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Abstract. This thesis contains four papers and two introductory chapters. It is
mainly devoted to problems concerning random growth models related to the Loewner
di!erential equation.

In Paper I we derive a rate of convergence of the Loewner driving function for loop-
erased random walk to Brownian motion with speed 2 on the unit circle, the Loewner
driving function for radial SLE(2). Thereby we provide the first instance of a formal
derivation of a rate of convergence for any of the discrete models known to converge to
SLE.

In Paper II we use the known convergence of (radial) loop-erased random walk to
radial SLE(2) to prove that the scaling limit of loop-erased random walk excursion in the
upper half plane is chordal SLE(2). Our proof relies on a version of Wilson’s algorithm
for weighted graphs together with a Beurling-type hitting estimate for random walk
excursion. We also establish and use the convergence of the radial SLE path to the
chordal SLE path as the bulk point tends to a boundary point. In the final section we
sketch how to extend our results to more general domains.

In Paper III we prove an upper bound on the optimal Hölder exponent for the
chordal SLE path parameterized by capacity and thereby establish the optimal exponent
as conjectured by J. Lind. We also give a new proof of the lower bound. Our proofs
are based on sharp estimates of moments of the derivative of the inverse SLE map. In
particular, we improve an estimate of G. F. Lawler.

In Paper IV we consider radial Loewner evolutions driven by unimodular Lévy
processes. We rescale the hulls of the evolution by capacity, and prove that the weak
limit of the rescaled hulls exists. We then study a random growth model obtained
by driving the Loewner equation with a compound Poisson process with two real pa-
rameters: the intensity of the underlying Poisson process and a localization parameter
of the Poisson kernel which determines the jumps. A particular choice of parameters
yields a growth process similar to the Hastings-Levitov HL(0) model. We describe the
asymptotic behavior of the hulls with respect to the parameters, showing that growth
tends to become localized as the jump parameter increases. We obtain deterministic
evolutions in one limiting case, and Loewner evolution driven by a unimodular Cauchy
process in another. We also show that the Hausdor! dimension of the limiting rescaled
hulls is equal to 1.
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Sammanfattning. Denna avhandling består av fyra artiklar och en sammanfattande
inledning. I huvudsak behandlas probabilistiska modeller relaterade till Loewners dif-
ferentialekvation.

Artikel I. Vi härleder en konvergenshastighet i termer av lattice-storleken för loop-
erased random walk. Mer precist hittar vi en konvergenshastighet för den Loewner-
drivfunktion som svarar mot loop-erased random walk och som konvergerar mot Brownsk
rörelse med hastighet 2, drivfunktionen svarande mot SLE(2). Vi ger därmed den första
formella härledningen av en konvergenshastighet för en diskret modell som konvergerar
mot SLE.

Artikel II. Vi visar att loop-erased random walk excursion i övre halvplanet kon-
vergerar mot chordal-versionen av SLE(2) då lattice-storleken går mot noll. En viktig
ingrediens i beviset utgörs av Lawler, Schramm och Werners konvergensresultat för
loop-erased random walk. Vi bevisar och utnyttjar vidare en variant av Wilsons al-
goritm för viktade grafer tillsammans med en uppskattning av en trä!sannolikhet för
random walk excursion liknande Beurlings för hamoniskt mått. Vi visar och använder
dessutom att radial-versionen av SLE konvergerar till chordal-versionen då den inre
punkten närmar sig en randpunkt.

Artikel III. Vi härleder en övre begränsning av den optimala Hölder-exponenten för
chordal-versionen av SLE i kapacitets-parametriseringen. Vi bevisar därmed J. Linds
förmodan. Vi ger även ett nytt bevis för motsvarande undre begränsning. Våra resultat
bygger på skarpa momentuppskattingar av SLE-avbildningens derivata nära drivfunk-
tionen. Speciellt förbättrar vi en uppskattning som tidigare visats av G. F. Lawler.

Artikel IV. Vi studerar Loewners ekvation med en allmän Lévy-process som driv-
funktion. Vi visar att de motsvarande höljena, omskalade så att kapaciteten hålls
konstant, konvergerar i fördelning då t ! ". Vidare introducerar vi och studerar
en enkel aggregationsmodell som fås genom att välja en speciell sammansatt Poisson-
process som drivfunktion i Loewners ekvation. Processen har två parametrar och som
ett specialfall finner vi en variant av HL(0)-modellen. Vi studerar asymptotik med
avseende på parametrarna och visar dessutom att kapacitets-skalgränsen har en rand
med ändlig längd.
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INTRODUCTION

A wide class of physical phenomena can be modeled mathematically by
means of a probabilistic lattice model. In such a model, the local behavior
is typically determined by associating to lattice-points (or -edges or -faces)
a small number of random variables. On a number of occasions accurate
correspondence between observed physical properties and global or large-
scale behavior of such models has been established.

In some cases a phase transition occurs in the properties of the model
as a parameter is varied past some critical value and it often happens that
the behavior is particularly interesting at this critical value. For example,
the model may exhibit self-similarity at criticality, that is, apart from the
lattice size, there is no typical scale. This leads to the consideration of a
scaling limit, wherein one lets the relative size of the lattice tend to zero.
One then expects that, in some sense, there is a non-trivial continuum
limit that lends itself to analysis.

This approach has been successfully used to understand a number of
two-dimensional models from statistical physics: the Ising model, critical
percolation, uniform spanning trees, loop-erased random walks, and the
self-avoiding walk, among others. Assuming their existence, the scaling
limits of these models (and others) are believed, based on simulation and
physical reasoning, to be universal in the sense that they do not depend
on the respective choice of a reasonable lattice. They are also expected,
and in some cases known, to possess invariance properties with respect to
conformal maps. Under such assumptions, a combination of mathematics
and physical reasoning can be employed to analyze the scaling limit and the
model itself. For example, in the case of critical percolation, Cardy [Car92]
derived a formula for crossing probabilities of large connected clusters and
Duplantier and Saleur [SD87] predicted the fractal dimension (properly
interpreted) of the outer boundary of such clusters.

However, before 1999 little was known about the rigorous aspects of
scaling limits of probabilistic lattice models, a notable exception being
Kenyon’s proof of conformal invariance of several quantities related to
loop-erased random walk and domino tilings. The fundamental question
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2 introduction

concerning the precise mathematical meaning of a scaling limit was nev-
ertheless unanswered to a large extent.

It was a breakthrough when Schramm 1999 [Sch00] introduced the
Stochastic Loewner evolution, SLE(!) (now known as Schramm-Loewner
evolution), as a candidate for the scaling limits of loop-erased random walk
and the percolation exploration process. The explicit construction of SLE
using the Loewner di!erential equation, a classical tool from geometric
function theory, with a Brownian motion input, not only provides a way
of rigorously proving convergence to a well-defined scaling limit, but it also
makes the limit amenable to rigorous analysis.

In the years following the introduction of SLE, several of the afore-
mentioned models were proven to converge to SLE when a suitable scaling
limit was taken and the random fractal SLE curves themselves were stud-
ied extensively. SLE techniques were used to obtain mathematical proof of
many of the predictions made by physicists, including those by Cardy and
Duplantier and Saleur, and a number of long-standing conjectures con-
nected with Brownian motion were settled in a series of papers by Lawler,
Schramm, and Werner. Let us remark that Smirnov in [Smi01] proved
existence, uniqueness, and conformal invariance of the scaling limit of the
percolation exploration process (and of other curves related to percolation)
without using SLE techniques.

Aggregation processes form a somewhat di!erent class of phenomena
that (in the plane) were known to have a close relationship with the
Loewner equation prior to the introduction of SLE. Here, the physical
growth of an aggregate such as a tumor, an electrodeposit, or a bacterial
colony is considered. Many aggregation models are based on di!using par-
ticles, a notable example being di!usion-limited aggregation (DLA). The
DLA cluster is grown successively by attaching small particles at boundary
points chosen according to the hitting distribution of a Brownian motion
released from infinity. The Hastings-Levitov family of aggregation mod-
els, which includes a version of DLA, is based on compositions of random
rotations of simple conformal maps and can be realized using the Loewner
equation.

The present thesis relates to mathematical aspects of several of the
models and phenomena mentioned above. In particular the Schramm-
Loewner evolution, loop-erased random walks, and the Hastings-Levitov
model. We refer to Chapter 2 for an overview of Papers I–IV including
statements of the main results and discussions of their proofs.

The rest of this chapter will be devoted to a review and discussion
of some important concepts and results from the literature and we shall
return to several of the models previously mentioned. The goal is not to
provide a comprehensive or complete overview of the field, but rather to
provide a background and context to the problems studied in the thesis.
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1. The Loewner differential equation

In this section, the setting is mainly deterministic. We begin by sketching
a derivation of the half-plane version of the Loewner equation, also known
as the chordal Loewner equation. The purpose is to give some intuition
to Loewner chains. For a derivation with full details, we refer the reader
to [Pom75] or [Law05].

A heuristic derivation. Let H = {z : Im z > 0} denote the upper half-
plane in the complex plane. Let us consider a family of growing compact
sets (Kt, t ! 0) contained in H such that the open sets Ht = H \ Kt are
simply connected. We assume that the compact sets Kt are monotonically
growing so that

Hs ! Ht, s < t. (1)

We also assume that the growth is continuous from the conformal mapping
point of view; formally, this should be understood as the open sets Ht

decrease continuously in the sense of Carathéodory kernel convergence,
see [Pom92]. We call (Kt, t ! 0) an increasing family of hulls.

By the Riemann mapping theorem there is, for each t, a unique con-
formal mapping

ft : H " Ht

that satisfies the hydrodynamical normalization

ft(z) = z # a(t)
z

+ O

!
1
|z|2

"
,

as z " $. The assumptions on monotonic and continuous growth imply
that the half-plane capacity hcap(Kt) := a(t) is positive, continuous, and
strictly increasing. In a sense, it measures the size of the growing sets as
seen from infinity. We note that a set may have large diameter but yet
small half-plane capacity if the height is small.

We shall assume that “time” is parameterized so that a(t) = at for
some fixed a > 0 and we refer to this as parameterization by capacity.

Let us now consider the flow t %" ft(z) of a fixed point z. The continu-
ous and monotonic expansion of Kt implies that the velocity vector ḟt(z)
points in the outward direction from the set ft({w : 0 & Im w & Im z}).
This can be expressed as

Re

#
ḟt(z)
if !t(z)

$
> 0. (2)

Here ḟt(z) = "ft(z)/"t and f !t(z) = "ft(z)/"z. It can be shown that the
function on left-hand side in (2) is bounded and harmonic as a function
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of z. Consequently the Herglotz representation, see, e.g., [Dur83], can be
used to see that

ḟt(z) = #f !t(z)
%

R

dµt(#)
z # #

, (3)

where (µt, t ! 0) is a family of positive measures with at =
& t
0 µs(R)ds.

This is the Loewner di!erential equation.
One can proceed in the opposite direction as well. If the measures

(µt, t ! 0) are nice enough (it is enough to require compact support,
finite mass, and continuity of t %" µt in the weak topology, see [Law05,
Chapter 4]), then (3) can be solved with the initial condition f0(z) = z.
The family of solutions (ft, t ! 0) form a Loewner chain and for each
t, ft is a conformal mapping of H onto H \ Kt for an increasing family
of hulls (Kt, t ! 0) as above. The half-plane capacity of Kt is given by
a(t) =

& t
0 µs(R)ds.

We note that it is often easier to work with the inverse gt = f"1
t ,

because unlike ft, gt satisfies an ordinary di!erential equation

ġt(z) =
%

R

dµt(#)
gt(z)# #

, g0(z) = z. (4)

This equation is valid up to the blowup time $(z) when the denominator
tends to zero, that is, when the flow t %" gt(z) hits the real line. This
approach, however, has the slight disadvantage of the mappings gt not
being defined on the same domain. Starting from (4) the associated hull
is given by Kt := {z : $(z) & t} and gt = f"1

t maps H \ Kt conformally
onto H.

Loewner chains driven by a continuous function. The classical case
of Loewner chain is when µ is a point mass µt(#) = a%!(t), where # is a
continuous function and a > 0 is a constant. The function # is usually
called the driving function. The initial-value problem now becomes

ḟt(z) = #f !t(z)
a

z # #(t)
, f0(z) = z. (5)

If the driving function # is su#ciently regular (see below), the growth of
Kt takes place at a single point and the following limit exists for t > 0:

&(t) := lim
y#0+

ft(#(t) + iy). (6)

If in addition t %" &(t) is continuous, it follows [RS05, Theorem 4.1] that
&(t) is a curve such that Ht is the unbounded connected component of
H \ &[0, t]. In this case we say that the Loewner chain is generated by a
curve. Notice, however, that Kt = H \Ht is strictly larger than &[0, t] if &
has double points or touches the real line.
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Conversely, we can associate a continuous function to any suitable
increasing family of hulls via the Loewner equation: Let (Kt, t ! 0)
be an increasing family of hulls that is parameterized by capacity with
Ht = H \ Kt, t ! 0. Further assume that the following continuity condi-
tion holds: for each ' > 0 and T > 0 there is a % > 0 such that for all
t ' [0, T # %] there is a bounded connected set C ( Ht with diam(C) < '
that disconnects Kt+" \ Kt from infinity in Ht. Then, as is proved in
[LSW01, Theorem 2.6], (Kt, t ' [0, T ]) is a family of hulls corresponding
to a continuous driving function # : [0, T ] " R. In fact, this condition is
equivalent to Kt corresponding to a continuous driving function.

Now let &(t) be a curve (continuously) parameterized by capacity in
H such that &(0+) ' R. We assume further that & has no self-crossings,
although it can have double-points. We define Ht as the unbounded con-
nected component of H \ &[0, t] and set Kt = H \ Ht. Under these as-
sumptions, the condition for existence of a continuous driving function is
satisfied and the driving function is given by the preimage of the tip

##(t) := lim
Ht$z##(t)

f"1
t (z).

Note, however, that it may be the case that Kt corresponds to a continuous
driving function while not being generated by a curve.

Let us consider two simple examples. First, suppose that #(t) ) #0

for some real-valued constant #0. It is straight-forward to verify that the
solution to (5) is

ft(z) =
'

(z # #0)2 # 2at + #0, (7)

and this Loewner chain is generated by the curve &(t) = #0 + i
*

2at.
As a second example, consider #(t) =

*
!t, ! > 0. It is not so easy to

write down the solution in this case, although it can be done, see [Law05,
Chapter 4]. Let us instead make the following observation, assuming the
fact that this chain is generated by a curve. If c > 0, and ft(z) solves (5)
with

*
!t as driving function, then so does fc2t(cz)/c. This implies that

&(c2t) = c&(t), that is, & is scale invariant modulo reparameterization. It
follows that & is a half-line that passes through the origin and one can
show that it does so at an angle which is a decreasing function of !.

Regularity of the curve. Not every continuous driving function pro-
duces a curve with the Loewner equation. In [MR05] Marshall and Rohde
proved the existence of a Hölder-1/2 driving function that corresponds to
a logarithmic spiral, that is, the driving function does not correspond to
a curve: there exists some point in time at which the limit (6) defining
& does not exist. However, they also proved that a Loewner chain is al-
ways generated by a simple curve if the driving function is Hölder-1/2
with a su#ciently small Hölder-1/2 norm. Lind [Lin05] later proved that
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a Hölder-1/2 norm strictly smaller than 4 guarantees the existence of a
simple curve. This result is sharp, as can be shown by considering the
function #(t) = 4

*
1# t; see the discussion in [LMR09] for more details.

The radial Loewner equation. There is another version of the Loewner
equation that describes growth from the boundary of the base domain
towards an interior point. This version was the original one considered by
Loewner, who used it in connection with the Bieberbach conjecture about
normalized univalent functions defined in the unit disc [Löw23]. In fact,
the Loewner equation played a key part in de Branges’ proof [dB85] of the
Bieberbach conjecture some sixty years later.

We take as base domain is the exterior unit disc ! = {z ' Ĉ : |z| > 1}.
The radial Loewner equation reads

ḟt(z) = zf !t(z)
%

$!

z + (

z # (
dµt((), f0(z) = z ' !, (8)

The solutions to this problem are families of conformal mappings (ft) such
that ft : ! " Ĉ \Kt, where Kt is a growing family of compact sets. If we
expand ft at infinity, we obtain

ft(z) = c(t)z + o(|z|),

where c(t) is the growing logarithmic capacity of Kt. Note that the Koebe-
1/4 theorem implies that c(t) is comparable to the diameter of Kt unlike
the situation in the chordal case. Often it is assumed that “time” is param-
eterized so that c(t) = et, and we refer to this, too, as parameterization
by capacity.

By considering the inverted map 1/ft(1/z) we see that (8) also de-
scribes growth towards the origin with the unit disc D as the reference
domain. The inverse gt = f"1

t satisfies the simpler equation

ġt(z) = #gt(z)
%

$D

gt(z) + (

gt(z)# (
dµt((), g0(z) = z. (9)

The case of a point mass µt(() = %exp{i!(t)}((), for a real-valued continuous
function #, is again the classical one. In this case, ei!(t) is called the driving
function.

As in the chordal case a constant driving function #(t) ) e%0 produces
a slit mapping. More precisely, the solution to (8) is the map

ft : ! " ! \ e%0 [1, 1 + d(t)], d(t) = 2et(1#
*

1# e"t)# 2. (10)

Measure-driven Loewner chains. Loewner chains driven by measures
other than a continuously varying point mass arise naturally in connection
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with certain random growth models. With a view to later applications
we consider the radial case. One of the simplest extensions is given by
a piecewise continuous driving function. Roughly, discontinuities in the
driving function correspond to branching in the corresponding growing
hull. One way to see this is by noting that the Loewner chain corresponding
to the (piecewise continuous) driving function

#(t) = )[0,t1)(t)#1(t) + )[t1,t2](t)#2(t), 0 & t & t2, (11)

where #j(t), t ! 0, j = 1, 2, are continuous, is given by the composition

ft2(z) = f (1)
t1 + f (2)

t2"t1(z).

Here f (j)
t , j = 1, 2, are the solutions to (8) with #1(t) and #2(t1 + t) as

the respective driving functions. Notice the order of composition. For
example, if # is piecewise constant the solution will be a composition of
slit mappings like (10). See Paper IV for applications and illustrations of
this. In fact, one way to view a Loewner chain is as a limit of the com-
position of many “infinitesimal” basic conformal maps such as slit maps.
The Loewner equation describes the infinitesimal change induced by this
composition. This is an idea behind Marshall’s “Zipper” algorithm for
numerically calculating conformal maps; see [MR05] and the references
therein.

Another natural extension is to use an absolutely continuous measure.
Unlike in previous cases treated, the hulls grow at infinitely many points at
the same time. Let dµt(() = *t(()|d(|. Then, as is pointed out in [CM01],
if we assume that the boundary is a smooth Jordan curve then the growth
velocity at the boundary is given by

v(ft(()) = *t(()|f !t(()|, ( ' "D,

where v is the speed in the direction normal to the boundary of the growing
hull. Hence, if *t(() = 1/|f !t(()|2 then, at least heuristically, the growth
speed is proportional to 1/|f !t(()| which is the modulus of the gradient of
the Green’s function for !\Kt. This choice produces a so-called Hele-Shaw
flow, see [CM01] or [GV06] for more details.

We give two examples that appear as scaling limits of anisotropic
Hastings-Levitov clusters in [JST09]. In both cases the equation sim-
plifies to a particularly simple partial di!erential equation. See also the
discussion of Paper IV below.

First, consider the normalized Lebesgue measure restricted to an in-
terval

dµt(e2&ix) = )[0,'](x)dx/+,

where 0 < + < 1. By using the power series expansion of the Schwarz-
Herglotz kernel (z +e2&ix)/(z#e2&ix) a calculation shows that (8) reduces
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Figure 1.1. Anisotropic Hastings-Levitov clusters and corresponding scaling
limits given by Loewner chains driven by absolutely continuous
measures.

to
"tft(z) = zf !t(z)

!
1 +

2
+

arctan
(

ei&' sin +

z # ei&' cos +

)"
.

As a second example take m ' N fixed and let

dµt(e2&ix) = 2 sin2(m,x)dx.

Using again a series expansion, one can show that (8) becomes

"tft(z) = zf !t(z)
!

1# 1
zm

"
.

Both examples lend themselves to simulation; see Figure 1.1. The left hull
is a rotated version of the first chain described above and the right is an
example of the second chain with m = 3.

2. Schramm-Loewner evolution

A random family of measures or a random driving function will produce
a random Loewner chain. When trying to construct a scaling limit for
loop-erased random walk, Schramm [Sch00] was led to taking a standard
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Brownian motion with speed ! > 0 as driving function for the Loewner
equation. The resulting one-parameter family of random Loewner chains
is called Schramm-Loewner evolution, or SLE(!). In this section we shall
mainly consider the chordal version of SLE(!), that is, solutions to (5) with
driving function

*
!Bt, where B is a standard one-dimensional Brownian

motion.
By Lévy’s theorem, Brownian motion is Hölder continuous of order

strictly smaller than 1/2. This degree of regularity is not enough to guar-
antee the existence of a curve by properties of the Loewner equation alone.
However, using also properties of Brownian motion, Rohde and Schramm
estimated the derivative of the conformal mappings to prove that the SLE
Loewner chain is generated by a curve when ! ,= 8. (SLE(8) is also gener-
ated by a curve, but there is currently no direct proof of this fact.) Thus,
the SLE path exists almost surely, and we will now review some of its
properties. We refer to [Law05] or [Wer04] for more extensive treatments.

Basic properties. The chordal version of SLE is defined in the reference
domain H and it can be viewed as a family of random curves connecting
the two boundary points 0 and $; with probability one, the SLE path is
transient, that is, it tends to infinity with t. Using a Riemann map, we
can define chordal SLE between any two fixed boundary points (or prime
ends) in any simply connected domain. More precisely, if *0,%,H = *0,%,H,(

denotes the probability law of standard chordal SLE(!) in H, then we
define chordal SLE(!) in the simply connected domain " between ( and
+ by the push forward

*),'," := *0,%,H + -"1,

where - : H " " is a conformal map such that -(0) = ( and -($) =
+. Note that this map only is unique up to scaling. However, this only
a!ects the time parameterization of the curve; see below. Similarly, radial
SLE defines a conformally invariant family of random curves connecting a
boundary point with an interior point.

Recall that the curve corresponding to the driving function
*

!t is scale
invariant modulo time reparameterization. The same is true in distribution
for SLE(!).

Theorem (Scale invariance). Let &(t) be the chordal SLE(!) path in H
and let c > 0. Then for t > 0, c&[0, t] equals &[0, c2t] in distribution.

The proof is the same as in the deterministic case by using the scale
invariance of Brownian motion: (Bc2t, t ! 0) d= (cBt, t ! 0), where “ d=”
means equality in distribution. Note that this scale invariance is not
present in the radial case, and this is one of the reasons why chordal SLE
is often easier to work with than radial SLE. (There is a variant of radial
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Figure 1.2. Chordal SLE(!), ! = 2, 4, 6, corresponding to the same Brownian
motion. Pictures by T. Kennedy.

SLE called whole-plane SLE that is obtained by rescaling radial SLE by
capacity and passing to the limit. Whole-plane SLE also satisfies a form
of scale invariance.) Similarly, the Markov property of Brownian motion
translates into the domain Markov property of SLE, see [Law05] for more
details. Recall that Ht is defined as the unbounded connected component
of H \ &[0, t].

Theorem (Domain Markov property). Let & be the chordal SLE path.
Conditional on &[0, T ], the curve t %" &(T + t) has the same distribution
as chordal SLE in HT between &(T ) and $.

The properties of SLE(!) depend on the value of !. One of the more
striking examples is the phase transitions of the SLE path. See [RS05,
Section 6] for a proof.

Theorem (Phases of SLE). Let &(t) be the chordal SLE(!) path and let
Kt be the associated hulls. The following statements hold almost surely.

• If 0 & ! & 4, then & is a simple path and &[0,$) ( H - {0}.

• If 4 < ! < 8, then &[0, t] " Kt has double points and touches the real
line. Moreover, for every z ' H there exists a random $ = $(z) < $
such that z ' K* .

• If ! ! 8, then & is space filling.

Some important properties of SLE hold only for certain values of !.
Let A be a hull such that dist(0, A) > 0. We say that the random path
(or set) & in H satisfies the restriction property if, for any A as above, the
probability law of & conditioned not to intersect A is the same as the law
of the path defined in the smaller domain H \A. The curve & satisfies the
locality property if the law of & stopped when hitting A is the same as the
law of the curve in the smaller domain H\A also stopped when hitting A.

Theorem (Restriction and locality). The SLE(!) path has the restriction
property if and only if ! = 8/3. It has the locality property if and only if
! = 6.
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See [LSW01], [LSW03], and [Law05] for further discussion of the re-
striction and locality properties.

Fractal properties and regularity. The SLE path is a random fractal,
and the Hausdor! dimension increases linearly for ! & 8. See [Bef08] or
[Law09] for two di!erent proofs of the theorem stated below.

Theorem (Hausdor! dimension). Let & be the chordal SLE(!) path, ! !
0. Then almost surely

dimH(&[0, 1]) = min
*

1 +
!

8
, 2

+
.

The multifractal properties of the SLE curves and hulls have been stud-
ied by several authors. They are closely related to the boundary behavior
of the SLE mappings and therefore to their growth as the boundary is ap-
proached radially. We mention here the paper by Kang [Kan07] in which
a law of the iterated logarithm, similar to Makarov’s law of the iterated
logarithm for Bloch functions [Mak85], is proved for SLE. Beliaev and
Smirnov [BS09] computed the expected integral means spectrum which
measures the growth of

E[
%

$!
|f !t(rei%)|+d.], r " 1+,

where ft is the whole-plane SLE mapping. Duplantier [Dup04] and Du-
plantier and Binder [DB02] used non-rigorous quantum gravity arguments
to derive a harmonic measure spectrum for the bulk of the SLE hull (see
below for the definition of a similar spectrum). By applying the so-called
multifractal formalism and taking a Legendre transform of the expected
integral means spectrum, this formula is recovered in [BS09] providing
evidence of its validity albeit without rigorous proof.

In joint work with G. F. Lawler [JL09] we consider an almost sure
multifractal spectrum for the derivative of the chordal SLE mapping close
to the pre-image of the tip. It is used to derive an almost sure spectrum for
the decay of harmonic measure at the tip of the growing curve. Roughly,
this multifractal spectrum is defined by the function

/ %" dimH(&(#,)),

where dimH denotes Hausdor! dimension and where, for a suitable mean-
ing of “.”,

#, = {t ' [0, 1] : 0t(B(&(t), ')) . ',, ' " 0+}.

Here 0t(·) := limy#% y 0(iy, ·, Ht) is the normalized harmonic measure
from infinity. Actually, we consider a slightly modified version #̃, where
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the harmonic measure of the part of the boundary that is separated from
infinity by the sequence of subarcs in "B(&(t), ')/Ht that corresponds to
the prime end &(t) is measured. For the purposes of the next result, let

/± =
!

2# !

12 + !0 4
*

8 + !

""1

.

Theorem (Harmonic measure spectrum for the tip). For chordal SLE, if
/ ' [/", /+], then with probability one

dimH(&(#̃,)) = /

!
1# 4

!

"
+

(4 + !)
8!

# !

8

!
/2

2/# 1

"
.

As a curve parameterized by capacity, the SLE path is Hölder contin-
uous. This was first proved by Lind in [Lin08] where an explicit Hölder
exponent was given. In Paper III we give a new proof of this and we prove
that this exponent is the best possible. Set

/0(!) = min
,

1# !

24 + 2!# 8
*

8 + !
,
1
2

-
.

Theorem (Optimal Hölder regularity in capacity parameterization). Let
& be the chordal SLE(!) path parameterized by capacity. Then &(t), 0 &
t & 1, is almost surely Hölder continuous of order / for every / < /0 and
not Hölder continous of order / for any / > /0.

There are other natural parameterizations of the SLE path, in partic-
ular we mention the conformal parameterization (or the parameterization
by harmonic measure). Assume for simplicity that 0 & ! & 4 so that we
have a simple path. (For ! > 4 this gives a parameterization of the outer
boundary of the hull instead of the curve.) Fix T > 0 and let

&(x) = lim
y#0+

fT ([WT + xT # x] + iy)

for 0 & x & xT , where (Wt, t ! 0) is the driving function and xT =
f"1

T (0+) #WT . Note that in this parameterization, the normalized har-
monic measure corresponding to a fixed increment is constant. Indeed, by
using the Poisson kernel, conformal invariance, and the hydrodynamical
normalization, we see that

lim
y#%

y 0(iy, &R[x1, x2], HT ) = lim
y#%

y

% x2

x1

Im[gT (iy)]
,(y2 + #2)

d#

= (x2 # x1)/,,

where g = f"1 and &R denotes the “right-hand side” of the curve. Hölder
continuity in this parameterization is equivalent to Hölder continuity of
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z %" ft(z). In the chordal case, Hölder continuity of z %" ft(z) with an ex-
plicit exponent was proved in [RS05] and the exponent was later improved
independently by Kang [Kan07] and Lind [Lin08] to what is believed to be
the optimal exponent. At the same time, the whole-plane case was covered
in [BS09], wherein the conjectured sharp lower bound on the optimal expo-
nent is also obtained. It is believed that SLE(4) is not Hölder continuous
in this parameterization and the exact modulus of continuity of SLE(4) is
an interesting open problem. (We are not aware of any conjectures.) The
reason is that the SLE(4) path, which is right at the transition between
simple paths and paths with double points, is “arbitrarily close” to having
double points. Note, however, that the SLE(4) path is indeed Hölder con-
tinuous in the capacity parameterization, whereas, since /0(8) = 0, the
SLE(8) path is not.

We also mention in closing the paper [LS09] where the “Natural Param-
eterization” for the SLE path is investigated and proved to exist for some
values of !. Roughly speaking, if the SLE path &(t) has the Natural Pa-
rameterization the curve satisfies the scaling relation &[0, cd!t] d= c&[0, t],
where d( = min{1+!/8, 2} is the Hausdor! dimension of the curve. (This
can be compared with the typical number of steps of a random walk re-
quired to reach a given distance. If this number scales like some power of
the distance we can interpret it as the “dimension” of the random walk.)
One expects that the path is Hölder-1/d( in this parameterization. This
is best possible in any parameterization: if & is Hölder-h then

dimH(&(J)) & dimH(J)/h.

Indeed, every %-cover of J induces a %h-cover of &(J) so that the Hausdor!
measures satisfy Hs/h(&(J)) & cHs(J).

Many of the properties stated for chordal SLE also carry over to the
radial case with appropriate modifications. This is due to the fact that
the laws of the radial and chordal SLE paths are mutually absolutely
continuous in an approriate setting. This is made use of in Paper II.

Scaling limits. SLE was invented as a candidate for scaling limits of
lattice models from statistical physics. The fact that SLE indeed arises as
such scaling limits is a main reason for its importance. We shall discuss
some aspects of this and begin with two examples, the first being not
directly related to SLE.

Consider simple random walk S on the square lattice Z2 started from
the origin. More precisely, S(n) =

.n
j=1 Xj , where Xj are i.i.d. with

P(Xj = ek) = 1/4, k = 1, . . . , 4, and ek = exp{k,i/2}. By linear interpo-
lation we can consider S(t) as a continuous random process in C. A clas-
sical theorem in probability theory states that the process (S(nt)/

*
n, 0 &

t & 1) converges in distribution to a planar Brownian motion, as n "$;
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Figure 1.3. The percolation exploration path on a hexagonal lattice. Picture
by O. Schramm.

see, e.g., [Ben06] and the references therein. In particular, simple random
walk has a conformally invariant scaling limit. Moreover, since it may be
easier to work with Brownian motion than simple random walk, this re-
sult phrased correctly provides powerful tools for analyzing simple random
walk. See Paper I for several applications of this idea.

As a second example, we consider critical percolation on the hexagonal
lattice embedded in H. As boundary conditions, we fix the hexagons inter-
secting the positive real line to be white and the hexagons intersecting the
negative real line to be gray. We color all other hexagons in H indepen-
dently gray or white with probability 1/2. There is a unique curve & that
separates the gray and white clusters connected with each of the negative
and positive real lines. Equivalently, & can be constructed as an explo-
ration path: under the same boundary conditions as before we define & as
a curve starting at the origin and tracing the boundaries of the hexagons
in such a way that there is always a white hexagon to the right. When
an uncolored hexagon is encountered, it is colored independently white
or gray with probability 1/2 and & continues accordingly. Similarly we
can define the exploration path in a lattice approximation of any simply
connected domain with two marked boundary points.

From the definition of & as an exploration path, it is easy to see that
& has the domain Markov property. Indeed, conditional on &[0, k] the
distribution of &(k + l), l = 1, 2, . . . , is clearly the same as the exploration
path in the smaller domain H \ &[0, k] started from &(k). It is a theorem
by Smirnov [Smi01] that the scaling limit of the percolation exploration
path is the chordal SLE path for ! = 6 and this was the first result
on convergence to SLE. Smirnov proved, without using SLE, that the
scaling limit exists, is unique, and is conformally invariant. This is enough
to conclude that the scaling limit is SLE. Generally speaking, conformal
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invariance together with the domain Markov property is enough to identify
the scaling limit as SLE(!) for some !: these properties translate via the
Loewner equation to i.i.d. increments of the driving function, which can be
identified as a Brownian motion. (More information is needed to determine
the value of !.) This was a key discovery made by Schramm [Sch00] which
is sometimes referred to as Schramm’s principle.

Several other models are known to converge to SLE. We list some
to them here. Let D 1 0 be a simply connected domain properly con-
tained in C. Planar loop-erased random walk is a self-avoiding random
walk that is defined by chronologically erasing the loops of a simple ran-
dom walk started from 0 stopped when reaching "D. The scaling limit of
(the time reversal of) loop-erased random walk is radial SLE(2), as was
proved by Lawler, Schramm, and Werner [LSW04]. In Paper I we derive a
rate for this convergence and discuss this further. The chordal version of
loop-erased random walk, loop-erased random walk excursion, is defined as
the loop-erasure of a simple random walk that is started from a boundary
point, conditioned to immediately enter the domain and then exit at a pre-
scribed boundary point. Loop-erased random walk excursion converges to
chordal SLE(2), see [Zha08] and our alternative proof in Paper II. Closely
related is the uniform spanning tree, that is, a spanning tree chosen from
the uniform distribution of spanning trees of a given (finite) graph. To
such a tree one can associate a random path that converges to SLE(8), see
[LSW04]. We remark that this result implies that SLE(8) is generated by
a curve.

Finally, we mention the Ising model which is a lattice model of a fer-
romagnet. To each lattice point (atom) a random “spin” is associated and
the correlations of the spins depend on a parameter (the “temperature”).
At a certain critical temperature, the model has a non-trivial scaling limit
that can be described by SLE(3) and SLE(16/3), as was recently proved
by Smirnov, see [Smi09] and [CS09].

In all the above models with appropriate “boundary conditions” there is
a curve defined on the discrete level and this curve characterizes the model
to a certain extent. The scaling limit of the model can then be understood
in terms of the curve’s convergence to the SLE path. This convergence
can be taken in several di!erent topologies. Perhaps the simplest sense of
convergence is in terms of the Loewner driving function. If the path & is
parameterized by capacity we can associate a continuous driving function
## via the Loewner equation as explained above. If one can show that ##

converges weakly as a stochastic process to Brownian motion with speed
!, then it follows directly from properties of the Loewner equation that
the laws of associated conformal maps converge weakly with respect to
uniform convergence on compact sets. From this one can deduce a form
of Hausdor! convergence of the associated hulls, see the discussion of Pa-
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Figure 1.4. Basic conformal mapping from the exterior disc and an HL(0)
cluster with 25000 particles.

per I in the next chapter. Using further properties of the model itself one
can often prove convergence in stronger topologies, e.g., (locally) uniform
convergence of the curves.

3. Planar aggregation and conformal mapping

In Paper IV we consider a simple aggregation model obtained by driving
the radial Loewner equation with a piecewise constant stochastic process.
To complement the discussion there, we describe here an alternative point
of view.

Compositions of conformal maps. We let H0 denote the exterior unit
disc in this section and let K0 = C \H0 be the closed unit disc. Consider
a simply connected set H1 ( H0, such that P = Hc

1 \ K0 has diameter
d ' (0, 1] and 1 ' P . The set P models a “particle”, which is attached to the
unit disc at 1. Let fP : H0 " H1 be the Riemann map normalized so that
fP = cP z + o(z), z " $, where cP is the capacity of H1. Let P1, P2, . . .
be a sequence of particles or, equivalently, let fP1 , fP2 , . . . be the sequence
of associated conformal mappings. We assume that diam(Pj) = dj . Let
.1, .2, . . . be a sequence of angles. Define rotated copies f

%j

Pj
(z) of the maps

{fPj} by f
%j

Pj
(z) = ei%j fPj (e"i%j z). Take $0(z) = z, and recursively define

$n(z) = $n"1 + f%n
Pn

(z), n = 1, 2, . . . . (12)

This generates a sequence of conformal maps $n : H0 " Hn = C \ Kn,
where Kn"1 ( Kn are growing compact sets, or clusters.
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By choosing the sequences {.j} and {dj} in di!erent ways, it is possible
to describe a wide class of growth models. For example, in the Hastings-
Levitov family of models HL(/), / ' [0, 2], the .j are chosen to be in-
dependent uniform random variables on the unit circle which corresponds
to the attachment point at the nth step being distributed according to
harmonic measure at infinity for Kn"1. The particles are usually taken to
be slits, as in (10), with lengths

dj =
d0

|$!j"1(ei%j )|,/2
.

The was formulated in [HL98] as a model for discrete Laplacian growth
and similar ideas appear elsewhere, for example in [Mak99], [Sel99], and
[CM01].

The parameter / allows several models to be embedded in this frame-
work. For example, since the attached particles are roughly the same
size, the case / = 2 corresponds to o!-lattice DLA. Indeed, the diameter
of the attached particle is approximately d0|$!j"1(ei%j ))|1",/2. The basic
mapping fP can in most cases be realized as a Loewner chain using a
driving function defined on an interval, and the compositions $n can then
be obtained by appending such driving functions as in (11).

We mention finally that a modification of HL(0) is considered in our
paper [JST09]. Here, we introduce and explore anisotropy in the growth
by allowing other distributions than the uniform for .j , j = 1, 2, . . ..
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excursion”.
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IV Fredrik Johansson and Alan Sola. “Rescaled Lévy-Loewner hulls and
random growth ”, Bull. Sci. Math., 133: 238-256 (2009).

In the next few sections we give overviews of Papers I–IV and discuss some
additional results.

1. On the rate of convergence of loop-erased
random walk to SLE(2)

This paper, which is joint with C. Bene" and M. Kozdron, addresses a
problem formulated by Schramm [Sch06], namely that of obtaining rates
of convergence for the various discrete models known to converge to SLE.
We consider here the case of loop-erased random walk that was proved by
Lawler, Schramm, and Werner to converge to radial SLE(2) [LSW04]. We
refer to the introduction for a definition of loop-erased random walk.

One way of understanding convergence to SLE is in terms of the Loewner
driving function. In Paper I we find a rate for the convergence of the
Loewner driving function for the loop-erased random walk path to Brow-
nian motion with speed 2, the Loewner driving function for SLE(2).

For n = 1, 2, . . . , let Wn(t) denote the radial Loewner driving function
for the image in D of the loop-erased random walk path &n (parameterized
by capacity) defined on a 1

nZ2 lattice approximation of a given simply
connected domain D. The main result can be phrased as follows.

19
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Theorem. Let 0 < ' < 1/36 be fixed, and let D be a simply connected
domain with inrad0(D) = 1. For every T > 0 there exists an n0 < $ only
depending on T such that whenever n > n0 there is a coupling of &n with
Brownian motion B(t), t ! 0, where eiB(0) is uniformly distributed on the
unit circle, with the property that

P
!

sup
0&t&T

|Wn(t)# eiB(2t)| > n"(1/36"-)

"
< n"(1/36"-). (13)

The notation inrad0(D) stands for the inner radius of D with respect
to 0. The assumption that inrad0(D) = 1 is a somewhat arbitrary nor-
malization. The proof of the theorem applies to any simply connected
domain, but constants may depend on the inner radius.

Let us note that an estimate like (13) is a natural (and standard) way
to measure the rate of convergence of a sequence of stochastic processes.
Indeed, (13) implies in particular that the probability laws of the processes
is at distance at most n"(1/36"-) in the so-called Prokhorov metric that
generates the topology of weak convergence of probability measures. This
metric is defined by

,(µ, *) := inf{' > 0 : µ(A) & *(A-) + ', *(A) & µ(A-) + '},

were A- is the '-neigborhood of an arbitrary Borel set A in the sup-norm
d = dT on unimodular continuous functions on [0, T ]. To see this, note
that if µn and µ are the laws of Wn and W = ei

'
2B , respectively, then

assuming the existence of a coupling with an estimate like (13) we see that

µn(A) = P(Wn ' A)
= P(Wn ' A, d(Wn, W ) & 'n) + P(Wn ' A, d(Wn, W ) > 'n)

& µ(A-n+") + 'n,

where % > 0 is arbitrary. We then let % " 0+.

Overview of the proof. The first step in the proof of the main result
is to quantify the fact that the conformal image of the boundary hitting
point of the simple random walk generating the loop-erased random walk
is asymptotically uniform on the unit circle. That is to say, we need a rate
of convergence for discrete harmonic measure. In the following 1 : D " D
is the conformal map normalized by 1(0) = 0, 1!(0) > 0. A grid domain
(with respect to Z2) is a simply connected domain whose boundary consists
of edges of Z2.

Proposition. Let 0 < ' < 1/4 be fixed. Let D be a grid domain. Let
S denote simple random walk on Z2 and let B denote planar Brownian
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motion, both started from 0. There exists n0 < $ such that if n > n0 and
n & inrad0(D) & 2n, then there is a coupling of S and B such that

P
/
|1(S*D )# 1(BTD )| > n"(1/4"-)

0
< n"1/4,

where $D and TD be the hitting times of "D for S and B respectively

The proposition is proved using strong approximation of simple random
walk (see below) and a Beurling estimate.

The rest of the proof of the main theorem follows the general strategy
used in [LSW04]. See also [Smi06] and [Sch00]. It has three main steps.

• Identify a martingale observable for the loop-erased random walk
path and approximate it by something conformally invariant.

• Use the Loewner equation, the martingale observable, and the do-
main Markov property to show that the Loewner driving function
corresponding to the discrete curve is close to a martingale on a
suitable time-scale, with control over expected square increments.

• Couple the driving function with a properly scaled Brownian motion
using the estimates from the second step and, for example, Sko-
rokhod embedding.

To derive a rate of convergence the estimates in the three steps must be
explicit functions of the lattice size. Moreover, we do not want to make
any assumptions on boundary regularity of the simply connected domain.

We consider the same observable (see below) as Lawler, Schramm, and
Werner, but we use, in one sense, a di!erent method to prove convergence.
The key tool is a certain discrete Green’s function estimate that appears
in [KL05]. By using additional geometric arguments, it turns out that
this estimate can be translated into our setting and gives the required
information on the observable. An important result that lies behind the
estimates in [KL05] is the so-called dyadic coupling due to Komlosz, Ma-
jor, and Tusznady; see the discussion and the references in [LL09]. This
allows one to couple simple random walk and Brownian with logarithmic
error terms and in this way one can relate discrete harmonic quantities
with corresponding harmonic quantities, with the sought for explicit error
terms. The main estimate for the observable reads as follows.

Theorem. Let 0 < ' < 1/6 and let 0 < 2 < 1 be fixed. Suppose that D is
a grid domain satisfying n & inrad0(D) & 2n. Furthermore, suppose that
x ' D / Z2 with |1D(x)| & 2 and that u is a vertex on the boundary of
D. If both x and u are accessible by a simple random walk starting from
0, then

HD(x, u)
HD(0, u)

=
1# |1D(x)|2

|1D(x)# 1D(u)|2 · [ 1 + O(n"(1/6"-)) ]. (14)
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Here HD(z, w) is the probability that simple random walk started from
z exits D at w and 1D : D " D is the Riemann map normalized by
1D(0) = 0, 1!D(0) > 0. We note that the constant implicit in the O-term
in (14) may depend on 2.

It can be shown that the discrete Poisson kernel on the left-hand side
in (14) is a discrete martingale with respect to the growing (time-reversed)
loop-erased random walk path when u is the tip of the curve and D is the
domain slit by the (growing) curve. Hence, by (14), the same is approxi-
mately true for the quotient on the right-hand side.

Next, we consider a mesoscopic scale piece of the curve measured in
terms of its maximum capacity and driving function displacement. The
appropriate scale is essentially determined by the error in (14). By a Taylor
expansion using the Loewner equation, the martingale property of the
observable implies that the expected displacement of the Loewner driving
function corresponding to the intermediate size piece of the curve is small.
The corresponding expected square increment can also be controlled and is
shown to be close to twice the logarithm of the capacity of the mesoscopic
scale piece of the curve. This is where ! = 2 is determined.

Using the domain Markov property, this can be iterated to show that
the driving function, evaluated at times corresponding to mesoscopic size
pieces, for a macroscopic piece of the curve, is approximately a discrete
martingale. Again, the conditional expectations of the square increments
are controlled.

Up to explicit error terms this is a setting for the Skorokhod embedding
theorem, which allows one to embed a discrete martingale in a Brownian
motion. A priori, the time parameterizations of the two processes can
be very di!erent. However, using the estimates on the expected square
increments one can show that the parameterizations approximately match,
and one can then use an estimate on the modulus of continuity of Brownian
motion. We note that we here use a certain martingale maximal inequality
due to Haeusler to obtain more precise estimates. This step concludes the
proof of the main theorem.

Hausdor! convergence. We will now prove an additional result which
uses the main result from Paper I to derive a rate for the convergence of
the loop-erased random walk path to the radial SLE(2) path with respect
to Hausdor! distance. The discussion here will sometimes be of a slightly
informal character.

Recall that the Hausdor! distance between two compact sets A, B ( C
is defined by

dH(A, B) = inf

1
' > 0 : A (

2

z(B

B(z, '), B (
2

z(A

B(z, ')

3
.
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For the statement of the result, let &̃ denote the radial SLE(2) path in
D parameterized by capacity, started uniformly on "D, and stopped at
Tr, which denotes the first hitting time of a circle of radius r around the
starting point. Recall that &n is the loop-erased random walk path on a
1
nZ2 lattice approximation Dn of a (fixed) simply connected domain with
inner radius 1. Let &̃n = 1Dn(&n) be the conformal image in D of &n and
assume that &̃n is parameterized by capacity.

Proposition 1. For every r < 1/2 there exist n0 < $ and c < $
depending only on r such that whenever n > n0, there is a coupling of &̃n

and &̃ with the property that

P
4
dH(&̃n[0, Tr] - "D, &̃[0, Tr] - "D) > c| log n|"p

5
< c| log n|"p,

where p = (15# 8
*

3)/66.

We need a lemma.

Lemma 2. Let 0 < T < $ be fixed. For j = 1, 2, let

fj(t, z) : D " D \ &j [0, t]

be the solution to the radial Loewner equation generated by the simple curve
&j with Wj as driving function and write fj(z) = fj(T, z). Suppose that

sup
0&t&T

|W1(t)#W2(t)| < ',

where ' 2 1. Suppose further that there exist 0 < / < 1 such that

|f !1((1# %)()| & %",, % < | log '|"1/2, (15)

for all ( ' "D. Then there is a constant c < $ depending only on T and
/ such that

dH(&1[0, T ] - "D, &2[0, T ] - "D) & c | log '|"(1",)/2.

Proof. It follows by considering the reverse-time Loewner equation [Law05,
Section 4.7] that there is a c0 < $ depending only on T such that

|f1(z)# f2(z)| & '
/
ec0/"2

# 1
0

(16)

whenever |z| & 1 # %. Hence, by taking % = %0 := |2c0/ log '|1/2, we see
that

sup
|z|&1""0

|f1(z)# f2(z)| & c'1/2. (17)

Using this, Cauchy’s estimate implies that

sup
|z|&1""0

|f !1(z)# f !2(z)| & c('| log '|)1/2. (18)
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For ease of notation we shall write

&̃j = &j [0, T ] - "D, j = 1, 2,

in the sequel. Fix ( ' "D. Then, using the assumption (15), the Koebe
distortion theorem and an integration yields

|f1(()# f1((1# %)(| & c%1",
0 , 0 & % & %0.

Hence, for some constant c < $

f1({|z| ! 1# %0}) (
2

z(#̃1

B(z, c%1",
0 ).

It follows in view of (17) that, with perhaps a di!erent c, we can replace f1

by f2 in the last expression. Clearly &̃2 ( f2({|z| ! 1# %0}), so it remains
to show that

&̃1 (
2

z(#̃2

B(z, c%1",
0 ). (19)

Write w = lim"#0 f1((1 # %)() ' &̃1. Let w̃ ' &̃2 be a point closest to
f2((1# %0)(). Then by Koebe’s estimate, (18), and (15) we have

|w̃ # f2((1# %0)()| & c %0|f !2((1# %0)()|

& c %0

/
|f !1((1# %0)()| + c!('| log '|)1/2

0

& c %1",
0 .

Hence, using (17) and (15),

|w̃ # w| & |w̃ # f2((1# %0)()| + |f2((1# %0)()# f1((1# %0)()|
+ |f1((1# %0)()# w|

& c %1",
0 + c!'1/2 + c!!%1",

0 ,

and this implies that (19) holds, which concludes the proof.

The idea is now to use the coupling whose existence follows from the
main result in Paper I and derivative estimates for radial SLE(2) to find
an event with large probability on which Lemma 2 can be applied. For
simplicity we will use a derivative estimate from [RS05]. A small techni-
cal obstacle is that this result is formulated and proved for chordal SLE.
However, the analogous estimate holds for radial SLE as we will briefly
explain here.

Let &̃ = &̃[0, Tr] be the radial SLE(2) path in D stopped when hitting
"B(1, r). The Moebius transformation -(z) := (i # z)/(i + z) maps H
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conformally onto D. We let F : H " H \ -"1(&̃) satisfy the hydrody-
namical normalization. The mapping F has the distribution of a chordal
SLE(2,#4) mapping as is explained further in Section 3 of Paper II. Hence,
as is also discussed in Paper II, F can be viewed as a chordal SLE(2) map-
ping weighted by a certain martingale M . Since & is stopped and r < 1/2
the martingale is uniformly bounded so that we can write

P(|F !(x+ iy)| ! y",) = E[ {|F̂ !(x+iy)|)y""}M ] & crP(|F̂ !(x+ iy)| ! y",),

where F̂ is a chordal SLE(2) Loewner chain stopped when its generating
curve exits -"1(B(1, r) / D). The last probability can be estimated us-
ing Corollary 3.5 of [RS05]; the estimate is written out in the proof of
Proposition 2.1 below.

We observe now that the radial SLE(2) mapping f corresponding to &̃
can be written as

f = - + F +!, (20)

where, for G = F"1

!(z) :=
zG(i)# 3G(i)

z # 3

is a random Moebius transformation. Note that ! : D " H and !(0) =
G(i), !(3) = $, 3 = f"1(#1). Indeed, if |3| = 1 then the right hand
side of (20) maps D onto D \ &̃ and fixes the origin where it has derivative
[iF !(G(i)) Im G(i)]/3. Hence we can choose a unique 3 with |3| = 1 such
that this derivative is real and positive. But this defines f by uniqueness
of Riemann mappings. We can then see that f(3) = #1.

The chain rule gives

|f !(z)| = |-!(F (!(z))||F !(!(z))||!!(z)|.

Note that

|-!(F (!(z)))||!!(z)| =
2

|F (!(z)) + i|2
|23 Im G(i)|
|z # 3|2 & c0, z ' D

by the hydrodynamical normalization and a simple computation. Since
&̃ is contained in a small ball we shall only need to apply the estimate
from [RS05] to points outside of some interval of deterministic strictly
positive length around 3. For such points we have Im !((1 # %)ei%) 3 %
and |Re !(z)| & c!r.

Proof of Proposition 1. Fix r < 1/2 and choose T such that Tr & T . Set
'n = n"1/36"- for some fixed 0 < ' < 1/36. By Theorem 1.1 in Paper I,
if n is large enough, there is a coupling of &n with Brownian motion B
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started uniformly on "D and an event En with P(Ec
n) < 'n on which the

estimate
sup

0&t&T
|Wn(t)# eiB(2t)| & 'n,

holds, where Wn is the Loewner driving function for &̃n. We extend the
coupling to include &̃, the SLE(2) path, which is obtained deterministically
from B. Let f : D " D \ &̃[0, Tr] be the SLE(2) mapping. Revisiting
Corollary 3.5 of [RS05] and applying the discussion preceding the present
proof, we have the following estimate on the radial growth of the derivative
(the constant c1 may depend on b):

P(|f !((1# %)()| > %",) & c1%
"2b+,+(b), (21)

where 0 & b & 3 and

3(b) = 4b + b(1# 2b) = b(5b# 2b).

Set %n = | log 'n|"1/2. Let Fn(/) be the event that

sup
)(T

|f ! ((1# %)() | & %",, % & %n.

We estimate the decay of P(Fn(/)c). Take a Whitney decomposition of
{1/2 < |z| < 1}, that is, a partition using dyadic polar rectangles

Sj,k = {(1# %)ei2&% : 2"j"1 & % & 2"j , (k # 1)2"j & . & k2"j},

where 1 & k & 2j and j ! 1. Let zj,k be the center point of Sj,k. By the
Koebe distortion theorem |f !(z)|/|f !(zj,k)| 3 1 for z ' Sj,k. Hence using
(21) we get

P(Fn(/)c) &
%6

j=*" log "n+

2j6

k=1

P(|f !(zj,k)| ! c(2j),)

& c
%6

j=*" log "n+

(2"j)"1"2b+,+(b).

Set 2 = 2b(/) = #1#2b+/3(b). When 2 > 0 the last sum is summable and
bounded above by c%.

n. On the event En / Fn(/) we can apply Lemma 2
to see that

dH(&̃n[0, Tr] - "D, &̃[0, Tr] - "D) & c%1",
n .

We set 2b(/) = 1#/ and optimize over 0 & b & 3 to find 2b(/) = 1#/ =
(15# 8

*
3)/33 . 0.035 and this completes the proof.
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2. On the scaling limit of loop-erased random walk excursion

In this paper we consider a variant of loop-erased random walk, namely
loop-erased random walk excursion, and we show that its scaling limit is
chordal SLE(2).

Consider a simply connected domain D " C containing the origin and
let D" be a suitable %Z2-lattice approximation of D. Loop-erased random
walk was defined in the introduction as the loop-erasure of a simple random
walk started at 0 and stopped upon hitting the boundary of D". Similarly,
loop-erased random walk excursion is the loop-erasure of a random walk
excursion, defined as a simple random walk started at a fixed boundary
point, conditioned on entering the domain and exiting at a prescribed
(di!erent) boundary point. For convenience, we will also refer to the
loop-erasure of a simple random walk started in the interior conditioned
on exiting at a particular boundary point as loop-erased random walk
excursion started from an interior point.

By adding the lattice edges to the random walks we can think of the
latter as curves. We let &" be a loop-erased random walk path in D"

and let &̂" be the loop-erased random walk excursion path. Then for each
% > 0, &" is a random path connecting an interior point with "D", whereas
&̂" connects two boundary points. Lawler, Schramm, and Werner proved
in [LSW04] that &" converges in law, as % " 0, to the radial SLE(2) path
(with respect to a natural topology on planar curves).

In the main part of the paper, we consider loop-erased random walk
excursion in the upper half-plane with the exiting point being the point
at infinity. Our main result can be stated as follows.

Theorem. Fix T > 0. For % > 0, let &̂" = &̂"(t), t ' [0, T ], be loop-erased
random walk excursion from 0 on %Z2 / H and let &̂ = &̂(t) , t ' [0, T ], be
chordal SLE(2) path in H, both parameterized by capacity. For any ' > 0
there exists %0 > 0 and a coupling of &̂" with &̂ such that

P(2(&̂", &̂) > ') < '

whenever % < %0.

The metric 2 measures the distance between curves considered modulo
reparameterization; see the discussion in Section 2 of Paper II.

Overview of the proof. Roughly speaking, the proof proceeds through
three main steps. The goal is to show that the loop-erased random walk
excursion path from 0 is close to the chordal SLE(2) path. The idea is
to use a “three epsilon argument” and more precisely to first show that
the loop-erased path started from the boundary is close to a loop-erased
path from a nearby point in the interior. This path is in turn close to
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the radial SLE(2) path by the result of Lawler, Schramm, and Werner.
Finally, the radial SLE(2) path is shown to be close to the chordal path if
the bulk point is su#ciently close to 0. By combining these results we get
the desired coupling.

Let us give some more details. In the first step, we would like to show
that, with high probability, the loop-erased random walk excursion path
from an interior point close to the origin is close to the loop-erased random
walk excursion path (uniformly in su#ciently small % > 0). The starting
point for proving this is Wilson’s algorithm in a version for weighted graphs
which allows one to couple loop-erased walks from di!erent points. When
combined with an estimate on hitting probabilities for random walk ex-
cursion our version of Wilson’s algorithm may be used to prove a kind of
continuity result for the distribution of loop-erased random walk excursion
started from nearby points.

For the purpose of stating the hitting estimate, let Sr := {x+iy : #r <
x < r, 0 < y < r} and set C/ = {x + iy : #1 < x < 1, y > x| log(x)|"/}.

Proposition. Fix 0 & 4 < 1 and r < 1/2. Let S" denote random walk
excursion on %Z2, % > 0, started from 0. For each ' > 0 there exists a
d0 > 0 such that the following holds uniformly in % > 0 su!ciently small.
Let K" ( %Z2 / H be a connected set with dist(0, K") & d0 that separates
the two components of "C/ / (Sr \ Sd0) in Sr \ Sd0 . Then

P{S" exits Sr without hitting K"} < '.

This estimate follows by taking a partition of Sr using dyadic “annuli”
centered at 0 and estimating from below the decay (as the annuli get
smaller) of the probability that random walk excursion disconnects suitable
boundary components before leaving such an annulus.

We combine the hitting estimate with Wilson’s algorithm to show the
following proposition.

Proposition. Let R < $. Let &iy
" , &̂" be loop-erased random walk excur-

sions respectively from iy ' %Z2/H and 0, where y > 0 and both paths are
stopped when first hitting {|z| = R}. For each ' > 0 there exists y0 such
that if y & y0 then for all % > 0 su!ciently small there exists a coupling
of &iy

" and &̂" such that

P
!

inf
0

sup
0&t&1

|&iy
" (t 4 +)# &̂"(5(t 4 +))| > '

"
< ',

where the infimum is over strictly increasing reparameterizations and

+ = inf{t ! 0 : max{|&iy
" (t)|, |&̂"(5(t))|} = R}.

The second step uses the theorem of Lawler, Schramm, and Werner
which implies that the loop-erased random walk from an interior point
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(conditioned on exiting at infinity; recall that we refer to this as loop-
erased random walk excursion started at an interior point) is close to the
radial SLE(2) path with high probability. If the interior point is su#ciently
close to the origin we can conclude the proof by using the following result.

Proposition. Fix R > 0 and let ! & 4. For z ' H, let &0,z be the radial
SLE(!) path in H between 0 and z and let &̂ be the chordal SLE(!) path in
H. Assume both paths are stopped upon hitting {|z| = R}. For any ' > 0
there exists R0 < $ such that if |z| > R0 then there exists a coupling of
&0,z with &̂ such that

P(2(&0,z, &̂) > ') < '.

In other words, radial SLE converges to chordal SLE as the bulk point
tends to the boundary. After some additional work we can apply this
result to the radial path under z %" #1/z. (By reversibility of chordal
SLE, the chordal path is invariant under this transformation.) The proof
uses the fact that one can view radial SLE mapped to the upper half plane
as chordal SLE weighted by an explicit martingale in the sense that the
chordal driving processes are related by an absolutely continuous change
of measure via Girsanov’s theorem. As the bulk point tends to infinity
this martingale converges to 1.

In the final section of the paper we sketch how to extend our main
result to more general domains that allow reflection locally around one of
the boundary points.

Further remarks. In the proof of the hitting estimate for random walk
excursion, it is necessary to assume that K" separates the boundary com-
ponents in a cone like C/ . Indeed, if K(d) = {x + iy : x & 0, y = d}, then
there is a uniform constant c > 0 such that for all d > 0

P (S" /K(d) = 5) > c,

whenever % > 0 is su#ciently small compared to d. (S" is considered as
a curve whereby the intersection is well-defined.) To see this, note that
for % > 0 su#ciently small, the probability of the event that S" reaches
{Im z > 2d} without hitting K(d) is uniformly bounded from below by
some constant > 0 independent of d. By the strong Markov property
and a gambler’s ruin estimate for simple random walk, conditional on this
event, there is a strictly positive probability (independent of d) that S"

never returns to {Im z & d}. This implies the stated inequality.
Our particular choice of C/ was made to ensure that the loop-erased

random walk excursion path would satisfy the cone separation condition
with high probability. The proof shows that we can replace x| log x|"/ , 4 <
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1, with a suitable nice, increasing function x5(x) such that

%7

j=1

(1# 5(2"j)) = 0.

We remark that the convergence of loop-erased random walk excur-
sion to chordal SLE(2) in H had been previously considered by Bene" in
[Ben04] who obtained several partial results. Zhan proved (independently)
convergence to chordal SLE(2) using the “direct” method of proving con-
vergence of the chordal Loewner driving function to Brownian motion, see
[Zha08]. Our method of proof is di!erent from the approaches taken by
these authors and we hope that some of the results that we establish along
the way may be of independent interest.

3. Optimal Hölder exponent for the SLE path

In Paper III, which is joint with G. F. Lawler, we find the best possible
Hölder exponent for the SLE path in the capacity parameterization. Recall
that the SLE path &(t), t ! 0, is defined as the radial limit

&(t) = lim
y#0+

ft(Ut + iy),

where (ft, t ! 0) is a chordal SLE(!) Loewner chain with ! > 0, Loewner
chain. In Paper III and in this section alike this means that f is the
solution to (5) with a(t) = at = 2t/! and a Brownian motion Ut = B(t)
as driving function.

The main result, part of which was already stated in the introduction,
reads as follows. Define

/,(!) = 1# !

24 + 2!# 8
*

8 + !
, /0 = min

,
1
2
, /,

-
.

Theorem. Let &(t), t ! 0, be the chordal SLE(!) path parameterized by
capacity. With probability one the following holds.

(i) The curve &(t), t ' [0, 1], is Hölder continuous of order / < /0 and
not Hölder continous of order / > /0.

(ii) For every 0 < ' < 1, &(t), t ' [', 1], is Hölder continuous of order
/ < /, and not Hölder continous of order / > /,.

Recall (see (7) above) that &(t) = i
*

2at is the curve corresponding to
Ut ) 0. This curve is smooth for t ! ' > 0 but only Hölder-1/2 at t = 0.
Hence, it is not surprising that / = 1/2 is an upper bound for the optimal
exponent independently of ! when we consider the whole interval [0, 1].
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The lower bound on the optimal exponent was previously known from
Lind’s paper [Lin08], where she conjectured that her bound was best possi-
ble. We note that her argument uses the slit plane C\ [0,+$) as reference
domain (instead of the usual half plane) together with derivative estimates
that draw upon estimates from [RS05] and improve these.

Overview of the proof. The starting point is a number of lemmas that
are not special to SLE but rather to Loewner chains driven by functions
that are Hölder-h for any h < 1/2; we call such functions weakly Hölder-
1/2. It is well-known that the Brownian motion sample path is such a
function with probability one. We use the notation

f̂t(z) = ft(z + Ut), v(t, y) =
% y

0
|ft(Ut + ir)|dr.

Using Koebe’s distortion and one-quarter theorems, and direct analysis of
(5) we prove the following lemma.

Lemma. Assume Ut, t ! 0, is weakly Hölder-1/2 and suppose (ft, t ! 0)
is the Loewner chain driven by Ut. Suppose 0 & s & y2 for y > 0. Then,
assuming (ft) is generated by the curve &, there exists a subpower function
- such that

-(1/y)"1y|f̂ !t(iy)| & |&(t + s)# &(t)| & -(1/y)|v(t + s, y) + v(t, y)|. (22)

A subpower function is o(x-) for any ' > 0 as x " $; see Section 3
of Paper III. The lemma implies that if |f̂ !t(iy)| 3 y"/ as y " 0+, then &
is Hölder-h for h < (1# 4)/2 (by the upper bound) and not Hölder-h for
any h > (1# 4)/2 (by the lower bound). In particular, since f !0(z) ) 1 we
see that & can never be more than Hölder-1/2 at t = 0.

Another important lemma, proved by the same methods, says that for
Loewner chains corresponding to weakly Hölder-1/2 functions, it is enough
to control the derivative at suitable dyadic times to attain uniform control
for all t ' [0, 1]. This is similar to what happens in the y-direction due
to the distortion theorem. We see that we need to estimate the growth
of the derivative of the SLE mapping. Since (ft) is a random Loewner
chain, the derivatives are random, and the natural approach is to study
the growth of moments of |f̂ !t(iy)| as y " 0+, or equivalently by scale
invariance, asymptotics of |f̂ !t(i)| as t "$.

In what follows we discuss the required moment estimates. To simplify
the reading we will state several of the results without explicit formulas.
We refer to Paper III for the precise statements.

Upper bounds on moments of the derivative. Recall the definition
of /, and define 4+ by the relation (1 # 4+)/2 = /,. For simplicity
we assume that ! > 1 so that 4+ > 0. The lower bound on the optimal
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exponent will follow if we can show that for suitable dyadic tk,n, yn, almost
surely

|f̂ !tk,n
(iyn)| & y"/

n , k = 1, . . . , kn,

for 4 > 4+ whenever n is large enough and yn = (tk+1,n # tk,n)2. (Of
course, in the proof we found 4+ first and used it to define /,.)

The main moment estimate used for proving the lower bound on the ex-
ponent is the following lemma. It is applied to the mapping at dyadic times
and then combined with Chebyshev’s inequality and the Borel-Cantelli
lemma to give the necessary uniform upper bound on the derivative. It is
also needed in the proof of the upper bound on the optimal exponent.

Lemma. Suppose 3 < 3c, where 3c is an explicit constant depending only
on !. There exists a constant c < $ and an explicit function ((3) = (((3)
such that for all t ! 1

E[|f̂ !t(i)|+] & ct")(+)/2. (23)

This result extends Theorem 9.1 from [Law09], where the same esti-
mate appears but for a smaller range of 3.

To prove (23), we consider the “reverse-time” Loewner flow

ḣt = # a

ht # Ut
, t > 0, h0(z) = z. (24)

For fixed t one has |h!t(z)| d= |f̂ !t(z)|, while the ordinary di!erential equation
is easier to deal with in this context than the equation for ft. The reverse-
time SLE flow has been studied by a number of authors [Kan07], [Lin08],
[Law09], beginning with, as far as we know, [RS05]. We refer to [Law09]
for additional discussion and this paper is also a reference for several of
the formulas stated below.

To study the flow we consider the process Xt+iYt = Zt := ht(i)#Ut so
that, using Itô’s formula and (24), dZt = #a/Zt + dWt. After performing
the random time-change defined by Y1(t) = eat, we then consider the
positive martingale (see, e.g., Section 5 and Proposition 6.2 in [Law09])

Nt = |h!1(t)(i)|+(r)ea)(r)t[cosh Jt]r,

where
dJt = #rc tanhJtdt + dWt, J0 = 0,

and r ' R is a parameter. Further, rc = 1/2 + 2a, 3c = 3(rc) and
3(r), ((r) = ((3(r)) are explicit !-dependent functions. Using again Itô’s
formula, we may write

6(t) =
% t

0
e2as cosh2 Js ds. (25)



paper iii 33

Note that 1 = E[Nt], since N is a martingale. Hence, if it were the case that
the integral E[Nt] was supported on an event where cosh Js 3 1, s ' [0, t],
then on this event we would have 6(t) 3 e2at, and we could conclude that
E[|h!e2at(i)|+] 3 e"a)t, which would imply our desired estimate.

It turns out that this is approximately true and that the argument can
be carried out. The main idea is to consider the behavior of Jt in the
measure obtained by weighting by the martingale Nt, that is, if the event
E is measurable with respect to the filtration given by Wt, t ' [0, t], then
we let the weighted measure P,(E) be defined by the integral E[1ENt].
This is a setting for Girsanov’s theorem (see, e.g., [KS91]), which states
how the equation for Jt changes when using a Brownian motion in the
weighted measure. We have

dJt = #(rc # r) tanhJt + dVt, (26)

where V is a standard Brownian motion under P,. Indeed, this follows
directly by considering the Itô derivative dNt = r[tanhJt]Nt dWt. (Hence
we can write Nt = exp{r

& t
0 tanhJs dWs # r2

2

& t
0 tanh2 Js ds} and since

| tanhx| & 1, Novikov’s condition [KS91, Chapter 3.5] implies that Nt is a
true martingale.)

A key observation at this point is that if r < rc then the coe#cient
before the drift term in (26) is strictly negative. This means that under P,,
J is a positive recurrent di!usion, that is, Jt almost surely visits any fixed
ball and the expected time before this happens is finite. In particular, J
has an invariant density *(x) and

P,(Jt ' I|J0 = X) =
%

I
d*(x)

if the starting point X is chosen according to *. In [Law09, Section 7] this
is exploited to derive several “maximal inequalities” for J . For example,
if k, u ! 0 then there is a c < $ independent of k such that [Law09,
Lemma 7.1]

P,(6t ' [k, k + 1] : cosh Jt ! u) & cu"2(rc"r).

Using this estimate we show that for u > 0

P,(e"2at6(t) ! u2) & cu"2(rc"r). (27)

Note that we always have 6(t) ! c0(e2at#1); in other words, 6(t) . e"2at

with high probability under P,.
We proceed using a “smoothing” lemma that essentially follows by scale

invariance and the distortion theorem. Loosely we can state the conclusion
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of the smoothing lemma as

E[|h!e2at(i)|+(r)]

& ce"2at

% t+c0

0
eas(2"))E,[(cosh Js)2"r

{1(s)-e2at}] ds; (28)

see Lemma 5.6 of Paper III. Using this inequality, the heuristic argument is
as follows. Let u ! 1. If e"2as6(s) . u2, then we should have cosh Js . u.
Taking u := ea(t"s) we therefore expect that

E,[(cosh Js)2"r
{1(s)-e2at}] . u2"rP,(e"2as6(s) . u2)

Using (27) we can then bound the probability by u"2(rc"r), so that the
last expectation in (28) is bounded by u2+r"2rc . Since ((r) = r# r2/(4a)
it follows that 2 + r # 2rc < 2 # ((r) and we get the upper bound after
an integration recalling that u = ea(t"s). Using the maximal inequalities
and a careful partitioning of events we follow this strategy and we prove
a slightly weaker result that is still su#cient for our purposes.

Correlations and lower bounds. Let An = An(4) be the event that
there is some dyadic time tk,n ' [1/2, 1], such that

|f̂ !tk,n
(iyn)| ! y"/

n ,

where yn = (tk+1,n # tk,n)2. We shall see that the probability that An

occurs infinitely often is strictly positive if 4 < 4+. On the event {An i.o.},
we know from (22) that &(t), t ' [0, 1], is not Hölder-h for h > (1#4+)/2 =
/,. A zero-one type argument then shows that this happens almost surely.

To prove a lower bound on P(An i.o.), we use the second moment
method. We find it convenient to study F (j, n) = n)"n|f̂ !tj,n

(iyn)|+|E(j, n),
where E(j, n) is a suitable indicator function such that An 7 {

.
j F (j, n) >

0}. We estimate E[F (j, n)] from below and we derive upper bounds on
E[F (j, n)F (k, n)] to see that P(

.
j F (j, n) > 0) is uniformly bounded

away from zero when 4 < 4+. The estimates that we need essentially
appeared in [Law09, Section 8], but the last section of the paper contains
a quick derivation using the new estimate (23). The starting point for
this is [Law09, Proposition 7.3] which is a kind of large deviations result
for Lt := log |h!1(t)(i)|. Roughly, in the weighted measure P,, assuming
r < rc, the probability that for 0 & s & t and 4 = 4(r)

|Js| & u min{log(2 + s), log(2 + t# s)}
|Ls # 4s| & u

*
s log(s + 2)

|Lt # Ls # 4(t# s)| & u
*

t# s log(t# s + 2)
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can be made arbitrarily close to one, if u taken su#ciently large. On an
event like this |Jt| is uniformly bounded so that a lower bound on the
expectation follows. We also know that |h!1(t)(i)|/|h!1(s)(i)| . ea/(t"s) for
the time-changed mappings. However, on this event one also has that
6(s) . e2as so using properties of the Loewner equation one can then
derive the corresponding estimates in the original time parameterization.

4. Rescaled Lévy-Loewner hulls and random growth

In this paper, which is joint with A. Sola, we consider a growth model that
is obtained by solving the radial Loewner equation (8) with a particular
family of driving functions.

A simple model of aggregation. We let r ' [0, 1) and 3 ' [0,$) be
parameters and consider the compound Poisson process with jump inten-
sity 3 given by

Yt =
Nt6

j=1

Xj ,

where Xj , j = 1, 2, . . . , are i.i.d. on [#,, ,] with density given by the
Poisson kernel

fX(.) =
1
2,

1# r2

1# 2r cos . + r2
.

We then take #(t) = eiYt as driving function in (8). Let (fr,+
t , t ! 0) be

the Loewner chain corresponding to # and let (Kt, t ! 0) be the corre-
sponding family of hulls. Since # is piecewise constant, we can view fr,+ as
a composition of random rotations of slit mappings, the slit lengths being
random and depending on the waiting times of Nt through the formula
for d(t); see (10). The rotations are determined by {Xj}. Since these
random variables are chosen according to the Poisson kernel given above,
by conformal invariance of harmonic measure, the attachment point of
the “particle” Pj+1 (the image of the slit with length dj) is distributed
according to harmonic measure from the point zj := fj(r"1ei!j ). Here,
fj = fTj , #j = #(Tj) with Tj being the jth occurrence time of Nt. When
r = 0 this model can be viewed as a version of HL(0) and as r " 1#,
the growth becomes more localized. In fact, we prove that the limit of
K as r " 1# is the closed unit disk in union with a slit of deterministic
length. By increasing the jump intensity 3, the corresponding particles
become smaller. We also investigate various other limiting cases for the
parameters. The study of these limiting cases becomes quite simple due to
the fact that the driving function is a Lévy process (on the circle) which
implies that its law as a process is completely determined by the Fourier
coe#cients of its law at a fixed time. The Fourier coe#cients can easily be
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calculated in our particular case. Furthermore, we consider the capacity
scaling limit of such clusters. This limit exists by preliminary results as
described below and we show that the boundary of the limiting cluster
has Hausdor! dimension 1, almost surely. (The proof shows the stronger
result that the length of the boundary is finite.)

Theorem. Let r ' [0, 1) and 3 > 4. Let Kr,+
% be the capacity scaling limit

of the cluster corresponding to the driving function # as above. Then,
almost surely,

length("Kr,+
% ) < $.

The idea for the proof is the following. We assume for simplicity that
r = 0. The length of the boundary of the rescaled cluster at the nth
occurrence time is

L̃n := e"Tn

8
2, +

n6

k=1

7k

9
,

where 7k is the length of the kth attached slit. By the Cauchy-Schwarz
inequality

72k & dk

% 1+dk

1
|f !k"1(re

i%)|2dr, (29)

where dk is the length of the kth slit (before it becomes “attached”). By
using inversion and growth estimates for conformal mappings one can show
that (see Lemma 4.6)

% &

"&

% 1+dk

1
|f !k"1(re

i%)|2drd. & ce2Tk"1(1 + dk)2.

After taking conditional expectations we can combine this with (29), using
also that the waiting times are exponentially distributed, to see that

E[L̃n] < c

for a uniform constant c < $. By Fatou’s lemma, E[L̃%] < $ which
implies finite length with probability one.

Lévy-Loewner evolution. In the first part of the paper we consider
the radial Loewner equation (8) in the exterior disc driven by a general
Lévy process, that is, a stochastic process with independent stationary
increments and càdlàg sample paths. In particular, a compound Poisson
process is a Lévy process. The main result in the first part is the existence
of a capacity scaling limit.

Theorem. Let (ft, t ! 0) be the solution to (8) with a Lévy process as
driving function. Set Ft := e"tft. Then, as t "$, the law of Ft converges
weakly with respect to uniform convergence on compact subsets.
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Since Ft is the conformal mapping corresponding to the rescaled hull
K̃t := e"tKt normalized by capacity, the theorem implies the existence
of a scaling limit of K̃. In fact, the limiting mapping F% is given by a
solution to the whole-plane Loewner equation, which can be viewed as the
radial Loewner equation with the initial value given at t = #$ instead of
t = 0. In this case, the di!erential equation is driven by a version of the
process that is defined for t ' (#$, 0].

The proof uses a continuity result for solutions to the Loewner equa-
tion. More precisely, one can view the Loewner equation as a map L from
a suitable space of driving functions to a space of normalized conformal
mappings. For Lévy processes (whose sample paths may have many dis-
continuities), the standard topology is the Skorokhod topology and in the
space of conformal mappings it is natural to use the topology induced
by uniform convergence on compact subsets. We prove that the Loewner
mapping L is continuous with respect to these topologies. We remark that
this result is extended to weak convergence of measures in [JST09]. We
also note that in this paper, a scaling limit corresponding to 3 " $ is
studied, a case that was not considered in Paper IV.
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