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Flow and tracer pathways in crystalline fractures

Abstract

Understanding groundwater flow systems and how these control transport is an es-
sential part in assessing the suitability of subsurface environments as hosts for storage of
toxic waste. Therefore it is important to be able to integrate knowledge obtained from
field characterisation of the subsurface with methods which can be used to evaluate and
predict possible impact on surrounding environments.

In this thesis I investigate the characteristics of flow and transport in discrete fracture
networks by analysing Eulerian and Lagrangian descriptions within a stochastic frame-
work. The analysis is conducted through numerical flow and transport simulations con-
figured according to available field data, combined with independent theoretical analytic
and semi-analytic methods which are able to reveal insight to relevant constitutive proper-
ties. It is shown that numerical simulations conducted with the discrete fracture network
approach can be both conditioned and confirmed against field measurable quantities, and
the developed theoretical methods are evaluated against results obtained from simulation.
Thereby, a methodology which can provide links between field measurable quantities and
tracer discharge is presented, developed and evaluated. It is shown to be robust with
respect to underlying assumptions used for flow configurations.

In particular, a specific sampling algorithm for obtaining a Lagrangian description of
transport based on a Eulerian description of flow is proposed, evaluated and shown to
be robust for the cases considered, providing accurate replications. Also a generalisation
of both the advection-dispersion solution and the one-sided stable distribution is shown
to be able to evaluate advective transport quantities, and combined with a Lagrangian
retention model it is shown to be a fairly accurate and robust method for upscaling
distributions, enabling predictions of transport in terms of tracer discharge. Evaluation
of transport is also conducted against the advective-dispersion assumption, where results
indicate advective transport is generally non-Fickian for the fracture networks and domain
scales considered, but not necessarily anomalous. Additionally, the impact certain model
assumptions have on tracer discharge are analysed. For example, transport is evaluated
for assumptions regarding injection mode, fracture network heterogeneity, relationship
between aperture and transmissivity, relationship between transmissivity and size, as well
as scale and modelling dimension. In relation to hydraulic testing and flow analysis,
a method for conditioning fracture transmissivity from field measurements of flow by
simulation is developed and evaluated against homogenisation assumptions commonly
used in field applications. Results indicate the homogenisation assumption generally fails
for current interpretations of field data.

Keywords: Groundwater; Fractured media; Transport; Retention; Macrodis-
persion; Lagrangian formulation; Stochastic modelling
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Sammanfattning

Miljökonsekvensbedömningar av toxiskt avfall i djupt bergförvar kräver en grund-
läggande förståelse av grundvattenströmning samt hur detta påverkar transportfenomet.
Därför är det viktigt att kunna integrera fältundersökningsdata från berggrundsmätningar
med metoder som kan användas för att utvärdera och förutsäga potentiella konsekvenser
på omgivningen.

I denna avhandling undersöker jag flödes- och transportegenskaper i diskreta sprick-
nätverk genom stokastisk analys av eulerska och lagrangeska fältbeskrivningar. Analysen
sker genom en kombination av dels numeriska flödes- och transportsimuleringar som är
konfigurerade enligt tillgänglig fältdata, samt dels med oberoende teoretiska analytiska
och semi-analytiska metoder som ger djupare insyn i relevanta konstitutiva egenskaper.
Resultat visar att den numeriska simuleringsmetoden för diskreta spricknätverk kan både
konditioneras till fältdata och bestyrkas gentemot mätbara kvantiter. Detta är av betydel-
se då de teoretiska metoderna i sin tur är främst evaluerade gentemot simuleringsresultat.
Därmed utvecklas en bestyrkt metodik som kan sammanlänka och i viss mån omvandla
fältdata till uppskattningar av mängden spårämnen i ett utflöde. Resultat indikerar att
denna metodik är robust avseende flera antaganden som har används i simuleringskonfi-
gurationen.

En särskild urvalsalgoritm introduceras som kan erhålla en lagrangesk transportbe-
skrivning utifrån ett eulerskt strömningsfält. Även denna utvärderas avseende vissa simu-
leringsantaganden och resultat tyder på att den är robust för de undersökta fallen. Vidare
föreslås en viss generalisering av lösningen till den advektiva-dispersionsekvationen samt
av ensidigt stabila (one-sided stable) sannolikhetsfördelningar som metod för att prediktera
advektiva kvantiteter genom upskalning av transportfördelningar i rummet. Denna modell
kombineras med en tidigare utvecklad metod för transportretention för att uppskatta reak-
tiva genombrottsfördelningar. Således blir det möjligt att prediktera reaktiv transport dvs
rumslig upskalning av genombrottstider för spårämnestransport. Metoden används också
för att evaluera ett linärt dispersionsantagande, där resultat indikerar att även advektiv
transport kan påvisa icke-linärt beteende. Transport i spricknätverk utvärderas bland an-
nat för modellantaganden avseende injektionsmetod, heterogenitet i spricknätverk, kon-
stitutiva relationer mellan apertur och transmissivitet samt mellan transmissivitet och
spricklängd, och modelleringsskala samt dimension. Beträffande hydrauliska testmetoder
och flödesanalys introduceras en simuleringsmetod för att konditionera spricktransmissi-
vitet från flödesmätningar. Detta jämförs med ett homogeniseringsantaganden som inte
sällan används i fältundersökningar för att tolka flödesmätningar till spricktransmissivitet,
och resultat tyder på att detta antagande kan betydligt undervärdera transmissivitet.

Nyckelord: Grundvatten; Spricknätverk; Transport; Retention; Makrodis-
persion; Lagrangesk formulering; Stokastik modellering
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1 Introduction

Groundwater and energy are both fundamental and critical resources for sustain-
ing quality of life. Freshwater aquifers can serve as reasonably accessible sources
of potable water, in addition to providing a source of irrigation for agriculture
and other industrial use. However several forms of large scale energy production
tend to yield unwanted waste products; hydrocarbons produce significant quan-
tities of emissions and nuclear power leaves residuals containing significant levels
of radiation. Since low permeable subsurface geological formations are relatively
stable environments and can function as transport barriers, these are considered
as suitable host environments for final or long term storage of toxic or otherwise
contaminant waste products.

Therefore it is of significant importance to correctly understand the phenomena
of flow and transport in crystalline fractured bedrock, as well as to be able to
characterise, evaluate, and predict possible effects of subsurface repositories. An
underlying question is whether storage of contaminants in subsurface geological
repositories can jeopardise the resource constituted by freshwater aquifers, and if
the rock matrix can act as a sufficiently long term barrier against transport to the
surface. Crystalline rocks are generally dense formations with low permeability and
can provide groundwater flow environments of low hydraulic conductivity. As such
these are favoured as host environments and generally considered to have suitable
transport barrier properties. For example, several programmes for final storage and
containment of spent nuclear fuel are considering sparsely fractured granitic rock
as host environments for waste repositories.

The natural fractures which exist in crystalline rock have generally been created
by changes in stress conditions, such as through lithostatic and tectonic forces
combined with thermal cooling. These can act as voids or cavities which impact
the effective hydraulic conductivity and enable flow conduits and hence advective
transport pathways to exist. To this end characterising low-conductive, sparsely
fractured media is perhaps one of the most important aspects in assessing the
suitability and safety of subsurface repositories. Thereby there is a necessity of
correctly portraying phenomena with suitable conceptual, mathematical, analytic
as well as numerical methods. As such this work focuses on studying flow and
transport processes in sparsely fractured rock through combinations of numerical
modelling based on real world data as well as with independent theoretical methods.
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General overview

Realistic fracture networks generally exhibit a notable degree of complexity, hav-
ing significant heterogeneity and anisotropy, both in terms of structure as well
as hydraulic properties. Numerical flow modelling of fractured rock is generally
conducted either through continuum or discrete models, or through various com-
binations of both, and typically considering either two or three-dimensional con-
ceptualisations; a general overview of the broad range of modelling approaches for
fractured rock, including the discrete fracture network (DFN) approach, is provided
by the National Research Council (1996).

The inherent complexity of subsurface systems limits the usefulness of simplified
approaches, including two-dimensional models, for real world applications. At the
same time, two-dimensional models have been invaluable in that they have been
able to provided fruitful insight into several fundamental and conceptual aspects
of fracture flow and transport. There have been several studies of flow and trans-
port in two-dimensional DFN models, where fractures are typically represented by
one-dimensional line segments. A fundamental question is whether flow and ad-
vective transport can be linked to underlying structural properties. Investigations
of these aspects have primarily been conducted with certain generic assumptions
on structure, such as regular networks; for example the studies by Sahimi et al.
(1986a,b); Koplik et al. (1988); Hughes and Sahimi (1993a,b) have provided insight
in the relation between regular microscopic structures and macroscopic dispersion
for lattice networks.

Simulations using two-dimensional fracture models have also paid attention to
analysing aspects such as network connectivity (Robinson, 1983), anisotropy in
permeability and hydraulic conductivity, structural geometry including power-law
sized fractures (de Dreuzy et al., 2001a,b,c, 2004), mixing assumptions for transport
in intersections (Park et al., 2001), as well as considerations on model conditioning
to data (Andersson et al., 1984). Development of methods for transforming a DFN
representation into an equivalent continuum representation have paved the way for
permeability and conductivity scaling (Long et al., 1982; Long, 1983; Long and
Billaux, 1987).

The reason this is useful is that continuum models are generally able to rep-
resent larger domain scales, howbeit through reduced detail in resolution. For
cases when a fracture system behaves as a porous medium, typically for highly
fractured rock, equivalent continuum representations can then be applicable. A
method for coupling between discrete fracture and continuum models was devel-
oped by Shapiro and Andersson (1983), which is able to incorporate the detail
of fracture network models with large scale averaging of continuum models. Us-
ing orthogonal two-dimensional discrete networks, Smith and Schwartz (1984) were
able to upscale transport to mimic diffusive migration in a large scale continuum
(Schwartz and Smith, 1988). Theoretical studies of flow in single fractures (Zim-
merman and Bodvarsson, 1996) have also provided insight to the relation between
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hydraulic conductivity and effective aperture for certain geometric representations
of variable fracture aperture.

Studies of steady state and fully saturated flow in three-dimensional DFN mod-
els are generally based on the parallel-plate model (Snow, 1965), where fractures
are represented as two-dimensional flow conduits with varying types of geometry.
Some early studies considering three-dimensional DFNs include Robinson (1984);
Shapiro and Andersson (1985); Andersson and Dverstorp (1987); Nordqvist et al.
(1992), as well as the channel network conceptualisation (Moreno and Neretnieks,
1993b). Generic and semi-generic three-dimensional DFN models have also been
used to study continuum representations through effective permeability represen-
tations (Koudina et al., 1998; Mourzenko et al., 2004), including studies on disper-
sion (Huseby et al., 2001) using bond lattice models in three dimensions (Margolin
et al., 1998) and equivalent pipe network representations (Dershowitz and Fidelibus,
1999).

In relation to field investigations conducted at the Fanay-Augères mine in France,
Cacas et al. (1990a,b) evaluated and simulated flow in three-dimensional networks
using a disc model and transport through en equivalent pipe network model, and
were able to relate results to field tracer tests. Tracer experiments have also been
performed at the Stripa site in Sweden, with studies focusing on field tracer mi-
gration using calibrated discrete fracture flow models (Dverstorp and Andersson,
1989; Dverstorp et al., 1992).

Examples of site specific three-dimensional DFN modelling using data from
the Äspö Hard Rock Laboratory or other sites within the Swedish nuclear waste
repository programme have been conducted by Dershowitz et al. (1996); Outters
and Shuttle (2000); Outters (2003); Hartley et al. (2004); Gylling et al. (2004);
Cvetkovic et al. (2004). A comparison of modelling approaches for flow in fractured
rock considering applications for spent nuclear fuel repositories has been presented
by Selroos et al. (2002).

Generic studies of transport in disordered media have provided insight into
large scale dispersion of nonreactive particle movement such as using the Con-
tinuous Time Random Walk (CTRW) framework (Hughes, 1995), applied to ran-
dom fracture networks (Berkowitz and Scher, 1997, 1998; Berkowitz et al., 2001,
2006). An approach using the Boltzmann transport equation (Williams, 1993) was
applied by Benke and Painter (2003) to model conservative transport in random
two-dimensional fractured networks.

Incorporating reactive transport adds further complexities (Cvetkovic et al.,
1999; Cvetkovic and Haggerty, 2002), involving physical and chemical reaction pro-
cesses and requires additional data and further assumptions on properties of the
media and tracers in question. Retention mechanisms are significant for applica-
tions since they constitute important aspects of the barrier system. For example,
if retention is sufficiently strong, transport residence times may be prolonged to
the extent that radionuclide decay may transform particles to reasonably stable
elements and sufficiently reduced levels of radiation. For other types of reactive
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contaminants, retention times may increase the percentage of mass degradation. In
the seminal paper by Neretnieks (1980), diffusion and sorption into the rock matrix
was highlighted as a significant factor for retarding transport, and was shown to
be relevant even for dense crystalline rocks such as granite. With particular fo-
cus on radionuclide particles, it was shown that matrix diffusion mechanisms can
retard breakthrough by several orders of magnitude relative to only assuming sur-
face reaction mechanisms. Also the dominant effect of large flow conduits on early
arrivals was demonstrated. Based on experiments on a single 20 cm fracture in a
core of granitic rock, Neretnieks et al. (1982) noted the importance of flow chan-
nelling (Neretnieks, 1983; Moreno et al., 1988; Moreno and Tsang, 1991; Moreno
and Neretnieks, 1993a) and evaluated effects of sorption and matrix diffusion.

Few studies to date have included effects of retention in sparsely fractured rock.
Some examples of theoretical analysis along heterogeneous pathways using log-
normal and power-law distributions for fracture lengths were conducted by Painter
et al. (1998, 2002); Painter and Cvetkovic (2001), and a study on retention in single
heterogeneous fractures has been conducted by Cheng et al. (2003). Studies of reac-
tive tracers in heterogeneous media include Cvetkovic and Dagan (1994); Cvetkovic
et al. (1996, 1998), based on the theoretical developments of Dagan (1984); Dagan
and Cvetkovic (1996); Cvetkovic and Dagan (1996).

Also, few three-dimensional DFN models have been used for evaluating retention
with site-specific applications. Some example of the contrary include Cvetkovic
et al. (2002, 2004); Outters (2003). More recently, extensive experimental and
modelling investigations conducted at the Äspö Hard Rock Laboratory in Sweden
(Andersson et al., 2002a,b, 2007; Poteri et al., 2007; Winberg et al., 2003) have
resulted in improved understanding of the behaviour of tracer retention under in
situ field conditions (Widestrand et al., 2007; Cvetkovic et al., 2007).

Many of the basic physical mechanisms of flow and transport in fractured rock
have been extensively studied. However empirical investigations related to sparsely
fractured rock are primarily based on scales which are accessible though controlled
experiments, such as in laboratory experiments (representing scales of the order
of 1 m) and in situ borehole injection–retrieval or crosshole tests (scales of the
order of 10 m to 100 m). Thus characterising these effects on scales beyond that
which is typically accessible through controlled experiments remains a significant
challenge. Most three-dimensional DFN models have primarily been developed and
used within the context of applications. Thus there is a need of firmly establishing
and expanding the understanding of flow and transport, and evaluating capabilities
of three-dimensional DFN modelling based on real world data. That is, there is a
need of further relating numerical results with field observables in order to establish
confidence in modelling results and predictions. A further step involves developing
independent predictive capabilities, especially in terms of reactive transport, and
relating these to field observables when possible, or otherwise to results obtained
from numerical models.

4
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Objectives

The general objective of this thesis is to contribute to the understanding of the phe-
nomena of groundwater and contaminant migration in crystalline fractured rock.
The working method is based on using numerical experiments to analyse theoretical
approaches for flow and transport in fractured rock. As the main investigation tool
realistic discrete fracture network (DFN) simulations are used, i.e. numerical solu-
tions of the groundwater flow equation are obtained for sets of discrete networks
which are configured according to real world data. The primary focus is on the
block scale, i.e. the ‘near-field scale’ comprising distances of up to 100 m, and on
incorporating complexity through detailed resolution of fractured networks. Inher-
ent uncertainties in descriptions of fractured rock necessitate the use of a stochastic
approach to simulation, as well as to analytic and semi-analytic modelling.

Specific aims related to the main objective are summarised as follows.

• To conduct analysis of flow and transport in DFNs. This includes confirma-
tory analysis of the DFN simulation method against field measurable quanti-
ties, primarily in terms of flow measurements and tracer residence times. In
this sense, certain simulation results are confirmed against real world data.

• To develop and evaluate certain analytic and semi-analytic approaches capa-
ble of making predictions on transport or vital quantities related to transport.
These are used either in combination with DFN simulations or directly from
field observables to make inference on flow in terms of hydraulic testing or
under natural conditions, or on tracer migration in terms of nonreactive and
reactive transport. Also detailed emphasis is put on distributions of vari-
ous flow and transport related quantities. Evaluation is generally conducted
against corresponding results obtained through simulation. As such, results
are benchmarked against numerical experiments.

• To study the effects of certain assumptions used in DFN models and how
these impact transport. In particular this includes analysing network het-
erogeneity through variability in aperture or transmissivity, the main types
of generating conditions for transport, namely the flux and resident injection
modes, the relationship fracture aperture has with transmissivity, either as
the theoretical cubic law or the empirical quadratic law, and constitutive re-
lationships between fracture size and transmissivity, with main focus on a
perfectly correlated assumption.

5





2 Method

The main challenges with investigating transport for field applications involve un-
certainties in material and structural properties as well as boundary conditions,
combined with limitations in spatial and temporal monitoring of measurable ob-
servables. Laboratory experiments have the advantage in that they can be con-
ducted under controlled conditions but are limited in scale; on the other hand field
investigations are constrained by uncertainties. In contrast, the main value with
numerical modelling lies in the ability to precisely control variables of interest. Thus
simulations can be used as a complement to laboratory experiments and field inves-
tigations, and can help improve evaluation of conceptual and predictive methods.
Independent analytic or semi-analytic predictive models may also involve numerical
calculations, but generally originate from a different conceptual basis and provide
alternative frameworks.

With this in mind, the outline of the method applied in this work can be sum-
marised as follows. First, it is assumed that field and laboratory investigations are
able to provide descriptions of the subsurface crystalline rock environment in a way
which is sufficiently general to be consistent with observations, but at the same
time is sufficiently specific to be applicable to groundwater flow modelling. Due to
inherent uncertainties, probability distributions are typically used as model input.
Then a conceptual model framework is selected and implemented using suitable in-
terpretations of the field and laboratory data. Numerical simulations can thereafter
be carried out using well-established groundwater flow equations. Model output is
generally descriptions of flow and advective transport in a stochastic sense, since
model input is probabilistic, which ultimately originates from underlying uncertain-
ties in observations. The probabilistic advective transport description is used as a
basis for tracer transport, using a conceptual framework which enable important
classes of physical and chemical retention mechanisms to be accounted for. Finally,
results are obtained primarily in terms of tracer discharge.

In the following sections, the specifics of these procedures are briefly described.
A noteable body of work lays the foundation of these methods, for which additional
detail can be found in the respective references.

7
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2.1 Calculation of flow and transport

The equations governing groundwater flow are primarily based on continuum rep-
resentations of porous media and are well-established (Bear, 1972). Generally,
since hydraulic gradients are small in comparison to fluid properties of water the
Reynolds number is small and laminar flow can be assumed at the representative
element volume scale of a porous media. Combining conservation of mass with the
empirical Darcy law, which relates flow to its driving force (the hydraulic gradi-
ent), the groundwater pressure distribution can be solved for a given domain with
assigned hydraulic conductivity field. Assuming steady-state, single phase flow
with constant density, conservation of mass implies that flow discharge q [L/T] is
conserved

∇ · q = 0 (2.1)

and combined with Darcy’s law

q = −K · ∇Φ (2.2)

for a hydraulic conductivity tensor field K [L2/T] and hydraulic gradient ∇Φ [L/L]
yields the groundwater equation

∇ · (K · ∇Φ) = 0. (2.3)

Assuming an effectively uniform and isotropic conductivity field, so that K → K is
(effectively) constant and isotropic, together with the effective porosity θ [-], yield
simplified expressions for pore fluid velocity

vp =
q
θ

= −K
θ
∇Φ (2.4)

and flow conservation
∇2Φ = 0. (2.5)

Due to the significant contrast in hydraulic conductivity between highly trans-
missive fractures and the low-permeable rock matrix, flow through fractured rock is
dominated by fluid seepage (advection) along fractures. Flow through pores in the
crystalline structure of the rock matrix is in comparison very low, and can therefore
be neglected or incorporated by simplified representations of mechanical dispersion
and diffusion. This is the underlying motivation for numerical implementations
which employ discrete representations of fractures, i.e. assuming the rock matrix
to be impermeable and solving for flow through a network only.

Assuming laminar, parallel-plate flow through an idealised rectangular fracture
of constant aperture 2b [L] the flow velocity profile along a cross-section of the
fracture can be obtained from first principles as a solution of simplified Navier-
Stokes equations (Batchelor, 1967), also known as the Reynolds lubrication equation
and similar to Poiseuille flow in pipes. The resulting expression for average fracture

8
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velocity over the parabolic flow profile in the direction of the local pressure gradient
∇P [M/L2T2], known as plug flow, is then

vf =
(2b)2

12µ
∇P (2.6)

where µ [M/LT] is dynamic fluid viscosity. Assuming the idealised fracture rep-
resents a slab of porous media, equivalent transmissivity T [L2/T] can then be
obtained by relating (2.4) with (2.6) and integrating over the fracture aperture,
resulting in

T =
ρg(2b)3

12µ
(2.7)

where ρ [M/L3] is fluid density and g [L/T2] the gravitational constant. The rela-
tionship shown in (2.7) is known as the cubic law. An alternative empirical formula-
tion can be expressed through a power law parametrisation between transmissivity
and aperture

T ∼ (2b)α (2.8)

where the choice of exponent α = 2 is known as the quadratic law.
The steady-state, constant density groundwater flow equation (2.3) also applies

for discrete fracture network (DFN) conceptualisations, where typically Darcy’s law
(2.2) is used to obtain flow in each fracture, and flow conservation (2.1) is applied at
fracture intersections. Then transmissivity is a more suitable measure to describe
the fluid conductance of fractures. The classical porous media use of transmissivity
is as a measure of effective hydraulic conductivity integrated along a line intersecting
the porous media (usually vertically), and in this sense transmissivity of sections
of fractured media can be applied in the same way. On the other hand, when
referring to single discrete fractures, the fracture is generally conceptualised as a
thin porous media slab. Thereby fracture transmissivity is obtained by integrating
hydraulic conductivity over aperture (fracture opening). This is useful since field
measurements can be used to infer effective transmissivity with relatively small
support scales, and in some cases these can be related to observations of fractures.
Thus transmissivity is used as a measure of the ease of water to flow through a
fracture without the need of explicitly expressing the fracture void as an aperture.
This way the need of applying the cubic law (2.7) or other generalisations such
as (2.8) is eliminated for flow calculations. Nevertheless, estimates of aperture are
important for characterising transport.

To compose a stochastic network, several fractures are generated by sampling
values for fracture position, orientation, size and transmissivity (or equivalent aper-
ture) from assigned probability distributions, until a prescribed limit in fracture
density (or frequency, etc) is reached. Fracture generation is generally conducted
in a domain larger than prescribed hydraulic boundaries in order to avoid a slight
decrease in density in the vicinity of fracture domain boundaries. For each network
realisation fracture intersections are located, and since fully saturated and constant

9
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density conditions are assumed, flow can only occur through the set of fractures
connected to flow boundaries. Therefore isolated fractures and dead-end fracture
segments and clusters which are disjoint from the flow system can be removed,
which results in a connected network system with slightly reduced fracture density.
Boundary conditions can be assigned either as constant head and/or constant flux
across portions of the domain; for cases involving analysis of scale dependency in
pathways, generally a uniform linear hydraulic gradient along a horizontal direc-
tion can be assumed. For cases replicating pump or field tracer tests, boundary
conditions are set so as to best mimic in situ field conditions. Then, by assuming
conservation of mass at each fracture intersection, the resulting linear system of
pressure equations for the network is arranged and solved numerically, and flow in
a fracture surface element or line segment can be obtained from the fracture prop-
erties and local pressure gradients, which results in a Eulerian flow field description.

Thereafter, in order to obtain a Lagrangian representation from the Eulerian
flow solution, advective particle tracking is conducted for indivisible, noninteracting
particles with density equal to that of the fluid. Initial entry fractures are selected
either through uniform or flux weighting and generally on inflow boundaries of the
domain, and then particles sample downsteam flow paths through the network, fol-
lowing fluid velocity. For intersections, either streamline routing or full mixing can
be assumed; in this work the focus is on full mixing, so that downsteam segments
are selected with a probability proportional to flow velocity. Scale dependency in
Lagrangian pathways are studied by placing control planes in a direction perpendic-
ular to the net flow direction. First passages at control planes can then be obtained
for various transport related quantities.

The Monte Carlo approach is thus applied in two aspects; first in the context
of generating multiple networks and solving for flow, and then also for obtaining
a representation of transport in each realisation, by obtaining multiple samples of
particle trajectories in each realisation. Results for the multiple particle trajectories
are then collected and processed, either for each realisation, for the ensemble of
realisations, or for both.

Considerations for two-dimensional DFNs

Approaches for simulating flow and transport in two-dimensional DFNs have been
discussed in the literature for several decades, and the simulations conducted in
Papers I, II and III closely follow standard approaches, for example similar to
Long and Billaux (1987) and Painter et al. (2002). In these studies fractures are
represented by one-dimensional lines of finite extent, and intersections are points
with constant pressure. Thus the pressure field is represented by discrete points
in the two-dimensional domain, and is in contrast to three-dimensional networks
relatively easy to solve numerically. Numerical calculation of two-dimensional flow
and advective transport is carried out with a custom made object-oriented C++
code, which generates fracture network realisations, finds intersection and sets up
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the matrix equation representing the linear system of pressure equations. Since the
accuracy of flow solution lies primarily in solving the system equations, a generalised
matrix solver routine from the LAPACK library (Anderson et al., 1999) is used.
Thereafter, flow velocity in-between nodes is obtained using Equation (2.6), and
particle tracking through the network follows velocity vectors, assuming full mixing
at fracture intersections, until reaching an outflow boundary.

Removing fractures disjoint from the flow network reduces the complexity of
the matrix equation, and hence can improve numerical accuracy. A two-sweep al-
gorithm is used to identify fractures connected to the flow network. A first sweep
identifies all nodes (fracture intersections) connected to the inflow boundary, and a
second sweep identifies all nodes connected to the outflow boundary; then the inter-
section of these two sets forms the subset of nodes connected to both boundaries.
Thereafter any remaining dead-end fractures are easily identified by only having
one connecting node, and thus can trivially be removed from the matrix equa-
tion. However, no attempts are made to remove dead-end fracture clusters, since
the computational cost in identifying such clusters generally outweighs the minor
reduction in matrix equations for typical fracture networks used in this study.

For each realisation, absolute and relative mass balance errors are monitored,
both for the global network and for each node. Mass balance for the global network
is generally very well approximated. For internal nodes, minor errors in machine
precision occur, but generally impact regions of poor connectivity, which are less
susceptible to advective transport. Also, flow conservation is affected by network
variability and properties of fractures (length, aperture, transmissivity). For the
two-dimensional simulation scenarios considered in this work, fracture size and
aperture follow lognormal distributions, and hence variability is not extreme. For
all realisations and cases considered, good mass balance is obtained.

Considerations for three-dimensional DFNs

Implementation in three dimensions requires careful consideration of fracture inter-
section geometry. In three-dimensional systems, fractures are generally idealised as
flat surfaces of finite extent for which pressure can vary along lines of intersection.
Thus, even in the case of homogeneous fractures, pressure gradients can vary in
any spatial direction in the plane. Therefore implementation requires numerical
approaches with effective mesh generation and which are able to resolve lines of
intersection, in particular considering the range of scales involved for fracture size.

For the three-dimensional configurations considered in Papers IV, V and VI,
simulations are carried out with the commercial CONNECTFLOW software pack-
age (Hartley and Holton, 2008), using the NAPSAC module (Hartley et al., 2008)
for DFN modelling. Similar to the two-dimensional approach, fractures are gen-
erated according to given probability distributions describing orientations, sizes,
locations, densities and transmissivities (or apertures). Isolated and dead-end fea-
tures are removed, and the pressure at intersections obtained numerically. For each
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fracture plane, a finite element mesh is set up and used to approximate lines of
intersections with neighbouring fractures. Then, analogous to the two-dimensional
case, the pressure field is calculated at each line of intersection in the network by
solving the resulting matrix system of linear pressure equations. Here the Pre-
Conditioned Conjugate Gradient iterative solver is used, and convergence for each
realisation is ensured by assigning a low convergence criterion as well as monitoring
the absolute and relative global mass balances through the domain.

Fractures are represented as homogeneous features with constant transmissivity.
For the cases in Paper VI which consider internal fracture variability, heterogeneity
is implemented by subdividing the fracture into a connected set of regular square
fractures with assigned length scale, each subfracture having constant transmissiv-
ity but varying between the subfractures. Thereby the original parent or macro
fracture has a heterogeneous representation. Heterogeneity is in that particular
case implemented as an exponentially varying Gaussian random field with rela-
tively small correlation length.

Particle tracking is applied in two variants. In the initial scoping calculations
conducted in Paper IV, advective particle pathways are sampled based on an equiv-
alent transmissivity pipe network approximation of flow between fracture intersec-
tions on each fracture plane. In this case particle tracking is conserved and anal-
ogous to particle tracking in two-dimensional discrete networks, but stepping is
significantly simplified and hence pathway properties only approximated between
intersections from the flow solution. For Papers V and VI pathways are sampled
along finite elements in each fracture plane. The finite element method solves for
pressure or head at nodes but suffers from flow discontinuities across element bound-
aries. To improve pathway sampling in fractures, the post-processing procedure by
Cordes and Kinzelbach (1992) is used which applies the additional constraint of
rotational flow conservation over patches of neighbouring finite elements, thereby
imposing patchwise continuity of flux and allows for construction of continuous
pathlines. This results in significantly improved conservation of particles, i.e. con-
tinuous pathlines, in the relatively complex three-dimensional structured networks.

One of the realisations conducted in Paper V is illustrated in Figure 2.1a, where
approximately 3 × 105 fractures have been sampled in a block scale domain of
120× 100× 100 m3, configured according to a simplification of data obtained from
Laxemar in Sweden. In Figure 2.1b only the connected network is shown, i.e. after
removal of isolated and dead-end features which results in about 1.5×105 fractures,
and is coloured by the resulting head distribution obtained from numerical solution.
Figure 2.1c shows a few of the sampled particle trajectories, coloured by total travel
time.
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(a) (b)

(c)

Figure 2.1: A three-dimensional DFN configuration. Showing (a) the fracture net-
work coloured by transmissivity, (b) the resulting head distribution with net flow
along the positive x axis where isolated and dead-end fractures are removed, and (c)
advective particle pathways coloured by total travel time, with control planes placed
along the x axis for obtaining breakthrough distributions of advective quantities.
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2.2 Lagrangian travel time approach

A Lagrangian approach to modelling macroscale transport is used. Following Dagan
(1989), the Lagrangian particle position X parametrised by time t is related to the
Eulerian velocity field v as

∂X
∂t

= v[X(t; r0)] ≡ V(t; r0) (2.9)

with initial condition X(0; r0) ≡ r0, and V(t) is referred to as the Lagrangian
velocity field. The main objective for modelling macroscale transport is to quantify
distributions of X for a given time t, or alternatively to quantify the particle travel
time τ(x; r0) from the injection point r0 to a given location, such as an observation
point, a control plane or hydraulic boundary.

Further, a particle flow path in porous media is analogous to a random walk in
general disordered media (Cvetkovic and Haggerty, 2002), and for the specific case
of fractured networks the random walk is readily approximated to corresponding
discrete steps along segments with constant properties, for example at the scale of
fracture intersections or numerical elements. Assuming segments represent discrete
steps of constant (random) waiting time ∆τ , it is useful to adopt the definition

∆τ =
`

v
≡ `ξ (2.10)

with segment length ` [L], segment velocity v [L/T], and inverse velocity ξ [T/L]
by convention called segment slowness. An additional segment variable is needed
when incorporating reactive exchange processes along advective paths (Cvetkovic
et al., 2004) as discussed in Section 2.3 below. Again, assuming constant properties,
the following definition is adopted for the segment-level variable ∆β which exhibits
hydrodynamic control of retention

∆β =
`

vb
≡ `ζ (2.11)

with ζ [T/L2] defined as the ratio of segment slowness over half-aperture b [L]. This
is related to volumetric flow Q by assuming a flow conduit with effectively constant
properties for length `, width w and aperture 2b, whence ∆β = 2`w/Q (Moreno
and Neretnieks, 1993a).

Then travel time at a given location L conditioned on the initial position r0 is
obtained by integration along the particle path as a random variable consisting of
N steps

τ(L; r0) =
N∑

i=1

∆τi (2.12)

where ∆τi denotes the waiting time for the i:th segment1. Likewise by integrating
ζ along a trajectory up to a distance L and conditioned on an initial position r0,

1 As such, this represents a time-domain random walk approach.
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the hydrodynamic control of retention β for trajectories is obtained as

β(L; r0) =
N∑

i=1

∆βi. (2.13)

From their respective definitions, it is clear that ∆τ and ∆β as well as τ and β
are closely related to each other and can in general be strongly correlated. Thus in
the general case joint distributions f(∆τ,∆β) and f(τ, β) are preferred. In this work
however, focus is on analysing marginal distributions. If the marginal distribution
of transition times along individual steps or segments is expressed as a waiting time
density f(∆τi) ≡ fτi

then the travel time density distribution for multiple particles
(a particle plume) at the location L is written as an N -convolution2

f(τ) = fτ1 ◦ fτ2 ◦ fτ3 ◦ · · · ◦ fτN
(2.14)

and taking the Laplace transform yields the equivalent expression

f̃ = [f̃τi ]
N . (2.15)

Similarly, the marginal distribution of β can be written as

f(β) = fβ1 ◦ fβ2 ◦ fβ3 ◦ · · · ◦ fβN (2.16)

and
f̃ = [f̃βi ]

N . (2.17)

In essence, applied transport modelling involves finding suitable representa-
tions of (2.15) and (2.17) such as through combinations of analytic and numerical
methods, which are in agreement with experimental results. More fundamentally,
relationships between f(∆τ) and f(∆β) with field measurable quantities, such as
structural and hydraulic properties of porous or fractured media, are preferred. For
porous media basic constitutive properties can be summarised by porosity, perme-
ability and hydraulic conductivity; for fracture networks typically expressions for
density, extent, orientation and transmissivity are used. Also, relating Lagrangian
quantities (X, V, τ , β) with Eulerian quantities (x, v, t, b) plays an important roll
since field flow measurements are essentially representations of v and depend on
fracture transmissivity (or aperture).

Presentation is generally conducted with cumulative and the complement of
cumulative distributions, written as

F (ψ;L) =
∫ ψ

−∞
f(ψ′)dψ′ ; F {(ψ;L) = 1− F (ψ) (2.18)

where f(ψ;L) is the empirical density (histogram) of particle arrival times in the
interval [ψ,ψ + δψ], for a given segment or trajectory variable ψ (e.g. ψ → τ or
ψ → β) at a given location L along the net flow direction.

2 Here it is assumed that the distributions are independent and stationary at the given scale.

15



Andrew Frampton TRITA LWR PhD 1056

2.3 Incorporating retention along trajectories

Tracer retention is incorporated into the Lagrangian framework for exchange mech-
anisms which are expected to be most relevant for environmental applications in
crystalline rock. Since flow through (sparsely) fractured rock is dominated by seep-
age along fractures, which have significantly greater conductivity than the rock
matrix, only transverse diffusion into the rock is assumed. Then reactions can be
represented by a reversible two-component system, as tracer concentration between
mobile and immobile phases, corresponding to advective trajectories and the rock
matrix respectively. For the crystalline rocks considered, the volume of intact rock
is much larger than the volume of fractures constituting advective flow. Therefore it
can be assumed that there are essentially unlimited matrix sorption sites, provided
these can be accessed through transverse diffusion. Since tracer concentrations are
usually sufficiently diluted for the environmental applications considered, linear ex-
change processes apply (Neretnieks, 1980; Moreno and Neretnieks, 1993a; Cvetkovic
et al., 1999; Shapiro, 2001).

It has been shown (Cvetkovic and Dagan, 1994; Cvetkovic et al., 1998) that
solute transport in general heterogenous formations with spatially varying prop-
erties can be conceptually simplified by using Lagrangian coordinates along the
particle path, resulting in a one-dimensional expression for incorporating retention
mechanisms. Considering reactive transport for a single step along an advective
particle trajectory, such as through a fracture segment, the residence time proba-
bility density for tracer particles entering a segment at time t = 0 can be written
as a multiple-rate exchange model (Cvetkovic and Haggerty, 2002) in the Laplace
domain as

γ̃i(s|τi, Bi) = exp (−s[τi +Big̃i(s)]) (2.19)

where gi(t) is the memory function which characterises linear exchange processes
and depends on Eulerian time t only, Bi is an exchange parameter for the seg-
ment, τi is the advective waiting time in the segment (cf. Equation (2.10)), and s
[1/T] is the Laplace transform variable. Equivalently, this is an expression for the
normalised tracer discharge γi(t) applicable at the fracture segment level.

Assuming the memory function is stationary along trajectories, so that g(t) =
gi(t) for all segments i, the conditional discharge for a trajectory can then obtained
by convolution

γ̃(s|τ,B) = exp (−s[τ +Bg̃(s)]) (2.20)

with τ ≡ ∑
τi and B ≡ ∑

Bi.
The memory function gi(t) in (2.19) or g(t) in (2.20) is a general representation

for normalised linear exchange reactions and provides a mesoscale characterisation
of the microscopic processes. For the particular case of unlimited diffusion-sorption
(Neretnieks, 1980), it can be shown that (Cvetkovic et al., 1999)

g̃(s) = s−1/2 (2.21)
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which as discussed above, currently seems justified for application to granitic rock
since fracture density is generally sufficiently sparse and allows the rock matrix to
represent a practically unlimited host of diffusion and sorption sites. In the time
domain (2.21) is thus

g(t) =
H(t)√
πt

(2.22)

where H is the Heaviside step function.
The exchange parameter Bi at segment level is related to both material retention

properties of the host matrix as well as the hydraulic properties of the fracture,
the latter expressed through the hydrodynamic control of retention β defined in
(2.11). For retention in the rock matrix the exchange parameter can be expressed
as (Cvetkovic et al., 2004)

Bi =
√
θiDe,iRi βi ≡ κiβi (2.23)

where θ [-] is rock matrix porosity, De [L2/T] is effective diffusivity into the rock
matrix, and R = 1 + ρKd/θ [-] is the retardation factor which depends on the
distribution coefficient Kd [L3/M] and bulk density ρ [M/L3], and the product κi
represents thematerial retention properties group, which is assumed to be effectively
constant at the segment scale.

For applications, variability in the material property group may not be obtain-
able at a segment or single fracture scale. However since these depend on the
properties of the rock environment, κ can for example be associated with rock do-
mains categorised by rock types, so that variability in κ can be related to variability
between rock domains. Therefore, and for additional simplicity, we assume trajec-
tories lie within a single rock domain, so that κ is constant for all segments. Then
the conditional travel time density (2.20) is simplified, by using (2.21) and constant
κ = κi, which yields (Cvetkovic et al., 2004)

γ(t|τ,B) =
H(t− τ)B

2
√
π(t− τ)3/2

exp
[ −B2

4(t− τ)

]
. (2.24)

The unconditional residence time density h(t) = 〈γ(t)〉, i.e. the expected tracer
discharge for multiple trajectories (a particle plume) is then obtained by integrating
(2.24) over the joint advective density distribution of particles f(τ, β), yielding

h(t) =
∫ ∞

0

∫ ∞

0

γ(t|τ,B)f(τ,B) dτdB. (2.25)

Thus h(t) [1/T] is a direct measure of tracer discharge (at a given location) for an
instantaneous pulse (Dirac) injection, given in terms of unit mass as a function of
time. For a continuous injection, tracer discharge is obtained by convolution of h(t)
over multiple injection periods in time, and mass discharge J [M/T] is obtained as
(Cvetkovic et al., 2004)

J(t) = M

∫ t

0

φ(t− t′)h(t′)dt′ (2.26)
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for a given injected mass M and injection rate φ(t).
Thus the Lagrangian framework outlined above allows for incorporating a wide

range of linear retention processes, applicable for general heterogenous media. In
this work the presentation is adopted to particle flow paths represented by discrete
random variables as a stochastic random walk process, and (in Paper II) applied
to specific cases of reactions expected to be most significant for rock environments,
where Equation (2.24) is used.

2.4 The truncated one-sided stable density

One-sided stable densities have been found useful in applications for transport in
disordered media, mainly due to their suitability in representing heavy-tailed data.
For example, we note that the segment representation of residence time γi in (2.19),
and the trajectory representation γ in (2.20), are one-sided stable densities; the
application to unlimited diffusion in (2.24) has asymptotic convergence γ → t−3/2.

However, since physical systems are finite in extent and observations limited,
constrained by finite solute mass in tracer concentration and finite time and length
scales in release and observation domains, truncated distributions are often pre-
ferred. In Cvetkovic and Haggerty (2002) a generalisation of the one-sided stable
density which allowes for finite representations, i.e. “truncated heavy tails”, was
proposed for particle transitions in disordered media. Denoted as a truncated one-
sided stable (TOSS) density, this is written in the Laplace domain for a given
transport variable ψi with arbitrary units [U] at the segment scale as

f̃ψi(s) = exp (ciaαi − ci(ai + s)α) (2.27)

where ai > 0 [1/U] represents the cutoff rate, i.e. quantifies the rate at which
the truncated one-sided density deviates from the one-sided stable density, ci > 0
[Uα] is scale-dependent and roughly corresponds to the width of the density, and
0 < α ≤ 1 is a dimensionless exponent parameter. Additionally, we note that the
TOSS density is a generalisation of the inverse Gaussian distribution obtained with
ai 6= 0 and α = 1/2, which is useful as being a solution of the advection-dispersion
(convection-diffusion) equation, and also of the the one-sided stable density ob-
tained with ai = 0 (Hughes, 1995).

For integrated (trajectory) variables (2.27) then becomes

f̃ψ(s) = exp

(
N∑

i=1

cia
α
i −

N∑

i=1

ci(ai + s)α
)

(2.28)

and if transitions are stationary, i.e. if ai and ci are constant for all segments,

f̃ψ(s) = exp (caα − c(a+ s)α) (2.29)
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where c ≡ ∑
ci and a = ai. Thereby, once the three parameters a, c, and α are de-

fined, the TOSS density is readily re-scaled by suitable modification of the c param-
eter. For transitions up to a given scale L consisting of N segments, c ≡ ∑

ci ≡ c0Λ
is applicable on the trajectory scale, with Λ [-] representing a dimensionless char-
acteristic Lagrangian path length. The proposed definition for Λ given in Papers I
and V is as a ratio of Eulerian length scale over characteristic Lagrangian segment
length

Λ ≡ L

`
≈ c0N (2.30)

which for stationary systems can be approximated by the characteristic number of
segments N . Thus if the parameters a, c, and α can be obtained from empirical
transport data then the TOSS density represents a general multi-scale model for
transport.

Moments of (2.29) exist provided a 6= 0 (Cvetkovic and Haggerty, 2002); then
the first two centralised moments can then be obtained as

µψ = cαaα−1 (2.31)

and
σ2
ψ = cα(1− α)aα−2. (2.32)

For the applications considered in this work, (2.29) is used as a model for spatial
upscaling of the advective quantities τ and β. Paper I outlines three approaches for
inferring the TOSS parameters using the moments given in (2.31) and (2.32) from
empirical particle transition data applied to travel time τ , and in Paper II applied
to the hydrodynamic control of retention β. For ψ → τ we have

f̃τ (s) = exp (caα − c(a+ s)α) (2.33)

with
µτ = cαaα−1 (2.34)

and
σ2
τ = cα(1− α)aα−2. (2.35)

Likewise for ψ → β we have

f̃β(s) = exp (caα − c(a+ s)α) (2.36)

with
µβ = cαaα−1 (2.37)

and
σ2
β = cα(1− α)aα−2. (2.38)

The first approach in obtaining the TOSS parameters involves using the first
three moments to relate empirical segment travel time moments with the TOSS
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parameters, as shown above for the first two centralised moments. Then, a, c and α
can be obtained by solving the system of equations. However, the disadvantage here
is that flow persistence, expressed as flow velocity correlation between segments, is
not accounted for, since the empirical moments are obtained at the segment level.
The second approach involves fitting the TOSS density to trajectory data at a small
scale by calibration of the three parameters. In this case flow persistence would be
implicitly accounted for, the disadvantage is however this being a phenomenological
approach as well as non-uniqueness in parameter fitting, combined with the issue of
calibration of three parameters being relatively cumbersome. The third approach,
which is applied in Paper I and slightly modified in Paper V, involves a combination
of using moments to obtain a and c and calibration at a small trajectory scale to
find a suitable α. This way, two of the model parameters are still related to physical
properties (travel time), and persistence is to some extent implicitly accounted for.
Additional approaches are also viable, such as obtaining only one of the parameters
from moments and calibrating the remaining two. In such an alternative scenario,
conditioning a to moments is perhaps most relevant, as this controls the cut-off
rate, and then calibrating c and α, as these have stronger influence on the shape of
the distribution, as illustrated in Figure 2.2.

With the choice of parameters a 6= 0 and α = 1/2 the solution of the advection-
dispersion equation (ADE) is obtained, which implies (Cvetkovic and Haggerty,
2002)

a =
U2

4D
(2.39)

and
c =

L√
D

(2.40)

where L [L] is a characteristic length scale, U [L/T] a characteristic advective
velocity, and D [L2/T] a characteristic dispersion. Combining (2.34) with (2.39),
and (2.35) with (2.40) yields

µτ =
L

U
(2.41)

and
σ2
τ =

2DL
U3

(2.42)

i.e. µτ ∼ L and σ2
τ ∼ L. Thus Fickian transport implies that both the mean and

variance of arrival times scale linearly with longitudinal distance. As discussed
and evaluated in Paper V however the converse is not always true, since it may be
possible satisfy µτ ∼ L and σ2

τ ∼ L with α 6= 1/2.

2.5 Non-parametric statistical tests

In Paper IV a soft conditioning approach is used to infer fracture transmissivity
from fracture flow measurements obtained during extraction pumping in the field.
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units of data
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Figure 2.2: Illustration of the effect of the parameters a, c and α of the TOSS
distribution. The reference case (solid) has the parameter combination a = 0.001,
c = 0.2, α = 0.5, and comparison is made against increasing a = 0.06 (dashed),
increasing c = 1.6 (dashed dot) and increasing α = 0.7 (dashed double dot).

Instead of attempting to directly represent in situ borehole observations of fracture
flow, the objective is to match a distribution of simulated flow with the distribution
of field fracture observations, i.e. disregarding the spatial locations of flow occur-
rence (along the depth of a borehole) and only attempting to statistically match
flow magnitudes. In order to quantify correspondence between the empirical field
measured and simulated flow distributions, the two-way Kolmogorov-Smirnov and
Kuiper tests are used, both which are non-parametric statistical tests for comparing
empirical cumulative distributions.

Both tests evaluate the significance level (i.e. probability) for the null hypothe-
sis that two given samples are drawn from the same underlying distribution. Thus
small values of the probability show that the two data sets are significantly dif-
ferent. Note that for two given data sets, the null hypothesis cannot explicitly be
verified, rather it can only be rejected or not rejected with an a priori chosen level
of significance. In Paper IV values of probability are calculated using the equations
described below, without the need of selecting levels of significance. Thus compari-
son between distributions are presented in terms of a probability, and not in terms
of rejecting or not rejecting the null hypothesis. For the cases considered, the data
sets contain flow values either measured in the field or obtained from simulation.
The following is a description of how these tests are applied. The numerical im-
plementation has been conducted in a C++ code, adopted from the Fortran code
outlined by Press et al. (1992).
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Application of the Kolmogorov-Smirnov test

The Kolmogorov-Smirnov (K-S) test is based on the maximum absolute deviation
between two distributions, is invariant under re-parametrisation of the variable,
but is not considered to have good power. However it is most sensitive to the
part of the cumulative distribution above the median, which means it is suitable
to identify linear transformations (translational shifts) between data sets, but to
a lesser extent identifies differences in spread (Press et al., 1992; Johnson, 2000).
The Kolmogorov-Smirnov test statistic (Kolmogorov, 1933) is

D = max|F (q)−G(q)| (−∞ < q <∞) (2.43)

where F and G denote two empirical distributions of data with variable q. The K-S
statistic is useful because the K-S distribution in the case of the null hypothesis that
the data sets originate from the same underlying distribution can be calculated to
sufficiently accurate approximation. Using the following probability function (Press
et al., 1992),

QKS(λ) = 2
∞∑

j=1

(−1)j−1 exp(−2j2λ2) (2.44)

which has limiting cases

QKS(0) = 1 and QKS(∞) = 0 (2.45)

the significance level of a given observed value of D can be calculated by the ap-
proximation

P (D > observed) ≈ QKS

([√
Ne + 0.12 + 0.11/

√
Ne

]
D

)
(2.46)

where
Ne =

N1N2

N1 +N2
(2.47)

is the effective number of observations from the two data sets. Here P can loosely
be interpreted as the probability that the two data sets originate from the same
underlying distribution.

Application of the Kuiper test

The Kuiper (Kp) test statistic is similar to the K-S test, but considers the sum of
the maximum deviation above and below the distributions. It is invariant under
cyclic transformations, and equally sensitive to differences along the entire range of
the distributions, hence more suitable to identify differences in spread (Press et al.,
1992). The Kuiper test statistic (Kuiper, 1962) is

V = max|F (q)−G(q)|+ max|G(q)− F (q)| (−∞ < q <∞). (2.48)
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Likewise, this statistic is useful because the Kuiper distribution, in the case of the
null hypothesis that the data sets originate from the same underlying distribu-
tion, can be calculated to a sufficiently accurate approximation. Using following
probability function (Press et al., 1992),

QKp(λ) = 2
∞∑

j=1

(4j2λ2 − 1) exp(−2j2λ2) (2.49)

which has limiting cases

QKp(0) = 1 and QKp(∞) = 0 (2.50)

the significance level of a given observed value of V can be calculated by the ap-
proximation

P (V > observed) ≈ QKp

([√
Ne + 0.155 + 0.24/

√
Ne

]
V

)
. (2.51)
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3 Results

A summary of the main results from Papers I through VI is presented in the follow-
ing sections. Papers I and II is an article series developing a general methodology
for transport predictions, which is implemented using two-dimensional DFN simu-
lations based on simplifications of Äspö data. Paper III continues with an in-depth
analysis of dispersion using the same model configuration. Paper IV develops and
evaluates a method for inferring transmissivity in fractured rock from in situ bore-
hole flow measurements using three-dimensional DFN simulations based on Lax-
emar data. Paper V is a basic study of advective transport primarily in terms
of τ for the same networks, but considering long term hydraulic conditions. Pa-
per VI analyses tracer transport using a three-dimensional DFN model configured
according to the TRUE Block Scale site.

3.1 Scaling nonreactive and reactive tracer transport
(Papers I and II)

In the two-part series Papers I and II a methodology is developed for obtaining
tracer discharge from Eulerian flow velocities, and combined with small scale cal-
ibration of advective particle trajectories. The main value of this methodology
is that it presents a way in which tracer discharge can be obtained from in situ
field-obtainable data such as fracture statistics, flow measurements, and small scale
tracer tests. The methodology is evaluated for block scale, two-dimensional dis-
crete fracture network simulations, with configuration based on site data obtained
for the Äspö Hard Rock Laboratory. The advantage of two-dimensional settings
is primarily in simplified numerical simulation; conceptual analysis and develop-
ment is generally readily extracted to higher dimensions. For applications however
three-dimensional settings are necessary.

In Paper I the theoretical framework for prediction of advective particle trans-
port using the truncated one-sided stable (TOSS) model is developed. Based on a
random-walk approach to Lagrangian transport at a sub-fracture scale, the TOSS
distribution is obtained from moments of ensemble segment waiting time densities
combined with a calibration at small trajectory scales as discussed in Section 2.4.
The small scale calibration for α is deemed to be necessary in order to implicitly
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account for flow persistence in particle pathways.
Calibration is determined to be ατ ≈ 0.6 and αβ ≈ 0.55 for the distributions

of advective travel times τ and the hydrodynamic control of retention β (quantifi-
cation of retention) respectively. Then evaluation of the TOSS distribution as a
model for predicting large scale transport in terms of distributions of τ and β is
conducted for a one order of magnitude upscaling based on the calibration scale,
which for these simulations correspond to length scales of approximately two or-
ders of magnitude greater than typical segment scales. It is shown that the TOSS
density can successfully be used to reproduce advective travel times and retention
quantification for predictive spatial scales up to one order of magnitude greater
than calibration scales.

Also a detailed analysis of distributions of various segment quantities is con-
ducted. It is observed that all segment variables, i.e. waiting times ∆τ , slowness
ξ (inverse velocity), ζ (inverse velocity and aperture, representing hydrodynamic
accessibility of retention sites) and length `, are not scale dependent; i.e. the dis-
tributions are the same with increasing scale. It is concluded that this observation
stems from a combination of using a stationary field generator for the DFN (frac-
tures size is lognormally distributed and fracture density is uniform throughout the
domain) as well as the flux mixing assumption used for particle tracking. Also, it
is observed that the distribution of ∆τ and ξ have power-law asymptotic tails with
slopes of approximately 1.5.

Upon comparison, it is observed that Eulerian and Lagrangian length distri-
butions are equivalent, which is deemed to stem from fracture transmissivity (or
aperture) not being correlated to fracture size, as is assumed in this simulation con-
figuration. Lagrangian slowness is however notably lower than Eulerian slowness;
i.e. the Lagrangian ξ distribution is biased towards fast segments. As a consequence,
Lagrangian segment waiting times are lower than Eulerian segment waiting times
i.e. the Lagrangian ∆τ distribution is biased toward small times. Then it is shown
that the implementation of a velocity-weighted mapping, based on Eulerian seg-
ment velocity, is able to accurately reproduce Lagrangian segment distributions of
∆τ and ξ. The Lagrangian segment ζ distribution is also matched reasonably well,
however the density of high values of ζ are somewhat over-estimated; the cause
of this is attributed to the inclusion of aperture as an additional random variable,
which is not correlated to size.

Paper II continues by incorporating reversible, two-component linear exchange
reactions using the Lagrangian framework for retention, and obtaining results as-
suming one-dimensional unlimited Fickian diffusion into the rock matrix. Advective
travel time τ combined with the hydrodynamic control of retention β are used to
obtain unconditional tracer discharge for two hypothetical tracers with extreme
retention properties (no retention other than matrix diffusion versus very strong
retention). Comparison is made in terms of tracer discharge in the Lagrangian
framework through (τ , β) obtained from particle trajectories in simulations and (τ ,
β) obtained from TOSS model predictions. It is shown that discharge obtained from
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the TOSS density produces very good agreement with discharge obtained from sim-
ulated particle pathways, thus confirming the predictive capability of the method
for a one order of magnitude upscaling. As a consequence, it is also shown that
the tails of τ and β, i.e. the asymptotic late arrivals, have insignificant impact on
discharge. Thus for applications, it is important to correctly estimate the density
of early arrivals and the bulk of advective particle mass.

Also, correlation between τ and β from particle tracking is observed to be rea-
sonably power-law, with a slope exponent value of 1.18 as best fit. Thereafter,
the impact of correlation assumptions is explicitly evaluated in terms of tracer
discharge. An uncorrelated assumption on τ and β is shown to produce conserva-
tive results, whereas a linear assumption, which is used for example by the ADE
model, is found to produce non-conservative discharge. Thus it is concluded that
the inherent correlation between τ and β is important for accurate predictions.

The TOSS model is then combined with the velocity-weighted mapping algo-
rithm proposed in Paper I, and successful predictions are obtained on the basis
of Eulerian segment data. By applying the velocity weighted mapping on Eule-
rian ξ and ζ, a Lagrangian representation of ξ and ζ is obtained. These are then
used to calculate the TOSS a and c parameters for a given α, using the moment
equations for segments (cf. Section 2.4). The choice of α should be based on flow
persistence information, in this case α ≈ 0.6 is used, as inferred from small scale
trajectory calibration of τ , and also being close to the value obtained for β. Once
this has been achieved, the TOSS model can be easily upscaled using a suitable
choice of scaling parameter Λ, which is related to the characteristic segment length
of particle paths. This then produces a prediction of distributions for τ and β at
a large scale. Finally, by combining the upscaled (τ , β) pairs with the Lagrangian
framework for incorporation tracer reactions, predictions can be made in terms of
tracer discharge, assuming specific reactive properties of the tracer and host rock
matrix.

This way predictions of tracer discharge are obtainable from fundamental Eu-
lerian segment data consisting of distributions of fluid velocity and aperture (or
transmissivity) as minimum variable requirements, as illustrated in Figure 3.1.
Fluid velocity is essentially field-measurable using in situ techniques, however esti-
mation of aperture, i.e. inference of ζ or β is not directly observable and can only
be indirectly obtained by calibration against tracer tests. Inferring flow or velocity
persistence is another fundamental challenge which is not analysed, hence the cur-
rent need of small-scale calibration, but may be viable through suitably configured
nonreactive tracer tests.

In summary, the methodology developed for prediction of tracer discharge from
the basis of Eulerian velocity measurements is evaluated and found to be applicable
for two-dimensional DFN scenarios. As a final note, it should be stressed that
predictions here refer to three distinct aspects; first there is prediction of Lagrangian
segment properties based on Eulerian segment properties (mapping), then spatial
prediction of τ and β using the TOSS density (upscaling), and finally predictions
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Figure 3.1: Schematic diagram showing the methodology developed in Papers I and
II. Site characterisation can provide (amongst other data) descriptions of fracture
networks and flow. Flow measurements are generally conducted in boreholes and
may under simplifying assumptions represent Eulerian flow at subfracture scales.
Alternatively, site characterisation data can be used to conduct DFN simulations
and provide numerical estimates of the Eulerian flow field. Thereafter, the distri-
bution of Eulerian velocities can be transformed to a distribution of Lagrangian
velocities using the velocity weighted mapping algorithm. Assuming small scale
trajectory breakthrough data exists for relevant regions of the site, obtained either
from inert tracer tests or numerical studies, the segment scale Lagrangian distribu-
tions can be upscaled using the TOSS model to estimate breakthrough distributions
at a desired trajectory scale. Finally, expected normalised tracer discharge at the
trajectory scale can be obtained assuming suitable models for retention mechanisms
with the stochastic Lagrangian framework.

in terms of going from nonreactive to reactive transport.

3.2 Spatial and temporal dispersion (Paper III)

The focus of Paper III is on dispersion in DFNs. By considering two heterogeneity
levels in variability of fracture transmissivity (high and low), and two modes for
transport boundary conditions (flux and resident injection), advective transport in
a Lagrangian framework is analysed.

The analysis consists of studying both empirical breakthrough times at given
control planes F (t;x) as well as the spatial distribution of particles at given times
P (x; t). A simple mass-balance relationship which relates particle position and
travel time distributions (Shapiro and Cvetkovic, 1988; Dagan, 1989), expressed in
terms of unit mass or probability

P (X; t) + F (t;X) = 1 P (X; t) = 1− F (t;X) ≡ F {(t;X) (3.1)

is found to be applicable. Since this expression assumes X(t;a) to be a monotoni-
cally increasing function of t, i.e. the Lagrangian longitudinal velocity component
should be non-zero and positive. This in turn implies multiple crossings i.e. back-
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ward particle movement does not occur or the effects are negligible. The value in
this expression for applications is that it can be used for predicting spatial tracer
distribution if the temporal distribution is known, or vice versa; for tracer tests in
field conditions only F (X; t) is measurable. Since it is observed that this system
has a sizeable portion (≈ 13%) of steps with backward movement, the conclusion
is those segments have little impact on the overall macrodispersion. This in turn
may either be due to the segments having short lengths or having high velocities,
hence not significantly delaying arrival times.

It is shown that phase diagrams of the magnitude of particle velocity v = |∂tx|
against its longitudinal position x yields fruitful insight to the behaviour of injection
mode. Comparison of the flux and resident injection modes is shown as scatterplots
for three instances in time in Figure 3.2. The resident mode has significantly
stronger correlation for low velocities, which also remains for longer periods of
time. The third time instance t = 1 yr corresponds to the time when about half of
the particles have exited the system, and then many particles still reside within the
first meter (1/60) of the domain: for flux injection 13% and resident injection 48%.
The strong correlation is likely to be particles travelling in a single low velocity
segment close to or intersecting the injection plane (inflow boundary).

Additional results are that the type of injection mode has greater impact on
longitudinal dispersion than the heterogeneity levels. The resident injection mode
results in anomalous transport for the spatial scales considered prolonging the tails
of arrival time by several orders of magnitude, however the flux injection mode
tends to Gaussian/ADE transport with increasing scales; then heterogeneity either
increases (high variability) or decreases (low variability) this effect. The tails of res-
ident breakthrough times exhibit two-slope behaviour, and these become increas-
ingly distinguished with spatial scale, whereas flux injection only has single-slope
behaviour.

This has impact for applications, since the choice of injection mode should
reflect the physical and environmental conditions of tracer release. In light of
the discussion on Papers I and II above, where it is concluded that early arrivals
and bulk of the mass are most significant for assessing tracer discharge and hence
may have more significant impact for environmental considerations, the tails of
advective transport are less relevant. Thus the impact for applications is that
resident injection somewhat delays median arrivals. However, since the first and
median arrivals of resident injection actually reflect the behaviour of flux injection,
i.e. are representing the flow paths commonly selected by flux injected particles, it
may in practice be the second slope of resident injection, i.e. the spreading shown
by the tails of the distribution which are of interest for storage, provided it can
be shown that fractures in the vicinity of containment areas belong to classes of
fractures with low flow. In such cases, expected advective breakthrough can be
estimated to be delayed by several orders of magnitude when compared to high
flux flow paths. The impact on tracer discharge which for flux injection is discussed
in Paper II, still remains to be investigated for the resident injection mode.
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Figure 3.2: Comparison of injection modes using scatterplots of particle segment ve-
locity versus length, illustrating particle phase diagrams, shown for three instances
in time t = 0.01 yr (blue), t = 0.1 yr (green) and t = 1 (red). The initial correlation
is significantly stronger for resident injection.

3.3 Transmissivity inference (Paper IV)

In Paper IV a method for transmissivity characterisation of fractured rock is de-
veloped and evaluated for three-dimensional DFN simulations based on field data
from the Laxemar region in Sweden. In particular, the method is evaluated against
the Thiem-Dupuit assumptions frequently used in field applications for inferring
transmissivity from borehole flow measurements. The field measuring device is the
Posiva Flow Log (PFL) tool, which is able to obtain high resolution fracture flow
rates in boreholes.

The method is based on conducting multiple DFN realisations of flow entering
a borehole with drawdown assigned to replicate field pumping conditions, and com-
paring simulated results against field measured flows. A soft conditioning approach
is adopted to attempt to match distributions of flow values instead of exact values.
In this case the objective is to match the distribution of PFL flows by modifying
the DFN input transmissivity parametrisation to obtain a suitable distribution of
simulated borehole flows. First, multiple three-dimensional DFN realisations are
generated according to site specifications of distributions of fracture properties,
where a correlation model between fracture transmissivity and size is used. Then
drawdown corresponding to field measured drawdown during extraction pumping is
assigned to a simulated borehole in the center of the domain, and the distribution
of simulated flows are compared with the distribution of field measured flows. By
modifying the transmissivity parametrisation, the distribution of simulated flows is
altered, and by systematic changes in parameters the distribution of simulated flows
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can be made to better represent field observations, i.e. improve the correspondence
(match) between the distributions. The non-parametric statistical comparison tests
introduced in Section 2.5 are used to quantify evaluation of the difference between
distributions of simulated and PFL measured flows.

Regarding the correlation model used, the transmissivity T [m2/s] of a fracture
is related to the size of the fracture as

T = m

(
L

Lmin

)α
(3.2)

where L [m] is the fracture length scale defined as the square root of the surface
area of the fracture, Lmin [m] is the smallest fracture length scale from the given
(input) fracture size distribution and m [m2/s] and α [-] are the model intercept
and exponent parameters respectively.

To illustrate the evaluation procedure, the result of conditioning for one of the
simulation cases with 20 realisations is shown in Figure 3.3, where Figure 3.3a shows
the result of applying the Kolmogorov-Smirnov (KS) and Kuiper (Kp) tests to the
empirical cumulative distributions of flow obtained from simulation and compared
against PFL data. In Figures 3.3b and 3.3c the resulting flow and transmissivity
distributions respectively are shown; as can be seen the flow distributions agree well,
except possibly the highest flow values (seen by the tail of the CCD). The resulting
transmissivity distribution obtained from simulation (solid red) is slightly higher
than the PFL-inferred transmissivities (solid black). Also, it is noted that trans-
missivities calculated using the Thiem-Dupuit equation using flow values obtained
from simulation (dashed blue) closely resemble the PFL-inferred transmissivities
(solid black).

A noteable difference is observed in resulting transmissivity for the scenarios
considered and field data used. Transmissivities obtained from the homogenisa-
tion assumption are generally under-estimated by a factor between 2 and 5 com-
pared with transmissivity obtain through direct flow conditioning. The advantage
of direct conditioning against flow simulations is this honours field measurements
without using assumptions on homogeneity or boundary conditions.

Specifically, the resulting transmissivity parametrisation is found to be well
captured by the range m = (3±1)×10−8 m2/s with associated probability p & 0.1,
and has the optimal value m = 3×10−8 m2/s with associated probability p & 0.85.
The probability refers to the probability of the null hypothesis being correct, i.e.
that the distribution of simulated flows matches the empirical distribution of field
measured flows.

The conditioning results are obtained as ranges of parameter values instead of
specific ‘best matches’, i.e. limiting upper and lower transmissivity distributions,
which provide bounds on permissible (or estimated) transmissivities. Quantification
of the uncertainty of each bound is obtained though the statistical comparison tests
as a probability value. Additionally the parameter ranges used are related to the
level of accuracy desired, which for the data set and simulation configuration used in
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Figure 3.3: Application of the soft conditioning approach in Paper IV by using
the KS and Kp tests for evaluating distributions of flow obtained from simula-
tion and compared against field values. In (a) the evaluation using the KS (red
squares) and Kp (green circles) tests are shown as a probability value. In (b) the
resulting flow distribution from simulation (dashed) is compared with the PFL field
measured flows (solid). In (c) a comparison is made between the transmissivity dis-
tribution obtained through conditioning (dash-dotted red) and from PFL using the
Thiem-Dupuit assumption (solid black). Also, this is compared with transmissiv-
ities obtained from simulated flows using the Thiem-Dupuit assumption (dashed
blue).

Paper IV result in a relatively narrow range. Increasing the range of transmissivity
parametrisation implies the tolerance of the model is increased, but at the cost of
reducing the probability of matching measured field flow values.

3.4 Prediction of travel time (Paper V)

The overall objective of Paper V is to evaluate the applicability of the Fickian
assumption to advective transport in three-dimensional discrete fracture networks
with configuration based on field data. The DFN configuration follows the setup and
results of Paper IV for transmissivity parametrisation, however flow configuration
is set to mimic expected long-term boundary conditions, represented by a linear
uniform hydraulic gradient along a horizontal direction, as such representing a semi-
generic setup. Similar to Papers I and II, the TOSS distribution is used as a model
for evaluation as well as prediction.

In the study of Paper V a thorough analysis of transport diagnostics is conducted
in a 120× 100× 100 m3 block scale domain. As discussed in Section 2.4, the ADE
assumption implies that the first and second travel time moments should scale
linearly with distance. Based on the simulations conducted, the mean and variance
of travel time scale reasonably linearly with distance, however it is noted that most
realisations do not conform to α = 1/2, thus indicating non-Fickian behaviour in
general. Even so, there is significant variation between realisations and with some
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scale dependency on α, such that for certain realisations α tends to approach 1/2
with increasing scale. For single realisations it is shown that the TOSS model can
be calibrated to fit the DFN simulated trajectory distributions reasonably well at
both the small 10 m and large 100 m length scales.

The full distribution of transport arrivals exhibits notable step/discrete be-
haviour for most realisations, since even intermediate densities can portray dis-
crete arrival, indicating multiple similar pathways. As a result, it is concluded that
fractures of significant size and hence higher transmissivity dominate the transport
behaviour of the system in such realisations. For certain realisations however the
distribution of transport arrivals is fairly continuous, implying multiple pathways
with greater variability in travel time; in such cases α = 1/2 is often, but not
always, a suitable approximation.

As discussed in the paper, three limiting cases of characteristic behaviour are
observed, denoted as continuous, discrete or as a transition between the two. The
first ‘continuous’ characteristic behaviour seems to indicate that there is no domi-
nant pathway type, instead pathways have large variation in flow, and connected in
such a way that the probability of selecting between routes are roughly equal, but
results in continuously dispersed arrival times. The second ‘discrete’ indicates that
there are dominant pathway types, such that there are routes with significantly
higher probabilities and which have much less variability in flow. Then the third,
i.e. the ‘transition’ case indicates that discrete behaviour is observed at the small
scale but continuous at the large; thus initially particles experience dominant flow
paths, but are dispersed prior to arrival at the large observation scale.

Therefore, it is interesting to note that the same DFN input, i.e. equally prob-
able realisations drawn from the ensemble, can produce largely different behaviour
in terms of advective transport. The travel time distribution of the ensemble of
the ten realisations exhibits to some extent dual behaviour; first and intermediate
arrival densities seem to follow a ADE behaviour, but the late/asymptotic arrivals
are generally power-law.

It is also shown that by choosing limiting values for the a and c parameters,
the TOSS model is able to successfully bound almost all realisations, both at the
10 m calibration scale as well as the 100 m prediction scale. Thereby prediction on
limiting bounds is shown to be feasible, and in this paper validated (confirmed) for a
one order of magnitude upscaling. The calibration on the bounds is shown in Figure
3.4a, where the lower (short dashed) and upper (long dashed) bounds of TOSS
model is compared against the empirical breakthroughs for the ten realisations
(solid). The resulting prediction on bounds is shown in Figure 3.4b.

Additionally, an initial study of velocity correlation in particle pathways is con-
ducted, and three distinct correlation lengths ∆x are observed for velocity corre-
lation. A strong small scale correlation ∆x . 1 m is observed, corresponding to
1/100 of the Cartesian trajectory distance, an intermediate correlation for lengths
1 . ∆x . 25 m, corresponding to 1/4 of the distance, and no correlation beyond
∆x & 25 m. Furthermore it is noted that the strong small scale correlation limit
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Figure 3.4: Application of the TOSS distribution as a model for predicting bounds
on multiple realisations of advective travel time in DFNs. (a) The 10 m calibration
scale, where the TOSS parameters are obtained through moments of travel time as
well as selecting an optimal value for α. Here α = 0.65 is chosen and captures all
realisations, however the earliest arrivals of realisation 6 are just below the lower
bound. (b) The 100 m prediction scale, where the bounds of the TOSS distribution
are upscaled and compared against the simulated breakthrough times. All the
realisations are within the bounds, however the earliest arrivals of realisation 8 and
the median of realisation 6 is slightly below the lower prediction bound.

corresponds to about half of Lagrangian segment lengths, i.e. segments traversed
by particles. The intermediate range is determined to typically consist of two or
more segments.

Only certain elements of the methodology outlined in Papers I and II are applied
and evaluated for the three-dimensional setting in Paper V, namely Lagrangian
segment and trajectory prediction. Studies on Eulerian and Lagrangian flow aspects
and incorporating reactions for tracer discharge predictions are not investigated in
this work, and thus remain as important topics for future study.

3.5 Tracer transport in the near-field (Paper VI)

The Tracer Retention Understanding Experiments (TRUE) conducted at the under-
ground Äspö Hard Rock Laboratory have provided direct, in situ data of transport
in a 5 m to 30 m scale for a wide range of non-sorbing and sorbing tracers, un-
der reasonably controlled hydraulic conditions through dipole forcing, and at a site
which has undergone significant, if not immense, characterisation. Most of the ex-
perimental setups are essentially extraction pumping with relatively weak injection
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(i.e. as weak dipole tests) in packed off sections of two different boreholes, which
are known to have flow conduits between them, i.e. connected by one or more
conductive fractures.

A first set of experiments at a 5 m scale are conducted in a single fracture
(TRUE-1), and have provided a basis for estimation of individual tracer reten-
tion properties through matrix porosity and the distribution coefficient which are
shown to be consistent with the sorption coefficient inferred from laboratory tests
(Cvetkovic et al., 2007). In Paper VI, the focus is on the experiments conducted in
the 30 m block scale (TRUE-BS), consisting of several pathways and one or more
distinct fractures. A DFN model is configured according to the structural and hy-
draulic fracture data and used to simulate advective particle travel times for the
five tracer tests, which are known to represent different flow paths. Fractures are
classified as fault and non-fault type fractures, each having distinct flow and reten-
tion properties. The structural data is based on eleven fault type fractures, and
the numerical implementation of these is as deterministic fractures with assigned
transmissivity. Also, a single non-fault type fracture is included which represents
a background low-conductive fracture, and also implemented as a deterministic
fracture with estimated transmissivity.

The DFN simulations are used to make comparison between alternative concep-
tualisations of internal structure variability, as effectively homogeneous or heteroge-
neous with an exponential variogram with small correlation scale (i.e. a Gaussian
structure), as well as for comparing constitutive relations between aperture and
transmissivity, expressed as the theoretical cubic law (i.e. assuming parallel-plate
flow) or the empirical quadratic law (implying variability in hydraulic phenomena
such as from fracture in-fill and roughness).

A generic retention model (GRM) is then constructed on the basis of material
retention properties (sorption coefficient, porosity and diffusivity of the matrix)
inferred from the TRUE-1 experiments for the local type of crystalline rock (Äspö
diorite), and applied both to transport-retention values obtained from calibration
of TRUE-BS tracer tests, as well as transport-retention values obtained from DFN
simulation representing the same pathways, i.e. as a means of making model predic-
tions. That is, the simulations are used to make independent estimates of transport
and retention quantification in order to evaluate if tracer discharge predictions com-
bined with the use of the GRM are viable.

The main results show that the DFN simulations are able to reproduce mean
water residence times consistent with observations for the five flow paths, i.e. at
scales of around 30 m, and also indicate the empirical quadratic law for transport
aperture seems most consistent with observations. Also, the active specific sur-
face area sf [1/L] is shown to be reasonably well predicted and consistent with
values calibrated from observations. The internal representation of heterogene-
ity as a Gaussian variation is not more consistent with data than the effectively
homogeneous representation; however, it is noted that other representations of het-
erogeneity may be more suitable.
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4 Discussion

4.1 Hydraulic testing

The ability to develop predictive capabilities for subsurface flow and transport mod-
elling requires accurate and detailed characterisation of the hydraulic behaviour of
fracture systems. A fundamental tool for field applications is to conduct borehole
pump tests, for which there exists a variety of conceptual and analytic models for
various types of testing conditions and depending on pressure responses. However
these are primarily developed for porous media systems or based on general as-
sumptions applicable to continuum and effectively homogeneous conditions. Thus
application of classical results to pump tests in fractured networks can in some
cases violate underlying assumptions.

One example of this is shown in Paper IV, where the homogenisation assumption
used for interpreting steady state pump tests in porous media using the Thiem-
Dupuit equation is shown not to be valid for the fracture system. In that paper
DFN simulations are used to reproduce the pumping tests, and by systematically
varying fracture transmissivity the distribution of field measured flow rates is closely
approximated. Thereby it is shown through numerical simulation based on site
data that the homogenisation assumptions required for applying the Thiem-Dupuit
equations are not applicable for the block scale DFN configuration considered.
Instead, it is shown that direct use of flow measurements, in this case using the
Posiva Flow Log (PFL) tool, is preferred, and can be achieved using the proposed
soft conditioning approach.

An example of comparison of transmissivities inferred from flow logs, using the
PFL tool, and from transient over-pressure tests, using the HTU tool is shown in
Figure 4.1 for five boreholes located on the Olkiluotu island in Finland. There is
a notable difference in the ranges and between mean values obtained from the two
methods, as well as the overall shapes of the distributions. Thus, an important
question for applications and field characterisation is how to be able to reconcile
interpretation of transmissivity obtained through various approaches. This should
take into account considerations of aspects such as support scale, range of inter-
ference, underlying assumptions and applicability of interpretation models, and of
course inherent sensitivities in measurable ranges of values. Thus there is a need for
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an improved understanding in how measuring tools used in field applications can be
combined with theoretical models which are suitable for fractured rock, and how
transmissivities obtained from different approaches can be related and correctly
or adequately interpreted. Investigation into the applicability of models for frac-
tured rock can to some extent be evaluated using numerical DFN simulations. One
advantage of conducting simulations is there is control over structure and bound-
ary conditions as well as complete knowledge of the resulting pressure distribution
throughout the domain is available.

Barker (1988) proposed and developed a generalisation of the concept of flow
dimension to include non-integral values for hydraulic tests in fractured rock. In
this context, the flow dimension refers to cases where the cross-sectional area of flow
can be related to the surface area of the unit sphere in n dimensions (Walker and
Roberts, 2003), and such that n can take on non-integral values. The underlying
motivation is that when conducting pump tests, the choice of flow dimension is
not obvious since flow in fractured rock is dominated by a system of connected
flow conduits and may not be well represented by a continuum. That is, it is not
always clear which choice of flow dimension should be chosen when conducting
classical evaluation. For example, large and dense networks may be approximated
by a three-dimensional continuum model, and sparse networks with few flowing
fractures may be estimated by one or two-dimensional models.

As such the GRF model serves as a generalisation of structural heterogeneity,
and can be theoretically applied to a wide range of hydraulic tests, for both steady-
state and transient conditions. Thereby the GRF model may possibly serve as a
tool for evaluating different types of field tests and aid in reconciling data within a
consistent framework. Further evaluation for realistic networks is however needed,
in order to better assess its value for fractured networks and ranges of applicability
as well as limitations for use in field conditions.

4.2 Flow persistence in networks

The application of the TOSS density as a model for evaluation and prediction of
transport quantities, primarily in terms of advective travel time τ and the hydrody-
namic control of retention β, has been conducted in Papers I, II for two-dimensional
simulations and in Paper V for three-dimensional simulations. For these cases it
was found necessary to conduct a small scale calibration to empirical breakthrough
(either in terms of τ or β), which indirectly shows the need of capturing flow persis-
tence in particle pathways. Also, in Paper V flow persistence is directly illustrated
through the calculation of the spatial velocity correlation, which is seen to exhibit
two notable thresholds in the correlation value, initially with relatively strong cor-
relation corresponding up to 1/100 of the Cartesian trajectory distance, and then
with some correlation up to about 1/4 of the distance.

In previous studies, flow persistence has been identified as being of significant
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Figure 4.1: Comparison of transmissivities obtained using the HTU pressure re-
sponse tool and the PFL steady state flow tool from five boreholes in Olkiluotu,
Finland. PFL transmissivities are obtained from high resolution flow logging, and
transmissivity is inferred from flow rates using the Thiem-Dupuit equation.

importance for transport in DFNs (Painter et al., 2002; Benke and Painter, 2003).
A random walk approach which incorporates a Markovian-based process to account
for velocity correlation was developed by Painter and Cvetkovic (2005). Their ap-
proach, denoted as a Markov-directed random walk (MDRW), accounts for sequen-
tial correlation in velocity by calculating the transition probability of velocities for
each pair of consecutive segments obtained from particle tracking in numerical sim-
ulations. Then this can be applied in a Monte Carlo setting to re-create trajectories
up to arbitrary scales, retaining the transition probabilities at the sampling scale,
and thereby used for upscaling or downscaling transport. It was shown to be able
to successfully reproduce distributions of τ and β evaluated for certain generic and
site specific three-dimensional DFN simulations. The site-specific simulations were
obtained from Outters (2003) representing a 100× 100× 100 m3 domain based on
Äspö data, with a lognormal distribution for fracture size and transmissivity but
without correlation. A simplified pipe network approximation for flow was used
for generic simulations, also assuming lognormal distribution for fracture size and
aperture, but with isotropic orientations.

Their results show significant improvement in applying the MDRW compared
with using a simple random walk. It was noted that some differences were observed
between the MDRW and the empirical breakthrough, where in general the MDRW
only slightly under-estimated the earliest arrivals (first part of the CD, fastest
particles), and some errors in over-estimating the latest arrivals (tails of the CCD,
slowest particles). Additionally, predictive upscaling was only conducted for the
generic simulations and validated for a spatial increase by a factor of three. It was
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noted that the possible cause of the slight mismatches observed could be attributed
to longer-range persistence not captured by the sequential Markov process, as well
as nonstationarity in the velocity field. Thus further investigation into the existence
of flow persistence and its dependence on structure and constitutive relationships
(such as between fracture size and transmissivity, as employed through a correlated
assumption in Paper V), is necessary.

In the following the MDRW is evaluated on the particle trajectories obtained
from the three-dimensional DFN simulations conducted in Paper V. Figure 4.2
shows the MDRW approach (dashed-dotted) compared with the empirical break-
through times (solid). Also for reference, the simple random walk (RW) which
generates trajectories on the basis of uniform inverse sampling of the cumulative
distribution of segment velocity is shown (dashed). As applied here, the MDRW
samples trajectory data in the 10 m scale and calculates transition probabilities,
and then conducts Monte Carlo sampling of segments based on the computed ve-
locity correlation, generating trajectories up to corresponding 10 m and 100 m
scales. Thus the large scale prediction (exemplified at 100 m) assumes the transi-
tion probabilities from the small scale (10 m) to remain valid; i.e. the fundamental
assumption is stationary transition probabilities are assumed for the scales in ques-
tion. Similarly, the RW method samples segments to generate trajectories up to
corresponding 10 m and 100 m scales, however no correlation between velocity is
accounted for; the sampling is only based on the empirical velocity distribution.

As can be seen the MDRW significantly improves the RW, and only slightly
under-estimates the earliest empirical arrivals (first part of CD). This is in general
agreement with the results obtained in Painter and Cvetkovic (2005). For most
cases a notable improvement is observed, such as can be seen for realisation 8 (Fig-
ure 4.2a). For some cases however, such as realisation 10 (Figure 4.2b) only some
improvement is seen. Also, the ensemble (Figure 4.2c) shows some improvement,
but not as notable as is seen in e.g. realisation 8. It should be noted that in Figure
4.2, the prediction at the 100 m is based on 10 m trajectory data only, and as such
represents reasonably successful prediction of a one order of magnitude upscaling.

Thus this seems to indicate a tendency of strong sequential correlation for cer-
tain cases, i.e. such as realisation 8, which is captured reasonably well by the
MDRW, but not by the simple RW. It is also interesting to note that the cases
which show less improvement, such as realisation 10 and the ensemble, have more
‘continuous’ breakthroughs. Therefore these cases may be suspected to contain a
longer range correlation, extending beyond sequential segments. In the absence of
any correlation, the RW and MDRW should perform equally well.

It could also be possible that the system is exhibiting nonstationarity in the
velocity fields, not adequately captured at the 10 m scale. As discussed in Painter
and Cvetkovic (2005), nonstationarity should be possible to handle by conducting
predictive upscaling based on multiple aggregated subdomains, if each subdomain
can be represented by approximately stationary statistics. For applications this
however requires further evaluation. To some degree the MDRW can be used to
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evaluate the existence nonstationarity, by comparing a MDRW sampling from 10 m
to 100 m (predictive mode) with a sampling from 100 m to 100 m (nonpredictive
mode). As is seen in Figure 4.2d, the nonpredictive mode (dashed double dot)
essentially produces the same distribution as the predictive mode (dashed dot) for
the ensemble. Therefore it seems reasonably safe to assume this system (this sample
ensemble) is exhibiting stationarity in sequential velocity correlation along the net
flow direction for particle trajectories.

4.3 Hydrodynamic control of retention

The key variable in characterising retention is the β quantity, denoted as the hy-
drodynamic control of retention. However, this is not a field observable since it
incorporates a measure of fracture roughness, quantified by variability in aperture
along the particle trajectory through the network. Field investigations with multi-
ple tracer tests with sufficiently wide variation in sorption and diffusion properties
can provide indirect quantitative insight of β, as is shown in Paper VI.

The distribution of β is analysed in Paper II for two-dimensional DFN simula-
tions. A significant result mentioned in Section 3.1 and in the discussion in Paper
II is regarding the impact the β distribution has on reactive tracer discharge. It
is shown that tracers with no or weak retention other than diffusion into the rock
matrix are equally influenced by τ and β, but for tracers with strong retention, the
influence of β is significantly stronger than that of τ . Also in terms of the TOSS
model, the β distribution seems to have slightly lower α than the corresponding τ
distribution.

Further analysis on the sensitivity of the β distribution is needed. An example of
evaluation of F (β) for the particle trajectories obtained from the three-dimensional
DFN simulations conducted in Paper V with the TOSS model is shown in Figure 4.3.
Similar to F (τ), there is notable variation in F (β) between individual realisations,
and also the shape of F (τ) is reflected in F (β). This itself comes as no surprise since
from the segment definition βi ∼ τi/2bi, where segment aperture 2bi can act as an
additional random variable. Hence, when initial sharp fronts exist for F (τ) these
are reflected in F (β), as can be seen for example in realisation 8. For this realisation
it seems 0.6 < α < 0.7 best approximates the empirical distribution. Realisation
10 has a smoother shape and 0.5 < α < 0.6 better matches first arrivals. There
is also some scale dependency as observed for F (τ), where α shows a tendency to
slightly decrease with increasing scale.

Comparing the width and range of the β distributions, it can be seen that the
two-dimensional case spans just about four and two orders of magnitude, between
101 and 105 yr/m and 103 and 105 yr/m, for the small (6 m) and large (60 m) scales
respectively (cf. Figure 2 of Paper II). This three-dimensional case however spans
over three and four orders of magnitude, between 103 and 107 yr/m and 103 and
almost reaching 108 yr/m, for the small (10 m) and large (100 m) scales respectively
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Figure 4.2: Application of the MDRW. Comparing the empirical CD and CCD of
travel times (solid) from the DFN simulations in Paper V with Monte Carlo tra-
jectory sampling using the MDRW method (dashed dot) and a simple RW method
(dashed), at a sampling scale of 10 m (red) and prediction scale of 100 m (blue).
The MDRW approach significantly improves the RW for most cases, such as in
realisation 8. For some cases, such as realisation 10, only slight improvement is
seen; likewise the sample ensemble is only somewhat improved. In (d) stationarity
in travel time is illustrated using the MDRW by comparing predictive upscaling
from 10 m to 100 m (dashed dot) with nonpredictive upscaling from 100 m to
100 m (dashed double dot). Since there is only minor difference between predictive
and nonpredictive upscaling, there seems to be weak or essentially no stationarity
between the two scales in the sample ensemble of this system.
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(Figure 4.3), thus a slightly larger range. Also, the values are greater, but this is
partly due to the differences in the domain scales.

The sample ensemble however is evaluated for α = 0.4, 0.5 and 0.6, where the
small scale seems to lie in the range 0.5 < α < 0.6, whereas the large scale between
0.4 < α < 0.5. Thus it is interesting to note that the sample ensemble seems to
have an overall decrease in value for the TOSS exponent parameter. For F (β) in
Paper II it was determined that the TOSS model with α ≈ 0.55 would be a suitable
match against the sample ensemble distribution. Thus there seems to be a stronger
tendency for a decrease in α with scale for these three-dimensional simulations than
for the two-dimensional cases.

An important difference between the simulations conducted in Papers I and
II and the simulations in Paper V is the correlation assumption between fracture
size and transmissivity, and hence aperture. In Papers I and II no correlation is
assumed, but in Paper V a perfectly correlation model is used. Thus these two
cases serve as opposite extremes, in addition to representing somewhat different
fractured rock and modelling dimensions. Furthermore, the simulations in Papers
I and II were conducted with 1000 realisations, and only considered the sample
ensemble.

Since flow is preferential and channelled (biased) towards high flow rates, and
since high flow rates are generally associated with high transmissivity, larger aper-
tures should be sampled when a correlated assumption is in action. Combined with
using a power-law size distribution, this could be an additional reason for the β
distribution having greater span in values in the three-dimensional case than in
the two-dimensional case. In fact, the main effect of the correlation assumption is
there should be more significant channelling, since then preferential flow is not only
guided by connectivity (large fractures) but also by them having greater transmis-
sivity. In an uncorrelated case, large and dominant fractures are equally probable
to be associated with low as high transmissivity and hence should reduce the effect
of flow persistence.

4.4 Application: Analysis of radionuclide tracer migration

So far in this work transport has primarily been studied in terms of advective
quantities (Papers I, II, III and V), retention quantities (Papers II, VI and the
previous discussion), and incorporating this for tracer transport (Paper II). Tracer
discharge is necessary in several applications, however for assessing transport in the
geosphere barrier of nuclear waste repositories, radionuclide decay chains need to
be accounted for in addition to physical and chemical retention mechanisms.

A novel technique which can efficiently account for linear species transformations
(nuclide decay chains), time-dependent velocity as well as incorporating a wide
class of retention processes using the stochastic Lagrangian framework has recently
been developed by Painter et al. (2008a). This method is based on a time domain
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Figure 4.3: Application of the TOSS model for evaluating distributions of β ob-
tained from particle trajectories in the simulations conducted in Paper V. In (a)
and (b) showing empirical CD and CCD of β obtained from realisations 8 and 10
respectively (solid), and compared against the TOSS model with α = 0.5 (dashed),
α = 0.6 (dashed dot), and α = 0.7 (dashed double dot). In (c) showing the β dis-
tribution from the sample ensemble of all 10 realisations (solid), however compared
against the TOSS model with α = 0.4 (dashed), α = 0.5 (dashed dot), and α = 0.6
(dashed double dot).
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particle approach using streamlines (trajectories), where a Monte Carlo sampling
algorithm is used to approximate first-order transformation processes in units of
constant properties. That is, decay times are sampled on a segment basis where
retention properties of the host matrix are assumed to be constant (cf. Section
2.3), and recursively for multiple species, thereby enabling decay chains. Further
theoretical details of the development are provided by Painter et al. (2008a,b).

The algorithm is implemented in the numerical code Migration Analysis of Ra-
dionuclides in the Far Field (MARFA), which is used in combination with pathways
obtained from simulation. Here the algorithm is applied with the particle trajec-
tories of Paper V, and with the natural decay chain sequence 245Cm → 241Am →
237Np→ 233U→ 229Th as an illustrative example. The unlimited diffusion model is
assumed and each species has somewhat varying retention properties and half-lives,
as summarised in Table 4.1. Results are shown in Figure 4.4 for near-instantaneous
injection of unit mass during a period of 0.1 yr at the start of each advective path
and for two selected simulation cases, realisations 6 and 7. These realisations are
selected since they have the earliest and latest arrival time distributions respec-
tively, so they represent the extreme cases in terms of advective transport obtained
from the sample ensemble of the ten realisations conducted in Paper V.

Since either realisation is equally probable it is interesting to observe differences
between the two cases; realisation 6 (Figures 4.4a and 4.4b) has much earlier and
higher peak discharges than realisation 7 (Figures 4.4c and 4.4d). This is partic-
ularly noticeable for the first species 245Cm where the peak occurs at about 0.7
yr and results in the cumulative mass discharge for 245Cm to almost reach unity
(howbeit after about 104 yr), and only a minor amount, below 5%, being decayed
into daughter species. For realisation 7 however peak discharge for 245Cm occurs
later at about 100 yr, and accumulates to only about 60% of the total discharge,
followed by 237Np with about 35%. In both realisations 237Np accumulates more
mass discharge than its parent 241Am, which is likely due to the significantly lower
half-life of 241Am.

That is, the major differences in these two cases is that in the early arrival
case (realisation 6) almost all of the mass is discharged without decay, and in the
late arrival case (realisation 7) almost half of the mass (≈ 40%) has decayed to a
daughter species. Also, in realisation 6 essentially all injected mass is discharged
(about 99.7%) but in realisation 7 about 4% percentage of the total mass vanishes,
i.e. is decayed beyond the final species. In reality of course, the species would
continue decaying until reaching a stable nuclide. Realisation 6 is likely to be
dominated by one or several highly transmissive fractures (due to the relatively
fast initial arrivals), and realisation 7 is likely to have an overall lower hydraulic
conductivity. As discussed in Paper V, the characteristic Lagrangian velocities U in
these two realisations differ by over a factor of 20; U6 ≈ 71 m/yr and U7 ≈ 3 m/yr.

In this brief analysis only two sample realisations have been illustrated with
a single five-species decay chain; and results are of course based on underlying
assumptions used when constructing simulations. Considering the significant dif-
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Nuclide chain t1/2 (yr) λ (1/yr) κ (m/yr1/2)
245Cm 9.3 ×103 8.2 ×10−5 4.1 ×10−5

241Am 4.6 ×102 1.6 ×10−3 4.1 ×10−5

237Np 2.1 ×106 3.2 ×10−7 4.9 ×10−5

233U 1.6 ×105 4.4 ×10−6 4.9 ×10−5

229Th 7.3 ×103 9.5 ×10−5 1.9 ×10−5

Table 4.1: The decay chain illustration example used with the MARFA code, for
calculating radionuclide decay in the 1003 m3 block domain simulations from Paper
V. Here t1/2 is half-life, λ the decay constant and the host rock matrix properties
are summarised through κ = θ

√
DR, where θ [-] is matrix porosity, D [L2/T] is

pore diffusion, and R [-] is the retardation factor. Based on Andersson (1999).

ferences obtained from the two realisations, this shows it is highly relevant to study
effects of underlying simulation assumptions and configurations and how these can
impact discharge behaviour. Examples include assumptions on the type of injec-
tion mode used, how aperture is related to transmissivity for realistic fractures,
such as through the cubic or quadratic laws, effects of the transmissivity and size
correlation model, and general aspects and uncertainties within the structural and
hydraulic DFN configuration as well as uncertainties in long term boundary con-
ditions. Resident injection is known to cause significant tails even for advective
transport, as shown in Paper III for two-dimensional simulations, since particles
initially tend to sample weak flow regions of the network. Thus how this may
impact discharge for decaying nuclides is of significant interest, since this injection
mode may be more realistic for diffusive source scenarios. In Paper VI the quadratic
law seemed to better match data from the TRUE Block Scale tracer tests; thus ef-
fects of discharge based on the assumptions used for transport aperture should be
further investigated. Perhaps more significant is the perfect correlation assumption
between fracture size and transmissivity; as discussed in Paper V an effect of this
is large fractures tend to dominate the system. Other more lenient correlation as-
sumptions, including no correlation, would also likely damp the advective dominant
effect of large fractures.

4.5 Confirmation of network models

Numerical models are frequently employed in the Earth Sciences to try to under-
stand and predict the behaviour of natural systems under incomplete knowledge
of underlying mechanisms and generating conditions. Therefore it is important
to know what to expect from models in terms of their reliability and how well
they are able to represent reality. However, since natural systems are never closed
they are always underdetermined (nonunique), and Oreskes et al. (1994) trivially
demonstrate that model verification as well as validation is inherently and logically
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(a) Instantaneous discharge, realisation 6
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(c) Instantaneous discharge, realisation 7
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(d) Cumulative discharge, realisation 7

Figure 4.4: Illustration example of calculation of radionuclide decay chains using
the MARFA code, applied on two selected simulation cases of advective trajectories
from Paper V. Realisations 6 and 7 have the earliest and latest advective travel time
distributions, thus representing the extreme cases of the sample ensemble. Left
images show instantaneous mass discharge and right images show cumulative mass
discharge, obtained from unit mass injection at the start of particle trajectories.
Not all injected mass is discharged in (d), about 4% is decayed beyond the final
species of the chain (further elements are not modelled). The properties of the
nuclides at each step of the chain are shown in Table 4.1.
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impossible in such cases. To some extent this is a matter of terminology, since
models are nonetheless useful and can be applied to shed light on incomplete un-
derstanding of system behaviour. Instead of using the terms model verification or
validation, Oreskes et al. (1994) argue that a more honest, consistent and neutral
use of language is to say that models can at best be partially confirmed with respect
to empirical observation. As such, evaluation of a model should refer to the de-
gree of correspondence it has with reality, i.e. between the model and the material
world. A model may be confirmed by empirical evidence, but can never be verified
in the sense of representing a state of truth of the system.

This implies care is needed when using and interpreting modelled results; and
as such, a modeller’s task is not to make valid predictions but rather to show that
under a given circumstance with a pre-defined set of assumptions, an empirically
partially-confirmed model is able to make conjectures on phenomena which may
not be readily attainable by other means. Therefore a more sincere point of view is
to discuss the degree of confirmation a model has attained with respect to empirical
observation. With an increasing range of confirmation, the model can be said to
have increased its propensity as a useful approach to describe what it is set out to
replicate. On the contrary, lack of confirmation decreases the probability that the
model is suitable for serving its purpose.

In an extensive review study, Neuman (2005) exposes some of the most chal-
lenging issues for quantifying flow and transport in fractured rock, with particular
attention to scales of typical tracer and pump tests. As the author argues, a ma-
jor motivation for applying DFN models is attempting to describe flow conduits
in greater detail, up to the limits obtainable from site characterisation data, with
the assumption that the complexity of fractured rock is thereby better described.
Also, Neuman (2005) raises the interesting observation that despite this, many at-
tempts at modelling with a DFN approach do not necessarily outperform simpler
approaches, taking as an example results from various (stochastic and deterministic
continuum, discrete, and hybrid) modelling approaches conducted within the TRUE
project. At the same time, flow and in particular transport is not easily predictable
in sparsely fractured rock, where field tests often exhibit nonuniform migration,
generally attributed to existence of strong heterogeneity, anisotropy and preferen-
tial channelling with scale-dependent behaviour. Thus a fundamental question is
whether inherent complexity is better captured by greater detail in models, and if
that is the case, whether this is being captured with existing DFN approaches.

The overall approach used in this work is essentially the same in all the appended
papers, where the underlying basis for flow and transport is through conduits of
fractures either represented by one-dimensional line segments or two-dimensional
planes. In my opinion it may be that the most significant limitations lie in the
homogenisation of fracture planes (or segments), as well as the simplification used
for representing fracture intersections, even though there is relatively strong het-
erogeneity at the network scale.

For example, consider sampling a large fracture with high transmissivity; as dis-

48



Flow and tracer pathways in crystalline fractures

cussed in Paper V, such a single dominant fracture may exhibit strong control over
both flow (global flux discharge) and transport (early sharp breakthroughs). In
reality however, an observation of a high transmissive feature may be very localised
if the fracture is highly heterogeneous, and instead consist of a system of reason-
ably well connected flow conduits, each with restricted extent. Also if fracture
intersections have slightly greater opening than typical fractures, which could be
caused by enhanced weathering and intersections being regions of weaker structural
properties, this could significantly impact heterogeneity. Hence the DFN approach
used may correctly represent geometric or structural connectivity of the fractured
media studied, but due to absence of internal heterogeneity cause flow conduits to
be overconnected.

One possible approach in dealing with additional complexity and heterogeneity
may be in downscaling (as opposed to upscaling). That is, if a conventional and
relatively simple model is able to describe major aspects of fracture flow and tracer
transport, then detailed aspects of these phenomena could possibly be obtained
by integrating with models which incorporate higher resolution of details. The
challenge is, of course, to find suitable representations of complexity, and how to
incorporate these into larger scale or otherwise simplified models.

Nevertheless, confirmation of the network modelling approach which has been
applied within this thesis is to some extent achieved in Paper VI, where DFN simu-
lations are shown to successfully reproduce mean resident water times by comparing
against inert tracers. That is, partial confirmation of the model against empirical
data has been achieved. To place this in perspective however, the DFN config-
uration is based on extensive characterisation of the TRUE region, comprising a
block of about a 30 m length scale, which contains several boreholes and has under-
gone extensive hydraulic analysis, and provided a structurally deterministic DFN
for dominant features along with effective transmissivities. Background fractures
and a few cases of internal variability were additionally tested, but only gave minor
additional insight.
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5 Conclusions

The main focus of this thesis is on applying DFN modelling for crystalline rock,
and evaluating the behaviour of flow and transport using independent or external
theoretical methods with predictive capability. Due to inherent uncertainties in es-
timation of natural properties of fractured rock, a stochastic approach to modelling
is used, which is portrayed through the use of the Monte Carlo method, distribu-
tions of quantities, and estimation of bounds. On the basis of the six appended
papers, the main findings and results of this work are summarised in the following.

A general and flexible methodology has been developed which makes it pos-
sible to relate certain aspects of site characterisation data to estimates of tracer
discharge. This contribution can be useful in relation to site safety assessment, for
example through evaluating the impact of interpretations or uncertainties in data.
The methodology consists of a sequence of steps (methods) which are developed
in Papers I and II, and evaluated using two-dimensional DFN simulations. The
methodology is not constrained to the particular choices of methods used, rather
these serve to illustrate functionality and applicability. At the same time it is
recognised that underlying uncertainties and limitations may motivate the choice
of other methods or sequences.

In Paper III it is found that injection modes, or transport initiating conditions,
significantly impact asymptotic tails of advective transport in fracture networks.
This is seen by comparing results obtained from applying the flux and resident
injection modes along inflow boundaries using two-dimensional DFN simulations.
Backward particle movement is analysed with a simple probability conservation
model, and it is seen that for the cases considered, despite a sizable portion of
segments with backward movement and hence multiple crossings, this effect is neg-
ligible on a macroscopic scale. This is useful in being able to relate spatial plume
dispersion with particle breakthrough at observation locations.

A method of soft conditioning based on nonparametric statistical comparison
tests is developed in Paper IV for estimating fracture transmissivity against in situ
flow measurements. The main value of the method is that it provides a technique
for direct conditioning against field observables, and also yields a quantification of
the accuracy of estimates. The approach can be used to falsify alternative assump-
tions; here the homogenisation hypothesis inherent in the Thiem-Dupuit equation
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for inferring transmissivity from hydraulic tests is evaluated, and shown not to be
applicable for the configuration used. This in turn implies the Thiem-Dupuit as-
sumptions are not directly applicable for the particular fractured rock considered.
On the other hand it is shown how parameter ranges can be obtained, which due
to inherent uncertainties should be preferable over ‘best matches’.

The primary focus of the study in Paper V is to evaluate the Fickian assumption
underlying the application of the advection diffusion equation (ADE) for transport.
It is discovered that even though the first two moments are essentially linear with
scale, the full distributions do not generally conform to the required α = 1/2. Thus
as the main finding, the Fickian assumption is found not to be applicable in general.
However, it is observed that there is notable variation in the estimate of α between
the equally probable realisations; hence this indicates that this DFN configuration,
which is based on background fracture descriptions from a subset of Laxemar site
characterisation data, could be close to Fickian/ADE conditions. Furthermore, the
value of the TOSS model is clearly demonstrated through its use as an estimator
of bounds on multiple realisations of DFN transport simulations.

Despite the significant challenges involved in groundwater modelling, Paper VI
shows that DFNmodels are capable of making accurate predictions of resident water
transport times (advective transport), which are in agreement with multiple tracer
injection tests. As such, those simulations can be said to be partially confirmed
against field measurable quantities. Considering the significant uncertainties in
modelling sparsely fractured rock this should be seen as a noteable achievement.
Thereby, it is shown that the DFN approach can be used to evaluate alternative
conceptual approaches and assumed constitute relationships.

In the following specific results related the general conclusions outlined above
are summarised.

• A transformation from Eulerian to Lagrangian descriptions is revealed to be
important for applications but also achievable. The method using a velocity
weighted mapping algorithm is shown to be accurate and robust at least for
two-dimensional DFN models.

• Upscaling advective transport quantities using the truncated one-sided stable
distribution is shown to be applicable for both two and three-dimensional
DFN conceptualisations. Reasonably accurate predictions are achieved for
at least a one order of magnitude increase in spatial scale when considering
unidirectional flow. It is also shown that this model can be used to enclose
limiting bounds of multiple realisations of transport.

• Additional value in using the truncated one-sided stable distribution is demon-
strated in being an analytic tool which generalises both one-sided stable and
the advection-dispersion models, and which can be used to evaluate inherent
properties of advective transport.
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• Flow persistence is found to exhibit control on transport. An initial study di-
rectly reveals that correlation in particle velocity can be significant in fracture
networks, especially for distances close to the fracture segment scale. This is
also observed indirectly upon applying the truncated one-sided stable model.

• The resident injection mode causes dispersion to be scale dependent, an effect
which is magnified by increased heterogeneity. For the scales considered,
resident injection exhibits two-slope behaviour, the first behaving similar to
flux injection, and the second, which corresponds to asymptotic tails, being
essentially constant.

• Discharge for reactive tracers is shown to be dominated by initial and bulk of
advective particle arrivals; i.e. the tails of the distributions of τ and β have
little impact on tracer discharge. Also it is necessary to retain correlation
between these quantities to obtain accurate estimates. Using an uncorrelated
assumption produces conservative estimates, but a linear correlation assump-
tion on the other hand under-estimates discharge.

• Indications that the quadratic law is a better choice than the cubic law for
transport are found. This is based on results obtained from simulations which
are partially confirmed against tracer test data conducted in the field. How-
ever, solely based on this the cubic law assumption cannot be said to be
falsified (under the given conditions), since this constitutes only limited em-
pirical evidence.

• It is shown that fracture transmissivity can be conditioned to flow measure-
ments using DFN simulations. In doing so, it is observed that transmissivity
may be under-estimated when applying commonly used homogenisation as-
sumptions.

Implications for future work

Based on the results obtained and associated discussions conducted in this work,
general topics which merit futher study are summarised in the following.

In general, further investigation is necessary to reduce uncertainties in DFN
modelling. Additionally and what is perhaps more important is an improved un-
derstanding of the effects of underlying uncertainties. Ultimately the impact of
uncertainties in terms of tracer discharge is most significant for applications. How-
ever the impact these uncertainties directly have on descriptions of advective travel
time and retention, as well as on Eulerian and Lagrangian descriptions and scale
dependence, are also of significance, as these may influence external and indepen-
dent model predictions. Along these lines, further confirmation of DFN models
with field observables is necessary to improve confidence in predictive capabilities.

Therefore it is necessary to conduct sensitivity studies of uncertainties in terms
of their impact on tracer discharge. This includes structural properties, descriptions
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of heterogeneity, and underlying assumptions used such as constitutive relation-
ships. In particular, topics such as correlation assumptions between fracture size
and transmissivity, choice of how transport aperture is related to transmissivity as
through the cubic and quadratic laws, estimates on internal fracture heterogeneity,
effects of injection mode and other boundary conditions, as well as scale-dependent
effects such as implementation of fracture size, need to be further investigated.

Approaches which make direct use of field data should be preferred, primarily
since these may lead to improved understanding of underlying mechanisms rather
than mere phenomenological development. A particular example is using flow and
pressure tests and relating these to Eulerian descriptions of the flow field. Also in
this context models more suitable for hydraulic testing of sparsely fractured rock
are needed.

Specific implications related to these general topics are summarised as follows.

• Further investigation into the applicability of transformation algorithms of
Eulerian to Lagrangian descriptions for three-dimensional systems is needed.
This is important for applications, since flow values obtained from field mea-
surements are at best related to Eulerian flows.

• Here only marginal distributions f(τ) and f(β) are studied. In general these
quantities are correlated and it is the full distribution f(τ, β) which impacts
transport. Thus further analysis of the correlation between these variables is
needed, in particular for realistic three-dimensional networks.

• There is a need for investigating and understanding differences between the
flux and resident injection modes for realistic three-dimensional networks.
This has implications on how to interpret and understand differences between
field tracer tests and diffusive source release scenarios.

• There are clear indications that the effective homogenisation assumption for
fracture planes is not sufficient for describing transport phenomena. It also
seems likely that improved understanding of transport at the fracture scale
could improve macroscale transport descriptions. Thus there is a need for
development of methods which are able to successfully incorporate suitable
added complexity; downscaling methods are suggested as a plausible generic
approach.

• The phenomena of flow persistence in networks and the effects this has on
transport needs to be better understood. Persistence, or correlation in flow
quantities, seems to exist on at least two levels: first at the fracture network
scale, where retaining correlation between fracture segments is paramount
for predictions, but is also known to exist at the single fracture scale, pos-
sibly controlling dispersion through internal structural heterogeneity and at
intersections.
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