
and magnetic ﬁeld distribution. For a linear transmission line it is enough for the
cross section model to supply the inductance L, capacitance to ground C and resistance R in the transmission line model. The capacitance to ground in a coplanar
waveguide can be calculated using the method of conformal mapping [28]. If there
are only two dielectric materials, one ﬁlling the space above the conductor and one
ﬁlling the space below, the electric ﬁelds will be symmetric and the capacitance can
be calculated using the average of the two dielectric constants. For some samples
measured in this thesis the substrate consisted of a silicon wafer (relative dielectric
SiO
= 4.5) on top. On
constant εSi
r = 12) with a 1 µm thick layer of silicon oxide (εr
this substrate the electric ﬁelds are not symmetric and the coplanar waveguide does
not support the pure TEM mode, but rather a quasi-TEM mode, which reduces to
the TEM mode in the zero frequency limit. A correction to the capacitance can be
calculated with ATLC (Arbitrary Transmission Line Calculator) [29], a computer
program that uses the ﬁnite diﬀerence method to solve the Poisson equation and
thereby calculates the capacitance of any type of geometry transmission line. The
calculated ﬁelds are shown in ﬁgure 2.3, and the resulting capacitance was reduced
by ∼15 % compared to the same structure without the silicon oxide layer.
In reality, the dielectric constant depends both on temperature and frequency.
These dependencies have been neglected here and therefore the calculated value
for the capacitance is not exact. While the exact calculation of the distributed
capacitance is diﬃcult to perform, the measurement of the resonance frequency of
a superconducting resonator, on the other hand, is very precise. Therefore it will
never be possible to achieve agreement between the model and the measured data
without ﬁtting the model parameters to the data. This is done by estimating the
capacitance according to the method above, and then ﬁtting the inductance so that
the calculated response of the resonator agrees with the measured data. The value
of the internal resistance R is also determined by ﬁtting the model to measured data.
The result of such a ﬁtting procedure is described in the supplemental material to
the appended paper III.
A cross section model may provide insight as to the details of the processes that
cause nonlinear behavior of the parameters R, L and C. Such a study would involve
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Figure 2.3: A calculation of the electric ﬁeld in a cross-section of a coplanar wave
guide where the silicon substrate (relative dielectric constant εSi
r = 12) has a 1 µm
thick layer of silicon oxide (εSiO
=
4.5)
on
top.
The
arrows
only indicate the
r
direction of the ﬁeld lines, and the shade of the red color indicates the electric ﬁeld
amplitude. The capacitance per unit length is approximately 15% smaller than a
structure of the same dimensions, but without the silicon oxide layer.

very advanced calculations of the current distribution in the superconductor as a
function of London penetration depth, frequency and geometry [30], and has not
been the focus of this thesis.

Transmission line model
The one-dimensional distributed transmission line model of the superconducting
resonator is based on microwave circuit theory, with a circuit diagram shown in ﬁgure 2.4. The center strip has distributed inductance L, capacitance to ground C and
resistance R. Across the gaps that deﬁne the length of the cavity there is a coupling
capacitance Ca . A more complete microwave model and its full solution is described
in appendix A. The resistance R is necessary even for superconducting resonators
because alternating currents are always lossy, even in a superconductor [31]. Aside
from the losses due to acceleration of normal electrons in the superconductor there
may be additional losses due to, for example, non-ideal edges (microscopic ﬁssures,
cracks, or grain boundaries), Eddie currents in surrounding metal or losses in the
dielectric substrate [32]. Some insight about these internal losses in the superconductor is gained by studying their temperature dependence in light of the two-ﬂuid
model of superconductivity, see section 4.9.
Apart from providing the current and voltage distribution inside the cavity, the
distributed model is very useful for studying the eﬀect of internal dissipation and
mismatched impedances. Moreover, in contrast to a model with lumped elements,
the distributed model accounts for all resonant modes in the cavity as shown in
ﬁgure 2.9. Another advantage is that the parameters in this model have a very
direct physical interpretation.
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Figure 2.4: A microwave circuit model of the superconducting resonator. By studying the wave propagation along a transmission line with the distributed inductance
L, resistance R and capacitance C all resonant modes are included in the model,
see ﬁgure 2.9. Details in how to solve this model can be found in appendix A.

Nonlinearities in superconductors
Each of the parameters R, L and C in the distributed model can be nonlinear. The
most important nonlinearity comes from the inductance L.
The inductance L of a typical circuit element determines the amount of magnetic
energy EM stored in the magnetic ﬁeld when a current I ﬂows through the element
(EM = 12 LI 2 ). The electrons that carry the current are massive particles and
therefore there will be kinetic energy associated with the current ﬂow as well. For
a uniform current in a homogeneous conductor with length l and cross section A,
the kinetic energy is
1 me l 2
Ek =
I ,
(2.2)
2 nAe2
where n is the number density of electrons, e is the electron charge and me is the
electron mass. Both the magnetic and the kinetic energies have the same current
dependence, so one can think of a kinetic inductance
Lk =

me l
,
nAe2

(2.3)

with the same eﬀect as the magnetic inductance. It should be noted that the current is typically not uniformly distributed in a superconductor but concentrated
along the edges, due to the Meissner eﬀect. For high frequencies the currents are
concentrated along the edges in normal conductors as well, due to the skin eﬀect.
The kinetic inductance exists, in principle, in all wires but it is usually only important in superconducting wires. For normal wires with large cross section area A,
the kinetic inductance will be very small in comparison to the magnetic inductance,
which has only weak dependence on the cross section area [28]. Furthermore, thin
normal-conducting wires have large resistance which will hide the kinetic inductance2 .
2 For very high frequencies the kinetic inductance can become important for normal conductors.
In fact, plasma oscillations are due to the fact that the electrons have a mass and thereby can be
thought of as a sign of kinetic inductance.
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Figure 2.5: Relationship between supercurrent density Js and superﬂuid velocity
vs for a narrow superconductor. The relationship was derived [31] using GinzburgLandau theory for a uniform current distribution which means that the superconducting wire must be much thinner than the coherence length and the London
penetration depth of the superconductor. When Cooper pairs begin to break the
remaining Cooper pairs must increase their velocity to maintain the current, causing a nonlinear relationship between current and velocity. Jc indicates the critical
current density.

Current ﬂowing in the superconductor can cause Cooper pairs to break [31].
When some Cooper pairs break, the remaining Cooper pairs must increase their
velocity in order to maintain the current. This phenomenon is illustrated as a
nonlinear dependence between the superﬂuid velocity and the supercurrent in ﬁgure
2.5. Due to the breaking of Cooper pairs, the kinetic inductance increases when
the current increases and n decreases (Lk ∝ 1/n for the uniform current above).
Therefore the relationship between current and voltage V = L dI
dt is nonlinear. The
breaking of Cooper pairs does not only cause a nonlinear inductance, but also a
nonlinear current-dependent resistance R.
A stronger nonlinearity can be achieved by incorporating weak links in the
superconducting strip. A weak link can for example be a thin insulating barrier, a
so called Josephson junction [33]. If the barrier is thin enough, Cooper pairs can
tunnel through it and there can be a supercurrent. The dynamics of the Josephson
junction can be described by a nonlinear current-phase relation I = IC sin(ϕ), where
IC is the critical current of the Josephson junction and ϕ is the phase diﬀerence
of the complex wave functions on each side of the insulator. If there is a voltage
V across the junction or weak link, gauge invariance of the phase requires that
~ dϕ
V = 2e
dt [34]. From these equations it is possible to derive a nonlinear inductance
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for the Josephson junction
LJ =

1
~
p
,
2e IC2 − I 2

(2.4)

which is sometimes referred to as a kinetic inductance. Two parallel Josephson
junctions forming a loop are called a superconducting quantum interference device,
or dc SQUID. In the limit of small loop inductance, L < LJ , the SQUID can be
considered as an eﬀective single Josephson junction, where the critical current IC ,
and thereby the inductance LJ , can be tuned with an external magnetic ﬁeld.
Another type of weak link is a narrow constriction of the superconducting strip.
Weak links are very similar to Josephson junctions, the main diﬀerence being that
the former lack a capacitance directly shunting the Josephson current. Alternatively
stated, weak links support no internal electric ﬁeld, whereas the Josephson tunnel
junction has a well-deﬁned parallel plate capacitance, with an associated charging energy. The lack of charging energy in weak links can have some advantages
when designing quantum circuits. Weak links also tend to have normal conduction
channels which provide a lower shunt resistance than the quasi-particle resistance
of the Josephson tunnel junction. The dynamics of weak links has been described
in [35, 36]. The general theory describes the transition from “dirty” (or insulating)
weak links, which have the same current-phase relation as Josephson junctions, to
clean weak links, which behave more like a bulk superconductor with reduced critical current. The transition from clean to dirty aﬀects the current-phase relation
as illustrated in ﬁgure 2.6. Although the Josephson-type nonlinearity is stronger
than the clean weak link, there is no big qualitative diﬀerence in the behavior of the
weak link in the two diﬀerent limits, if we restrict ourselves to current oscillations
that are very small compared to the critical current IC , or |ϕ| ≪ π. For the resonators described in the supplemental material to appended paper III, for example,
the inductance only changes by 80 ppm from its linear value when the oscillator
bifurcates (see section 2.5). For the parametric ampliﬁcation applications discussed
here, the bifurcation current Ib and its relation to the critical current is the ﬁgure
of importance. When Ib /IC ≪ 1, the nonlinear current-phase relation can be expanded, and the ﬁrst order term will always give the Duﬃng oscillator equation
(see section 2.5), so that the exact form of the nonlinearity (dirty or clean) is only
of small importance. The overall scale of the nonlinear current-phase relation is
set by the critical current (maximum current), which is the most important way to
control the strength of the nonlinearity. In this work, no further eﬀorts were made
to characterize the details of the nonlinearity, although a couple of signiﬁcantly
diﬀerent nonlinearities could be observed under special conditions (see sections 4.6
and 4.7).
The transmission line model described here and in appendix A was extended
by Oates et al. [37] to include nonlinear inductance and nonlinear resistance. The
harmonic balance technique was used to ﬁnd the frequency domain equations, and
the inductance and the resistance could be given as a power series of the current to
arbitrary order. The method involves a numerical integration along the distributed
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Figure 2.6: The current-phase relation of weak links with diﬀerent values of the
transmission parameter τ [36]. Each curve is normalized to its corresponding critical
current IC , where IC increases with increasing τ . For low τ (dirty weak links) the
behavior is similar to the Josephson relation I = IC sin(ϕ). For high values of τ the
behavior is similar to that of a bulk superconductor, with a more linear relationship
between I and ϕ. In this thesis, we consider only weak nonlinearities such that the
current is always oscillating in a small region around the origin, where I(ϕ) only
slightly deviates from a linear slope.

cavity. In order to match the boundary conditions at the end of the cavity, a
guess had to be made for the initial conditions (for example by assuming a linear
system). The guess was afterwards corrected with the Newton-Raphson method
and the ﬁnal solution was found by iterating this procedure. The power series must
only include even powers of current, since the inductance and resistance should not
depend on the direction of the current. The model by Oates et al. was successfully
ﬁtted to experimental data in the appended paper III. It turned out that for the
parameter regime studied in this thesis – up to and only slightly past bifurcation
(see section 2.5) – it is suﬃcient to regard only the simplest order of nonlinearity:
L(I) = L0 + L2 I 2 .

Simple lumped element model
While the microwave transmission line model is very useful when designing the
physical circuit or solving for details of the standing wave mode, the complexity of
the equations tend to mask the underlying physics of the nonlinear system. Fortunately, much simpler approximate models can be used to describe the oscillator
behavior if we restrict ourselves to a narrow frequency band. By doing this restriction the wave propagation does not have to be considered, and we can use a lumped
element circuit model.
Figure 2.7 shows a very simple lumped element model. Here we use magnetic
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Figure 2.7: A simple electric harmonic oscillator circuit that can reproduce the
behavior of our distributed resonator for a limited range of frequencies.

ﬂux φ in the inductor as the independent variable, and describe the nonlinear
inductor with i = a(φ)φ. Here, a(φ) is the inverse of the inductance L, and a
Taylor expansion of a(φ) = a0 + a2 φ2 + a4 φ4 + · · · can be mapped to a Taylor
expansion of the nonlinear inductance L(i) = L0 + L2 i2 + L4 i4 with L0 = 1/a0 ,
L2 = −a2 /a20 , L4 = a22 /a30 − a4 /a20 , etc.
The voltage over the inductor is v = dφ/dt, so the current in the capacitor
ic = Cdv/dt = Cd2 φ/dt. The current in the resistor is iR = a(φ)φ + Cd2 φ/dt and
summing the voltages around the loop yields the nonlinear equation
RC

d2 φ dφ
+
+ Ra(φ)φ = VD
dt2
dt

(2.5)

Quantum model of a nonlinear superconducting resonator
A quantum model of a nonlinear resonator has been developed by Yurke and Buks
[38]. The model contains one input/output port, but with only small modiﬁcations
[39] an extra input/output port can be incorporated which would yield a model
that is well suited for the experimental conﬁguration studied here. A pictorial view
of the model is shown in ﬁgure 2.8.
The resonator is modeled as standard quantum harmonic oscillator Hamiltonian
with an additional Kerr nonlinearity:
Hr = ~ωA† A +

~
KA† A† AA.
2

(2.6)

The input and output transmission lines as well as internal loss are modeled by
continuous baths of oscillators
Z
Hai = dω~ωa†i (ω)ai (ω)
(2.7)
The method by Gardiner and Collet [40] is applied to couple the oscillator
linearly to the continuous baths with the hopping Hamiltonians:
Z
h
i
HT i = ~ dω κi A† ai (ω) + κ∗i a†i (ω)A ,
for i = 1, 2, 4
(2.8)
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where the ladder operators can be interpreted as one photon leaving the resonator
into a bath (a†i (ω)A), or one photon leaving a bath into the resonator (A† ai (ω)).
The model also accounts for a nonlinear two-photon loss, where two photons from
the resonator are exchanged with one photon in the bath:
HT 3 = ~

Z

h
i
dω κ3 A† A† a3 (ω) + κ∗3 a†3 (ω)AA

(2.9)

The coupling strengths κi are related to the standard damping coeﬃcient
γ=

X

γi = ω0 /2Q

(2.10)

i=1,2,4

p
p
by κi = γi /πejφi for i = 1, 2, 4 and κ3 = γ3 /2πejφ3 .
The full Hamiltonian of the system can be written as
H = Hr +

X

[Hai + HT i ] ,

(2.11)

i

and the Heisenberg equation of motion can be used to solve for a steady state
oscillation.
This model can be seen as a quantum version of the Duﬃng oscillator (described
in section 2.5). In fact, the third degree polynomial that must be solved to ﬁnd the
pump response is the same as the one derived from the Duﬃng oscillator using the
method of multiple scales (see appendix B). Furthermore, Yurke and Buks show
that the Kerr nonlinearity in their model corresponds to a nonlinear inductance
L = L0 + L2 I 2 and that the two-photon loss corresponds to a nonlinear resistance
R = R0 + R2 I 2 . In the appended paper VI this model is ﬁtted to the measurement
results with excellent agreement.
The quantum model only accounts for one mode of the resonator and is therefore a type of lumped element model. For high Q-factors a lumped element model is
very close to a transmission line model for frequencies close to the resonance. Figure 2.9 shows the transmission through a resonator calculated with both a lumped
element model and a transmission line model. This particular resonator is undercoupled, meaning that internal losses dominates over radiation losses, causing an
insertion loss of 11 dB on resonance. An overcoupled resonator with almost unity
transmission on resonance was used in the appended paper VI.
Buks and Yurke have extended their model to account for other modes of the
resonator [41]. The nonlinearity can couple the modes together, which leads to
dephasing of the photons. These eﬀects have not been investigated in this work,
but Suchoi et al. have recently made measurements that agree well with this theory
on a resonator with an integrated SQUID [42].

18

CHAPTER 2. THEORY

Output port

Input port
Ha1

HT 1
γ1

Nonlinear resonator
Hr = ~ωA† A + ~2 KA† A† AA
HT 2

Linear internal
dissipation port

γ2

HT 3

HT 4
γ4

Ha4

γ3

Nonlinear internal
dissipation port
Ha2

Ha3

Figure 2.8: Illustration of a quantum mechanical model of a nonlinear resonator
worked out by Yurke and Buks [38]. The model includes coupling to transmission
lines, internal linear dissipation and internal nonlinear dissipation.
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Figure 2.9: A comparison between a transmission line model of a resonator, which
simultaneously accounts for all resonant modes, and a lumped element model, which
only accounts for one mode. Close to the resonance the lumped element model is
very accurate.
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2.3

General harmonic oscillator

Both the AFM cantilever and the superconducting resonator can be mapped to the
following general equation for a harmonic oscillator with a nonlinearity FNL (x):
d2 x ω0 dx
+
+ ω02 x + FNL (x) = FD (t)
dt2
Q dt

(2.12)

where the nonlinearity FNL (x) results from the tip-surface force on the AFM cantilever, and from the nonlinear inductance in the superconducting resonator.
For the linear case (FNL (x) = 0) with a sinusoidal drive, FD (t) = F0 cos(ωt),
the steady state solution is x(t) = A cos(ωt + ϕ), where
A(ω) = r

(ω02

and
tan(ϕ) =

F0
−

ω 2 )2

+



ωω0
Q

ωω0
Q(ω 2 − ω02 )

2

(2.13)

(2.14)

In the remainder of this chapter the general oscillator equation is used to describe the basic concepts of resonant detection, bifurcation, intermodulation and
parametric ampliﬁcation.

2.4

Resonant detection

Resonant detection is a measurement technique that takes advantage of the properties of an oscillator to increase the responsivity. The system we want to measure
is coupled to an oscillator so that a parameter in the oscillator equation of motion
depends on the state of this system. For example, a mechanical oscillator can be a
very sensitive mass detector since the mass is a parameter in the oscillator equation
of motion, see equation 2.1. The measurement is performed by exciting the oscillator and measuring the response as the parameter is slowly changed. Examples of
resonant detection are the dynamic AFM [21] described in this thesis, and the microwave kinetic inductance detector where a superconducting resonator like the one
described in this thesis can detect incoming high energy photons when they split
cooper pairs and cause the kinetic inductance to change [6]. The superconducting
resonator can also be used to read out the state of quantum bits with resonant detection [7]. Another example is the radio-frequency single electron transistor which
measures charge [17].
Resonant detection can be performed by exciting the oscillator with constant
amplitude and frequency close to the resonance frequency. As a parameter in
the equation of motion changes, the resonance frequency changes and thereby the
response (amplitude and phase) of the oscillator also changes. A high Q-factor of
the oscillator increases the responsivity of the measurement – a small frequency
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shift has a much greater eﬀect if the resonance peak is sharp. The responsivity
of the resonant detector is approximately proportional to the Q-factor, and if we
measure the phase shift of an oscillator at resonance, the responsivity
dϕ
dω

ω=ω0

=−

2Q
,
ω0

(2.15)

is exactly proportional to the Q-factor.
However, every time the parameter of the oscillator change, there will be a
transient time until the resonator stabilizes to the new steady oscillation state. For
a linear oscillator the full solution is the superposition of the steady state solution
and the transient solution, where the transient solution can be found by solving
the equation of motion without the drive term. The solution for the non-driven
(FD (t) = 0) version of equation 2.12 is

s

2


1
ω0
ω0 t + ϕ0 
(2.16)
t cos  1 −
x(t) = A0 exp −
2Q
2Q

where the constants A0 and ϕ0 depend on the initial conditions. For a high Qfactor the transient takes longer time to die out. For a given requirement for the
strength of these transients, the measurement time tm is be proportional to Q.
For example if we require that only 37 % of the transients are left we must wait
tm = 2Q
ω0 . The measurement bandwidth ∆fm ≡ 1/tm is inversely proportional to Q.
The product of bandwidth and responsivity is thereby not increased when the Qfactor is increased. In ampliﬁer design there is a similar result: the gain-bandwidth
product is constant.
Another method of resonant detection is to have a feedback circuit regulating
the oscillator so that it always oscillates on resonance. As the resonance frequency is
changing, the oscillation drive frequency follows, and the measurement is performed
by reading out the oscillation frequency [43].

2.5

Duffing oscillator

The Duﬃng oscillator [44] is a simple example of a nonlinear oscillator, with an
x3 -dependence in the equation of motion:
d2 x ω0 dx
+
+ ω02 x + αx3 = F0 cos(ωt)
dt2
Q dt

(2.17)

Despite its simplicity, the Duﬃng equation contains the most important features
of general nonlinear systems that are discussed in this thesis. Namely bifurcation,
intermodulation and parametric amplification. Therefore it serves as a very good
model system for understanding nonlinear oscillators. In the context of this thesis
the Duﬃng equation is even more important than that. We are only considering
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weak nonlinearities and therefore it is natural to use a Taylor expansion of the
nonlinear function to describe the system: FNL (x) = g0 + g1 x+ g2 x2 + g3 x3 + g4 x4 +
. . .. For small x the ﬁrst terms are the most important ones but the g0 term will
only give a constant force which oﬀsets the oscillator to a new equilibrium position
where the oscillator behaves linearly. The g0 x term gives a force proportional
to the position just like the restoring force of the spring. Therefore the eﬀective
spring constant changes, but the dynamic behavior is still linear and the result
is simply a shift of the resonance frequency. The ﬁrst nonlinear term is thereby
g2 x2 . Note, however, that for this case the potential function V = −g2 x3 /3, (where
F (x) ≡ −dV /dt) depends on the sign of x. For many physical systems, such as
the superconducting resonators studied here, or a free AFM cantilever, symmetry
considerations require that the force should be symmetric around the equilibrium
position of the oscillator. The stored energy should not depend on the direction of
the current, or the direction of the bending of the cantilever. For these systems all
even expansion coeﬃcients g2i are zero. For all these systems the ﬁrst and most
important term in the Taylor expansion that causes nonlinearity is the g3 x3 term. If
we only consider this term, we have the Duﬃng equation. Other systems where we
do not expect to have this symmetry are for example a diode or an AFM cantilever
in contact with a sample on one side.
The Duﬃng equation 2.17 can be solved approximately using the method of
multiple scales [45,46], as shown in appendix B, resulting in a third order algebraic
equation for the amplitude of the oscillation. The equation may have one real
solution, or three real solutions, depending on the parameters; if the drive amplitude
F0 is larger than a critical drive amplitude FC , where
32ω 6
FC2 = √ 0 ,
9 3Q3 |α|

(2.18)

there are three solutions in an interval of drive frequencies. It can be shown that
for the case of three solutions, one solution corresponds to an unstable state of
oscillation, leaving two stable states of oscillation [46]. In ﬁgure 2.10 the response
amplitude and phase of the Duﬃng oscillator is plotted as a function of frequency
for diﬀerent drive amplitudes F0 below and above the critical drive amplitude FC .
In ﬁgure 2.10 the resonance lineshape is bending towards lower frequency. That
is because the coeﬃcient α in the Duﬃng term αx3 was chosen to be negative,
as it will be for the case of nonlinear inductance of a superconductor explained in
section 2.2. The coeﬃcient for the Duﬃng term could also be positive, for example
a “hard” spring that increases its restoring force faster than linearly when it is
stretched. For the case of positive coeﬃcient for the Duﬃng term, the shape looks
similar, but bent to higher frequencies instead of lower.

Bifurcation
As the drive amplitude is increased the resonance lineshape bends. Eventually
it splits into three solutions, where the unstable solution is plotted as a dotted
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Figure 2.10: Solutions to the Duﬃng equation when driven below and above the
critical drive amplitude for bifurcation FC . The amplitudes has been normalized so
that the maximum amplitude equals Q = 100 when driven with the critical drive
amplitude.

line in ﬁgure 2.10. The transition from mono-stability to bi-stability is called a
bifurcation. The bifurcation occurs at a critical frequency and drive amplitude
(see equation 2.18). For drive amplitudes higher than the critical drive amplitude
two stable solutions exist for some range of frequencies. The region of bistable
operation as a function of drive amplitude and frequency is indicated in ﬁgure 2.11.
Which of the two oscillation states the oscillator ends up in depends on the initial
conditions. If the drive is changed slowly and continuously from lower to higher
frequency, the amplitude of oscillation follows the low amplitude curve as long
as it exists, jumping up to the high amplitude oscillation state when this branch
becomes unstable (see ﬁgure 2.10). When the frequency is swept back again the
oscillator will stay at high amplitude until the lower frequency boundary of the
unstable region is encountered. Therefore there is hysteresis in the measurement
of oscillation amplitude as a function of current. Measurements of this type are
reported in the appended papers III and VI.
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Figure 2.11: Illustration of the frequency and drive amplitude dependence of the
bifurcation of a Duﬃng oscillator. In the gray region, there are two possible stable
states of oscillation with diﬀerent amplitude and phase, see ﬁgure 2.10.

Bifurcation amplifier
Around the point of bifurcation the resonance lineshape is very steep, i.e. already
a small change in frequency results in a large change in amplitude or phase. This
eﬀect can be employed to increase the responsivity of resonant detection [47] (see
section 2.4). However, just as for the case of increasing the Q-factor, the increased
responsivity comes at the cost of decreased measurement speed [48].
The region of bi-stability can be used eﬀectively for a binary readout, as for
example in the readout of the state of a quantum bit, in a device called the “bifurcation ampliﬁer” [49]. The state of the quantum bit aﬀects the parameters of the
oscillator and thereby the location of the bistable region. The oscillator is quickly
brought through the region of bi-stability until it comes to a point where it must
jump to a the high amplitude oscillation state when the qubit is in state |0i, but can
remain in the low amplitude oscillation state when the qubit is in state |1i. For this
type of measurement all signals are very weak which means that long integration
time is required before a signal can be determined. During the integration time
there is a risk that noise ﬂuctuations can kick the oscillator from one state into the
other state. This problem can be avoided by moving the oscillator away from the
point where the jump would occur and closer to the center of the bistable region.
Here the oscillator latches in a more stable state. The so-called bifurcation ampliﬁer
is therefore really a sample and hold detector. The sample and hold measurement
strategy is described for another nonlinear dynamical system, namely the switching
current detector, in the appended papers I and II.
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2.6

Intermodulation

Frequency mixing or intermodulation appears when a weakly nonlinear system is
driven by two or more frequencies. The eﬀect can be illustrated mathematically
with the Duﬃng equation as follows:
d2 x ω0 dx
+
+ ω02 x + αx3 = F1 cos(ω1 t) + F2 cos(ω2 t)
dt2
Q dt

(2.19)

The solution to the linear case (α = 0) is
x0 (t) = A1 cos(ω1 t + ϕ1 ) + A2 cos(ω2 t + ϕ2 ),

(2.20)

where Ai = A(ωi ) and ϕi = ϕ(ωi ) are deﬁned by Ai ejϕi = Fi G(ωi ), and the transfer
function is
G(ωi ) =

ω02

−

1
.
+ j ωiQω0

ωi2

(2.21)

We now introduce the nonlinearity as a small perturbation to the driving force
while keeping the equation of motion the same:
d2 x ω0 dx
+
+ ω02 x = F1 cos(ω1 t) + F2 cos(ω2 t) − FNL
dt2
Q dt

(2.22)

where
FNL = αx30
= α [A1 cos(ω1 t + ϕ1 ) + A2 cos(ω2 t + ϕ2 )]3

αn
A1 A22 + 3A31 cos[ω1 t + ϕ1 ]
=
4

+ 6A21 A2 + 3A32 cos[ω2 t + ϕ2 ]
+ A31 cos[3ω1 t + 3ϕ1 ]

+ A32 cos[3ω2 t + 3ϕ2 ]

(2.23)

+ 3A21 A2 cos[(2ω1 + ω2 )t + 2ϕ1 + ϕ2 ]
+ 3A1 A22 cos[(2ω2 + ω1 )t + 2ϕ2 + ϕ1 ]
+ 3A21 A2 cos[(2ω1 − ω2 )t + 2ϕ1 − ϕ2 ]
o
+ 3A1 A22 cos[(2ω2 − ω1 )t + 2ϕ2 − ϕ1 ]

The additional “driving force” contains new frequencies and for each frequency
the response can be calculated with the transfer function G(ω) above. This procedure can be repeated (higher order in perturbation theory) to achieve higher
accuracy. For every iteration of the calculation new frequencies appears and the
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problem quickly becomes intractable. With this method of calculation, one can
conclude that all the generated frequencies are integer linear combinations of the
drive frequencies, i.e. ωnm = nω1 + mω2 , where n and m are integers. We call
a tone at frequency ωnm an intermodulation product of order |n| + |m|. In the
expression above there were intermodulation products of third order. Intermodulation products of higher orders would be generated each time the calculation is
iterated, or if nonlinearities with other powers appear in the equation of motion.
This method of solution can be generalized to
Pinclude any nonlinearity that can
be expressed in a power series, i.e. FNL (x) = n gn xn . The critical assumption
is that the iterative process, or perturbation theory, converges to a stable solution.
The convergence happens, if the nonlinearity is weak enough, in which case there
is only be pure intermodulation products in the spectrum, and no spectral content
at other frequencies. The conditions for such convergence are diﬃcult to derive,
but there is plenty of experimental evidence that there are physical systems (for
example those described described in this thesis) that only produce intermodulation
products in their response.
If the drive frequencies are chosen with a greatest common denominator ∆f ,
i.e. f1 = n1 ∆f and f2 = n2 ∆f , where n1 and n2 are integers, each generated
frequency will be an integer multiple of ∆fP
. In this case the response can be
written as a Fourier series expansion x(t) = k xk ejk2π∆f t . With a power series
of the nonlinearity and Fourier series of the response, our method of solution can
be applied systematically and the system can be solved eﬃciently even with many
frequencies and expansion coeﬃcients. This solution is discussed in detail in the
appended paper VIII.

Intermodulation and signal gain
In equation 2.23 we see that power (amplitude of response) is redistributed between
the drive frequencies. If one drive is much weaker than the other, it is possible to
get a response at the weakly driven frequency that is actually larger than what we
would have if the system were only driven by the weak drive. Thus, there will be
gain at the weakly driven frequency. This phenomenon can be exploited to create an
ampliﬁer. We drive the system with one tone, called the pump, with frequency ωp
and amplitude Fp . The signal we want to amplify, with frequency ωs and amplitude
Fs , is injected into the oscillator as another drive. Ampliﬁcation of the signal is
reviled by measuring the response of the oscillator at the signal frequency.
In equation 2.23 we see other terms that also depend on the pump amplitude.
These amplitudes are not be large in general, for example the 3ωp amplitude is far
from resonance and the 2ωs −ωp tone depends only linearly on the pump amplitude.
But the intermodulation product at 2ωp − ωs which depend quadratically on the
pump amplitude may however be large. The latter frequency is called the idler,
and idler gain is achieved when the amplitude of the idler is larger than the applied
signal amplitude. In some cases we measure the response at 2ωs − ωp and call it
idler 2.

26

CHAPTER 2. THEORY

For the Duﬃng nonlinearity the intermodulation ampliﬁer is very sensitive to
the amplitude and frequency of the pump. It turns out that the gain is optimal
when the pump causes the oscillator to be near the onset of bistability, see ﬁgure
2.11. An ampliﬁer of this type has been described by Yurke and Buks [38]. We
investigated this type of ampliﬁer experimentally and achieved good agreement
with the theory, as described in the appended paper VI.

2.7

Parametric amplification

A parametric ampliﬁer is an oscillator where one of the parameters of the equation of motion – for example the spring constant of the restoring force – can be
varied in time. A well-studied example is an electrical oscillator where the capacitor is replaced by a reverse-biased varactor diode. The thickness of the depletion
region and thereby its capacitance is controlled by an external voltage. This type
of ampliﬁer was common in radio and microwave applications until transistors,
and especially high electron mobility transistors (HEMT), were developed for high
frequency applications.
Josephson parametric ampliﬁers (JPA), which use the nonlinear plasma oscillations of a Josephson junction have a rich history. They were studied intensively
in the 1980s to investigate quantum limited noise performance at GHz frequencies [50–67]. Movshovish et al. [68] achieved 47 % quantum noise squeezing with
a JPA. More recently parametric ampliﬁers involving cavities, or distributed resonators, have been developed in the context of circuit QED where they can be used
for sensitive readout of qubits or a means of creating squeezed vacuum [69–77].
High frequency ampliﬁers based on the dc SQUID are also presently of interest
in this context [78–81]. While these SQUID ampliﬁers use a dc bias to supply
power, they can be considered as parametric ampliﬁers, where the high frequency
Josephson oscillations are pumping the nonlinear system.
Typically a parametric ampliﬁer is fed with a pump that varies a parameter
with twice the resonance frequency of the oscillator. The signal to be ampliﬁed is
injected into the oscillator at the resonance frequency. The equation of motion can,
in a simple example, be written as:
d2 x ω0 dx
+
+ ω02 [1 + Fp sin(2ω0 t)] x = Fs sin(ω0 t)
dt2
Q dt

(2.24)

where the pump (Fp ) is varying the resonance frequency around ω0 . Here there
is no phase shift between the pump and the signal. Some insight about the parametric ampliﬁer can be achieved by studying the following approximate solution to
equation 2.24:
2Fs
cos(ω0 t),
(2.25)
x(t) = − 2
ω0 (2/Q − Fp )
where the equality holds if we neglect the high frequency term sin(3ω0 t), which
is far above resonance. Parametric gain of the signal injected at frequency ω0
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will be achieved if the pump amplitude is chosen so that 2/Q − Fp is suﬃciently
small. The case of diverging gain, when Fp = 2/Q, has the eﬀect that any small
ﬂuctuation at ω0 will be ampliﬁed up to the limit of what the pump can supply.
This phenomenon is called parametric resonance and can be used for example as
a signal source. Parametric resonance in a superconducting cavity is a photon
generator [77, 82] and the mechanism that generates the photons can be thought
of as a dynamical Casimir eﬀect. In [83] parametric resonance was realized for
dynamic AFM by a special feedback circuit that was designed for this purpose.
When the cantilever was driven by parametric resonance, it was very sensitive to
the tip-surface force, which was eﬃciently used to acquire AFM images.
In the example above, the signal considered was in phase with the drive. A signal
in quadrature phase with the drive will instead be deamplified. Therefore we call
the parametric ampliﬁer a phase-sensitive ampliﬁer. The eﬀects of phase-sensitivity
are further discussed in the appended paper VI.
The example described above, where the pump has exactly twice the frequency
of the signal, is called a degenerate parametric ampliﬁer. If the signal (at ωs ) is
tuned slightly away from half the pump frequency (at ωp ) an idler will be generated at ωp − ωs . This eﬀect can be directly compared with intermodulation as
described in section 2.6. This conﬁguration is called a nondegenerate ampliﬁer.
The term degenerate is used here, as in quantum physics, to mean the same energy
(or frequency). In a degenerate parametric ampliﬁer the signal and idler coincide
in frequency. The terminology is further discussed in ﬁgure 2.12. Parametric ampliﬁcation and parametric resonance are widely used in optics, commonly with the
terminology of three-wave and four-wave mixing.
Parametric resonance can be observed in a pendulum or swing by adjusting the
length of the pendulum (which is a parameter of the oscillation) while in motion.
The length of the pendulum is shortened when it is at its lowest point, which causes
the velocity, and thereby the energy of the swinging motion, to increase. Around
the turning point where the velocity is almost zero, the pendulum is elongated to its
original length. At the turning point the energy is stored in the position rather than
the velocity which means that the energy of the swing will not decrease during the
elongation. Thereby there will be a net increase of energy of the swinging motion.
This energy is supplied by the pump, which, in this case, is the shortening and
elongation of the pendulum arm at twice the frequency of the swing. While this
eﬀect can certainly be physically signiﬁcant for a child playing on a swing, there
are other eﬀects that are more signiﬁcant including the rotation of the child about
the seat of the swing.
Rather than changing an oscillator parameter at 2ω0 , one can use nonlinearity
to self-generate the 2ω0 variation. When the superconducting resonator described
in this thesis is pumped near resonance by I = Ip cos(ωt) the nonlinear inductance
described in section 2.2 yields
1
L(I) = L0 + L2 I 2 = L0 + L2 Ip2 (1 + cos(2ωt)).
2

(2.26)
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Figure 2.12: Diﬀerent conﬁgurations of parametric ampliﬁers. The arrows indicate at which frequencies diﬀerent signals are applied and generated. The pump is
applied at fp , and the signal, at fs . The idlers, at fi , are generated by the parametric ampliﬁer. The gray line indicates the resonance of the oscillator, where the
resonance frequency is f0 .

Thereby the parameter L varies with twice the resonance frequency. The concept of
parametric ampliﬁcation with 2ω0 variation is certainly helpful for classifying our
ampliﬁer, providing a more generalized model for explaining ampliﬁcation in this
type of system. However, we have not used the Mathieu equation 2.24 to model
our ampliﬁer. Instead we have used the model by Yurke and Buks (see section 2.2)
to calculate the parametric gain, since their model is speciﬁed for the case where
the pump drives the oscillator itself and not only a parameter.
Our ampliﬁer is operated in the nondegenerate mode where the pump and the
signal are only slightly detuned in frequency. Idlers are generated both close to the
pump and close to the signal (see section 2.6) and all four signals are inside the
bandwidth of the oscillator. If we would choose to operate with ωp = ωs both these
idlers would coincide with this frequency and we would have a doubly degenerate
parametric ampliﬁer [70]. The diﬀerent conﬁgurations of parametric ampliﬁers
explained above are summarized in ﬁgure 2.12 where the resonance lineshape is
also indicated.

Phase-sensitivity for the nondegenerate parametric amplifier
For a nondegenerate parametric ampliﬁer there is no ﬁxed phase relation between
the signal and the pump. However, phase-sensitivity can still be revealed if the
signals are downconverted with a mixer (see section 3.6). For our setup the local
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oscillator of the mixer should be at the same frequency as the pump. The signal
and idler are then be downconverted to the same frequency. The downconverted
copies of the signal and idler interfere constructively or destructively depending on
the phase relation between the pump and the local oscillator signal. If a signal
S(t) = As cos[(ωp + ∆ω)t + ϕs ]; and an idler I(t) = Ai cos[(ωp − ∆ω)t + ϕi ] are fed
into the RF port of a mixer, and a copy of the pump L(t) = ALO cos[ωp t + φ] is fed
into the LO port, the output at the IF port will be (CM is a constant of the mixer)
IF (t) = CM L(t) [S(t) + I(t)]
nq
1
= CM ALO
A2s + A2i + 2As Ai cos(ϕs + ϕi − 2φ) cos(∆ωt + θ)
2
+ As cos [(2ωp + ∆ω)t + φ + ϕs ]
o
+ Ai cos [(2ωp − ∆ω)t + φ + ϕi ]

where

tan(θ) =

As sin(ϕs − φ) + Ai sin(φ − ϕi )
.
As cos(ϕs − φ) + Ai cos(φ − ϕi )

(2.27)

(2.28)

The high frequency terms (at 2ωp + ∆ω and 2ωp − ∆ω) are ﬁltered out by the mixer
and do not appear at the output.
Ampliﬁcation or deampliﬁcation can be achieved by varying the phase shift φ
between the pump and the local oscillator. Thereby, a nondegenerate ampliﬁer
can be phase-sensitive when used together with a mixer. This may in fact be a
more convenient way to realize phase-sensitivity of a parametric ampliﬁer. If you
want to amplify a signal, for example from an antenna, you may not know which
phase it has, or it may be impossible to lock its phase to the pump. To achieve
phase-sensitivity with a non-degenerate parametric ampliﬁer and mixer, the only
requirement is that the pump is phase-locked to the LO signal of the mixer. The
locking is easily accomplished by simply splitting one signal into two parts, where
one part acts as a pump to the parametric ampliﬁer, and the other part acts as an
LO signal to the mixer.

Noise squeezing
Parametric ampliﬁcation does not only occur for injected signals. Noise, or ﬂuctuations can also be subject to parametric ampliﬁcation. Noise does not have a phase
in the usual meaning, but it is possible to talk about the spectral density of noise
in quadratures with respect to the phase of the pump. The in-phase component
of the spectral density is ampliﬁed and the quadrature component of the spectral
density is deampliﬁed. Noise at frequencies away from the pump are also ampliﬁed
or deampliﬁed. Just as a non-degenerate parametric ampliﬁer generates an idler
from a signal, the ampliﬁed noise at one frequency generates correlated response
at its “idler” frequency. The ampliﬁed noise and its idler are correlated since they
were ampliﬁed by the same pump. Ampliﬁcation or deampliﬁcation can be achieved
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(b)

Figure 2.13: Harmonic tones with noise illustrated as phasors. Instead of the usual
notation of amplitude and phase, the signal can be represented as the in-phase, AI ,
and quadrature, AQ , amplitudes (with respect to the pump). (a) a linear ampliﬁer
ampliﬁes both quadratures in signal A by the same amount, resulting in signal B
(here shown with a phase shift for clarity). (b) a phase-sensitive ampliﬁer ampliﬁes
the in-phase component of A and deampliﬁes the quadrature component of A. This
leads to squeezing of the noise in the resulting signal B.

when downconverting with a mixer, similar to the ampliﬁcation or deampliﬁcation
of a signal.
Noise is normally distributed equally in the two quadratures. When one quadrature is ampliﬁed and the other quadrature is deampliﬁed, we have a so called
squeezed state. Figure 2.13 show an illustration of signals, noise and squeezed
states using the in-phase and quadrature description, where a comparison between
a usual phase-independent ampliﬁer and a phase-dependent parametric ampliﬁer is
depicted.
Squeezing of noise can be useful for making high precision measurements [9,65],
which can be done by for example squeezing the noise in a signal with one parametric
ampliﬁer, applying this squeezed state to a system under test, and then feeding
the resulting response to another parametric ampliﬁer, phase-locked with the ﬁrst
parametric ampliﬁer. The phase relation between the pumps in each parametric
ampliﬁer is adjusted so that the second ampliﬁer expands the quadrature which
was squeezed by the ﬁrst ampliﬁer. This type of measurement is known as “back
action evasion” and this measurement can in principle be noise free [9].

Parametric amplification in the Duffing oscillator
As already mentioned, a Duﬃng oscillator pumped at the the onset of bistability can
be used as a parametric ampliﬁer. The performance of such a parametric ampliﬁer
has been derived by Yurke and Buks, using the model described in section 2.2. The
expressions for signal and idler gain diverge in the limit where the signal frequency

2.8. THERMAL NOISE AND QUANTUM NOISE

31

approaches the pump frequency. This is of course an unphysical result since the
pump can only supply a limited amount of power. In the experiments reported in
the appended papers III and VI the ampliﬁer turned out to behave in a nonideal
way when the pump was put too close to the bifurcation point (see section 4.5). By
slightly detuning the pump from the bifurcation point, predictable operation could
be achieved while high gain was maintained.
A Duﬃng parametric ampliﬁer can be used for noise squeezing [38, 47]. The
theory by Yurke and Buks includes a calculation of the squeezing generated by
a downconverting mixer, including the squeezing of quantum noise (see section
2.8). At the optimal point there will be complete quantum squeezing for the case
of no internal loss, but the quantum squeezing is of course limited by the same
factors that limit the gain. Due to the Heisenberg uncertainty relation (see equation
2.32), the quantum noise squeezing can never be larger than the gain. Internal
losses reduces the ability of quantum noise squeezing, but for realistic parameters,
signiﬁcant squeezing can still be achieved [72]. The nonlinear two photon loss
mechanism also reduces squeezing, but for the case of nonlinear loss being the only
nonlinearity, some squeezing can actually be generated by the nonlinear two-photon
loss mechanism.
The modiﬁcation of this theory to the case where two ports are coupled to
the resonator shows that the two port situation places limits on the of quantum
noise squeezing [39]. For the case of equal coupling strength of the two ports,
the maximum squeezing is reduced to 50%. If the port where the squeezing is
measured (output port) is coupled stronger than the input port, better squeezing
can be achieved. If, for example, the coupling strength were 20 times stronger on
the output port, the maximum possible squeezing would be 95 %.

2.8

Thermal noise and quantum noise

An ideal electrical resistor is dissipating energy in any signal, independent of frequency, at a rate proportional to the amplitude squared of the signal. This behavior
has no direct correspondence in quantum mechanics but, by modeling the resistor
as a semi-inﬁnite transmission line, we have an element where photons of any frequency can enter without ever coming back. With this model of a resistor it is
possible to derive [19] the (frequency symmetric) spectral density of the voltage
noise.
SV V = 2Zc~ω coth

~ω
2kB T

(2.29)

where Zc is the characteristic impedance of the transmission line, or the resistance
of the resistor, kB is the Boltzmann constant, and T is the temperature of the
resistor. In the classical limit kB T ≫ ~ω this expression reduces to the well-known
Johnson–Nyquist noise [84]:
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Figure 2.14: A comparison of classical Johnson–Nyquist noise in a resistor and the
corresponding quantum noise. At zero temperature there appears to be one half
photon of noise in the resistor. This eﬀect is called quantum or vacuum ﬂuctuations.
However, no power is supplied by these vacuum ﬂuctuations.

SV V = 4Zc kB T .

(2.30)

By connecting the resistor to a matched and phase preserving ampliﬁer we
measure what we call the noise power
PN ≡

SV V ∆f
1
~ω
= ∆f ~ω coth
4Zc
2
2kB T

(2.31)

for a measurement bandwidth ∆f centred at the measurement frequency f = ω/2π.
The division by 4 appears when the matched ampliﬁer is connected, since half the
voltage drop occurs across the resistor, and half the voltage drop occurs across the
ampliﬁer. In practice the noise power can be measured by sampling the output
voltages from the ampliﬁer, squaring and averaging. The temperature dependence
of this noise power is shown in ﬁgure 2.14.
The remarkable eﬀect that the noise power does not vanish at zero temperature
but stays at a value corresponding to one half of the photon energy at the measurement frequency ( 21 ~ω) is a direct consequence of a non-vanishing commutator and
is thereby a purely quantum mechanical eﬀect. This is a curious eﬀect, because
in physics, ﬂuctuations are deeply connected to dissipation, and one is tempted to
think that the quantum ﬂuctuations are supplying the noise power to the input of
the ampliﬁer. A detailed study [19] of the derivation of equation 2.29 reveals that
the extra half photon of ﬂuctuation reﬂects the resistor’s ability to absorb, but no
to emit a photon at zero temperature. Therefore the term noise power is a bit
misleading, since the quantum ﬂuctuations do not supply power.
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Quantum noise squeezing
Quantum noise can be subject to squeezing by a parametric ampliﬁer [68,72]. There
is a Heisenberg uncertainty relation for the two quadratures of quantum noise [9]:
∆AI ∆AQ =

1
~ωZ∆f
2

(2.32)

§
§
§

where Z is the characteristic impedance of the signal source and load which are
assumed identical and matched to the ampliﬁer, and ∆f is the frequency bandwidth
over which we measure gain. This relation puts a limit for how quantum noise can
be squeezed: if there is a deampliﬁcation of 1/G in one quadrature there must be
an ampliﬁcation by G in the other quadrature. Quantum noise squeezing is further
discussed in appended paper VI.

Chapter 3

Experimental methods

S

ample layout and fabrication are described. Details about how to
mount a sample for microwave measurements are discussed. The microwave circuit used for the measurements is outlined and certain properties of cryogenic conditions are considered. Special attention is paid to
cryogenic ampliﬁers and the calibration of noise temperature.

3.1

Sample layout

Superconducting resonators were fabricated as coplanar structures on 5 × 5 mm2
chips. Good grounding is important to avoid losses due to currents in the ground
plane and unwanted electromagnetic modes due to potential diﬀerences in the
ground plane. Therefore the chip is ﬁrst ﬁlled with a ground plane and then gaps
are etched away to deﬁne cavity and the input and output connections. In order to

(a)

(b)

Figure 3.1: (a) Photograph of a chip mounted on a printed circuit board (PCB). In
this particular chip the niobium ﬁlm is very thin (17 nm) and therefore transparent.
The substrate is sapphire and also semi-transparent. The chip is mounted on the
PCB with the Nb ﬁlm facing down, and the ﬁlm is electrically connected to the Cu
on the PCB with silver epoxy. (b) schematic view of the resonator in the center of
the chip.
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Figure 3.2: Overview and details about the sample layout. (a) Input/output capacitors. (b) The coplanar geometry, the center strip is 4 µm wide and the gaps are
2 µm wide. (c) The narrowed center strip in the center of the cavity, 10 µm long and
with a cross-section of 200 × 200 nm2 . There are eight narrow constrictions in the
thin line. (d) One of the narrow constrictions. It has a cross-section of 30 × 30 nm2 .
ﬁt a 5-25 mm long resonator on a 5 × 5 mm2 chip, it was laid down in a meandering
pattern, see ﬁgure 3.1.
When designing for high frequency it is important to maintain a constant characteristic impedance along the transmission lines in order to avoid reﬂections of the
signals. The characteristic impedance depends on the geometry of the transmission line and the dielectric constant of the insulating material. For a thin coplanar
structure the impedance is a function of the ratio between the center strip width
and the gap to the ground planes. Therefore this ratio was kept constant from the
printed circuit board (PCB) to the chip and during the neck-down part of the chip
where the center strip goes from being 900 µm to 45 µm wide. The width of the
actual resonator strip varies from 1 µm to 10 µm in diﬀerent designs.
Sharp corners were avoided since electrical ﬁelds tend to be very large at sharp
corners, causing unwanted non-ideal eﬀects such as energy loss due to radiation or
parasitic capacitive coupling. To avoid sharp corners the neck-down part was made
by splines.
In order to increase the nonlinearity of the resonator narrow constrictions were
formed by a focused ion beam in the center of the cavity where there is a current
anti-node, see ﬁgure 3.2.
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Input and output couplers
The design of the coupling capacitance between the transmission line and the cavity is shown in ﬁgure 3.2(a). In principle the strength of the coupling should be
determined by how far the thinner cavity strip extends into the wider transmission
line. In order to optimize the quantum noise squeezing (see section 2.2), it is favorable to have a larger capacitance on the output side of the cavity than on the
input side. Such asymmetry should reduce the transmission on resonance. On this
chip the length of the capacitor was 10 µm on the input side and 50 µm on the
output side. In spite of the diﬀerence in lengths, no reduction in transmission on
resonance could be seen within the accuracy of the calibration1 , indicating that the
coupling is almost symmetric. We conclude that the capacitance in the coupling is
dominated by the fringing ﬁelds around the corners of the conductors. In a better
design, the widths of the center strips are equal in the coupler and in the cavity,
and the coupling capacitances are determined by interdigitated structures.

3.2

Sample fabrication

Two diﬀerent fabrication processes have been used during this project. The ﬁrst
process was performed in the Albanova Nanofabrication Facility. It started with a
silicon wafer with a 1 µm thick layer of thermally grown silicon oxide on top. The
wafer was covered by a 200 nm thick layer of niobium or aluminum (the niobium
sputtering was made by A. Pavlotsky at Chalmers University of Technology). Then,
a layer of ZEP520A resist was spin-coated on top and an electron beam system was
used to draw the gaps between the center conductor and the ground plane in the
resist. These gaps could then be etched away with a BCl3 reactive ion etching.
Details about this process can be found in the licentiate theses of Adem Ergül [85],
and the master’s theses of Evelyn Doherty [86] and Frank Weber [87].
The second fabrication process was done by Star Cryoelectronics [88]. From our
CAD drawing of the chips (see ﬁgure 3.3) they used photo-lithography to deﬁne long
narrow lines with better quality, and without stitching errors. Furthermore they
could use sapphire as the substrate which has lower loss and weaker temperature
dependence of the dielectric properties (see section 4.9). Sapphire is insulating, and
charging eﬀects make electron beam lithography diﬃcult on sapphire. Four wafers
were delivered, each with many chips (see ﬁgure 3.4), designed with a spread of
parameters, such as cavity length, input and output coupling and ﬁlm thickness
(see ﬁgure 3.4). The chips were cut with a wafer dicing saw by Star Cryoelectronics,
and we only had to clean and mount them. The precision cutting of the dicing saw,
and the fact that sapphire is transparent, made these samples much better for high
frequency mounting with a ﬂip-chip method (see section 3.3).
1 Due to a significant temperature dependence of the cables and the amplifier the error in this
measurement may be up to 1 dB, which would allow an asymmetry γ1 /γ4 = 0.6, still far from the
intended asymmetry, since γ ∝ Ca2 .
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Figure 3.3: Close-up of one of the
chips in the full wafer pattern.

Figure 3.4: The mask pattern with 292
resonators sent to Star Cryoelectronics
for fabrication.

The method of increasing the nonlinearity by etching out narrow constrictions
with a focused ion beam were only attempted on the chips from Star Cryoelectronics.

3.3

Sample mounting

The chips were mounted on a printed circuit board (PCB) and in order to mount
the PCB in a cryostat it was put in a copper box, see ﬁgures 3.5 and 3.6. For the
connection from the PCB to the sample, two diﬀerent methods have been tested:
wire bonding (see ﬁgure 3.7) and ﬂip-chip (see ﬁgure 3.8). The objective was to ﬁnd
a method that is simple and robust; and has good signal characteristics. By good
signal characteristics we mean that signals can be transferred to the sample with
only low reﬂections, and that there should be no path for signals to transmit from
the input to the output without going through the sample. The latter criterion
we call background transmission and it turned out to be harder than expected;
for the high frequencies (3-8 GHz) used in these experiments any small parasitic
capacitance connecting the input to the output becomes signiﬁcant, and various
modes or standing waves can exist in the sample holder cavity. For example, we
could see that the pins of the PCB connectors were causing background transmission
and ﬁling them down signiﬁcantly reduced this transmission.
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Figure 3.5: Photograph of a chip mounted on a printed circuit board using the
ﬂip-chip technique. The MMCX connectors on the back side of the board emerge
from holes in the copper sample box, where they are connected to coaxial cables in
the cryostat.

Figure 3.6: Base and lid of a copper box which encloses the PCB and
the chip. The copper box is screwed
against a copper “cold ﬁnger” with the
same diameter that extends from the
mixing chamber of the cryostat. Inside the box the copper ground plane
of the PCB is pressed against the box
ensuring good thermal anchoring.

Figure 3.7: Wire bonding from the
PCB to the resonator chip. As many
bonding wires as possible have been
attached in an attempt to reduce the
inductance and improve the high frequency connection.
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Figure 3.8: Illustration of the ﬂip-chip method. Thanks to the transparency of the
sapphire substrate the chip can easily be aligned to the printed circuit board. Silver
epoxy is used to glue the sample in place and provide electrical connection.

Flip-chip
When ﬂip-chip mounting, small droplets of silver epoxy were put on the ground
plane and input- and output conductors of the sample. The sample was then
turned up side down and pushed to a geometrically matching PCB, see ﬁgure 3.8.
With this procedure the geometry of the transmission line was kept constant and
we achieved good electrical contact. Another advantage with this method is that
the resonator is well protected against dirt and scratches once it has been mounted.
The ﬂip-chip method turned out to be the best mounting method since it is
simple and fast and had much lower background transmission than the wire bonding method. A comparative measurement of background transmission of the two
methods is shown in ﬁgure 3.9.

3.4

Measurement setup

Figure 3.10 illustrates the measurement setup used for the squeezing experiment.
The pump is provided by an Agilent E8247C signal source and the signal came
from an Agilent PNA E8364B network analyzer. The splitter and combiner are
two identical components, Miteq D0238. The second isolator (the one at room
temperature), is a circulator from Electronica Inc. with a 50Ω terminator. The
purpose of the isolator is to avoid standing waves between the ampliﬁer and the
mixer, and to reduce unwanted eﬀects due to power leaking from the LO port to
the RF port of the mixer. In principle it is also important to protect the signal
sources from each other. Power leaking from one input port to the other input port
of the combiner could cause intermodulation in the signal sources [90]. Isolators
could be helpful here [90], but in this case they were not necessary because of the
attenuators (> 30 dB) between the sources and the combiner.
The color gradient in ﬁgure 3.10 symbolizes the cryostat with the varying temperatures inside. The I and Q signals from the mixer were ampliﬁed by two identical
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Figure 3.9: A comparison of the background transmission with ﬂip-chip and wire
bonding. We see that the ﬂip-chip method has lower background transmission and
is thereby a better method. The peaks that can be seen are cavity resonances
but they are very sharp and this measurement does not have enough frequency
resolution to hit the top of the peak. The dips next to the peaks can be explained
as a destructive interference between the signal transmitted through the cavity and
the background transmission – a type of Fano resonance [89].

Miteq AU 1447-350 IF-ampliﬁers with 59 dB of gain, and the signals were sampled
by a Strategic Test UF2-3026 data acquisition card in a computer. Our setup is
relatively simple compared to other parametric ampliﬁer experiments [65,68,70,72],
as only one input and one output are required, and no DC-bias is necessary. Furthermore, the setup has no cold directional coupler and no cold switch to change
between sample and noise source. Only one circulator is used in our setup, as compared to two or three in other experiments. In the following sections the rest of the
components are explained in more detail.

3.5

Phase shifter

A phase shifter was used to test the phase dependence of the parametric ampliﬁcation (marked with a φ in ﬁgure 3.10). For a 7 GHz signal the wavelength is
typically about 4 cm long which means that a full 2π phase shift can be achieved
by changing the length of a transmission line by 4 cm. The change of length can
be done mechanically by sliding the conductors against each other. In these experiments such a mechanical phase shifter was used (Arra 9428A-28). The sliding was
controlled by an electrical motor and the position of the slide, i.e. the phase shift,
was read out by a potentiometer. There are several other ways of achieving a phase
shift, for example by using ferrites, PIN diodes or transistors [28, 91].
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Figure 3.10: Schematic for intermodulation measurements on a superconducting
resonator. This setup was used to probe the phase-sensitivity of the parametric
ampliﬁer. For the noise temperature measurement the setup was similar except
that the pump and signal was disconnected. For the measurement of frequency and
power dependent gain the setup was also similar, except that the output power was
measured directly by the network analyzer instead of being downconverted by the
mixer.

In order to characterize the phase shifter, its transmission was measured with
a network analyzer (Agilent PNA, E8363B) for diﬀerent phase shifts. The network
analyzer was calibrated with the phase shifter connected, and the phase shifter was
set at its maximum length (where the resistance of the potentiometer was minimal).
Figure 3.11 shows the transmission amplitude and phase for a 7.6 GHz signal. We
see that the transmission amplitude varies by up to 4% depending on the phase
shift. The phase-dependent transmission of the phase shifter is important to keep
in mind when we analyze the phase-dependence of the parametric gain.
In ﬁgure 3.11b, the phase shift is measured as a function of resistance (solid line).
The data was taken by driving the motor for 0.5 seconds between each measurement
point. The dashed line is the same data but instead of measuring the resistance
we have just assumed that the slider has moved a constant length between each
point. The dashed line is clearly a better straight line, which indicates that it is
a better measure of the actual phase shift, especially close to the end points of
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Figure 3.11: Characterizing the phase shifter at 7.6 GHz. (a) The transmission
(Vout /Vin ) as the phase is varied. (b) The measured phase shift as a function of the
resistance of the potentiometer (solid line). The dashed line has the same phase
shift data, but instead of reading out the resistance for each measurement point a
constant resistance change has been assumed instead.

the slider. Therefore the method of assuming a constant phase shift between each
measurement point is always used when determining the phase shift.

3.6

Mixer

For the downconversion of the high frequency signals an IQ-mixer from Miteq
(IRM0212LC1Q) was used. It can simultaneously output the in-phase and the
quadrature-phase components of the input signal, which is very advantageous when
measuring phase-sensitive ampliﬁcation or noise squeezing. In the measurements
of phase-sensitive ampliﬁcation reported in the appended paper VI and section 4.5
both the I and the Q signals are included.
A mixer has an internal diode circuit which eﬀectively multiplies the signals on
the RF and LO ports, producing the output at the IF port (or, if the mixer is used
for up-conversion it multiplies the signals at the IF and LO ports and produces the
output at the RF port). Considering the mixer as a multiplier is a good way of
understanding which frequencies will be available at the output. This multiplication is demonstrated in section 2.7. However, the mixer is an ideal multiplier only
up to a certain saturation amplitude of the LO signal. For LO amplitudes above
the saturation amplitude, the mixer still produces the signals of same frequencies
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as before, but their amplitudes are no longer proportional to the LO amplitude.
In the experiments reported here, the mixer was operated in the saturated regime.
Thereby the variations in the LO power caused by the phase shifter (see section
3.5) had very little signiﬁcance. This can be seen in the appended paper VI where
the measurement of phase-sensitive ampliﬁcation was repeated without the pump
to the parametric ampliﬁer but the with the LO signal still connected to the mixer.
The ﬁgure shows no phase dependence distinguishable from the noise in this measurement. In other measurements, where the noise was lower due to more averaging
or a stronger signal, some dependence on LO power due to the phase shifter could
be seen. However, this dependence was easily distinguishable from the phase dependence of the parametric ampliﬁer, since it aﬀected both quadratures equally,
whereas the phase dependence of the parametric ampliﬁer is shifted by π/4 between the two quadratures.
In spite of the name (IRM0212LC1Q), this mixer is not an image rejection
mixer. An image rejection mixer is designed to only include the frequency band on
one side of the LO frequency in the downconversion. The deampliﬁcation and noise
squeezing described in section 2.7 would not work in an image rejection mixer.
The mixer has some signiﬁcant imperfections. At 7.62 GHz where the measurement of the parametric ampliﬁer was performed the output of the Q-port was
1.3 dB larger that in output of the I-port. This unbalance in was corrected in the
representation of the measured data in the appended paper VI. Furthermore the
phase shift between the I and the Q ports were not 90◦ as for an ideal mixer, but
76◦ . This nonidelaity was taken into account in the ﬁtted curve in ﬁgure 5 of the
appended paper VI.

3.7

Cryogenics

The samples were cooled down to 20 mK in an AST Minisorb dilution refrigerator
from Oxford instruments. Figure 3.12 shows the cold ﬁnger of the cryostat with
the sample box and microwave components mounted. It is a dip-stick cryostat that
is cooled down to 4 K by being dipped into a tank of liquid helium. Further cooling
down to 1.8 K is achieved is by pumping on liquid helium at the so called 1K-pot.
The cooling power of th 1K-pot was measured by attaching a heater (a resistor),
and increasing the heat load by applying voltage to the resistor. No change from
1.8 K of the 1K-pot temperature was measured until the applied power was 60 mW.
Then the 1K-pot started to warm up and cause the dilution refrigerator to become
unstable. This is an important speciﬁcation for placing a cryogenic ampliﬁer at the
1K-pot (see section 3.10).
The cooling from 1.8 K to 20 mK is achieved by separating, pumping, circulating and remixing 3 He in a mixture of 4 He and 3 He isotopes. The pumping was
performed by two charcoal sorption pumps inside the cryostat that are alternating
pumping and regeneration in ten minutes cycles.
The cryostat had no high frequency cables when delivered from the factory
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Figure 3.12: The cold ﬁnger of the cryostat with the sample box and microwave
components mounted.

but had a so called line-of-sight port which was open for user customization. The
room-temperature ﬂange covering this port was drilled open, cryogenic cables were
inserted (see section 3.8), and the hole was sealed with Stycast epoxy.

3.8

High frequency cables

Semi-rigid coaxial cables were used to transfer high frequency signals through the
cryostat and down to the PCB. Such cables are often made out of copper due to the
very good electrical conductivity of copper. However, copper is also a very good
thermal conductor and in a cryostat, a copper cable would conduct too much of
the room temperature heat down to the cryostat so that it would not be possible to
make the cryostat cold. The connection between electrical and thermal conductivity
is quite general. The Wiedemann-Franz law [92] states that the ratio of thermal to
electrical conductivity is independent of the particular metal. Choosing a material
for the cable is always a trade-oﬀ between good thermal and electrical characteristics. For these experiments special cables made of a copper-nickel alloy were used
(bought from Coax Co. Ltd. in Japan). The copper-nickel alloy was selected from
a book by Frank Pobell [93] being a metal with low thermal conductivity at low
temperatures.
A 120 cm long, standard size (2.19 mm), semi-rigid coaxial cable was used
from the input at the top of the cryostat and down to the 1K-pot. The attenuation
of this cable was approximately 5 dB at 7 GHz. To further minimize the thermal
conduction, a thinner (0.4 mm) cable was used for the last 40 cm from the 1K-pot
to the mixing chamber. The thin cable has approximately 10 dB of attenuation at
7 GHz. Between the sample box and the circulator a standard size copper cable was
used. For this cable, it is good that copper has high thermal conductivity because
this cable contributes to the thermal anchoring of the circulator.
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A striking exception from the Wiedemann-Franz law are the superconductors,
which combine perfect electrical conductance with very low thermal conductance.
Therefore, a superconducting niobium-titanium cable was used at the most critical
link – from the circulator output and up to the ﬁrst ampliﬁer. More superconducting
cables were not used because they are expensive and fragile, and for signals going
down to the chip it is acceptable to have attenuation since we can always increase
the strength of the input signal. In fact, attenuation of the input signals is even
desirable to diminish thermal noise from room temperature (see section 3.9).

3.9

Cold attenuators

In order to study quantum noise it is very important to eliminate other noise
sources. One such source of noise is thermal noise generated at room temperature
and transmitted down to the chip through the high frequency cables. This noise can
be attenuated, but attenuators, which are dissipating elements must also generate
noise [84]. However, if the attenuator is placed at a colder temperature the generated noise can be smaller than the dissipated noise. A simple solution would be to
place a big attenuator close to the chip where the temperature is very low. This
solution is not ideal since we must transmit signals through the attenuator. When
these signals are attenuated they may heat up the attenuator and the sample due
to lack of cooling power or weak thermal anchoring at the low temperature stage.
To overcome these problems, the signal is attenuated in two steps.
The ﬁrst step is a 20 dB attenuator located at the 1K-pot in the cryostat. There,
the noise is reduced from 300 K (room temperature) to 3 K. There is also attenuation from the cables causing the room temperature noise to be further attenuated to
0.7-1.5 K (depending on the frequency). The temperature of the 1K-pot is actually
around 2 K, which means that after the ﬁrst stage the noise is dominated by the
2 K thermal noise at the 1K-pot. A thin, 40 cm, copper nickel coax transmits the
signal from the 1K-pot to the chip which is lossy (around 10 dB for our frequencies)
so here the 2 K noise from the 1K-pot are reduced to 200 mK noise. There is a
temperature gradient along this cable from 2 K down to the 20 mK of the mixing
chamber. By averaging the thermal noise generated and attenuated in this cable,
it is estimated to contribute with another 200 mK of noise. Thus, at the output of
this thin cable there should be approximately 400 mK of noise. The noise is further
reduced by a 20 dB attenuator just before the signal is inserted to the chip. The
transmitted noise corresponds to 4 mK, and thereby the dominating noise source
is the thermal noise of the last 20 mK attenuator.
The resistive material in high frequency attenuators diﬀers between diﬀerent
manufacturers. The choice of material is very important if the attenuator is going
to be used in a cryogenic environment. Two common materials are nickel-chromium
and tantalum nitride. Nickel-chromium works well, while the tantalum nitride becomes superconducting at low temperatures, and thereby looses its resistive properties. We used attenuators from Mini-Circuits.
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Cryogenic amplifiers

Experiments like the ones described in this work require measurements of extremely
weak signals. Sometimes the signals are so weak that they are approaching the
quantum limit of what can be measured – the signal levels are not much higher
than the fundamental quantum noise. Constructing a measurement apparatus for
such signals is an active ﬁeld of research. Particularly, the ﬁeld of superconducting
microwave circuits includes for example SIS mixers, switching current detectors,
bolometers, single electron transistors, SQUIDs and parametric ampliﬁers such as
the one described in this thesis.
While doing research of this type it is crucial to have a second stage ampliﬁer that can amplify the signals to a level that can be measured by conventional
measurement apparatus such as spectrum analyzers and oscilloscopes. All such
ampliﬁers add noise to the signal but ﬁnding an ampliﬁer with low noise can be a
great advantage.
Noise temperature measurement
To quantify the noise added by an ampliﬁer we measure the so called noise temperature [94]. We do this by connecting a matched resistor to the input of the
ampliﬁer and vary the temperature of the resistor. At the output of the ampliﬁer,
the noise power is measured for each temperature of the resistor. In our particular
measurement setup (see ﬁgure 3.10), the terminator in the cold circulator acts as
the variable temperature noise source. The emitted noise from the resistor travels
through the circulator, reﬂects oﬀ of the output capacitor of the resonator (so long
as the frequency is not in resonance with the cavity), and travels up through the
circulator to the ampliﬁer. Losses along this path generates just as much noise
as they dissipate as long as they have the same temperature. At the resonance
frequency of the cavity, the noise does not reﬂect but travel through the cavity. For
this frequency the noise comes from the cold attenuator on the input side of the
cavity.
The noise power is measured by downconverting the ampliﬁer output with a
mixer (see section 3.6), sampling the voltages at 1 MS/s, squaring the samples
and averaging one million squares. By changing the frequency of the LO signal
to the mixer we can adjust the frequency where we study the noise (typically 4-8
GHz). The ADC card used for sampling has an analog bandwidth of 40 MHz and
we consider the noise to be constant over this interval. By performing an FFT
on the sampled voltages, a band of frequencies can be selected for the noise power
measurement. This is done to exclude frequencies below 10 kHz which is below the
range of the IF-ampliﬁers.
A model for quantum and thermal noise is described in section 2.8. The noise
from the ampliﬁer is modeled as an additional constant to this noise. The additional
constant is ﬁtted to the measured noise vs. temperature curve. By normalizing
the curves we can have units of temperature also on the noise axis. In this case
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Figure 3.13: Example of a noise temperature measurement at 7.6 GHz. A noise
model including an ampliﬁer noise temperature TN is ﬁtted to the measured noise
power. The quantum noise can clearly be distinguished above the ampliﬁer noise
at the lowest temperatures.

the constant oﬀset added to the noise model is called noise temperature TN , see
ﬁgure 3.13. The normalization constant depends on the impedance and the gainbandwidth product of the measurement equipment. The normalization constant
is used as a ﬁtting parameter to ensure that the measured data in ﬁgure 3.13 has
slope 1.
Figure 3.13 illustrates the result of this procedure where the LO frequency
was 7.6 GHz. The noise temperature was measured to 2.63 K. The eﬀect of the
quantum noise can be easily distinguished above the thermal noise as the slope
levels oﬀ below 0.4 K. By changing the frequency of the LO signal to the mixer, we
can measure noise at diﬀerent frequencies. The noise temperature was measured
for several diﬀerent frequencies in the same temperature sweep and the resulting
noise temperature vs. frequency is plotted in ﬁgure 3.14. We can see that the
noise temperature is 2-3 K for the frequency range of 4-8 GHz as speciﬁed for this
ampliﬁer.
Furthermore, the quantum noise – i.e. the extra noise between the noise temperature and the measured noise level at base temperature – was recorded for each of
~ω
these frequencies. A plot of this relation along with a theoretical curve (TQ = 2k
)
B
is shown in ﬁgure 3.15.
Note that the only ﬁtting parameters for this set of ﬁgures is the gain-bandwidth
product of the measurement system (to ensure slope 1) and the ampliﬁer noise
temperature. There is no adjustable parameter for the bending of the curve due to
quantum noise. Therefore the excellent agreement between measured and theoretical curves is convincing evidence that the experimental setup is working properly
and we are actually measuring the quantum noise ﬂoor. A critical reader may object
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Figure 3.15: Measured quantum noise
vs. frequency.

that since the frequency was actually available in the formula for the noise curve,
a correct frequency dependence of the quantum noise as in ﬁgure 3.15 could be obtained even though there were errors in the measurement. To test this possibility
the ﬁtting was redone with the frequency as a free parameter. The least square
ﬁtting algorithm still reproduced very similar curves and the correct frequency was
estimated with an error of less than 2 %. The latter ﬁtting procedure provides
very strong evidence that indeed we are measuring the quantum noise ﬂoor with
our cold ampliﬁer. In fact, our ﬁrst attempts at this calibration did not show good
agreement with the predicted behavior (see ﬁgures 3.16 and 3.17). We found that
we could make a consistent picture if we assumed an extra 90 mK of noise at the
input of the ampliﬁer. This lead us to suspect that our 50 Ω noise source was being
heated by the connection to the cryogenic ampliﬁer at 2 K. After improvement of
the thermal anchoring of the resistor, we found good agreement between theory
and experiment in the calibration process.
Note that this way of measuring noise temperature determines the noise temperature of the entire measurement chain, including following ampliﬁers, the mixer
and the ADC card. This is a good thing since the important ﬁgure of merit for our
measurements is, of course, the noise temperature of the entire chain. However,
if the gain of the cryogenic ampliﬁer is suﬃciently large the noise of these other
components becomes irrelevant. In our case the noise temperature of the ampliﬁer
is 2 K and the gain is 40 dB. This means that the next stage ampliﬁer noise will be
equivalent to the cryogenic ampliﬁer’s noise if it has a noise temperature of 20000 K.
In these experiments, the second stage ampliﬁer, sitting at room temperature, has
a speciﬁed noise temperature of approximately 70 K.
This way of measuring noise temperature [95, 96] is an extension of the well
known Y-factor method [72,97]. The Y-factor method is based on the same physical
picture, except the noise is only measured for two diﬀerent temperatures. While
the Y-factor method certainly produces the same result, it is much harder to trust.
It is always possible to ﬁt a line to two points and there is no way of telling if the
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Figure 3.16: A noise temperature measurement that does not ﬁt to the
model of quantum noise. The ﬁtted
curve is based only on the data at temperatures above 0.4 K. The measured
data saturates at 90 mK above the expected value.
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Figure 3.17: Measured extra noise
above the ampliﬁer noise temperature.
The noise increases linearly with frequency as expected, but there is an
additional noise of 90 mK.

measurement is reasonable or not. With the method described here, one can judge
from the quality of the ﬁts if the measurement can be trusted.
Other ways of measuring noise temperature include noise sources that are controllable by other means than changing the temperature. For example, the noise in
a Josephson junction [98] and the noise from hot electrons in a nanowire [99] can
be controlled by a bias voltage. This can be of great advantage for the speed of the
measurement, and for cryogenic conditions it would be very favorable not having
to heat up anything. In these experiments no such noise source were available.
Furthermore, there was no room in the cryostat for a switch that could switch in
and out a warm noise source [65, 72]. Instead we had to heat the entire mixing
chamber which unfortunately also heated up the sample making it impossible to
combine a noise temperature measurement with the parametric ampliﬁer.
In electrical engineering literature and data sheets, the noise added by an ampliﬁer is often described by the Noise Figure N F = 10 log10 (F ). F is called the
noise factor and is the ratio of the signal-to-noise-ratios of the input signal and
in /Nin
output signal or F = SSout
/Nout . While it may be convenient to deﬁne the noise
performance by how much the signal-to-noise ratio is degraded, this deﬁnition is
not as general as the noise temperature since the noise factor depends on the input
noise. Therefore, by convention, the input noise in the noise factor deﬁnition is
equivalent to 290 K thermal noise and thus F = 1 + TN /T0 where TN is the noise
temperature and T0 ≡ 290.
High electron mobility transistor (HEMT) ampliﬁers from Miteq, AmpliTech,
and Low Noise Factory (LNF) has been evaluated. The ampliﬁer from Low Noise
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Figure 3.18: Transmission in the forward and reverse directions of the cold isolator.

Factory was by far the best one thanks to high gain (≈ 40 dB), and low noise
(2-3 K). It had an extremely low power consumption (6 mW) which enabled us
to put at the 1K-pot (see section 3.7). The Miteq ampliﬁer consumed 250 mW
and therefore had to be placed higher up in the cryostat, where the temperature
was varying during a pumping cycle between 25 K and 35 K. The gain of the
Miteq ampliﬁer was ≈ 30 dB and the measured noise temperature ≈ 26 K. The
AmpliTech ampliﬁer had a power consumption of 120 mW and a gain of ≈ 24 dB.
The noise performance was never tested because the LNF ampliﬁer was discovered
and used instead. According to the data sheets, the AmpliTech ampliﬁer should
have TN = 35 K at 77 K.

3.11

Circulator and isolator

A circulator is a three port component common in radar and radio systems. It has
a magnetized ferrite core that breaks the symmetry for signals that travel around
the core, making it non-reciprocal. In an ideal circulator all the power going into
port 1 exits from port 2, all power into port 2 exits from port 3 and all the power
into port 3 exits from port 1. In practice there is always a leakage, and a fraction
of the signal travels in the wrong direction. The circulator designer will always be
faced with a trade-oﬀ between leakage and band-width.
An isolator is a circulator where one port is terminated with a matched resistor.
If, for example, port 3 is terminated as shown is ﬁgure 3.10, signals can go from
port 1 to port 2, but signals going into port 2 will be dissipated in the resistor in
port 3 and will thus not reach port 1. In an isolator, leakage in the wrong direction
and mismatch of the resistor causes a non-ideal isolation – a fraction of the signal
inserted at port 2 is transmitted to port 1.
In these experiments an isolator was inserted between the resonator and the ampliﬁer (see ﬁgure 3.10) to protect to resonator from noise generated in the ampliﬁer
(so called back action noise). While special cryogenic circulators exist, we used a
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normal isolator bought from DiTom Microwave speciﬁed to operate at 4-8 GHz. The
transmission and isolation properties at 4 K are shown in ﬁgure 3.18. We see that
the frequency band where the circulator operates is shifted to 6.5-8.5 GHz when
operated at 4 K. Furthermore, it has optimal isolation at 6.8 GHz and 8.2 GHz.
This observation is important since the isolation of 20 dB may not be enough to
fully attenuate the noise from the cryogenic HEMT ampliﬁer which back-acts on
the parametric ampliﬁer. Although the back-action noise temperature of the ampliﬁer is not known, it is probably not too far away from the noise temperature or
physical temperature of the ampliﬁer which are both 2-3 K. The cryostat was too
small for cascaded circulators, and therefore it is favorable to operate near 6.8 GHz
(8.2 GHz is outside the band of the cryogenic ampliﬁer).

Chapter 4

Results and discussion

I

n the appended papers the main results of this thesis are reported.
These results include the ability of this type of superconducting resonator
to function as parametric ampliﬁer and an analysis of how well it can be
modeled by the simple Kerr-Duﬃng nonlinear inductance model. This
chapter describes several interesting results that did not ﬁt into any of the appended
publications.

4.1

Bifurcation power

Each sample is characterized by a measurement of the input bifurcation power PB .
With bifurcation power we mean the input power required to drive the oscillator
to bifurcation1 . The bifurcation power is listed for a selection of samples in table
4.1, where we also indicate if the sample is measured in an appended paper. The
other listed properties are: strip width W , ﬁlm thickness t and quality factor Q,
transmission on resonance S21 (f0 ), material (Matl) and weather the sample contains
intentional weak links (W.L.) formed by focused ion beam. A more detailed list
with more samples can be found in [85].
We have continuously lowered the Q-factor to increase the bandwidth of the
ampliﬁer and decrease the signiﬁcance of internal losses. Furthermore we have
continuously lowered PB to increase the ampliﬁers ability to handle small input
signals. Low PB is beneﬁcial because it avoids saturating the following ampliﬁer,
and because it decreases the eﬀects of sideband noise, proportional to PB , coming
from the signal generator which is acting as the pump. A too low value of PB would
decrease the power handling capabilities of the ampliﬁer, since PB must always be
much larger than the signal we are amplifying.
1 The circulating power at bifurcation, proportional to Q and P may be a better measurement
B
of the nonlinearity than PB . Here PB is reported since it has a more direct relevance for the
practical measurement.
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Paper
III
III

VI

W [µm]
10
1
1
1
4

t [nm]
200
200
50
100
200

Q
55000
36000
42000
9200
4100

S21 (f0 ) [dB]
-11
-11
-17
-1
-0.1

Matl
Nb
Nb
Nb
Al
Nb

W. L.
No
No
No
No
Yes

PB [dBm]
-20
-30
-41
-52
-84

Table 4.1: Properties for a selection of samples.

4.2

Intermodulation measurements

A standard way to characterize the nonlinear behavior of microwave components
is to make an intermodulation measurement [90] and ﬁnd the so called third order
intercept point, see ﬁgure 4.1. In doing this measurement, two microwave tones of
equal power are combined and inserted into the component. The intermodulation
products in the response are monitored with a spectrum analyzer as the power of
the injected tones is increased. This measurement should be performed well below
the bifurcation point (see section 2.5) even though the measurement shown here
actually goes up to and above the bifurcation point. As shown in section 2.6 the
intermodulation products of third order (IMP3) are expected to increase as the cube
of the applied power, or with slope 3 in a log-log plot as in ﬁgure 4.1. Similarly the
intermodulation products of ﬁfth order (IMP5) are expected to have slope 5, etc.
The third order intercept point is where an extrapolation of the slope of the
IMP3 tones, crosses the extrapolated drive slopes. The intercept point is frequently
discussed in the engineering literature, as it serves as a ﬁgure of merit for how much
power the component can handle before becoming “too nonlinear”.
In ﬁgure 4.1 we have the expected slope 3 of the IMP3 products, but lower
slope than expected for the higher order intermodulation products. However, at
the power levels of the drive tones, where the higher order intermodulation tones
can be distinguished from the noise, we are already too close to the bifurcation
point, so we should actually expect a non-ideal behavior.

4.3

Parametric gain

The most important benchmark of an ampliﬁer is the gain as a function of frequency.
Figure 4.2 shows the transmission through the resonator with the pump turned oﬀ
and with the pump on, tuned close to, but slightly away from the bifurcation point
(see section 2.5). The peak gain is 25 dB at fc = 7.6069 GHz. The “quantum
noise temperature” at this frequency TQ = hfc /2kB ≈ 180 mK. A gain of 20 dB
would increase the quantum noise to a level corresponding to 18 K which is well
above the noise temperature of the cryogenic HEMT ampliﬁer TN ≈ 2.5K. If
the parametric ampliﬁer is noise free, it would be able to make measurements
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Figure 4.1: Intermodulation measurement and extrapolation to ﬁnd the third order
intercept point. We see the expected slope 3 line of the intermodulation products
of third order. Intermodulation products of order 5 and 7 are also present, but
before they come out of the noise, the oscillator comes too close to the bifurcation
power (at −83.5 dBm) for these products to have ideal the ideal slopes 5 and 7.
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Figure 4.2: Frequency response of the parametric ampliﬁer with the pump turned
oﬀ and the pump turned on. The pump frequency is fp = 7.60690 GHz, 1.5 MHz
below the resonance frequency of the unperturbed resonator f0 . The pump power
is −83.8 dBm at the input of the sample box. The parameters of the resonator
used in the theory curve were found by ﬁtting the frequency response of the pump
(see ﬁgure 2 in the appended paper VI).

where the dominating noise source is the quantum noise. This is the fundamental
limit of low noise measurement. A characterization of the noise properties of the
parametric ampliﬁer has not yet been performed and will be the ﬁrst step in the
future development of this ampliﬁer.
Not only the gain and noise properties, but also the bandwidth of the ampliﬁer is
an important ﬁgure of merit. This ampliﬁer has a gain above 20 dB in a bandwidth
of only 40 kHz. Therefore the ampliﬁer is not useful in many applications where the
signal we want to measure has spectral content that does not lie in this band. This
problem can be partly circumvented by including one or more SQUIDs in center
conductor of the cavity [70–72,75]. The inductance of the SQUIDs, and thereby the
resonance frequency of the oscillator, can then be tuned with an external magnetic
ﬁeld.
One application where the narrow bandwidth is not too crucial is the readout
of quantum bits, which is often done for example by studying the response of a
very weak tone applied to the cavity-qubit system. The optimal frequency for this
tone is set by the design of the circuit and can thereby be controlled to be in the
bandwidth of the ampliﬁer. However, even in this case there are some bandwidth
requirements. The qubit readout measurement must be fast, as qubits rarely have
a lifetime of more than 1 µs, which would require the ampliﬁer to have a bandwidth

4.4. EXPECTED NOISE SQUEEZING

57

of at least 1 MHz.
One method to increase the bandwidth of the ampliﬁer would be to increase
the bandwidth of the resonator. This can be done by increasing the input and output coupling capacitances. Future development of this ampliﬁer will certainly have
larger coupling capacitances; in these experiments Q = 4060 so there is plenty of
room for a lower Q-factor. Yurke et al. have reported a parametric ampliﬁer with a
Josephson junction array of 1000 junctions embedded in a coplanar waveguide [67].
The authors attempted to impedance match the array to a transmission line and
achieved a gain of 12 dB in a band of 125 MHz. Recently, Castellanos-Beltran et
al. reported measurements [100] of a superconducting parametric ampliﬁer, where
the gain was 22 dB and the 3 dB bandwidth was 1.38 MHz. Their ampliﬁer concept is very similar to the one described here, except that the center strip consists
of a SQUID array. This ampliﬁer has higher bandwidth only because the coupling capacitors were larger (Q = 330), and the authors suggest using even larger
capacitors.

4.4

Expected noise squeezing

An ideal parametric ampliﬁer with Kerr nonlinearity is expected to squeeze quantum noise when pumped near the bifurcation point [38]. The amount of noise
squeezing is frequency dependent. For the ampliﬁer described in appended paper
VI, the theory predicts good squeezing in a bandwidth of about 1 MHz, similar to
the bandwidth of the resonator. The predicted noise squeezing, averaged over a
band of 1 MHz, is shown in ﬁgure 4.3(b). For comparison, the noise power calibration of the HEMT ampliﬁer (see section 3.10) is also shown since it provides an
absolute scale for the noise (ﬁgure 4.3(a)). The measured noise was averaged over a
bandwidth of 40 MHz, which is the analog input bandwidth of the data acquisition
card. Since the measurement bandwidth was so wide, any possible quantum noise
squeezing was masked by the noise outside the bandwidth of the squeezing.
In future experiments with this ampliﬁer, a low-pass ﬁlter with a 1 MHz bandwidth will be inserted before the data acquisition card. Further improvement of
the noise squeezing can be achieved by making the output port of the resonator
couple more strongly to the resonator than the input port. In principle, all the
quantum noise can be squeezed in the limit of zero coupling on the input port, if
the ampliﬁer is pumped at the bifurcation point.

4.5

Nonideal response

The parametric ampliﬁer described in the appended paper VI has an ideal response
that ﬁts well with the theory of a parametric ampliﬁer derived from an oscillator
with a Kerr nonlinearity [38]. However, for the measurements reported in the
appended paper, the working point of the pump had be chosen to be suﬃciently far
away from the bifurcation point, where the gain is supposed to be at a maximum
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Figure 4.3: (a) Noise power calibration of the cryogenic HEMT ampliﬁer. This
measurement provides an absolute scale for the noise. (b) Noise squeezing plotted
on the same scale as in (a). The measured noise squeezing is masked by noise
generated outside the band of squeezed noise.

(see sections 2.5 and 2.6). In an attempt to achieve higher gain, an experiment was
made where the pump was positioned closer to the bifurcation point. It turned out
that close to the bifurcation point, the ampliﬁer no longer had an ideal response
that agreed with the theory, as seen in ﬁgure 4.4.
For zero detuning between the pump and the signal, the theory is expected
to break down at the bifurcation point since it predicts inﬁnite gain. However,
here we are working with a 10 kHz detuning, and for such detuning the gain is
expected to be ﬁnite. We see two possible ways to explain this behavior. First,
in the derivation of the theory, the signal is assumed to be very small compared
to the pump, meaning that there is no limit for the amount of power that can be
transferred from the pump to the signal and idler. In ﬁgure 4.4(a) the signal input
power was 45 dB below the pump power, so after the ampliﬁcation of 20 dB, the
signal power is only 25 dB below the pump power (corresponding to a factor of 18
in voltage amplitude). When the ampliﬁed signal becomes a signiﬁcant fraction of
the pump (i.e. the non-stiﬀ pump regime) we expect that the gain diminishes with
increasing output power. To test this hypothesis, we performed the experiments
in ﬁgure 4.4(b) where the input signal power was 60 dB lower than the pump
power. In both cases, we ﬁnd very non-ideal behavior of the phase dependent gain
of the quadrature signals. The gain curves are stable, in the sense that they are
reproducible upon sweeping the phase back and forth, but their shape is far from
that predicted by the simple theory.
Another possible explanation of the non-ideal behavior is that the signal itself
is being perturbed by the nonlinearity. The Yurke-Buks theory is linearizing the
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Figure 4.4: Measurements of the phase dependent gain of a parametric ampliﬁer
pumped close to the bifurcation point (fb = 7.60790 GHz). The pump frequency
is (a) fp = 7.60689 GHz and (b) fp = 7.60685 GHz. In comparison with the
measurement in the appended paper VI, we achieve higher maximum gain, but
the phase-dependence is not ideal, probably because higher order nonlinearities
are playing a signiﬁcant role when working at this point. We conclude that since
the phase-dependence is the same on the retrace, the phase dependence is not an
instability, causing the oscillator to jump between diﬀerent states of oscillation.

signal response on top of the pump – a simpliﬁcation that may not be accurate when
the signal is greatly ampliﬁed. Probably higher order nonlinearities also come into
play in this case.
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Figure 4.5: Measurements of the transmission through a resonator with a volcano
nonlinearity. Above a critical value of the circulating current, resistivity is built up
in a weak link in the superconductor. The curves are oﬀset by 2 dB per curve for
clarity. In reality they all overlap until the volcano discontinuity, which appears at
approximately the same value of circulating current in each frequency sweep. The
hysteresis is probably due to local heating; when the weak link becomes resistive it
heats up which reduces the critical current.

4.6

Volcano nonlinearity

Some samples show diﬀerent nonlinear behavior from the duﬃng type bifurcation.
As the frequency response is measured with increasing power, the Lorentzian lineshape suddenly collapses around the resonance and forms a volcano-looking curve.
An example of such a measurement is shown in ﬁgure 4.5. Similar behavior, but
with a YBCO superconducting resonator, has been previously studied by Hedges
et al. [101]. The authors were able to simulate the measurement by assuming a
weak link in the resonator with a current-dependent resistance. Above a certain
threshold current, the resistance starts to build up, which causes the current to be
reduced again, and a new equilibrium state is reached. There is some hysteresis in
the frequency sweep, perhaps due to local heating that cause the weak link to latch
in its normalconducting state.
We performed measurements to see if the volcano nonlinearity could be used for
parametric ampliﬁcation. In ﬁgure 4.6 we show the same type of intermodulation
measurement that is used for the parametric ampliﬁers in the appended papers III
and VI. A constant frequency oﬀset of 10 kHz is maintained between the pump
and the signal while the pump power and frequency is swept around the region of
the unstable point. The signal power is constant and 40 dB below the pump power.
At each pump frequency and power the signal and idler gains were measured, and
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Figure 4.6: Pump transmission and intermodulation measurements of a resonator
with a volcano nonlinearity. Although the nonlinearity is due to a resistive loss,
decent signal and idler gain of 15 dB is achieved. The measurement conﬁguration of
the pump, signal and idler frequencies are illustrated in ﬁgure 2.12 (non-degenerate,
four-wave). The idler gain is deﬁned as the idler output power divided by the signal
input power.

the results are plotted with a color-map. Although the volcano nonlinearity can
produce an ampliﬁer with a decent gain of 15 dB, this route was not further pursued
since we expect a parametric ampliﬁer to function better if the critical nonlinear
parameter is not lossy, as in the case for a nonlinear inductance. Furthermore, we
did not have a reproducible method of fabricating such nonlinearity. It appeared
only as a defect in some samples.
Nonlinearities giving abrupt jumps in response power have also been used by
Abdo et al. to achieve parametric gain. Here, a theory based on self-sustained
modulation, or a periodic self-heating and cooling cycle, was used to model the
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Figure 4.7: Measurement of the transmission around the resonance f0 = 5.66 GHz,
for input powers ranging from −105 dBm to −68 dBm, of an aluminum sample
on silicon/silicon oxide substrate with a low power nonlinearity. As the power is
decreased the losses increase – an unusual nonlinear behavior.

phenomenon [69, 102]. More recently Abdo et al. measured resonance curves very
similar to the volcano curves reported here for a resonator with an integrated dcSQUID [103]. The nonlinearity is claimed to be due to nonlinear inductance, and
a signal gain of 24 dB was measured.

4.7

Low power nonlinearity

Nonlinearities usually show a stronger eﬀect if the power applied to the system is
higher. We have, however, also observed a nonlinear phenomenon that becomes
more signiﬁcant at low input power.
Figure 4.7 shows the transmission (output voltage divided by input voltage)
through a resonator as a function of frequency for diﬀerent drive powers. Decreasing the drive power results in decreasing transmission, indicating that there is a
nonlinear loss mechanism which gets stronger for weaker drive powers. Attempting
to ﬁt various nonlinear models to the measured resonance curves, we found that
each curve by itself appears to be a linear response. Each curve has a linear damping coeﬃcient γ = ω0 /2Q that varies with the signal amplitude applied at the input.
In ﬁgure 4.8 the damping coeﬃcient γ is plotted as a function of the input voltage. The empirical curve which ﬁts the data has the form γ = γ0 + a/Vin . The
details of this eﬀect are not yet fully understood but we think the eﬀect is due to
electrical dipoles in the substrate. These dipoles rotate to align with the electric
ﬁeld, and each time they rotate, there is an associated power loss. However, for
strong electric ﬁelds these dipoles become saturated, so that the power loss remains
constant for drive amplitudes above the saturation ﬁeld. Thereby the power loss is
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Figure 4.8: The damping parameter γ = ω0 /2Q (Q = 9200). extracted from the
measurements in ﬁgure 4.7. The measurement are ﬁtted with γ = γ0 + a/Vin where
γ0 = 600 kHz and a = 2.46 VHz.

not proportional to the input power, which means that the power loss is nonlinear.
As with any nonlinearity, the low power nonlinearity can also generate intermodulation. Figure 4.9a shows a measurement of the idler amplitude as a function
of pump power and pump frequency, similar to the measurements described in section 4.6 and in the appended papers III and VI. For the samples described in these
papers the idler amplitude which arises from the nonlinear inductance, disappears
at the low power end of the plot. In ﬁgure 4.9(a) we see the idler diminishing as the
pump power decreases below −70 dBm. In this sample however, the idler comes
back again at even lower power, below −80 dBm, due to the low power nonlinearity.
At pump powers below −100 dBm the idler disappears again, because the pump is
becoming smaller than the signal, and power is instead transfered from the signal
to the second idler, as shown in ﬁgure 4.9b. This measurement nicely demonstrates
how sensitive intermodulation measurement is for detecting very small nonlinear
eﬀects.

4.8

Magnetic field dependence

Superconducting resonators react in a complicated way to an external magnetic ﬁeld
applied perpendicularly to the sample. The behavior of aluminum ﬁlm resonators
is diﬀerent from the behavior of niobium ﬁlm resonators. This is expected since
niobium is a type 2 superconductor which allows vortices with a normal conducting
core to exist in the ﬁlm. Aluminum, which is a type 1 superconductor, does not
allow vortices to exist in bulk material. However, in thin ﬁlms, vortices are often
present when an external ﬁeld is applied, albeit with a diﬀerent behavior than the
vortices in niobium.
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(a)

(b)

Figure 4.9: Intermodulation measurements on an aluminum sample on silicon/silicon oxide substrate with a low power nonlinearity. (a) At the top of the
ﬁgure, around −80 dBm pump power, the idler disappears for decreasing pump
power as expected. As the pump power is further decreased, the idler comes back
again. For pump powers below −100 dBm the signal is actually stronger than the
pump, which means that the pump and the signal exchange roles, and power is
transferred from the signal to the second idler as shown in panel (b).

Figure 4.10 shows how the resonance frequency and Q-factor vary during a
magnetic ﬁeld sweep for both an aluminum sample and a niobium sample. The
aluminum sample reacts to much lower ﬁelds, so the range of the sweep is lower
for the aluminum ﬁlm. Since the sweep range is diﬀerent, one must be careful with
the interpretation. However, it is clear that the state of the aluminum ﬁlm can
be recovered by removing the magnetic ﬁeld again, while the state of the niobium
ﬁlm cannot be recovered. Once the external magnetic ﬁeld has caused vortices to
penetrate the Nb ﬁlm, it is not possible to get rid of the vortices by reversing the
ﬁeld. Warming up the sample above the critical temperature and cooling down
again without external ﬁeld is the only way to recover the original state of the ﬁlm.
Even though the ﬁeld was swept slowly (the entire sweep took several minutes)
we can see a clear sweep rate dependence. For the niobium ﬁlm we ﬁnd that the
resonance frequency increases every time the direction of the magnetic ﬁeld sweep
is changed, independent of the magnitude of the ﬁeld.
An indication of the discrete nature of vortices penetrating the ﬁlm can be seen
in ﬁgure 4.11. This is a standard measurement of transmission versus frequency of
a niobium resonator. During the measurement a static magnetic ﬁeld of 6 Gauss
was applied perpendicular to the sample. The jump in the curve is interpreted as a
sudden change in resonance frequency of the resonator. In this case the resonator
suddenly shifted to a higher frequency, probably due to a vortex jumping out of
the ﬁlm, decreasing the resistance and inductance of the center strip. No attempts
for more quantitative explanations of the results from the magnetic ﬁeld sweeps
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Figure 4.10: Magnetic ﬁeld dependence of the resonance frequency and Q-factor
for one aluminum and one niobium resonator. Since aluminum is a type I superconductor and niobium is a type II the response to magnetic ﬁeld is very diﬀerent.
The aluminum resonator can be restored to its original state by removing the ﬁeld,
whereas the trapped ﬂux in the niobium resonator that caused the resistance and
kinetic inductance to increase cannot be entirely removed without warming up the
sample above its critical temperature.

have been attempted. The dynamics of vortex penetration is very complicated
and we have not seen any particular beneﬁts in understanding these details for our
experiments.

4.9

Temperature dependence

In the two ﬂuid model of superconductivity, the free electrons start to pair up into
Cooper pairs below a critical temperature Tc . At a ﬁnite temperature below Tc both
Cooper pairs and normal electrons exist in the superconductor. The supercurrent
is carried by the Cooper pairs, but there are also a current carried by the normal
electrons, in which case the total current is not lossless. In an alternating electric
ﬁeld there is an impedance due to the inductance of the superconductor which
causes voltage to vary along the strip and thereby some current ﬂows in the normal
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Figure 4.11: Measurement of the transmission through a niobium resonator around
the resonance frequency f0 = 3.09 GHz. A static magnetic ﬁeld of 6 Gauss is
present during the sweep. The discontinuity is interpreted as a vortex jumping
out of the ﬁlm, decreasing the resistance and kinetic inductance, causing a shift
to higher resonance frequency. The sweep took several seconds, indicating that it
takes a long time for vortices to reach an equilibrium state. The frequency shift is
17 kHz or 5.5 ppm.

“channel”.
For bulk superconductors it is common to use the following empirical formula
for the temperature dependence of the London penetration depth [18].
λ0
λ(T ) = p
1 − (T /Tc )4

for T ≤ Tc

(4.1)

To explain this formula, a natural assumption is that the temperature dependence
of λ(T ) stems from a temperature dependence of the normal electrons
4

nn (T ) = ntot (T /Tc )

for T ≤ Tc

(4.2)

and the density of cooper pairs
ns (T ) =
Consequently the resistivity



1
4
ntot 1 − (T /Tc)
2
ρ = ρ0 (T /Tc )4

for T ≤ Tc

(4.3)

(4.4)

The quality factor of the resonator, Q = ω0 /2γ, depends on the external coupling
γ1 and γ4 and the internal loss γ2 by γ = γ1 + γ2 + γ4 . The internal loss γ2 is
proportional to the resistivity, so
γ2 = γ20 (T /Tc )4

(4.5)
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Figure 4.12: Measurements of the temperature dependence of the loss parameter
γ = ω0 /2Q of niobium resonators on sapphire substrates. One of the resonators has
an intentional weak link (see ﬁgure 3.1). For both samples the ﬁtting parameter
γ20 /γ1 = 79.

A measurement of the temperature dependence of γ for two samples is shown
in ﬁgure 4.12. The samples have the same dimensions, except that one of them has
a weak link in the center. For both samples the ﬁtting parameter γ20 /γ1 = 160.
The weak link causes the internal damping to start growing at a lower temperature.
For the ﬁt of the weak-link sample, an eﬀective critical temperature Tc = 3.5 K
was chosen to reﬂect this behavior. However, the signiﬁcance of this ﬁtted critical
temperature may not be of importance, since the dimensions of the weak link are
smaller than the London penetration depth, and the weak link may be dominated
by diﬀerent dynamics.
The kinetic inductance, proportional to 1/ns , is
Lk =

Lk0
1 − (T /Tc )4

(4.6)

1
√
2l LC

(4.7)

In a superconducting resonator the total inductance L, is the sum of the magnetic
inductance LM and the kinetic inductance Lk . A measurement of the resonance
frequency f0 can be converted to a measurement of L by
f0 =

where l is the length of the resonator and C is the capacitance per unit length, which
is assumed to be constant2 . Figure 4.13 shows the temperature dependence of the
2 In the expression for the resonance frequency, the effect of the coupling capacitances has
been neglected. By using the transmission line model described in appendix A a correction to
this formula can be obtained. However, for the high Q resonators described here, this correction
would not be significant.
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Figure 4.13: Measurements of the temperature dependence of the inductance of
niobium resonators on sapphire substrates. One of the resonators has an intentional
weak link (see ﬁgure 3.1). For both samples the relative kinetic inductance was set
to Lk /L = 0.22 for the ﬁt.

inductance for the same two samples that were used to study the loss parameter
above. The only new ﬁtting parameter is the ratio Lk0 /LM = 0.22. Similar measurements (without weak links) have been reported by Frunzio et al. [104], where a
larger width of the center strip caused a lower kinetic inductance Lk0 /LM = 0.04.
The two samples in the experiments described above had a sapphire substrate.
A similar experiment on a sample with Si/SiO substrate showed a diﬀerent temperature dependence of the resonance frequency, shown in ﬁgure 4.14. At low
temperatures the resonance frequency increases with temperature, opposite to the
expected behavior from the kinetic inductance model (equation 4.6). This phenomenon is probably due to the dielectric permittivity, ε, of the substrate, which is
decreasing with increasing temperature. Thereby the capacitance would decrease,
causing an increase in resonance frequency. Or equivalently, lower permittivity at
higher temperatures cause the electromagnetic wave to travel faster, yielding higher
resonance frequency. For the ﬁt shown in ﬁgure 4.14, both the eﬀect of kinetic inductance and the temperature dependent dielectric constant has been taken into
account. The ﬁt used Lk0 /LM = 0.04, where the smaller value is due to larger strip
width of the sample3 , and ε = ε1 − ε2 T with ε1 /ε2 = 1.1 × 104 K.
In all ﬁgures of temperature dependence shown here, there is a problem with
the data in the temperature range from 3.5 K to 5.5 K. For the type of dilution
refrigerator used here, a stable temperature cannot be kept in this interval. The
data was taken “on the ﬂy” when the temperature was changing faster than the
3 In fact, the geometry of this sample the same as the geometry Frunzio et al. [104] used whey
they achieve their value of Lk0 /LM = 0.04.
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Figure 4.14: Measurement of the temperature dependence of the resonance frequency in a niobium resonator an a silicon/silicon oxide substrate. For the ﬁt a
temperature dependent dielectric permittivity of the substrate has been assumed
together with the kinetic inductance.
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time required to achieve equilibrium between the sample and the thermometer.
Therefore the observed deviation between experiment and the model are probably
due to poor quality temperature data in this temperature interval.

Chapter 5

Intermodulation in AFM

W

hile the bulk of my PhD work was made on superconducting microresonators, we understood during my studies that intermodulation
could be important in atomic force microscopy (AFM). I worked closely
with a new student, Daniel Platz, who did the ﬁrst implementation of
intermodulation AFM (ImAFM) [105], which is brieﬂy described in this chapter.
The purpose of intermodulation in AFM is to use the measured intermodulation
response to gain more information about the surface than would otherwise be possible with single tone drive schemes. The intermodulation products are sensitive to
small changes of the nonlinear tip-surface force, and the combination of many intermodulation products can be used to recover the complete tip-surface force. Gaining
more information about the surface will always be a goal of AFM development and
the use of multiple frequencies to achieve this goal has previously been implemented
in various conﬁgurations, such as measuring harmonic overtones [26, 106–110], exciting the cantilever simultaneously at diﬀerent eigenmodes [111–113] or exiting the
cantilever with a band of frequencies [114].

5.1

Measurement setup

To perform measurements of intermodulation in AFM, the measurement setup depicted in ﬁgure 5.1 was constructed. The main piece of equipment is a standard
commercial AFM system: the Veeco Multimode II with a Nanoscope IV controller.
The AFM has a signal access module (SAM), or breakout box, which allows us
to input our own drive signal to the actuator which shakes the cantilever, and to
readout the response of the cantilever coming from the split-quadrant photo-diode.
The drive signal was constructed by generating pure harmonic tones with two Agilent 33250A arbitrary waveform generators and adding these two tones with a
standard summing ampliﬁer circuit using a Stanford SR570. The response of the
cantilever was captured with a Strategic Test UF-2000 data acquisition card in a
computer. The probe-surface separation is continuously controlled by a feedback
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72

CHAPTER 5. INTERMODULATION IN AFM

Figure 5.1: The measurement setup for intermodulation AFM. A standard commercial AFM is running in parallel with a home-made setup for generating a dual
tone drive and recording the response. Extra care has been taken to ensure that
the clocks of all modules are synchronized.

circuit that maintains the response amplitude of the cantilever at a set level. The
feedback ensures that the cantilever does not drift away or crash into the sample
while scanning. The Veeco controller was used to do this feedback on one of the
driven amplitudes.

Synchronisation and spectral leakage
In a measurement of intermodulation we usually study the Fourier transform of
the measured time trace. As described in section 2.6, we expect response at new
frequencies that were not present in the drive. The amplitudes at these new frequencies are typically much lower than the amplitudes of the driven frequencies.
It is therefore important to avoid spectral leakage from drive tones into the intermodulation tones. The standard method of suppressing spectral leakage is to
apply a window function to the data before Fourier transforming. However, in our
case, since we know exactly at which frequencies we expect the response, much
better results can be achieved without a window function if the drive frequencies
and sampling are chosen properly. We have spent considerable eﬀorts to achieve
proper drive and sampling with digital circuitry.
Each of the units in our measurement setup (the signal generators, and the
data acquisition card) are controlled by their own clock signal. The eﬀorts to avoid
spectral leakage would be in vain if these clocks were drifting with respect to each
other. The Agilent signal generators can easily be synchronized with their built-it
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Figure 5.2: (a) the recorded spectrum from a free cantilever (far from any surface) while driven with two frequencies. (b) The recorded spectrum from the same
oscillating cantilever while in contact with the surface.

10 MHz input and output. The data acquisition card on the other hand, did not
have a 10 MHz reference input or output, but it had one sync port that directly
controlled the sampling frequency. To sample with 10 MHz would generate to much
data for the computer to handle, so a third Agilent signal source was used. The
third source could be synchronized with the 10 MHz signal to the other sources, and
in turn generate a 2 MHz signal that controlled the sampling of the data acquisition
card.
Unfortunately the AFM controller did not provide any means for synchronization and therefore the feedback had to run separately, without being synchronized.
The feedback does not rely on exact separation of the frequencies and therefore
the experiment was still possible to perform, however with some weak interference
from the two drives. The synchronization of the feedback in future generations
of ImAFM will improve responsivity, and will allow for experimenting with more
complex feedback signals.

5.2

Sample approach

The ﬁrst experiment was to drive a cantilever with two tones on resonance when it
is well above the surface, unaﬀected by force from the surface. The drive frequencies were chosen so that both lie close to the resonance frequency of the cantilever.
The spectrum of the response is shown in ﬁgure 5.2(a). We see the response of the
driven frequencies and a small intermodulation response. This small intermodulation response is due to nonlinearities in the summing preampliﬁer and the data
acquisition card. As we shall see, this intermodulation response is relatively small
and can be neglected.
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Figure 5.3: Measured response spectra of an AFM cantilever where the cantilever is
driven with two frequencies (blue) while approaching the surface of a sample. The
intermodulation response show rich structure. Note how the number of minima
in the intermodulation tones is increasing as we move further away from the drive
frequency.

The cantilever is now brought closer to the surface so that an interaction force
between the tip and the surface is established. In the spectrum of the response
(ﬁgure 5.2(b)) there are a large number of intermodulation products visible. The
experiment is now repeated, but this time we monitor the intermodulation response
continuously while the approaching the surface. The result is shown in ﬁgure 5.3
where the measured spectra are stacked after one another as the surface in approached. The great variation and rich structure of the intermodulation response
as the surface is approached suggest that the intermodulation measurement is a
sensitive detector of the nonlinear tip-surface force.

5.3

Simulations

The qualitative behavior of the intermodulation response can be simulated numerically. In the following example a Morse potential has been used to model the
tip-surface interactions. Like most AFM models, the Morse potential has an attractive regime away from the surface (z > 0) and a repulsive regime for z < 0
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Figure 5.4: Simulated spectra acquired during the approach of the cantilever towards the surface. Although no eﬀort has been made to ﬁt the model parameters
to the experimental data, the ﬁgure qualitatively resembles the measured spectra
in ﬁgure 5.3. In particular the number of minima in the intermodulation tones is
increasing as we move further away from the drive frequency.

when the tip is in contact with the surface.

2
V (z) = D 1 − e−z/a

(5.1)

where D is the depth of the well, and a is width of the well. Figure 5.5a illustrates
the force exerted by a Morse potential.
The cantilever is simulated as a standard harmonic oscillator with the equation
of motion described in equation 2.12, where the nonlinear term is the force derived
from the Morse potential. The ODE45 routine in MATLAB was used to integrate
the equation of motion, and suﬃciently long time was simulated for all transients
to die out so that a steady state was achieved. A time window was selected and
Fourier transformed to achieve the steady state response spectra.
Figure 5.4 shows such a response spectrum for a simulated approach to the surface, to be compared with ﬁgure 5.3. Although no eﬀort has been made to ﬁt the
model parameters to the experimental data, the ﬁgure qualitatively resembles the
measured spectra in ﬁgure 5.3. In particular the number of minima in the intermodulation tones is increasing as we move further away from the drive frequency.
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Nonlinear system identification

The ultimate goal of intermodulation measurement with an AFM is to reconstruct
the full tip-surface force from the measured response. If the response of the cantilever could be measured perfectly, i.e. without noise and with inﬁnite measurement bandwidth, such reconstruction would be trivial with the following method:
Consider the cantilever as a linear system with transfer function G. We want to
solve for the nonlinear tip-surface force FTS (z) which can be viewed as an external
force, not included in the transfer function. The total force acting on the cantilever
is the sum of the driving force FD and the tip-surface force FTS . The equation
of motion for the cantilever position z in Fourier space is (ẑ denotes the Fourier
transform of z):
ẑ = G(F̂TS + F̂D ),
F̂TS = ẑ/G − F̂D

or

(5.2)

If G and F̂D are known and z can be measured, F̂TS can be calculated. An inverse
Fourier transform of the F̂TS generates the time dependent tip-surface force FTS (t).
By comparing FTS (t) with the measured response z(t) we get the position dependent
tip-surface force FTS (z). This reconstruction technique does not require a model
for FTS (z) and it is independent of the particular drive force that was applied was
applied (i.e. we don’t need two drive frequencies).
In an implementation of this reconstruction technique, where the system is
driven with one pure tone, the nonlinearity would generate harmonics of that tone
in the response. Figure 5.5(b) shows a simulated response spectrum of a cantilever
driven with one frequency. The information about the tip-surface force is encoded
in the harmonic overtones and the method described above is a way to decode that
information. However, the method will only work if a suﬃciently large number of
overtones can be recorded. Therefore the detector must have a high bandwidth
and low noise. In a real AFM system, these problems are very serious. The bandwidth of the photo-diod circuit is only suﬃcient if a cantilever with low resonance
frequency is selected [110], which severely limits the scanning speed of the AFM.
And since the transfer function G of the cantilever resonance falls oﬀ as 1/ω 2 above
resonance, only a few overtones can be distinguished above the noise. Intermodulation response, on the other hand, is generated close to the resonance and therefore
a large number of intermodulation tones can be measured above the detector noise
level. Figure 5.6 shows a simulated response of a cantilever driven by two frequencies. The same information about the tip-surface force that was encoded in
the harmonic overtones is also encoded in the intermodulation tones. The simple
reconstruction algorithm described relies on the high frequency content of FTS (t),
which is not available in a real AFM experiment. Therefore, other ways of decoding
the information in the intermodulation response must be found before the reconstruction can be done. One method would be to start by reconstructing the high
frequency overtones from the intermodulation tones. The relationship, or correla-
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(a)

(b)

Figure 5.5: (a) The force exerted by a Morse potential with D/k = 2 nm2 and
a = 0.25nm−1 (where k is the spring constant of the cantilever. (b) A simulated
spectrum of the response of an AFM cantilever, driven with one frequency at the
resonance frequency ω0 . The cantilever is in contact with a surface, and the tip
surface force is simulated by the Morse potential in the left panel. The cantilever
had Q = 40 and the equilibrium point of the cantilever z0 = 30 nm. The parameters
were chosen for the purpose of producing an illustrative ﬁgure, but they are not
typical for our experiments. The parameters are realistic for a soft sample.

Figure 5.6: A simulated spectrum of the response of an AFM cantilever, driven with
two frequencies close to the resonance frequency ω0 . The cantilever is in contact
with a surface, and the tip surface force is simulated by a Morse potential described
in ﬁgure 5.5(a).
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(a)

(b)

Figure 5.7: (a) A standard AFM image is actually a a plot of the feedback signal,
which gives the topography of the surface. (b) The height curve has been colored
by the amplitude of the intermodulation product of third order on the right hand
side of the sample, which clearly enhances the contrast. This particular sample has
pillars of photo-resist on an antireﬂective coating. The pillars are 150 nm high in
this 2 × 2 µm2 scan [115].
tion, between the intermodulation tones and the harmonic overtones for a Duﬃng
oscillator can be directly read out from equation 2.23 in section 2.6. For other
nonlinearities these correlations are more complex and ﬁnding these correlations
for diﬀerent types of nonlinearities is a goal of future research in this project.
A related method for reconstruction is to assume a power series representation of
the tip-surface force FTS (z) in the equation of motion. By identifying the Fourier
series components for each frequency, a system of equations is generated. This
system is overdetermined if the number of measured frequencies is higher than
the number of unknown coeﬃcients in the power series. Furthermore the system
is linear in these unknown coeﬃcients and therefore a unique least square error
solution can be found. If the system is overdetermined it is less sensitive to noise.
More details about this reconstruction technique can be found in the appended
paper VIII.

5.5

Imaging with intermodulation

The intermodulation measurement can be directly applied for creating images of
a surface with an AFM. Usually an AFM monitors the feedback signal required
to maintain the oscillation amplitude constant, while scanning over the surface.
The result of an AFM measurement is therefore a height map of the sample as for
example in ﬁgure 5.7(a) where pillars of photo-resist on an antireﬂective coating
has been imaged. Note that the height variations are greatly exaggerated. The
intermodulation response can be recorded simultaneously with the topography map
of the surface. In ﬁgure 5.7(b) the height curve has been colored by the recorded
amplitudes of the intermodulation product of third order on the right hand side of
the drives. We see a great enhancement of the contrast of small features on the
sample surface.
In ﬁgure 5.8 we see similar measurement of a spin coated polymer resist (ZEP520),

79

5.5. IMAGING WITH INTERMODULATION
(a)

(b)

(c)

Figure 5.8: Images of a spin coated polymer resist (ZEP520), after electron beam
exposure and development. (a) shows the hight map as recorded by the standard
AFM. (b) and (c) show the response amplitudes of the third order intermodulation
products in the left and right hand side of the drive peaks respectively. Note how
the contrast is inverted for most of the image features. In some areas, for example
the big patch at the upper right corner the contrast in is not inverted, indicating
diﬀerent material properties in these areas.

§
§
§

after electron beam exposure and development. Figure 5.8(a) shows the hight map
as measured by the AFM and ﬁgure 5.8(b) and 5.8(c) show the recorded amplitudes
of the intermodulation products of third order on the left and right hand sides of
the drive frequencies respectively. The two intermodulation images seem to be inverted copies of each other. Note however, that there are some features, especially
on the big patch in the upper right corner, where the contrast is not inverted. We
interpret this feature to have diﬀerent properties than the rest of the patches.
The measurement of another sample, including the phase measurement of the
intermodulation products, is described in the appended paper VII.

Chapter 6

Conclusions and outlook

M

odern high electron mobility transistors (HEMT) have dramatically improved the possibilities of making electrical measurements of
microwave signals from quantum electro-dynamical systems. New ampliﬁers based on these HEMT transistors have wide bandwidth, very good
gain and low noise. As described in section 3.10 the noise temperature is only a few
Kelvin and it is possible to distinguish quantum noise on top of the ampliﬁer noise.
The very high gain of around 40 dB means that the requirements on the following ampliﬁers are fairly low: if their noise temperature is below 10,000 Kelvin the
noise is dominated by the ﬁrst ampliﬁer. However, the noise temperature of these
ampliﬁers is still one or two orders of magnitude above the fundamental quantum
limit for a phase-preserving ampliﬁer [8].
Many implementations of superconducting quantum bits operate at microwave
frequencies in the interval 1-20 GHz where the standard quantum limit translates
to a noise temperature T = ~ω/2kB of 20-500 mK. Alternatives for ampliﬁers
which can bridge the gap between the HEMT noise performance and the standard
quantum limit, include the use of parametric ampliﬁers. The parametric ampliﬁer
studied in this thesis is based on a superconducting microresonator where the nonlinear kinetic inductance causes parametric gain. The strength of the nonlinearity
can be controlled by the fabrication of a narrow constriction in the center which
acts as a weak link. This design is simple and robust. Some eﬀort was spent on
ﬁnding a good way to “package” the chip and connect it electrically to coaxial cables, a task which is not trivial for microwave frequencies. It turned out that it was
very important with solid electrical connections to the ground planes, something
that could be achieved by a ﬂip-chip method using silver epoxy, see section 3.3.
The ampliﬁer achieved high gain. around 22 dB at 7.6 GHz when a pump signal
was driving the oscillator near the point on bifurcation, as described in appended
papers III and VI. Furthermore the ampliﬁer can be modeled by a theory for cavityparametric ampliﬁers with Kerr nonlinearity developed by Yurke and Buks [38].
Although this theory includes a nonlinear two-photon loss mechanism, good ﬁts
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were achieved for this particular ampliﬁer excluding the nonlinear loss mechanism.
It is a positive result since the two-photon loss mechanism degrades the performance
of the ampliﬁer. A gain of 22 dB is in principle suﬃcient to bridge the gap between
the fundamental limit of quantum noise and the noise added by a HEMT ampliﬁer.
However, before this parametric ampliﬁer can be used, the noise properties of the
parametric ampliﬁer itself must be studied [72]. Such experiments will be conducted
in the future of this project.
The previous paragraph concerns an ampliﬁer working at the standard quantum
limit of a phase preserving ampliﬁer, namely that it must always add an extra half
quantum of noise in order not to violate the Heisenberg uncertainty principle [9].
A parametric ampliﬁer, however, is not phase preserving but phase-sensitive. It
can amplify one quadrature of a signal and deamplify the other quadrature, which
means that it can, in principle, amplify a signal without adding any extra noise.
The ampliﬁer model of Yurke and Buks includes phase-sensitivity and predicts
that also quantum noise is subject to phase-sensitivity. In the measurements of our
parametric ampliﬁer, the phase-sensitivity of the signal is observed and agrees very
well with the theory. Phase-sensitivity of noise was observed, but the quality of
this measurement was not good enough to tell if quantum noise was squeezed or
not. An improvement of this measurement will be conducted in the future of this
project.
There are two main problems with our ampliﬁer that must be overcome before
it can be useful as an ampliﬁer in other experiments. First, as discussed in section
4.3, the bandwidth of only 40 kHz must be improved. Second, we need to achieve
good control over the fabrication process in order to be able to design the operating
frequency and the strength of the nonlinearity. In this work we have experimented
with diﬀerent designs, materials and fabrication techniques. As a result, we do not
have suﬃcient statistics of samples from one fabrication process to evaluate how
repeatable the process is.
For future development of parametric ampliﬁers, second order eﬀects need to
be studied in more detail. What is the eﬀect of higher order nonlinearities? What
is the eﬀect of second order intermodulation products generated by the ﬁrst order
intermodulation products. These questions are related to the theoretical framework
we have developed for the AFM experiment, where we try to account for all these
intermodulation products in order to specify the nonlinearity, as described in the
appended paper VIII. Perhaps the nonlinearity can be tailored so that these second
order eﬀects work together in an optimal way.
The experiments and theoretical framework for intermodulation atomic force
microscopy are still in their infancy. However, we can already see promising experimental results. The experiments show that intermodulation is a sensitive measurement of nonlinear force and images with improved contrast and separation of
diﬀerent materials have been acquired. On the theoretical side we can do simulations that resemble the measurement, and we can reconstruct the tip-surface force
from from simulated data under certain measurement conditions.
There is plenty of room for improvements of intermodulation AFM. On the
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theoretical side we need to understand the nonlinear dynamics better. What does
it mean in terms of the tip-surface force when a pair of intermodulation products change their relative amplitude and phase? Which frequencies and amplitudes
should we choose for the best performance? How can we extract as much information as possible from the measurement?
The experimental techniques can be greatly improved by constructing dedicated
hardware for intermodulation AFM. All sub-units, including the feedback circuit,
should run on the same clock to avoid problems with drift and spectral leakage.
The drive signal quality can be improved by adding the two harmonic tones digitally, before the digital-to-analog conversion. Furthermore there are lots of possible
conﬁgurations of the intermodulation products for realizing the feedback. Should
the feedback lock on an intermodulation tone, or a combination of several tones?
When the measurement setup has been improved and the nonlinear dynamics
has been understood in more detail, a great task of systematic studies of a set of
well-known samples of diﬀerent types lies ahead. What accuracy will we get in
the reconstruction? Under which measurement conditions and for which type of
samples does the method work best?
Judging from the results already achieved and in light of the room for improvement, we see a bright future for intermodulation AFM. The ability to not only get
a hight map of a surface but also a complete force curve at every image point while
scanning at high speeds, would greatly enhance the usability of the AFM.

Acknowledgements
The work presented in this thesis is the result of a collaboration. I would like to
acknowledge the following people:
First of all, my supervisor Prof. David Haviland, for giving me the opportunity
to join the group of Nanostructure Physics, and for maintaining such a creative
work environment with unsurpassed enthusiasm. I have learned so much during
my studies here! The in-house sample fabrication was done with great patience by
Adem Ergül, where Evely Doherty and Frank Weber are also acknowledged for the
fabrication of the ﬁrst resonators. Daniel Platz for his fantastic implementation of
the AFM experiments. Special thanks to Jochen Walter and Silvia Corlevi who
taught me all about measurements and cryogenics when I was a new student. But
most of all you guys taught me how much fun physicists can have. Thank you Ninos
Poli for that, too. Prof. Vlad Korenivski for his critical approach and great debates
concerning everything from device physics to the philosophy of science. Sebastian
Andersson for great discussions, you keep reminding me to ﬁnd out how things really
are; and of course, thanks for the the beast skills. Anders Liljeborg for keeping
the labs running and maneuvering the focused ion beam machine. Thank you
David Schaeﬀer proofreading this thesis and providing useful comments. I would
like to thank everybody in the Nanostructure Physics group, including Alexander
Konovalenko, Sergiy Cherepov, Adrian Iovan, Arndt von Bieren and Devrim Pesen
for creating a nice atmosphere, and always providing a helping hand.
I would also like to acknowledge help from Prof. Hans Hansson, Kai Stannigel and especially Carsten Hutter for the Quantum and Field Theory Group at
Stockholm University. From the Experimental Condensed Matter Physics group at
Stockholm university I would like to thank Prof. Vladimir Krasnov for illuminating
discussions, Prof. Andreas Rydh for always helping out with technical details and
Stella Tagliati for her translations of the 18th century italic of Tartini.
I am sending a big hug to my family and all my friends. Thank you for your
support and having conﬁdence in me. I am so glad I have you.
Finally, Ida and little Ebbe, thank you for your unconditional love and care,
you are the light of my life ♥.
Stockholm, November 2009
Erik Tholén
85

Bibliography
[1]

G. Tartini, Trattato di musica secondo la vera scienza dell’ armonia, Nella
stamperia del Seminario, appresso G. Manfrè (1754).

[2]

A. N. Popper and R. R. Fay, The Mammalian auditory pathway: neurophysiology, Springer (1992).

[3]

S. S. Goodman, R. H. Withnell, E. D. Boer, D. J. Lilly, and A. L. Nuttall,
Cochlear delays measured with amplitude-modulated tone-burst-evoked OAEs,
Hearing Research 188(1-2), 57 (2004).

[4]

V. M. Eguíluz, M. Ospeck, Y. Choe, A. J. Hudspeth, and M. O. Magnasco,
Essential Nonlinearities in Hearing, Phys. Rev. Lett. 84(22), 5232 (2000).

[5]

M. Hines, The Virtues of Nonlinearity–Detection, Frequency Conversion,
Parametric Amplification and Harmonic Generation, Microwave Theory and
Techniques, IEEE Transactions on 32(9), 1097 (1984).

[6]

P. K. Day, H. G. LeDuc, B. A. Mazin, A. Vayonakis, and J. Zmuidzinas, A
broadband superconducting detector suitable for use in large arrays, Nature
425(6960), 817 (2003).

[7]

A. Wallraﬀ, D. I. Schuster, A. Blais, L. Frunzio, R.-S. Huang, J. Majer, S. Kumar, S. M. Girvin, and R. J. Schoelkopf, Strong coupling of a single photon to
a superconducting qubit using circuit quantum electrodynamics, Nature 431,
162 (2004).

[8]

C. C. M, Quantum limits on noise in linear amplifiers, Phys. Rev. D 26(8),
1817 (1982).

[9]

B. Yurke, Back-Action Evasion as an Alternative to Impedance Matching,
Science 252(5005), 528 (1991).

[10] A. Blais, R. S. Huang, A. Wallraﬀ, S. M. Girvin, and R. J. Schoelkopf, Cavity
quantum electrodynamics for superconducting electrical circuits: An architecture for quantum computation, Phys. Rev. A 69, 062320 (2004).
87

88

BIBLIOGRAPHY

[11] A. Wallraﬀ, D. I. Schuster, A. Blais, L. Frunzio, J. Majer, M. H. Devoret,
S. M. Girvin, and R. J. Schoelkopf, Approaching Unit Visibility for Control
of a Superconducting Qubit with Dispersive Readout, Phys. Rev. Lett. 95,
060501 (2005).
[12] J. Koch, T. M. Yu, J. Gambetta, A. A. Houck, D. I. Schuster, J. Majer, A. Blais, M. H. Devoret, S. M. Girvin, and R. J. Schoelkopf, Chargeinsensitive qubit design derived from the Cooper pair box, Physical Review A
(Atomic, Molecular, and Optical Physics) 76(4), 042319 (2007).
[13] A. A. Houck, J. A. Schreier, B. R. Johnson, J. M. Chow, J. Koch, J. M.
Gambetta, D. I. Schuster, L. Frunzio, M. H. Devoret, S. M. Girvin, and
R. J. Schoelkopf, Controlling the Spontaneous Emission of a Superconducting
Transmon Qubit, Physical Review Letters 101(8), 080502 (2008).
[14] M. Hofheinz, E. M. Weig, M. Ansmann, R. C. Bialczak, E. Lucero, M. Neeley,
A. D. O’Connell, H. Wang, J. M. Martinis, and A. N. Cleland, Generation of
Fock states in a superconducting quantum circuit, Nature 454, 0028 (2008).
[15] M. Ansmann, H. Wang, R. C. Bialczak, M. Hofheinz, E. Lucero, M. Neeley,
A. D. O’Connell, D. Sank, M. Weides, J. Wenner, A. N. Cleland, and J. M.
Martinis, Violation of Bell’s inequality in Josephson phase qubits, Nature
461, 504 (2009).
[16] P. W. Shor, Algorithms for Quantum Computation: Discrete Logarithms and
Factoring, in IEEE Symposium on Foundations of Computer Science, pp.
124–134 (1994).
[17] R. J. Schoelkopf, P. Wahlgren, A. A. Kozhevnikov, P. Delsing, and D. E.
Prober, The Radio-Frequency Single-Electron Transistor (RF-SET): A Fast
and Ultrasensitive Electrometer, Science 280(5367), 1238 (1998).
[18] T. P. Orlando and K. A. Delin, Foundations of Applied Superconductivity,
Addison-Wesley, reprint ed. (1991).
[19] A. A. Clerk, M. H. Devoret, S. M. Girvin, F. Marquardt, and R. J. Schoelkopf,
Introduction to Quantum Noise, Measurement and Amplification, Preprint
(2008), cond-mat 0810.4729.
[20] G. Binnig, H. Rohrer, C. Gerber, and E. Weibel, Surface Studies by Scanning
Tunneling Microscopy, Phys. Rev. Lett. 49(1), 57 (1982).
[21] G. Binnig, C. F. Quate, and C. Gerber, Atomic Force Microscope, Phys. Rev.
Lett. 56(9), 930 (1986).
[22] T. R. Rodríguez and R. García, Tip motion in amplitude modulation (tappingmode) atomic-force microscopy: Comparison between continuous and pointmass models, Applied Physics Letters 80(9), 1646 (2002).

89
[23] J. Melcher, S. Hu, and A. Raman, Equivalent point-mass models of continuous
atomic force microscope probes, Applied Physics Letters 91(5), 053101 (2007).
[24] J. Melcher, D. Kiracofe, S. Hu, and A. Raman, VEDA 2.0 (Virtual Environment for Dynamic AFM) (2009), http://nanohub.org/resources/5349.
[25] L. D. Landau and E. M. Lifshits, Theory of elasticity, Elsevier, third ed.
(1986).
[26] O. Sahin, C. F. Quate, O. Solgaard, and A. Atalar, Resonant harmonic response in tapping-mode atomic force microscopy, Phys. Rev. B 69(16), 165416
(2004).
[27] A. Raman, J. Melcher, and R. Tung, Cantilever dynamics in atomic force
microscopy, Nano Today 3(1-2), 20 (2008).
[28] R. E. Collin, Foundations for microwave engineering, Cambridge University
Press, second ed. (1992).
[29] D. Kirkby, Finding the Characteristics of Arbitrary Transmission Lines, QEX
(1996), atlc.sourceforge.net.
[30] T. Dahm and D. J. Scalapino, Theory of intermodualtion in a superconducting
microstrip resonator, J. Appl. Phys 81, 2002 (1996).
[31] M. Tinkham, Introduction to Superconductivity, Dover Publications, Inc., Mineola, New York, second ed. (1996), original Edition 1975 by McGraw-Hill.
[32] W. Hartwig, Superconducting resonators and devices, Proceedings of the
IEEE 61(1), 58 (1973).
[33] B. D. Josephson, Possible new effects in superconductive tunnelling, Phyical
Letters 1, 251 (1962).
[34] K. K. Likharev, Dynamics of Josephson Junctions and Circuits, Gordon and
Breach (1986).
[35] K. K. Likharev, Superconducting weak links, Rev. Mod. Phys. 51(1), 101
(1979).
[36] M. Chauvin, The Josephson Effect in Atomic Contacts, Ph.D. thesis,
SPEC/CEA-Saclay (2005).
[37] J. H. Oates, R. T. Shin, D. E. Oates, M. J. Tsuk, and P. P. Nguyen, A Nonlinear Transmission Line Model for Superconducting Stripline Resonators, IEEE
Trans. Appl. Supercond. 3(1), 17 (1993), part 4.
[38] B. Yurke and E. Buks, Performance of Cavity-Parametric Amplifiers Employing Kerr Nonlinearites in the Presence of Two-Photon Loss, J. Lightw.
Technol. 24(12), 5054 (2006).

90

BIBLIOGRAPHY

[39] K. Stannigel, Parametric Amplification in Superconducting Cavities, Masters
thesis, KTH (2007), available at http://kof.physto.se.
[40] C. W. Gardiner and M. J. Collett, Input and output in damped quantum
systems: Quantum stochastic differential equations and the master equation,
Phys. Rev. A 31(6), 3761 (1985).
[41] E. Buks and B. Yurke, Dephasing due to intermode coupling in superconducting stripline resonators, Physical Review A (Atomic, Molecular, and Optical
Physics) 73(2), 023815 (2006).
[42] O. Suchoi, B. Abdo, E. Segev, O. Shtempluck, M. P. Blencowe, and E. Buks,
Intermode Dephasing in a Superconducting Stripline Resonator, Preprint
(2009), cond-mat 0901.3110.
[43] T. R. Albrecht, P. Grütter, D. Horne, and D. Rugar, Frequency modulation
detection using high-Q cantilevers for enhanced force microscope sensitivity,
Journal of Applied Physics 69(2), 668 (1991).
[44] G. Duﬃng, Erzwungene schwingungen bei veränderlicher eigenfrequenz und
ihre technische bedeutung, F. Vieweg & sohn (1918).
[45] L. D. Landau and E. M. Lifshits, Mechanics, Butterworth-Heinemann, third
ed. (1976).
[46] A. H. Nayfeh and D. T. Mook, Nonlinear oscillations, John Wiley & sons
(1979).
[47] E. Babourina-Brooks, A. Doherty, and G. J. Milburn, Quantum noise in a
nanomechanical Duffing resonator, New Journal of Physics 10(10), 105020
(14pp) (2008).
[48] E. Buks and B. Yurke, Mass detection with a nonlinear nanomechanical resonator, Physical Review E (Statistical, Nonlinear, and Soft Matter Physics)
74(4), 046619 (2006).
[49] I. Siddiqi, R. Vĳay, F. Pierre, C. M. Wilson, M. Metcalfe, C. Rigetti, L. Frunzio, and M. H. Devoret, RF-Driven Josephson Bifurcation Amplifier for
Quantum Measurement, Phys. Rev. Lett. 93(20), 207002 (2004).
[50] M. J. Feldman, P. T. Parrish, and R. Y. Chiao, Parametric amplification by
unbiased Josephson junctions, Journal of Applied Physics 46(9), 4031 (1975).
[51] S. Wahlsten, S. Rudner, and T. Claeson, Parametric amplification in arrays
of Josephson tunnel junctions, Applied Physics Letters 30(6), 298 (1977).
[52] A. Vystavkin, V. Gubankov, L. Kuzmin, K. Likharev, V. Migulin, and
V. Semenov, One-frequency parametric amplifier using self-pumped Josephson
junction, Magnetics, IEEE Transactions on 13(1), 233 (1977).

91
[53] S. Wahlsten, S. Rudner, and T. Claeson, Arrays of Josephson tunnel junctions
as parametric amplifiers, J. Appl. Phys. 49(7), 4248 (1978).
[54] J. Mygind, N. F. Pedersen, and O. H. Soerensen, X-band singly degenerate parametric amplification in a Josephson tunnel junction, Applied Physics
Letters 32(1), 70 (1978).
[55] F. Goodall, F. Bale, S. Rudner, T. Claeson, and T. Finnegan, Parametric amplification in Josephson tunnel junction arrays at 33 GHz, Magnetics, IEEE
Transactions on 15(1), 458 (1979).
[56] L. Kuzmin, K. Likharev, and V. Migulin, Properties of parametric amplifiers
using Josephson junctions with external pumping, Magnetics, IEEE Transactions on 15(1), 454 (1979).
[57] J. Mygind, N. F. Pedersen, O. H. Soerensen, B. Dueholm, and M. T. Levinsen,
Low-noise parametric amplification at 35 GHz in a single Josephson tunnel
junction, Applied Physics Letters 35(1), 91 (1979).
[58] M. J. Feldman and M. T. Levinsen, Gain-dependent noise temperature of
Josephson parametric amplifiers, Applied Physics Letters 36(10), 854 (1980).
[59] N. F. Pedersen, O. H. Soerensen, B. Dueholm, and J. Mygind, Half-Harmonic
Parametric Oscillations in Josephson Junctions, Journal of Low Temperature
Physics (1980).
[60] N. Calander, T. Claeson, and S. Rudner, Shunted Josephson tunnel junctions:
High-frequency, self-pumped low noise amplifiers, Journal of Applied Physics
53(7), 5093 (1982).
[61] L. Kuzmin, K. Likharev, V. Migulin, and A. Zorin, Quantum noise in
Josephson-junction parametric amplifiers, Magnetics, IEEE Transactions on
19(3), 618 (1983).
[62] L. S. Kuzmin, K. K. Likharev, V. V. Migulin, E. A. Polunin, and N. A.
Simonov, X-Band Parametric Amplifier and Microwave SQUID using SingleTunnel-Junction Superconducting Interfermoter, in Proc. SQUID ’85, p. 1029,
Walter de Gruyter & Co., Berlin (1985).
[63] H. K. Olsson and T. Claeson, Low Noise Four-Photon Josephson Parametric
Amplification, Japanese Journal of Applied Physics 26S3(Supplement 26-32), 1547 (1987).
[64] H. K. Olsson and T. Claeson, Low-noise Josephson parametric amplification
and oscillations at 9 GHz, Journal of Applied Physics 64(10), 5234 (1988).

92

BIBLIOGRAPHY

[65] B. Yurke, L. R. Corruccini, P. G. Kaminsky, L. W. Rupp, A. D. Smith,
A. H. Silver, R. W. Simon, and E. A. Whittaker, Observation of parametric
amplification and deamplification in a Josephson parametric amplifier, Phys.
Rev. A 39, 2519 (1989).
[66] H. Dalsgaard Jensen, A. Larsen, and J. Mygind, Resonator coupled Josephson junctions; parametric excitations and mutual locking, Magnetics, IEEE
Transactions on 27(2), 3355 (1991).
[67] B. Yurke, M. L. Roukes, R. Movshovich, and A. N. Pargellis, A low-noise
series-array Josephson junction parametric amplifier, Applied Physics Letters
69(20), 3078 (1996).
[68] R. Movshovich, B. Yurke, P. G. Kaminsky, A. D. Smith, A. H. Silver, R. W.
Simon, and M. V. Schneider, Observation of Zero-Point Noise Squeezing via
a Josephson-Parametric Amplifier, Phys. Rev. Lett. 65(12), 1419 (1990).
[69] B. Abdo, E. Segev, O. Shtempluck, and E. Buks, Intermodulation gain in
nonlinear NbN superconducting microwave resonators, Applied Physics Letters 88(2), 022508 (2006).
[70] M. A. Castellanos-Beltran and K. W. Lehnert, Widely tunable parametric
amplifier based on a superconducting quantum interference device array resonator, Applied Physics Letters 91(8), 083509 (2007).
[71] M. Sandberg, C. M. Wilson, F. Persson, T. Bauch, G. Johansson,
V. Shumeiko, T. Duty, and P. Delsing, Tuning the field in a microwave resonator faster than the photon lifetime, Applied Physics Letters 92(20), 203501
(2008).
[72] M. A. Castellanos-Beltran, K. D. Irwin, G. C. Hilton, L. R. Vale, and K. W.
Lehnert, Amplification and squeezing of quantum noise with a tunable Josephson metamaterial, Nat. Phys. 4(12), 929 (2008).
[73] T. Yamamoto, K. Inomata, M. Watanabe, K. Matsuba, T. Miyazaki, W. D.
Oliver, Y. Nakamura, and J. S. Tsai, Flux-driven Josephson parametric amplifier, Applied Physics Letters 93(4), 042510 (2008).
[74] N. Bergeal, R. Vĳay, V. E. Manucharyan, I. Siddiqi, R. J. Schoelkopf, S. M.
Girvin, and M. H. Devoret, Analog information processing at the quantum
limit with a Josephson ring modulator, Preprint (2008), cond-mat 0805.3452.
[75] A. Palacios-Laloy, F. Nguyen, F. Mallet, P. Bertet, D. Vion, and D. Esteve,
Tunable Resonators for Quantum Circuits, J Low Temp Phys (2008).
[76] B. Abdo, O. Suchoi, E. Segev, O. Shtempluck, M. Blencowe, and E. Buks,
Intermodulation and parametric amplification in a superconducting stripline
resonator integrated with a dc-SQUID, EPL 85(6), 68001 (6pp) (2009).

93
[77] J. R. Johansson, G. Johansson, C. M. Wilson, and F. Nori, Dynamical
Casimir Effect in a Superconducting Coplanar Waveguide, Physical Review
Letters 103(14), 147003 (2009).
[78] M. Mück, M.-O. André, J. Clarke, J. Gail, and C. Heiden, Radio-frequency
amplifier based on a niobium dc superconducting quantum interference device
with microstrip input coupling, Applied Physics Letters 72(22), 2885 (1998).
[79] M. Mück, C. Welzel, and J. Clarke, Superconducting quantum interference
device amplifiers at gigahertz frequencies, Applied Physics Letters 82(19),
3266 (2003).
[80] L. Spietz, K. Irwin, and J. Aumentado, Input impedance and gain of a gigahertz amplifier using a dc superconducting quantum interference device in a
quarter wave resonator, Applied Physics Letters 93(8), 082506 (2008).
[81] L. Spietz, K. Irwin, and J. Aumentado, Superconducting quantum interference
device amplifiers with over 27 GHz of gain-bandwidth product operated in the
4–8 GHz frequency range, Applied Physics Letters 95(9), 092505 (2009).
[82] E. Segev, B. Abdo, O. Shtempluck, E. Buks, and B. Yurke, Prospects of
employing superconducting stripline resonators for studying the dynamical
Casimir effect experimentally, Physics Letters A 370(3-4), 202 (2007).
[83] M. Moreno-Moreno, A. Raman, J. Gomez-Herrero, and R. Reifenberger,
Parametric resonance based scanning probe microscopy, Applied Physics Letters 88(19), 193108 (2006).
[84] H. Nyquist, Thermal Agitation of Electric Charge in Conductors, Phys. Rev.
32(1), 110 (1928).
[85] A. Ergül, Fabrication and Characterization of Superconductive Coplanar
Waveguide Resonators, Licenciate thesis, Royal Institute of Technology
(KTH) (2009), available at http://www.nanopnys.kth.se.
[86] E. M. Doherty, Fabrication and Measurements of One-dimensional Strip-Line
Resonators, Master’s thesis, Royal Institute of Technology (KTH) (2006),
available at http://www.nanopnys.kth.se.
[87] F. M. Weber, One dimensional resonators for enhanced quantum bit control,
Master’s thesis, Royal Institute of Technology (KTH) (2005), available at
http://www.nanopnys.kth.se.
[88] STAR Cryolectronics, Santa Fe, New Mexico. http://www.starcryo.com.
[89] U. Fano, Effects of Configuration Interaction on Intensities and Phase Shifts,
Phys. Rev. 124(6), 1866 (1961).

94

BIBLIOGRAPHY

[90] R. Monaco, A. Andreone, and F. Palomba, Intermodulation measurements in
Nb superconducting microstrip resonators, J. Appl. Phys. 88(5), 2898 (2000).
[91] D. M. Pozar, Microwave Engineering, John Wiley & Sons, second ed. (1998).
[92] C. Kittel, Introduction to Solid State Physics, John Wiley & Sons Inc. (1996).
[93] F. Pobell, Matter and Methods at Low Temperatures, Springer (1996).
[94] Agilent, Fundamentals of RF and Microwave Noise Figure Measurements
(2006).
[95] J. Gabelli, L.-H. Reydellet, G. Fève, J.-M. Berroir, B. Plaçais, P. Roche, and
D. C. Glattli, Hanbury Brown–Twiss Correlations to Probe the Population
Statistics of GHz Photons Emitted by Conductors, Phys. Rev. Lett. 93(5),
056801 (2004).
[96] R. Gross, presentation at the Hereaus seminar 451 on quantum metrology,
Bad Honnef.
[97] Agilent, Noise Figure Measurement Accuracy – The Y-Factor Method (2004).
[98] R. H. Koch, D. J. Van Harlingen, and J. Clarke, Quantum-Noise Theory for
the Resistively Shunted Josephson Junction, Phys. Rev. Lett. 45(26), 2132
(1980).
[99] A. H. Steinbach, J. M. Martinis, and M. H. Devoret, Observation of HotElectron Shot Noise in a Metallic Resistor, Phys. Rev. Lett. 76(20), 3806
(1996).
[100] M. A. Castellanos-Beltran, K. D. Irwin, L. R. Vale, G. C. Hilton, and K. W.
Lehnert, Bandwidth and Dynamic Range of a Widely Tunable Josephson
Parametric Amplifier, IEEE Trans. Appl. Supercond. 19(3), 944 (2009).
[101] S. J. Hedges, M. J. Adams, B. F. Nicholson, and N. G. Chew, Power dependent effects observed for a superconducting stripline resonator, Electron. Lett.
26(14), 977 (1990).
[102] B. Abdo, E. Segev, O. Shtempluck, and E. Buks, Nonlinear dynamics in the
resonance line shape of NbN superconducting resonators, Physical Review B
(Condensed Matter and Materials Physics) 73(13), 134513 (2006).
[103] B. Abdo, O. Suchoi, E. Segev, O. Shtempluck, M. Blencowe, and E. Buks, Intermodulation and parametric amplification in a superconducting stripline resonator integrated with a dc-SQUID, EPL (Europhysics Letters) 85(6), 68001
(6pp) (2009).

95
[104] L. Frunzio, A. Wallraﬀ, D. Schuster, J. Majer, and R. J. Schoelkopf, Fabrication and Characterization of Superconducting Circuit QED Devices for
Quantum Computation, IEEE Trans. Appl. Supercond. 15(2), 860 (2005).
[105] D. Platz, Intermodulation Atomic Force Microscopy, Master’s thesis, KTH,
100 44 Stockholm, Sweden (2007), available at http://www.nanopnys.kth.se.
[106] R. W. Stark, T. Drobek, and W. M. Heckl, Tapping-mode atomic force microscopy and phase-imaging in higher eigenmodes, Applied Physics Letters
74(22), 3296 (1999).
[107] M. Stark, R. W. Stark, W. M. Heckl, and R. Guckenberger, Spectroscopy
of the anharmonic cantilever oscillations in tapping-mode atomic-force microscopy, Applied Physics Letters 77(20), 3293 (2000).
[108] R. W. Stark and W. M. Heckl, Higher harmonics imaging in tapping-mode
atomic-force microscopy, Rev. Sci. Instrum. 74(12), 5111 (2003).
[109] O. Sahin, G. Yaralioglu, R. Grow, S. F. Zappe, A. Atalar, C. Quate, and
O. Solgaard, High-resolution imaging of elastic properties using harmonic
cantilevers, Sens. Actuators A 114, 183 (2004).
[110] O. Sahin, S. Magonov, C. Su, C. F. Quate, and O. Solgaard, An atomic
force microscope tip designed to measure time-varying nanomechanical forces,
Nature Nanotech. 2, 507 (2007).
[111] T. R. Rodríguez and R. García, Compositional mapping of surfaces in atomic
force microscopy by excitation of the second normal mode of the microcantilever, Appl. Phys. Lett. 84(3), 449 (2004).
[112] J. R. Lozano and R. Garcia, Theory of Multifrequency Atomic Force Microscopy, Physical Review Letters 100(7), 076102 (2008).
[113] N. F. Martinez, J. R. Lozano, E. T. Herruzo, F. Garcia, C. Richter,
T. Sulzbach, and R. Garcia, Bimodal atomic force microscopy imaging of
isolated antibodies in air and liquids, Nanotechnology 19(38), 384011 (8pp)
(2008).
[114] S. Jesse, S. V. Kalinin, R. Proksch, A. P. Baddorf, and B. J. Rodriguez, The
band excitation method in scanning probe microscopy for rapid mapping of
energy dissipation on the nanoscale, Nanotechnology 18(43), 435503 (8pp)
(2007).

§
§
§

[115] Sample courtesy of David Abraham, IBM, T.J. Watson Research Center.

Appendix A

Distributed circuit model

A

distributed microwave circuit model of the cavity resonator is
presented and the full solution is described in detail. For the special case
of a low loss, high Q, resonator, the solution is simpliﬁed into a lumped
element model that describes the behavior for a single mode.
The characteristic impedance of the transmission line on the input is Rs and
the load impedance is called Rl . Inside the cavity (between the dashed lines)
distributed circuit elements have been used. In addition to the input and output
coupling capacitances (Ca ) extra capacitances to ground (Cb ) has been added to
account for the extra capacitance that can occur due to the fringe ﬁelds from the
sharp edges of the terminated conductors.
Following is a derivation of the reﬂection (S11 ) and the transmission (S21 ) properties of the cavity using linear microwave circuit theory. First we establish all
impedances, starting from the right.

l
Ca1
Rs

Cb1
Ztot

Ldz

Cdz

Cb2
Zin

Ca2

Rdz
Gdz

Zc

Cb3

Cb4

R1

ZL

Figure A.1: A distributed circuit model of a harmonic oscillator coupled to two
transmission lines (input and output).
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The output impedance from the cavity ZL
ZL = Zb3 //(Za2 + Zb4 //R1 ) =
=


Zb3 Za2 +

Zb4 R1
Zb4 +R1

Zb3 + Za2 +



Zb4 R1
Zb4 +R1

1 + jωR1 (Ca2 + Cb4 )
jω(Ca2 + Cb3 ) − ω 2 R1 (Ca2 Cb4 + Cb3 Cb4 + Ca2 Cb3 )

Using the characteristic impedance in the cavity Zc (eq. 3.28 in Collin [28]),
s
R + jωL
,
Zc =
G + jωC
and the transmission line propagation constant γ (eq. 3.26 in Collin [28])
p
γ = −ω 2 LC + RG + jω(RC + LG),

we can get the input impedance to the cavity (looking right) by impedance
transformation (eq. 3.52 in Collin [28])
Zin = Zc

ZL + Zc tanh(γl)
.
Zc + ZL tanh(γl)

Now we can get Ztot :
Ztot

= Zb1 //(Za1 + Zb2 //Zin ) =
=


Zb1 Za1 +

Zb2 Zin
Zb2 +Zin

Zb1 + Za1 +



Zb2 Zin
Zb2 +Zin

1 + jωZin (Ca1 + Cb2 )
.
jω(Ca1 + Cb1 ) − ω 2 Zin (Ca1 Cb2 + Cb1 Cb2 + Ca1 Cb1 )

Which is all we need to calculate the reﬂection S11 (eq. 3.37-3.39 in Collin [28])
S11 =

−
Vtot
Ztot − Rs
+ =
Ztot + Rs
Vtot

Now we can seek the transmission S21 =
the right with normal voltage division
V1 =

V1−
+ ,
Vtot

(A.1)

(where V1− = V1 ). Starting from

Ca2
Zb4 //R1
VL =
Zb4 //R1 + Za2
Ca2 + Cb4 +

1
jωR1

VL

Where VL = VL+ + VL− and VL /ZL = (VL+ − VL− )/Zc (current continuity)
( +
c
VL
VL = ZL2Z+Z
L
⇒
−
ZL −Zc
VL = 2ZL VL

(A.2)
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Inside the cavity the voltage Vc (x) propagates between Vin and VL . Here the
spacial coordinate x = 0 at the end of the cavity and is negative inside the cavity.
Vc (x) = Vc (x)+ + Vc (x)− = VL+ e−γx + VL− eγx

VL 
=
(ZL + Zc )e−γx + (ZL − Zc )eγx
2ZL

(A.3)

At the start of the cavity Vin = Vc (−l).
On the input side
Vin =

Ca1
Zb2 //Zin
Vtot =
Zb2 //Zin + Za1
Ca1 + Cb2 +

Where
+
−
+
+
Vtot = Vtot
+ Vtot
= Vtot
+ Vtot

1
jωZin

Vtot

Ztot − Rs
Ztot + Rs

So
S21 =
Ca1
2Ztot
Z + R C + Cb2 +
| tot{z s} | a1
{z
Input

voltage

1
jωZin

Input voltage
division

(ZL + Zc
}|

)eγl

2ZL
Ca2
−γl
+ (ZL − Zc )e
C + Cb4 +
{z
} | a2
{z

1
jωR1

Propagation and match

Output voltage

boundary conditions

division

}

(A.4)

The voltage along the cavity can be determined from eqs. A.3, A.2 and A.4.
The stored energy
Z
Z
1 l 2
1 l
Es =
LI (x) dx =
CV 2 (x) dx
(A.5)
2 0
2 0
Assuming a sinusoidal standing wave in the resonator the maximum current and
the standard deﬁnition Q = ω0 Es /P , where P is the power loss inside the resonator
can be calculated as
r
Rs 4
Imax = Iin Q
Zc π
√
In the case of low loss R ≪ ωL and G ≪ ωC we can write γ = jω LC + α,
where α = 1/2(R/L + G/C). If we restrict the frequency to be close to a resonance
(f ≈ fn where fn = 2l√nLC )) we can for the case of low loss Taylor expand
√
tanh(γl) ≈ γl − jnπ = (jω LC + α)l − jnπ

(A.6)

Inserting this Taylor expansion in equation A.4 yields a lumped element model
for mode n. For the high Q superconducting resonators considered here we have
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|Zc | ≈ R1 ≪ 1/(ωCa2 ) and Cl ≫ Ca1 + Ca2 . Using these assumptions, and setting
Cb = G = 0 for simplicity, the transmission S21 can be expressed on the same form
that is used by Yurke and Buks in the quantum model [38]:
√
2j γ1 γ4
(A.7)
S21 =
ω0 − ω + j(γ1 + γ2 + γ4 )
where
ω0

=

γ1

=

γ2

=

γ4

=

nπ
Cl
√
d LC Cl + Ca1 + Ca2

2
Ca1
R1
nπ
Ll
Cl
R
2L

2
Rs
Ca2
nπ
Ll
Cl

(A.8)
(A.9)
(A.10)
(A.11)

§
§
§

The distributed and the lumped element models are compared in ﬁgure 2.9.

Appendix B

Method of multiple scales

A

duffing equation with an extra nonlinear damping is the equivalent classical model to the quantum model of a parametric ampliﬁer with
a Kerr nonlinearity and two-photon loss described in [38]. Here we show
this equivalence by is applying the method of multiple time scales to
rewrite the diﬀerential equation to an algebraic equation. The derivation closely
follows the method as outlined by Nayfeh [46], with the diﬀerence that here we
have included a nonlinear damping
To get the proper “ordering” the parameter ǫ is introduced in table B.1.

Time scales:

T0 = t and T1 = ǫt

Drive force:

FD (t) = AD cos(ωt) = ǫk cos [(ω0 + ǫσ)t]
dx
dx
ω0 /Q
= 2ǫµ
dt
dt
dx
ǫbx2
dt

Damping:
Nonlinear damping:
Nonlinear restoring force:
Solution

ǫαx3
x(t; ǫ) = x0 (T0 , T1 ) + ǫx1 (T0 , T1 ) + · · ·

Table B.1: Summary of the variables in the multiple scales solution.

Note that since ǫ is an extra parameter it has been included without loss of
generality. The oscillator equation can now be written as

d2 x
dx
dx
+ ω02 x = −2ǫµ
− ǫbx2
− ǫαx3 + ǫk cos [(ω0 + ǫσ)t]
dt2
dt
dt
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With the new parameters we can calculated the derivatives


dx1
dx0
dx0
dx
+ ···
+ǫ
+
=
dt
dT0
dT1
dT0


d2 x
d2 x0
d2 x0
d2 x1
+ ···
=
+ǫ 2
+
dt2
dT02
dT0 dT1
dT02

(B.2)
(B.3)

Inserting these derivatives into equation B.1 yields an equation containing the parameter ǫ of diﬀerent powers. Now, since the solution x(t) is independent of ǫ we
can equate the coeﬃcients of ǫ0 and ǫ1 separately:
d2 x0
+ ω02 x0 = 0
(B.4)
dT02
d2 x1
d2 x0
dx0
dx0
ǫ1 :
+ ω02 x1 = −2
− 2µ
− bx20
− αx30 + k cos(ω0 T0 + σT1 )
2
dT0
dT0 dT1
dT0
dT0
(B.5)

ǫ0 :

Equation B.4 has the general solution
x0 = A(T1 )ejω0 T0 + c.c.

(B.6)

where A is a function of T1 but not of T0 and c.c. denotes the complex conjugate.
Inserting this solution into equation B.5 yields
d2 x1
+ ω02 x1 =
dT02




1
1
dA
+ µA + bA2 Ā + 3αA2 Ā − keiσT1 eiω0 T0 −αA3 e3jω0 T0 + c.c.
− 2iω0
dT1
2
2
|
{z
}
Secular term

(B.7)

We can see the left hand side of equation B.7 as an undamped harmonic oscillator and the right hand side as the driving force. The ﬁrst term (called secular)
is driving on resonance and since there is no damping it causes the amplitude to
diverge after some time. This would be unphysical so we force the secular term to
be zero. When doing so we express A in polar form, i.e.
A(T1 ) =

1
a(T1 )ejβ(T1 )
2

and separate the real and imaginary parts:

da
1
1 k


= −µa − ba3 +
sin(σT1 − β)

dT1
8
2 ω0

3 α 3 1 k
dβ

a
=
a −
cos(σT1 − β)
dT1
8 ω0
2 ω0

(B.8)

(B.9a)
(B.9b)
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To avoid having T1 appearing explicitly we make a change of variables

ϕ = σT1 − β
dϕ
dβ

=σ−
dT1
dT1

(B.10a)
(B.10b)

Equations B.9 transfom to

da
1
1 k


= −µa − ba3 +
sin(ϕ)

dT1
8
2 ω0

dϕ
3 α 3 1 k

a
= σa −
a −
cos(ϕ)
dT1
8 ω0
2 ω0

(B.11a)
(B.11b)

A ﬁrst approximation solution x0 (t) including transient behavior can now be
found by solving equations B.11. Using equations B.6, B.8 and B.10 together with
the deﬁnitions in table B.1 the solution can be rewritten as
x0 (t) = A(T1 )ejω0 T0 + c.c.
1
= a(T1 )ejβ(T1 ) ejω0 T0 + c.c.
2
= a(T1 ) cos(ω0 T0 + σT1 − ϕ)

(B.12)

= a(T1 ) cos(ω0 t + σǫt − ϕ)
= a(T1 ) cos(ωt − ϕ)

da
=
Here we will only be interested in the steady state solution where dT
1
For the steady state we obtain by squaring and adding equations B.9



9α2
9b2
+
64ω02
64



6

a +2



µb
3α
−σ
8
8ω0



4

2

2

2

a + (σ + µ )a =



k
2ω0

2

dϕ
dT1

= 0.

(B.13)

§
§
§

Equation B.13 is a third order equation in a2 and may have one or three solutions
depending on the parameters and drive force. In the case of three solutions the
high and low amplitude solutions will be stable and the one in between will be
unstable [46]. Which one of the two possible solutions the system will follow depends
on the initial conditions.
√
k
3α
By identifying E = a2 , K = 8ω
, γ3 = b/8, (ωp − ω0 ) = σ and 2γ1 bin
1 = 2ω0
0
we can see that this is exactly the same algebraic equation that is derived in [38].
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